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Skew Knorrer’s periodicity theorem
Yang Liu, Yuan Shen, and Xin Wang

Abstract. In this paper, we introduce a class of twisted matrix algebras of M»(E) and twisted
direct products of E x E for an algebra E. Let A be a noetherian Koszul Artin—Schelter regu-
lar algebra, z € Ap be a regular central element of A and B = Ap[y1, y2; 0] be a graded double
Ore extension of A. We use the Clifford deformation C41(z) of Koszul dual A to study the non-
commutative quadric hypersurface B/(z + y% + y%). We prove that the stable category of graded
maximal Cohen—-Macaulay modules over B/(z + y% + y%) is equivalent to certain bounded derived
categories, which involve a twisted matrix algebra of M (C4:1(z)) or a twisted direct product of
C41(2) x C41(z) depending on the values of P. These results are presented as skew versions of
Knorrer’s periodicity theorem. Moreover, we show B/(z + yl2 + y%) may not be a noncommutative
graded isolated singularity even if A/(z) is.

1. Introduction

Throughout the paper, k is an algebraically closed field of characteristic 0. All vector
spaces and algebras are over k. Unless otherwise stated, the tensor product ® means Q.

Knorrer’s periodicity theorem is a powerful tool in the study of the Cohen—Macaulay
representation theory and also the singularities of (commutative) quadric hypersurfaces
(see [7]). It implies that the stable category mcm S of maximal Cohen—Macaulay mod-
ules over a quadric hypersurface S = k[x1,...,x,]/(f) is equivalent to mcm S* where
f € (x1,...,x2)% and S*™ = Kk[xy, ..., x,][u, v]/(f + u? + v?) is the second double-
branched cover of S, which helps us to reduce the computation of the Cohen—Macaulay
representation of a quadric hypersurface.

A noetherian Koszul Artin—Schelter regular algebra A is regarded as a noncommu-
tative polynomial and a coordinate ring of a class of noncommutative projective spaces.
Let z € A, be a regular central element of A. The quotient algebra A/(z) is an analogue
of (commutative) quadric hypersurface, usually called a noncommutative quadric hyper-
surface. There have been many studies on noncommutative quadric hypersurfaces over
the past few years (e.g., [1-6,9, 10, 16, 18, 19]). To study graded Cohen—Macaulay mod-
ules of a noncommutative quadric hypersurface A/(z), there are two useful tools. One is
a finite-dimensional algebra C(A4/(z)) introduced by Smith and van den Bergh in [16],
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and the other one is a Clifford deformation C1(z) of the Koszul dual A" of 4 introduced
by He and Ye in [2]. The Clifford deformation C4:(z) is a strongly Z,-graded algebra and
Cu1(2)o = C(A/(2)) (see [2]), and so C 41 (z) may provide more information about A/(z).

Similar to the commutative case, the noncommutative Knérrer’s periodicity theorem,
that is, mcm A/(z) and mem(A/(z))* are equivalent, was proved for a noncommutative
quadric hypersurface A/(z) in [1,2, 10]. He, Ma and Ye proved a generalized version
of Knorrer’s periodicity theorem for tensor products of two noncommutative quadric
hypersurfaces with the help of Clifford deformations (see [3, Theorem 2.15]).

In a noncommutative setting, it is reasonable to consider noncommutative versions of
double-branched covers and twisted tensor products of noncommutative quadric hypersur-
faces. For example, T = A[u; 01][v:02]/(z + u? + v?) defined by two-step iterated Ore
extensions for some graded automorphisms o; and o, seems to make more sense as a class
of second noncommutative double-branched covers, and a natural question is how we can
describe mecm 7" by mem A/(z). If 01 = 0314 and 02(u) = u, it is a special case of the
noncommutative Knorrer’s periodicity theorem given by Mori and Ueyama (see [10, The-
orem 1.3]), and this case can also reduce to the second double-branched cover (A4/(z))*
by a Zhang twist (see [20]). Nevertheless, we are curious about how to describe mecm 7 in
general.

On the other hand, Hu, Matsuno and Mori classified noncommutative conics A/(z) in
Calabi—Yau quantum projective planes up to isomorphism of noncommutative projective
schemes, that is to say, A is a 3-dimensional Calabi—Yau quantum polynomial algebra
(see [6]). It inspires us to discuss the classification of noncommutative quadric hyper-
surfaces obtained by 4-dimensional noetherian Koszul Artin—Schelter regular algebras.
To achieve this goal, it is necessary to compute the Cohen—Macaulay representation of
such noncommutative quadric hypersurfaces. Note that Zhang and Zhang introduced an
approach called double Ore extension to obtain a classification of 4-dimensional noether-
ian Koszul Artin—Schelter regular algebras (see [21,22]). Also, double Ore extensions
include two-step iterated Ore extensions. Therefore, it is reasonable to study relations
between the graded maximal Cohen—Macaulay modules over noncommutative quadric
hypersurfaces A/(z) and Ap[y1, y2;0]/(z + y? + y3) where Ap[y1, y2;0] is a double
Ore extension of A.

To this end, we introduce twisted algebraic structures on a matrix algebra M, (FE)
and a direct product E x E for an algebra E. The twisted matrix algebra of M>(E) (see
Theorem 3.7) comes from a twisting system ® (see Definition 3.6) consisting of two lin-
ear maps 0@ : E — M,(E) for i € Z, and an invertible Z,-graded basis of M, (k),
where M5 (k) consists of diagonal matrices and M, (k); consists of anti-diagonal matri-
ces. Denote the new twisted matrix algebra by ® M,(E), and it is a Z,-graded algebra.
This twisted algebra can be viewed as a generalization of Zhang twists (see [20]) for
graded algebras, but they have different properties. Furthermore, taking the subalgebra
OM,(E )o of © M, (E) provides an approach to obtaining a twisted algebraic structure on
E x E (see Corollary 3.14), and denote the new twisted algebra by ?<(E x E) where the
twisting system 60y consists of a linear map 6 from E to M (E) and an invertible basis of
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k x k. If E is a Z,-graded algebra, then ®M2(E) is Zy X Z,-graded and also Z,-graded
by taking the total degrees, and < (E x E) is Z,-graded.

Let A be a noetherian Koszul Artin—Schelter regular algebra, z € A, be a regular cen-
tral element and B = Ap|[y1, y2; 0] be a Z-graded double Ore extension of A where P =
{P11, P12} C k. The main object we study is the noncommutative quadric hypersurface
B/(z + y? + y3). By the deformation method introduced by He-Ye, mcm B/(z + y? +
y3) is totally determined by the Clifford deformation Cpi(z + y? + y3) of B ' [2, Theo-
rem 1.1]. We aim to describe Cpi(z 4 y? + y2) by the Clifford deformation C41(z) of A
It should be noted that the semi-trivial extension (see Theorem 2.6) is a useful construc-
tion for our goal. To make the noncommutative quadric hypersurface B/(z + y? + y3)
well defined, it forces p1, = £1. We divide it into two cases.

If p12 = 1, p1; should be 0. In this case, the Clifford deformation Cpi(z + y? + y3)
is a twisted matrix algebra of M,(C:(z)), and mem(B/(z + y7 + y2)) can be described
by a semi-trivial extension.

Theorem 1.1 (Theorems 5.4 and 5.8). Let B = Ayy,03[y1, y2; 0] be a Z-graded double
Ore extension of a noetherian Koszul Artin—Schelter regular algebra A with deg y, =
degy, = 1 and z € A, be a regular central element of A. Suppose B is noetherian and
z + y? + y2 is a central element of B. Then

(1) there exists a twisting system © of M(Cy1(2)) such that
Cpi(z 4y} +93) = O My (Cy(2)),

as Z,-graded algebras;

(2) there exists a semi-trivial extension A = S xy M (1) of a Z,-graded subalgebra S
of Cq1(z) and a Zy-graded S-bimodule M (a subspace of C41(z)) through some
map ¥ : M(1) s M(1) — S such that

mem(B/(z + y? + ¥3)) = D (grg, ©Ma(Cai(2))) = DP(mod ® My (Cyi(2)),)
~ Db(grz, A).

as triangulated categories.

If p1» = —1, we can reduce p;; to be 0 in case p1; # +2+/—1. Then one obtains
a twisted direct product I' = %% (C41(z) x C41(2)) for some twisting system 0y, and the
Clifford deformation Cgi(z + y? + y2) is a semi-trivial extension constructed by T. In
particular, the 0-th component of Cgi(z + y? + y3) is exactly a Zhang-twisted algebra
(see [20]) of T'.

Theorem 1.2 (Theorem 6.9). Let B = A(_1,0y[y1, y2;0] be a Z-graded double Ore exten-
sion of a noetherian Koszul Artin—Schelter regular algebra A with deg y; = degy, = 1
and z € A, be a regular central element of A. Suppose B is noetherian and z + J’12 + y%
is a central element of B. Then
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(1) there exist a twisted direct product T of C41(z) x C41(2) and a semi-trivial exten-
sion T xy (,T'(1)) of Za-graded algebra I' and Z»-graded I'-bimodule |, T'(1)
through some map  where | is a Z,-graded automorphism of I such that

Cpi(z +y7 +¥3) =T xy (,T'(1)).

as Z,-graded algebras;

(2) there are equivalences of triangulated categories
mem(B/(z + y7 + ¥3)) = DP(grg, T xy (, (1)) = D?(mod"T),

where YT is a Zhang-twisted algebra of T for the left Zhang-twisting system
v ={vg =id,v1 = U} of Z,-graded algebra T.

In particular, Theorem 1.1 reduces to the noncommutative Knorrer’s periodicity the-

orem if o is a diagonal map. Theorems 1.1 and 1.2 can be viewed as skew versions of
Knorrer’s periodicity theorem.
For the exceptional case p;; = —1 and p;; = £2+/—1, we have that any noncom-

mutative quadric hypersurface A(_1,,,,3[y1, y2;0]/(z + y§ + y3) is not a noncommu-
tative graded isolated singularity in the sense of [17] (see Proposition 6.1) or whose
noncommutative projective scheme is not smooth. So we are also interested in whether
Aqz1.0301, y2;0]/(z + ¥y} + y3) is a noncommutative graded isolated singularity in
case A/(z) is. We give a negative answer to this question (see Proposition 6.12). It
should be emphasized that this result is a totally different phenomenon from the usual
second double-branched covers and tensor products of noncommutative quadric hypersur-
faces, which preserve the property of noncommutative graded isolated singularity (see [2,
Theorem 1.4] and [3, Theorem 2.5]).

This paper is organized as follows. In Section 2, we recall some definitions and results,
including noncommutative quadric hypersurfaces, Clifford deformations and semi-trivial
extensions. In Section 3, we introduce a class of twisted matrix algebras and a class of
twisted direct products. In Section 4, we recall the definition of double Ore extensions
and show some basic facts about the Clifford deformations for noncommutative quadric
hypersurfaces obtained by double Ore extensions. We devote Section 5 and Section 6 to
proving Theorem 1.1 and Theorem 1.2, respectively.

2. Preliminaries

Let C = P gecCg be a G-graded algebra where G is an abelian group. Write Grg C
for the category of G-graded right C-modules with morphisms of C-module homomor-
phisms preserving grading and grg; C for the full subcategory of Grg C consisting of
finitely generated G-graded right C-modules. Let M be a G-graded right C-module,
then M (h) stands for the shifting G-graded right C-module where M (h)g = M}, for
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any g € G and some /1 € G. For a G-graded automorphism p of C, the twisted G-graded
right C-module M|, is the abelian group M with the right C-action m - ¢ = mu(c) for
any m € M, c € C. Similarly, we can define shifting and twisted G-graded left C-modules
(or C-bimodules).

For M, M’ € Grg C, write

Hom (M, M') = @ Homg:; c (M, M'(g)),
geG

and M’C for the i-th derived functor of Hom . In particular, k is always a G-graded alge-
bra concentrated in degree 0, and denote the G-graded linear dual functor Homy (—, k)
by (—)*. For any nonzero k € k, define a G-graded algebra automorphism &, of C by
£ (¢) = k9e¢c for any homogeneous element ¢ of C.

A set of G-graded linear automorphisms v = {v, | g € G} of C is called a left Zhang-
twisting system of C if v; (v (x)y) = v (x)v;(y) forall g,h,l € Gand x € Cg,y € Cp,.
If v=1{v, | g € G} is a left Zhang-twisting system of C, the graded vector space
C = EBgeGCg with the multiplication x ¢ y = vy(x)y forall x € C,,y € Cp is a G-
graded algebra, called a Zhang-twisted algebra of A by v, denoted by YA (see [20,
Section 4]).

Definition 2.1. Let C be a G-graded algebra (resp. G-graded vector space) and o = (0;;)
and ¢ = (¢;;) be two algebra homomorphisms (resp. linear maps) from C to M,(C)
where 0;; and ¢;; are G-graded linear transformations of C forany i, j = 1,2.If

2 2
Z O'k,'(pkj = (Sijidc and Z wjkaik = Sijidc,
k=1 k=1
where §;; is the Kronecker symbol for any i, j = 1,2, we say o is invertible, ¢
is t-invertible, ¢ is an inverse of o and o is a t-inverse of ¢.
In this case, it is not hard to obtain that the inverse of ¢ and the 7-inverse of ¢ are both
unique.

Remark 2.2. Definition 2.1 is a graded version of [21, Definition 1.8]. Note that the
invertible form and ¢-invertible form are not the same. The letter “¢” of ¢-invertible stands
for the word “transpose” since the transpose of ¢ has the same invertible property as o.

A non-negative Z-graded algebra C with Cy = k and dim C; < oo for any i > 1 is
called a locally finite connected Z-graded algebra. A locally finite connected Z-graded
algebra A is called a Koszul algebra (see [13]) if the trivial module k 4 has a free resolution

o> Py —>-oi > P> Py—>k >0,

where P; is a Z-graded free right A-module generated in degree i for any i > 0. Then
A = T(V)/(R) for some finite-dimensional vector space V' with degree 1 and some vec-
tor space R € V ® V. The Koszul dual of A is the quadratic algebra A' = T'(V*)/(R1),
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where V* is the dual vector space of V and Rt C V* ® V* is the orthogonal complement
of R. The Koszul dual A" is also Koszul.

Definition 2.3. A locally finite connected Z-graded algebra D is called an Artin—Schelter
Gorenstein algebra of injective dimension d if

(1) injdimp, D = injdim Dp = d < oc;
(2) Extj (kp, Dp) = Ext}, (pk,, D) = 0if i # d;
3) @dD (kp, DD),@% (pk,p D) are both 1 dimensional.

In addition, if D has finite global dimension, then D is called an Artin—Schelter regular
algebra of dimension d.

Let A = T(V)/(R) be a noetherian Koszul Artin—Schelter regular algebra of dimen-
sion d and z € A, be a regular central element of A. The quotient algebra S = A/(z)
is a noncommutative quadric hypersurface, and it is a noetherian Koszul Artin—Schelter
Gorenstein algebra of injective dimension d — 1 by [16, Lemma 5.1 (1)] and [2,
Lemma 2.2].

The noncommutative projective scheme qgr S = gry S/torszS where torsz S is the
full subcategory of gry S consisting of finite-dimensional Z-graded right S-modules. We
say S is a noncommutative graded isolated singularity if qgr S has finite global dimension
(see [17]).

A finitely generated Z-graded right S-module N is called a maximal Cohen—
Macaulay module if the local cohomology

H (N) = lim Ext5(S/Ssn, N) =0 ifi #d—1,
n—>oo

where mt = S5;. Denote the full subcategory of gr; S consisting of all the maximal
Cohen—-Macaulay modules by mcm S and the stable category of mecm S by mcm S which
is a triangulated category.

In this paper, we use the Clifford deformation introduced by He—Ye in [2] to dis-
cuss mem(S). Recall some results in [2] here. By [15, Proposition 5.10], A' is a Koszul
Frobenius algebra. Choose Z € V®? as a lift of z. There is a Clifford map

6,: Rt > Kk
fo= f),

satisfying (6; ® 1 — 1 ® 6,)(V* ® R* N Rt ® V*) = 0. Note that the map 6, is
independent of the choice of Z. Then we have an algebra

Car(2) =T(VH/(f = 0:(f): f € R,

which is called a Clifford deformation of A'. The Z-graded algebra T'(V*) is also a Z,-
graded algebra if we set the subspace ED,,- o (V*)®?" with degree 0 and P, o (V *)®2"+1
with degree 1. Then Cy(z) is also a iz-graded algebra induced by the Z,-grading
of T(V*). The following important properties of C,41(z) can be referred to [2, Proposi-
tions 4.5 and 4.6, Theorems 1.1 and 1.2].
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Theorem 2.4. Retain the notations above. Then
(1) Cy1(2) is a strongly Z,-graded Frobenius algebra;

(2) S is a noncommutative graded isolated singularity if and only if Cy(z) is
a Z,-graded semisimple algebra;

(3) there are equivalences of triangulated categories
mem S = D?(gry, C4(z)) = DP(mod Cy1(2)o).

Let 0 = (07) : A = M>(A) be an algebra homomorphism such that each o;; is a Z-
graded linear transformation of A for any i, j = 1,2. Write 0}, = (O—l’j‘V) V= My(V)
for the restriction of 0 on Ay = V. One can extend o}, to an algebra homomorphism

6 = (0ij) : T(V) > Max(T(V)) 2.1
such that
6(R) € M>(R),

where each 0;; is a Z-graded linear transformation of 7'(V') for any i, j = 1,2. Applying
the Z-graded linear dual functor (—)* to each component of &, one obtains an algebra
homomorphism

o¥ = (5{;) T(V*) — My(T (V). 2.2)

Forany f € Rt,r € Randi,j = 1,2, we have Eij(f)(r) = f(6i;(r)) = 0. It implies
F*(RY) € Ma(RY). (2.3)

Suppose 0 (z) = §;;z for any i, j = 1,2. Then the lift map & = (G;;) defined in (2.1)
satisfies
&ij (/Z\) — 5,']'/2\ €R
forany i, j = 1,2. So the dual map 6* = (6;;) : T (V™) — M>(T (V")) defined in (2.2)
satisfies
6;;(f = f©@) =55(f)—8i; fC) =5[;(f) — f(5i (%))
=55(f)—35()E) € (g—2(@) | g € RY)

forany f € R+ andi, j = 1,2, where the first equality holds since &* is an algebra homo-

morphism and f(Z) € k, and the final belonging follows from (2.3). Hence, 6* induces
an algebra homomorphism

o' =(0};) : Cat(z) > Ma(Cyi(2)), (2.4)

where each ai!j is a Z,-graded linear transformation of C4:(z) forany i, j = 1,2.

Lemma 2.5. [fo is invertible, then o' is t-invertible.
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Proof. Write ¢ for the inverse of 0. We have §;;z = Z,zczlgo,-kajk(z) = @;j(z) for
i,j =1,2. Hence, ¢' is well defined by (2.4) and is the ¢-inverse of o'. ]

We conclude this section by introducing a class of extensions of algebras, which is
called a semi-trivial extension in [12].

Theorem 2.6. Let E be an algebra and M be an E-bimodule. Let v : M Q g M — E
be an E-bimodule homomorphism such that myr(m’ @ m") = ¥ (m @ m"Yym” for any
m,m’',m" € M. Then the vector space E & M with the multiplication

x.m)o & m)=@x'+ymem),xm +mx') Vx,x' € E,mm eM
is an algebra, called a semi-trivial extension of E by M through s, denoted by E <, M.

Proof. Tt is clear (1, 0) is the identity. Since ¥ is an E-bimodule homomorphism
and my(m’ @ m"”) = y(m @ m")ym” for any m, m’, m"” € M, the associativity of this
multiplication holds. ]

Remark 2.7. The semi-trivial extension is a generalization of the trivial extension and
also admits some natural graded structures.

(1) The semi-trivial extension E Xy M is the trivial extension E x M if ¢y = 0.
(2) A semi-trivial extension E x4 M can be viewed as a Z,-graded algebra (or a
superalgebra) if deg(x,0) = 0,deg(0,m) = 1 foranyx € E,m e M.

(3) Suppose E is a G-graded algebra, M is a G-graded E-bimodule and v is a G-
graded map where G is an abelian group. Then E xy, M isa Z, x G-graded alge-
bra whose homogeneous space (E Xy M)(g,q) = Eg and (E Xy M)q,4) = Mg
for any g € G and also a G-graded algebra by forgetting the first Z,-degree.

In particular, if G = Z,, we always view Z, x Z-graded algebra E xy M as
a Z,-graded algebra by forgetting the first Z,-degree in the sequel, that is,

(Exy M)o=Eo® My, (Exy M) =E &M,.

Example 2.8. Here we present two examples of semi-trivial extensions, which will be
useful in subsequent sections.
(1) Let E be an algebraand ¢ : E @ g E — E be the multiplication of E. Then one
obtains a semi-trivial extension E Xy, E.
(2) Let E be a Z,-graded algebra and p be a Z,-graded algebra automorphism of E
such that u? = id. Then

v: LEW)®g,E(1) — E
a®b —  u(a)b

is a Z,-graded E-bimodule homomorphism satisfying (¢ ® b) - ¢ = ay (b ® ¢)
for any a, b, c € , E(1). Hence, we have a semi-trivial extension E xy (, E(1))
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which is a Z,-graded algebra (see Remark 2.7 (3) when G = Z,). More pre-
cisely, (E xy (,E(1)))o = Eo & Ey and (E xy (,E(1))1 = E1 & Eo with
multiplication

(a,b) © (@', b") = (ad’ + u(b)b', u(a)b’ + ba’)

for any homogeneous elements (a, b), (a’,b") € E xy (, E(1)).

3. Twisted matrix algebras and twisted direct products

In this section, we introduce a class of twisting systems for the matrix algebra M, (E)
over some algebra E and a class of twisted matrix algebras. As an application, there is a
twisted structure on the direct product £ x E by choosing a subalgebra of a twisted matrix
algebra.

3.1. Twisted matrix algebras
Let M, (k) be a Z,-graded algebra whose Z,-grading is given by

M= (5 y). Maton = (g o).

Let 11, I} be invertible and a basis of Ma(k)o, and let I{”, I$" be invertible and a
basis of M>(k);. We say 1 = {I[](.’) |i € Zy,j = 1,2} is an invertible Z,-graded basis
of M, (k). Let y1, y» € k such that

I + 180 = b,

where [, is the 2 x 2 identity matrix. ‘ -

For any i € Zj and j = 1,2, it is clear that {]I](-Z)HY,),]I](-’)]IS,)} is also a basis of
My(K); 1 since ]I](.’) is invertible for any i’ € Z,. Then there exists a set {ls(;.;.,) ek |
s,j'=1,2}foranyi,i’ € Z,, j = 1,2 such that

@) _ G+ G | G+ G
H/ Hl _]Il lljl +H2 lel ’

S o o 3.1
H;I)Hg) =]I§l+l )ll(;zz) +H§l+1)l§lj‘tz)a
and we write
l(ii’) l(ii’)
@i _ [t 172
LY = 6 i € Ms(K). (3.2)
2j1 252

In fact, each matrix LJ(.” ), which is a kind of transition matrix, defines a linear auto-
morphism of the vector space M,(k);+;s, and it is invertible for any i,i’ € Z, and
j=12
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Lemma 3.1. Let the set {Z;J‘jl/ ek i, i’ € Za,s,j,j = 1,2} be defined as in (3.1).

(1) Poranyi,i',i” € Zyand j,j',j",t = 1,2,

2 2

l(i,i’+i”)l(i’i”) _ l(i-i—i’,i”)l(ii’)
Z tjs D Z tsj” sjjl
s=1 s=1

(2) Foranyi € Zyands, j = 1.2, Yo 15Dy, = 6.
(3) Foranyi € Zy and s, t = 1,2, 212:1 Is(?ti)yj = 8s.

Proof. (1) It follows from the associativity of ]Il(.i)]lﬁl)]l](.’;,”).
(2) By (3.1) with i’ = 0,

2 2

2
DLt = =1

s=1 t=1 t=1

(3) By 3.1) withi =0,
2 . 2 .7 2 .y .y
2 (L) = L <" :
s=1 j=1 j=1

Let E be an algebra. The basis I of M;(k) provides a decomposition for Z,-graded
vector space M, (E) as follows: for any i € Z,,

MyE); ={1Vx | x e E}o 1¥x | x € E}.

To introduce a twisted system of the matrix algebra M, (E), we consider a class of
linear maps from E to the matrix algebra M, (E).

Proposition 3.2. Let 6@ = (9;;?) : E — M,(E) be a linear map for i € Z,. Then the
following are equivalent:

(1) Forany x,x' € E, i,i’,i" € Zyand j,j', j",v=1,2,

2 2
'+'/"// Ly =1 ;! ‘,'/+'// ey ‘/+‘// 1
3 aGH D0 @@ () = 3 1EHE g (1)U (),
s,t,u=1 s,t,u=1
(2) Forany x,x' € E, i,i’,i" € Zpand j, j', j",v=1,2,
2 2
"'/+'/I Y S ;! "'I+'// Y '/+'// Ly
3 G ED e @8 x'y = 3 G E G (1)e0) (1),
s,t,u=1 s,t,u=1

(3) Forany x,x’ € E,i',i" € Zyand j',j",p = 1,2,

2 2
D105 05 Cx) = 3 15 0T (06,5 ().

psu “uj” tj'u uj”
s,u=1 tu=1
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Proof. (1) & (2) follows from Lemma 3.1 (1).

(2) = (3) Write (L") (gj(l;j) ) forany i, i’ € Zy and j, j', j" = 1,2. Multi-
plying on both sides of the equation in (2) by g;l]; ") and taking the sum over v from 1
to 2 for any p = 1,2, one obtains (3). o

(3) = (2) Multiply on both sides of the equation in (3) by ZIE;-’;J ) for any j,v=1,2
and take the sum over p from 1 to 2. ]

Lemma 3.3. Let @) = (9(’)) E — M, (E) be a linear map for i € Z,. Suppose 6©
and 0O are t-invertible wzth the t-inverses © and ¢, respectively, and satisfy the
equivalent conditions of Proposition 3.2. Then

2
Z ZISlqll;)elle)(X(p )(X )) = Z lt(;;)e(l+t)((p(l)(x))x

u,j=1 t,j=1

forany x,x" € E,i,i' € Zyand p,q,r = 1,2.

Proof. Rewrite the indexes of Proposition 3.2 (3):

2 2
Z 152’4)9,5;/)(9(‘)(x)x/) _ Z lt(jl;)e(l-l—l/)(x)@(l)(xl)
s,u=1 tou=1

forany x,x" € E,i,i’ € Zz_andj,j’,p =1,2.
Replacing x and x’ by <p(§’j) (x) and (pr;-/,) (x"), respectively, and taking the sum over j, j’
both from 1 to 2, the result follows. [

Lemma 3.4. Retain the assumptions of Lemma 3.3. Then (1) € GL, (k) if and only if
0 (1) € GLy (k). In this case, 9 (1) € GLy(k) fori € Z.

Proof. Suppose 0 (1) € GL,(k), (¢@(1)T0O(1) = ((¢)T9©)(1) = I,. Clearly,
9@ (1) € GLy (k).
Taking x = x’ = landi = 0,i’ = 1 in Lemma 3.3, we have

llggi) Z lt(jorl)g(l) (0)(])) _ Z l;;):)e(l)(l)(p(o)(l)

t,j=1 t,j=1
for any p,q,r = 1, 2. Write those equations in the form of matrices:

o) —(01)
Ly, = (1)(1)L1 2; r((p(O)(l))T’
—(01) 1o 1)
where L, 5. = ( tél) tgl)
Ly bor

) for any r = 1, 2. By (3.1), the elements of Zi(’)zl;)r satisfy

(0) 1 (1) (01) (1), (01)
I; I[£ ) = I e + 15 ), s
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and {]IEO)]Iﬁl), ]Igo)]lﬁl)} is also a basis of M5 (k); for any r = 1, 2. Hence, the matrix Z(l?zl;)r
defines a linear automorphism of the vector space M;(k);, and it is invertible. Then

60 (1) =T\ 0O ()T )™ € GLy(K).
Similar to the invertibility of ¢@ (1), one obtains that ¢V (1) € GL, (k).
Similarly, if V(1) € GL;(k), then ¢ (1) € GL;(k), and

—(11) —(11) . _
0O =L, ,,0V 1) (L;,,) " € GLy (k).
—am 1(1? 1(1?
where L1,2;r = (12111) ll(fn

) is invertible for any r = 1, 2. [
22r

Lemma 3.5. Retain the assumptions of Lemma 3.3, and suppose 0©(1) € GLy(k)
(equivalently, M (1) € GL,(k)).

(1) Foranyi,i'’ € Zy and q,r,s = 1,2, then

2 2
D lpaep (1) = D1y e (.
pr=1 Jj=1
(2) Forany x € E and v = 1,2, we have Zij=1 95?)()((;3,(?)(1)))/, = XYy.
(3) Foranyi € Z, and q,s = 1,2, we have Z?,j,u:l Vuls(?;)¢f,3)(1)9t(;)(1) = 85q.

Proof. (1) One obtains that

2 2
LW = D0 Bdel M6 () (1)
p=1

pu,j=1
2 . N
= ) 55205 @i )
pu,j=1
2 .o . . N
= 2 150w el
p.t,j=1
2 .. . L.
= Y 186D (1) (1)l (1)
pt,j=1
2 .. . L.
= 3 180D 1)elF 04 (1))
pt,j=1

2
=D L g (D,
j=1

where the second, fourth and fifth equalities follow from Lemma 3.4 and the fact that 6@
and ¢ are linear, and the third equality follows by taking x = 1,x’ = ¢%F(1) in
Lemma 3.3 and the sum over p from 1 to 2.
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(2) Taking i’ = 0 and x’ = 1 in Lemma 3.3, one obtains that

2
> AP = 3 5o

u,j=1 t,j=1

forany p,q,r = 1,2. By Lemma 3.1 (2), we have

2

> R W = 3 0o = Z 03 (04 () = 8pq.
ru,j=1 rt,j=1 j
and then multiply the equation above by g{i®) which is the (v, p)-th element of (LY®)~!
for any v, p,q = 1, 2. The result follows.

(3) By Lemma 3.1 (3), Lemma 3.4 and taking i = 0 in (1), one obtains

2 2
Z )’uls(;)tz)%j)(l)e(t)(l): Z (?4?<p(’)(1)9(l)(1)
t,ju=1 pota=1
2 . .
=MoL (1) = 8. .
t=1

Definition 3.6. Let ) = (9(‘)) E — M5 (E) be a t-invertible linear map for i € Z,
and [ = {]I(’) |i€eZy, j= 1 2} be an invertible Z,-graded basis of M3 (k). The pair

= ({0¢ )},GZZ, 1) is called a twisting system of M, (E) if
(1) 0© 9O gatisfy equivalent conditions of Proposition 3.2;
(2) #D(1) € GL, (k) (or equivalently, 8 (1) € GL,(k)).

Theorem 3.7. Let © = ({O(i)}iezz, I) be a twisting system of M,(E). Then the Z.,-
graded vector space M5 (E) with the multiplication is as follows: for any x,x’ € E,i,i’ €
Zoand j,j = 1,2,

2 2
10x «18x = 3101008 ()2 = Y 18+F18065) (o)«
= s,t=1
is a Z-graded algebra with the identity Z] s=1Vs (9(0))S (1)]1(0) called this new algebra
the twisted matrix algebra of M,(E) by ©®, denoted by ®M2(E ).

Proof. 1t is straightforward to check that the multiplication * satisfies the associative law
by Proposition 3.2 (1).

Write ¢(® for the z-inverse of #© and 1 = Z = lys(pS/)(l)I[(o) By Lemma 3.5 (2)
and Lemma 3.1 (2), forany x € E,i € Z and j = 1,2,

2 2
i 0) 5(0 0 0 i
IPx 1@ = 3 118209 0pel ) = Y 1018 yx =10
s,t,j s u=1 s,t=1
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On the other hand, by Lemma 3.5 (3), forany x € E,i € Zp and j = 1,2,

2
. . 0 01 (i ,
19+1%x = 3 1 mi20% (x =10,
s,t,j s u=1

Hence, 1 is the identity. n

The last theorem provides a twisted algebraic structure on the matrix algebra M, (E),
but the identity seems complicated. It is natural to find a twisting system such that the iden-
tity matrix is the identity of the associated twisted matrix algebra. We have an analogous
result of [20, Proposition 2.4].

Theorem 3.8. Let ® = ({G(i)}iezz, I) be a twisting system of M,(E). Let Y =
W@, vD) be a pair of linear maps from E to M»(E) satisfying
v () = 6D V1),

where 9@ is the t-inverse of 0© forany i € Z, and x € E. Then

(1) v is t-invertible with the t-inverse map from E to M,(E) defined by

x = gD @)@ 1)
foranyi € Zy;
2) T= ({U(i)}iezz, 1) is a twisting system of M(E);
(3) the identity of the twisted matrix algebra ¥ M»(E) is the identity matrix I,;

4) ®My(E) = YM,(E) as Z,-graded algebras.

Proof. (1) It is straightforward.
(2) It is clear that v (1) = 8O (1)(e®(1))T = I, € GL,(k) for any i € Z, by
Lemma 3.4. Forany x,x’ € E,i,i’,i” € Zy and j, j', j" = 1,2,

2
PR A M CORD!

tjs “uj”
s,t,u=1
2
~+~/’~// ey -1 -/ U i
= > 10660 660 ()x)e ) (el (1)
s,t,u,p,q=1
2
("'/+'/I) (-/~//) (-I+~//) -1 (’) ('”)
= Y IGO0 (068 (el (el (1)
s,tu,p,q=1
2
"'/+'// ey '/+'// =1 '/+'// 1
= Y EEIE G ()00 (gl (g (1)
s,t,u,p,q=1
2
.’.,+.,, L Y 211
= > 18I, () (),

s,u,g=1
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where the second equality follows from Proposition 3.2 (1) and the third equality follows
from Lemma 3.5 (1).
(3) By Theorem 3.7, the identity of ¥ M, (E) is

2
Z ysosd DO LY = 3~ 3,67 (0 (I = Zm“’)

Jrs,t=1 Jys,t=1
(4) Define two Z,-graded linear maps

F: ®MyE) — TM,(E) G: TMyE) — OM,(E)
2 2
]Ij(.l)x — Z]Ié”x@s(;)(l), ]Ij(.’)x — Z]I(’))apjs)(l)

It is straightforward to verify that F' and G are inverses of each other. Moreover, F is an
algebra homomorphism, since for any i,i’ € Z, and j = 1,2,

2
FAPx) » FAx) = 3 190569 (1) « Z]I(’) 9821
p:

2

>IN o8 (1)) ()
D.q,5,t=1

2 . . . .
= > 10D Mol (160 (xS (1)’
D.q,8,t,u=1

2
_ Z I[t(i+i/)912_)(l)( Z 15)111)29(1+l) (’)(x))eq(’])(l))
pt=1 q,v,w=1
2 L. . 2 ./
= Hi’*”e,i_’,?(l)( > lf;’u’e(’3¢;;//(x)(e(’,-?(1)>)x’
pit=1 q.u,j"=1
2 !
— Z H(H_l)9(1)(1)1(”)9(1)()6))6/

tpu “uj’
put=1

2
= 3 1D (1)) ()

sju
u,s,t=1

= F(I{"x » 1107x),

where the fourth and the fifth equalities are by Lemma 3.3 and the seventh equality is by
Proposition 3.2 (3). [

Before that, the twisting systems on matrix algebras depend on an invertible Z,-graded
basis of M,(k). In fact, we can fix an invertible Z,-graded basis of M,(k) to obtain
twisted matrix algebras.
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Theorem 3.9. Let ® = ({60D};cz,.1) be a twisting system of My(E). Suppose J = {Jl.(i) |
i € Zy,j = 1,2} be an invertible Z,-graded basis of M2(k). Then there exists a twist-
ing system Q@ = ({0 V}iez,,J) of Ma(E) such that ® My(E) = ¥ My(E) as Z,-graded
algebras.

Proof. Since {T{), TV} and {J®, J{)} are both bases of M(E);, there exists an invert-
ible matrix U® = (u®) € My (k) such that 1) = 32 Iu; foranyi € Z,., j = 1.2.
Also invertible matrices U©® and U™ define a Z,-graded linear automorphism 7 of
the Z,-graded vector space M, (E).

Write @ = (0@, o), where

0®: E - M, (E)
x > UD9O(x)(u®)-1

forany i € Z,. It is straightforward to check that Q@ = ({©®};cz,, J) is a twisting system
of M, (E) by Definition 3.6.

It is also not hard to obtain that the Z,-graded linear isomorphism 7 is also
a Z,-graded algebra isomorphism between © M, (E) and ¢ M, (E). [ ]

The subsequent result follows from Theorems 3.8 and 3.9 immediately.

Corollary 3.10. Let ©® = ({#D};cz,. 1) be a twisting system of M»(E). Suppose
J = {J](i) | i € Zy, j = 1,2} be an invertible 7,-graded basis of My(k). Then there
exists a twisting system 2 = ({a)(i)}iezz, J) of My (E) such that ® My(E) = ¢ M,(E)
as Z»-graded algebras and the identity of * M, (E) is I>.

This corollary implies that we can always fix an invertible Z,-graded basis of M5 (k)
and assume the identity of a twisted matrix algebra is /5.

We turn to graded cases. Let E be a G-graded algebra where G is an abelian group.
Suppose © = ({#D};cz,.T) is a twisting system of M, (E) where each 9}}? is a G-graded
linear map for any i € Z and j, j’ = 1, 2. Then the twisted matrix algebra ® M,(E) is a
Z, x G-graded algebra, where each component is

OM2(E) gy = 1{'x | x € Eg} @ (I | x € Eg)
foranyi € Z, and g € G.

Remark 3.11. In particular, if E is a Z,-graded algebra, then Z, x Z,-graded algebra
© M, (E) has the following two approaches to becoming a Z,-graded algebra:

(1) By taking the total degrees, ® M, (E) becomes a Z,-graded algebra where

e o Ei <) 1 Eo
My(E), = M,y(E), = ,
2( )0 (El EO) ' 2( )1 (EO El)
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(2) By forgetting the first degree, © M,(E) becomes a Z,-graded algebra where

Ey E E, E
o= (g0 ) = (g g).

These are the only two good Z,-gradings on M, (E) (see [11]).

Remark 3.12. Let E be a Z,-graded algebra. By taking the total degrees, © M, (E) and
®" M,(E) become Z.-graded for some twisting systems ® and @' of M, (FE). In general,
grz, ©M>(E) and gry, © M, (E) are not equivalent and are not even derived equivalent
(see Example 5.9). It is different from the one of Zhang twists (see [20, Theorem 3.1]).

3.2. Twisted direct products
Let E be an algebra and © = ({6®};cz,.T) be a twisting system of M,(E). The 0-th

homogeneous space
E 0
0 E

of Z,-graded algebra ® M, (E) provides a subalgebra of ©® M, (E), which is isomorphic
to E x E as vector spaces. It implies that there is a kind of twisted algebraic structure on
E x E induced by that of M,(E). It is analogous to Definition 3.6 and Theorem 3.7; we
just list them.

Lete; = (ay,az), &2 = (b1, b2) be an invertible k-basis of k x k where aya,b1b, # 0
and {{pjj' | p.j.j' = 1,2} S ksuchthatg;¢; = Z§=1 eplp.jj forany j, j' =1,2.

Definition 3.13. Let6 = (6;;) : E — M,(E) be at-invertible linear map and ¢ = {&1, &2}
be an invertible basis of k x k. We say 0x = (60, ¢) is a twisting system of E x E if
0(1) € GL,(k) and

2 2
Z lp;sueuj/(gsj(x)x/) = Z Zt;juept(x)euj/(x/)
s,u=1 tu=1

forany x,x’ € Eand j, j/,p = 1,2.

Corollary 3.14. Let 0 = (0, ) be a twisting system of E x E. Then the vector space
E x E with the multiplication

2
gixxepx' = Y ey jsbsp(x)x Vx,x' €E, jj =12

s,t=1
is an algebra, called the twisted direct product of E x E by 8y, denoted by %< (E x E).
In particular, if 8 : E — M,(FE) is the diagonal map, then 6x = (6, ¢) is always a

twisting system of E x E for any invertible k-basis ¢ and ?<(E x E) is just the usual
direct product E x E.
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Remark 3.15. To distinguish from the Zhang-twisting system, we add a subscript “x”
for 6 to represent a twisting system of a direct product.

Let E be a G-graded algebra where G is an abelian group. Suppose 6x = (0, ¢) is a
twisting system of E x E, where each 6}/ is a G-graded linear map for any j, j' =1, 2.
Then the twisted direct product < (E x E) is a G-graded algebra, where for any g € G,

“(ExE), = E; ® E,.

4. Double Ore extensions

In this section, we recall the definition of double Ore extensions in [21] and show
some basic properties of noncommutative quadric hypersurfaces defined by double Ore
extensions.

Definition 4.1. We say B is a Z-graded right double Ore extension of a Z-graded
algebra A if B is generated by A and two homogeneous variables y;, y, satisfying

(1) a homogeneous relation y,y; = p12yi1y2 + p11y12 4+ 11y1 + ©2y2 + 10 for
some pjz, p11 € k and homogeneous elements g, 71, 75 € 4;

(2) B isa Z-graded free left A-modules with basis {y! yJ | i, j > 0};
() y1A+y2A S Ayr + Ays + A

Similarly, one can define a Z-graded left double Ore extension. An algebra B is called
a Z-graded double Ore extension of A if it is a Z-graded left and a Z-graded right double
Ore extension of A with the same generating set {y1, y2}.

Condition (3) of the definition of Z-graded right double Ore extension is equivalent to
the existence of an algebra homomorphism o = (0;;) : A — M>(A) and a o-derivation
8 =(8): A— A®2 where all o; ; and §; are Z-graded linear transformations of A for
i,j = 1,2 such that

yia = oi1(a)y1 + oia(a)ya + di(a)
for any a € A and i = 1,2. We write Ap[y1, y2; 0,6, 7] for a Z-graded right double
Ore extension where P = {p1», p11} and © = {19, 71, 72}, and write Ap[y1, y2; o] for
convenience if T = {0,0,0} and § = 0.

We will focus on the trimmed case Ap[y1, y2;0] in the sequel. By [21, Lemma 1.10], o
in the trimmed case Ap|[y1, y2; o] satisfies following conditions:

021011 = P12011021,
022012 = P12012022, 4.1
_ 2
021012 + P12022011 = P12011022 + P1,012021.

There is a conjecture about the relation between the invertibility of ¢ and the condi-
tion that a right double Ore extension is a double Ore extension (see [21]). It is true in the
connected graded case by [21, Lemma 1.9, Proposition 1.13].
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Lemma 4.2. Let A be a locally finite connected 7-graded algebra and B = Ap[y1,y2;0]
be a connected 7-graded right double Ore extension of A where p1a # 0. Then B is
a Z-graded double Ore extension of A if and only if o is invertible.

Let A = T(V)/(R) be a noetherian Koszul Artin—Schelter regular algebra and B =
Ap[y1, y2; 0] be a Z-graded double Ore extension of A with p;, # 0 and deg y; =
deg y, = 1. By [21, Theorem 0.2] and [23, Theorem 2.1] (see also [14, Proposi-
tion 2.10]), B is a Koszul Artin—Schelter regular algebra. Clearly, J = k(y1, y2)/(y2y1 —
P12Y1Y2 — P11 ylz) is a Z-graded subalgebra of B and a noetherian Koszul Artin—Schelter
regular algebra. We identify elements of J as the elements of B and write R; for the
vector space spanned by y>y; — p12y1Y2 — P11 yf in the sequel. The following result is

clear.
Lemma 4.3. Let A', B' and J' be Koszul duals of A, B and J, respectively.
() B =TWV* @ ky; ®@ky3)/(Rt ® Ry & Ry), where

Ry = Spany {(y3)*, ¥1 3 + pi2y3vi. D + puysyth,
R; = Spany {v*y/ + y{o};(v*) + y3o5;(v*) | v* € V*,i =1,2}.
(2) A' and J' are 7-graded subalgebras of B*.
(3) B'isa Z-graded free A'-module and a Z-graded free J'-module on both sides.
(4) B' has a k-basis {e, y}e,yie, y¥yie | e € Ba} where By is a k-basis of A'.
Lemma 4.4. Retain the notations above. Suppose B is noetherian and z 4 h is_a regu-

lar central element of B for some z € Ay and h € J. Write C4(z) = T(V*)/(RY) and
Cpi(h) = T(ky} @ ky3)/(RT), where

RY={/~f@|feR"). Rj=l{g-gh)|geRy).
and? € V®2 and h € (ky, ® ky,)®? are lifts of z and h, respectively. Then
D) Cplz+h)y =TV *dky; & H«&y;‘)/(’l_?\Jf &) /R\JJ: @ R.) as Z,-graded algebras;
(2) Cy1(z) and Cji(h) are Z»-graded subalgebras of Cgi(z + h);

(3) Cpi(z + h) is a Zy-graded free Cy 1 (z)-module and a Z,-graded free C ji(h)-
module on both sides;

(4) gldimg, Cpi(z + h) > max{gldimg, C4(2), gldimg, C;i(h)}.

Proof. Clearly, z € A, and h € J, are both central elements of A and J, respectively.
(1) and (2) follow from the definition of Clifford deformations and Lemma 4.3.
(3) Since C41(z), Cji(h) and Cpi(z + h) are Clifford deformations, a class of PBW
deformations, they have the same forms of k-bases as A', J' and B', respectively. By
Lemma 4.3 (4), the map of multiplication

Cyi(h) ® Cyi(2) = Cpr(z + h)
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is an isomorphism as left Z,-graded Cji(h)-modules and right Z,-graded Cyi(z)-
modules.
Similarly, one can check that the natural map Cy41(z) ® Cji1(h) — Cgi(z + h) is an
isomorphism as right Z,-graded C i (h)-modules and left Z,-graded C4:(z)-modules.
(4) It follows from a graded version of [8, Theorem 7.2.6]. [ ]

Our main goal is to present a skew version of the classical Knorrer’s periodicity the-
orem. To this end, we consider a noncommutative quadric hypersurface having the form
B/(z + y} + y3) in the rest of this paper where z € A, is a regular central element. To
make such a class of noncommutative quadric hypersurfaces well defined, y7 + y3 should
be a central element of B and also of J. By an easy calculation, we have the following
result.

Lemma 4.5. Suppose the element y? + y2 is central in B, then P = {1,0} or P =
{—1. pu}

With respect to the values of p;,, we discuss in two cases in the following.

5. A skew version of Knérrer’s periodicity theorem with p; = 1

Let B = Ag1,0y[y1, y2; 0] be a Z-graded double Ore extension of a noetherian Koszul
Artin—Schelter regular algebra A = T'(V)/(R) with deg y; = degy, = 1 and z € A, be
a regular central element of A. It is not hard to obtain the following conditions for o.

Lemma 5.1. The element z + J’12 + y22 is a central element of B if and only if
(1) of) +03; =08, + 03, = idas
(2) 011012 + 021022 + 012011 + 022021 = 0;
3) o) =(52)
By Lemma 5.1 (3) and construction (2.4), we have the following algebra homomor-

phism:
o' =(0};) : Cat(z) > Ma(Cyi(2)),

where any oi!j is a Z,-graded map fori, j = 1,2.
Corollary 5.2. Ifz + J’12 + y% is a central element of B, then the following properties of
the map o' hold.

(1) (011> + (031)* = (01,)* + (03,)* = idc, (o)-

(2) 01,01, + 03,03, + 0,01, + 03,03, = 0.

3 Oiloél = Oélal!l'

[ B
(4) 01,05, = 053,07,
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5 . | IS R R [
(3) 03,011 = 01305, = 01103 — 03,015
(6) o' is t-invertible.

Proof. Conditions (1)—(5) follow from Lemma 5.1 and (4.1), and condition (6) follows
from Lemmas 2.5 and 4.2. [ ]

From now on, we construct a twisting system on M,(C,41(z)). We choose an
invertible Z,-graded basis I = {I{”, 1, 1 T{V} of M, (k) as follows:

©_ (1 0y qo_ (vl 0
! 0 1) 2 0o =1)°

]1(1)2(0 1) o_ 0 vl
! 1 0) 2 V=1 o )

Define linear maps 6 and 6V from C:(z) to M5 (Cy:(z)) by

0 0) _ (9 (0)) (

5.1

id 0,00, + 03,03 a) It | |
) C 00 = (@0D) =o' ok = (0} 0.
(5.2)
Recall that £_; maps each homogeneous element ¢ to (—1)%2¢c. Clearly, 9](}? is a Z,-
graded linear map forany i € Z», j, j' = 1,2. Those two linear maps satisfy the following
properties.

0 P B R
032011 — 012021

Lemma 5.3. Retain the notations above. Then
(1) 9(0)(aa’) = aG(O)(a’) + 9(0)(a)9(0)(a’)f0r anya,a’ € Cq(z);
2) 09 and 6D are algebra homomorphisms;
3) 9(0)9(0) + 0(0)9(0) =0;
@ (052 = (019)% = idc,y o)

Proof. The results follow form Corollary 5.2 and the fact that o' is an algebra homomor-
phism. ]

Theorem 5.4. Let 0 and 0 be linear maps from Cq(2) to Ma(Cqi(2)) defined
in (5.2) and 1 be the basis of M (k) defined in (5.1). Then
(1) 6= ({G(i)}iezz, 1) is a twisting system of M>(Cy1(2));
() Cpz+y?+y3) =~ © M»(Cy1(2)) as Z»-graded algebras where the Z.,-grading
of © My (C41(2)) comes from the total degrees (see Remark 3.11 (1)).

Proof. (1) Write ¢ for the inverse of 0. By Lemma 2.5 and its proof, ¢' = ((p}j) exists
and is the z-inverse of o'. Then one obtains that 8(® and 6" are ¢-invertible with the
t-inverses

id 0
Loy Loy vy R B2 2t
021911 T 922012 P22%11 — P21912



Y. Liu, Y. Shen, and X. Wang 1486

respectively. Clearly, (1) = I, € GL;(k), and the invertible matrices defined in (3.2)
are L(lii,) = I, foranyi,i’ € Z,, and

o) _ (0 -1 on (0 1 ao) _ (0 -1 an _ (0 1
L _(1 0)’ Lz _(—10’ 7= o) 2 =(4 o)

Then by Corollary 5.2 and Lemma 5.3, it is straightforward but tedious to check that ®
satisfies the following simplified equations of Proposition 3.2 (3):

Oy (1 (00X + 15,087 (637 (0)x) = 6577 (06157 () + 657 ()65 (),
0520 (0)x') + 1565008 (x)x') = 153,057 (0657 ()
+ 155005 (068) (1),
where u € {1,2}\{p} forany x,x" € E,i,i’ € Zrand p = 1, 2.
(2) By Lemma 4.4 (1), Cpi(z + y? + y2) is generated by V*, y¥, y3 subject to the
relations consisting of the relations of C4:(z), and
D = L3 = Lyfys + 3y vy + yiof;0") + y305,(v")
Yo*eV* i=1,2.
We list the precise multiplication of ® M, (C 4 (z)) in Table 1 for any x, x” € C41(2).

Then one obtains that there exists a Z,-graded algebra isomorphism from Cpi(z +
¥2 + »2) to ©M»(C4:(z)) mapping

yie IV eIV v 100 verevr "

Proposition 5.5. Retain the assumptions of Theorem 5.4. The homogeneous element
e = (39) is afull idempotent of ©M,(C 4 (2)).
As a consequence, gry, ® M, (Cy(z)) and grz, e(® M, (Cy1(2)))e are equivalent.

Proof. Note that e = 2_1(H§0) + \/—UI&O)). By Table 1, one obtains
271a® 4 VAL we =271 @ + VEIIY),
and

19x = 27119 + VETIP) we # 1% + 271 @D 4 V2110HY) we w 10k,
Héi)x = 2_1(H5i+1) + «/—_l]lgﬂ)) *x e x \/—_l]lil)x
— 2711 + VL) w e x V11O

forany i € Z, and x € C41(z). Hence, e is a full idempotent. [
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To understand the multiplication of ® M,(Cy,:(z)) further, we introduce four linear
transformations of C41(z):

E1 =27"(d+ V=10{) + 659,

2, =27'(d + V=109 — 0("’

O, =2 1(9(1) F@(l) + F@(l) (1)
) o) 1y (1)

Dy =270, — V16, — V=16, — 6,

We show some parts of the multiplication of ©® M,(C:(z)) in the usual matrix forms
involving the linear transforms listed above:

a 0 a 0\ _(Ei(@d 0 a 0 0 a\ _ (0 ®(a)d
(0 0)*(0 0)_( 0 0)’ (0 0)*(0 0)_(0 0 )
0 a a 0\ (0 Ez(a)d 0 a 0 a\ _ (®z(a)a’ O
(0 0)*(0 0)_(0 0 ) (0 0)*(0 o)_( 0 0)'

(5.3)

IS

Q

Here are some useful properties of those four linear transformations.

Lemma 5.6. The following properites of B1, 82, ®1 and P, hold.
() E}=E1,85 =&

(2) Bi(ab) = aBz(b) + El(a)9(°)(b) = aB1(b) + E1(a)059 (b) — abiP (b) for
any a,b € Cq(z).

(3) Ba(ab) = aBa(b) + E2(a)0P (b) = aB1(b) + E2(a)059 (b) — ab) (b) for
anya,b € Cy(z2).

@) 1@y = 09 dy, ©1E; = By, D1 By = &1(V-160(9), E,d = 0.

(5) E1®; =0, D281 = Oo(v/—16(9), D285 = Dy, Brdy = -6 d,

(6) Foranya,b € Cy(z),

@ (E1(a)b) = ®1(a)@1(b), D1(aB1(h)) = P1(a)P1(E1(D)),
@1 (P2(a)E2(D)) = Eaz(a)P2(b).

(7) @2(E2(a)b) = P2(a)P1(h), P2(P1(a)E2(b)) = E1(a)P2(D) for any a,b €
CA! (Z)

®) (O — V=16{D)®1 = (0 + V=16))®, = &,
©) (OF + V=16{))®, = (V=16{) — 6)®; = E,
Proof. All follow from Corollary 5.2 and Lemma 5.3. ]

By Lemma 5.6 (1), we write S for the Z,-graded eigenspace for the eigenvalue 1
of &1 and M for the Z,-graded eigenspace for the eigenvalue 1 of E,.
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Lemma 5.7. The Z,-graded spaces S and M have the following properties:

(1) The Z-graded eigenspace S is a Zp-graded subalgebra of C4(z) and S =
D, (S) as Z,-graded algebras.

(2) The Zy-graded eigenspace M is a Z,-graded S-bimodule with the S-action
defined by
s-m-s' = ®1(s)ms’
foranys,s' € S andm € M.
3) Foranym,m’' € M, ®,(m)m’ € S.

(4) The map
v MQ1)®s M(1) — S
me m' —  Oy(m)m’

is a Zo-graded S-bimodule homomorphism satisfying myr(m’ @ m”) = ¥ (m ®
m') -m” for any homogeneous elements m,m’,m"” € M.

Proof. (1) Clearly, 2;(1) =1 € S. By Lemma 5.6 (2), for any 5,5’ € S,
Ei1(ss’) =sE1(s) + EI(S)O(O)(S) SQZ((Z))(S ) =ss'.

Hence, S is a Z,-graded subalgebra of C41(z).

By Lemma 5.6 (6), the restriction map ®y|5 : § — ®(S) is a surjective Z5-graded
algebra homomorphism. If 5 € Ker @1 s, then s = E;(s) = (O{) — V—105D)®;(s) = 0
by Lemma 5.6 (8). So @1 g is an isomorphism.

(2) By Lemma 5.6 (3) and (4),

(D1 (s)ms') = By (5)Ea(ms’) + Ba(®P1(5))659 (ms”)
= O1(5)(ME1(s)) + E2(m)059 (") — mOY(s"))
= ®(s)ms’

for any s,s’ € S and m € M. It implies that M is a (®1(S), S)-bimodule. By (1), the
result follows.
(3) By Lemma 5.6 (2) and (5), for any m,m’ € M,

E1(P2(m)ym'y = ©a(m)Ex(m') + El(Qz(m))e(O)(m) = Oy (m)m’.
(4)Forany s € S and m,m’ € M(1),
Y(ms @m') = ®2(Ex(m)s)m’ = O (m)P1(s)m’ = Pa(m)(s-m') = Y(m Q@ s -m')

by Lemma 5.6 (7). Combining with (3), ¥ is well defined.
For any s,s’ € S and m,m’ € M(1),

Y -m@m' -s') = Oy(D1(s)Er(m))m's’ = E1(s)Da(m)m’s’ = sy(m @ m')s’

by Lemma 5.6 (7). ]
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The last lemma allows us to construct a semi-trivial extension
A =8xy M(1),

which is a Z, x Z,-graded algebra and also a Z,-graded algebra by forgetting the
first Z,-grading (see Remark 2.7 (3)). In general, A is not strongly Z,-graded (see
Example 5.9).

Theorem 5.8. Let B = Agy 0)[y1. y2;0] be a Z-graded double Ore extension of a noether-
ian Koszul Artin—Schelter regular algebra A with deg y, = degy, = landz € A, be a
regular central element of A. Suppose B is noetherian and z + y? + y3 is a central
element of B. Then there are equivalences of triangulated categories

mem(B/(z + y? + ¥3)) = D (grz, ©Ma2(Ch1(2))) = DP(mod ® Ma(Cyi(2)),)
~ Db(grz2 A).

Proof. By Theorems 2.4 and 5.4, one obtains that there are equivalences of triangulated
categories

mem(B/(z + y§ + ¥3)) = DP(grz, ®Ma(C4(2))) 2= DP(mod © My (Cy:(2)),)-

By Proposition 5.5, gry, © M,(Cy(z)) is equivalent to gry, e(®M,(Cy(z2)))e. By
Table 1, one obtains
ex1Px we =211, (x) + V=112, (x)).
N 11§°>x we=-2"1V21198,(x) + V=11 g, (x)).
*IWx e =27 1AW E,(x) — V=TIV B, (x)).
exI{Vx xe =27 'V1(1M By (x) — VoIV B4 (1))

x,x/eCAz(z)} (0 )

Note that e(® M5 (Cy:(2)))oe = (50 M) and e(® Mz (Cqi(2)))1e = (5} M0). By (5.3),
we have e(® M5 (C4:(2)))e = A as Z,-graded algebras.
Hence, there is an equivalence of triangulated categories

for any x € C4i(z). It implies

emncpeme= (50 =)

D’ (grz, "Ma(Cy(2))) = D’ (grz, A). =

Example 5.9. Let A be a noetherian Koszul Artin—Schelter regular algebra. Let 07 and o,
be graded automorphisms of A4 satisfying

2 2 _ .
0] =05, =1idy4, 0102 = 020].
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Naturally, o, can be extended to be a graded automorphism of A[y;; o1] which pre-
serves )1, still denoted by o,. Then we have that the Ore extension A[y1; 01][y2; 02]
is isomorphic to the double Ore extension B = Ay 0[y1, y2; 0], where

01 0
= T A My (A).
o (0 02) — M>(A)

Let z € A, be a regular central element of A such that 0;(z) = 02(z) = z. By
Lemma 5.1, z + Y12 + y% is a central element of B. In this case, the linear maps in the

twisting system are
id 0 L0
0© = (l ! v) . oW = (01 ‘) o1,
0 o050 0 o,

and the linear transformations of C4:1(z) are
g, =274id + o}a)), 8, = 27(id — 0}a)),
) =27 (o] +0d)E_1, @, =27 (o} —0})E_y.
So
S={xeCp@ |0j(0) =03(0)}. M ={xeCu@)|0j(x) = —03(x)}.
and A = S xy M(1) with multiplication
(5,m) O (s',m') = (ss' + o} &1 (m)m’, o1 6_1 (s)m’ + ms")

for any homogeneous elements s, s’ € S and m, m’ € M. By Theorem 5.8, there is an
equivalence of triangulated categories

mem(B/(z + y7 + ¥3)) = D’ (grz, A).
There are some special cases.
(1) Suppose 01 =0, =0.Then S = C41(z), M = 0 and A = C4(z). Hence, there
are equivalences of triangulated categories
mem(A[y1;0][y2;01/(z + y7 + ¥3)) = DP(grz, Cq:(2)) = mem(A/(2)).
It is exactly the noncommutative Knorrer’s periodicity theorem for noncommuta-
tive quadric hypersurfaces (see [10, Theorem 1.3] or [2, Theorem 1.4]).

(2) Suppose 01 = &_; and 0, = id. Then Sy = C41(2)9, S1 =0, My =0, M1 =
C41(2)1. So Z,-graded algebra A is concentrated in degree 0 with Ay = Cy1(2).
Hence, there is an equivalence of triangulated categories

mem(A[y1: E-1]ly2l/(z + y§ + ¥3)) = DP(mod Cy1(2))?.

It is equivalent to [10, Theorem 1.4] (up to Zhang twist) which provides a tool
called two-point reduction for computing a class of noncommutative quadric
hypersurfaces defined by (£1)-skew polynomial algebras (see [10, Lemma 6.18]).
We will also present another approach to [10, Theorem 1.4] in Example 6.10.
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Example 5.10. Let A = k_;[x1, x2] and the regular central element z = x7 + x2. Let
B = Ag,0[y1, y2: 0] be a Z-graded double Ore extension of A where 0 = (03;) : A —

M, (A) satisfies
_ X1 X2 _ X2 X1
st =n () et =n (P L),

where 2h% = 1. It is a special case of the class Z with f = 1 in [22]. By [22, Propo-
sition 5.16], B is noetherian. It is not hard to obtain that o satisfies Lemma 5.1, so
x? + x2 + y? + y2 is a central element of B. In this case, the linear maps in the twisting
system of M,(Cy41(z)) are

| |
id O 011 012

9(0) = (O g ), 9(1) = ( | ! ) oé—l,
-1 031 O

and two linear transformations of C41(z) are
By =2"1Gd+£), Z,=2"1Gd-&,).

So the Z,-graded algebra S equals C4:1(z)o concentrated in degree 0 and the Z,-graded S-
module M equals C41(z); concentrated in degree 1. The other linear transformations are
@15 = idg and ®, mapping

Xy > =2h(x] — NV =1x3), x5 > 24/ =1h(x] + V—1xJ).

Then the semi-trivial extension A = S Xy M(1) is a Z, X Z,-graded algebra where
A(O,O) = CA!(Z)(), A(l,O) = CA!(Z)I and A(O,l) = A(l,l) = 0 and with multiplication

(s,m) © (s, m") = (ss' + ®y(m)m’, sm’ + ms’)

for any 5,5 € C4q1(2)g,m,m’ € Cq(z)1. Then A is a Z,-graded algebra concentrated in
degree 0 by forgetting the first grading and A is also a Z,-graded algebra. In fact, one can
find a Z,-graded algebra isomorphism between A and C4i(z). But we present another
way to discuss here.

We view Ag as a Z,-graded algebra. It is not hard to know that ®5)yy, is a linear auto-
morphism of M; by Lemma 5.6 (5). We define a left Zhang-twisting system v = {vg, vy}
of Z,-graded algebra C 4 (z) by

vo =1d,  vijc,i(2)e =1d. Vijc, 20 = Poimy-

So Ap = VCyi(z) as Zj,-graded algebras. By Theorem 5.8, there are equivalences of
triangulated categories

mem(B/(z + y? + y2)) = Db(ng2 A) = DP(mod Ag)*? = DP(mod” C 4 (2))*2.

Moreover, Cy1(z) = kZ, x kZ, as Z,-graded algebras, so the algebra " Cy1(z) is Zo-
graded semisimple by [20, Corollary 4.4] and "Cy1(z) = kZy x kZ, = Cy4(z) since
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YC,1(z) is commutative by an easy computation. It implies that B/(z + y? + y2) is a
noncommutative graded isolated singularity, and there is an equivalence of triangulated
categories

mem(B/(z + y? + y3)) = D?(mod k)*®,

6. A skew version of Knorrer’s periodicity theorem with p;; = —1

Let B = Ay_y,p,}[y1, y2; 0] be a Z-graded double Ore extension of a noetherian Koszul
Artin—Schelter regular algebra A = T'(V')/(R) with deg y; = deg y» = 1. In this case, p1;
can be nonzero. We will always assume p;; = 0 except for the following special values
of p11.

Proposition 6.1. Let B = A(_; p,1[y1, y2; 0] be a Z-graded double Ore extension of
a noetherian Koszul Artin—Schelter regular algebra A and z € Ay be a regular central
element of A. Suppose B is noetherian and z + y1 + y2 is a regular central element
of B.If p11 = +2+/—1, then B/(z + y1 + y2) is not a noncommutative graded isolated
singularity.

Proof. Write

P
) o11 + Ston O12
o = 2 1A — M3(A)
021 + Bloy — Bloy — o 0 — Blop
and
P11 Pll P11
Y11+ 59021 Q12+ 5 02— 5011 — —fﬂzl
¢ = ( 2 A — M,(A),
P
©21 P22 — St

where ¢ = (g;;) is the inverse of 0.

It is routine to check that ¢’ is an invertible algebra homomorphism with the inverse ¢’
and A{_1,0y[y1. y2;0'] is a Z-graded double Ore extension by Lemma 4.2. Then the
algebra homomorphism from B to A¢_; oy[y1., y2;0’] mapping

Y1t 1, yzl—>y2+%y1, ar—>a YaeA

is an isomorphism, and the image of z + yl2 + y% isz + y% since p1; = £2+/—1. So

B/(z +y}+y2) = A1y 1, y2: 01/ (2 + ¥3).

It is well known that k_i[y1, y2]/(y7) is not a noncommutative graded isolated
singularity, and so

gldimg, Cy_, 1,5, (¥3) > 0
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by Theorem 2.4 (2). Write D = A¢_1 03[y1, y2;0’]. By Lemma 4.4 (4),
gldimg, Cpi(z + y3) > gldimg, Ci_ 1y, 5,01 (¥3) > 0.

The result follows from Theorem 2.4 (2). [

Lemma6.2. Let B = A_; p,1[V1.y2;0] be a Z-graded double Ore extension of A where
p11 # £2+/—1. Suppose the element yf + y% is a central element in B, then there exists
a Z-graded double Ore extension A(—1,0y[y1. y2:0'] such that

B/(a+yi +y3) = Aoy y2:0')/ (@ + yi +53)
foranya € A.

Proof. Write

11
, o1 + —pz 012 Co12
o' = 2 A — My(A)
-1 D11 D11 D11
¢ o214+ Bloy — Bloy — Blopn) 022 — Bloy,

2
for some ¢ € k satisfying ¢ = 1 + %. It is similar to the proof of Proposition 6.1 to
obtain that A(_; oy[y1, ¥2;0'] is a Z-graded double Ore extension. There is a Z-graded
algebra isomorphism p from B to A¢_; oy[v1, y2;0’] mapping

y1»—>c_1y1, yzr—>y2+%c_1y1, x—>x VxeA.

Since p11 # £2+/—1, then p(a + y? + y3) = a + y? + y3. n

In the rest of this section, B = A{_j oy[y1, y2; 0] be a Z-graded double Ore exten-
sion of a noetherian Koszul Artin—Schelter regular algebra A = T'(V)/(R) with deg y; =
degy, = 1, and z € A, be a regular central element of A. There are results similar to
Lemma 5.1 and Corollary 5.2.

Lemma 6.3. The element z + yf + y% is a regular central element of B if and only if
(1) ofy + 03 = 0f, + 03, =idas
(2) 011012 + 021022 = 012011 + 022021,

3) o(2) = (§2)-

By Lemma 6.3 (3), construction (2.4) and Lemmas 2.5 and 4.2, we have the
following ¢-invertible algebra homomorphism:

o' =(0};) : Cat(z) > Ma(Cy:(2)).

Corollary 6.4. Ifz + y? + y2 € B is a regular central element, then
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(1) (©11)% + (031)* = (01,)* + (03,)* = idc, (2);
(2) 01,07, + 03,03, = 01,01, + 03,05;

(3) 01,03, + 03,01, =0;

4) 0,04, + 04,01, = 0;

(5) 03,01, + 01,05, = 01,03, + 03,01,.

Now we introduce a linear map

id ool +adl0!
0= () = ( SO Cue) > Ma(Ch(2)). ©.1)
0 05,0y, + 01,05

where each 6;; is a Z,-graded map for any i, j = 1, 2. Using the fact that o' is an algebra
homomorphism and by Corollary 6.4, one obtains the following properties of 6.
Lemma 6.5. Retain the notations above. Then

(1) 6 is an algebra homomorphism;

(2) 012602 + 022612 = 0;

3) 9222 + 9122 = idCA!(Z)'

For the Z,-graded algebra k x k, we choose an invertible k-basis ¢ = {1 =

1,1),e, = (1,-1)}.

Theorem 6.6. Let 0 be the algebra homomorphism from C41(z) to Ma(Cyi(2)) defined
in (6.1). Then 0x = (60, ) is a twisting system of C41(z) x C41(2).

Proof. The linear map

id 0
( ' Lo 'y 'y ) 1 Cy(2) > Ma(Cyi(2))
—021911 — 922912 Pa2P11 T 21912

is the z-inverse of 6. Clearly, (1) = I, € GL; (k).
In this case, I1;;;» = §jj» and l5,j;» = §8;;» + 1 forany j, j’ = 1,2. It is straightforward
but tedious to check that the following simplified conditions of Definition 3.13 hold:
010 (01 (X)X) + 025/ (025 (x)x") = x5 (x") + O012(x) b (x'),
017 (027 (x)X) + 020 (01 (x)X) = 022(x) 0y (x),

where u € {1,2} — j forany j, j' = 1,2 and x, x" € Cy(2). n

Hence, we have a Z,-graded algebra I' = %< (C 41 (z) x C,4:(z)) by Corollary 3.14, and
the multiplication is as follows:

g1x % g1x’ = g1xx’, £1x * e2x’ = £1012(x)x’ + 2625 (x) X,

6.2
Eax * 81X = gaxx’, &3x * £2x" = £1022(x)x" + £26012(x)x’ 6.2)

for any x, x" € C41(2).
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Lemma 6.7. The following map
nw: I — r

g1a 81(7{15_1(a)+82051§_1(a),
ga > slaélé_l(a)—i—szailé_l(a)

is a Z.5-graded algebra isomorphism satisfying 2 = id.

Proof. 1t is straightforward to check that u is an algebra homomorphism by (6.2). For any
a € Cy1(z), one obtains that

w?(era) = 81(((7{1)2 + (02!1)2)(61) + 82(0510{1 + oiloél)(a) = ¢&1a,
13 (e20) = £1(0}0%, + 03,01 )(@) + £2((03))* + (1)) (@) = e20.
Hence, u? = id, and p is an isomorphism. ]
By Example 2.8 (2), the following map
v: ,JJOer, 1) — r
gia ® epra’ —  u(eia)epa’

is a Z,-graded I'-bimodule homomorphism, and we have a semi-trivial extension

Ty (,T(1).

By Remark 2.7, it is Z, x Z»-graded and also Z,-graded by forgetting the first degree of
Zy x Z,-degrees. So, viewing this semi-trivial extension as a Z,-graded algebra, the 0-th
homogeneous space is also a Z,-graded algebra.

Lemma 6.8. Retain the notations above. Then
(1) v ={vg =id, vy = u} is a left Zhang-twisting system of Z,-graded algebra T';
(2) "I = (I' xy (,I'(1)))o as Z-graded algebras.

Proof. 1t is straightforward to check that the results hold by the definitions of left Zhang-

twisting systems and Zhang-twisted algebras, and the construction of the twisted direct
product I", the semi-trivial extension I' x4, (,I'(1)) and the map L. |

Theorem 6.9. Let B = Ay 0[y1, ¥2; 0] be a Z-graded double Ore extension of a
noetherian Koszul Artin—Schelter regular algebra A and z € A, be a regular central
element of A. Suppose B is noetherian and z + yf + y% is a central element of B. Then

(1) Cp(z +y2+y2) =T xy (,I'(1)) as Z>-graded algebras;
(2) there are equivalences of triangulated categories

mem(B/(z + y§ + ¥3)) = DP(grz, I' xy (,I'(1))) 2 D”(mod " T),

where v = {vg = id, vi = u} is a left Zhang-twisting system of Z,-graded
algebra T'.
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Proof. (1) By Lemma 4.4 (1), Cgi(z + y? + y3) is generated by V*, y}, y3 subject to
the relations consisting of the relations of C4:(z) and
D2 = L(3)% = LyTys = y3yi vy + yiofi(0") + y305;(v™)
Vo*eV* i=12.
Comparing with the multiplication list of I' xy (,I'(1)) (see (6.2)), one obtains that
the Z,-graded algebra homomorphism from Cp:(z + 7 + y3) to T xy (, (1)) mapping
yi > (0,61), y5 - (0,82), v" > (g10",0) Vo*eV*
is an isomorphism. So I" xy (,,I'(1)) is strongly Z,-graded by Theorem 2.4 (1).

(2) follows from Theorem 2.4 and Lemma 6.8. ]

Example 6.10. Let A be a noetherian Koszul Artin—Schelter regular algebra. Let oy
and o, be graded automorphisms of A satisfying

2 2 _ .
0] =05, =1idy4, 0102 = 0,0].

We extend o3 to be a graded automorphism 63 of A[y;; o] such that 634 = 0, and
02(y1) = —y1. Then we have that the Ore extension A[y1;01][y2; 03] is isomorphic to the
double Ore extension B = A(_j oy[y1, y2; 0], where

01 0
= A M;y(A).
o (0 02) — M>(A)

Let z € A, be a regular central element of A such that o1(z) = 02(z) = z. By
Lemma 6.3, z + Y12 + y% is a central element of B. In this case, the linear map 6 in
the twisting system 6y is

6= (id 0 ) L Cpi(z) = Ma(Cy(2)).

0 oio]
Suppose 0] = 0, = o, then 6 is just the diagonal map. So I' = % (C1(z) x C4(2)) =
C41(z) x C4:(2), and one obtains that v = {Vy = id, v} = 0'£_} is a left Zhang-twisting
system of Z,-graded algebra C 41 (z) such that
VT = "Cyu(z) x "Cpi(2)

as Zjp-graded algebras, where v = {vg = id, v; = pu} is a left Zhang-twisting sys-
tem of Z,-graded algebra I'. By Theorem 6.9, there is an equivalence of triangulated
categories

mem(B/(z + y§ + ¥3)) = D" (mod* Cy(2))*.

In particular, if o = £_1, then "C41(z) = C4(z), and so
mem(B/(z + y? + y2)) = DP(mod C4:(2))*2.

It is exactly [10, Theorem 1.4] (also see Example 5.9).
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Example 6.11. Let A = k_;[x1, x3] and z = xf + x% be the central element of A. Let
B = A;_1 0[y1, y2; 0] be a Z-graded double Ore extension of A where 0 = (0y;) : A —
M, (A) satisfies

—X1+x2 X1+ x3 X1 —X2 X1+ X2
o(x1)=nh , o(xx)=h ,
X1+ X2 X1 — X2 X1 +X2 —X1+ X2

where 4h% = 1. Ttis a special case of T in [22]. One obtains that B is noetherian by [22,
Proposition 5.16] and o satisfies Lemma 6.3. So x? + x2 + y? + y3 is a central element
of B. In this case, the linear map 6 in the twisting system 6y is

id O

0 = (911) = (O 922

) 1 Cyi(z) > Ma(Cyi(2)),

where 02 (x]) = x5, 022(x3) = x] and O (xTx5) = x7x5. LetT = 0 (Cyi(2) x Cyi(2))
be the twisted direct product, p be the Z,-graded algebra isomorphism defined in
Lemma 6.7 and T be a Zhang-twisted algebra where v = {vg = id, v; = u} is a left
Zhang-twisting system of Z,-graded algebra I'.

Write 71, 15, T3, T4 and T for right Y I'-modules generated by {(1 — x{x3},0), (x] —
X5, 00}, {V=2h(1 + x¥x5,0) + (xF 4 x%,0)}, {V=2h(1 + x*x%,0) — (x* + x%,0)},
{(V2h(0,1 + x7x3) + (0, x7 + x5)} and {(v2h(0,1 + x7x3) — (0, xI + x3)}, respec-
tively. It is routine to obtain that 71, T», T3, Ty, T5 are all simple and non-isomorphic
to each other and "I" =~ TfBz @ T, ®Tsd Ty d Ts as right "I'-modules. So "I is
semisimple, and

VT = My (k) x k4.

By Theorem 6.9, there is an equivalence of triangulated categories
mem(B/(z + 37 + 3)) = D* (k).

Finally, we use a special case of the class R constructed in [22] to show that non-
commutative quadric hypersurfaces obtained by double Ore extension do not preserve
the property of noncommutative graded isolated singularity. This behavior does not occur
in the usual (second) double-branched covers and tensor products of noncommutative
quadric hypersurfaces.

Proposition 6.12. Let A = k_y[x1,x2] and B = A(_1,0[y1, y2;0] be a Z-graded double
Ore extension of A where o = (03;) : A — M>(A) satisfies

X1 +x2 X1 0 X1
ox) = X2 0)/)’ o(x2) = —Xx2 —X1+x2)°

Then B/(xf + x% + y% + y%) is not a noncommutative graded isolated singularity.
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Proof. By [21, Proposition 0.5], B is noetherian. It is straightforward to check that o
satisfies Lemma 6.3, and so xf + x% + y% + y% is a central element of B. So the
noncommutative quadric hypersurface B/ (xf + x% + y1 + yz) is well defined. Write
z=x?+x2
=M 2°
Note that C4(z) is generated by x}, x5 subject to relations xjx3 — x3x7, (x7)? — 1,
(x3)? — 1. Write ¢ = {&; = (1, 1), &2 = (1,—1)}. The linear map 6 in the twisting system
0% = (0, ¢) of C41(z) x C4(z) defined in (6.1) is

0 = (0) = (‘3 ZZ) Ca(2) > Ma(Cp(2)),

where

O2(x7) = x7 + x5, O2(x3) =x7 —x3,  Oa(xix;) =2,

O2n (x7) = —x3, 012(x3) = x7, O (xTx5) = —x]x5.
Let I' = %<(Cy(z) x C4(z)) be the twisted direct product, i be the Z,-graded alge-
bra isomorphism defined in Lemma 6.7 and "I" be a Zhang-twisted algebra of I" where

v = {vg = id, vy = u} is a left Zhang-twisting system of Z,-graded algebra I". We list
partial multiplication of VT":

(1,0) ¢ (a.b) = (a.0), (x7,0) ¢ (0,0) = (0,0),
(x7x3,0) o (1,0) = (1,0), (x7x3.0) © (x7x3.0) = (x7x3.0),
(x7x5,0) o (x7,0) = (x7,0), (x7x5,0) ¢ (x5,0) = (x5,0),
(x7x3,0) 0 (0. 1) = (x7x; —1,0),  (x7x3,0) o (0, x7x3) = (1 —x7x3,0),
(x7x3.0) © (0, x7) = (x] —x3,0), (x7x3.0) © (0, x3) = (x5 —x7,0),
(x7,0) ¢ (1,0) = (x7,0), (x1,0) o (x7x5,0) = (x5,0),
(xF.0) o (x}.0) = (x}.,0), (x7.0) © (x3,0) = (x3,0),
(x2,0) o (1,0) = (x}.0). (x3.0) ¢ (x{x3,0) = (x3.0),
(x3.0) o (x7,0) = (-1,0), (x3,0) ¢ (x3,0) = (—x7x3,0),
(x3,0) 0 (0,1) = (x5 — x7,0), (x3.0) o (x7x3) = (x7 — x3.0),
(x3.0) ¢ (0,x7) = (x7x; — 1,0), (x5,0) ¢ (0,x3) = (1 = x7x3,0)

forany a,b € C4(z2).

One obtains that the right Y I'-module generated by (1 — x} x5, 0) is nilpotent. So T
is not semisimple and B/ (x1 + x2 + y1 + yz) is not a noncommutative graded isolated
singularity by Lemma 6.8 and Theorems 2.4 and 6.9. ]
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