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Skew Knörrer’s periodicity theorem

Yang Liu, Yuan Shen, and Xin Wang

Abstract. In this paper, we introduce a class of twisted matrix algebras of M2.E/ and twisted
direct products of E � E for an algebra E. Let A be a noetherian Koszul Artin–Schelter regu-
lar algebra, z 2 A2 be a regular central element of A and B D AP Œy1; y2I �� be a graded double
Ore extension of A. We use the Clifford deformation CAŠ.z/ of Koszul dual AŠ to study the non-
commutative quadric hypersurface B=.z C y21 C y

2
2 /. We prove that the stable category of graded

maximal Cohen–Macaulay modules overB=.zC y21 C y
2
2 / is equivalent to certain bounded derived

categories, which involve a twisted matrix algebra of M2.CAŠ.z// or a twisted direct product of
CAŠ.z/ � CAŠ.z/ depending on the values of P . These results are presented as skew versions of
Knörrer’s periodicity theorem. Moreover, we showB=.zC y21 C y

2
2 /may not be a noncommutative

graded isolated singularity even if A=.z/ is.

1. Introduction

Throughout the paper, k is an algebraically closed field of characteristic 0. All vector
spaces and algebras are over k. Unless otherwise stated, the tensor product˝ means˝k.

Knörrer’s periodicity theorem is a powerful tool in the study of the Cohen–Macaulay
representation theory and also the singularities of (commutative) quadric hypersurfaces
(see [7]). It implies that the stable category mcm S of maximal Cohen–Macaulay mod-
ules over a quadric hypersurface S D kŒx1; : : : ; xn�=.f / is equivalent to mcmS## where
f 2 .x1; : : : ; x2/

2 and S## D kŒx1; : : : ; xn�Œu; v�=.f C u2 C v2/ is the second double-
branched cover of S , which helps us to reduce the computation of the Cohen–Macaulay
representation of a quadric hypersurface.

A noetherian Koszul Artin–Schelter regular algebra A is regarded as a noncommu-
tative polynomial and a coordinate ring of a class of noncommutative projective spaces.
Let z 2 A2 be a regular central element of A. The quotient algebra A=.z/ is an analogue
of (commutative) quadric hypersurface, usually called a noncommutative quadric hyper-
surface. There have been many studies on noncommutative quadric hypersurfaces over
the past few years (e.g., [1–6, 9, 10, 16, 18, 19]). To study graded Cohen–Macaulay mod-
ules of a noncommutative quadric hypersurface A=.z/, there are two useful tools. One is
a finite-dimensional algebra C.A=.z// introduced by Smith and van den Bergh in [16],
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and the other one is a Clifford deformation CAŠ.z/ of the Koszul dual AŠ of A introduced
by He and Ye in [2]. The Clifford deformation CAŠ.z/ is a strongly Z2-graded algebra and
CAŠ.z/0 Š C.A=.z// (see [2]), and so CAŠ.z/may provide more information aboutA=.z/.

Similar to the commutative case, the noncommutative Knörrer’s periodicity theorem,
that is, mcmA=.z/ and mcm.A=.z//## are equivalent, was proved for a noncommutative
quadric hypersurface A=.z/ in [1, 2, 10]. He, Ma and Ye proved a generalized version
of Knörrer’s periodicity theorem for tensor products of two noncommutative quadric
hypersurfaces with the help of Clifford deformations (see [3, Theorem 2.15]).

In a noncommutative setting, it is reasonable to consider noncommutative versions of
double-branched covers and twisted tensor products of noncommutative quadric hypersur-
faces. For example, T D AŒuI �1�ŒvI �2�=.z C u2 C v2/ defined by two-step iterated Ore
extensions for some graded automorphisms �1 and �2 seems to make more sense as a class
of second noncommutative double-branched covers, and a natural question is how we can
describe mcm T by mcmA=.z/. If �1 D �2jA and �2.u/ D u, it is a special case of the
noncommutative Knörrer’s periodicity theorem given by Mori and Ueyama (see [10, The-
orem 1.3]), and this case can also reduce to the second double-branched cover .A=.z//##

by a Zhang twist (see [20]). Nevertheless, we are curious about how to describe mcmT in
general.

On the other hand, Hu, Matsuno and Mori classified noncommutative conics A=.z/ in
Calabi–Yau quantum projective planes up to isomorphism of noncommutative projective
schemes, that is to say, A is a 3-dimensional Calabi–Yau quantum polynomial algebra
(see [6]). It inspires us to discuss the classification of noncommutative quadric hyper-
surfaces obtained by 4-dimensional noetherian Koszul Artin–Schelter regular algebras.
To achieve this goal, it is necessary to compute the Cohen–Macaulay representation of
such noncommutative quadric hypersurfaces. Note that Zhang and Zhang introduced an
approach called double Ore extension to obtain a classification of 4-dimensional noether-
ian Koszul Artin–Schelter regular algebras (see [21, 22]). Also, double Ore extensions
include two-step iterated Ore extensions. Therefore, it is reasonable to study relations
between the graded maximal Cohen–Macaulay modules over noncommutative quadric
hypersurfaces A=.z/ and AP Œy1; y2I ��=.z C y21 C y

2
2/ where AP Œy1; y2I �� is a double

Ore extension of A.
To this end, we introduce twisted algebraic structures on a matrix algebra M2.E/

and a direct product E � E for an algebra E. The twisted matrix algebra of M2.E/ (see
Theorem 3.7) comes from a twisting system ‚ (see Definition 3.6) consisting of two lin-
ear maps � .i/ W E ! M2.E/ for i 2 Z2 and an invertible Z2-graded basis of M2.k/,
where M2.k/0 consists of diagonal matrices and M2.k/1 consists of anti-diagonal matri-
ces. Denote the new twisted matrix algebra by ‚M2.E/, and it is a Z2-graded algebra.
This twisted algebra can be viewed as a generalization of Zhang twists (see [20]) for
graded algebras, but they have different properties. Furthermore, taking the subalgebra
‚M2.E/0 of ‚M2.E/ provides an approach to obtaining a twisted algebraic structure on
E � E (see Corollary 3.14), and denote the new twisted algebra by ��.E �E/ where the
twisting system �� consists of a linear map � from E to M2.E/ and an invertible basis of
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k � k. If E is a Z2-graded algebra, then ‚M2.E/ is Z2 �Z2-graded and also Z2-graded
by taking the total degrees, and ��.E �E/ is Z2-graded.

Let A be a noetherian Koszul Artin–Schelter regular algebra, z 2 A2 be a regular cen-
tral element and B D AP Œy1; y2I�� be a Z-graded double Ore extension of A where P D
¹p11; p12º � k. The main object we study is the noncommutative quadric hypersurface
B=.z C y21 C y

2
2/. By the deformation method introduced by He–Ye, mcmB=.z C y21 C

y22/ is totally determined by the Clifford deformation CBŠ.z C y
2
1 C y

2
2/ of B Š [2, Theo-

rem 1.1]. We aim to describe CBŠ.zC y
2
1 C y

2
2/ by the Clifford deformation CAŠ.z/ of AŠ.

It should be noted that the semi-trivial extension (see Theorem 2.6) is a useful construc-
tion for our goal. To make the noncommutative quadric hypersurface B=.z C y21 C y

2
2/

well defined, it forces p12 D ˙1. We divide it into two cases.
If p12 D 1, p11 should be 0. In this case, the Clifford deformation CBŠ.z C y

2
1 C y

2
2/

is a twisted matrix algebra of M2.CAŠ.z//, and mcm.B=.z C y21 C y
2
2// can be described

by a semi-trivial extension.

Theorem 1.1 (Theorems 5.4 and 5.8). Let B D A¹1;0ºŒy1; y2I �� be a Z-graded double
Ore extension of a noetherian Koszul Artin–Schelter regular algebra A with deg y1 D
deg y2 D 1 and z 2 A2 be a regular central element of A. Suppose B is noetherian and
z C y21 C y

2
2 is a central element of B . Then

(1) there exists a twisting system ‚ of M2.CAŠ.z// such that

CBŠ.z C y
2
1 C y

2
2/ Š

‚M2.CAŠ.z//;

as Z2-graded algebras;

(2) there exists a semi-trivial extensionƒD S Ë M.1/ of a Z2-graded subalgebra S
of CAŠ.z/ and a Z2-graded S -bimodule M (a subspace of CAŠ.z/) through some
map  WM.1/˝S M.1/! S such that

mcm.B=.z C y21 C y
2
2// Š D

b.grZ2
‚M2.CAŠ.z/// Š D

b.mod‚M2.CAŠ.z//0/

Š Db.grZ2 ƒ/;

as triangulated categories.

If p12 D �1, we can reduce p11 to be 0 in case p11 ¤ ˙2
p
�1. Then one obtains

a twisted direct product � D ��.CAŠ.z/ � CAŠ.z// for some twisting system ��, and the
Clifford deformation CBŠ.z C y

2
1 C y

2
2/ is a semi-trivial extension constructed by � . In

particular, the 0-th component of CBŠ.z C y
2
1 C y

2
2/ is exactly a Zhang-twisted algebra

(see [20]) of � .

Theorem 1.2 (Theorem 6.9). LetB DA¹�1;0ºŒy1;y2I�� be a Z-graded double Ore exten-
sion of a noetherian Koszul Artin–Schelter regular algebra A with deg y1 D deg y2 D 1
and z 2 A2 be a regular central element of A. Suppose B is noetherian and z C y21 C y

2
2

is a central element of B . Then
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(1) there exist a twisted direct product � of CAŠ.z/ � CAŠ.z/ and a semi-trivial exten-
sion � Ë .��.1// of Z2-graded algebra � and Z2-graded �-bimodule ��.1/

through some map  where � is a Z2-graded automorphism of � such that

CBŠ.z C y
2
1 C y

2
2/ Š � Ë .��.1//;

as Z2-graded algebras;

(2) there are equivalences of triangulated categories

mcm.B=.z C y21 C y
2
2// Š D

b.grZ2 � Ë .��.1/// Š D
b.mod ��/;

where �� is a Zhang-twisted algebra of � for the left Zhang-twisting system
� D ¹�0 D id; �1 D �º of Z2-graded algebra � .

In particular, Theorem 1.1 reduces to the noncommutative Knörrer’s periodicity the-
orem if � is a diagonal map. Theorems 1.1 and 1.2 can be viewed as skew versions of
Knörrer’s periodicity theorem.

For the exceptional case p12 D �1 and p11 D ˙2
p
�1, we have that any noncom-

mutative quadric hypersurface A¹�1;p11ºŒy1; y2I ��=.z C y
2
1 C y

2
2/ is not a noncommu-

tative graded isolated singularity in the sense of [17] (see Proposition 6.1) or whose
noncommutative projective scheme is not smooth. So we are also interested in whether
A¹˙1;0ºŒy1; y2I ��=.z C y

2
1 C y

2
2/ is a noncommutative graded isolated singularity in

case A=.z/ is. We give a negative answer to this question (see Proposition 6.12). It
should be emphasized that this result is a totally different phenomenon from the usual
second double-branched covers and tensor products of noncommutative quadric hypersur-
faces, which preserve the property of noncommutative graded isolated singularity (see [2,
Theorem 1.4] and [3, Theorem 2.5]).

This paper is organized as follows. In Section 2, we recall some definitions and results,
including noncommutative quadric hypersurfaces, Clifford deformations and semi-trivial
extensions. In Section 3, we introduce a class of twisted matrix algebras and a class of
twisted direct products. In Section 4, we recall the definition of double Ore extensions
and show some basic facts about the Clifford deformations for noncommutative quadric
hypersurfaces obtained by double Ore extensions. We devote Section 5 and Section 6 to
proving Theorem 1.1 and Theorem 1.2, respectively.

2. Preliminaries

Let C D
L
g2GCg be a G-graded algebra where G is an abelian group. Write GrG C

for the category of G-graded right C -modules with morphisms of C -module homomor-
phisms preserving grading and grG C for the full subcategory of GrG C consisting of
finitely generated G-graded right C -modules. Let M be a G-graded right C -module,
then M.h/ stands for the shifting G-graded right C -module where M.h/g D MgCh for
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any g 2 G and some h 2 G. For a G-graded automorphism � of C , the twisted G-graded
right C -module M� is the abelian group M with the right C -action m � c D m�.c/ for
anym 2M;c 2 C . Similarly, we can define shifting and twistedG-graded left C -modules
(or C -bimodules).

For M;M 0 2 GrG C , write

HomC .M;M
0/ D

M
g2G

HomGrG C .M;M
0.g//;

and ExtiC for the i -th derived functor of HomC . In particular, k is always aG-graded alge-
bra concentrated in degree 0, and denote the G-graded linear dual functor Homk.�; k/
by .�/�. For any nonzero k 2 k, define a G-graded algebra automorphism �k of C by
�k.c/ D k

deg cc for any homogeneous element c of C .
A set ofG-graded linear automorphisms � D ¹�g j g 2 Gº of C is called a left Zhang-

twisting system of C if �l .�h.x/y/D �hl .x/�l .y/ for all g; h; l 2 G and x 2 Cg ; y 2 Ch.
If � D ¹�g j g 2 Gº is a left Zhang-twisting system of C , the graded vector space
C D

L
g2GCg with the multiplication x ˘ y D �h.x/y for all x 2 Cg ; y 2 Ch is a G-

graded algebra, called a Zhang-twisted algebra of A by �, denoted by �A (see [20,
Section 4]).

Definition 2.1. Let C be aG-graded algebra (resp.G-graded vector space) and � D .�ij /
and ' D .'ij / be two algebra homomorphisms (resp. linear maps) from C to M2.C /

where �ij and 'ij are G-graded linear transformations of C for any i; j D 1; 2. If

2X
kD1

�ki'kj D ıij idC and
2X
kD1

'jk�ik D ıij idC ;

where ıij is the Kronecker symbol for any i; j D 1; 2, we say � is invertible, '
is t -invertible, ' is an inverse of � and � is a t -inverse of '.

In this case, it is not hard to obtain that the inverse of � and the t -inverse of ' are both
unique.

Remark 2.2. Definition 2.1 is a graded version of [21, Definition 1.8]. Note that the
invertible form and t -invertible form are not the same. The letter “t” of t -invertible stands
for the word “transpose” since the transpose of ' has the same invertible property as � .

A non-negative Z-graded algebra C with C0 D k and dimCi <1 for any i � 1 is
called a locally finite connected Z-graded algebra. A locally finite connected Z-graded
algebraA is called a Koszul algebra (see [13]) if the trivial module kA has a free resolution

� � � ! Pn ! � � � ! P1 ! P0 ! k! 0;

where Pi is a Z-graded free right A-module generated in degree i for any i � 0. Then
A Š T .V /=.R/ for some finite-dimensional vector space V with degree 1 and some vec-
tor space R � V ˝ V . The Koszul dual of A is the quadratic algebra AŠ D T .V �/=.R?/,
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where V � is the dual vector space of V andR? � V �˝ V � is the orthogonal complement
of R. The Koszul dual AŠ is also Koszul.

Definition 2.3. A locally finite connected Z-graded algebraD is called an Artin–Schelter
Gorenstein algebra of injective dimension d if

(1) injdimDD D injdimDD D d <1;

(2) ExtiD.kD;DD/ D ExtiD.Dk;DD/ D 0 if i ¤ d ;

(3) ExtdD.kD;DD/;ExtdD.Dk;DD/ are both 1 dimensional.

In addition, if D has finite global dimension, then D is called an Artin–Schelter regular
algebra of dimension d .

Let A D T .V /=.R/ be a noetherian Koszul Artin–Schelter regular algebra of dimen-
sion d and z 2 A2 be a regular central element of A. The quotient algebra S D A=.z/

is a noncommutative quadric hypersurface, and it is a noetherian Koszul Artin–Schelter
Gorenstein algebra of injective dimension d � 1 by [16, Lemma 5.1 (1)] and [2,
Lemma 2.2].

The noncommutative projective scheme qgr S D grZ S=torsZS where torsZ S is the
full subcategory of grZ S consisting of finite-dimensional Z-graded right S -modules. We
say S is a noncommutative graded isolated singularity if qgrS has finite global dimension
(see [17]).

A finitely generated Z-graded right S -module N is called a maximal Cohen–
Macaulay module if the local cohomology

Him.N / D lim
n!1

ExtiS .S=S�n; N / D 0 if i ¤ d � 1;

where m D S�1. Denote the full subcategory of grZ S consisting of all the maximal
Cohen–Macaulay modules by mcmS and the stable category of mcmS by mcmS which
is a triangulated category.

In this paper, we use the Clifford deformation introduced by He–Ye in [2] to dis-
cuss mcm.S/. Recall some results in [2] here. By [15, Proposition 5.10], AŠ is a Koszul
Frobenius algebra. Choose yz 2 V ˝2 as a lift of z. There is a Clifford map

�z W R? ! k
f 7! f .yz/;

satisfying .�z ˝ 1 � 1 ˝ �z/.V
� ˝ R? \ R? ˝ V �/ D 0. Note that the map �z is

independent of the choice of yz. Then we have an algebra

CAŠ.z/ D T .V
�/=.f � �z.f / W f 2 R

?/;

which is called a Clifford deformation of AŠ. The Z-graded algebra T .V �/ is also a Z2-
graded algebra if we set the subspace

L
n�0.V

�/˝2n with degree 0 and
L
n�0.V

�/˝2nC1

with degree 1. Then CAŠ.z/ is also a Z2-graded algebra induced by the Z2-grading
of T .V �/. The following important properties of CAŠ.z/ can be referred to [2, Proposi-
tions 4.5 and 4.6, Theorems 1.1 and 1.2].
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Theorem 2.4. Retain the notations above. Then

(1) CAŠ.z/ is a strongly Z2-graded Frobenius algebra;

(2) S is a noncommutative graded isolated singularity if and only if CAŠ.z/ is
a Z2-graded semisimple algebra;

(3) there are equivalences of triangulated categories

mcmS Š Db.grZ2 CAŠ.z// Š D
b.modCAŠ.z/0/:

Let � D .�ij / W A!M2.A/ be an algebra homomorphism such that each �ij is a Z-
graded linear transformation of A for any i; j D 1; 2. Write �jV D .�ij jV / W V !M2.V /

for the restriction of � on A1 D V . One can extend �jV to an algebra homomorphism

z� D .z�ij / W T .V /!M2.T .V // (2.1)

such that
z�.R/ �M2.R/;

where each z�ij is a Z-graded linear transformation of T .V / for any i; j D 1; 2. Applying
the Z-graded linear dual functor .�/� to each component of z� , one obtains an algebra
homomorphism

z�� D .z��ij / W T .V
�/!M2.T .V

�//: (2.2)

For any f 2 R?, r 2 R and i; j D 1; 2, we have z��ij .f /.r/ D f .z�ij .r// D 0. It implies

z��.R?/ �M2.R
?/: (2.3)

Suppose �ij .z/ D ıij z for any i; j D 1; 2. Then the lift map z� D .z�ij / defined in (2.1)
satisfies

z�ij .yz/ � ıij yz 2 R

for any i; j D 1; 2. So the dual map z�� D .z��ij / W T .V
�/!M2.T .V

�// defined in (2.2)
satisfies

z��ij .f � f .yz// D z�
�
ij .f / � ıijf .yz/ D z�

�
ij .f / � f .z�ij .yz//

D z��ij .f / � z�
�
ij .f /.yz/ 2 .g � g.yz/ j g 2 R

?/

for any f 2R? and i; j D 1;2, where the first equality holds since z�� is an algebra homo-
morphism and f .yz/ 2 k, and the final belonging follows from (2.3). Hence, z�� induces
an algebra homomorphism

� Š D .� Šij / W CAŠ.z/!M2.CAŠ.z//; (2.4)

where each � Šij is a Z2-graded linear transformation of CAŠ.z/ for any i; j D 1; 2.

Lemma 2.5. If � is invertible, then � Š is t -invertible.



Y. Liu, Y. Shen, and X. Wang 1472

Proof. Write ' for the inverse of � . We have ıij z D
P2
kD1'ik�jk.z/ D 'ij .z/ for

i; j D 1; 2. Hence, 'Š is well defined by (2.4) and is the t -inverse of � Š.

We conclude this section by introducing a class of extensions of algebras, which is
called a semi-trivial extension in [12].

Theorem 2.6. Let E be an algebra and M be an E-bimodule. Let  W M ˝E M ! E

be an E-bimodule homomorphism such that m .m0 ˝ m00/ D  .m ˝ m0/m00 for any
m;m0; m00 2M . Then the vector space E ˚M with the multiplication

.x;m/ˇ .x0; m0/ D .xx0 C  .m˝m0/; xm0 Cmx0/ 8 x; x0 2 E; m;m0 2M

is an algebra, called a semi-trivial extension of E byM through  , denoted by E Ë M .

Proof. It is clear .1; 0/ is the identity. Since  is an E-bimodule homomorphism
and m .m0 ˝ m00/ D  .m ˝ m0/m00 for any m; m0; m00 2 M , the associativity of this
multiplication holds.

Remark 2.7. The semi-trivial extension is a generalization of the trivial extension and
also admits some natural graded structures.

(1) The semi-trivial extension E Ë M is the trivial extension E ËM if  D 0.

(2) A semi-trivial extension E Ë M can be viewed as a Z2-graded algebra (or a
superalgebra) if deg.x; 0/ D 0; deg.0;m/ D 1 for any x 2 E;m 2M .

(3) Suppose E is a G-graded algebra, M is a G-graded E-bimodule and  is a G-
graded map whereG is an abelian group. ThenE Ë M is a Z2 �G-graded alge-
bra whose homogeneous space .E Ë M/.0;g/ D Eg and .E Ë M/.1;g/ DMg

for any g 2 G and also a G-graded algebra by forgetting the first Z2-degree.
In particular, if G D Z2, we always view Z2 � Z2-graded algebra E Ë M as
a Z2-graded algebra by forgetting the first Z2-degree in the sequel, that is,

.E Ë M/0 D E0 ˚M0; .E Ë M/1 D E1 ˚M1:

Example 2.8. Here we present two examples of semi-trivial extensions, which will be
useful in subsequent sections.

(1) Let E be an algebra and  W E ˝E E ! E be the multiplication of E. Then one
obtains a semi-trivial extension E Ë E.

(2) Let E be a Z2-graded algebra and � be a Z2-graded algebra automorphism of E
such that �2 D id. Then

 W �E.1/˝E �E.1/ ! E

a˝ b 7! �.a/b

is a Z2-graded E-bimodule homomorphism satisfying  .a˝ b/ � c D a .b˝ c/
for any a; b; c 2 �E.1/. Hence, we have a semi-trivial extension E Ë .�E.1//
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which is a Z2-graded algebra (see Remark 2.7 (3) when G D Z2). More pre-
cisely, .E Ë .�E.1///0 D E0 ˚ E1 and .E Ë .�E.1///1 D E1 ˚ E0 with
multiplication

.a; b/ˇ .a0; b0/ D .aa0 C �.b/b0; �.a/b0 C ba0/

for any homogeneous elements .a; b/; .a0; b0/ 2 E Ë .�E.1//.

3. Twisted matrix algebras and twisted direct products

In this section, we introduce a class of twisting systems for the matrix algebra M2.E/

over some algebra E and a class of twisted matrix algebras. As an application, there is a
twisted structure on the direct productE �E by choosing a subalgebra of a twisted matrix
algebra.

3.1. Twisted matrix algebras

Let M2.k/ be a Z2-graded algebra whose Z2-grading is given by

M2.k/0 D

�
k 0

0 k

�
; M2.k/1 D

�
0 k
k 0

�
:

Let I.0/1 ; I.0/2 be invertible and a basis of M2.k/0, and let I.1/1 ; I.1/2 be invertible and a
basis of M2.k/1. We say I D ¹I.i/j j i 2 Z2; j D 1; 2º is an invertible Z2-graded basis
of M2.k/. Let 
1; 
2 2 k such that


1I
.0/
1 C 
2I

.0/
2 D I2;

where I2 is the 2 � 2 identity matrix.
For any i 2 Z2 and j D 1; 2, it is clear that ¹I.i/j I.i

0/
1 ; I.i/j I.i

0/
2 º is also a basis of

M2.k/iCi 0 since I.i/j is invertible for any i 0 2 Z2. Then there exists a set ¹l .i i
0/

sjj 0 2 k j
s; j 0 D 1; 2º for any i; i 0 2 Z2, j D 1; 2 such that

I.i/j I.i
0/

1 D I.iCi
0/

1 l
.i i 0/
1j1 C I.iCi

0/
2 l

.i i 0/
2j1 ;

I.i/j I.i
0/

2 D I.iCi
0/

1 l
.i i 0/
1j2 C I.iCi

0/
2 l

.i i 0/
2j2 ;

(3.1)

and we write

L
.i i 0/
j D

0@l .i i 0/1j1 l
.i i 0/
1j2

l
.i i 0/
2j1 l

.i i 0/
2j2

1A 2M2.k/: (3.2)

In fact, each matrix L.i i
0/

j , which is a kind of transition matrix, defines a linear auto-
morphism of the vector space M2.k/iCi 0 , and it is invertible for any i; i 0 2 Z2 and
j D 1; 2.
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Lemma 3.1. Let the set ¹l i i
0

sjj 0 2 k j i; i 0 2 Z2; s; j; j 0 D 1; 2º be defined as in (3.1).

(1) For any i; i 0; i 00 2 Z2 and j; j 0; j 00; t D 1; 2,

2X
sD1

l
.i;i 0Ci 00/
tjs l

.i 0i 00/
sj 0j 00 D

2X
sD1

l
.iCi 0;i 00/
tsj 00 l

.i i 0/
sjj 0 :

(2) For any i 2 Z2 and s; j D 1; 2,
P2
tD1 l

.i0/
sjt 
t D ısj .

(3) For any i 2 Z2 and s; t D 1; 2,
P2
jD1 l

.0i/
sjt 
j D ıst .

Proof. (1) It follows from the associativity of I.i/j I.i
0/

j 0 I.i
00/

j 00 .
(2) By (3.1) with i 0 D 0,

2X
sD1

I.i/s

� 2X
tD1

l
.i0/
sjt 
t

�
D

2X
tD1

I.i/j I.0/t 
t D I.i/j :

(3) By (3.1) with i D 0,

2X
sD1

I.i
0/

s

� 2X
jD1


j l
.0i 0/
sjt

�
D

2X
jD1


j I.0/j I.i
0/

t D I.i
0/

t :

Let E be an algebra. The basis I of M2.k/ provides a decomposition for Z2-graded
vector space M2.E/ as follows: for any i 2 Z2,

M2.E/i D ¹I
.i/
1 x j x 2 Eº ˚ ¹I

.i/
2 x j x 2 Eº:

To introduce a twisted system of the matrix algebra M2.E/, we consider a class of
linear maps from E to the matrix algebra M2.E/.

Proposition 3.2. Let � .i/ D .� .i/jj 0 / W E ! M2.E/ be a linear map for i 2 Z2. Then the
following are equivalent:

(1) For any x; x0 2 E, i; i 0; i 00 2 Z2 and j; j 0; j 00; v D 1; 2,

2X
s;t;uD1

l
.iCi 0;i 00/
vtu l

.i i 0/
tjs �

.i 00/
uj 00 .�

.i 0/
sj 0 .x/x

0/ D

2X
s;t;uD1

l
.i;i 0Ci 00/
vjs l

.i 0i 00/
tj 0u �

.i 0Ci 00/
st .x/�

.i 00/
uj 00 .x

0/:

(2) For any x; x0 2 E, i; i 0; i 00 2 Z2 and j; j 0; j 00; v D 1; 2,

2X
s;t;uD1

l
.i;i 0Ci 00/
vjt l

.i 0i 00/
tsu �

.i 00/
uj 00 .�

.i 0/
sj 0 .x/x

0/ D

2X
s;t;uD1

l
.i;i 0Ci 00/
vjs l

.i 0i 00/
tj 0u �

.i 0Ci 00/
st .x/�

.i 00/
uj 00 .x

0/:

(3) For any x; x0 2 E, i 0; i 00 2 Z2 and j 0; j 00; p D 1; 2,

2X
s;uD1

l .i
0i 00/

psu �
.i 00/
uj 00 .�

.i 0/
sj 0 .x/x

0/ D

2X
t;uD1

l
.i 0i 00/
tj 0u �

.i 0Ci 00/
pt .x/�

.i 00/
uj 00 .x

0/:
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Proof. (1), (2) follows from Lemma 3.1 (1).
(2)) (3) Write .L.i i

0/
j /�1 D .g

.i i 0/
j 0jj 00/ for any i; i 0 2 Z2 and j; j 0; j 00 D 1; 2. Multi-

plying on both sides of the equation in (2) by g.i;i
0Ci 00/

pjv and taking the sum over v from 1

to 2 for any p D 1; 2, one obtains (3).
(3)) (2) Multiply on both sides of the equation in (3) by l .i;i

0Ci 00/
vjp for any j; v D 1; 2

and take the sum over p from 1 to 2.

Lemma 3.3. Let � .i/ D .� .i/jj 0 / W E ! M2.E/ be a linear map for i 2 Z2. Suppose � .0/

and � .1/ are t -invertible with the t -inverses '.0/ and '.1/, respectively, and satisfy the
equivalent conditions of Proposition 3.2. Then

2X
u;jD1

l .i i
0/

pqu �
.i 0/
uj .x'

.i 0/
rj .x

0// D

2X
t;jD1

l
.i i 0/
tjr �

.iCi 0/
pt .'

.i/
qj .x//x

0

for any x; x0 2 E, i; i 0 2 Z2 and p; q; r D 1; 2.

Proof. Rewrite the indexes of Proposition 3.2 (3):

2X
s;uD1

l .i i
0/

psu �
.i 0/
uj 0 .�

.i/
sj .x/x

0/ D

2X
t;uD1

l
.i i 0/
tju �

.iCi 0/
pt .x/�

.i 0/
uj 0 .x

0/

for any x; x0 2 E, i; i 0 2 Z2 and j; j 0; p D 1; 2.
Replacing x and x0 by '.i/qj .x/ and '.i

0/
rj 0 .x

0/, respectively, and taking the sum over j; j 0

both from 1 to 2, the result follows.

Lemma 3.4. Retain the assumptions of Lemma 3.3. Then � .0/.1/ 2 GL2.k/ if and only if
� .1/.1/ 2 GL2.k/. In this case, '.i/.1/ 2 GL2.k/ for i 2 Z2.

Proof. Suppose � .0/.1/ 2 GL2.k/, .'.0/.1//T� .0/.1/ D ..'.0//T� .0//.1/ D I2. Clearly,
'.0/.1/ 2 GL2.k/.

Taking x D x0 D 1 and i D 0; i 0 D 1 in Lemma 3.3, we have

l .01/pqr D

2X
t;jD1

l
.01/
tjr �

.1/
pt .'

.0/
qj .1// D

2X
t;jD1

l
.01/
tjr �

.1/
pt .1/'

.0/
qj .1/

for any p; q; r D 1; 2. Write those equations in the form of matrices:

L
.01/

1;2Ir D �
.1/.1/L

.01/

1;2Ir .'
.0/.1//T;

where L
.01/

1;2Ir D

�
l
.01/
11r l

.01/
12r

l
.01/
21r l

.01/
22r

�
for any r D 1; 2. By (3.1), the elements of L

.01/

1;2Ir satisfy

I.0/1 I.1/r D I.1/1 l
.01/
11r C I.1/2 l

.01/
21r ;

I.0/2 I.1/r D I.1/1 l
.01/
12r C I.1/2 l

.01/
22r ;
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and ¹I.0/1 I.1/r ; I.0/2 I.1/r º is also a basis ofM2.k/1 for any r D 1; 2. Hence, the matrixL
.01/

1;2Ir

defines a linear automorphism of the vector space M2.k/1, and it is invertible. Then

� .1/.1/ D L
.01/

1;2Ir�
.0/.1/.L

.01/

1;2Ir /
�1
2 GL2.k/:

Similar to the invertibility of '.0/.1/, one obtains that '.1/.1/ 2 GL2.k/.
Similarly, if � .1/.1/ 2 GL2.k/, then '.1/.1/ 2 GL2.k/, and

� .0/.1/ D L
.11/

1;2Ir�
.1/.1/.L

.11/

1;2Ir /
�1
2 GL2.k/;

where L
.11/

1;2Ir D

�
l
.11/
11r l

.11/
12r

l
.11/
21r l

.11/
22r

�
is invertible for any r D 1; 2.

Lemma 3.5. Retain the assumptions of Lemma 3.3, and suppose � .0/.1/ 2 GL2.k/
(equivalently, � .1/.1/ 2 GL2.k/).

(1) For any i; i 0 2 Z2 and q; r; s D 1; 2, then

2X
pD1

l .i i
0/

pqr '
.iCi 0/
ps .1/ D

2X
jD1

l
.i i 0/
sjr '

.i/
qj .1/:

(2) For any x 2 E and v D 1; 2, we have
P2
r;jD1 �

.0/
vj .x'

.0/
rj .1//
r D x
v .

(3) For any i 2 Z2 and q; s D 1; 2, we have
P2
t;j;uD1 
ul

.0i/
sjt '

.0/
uj .1/�

.i/
tq .1/ D ısq .

Proof. (1) One obtains that

2X
pD1

l .i i
0/

pqr '
.iCi 0/
ps .1/ D

2X
p;u;jD1

l .i i
0/

pqu '
.iCi 0/
ps .1/�

.i 0/
uj .'

.i 0/
rj .1//

D

2X
p;u;jD1

l .i i
0/

pqu �
.i 0/
uj .'

.i 0/
rj .'

.iCi 0/
ps .1///

D

2X
p;t;jD1

l
.i i 0/
tjr �

.iCi 0/
pt .'

.i/
qj .1//'

.iCi 0/
ps .1/

D

2X
p;t;jD1

l
.i i 0/
tjr '

.i/
qj .1/�

.iCi 0/
pt .1/'.iCi

0/
ps .1/

D

2X
p;t;jD1

l
.i i 0/
tjr '

.i/
qj .1/'

.iCi 0/
ps .�

.iCi 0/
pt .1//

D

2X
jD1

l
.i i 0/
sjr '

.i/
qj .1/;

where the second, fourth and fifth equalities follow from Lemma 3.4 and the fact that � .i/

and '.i/ are linear, and the third equality follows by taking x D 1; x0 D '.iCi
0/

ps .1/ in
Lemma 3.3 and the sum over p from 1 to 2.
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(2) Taking i 0 D 0 and x0 D 1 in Lemma 3.3, one obtains that

2X
u;jD1

l .i0/pqu�
.0/
uj .x'

.0/
rj .1// D

2X
t;jD1

l
.i0/
tjr �

.i/
pt .'

.i/
qj .x//

for any p; q; r D 1; 2. By Lemma 3.1 (2), we have

2X
r;u;jD1

l .i0/pqu�
.0/
uj .x'

.0/
rj .1//
r D

2X
r;t;jD1

l
.i0/
tjr �

.i/
pt .'

.i/
qj .x//
r D

2X
jD1

�
.i/
pj .'

.i/
qj .x// D ıpqx;

and then multiply the equation above by g.i0/vqp which is the .v; p/-th element of .L.i0/q /�1

for any v; p; q D 1; 2. The result follows.
(3) By Lemma 3.1 (3), Lemma 3.4 and taking i D 0 in (1), one obtains

2X
t;j;uD1


ul
.0i/
sjt '

.0/
uj .1/�

.i/
tq .1/ D

2X
p;t;uD1


ul
.0i/
put '

.i/
ps .1/�

.i/
tq .1/

D

2X
tD1

'
.i/
ts .1/�

.i/
tq .1/ D ısq :

Definition 3.6. Let � .i/ D .� .i/jj 0 / W E ! M2.E/ be a t -invertible linear map for i 2 Z2
and I D ¹I.i/j j i 2 Z2; j D 1; 2º be an invertible Z2-graded basis of M2.k/. The pair
‚ D .¹� .i/ºi2Z2 ; I/ is called a twisting system of M2.E/ if

(1) � .0/; � .1/ satisfy equivalent conditions of Proposition 3.2;

(2) � .1/.1/ 2 GL2.k/ (or equivalently, � .0/.1/ 2 GL2.k/).

Theorem 3.7. Let ‚ D .¹� .i/ºi2Z2 ; I/ be a twisting system of M2.E/. Then the Z2-
graded vector spaceM2.E/ with the multiplication is as follows: for any x;x0 2 E; i; i 0 2
Z2 and j; j 0 D 1; 2,

I.i/j x ? I.i
0/

j 0 x
0
D

2X
sD1

I.i/j I.i
0/

s �
.i 0/
sj 0 .x/x

0
D

2X
s;tD1

I.iCi
0/

t l
.i i 0/
tjs �

.i 0/
sj 0 .x/x

0

is a Z2-graded algebra with the identity
P2
j;sD1
s.�

.0//�1sj .1/I
.0/
j , called this new algebra

the twisted matrix algebra of M2.E/ by ‚, denoted by ‚M2.E/.

Proof. It is straightforward to check that the multiplication ? satisfies the associative law
by Proposition 3.2 (1).

Write '.0/ for the t -inverse of � .0/ and I.0/D
P2
j;sD1
s'

.0/
sj .1/I

.0/
j . By Lemma 3.5 (2)

and Lemma 3.1 (2), for any x 2 E, i 2 Z2 and j D 1; 2,

I.i/j x ? I.0/ D
2X

s;t;j 0;uD1

I.i/t l
.i0/
tjs �

.0/
sj 0 .x/
u'

.0/
uj 0.1/ D

2X
s;tD1

I.i/t l
.i0/
tjs 
sx D I.i/j x:



Y. Liu, Y. Shen, and X. Wang 1478

On the other hand, by Lemma 3.5 (3), for any x 2 E, i 2 Z2 and j D 1; 2,

I.0/ ? I.i/j x D

2X
s;t;j 0;uD1

I.i/t 
u'
.0/
uj 0.1/l

.0i/
tj 0s �

.i/
sj .1/x D I.i/j x:

Hence, I.0/ is the identity.

The last theorem provides a twisted algebraic structure on the matrix algebra M2.E/,
but the identity seems complicated. It is natural to find a twisting system such that the iden-
tity matrix is the identity of the associated twisted matrix algebra. We have an analogous
result of [20, Proposition 2.4].

Theorem 3.8. Let ‚ D .¹� .i/ºi2Z2 ; I/ be a twisting system of M2.E/. Let ‡ D
.�.0/; �.1// be a pair of linear maps from E to M2.E/ satisfying

�.i/.x/ D � .i/.x/.'.i/.1//T;

where '.i/ is the t -inverse of � .i/ for any i 2 Z2 and x 2 E. Then

(1) �.i/ is t -invertible with the t -inverse map from E to M2.E/ defined by

x 7! '.i/.x/.� .i/.1//T

for any i 2 Z2;

(2) ‡ D .¹�.i/ºi2Z2 ; I/ is a twisting system of M2.E/;

(3) the identity of the twisted matrix algebra ‡M2.E/ is the identity matrix I2;

(4) ‚M2.E/ Š
‡M2.E/ as Z2-graded algebras.

Proof. (1) It is straightforward.
(2) It is clear that �.i/.1/ D � .i/.1/.'.i/.1//T D I2 2 GL2.k/ for any i 2 Z2 by

Lemma 3.4. For any x; x0 2 E, i; i 0; i 00 2 Z2 and j; j 0; j 00 D 1; 2,

2X
s;t;uD1

l
.iCi 0;i 00/
vtu l

.i i 0/
tjs �

.i 00/
uj 00 .�

.i 0/
sj 0 .x/x

0/

D

2X
s;t;u;p;qD1

l
.iCi 0;i 00/
vtu l

.i i 0/
tjs �

.i 00/
up .�

.i 0/
sq .x/x

0/'
.i 0/
j 0q .1/'

.i 00/
j 00p .1/

D

2X
s;t;u;p;qD1

l
.i;i 0Ci 00/
vjs l

.i 0i 00/
tqu �

.i 0Ci 00/
st .x/� .i

00/
up .x

0/'
.i 0/
j 0q .1/'

.i 00/
j 00p .1/

D

2X
s;t;u;p;qD1

l
.i;i 0Ci 00/
vjs l

.i 0i 00/
qj 0u �

.i 0Ci 00/
st .x/� .i

00/
up .x

0/'
.i 0Ci 00/
qt .1/'

.i 00/
j 00p .1/

D

2X
s;u;qD1

l
.i;i 0Ci 00/
vjs l

.i 0i 00/
qj 0u �

.i 0Ci 00/
sq .x/�

.i 00/
uj 00 .x

0/;
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where the second equality follows from Proposition 3.2 (1) and the third equality follows
from Lemma 3.5 (1).

(3) By Theorem 3.7, the identity of ‡M2.E/ is

2X
j;s;tD1


s'
.0/
st .1/�

.0/
jt .1/I

.0/
j D

2X
j;s;tD1


s�
.0/
jt .'

.0/
st .1//I

.0/
j D

2X
jD1


j I.0/j D I2:

(4) Define two Z2-graded linear maps

F W ‚M2.E/ !
‡M2.E/

I.i/j x 7!

2X
sD1

I.i/s x�
.i/
sj .1/;

G W ‡M2.E/ !
‚M2.E/

I.i/j x 7!

2X
sD1

I.i/s x'
.i/
js .1/:

It is straightforward to verify that F and G are inverses of each other. Moreover, F is an
algebra homomorphism, since for any i; i 0 2 Z2 and j D 1; 2,

F.I.i/j x/ ? F.I.i
0/

j 0 x
0/ D

2X
pD1

I.i/p x�
.i/
pj .1/ ?

2X
qD1

I.i
0/

q x0�
.i 0/
qj 0 .1/

D

2X
p;q;s;tD1

I.iCi
0/

t l
.i i 0/
tps �

.i 0/
sq .x�

.i/
pj .1//�

.i 0/
qj 0 .1/x

0

D

2X
p;q;s;t;uD1

I.iCi
0/

t �
.i/
pj .1/�

.i 0/
qj 0 .1/l

.i i 0/
tps �

.i 0/
su .x'

.i 0/
qu .1//x

0

D

2X
p;tD1

I.iCi
0/

t �
.i/
pj .1/

� 2X
q;v;wD1

l .i i
0/

wvq�
.iCi 0/
tw .'.i/pv .x//�

.i 0/
qj 0 .1/

�
x0

D

2X
p;tD1

I.iCi
0/

t �
.i/
pj .1/

� 2X
q;u;j 00D1

l
.i i 0/
tpu �

.i 0/
uj 00'

.i 0/
qj 00.x/.�

.i 0/
qj 0 .1//

�
x0

D

2X
p;u;tD1

I.iCi
0/

t �
.i/
pj .1/l

.i i 0/
tpu �

.i 0/
uj 0 .x/x

0

D

2X
u;s;tD1

I.iCi
0/

t l
.i i 0/
sju �

.iCi 0/
ts .1/�

.i 0/
uj 0 .x/x

0

D F.I.i/j x ? I.i
0/

j 0 x
0/;

where the fourth and the fifth equalities are by Lemma 3.3 and the seventh equality is by
Proposition 3.2 (3).

Before that, the twisting systems on matrix algebras depend on an invertible Z2-graded
basis of M2.k/. In fact, we can fix an invertible Z2-graded basis of M2.k/ to obtain
twisted matrix algebras.
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Theorem 3.9. Let‚D .¹� .i/ºi2Z2 ;I/ be a twisting system ofM2.E/. Suppose J D¹J .i/j j
i 2 Z2; j D 1; 2º be an invertible Z2-graded basis of M2.k/. Then there exists a twist-
ing system � D .¹!.i/ºi2Z2 ; J/ of M2.E/ such that ‚M2.E/ Š

�M2.E/ as Z2-graded
algebras.

Proof. Since ¹I.i/1 ; I
.i/
2 º and ¹J .i/1 ; J .i/2 º are both bases of M2.E/i , there exists an invert-

ible matrix U .i/ D .u.i/st / 2M2.k/ such that I.i/j D
P2
sD1J

.i/
s usj for any i 2Z2; j D 1; 2.

Also invertible matrices U .0/ and U .1/ define a Z2-graded linear automorphism � of
the Z2-graded vector space M2.E/.

Write � D .!.0/; !.1//, where

!.i/ W E ! M2.E/

x 7! U .i/� .i/.x/.U .i//�1

for any i 2 Z2. It is straightforward to check that�D .¹!.i/ºi2Z2 ;J/ is a twisting system
of M2.E/ by Definition 3.6.

It is also not hard to obtain that the Z2-graded linear isomorphism � is also
a Z2-graded algebra isomorphism between ‚M2.E/ and �M2.E/.

The subsequent result follows from Theorems 3.8 and 3.9 immediately.

Corollary 3.10. Let ‚ D .¹� .i/ºi2Z2 ; I/ be a twisting system of M2.E/. Suppose
J D ¹J .i/j j i 2 Z2; j D 1; 2º be an invertible Z2-graded basis of M2.k/. Then there
exists a twisting system � D .¹!.i/ºi2Z2 ; J/ of M2.E/ such that ‚M2.E/ Š

�M2.E/

as Z2-graded algebras and the identity of �M2.E/ is I2.

This corollary implies that we can always fix an invertible Z2-graded basis of M2.k/
and assume the identity of a twisted matrix algebra is I2.

We turn to graded cases. Let E be a G-graded algebra where G is an abelian group.
Suppose‚D .¹� .i/ºi2Z2 ; I/ is a twisting system ofM2.E/where each � .i/jj 0 is aG-graded
linear map for any i 2 Z2 and j; j 0 D 1; 2. Then the twisted matrix algebra ‚M2.E/ is a
Z2 �G-graded algebra, where each component is

‚M2.E/.i;g/ D ¹I
.i/
1 x j x 2 Egº ˚ ¹I

.i/
2 x j x 2 Egº

for any i 2 Z2 and g 2 G.

Remark 3.11. In particular, if E is a Z2-graded algebra, then Z2 � Z2-graded algebra
‚M2.E/ has the following two approaches to becoming a Z2-graded algebra:

(1) By taking the total degrees, ‚M2.E/ becomes a Z2-graded algebra where

‚M2.E/0 D

�
E0 E1
E1 E0

�
; ‚M2.E/1 D

�
E1 E0
E0 E1

�
:
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(2) By forgetting the first degree, ‚M2.E/ becomes a Z2-graded algebra where

‚M2.E/0 D

�
E0 E0
E0 E0

�
; ‚M2.E/1 D

�
E1 E1
E1 E1

�
:

These are the only two good Z2-gradings on M2.E/ (see [11]).

Remark 3.12. Let E be a Z2-graded algebra. By taking the total degrees, ‚M2.E/ and
‚0M2.E/ become Z2-graded for some twisting systems ‚ and ‚0 of M2.E/. In general,
grZ2

‚M2.E/ and grZ2
‚0M2.E/ are not equivalent and are not even derived equivalent

(see Example 5.9). It is different from the one of Zhang twists (see [20, Theorem 3.1]).

3.2. Twisted direct products

Let E be an algebra and ‚ D .¹� .i/ºi2Z2 ; I/ be a twisting system of M2.E/. The 0-th
homogeneous space �

E 0

0 E

�
of Z2-graded algebra ‚M2.E/ provides a subalgebra of ‚M2.E/, which is isomorphic
to E � E as vector spaces. It implies that there is a kind of twisted algebraic structure on
E � E induced by that of M2.E/. It is analogous to Definition 3.6 and Theorem 3.7; we
just list them.

Let "1 D .a1; a2/; "2 D .b1; b2/ be an invertible k-basis of k� k where a1a2b1b2 ¤ 0
and ¹lpIjj 0 j p; j; j 0 D 1; 2º � k such that "j "0j D

P2
pD1 "plpIjj 0 for any j; j 0 D 1; 2.

Definition 3.13. Let � D .�jj 0/ WE!M2.E/ be a t -invertible linear map and "D¹"1; "2º
be an invertible basis of k � k. We say �� D .�; "/ is a twisting system of E � E if
�.1/ 2 GL2.k/ and

2X
s;uD1

lpIsu�uj 0.�sj .x/x
0/ D

2X
t;uD1

lt Iju�pt .x/�uj 0.x
0/

for any x; x0 2 E and j; j 0; p D 1; 2.

Corollary 3.14. Let �� D .�; "/ be a twisting system of E � E. Then the vector space
E �E with the multiplication

"jx ? "j 0x
0
D

2X
s;tD1

"t lt Ijs�sj 0.x/x
0
8 x; x0 2 E; j; j 0 D 1; 2

is an algebra, called the twisted direct product of E �E by ��, denoted by ��.E �E/.

In particular, if � W E ! M2.E/ is the diagonal map, then �� D .�; "/ is always a
twisting system of E � E for any invertible k-basis " and ��.E �E/ is just the usual
direct product E �E.
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Remark 3.15. To distinguish from the Zhang-twisting system, we add a subscript “�”
for � to represent a twisting system of a direct product.

Let E be a G-graded algebra where G is an abelian group. Suppose �� D .�; "/ is a
twisting system of E � E, where each �jj 0 is a G-graded linear map for any j; j 0 D 1; 2.
Then the twisted direct product ��.E �E/ is a G-graded algebra, where for any g 2 G,

��.E �E/g D Eg ˚Eg :

4. Double Ore extensions

In this section, we recall the definition of double Ore extensions in [21] and show
some basic properties of noncommutative quadric hypersurfaces defined by double Ore
extensions.

Definition 4.1. We say B is a Z-graded right double Ore extension of a Z-graded
algebra A if B is generated by A and two homogeneous variables y1; y2 satisfying

(1) a homogeneous relation y2y1 D p12y1y2 C p11y
2
1 C �1y1 C �2y2 C �0 for

some p12, p11 2 k and homogeneous elements �0; �1; �2 2 A;

(2) B is a Z-graded free left A-modules with basis ¹yi1y
j
2 j i; j � 0º;

(3) y1AC y2A � Ay1 C Ay2 C A.

Similarly, one can define a Z-graded left double Ore extension. An algebra B is called
a Z-graded double Ore extension of A if it is a Z-graded left and a Z-graded right double
Ore extension of A with the same generating set ¹y1; y2º.

Condition (3) of the definition of Z-graded right double Ore extension is equivalent to
the existence of an algebra homomorphism � D .�ij / W A! M2.A/ and a � -derivation
ı D .ıi / W A! A˚2 where all �ij and ıi are Z-graded linear transformations of A for
i; j D 1; 2 such that

yia D �i1.a/y1 C �i2.a/y2 C ıi .a/

for any a 2 A and i D 1; 2. We write AP Œy1; y2I �; ı; �� for a Z-graded right double
Ore extension where P D ¹p12; p11º and � D ¹�0; �1; �2º, and write AP Œy1; y2I �� for
convenience if � D ¹0; 0; 0º and ı D 0.

We will focus on the trimmed caseAP Œy1;y2I�� in the sequel. By [21, Lemma 1.10], �
in the trimmed case AP Œy1; y2I �� satisfies following conditions:

�21�11 D p12�11�21;

�22�12 D p12�12�22;

�21�12 C p12�22�11 D p12�11�22 C p
2
12�12�21:

(4.1)

There is a conjecture about the relation between the invertibility of � and the condi-
tion that a right double Ore extension is a double Ore extension (see [21]). It is true in the
connected graded case by [21, Lemma 1.9, Proposition 1.13].
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Lemma 4.2. LetA be a locally finite connected Z-graded algebra andB DAP Œy1; y2I��
be a connected Z-graded right double Ore extension of A where p12 ¤ 0. Then B is
a Z-graded double Ore extension of A if and only if � is invertible.

Let A D T .V /=.R/ be a noetherian Koszul Artin–Schelter regular algebra and B D
AP Œy1; y2I �� be a Z-graded double Ore extension of A with p12 ¤ 0 and deg y1 D
deg y2 D 1. By [21, Theorem 0.2] and [23, Theorem 2.1] (see also [14, Proposi-
tion 2.10]),B is a Koszul Artin–Schelter regular algebra. Clearly, J D khy1; y2i=.y2y1 �
p12y1y2 � p11y

2
1/ is a Z-graded subalgebra of B and a noetherian Koszul Artin–Schelter

regular algebra. We identify elements of J as the elements of B and write RJ for the
vector space spanned by y2y1 � p12y1y2 � p11y21 in the sequel. The following result is
clear.

Lemma 4.3. Let AŠ, B Š and J Š be Koszul duals of A, B and J , respectively.

(1) B Š D T .V � ˚ ky�1 ˚ ky�2 /=.R
? ˚R?J ˚R� /, where

R?J D Spank¹.y
�
2 /
2; y�1y

�
2 C p12y

�
2y
�
1 ; .y

�
1 /
2
C p11y

�
2y
�
1 º;

R� D Spank¹v
�y�i C y

�
1�
�
1i .v

�/C y�2�
�
2i .v

�/ j v� 2 V �; i D 1; 2º:

(2) AŠ and J Š are Z-graded subalgebras of B Š.

(3) B Š is a Z-graded free AŠ-module and a Z-graded free J Š-module on both sides.

(4) B Š has a k-basis ¹e; y�1 e; y
�
2 e; y

�
1y
�
2 e j e 2 BAº where BA is a k-basis of AŠ.

Lemma 4.4. Retain the notations above. Suppose B is noetherian and z C h is a regu-
lar central element of B for some z 2 A2 and h 2 J2. Write CAŠ.z/ D T .V

�/=.eR?/ and
CJ Š.h/ D T .ky

�
1 ˚ ky�2 /=.

eR?J /, where

eR? D ¹f � f .yz/ j f 2 R?º; eR?J D ¹g � g.yh/ j g 2 R?J º;
and yz 2 V ˝2 and yh 2 .ky1 ˚ ky2/˝2 are lifts of z and h, respectively. Then

(1) CBŠ.z C h/ Š T .V
� ˚ ky�1 ˚ ky�2 /=.

eR? ˚eR?J ˚R� / as Z2-graded algebras;

(2) CAŠ.z/ and CJ Š.h/ are Z2-graded subalgebras of CBŠ.z C h/;

(3) CBŠ.z C h/ is a Z2-graded free CAŠ.z/-module and a Z2-graded free CJ Š.h/-
module on both sides;

(4) gldimZ2 CBŠ.z C h/ � max¹gldimZ2 CAŠ.z/; gldimZ2 CJ Š.h/º.

Proof. Clearly, z 2 A2 and h 2 J2 are both central elements of A and J , respectively.
(1) and (2) follow from the definition of Clifford deformations and Lemma 4.3.
(3) Since CAŠ.z/, CJ Š.h/ and CBŠ.z C h/ are Clifford deformations, a class of PBW

deformations, they have the same forms of k-bases as AŠ, J Š and B Š, respectively. By
Lemma 4.3 (4), the map of multiplication

CJ Š.h/˝ CAŠ.z/! CBŠ.z C h/
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is an isomorphism as left Z2-graded CJ Š.h/-modules and right Z2-graded CAŠ.z/-
modules.

Similarly, one can check that the natural map CAŠ.z/˝ CJ Š.h/! CBŠ.z C h/ is an
isomorphism as right Z2-graded CJ Š.h/-modules and left Z2-graded CAŠ.z/-modules.

(4) It follows from a graded version of [8, Theorem 7.2.6].

Our main goal is to present a skew version of the classical Knörrer’s periodicity the-
orem. To this end, we consider a noncommutative quadric hypersurface having the form
B=.z C y21 C y

2
2/ in the rest of this paper where z 2 A2 is a regular central element. To

make such a class of noncommutative quadric hypersurfaces well defined, y21 C y
2
2 should

be a central element of B and also of J . By an easy calculation, we have the following
result.

Lemma 4.5. Suppose the element y21 C y
2
2 is central in B , then P D ¹1; 0º or P D

¹�1; p11º.

With respect to the values of p12, we discuss in two cases in the following.

5. A skew version of Knörrer’s periodicity theorem with p12 D 1

Let B D A¹1;0ºŒy1; y2I �� be a Z-graded double Ore extension of a noetherian Koszul
Artin–Schelter regular algebra A D T .V /=.R/ with deg y1 D deg y2 D 1 and z 2 A2 be
a regular central element of A. It is not hard to obtain the following conditions for � .

Lemma 5.1. The element z C y21 C y
2
2 is a central element of B if and only if

(1) �211 C �
2
21 D �

2
12 C �

2
22 D idA;

(2) �11�12 C �21�22 C �12�11 C �22�21 D 0;

(3) �.z/ D
�
z 0
0 z

�
.

By Lemma 5.1 (3) and construction (2.4), we have the following algebra homomor-
phism:

� Š D .� Šij / W CAŠ.z/!M2.CAŠ.z//;

where any � Šij is a Z2-graded map for i; j D 1; 2.

Corollary 5.2. If z C y21 C y
2
2 is a central element of B , then the following properties of

the map � Š hold.

(1) .� Š11/
2 C .� Š21/

2 D .� Š12/
2 C .� Š22/

2 D idC
AŠ
.z/.

(2) � Š12�
Š
11 C �

Š
22�

Š
21 C �

Š
11�

Š
12 C �

Š
21�

Š
22 D 0.

(3) � Š11�
Š
21 D �

Š
21�

Š
11.

(4) � Š12�
Š
22 D �

Š
22�

Š
12.
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(5) � Š22�
Š
11 � �

Š
12�

Š
21 D �

Š
11�

Š
22 � �

Š
21�

Š
12.

(6) � Š is t -invertible.

Proof. Conditions (1)–(5) follow from Lemma 5.1 and (4.1), and condition (6) follows
from Lemmas 2.5 and 4.2.

From now on, we construct a twisting system on M2.CAŠ.z//. We choose an
invertible Z2-graded basis I D ¹I.0/1 ; I.0/2 ; I.1/1 ; I.1/2 º of M2.k/ as follows:

I.0/1 D

�
1 0

0 1

�
; I.0/2 D

 
�
p
�1 0

0
p
�1

!
;

I.1/1 D

�
0 1

1 0

�
; I.1/2 D

 
0

p
�1

�
p
�1 0

!
:

(5.1)

Define linear maps � .0/ and � .1/ from CAŠ.z/ to M2.CAŠ.z// by

� .0/ D .�
.0/
jj 0 / D

 
id � Š12�

Š
11 C �

Š
22�

Š
21

0 � Š22�
Š
11 � �

Š
12�

Š
21

!
; � .1/ D .�

.1/
jj 0 / D �

Š
ı ��1 D .�

Š
ij ı ��1/:

(5.2)
Recall that ��1 maps each homogeneous element c to .�1/deg cc. Clearly, � .i/jj 0 is a Z2-
graded linear map for any i 2Z2; j; j 0 D 1; 2. Those two linear maps satisfy the following
properties.

Lemma 5.3. Retain the notations above. Then

(1) � .0/12 .aa
0/ D a�

.0/
12 .a

0/C �
.0/
12 .a/�

.0/
22 .a

0/ for any a; a0 2 CAŠ.z/;

(2) � .0/ and � .1/ are algebra homomorphisms;

(3) � .0/12 �
.0/
22 C �

.0/
22 �

.0/
12 D 0;

(4) .� .0/22 /
2 � .�

.0/
12 /

2 D idC
AŠ
.z/.

Proof. The results follow form Corollary 5.2 and the fact that � Š is an algebra homomor-
phism.

Theorem 5.4. Let � .0/ and � .1/ be linear maps from CAŠ.z/ to M2.CAŠ.z// defined
in (5.2) and I be the basis of M2.k/ defined in (5.1). Then

(1) ‚ D .¹� .i/ºi2Z2 ; I/ is a twisting system of M2.CAŠ.z//;

(2) CBŠ.zC y
2
1 C y

2
2/Š

‚M2.CAŠ.z// as Z2-graded algebras where the Z2-grading
of ‚M2.CAŠ.z// comes from the total degrees (see Remark 3.11 (1)).

Proof. (1) Write ' for the inverse of � . By Lemma 2.5 and its proof, 'Š D .'Šij / exists
and is the t -inverse of � Š. Then one obtains that � .0/ and � .1/ are t -invertible with the
t -inverses  

id 0

'Š21'
Š
11 C '

Š
22'

Š
12 'Š22'

Š
11 � '

Š
21'

Š
12

!
; 'Š ı ��1;
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respectively. Clearly, � .1/.1/ D I2 2 GL2.k/, and the invertible matrices defined in (3.2)
are L.i i

0/
1 D I2 for any i; i 0 2 Z2, and

L
.00/
2 D

�
0 �1

1 0

�
; L

.01/
2 D

�
0 1

�1 0

�
; L

.10/
2 D

�
0 �1

1 0

�
; L

.11/
2 D

�
0 1

�1 0

�
:

Then by Corollary 5.2 and Lemma 5.3, it is straightforward but tedious to check that ‚
satisfies the following simplified equations of Proposition 3.2 (3):

�
.i 0/
pj 0 .�

.i/
11 .x/x

0/C l
.i i 0/
p2u �

.i 0/
uj 0 .�

.i/
21 .x/x

0/ D �
.iCi 0/
p1 .x/�

.i 0/
1j 0 .x

0/C �
.iCi 0/
p2 .x/�

.i 0/
2j 0 .x

0/;

�
.i 0/
pj 0 .�

.i/
12 .x/x

0/C l
.i i 0/
p2u �

.i 0/
uj 0 .�

.i/
22 .x/x

0/ D l
.i i 0/
122 �

.iCi 0/
p1 .x/�

.i 0/
2j 0 .x

0/

C l
.i i 0/
221 �

.iCi 0/
p2 .x/�

.i 0/
1j 0 .x

0/;

where u 2 ¹1; 2ºn¹pº for any x; x0 2 E, i; i 0 2 Z2 and p D 1; 2.
(2) By Lemma 4.4 (1), CBŠ.z C y

2
1 C y

2
2/ is generated by V �; y�1 ; y

�
2 subject to the

relations consisting of the relations of CAŠ.z/, and

.y�1 /
2
� 1; .y�2 /

2
� 1; y�1y

�
2 C y

�
2y
�
1 ; v
�y�i C y

�
1�
�
1i .v

�/C y�2�
�
2i .v

�/

8 v� 2 V �; i D 1; 2:

We list the precise multiplication of ‚M2.CAŠ.z// in Table 1 for any x; x0 2 CAŠ.z/.
Then one obtains that there exists a Z2-graded algebra isomorphism from CBŠ.z C

y21 C y
2
2/ to ‚M2.CAŠ.z// mapping

y�1 7! I.1/1 ; y�2 7! I.1/2 ; v� 7! I.0/1 v� 8 v� 2 V �:

Proposition 5.5. Retain the assumptions of Theorem 5.4. The homogeneous element
e D

�
1 0
0 0

�
is a full idempotent of ‚M2.CAŠ.z//.

As a consequence, grZ2
‚M2.CAŠ.z// and grZ2 e.

‚M2.CAŠ.z///e are equivalent.

Proof. Note that e D 2�1.I.0/1 C
p
�1I.0/2 /. By Table 1, one obtains

2�1.I.i/1 C
p
�1I.i/2 / ? e D 2

�1.I.i/1 C
p
�1I.i/2 /;

and

I.i/1 x D 2
�1.I.i/1 C

p
�1I.i/2 / ? e ? I.0/1 x C 2�1.I.iC1/1 C

p
�1I.iC1/2 / ? e ? I.1/1 x;

I.i/2 x D 2
�1.I.iC1/1 C

p
�1I.iC1/2 / ? e ?

p
�1I.1/1 x

� 2�1.I.i/1 C
p
�1I.i/2 / ? e ?

p
�1I.0/1 x

for any i 2 Z2 and x 2 CAŠ.z/. Hence, e is a full idempotent.
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I.
0
/

1
x
0

I.
0
/

2
x
0

I.
1
/

1
x
0

I.
1
/

2
x
0

I.
0
/

1
x

I.
0
/

1
x
x
0

I.
0
/

1
�
.0
/

1
2
.x
/x
0
C

I.
0
/

2
�
.0
/

2
2
.x
/x
0

I.
1
/

1
�
.1
/

1
1
.x
/x
0
C

I.
1
/

2
�
.1
/

2
1
.x
/x
0

I.
1
/

1
�
.1
/

1
2
.x
/x
0
C

I.
1
/

2
�
.1
/

2
2
.x
/x
0

I.
0
/

2
x

I.
0
/

2
x
x
0
�

I.
0
/

1
�
.0
/

2
2
.x
/x
0
C

I.
0
/

2
�
.0
/

1
2
.x
/x
0

I.
1
/

1
�
.1
/

2
1
.x
/x
0
�

I.
1
/

2
�
.1
/

1
1
.x
/x
0

I.
1
/

1
�
.1
/

2
2
.x
/x
0
�

I.
1
/

2
�
.1
/

1
2
.x
/x
0

I.
1
/

1
x

I.
1
/

1
x
x
0

I.
1
/

1
�
.0
/

1
2
.x
/x
0
C

I.
1
/

2
�
.0
/

2
2
.x
/x
0

I.
0
/

1
�
.1
/

1
1
.x
/x
0
C

I.
0
/

2
�
.1
/

2
1
.x
/x
0

I.
0
/

1
�
.1
/

1
2
.x
/x
0
C

I.
0
/

2
�
.1
/

2
2
.x
/x
0

I.
1
/

2
x

I.
1
/

2
x
x
0
�

I.
1
/

1
�
.0
/

2
2
.x
/x
0
C

I.
1
/

2
�
.0
/

1
2
.x
/x
0

I.
0
/

1
�
.1
/

2
1
.x
/x
0
�

I.
0
/

2
�
.1
/

1
1
.x
/x
0

I.
0
/

1
�
.1
/

2
2
.x
/x
0
�

I.
0
/

2
�
.1
/

1
2
.x
/x
0

Ta
bl

e
1.

M
ul

tip
lic

at
io

n
ta

bl
e

of
‚
M
2
.C
A
Š
.z
//

.
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To understand the multiplication of ‚M2.CAŠ.z// further, we introduce four linear
transformations of CAŠ.z/:

„1 D 2
�1.idC

p
�1�

.0/
12 C �

.0/
22 /;

„2 D 2
�1.idC

p
�1�

.0/
12 � �

.0/
22 /;

ˆ1 D 2
�1.�

.1/
11 �

p
�1�

.1/
12 C

p
�1�

.1/
21 C �

.1/
22 /;

ˆ2 D 2
�1.�

.1/
11 �

p
�1�

.1/
12 �

p
�1�

.1/
21 � �

.1/
22 /:

We show some parts of the multiplication of ‚M2.CAŠ.z// in the usual matrix forms
involving the linear transforms listed above:�

a 0

0 0

�
�

�
a0 0

0 0

�
D

�
„1.a/a

0 0

0 0

�
;

�
a 0

0 0

�
�

�
0 a0

0 0

�
D

�
0 ˆ1.a/a

0

0 0

�
;�

0 a

0 0

�
�

�
a0 0

0 0

�
D

�
0 „2.a/a

0

0 0

�
;

�
0 a

0 0

�
�

�
0 a0

0 0

�
D

�
ˆ2.a/a

0 0

0 0

�
:

(5.3)
Here are some useful properties of those four linear transformations.

Lemma 5.6. The following properites of „1; „2; ˆ1 and ˆ2 hold.

(1) „21 D „1; „
2
2 D „2.

(2) „1.ab/ D a„2.b/ C „1.a/�
.0/
22 .b/ D a„1.b/ C „1.a/�

.0/
22 .b/ � a�

.0/
22 .b/ for

any a; b 2 CAŠ.z/.

(3) „2.ab/ D a„2.b/ C „2.a/�
.0/
22 .b/ D a„1.b/ C „2.a/�

.0/
22 .b/ � a�

.0/
22 .b/ for

any a; b 2 CAŠ.z/.

(4) „1ˆ1 D � .0/22 ˆ1, ˆ1„1 D ˆ1, ˆ1„2 D ˆ1.
p
�1� .0/12 /, „2ˆ1 D 0.

(5) „1ˆ2 D 0, ˆ2„1 D ˆ2.
p
�1� .0/12 /, ˆ2„2 D ˆ2, „2ˆ2 D �� .0/22 ˆ2.

(6) For any a; b 2 CAŠ.z/,

ˆ1.„1.a/b/ D ˆ1.a/ˆ1.b/; ˆ1.a„1.b// D ˆ1.a/ˆ1.„1.b//;

ˆ1.ˆ2.a/„2.b// D „2.a/ˆ2.b/:

(7) ˆ2.„2.a/b/ D ˆ2.a/ˆ1.b/, ˆ2.ˆ1.a/„2.b// D „1.a/ˆ2.b/ for any a; b 2
CAŠ.z/.

(8) .� .1/11 �
p
�1� .1/21 /ˆ1 D .�

.1/
22 C

p
�1� .1/12 /ˆ1 D „1.

(9) .� .1/11 C
p
�1� .1/21 /ˆ2 D .

p
�1� .1/12 � �

.1/
22 /ˆ2 D „2.

Proof. All follow from Corollary 5.2 and Lemma 5.3.

By Lemma 5.6 (1), we write S for the Z2-graded eigenspace for the eigenvalue 1
of „1 and M for the Z2-graded eigenspace for the eigenvalue 1 of „2.
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Lemma 5.7. The Z2-graded spaces S and M have the following properties:

(1) The Z2-graded eigenspace S is a Z2-graded subalgebra of CAŠ.z/ and S Š
ˆ1.S/ as Z2-graded algebras.

(2) The Z2-graded eigenspace M is a Z2-graded S -bimodule with the S -action
defined by

s �m � s0 D ˆ1.s/ms
0

for any s; s0 2 S and m 2M .

(3) For any m;m0 2M , ˆ2.m/m0 2 S .

(4) The map
 W M.1/˝S M.1/ ! S

m˝m0 7! ˆ2.m/m
0

is a Z2-graded S -bimodule homomorphism satisfying m .m0 ˝m00/ D  .m˝
m0/ �m00 for any homogeneous elements m;m0; m00 2M .

Proof. (1) Clearly, „1.1/ D 1 2 S . By Lemma 5.6 (2), for any s; s0 2 S ,

„1.ss
0/ D s„1.s

0/C„1.s/�
.0/
22 .s

0/ � s�
.0/
22 .s

0/ D ss0:

Hence, S is a Z2-graded subalgebra of CAŠ.z/.
By Lemma 5.6 (6), the restriction map ˆ1jS W S ! ˆ1.S/ is a surjective Z2-graded

algebra homomorphism. If s 2 Kerˆ1jS , then s D „1.s/ D .� .1/11 �
p
�1� .1/21 /ˆ1.s/ D 0

by Lemma 5.6 (8). So ˆ1jS is an isomorphism.
(2) By Lemma 5.6 (3) and (4),

„2.ˆ1.s/ms
0/ D ˆ1.s/„2.ms

0/C„2.ˆ1.s//�
.0/
22 .ms

0/

D ˆ1.s/.m„1.s
0/C„2.m/�

.0/
22 .s

0/ �m�
.0/
22 .s

0//

D ˆ1.s/ms
0

for any s; s0 2 S and m 2 M . It implies that M is a .ˆ1.S/; S/-bimodule. By (1), the
result follows.

(3) By Lemma 5.6 (2) and (5), for any m;m0 2M ,

„1.ˆ2.m/m
0/ D ˆ2.m/„2.m

0/C„1.ˆ2.m//�
.0/
22 .m

0/ D ˆ2.m/m
0:

(4) For any s 2 S and m;m0 2M.1/,

 .ms ˝m0/ D ˆ2.„2.m/s/m
0
D ˆ2.m/ˆ1.s/m

0
D ˆ2.m/.s �m

0/ D  .m˝ s �m0/

by Lemma 5.6 (7). Combining with (3),  is well defined.
For any s; s0 2 S and m;m0 2M.1/,

 .s �m˝m0 � s0/ D ˆ2.ˆ1.s/„2.m//m
0s0 D „1.s/ˆ2.m/m

0s0 D s .m˝m0/s0

by Lemma 5.6 (7).
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The last lemma allows us to construct a semi-trivial extension

ƒ D S Ë M.1/;

which is a Z2 � Z2-graded algebra and also a Z2-graded algebra by forgetting the
first Z2-grading (see Remark 2.7 (3)). In general, ƒ is not strongly Z2-graded (see
Example 5.9).

Theorem 5.8. LetB DA¹1;0ºŒy1;y2I�� be a Z-graded double Ore extension of a noether-
ian Koszul Artin–Schelter regular algebra A with deg y1 D deg y2 D 1 and z 2 A2 be a
regular central element of A. Suppose B is noetherian and z C y21 C y

2
2 is a central

element of B . Then there are equivalences of triangulated categories

mcm.B=.z C y21 C y
2
2// Š D

b.grZ2
‚M2.CAŠ.z/// Š D

b.mod‚M2.CAŠ.z//0/

Š Db.grZ2 ƒ/:

Proof. By Theorems 2.4 and 5.4, one obtains that there are equivalences of triangulated
categories

mcm.B=.z C y21 C y
2
2// Š D

b.grZ2
‚M2.CAŠ.z/// Š D

b.mod‚M2.CAŠ.z//0/:

By Proposition 5.5, grZ2
‚M2.CAŠ.z// is equivalent to grZ2 e.

‚M2.CAŠ.z///e. By
Table 1, one obtains

e ? I.0/1 x ? e D 2�1.I.0/1 „1.x/C
p
�1I.0/2 „1.x//;

e ? I.0/2 x ? e D �2�1
p
�1.I.0/1 „1.x/C

p
�1I.0/2 „1.x//;

e ? I.1/1 x ? e D 2�1.I.1/1 „2.x/ �
p
�1I.0/2 „2.x//;

e ? I.1/2 x ? e D 2�1
p
�1.I.1/1 „2.x/ �

p
�1I.0/2 „2.x//

for any x 2 CAŠ.z/. It implies

e.‚M2.CAŠ.z///e D

²�
„1.x/ „2.x

0/

0 0

� ˇ̌̌̌
x; x0 2 CAŠ.z/

³
D

�
S M

0 0

�
:

Note that e.‚M2.CAŠ.z///0e D
�
S0 M1
0 0

�
and e.‚M2.CAŠ.z///1e D

�
S1 M0
0 0

�
. By (5.3),

we have e.‚M2.CAŠ.z///e Š ƒ as Z2-graded algebras.
Hence, there is an equivalence of triangulated categories

Db.grZ2
‚M2.CAŠ.z/// Š D

b.grZ2 ƒ/:

Example 5.9. LetA be a noetherian Koszul Artin–Schelter regular algebra. Let �1 and �2
be graded automorphisms of A satisfying

�21 D �
2
2 D idA; �1�2 D �2�1:
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Naturally, �2 can be extended to be a graded automorphism of AŒy1I �1� which pre-
serves y1, still denoted by �2. Then we have that the Ore extension AŒy1I �1�Œy2I �2�
is isomorphic to the double Ore extension B D A¹1;0ºŒy1; y2I ��, where

� D

�
�1 0

0 �2

�
W A!M2.A/:

Let z 2 A2 be a regular central element of A such that �1.z/ D �2.z/ D z. By
Lemma 5.1, z C y21 C y

2
2 is a central element of B . In this case, the linear maps in the

twisting system are

� .0/ D

�
id 0

0 � Š2�
Š
1

�
; � .1/ D

�
� Š1 0

0 � Š2

�
ı ��1;

and the linear transformations of CAŠ.z/ are

„1 D 2
�1.idC � Š2�

Š
1/; „2 D 2

�1.id � � Š2�
Š
1/;

ˆ1 D 2
�1.� Š1 C �

Š
2/��1; ˆ2 D 2

�1.� Š1 � �
Š
2/��1:

So

S D ¹x 2 CAŠ.z/ j �
Š
1.x/ D �

Š
2.x/º; M D ¹x 2 CAŠ.z/ j �

Š
1.x/ D ��

Š
2.x/º;

and ƒ D S Ë M.1/ with multiplication

.s;m/ˇ .s0; m0/ D .ss0 C � Š1��1.m/m
0; � Š1��1.s/m

0
Cms0/

for any homogeneous elements s; s0 2 S and m; m0 2 M . By Theorem 5.8, there is an
equivalence of triangulated categories

mcm.B=.z C y21 C y
2
2// Š D

b.grZ2 ƒ/:

There are some special cases.

(1) Suppose �1 D �2 D � . Then S D CAŠ.z/;M D 0 and ƒ D CAŠ.z/. Hence, there
are equivalences of triangulated categories

mcm.AŒy1I ��Œy2I ��=.z C y21 C y
2
2// Š D

b.grZ2 CAŠ.z// Š mcm.A=.z//:

It is exactly the noncommutative Knörrer’s periodicity theorem for noncommuta-
tive quadric hypersurfaces (see [10, Theorem 1.3] or [2, Theorem 1.4]).

(2) Suppose �1 D ��1 and �2 D id. Then S0 D CAŠ.z/0; S1 D 0; M0 D 0; M1 D

CAŠ.z/1. So Z2-graded algebra ƒ is concentrated in degree 0 with ƒ0 D CAŠ.z/.
Hence, there is an equivalence of triangulated categories

mcm.AŒy1I ��1�Œy2�=.z C y21 C y
2
2// Š D

b.modCAŠ.z//
�2:

It is equivalent to [10, Theorem 1.4] (up to Zhang twist) which provides a tool
called two-point reduction for computing a class of noncommutative quadric
hypersurfaces defined by .˙1/-skew polynomial algebras (see [10, Lemma 6.18]).
We will also present another approach to [10, Theorem 1.4] in Example 6.10.
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Example 5.10. Let A D k�1Œx1; x2� and the regular central element z D x21 C x
2
2 . Let

B D A¹1;0ºŒy1; y2I �� be a Z-graded double Ore extension of A where � D .�ij / W A!
M2.A/ satisfies

�.x1/ D h

�
x1 x2
x2 �x1

�
; �.x2/ D h

�
x2 x1
x1 �x2

�
;

where 2h2 D 1. It is a special case of the class Z with f D 1 in [22]. By [22, Propo-
sition 5.16], B is noetherian. It is not hard to obtain that � satisfies Lemma 5.1, so
x21 C x

2
2 C y

2
1 C y

2
2 is a central element of B . In this case, the linear maps in the twisting

system of M2.CAŠ.z// are

� .0/ D

�
id 0

0 ��1

�
; � .1/ D

 
� Š11 � Š12

� Š21 � Š22

!
ı ��1;

and two linear transformations of CAŠ.z/ are

„1 D 2
�1.idC ��1/; „2 D 2

�1.id � ��1/:

So the Z2-graded algebra S equalsCAŠ.z/0 concentrated in degree 0 and the Z2-graded S -
module M equals CAŠ.z/1 concentrated in degree 1. The other linear transformations are
ˆ1jS D idS and ˆ2 mapping

x�1 7! �2h.x
�
1 �
p
�1x�2 /; x�2 7! 2

p
�1h.x�1 C

p
�1x�2 /:

Then the semi-trivial extension ƒ D S Ë M.1/ is a Z2 � Z2-graded algebra where
ƒ.0;0/ D CAŠ.z/0, ƒ.1;0/ D CAŠ.z/1 and ƒ.0;1/ D ƒ.1;1/ D 0 and with multiplication

.s;m/ˇ .s0; m0/ D .ss0 Cˆ2.m/m
0; sm0 Cms0/

for any s; s0 2 CAŠ.z/0; m;m
0 2 CAŠ.z/1. Then ƒ is a Z2-graded algebra concentrated in

degree 0 by forgetting the first grading andƒ0 is also a Z2-graded algebra. In fact, one can
find a Z2-graded algebra isomorphism between ƒ0 and CAŠ.z/. But we present another
way to discuss here.

We viewƒ0 as a Z2-graded algebra. It is not hard to know thatˆ2jM1
is a linear auto-

morphism of M1 by Lemma 5.6 (5). We define a left Zhang-twisting system � D ¹�0; �1º

of Z2-graded algebra CAŠ.z/ by

�0 D id; �1jC
AŠ
.z/0 D id; �1jC

AŠ
.z/1 D ˆ2jM1

:

So ƒ0 Š �CAŠ.z/ as Z2-graded algebras. By Theorem 5.8, there are equivalences of
triangulated categories

mcm.B=.z C y21 C y
2
2// Š D

b.grZ2 ƒ/ Š D
b.modƒ0/�2 Š Db.mod �CAŠ.z//

�2:

Moreover, CAŠ.z/ Š kZ2 � kZ2 as Z2-graded algebras, so the algebra �CAŠ.z/ is Z2-
graded semisimple by [20, Corollary 4.4] and �CAŠ.z/ Š kZ2 � kZ2 Š CAŠ.z/ since
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�CAŠ.z/ is commutative by an easy computation. It implies that B=.z C y21 C y
2
2/ is a

noncommutative graded isolated singularity, and there is an equivalence of triangulated
categories

mcm.B=.z C y21 C y
2
2// Š D

b.mod k/�8:

6. A skew version of Knörrer’s periodicity theorem with p12 D �1

Let B D A¹�1;p11ºŒy1; y2I �� be a Z-graded double Ore extension of a noetherian Koszul
Artin–Schelter regular algebraAD T .V /=.R/with degy1 D degy2 D 1. In this case, p11
can be nonzero. We will always assume p11 D 0 except for the following special values
of p11.

Proposition 6.1. Let B D A¹�1;p11ºŒy1; y2I �� be a Z-graded double Ore extension of
a noetherian Koszul Artin–Schelter regular algebra A and z 2 A2 be a regular central
element of A. Suppose B is noetherian and z C y21 C y

2
2 is a regular central element

of B . If p11 D ˙2
p
�1, then B=.z C y21 C y

2
2/ is not a noncommutative graded isolated

singularity.

Proof. Write

� 0 D

 
�11 C

p11
2
�12 �12

�21 C
p11
2
�22 �

p11
2
�11 �

p211
4
�12 �22 �

p11
2
�12

!
W A!M2.A/

and

'0 D

 
'11 C

p11
2
'21 '12 C

p11
2
'22 �

p11
2
'11 �

p211
4
'21

'21 '22 �
p11
2
'21

!
W A!M2.A/;

where ' D .'ij / is the inverse of � .
It is routine to check that � 0 is an invertible algebra homomorphism with the inverse '0

and A¹�1;0ºŒy1; y2I � 0� is a Z-graded double Ore extension by Lemma 4.2. Then the
algebra homomorphism from B to A¹�1;0ºŒy1; y2I � 0� mapping

y1 7! y1; y2 7! y2 C
p11

2
y1; a 7! a 8 a 2 A

is an isomorphism, and the image of z C y21 C y
2
2 is z C y22 since p11 D ˙2

p
�1. So

B=.z C y21 C y
2
2/ Š A¹�1;0ºŒy1; y2I �

0�=.z C y22/:

It is well known that k�1Œy1; y2�=.y22/ is not a noncommutative graded isolated
singularity, and so

gldimZ2 Ck�1Œy1;y2�Š.y
2
2/ > 0
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by Theorem 2.4 (2). Write D D A¹�1;0ºŒy1; y2I � 0�. By Lemma 4.4 (4),

gldimZ2 CDŠ.z C y22/ � gldimZ2 Ck�1Œy1;y2�Š.y
2
2/ > 0:

The result follows from Theorem 2.4 (2).

Lemma 6.2. LetB DA¹�1;p11ºŒy1;y2I�� be a Z-graded double Ore extension ofAwhere
p11 ¤ ˙2

p
�1. Suppose the element y21 C y

2
2 is a central element in B , then there exists

a Z-graded double Ore extension A¹�1;0ºŒy1; y2I � 0� such that

B=.aC y21 C y
2
2/ Š A¹�1;0ºŒy1; y2I �

0�=.aC y21 C y
2
2/

for any a 2 A.

Proof. Write

� 0 D

 
�11 C

p11
2
�12 c�12

c�1
�
�21 C

p11
2
�22 �

p11
2
�11 �

p211
4
�12

�
�22 �

p11
2
�12

!
W A!M2.A/

for some c 2 k satisfying c2 D 1C
p211
4

. It is similar to the proof of Proposition 6.1 to
obtain that A¹�1;0ºŒy1; y2I � 0� is a Z-graded double Ore extension. There is a Z-graded
algebra isomorphism � from B to A¹�1;0ºŒy1; y2I � 0� mapping

y1 7! c�1y1; y2 7! y2 C
p11

2
c�1y1; x 7! x 8 x 2 A:

Since p11 ¤ ˙2
p
�1, then �.aC y21 C y

2
2/ D aC y

2
1 C y

2
2 .

In the rest of this section, B D A¹�1;0ºŒy1; y2I �� be a Z-graded double Ore exten-
sion of a noetherian Koszul Artin–Schelter regular algebra AD T .V /=.R/ with degy1 D
deg y2 D 1, and z 2 A2 be a regular central element of A. There are results similar to
Lemma 5.1 and Corollary 5.2.

Lemma 6.3. The element z C y21 C y
2
2 is a regular central element of B if and only if

(1) �211 C �
2
21 D �

2
12 C �

2
22 D idA;

(2) �11�12 C �21�22 D �12�11 C �22�21;

(3) �.z/ D
�
z 0
0 z

�
.

By Lemma 6.3 (3), construction (2.4) and Lemmas 2.5 and 4.2, we have the
following t -invertible algebra homomorphism:

� Š D .� Šij / W CAŠ.z/!M2.CAŠ.z//:

Corollary 6.4. If z C y21 C y
2
2 2 B is a regular central element, then
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(1) .� Š11/
2 C .� Š21/

2 D .� Š12/
2 C .� Š22/

2 D idC
AŠ
.z/;

(2) � Š12�
Š
11 C �

Š
22�

Š
21 D �

Š
11�

Š
12 C �

Š
21�

Š
22;

(3) � Š11�
Š
21 C �

Š
21�

Š
11 D 0;

(4) � Š12�
Š
22 C �

Š
22�

Š
12 D 0;

(5) � Š22�
Š
11 C �

Š
12�

Š
21 D �

Š
11�

Š
22 C �

Š
21�

Š
12.

Now we introduce a linear map

� D .�ij / D

 
id � Š12�

Š
11 C �

Š
22�

Š
21

0 � Š22�
Š
11 C �

Š
12�

Š
21

!
W CAŠ.z/!M2.CAŠ.z//; (6.1)

where each �ij is a Z2-graded map for any i; j D 1; 2. Using the fact that � Š is an algebra
homomorphism and by Corollary 6.4, one obtains the following properties of � .

Lemma 6.5. Retain the notations above. Then

(1) � is an algebra homomorphism;

(2) �12�22 C �22�12 D 0;

(3) �222 C �
2
12 D idC

AŠ
.z/.

For the Z2-graded algebra k � k, we choose an invertible k-basis " D ¹"1 D
.1; 1/; "2 D .1;�1/º.

Theorem 6.6. Let � be the algebra homomorphism from CAŠ.z/ to M2.CAŠ.z// defined
in (6.1). Then �� D .�; "/ is a twisting system of CAŠ.z/ � CAŠ.z/.

Proof. The linear map 
id 0

�'Š21'
Š
11 � '

Š
22'

Š
12 'Š22'

Š
11 C '

Š
21'

Š
12

!
W CAŠ.z/!M2.CAŠ.z//

is the t -inverse of � . Clearly, �.1/ D I2 2 GL2.k/.
In this case, l1Ijj 0 D ıjj 0 and l2Ijj 0 D ıjj 0 C 1 for any j; j 0 D 1; 2. It is straightforward

but tedious to check that the following simplified conditions of Definition 3.13 hold:

�1j 0.�1j .x/x
0/C �2j 0.�2j .x/x

0/ D x�jj 0.x
0/C �12.x/�uj 0.x

0/;

�1j 0.�2j .x/x
0/C �2j 0.�1j .x/x

0/ D �22.x/�uj 0.x
0/;

where u 2 ¹1; 2º � j for any j; j 0 D 1; 2 and x; x0 2 CAŠ.z/.

Hence, we have a Z2-graded algebra � D ��.CAŠ.z/ � CAŠ.z// by Corollary 3.14, and
the multiplication is as follows:

"1x ? "1x
0 D "1xx

0; "1x ? "2x
0 D "1�12.x/x

0 C "2�22.x/x
0;

"2x ? "1x
0 D "2xx

0; "2x ? "2x
0 D "1�22.x/x

0 C "2�12.x/x
0

(6.2)

for any x; x0 2 CAŠ.z/.
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Lemma 6.7. The following map

� W � ! �

"1a 7! "1�
Š
11��1.a/C "2�

Š
21��1.a/;

"2a 7! "1�
Š
21��1.a/C "2�

Š
11��1.a/

is a Z2-graded algebra isomorphism satisfying �2 D id.

Proof. It is straightforward to check that � is an algebra homomorphism by (6.2). For any
a 2 CAŠ.z/, one obtains that

�2."1a/ D "1..�
Š
11/

2
C .� Š21/

2/.a/C "2.�
Š
21�

Š
11 C �

Š
11�

Š
21/.a/ D "1a;

�2."2a/ D "1.�
Š
11�

Š
21 C �

Š
21�

Š
11/.a/C "2..�

Š
21/

2
C .� Š11/

2/.a/ D "2a:

Hence, �2 D id, and � is an isomorphism.

By Example 2.8 (2), the following map

 W ��.1/˝� ��.1/ ! �

"ia˝ "i 0a
0 7! �."ia/"i 0a

0

is a Z2-graded �-bimodule homomorphism, and we have a semi-trivial extension

� Ë .��.1//:

By Remark 2.7, it is Z2 � Z2-graded and also Z2-graded by forgetting the first degree of
Z2 �Z2-degrees. So, viewing this semi-trivial extension as a Z2-graded algebra, the 0-th
homogeneous space is also a Z2-graded algebra.

Lemma 6.8. Retain the notations above. Then

(1) � D ¹�0 D id; �1 D �º is a left Zhang-twisting system of Z2-graded algebra �;

(2) �� Š .� Ë .��.1///0 as Z2-graded algebras.

Proof. It is straightforward to check that the results hold by the definitions of left Zhang-
twisting systems and Zhang-twisted algebras, and the construction of the twisted direct
product � , the semi-trivial extension � Ë .��.1// and the map �.

Theorem 6.9. Let B D A¹�1;0ºŒy1; y2I �� be a Z-graded double Ore extension of a
noetherian Koszul Artin–Schelter regular algebra A and z 2 A2 be a regular central
element of A. Suppose B is noetherian and z C y21 C y

2
2 is a central element of B . Then

(1) CBŠ.z C y
2
1 C y

2
2/ Š � Ë .��.1// as Z2-graded algebras;

(2) there are equivalences of triangulated categories

mcm.B=.z C y21 C y
2
2// Š D

b.grZ2 � Ë .��.1/// Š D
b.mod ��/;

where � D ¹�0 D id; �1 D �º is a left Zhang-twisting system of Z2-graded
algebra � .



Skew Knörrer’s periodicity theorem 1497

Proof. (1) By Lemma 4.4 (1), CBŠ.z C y
2
1 C y

2
2/ is generated by V �; y�1 ; y

�
2 subject to

the relations consisting of the relations of CAŠ.z/ and

.y�1 /
2
� 1; .y�2 /

2
� 1; y�1y

�
2 � y

�
2y
�
1 ; v
�y�i C y

�
1�
�
1i .v

�/C y�2�
�
2i .v

�/

8 v� 2 V �; i D 1; 2:

Comparing with the multiplication list of � Ë .��.1// (see (6.2)), one obtains that
the Z2-graded algebra homomorphism from CBŠ.zC y

2
1 C y

2
2/ to � Ë .��.1//mapping

y�1 7! .0; "1/; y�2 7! .0; "2/; v� 7! ."1v
�; 0/ 8 v� 2 V �

is an isomorphism. So � Ë .��.1// is strongly Z2-graded by Theorem 2.4 (1).
(2) follows from Theorem 2.4 and Lemma 6.8.

Example 6.10. Let A be a noetherian Koszul Artin–Schelter regular algebra. Let �1
and �2 be graded automorphisms of A satisfying

�21 D �
2
2 D idA; �1�2 D �2�1:

We extend �2 to be a graded automorphism e�2 of AŒy1I �1� such that e�2jA D �2 ande�2.y1/D�y1. Then we have that the Ore extension AŒy1I�1�Œy2I e�2� is isomorphic to the
double Ore extension B D A¹�1;0ºŒy1; y2I ��, where

� D

�
�1 0

0 �2

�
W A!M2.A/:

Let z 2 A2 be a regular central element of A such that �1.z/ D �2.z/ D z. By
Lemma 6.3, z C y21 C y

2
2 is a central element of B . In this case, the linear map � in

the twisting system �� is

� D

�
id 0

0 � Š2�
Š
1

�
W CAŠ.z/!M2.CAŠ.z//:

Suppose �1 D �2 D � , then � is just the diagonal map. So � D ��.CAŠ.z/ � CAŠ.z// D

CAŠ.z/ � CAŠ.z/, and one obtains that x� D ¹x�0 D id; x�1 D � Š��1º is a left Zhang-twisting
system of Z2-graded algebra CAŠ.z/ such that

�� Š x�CAŠ.z/ �
x�CAŠ.z/

as Z2-graded algebras, where � D ¹�0 D id; �1 D �º is a left Zhang-twisting sys-
tem of Z2-graded algebra � . By Theorem 6.9, there is an equivalence of triangulated
categories

mcm.B=.z C y21 C y
2
2// Š D

b.mod �CAŠ.z//
�2:

In particular, if � D ��1, then x�CAŠ.z/ D CAŠ.z/, and so

mcm.B=.z C y21 C y
2
2// Š D

b.modCAŠ.z//
�2:

It is exactly [10, Theorem 1.4] (also see Example 5.9).
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Example 6.11. Let A D k�1Œx1; x2� and z D x21 C x
2
2 be the central element of A. Let

B D A¹�1;0ºŒy1; y2I�� be a Z-graded double Ore extension of A where � D .�ij / W A!
M2.A/ satisfies

�.x1/ D h

�
�x1 C x2 x1 C x2
x1 C x2 x1 � x2

�
; �.x2/ D h

�
x1 � x2 x1 C x2
x1 C x2 �x1 C x2

�
;

where 4h2 D 1. It is a special case of T in [22]. One obtains that B is noetherian by [22,
Proposition 5.16] and � satisfies Lemma 6.3. So x21 C x

2
2 C y

2
1 C y

2
2 is a central element

of B . In this case, the linear map � in the twisting system �� is

� D .�ij / D

�
id 0

0 �22

�
W CAŠ.z/!M2.CAŠ.z//;

where �22.x�1 /D x
�
2 , �22.x�2 /D x

�
1 and �22.x�1x

�
2 /D x

�
1x
�
2 . Let � D ��.CAŠ.z/ � CAŠ.z//

be the twisted direct product, � be the Z2-graded algebra isomorphism defined in
Lemma 6.7 and �� be a Zhang-twisted algebra where � D ¹�0 D id; �1 D �º is a left
Zhang-twisting system of Z2-graded algebra � .

Write T1; T2; T3; T4 and T5 for right ��-modules generated by ¹.1 � x�1x
�
2 ; 0/; .x

�
1 �

x�2 ; 0/º, ¹
p
�2h.1C x�1x

�
2 ; 0/C .x

�
1 C x

�
2 ; 0/º, ¹

p
�2h.1C x�1x

�
2 ; 0/ � .x

�
1 C x

�
2 ; 0/º,

¹
p
2h.0; 1 C x�1x

�
2 / C .0; x

�
1 C x

�
2 /º and ¹

p
2h.0; 1 C x�1x

�
2 / � .0; x

�
1 C x

�
2 /º, respec-

tively. It is routine to obtain that T1; T2; T3; T4; T5 are all simple and non-isomorphic
to each other and �� Š T˚21 ˚ T2 ˚ T3 ˚ T4 ˚ T5 as right ��-modules. So �� is
semisimple, and

�� ŠM2.k/ � k�4:

By Theorem 6.9, there is an equivalence of triangulated categories

mcm.B=.z C y21 C y
2
2// Š D

b.k/�5:

Finally, we use a special case of the class R constructed in [22] to show that non-
commutative quadric hypersurfaces obtained by double Ore extension do not preserve
the property of noncommutative graded isolated singularity. This behavior does not occur
in the usual (second) double-branched covers and tensor products of noncommutative
quadric hypersurfaces.

Proposition 6.12. Let AD k�1Œx1; x2� and B D A¹�1;0ºŒy1; y2I�� be a Z-graded double
Ore extension of A where � D .�ij / W A!M2.A/ satisfies

�.x1/ D

�
x1 C x2 x1
x2 0

�
; �.x2/ D

�
0 x1
�x2 �x1 C x2

�
:

Then B=.x21 C x
2
2 C y

2
1 C y

2
2/ is not a noncommutative graded isolated singularity.
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Proof. By [21, Proposition 0.5], B is noetherian. It is straightforward to check that �
satisfies Lemma 6.3, and so x21 C x

2
2 C y

2
1 C y

2
2 is a central element of B . So the

noncommutative quadric hypersurface B=.x21 C x
2
2 C y

2
1 C y

2
2/ is well defined. Write

z D x21 C x
2
2 .

Note that CAŠ.z/ is generated by x�1 ; x
�
2 subject to relations x�1x

�
2 � x

�
2x
�
1 , .x�1 /

2 � 1,
.x�2 /

2 � 1. Write "D ¹"1 D .1; 1/; "2 D .1;�1/º. The linear map � in the twisting system
�� D .�; "/ of CAŠ.z/ � CAŠ.z/ defined in (6.1) is

� D .�ij / D

�
id �12
0 �22

�
W CAŠ.z/!M2.CAŠ.z//;

where

�12.x
�
1 / D x

�
1 C x

�
2 ; �12.x

�
2 / D x

�
1 � x

�
2 ; �12.x

�
1x
�
2 / D 2;

�22.x
�
1 / D �x

�
2 ; �12.x

�
2 / D x

�
1 ; �22.x

�
1x
�
2 / D �x

�
1x
�
2 :

Let � D ��.CAŠ.z/ � CAŠ.z// be the twisted direct product, � be the Z2-graded alge-
bra isomorphism defined in Lemma 6.7 and �� be a Zhang-twisted algebra of � where
� D ¹�0 D id; �1 D �º is a left Zhang-twisting system of Z2-graded algebra � . We list
partial multiplication of ��:

.1; 0/ ˘ .a; b/ D .a; 0/; .x�1 ; 0/ ˘ .0; b/ D .0; 0/;

.x�1x
�
2 ; 0/ ˘ .1; 0/ D .1; 0/; .x�1x

�
2 ; 0/ ˘ .x

�
1x
�
2 ; 0/ D .x

�
1x
�
2 ; 0/;

.x�1x
�
2 ; 0/ ˘ .x

�
1 ; 0/ D .x

�
1 ; 0/; .x�1x

�
2 ; 0/ ˘ .x

�
2 ; 0/ D .x

�
2 ; 0/;

.x�1x
�
2 ; 0/ ˘ .0; 1/ D .x

�
1x
�
2 � 1; 0/; .x�1x

�
2 ; 0/ ˘ .0; x

�
1x
�
2 / D .1 � x

�
1x
�
2 ; 0/;

.x�1x
�
2 ; 0/ ˘ .0; x

�
1 / D .x

�
1 � x

�
2 ; 0/; .x�1x

�
2 ; 0/ ˘ .0; x

�
2 / D .x

�
2 � x

�
1 ; 0/;

.x�1 ; 0/ ˘ .1; 0/ D .x
�
1 ; 0/; .x�1 ; 0/ ˘ .x

�
1x
�
2 ; 0/ D .x

�
2 ; 0/;

.x�1 ; 0/ ˘ .x
�
1 ; 0/ D .x

�
1 ; 0/; .x�1 ; 0/ ˘ .x

�
2 ; 0/ D .x

�
2 ; 0/;

.x�2 ; 0/ ˘ .1; 0/ D .x
�
1 ; 0/; .x�2 ; 0/ ˘ .x

�
1x
�
2 ; 0/ D .x

�
2 ; 0/;

.x�2 ; 0/ ˘ .x
�
1 ; 0/ D .�1; 0/; .x�2 ; 0/ ˘ .x

�
2 ; 0/ D .�x

�
1x
�
2 ; 0/;

.x�2 ; 0/ ˘ .0; 1/ D .x
�
2 � x

�
1 ; 0/; .x�2 ; 0/ ˘ .x

�
1x
�
2 / D .x

�
1 � x

�
2 ; 0/;

.x�2 ; 0/ ˘ .0; x
�
1 / D .x

�
1x
�
2 � 1; 0/; .x�2 ; 0/ ˘ .0; x

�
2 / D .1 � x

�
1x
�
2 ; 0/

for any a; b 2 CAŠ.z/.
One obtains that the right ��-module generated by .1 � x�1x

�
2 ; 0/ is nilpotent. So ��

is not semisimple and B=.x21 C x
2
2 C y

2
1 C y

2
2/ is not a noncommutative graded isolated

singularity by Lemma 6.8 and Theorems 2.4 and 6.9.
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