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Traces of Newton–Sobolev functions on the visible
boundary of domains in doubling metric measure spaces

supporting a p-Poincaré inequality

Sylvester Eriksson-Bique, Ryan Gibara, Riikka Korte and
Nageswari Shanmugalingam

Abstract. We consider the question of whether a domain with uniformly thick bound-
ary at all locations and at all scales has a large portion of its boundary visible from
the interior; here, “visibility” indicates the existence of John curves connecting the
interior point to the points on the “visible boundary”. In this paper, we provide an
affirmative answer in the setting of a doubling metric measure space supporting a
p-Poincaré inequality for 1 < p <1, thus extending the results of Koskela–Nandi–
Nicolau (2018), Azzam (2019), and Gibara–Korte (2022) to non-Ahlfors regular
spaces. We show that t -codimensional thickness of the boundary for 0 < t < p

implies p-codimensional thickness of the visible boundary. For such domains, we
prove that traces of Sobolev functions on the domain belong to the Besov class of the
visible boundary.

1. Introduction

In the context of potential theory, geometric relationships between a domain (that is, an
open connected subset of a metric measure space) and its boundary play a key role. For
instance, it was shown in [19, 21] that when the “visible part” of the boundary of the
domain is large in a codimensional sense, the domain supports a Hardy-type inequality
for Sobolev functions on the domain. Here, by the “visible part” of the boundary we mean
the points on the boundary that can be reached by a John curve from inside the domain,
where John curves are curves that satisfy a twisted cone condition. For smooth domains
in Euclidean spaces, or more generally domains satisfying a non-tangential accessibil-
ity condition, all of the boundary is visible. However, for complicated domains whose
boundaries can be fractal, cuspidal or multiply connected, it is much harder to show that
the visible boundary is large. A natural way of measuring the size of the set is in terms
of Frostman-like measures with a codimensional relationship. It was shown in [22] that
John domains whose boundary sustains a measure that is in a codimensional relationship
with the measure on the domain will support a trace theorem for Sobolev functions, with
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the trace on the boundary of the domain belonging to a Besov class. It is therefore natural
to ask whether there is an analogous trace theorem for domains whose “visible part” of
the boundary is large.

From the works [2,9,20], there is supporting evidence that under some mild measure-
theoretic conditions on its boundary, a domain will have a large part of its boundary that is
visible from the inside. In the setting of complete quasiconvex metric measure spaces with
doubling measures, this fact was established recently in [7]. However, the approach used
in [7], while in the far more general context of doubling gauge measures, did not establish
the existence of a measure supported in the boundary of the domain. The principal focus of
the current paper is to construct a measure on the portion of the boundary of such a domain
that is “visible” from inside the domain, and under mild geometric conditions, establish
that there is a bounded linear trace operator from the Newton–Sobolev class of functions
on such a domain to the Besov class of functions on the “visible” boundary; here the Besov
class is with respect to the constructed boundary measure. To construct such a measure, we
revisit the techniques found in [9], which addresses the visibility question in the context of
domains in metric spaces equipped with an Ahlfors regular measure supporting a Poincaré
inequality. Albeit the slight lack of details in [9], the method there is robust enough that
we succeeded in modifying the technique of [9] to the setting of metric measure spaces
supporting a Poincaré inequality, where the measure is only known to be doubling. In the
first step, we re-establish the largeness of the “visible part” of the boundary, and in the
process, we construct the measure on the boundary as a Frostman measure; in the second
step, we establish the existence of the bounded linear trace operator. These results are
accomplished via the two main theorems of this paper, Theorem 1.1 and Theorem 1.6. We
discuss these in the next two subsections.

We also point out that [9] assumed the measure to be Ahlfors regular, that is, there is
a positive constant Q so that the measure of balls of radius r > 0 is comparable to rQ.
This assumption was used in a crucial way in [9] to control the number of balls needed in
a covering that is finitely chainable and contains a well-placed collection of balls touching
the boundary of the domain. In our setting of doubling measures, we do not have this
luxury. Thus our adaptation of the argument from [9] diverges at this key point, and we
circumvent such a lack of control of the cover by developing an alternate form of control,
and our point of divergence from [9] is Lemma 3.3. We also fix the few errors found in
some of the proofs in [9], and for the convenience of the reader, provide detailed proofs in
the present paper.

1.1. Size of the visible boundary

For c � 1 and z0 2�, let �z0.c/ be the largest subdomain of � that is c-John with
respect to the John center z0. For a fixed point z0 2�, the visible boundary of � near z0,
@�z0.c/ \ @�, is the collection of all w 2 @� for which there exists a rectifiable curve 

with end points z0 andw such that the length `.
z;w/ satisfies `.
z;w/� c d.z; @�/ for all
z 2 
 . Here, 
z;w denotes a segment of 
 joining z to w, and 
 is known as a John curve.
When� is a John domain with John center z0, that is, if every point in x� can be joined to
z02� by a John curve, then the visible boundary coincides with the topological boundary
of the domain. When the domain is not John, the visible boundary will be strictly smaller.
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In [20], it was shown that if � is a bounded simply connected domain in the com-
plex plane, then its visible boundary (from near any fixed point in the domain) is large,
that is, its s-dimensional Hausdorff content is comparable from below to a power of
the distance from that fixed point in the domain to the boundary of the domain. This
holds for each 0 < s < 1, where the ambient Euclidean plane is Ahlfors 2-regular. This
result was extended to domains in higher dimensional Euclidean spaces in [2]. It was
shown there that for domains � � Rn for which there exists 0 < s < n � 1 such that
H s
1.B.w; r/ n�/ � c0 r

s for all w 2 @� and 0 < r < diam.�/, we can obtain an ana-
logous control of H� .@�z0.c/ \ @�/ in a manner similar to that found in [20] whenever
0 < � < s. In [9], this study was extended to Ahlfors Q-regular metric measure spaces
supporting a p-Poincaré inequality for some sufficiently small p.

A natural measure of largeness in an Ahlfors regular space is given by Hausdorff
content; however, when the underlying measure on the metric space is merely doubling, a
more natural measure of largeness of subsets of the metric space is given by codimensional
Hausdorff measure, see Definition 2.4 below. In this paper, the t -codimensional Hausdorff
content of a set A � X will be denoted by H�t1 .A/, and the corresponding restricted
t -codimensional Hausdorff content (restriction to covers by balls of radius at most R > 0)
will be denoted by H�tR .A/. The t -codimensional Hausdorff measure of A is denoted by

H�t .A/ WD lim
R!0C

H�tR .A/:

When the measure on X is Ahlfors Q-regular for some Q > 0, then the t -codimensional
Hausdorff measure is equivalent to the .Q � t /-dimensional Hausdorff measure. Even
in the setting of Euclidean spaces, there are times when it is desirable to study potential
theory in domains equipped with an admissible weight as in [14]. Associated weighted
measures are rarely Ahlfors regular, but are always doubling.

From [4, 5, 10, 11, 22], it is clear that in the case of doubling metric measure spaces,
traces of Sobolev spaces are easier to come by if we have control over the codimensional
Hausdorff measure of the boundary of a domain in such a metric measure space. For this
reason, it is desirable to obtain information regarding the codimensional measure of the
visible boundary of a domain.

The following is the first of the two main results of this paper. Here, for x 2 �, we set
d�.x/ WD dist.x; @�/.

Theorem 1.1. Let .X; d; �/ be a complete doubling geodesic metric measure space sup-
porting a p-Poincaré inequality for some finite p > 1. Let 0 < t < p, let � be a domain
in X , and let c0 > 0 be such that for all w 2 @� and for all 0 < � < diam.�/, we have

(1.2) H�t� .B.w; �/ \ @�/ � c0
�.B.w; �//

�t
�

Then for each z0 2�, there are a compact subset P1 � F WD B.z0; 3d�.z0//\ @�z0.c/
\@� and a probability measure �F , called a Frostman measure, that is supported on P1
and satisfies the following inequality: there is a constant c2 >0 such that whenever �2P1
and 0 < r < 3d�.z0/, we have

(1.3) �F .B.�; r// � c2
�.B.�; r/ \�/

rp
�
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Consequently, there exist c � 1 and c1 > 0 such that for each z0 2�,

(1.4) H
�p

d�.z0/
.B.z0; 3d�.z0// \ @�z0.c/ \ @�/ � c1

�.B.z0; d�.z0///

d�.z0/p
�

This theorem will be proved in Section 4.
In light of the fact that for a fixed point z02�we only obtain the control (1.4) and (1.3)

within the ballB.z0; 3d�.z0//, it is reasonable to ask whether we need the validity of (1.2)
for every w 2 @� rather than just for w 2B.z0;M0 d�.z0//\ @� provided we have fixed
z0 2�. Unfortunately, such a local version of (1.2) is not sufficient for our proof as the
uniformity constant c is only shown to exist, without explicit formula for c solely in terms
of c0 and the doubling and Poincaré constants. Hence the curves we use in the proof can
get close to @� far away from B.z0; 3d�.z0//\ @�, and so the constant M0 needed can-
not be pre-determined. For this reason, we ask that (1.2) holds for all points w 2 @� even
though, ultimately, we only need to know this inequality for points in B.z0;M0 d�.z0//.

Note that the parameters � and d�.z0/ in the Hausdorff contents in (1.2) and (1.4)
are chosen to match the scale in question. This way, the statement is scale-invariant. If X
is Ahlfors Q-regular, then H

�p
� .A/ � H

�p
1 .A/, and we can replace H� and Hd�.z0/

with H1 in Theorem 1.1.
The requirement thatX be a geodesic space can be dispensed with. Indeed, the support

of a Poincaré inequality guarantees that X is quasiconvex, and so a bi-Lipschitz change in
the metric results in a geodesic space. By quasiconvexity it is meant that there is a constant
Cqua > 1 such that each pair of points x; y 2 X can be connected by a curve of length at
most Cqua d.x; y/. Hence, the above theorem will continue to hold for spaces that are not
geodesic, but in this case the constant c1 and the factor 3 in (1.4) will change to other
constants that now also depends on the quasiconvexity constant Cqua.

If X satisfies a p-Poincaré inequality for some p with 1 � p � t , or if 0 < t < p D 1,
then we can still apply Theorem 1.1, since the space also satisfies an s-Poincaré inequality
for all s > max¹1; tº. In this case, we only obtain that

(1.5) H�sd�.z0/.@�z0.c/ \ @�/ � c1
�.B.z0; d�.z0///

d�.z0/s
�

The requirement that p > 1 in the statement of the theorem allows us to use [18] to
obtain and apply a q-Poincaré inequality for some 1 � q < p. In this case, with t < p, we
can choose such q 2 .t; p/, and prove (1.4) with p replaced by q C ", where " D p � q,
following the recipe first given in [9]. By this reasoning, the main results in [9, 20] can be
obtained as corollaries. While we do allow for the possibility of t � 1 in the above theorem,
the conclusion (1.4) cannot give any information for the H

�q

d�.z0/
-content when q < 1, see

the counterexamples in p. 890 of [2]. If t > 1 and X satisfies a p-Poincaré inequality for
some p < t , then it is not known whether the conclusion (1.5) holds with s D t .

1.2. Trace result

One of the principal players in the theory of the Dirichlet problem is the trace, of Sobolev
functions on a domain, at the boundary of the domain. For a nice overview of the role of
traces in the study of Dirichlet problems, see the collection [13] and the paper [24]; see
also [23] for the related Neumann boundary-value problem for Waldenfels operators.
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Traces of Sobolev functions were first studied by Gagliardo [8] with the domain being
the upper half-space in the Euclidean space Rn, see also [3]. This was further exten-
ded to more general classes of Euclidean domains, assuming that the domains are either
smooth or Lipschitz. Moreover, the work of Jonsson and Wallin [17] considered traces of
Sobolev functions on Rn to subsets of Rn that are the so-called d -sets with d < n. In the
non-smooth setting of John domains in metric measure spaces equipped with a doubling
measure supporting a Poincaré-type inequality, an analogous trace result was established
by Malý [22]. However, when the domain is not a John domain, the aforementioned res-
ults do not apply to guarantee the existence of traces of Sobolev functions on the domain.
However, with the tools given by Theorem 1.1, we can construct traces on substantial parts
of the boundary near any given point in the domain. This is the second principal focus of
the paper.

From Theorem 1.1 we obtain the Frostman measure �F , which is used to gain control
over the set P1 in order to obtain traces of Newton–Sobolev functions on �; this is the
content of Theorem 1.6 below. We will see in Section 5 that by (1.3), whenever u is a
Newton–Sobolev function in�, then �F -almost every point in P1 is a Lebesgue point of
u, see Lemma 5.5.

Theorem 1.6. Suppose that .X; d; �/ and the domain � � X satisfy the hypotheses of
Theorem 1.1, that �F is as above, and in addition we also suppose that there is some
max¹1; tº < p < yq < q <1 such that the measure �j� is doubling on � and supports a
yq-Poincaré inequality. Then there is a bounded linear trace operator

T W N 1;q.�/! B
1�p=q
q;q;2 .P1; d; �F / \ L

q.P1; �F /

such that

kT uk
B
1�p=q
q;q;2 .P1;d;�F /

. inf
gu

�
�

gu
q d� and kT ukLq.P1;�F / . kukN 1;q.�z0 .c//

;

where the infimum is over all upper gradients gu of u2N 1;q.�/. The comparison con-
stants in the above estimates are independent of u, and moreover the comparison constant
associated with the comparison between the Besov energy and the Sobolev energy is inde-
pendent of z0 as well.

See Definition 2.8 for the definition of the relevant notions used in the above theorem,
and (5.6) for the explicit construction of the trace operator. This theorem will be proved
in Section 5.

As a consequence of Theorem 1.1, should a domain � satisfy the hypotheses of that
theorem, then we can find a dense subsetE � @� and a countable decomposition ¹Eiºi2N

of E with each Ei arising as the set P1 given by Theorem 1.1 for some point z0 2�,
and a Radon measure �i on Ei such that the trace T of N 1;p.�/ to E makes sense,
though the trace function might not lie in a global Besov class of functions on E. For
Sobolev-type functions on the entire spaceX , similar traces to sets S �X with a countable
decomposition ¹Siºi2N of S into lower Ahlfors regular subsets of S were explored in the
interesting papers [25, 26].
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1.3. Structure of the paper

The paper is structured as follows. In Section 2, we will discuss the background notation
and preliminary results that are valuable tools in proving the two theorems mentioned
above, and in Section 3 we will construct the set P1 and the Frostman measure �F sup-
ported on P1. Theorem 1.1 is then proved in Section 4. A discussion of traces is provided,
together with the proof of Theorem 1.6, in Section 5. Section 6 contains some concluding
remarks, completing the paper.

2. Preliminaries

In this section, we provide definitions of notions used throughout the paper. Here, .X;d;�/
is a complete metric measure space satisfying 0 < �.B/ <1 for all balls B of positive
and finite radius. We will also assume throughout the paper that X is a geodesic space.
We point out here that this is a very mild requirement when .X; d; �/ is complete, doub-
ling and supports a Poincaré inequality, for then X is necessarily quasiconvex and hence,
there is a bi-Lipschitz equivalent metric onX that turnsX into a geodesic space. A ball of
radius r > 0will be denoted byB.r/ if the center of the ball is not of particular importance
to us.

Definition 2.1. We say that a domain��X is c-John for c � 1 with center z0 if for each
y 2� with y ¤ z0, there exists a curve 
 with end points z0 and y such that

`.
z;y/ � cd�.z/

for all z along 
 . Such a curve is called a c-John curve with respect to �. Here, 
z;y
denotes a subcurve of 
 with end points z and y, and

d�.z/ WD d.z;X n�/ WD inf¹d.z; �/ W � 2X n�º:

It follows from the definition of a John domain that � is necessarily bounded. More-
over, points on the boundary of a John domain can also be reached from the center by
a John curve. It is immediate from the definition of John domains and their centers that
if X is a geodesic space and � � X is a domain, z0 2�, and �� , � 2ƒ, is a collection
of c-John domains with the same John center z0, then

S
�2ƒ�� is also c-John with the

same John center. Given this, we know that for z0 2� and c � 1, there is the largest
subdomain, �z0.c/, of �, such that �z0.c/ is c-John with center z0. Moreover, with
r D d�.z0/, we have thatB.z0; r/��withB.z0; r/ a c-John domain with John center z0
whenever c � 1.

Definition 2.2. Let� be a domain inX . For c � 1 and z0 2�, we say that @�z0.c/\ @�
is the visible, or accessible, boundary of � near z0 2�.

Definition 2.3. We say that � is a doubling measure if there exists a constant Cd � 1 such
that for all x 2X and r > 0, we have

�.B.x; 2r// � Cd �.B.x; r//:
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Definition 2.4. For t � 0 and R > 0, the t -codimensional Hausdorff content of a set
A � X is defined as

H�tR .A/ D inf
° 1X
iD1

�.B.xi ; ri //

r ti
W A �

1[
iD1

B.xi ; ri /; ri � R
±
:

The t -codimensional Hausdorff measure of A is H�t .A/ WD limR!0C H�tR .A/.

Recall that the Hausdorff dimension of a setA in a metric space is the supremum of all
s� 0 for which H s

1.A/D1, where H s
1 is the dimension s Hausdorff content, or equival-

ently, the supremum of all s � 0 for which H s.A/ > 0. Here, H s.A/ WD limR!0C H s
R.A/

is the usual s-dimensional Hausdorff measure. Unlike the Hausdorff measures, Haus-
dorff content H s

1.A/ WD limR!1 H s
R.A/ of a bounded set is never infinite; however,

H s.A/ D 0 if and only if H s
1.A/ D 0. When considering dimensional notions using

codimensional measures, we have the following.

Lemma 2.5. Let A � X be a bounded set and let t > 0. Then for all � � t , we have that

���tH��� .A/ � H�t� .A/:

Proof. With ¹Biºi2I�N a cover of A by balls of radii rad.Bi / � � for all i , we have that
���t rad.Bi /t � rad.Bi /� . Therefore,

H�t� .A/ �
X
i2I

�.Bi /

rad.Bi /t
� ���t

X
i2I

�.Bi /

rad.Bi /�
,

and taking the infimum over all such covers yields that H�t� .A/ � ���t H��� .A/.

Unlike in the setting of Ahlfors regular metric spaces equipped with the Ahlfors reg-
ular measure, in the doubling setting it is not necessarily true that when H�t1 .A/ D 0

we have H�t .A/ D 0, for large-scale behavior of �.B.x; R//=Rt , x 2X , is not gov-
erned by the behavior of this ratio for small or intermediate values of R. It is therefore
more instructive to consider the scaled Hausdorff codimensional contents H�tR , R > 0.
The next lemma gives a partial control over how the change in the scale R affects the
codimensional Hausdorff content.

Lemma 2.6. Let ˛ > � and t > 0. Then, whenever K � X and ¹Biºi2I�N is a cover
of K by balls Bi of radii ri � ˛, we have

H�t� .K/ � C
�˛
�

�t X
i2I

�.Bi /

r ti
�

Here, C depends only on the doubling constant Cd .

Proof. For a cover ¹Biºi2I�N ofK comprised of ballsBi of radius ri � ˛, we can decom-
pose this cover into two subfamilies: the first subfamily ¹Biºi2I1�I of all the balls Bi
with radius ri � �, and the other subfamily ¹Biºi2I2�I with I2 D I n I1 consisting of
balls of radius ri � �. For each ball Bi with i 2 I2, we can find a collection of balls
¹Bi;j ºj2I.i/�N contained in 2Bi with radius � so that they have bounded overlap (with
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the overlap bounded by a constant that depends solely on the doubling constant of �) and
cover Bi . For each i 2 I2, then, we haveX

j2I.i/

�.Bi;j /

�t
� C

�.2Bi /

�t
� C

�˛
�

�t �.Bi /
r ti
�

The collection ¹Biºi2I1�I [ ¹Bi;j ºi2I2;j2I.i/ is then a cover ofK comprised of balls with
radii at most �, and so

H�t� .K/ �
X
i2I1

�.Bi /

r ti
C C

�˛
�

�t X
i2I2

�.Bi /

r ti
� C

�˛
�

�tX
i2I

�.Bi /

r ti
�

For a locally Lipschitz function u on X , for x 2X we set

Lip.u/.x/ WD lim sup
r!0C

sup
y2B.x;r/

ju.x/ � u.y/j

d.x; y/
�

Definition 2.7. We say thatX supports a p-Poincaré inequality, 1� p <1, if there exist
constants C > 0 and � � 1 such that for all x 2X and r > 0, we have−

B.x;r/

ju � uB.x;r/j d� � C r
� −

B.x;�r/

Lip.u/p d�
�1=p

for all locally Lipschitz functions u, where

uB.x;r/ WD

−
B.x;r/

ud� WD
1

�.B.x; r//

�
B.x;r/

ud�:

On a complete metric measure space, the p-Poincaré inequality for 1<p <1 exhibits
self-improvement. It follows from a theorem of Keith and Zhong, see [6,18], that the space
also satisfies a q-Poincaré inequality for some 1 � q < p.

Definition 2.8. Given a metric measure space .Y; dY ; �Y / with �Y Borel, we say that a
function uW Y ! Œ�1;1� is in the Newton–Sobolev class N 1;q.Y / if u is measurable,�
Y
jujq d� <1, and there is an upper gradient g 2Lq.Y /; that is, g is a non-negative

Borel function such that for every non-constant compact rectifiable curve 
 in Y , we have

ju.y/ � u.x/j �

�



g ds;

where x and y denote the end points of 
 in Y . The norm on N 1;q.Y / is given by

kukN 1;q.Y / WD

� �
Y

jujq d�Y C inf
g

�
Y

gq d�Y

�1=q
;

with the infimum over all upper gradients g of u.
For S � 1, we say that u 2 B�q;q;S .Y; dY ; �Y / if the nonlocal energy (semi)norm,

given by

kuk
q

B�q;q;S .Y;dY ;�Y /
WD

�
Y

�
Y

ju.y/ � u.z/jq

dY .y; z/�q �Y .B.z; S dY .y; z///
d�Y .y/ d�Y .z/

is finite.
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Note that when the measure �Y is doubling, the spaces B�q;q;S .Y; dY ; �Y / are inde-
pendent of the parameter S , with the energy seminorms comparable with comparison
constant depending solely on the doubling constant of �Y and the parameter S . In this
case, we can set S D 1 in the above definition to obtain, with equivalent norms, the
classical Besov class B�q;q.Y; dY ; �Y / WD B�q;q;1.Y; dY ; �Y /. However, in our setting,
the measure �Y is the upper p-codimensional Hausdorff measure �F on a compact sub-
set P1 of the boundary of the domain, and we do not know that this measure is doubling.
For nondoubling measures �Y , changing the parameter S could result in non-controllable
changes in the Besov class and in the associated energy.

Besov spaces arise naturally in the study of potential theory, especially in understand-
ing the class of boundary data for which solutions to the p-energy minimizing prob-
lem (equivalent to the p-Laplacian problem in the Euclidean, Riemannian, and Carnot–
Carathéodory settings) exist with the corresponding boundary data. Of such boundary
data, those that give rise to solutions that have globally finite p-energy correspond pre-
cisely to traces of Newton–Sobolev functions on the domain. We refer interested readers
to [4,5,10–12] for more information on Besov spaces as the trace class of Sobolev spaces.

Standing assumptions. Throughout this paper, apart from Section 5, we assume that
.X; d; �/ is a complete metric measure space, that � is a doubling measure, and that
it supports a p-Poincaré inequality for some 1 < p <1. In this setting, .X; d/ is proper
and d is bi-Lipschitz equivalent to a geodesic metric, see Lemma 4.1.14 and Corol-
lary 8.3.16 in [16]. We take d to be this geodesic metric, which implies in turn that one may
take the Poincaré scaling factor � to equal 1 (see Remark 9.1.19 in [16]); this is crucial
for us only in the proofs of Lemmas 3.1 and 3.3 below. Moreover, the parameter q will be
used to denote the self-improved Poincaré inequality exponent, i.e. q-Poincaré inequality,
guaranteed by [18].

3. Construction of P1 and the Frostman measure �F

Recall that .X;d;�/ is complete, doubling, and supports a p-Poincaré inequality for some
p > 1, and 0 < t < p. Thus by the self-improvement property due to [18], we can find
some q � 1 with t < q < p such that X also supports a q-Poincaré inequality.

Replacement for Lemma 4.3 in [9] is the following, and its proof is an adaptation
of Theorem 5.9 in [15]. We provide the complete adapted proof here, especially since we
do not require the sets E and F to be compact.

Lemma 3.1. In the setting of Theorem 1.1, fix 1 < q < p such that X supports a q-Poin-
caré inequality. Let 0 < t < q. Then there is a constant C � 1 such that if r > 0,E and F
are subsets of a ball B.x; r/ � X , and � > 0 satisfies

min¹H�tr .E/;H�tr .F /º � �
�.B.x; r//

r t
,

then for any Lipschitz function u on B.x; r/ with u D 1 on E and u D 0 on F , we have
that �

B.x;r/

.Lipu/q d� �
�

C

�.B.x; r//

rq
�
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Proof. By replacing uwith min¹max¹u;0º; 1º if necessary, we may assume that 0� u� 1
on B.x; r/. In the case that uB.x;r/ � 1=2, for each z 2E we have ju.z/� uB.x;r/j � 1=2;
in the case that uB.x;r/ � 1=2, for each w 2F we have ju.w/ � uB.x;r/j � 1=2. We will
address the first case, with the second case following mutatis mutandis.

We set ˇ WD 1 � t=q, and note that as t < q, necessarily ˇ > 0. For each z 2E, let
Œx; z� be a geodesic segment with end points x and z. If d.x; z/ � r=4 we let B0 WD
B.x; r/, B1 D B.x; d.x; z/=2/, and let x2 be the point on the segment Œx; z� that is a
distance d.x; z/=2 from x. We set B2 D B.x2; d.x; z/=2

2/. Inductively, once we have
chosen Bi , i D 0; 1; : : : ; k, we set xkC1 to be the point on the segment Œx; z� that is
at distance 2�jd.x; z/ from z. This implies that d.xkC1; x/ D

Pk
jD1 2

�jd.x; z/. Now
we set BkC1 D B.xkC1; 2

�.kC1/d.x; z//. If d.x; z/ < r=4 then we set B0 WD B.x; r/,
B1 WD B.z; r=2/, and for positive integers k we set Bk D B.z; 2�kr/.

Then note that for each positive integer k, we have 2Bk � B.x; r/, BkC1 � 2Bk , and
z 2 3Bk . Therefore, by the doubling property of �, we get

1

2
< ju.z/ � uB.x;r/j �

1X
kD0

juBk � uBkC1 j .
1X
kD0

−
2Bk

ju � u2Bk j d�

.
1X
kD0

2�kr
� −

2Bk

.Lipu/q d�
�1=q

:

Since
P1
kD0 2

�kˇ is a convergent series, it follows that there is a non-negative integer kz
such that

2�kzˇ . 2�kz r
� −

2Bkz

.Lipu/q d�
�1=q

:

From our choice of ˇ, we have that t D .1 � ˇ/q. From the above inequality, we obtain

�.Bkz / . rq 2�kz.1�ˇ/q
�
2Bkz

.Lipu/q d� . rˇq rad.Bkz /
t

�
2Bkz

.Lipu/q d�:

The family ¹3Bkz W z 2Eº forms a cover of E, and so by the 5B-covering lemma we can
obtain a countable pairwise disjoint subcollection ¹3Bkºk2I�N such that ¹15Bkºk2I�N

also covers E. It follows from Lemma 2.6 that

H�tr .E/ .
X
k2I

�.15Bk/

.15 rad.Bk//t
.
X
k2I

�.Bk/

.rad.Bk//t
.
X
k2I

rˇq
�
2Bk

.Lipu/q d�

� rˇq
�
B.x;r/

.Lipu/q d�:

By hypothesis, we know that H�tr .E/ � �r�t �.B.x; r//. As �t � ˇq D �q, the desired
conclusion follows.

Definition 3.2. Let B be a ball in X with center in x�. We say that a family ¹BiºNiD1 of
balls is well-placed along B \ @� if for each i D 1; : : : ; N we have that Bi � �, .B \
@�/\ @Bi is non-empty, and 4Bi \ 4Bj is empty whenever i ¤ j with i; j 2¹1; : : : ;N º.
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A chain of balls is a collection B1; : : : ; BN such that rad.Bi / D rad.B1/ and Bi � �
for all i D 1; : : : ; N and the center of BiC1 lies in xBi for i D 1; : : : ; N � 1.

We say that a ball B �� is chainable to another ball B 0 �� if rad.B/D rad.B 0/ and
there exists an N 2 N and a chain of balls B1 D B; : : : ; BN D B 0. We further say that B
is chainable to B 0 within a set Y if Bi � Y for each i D 2; : : : ; N � 1.

Lemma 3.3. Let w2@�, 0 < r0 < diam.�/, and 0 < �0 < 1=168. Suppose that we have,
for � D .1 � 21�0/r0,

H�tr0 .B.w; �/ \ @�/ � c0
�.B.w; �//

�t
,

and that z 2 � \ @B.w; r0/ is such that B.z; r0=2/ � �. Let ¹Bi .�0r0/ºNiD1 be a max-
imal collection of balls with centers in B.w; r0/ \ � such that each Bi is chainable to
B.z; �0r0/ within B.w; 2r0/ \ � and ¹Bi .�0r0/ºNiD1 is well-placed along B.w; 2r0/ \
@�. Then

�
q
0 �.B.z; r0// � K0

NX
iD1

�.Bi .�0r0//;

with the constant K0 dependent solely on the doubling and Poincaré constants of X .

Proof. We now set D to be the collection of all points x 2� with d�.x/ > �0r0 for
which B.x; �0r0/ is chainable to B.z; �0r0/. We consider the functions gWX ! R and
f WB.w; r0/! R given by

g.x/ WD max
1�i�N

�
1 �

dist.x; 30Bi /
�0r0

�
C

and

f .x/ D

´
g.x/ if x 2B.w; r0/ \D;
1 if x 2B.w; r0/ nD:

It is direct to see that f is . 1
�0 r0

/-Lipschitz on B.w; r0/ \D, and that f is constant (and
hence Lipschitz continuous) on B.w; r0/ n xD. Thus, to show that f is locally Lipschitz
continuous on B.w; .1� 21�0/r0/, it suffices to show that f is locally Lipschitz continu-
ous at each point x in B.w; .1 � 21�0/r0/ \ @D. It is direct to see that d�.x/ � �0r0,
since this estimate holds for all points in D. Since x 2 @D we have some Qx 2D such
that d.x; Qx/ < �0r0. Since Qx 2D, we have that B. Qx; �0r0/ is chainable to B.z; �0r0/
within B.w; 2r0/ \�. By adding B.x; �0r0/ to the chain, we see that B.x; �0r0/ is also
chainable to B.z; �0r0/ within B.w; 2r0/ \�.

There are two cases to consider. First, assume d�.x/ > �0r0. By again adjoining a
ball, we see that for each y 2 B.x; d�.x/ � �0r0/ the ball B.y; �0r0/ is chainable to
B.z;�0r0/. Thus,B.x;d�.x/� �0r0/�D, which is a contradiction to x2@D. Therefore
d�.x/ D �0r0.

Thus, we focus on points x 2B.w; .1 � 21�0/r0/ for which d�.x/ D �0r0. From the
above discussions, we know that the ball B.x; �0r0/ is chainable to B.z; �0r0/ within
B.w; 2r0/ \ �. By maximality of the well-placed collection, we must have some i D
1; : : : ;N such that 4Bi \ 4B.x;�0r0/¤;. HenceB.x;�0r0/� 12Bi � 30Bi . Therefore,
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f D 1 in the ball B.x; �0r0/, and the local Lipschitz property follows. In conclusion, f
is locally . 1

�0 r0
/-Lipschitz continuous on B.w; .1 � 21�0/r0/.

Now let

E D B.z; r0=4/ \ B.w; .1 � 21�0/r0/ \D and F D B.w; .1 � 21�0/r0/ \ @�:

Recall that X is a geodesic space. Let 
 be a geodesic connecting z to w, and let z00 be a
point along this geodesic so that d.z00; z/D 3r0=16, whence we also have that d.z00;w/D
13r0=16. We claim that B.z00; r0=16/ � E. By the triangle inequality, we know that
B.z00; r0=16/ � B.z; r0=4/\ B.w; .1� 21�0/r0/. Thus, to show that B.z00; r0=16/ � E,
it remains to show that B.z00; r0=16/ � D. We do this by constructing a chain of balls
connecting balls centered in this set to B.z; �0r0/. Take any point x 2B.z00; r0=16/ nD,
and let ˇ be the concatenation of a geodesic from x to z00 and the subcurve of 
 from z00

to z. Choose x1 D z; xk D x and points x2; : : : ; xk�1 along ˇ with d.x2; z/ D �0r0 and
d.xi ; xiC1/ � �0r0 for i D 1; : : : ; k � 1. Recall that d�.z/ � r0=2 and �0 < 1=168. It
follows that ¹B.xi ; �0r0/ºkiD1 gives the chain connecting B.x; �0r0/ to B.z; �0r0/. Thus,
x 2D by definition.

The sets E and F are disjoint subsets of the ball B.w; .1 � 21�0/r0/. Moreover, by
the hypothesis of the lemma, we know that

(3.4) H�tr0 .F / � c0
�.B.w; .1 � 21�0/r0//

r t0
&
�.B.w; r0//

r t0
�

Recall that 0 < �0 < 1=168. Setting B 00 WD B.z00; r0=16/, where z00 was the point on the
geodesic from z tow as described above, that argument above demonstrated that B 00 �E.
Therefore, we also have that

H�tr0 .E/ � H�tr0 .B
00/:

To compute H�tr0 .B
00/, we argue as follows. Let ¹B�i ºi2I�N be a cover of B 00 by balls B�i

of radii ri � r0. Since for each i 2 I we have that ri � r0, then by the doubling property
of �, we have X

i2I

�.B�i /

r ti
�

X
i2I

�.B�i /

r t0
�
�.B 00/

r t0
&
�.B.w; r0//

r t0
�

It follows that

(3.5) H�tr0 .E/ � H�tr0 .B
00/ &

�.B.w; r0//

r t0
�

We next show that f D 1 on F and that f D 0 on E, setting us up to use Lemma 3.1.
Indeed, by construction, we have E � D \ B.w; r0/, and so f D g on E. If x 2E,
then dist.x; @�/ � r0=4, and so for each i D 1; : : : ; N , we have that dist.x; 31Bi / �
r0=4 � 32�0r0 > 0 since �0 < 1=128. Therefore necessarily g D 0 on E, that is, f D 0
on E. Since F \D D ;, we have f jF D 1.

We then get to

�
B.w;.1�21�0/r0/

.Lipf /q d��
1

.�0r0/q
�
� N[
iD1

31Bi .�0r0/
�

.
1

.�0r0/q

NX
iD1

�.Bi .�0r0//:
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Now an application of Lemma 3.1 (with � determined by c0 and the doubling constant
related to �) above, together with the fact that r0 > .1 � 21�0/r0 � r0=2 gives

1

C
c0
�.B.w; r0//

r
q
0

�
1

.�0r0/q

NX
iD1

�.Bi .�0r0//:

Setting K0 D C=c0 yields the desired conclusion.

Next we wish to construct a Frostman measure, adapted to the use of codimensional
Hausdorff content. The idea comes from [27], but unlike in [27], we are not interested in
creating a doubling measure, and so our construction is simpler and closer to that of [9].
Henceforth we consider 0 < � < �1 < 1=168, with �1 sufficiently small as determined in
the proof of Proposition 3.8.

Construction 3.6. As in [9], fix z0 2� and let r D d�.z0/. We then choose a point
w0 2 @B.z0; r/ \ @� and set P0 D ¹w0º DW0. We begin the construction by choosing a
point x1 in the geodesic connecting z0 tow0 such that d.x1;w0/D �r . The ballB.x1; �r/
is chainable to B.z0; �r/ by balls that are chosen with centers on the geodesic connect-
ing x1 to z0. Since d�.z0/ D r , it follows that d�.x1/ D �r . Next, as in the statement
of Lemma 3.3 with z0 playing the role of z, w0 playing the role of w, r playing the role
of r0, and � playing the role of �0, let W1 DW W1.w0/ be a maximal collection of balls of
radius �r with the properties:

(1) B.x1; �r/2W1.w0/,
(2) it is well-placed along B.w0; 2r/ \ @�,
(3) each ball in this collection is finitely chainable to B.z0; �r/ by balls contained in

� \ B.w0; 2r/.
Let P1.w0/ consist of a choice of one point in B.w0; 2r/\ @B \ @� for each B 2W1.

For x1, we choose w0. From the conditions related to W1.w0/, it follows that P1.w0/ has
as many distinct points as the number of distinct balls in the collection W1.w0/. We also
set P1 D

S
w2P0

P1.w/, which, in this case, equals P1.w0/. By construction, P0 � P1.
We inductively construct WkC1 and PkC1, given the successful construction of Wk

and Pk , as follows: for each w 2Pk , there is a ball Bw 2Wk such that w 2 @Bw \ @�.
Let zw be the center of Bw . We choose xw in the geodesic connecting zw and w such that
d.xw ;w/D �

kC1r . Note that d�.zw/D �kr , and so d�.xw/D �kC1r . As in Lemma 3.3,
with w playing the role of w, zw playing the role of z, �kr playing the role of r0, and �
playing the role of �0 there, we set WkC1.w/ to be a maximal collection of balls with

(1) B.xw ; �kC1r/2WkC1.w/,
(2) it is well-placed along B.w; 2�kr/ \ @�,
(3) each ball in this collection is finitely chainable to B.zw ; �kC1r/ by balls within

� \ B.wk ; 2�
kr/.

Let PkC1.w/ consist of a choice of a point in B.w; 2�kr/\@B\@�, for each ball
B2WkC1.w/, with the additional requirement that w 2 PkC1.w/, which ensures that
Pk � PkC1. We now set WkC1 D

S
w2Pk

WkC1.w/, and PkC1 D
S
w2Pk

PkC1.w/.
We set P1 to be the closure of the union

S
k Pk . For each k 2N and w 2Pk , we

denote by Ak.w/ the unique point in Pk�1 such that w 2Pk.Ak.w// with the property
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that w2B.Ak.w/; 2�k�1r/\ @�. Moreover, we setDk.w/D PkC1 \B.w;2�kr/. Note
that Pk \ B.w; 2�kr/ � Dk.w/. As the points of Pk are from boundaries of well-placed
balls of radius �kr , their centers are at a mutual distance of at least 8�kr . Thus the sets
Dk.w/ with w 2Pk form a pairwise-disjoint partition of PkC1.

The above construction gives us a Cantor-type subset of @�, which we will see in the
next section to be a subset of @�z0.c/ \ @� \ B.z0; 3d�.z0// for a large-enough choice
of c. We now create chains of balls with controlled length connecting consecutive layers
of our construction above before constructing a Frostman measure associated with P1.

Lemma 3.7. There is a positive integerM >3, depending solely on the doubling constant
of � and the scale �, such that the following holds. Let k be a positive integer andB 2Wk ,
and let w2Pk�1 be such that B 2Wk.w/. Let B.zw ; �k�1r/2Wk�1 be the ball such that
w 2 @B.zw ; �

k�1r/ \ @�. Then there exists a chain of balls

B DW B�0 ; B
�
1 ; : : : ; B

�
N WD B.zw ; �

kr/;

all of radii �kr , with N �M and B�i � B.w; 2�
k�1r/ for i D 0; : : : ; N .

Proof. By construction, B is chainable to B.zw ; �kr/ within�\B.w; 2�k�1r/ by some
chain B�0 ; : : : ; B

�
N , as in the statement of the lemma, with radii �kr . Choose the chain

with the smallest possible number of balls N in the chain. We will now show that N
can be bounded by a constant M that depends solely on � and �. Let K be the maximal
number of points in B.wk ; 2�k�1r/ that is �kr=8-separated, that is, with pairwise distance
at least �kr=8. Set S to be the collection of these points. By the doubling property of �,
there is at most M=2 number of such points, that is, K �M=2, with M depending solely
on the doubling constant and �k�1r=.�kr=8/ D 8=�. We now show that N �M .

For each ball B�i with center xB�i , we choose a point si 2S \ B.xB�i ; �
kr=8/. Such a

point si must exist by the maximality of the collection S . If N > M D 2K, then by the
pigeonhole principle there must exist some s 2S and three indices i1; i2; i3 (in increasing
order) such that si1 D si2 D si3 D s. We have ji3 � i1j � 2, since i2 lies between them.
Notice that

d.xB�i3
; xB�i1

/ � d.xB�i3
; s/C d.s; xB�i1

/ � �kr=4;

and thus xB�i3 2B
�
i1

. Therefore, if we remove the balls B�j for j D i1 C 1; : : : ; i3 � 1

from the chain B�0 ; : : : ; B
�
N , the balls that remain form a strictly shorter chain. This is a

contradiction of the minimality of N and thus N �M as claimed.

Proposition 3.8. Under the hypotheses stated in Theorem 1.1, and with P1 as construc-
ted above, we have

(3.9)
�.B.w0; r//

rp
. H�pr .P1/:

Moreover, there is a Radon probability measure �F , supported on P1, such that for
� 2P1 and 0 < � < r ,

(3.10) �F .B.�; �// .
�.B.�; �//

�.B.w0; r//

� r
�

�p
:
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Proof. We prove the proposition by constructing a Frostman measure on the set P1, that
is, a measure �F onP1 such that for � 2P1 and 0< �< r , the estimate (3.10) holds. This
would complete the proof because for any cover of P1 by balls ¹Bi .�i /ºi2I�N centered
at points in P1 with �i < r , we have that

1 D �F .P1/ �
X
i

�F .Bi .�i // .
rp

�.B.w0; r//

X
i

�.Bi .�i //

�
p
i

�

Thus we obtain, by taking the infimum of the rightmost-hand side of the above over all
covers, exactly the desired estimate (3.9). Inequality (3.10) will be established towards the
end of the proof of this proposition, see (3.13) below.

To construct a Frostman measure supported on P1, we inductively construct the func-
tion aW

S1
kD0 Pk � ¹kº ! Œ0; 1� as follows. We first set a.w0; 0/ WD 1, and for w 2P1,

set

a.w; 1/ WD
�.B.w; �r//P

�2D0.w0/
�.B.�; �r//

�

Note that P0 D ¹w0º; hence D0.w0/ D P1. It follows that
P
w2P1

a.w; 1/ D 1. Once
a.w; k/ have been determined for each w 2Pk , we next set for w 2PkC1,

a.w; k C 1/ WD a.AkC1.w/; k/
�.B.w; �kC1r//P

�2Dk.AkC1.w//
�.B.�; �kC1r//

�

As pointed out in the construction of the sets Pk , we know that Dk.w/, w 2Pk , forms a
pairwise disjoint partition of PkC1; we have for each w0 2Pk thatX

w2Dk.w
0/

a.w; k C 1/ D a.w0; k/:

Finally, for each non-negative integer k, we set the measure

(3.11) �k WD
X
w2Pk

a.w; k/ ıw ;

where, for each x 2X , the measure ıx is the probability measure supported on the single-
ton set ¹xº. Note that the support of �k is Pk � P1 and that �k.X/ D 1. Indeed, it is
immediate that �0.X/ D 1, and that

�k.X/ D
X
w2Pk

a.w; k/:

By construction, when k � 1 we know that for each � 2Pk�1,X
w2Dk�1.�/

a.w; k/ D a.�; k � 1/;

and so by induction we see that �k.X/ D 1 for each k � 1 as well.
In the rest of this argument, we use the fact that necessarily, � < �1 < 1=168. Suppose

that w 2DkCl .DkCl�1.� � � .Dk.wk// � � � // for some wk 2Pk and l � 1. Then we must
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have that w 2B.wk ; 3�kr/ and, by the well-placedness property, the ball B.wk ; 4�kr/
does not intersect the ball B.zk ; 4�kr/ whenever wk ; zk 2Pk with wk ¤ zk . Therefore, if
k2 > k1 and w 2Pk1 , then w 2Pk2 and

(3.12) �k2.B.w; 3�
k1r// D �k1.B.w; �

k1r// D a.w; k1/:

Note also that for k � 1 and w 2Pk , by Lemma 3.3 with Ak.w/ playing the role of w,
xAk.w/ playing the role of z, and with �0 D � and r0 D �k�1r , we have

�q �.B.xAk.w/; �
k�1r// � K0

X
�2Dk.Ak.w//\B.Ak.w/;�

k�1r/

�.B.�; �kr//

� K0
X

�2Dk.Ak.w//

�.B.�; �kr//;

and so

a.w; k/ D �k.B.w; �
kr// D a.Ak.w/; k � 1/

�.B.w; �kr//P
�2Dk.Ak.w//

�.B.�; �kr//

� a.Ak.w/; k � 1/
�.B.w; �kr//

K�10 �q�.B.Ak.w/; �k�1r//
�

An inductive argument gives us that for k � 1,

a.w; k/ �
�.B.w; �kr//

.K�10 �q/k �.B.w0; r//
�

Note that the constantK0 does not depend on �, nor onw. We fix " > 0. So if we choose �1
small enough so that in addition we have K�10 � �

"
1, then for 0 < � � �1 we have that

a.w; k/ �
�.B.w; �kr//

�.qC"/k �.B.w0; r//
�

Let 0 < � < r and � 2 @� be such that B.�; �/ \ P1 is non-empty. If � � r=2, then the
claim follows from the doubling property of � and the fact that �F .X/ � 1 once �F is
constructed, because each �k is a probability measure. Hence we will focus on the case
that � < r=2. Let k� be the unique non-negative integer such that

1

2
�k�C1 r � � <

1

2
�k� r:

Then, as Pk � PkC1 for each non-negative integer k, it follows that there is some positive
integer j � k� and w 2Pj such that w 2B.�; �/.

By induction, we see that for each non-negative integerm� j there is some wm 2 Pm
such that d.w;wm/ < 2

1��
�mr . It follows that

d.�; wm/ <
2

1 � �
�mr C �:
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For each w0 2 Pm with w0 ¤ wm, we have d.w0; wm/ � 8�mr by the well-placedness
property. For the choice of m D k�, we have that

B.�; �/ � B
�
wm;

2

1 � �
�m r C 2�

�
and B

�
wm;

2

1 � �
�m r C 2�

�
\ Pm D ¹wmº:

So, thanks to (3.12) and by the fact that

2

1 � �
�k�r C 2� � 3�k�r;

we have for each k � k� C 1,

�k.B.�; �// � �k

�
B
�
wk� ;

2

1 � �
�k�r C 2�

��
D �k�

�
B
�
wk� ;

2

1 � �
�k�r C 2�

��
� �k�.B.wk� ; �

k�r// �
�.B.wk� ; �

k�r//

�k�.qC"/ �.B.w0; r//
�

�.B.�; �//

�.B.w0; r//

� r
�

�qC"
:

Here the comparison constant depends solely on the doubling constant of � and the choice
of �.

By the Banach–Alaoglu theorem, we have a weak*-convergent subsequence of the
sequence of Radon probability measures �k to a Radon measure �F that lives inside @�,
with �F .P1/ D 1. We obtain then also that for � 2 @� and 0 < � < r ,

(3.13) �F .B.�; �// .
�.B.�; �//

�.B.w0; r//

� r
�

�qC"
:

This measure �F is our Frostman measure, with the choice of " D p � q.

4. Proof of Theorem 1.1

In this section, we complete the proof of the first main result of this paper, Theorem 1.1.
Thanks to Proposition 3.8 and the fact that the visible boundary is closed, it suffices to
show that

S
k Pk is a subset of @�z0.c/ \ @� for some c � 1. See Construction 3.6 for

the choice of the sets Pk .
Take w 2Pk for some k � 0. Then there is a point zw such that w 2 @B.zw ; �kr/ and

B.zw ; �
kr/2Wk . Joining w to zw by a geodesic z
 , we have that for any z along z
 ,

(4.1) d�.z/ D dB.z/ � dB.zw/ � d.zw ; z/ D `.z
/ � `.z
zw ;z/ D `.z
z;w/:

A similar argument to the above also tells us that if B.x; �/ � �, y 2 B.x; �/, and ˇ is a
geodesic with end points x and y, then ˇ � � and for each point z in ˇ,

d�.z/ � d�.x/ � d.x; z/ � d.x; y/ � d.x; z/ D d.y; z/:

By construction, B.zw ; �kr/2Wk.w�1/ for some w�1 2 Pk�1. Let zw�1 be the corres-
ponding point in � such that B.zw�1 ; �

k�1r/2Wk�1 and w�1 2 @� \ @B.zw�1 ; �
k�1r/.
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We denote by ¹Bki D B.xi;k ; �
kr/º

Nk
iD1 the finite chain of balls joining B.zw ; �kr/ to

B.zw�1 ; �
kr/ given by Lemma 3.7 of length Nk � M for some M depending on the

doubling constant and �. For i D 1; : : : ; Nk let 
i;k be a geodesic with end points xi;k
and xiC1;k , and note that 
i;k lies in � with `.
i;k/ < �kr .

As d.xi;k ; xiC1;k/ < �kr , it follows that for each point z 2 
i;k , we either have that
d.z; xi;k/ � �

kr=2 or d.z; xiC1;k/ < �kr=2. Thus, d�.z/ � �k r=2. Let 
k be the con-
catenation of the curves 
i;k , i D 1; : : : ;Nk ; then, `.
k/ � Nk�kr , and so for each z 2 
k
we have

d�.z/ �
�kr

2
�

1

2Nk
`.
k/ �

1

2M
`.
k/:

Finally, let 
 be the concatenation of z
 and 
k ; 
k�1; : : : ; 
1 to obtain a curve that con-
nects w to z0 inside �. We claim that 
 is a John curve. Indeed, if z 2 z
 , then by (4.1) we
have that

d�.z/ � `.
wz/ D `.z
w;z/:

If z 2 
j for some j 2 ¹1; : : : ; kº, then

d�.z/ �
�j r

2
, `.
w;z/ � `.z
/C

kX
mDj

`.
m/ � �
kr C

kX
mDj

M�mr � 2M�j r:

Thus, we have

d�.z/ �
1

4M
`.
w;z/:

In other words, 
 is a 4M -John curve with respect to �.
Next, we show that, with 
 W Œ0; L�! x�, the subdomain

C Œ
� WD
[

t2Œ0;L�

B.
.t/; d�.
.t///;

is .8M C 1/-John with respect to C Œ
� with John center z0 and that z0 2C Œ
�. The latter
is immediate from the fact that z0 is one of the terminal points of 
 . We now show that 

is a 4M -John curve with respect to this subdomain C Œ
�. Let z 2 
 . Then, by the above
discussion we have that

`.
w;z/ � 4M d�.z/ and d�.z/ � dCŒ
�.z/ � dB.z;d�.z//.z/ D d�.z/:

The claim follows.
Finally, suppose that y 2C Œ
�. Then, there is some number ty 2 Œ0; L� for which we

have y 2B.
.ty/; d�.
.ty/// � C Œ
�. Let ˇy be a geodesic connecting y to 
.ty/, and
let ˛y be the concatenation of the paths ˇy with 

.ty/;z0 . We now show that ˛y is an
.8M C 1/-John curve with respect to C Œ
�. To this end, let z 2 ˛y . If z 2 ˇy , then an
argument as in (4.1) gives

dCŒ
�.z/ � dB.
.ty/;d�.
.ty///.z/ � `..ˇy/z;y/:

If z 2 

.ty/;z0 , then by the first part of the argument above, we have

d�.z/ D dCŒ
�.z/ �
`.

.ty/;z/

4M
�
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Moreover, by the above and the triangle inequality, we have that

`.ˇy/ � d�.
.ty// � d.z; 
.ty//C d�.z/ � .4M C 1/d�.z/ D .4M C 1/dCŒ
�.z/:

It follows that

`..˛y/z;y/ D `.

.ty/;z/C `.ˇy/ � .8M C 1/dCŒ
�.z/:

From the above two cases, we have that ˛y is an .8M C 1/-John curve with respect toC Œ
�
with John center z0. It follows that C Œ
� is .8M C 1/-John with John center z0.

Since unions of .8MC1/-John subdomains of�with John center z0 is also .8MC1/-
John with John center z0, it follows that C Œ
���z0.8M C 1/, and asw2@C Œ
�\ @�, it
follows that

S
k Pk � @�z0.8M C 1/\ @�. An appeal to Proposition 3.8 now completes

the proof of Theorem 1.1.

5. Traces of Newton–Sobolev functions on the visible boundary

In this section, we provide a proof of the main trace result, Theorem 1.6. Indeed, we
will prove a more general version of Theorem 1.6, namely, Theorem 5.2 below. In what
follows, we denote by F� a compact subset of F D B.z0; 3 d�.z0// \ @�z0.c/ \ @�

and a Radon measure � supported on F� for which there is a constant c2 > 0 such that
whenever � 2F� and 0 < r < 3d�.z0/, we have

(5.1) �.B.�; r// � c2
�.B.�; r/ \�/

rp
�

Because of the metric doubling property of x�, for each L � 3, we may assume that the
above inequality holds for every 0 < r < Ld�.z0/ at the expense of increasing c2.

With this additional condition satisfied, we are able to gain control over traces on F� ;
this is the content of Theorem 1.6 below. Note that the set P1 satisfies this condition,
but it is possible for there to be a larger subset F� � F satisfying this condition as well.
The set P1 is a Cantor-type set because of the well-placedness condition from Defini-
tion 3.2. It is possible to have a larger set F� , which might contain non-trivial continua
while satisfying the above dominance condition.

Theorem 5.2. Suppose that .X; d; �/ is complete. Let the domain � � X , z0 2�, and
c > 1 be such that F D B.z0; 3d�.z0// \ @� \ @�z0.c/ contains a compact subset F�
and a Radon measure � supported on F� satisfying (5.1). In addition, suppose that �j� is
doubling and supports a yq-Poincaré inequality for some max¹1; pº < yq < q <1. Then
there is a bounded linear trace operator

T W N 1;q.�/! B
1�p=q
q;q;2 .F� ; d; �/ \ L

q.F� ; �/

such that, with D.z0/ WD B.z0; 10cd�.z0// \�, we have

(5.3) kT uk
q

B
1�p=q
q;q;2 .F� ;d;�/

. inf
gu

�
D.z0/

gu
q d�;
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where the infimum is over all upper gradients gu of u and the implied constant is inde-
pendent of u and z0, and

(5.4) kT uk
q

Lq.F� ;�/
. d�.z0/

�p
kuk

q

Lq.�z0 .c//
C d�.z0/

q�p inf
gu

�
D.z0/

gu
q d�;

where the infimum is over all upper gradients gu of u and the implied constant is inde-
pendent of u.

In the setting considered in Theorem 5.2, we know from Proposition 7.1 in [1] that
N 1;q.�/ D N 1;q.x�/ and that the complete space x�, equipped with the zero-extension
of �j�, is also doubling and supports a yq-Poincaré inequality. By the assumption that � is
supported on F� , we know that �.B.�; �/ \ F�/ > 0 for each � 2F� and for all � > 0.

Lemma 5.5. Under the assumptions of Theorem 5.2, for each u2N 1;q.�/ we have that
�-a.e. x 2F� is a Lebesgue point of u.

Note that in this lemma we do not need the full strength of the above upper bound
inequality (5.1); that inequality is needed only in the proof of the trace theorem, The-
orem 1.6. Instead, we need that � � H�p , which is implied by (5.1).

Proof. It follows from the discussion preceding the statement of the lemma, together with
Proposition 3.11 in [10] and Theorem 9.2.8 in [16], that �-a.e. x 2F� is a Lebesgue point
of u.

We are now ready to prove Theorem 5.2. This proof is broken into two parts, with
the first part proving the energy estimate (5.3), and the second part proving the Lp-esti-
mates (5.4) claimed in the theorem. In proving this, we take inspiration from the proof of
Theorem 5.6 in [22]. Here, for z 2F� a Lebesgue point of u2N 1;q.x�/, the trace T u.z/
is defined by the property that

(5.6) lim sup
r!0C

−
B.z;r/\�

ju � T u.z/j d� D 0:

We begin by showing that the Besov energy of the trace T u on F� can be controlled by
the Sobolev energy of u2N 1;q.�/.

Proof of Theorem 5.2. Energy estimates. Fix u 2N 1;q.�/, let gu 2Lq.�/ be an upper
gradient of u, and consider two Lebesgue points y; z 2 F� � @�z0.c/ of u. Since F� � F ,
we can find two c-John (in �z0.c/) curves 
y and 
z , parametrized by arclength, starting
from y and z, respectively, and both terminating at the John center z0. For each k 2N, we
set

(5.7) tk D t�k WD
�
1 �

1

2c

�k
d.y; z/ and rk D r�k WD

1

2c
tk :

Notice that the John constant c is larger than 1 as in the statement of the theorem. We next
set B0 WD B.z; 3d.y; z//, and for each k 2N, we set Bk WD B.
z.tk/; rk/ and B�k WD
B.
y.t�k/; r�k/. Note that for k 2N,

jtkC1 � tkj D d.y; z/
�
1 �

1

2c

�k 1

2c
D rk I



Traces of Newton–Sobolev functions on the visible boundary 2087

therefore, for each k 2N, we have that 
y.tkC1/2B�k and 
z.tkC1/2Bk . Moreover, we
have that

rk C rkC1 D
1

2c
d.y; z/

�
1 �

1

2c

�k h
2 �

1

2c

i
I

therefore, setting ˛ D 2 � 1=.2c/, we have that BkC1 � ˛Bk and B�.kC1/ � ˛B�k
whenever k 2N [ ¹0º. Also, from the c-John condition we know that when k 2N, we
have d�.
z.tk// � tk=c D 2rk ; hence, as ˛ < 2, we have that ˛Bk � �. A similar argu-
ment gives ˛B�k � �.

We now estimate T u.z/ � T u.y/ as follows:

jT u.z/ � T u.y/j �
X
k2Z

juBk � uBkC1 j .
X
k2Z

−
˛Bk

ju � u˛Bk j d�

.
X
k2Z

rk

� −
˛Bk

gyqu d�
�1=yq

;

where we also set r0 WD 3d.y; z/. Note that

r1 D
1

2c

�
1 �

1

2c

�
d.y; z/ < r0I

moreover, for each w 2˛B1, we have that

d.w; z/ � d.w; 
z.t1//C t1 < ˛r1 C t1 D
� ˛
2c
C 1

� �
1 �

1

2c

�
d.y; z/

D

�1
c
�

1

4c2
C 1

� �
1 �

1

2c

�
d.y; z/ < 2 d.y; z/:

It follows that ˛B1 � B0 � ˛B0. Hence, for each w 2 ˛B1 we have that

M�.�D.z0/ g
yq
u/.w/ �

−
˛B0

gyqu d�;

where, for each w 2�, we set

M�.�D.z0/ g
yq
u/.w/ WD sup

w2B

−
B\�

�D.z0/ g
yq
u d�

with the supremum taken over all balls B centered at points in x� such that w 2B . So,
setting

g WD .gyqu CM�.�D.z0/ g
yq
u//

1=yq;

we have

r0

� −
˛B0

gyq d�
�1=yq

. r1

� −
˛B1

gyq d�
�1=yq

:

Denoting the set of all non-zero integers by Z�, we have

jT u.z/ � T u.y/j .
X
k2Z

rk

� −
˛Bk

gyqu d�
�1=yq
�

X
k2Z�

rk

� −
˛Bk

gq d�
�1=q

:
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Recall that p < q; hence we can choose " > 0 such that pC " < q. Now, by an application
of Hölder’s inequality, we see that

jT u.y/ � T u.z/j .
X
k2Z�

r
1�.pC"/=q

k
r
.pC"/=q

k

� −
˛Bk

gq d�
�1=q

�

� X
k2Z�

r
q0.1�.pC"/=q/

k

�1=q0� X
k2Z�

r
pC"

k

−
˛Bk

gq d�
�1=q

;

where q0 D q=.q � 1/ is the Hölder dual of q.
Estimating the first factor on the right-hand side of the above inequality, we find thatX
k2Z�

r
q0.1�.pC"/=q/

k
D

X
k2Z�

r
q�.pC"/
q�1

k
D

X
k2Z�

�d.y; z/
2c

�
1 �

1

2c

�jkj� q�.pC"/q�1

� d.y; z/
q�.pC"/
q�1

X
k2Z�

�
1 �

1

2c

�jkj q�.pC"/q�1
:

The choice of " such that p C " < q ensures that�
1 �

1

2c

� q�.pC"/
q�1

< 1;

and so we have that X
k2Z�

r
q0.1�.pC"/=q/

k
. d.y; z/

q�.pC"/
q�1 :

Hence,

jT u.y/ � T u.z/j . d.y; z/
q�.pC"/

q

� X
k2Z�

r
pC"

k

−
˛Bk

gq d�
�1=q

:

We set wk D z for k � 1 and wk D y for k � �1; then for each k 2 Z�, by the
doubling property of �j� and by B.wk ; rk/ \� � .2c C 1/Bk \�, we have that

(5.8)
r
p

k

�.˛Bk/
.

r
p

k

�.B.wk ; .4�/2 rk/ \�/
.

1

�.B.wk ; .4�/2rk//
,

where we have chosen � D 8c2. Here we have also used the upper bound estimate (5.1).
Now

jT u.y/ � T u.z/j

d.y; z/1�p=q
. d.y; z/�"=q

� X
k2Z�

r"
k

�.B.wk ; .4�/2rk//

�
˛Bk

gq d�
�1=q

;

that is,

jT u.y/ � T u.z/jq

d.y; z/q�p �.B.z; 2d.y; z///
.

d.y; z/�"

�.B.z; 2d.y; z///

X
k2Z�

r"
k

�.B.wk ; .4�/2 rk//

�
˛Bk

gq d�:
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We denote
Cy;z WD

[
k�1

˛Bk and Cz;y WD
[
k��1

˛Bk

the two “cones”, Cy;z with vertex at z and Cz;y with vertex at y. Note that these cones
consist of balls with centers located on John curves terminating at the John center z0;
hence, Cy;z [ Cz;y � D.z0/. For w 2˛Bk , we have that

d.w;wk/ < ˛rk C tk D .˛ C 2c/ rk < 4� rk :

Hence,X
k2Z�

r"
k

�.B.wk ; .4�/2 rk//

�
˛Bk

gq d� .
X
k2Z�

�
˛Bk

d.w;wk/
" g.w/q

�.B.wk ; 4�d.w;wk///
d�.w/

�

1X
kD1

�
˛Bk

d.w; z/" g.w/q

�.B.z; 4�d.w; z///
d�.w/C

1X
kD1

�
˛B�k

d.w; y/" g.w/q

�.B.y; 4�d.w; y///
d�.w/

�

�
Cy;z

d.w; z/" g.w/q

�.B.z; 4�d.w; z///
d�.w/C

�
Cz;y

d.w; y/" g.w/q

�.B.y; 4�d.w; y///
d�.w/:

In the last step above, we have used the fact that the balls ˛Bk , k 2Z�, have bounded
overlap; no more than three of these balls overlap at any point in �. Now integrating over
F� � F� , we obtain

�
F�

�
F�

jT u.y/ � T u.z/jq

d.y; z/q�p �.B.z; 2d.y; z///
d�.y/ d�.z/

.
�
F�

�
F�

d.y; z/�"

�.B.z; 2d.y; z///

� �
Cy;z

d.w; z/" g.w/q

�.B.z; 4�d.w; z///
d�.w/

C

�
Cz;y

d.w; y/" g.w/q

�.B.y; 4�d.w; y///
d�.w/

�
d�.y/ d�.z/ D I C J;

where

I WD

�
F�

�
F�

d.y; z/�"

�.B.z; 2d.y; z///

�
Cy;z

d.w; z/" g.w/q

�.B.z; 4�d.w; z///
d�.w/ d�.y/ d�.z/;

J WD

�
F�

�
F�

d.y; z/�"

�.B.z; 2d.y; z///

�
Cz;y

d.w; y/" g.w/q

�.B.y; 4�d.w; y///
d�.w/ d�.y/ d�.z/:

We obtain estimates for I , and a mutatis mutandis argument gives similar estimates for J .
Recall our choices of tk and rk from (5.7). For w 2Cy;z , we know that there is some

k � 1 such that d.w; 
z.tk// < ˛rk , and so

d.w; z/ < ˛rk C tk D
�
1C

˛

2c

�
tk D

�
1C

˛

2c

��
1 �

1

2c

�k
d.y; z/

�

�
1C

1

c

��
1 �

1

2c

�
d.y; z/:
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Setting ˇ D .1 C 1=c/.1 � 1=.2c//, it follows that necessarily d.y; z/ > d.z; w/=ˇ.
Moreover, as above, we have that d.w; z/ < .1 C ˛

2c
/ tk , and by the John property of

the curve 
z , we also have

d�.w/ > d�.
.tk// � ˛rk �
tk

c
�
˛

2c
tk D

1

4c2
tk D

rk

2c
�

Hence
d.w; z/ < 2c.2c C ˛/d�.w/:

So ifw 2� is fixed, then we must have z2B.w;2�d�.w//, where we recall that � D 8c2.
It follows that

I D

�
F�

�
F�

d.y; z/�"

�.B.z; 2d.y; z///

�
D.z0/

d.w; z/" g.w/q �Cy;z .w/

�.B.z; 4�d.w; z///
d�.w/d�.y/d�.z/

�

�
F�

�
F�

d.y; z/�"

�.B.z; 2d.y; z///

�

�
D.z0/

d.w; z/"g.w/q�F�nB.z;d.w;z/=ˇ/.y/�F�\B.w;2�d�.w//.z/

�.B.z; 4�d.w; z///
d�.w/d�.y/d�.z/

D

�
D.z0/

�
F�

�
F�

d.y; z/�"

�.B.z; 2d.y; z///

�
d.w; z/" g.w/q �F�nB.z;d.w;z/=ˇ/.y/ �F�\B.w;2�d�.w//.z/

�.B.z; 4�d.w; z///
d�.y/d�.z/d�.w/

D

�
D.z0/

g.w/q
�
F�\B.w;2�d�.w//

d.w; z/"

�

�
F�nB.z;d.w;z/=ˇ/

d.y; z/�"

�.B.z; 2d.y; z///

1

�.B.z; 4�d.w; z///
d�.y/d�.z/d�.w/:

Note that
�
F�nB.z;d.w;z/=ˇ/

d.y; z/�"

�.B.z; 2d.y; z///

1

�.B.z; 4�d.w; z///
d�.y/

D

1X
jD1

�
F�\B.z;2j d.w;z/=ˇ/nB.z;2j�1d.w;z/=ˇ/

d.y; z/�"

�.B.z; 2d.y; z///

d�.y/

�.B.z; 4�d.w; z///

.
1X
jD1

�
F�\B.z;2j d.w;z/=ˇ/nB.z;2j�1d.w;z/=ˇ/

2�"j d.w; z/�"

�.B.z; 2jd.w; z/=ˇ//

d�.y/

�.B.z; 4�d.w; z///

.
Kw;zX
jD1

2�"j d.w; z/�"
�.B.z; 2jd.w; z/=ˇ//

�.B.z; 2jd.w; z/=ˇ//

1

�.B.z; 4�d.w; z///
�

Here Kw;z is the largest integer j for which the annulus

F� \ B.z; 2
jd.w; z/=ˇ/ n B.z; 2j�1d.w; z/=ˇ/
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is non-empty (recall that F� is bounded). Simplifying, we obtain
�
F�nB.z;d.w;z/=ˇ/

d.y; z/�"

�.B.z; 2d.y; z///

1

�.B.z; 4�d.w; z///
d�.y/ .

d.w; z/�"

�.B.z; 4�d.w; z///
�

Hence

I .
�
�

g.w/q
�
F�\B.w;2�d�.w//

d.w; z/"
d.w; z/�"

�.B.z; 4�d.w; z///
d�.z/ d�.w/:

Next, note that
B.w; 2�d�.w// \ F� � B.z; 4�d.w; z//:

Therefore,
�
F�\B.w;2�d�.w//

d.w; z/"
d.w; z/�"

�.B.w; 2�d.w; z///
d�.z/ �

�.B.w; 2�d�.w///

�.B.w; 2�d�.w///
D 1:

It follows that
I .

�
D.z0/

g.w/q d�.w/:

Similarly, we obtain the estimate

J .
�
D.z0/

gq d�:

Now, the boundedness of the Hardy-Littlewood maximal operator on Lq=yq.�; �/
(since q=yq > 1) and the doubling property of �j� implies that

�
D.z0/

gq d� D

�
D.z0/

�
gyqu CM�.�D.z0/ g

yq
u/
�q=yq

d�

.
�
D.z0/

gqu d�C

�
�

�
M�.�D.z0/ g

yq
u/
�q=yq

d� .
�
D.z0/

gqu d�;

and so we reach the desired conclusion that

kT uk
q

B
1�p=q
q;q;2 .F� ;d;�/

.
�
D.z0/

gqu d�:

Now we prove (5.4), thus completing the proof of Theorem 5.2. Note that in the fol-
lowing argument we do not need the stronger yq-Poincaré inequality; the weaker q-Poincaré
inequality suffices.

Proof of Theorem 5.2. Lq-estimates. As before, let us consider a Lebesgue point z 2 F�
of u2N 1;q.�/, an upper gradient gu 2Lq.�/ of u, and a c-John curve 
z , parametrized
by arclength, starting from z and terminating at z0. Modifying slightly the construction in
the first part of the proof, for k 2N we set

tk WD
�
1 �

1

2c

�k
`.
z/; rk WD

1

2c
tk ; and Bk WD B.
z.tk/; rk/:
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We also set
B0 WD B.z0; `.
z/=.2c//:

As before, for k2N, we have 
z.tkC1/2Bk andBkC1�˛Bk ��, where ˛D 2� 1=.2c/.
By the John condition,

d�.z0/ �
1

c
`.
z/;

and so we have that

B0 � B.z0; d�.z0/=2/ DW B
� and B0 � �:

Note that

jT u.z/ � uB� j � juB0 � uB� j C

1X
kD0

juBk � uBkC1 j:

By the doubling property of�, the inequalities `.
z/� d.z;z0/� d�.z0/, and the q-Poin-
caré inequality, we have that

juB0 � uB� j .
−
B�
ju � uB� j d� . d�.z0/

� −
B�
gqu d�

�1=q
:

Moreover, fixing 0 < ˇ0 < 1, we see by an application of the q-Poincaré inequality, fol-
lowed by Hölder’s inequality, that

1X
kD0

juBk � uBkC1 j .
1X
kD0

−
˛Bk

ju � u˛Bk j d� .
1X
kD0

rk

� −
˛Bk

gqu d�
�1=q

�

� 1X
kD0

r
ˇ0q

0

k

�1=q0 � 1X
kD0

r
q.1�ˇ0/

k

−
˛Bk

gqu d�
�1=q

;

where q0 D q=.q � 1/ is the Hölder conjugate of q. As 
z is a c-John curve with end
points z0, the John center, and z, it follows that

rk D
1

2c

�
1 �

1

2c

�k
`.
z/ �

1

2

�
1 �

1

2c

�k
d�.z0/:

Hence
1X
kD0

r
ˇ0q

0

k
. d�.z0/

ˇ0q
0

1X
kD0

�
1 �

1

2c

�ˇ0q0k
� d�.z0/

ˇ0q
0

;

and so
1X
kD0

juBk � uBkC1 j . d�.z0/
ˇ0
� 1X
kD0

r
q.1�ˇ0/

k

�.˛Bk/

�
˛Bk

gqu d�
�1=q

:

As in the proof of (5.3), by the doubling property of �j� and by (5.8), and with � D 8c2,
we see that

�.B.z; 9�2c rk/ \�/ . �.˛Bk/:
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Therefore,

jT u.z/ � uB� j
q . d�.z0/

q

−
B�
gqu d�

C d�.z0/
ˇ0q

1X
kD0

r
q.1�ˇ0/

k

�.B.z; 9�2c rk/ \�/

�
˛Bk

gqu d�

.
d�.z0/

q�p

�.F�/

�
B�
gqu d�Cd�.z0/

ˇ0q

1X
kD0

r
q.1�ˇ0/�p

k

�.B.z; 9�2c rk//

�
˛Bk

gqud�;(5.9)

where we used the upper bound (5.1) in the last step. We also used the estimate

0 < �.F�/ D �.B.z0; 3d�.z0/// D �.B.z; 6d�.z0/// .
�.B.z; 6d�.z0// \�/

d�.z0/p

�
�.B.z0; 9d�.z0// \�/

d�.z0/p
.

�.B�/

d�.z0/p
�(5.10)

As before, we have that
.2c C ˛/rk � d.w; z/

whenever w 2˛Bk .
Integrating (5.9) over z 2F� , we obtain�

F�

jT u.z/ � uB� j
q d� . d�.z0/

q�p

�
B�
gqu d�C d�.z0/

ˇ0q

�

�
F�

� 1X
kD0

�
�z0 .c/\B.z0;3d�.z0//

r
q.1�ˇ0/�p

k

�.B.z; 9�2c rk//
�˛Bk .w/gu.w/

qd�.w/
�
d�.z/;

keeping in mind that the chain of balls ˛Bk depend on z 2F� . For each z 2F� , setting

Cz WD

1[
kD0

˛Bk ;

we see that if a point w 2�z0.c/ \ B.z0; 3d�.z0// belongs to the cone Cz , then neces-
sarily there is some k for which w 2˛Bk , and so

d.w; z/ � .2c C ˛/rk <
3

2
� rk ;

from where it follows that

d�.w/ � d.w; z/ <
3

2
� rk :

Furthermore,

d�.w/ >
tk

c
� ˛rk D

1

2c
rk I

recall that ˛ D 2 � 1=.2c/. That is,

(5.11)
1

2c
rk < d�.w/ � d.w; z/ <

3

2
� rk :
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Therefore,
B.w; 3�c d�.w// � B.z; 9�

2c rk/:

Hence, by the bounded overlap property of the balls ˛Bk and by (5.11), we have that�
F�

jT u.z/ � uB� j
q d�

. d�.z0/
q�p

�
B�
gqu d�C d�.z0/

ˇ0q

�

�
F�

� �
�z0 .c/\B.z0;3d�.z0//

d�.w/
q.1�ˇ0/�p

�.B.w; 3�c d�.w///
�Cz .w/gu.w/

q d�.w/
�
d�.z/

. d�.z0/
q�p

�
B�
gqu d�C d�.z0/

ˇ0q

�
F�

� �
�z0 .c/\B.z0;3d�.z0//

�B.w;3�cd�.w//.z/

�
d�.w/

q.1�ˇ0/�p

�.B.w; 3�cd�.w///
gu.w/

q d�.w/
�
d�.z/

. d�.z0/
q�p

�
B�
gqu d�C d�.z0/

ˇ0q

�
�z0 .c/\B.z0;3d�.z0//

gu.w/
q

�

� �
F�

d�.w/
q.1�ˇ0/�p

�.B.w; 3�cd�.w///
�B.w;3�cd�.w//.z/ d�.z/

�
d�.w/

D d�.z0/
q�p

�
B�
gqu d�

C d�.z0/
ˇ0q

�
�z0 .c/\B.z0;3d�.z0//

gu.w/
q d�.w/

q.1�ˇ0/�p d�.w/:

As q > p, we can chose ˇ0 small enough so that p < q.1 � ˇ0/. As d�.w/ � 4d�.z0/
when w 2B.z0; 3d�.z0//, and as B� � �z0.c/ \ B.z0; 3d�.z0//, we see that�
F�

jT u.z/ � uB� j
q d�

. d�.z0/
q�p

�
B�
gqud�Cd�.z0/

ˇ0qd�.z0/
q.1�ˇ0/�p

�
�z0 .c/\B.z0;3d�.z0//

gu.w/
qd�.w/

. d�.z0/
q�p

�
�z0 .c/\B.z0;3d�.z0//

gqu d�;

and so by (5.10),�
F�

jT u.z/jq d� . �.F�/ juB� j
q
C d�.z0/

q�p

�
�z0 .c/

gqu d�

�
�.F�/

�.B�/

�
�z0 .c/

jujq d�C d�.z0/
q�p

�
�z0 .c/

gqu d�

.
1

d�.z0/p

�
�z0 .c/

jujq d�C d�.z0/
q�p

�
�z0 .c/

gqu d�:

Therefore, we reach the desired conclusion.
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Now we complete this section by providing the proof of Theorem 1.6.

Proof of Theorem 1.6. With �F the Frostman measure constructed in Section 3, we know
from (3.13) that �F satisfies the dominancy condition (5.1). Moreover, from the proof of
Proposition 3.8, and in particular from (3.12), we know that for each w 2P1 and r > 0,
�F .B.w; r// > 0. The proof is now completed by a direct application of Theorem 5.2
above.

6. Concluding remarks

In summary, from Theorem 1.1 we know that any domain that satisfies (1.2) has a suffi-
ciently large visible boundary corresponding to the c-John condition for suitable c > 1.
From Theorem 1.6 we also know in addition that if the restriction of the measure and the
metric on the domain both satisfy doubling property and support a p-Poincaré inequality,
then there is a bounded linear trace operator from the Newton–Sobolev class of the domain
to the corresponding Besov class on the visible boundary, provided an upper control (5.1)
of the measure on the visible boundary also holds. To obtain a possible trace on the entire
boundary of the domain, one might wish to move the point z0 around the domain, and also
increase the John constant c.

It is then expedient to know whether @� D
S
c>1

S
z0 2�

�z0.c/. As external cusp
domains show, the above is not always possible. So the next natural question to ask is
whether, with the choice of t that makes (1.2) valid, we have

H�p
�
@� n

[
c>1

[
z0 2�

�z0.c/
�
D 0:

The next example shows that this is not always the case, either.

Example 6.1. Let X be the Euclidean plane, equipped with the Euclidean metric and the
2-dimensional Lebesgue measure. We construct a bounded domain��X as follows. For
each positive integer n we set

˛n WD

´
1=n � � if 2 j n;
1=n if 2 − n;

and ˇn WD

´
� � 1=n if 2 j n;
2� � 1=n if 2 − n:

We now set
En WD ¹.1 � 1=n/e

i�
W ˛n � � � ˇnº

for each positive integer n, and � D D n
S
n2N En, where D is the unit disk in R2,

centered at 0. Then note that

@� n
[
c>1

[
z0 2�

�z0.c/ D @D:

Moreover, with t D 1 the condition (1.2) does hold, and as R2 satisfies a 1-Poincaré
inequality, we can consider any choice of p with 1 < p < 2.
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Note also that we require the domain itself to support a Poincaré inequality in The-
orem 1.6. As the slit disk�D ¹.x;y/2R2 W x2C y2 < 1º n .Œ0; 1�� ¹0º/ shows, even for
John domains trace results do not make sense without additional geometric constraints on
the domain. The verification of a Poincaré inequality seems to be a reasonable such con-
straint. Given this, one might wonder whether any domain that satisfies the requirements
of Theorem 1.6 must necessarily be a John domain itself. This is not true, as the following
example shows.

Example 6.2. Note that the unit disk D D ¹.x; y/ 2R2 W x2 C y2 < 1º, equipped with
the 2-dimensional Lebesgue measure and the Euclidean metric, is doubling and supports
a p-Poincaré inequality for each 1 � p <1. Although D is itself a John domain (and
indeed, is a uniform domain), it is not impossible to remove a closed subsetK �D from D
in order to destroy the c-John condition for each c > 1, whereas the resulting domain
� D D nK is still doubling and supports the same Poincaré inequality as long as K has
zero p-capacity. Thus the John condition is not a consequence of the support of Poincaré
inequality.

The above example reveals a further line of enquiry: is there a way to modify the
notion of visible boundary so that it does not rely solely on the John condition and leads
to a trace theorem that extends Theorem 1.6 so that obstacles such as capacity zero sets
that destroy the John condition are overlooked?
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