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The quantum Perron–Frobenius space

Linzhe Huang, Arthur Jaffe, Zhengwei Liu, and Jinsong Wu

Abstract. We introduce the concept of F-positive elements in planar algebras and establish a
Perron–Frobenius theorem for such elements. We investigate the existence and uniqueness of the
Perron–Frobenius eigenspace. When the eigenspace is not one dimensional, we characterize its
multiplicative structure. Furthermore, we interpret the Perron–Frobenius eigenspace as the space
of logical qubits for mixed states in quantum information theory. We also explore the connection
between these mathematical results and quantum error correction, particularly in relation to the
Knill–Laflamme theorem.

1. Introduction

The Perron–Frobenius (PF) theorem [11–13, 32], proved in the early 1900s, is a funda-
mental result for positive matrices, with applications in many branches of mathematics,
including probability theory [40], dynamical systems [6], graph theory [5], etc., as well
as in science and engineering [27, 36]: power control of wireless networks, commodity
pricing models, and the ranking of web pages. The PF theorem also leads to analytic-
ity in some statistical mechanical systems, showing uniqueness for ground states and the
absence of phase transitions [38].

Krein and Rutman generalized the PF theorem to positive, compact operators on
ordered Banach spaces [26]. Glimm and Jaffe established a PF theorem for certain pos-
itive, non-compact operators and used this to prove uniqueness of the ground state for
quantum field theory Hamiltonians [14]. Evans and Høegh-Krohn established a PF theo-
rem for positive maps and studied multiplicative properties of the spectrum of positive (not
necessarily completely positive) maps [10]. In quantum information, a quantum channel is
a completely positive, trace-preserving (CPTP) linear map. The PF theorem for quantum
channels is called the quantum PF theorem.

In this paper, we interpret the quantum PF theorem for completely positive maps in
terms of tensor networks, a diagrammatic language in quantum information; this pro-
vides unity between the classic PF theorem and a quantum version. Furthermore, we
establish the PF theorem on quantum symmetries in terms of Jones’ subfactor planar
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algebras [20–22]. The tensor network case becomes a special case of spin-model planar
algebras.

We call an element F-positive if its Fourier transform is a positive operator. This
F-positivity is a generalization of the complete positivity of a quantum channel in the ten-
sor network approach to quantum information theory. We elaborate on the relation of
this concept to the Perron–Frobenius theorem for planar algebras. Moreover, we give
several, easy-to-check, sufficient conditions for irreducibility of an F-positive element.
We obtain a Collatz–Wielandt formula for planar algebras. We provide a self-contained
proof of the PF theorem for (not necessarily compact) positive linear maps on an ordered
Banach space.

When the PF eigenvector is not unique, we study its PF eigenspace E . Inspired by
quantum error correction, we consider an F-positive element as a quantum channel, aris-
ing from the composition of an error channel, a recovery map, and an encoding map.
We apply the PF eigenspace to encode logical qubits which are preserved by the quantum
channel, up to a scalar. The size of logical qubits depends on the multiplicative structure of
density matrices, so it is insufficient to simply count the dimension of the PF eigenspace.
This is our major motivation to study the multiplicative structure of the PF eigenspace, cor-
responding to the matrix product of density matrices. The multiplicative structure on the
PF eigenspace that we study is different from the earlier approach of Choi and Effros [8].

Density matrices of logical qubits are �-invariant. We show that the maximal �-
invariant subspace of the PF eigenspace is decomposed as the multiplication of a max-
imally supported PF eigenvector � with a C �-algebra C . In quantum information, we
could regard � as a mixed state of ancillary qubits and a subalgebra D Š M2k .C/ as k
logical qubits. This PF theoretical approach to quantum error corrections suggests us to
encode logical information by mixed states.

The paper is organized as follows. In Section 2, we recall the classic PF theorem
and quantum PF theorem in the tensor network language. In Section 3, we provide a
framework to study quantum channels on subfactors and review Fourier transforms on
subfactors. Moreover, we also recall basic notions of Jones’ planar algebras, leading to our
study in Section 4 of PF theory in the planar algebra context. In Section 5, we give a self-
contained proof of the approximate existence and uniqueness results for PF eigenvectors
of (non-compact) positive operators on infinite-dimensional, ordered Banach spaces. In
Section 6, we characterize the multiplicative structures of the PF eigenspaces of F-positive
elements.

In Section 7, we relate our results to quantum information, and in particular to quantum
error correction in a mixed state. In Theorem 7.1, we state the quantum error correction
for mixed states in the PF eigenspace. Moreover, we contrast our approach to the widely
known Knill–Laflamme theory. In our approach, we choose the recovery map as the pseu-
doinverse of the error map similar to the ones in the Knill–Laflamme theory. The resulting
quantum error correcting codes (QECCs) of mixed states have a close connection to those
codes of pure states in Knill–Laflamme theory. It would be interesting to explore other
types of recovery maps and to study the PF eigenspaces to encode logical information.
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2. Tensor networks and quantum channels

In this section, we recall the classic PF theorem for positive matrices and interpret the
quantum PF theorem for completely positive maps in tensor networks.

2.1. Tensor networks and classic PF theorem

In quantum information, tensor networks make it convenient to compute vectors, matri-
ces, and high-rank tensors. Let us recall some tensor network notations and operations. A
complex vector v 2 Cn is a 1-tensor with label j , which means the j th component can be
represented pictorially as

vj D v
j

: (2.1)

A matrix A 2Mn.C/ is a 2-tensor with two labels i and j , which means the i th row and
j th column are represented pictorially as

Aij D A
j i

: (2.2)

A matrix A 2Mn.C/ acting on a vector v is the vertical composition:

.Av/i D
X
j

Aij vj D v A
i
: (2.3)

Similarly, the multiplication for two matrices A;B 2Mn.C/ is the picture:

.AB/ij D
X
k

AikBkj D B A
j i

: (2.4)

For the trace of A, one can connect the output to the input as

Tr.A/ D
X
i

Ai i D
A

: (2.5)

We can easily see the cyclic property, which proves Tr.AB/ D Tr.BA/, namely

Tr.AB/ D
AB

D

A

B

D

A

BT

D
BA

D Tr.BA/:

(2.6)

The equality of the first and second closed diagrams is because they are orientation-
preserving differentially homeomorphic. Since Bij is a complex number, the flip of Bij is
still Bij . Hence

B

j i D

Bi j
D B

j i
D Bij ;
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which implies that the flip of B becomes the transpose of B . We refer the readers to, for
example, [4] for more details of tensor networks.

Recall that a matrix A 2 Mn.C/ is called pointwise positive if Aij � 0 and is called
strictly pointwise positive if Aij > 0. The definition of pointwise positive is basis depen-
dent. A positive matrix means it is pointwise positive, not necessarily positive semidefi-
nite. A positive matrix A is irreducible if .I C A/n�1 is strictly pointwise positive, where
positive matrix here means pointwise positive, not positive semidefinite. Now we restate
the classic PF theorem in tensor networks.

Theorem 2.1 (The classic PF theorem [11–13,32]). Suppose A 2Mn.C/ is a pointwise-
positive matrix, that is, Aij � 0. Then there exists a nonzero positive vector v, that is,
vj � 0, such that Av D r.A/v, where r.A/ is the spectral radius of A. If A is irre-
ducible, then there exists a unique (up to a scalar) strictly positive vector v, that is, vj > 0,
satisfying equation (2.7) and r.A/ is a simple eigenvalue.

The equation Av D r.A/v can be depicted as

v A D r.A/ v (2.7)

in tensor network with 2-tensors. In Section 2.2, we interpret the quantum PF theorem in
tensor network with 4-tensors, and the classic PF theorem can be included as an example.
Let w be the normalized left PF eigenvector of A:

A w D r.A/ w : (2.8)

Let v be the normalized right PF eigenvector in Theorem 2.1. Define

Pij D P
j i

D w
j

v
i
D viwj : (2.9)

Then P is the PF projection, and we have

P A D A P D r.A/ P : (2.10)

2.2. The quantum PF theorem: Completely positive maps

Let Hom.Mn.C/; Mn.C// be the set of all linear maps on Mn.C/, and let ˆ 2
Hom.Mn.C/;Mn.C//. Graphically, we represent ˆ as the following 4-tensor:

ˆ ; (2.11)

and the action of ˆ on D 2Mn.C/ as

ˆ.D/ D D ˆ : (2.12)
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Up to a system of matrix basis ¹Eij ºni;jD1, we have

ˆ D

nX
i;jD1

Eij ˆ.Eij / : (2.13)

The Fourier transform F WHom.Mn.C/;Mn.C//!Mn.C/˝Mn.C/ is naturally repre-
sented as

ˆ
F
7�! ˆ : (2.14)

We denote the Fourier transform as

ŷ D ˆ D

nX
i;jD1

Eij ˆ.Eij / : (2.15)

We reinterpret ˆ.D/ as a convolution D � ŷ in the Fourier dual:

D ŷ : (2.16)
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Using the generalized Choi–Kraus representation (see, e.g., [37, Corollary 3.12]), there
exists a finite set of matrices .Vi /miD1 and .Ui /miD1, 1 � m � n2, such that

ˆ.D/ D

mX
iD1

ViDUi D

mX
iD1

D

Vi

Ui

D

mX
iD1

D

Vi

Ui

: (2.17)

Note that

ŷ 2 span

8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂: V

U

W U; V 2Mn.C/

9>>>>>>>>>>=>>>>>>>>>>;

D span

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

U V W U; V 2Mn.C/

9>>>>>>>>>>>=>>>>>>>>>>>;
: (2.18)

A quantum channel ˆ on Mn.C/ is a CPTP linear map. (Sometimes one allows trace
non-increasing maps.) Choi’s theorem [7, Theorem 1] assures that there existm operators
Fj 2Mn.C/ (called Kraus operators in quantum information), 1 � m � n2, such that

ˆ.D/ D

mX
jD1

FjDF
�
j 8D 2Mn.C/: (2.19)
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One can represent ˆ pictorially as a tensor network, namely

ˆ.D/ D

mX
jD1

D

Fj

F �j

D

mX
jD1

D

Fj

F �j

: (2.20)

The Fourier transform ŷ then is the following 4-tensor:

ŷ D

mX
iD1

Fj

F �j

; (2.21)

which is a positive operator in Mn.C/˝Mn.C/. This gives a graphical interpretation of
Choi’s theorem [7, Theorem 2]: A linear map ˆ 2 Hom.Mn.C/;Mn.C// is completely
positive if and only if its Fourier transform ŷ is positive semidefinite.

Remark 2.2. Letˆ be a completely positive map onMn.C/. By the spectral decomposi-
tion of ŷ , we could choose Kraus operators ¹Fj ºmiD1 in Mn.C/ such that Tr.F �i Fj / D 0,
8i ¤ j , where m is the rank of ŷ .

A quantum channel ˆ is called irreducible if �p � ˆ.p/ is positive semidefinite for
some projection p 2 Mn.C/ and � > 0 implies p D 0 or I . This definition has several
equivalent descriptions that are discussed in Theorem 4.5.

Theorem 2.3 (The PF theorem for quantum channel [10]). Let ˆ be a quantum channel
on Mn.C/. Then there exists a nonzero positive-semidefinite matrix D such that

D ŷ D r D ; (2.22)

where r is the spectral radius ofˆ. Moreover, ifˆ is irreducible, thenD is positive definite
and unique up to a scalar.
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Remark 2.4. Let ˆ be a quantum channel on Mn.C/. Considering the right action of ŷ ,
we have that there exists a nonzero positive-semidefinite matrix C such that

Cŷ D r C ; (2.23)

where r is the spectral radius of ˆ. We define the 4-tensor ˆC;D as

ˆC;D D C D : (2.24)

The Fourier transform 1̂
C;D is

1̂
C;D D C D ; (2.25)

which is positive semidefinite. Moreover, we have

1̂
C;D ŷ D ŷ 1̂

C;D D r 1̂
C;D : (2.26)

We now show Theorem 2.3 unifies the classic PF theorem. An n-dimensional vector
v 2 Cn can be regarded as a diagonal matrix D in Mn.C/; its graphical representation
has the same label i :

vi D Di i D D

i

i

: (2.27)
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A matrix A acting on the vector space could then be represented as a 4-tensor ĉA acting
on the diagonal matrix subalgebra of Mn.C/. Specifically,

Av D

nX
i;jD1

Aij D

Eij

Ej i

D

nX
i;jD1

Aij D

Eij

Ej i

: (2.28)

We define ĉA as the 4-tensor

ĉ
A D

nX
i;jD1

Aij

Eij

Ej i

: (2.29)

Note that ĉA is a linear sum of n2 orthogonal rank-one projections. So ĉ
A is positive

semidefinite if and only if A is a positive matrix, that is, Aij � 0. Moreover, if A is irre-
ducible, then ˆA is also irreducible. Now take ˆ D ˆA in Theorem 2.3, then we recover
the classic PF theorem.

3. Quantum channels on subfactors

In this section, we provide a framework to study quantum channels on an operator alge-
bra M preserving a subalgebra N . The operator algebra N can be considered as conserved
quantities. Such a quantum channel is an N -N -bimodule unital completely positive map
(BUCP). When N � M is an extremal subfactor with finite index, the Fourier trans-
form is a linear map from the C �-algebra of N -N bimodule maps on M into M0 \M2,
where M � M1 � M2 is the Jones basic construction. We will review these concepts
in Section 3.1. Choi’s matrix of a bounded N -N bimodule map ˆ on M is defined as
its Fourier transform ŷ . An N -N bimodule map ˆ on M is completely positive if and
only if its Fourier transform ŷ is positive [19, Proposition 2.10], generalizing Choi’s theo-
rem [7, Theorem 2]: the equivalence between the complete positivity of a quantum channel
and the positivity of its Choi matrix.

Remarkably, the Fourier transform can be implemented as a one-click rotation on 2-
boxes in planar algebras, called the string Fourier transform. This provides a way to study
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quantum channels as 2-boxes whose Fourier transforms are positive operators. We briefly
call such 2-boxes F-positive elements. The F-positivity is an intrinsic property in planar
algebras without referring to the underlying operator algebra M. In this paper, we study F-
positivity intrinsically in planar algebras. We will explore its relation with the underlying
operator algebras in the future.

3.1. Fourier transform

Let us consider the Fourier transform on subfactors. Let M be a II1 factor with the normal
faithful trace � . A subfactor of type II1 is an inclusion of type II1 factors N � M, and
its index reflects the relative size of these two factors. Jones [20] proved the remarkable
result that the set of indices is°

4 cos2
��
n

�
W n D 3; 4; 5; : : :

±
[ Œ4;C1�:

Let G be a finite group. If we consider the group subfactor N � N Ì G, then the index
is the order of G. Subfactors generalize group symmetries. We always assume that the
subfactor is extremal, that is, the normalized traces on the commutant N 0 of N and M

coincide on N 0 \M.
Suppose N �M is a type II1 subfactor with finite index ı2, ı > 0. Let L2.M/ be the

Hilbert space obtained from the normal faithful trace � on M by GNS construction. Let e1
be the orthogonal projection from L2.M/ onto the subspace L2.N /, which is the Jones
projection. Let M1 be the von Neumann algebra generated by M and e1 in B.L2.M//,
and let EM be the conditional expectation from M1 onto M. The inclusion M �M1 is
also a type II1 subfactor with index ı2. Repeating the Jones basic construction [20], we
have the Jones tower

e1 e2 e3

N � M � M1 � M2 � M3 � � � �

and the standard invariant

N 0 \N � N 0 \M � N 0 \M1 � N 0 \M2 � � � �

[ [ [

M0 \M � M0 \M1 � M0 \M2 � � � �

Then N 0 \Mn�1 and M0 \Mn are finite-dimensional C �-algebras with faithful traces,
where M�1 D N and M0 DM. Moreover, dimC.N

0 \Mn�1/ D dimC.M
0 \Mn/. In

particular, when nD 2, there is a Fourier duality between N 0 \M1 and M0 \M2. Define
the following two maps:

 W N 0 \M1 !M0 \M2;  .x/ D ı3EM0\M2
.xe2e1/; (3.1)

� WM0 \M2 ! N 0 \M1; �.x/ D ı3EM1
.xe1e2/; (3.2)
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where EM0\M2
is the conditional expectation from N 0 \M2 onto M0 \M2 and EM1

is
the conditional expectation from M2 onto M1, respectively. Then  and � are isometries
(in the norm k�k2), inverse to each other; we refer to [3, Proposition 3.2] for a detailed
proof. The maps  and � are usually called the quantum Fourier transforms.

In [23], Jones introduced subfactor planar algebras to study standard invariants, which
provide a pictorial tool to study subfactors. Let P D ¹Pn;˙ºn�0 be the subfactor planar
algebra of the subfactor N �M, where Pn;C D N 0 \Mn�1 and Pn;� DM0 \Mn for
any n � 0. Every element in Pn;˙ is called an n-box. Graphical representations can sim-
plify algebraic expressions in subfactors. Let us take P2;C as a typical example. One has
the pictorial representations for element x in P2;C, the multiplication xy, the quantum
Fourier transform F.x/, and the trace tr.x/ as follows:

x ;

y

x
; x ; x : (3.3)

Exchanging the gray and white regions, we obtain the pictorial representations for ele-
ments in P2;�. We will give a more detailed explanation of these graphs in Section 3.3.
From equations (3.1) and (3.3), we have that for any x 2 N 0 \M1,

 .x/ D F.x/:

From equation (3.3), we see that the Fourier transform is a 90ı rotation. Hence the period
of F is 4 which is not obvious from the algebraic expressions. Subfactor planar algebras
help us understand the structures of subfactors well. Subfactor planar algebras are spher-
ical and satisfy that dimC.P0;˙/ D 1. We will consider a more general class of planar
algebras in Section 3.3, namely C �-planar algebras, which are not necessarily spherical
or dimC.P0;˙/ D 1, which can unify the tensor network representations of matrices and
completely positive maps in Section 2.

3.2. Fourier multipliers and bimodule quantum channels

In quantum information, a linear map on a finite-dimensional von Neumann algebra
is completely positive if and only if its Choi matrix is positive semidefinite. This
correspondence can be generalized to infinite-dimensional quantum symmetries.

Let N �M be an inclusion of type II1 subfactor with index ı2, ı > 0. A linear map
ˆWM ! M is called an N -N bimodule map if ˆ.y1xy2/ D y1ˆ.x/y2, y1; y2 2 N ,
x 2M. For any bounded bimodule map ˆ, ˆ commutes with the left and right actions
of N on L2.M/. Hence ˆ corresponds to an element yˆ 2 N 0 \M1. Moreover,

ˆ.x/ D ı2EM.yˆxe1/; x 2M



L. Huang, A. Jaffe, Z. Liu, and J. Wu 1382

(see [19, Proposition 2.3]). The Fourier multiplier ŷ 2 P2;� of ˆ is defined to be the
Fourier inverse of y�

ŷ D yˆ : (3.4)

It is proved in [19] that the bounded bimodule map ˆ is completely positive if and only
if ŷ is positive. We can recover the finite-dimensional case. For any x 2 P1;C DN 0 \M,
we have

ˆ.y/ D ŷy : (3.5)

If we restrict ˆ on P1;C, then ŷ is Choi’s matrix of ˆ. Therefore, the action of a 2-box
on a 1-box space can be extended to an N -N bimodule map on M. We also study the
Perron–Frobenius theorem for such maps in [19].

3.3. C �-planar algebras

In this section, we recall planar algebras [22, 23], which contain the graphical compu-
tations in tensor networks in Section 2. Moreover, planar algebras are a more general
picture language to study quantum symmetries such as quantum groups and subfactors.
We emphasize that all the C �-algebras considered in the paper are finite dimensional.
We focus on the C �-planar algebra P D ¹Pn;˙ºn�0. This algebra is graded, with each
Pn;˙ being a finite-dimensional C �-algebra consisting of shaded n-boxes with a trace
trn;˙. Let us introduce some planar tangles such as multiplication, convolution, the Fourier
transform, etc. We are interested in 2-box space. An element x 2 P2;C is depicted as the
following picture:

x$ ; (3.6)

which is a 2-box with shading and the dollar sign $ on the left side of the rectangle. The
shading and the dollar sign represent the orientation of the box. If x 2 P2;�, then x has
the following graphical representation:

x

$

: (3.7)
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We may omit the shading and the dollar sign when considering an element in P2;˙ if
there is no confusion. Multiplication of two elements x;y 2 P2;C is given by their vertical
composition:

xy WD

y

x

: (3.8)

One obtains the unnormalized trace of x, by connecting the inputs with the outputs:

tr2;C.x/ WD tr0;C

0BB@ x

1CCA : (3.9)

Making the element x into a loop defines a map � from P2;C into P0;C such that
�.xy/ D �.yx/ by cyclic property, x; y 2 P2;C. If a C �-planar algebra is a subfactor

planar algebra, then dimC.P0;˙/ D 1, and the trace is just x . It has the following

property:

tr2;C.xy/ D
x

y

D x y

D x y D
y

x

D tr2;C.yx/; (3.10)

where y denotes the 180ı rotation of y. The equality of the first and second closed dia-
grams is because they are orientation-preserving differentially homeomorphic. By the
graphical representations of 2-box in P2;˙, the 90ı rotation defines a map FW P2;C !

P2;�:

F.x/ WD x ; (3.11)

which is called the Fourier transform. The existence of the Fourier transform is a part of
definition of C �-planar algebras. It is clear that F is a bijection. Similarly, we can also
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define the Fourier transform from P2;� into P2;C, still denoted by FWP2;� ! P2;C:

F.x/ WD x : (3.12)

From the graphical representation of F, we have F4.x/ D x. Hence the period of the
Fourier transform is 4, which is the same as the classic Fourier transform. If P is a subfac-
tor planar algebra, then F is a unitary with respect to the L2-norm. For any R 2 P2;C, we
have

kF.R/k22 D tr2;C.F.R/�F.R// D
R

R
D

R

R

D
R

R

D tr2;C.R�R/ D kRk22:

The first and the second diagrams are equal because subfactor planar algebras are spheri-
cal. The second and the third diagrams are equal because they are orientation-preserving
differentially homeomorphic. Hence F is a unitary. The Fourier transform induces the
convolution on P2;C:

x � y WD F�1.F.y/F.x// D x y : (3.13)

Notation 3.1. We use yx to denote F.x/ in the subsequent sections for simplicity.

We next introduce a typical example of C �-planar algebra. Let � be the bipartite
graph with one white vertex and n black vertices, n 2 N, and there is exactly one edge
connecting the white and black vertices:

:::

A spin model is a bipartite graph planar algebra [21] associated to � , denoted by Spin.
Then Spin0;C D C and Spin0;� is spanned by black vertices, that is, Spin0;� is of
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dimension n. Moreover,

Spin1;C D span
²

j W j D 1; : : : ; n

³
;

Spin1;� D span
²
j W j D 1; : : : ; n

³
;

Spin2;C D span

8̂<̂
:

j

i

W i; j D 1; : : : ; n

9>=>;;
Spin2;� D span

8<: j i W i; j D 1; : : : ; n

9=;;
and

D n1=2;
j
i D

´
1=n1=2 i D j;

0 i ¤ j:

We see that Spin2;C is the matrix algebra Mn.C/ with basis

Eij D n
1=2

j

i

; i; j D 1; : : : ; n: (3.14)

Dually, Spin2;� is the commutative C �-algebra of functions on n� n points, denoted also
by Mn.C/. We also see that Spin1;C and Spin1;� are n-dimensional row vector space and
n-dimensional column vector space, respectively. The following is the correspondence
between matrix units in spin model and those in tensor networks:

n1=2
j

i

 ! Eij

j

i

; n1=2 j i  ! Eij
j i

: (3.15)

We have that ¹Spin2n;Cºn�0 is an unshaded planar algebra, and a completely positive
map could be realized by an element in Spin4;C, which has a pictorial representation as
equation (2.12).

We know that a matrix A 2 Mn.C/ is positive if and only if the Fourier transformĉ
A is positive semidefinite. This means that we should interpret the matrix as pictures

in Spin2;�, where multiplication corresponds to horizontal composition and positivity is
read vertically. Furthermore, a linear map ˆ 2 Hom.Mn.C/;Mn.C// is completely posi-
tive if and only if the Fourier transform ŷ is positive semidefinite. This fact inspires us to
introduce the notion of F-positivity for any 2-box x 2 P2;˙.
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Suppose A is a C �-algebra. Recall that an element x 2A is called positive if x D yy�

for some y 2 A and is called strictly positive if x is positive and invertible, that is, there
exists � > 0 such that x � �.

In C �-planar algebras, every element x 2 P2;˙ induces a linear map ˆx on P2;˙,
which is defined as follows:

ˆx.y/ WD y � yx D y yx :

In abstract C �-algebras, complete positivity is stronger than positivity for linear maps.
However, in C �-planar algebras, the complete positivity of ˆx is equivalent to its
positivity. Recall that the Jones projection

e1 D
1

ı
;

where ı is the value of the circle. If P is the subfactor planar algebra, then ı is the square
root of the Jones index. By the Schur product theorem (see [29, Theorem 4.1]), the pos-
itivity of ˆx is equivalent to the condition that ˆx.e1/ is positive, where e1 denotes the
Jones projection. Notably,ˆx.e1/D yxı . Consequently, the positivity ofˆx is synonymous
with yx being positive. We introduce the following definition.

Definition 3.2. Suppose P is a C�-planar algebra. An element x 2 P2;˙ is called (strictly)
F-positive if yx is a (strictly) positive element in P2;�.

Remark 3.3. Suppose P is a C�-planar algebra. An element x 2 P2;˙ is (strictly)
F-positive if and only if x D yy for some (strictly) positive element y 2 P2;�.

We can interpret complete positivity of a bounded bimodule map in terms of
F-positivity.

Proposition 3.4. Suppose N � M is a type II1 subfactor with index ı2, ı > 0. Let ˆ
be a bounded N -N bimodule map. Then ˆ is completely positive if and only if yˆ is
F-positive.

Proof. By [19, Proposition 2.10], ˆ is completely positive if and only if ŷ D F�1.y�/ is
positive. Note that F2 is an anti-�-isomorphism. Hence F�1.yˆ/ is positive if and only
if cyˆ is positive. Therefore, ˆ is completely positive if and only if yˆ is F-positive. This
completes the proof.

Remark 3.5. The positivity of an element in a C �-algebra is different from the positivity
of a matrix. If we consider Mn.C/ as a C �-algebra, then an element A in this C �-algebra
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is positive, which means that A is a positive-semidefinite matrix. If we consider Mn.C/
as the 2-box space Spin2;C of the spin model, then an element A 2 Spin2;C is F-positive,
which means that A is a positive matrix. Here positive matrix is equivalent to pointwise
positive.

Remark 3.6. The F-positivity can be regarded as the complete positivity for maps
between pairs of trousers Frobenius algebras in categorical quantum mechanics, with its
applications to quantum information. We refer to [39] for the generalization of complete
positivity to the categorical context. Further insights and discussions on this topic can be
found in, for example, [9, 17].

4. PF theory for planar algebras

In this section, we obtain the PF theorem for C �-planar algebras. Moreover, we provide
many equivalent conditions for the irreducibility, and planar algebra structures play an
essential role. We also prove the quantum Collatz–Wielandt formula.

We shall recall the quantum Schur product theorem [29] in C �-planar algebras: For
two (strictly) positive elements x; y 2 P2;˙, their convolution x � y is (strictly) positive.
This fact has been deeply applied in the classification of subfactor planar algebras [29]
and as an analytic obstruction to the unitary categorification of fusion rings [30]. Here we
would use it again to show the PF theorem.

4.1. The PF theorem for C �-planar algebras

We give a proof of the PF theorem in C �-planar algebras.

Proposition 4.1. Let x be an F-positive element of the 2-box space P2;˙ of a C �-planar
algebra. Then there exists a nonzero, F-positive y 2 P2;˙ such that

y

x

D

x

y

D r y ; (4.1)

where r is the spectral radius of x. Equivalently,

yx yy D yy yx D r yy : (4.2)
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Proof. We first show that r 2 �.x/, the spectrum of x. Let �.x/ D Cn�.x/ be the resol-
vent set of x. For any � 2 �.x/, let R.�; x/ D .� � x/�1 be the resolvent of x, which
defines an element in P2;˙. We have that R.�; x/ is analytic in �.x/. For any j�j > r , we
have that

R.�; x/ D

1X
jD0

xj

�jC1
: (4.3)

We assume that r … �.x/. By the fact that R.�; x/ is analytic outside of the spectrum
�.x/, we see that lim�!r R.�; x/ D R.r; x/. By the continuity of the Fourier transform,

lim
z!r

2R.�; x/ D2R.r; x/: (4.4)

By the quantum Schur product theorem, we have that yx.�j / � 0 for any j � 1, where
yx.�j / is yx � � � � � yx„ ƒ‚ …

j

. Therefore, for any real number � > r ,

2R.�; x/ D
1X
jD0

yx.�j /

�jC1
� 0:

By equation (4.4),

2R.r; x/ D
1X
jD0

yx.�j /

rjC1
� 0:

For any positive linear functional � on P2;˙,

�.2R.r; x// D
1X
jD0

�.yx.�j //

rjC1
<1:

Hence for any j�j D r , ˇ̌̌̌
ˇ 1X
jD0

�
�
yx.�j /

�
�jC1

ˇ̌̌̌
ˇ <1:

By the uniform boundedness principle, we have that
P1
jD0

yx.�j /

�jC1
is bounded for any

j�j D r . This implies that ¹� 2 C W j�j D rº � Cn�.x/, which contradicts to the fact
that r is the spectral radius of x. So r 2 �.x/.

Next we show that there exists a nonzero F-positive element y 2 P2;˙ such that
xy D yx D ry. Note that the algebraic multiplicity of r for x is finite; we see that the
order of the pole r for R.�; x/ is also finite. Let ` be the order of the pole r for R.�; x/.
We take the Laurent series of R.�; x/ at � D r as follows:

R.�; x/ D

1X
jD�`

x.j /.� � r/
j ;
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where

x.j / D
1

2�i

Z
C

R.�; x/

.� � r/jC1
d�; (4.5)

and C is a counterclockwise circle centered at r with radius small enough such that r is
the only pole. For any k;m � �`, we have

x.k/x.m/ D
1

2�i

Z
C1

R.�1; x/

.�1 � r/kC1
d�1

1

2�i

Z
C2

R.�2; x/

.�2 � r/mC1
d�2

D �
1

4�2

Z
C1

Z
C2

R.�1; x/R.�2; x/

.�1 � r/kC1.�2 � r/mC1
d�1d�2

D �
1

4�2

Z
C1

Z
C2

R.�1; x/ �R.�2; x/

.�2 � �1/.�1 � r/kC1.�2 � r/mC1
d�1d�2

D

8̂̂<̂
:̂
�x.kCmC1/ k;m � 0;

0 k < 0; m � 0 or k � 0; m < 0;

x.kCmC1/ k;m < 0;

where C1; C2 are circles centered at r with different radii such that C1 is contained in C2.
We add the details on the last step of the calculus when k;m � 0. By the residue theorem,
we have

1

2�i

Z
C2

1

.�2 � �1/.�2 � r/mC1
d�2 D 0;

1

2�i

Z
C1

1

.�2 � �1/.�1 � r/kC1
d�1 D

1

.�2 � r/kC1
:

Then

x.k/x.m/ D
1

4�2

Z
C1

Z
C2

R.�2; x/

.�2 � �1/.�1 � r/kC1.�2 � r/mC1
d�1d�2

D �
1

2�i

Z
C2

R.�2; x/

.�2 � r/kCmC2
d�2 D �x.kCmC1/:

We have

x.�`/R.�; x/ D

1X
jD�`

.� � r/jx.�`/x.j / D .� � r/
�1x.�`/x.�1/ D

x.�`/

� � r
:

Thus .� � r/x.�`/R.�; x/ D x.�`/. By equation (4.3) and taking the coefficient of ��2,
we have

x.�`/x D rx.�`/: (4.6)
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Note that

1x.�`/ D lim
R3�!rC

.� � r/` 2R.�; x/ D lim
R3�!rC

.� � r/`
1X
jD0

yx.�j /

�jC1
� 0: (4.7)

So x.�`/ is F-positive. Similarly, we have xx.�`/ D rx.�`/. Let y D x.�`/, then the
conclusion holds.

Remark 4.2. In Proposition 4.1, we let

y1 D yy ; y2 D yy :

We have that for any F-positive element x 2 P2;˙, there exist nonzero positive elements
y1 2 P1;˙ and y2 2 P1;� such that

y1 � yx WD y1 yx D r y1 ; yx � y2 WD y2yx D r y2 ;

where r is the spectral radius of x.

Remark 4.3. Suppose P is a C �-planar algebra. For any element x 2 P2n;C, it has the
following graphical representation:

x ;

where represents n strings. We call a 2n-box x 2 P2n;˙ is F-positive if Fn.x/ � 0,

graphically,

Fn.x/ WD x � 0: (4.8)

Here F is the one-click rotation and Fn is the composition of Fn�1 and F, which is the n-

click rotation. Proposition 4.1 also holds for 2n-box by replacing 1 string by n strings :
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Let x be an F-positive element of the 2n-box space P2n;˙ of a C �-planar algebra. Then
there exists a nonzero, F-positive y 2 P2n;˙ such that

y

x

D

x

y
D r y ; (4.9)

where r is the spectral radius of x and represents n strings. In particular, for any com-

pletely positive map ˆ on Mn.C/, ˆ can be realized by an F-positive element, still
denoted by ˆ, in Spin4;C. Then there exists another nonzero completely positive map ‰
such that ˆ‰ D ‰ˆ D r‰, where r is the spectral radius of ˆ. Now let

D D y‰ : (4.10)

Then D is a nonzero density matrix such that

D ŷ D D : (4.11)

This recovers the Perron–Frobenius theorem for quantum channels.

4.2. Uniqueness of PF eigenvector

We introduce the irreducibility for F-positive elements in planar algebras, which is
analogous to irreducible matrices, and use it to study the uniqueness of PF eigenvector.

Definition 4.4. Suppose P is a C �-planar algebra and x 2 P2;˙ is F-positive. We say x
is irreducible on P1;˙, if for any projection p 2 P1;˙, the inequality p � yx � �p, with
� > 0, ensures that p D 0 or I .

In the following, we present some equivalent descriptions for irreducibility of an F-
positive element. Moreover, we also have several easy-to-check, sufficient conditions for
irreducibility.
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Theorem 4.5. Suppose P is a C �-planar algebra and x 2 P2;C is F-positive. Let
B D

W1
kD0R.yx.�k//, where R.yx.�k// is the range projection of yx.�k/. Then the following

statements satisfy

(1)) (2)) (3), (4), (5), (6), (7), (8), (9):

(1) B D I and dimP0;C D 1.

(2) B D I and tr0;C

 
p1 p2

!
¤ 0 for any minimal projections p1;p2 in P1;C.

(3) B.p1˝ p2/¤ 0 for any minimal projections p1; p2 in P1;C, where p1 is the 180ı

rotation of p1.

(4) tr2;�.B.p1 ˝ p2// ¤ 0 for any minimal projections p1; p2 in P1;C.

(5) R.p � B/ D I for any nonzero projection p 2 P1;C.

(6) x is irreducible on P1;C.

(7) For any nonzero projection p 2 P1;C,

p � .e1 C yx/
.�.d�1// > 0;

where d D dimP1;C, e1 is the Jones projection.

(8) For any positive elements y1; y2 2 P1;C with hy1; y2i D 0, there exists k0 2 N,
k0 < d , such that ˝

y1 � yx
.�k0/; y2

˛
> 0:

(9) For any projection q 2 P1;�, the inequality yx � q � �q, with � > 0, ensures that
q D 0 or I .

Proof. (1))(2) Suppose that p1; p2 are minimal projections in P1;C such that

tr0

 
p1 p2

!
D 0:

Then

p1 ¤ 0; p2 ¤ 0;

and

p1 p2 D 0:
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This implies that p1 ; p2 are linearly independent in P0;C, which leads to a

contradiction.
(2))(3),(4) They are not hard to check.
(4))(5) Suppose that (5) does not hold. Then there exist minimal projections p1; p2

in P1;C such that p2.p1 � B/ D 0. Then

tr1.p1.p2 � B// D tr2.B.p1 ˝ p2// D 0;

which leads to a contradiction.
(5))(4) Suppose that p1; p2 are minimal projections in P1;C such that tr2;�.B.p1 ˝

p2//D 0. Then tr1;C.p1.p2 �B//D 0, that is, p1.p2 �B/D 0. We see that R.p2 �B/�

I � p1. This leads to a contradiction. Hence (4) is true.
(5))(6) Suppose there exists a nonzero projection p 2 P1;C such that

p � yx � �p

for some � > 0. By the assumption, we see that there exists n0 > 0 such that

n0X
kD0

yx.�k/ � �1B; p � B � �0I

for some �0; �1 > 0. Hence 
n0X
jD0

�j

!
p �

n0X
jD0

p � yx.�j / � �1.p � B/ � �0�1I:

Finally, we obtain that p D I and x is irreducible on P1;C.
(6))(7), (5) Suppose that x is irreducible on P1;C. Let p be a nonzero projection

in P1;C and y D p C p � yx 2 P1;C. Then R.y/ D p _R.p � yx/. If R.y/ D p, then
R.p � yx/ D p and p D I by the irreducibility of x on P1;C. If R.y/ ¤ p, then we
consider p � .e1 C yx/.�.k// for k � 2, and its range space is increasing. Note that the
dimension of P1;C is d . We have that

R
�
p � .e1 C yx/

.�.d�1//
�
D R

�
p � .e1 C yx/

.�d/
�
D I:

Hence we see that p � .e1 C yx/.�.d�1// > 0 and R.p � B/ D I for any nonzero projec-
tion p in P1;C. Moreover, we have that y � .e1 C yx/.�.d�1// > 0 for any nonzero positive
element y in P1;C.

(7))(8) Note that for any positive elements y1; y2 2 P1;C with hy1; y2i D 0, we have˝
y1 � .e1 C yx/

.�.d�1//; y2
˛
> 0:

By the expansion, we see that there exists k0 < d such that hy1 � yx.�k0/; y2i > 0.
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(8))(6) Suppose x is not irreducible on P1;C. Then there exists a nonzero projec-
tion I ¤ p 2 P1;C such that p � yx � �p for some � > 0. We see that for any k 2 N,
hp � yx.�k/; I � pi D 0 which leads to a contradiction. Hence x is irreducible on P1;C.

(9),(8) Since (6),(8), we have similarly that (9) is equivalent to the following
statement: For any z1; z2 2 P1;�, with hz1; z2i D 0, there exists k0 2 N, k0 < d , such
that ˝

z1; yx
.�k0/ � z2

˛
> 0:

Note that hz1; yx.�k0/ � z2i D hz1 � yx.�k0/; z2i. So this statement is equivalent to (8),
and (9),(8).

Remark 4.6. The minimal projections in the statements (2), (3), (4) in Theorem 4.5 can
be replaced by projections or positive elements in P1;C.

Remark 4.7. The statement (1) in Theorem 4.5 is stronger than the irreducibility. Let P
be an irreducible subfactor planar algebra with a non-trivial (not identity) biprojection
q 2 P2;�. Take x such that R.yx/ � q in Theorem 4.5, then x satisfies the statement (3)
since P1;C D CI , so x is irreducible. On the other hand, the statement (1) does not hold
since B � q < I .

Remark 4.8. For spin model, the irreducibility in Definition 4.4 is the same as the
irreducibility for matrices. Moreover, the statements (1) and (2) are equivalent to
irreducibility.

Remark 4.9. Suppose that P is an irreducible subfactor planar algebra, then

B D

1_
kD1

R
�
yx.�k/

�
is a biprojection (See [29, Theorem 4.12]).

We obtain the uniqueness result under the irreducibility.

Theorem 4.10 (Uniqueness of PF eigenvector). Suppose P is a C �-planar algebra,
x 2 P2;˙ is F-positive and irreducible on P1;˙. Then there exists a unique (up to a scalar)
strictly positive element y 2 P1;˙ such that

y yx D r y ; (4.12)

where r is the spectral radius of x. Moreover, if there exists a (not necessarily positive)
element y0 2 P1;˙ such that y0 � yx D ry0, then y0 is a multiple of y.
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Proof. From Proposition 4.1, there exists a nonzero positive element y 2 P1;˙ such
that y � yx D ry. Thus R.y/ � yx � �R.y/ for some � > 0. Since x is irreducible on
P1;˙, so R.y/ D I and y is invertible. If y1 is another strictly positive element in
P1;˙ such that y and y1 are linearly independent and y1 � yx D ry1. We define the set
S WD ¹t � 0 W y � ty1 � 0º. Let t D supt2S t and let y2 D y � ty1. Then y2 � 0 and
0 < R.y2/ < I . Note that y2 � yx D ry2, so R.y2/ D I , which leads to a contradiction.

Since yx is positive, we may assume that y0 is self-adjoint. There exists � > 0 such that
y0 C �y > 0. Thus y0 C �y is a multiple of y. Therefore, y0 is a multiple of y.

Corollary 4.11. Let P be a C �-planar algebra. Suppose that x 2 P2;˙ is F-positive and
irreducible on P1;˙. If

W1
jD0R.yx.�j // D I and dimP1;˙ D 1, then there exists a unique

strictly positive element y 2 P1;˙ such that y � yx D ry.

Proof. It follows from Theorems 4.5 and 4.10.

We now consider the space of PF eigenvectors.

Notation 4.12. Suppose P is a C �-planar algebra and x 2 P2;˙ is F-positive. Let

E D ¹y 2 P1;˙ W y � yx D ryº � P1;˙

be the eigenspace of r for x in P1;˙, where r is the spectral radius of x. We denote by EC

the set of all positive elements in E and by .EC/1 the set of all trace-one elements in EC.
Proposition 4.1 indicates that .EC/1 is a nonempty compact convex set. Let

Q D ¹R.y/ W y 2 ECº

be the set of all range projections of positive eigenvectors. For any p; q 2 Q, there exists
y1;y2 2 EC such that R.y1/D p and R.y2/D 1. So R.y1C y2/D p _ q and p _ q 2Q.
Let pmax be the maximal projection in Q. Then pmax D

W
p2Q p.

Proposition 4.13. Suppose P is a C �-planar algebra and x 2 P2;˙ is F-positive. Then
y 2 .EC/1 is an extreme point if and only if R.y/ is a minimal projection in Q. Moreover,
if there exist y1; y2 2 .EC/1 such that y1 is an extreme point and R.y1/ D R.y2/, then
y1 D y2.

Proof. Suppose y is an extremal point. If R.y/ is not minimal, then there exists
z 2 .EC/1 such that R.z/ < R.y/. Take ! D y � tz � 0 for some 0 < t < 1. Then
y D .1 � t / !

1�t
C tz, which is a contradiction.

On the other hand, if R.y/ is minimal but y is not extremal. Then y can be expressed
as a convex combination of two different elements, that is, y D �y0C .1� �/y00, 0 < � <
1, y0; y00 2 .EC/1. It is easy to see R.y0/�R.y/. Thus R.y0/DR.y/ from the minimal-
ity of R.y/. We can choose 0 < t < 1 such that y � ty0 � 0 and 0 < R.y � ty0/ < R.y/

by a continuity argument. Note that y�ty
0

1�t
2 .EC/1. So we find another eigenvector with

a smaller support, which leads to a contradiction.
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At the end of this section, we present the Collatz–Wielandt formula for planar
algebras.

Theorem 4.14 (Collatz–Wielandt formula). Suppose P is a C �-planar algebra, x 2 P2;˙
is F-positive. Let r be the spectral radius of x. Then the following statements are true:

(1) If there exists a nonzero positive element z 2 P1;� such that

yx � z � rz and R.z/ � pmax;

then yx � z D rz.

(2) If there exists a nonzero positive element z 2 P1;� such that

rz � yx � z and R.yx � z/ � pmax;

then yx � z D rz.

(3) If there exists a nonzero positive element z 2 P1;� such that yx � z D zrz and
R.z/ � pmax, then zr D r .

Proof. (1) Let y 2 P1;˙ be the positive element such that y � yx D ry and R.y/ D pmax.
Then we have

ry � z D .y � yx/ � z D y � .yx � z/ � ry � z:

The last inequality is the quantum Schur product theorem. Hence y � .rz � yx � z/ D 0
and pmax � .rz � yx � z/ D 0. We obtain that

rz � yx � zpmax D 0:

Hence tr1;�.rz � yx � z/ D 0. By the faithful of the trace, we obtain yx � z D rz.
(2) The argument is similar to (1).
(3) Note that zr 2 �.x/ and zr � r . By the statement (1), we see that zr D r .

Corollary 4.15. Suppose P is a C �-planar algebra, x 2 P2;˙ is F-positive and irre-
ducible. Let r be the spectral radius of x. Then the following statements are true:

(1) If there exists a nonzero positive element z 2 P1;� such that yx � z � rz or
yx � z � rz, then yx � z D rz.

(2) If there exists a nonzero positive element z 2 P1;� such that yx � z D zrz, then
zr D r .

Proof. By Theorem 4.10, there exists a unique strictly positive element y 2 P1;˙ such
that y � yx D ry. So we have pmax D I . Then by Theorem 4.14, we could obtain the
conclusion.



The quantum Perron–Frobenius space 1397

Remark 4.16. Evans and Høegh-Krohn proved the Collatz–Wielandt formula for irre-
ducible positive maps on finite-dimensional C �-algebras (see [8, Theorems 2.3 and 2.4]).
We give the Collatz–Wielandt formula on a weaker condition that is not necessarily
irreducible for x in Theorem 4.14.

Remark 4.17. Suppose P1;˙ is abelian and ¹piºniD1 are orthogonal minimal projec-
tions with

Pn
iD1 pi D I , and x 2 P2;˙ is F-positive. We have another form of the

Collatz–Wielandt formula: Let z 2 P1;� be a strictly positive element. Then

min
1�i�n

tr1;�.pi Œyx � z�/
tr1;�.piz/

� r.x/ � max
1�i�n

tr1;�.pi Œyx � z�/
tr1;�.piz/

: (4.13)

This could recover the Collatz–Wielandt formula for (not necessarily irreducible) positive
matrices. Suppose � is a bipartite graph with simple edges. Let P.�/ be the bipartite graph
C �-planar algebra of � . Then P.�/1;˙ is abelian and inequality (4.13) holds.

5. PF theorem on ordered Banach spaces

For a positive map on an (infinite-dimensional) ordered Banach space, there exists an
approximate PF eigenvector with respect to the spectral radius. The space of PF eigen-
vectors is at most one dimensional if the positive map has ergodicity property. We give
a self-contained proof of these results. We refer to [26] for the PF theorem for positive,
compact operators on ordered Banach spaces.

Definition 5.1. An ordered Banach space X is a Banach space with a closed positive
cone C such that C \ �C D 0 and C C C � C . For any x; y 2 X, we define the order
relation x � y if y � x 2 C . Moreover, the positive cone C also satisfies the following
properties:

(1) If 0 � x � y, then kxk � cXkyk, where cX is a positive constant independent of
x; y.

(2) Each x 2 X is a linear sum of four positive elements with norm bounded by
dXkxk, where dX is a positive constant independent of x.

Remark 5.2. Property (1) is usually called normality. Property (2) holds if only if C is a
generating cone, that is, X D C � C , and in this case X is a real ordered Banach space;
see, for instance, [1, Theorem 2.37 (1) and (3)]. If X D C � C C i.C � C/, then X is a
complex Banach space.

Remark 5.3. Suppose M is a von Neumann algebra with a normal semifinite faithful
weight. Let Lp.M/ be the noncommutative spatial Lp space [18], 1 � p � 1. Define
C WD ¹x 2 Lp.M/ W x � 0º. Then .Lp.M/;C/ is an ordered Banach space.
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Definition 5.4. A bounded linear map T between two ordered Banach spaces .X1;C1/

and .X2;C2/ is positive if TC1 � C2.

Lemma 5.5. Suppose T is a linear map from the ordered Banach space .X; C/ to a
Banach space. We have that T is bounded if and only if supx2C ;x¤0

kTxk
kxk

<1, that is, T
is bounded on the cone C .

Proof. It could be proved by using condition (2) in Definition 5.1.

Lemma 5.6. Let .X;C/ be an ordered Banach space. Suppose ¹xnº1nD1�C is a sequence
of positive elements such that

P1
nD1 xn converges. Then for any sequence of complex

numbers ¹wnº1nD1 with modulus uniformly bounded by a positive number c, we haveP1
nD1wnxn converges and 



 1X

nD1

wnxn





 � 4ccX





 1X
nD1

xn





:
Proof. For any 1 � N < M , we have



 MX

nDN

wnxn





 D 



 MX
nDN

<.wn/xn C i

MX
nDN

=.wn/xn






�





 MX
nDN

<.wn/xn





C 



 MX
nDN

=.wn/xn






� 4ccX





 MX
nDN

xn





:
Thus

P1
nD1wnxn converges. Let N D 1, and M !1. We have



 1X

nD1

wnxn





 � 4ccX





 1X
nD1

xn





:
Theorem 5.7 (Approximate existence). Let T be a positive linear map on an ordered
Banach space .X;C/. Then r.T / 2 �.T / and there exists a sequence of positive elements
¹xnº

1
nD1 � C with kxnk D 1 such that

lim
n!1
kT xn � r.T /xnk D 0;

where r.T / is the spectral radius of T .

Proof. Let r D r.T / and

R.�; T / D .� � T /�1; � 2 Cn�.T /
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be the resolvent of T . Then R.�; T / is analytic in Cn�.T /. For any j�j > r , we have that

R.�; T / D

1X
jD0

T j

�jC1
:

If r … �.T /, then R.r; T / D lim�!rC R.�; T / is bounded. For any x 2 C , we have

R.r; T /.x/ D lim
�!rC

R.�; T /.x/ D

1X
jD0

T j .x/

rjC1
2 X;

where the second equality is due to property (1) in Definition 5.1. By Lemma 5.6, we haveP1
jD0

T j .x/

wjC1
converges for any jwj D r and




 1X

jD0

T j .x/

wjC1






 � 4cX

r






 1X
jD0

T j .x/

rjC1






 � 4cXkR.r; T /k

r
kxk:

Then we see that R.w; T / D lim�!w R.�; T / is bounded on the cone, hence is bounded
by Lemma 5.5. Thus w … �.T /, which leads to a contradiction. Hence r 2 �.T /.

Let

Tn D
�
r C

1

n
� T

��1
; n D 1; 2; : : :

Then ¹Tnºn2N is an unbounded sequence of positive linear maps. Thus there exists a
sequence of positive elements yn 2 C such that kTnynk D 1 and limn!1 yn D 0. Now
take xn D Tnyn, we have limn!1 kT xn � rxnk D 0.

Remark 5.8. Glück and Mironchenko proved the approximate existence of PF eigenvec-
tor for a positive map on an ordered Banach space in [15, Lemma 3.5].

We now assume that there exists an element I 2 C such that x � eXkxkI for any
x 2 C , where eX is a positive constant independent of x. We call x 2 C strictly positive,
written x > 0, if there exists � > 0 such that �I � x.

Definition 5.9. Let .X;C/ be an ordered Banach space. Let T be a positive linear map
on X . We say T is ergodic if for any nonzero x 2 C , there exists N > 0 such thatPN
jD1 T

j .x/ is strictly positive.

Remark 5.10. Let X� be the dual Banach space of X. Define the dual cone C� of C

in X� by

C� WD ¹x� 2 X� W hx; x�i � 0; 8 x 2 Cº;

where the inner product means the linear functional x� acting on x. From the characteriza-
tions of strictly positive elements that can, for instance, be found in [16, Proposition 2.11
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and Corollary 2.8], where they are called interior points, we know that x 2 C is strictly
positive if and only if hx; x�i > 0 for all x� 2 C�, x� ¤ 0. It follows that the definition
of ergodicity property is equivalent to Sawashima’s definition of irreducibility: For every
couple x 2 C ; x ¤ 0, x� 2 C ; x� ¤ 0, there exists a positive integer n D n.x; x�/ such
that hT nx; x�i > 0.

Theorem 5.11 (Uniqueness). Let .X;C/ be an ordered Banach space and T be a posi-
tive linear map on X . If T is ergodic on X , then there exists at most one nonzero element
x 2 C up to a scalar such that T x D r.T /x.

Proof. Suppose there exists 0 ¤ x 2 C such that T x D r.T /x. Since T is ergodic,PN
jD1 T .x/ is strictly positive for some positive integer N , so x > 0. Suppose there is

y 2 C such that Ty D r.T /y. We consider the following set

S WD ¹t > 0 W x � ty > 0º:

Since x � eXkxkI and y � eXkykI , then S is a nonempty bounded open set. Take
t0 D supt2S t , then x � t0y is positive but is not strictly positive. Note that T .x � t0y/ D
r.T /.x � t0y/; if x � t0y is nonzero, then it is strictly positive, which is a contradiction.
Therefore, x � t0y D 0.

Remark 5.12. Theorem 5.11 is another way to formulate the uniqueness result in [25,
Theorem 11.1 (d), p. 111].

Remark 5.13. Krein and Rutman proved the PF theorem for positive compact linear maps
on ordered Banach spaces (see, e.g., [2, Theorem 1.23]). We prove the PF theorem for
positive (not necessarily compact) linear maps on an ordered Banach space with two extra
conditions for positive cones. They proved the uniqueness of PF eigenvector if a compact
linear map T is strongly positive, which means that T .Cn¹0º/ � Int.C/. We prove the
uniqueness if a positive linear map T is ergodic. The ergodicity of T means that there
exists N > 0 such that

PN
jD1 T

j is strongly positive. So the ergodic condition is weaker
than the strong positivity.

6. Structures of the PF eigenspace

In Section 4, we found that the support of the PF eigenvector of an irreducible F-
positive element is identity. In this section, we study the eigenspace of PF eigenvectors
of (non-irreducible) F-positive elements.

We show that an F-positive element yields a power series that defines a maximally
supported PF eigenvector �. We obtain from this PF eigenvector the PF eigenspace E

which has a C �-algebraic structure. We introduce exchange algebras A and B D A�

and C D A \ B for an F-positive element x. We prove that � commutes with C and
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is independent of C and �C � E . Let C� be the C �-algebra C with respect to the F-
positive element

�
�1=2 ˝ �1=2

�
x
�
��1=2 ˝ ��1=2

�
. We prove that the space of positive

PF eigenvectors EC D �1=2CC
�
�1=2 under a certain condition. Let Ap and Bp be the

exchange algebras A and B for the F-positive element .p ˝ p/x.p ˝ p/. We prove
that EC D .Ap�/

C D .�Bp/
C under the same condition. These characterizations of PF

eigenspaces are true for CPTP maps. We elaborate on the connection between this multi-
plicative structure and the multiplication of the C �-algebra of density matrices. Based on
it, we explore a PF theoretical approach to quantum error correction in the next section.

6.1. The maximal-support PF eigenvector

Suppose P is a C �-planar algebra and x 2 P2;˙ is F-positive with the spectral radius r .
We recall that the eigenvector space of x corresponding to r (the PF eigenspace) is denoted
by

E D ¹y 2 P1;˙ W y � yx D ryº � P1;˙:

Let k be the order of the resolvent .z � x/�1, z 2 C, at the pole r . From equation (4.7) in
the proof of Proposition 4.1, the following limit exists:

y WD lim
R3z!rC

.z � r/k
1X
jD0

xj

zjC1
: (6.1)

Moreover, y 2 P2;˙ is an F-positive element such that xy D yx D ry. Recall that

Q D ¹R.y/ W y 2 ECº

is the set of all range projections of positive eigenvectors and p D
W
q2Q q is the maximal

projection in Q. (Here we use p instead of pmax in Notation 4.12 for simplicity.) We define

xp WD x

p p

p p

: (6.2)

We next prove that the spectral radius of xp is r and the order kp of the resolvent
.z � xp/

�1, z 2 C, at the pole r , is 1.
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Lemma 6.1. The following equation holds:

yx

p p

p p

D yx

p

p

: (6.3)

Proof. Let y 2 P1;˙ be the PF eigenvector of x with R.y/ D p. So

.I � p/.y � yx/.I � p/ D 0;

which is equivalent to .I � p/.p � yx/.I � p/ D 0. This implies

yx

p I � p

p I � p

D 0 ;

which is equivalent to .p ˝ .I � p//yx.p ˝ .I � p// D 0. Since x is F-positive and
yx � 0, we have .p˝ .I � p//yx1=2 D 0, which has the following graphical representation
by cutting the above diagram horizontally:

yx1=2

p I � p

D 0 :

Thus
yx1=2

p p

D

yx1=2

p

. This implies that equation (6.3) holds.

Proposition 6.2. Suppose P is a C �-planar algebra and x 2 P2;˙ is F-positive and xp
is defined in equation (6.2). Then we have the following statements:
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(1) The spectral radius of xp is r and xp is F-positive.

(2) Define

Ep WD ¹y 2 P1;˙ W y � bxp D ryº;
then ECp D EC.

(3) The following limit exists:

yp WD lim
R3z!rC

.z � r/

1X
jD0

x
j
p

zjC1
: (6.4)

Moreover, the element yp is a nonzero F-positive element in P2;˙ such that
xpyp D ypxp D ryp .

Proof. (1) It is clear that bxp is positive. Let r.xp/ be the spectral radius of xp and
zp 2 P1;˙ be the PF eigenvector. Then we have r.xp/zp D bzp � bxp D bzp � yx. The sec-
ond equality is due to equation (6.3). So r.xp/ � r . Similarly, let z 2 P1;˙ be the PF
eigenvector of x. Then R.z/ � p and rz D z � yx D z � bxp . We obtain r � r.xp/. Thus
r.xp/ D r .

(2) It is easy to check.
(3) Let kp be the order of the resolvent .z � xp/�1, z 2 C, at the pole r . We define

yp WD lim
R3z!rC

.z � r/kp
1X
jD0

x
j
p

zjC1
: (6.5)

From equation (4.7) in the proof of Proposition 4.1, we see that yp 2 P2;˙ is F-positive
such that xpyp D ypxp D ryp . We have

tr1;˙.p � byp/ D p byp D byp D tr2;˙.byp/ > 0;
which implies p � byp ¤ 0. Note that p � bxp�j � �zp � bxp�j D �rj zp for some � > 0,
where zp is the PF eigenvector of xp . Now if kp � 2, then

0 � p � byp � lim
R3z!rC

.z � r/kp
1X
jD0

�rj zp

zjC1
D �zp lim

R3z!rC
.z � r/kp�1 D 0;

which leads to a contradiction. So kp D 1, and equation (6.4) is well defined.

We define

� WD p � byp D lim
R3z!rC

.z � r/

1X
jD0

p � bxp�j
zjC1

D lim
R3z!rC

.z � r/

1X
jD0

p � yx�j

zjC1
: (6.6)
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The last equality follows from equation (6.3). Then

� � yx D � � bxp D p � byp � bxp D rp � byp D r�:
This implies � 2 EC and R.�/D p. So � is the PF eigenvector of x with maximal support.

6.2. C�-algebraic structures of eigenspaces

Let x 2 P2;˙ be an F-positive element. We introduce three subalgebras of P1;˙ for x,
which are given by the following graphical representations:

A WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
y 2 P1;˙ W

x

y

D

x

y

9>>>>>=>>>>>;
D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
y 2 P1;˙ W

yx

y

D
yx

y

9>>>>>=>>>>>;
� P1;˙:

(6.7)

B WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
y 2 P1;˙ W

x

y

D

x

y

9>>>>>=>>>>>;
D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
y 2 P1;˙ W

yx

y

D

yx

y

9>>>>>=>>>>>;
� P1;˙:

(6.8)

We have that A D B� since x is F-positive. The third algebra C is the intersection of A

and B, which is a C �-algebra.

C WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
y 2 P1;˙ W

x

y

D

x

y

;
x

y

D

x

y

9>>>>>=>>>>>;
� P1;˙: (6.9)

Equivalently, we have

C WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
y 2 P1;˙ W

yx

y

D
yx

y

;

yx

y

D

yx

y

9>>>>>=>>>>>;
� P1;˙: (6.10)

Remark 6.3. Let ˆ: Mn.C/! Mn.C/ be a completely positive map. There are Kraus
operators Fj 2M such that

ˆ.D/ D

mX
jD1

FjDF
�
j 8D 2Mn.C/:
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Then we have

A D ¹F �j W j D 1; : : : ; mº
0
\Mn.C/;

B D ¹Fj W j D 1; : : : ; mº
0
\Mn.C/;

C D ¹Fj ; F
�
j W j D 1; : : : ; mº

0
\Mn.C/;

where � 0 \Mn.C/ D ¹A 2 Mn.C/ W AB D BA; B 2 �º is the commutant of � , and �

is a subset of Mn.C/. We could obtain the above three equations from equation (2.21) by
choosing ¹Fj ºmjD1 as Tr.F �i Fj / D 0 if i ¤ j . According to [31, Theorem 8.2], different
choices of Kraus operators of ˆ remain the commutants invariant.

The C �-algebra C is useful to characterize the eigenspace E . Let � 2 EC be the
maximal-support eigenvector of the F-positive element x defined in equation (6.6). We
will show that �C � E and � commutes with C . Moreover, we will give a sufficient
condition for �CC D EC.

Theorem 6.4. Suppose P is a C�-planar algebra and x 2 P2;˙ is F-positive. Then the
following statements hold:

(1) Œpmax; y� D 0 for any y 2 C . Furthermore, Œ�; y� D 0 for any y 2 C .

(2) �C � E .

(3) For any direct summand D of C such that D ŠMn.C/, we have

¹�º00D D ¹pD�º
00D Š ¹pD�º

00
˝D ;

where pD is the union of projections in D .

Proof. (1) For any y 2 C , we have

.y��y/ � yx D y�.� � yx/y D ry��y;

pictorially,

yx

y�

y

� D yx

y�

y

� D r

y�

y

� :

We see that y��y 2 EC. Hence R.y��/ D R.y��y/ � pmax and then y�� D pmaxy
��.

Now we obtain that

y�pmax D pmaxy
�pmax 8y 2 C :
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This implies that pmaxy D ypmax for any y 2 C . Note that y.pmax � yx
.�j // D .pmax �

yx.�j //y for any j � 0. The following is the graph calculus for j D 1:

yx

y

pmax

D

yx

y

pmax

D

yx

y

pmax

D
yx

y

pmax
D

yx

y

pmax
:

We have �y D y�.
(2) For any y 2 C ,

.�y/ � yx D .� � yx/y D r�y;

pictorially,

yx

y

� D yx

y

� D r

y

�

:

(3) Note that P1;˙Š
Lm
kD1Mnk .C/. Suppose D �Mnk0

.C/. Then D 0 \Mnk0
.C/Š

In ˝Mt .C/˚Mnk0�nt
.C/ for some t 2 N via unitary equivalence ˛. Since � 2 D 0 \

P1;˙, we have that pD� is in ˛�1.In ˝Mt .C/˚ 0/. Thus ¹pD�º
00D Š ¹pD�º

00 ˝D .
Since �pD D pD�, we have ¹�º00D D ¹pD�º

00D .

We next prove �CC D EC under some conditions and begin with the following two
lemmas.

Lemma 6.5. Let q 2 P1;˙ be a projection such that q � pmax. Suppose pmax 2 C . Then
q 2 C if and only if R.q � yx/ � q and R..pmax � q/ � yx/ � pmax � q.

Proof. Note that a projection q 2 C if and only if

yx

I � qq
D 0 and

yx

qI � q
D 0:
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They are equivalent to

yx

I � q

I � q

q D 0 and yx

q

q

I � q D 0:

Note that

yx

q

q

I � q D yx

q

q

I � pmax C yx

q

q

pmax � q :

By the assumption, we see the lemma is true.

We say a nonzero positive element y 2 P1;� is a right PF eigenvector of an F-positive
element x if yx � y D ry.

Lemma 6.6. Suppose P is a C �-planar algebra and x 2 P2;˙ is F-positive. Suppose
that there exists a right PF eigenvector y1 2 P1;� such that pmax � R.y1/. Then for any
y 2 EC satisfying R.y/� D �R.y/, we have R..pmax �R.y// � yx/ D pmax �R.y/.

Proof. Note that

r� D � �bx D .R.y/�/ � yx C ..pmax �R.y//�/ � yx:

Recall that R..R.y/�/ � yx/ D R.y/. We obtain

rR.y/� D rR.y/�R.y/ D .R.y/�/ �bx CR.y/...pmax �R.y//�/ � yx/R.y/:

Note that

.R.y/�/ �bx � y1 D r.R.y/�/ � y1:
By taking the convolution of y1, we see that

.R.y/...pmax �R.y//�/ � yx/R.y// � y1 D 0:

By the assumption that pmax � R.y1/ again, we see that R.y/...pmax � R.y//�/ �

yx/R.y/ D 0. Thus

R..pmax �R.y// � yx/ D R...pmax �R.y//�/ � yx/ � pmax �R.y/:
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Note that

pmax D R.pmax � yx/

D R.R.y/ � yx/ _R..pmax �R.y// � yx/

D R.y/ _R..pmax �R.y// � yx/:

We have

R..pmax �R.y// � yx/ D pmax �R.y/:

This completes the proof of the proposition.

Corollary 6.7. Suppose P is a C �-planar algebra and x 2 P2;˙ is F-positive. Suppose
that there exists a right PF eigenvector y1 2 P1;� such that pmax D R.y1/. Then for any
y 2 EC, �R.y/ D R.y/� if and only if R.y/ 2 CC.

Proof. Note that pmax DR.y1/ implies pmax 2 CC. From Lemmas 6.5 and 6.6, we could
prove the corollary.

Proposition 6.8. Suppose P is a C�-planar algebra and x 2 P2;˙ is F-positive. Sup-
pose that there exists a right PF eigenvector y1 2 P1;� such that pmax D R.y1/, and
�R.y/ D R.y/� for any y 2 EC. Then

EC D �CC:

Proof. By Theorem 6.4, we have �CC � EC. For any extreme point y 2 .EC/1, we have
R.y/ 2 CC from Corollary 6.7. Note that �R.y/

tr1;˙.�R.y//
2 .EC/1 and R.�R.y// D R.y/.

By Proposition 4.13, we have

�R.y/

tr1;˙.�R.y//
D y:

Thus EC � �CC. In summary, we have that EC D �CC.

We need a little more effort to release the conditions in Proposition 6.8. Define

x� WD x

��1=2 ��1=2

�1=2 �1=2

: (6.11)

Remark 6.9. It is clear that x� is F-positive. Moreover, the spectral radius of x� is the
same as x, that is r , and pmax � bx� D rpmax.
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Notation 6.10. We denote the C �-algebra C for x� by C� , where C is defined in
equation (6.9). For clarity, we also write the graphical representation for C� .

C� WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
y 2 P1;˙ W

x�

y

D

x�

y

;
x�

y

D

x�

y

9>>>>>=>>>>>;
� P1;˙: (6.12)

We denote the PF eigenspace E for x� by E� , where E is defined in Notation 4.12.
Specifically,

E� D ¹y 2 P1;˙ W y � bx� D ryº � P1;˙:

It is clear that EC
�
D ��1=2EC��1=2.

Theorem 6.11 (C �-algebraic structure). Suppose P is a C�-planar algebra and x 2 P2;˙
is F-positive. Suppose that there exists a right PF eigenvector y1 2 P1;� of x such that
pmax ^R.y1/

?
D 0. Then

EC D �1=2CC
�
�1=2:

Proof. We have

bx� � ��1=2y1�1=2� D �1=2.bxp � y1/�1=2 D �1=2.yx � y1/�1=2 D r��1=2y1�1=2�:
Thus �1=2y1�1=2 is a right PF eigenvector of x� such that pmaxDR

�
�1=2y1�1=2

�
. Take the

maximal-support eigenvector of x� as pmax, we have pmaxR.y/DR.y/DR.y/pmax for
any y 2 EC

�
. So x� satisfies the conditions of Proposition 6.8, and we have EC

�
D pmaxCC

�
.

From EC
�
D ��1=2EC��1=2, we could obtain the conclusion.

Remark 6.12. Let x 2 P2;˙ be an F-positive element such that

yx D I: (6.13)

Then yx: P1;˙ ! P1;˙, y 7! y � yx, defines a CPTP map. Theorem 6.11 gives the
C �-algebraic structure of the PF eigenspace of x.

6.3. Algebraic structures of eigenspaces

In this section, we let p D pmax for simplicity, denote the algebras A and B for xp by Ap
and Bp , where A and B are defined in equations (6.7) and (6.8), and xp is defined in
equation (6.2). We denote the PF eigenspace E for xp by Ep , where E is defined in
Notation 4.12. It is clear that ECp D EC.
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Lemma 6.13. Suppose P is a C�-planar algebra and x 2 P2;˙ is F-positive. Then

pCC
�
� ��1=2Ap�

1=2
\ �1=2Bp�

�1=2:

Proof. For any y 2 pCC
�

,

yx

�1=2 ��1=2

�1=2 ��1=2

y

D yx

�1=2 ��1=2

�1=2 ��1=2

y

:

This is equivalent to

yx

p p

�1=2y��1=2 p

D yx

p p

p �1=2y��1=2

:

So �1=2y��1=2 2 Ap . Analogously, we have ��1=2y�1=2 2 Bp .

Now we obtain the structure of the eigenvector space with respect to Ap and Bp .

Theorem 6.14 (Algebraic structure I). Suppose P is a C�-planar algebra and x 2 P2;˙
is F-positive. Suppose that there exists a right PF eigenvector y1 2 P1;� of x such that
pmax ^R.y1/

?
D 0. Then

EC D ¹v�v� W v 2 Apº D ¹v
��v W v 2 Bpº:

Proof. Suppose that v 2 Ap . Then

bxp
v

v�

� D bxp
v

v�

� D r

v

v�

� :
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So v�v� 2 ECp D EC.
By Theorem 6.11, for any y 2 EC, there exists w 2 CC

�
such that y D �1=2w�1=2. By

Lemma 6.13, we see that there exists v 2 Ap such that

pw1=2 D ��1=2v�1=2:

Hence

y D �1=2
�
��1=2v�1=2

��
��1=2v�1=2

��
�1=2 D v�v�:

This completes the proof of the theorem.

We obtain another representation of EC with a little effort.

Theorem 6.15 (Algebraic structure II). Suppose P is a C�-planar algebra and x 2 P2;˙
is F-positive. Suppose that there exists a right PF eigenvector y1 2 P1;� of x such that

pmax ^R.y1/
?
D 0. Then

EC D .Ap�/
C
D .�Bp/

C:

Proof. For any v 2 Ap , we have R.v�/ D R.v�1=2/ D R.v�v�/ � p. The last inequal-
ity is due to v�v� 2 EC in Theorem 6.14. So pAp� D Ap�. By Theorem 6.11 and
Lemma 6.13, we know that EC D �1=2CC

�
�1=2 � pAp� D Ap�. On the other hand,

Ap� � E , so .Ap�/C � EC. Thus EC D .Ap�/
C. Similarly, EC D .�Bp/

C.

Remark 6.16. Let x 2 P2;˙ be an F-positive element such that yxWP1;˙ ! P1;˙, y 7!
y � yx, defines a CPTP map. Theorems 6.14 and 6.15 give the algebraic structures of the
PF eigenspace of x.

Remark 6.17. Let x 2 P2;˙ be an F-positive element such that

yx D I: (6.14)

Then yxW P1;˙ ! P1;˙, y 7! y � yx, defines a unital completely positive map. In [8],
Choi and Effros proved that the PF eigenspace E is a C �-algebra with respect to the
multiplication ı defined as follows:

y1 ı y2 D lim
k!1

1

k C 1

kX
jD0

.y1y2/ � yx
�j

rjC1

for any y1; y2 2 E . Note that a CPTP map is the adjoint of a unital completely positive
map. Here we are able to consider completely positive maps besides trace-preserving case
and describe the C�-algebraic structures and algebraic structures of their PF eigenspaces.
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7. Quantum error correction

Quantum error correction provides a method to protect quantum information. Developing
robust quantum error correction is necessary for the realization of scalable quantum com-
puting. The first quantum error correction scheme for a single qubit state was proposed by
Shor [41]. Inspired by the PF theorem, we encode logical qubits by mixed states, and we
prove Theorem 7.1 for quantum error corrections of mixed states. Using the multiplicative
structure of the PF eigenspace, these mixed states in the PF eigenspace could be regarded
as the tensor product of pure states and a fixed ancillary mixed state. In Section 7.2, we
contrast this approach with the Knill–Laflamme Theorem 7.4, that characterizes quantum
error corrections of pure states.

7.1. Quantum error correction

A quantum channel ˆ on M2n.C/ is a CPTP linear map. (Sometimes one allows trace
non-increasing maps.)

We recall some basic notions of error correction (e.g., [31]). Let ˆE be a quantum
channel with Kraus operators ¹Eiº representing errors. Given a reference state � 2Mn.C/
with R.�/ D p and � a subspace of pM2n.C/p. Error correction means there exists a
CPTP map ˆR such that

ˆRˆE.�/ D � 8 � 2 � :

The mapˆR is known as the recovery map ofˆE for the subspace � . A well-known class
of recovery maps is the Petz recovery map [33–35], defined as

ˆ
�

R
.�/ D �1=2ˆ�E

�
ˆE.�/

�1=2�ˆE.�/
�1=2

�
�1=2; (7.1)

where ˆ�
E

is the adjoint operator of ˆE . The recovery space of ˆ�
R

is defined by the
invariability of the relative entropy under the action of ˆE (see, e.g., [28]):

S.� k �/ D S.ˆE.�/ k ˆE.�// 8 � 2 � :

In this section, we apply the structure of PF eigenspace to study quantum error
correction. Precisely, we prove the following theorem.

Theorem 7.1 (PF to QEC). Suppose ˆE WM2n.C/ ! M2n.C/ is a CPTP map with
Kraus operators ¹Eiºi2	 representing errors. For any density matrix � 2 M2n.C/ with
R.�/ D p, there exists a CPTP recovery map ˆ�

R
such that for any

D 2 D D ¹�1=2E�j ˆE.�/
�1=2Eip W i; j 2 	º0 \ pM2n.C/p;

we have �0D D D�0 and

ˆ
�

R
ˆE.�

0D/ D �0D; (7.2)

where �0 is the Perron–Frobenius eigenvector of ˆ�
R
ˆE .
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Proof. Let ˆ�
E

be the recovery map defined in equation (7.1). We consider the CPTP
map ˆ�

R
ˆE acting on the subalgebra pM2n.C/p. It is clear that �1=2E�j ˆE.�/

�1=2Eip,
i; j 2 	, are Kraus operators of ˆ�

R
ˆE . Next we let 2̂�

R
ˆE be the Fourier transform

of ˆ�
R
ˆE defined in equation (2.21). By Remark 6.3, the subalgebra D is equal to the

C �-algebra C in equation (6.10) associated to 2̂�
R
ˆE .

Let �0 be the Perron–Frobenius eigenvector of ˆ�
R
ˆE , defined in equation (6.6).

Precisely,

�0 D lim
R3z!rC

.z � 1/

1X
jD0

.ˆ
�

R
ˆE/

j .p/

zjC1
:

By Theorem 6.4, we have �0D D D�0. Moreover,

ˆ
�

R
ˆE.�

0D/ D ˆ
�

R
ˆE.�

0/D D �0D:

We obtain the conclusion.

Remark 7.2. Let ˆ�
0

R
be the recovery map with the reference state �0. Note that �0

and � are faithful states on pM2n.C/p. Since ˆ�
R
ˆE.�

0/ D �0, then by [34, Theorem 3],

ˆ
�0

R
D ˆ

�

R
.

Remark 7.3. We can also see Theorem 7.1 from the fact that the adjoint map .ˆ�
R
ˆE/

�

in the Heisenberg picture on the support of � is a unital completely positive map symmet-
ric to the KMS inner product of �. Then the fixed point is the multiplicative domain which
is the commutant of the Kraus operators. Hence it is a finite-dimensional C �-algebra. By
taking adjoint, one can obtain the fixed point (error correcting space) of ˆ�

R
ˆE .

7.2. Comparison with Knill–Laflamme theory

Here we relate our Theorem 7.1 to the well-known result of Knill and Laflamme (KL).

Theorem 7.4 (Knill–Laflamme [24]). Suppose a noisy environment is a CPTP map ˆE

with Kraus operators ¹Eiº. For a projection p 2 M2n.C/, there is a CPTP recovery
map ˆR such that

ˆRˆE.D/ D D 8D 2 pM2n.C/p

if and only if
pE�i Ejp D �i:jp; �i:j 2 C 8 i; j:

In our framework, the KL condition is equivalent to

D D ¹�1=2E�j ˆE.�/
�1=2Eip W i; j 2 	º0 \ pM2n.C/p D pM2n.C/p:

We now show how this comes. Suppose that D D pM2n.C/p, then

�1=2E�j ˆE.�/
�1=2Eip D �i;jp:
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We haveX
j2	

pE�kˆE.�/
�1=2Ej�E

�
j ˆE.�/

�1=2Eip D pE
�
kˆE.�/

�1=2ˆE.�/ˆE.�/
�1=2Eip

D pE�kEip:

Note that the left side of the equation equals
P
j2	 �i;j�k;jp. Hence the KL condition

holds. On the contrary, suppose that pE�i Ejp D �i:jp. Then

�1=2E�j ˆE.�/
�1=2Eip D �

1=2E�j

 X
k2	

Ek�E
�
k

!�1=2
Eip

D �1=2E�j

X
k2	

.Ek�E
�
k /
�1=2Eip

D �1=2E�j

X
k2	

�
�
�3=2

k:k
Ek�

�1=2E�k
�
Eip

D ıi;j�
1=2
i:j p:

In the above calculations, we assume that pE�i Ejp D ıi;j�i:jp. We have that

.Ek�E
�
k /.Ej�E

�
j / D .Ej�E

�
j /.Ek�E

�
k / D 0; j ¤ k:

Hence  X
k2	

Ek�E
�
k

!�1=2
D

X
k2	

.Ek�E
�
k /
�1=2:

The second equality holds. Note that .Ek�1=2E�k /
2 D �k;kEk�E

�
k

, hence

.Ek�E
�
k /
1=2
D �

�1=2

k;k
Ek�

1=2E�k :

Moreover,

.Ek�
1=2E�k /.Ek�

�1=2E�k / D �k;kEkpE
�
k :

Note that .EkpE�k /
2 D �k;kEkpE

�
k

. Hence EkpE�k=�k;k is the range projection of
Ek�E

�
k

. Then

.Ek�
1=2E�k /

�1
D ��2k;kEk�

�1=2E�k :

Therefore,

.Ek�E
�
k /
�1=2
D �

1=2

k;k
.Ek�

1=2E�k /
�1
D ��3=2Ek�

�1=2E�k :

The third equality holds. We obtain that D D ¹ıi;j�
1=2
i:j p W i; j 2 	º0 \ pM2n.C/p D

pM2n.C/p.
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The KL condition is a strong constraint to construct p. In this case, the correctable
information is pM2n.C/p. In Theorem 7.1, there is no constraint on p, and the recovery
map always exists. The correctable information is

D D ¹�1=2E�j ˆE.�/
�1=2Eip W i; j 2 	º0 \ pM2n.C/p:

In principle, p induces a good QECC if D is large. The PF theorem suggests that we study
QECCs whose logical qubits are mixed states.
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