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Principal pairs of quantum homogeneous spaces
Alessandro Carotenuto and Réamonn O Buachalla

Abstract. We propose a simple but effective framework for producing examples of covariant faith-
fully flat (generalised) Hopf—Galois extensions from a nested pair of quantum homogeneous spaces.
Our construction is modelled on the classical situation of a homogeneous fibration G/N — G/M,
for G a group, and N € M < G subgroups. Variations on Takeuchi’s equivalence and Schneider’s
descent theorem are presented in this context. Quantum flag manifolds and their associated quantum
Poisson homogeneous spaces are taken as motivating examples. Moreover, a large collection of non-
commutative fibrations (in the spirit of Brzeziniski and Szymanski) are constructed.

1. Introduction

From their purely algebraic origins [14,24], Hopf—Galois extensions have become a cent-
ral structure in noncommutative geometry where they are rightly considered as noncom-
mutative analogues of principal bundles [3]. More recently, efforts have begun to extend
this work to a theory of noncommutative fibre bundles. This has focused on the study
of noncommutative sphere bundles from both a Hopf algebraic [11] and a C *-algebraic
point of view [2]. In this paper, we propose a simple but effective new framework for pro-
ducing examples of noncommutative fibrations, both principal and non-principal, from a
nested pair of quantum homogeneous spaces. Our construction generalises the prototyp-
ical situation of a homogeneous fibration, probably the simplest type of fibration after a
homogeneous space: let G be a group; then, we have a fibration

G/N — G/M for any two subgroups N € M C G.

This fibration is principal if and only if N is a normal subgroup of M see, for exam-
ple, [17]. We observe that this construction extends directly to the Hopf algebra setting,
providing a large and natural family of principal comodule algebras. In detail, we start with
a nested pair of quantum homogeneous spaces B C P (coideal subalgebras satisfying a
faithful flatness condition) and show that P is a principal 7g (P )-comodule algebra with
base B, where wp(P) is a Hopf algebra of coinvariants playing the role of the quotient
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group M /N . Moreover, we have direct generalisations of Takeuchi’s and Schneider’s cat-
egorical equivalences to this setting. We call such a pair of quantum homogeneous spaces
(B, P) aprincipal pair.

The space of coinvariants g (P) is of course not guaranteed to have a coalgebra
structure, just as N is not guaranteed to be normal in M. However, even then the pair
B C P retains many attractive algebraic properties: P is a faithfully flat extension of
B and the extension satisfies a generalised Hopf—Galois condition. The generalised ver-
sion of Takeuchi’s equivalence still holds and P can be described as an (A, B)-relative
module associated to the fibre 7z (P). This list of properties places these examples firmly
within the domain of Brzezinski and Szymariski’s putative theory of noncommutative fibre
bundles, providing a rich family of examples deserving to be considered as noncommut-
ative fibrations.

Of particular concern to this paper is the construction of principal comodule @ (T¥)-
algebras, where T is the k-torus. We are motivated by the classical situation of a principal
torus fibration G/L® — G/ L, where G is a compact Lie group, L is a reductive subgroup,
and L°® is the semisimple part of L. We start with a quantum homogeneous space B =
A®H) where we assume that H is cosemisimple and all of its grouplike elements are
central. We then consider Ky the Hopf algebra quotient of H by the augmentation ideal
of 'y, the group Hopf algebra of the group of grouplike elements of H. The pair of
quantum homogeneous spaces B and P associated to the projections 7y : A — H and
w4 : A — Kp is then shown to be a principal pair, which we call a group algebra principal
pair. We also give a formal treatment of relative line modules in terms of an algebra
grading over the group of grouplike elements of H .

In the Hopf algebraic approach to noncommutative geometry, Majid and Brzezinski’s
quantum principal bundles and principal connections play a central role; see, for example,
the recent monograph [3]. An alternative definition of a principal pair was introduced by
Mrozinski and the authors in [13] as a formal framework in which to construct quantum
principal bundles and quantum principal connections over the quantum Grassmannians.
The fact that any nested pair of quantum homogeneous spaces gives a principal comod-
ule algebra easily implies the equivalence of the two definitions. This gives support to
the framework introduced in [13] while offering a significant simplification of the setup,
providing greater clarify, and elucidating the relationship with the classical situation.

One of our main motivations for introducing group algebra principal pairs is to provide
a firmly Hopf algebraic framework for studying relative line modules and principal con-
nections over quantum flag manifolds O,(G/Lys). Taking the quantum Poisson homo-
geneous space O,(G/LY) as the total space, the homogeneous spaces O,(G/LY) and
04(G/Lgs) are easily shown to give a group algebra principal pair. This connects the
quantum flag manifolds to the powerful machinery of principal comodule algebras and
quantum principal bundles. Concretely, we get a graded algebra structure on the quantum
Poisson homogeneous space whose homogeneous summands are relative line modules,
and every relative line module is of this form. Moreover, we get a very useful description
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of the line modules in terms of the standard generators of O, (G/LY) (as first considered
by Stokman [38]).

The principal pair presentation of the quantum flag manifolds leads to a number
of important applications in accompanying papers. The first is the description of the
Heckenberger—Kolb calculi [20, 21] in quantum principal bundle terms [12], general-
ising the case of quantum projective space given in [31], and the more general quantum
Grassmannian case given in [13]. As for the quantum Grassmannian case, this provides
a framework in which the Borel-Weil theorem for the irreducible flag manifolds can be
q-deformed [12]. The Borel-Weil theorem has itself a number of important consequences.
It allows us to identify which line modules over the irreducible quantum flag manifolds
are positive and which are negative [16]. In turn, in [33], the negative line modules are
used to twist the Dolbeault—Dirac operators of the irreducible quantum flag manifolds so
as to produce Fredholm operators. In forthcoming work, the principal comodule algebra
presentation of O,(G/L%) will be used to present the C*-completion of O, (G/LY%) as a
Cuntz—Pimsner algebra, generalising the case of quantum projective space treated in [1].

Summary of the paper

The paper is organised as follows. In Section 2, we recall the standard definitions and
results about principal comodule algebras, Schneider’s descent theorem, and Takeuchi’s
equivalence for relative Hopf modules.

In Section 3, we prove a faithful flatness condition, as well as a generalised Hopf—
Galois condition, for a nested pair of quantum homogeneous spaces. Building on this, the
notion of a principal is then introduced. Principal pairs are shown to give principal comod-
ule algebras, and hence, we regain the earlier formulation of a principal pair introduced
by the authors and Mrozinski. Along the way, we establish a generalisation Takeuchi’s
equivalence for nested pairs of quantum homogeneous spaces, as well as a refinement of
Schneider’s equivalence taking into account the extra symmetry given by a principal pair.

In Section 4, we introduce the definition of a group algebra principal pair. More expli-
citly, we prove the following theorem.

Theorem. Let A and H be Hopf algebras, wg : A — H a surjective Hopf algebra map,
and projg : H — Ky the canonical projection. If A is cosemisimple and all the grouplike
elements of H are central in H, then the pair

(g : A — H, projg o 1 A — Kpg)

is a principal pair.

We then show that we have an associated decomposition of the total space P =
AKH) into a graded algebra whose summands are relative line modules and show that
every relative line module over the base space is of this form.

In Section 5, we treat our motivating family of examples, the quantum flag mani-
folds. Beginning with the necessary definitions of Drinfeld—Jimbo quantised enveloping



A. Carotenuto and R. O Buachalla 1506

algebras, quantum coordinate algebras, and the quantum flag manifolds, we then verify
the group algebra principal pair condition by establishing the following theorem.

Theorem. For any quantum flag manifold O4(G/Ls), the pair
(04(G/Ls), 0q(G/LY))
is a group algebra principal pair.

This gives a concise description of the relative line modules in terms of a Psc-algebra
grading on O,4(G/LY). We use this description to construct an explicit left 4-covariant
principal connection for the principal comodule algebra, generalising the well-known g-
monopole connection for the special case of the Podles sphere. Non-cleftness of the Hopf—
Galois extension is also established.

In Section 6, we produce two families of noncommutative fibrations in the spirit of
Brzezinski and Szymanski, each associated to a nested pair of subsets of the simple roots
of a complex semisimple Lie algebra g. Examples include noncommutative fibrations with
quantum sphere, quantum Stiefel manifold, and quantum flag manifold fibres.

We finish with an appendix discussing some relevant details of quantum homogeneous
spaces.

2. Preliminaries on principal comodule algebras

In this section, we recall the necessary results on principal comodule algebras, Schneider’s
equivalence, relative Hopf modules, and Takeuchi’s equivalence. All this material is by
now quite well known, and a more detailed presentation can be found in the mono-
graphs [3,7].

Throughout this section, and indeed the paper, all algebras will be unital and defined
over C, and all Hopf algebras will be assumed to have a bijective antipode. We denote the
coproduct, counit, and antipode of a Hopf algebra H by A, ¢, and S, respectively, and we
denote the cotensor product over H by Oy .

2.1. Principal comodule algebras

A right H-comodule algebra (P, AR) is said to be a H-Hopf~Galois extension of B :=
PH) if formp : P g P — P the multiplication of P, a bijection is given by

can:= (mp ®id) o (dRAR) : PR P — P ® H.

We call P the total algebra and B the base algebra. We say that P is faithfully flat as a
right B-module if the functor

P ®g — : gMod — Modc

preserves and reflects exact sequences. Faithful flatness as a left B-module is defined
analogously.
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Definition 2.1. A principal right H-comodule algebra is a right H-comodule algebra
(P, Ag) such that P is a Hopf-Galois extension of B := P<°(#) and P is faithfully flat
as a right and left B-module.

As shown in [4, 6], a right H-comodule algebra (P, Ag) is principal if and only if
there exists a principal £-map £ : H — P ® P, as defined below.

Definition 2.2. For a right H-comodule algebra (P, AR), a principal £-map is a linear
map{ : H — P ® P satisfying

(D) L(dw) =1p ® 1p,
(2) mpol =eglp,
(3) €t ®idg)o A = (idp ®AR) o ¢,
4 (dg € oA = (AL ®idp) o,
where, for flip: P ® H — H ® P the flip map, Ay := (S ® id) o flip o Ag.

2.2. Schneider’s descent theorem

Suppose that H be a Hopf algebra and (P, Ag) a right H-comodule algebra, and denote
B := P°H) Then, (P, Ag) is a principal comodule algebra if and only if the functor

P ®p —: gpMod — pMod”
induces an equivalence of categories. In this case, the inverse functor to P ® p — is
pMod? — gMod, F > FeolH)

This result is known as Schneider’s descent theorem, but we also find it convenient to
refer to it as Schneider’s equivalence; see [37, Theorem I] for a proof. Explicitly, the unit
natural isomorphism for the equivalence is given by

U: M— (P ®p M)C"(H), mie—1Qm,
while the counit isomorphism is given by

C:PRg N 5 N p@n> pn.

2.3. Relative Hopf modules

We say that a left coideal subalgebra B C A is a quantum homogeneous A-space if A
is faithfully flat as a right B-module and BT A = AB™. (See Appendix A.2 for some
equivalent presentations of the definition.) It follows from [41, Theorem 1] that, for the
Hopf algebra surjection mp : A — A/B1 A, and the associated right g (A4)-coaction
AR,y = (id®mp) o A, the space of coinvariants Aco(A/BTA) g equal to B.

We denote by ;}Mod the category of relative Hopf modules, that is, the category whose
objects are left A-comodules Ay : ¥ — A ® ¥, endowed with a left B-module structure
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such that, forall f € ¥,b € B, we have Ap(bf) = A(b)AL(f), and whose morphisms
are left A-comodule, left B-module, maps. As explained in Appendix A.4, every relative
Hopf module is projective as a left B-module.

2.4. Takeuchi’s equivalence

We will denote by "2Mod the category whose objects are left mp(A4)-comodules and
whose morphisms are left 77 g (4)-comodule maps. We use similar notation for right w5 (A4)-
comodules.

Define a functor @ : 4Mod — "™Mod by setting ®(F) := F/BTF, for BT :=
B N ker(g), where the left wp(A)-comodule structure of ®(¥) is given by Ap[f] :=
78(f(=1)) ® [ f(0)]. with square brackets denoting the coset of an element in ®(F). In the
other direction, we use the cotensor product [, (4), which we find convenient to denote
by Oy, . Define a functor ¥ : "2Mod — gMod by setting W(V') := A Oy, V, where the
left B-module and left A-comodule structures of W(V') are defined on the first tensor
factor, and if y is a morphism in "2Mod, then W(y) := id ®y. Note that A is naturally an
object in 4Mod, and that $(4) = 7w (A).

As established in [41, Theorem 1], an adjoint equivalence of categories between ﬁMod
and ™8 Mod, which we call Takeuchi’s equivalence, is given by the functors ® and W, the
unit natural isomorphism U : ¥ — W o ®(¥), defined by U(f) = f(—1) ® [ f(0)], and the
counit natural isomorphism C := ¢ ® id : ® o W(V) — V. The dimension dim(¥') of an
object ¥ € gMod is the vector space dimension of ®(F").

Consider now the category ﬁModo whose objects are objects ¥ in gMod endowed
with the right B-module structure

fb = f(—Z)bS(f(—l))ﬁO) fOr f S 3"‘, b S B

It is instructive to note that any b € B acts on ACl;, ®(F) as left multiplication on the first
tensor factor. Clearly, gModo is equivalent to éMod; however, gModo comes equipped
with a monoidal structure given by the tensor product ® g. Moreover, with respect to the
obvious monoidal structure on  Mod, Takeuchi’s equivalence is easily endowed with the
structure of a monoidal equivalence (see [32, Section 4]).

A relative line module over B is an invertible object & in the category gModO. Note
that an object & is invertible (that is, it is a relative line module) if and only if dim(&) = 1.

3. Principal pairs of quantum homogeneous spaces

In this section, we consider nested pairs of quantum homogeneous spaces B C P, which
we consider as noncommutative generalisations of homogeneous fibrations (as discussed
in the introduction). We show that P can be presented as a relative Hopf module associated
to a homogeneous fibre, and that P is a type of generalised Hopf—Galois extension of B.
Thus, these pairs satisfy some of the key properties Brzezifiski and Szymariski identified
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for noncommutative fibrations [11]. We then consider the case where the fibre is a Hopf
algebra, generalising homogeneous principal bundles as considered in classical geometry
[17, Section 2]. In this case, P is shown to be a principal comodule algebra with base
B, and hence, we recover the definition of a principal pair introduced by Mrozinski and
the authors in [13]. The new formulation offers a significant simplification of the original
definition and sets it in the context of classical homogeneous fibrations. We also show how
Schneider’s equivalence for principal comodule algebras interacts with the generalisation
of Takeuchi’s equivalence and give necessary and sufficient criteria for our Hopf-Galois
extensions to be non-cleft.

3.1. Nested pairs of quantum homogeneous spaces

Let A be a Hopf algebra, and B € P € A a nested pair of quantum homogeneous A-
spaces, so, in particular, A is faithfully flat as a right P-module and as a right B-module.
Note that P is naturally an object in gMod so that the unit of Takeuchi’s equivalence gives
us the isomorphism

P~ AOy,mp(P)

as objects in the category gMod. Another easy observation is given by the following
lemma, which will be used in the proof of Proposition 3.10 for the special case of principal
pairs.

Lemma 3.1. For A a Hopf algebra and (B, P) a nested pair of quantum homogeneous
A-spaces, P is faithfully flat as a right B-module.

Proof. Since every object of ﬁMod is projective as a left B-module, P is certainly flat as a
right B-module. Now, P is faithfully flat as a right B-module if and only if P ® p M # 0
for all left B-modules M. If P ® g M = 0, then we must have that 14 ® g M = 0, implying
that A ® p M = 0, contradicting faithful flatness of A as a right B-module. Thus, we
conclude that P is faithfully flat as a right B-module. ]

For the special case of A = P, a nested pair obviously reduces to a quantum homo-
geneous space. The fact that any quantum homogeneous space is a Hopf—Galois extension
of its space of coinvariants is generalised by the following result.

Proposition 3.2. The map can: A ® p A — A Q@ np(A) restricts to an isomorphism
P ®B P - ADT[PT[B(P)7

in 5Mod, the category of (A, P)-relative Hopf modules.

'IéMdh gory of (A, P)-relative Hopf modul,

Proof. Let ®p : 1“§Mod — TP Mod denote Takeuchi’s functor introduced in (2.4), and con-
sider the vector space isomorphism

®p(P ®p P) ~ np(P), [p' ® pl+ e(p')np(p).
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This gives us the commutative diagram

@p(canlpgyp)

®p(P ®p P) ®p(AQx, 5 (P))

g (P)

Thus, the given map is an isomorphism in f,Mod, as claimed. ]

3.2. A generalisation of Takeuchi’s equivalence for nested pairs

In this subsection, we introduce a generalisation of Takeuchi’s equivalence to the setting
of nested pairs. We begin by introducing a generalisation of the category of relative Hopf
modules.

Definition 3.3. For A a Hopf algebra and (B, P) a nested pair of quantum homogeneous
A-spaces, the objects of the category gMod”P are those objects ¥ € gMod endowed with
aright wp (A)-comodule structure Ag 5, : F — F ® wp(A), giving F the structure of
an (A4, wp (A))-bicomodule and such that Ag , is a left B-module map. The morphisms
are (A, wp (A))-bicomodule and left B-module maps.

For any ¥ € gMod”P , regarding ¥ as an object in gMod gives the left g (A)-
comodule ®(F). We introduce a right 7 p (A4)-coaction

ARzp : ®(F) = &(F) @ np(A), [fl1+= S0l ® fo)

which is well defined since Ag , is by assumption a left B-module map. Operating on
morphisms just as for Takeuchi’s equivalence, we get (g (A), wp (A))-bicomodule maps,
and so, we get a functor from gMod”P to "2Mod”™”. By abuse of notation, we again
denote this functor by .

In the opposite direction, for any V' € "2Mod™”, regarding V as an object in "2 Mod
we have the relative Hopf module W(V) € gMod. We can endow W(V') with the right
7p (A)-coaction

(d®ARp) : W(V) = AO L,V — AQL, V @ 7p(A).

which is well defined since V is a (g (A4), mp (A))-bicomdoule. Operating on morphisms
just as for Takeuchi’s equivalence, we get morphisms in gMod, and so, we have defined
a functor from "8 Mod™® to gMod’”’ . By abuse of notation, we again denote this functor
by W.

Proposition 3.4. The components of Takeuchi’s natural transformations U and C are
right wp (A)-comodule maps. Hence, taken together with the functors ® and WV, we have
an adjoint equivalence between the categories gMod”P and "BMod™? .
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Proof. The fact that each component of U is a right 7p (4)-comodule map follows from
the fact that, for any & € éMod”P ,and any f € ¥, we have

fi 2 fen ® [fo)]

AR,HPI IidA ®AR,JTP

Joy ® fay! Jn ® [fo]l ® fay

U®idyg

The fact that the same holds true for C follows from the fact that, for any V' € "8Mod™*,
andany ) ; a; ® v; € AO 4, V, we have

> ai ® vi] £ > elai)vi

AR,ﬂp I IAR,HP

D= ai ® (vi))] ® (Vi) > e(ai) (i) o) ® (i)

C®idy
Thus, ®, ¥, U, and C give an adjoint equivalence, as claimed. ]

Remark 3.5. In [13, Proposition 3.5], an alternative generalisation of Takeuchi’s equival-
ence was considered for principal pairs (see Remark 3.11 below). As a careful reading of
the proof will confirm, the argument can be directly extended to the setting of nested pairs
of quantum homogeneous spaces.

3.3. Some consequences of the equivalence

For any nested pair of quantum homogeneous subspaces (B, P), we have the surjective
Hopf algebra map

ng.p : wg(A) — np(A), np(a) > mp(a).

Thus, 7p(A) is canonically a quantum subgroup of wp(A). This gives us a right 7p (A4)-
coaction on 7 (A), with respect to 775 (A4) has the structure of an object in 78 (9 Mod™? A
The following proposition gives an easy but important consequence of Takeuchi’s equi-
valence relating P, B, and the space of coinvariants of this right coaction.

Proposition 3.6. For (B, P) a nested pair of quantum homogeneous A-spaces,

(1) an isomorphism in the category gMod is given by
P — AOz, (p(AD)°™D) pi> pay @ 78(pe)):

(2) we have the identity
wp(P) = wp(A) @),
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Proof. (1) The unit of Takeuchi’s equivalence gives a right 7p (4)-comodule isomorphism
U: A — AO,,wp(A); thus, we see that

P = Ac(mr(4) ~ (A DnBTFB(A))CO(nP(A)) = A0, (T[B(A))CO(”P(A)).

Thus, the claimed isomorphism is given by the unit of the equivalence.
(2) Operating by the functor ® on the isomorphism given in (1) and then composing
®(U) with the counit C of the equivalence, we get the isomorphism

Co ®(U) : Dp(P) = 7(P) — ma(A) "), 7p5(p) > 75(p).
and hence, the claimed identity. [

Remark 3.7. Motivated by Lemma 3.1, Proposition 3.2, and Proposition 3.6, we think of
the triple of algebras
B<s P —» ﬂB(A)CO(”P(A))

as a noncommutative homogeneous fibration and refer to it as such, at least informally.
Moreover, we refer to g (A)<°77 (4) a5 the fibre of the fibration.

3.4. Principal pairs

We now arrive at the main goal of this section: a new and simplified version of the defini-
tion of a principal pair, as first introduced in [13, Definition 3.2]. The precise relationship
between the two definitions is discussed in the remark below. The definition can be viewed
as a noncommutative generalisation of a fibration of a homogeneous space over a homo-
geneous space

G/H — G/K,

where G is a group and H € K C G are subgroups such that H is normal in K. (See
[17, Section 2] for a more detailed discussion.) The essential idea to generalise normality
of subgroups by a Hopf subalgebra condition.

Definition 3.8. For a Hopf algebra A, a principal A-pair is a pair (B, P) of nested
quantum homogeneous A-spaces such that the subspace wg(P) C 7wp(A) is a Hopf sub-
algebra of wg(A).

We will show how to construct a principal comodule algebra from any principal pair,
beginning with a lemma introducing a right 7 (P )-coaction on P.

Lemma 3.9. For a principal A-pair (B, P), it holds that
ARz (P) € P @ mp(P).

Hence, AR gz, restricts to a coaction AR 5, : P — P @ np(P) and B = peo@s(P)),
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Proof. Let us first show that P is a right 7p(A)-subcomodule of A. It follows from the
isomorphism given in Proposition 3.6 that P is a right 7p(A)-subcomodule of A if and
only if A0, 7p(P) is a right subcomodule of A0, p(A). However, this is a direct
consequence of our assumption that g (P) is a Hopf subalgebra of 7wz (A). The fact that
B = P8 (P) j5 evident. |

Proposition 3.10. The pair (P, AR x,(p)) is a principal comodule algebra.

Proof. 1t follows from Proposition 3.2 that the canonical map induces an isomorphism
P ®p P — ADHPJTB(P).

However, g (P) is a Hopf subalgebra of wp(A4) by assumption, and so, it is trivial as a
left 7p (A)-comodule, meaning that

AQ,mg(P) = P @ np(P).

Thus, can is an isomorphism; that is to say, P is a Hopf—Galois extension of B.

Faithful flatness of P as a right B-module follows from Lemma 3.1. Recalling that
P is a Hopf—Galois extension of B, it now follows from [37, Theorem I] that P is also
faithfully flat as a left B-module. Thus, the pair (P, AR, 5 (p)) is a principal comodule
algebra, as claimed. n

Remark 3.11. From Proposition 3.10, it is clear that for any principal A-pair (B, P) the
pair

(mp: A > nmp(A),np : A — wp(A))
is a principal pair in the original sense of [13, Definition 3.2]. Conversely, we see that for
principal pair in the original sense of [13] will give a principal pair in the sense of this

paper. A subtle point is that the definition of [13] assumes explicit choices of quantum
subgroups 7wy : A — H and g : A — K, where no such choice is assumed in this paper.

3.5. Schneider’s equivalence for principal pairs

In this subsection, we look at Schneider’s equivalence for the special case of principal
pairs. We begin by introducing a new category.

Definition 3.12. For (B, P) a principal pair, the objects of the category ;‘,Mod”B(P ) are
objects ¥ in pMod™® (P) endowed with a left A-comodule structure AL a:F > AQ®
F such that ¥ is an (A, P)-relative Hopf module and an (A, 7p(P))-bicomodule. The
morphisms are left A-comodule, right g (P)-comodule, and left P-module maps.

For any ¥ € ﬁMod”B(P), regarding ¥ as an object in pMod™P) | we consider the
object F 8 (P)) ¢ pMod. We introduce a left A-coaction

Ap 4 FeosP)) _ geo(zp(P) f = fn ® fo),
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which is well defined because ¥ is an (A, wp (P ))-bicomodule. This gives a functor from
ﬁMod”B(P ) to gMod, operating on morphisms just as for Schneider’s equivalence, and
which by abuse of notation we again denote by (—)°5 (),

In the opposite direction, for any N € gMod, we can endow P ®p N with the tensor
product left A-coaction, and the right 7'-coaction Ag ® id. This gives us a functor

P ®p —: gMod — AMod™s®),
which acts on morphisms just as for Schneider’s equivalence.

Proposition 3.13. The functors (—)°"8(P) and A @ — give an adjoint equivalence
between ﬁMod”B(P ) and gMod.

Proof. To establish the proposition, we need only to show that the unit and counit morph-
isms of Schneider’s equivalence are left A-comodule maps. For the unit U, this follows
from the commutativity of the following diagram:

Y 1®@m

m i
AL,AI IAL,A‘@AL,A

m) ® M) o Mo ® 1 @ mq)

while for the counit C, we have

pRnt pn

AL,A]: :[AL,A

P70 & P(1) @ N(1) o= PO©0) ® P(1)(1)

Thus, the functors (—)<°8(®) and 4 ® p — give an adjoint equivalence, as claimed. =

Combining this with Takeuchi’s equivalence, we immediately get the following corol-
lary, showing that ﬁMod”B ®) is in fact equivalent to the category of 7p (P )-comodules.

Corollary 3.14. An equivalence between the categories f;Mod”B(P ) and 8 Mod is given
by the functors ® o (—)°TBP) gnd (A Qg —) o .

4. Group algebra principal pairs and relative line modules

In this section, we introduce a special type of principal pair called a group algebra prin-
cipal pair. This is motivated by the classical special case of a homogeneous principal
fibration of the form G/L® — G/L, where L is a reductive subgroup and L°® is the
semisimple part of L. In this special case, P decomposes into a direct sum of relative
line modules, and moreover, every relative line module over the base B is of this form.
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4.1. Group algebra principal pairs

For any Hopf algebra H, we denote by I'yy the group of grouplike elements of H. More-
over, we denote by CI'y the group algebra of 'y, and consider it as a subalgebra of H.
Note that C F}_; is a non-unital subalgebra of CI'g, closed under the antipode, and indeed
a two-sided coideal. Thus, the quotient space

Ky :=H/(CT})=H/(g—1|g €Tg)

inherits from H the structure of a Hopf algebra. We denote by projx : H — Ky the
canonical Hopf algebra projection.

Let us now specialise to the case where the Hopf algebra H is cosemisimple with
Peter—Weyl decomposition H >~ (P, 5 Hea, where we denote by H the setof equivalence
classes of simple comodules of H . Consider the following equivalence relation on H . For
a0’ € H, we say that o ~ o' if

Cl'yHy =CTygHy.
We denote by H r the associated set of equivalence classes of elements of H and write
H[oc] = (CFHHO[.

We call the coarser decomposition

H ~ @ Hiy.

[e]eAr

The I'-decomposition of H. Note that this is a decomposition of H as left C I‘I'; module.

Lemma 4.1. Let H = P weii Ha be a cosemisimple Hopf algebra, and assume that
Cl'y C Zy, where Zg denotes the centre of H. A direct sum decomposition of Ky
into subcoalgebras is given by

Kp~ @@ proig(H) = @ Ko, )

[OI]EﬁI‘ [a]EﬁI‘
where, for each ] € Hr, we denote K[o] := projg (Hia).

Proof. Note first that since 'y is central in H , the ideal generated by 1"; is homogeneous
with respect to the I'-Peter—Weyl decomposition, and hence, the I'-Peter—Weyl decompos-
ition descends to the quotient. Since, for any o« € H, we have

projgx (CT'ar Ho) = projg (He).

we see that the decomposition is given explicitly by (1). Finally, note that projection onto
the identity component defines a Haar functional, proving that Kz is cosemisimple. =
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Theorem 4.2. Let A and H be Hopf algebras, mg : A — H a surjective Hopf algebra
map, and projg : H — Kpg the canonical projection. If H is cosemisimple and 'y C Z g,
then

ng (P) = mp (A)*Km = CTy. @

Moreover, the pair
(B := AW p = gokn))

is a principal A-pair.
Proof. Since H is cosemisimple, the space of coinvariants associated to g is a quantum
homogeneous space. Moreover, since Lemma 4.1 tells us that Kg is also cosemisimple,
the space of coinvariants associated to mk,, is also a quantum homogeneous space. Thus,
the pair (B, P) is a nested pair of quantum homogeneous A-spaces.

Let us now establish (2). The first equality follows directly from Proposition 3.6. For
the second equality, note first that the construction of Kz implies the inclusion

AR ky(Hy) € Hy ® Ky .

Thus, we see that a non-zero element of H, is right Kg-coinvariant if and only if « is
equivalent to the trivial representation. Now, since H*°K#) is homogeneous with respect
to the Peter—Weyl decomposition of H, we have that H oK) = CTg. So, in particular,
HKn) js a Hopf subalgebra of H, that is to say, the nested pair is a principal pair.  m

We now give a name to the principal pairs considered in the theorem, which we find
convenient to present as a separate definition.

Definition 4.3. Let A be a Hopf algebra, H a cosemisimple Hopf algebra such that 'y C
Zp,and w : A — H asurjective Hopf algebra map. We call the associated principal pair
(B = A«H) p = g<°Kn)y a group algebra principal pair.

4.2. Relative line modules and group algebra principal pairs

A CT'g-comodule algebra structure on P is equivalent to a I'y-algebra grading of P,
which we denote by

P~@e, 3)
yely

Proposition 4.4. For a group algebra principal pair
(B — Aco(H), P = Aco(KH))7

we have the following results:

(1) the T'y-grading of P is strong; that is to say, &,8, = &y, forall y,y' € Ty;
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(2) each &, is a relative line module over B = &y; in particular, ®(€,) = np(€,) =
Cy;
(3) every relative line module & over B is isomorphic to &, for some y € I'yz;

(4) the decomposition in (3) can equivalently be described as the unique decomposi-
tion of P into its simple sub-objects.

Proof. (1) Since P is a Hopf-Galois extension of B, it necessarily follows that P is
strongly graded (see [29, Theorem 8.1.7]).

(2) It is clear from the construction of &, that ®(&,) = mg(&y) = Cy, and so, &, is
a relative line module.

(3) Every simple H-comodule is embeddable into H. Since @5 (&) is a one-dimen-
sional H -comodule by assumption, it is embeddable into CI'g. Thus, we must have that
an isomorphism (&) ~ ®(&,) for some y € I'y, or equivalently it must hold & ~ &,.

(4) Since each &,, is simple, the decomposition is indeed a decomposition of P into
simple subobjects. The relative line modules are all distinct since ®(&,,) is not isomorphic
to ®(&,/) when y # y’. Thus, we see the decomposition of P into relative line modules
is the unique decomposition into simple sub-objects. ]

Corollary 4.5. It holds that ®(6,) = Cle], if and only ife & € = & N A™.

Proof. Since the 'y -grading is strong, there exists a sum ) ; ¢; ® ] in &_, ®p &, such
that ), e;e/ = 1 forany y € I'y. Thus for any e € &1, we have

le] = ) leeiei] = 0.

where the second equality follows from the fact that ee; € BY.
Consider next an element e ¢ & ]j' . The coset [e] = 0 if and only if e = ), b;e; for
some b; € Bt, ¢; € &,. Butin this case,

e(e) = ) elbi)e(e) =0,

1

contradicting our assumption that e ¢ 8;’ . Thus, ®(&,) is spanned by [e]. |

Example 4.6. Let A and H be Hopf algebras and = : A — H a surjective Hopf algebra
map. If H is abelian and satisfies H = CI'y, then m : A — H clearly satisfies the
requirements of Theorem 4.2, and so, we have a group algebra principal pair. In this case,
Ky ~ C1, implying that A = P°K#) and giving us the strong I'7-algebra grading

A:@Sy,
vely

in the category gModo. Thus, every object in gModo is a direct sum of relative line mod-
ules. This is the situation for the full quantum flag manifolds O,(G/T") presented in
Section 5 below.
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Example 4.7. The case where 'y = 1 again gives a group algebra principal pair, but in
this case, Kg is clearly isomorphic to H, meaning that

P = Aco(KH) — Aco(H) = B:
that is to say, the Hopf—Galois extension is trivial.

4.3. Schneider’s equivalence for group algebra principal pairs

We finish this section with some observations about Schneider’s equivalence in the special
setting of group algebra principal pairs. Recalling that comodules over CI'y are the same
as graded modules over the group 'y, we see that Schneider’s equivalence gives us

pMod#TH) ~ pMod.
Moreover, the left A-covariant version of Schneider’s equivalence gives us
AModsT#) ~ dMod ~ Kt Mod; 4

thatis to say 'y -graded (A, P)-relative Hopf modules are equivalent to K g -comodules.

5. Quantum flag manifolds

In this section, we give a principal pair description of the quantum flag manifolds. To
set notation, we begin by recalling the necessary definitions and results of the Drinfeld—
Jimbo quantum enveloping algebras and quantum coordinate algebras, as well as the
quantum flag manifolds @,(G/ L) and their associated quantum Poisson homogeneous
spaces O,4(G/ L) introduced by Dijkhuizen and Stokman [39]. We then present the pair
04(G/Ls) and O4(G/L%) as a group algebra principal pair. This result is then in turn
used to establish a number of categorical equivalences, to give a complete description of
the relative line modules over O,(G/Ls), and to construct an explicit principal £-map.

5.1. Drinfeld-Jimbo quantum groups

Let g be a finite-dimensional complex semisimple Lie algebra of rank r. We fix a Cartan
subalgebra §) and choose a set of simple roots IT = {«y, ..., «,} for the corresponding
root system in h*, the linear dual of f). We denote by (-, ) the symmetric bilinear form
induced on h* by the Killing form of g, normalised so that any shortest simple root «;
satisfies (@, &;) = 2. The Cartan matrix (a;;);; of g is defined by a;; := (@, @), where
o = 20; [ (0, 0;).

Let ¢ € R such that ¢ # —1,0, 1, and denote g; := ¢®*)/2. The Drinfeld—Jimbo
quantised enveloping algebra Uy (g) is the noncommutative associative algebra generated



Principal pairs of quantum homogeneous spaces 1519

by the elements E;, F;, K;, and Ki_l, fori =1,...,r, subject to the relations

KiEj = q;"EjKi, KiF;j =q; " FiKi, KK;=K;Ki,
Ki—Kfl

—1 —1
KiK7'=K7'K; =1, E;Fj—FjE; =§; p——
i i

)

along with the quantum Serre relations which we omit (see [23, Section 6.1.2] for details).
The formulae

AK) =K ®K;, AE)=E®K +1®E;, AF)=F®1+K'®F
define a Hopf algebra structure on Uy (g), satisfying e(E;) = &(F;) = 0, and e(K;) = 1.

5.2. Type-1 representations

Consider the set of fundamental weights {wy, ..., w,} C §* of g, where, for all i, j =
1,...,r, the weight @, is defined by («;”, @;) = §;;. We denote by &P the integral weight
lattice of g, that is to say the Z-span of the fundamental weights. Moreover, we denote by
P the cone of dominant integral weights, that is to say the Zxo-span of the fundamental
weights.

A vector veV, for any U, (g)-module V, is called a weight vector of weight wt(v) € P
if

Kivv=qg@V )y foralli =1,...,r

For each A € P, there exists an irreducible finite-dimensional U, (g)-module V;, uniquely
defined by the existence of a weight vector v € V), of weight A satisfying E; > v = 0
forall i = 1,...,r. We call such a vector v a highest weight vector. The vector v is
uniquely determined up to scalar multiple. We call any finite direct sum of such U, (g)-
representations a fype-1 representation, and we denote by y, (g type; the full subcategory
of Uy (g)-modules whose objects are finite sums of type-1 modules. Each type-1 module
V, decomposes into a direct sum of weight spaces, that is to say, those subspaces of V)
spanned by weight vectors. We now choose, once and for all, a weight basis {v; }11'\21’ for
each irreducible representation V), for N, := dim(V}), that is to say, a vector space basis
of V, whose elements are weight vectors. We label our basis so that vy, is the highest
weight basis vector.

Since Uy (g) has an invertible antipode, we have an equivalence between the category
of left U, (g)-modules and the category of right Uy (q)-modules, induced by the antipode.
For any finite-dimensional left U, (g)-module V', we denote by V'* the C-linear dual of
V', endowed with its right U, (g)-module structure. With respect to the equivalence of left
and right Uy (g)-modules, the left module corresponding to V7 is isomorphic to V_;(.s)>
where wg denotes the longest element in the Weyl group of g. When discussing a specific
irreducible representation V,, we usually find it convenient to denote by { f; }N

;2. the basis
of V_y0(n) dual to {vi}?gl.
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5.3. Quantum Levi subalgebras
For § a proper subset of simple roots, consider the Hopf subalgebra of U, (g) given by
Uq(IS) = (Ki,Ej,Fj | i=1,...,r;j e S)

We denote S¢ := IT\S and represent S¢ graphically by coloured nodes in the Dynkin
diagram of g. The definition of a type-1 module for U, (g) has an evident analogue for the
subalgebra Uy (Ls), giving us the category g, (15)type; -

Classically, the algebra [g is reductive, and hence, it decomposes into a direct sum
of a semisimple part and a central part. This means that in the quantum setting we are
motivated to consider the subalgebra

Ug(ty) i= (Ki, Ei, Fy | i € S) € Uy(Ls).
Just as in the classical case, the sublattice
Ps + Pse € P

labels the one-dimensional type-1 representations of U, (Is), where we have denoted

P = {Ae?+

A= Zasws for some ag € Zzo},

seS
Pge 1= {)& € JP‘A = Z a,wy for some a, € Z}.
xeSe

Since [§ is a semisimple Lie algebra, it admits no non-trivial one-dimensional represent-
ations, which means that the Hopf algebra U, (L) admits no non-trivial 1-dimensional
representations. From this, it is clear that the one-dimensional representations of Uy (Ls)
are labelled by the sublattice Pge.

5.4. Quantum coordinate algebras and the quantum flag manifolds

Let V' be a finite-dimensional U, (g)-module, v € V, and f € V*. Consider the function
¢}y 1 Ug(g) — C defined by ¢} (X) := f(Xv). The coordinate ring of V is the subspace

C(V) := spanc{c), | v € V. f € V*} C Uy(9)°.

A Hopf subalgebra of U, (g)° is given by

04(G) = P cV.

nePt

We call O,4(G) the quantum coordinate algebra of G, where G is the compact simply-
connected Lie group having g as its complexified Lie algebra. Note that the Hopf algebra
0,4(G) is cosemisimple by construction.
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Consider now the coideal subalgebra of Uy (I s)-invariants
04(G/Ls) := "1150,(G).

with respect to the natural left U, (g)-module structure on O4(G). Just as for U,(g),
we can talk about the type-1 dual O4(Ls) of Uy(Is). Equivalently, O4(G/Ls) can be
described as the space of coinvariants of the right O, (L s )-coaction associated to the Hopf
algebra map

ps 2 Og(G) — O4(Ls),

given by restriction of domains. Indeed, since any finite-dimensional U, (Is)-module can
be embedded into a finite-dimensional U, (g)-module, this map is surjective, and

70,G/Ls)(0q(G)) = O4(Ls).

Since O4(Ls) is cosemisimple by construction, O,(G/Ls) is a quantum homogeneous
space. We call it the quantum flag manifold associated to S

Since any finite-dimensional U, (I s )-module can be embedded into a finite-dimensional
U, (g)-module.

5.5. The associated quantum Poisson homogeneous spaces

Consider now the coideal subalgebra of U, (I’ )-invariants
04(G/L3) := Y190,(G).

which we call the quantum homogeneous Poisson space associated to S. Just as for the
quantum flag manifolds, we have an isomorphism

70,G/Ly) (0q(G)) = Og(L5),

where O, (L§) is the type-1 dual of Uy, (l%). Since O, (L) is cosemisimple by construc-
tion, O,(G/Ls) is a quantum homogeneous space.
As shown in [38, Theorem 4.1], a set of generators for O,(G/Ly) is given by
wWx

Vo —wy . Vewy(wx) . ¢
ZpimC s B =y o fori =1,...,Nyx, x € S, 5)

where we have denoted Ny := Ny, = dim(Vz, ), and {v; }f-vle and {fi}f-vz"l are the weight
bases of Ve, and V_y (), T€spectively, chosen in Section 5.2. We also find it convenient
to introduce special notation for the following distinguished elements:
Wy . ,Dx Wy . 5 Wx
2=zt ZUTI= I
The elements z?* and Z P~ have many distinguishing features which merit this separate
notation, the most evident being that they are not contained in O4(G)™.
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Example 5.1. Note that O,(SU,) is the quantum Poisson homogeneous space of the
Podles sphere O,(S?), the unique quantum flag manifold of O4(SUs). In this case, there
is just one fundamental representation Vz,, and it is of dimension 2. The associated gen-
erators

1 1

. S, _ W] . SO _ W] W1 _ W] 501 _ W1
U2 := 21 =Cqp, Up 1= Zy = Cphy s Uil :==zy =Cq1 Uzl :=Zy) =Chyp s

are just the matrix coefficients of V4, and so, they reduce to the well-known set of
0,4(SU,) generators [3, Proposition 2.13].
5.6. Quantum flag manifolds and principal pairs

In this subsection, we identify the Hopf algebras Ko, (Ls) and O4(LY) and conclude that
the quantum Poisson homogeneous space and the quantum flag manifold give a principal
pair. We begin with a lemma establishing centrality of the grouplike elements of O4(Ls).

Lemma 5.2. Every element of U'o, (L) is central in O4(Lys).

Proof. Note thatany y € I'g, (L) is a coordinate function associated to a one-dimensional
representation V), for A € Pg. This means that any element of U, (lg) must act trivially
on V, and hence, the only generators of U, ([s) that act non-trivially on V' are K xil for
x € §°. Consider a general monomial X in the generators E;, Fj for j € §; then, take the
general product

Y = (TI]_,K/)X € Uy(lg) foray,....a, €Z,
and note that for all 1 € O4(Ls)

yh(Y) = y(Ya)h(¥) = y((T=y K& X@)h((T=y K X )
= y(Mxese KA, K{) X).
Similarly, it holds that
hy(Y) = h((T1 = K;") X)y (Txesc K¢¥).
Thus, we see that y and & commute for all 2 € O4(Ls). |
Proposition 5.3. The pair (04,(G/Ls), O4(G/LY)) is a group algebra principal pair.

Proof. Recall the Peter—Weyl decompositions

Oyls)~ P  CUi), 0O4Ly)= P CW),

AtpePd +Pg. nerd

and consider the coarser decomposition of O,4(Ls) given by

Og(Ls)~ @D 4x. where 4; := P C(Upsp).

AEPs /“LEJ)SC
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We note that the kernel of the Hopf algebra surjection p : O4(Ls) — O4(L%) is homo-
geneous with respect to this coarser decomposition. It holds that

c}g—] € ker(p) foralld € Py, f € Uf v e U, (6)
and moreover, the ideal / generated by these elements is homogeneous with respect to the
coarser grading, giving us a decomposition

I~ @IA.

p+
AePg

Now, the quotient A, /I, has dimension less than or equal to C (W)} ), which together with
surjectivity of p implies that the dimensions are equal, that is to say, the kernel of p is
generated by the elements given in (6). Thus, we see that O, (L g) is isomorphic as a Hopf
algebra to Ko, (Lg)- Thus, since O4(Lys) is cosemisimple by construction and we have
shown in the previous lemma that all the grouplike elements of O, (Ls) are central, the
given pair is a principal pair. ]

Corollary 5.4. The categorical equivalence

04(G) Ou(LY) ~ O4(Ls) O4(LY)
Oq(g/LS)Mod atts) ~ YaltSsIModYe s

follows immediately from Proposition 3.4.

Example 5.5. For any Drinfeld—-Jimbo quantum group Uy (g), the quantum flag manifold
0O4(Fg) associated to the choice of simple nodes S = @ is called the full quantum flag
manifold of O4(G). In this case, the associated Hopf algebra O, (L) is isomorphic to
O(T7), that s to say, the group Hopf algebra of Z". This gives a strong Z" -algebra grading

04G) ~ &P &,.

yEL"

In other words, we have a decomposition of O,(G) into relative line modules. Since
O(T7") is spanned by grouplike elements, this can be seen as a degenerate case of The-
orem 5.3 in the spirit of Example 4.6.

Example 5.6. The full quantum flag manifold of @,(SU,) is the Podle§ sphere, and
the associated algebra grading of O4(SU,) is a Z-grading. Recalling the notation of
Example 5.1, the grading is determined by

deg(u11) = deg(uz1) = —1, deg(uqz) = deg(uzp) = 1.

Thus, we recover the well-known Z-grading of O, (SU>), as considered, for example, in
[26, Section 1] up to a change of sign.
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5.7. Relative line modules

Since (04(G/Ls), O4(G/LY)) is a principal pair, Lemma 4.4 implies the following res-
ult.

Proposition 5.7. The direct sum decomposition of O4(G/LY) into simple subobjects is a
decomposition into relative line modules

0,G/Ly) ~ P &,

yGfPsc

This gives O4(G/LY) the structure of a strongly Psc-graded algebra. Moreover, every
relative line module over O4(G/Lg) is isomorphic to &, for some y € Pge.

We now give a concrete description of the decomposition of @,(G/LY) into line
bundles in terms of the generating set of O4(G/L*) presented in (5).

Corollary 5.8. The Psc-grading of O4(G/LY) is determined by
deg(ziwx) = Wx, deg(ziwx) = —Wx,
wherei =1,..., Ny and x € S€.

Proof. The right 9,4 (Ls)-coaction on O4(G/L}) acts on z;”* according to

Ny
X wa x
AR,aq(Ls)(Z,-w )= chi,fa ® 7o, (Ls)(2q)-
a=1

It follows from (2) in Theorem 4.2 that o o(Ls) (z®~) is an element of ['g o(Ls)- Moreover,
forany y € S¢,

(Ky, 70,(Ls)(Z7)) = (Ky, 27%) = fa(Ky > Ny)=q @78, . foralla=1,..., Ny.

Thus, we see that
AR0,L5)(z7) € O4(G/Lg) ® C(Ur,);

that is to say, z;”* is of degree @,. An analogous calculation shows that the degree of Z,”*
is —wy. Finally, since the Pgc-grading is an algebra grading, it is completely determined
by the degrees of the generators. ]

5.8. A principal £-map

We now produce an explicit principal £-map for our principal comodule algebra. This
construction generalises the principal £-map constructed for the quantum Grassmannians
in [13, Corollary 4.13]. For the special case of the Podles sphere, the £-map reduces to the
well-known g-monopole connection introduced in [8,9, 19].
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In the statement of the proposition, we find the following notation useful:
= 1_[ 7)) fory = Z AWy € Pge,
xese xeS¢

where we have denoted
(ZP*)% = (2®*)% ifay >0 and (z7¥)% :=(Z7*)% ifa, <O.

Moreover, we find it convenient to denote
ty = tfl tltgf‘” forany y = Z Ax Wy € Pge.
xeSe¢
Proposition 5.9. For the Hopf-Galois extension O4(G/Ls) — O4(G/LY), a principal
L-map is given by
£:CPsc = Oy(G/LY) @ Oy (G/LY), t,+— (S ®@id)o A(zy).

Proof. Letus first check that £ is well defined. Note first that since A is an algebra map and
S is an anti- algebra map, it is enough to check that £(z7*) € O4(G/L%) ® Og(G/LY)
for each x € Pge. Since

Z(wa) = Z S( fN tl Za fo

a=1

this amounts to showing that S (z ) € O4(G/L%), but this follows from the fact that
X > S(sz o= S(ZXDfN o= S(X)S(Z}?vi,a) forall X € U,(Ls).

Thus, £ is indeed well defined.
By definition, it holds that {(1c 5. ) = lo,(G/L; y)- Moreover, it is clear that

me,G/Ly) °t = €lo, /L)
Right CPsc-covariance of £ follows from the calculation
(Id®AR) o £(ty) = ([d®AR) o (S ®id) o A(zy)
= (S ®id®id) o (A ®id) o (Ar)(zy)
= (S ®id®id) o (A ®id)(z, ®t))
= (S ®id) o A(zy)) ® 1y
=U(t) Rty
= ({ ®id) o A(z)).

Left CPgc-covariance of £ follows analogously, and so, we have a principal £-map. =
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Remark 5.10. As explained in Appendix A.4, associated to the principal £-map con-
structed above, we have a principal connection IT; acting on the universal calculus of
O4(G/L3). As is easily checked, the map Iy is a left O;(G)-comodule map, mean-
ing that every associated relative Hopf module connection V is also an O, (G)-comodule
map. This extends the situation for the quantum Grassmannians discussed in [13, Corol-
lary 4.13].

5.9. Non-cleftness of the Hopf-Galois extension

Let us recall the definition of a cleft comodule algebra, which can be viewed as a non-
commutative generalisation of a trivial bundle: for H a Hopf algebra, we say that a
right H-comodule algebra (P, Ag, g) is cleft if there exists a convolution invertible right
H-comodulemap j : H — P.Wecall such a j a cleaving map. If (P, Ag, m) is a Hopf-
Galois extension of B = P®H) then the existence of a cleaving map is equivalent to
A having the normal basis property, that is to say, equivalent to the existence of a left
B-module and right H -comodule isomorphism A >~ B ® H; see [5, Proposition 2.3] for
details.

For the special case of the Podles sphere, it was shown in [19] that the Hopf—Galois
extension O4(S?) <> O4(SU,) is not cleft. We now extend this result to include all
quantum flag manifolds.

Proposition 5.11. The Hopf-Galois extension O4(G/Ls) < O4(G/Lg) is non-cleft.

Proof. Let us assume that we have a convolution invertible right C Pgc-comodule map
J i CPsc - Oy(G/LY).

Choose an element x € S¢. The fact that j is convolution invertible, and that 7, is group-
like, means that j(zy) is invertible. Moreover, since j is a CPgsc-comodule map, j(zy)
must have degree wy.
Consider the associated inclusion iy : U, (sl2) < U,(g), along with the dual Hopf
algebra surjection
x 1 Og(G) = Og(SU>).

Taking K € U, (sl,), we see that

Ko7 (j (1) = me () @)K, j (1) @) = ¢4 (j (1))

Thus, with respect to the Z-grading on O, (S U,) induced by the action of the generators
K and K™, the element 7, (j(t,)) has non-zero degree.

Since 7 is an algebra map, the element 77, (j (5 )) is necessarily invertible in @4 (S Us).
It was established in [19, appendix A] that the only invertible elements in @, (SU,) are
scalar multiples of the identity. However, this contradicts the fact that 7, (j(x)) has non-
zero degree. Thus, we conclude that no such j exists, that is to say, the Hopf—-Galois
extension is non-cleft. ]
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5.10. Schneider’s equivalence and a family of examples
Since O4(G/ L) and O4(G/ L) form a principal pair, the equivalence

o, 9 Mod 759~ Ou(Ls)oq
follows immediately from (4). In this subsection, we present a naturally occurring family
of objects, in the left-hand side category, coming from quantum group noncommutative
geometry.

A quantum flag manifold O,(G/Lys) is said to be irreducible it S° contains a single
root vector o and this root vector appears in any positive root of g with coefficient at
most one. In [20,21] Heckenberger and Kolb introduced a left O, (G )-covariant first-order
differential calculus Qé (G/Lys) for each irreducible quantum flag manifold O,(G/Lys).
These calculi are of classical dimension and g-deform the classical space of 1-forms over
G/ Lgs. These celebrated calculi are objects of central importance for the noncommutative
geometry of quantum groups and are naturally objects in the category of relative Hopf
modules , 2/‘“) Mod.

0q(G/Ls)

For the irreducible case, the weight sublattice $sc is isomorphic to Z, and so, the

category o ?G"/(f; )Modgr(‘(’)SC) specialises to the category

04(G)
0,(G/L%
In [21, Section 3.2], Heckenberger and Kolb constructed left O, (G )-covariant first-order

calculi Q2 ; (G/ L) for the associated quantum Poisson homogeneous spaces Oy (G/Lj).

These calculi are naturally objects in the category Oq?Gq/(fé )Mod. Moreover, as shown

)Modgr(Z).

in [12], each calculus is homogeneous with respect to the Z-grading on O4(G/Lg),

and so,
94(G)

q(G/Ly
It then follows from [13, Proposition 3.10] that Q; (G/L3) gives a quantum principal
bundle over the base O4(G/Ls). This is a key step in the proof of the Borel-Weil theorem
for the irreducible quantum flag manifolds given in [12].

QI(G/LY) € )Modgr(Z).

6. Examples of non-principal noncommutative fibrations

In this section, we construct two families of non-principal noncommutative fibrations and
realise many well-known examples of quantum homogeneous spaces as noncommutative
fibres.

6.1. Non-principal examples with irreducible quantum flag manifold bases

For any Drinfeld-Jimbo quantum group U, (g) and a pair of subsets Sp € Sp C II, we
have the triple of algebras

Oq(G/LSB) — Oq(G/LSP) - Oq(LSp/LSB),
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where we have denoted
Og(Lsy/Lsy) = Og(Ls,)CrLsp),

As discussed in Remark 3.7, we think of this triple as a type of noncommutative homo-
geneous fibration. For special cases, we get fibrations built from well-known examples
of quantum homogeneous spaces. Here, we present a series of special cases where the
base of the fibration is an irreducible quantum flag manifold, as discussed in Section 5.10.
Throughout, we use Humphrey’s numbering of the Dynkin nodes [22, Section 11.4] of g.

Note that, for any two subsets Sp C Sp C I1, we have an obvious algebra isomorphism

O4(Lsg/Lsp) >~ Qq(LEB)C"(Oq(LSPmSB))'

In fact, this is an isomorphism of @4 (L, )-comodules. A motivating example here is the
presentation of O4(CP") as a quantum homogeneous O4(Uy,+1)-space. We will tacitly
use this isomorphism in the examples that follow.

Example 6.1. We begin with the example introduced by Brzezifiski and Szymarski [28]
as a motivating example for a proposed theory of noncommutative fibre bundles [11]. For
the Drinfeld—Jimbo quantum group U, (sl3), we choose S5, = {a2} and S§ = {a1, o2},
which we represent, respectively, with the coloured Dynkin diagrams

O—@® and —©
This gives us the noncommutative fibration
04(CP?) < Oy(Fsu,) — 0q(S?),

where 0, (C IP?) is the quantum projective plane and O4(8%) = 9,4(C P!) is the standard
Podles sphere.

We now generalise this construction to higher orders. There are two natural ways to
do this. First, we consider the case where the fibre and the total space are higher-order full
quantum flag manifolds, where we note that the Podles sphere is in fact the full quantum
flag manifold of O, (S U>).

Example 6.2. For the Drinfeld—Jimbo quantum group Uy (sl,+1), we choose S§ = {a,}
and S§ = TI, which we represent graphically with the respective coloured Dynkin dia-
grams

This gives us the fibration
04(CP") = O4(Fsu,.,) = Oq(Fsu,).

where O, (CP") is quantum projective n-space.
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We now consider an alternative generalisation of Brzezinski and Szymanski’s fibra-
tion, where both the base and the fibre are higher order quantum projective spaces.

Example 6.3. For the Drinfeld—Jimbo quantum group Uy (sl,41), we choose S§ = {a,}
and S§ = {oy,a,}, which we represent graphically with the respective coloured Dynkin
diagrams

This gives us the fibration
Og(CP") — Og(SUp41/(Un—1 x Up)) = Og(CP" 1),

where we note that, for n = 2, the quantum flag manifold O, (S Uy, 41/ U,—1 x Uy) reduces
to the full quantum flag manifold of O, (SUs).

There is no need to confine our attention to the A-series, so let us consider a C -series
example.

Example 6.4. For the Drinfeld—Jimbo quantum group Uy (sp,,), we choose S§ = {o,}
and Sp = I, which we represent graphically with the respective coloured Dynkin dia-
grams

This gives us the noncommutative fibration
Gq(Ln) — Oq(FSpn) - Oq(FSU,,)7

where O, (L) is the quantum Lagrangian Grassmannian. In the commutative case, L, is
the space of complex structures on H” compatible with the canonical inner product.

Let us next consider an example from the exceptional Drinfeld—Jimbo quantum groups.

Example 6.5. For the Drinfeld—Jimbo quantum group U, (e¢), we choose S; = {o6}
and S = {as, ae}, which we represent graphically with the respective coloured Dynkin
diagrams

O O i O ® and O O i L ®

This gives us the quantum homogeneous fibration
0q(OP?) < Og(Es/(SO10 x U1)) = Og(Ss),

where 9, (QP?) is the quantum Cayley plane; that is, the irreducible quantum flag man-
ifold of O4(Ee) and O,(Ss) is the quantum spinor variety, one of the two D5 irreducible
quantum flag manifolds. In the classical case, S5 is the space of orthogonal complex struc-
tures on R10.
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6.2. Noncommutative sphere fibrations and quantum Stiefel manifolds

In this subsection, we generalise a different aspect of Brzezinski and Szymanski’s non-
commutative fibration, producing fibrations with higher order quantum spheres as non-
commutative fibres. Note first that, for any complex semisimple Lie algebra g and any two
subsets Sp € Sp C II, a quantum homogeneous fibration is given by the triple

(Dq(G/LEB) — OQ(G/L?SP) - (Dq(Lng/LEP),

where we denoted by Oq4 (L, / Lng) the space of O4(L gP)-coinvariants of U4 (LgB).
As we will see, for special cases, we get fibrations built from well-known examples of
quantum homogeneous spaces.

With respect to Humphrey’s numbering of the Dynkin nodes [22, Section 11.4], for
any non-exceptional simple Lie algebra g, we denote

S>m = {Olm_H, . ,O{n}.

Associated to the Hopf subalgebra U, (Ig_ ) and its quantum subgroup Oy (Ls.,,), we
have the quantum homogeneous O, (G)-space of O, (Ls.,,)-coinvariants, which we call
the quantum m-Stiefel manifold of O4(G).

Example 6.6. It is instructive to observe that each Stiefel manifold is the total space of
a principle comodule algebra. Indeed, by the results of Section 5.6, the quantum Stiefel
manifold associated to any S, is a principal C#Pgc -comodule algebra over the quantum
flag manifold O4(G/Ls.,,)-

Let us now place some examples of quantum Stiefel manifolds into g-deformed non-
principal fibrations.

Example 6.7. Consider the Drinfeld—Jimbo quantum group Uy (s, +1) for n > 2 and the
subset S~ 3 of simple nodes for m = 1, ..., n. In this case, the quantum Stiefel manifolds
reduce to the quantum complex Stiefel manifolds O, (V,C"*1) introduced by Podkolzin
and Vainerman [34] and further studied in [36]. Note that, for the degenerate case of
m = 1, we get back the quantum spheres O, (S2"~1) of Vaksman and Soibelman [42].

Choosing Sp = S~ and Sp = S>», which we represent graphically with the respect-
ive coloured Dynkin diagrams

we get the quantum homogeneous fibration
Oy (S2"T1) > Oy (VaC"H1) = Oy (S 7).

Note that, for the special case of n = 3, the fibre reduces to O, (83 = 04(SU>), so the
fibration is actually principal.
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Example 6.8. For the Drinfeld-Jimbo quantum group U, (sp,,), we choose Sp = S~
and Sp = S-3, which we represent graphically with the respective coloured Dynkin dia-
grams

The Stiefel manifold corresponding to S~ is a ¢g-deformation of the C -series present-
ation of the sphere S#"~! as the homogeneous sphere

sl ~ SpZn/Sp2(n—1)-

To differentiate it from the A-series quantum sphere, we denote it by O, (Sﬁ”_l) and
call it the quantum quaternionic sphere. The quantum quaternionic sphere has appeared a
number of times in the literature. It was studied in [25] and [10, 11,28] as the total space of
a noncommutative instanton fibration, where it was called the quantum symplectic sphere.
Moreover, the representations and K -theory of its C *-algebra completion were examined
in [35].

The Stiefel manifold corresponding to S, is a g-deformation of the coordinate algebra
of the classical quaternionic Stiefel manifold V,H”. Hence, we call it the quantum qua-
ternionic 2-plane Stiefel manifold and denote it by O, (V,H").

Our choice of Sp and Sp gives the quantum homogeneous fibration

Oy(S™H) = Oy (VaH") — O, (S ).

Note that, for the degenerate case of n = 2, the quantum sphere O, (Sﬁ”_5 ) reduces to the
Hopf algebra O, (S3) = O4(SUs,), and so, the fibration is principal.

A. Some comments on quantum homogeneous spaces

In this paper, we use a definition of a quantum homogeneous space that is different
(although equivalent) to the one used in our previous works. Thus, we spend some time
discussing the various formulations of the definition. Motivated by the important role rel-
ative line modules play in the paper, we also discuss some results about simple relative
Hopf modules.

A.1. Quantum homogeneous spaces as principal comodule algebras

For any quantum homogeneous space B = A< () it is well known that A is automat-
ically a Hopf—Galois extension of B; see, for example, [40, Lemma 3.9]. Thus, it follows
from [30, Theorem 1] that A is also faithfully flat as a left B-module, and hence, it is a
principal comodule algebra.

Cosemisimplicity allows us to verify the faithful flatness condition for a general coideal
subalgebra B C A satisfying BT A= AB™. Explicitly, if the quotient Hopf algebra A/ B A
is cosemisimple, then A is automatically faithfully flat as a right B-module; see[16, Sec-
tion 3.3] for a detailed discussion.
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A.2. Quantum homogeneous spaces, ideals, and quantum subgroups

In the literature, it is common to consider a weaker version of the quantum homogen-
eous space definition: coideal subalgebras B C A for which A is faithfully flat as a
right B-module, but for which AB™ is not necessarily equal to BT A. As shown in [27,
Theorem 1.11], these generalised quantum homogeneous spaces are in bijective corres-
pondence with two-sided coideals I € A that are also right A-ideals and for which A is
faithfully coflat as a right A/ I -comodule. Explicitly, the correspondence is given by asso-
ciating a generalised quantum homogeneous space B to the right ideal two-sided coideal
B* A C A and associating to a right ideal two-sided coideal I the space of coinvariants
associated to the coalgebra surjection A — A/I.

Let us specialise to quantum homogeneous spaces. In this case, the B 4 will be a two-
sided ideal and a two-sided coideal. In fact, by Koppinen’s lemma (see [30, Lemma 1.4]),
it will be a Hopf ideal, meaning that the quotient A/ will be a Hopf algebra. To go in the
other direction, we need the following technical lemma.

Lemma A.1. For any surjective Hopf map & : A — H, the associated space of coinvari-
ants B = AW satisfies Bt A = AB.

Proof. Foranya € Aand b € BT, it holds that
ab = amybS(apy)ae).
and that

8(61(1)bS(a(2))) =0.

Moreover, we see that

Ar.a(@)bS(aw))) = amyba)S(aw) ® m(aw)m(be)(S(aa)))
= a)bS(aw)) ® m(ap)r(S(aem))
= a(l)bS(a(z)) ® 1.

From this, we can conclude that ab = a(1ybS(a(z))a(s) € B' A, implying the inclusion
AB™T C BT*A. The opposite inclusion is established analogously, giving the required
equality. [ ]

Thus, we have a bijection between the quantum homogeneous A-spaces and the set

{I C A | I aHopf ideal such that A is faithfully coflat as a right A/ -comodule}.

We finish with a second equivalent characterisation of quantum homogeneous spaces.
For any Hopf algebra A, a quantum A-subgroup is a pair (H, ) consisting of a Hopf
algebra H and a surjective Hopf algebra map m : A — H such that A is faithfully coflat
as a right A/ ker(7)-comodule. Define an equivalence relation on quantum A-subgroups
by setting (H, ) equivalent to (H', n’) if ker(w) = ker(zr’). Note that two quantum
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subgroups (H, 7) and (H', ') are equivalent if and only if there exists a Hopf algebra
isomorphism ¢ : H — H’ such that ¢ o w = #’. This gives a bijective correspondence
between quantum homogeneous spaces and the set

{[(H.m)] | (H,r) is a quantum A-subgroup},

where [(H, )] denotes the equivalence class of (H, 7).

A.3. Simple objects of the category gModo

Since relative line modules are a primary object of interest in this paper, we find it appro-
priate to make some general comments about simple objects in the category gModo, where
as usual A is a Hopf algebra and B is a quantum homogeneous A-space

Note first that since ab = a()bS(a(z))a) foralla € A, b € B, the Hopf algebra A
(endowed with its obvious right B-module structure) is an object in gModo. Moreover,
any coideal sub- B-bimodule of A will also be an object in gModo.

Conversely, consider a simple object ¥ € gModo. Since ®(F) is a simple p(A)-
comodule, it admits an embedding into 7 p (A), implying that ¥ embeds into A. Thus, we
see that any simple object in gModO can be embedded as a sub-object of A. In particular,
all relative line modules embed into A. Note that, with respect to an embedding ¥ — A,
it holds that ¥ ~ A0, wp(¥).

Consider the subcategory gmodo - gModo of finite-dimensional left H-comodules,
and note that it is a rigid monoidal category. From the monoidal form of Takeuchi’s
equivalence, we see that the corresponding subcategory gmodo c g‘Modo is also a rigid
monoidal category. Thus, every ¥ € gmodo admits a left and a right dual, implying that
F is finitely generated and projective as a left and as a right B-module, and that gmodo
can be described as the subcategory whose objects are finitely generated left B-modules.
Moreover, any object in ﬁModo which is a direct sum of objects in gmodo will also be
projective as a left and as a right B-module.

Finally, we consider the case where g (A) is a cosemisimple Hopf algebra. The Peter—
Weyl decomposition

m5(A) ~ P 7p(A)a
aenp

gives a corresponding decomposition of 4 into simple sub-objects

A~ @Aa,

oETR

where we have denoted
Ay = {a € A|np(a) € JTB(A)(,} = {a €A| an) @mplap) € A® ﬂB(A)a}.
It is instructive to note that

®(Ay) = mp(Ag) = mp(A)g.
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Cosemisimplicity of wp(A) implies that A is isomorphic to the direct sum of the simple
objects in émodo. Moreover, since each simple object is projective as a left and as a
right B-module, each ¥ € gModo must be projective as a left and as a right B-module.
Thus, we have recovered some well-known results about relative Hopf modules (see, for
example, [15, Corollary 2.4] and [30, Corollary 1.5]) from the monoidal form of Takeu-
chi’s equivalence.

A.4. Connections and projectivity

Principal £-maps are the link between principal comodule algebras and noncommutative
geometry. In particular, principal £-maps are in bijective correspondence with principal
connections I1 : QL(P) — QL (P), where

QL(P)=ker(m: P ® P — P)

is the universal first-order differential calculus over P. Principal connections in turn pro-
vide a systematic procedure for constructing connections V : ¥ — QL(P) ® p F, where
F is an associated module, that is to say a module of the form POy Vg, for some left H -
comodule Vg . See the recent monograph [3, Chapter 5], or the authors’ related papers [12,
13], for more details.

It now follows from the Cuntz—Quillen theorem [18, Section 8.3] that any associated
module is projective as a left B-module. In particular, since any quantum homogeneous
space is a principal comodule algebra, every relative Hopf module is projective as a left
B-module.
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