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Traces of Newton—Sobolev functions on the visible
boundary of domains in doubling metric measure spaces
supporting a p-Poincaré inequality

Sylvester Eriksson-Bique, Ryan Gibara, Riikka Korte and
Nageswari Shanmugalingam

Abstract. We consider the question of whether a domain with uniformly thick bound-
ary at all locations and at all scales has a large portion of its boundary visible from
the interior; here, “visibility” indicates the existence of John curves connecting the
interior point to the points on the “visible boundary”. In this paper, we provide an
affirmative answer in the setting of a doubling metric measure space supporting a
p-Poincaré inequality for 1 < p < oo, thus extending the results of Koskela—Nandi—
Nicolau (2018), Azzam (2019), and Gibara—Korte (2022) to non-Ahlfors regular
spaces. We show that 7-codimensional thickness of the boundary for 0 < ¢ < p
implies p-codimensional thickness of the visible boundary. For such domains, we
prove that traces of Sobolev functions on the domain belong to the Besov class of the
visible boundary.

1. Introduction

In the context of potential theory, geometric relationships between a domain (that is, an
open connected subset of a metric measure space) and its boundary play a key role. For
instance, it was shown in [19, 21] that when the “visible part” of the boundary of the
domain is large in a codimensional sense, the domain supports a Hardy-type inequality
for Sobolev functions on the domain. Here, by the “visible part” of the boundary we mean
the points on the boundary that can be reached by a John curve from inside the domain,
where John curves are curves that satisfy a twisted cone condition. For smooth domains
in Euclidean spaces, or more generally domains satisfying a non-tangential accessibil-
ity condition, all of the boundary is visible. However, for complicated domains whose
boundaries can be fractal, cuspidal or multiply connected, it is much harder to show that
the visible boundary is large. A natural way of measuring the size of the set is in terms
of Frostman-like measures with a codimensional relationship. It was shown in [22] that
John domains whose boundary sustains a measure that is in a codimensional relationship
with the measure on the domain will support a trace theorem for Sobolev functions, with

Mathematics Subject Classification 2020: 30H25 (primary); 28A78, 30L15, 46E36 (secondary).
Keywords: John domain, visible boundary, Newton—Sobolev function, trace class, Besov space.


https://creativecommons.org/licenses/by/4.0/

S. Eriksson-Bique, R. Gibara, R. Korte and N. Shanmugalingam 2068

the trace on the boundary of the domain belonging to a Besov class. It is therefore natural
to ask whether there is an analogous trace theorem for domains whose “visible part” of
the boundary is large.

From the works [2,9,20], there is supporting evidence that under some mild measure-
theoretic conditions on its boundary, a domain will have a large part of its boundary that is
visible from the inside. In the setting of complete quasiconvex metric measure spaces with
doubling measures, this fact was established recently in [7]. However, the approach used
in [7], while in the far more general context of doubling gauge measures, did not establish
the existence of a measure supported in the boundary of the domain. The principal focus of
the current paper is to construct a measure on the portion of the boundary of such a domain
that is “visible” from inside the domain, and under mild geometric conditions, establish
that there is a bounded linear trace operator from the Newton—Sobolev class of functions
on such a domain to the Besov class of functions on the “visible” boundary; here the Besov
class is with respect to the constructed boundary measure. To construct such a measure, we
revisit the techniques found in [9], which addresses the visibility question in the context of
domains in metric spaces equipped with an Ahlfors regular measure supporting a Poincaré
inequality. Albeit the slight lack of details in [9], the method there is robust enough that
we succeeded in modifying the technique of [9] to the setting of metric measure spaces
supporting a Poincaré inequality, where the measure is only known to be doubling. In the
first step, we re-establish the largeness of the “visible part” of the boundary, and in the
process, we construct the measure on the boundary as a Frostman measure; in the second
step, we establish the existence of the bounded linear trace operator. These results are
accomplished via the two main theorems of this paper, Theorem 1.1 and Theorem 1.6. We
discuss these in the next two subsections.

We also point out that [9] assumed the measure to be Ahlfors regular, that is, there is
a positive constant Q so that the measure of balls of radius 7 > 0 is comparable to <.
This assumption was used in a crucial way in [9] to control the number of balls needed in
a covering that is finitely chainable and contains a well-placed collection of balls touching
the boundary of the domain. In our setting of doubling measures, we do not have this
luxury. Thus our adaptation of the argument from [9] diverges at this key point, and we
circumvent such a lack of control of the cover by developing an alternate form of control,
and our point of divergence from [9] is Lemma 3.3. We also fix the few errors found in
some of the proofs in [9], and for the convenience of the reader, provide detailed proofs in
the present paper.

1.1. Size of the visible boundary

For ¢ > 1 and zg € 2, let 2;,(c) be the largest subdomain of €2 that is c-John with
respect to the John center z¢. For a fixed point zq € €2, the visible boundary of Q2 near zy,
0922, (c) N 9K, is the collection of all w € Q2 for which there exists a rectifiable curve y
with end points z¢ and w such that the length £(y; ) satisfies £(yz,w) < c d(z,d$2) for all
z € y. Here, y; 4 denotes a segment of y joining z to w, and y is known as a John curve.
When  is a John domain with John center zo, that is, if every point in  can be joined to
zg € 2 by a John curve, then the visible boundary coincides with the topological boundary
of the domain. When the domain is not John, the visible boundary will be strictly smaller.
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In [20], it was shown that if 2 is a bounded simply connected domain in the com-
plex plane, then its visible boundary (from near any fixed point in the domain) is large,
that is, its s-dimensional Hausdorff content is comparable from below to a power of
the distance from that fixed point in the domain to the boundary of the domain. This
holds for each 0 < s < 1, where the ambient Euclidean plane is Ahlfors 2-regular. This
result was extended to domains in higher dimensional Euclidean spaces in [2]. It was
shown there that for domains € C R” for which there exists 0 < s < n — 1 such that
H3 (B(w,r)\ Q) > cor® forall we dQ and 0 < r < diam(£2), we can obtain an ana-
logous control of #?(9€2z,(c) N 9S2) in a manner similar to that found in [20] whenever
0 < o < s.In [9], this study was extended to Ahlfors Q-regular metric measure spaces
supporting a p-Poincaré inequality for some sufficiently small p.

A natural measure of largeness in an Ahlfors regular space is given by Hausdorff
content; however, when the underlying measure on the metric space is merely doubling, a
more natural measure of largeness of subsets of the metric space is given by codimensional
Hausdorff measure, see Definition 2.4 below. In this paper, the ¢-codimensional Hausdorff
content of a set A C X will be denoted by H;(A), and the corresponding restricted
t-codimensional Hausdorff content (restriction to covers by balls of radius at most R > 0)
will be denoted by #’(A). The 7-codimensional Hausdorff measure of A4 is denoted by

H(A) = lim H'(A).

When the measure on X is Ahlfors Q-regular for some Q > 0, then the ¢-codimensional
Hausdorff measure is equivalent to the (Q — t)-dimensional Hausdorff measure. Even
in the setting of Euclidean spaces, there are times when it is desirable to study potential
theory in domains equipped with an admissible weight as in [14]. Associated weighted
measures are rarely Ahlfors regular, but are always doubling.

From [4,5, 10, 11,22], it is clear that in the case of doubling metric measure spaces,
traces of Sobolev spaces are easier to come by if we have control over the codimensional
Hausdorff measure of the boundary of a domain in such a metric measure space. For this
reason, it is desirable to obtain information regarding the codimensional measure of the
visible boundary of a domain.

The following is the first of the two main results of this paper. Here, for x € €2, we set
dg(x) := dist(x, Q).

Theorem 1.1. Let (X, d, u) be a complete doubling geodesic metric measure space sup-
porting a p-Poincaré inequality for some finite p > 1. Let 0 <t < p, let 2 be a domain
in X, and let cg > 0 be such that for all w € 02 and for all 0 < p < diam(2), we have

B(w,
(12) 95 (Bw. p) 1 92) = ¢ LLEWLD.
o
Then for each zy € 2, there are a compact subset Po, C F := B(z¢,3dgq(z0)) N 02z, (c)
N a2 and a probability measure vE, called a Frostman measure, that is supported on Py,
and satisfies the following inequality: there is a constant ¢ > 0 such that whenever { € Py
and 0 < r < 3dgq(zg), we have

WBENNQ)

(13) ve(BE1) = c d
;
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Consequently, there exist ¢ > 1 and c¢1 > 0 such that for each zy € Q,

1 (B(20.da(20)))

(L) Hafiay (Bzo.3d0(20)) 109 (0) N0Q) = o1 =

dq(zo)

This theorem will be proved in Section 4.

In light of the fact that for a fixed point zo € €2 we only obtain the control (1.4) and (1.3)
within the ball B(z¢, 3dgq(z¢)), it is reasonable to ask whether we need the validity of (1.2)
for every w € 92 rather than just for w € B(zg, Mo dq(zo)) N d€2 provided we have fixed
zg € 2. Unfortunately, such a local version of (1.2) is not sufficient for our proof as the
uniformity constant ¢ is only shown to exist, without explicit formula for ¢ solely in terms
of ¢g and the doubling and Poincaré constants. Hence the curves we use in the proof can
get close to d$2 far away from B(zg, 3dg(z¢)) N €2, and so the constant My needed can-
not be pre-determined. For this reason, we ask that (1.2) holds for all points w € 92 even
though, ultimately, we only need to know this inequality for points in B(zg, Mg dg(2o)).

Note that the parameters p and dq(zg) in the Hausdorff contents in (1.2) and (1.4)
are chosen to match the scale in question. This way, the statement is scale-invariant. If X
is Ahlfors Q-regular, then ¥, 7 (A4) ~ Hs' (A), and we can replace #, and Hzq, (zy)
with #Hso in Theorem 1.1.

The requirement that X be a geodesic space can be dispensed with. Indeed, the support
of a Poincaré inequality guarantees that X is quasiconvex, and so a bi-Lipschitz change in
the metric results in a geodesic space. By quasiconvexity it is meant that there is a constant
Cqua > 1 such that each pair of points x, y € X can be connected by a curve of length at
most Cqua d(x, ). Hence, the above theorem will continue to hold for spaces that are not
geodesic, but in this case the constant ¢; and the factor 3 in (1.4) will change to other
constants that now also depends on the quasiconvexity constant Cqy,.

If X satisfies a p-Poincaré inequality for some p with 1 < p <t,orif0 <t < p =1,
then we can still apply Theorem 1.1, since the space also satisfies an s-Poincaré inequality
for all s > max{1, ¢}. In this case, we only obtain that

1(B(20.da(20)))
dQ (Z())s

The requirement that p > 1 in the statement of the theorem allows us to use [18] to
obtain and apply a g-Poincaré inequality for some 1 < g < p. In this case, with < p, we
can choose such g € (¢, p), and prove (1.4) with p replaced by g + ¢, where ¢ = p — g,
following the recipe first given in [9]. By this reasoning, the main results in [9,20] can be
obtained as corollaries. While we do allow for the possibility of # < 1 in the above theorem,
the conclusion (1.4) cannot give any information for the Jf;g(z())—content when g < 1, see
the counterexamples in p. 890 of [2]. If # > 1 and X satisfies a p-Poincaré inequality for
some p < t, then it is not known whether the conclusion (1.5) holds with s = t.

(1.5) H e (20) (0220 (€) N 02) = ¢y

1.2. Trace result

One of the principal players in the theory of the Dirichlet problem is the trace, of Sobolev
functions on a domain, at the boundary of the domain. For a nice overview of the role of
traces in the study of Dirichlet problems, see the collection [13] and the paper [24]; see
also [23] for the related Neumann boundary-value problem for Waldenfels operators.
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Traces of Sobolev functions were first studied by Gagliardo [8] with the domain being
the upper half-space in the Euclidean space R”, see also [3]. This was further exten-
ded to more general classes of Euclidean domains, assuming that the domains are either
smooth or Lipschitz. Moreover, the work of Jonsson and Wallin [17] considered traces of
Sobolev functions on R” to subsets of R” that are the so-called d-sets with d < n. In the
non-smooth setting of John domains in metric measure spaces equipped with a doubling
measure supporting a Poincaré-type inequality, an analogous trace result was established
by Maly [22]. However, when the domain is not a John domain, the aforementioned res-
ults do not apply to guarantee the existence of traces of Sobolev functions on the domain.
However, with the tools given by Theorem 1.1, we can construct traces on substantial parts
of the boundary near any given point in the domain. This is the second principal focus of
the paper.

From Theorem 1.1 we obtain the Frostman measure vg, which is used to gain control
over the set Py in order to obtain traces of Newton—Sobolev functions on £2; this is the
content of Theorem 1.6 below. We will see in Section 5 that by (1.3), whenever u is a
Newton—Sobolev function in €2, then v -almost every point in P is a Lebesgue point of
u, see Lemma 5.5.

Theorem 1.6. Suppose that (X, d, ) and the domain Q C X satisfy the hypotheses of
Theorem 1.1, that vF is as above, and in addition we also suppose that there is some
max{l,t} < p < § < q < oo such that the measure |i|q is doubling on Q and supports a
q-Poincaré inequality. Then there is a bounded linear trace operator

T:NY(Q) — By % (Poo.d.vF) N LI (Pes. VF)

such that

; q
||TM||B;;§/q(Pw,dJVF) < lgnuf/Q guldp and ||TullLa(povr) S lulinta(a., )
where the infimum is over all upper gradients g, of u € NV4(2). The comparison con-
stants in the above estimates are independent of u, and moreover the comparison constant
associated with the comparison between the Besov energy and the Sobolev energy is inde-
pendent of zgy as well.

See Definition 2.8 for the definition of the relevant notions used in the above theorem,
and (5.6) for the explicit construction of the trace operator. This theorem will be proved
in Section 5.

As a consequence of Theorem 1.1, should a domain 2 satisfy the hypotheses of that
theorem, then we can find a dense subset £ C d$2 and a countable decomposition { E; };eN
of E with each E; arising as the set P, given by Theorem 1.1 for some point z¢ € €2,
and a Radon measure v; on E; such that the trace T of N1"7(Q) to E makes sense,
though the trace function might not lie in a global Besov class of functions on E. For
Sobolev-type functions on the entire space X, similar traces to sets S C X with a countable
decomposition {S; }ien of S into lower Ahlfors regular subsets of S were explored in the
interesting papers [25, 26].
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1.3. Structure of the paper

The paper is structured as follows. In Section 2, we will discuss the background notation
and preliminary results that are valuable tools in proving the two theorems mentioned
above, and in Section 3 we will construct the set P, and the Frostman measure vg sup-
ported on Po. Theorem 1.1 is then proved in Section 4. A discussion of traces is provided,
together with the proof of Theorem 1.6, in Section 5. Section 6 contains some concluding
remarks, completing the paper.

2. Preliminaries

In this section, we provide definitions of notions used throughout the paper. Here, (X, d, i)
is a complete metric measure space satisfying 0 < pu(B) < oo for all balls B of positive
and finite radius. We will also assume throughout the paper that X is a geodesic space.
We point out here that this is a very mild requirement when (X, d, ) is complete, doub-
ling and supports a Poincaré inequality, for then X is necessarily quasiconvex and hence,
there is a bi-Lipschitz equivalent metric on X that turns X into a geodesic space. A ball of
radius r > 0 will be denoted by B(r) if the center of the ball is not of particular importance
to us.

Definition 2.1. We say that a domain 2 C X is ¢-John for ¢ > 1 with center z if for each
y € Q with y # zg, there exists a curve y with end points z¢ and y such that

E(yzy) = cda(z)

for all z along y. Such a curve is called a c-John curve with respect to 2. Here, y; ,
denotes a subcurve of y with end points z and y, and

do(z) :=d(z, X \ Q) :=inf{d(z,0) : L€ X \ Q}.

It follows from the definition of a John domain that €2 is necessarily bounded. More-
over, points on the boundary of a John domain can also be reached from the center by
a John curve. It is immediate from the definition of John domains and their centers that
if X is a geodesic space and 2 C X is a domain, zo € 2, and 2, T € A, is a collection
of c-John domains with the same John center zg, then | J,c, Q- is also c¢-John with the
same John center. Given this, we know that for zo € 2 and ¢ > 1, there is the largest
subdomain, €2;,(c), of €2, such that 2;,(c) is c-John with center zo. Moreover, with
r =dgq(zo), we have that B(zg,r) C Q with B(z¢,7) a c-John domain with John center zq
whenever ¢ > 1.

Definition 2.2. Let 2 be a domain in X. For ¢ > 1 and z¢ € 2, we say that 3Q2;,(c) N I
is the visible, or accessible, boundary of Q near zg € 2.

Definition 2.3. We say that u is a doubling measure if there exists a constant C; > 1 such
that for all x € X and r > 0, we have

p(B(x,2r)) = Cq u(B(x,7)).
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Definition 2.4. For 1 > 0 and R > 0, the t-codimensional Hausdorff content of a set
A C X is defined as

Hy' (A) = inf{zw Ac B < R}.

i=1 i i=1
The ¢-codimensional Hausdorff measure of A is # 7' (A) 1= limg_,o+ Hg" (A).

Recall that the Hausdorff dimension of a set 4 in a metric space is the supremum of all
s > 0 for which #3 (A) = oo, where #3 is the dimension s Hausdorff content, or equival-
ently, the supremum of all s > 0 for which #¢°(A) > 0. Here, #°(A) :=limg_, o+ H 3 (A)
is the usual s-dimensional Hausdorff measure. Unlike the Hausdorff measures, Haus-
dorff content HS (A) := limg_o, H3(A) of a bounded set is never infinite; however,
H°(A) = 0 if and only if H3 (A) = 0. When considering dimensional notions using
codimensional measures, we have the following.

Lemma 2.5. Let A C X be a bounded set and let t > 0. Then for all T > t, we have that
p’_’e}’fp_r(A) > pr_’(A).

Proof. With {B;};e;cN a cover of A by balls of radii rad(B;) < p for all i, we have that
' rad(B;)" > rad(B;)®. Therefore,

~t 1 (B;) it 1 (Bi)
o (A= Z rad(B; )’ - Z rad(B; )r

and taking the infimum over all such covers yields that J(’p_’ (A) <p™t J 5 " (A). |

Unlike in the setting of Ahlfors regular metric spaces equipped with the Ahlfors reg-
ular measure, in the doubling setting it is not necessarily true that when H#;'(A4) = 0
we have H#~'(A) = 0, for large-scale behavior of w(B(x, R))/R’, x € X, is not gov-
erned by the behavior of this ratio for small or intermediate values of R. It is therefore
more instructive to consider the scaled Hausdorff codimensional contents %E’ , R > 0.
The next lemma gives a partial control over how the change in the scale R affects the
codimensional Hausdorff content.

Lemma 2.6. Let « > p and t > 0. Then, whenever K C X and {B;}icicN is a cover
of K by balls B; of radii r; < o, we have

31 (K) <c( ) ZM(B)

iel i

Here, C depends only on the doubling constant Cg4.

pose this cover into two subfamilies: the first subfamily {B;};cr,cs of all the balls B;
with radius r; < p, and the other subfamily {B;}icr,cr Wwith I, = I \ I; consisting of
balls of radius r; > p. For each ball B; with i € I, we can find a collection of balls
{Bi,j}jerG)cn contained in 2B; with radius p so that they have bounded overlap (with

Proof. Foracover {B;}icrcn of K comprised of balls B; of radius r; <, we can decom-
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the overlap bounded by a constant that depends solely on the doubling constant of p) and
cover B;. For each i € I,, then, we have

) H(Bti,j) <c M(ztBi) <c (ﬁ)‘ n(Bi)

P P p/ i

JEL@)
The collection {B; }ier,c1 U{Bi,;}ic,je1q) is then a cover of K comprised of balls with
radii at most p, and so

HHK) <Y “(rf") e (%)’ 3 @ <c (%)f 3 u(rfi)_

iel; U iel, l iel 4

For a locally Lipschitz function u on X, for x € X we set
Lip(u)(x) := limsup sup M
r—>0t yeB(x,y) d(xX,¥)

Definition 2.7. We say that X supports a p-Poincaré inequality, 1 < p < 0o, if there exist
constants C > 0 and « > 1 such that for all x € X and r > 0, we have

) 1/p
f o w—useplduzcr(f L )
B(x,r) B(x,kr)

for all locally Lipschitz functions u, where
’ B(x,r) w(B(x,r)) B(x,r)
On a complete metric measure space, the p-Poincaré inequality for 1 < p < oo exhibits

self-improvement. It follows from a theorem of Keith and Zhong, see [0, 18], that the space
also satisfies a g-Poincaré inequality for some 1 < g < p.

udu.

Definition 2.8. Given a metric measure space (Y, dy, iy) with uy Borel, we say that a
function u: Y — [—00, 00] is in the Newton—Sobolev class N 14(Y) if u is measurable,
Jy lul? dp < oo, and there is an upper gradient g € L9(Y); that is, g is a non-negative
Borel function such that for every non-constant compact rectifiable curve y in Y, we have

() — u(x)] < /gds,
Y

where x and y denote the end points of y in Y. The norm on N 14(Y) is given by

. 1/q
o i= ([ 1ol duy +int [ g7 dier) ™.
Y & Jy

with the infimum over all upper gradients g of u.
For § > 1, we say that u € Bg g S(Y ,dy, ny) if the nonlocal energy (semi)norm,
given by
] oy () —u()|?
Bl sWdv.ny) " Jy Jy dy(y,2)% py (B(z, S dy (y.2)))

is finite.

duy (y)dpy (2)
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Note that when the measure py is doubling, the spaces Bg, 2.s(Y.dy, py) are inde-
pendent of the parameter S, with the energy seminorms comparable with comparison
constant depending solely on the doubling constant of uy and the parameter S. In this
case, we can set S = 1| in the above definition to obtain, with equivalent norms, the
classical Besov class Bg’q(Y, dy, uy) := Bg,q,l(Y, dy, ny). However, in our setting,
the measure uy is the upper p-codimensional Hausdorff measure vr on a compact sub-
set Poo of the boundary of the domain, and we do not know that this measure is doubling.
For nondoubling measures @y, changing the parameter S could result in non-controllable
changes in the Besov class and in the associated energy.

Besov spaces arise naturally in the study of potential theory, especially in understand-
ing the class of boundary data for which solutions to the p-energy minimizing prob-
lem (equivalent to the p-Laplacian problem in the Euclidean, Riemannian, and Carnot—
Carathéodory settings) exist with the corresponding boundary data. Of such boundary
data, those that give rise to solutions that have globally finite p-energy correspond pre-
cisely to traces of Newton—Sobolev functions on the domain. We refer interested readers
to [4,5, 10-12] for more information on Besov spaces as the trace class of Sobolev spaces.

Standing assumptions. Throughout this paper, apart from Section 5, we assume that
(X,d, ) is a complete metric measure space, that |L is a doubling measure, and that
it supports a p-Poincaré inequality for some 1 < p < oo. In this setting, (X, d) is proper
and d is bi-Lipschitz equivalent to a geodesic metric, see Lemma 4.1.14 and Corol-
lary 8.3.16 in [16]. We take d to be this geodesic metric, which implies in turn that one may
take the Poincaré scaling factor k to equal 1 (see Remark 9.1.19 in [16]); this is crucial
for us only in the proofs of Lemmas 3.1 and 3.3 below. Moreover, the parameter q will be
used to denote the self-improved Poincaré inequality exponent, i.e. q-Poincaré inequality,
guaranteed by [18].

3. Construction of P., and the Frostman measure vy

Recall that (X, d, ) is complete, doubling, and supports a p-Poincaré inequality for some
p>1,and 0 <t < p. Thus by the self-improvement property due to [18], we can find
some ¢ > 1 with t < g < p such that X also supports a g-Poincaré inequality.

Replacement for Lemma 4.3 in [9] is the following, and its proof is an adaptation
of Theorem 5.9 in [15]. We provide the complete adapted proof here, especially since we
do not require the sets £ and F to be compact.

Lemma 3.1. In the setting of Theorem 1.1, fix 1 < q < p such that X supports a q-Poin-
caré inequality. Let 0 <t < q. Then there is a constant C > 1 such thatif r > 0, E and F
are subsets of a ball B(x,r) C X, and A > 0 satisfies

min{H, " (E), #,* (F)} = A M’

then for any Lipschitz function u on B(x,r) withu = 1 on E andu = 0 on F, we have

that ) B
[ wipwrauz ¢ HER,
B(x,r) C rd
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Proof. By replacing u with min{max{u, 0}, 1} if necessary, we may assume that 0 <u <1
on B(x,r). In the case that ug(y ry < 1/2, for each z € E we have |u(z) —up(x,r| > 1/2;
in the case that up(y ) > 1/2, for each w € F we have [u(w) — up(x,r| > 1/2. We will
address the first case, with the second case following mutatis mutandis.

We set B := 1 —t/q, and note that as t < ¢, necessarily § > 0. For each z € E, let
[x, z] be a geodesic segment with end points x and z. If d(x,z) > r/4 we let By :=
B(x,r), By = B(x,d(x,z)/2), and let x, be the point on the segment [x, z] that is a
distance d(x,z)/2 from x. We set B, = B(x,, d(x, z)/2?). Inductively, once we have
chosen B;, i =0,1,...,k, we set x4 to be the point on the segment [x, z] that is
at distance 27/ d(x, z) from z. This implies that d(xgy, X) = Z};l 277d(x, z). Now
we set Brr1 = B(xp41,2 %t Vd(x, 2)). If d(x,z) < r/4 then we set By := B(x, r),
Bi = B(z,r/2), and for positive integers k we set By = B(z,27%r).

Then note that for each positive integer k, we have 2By C B(x,r), Bry+1 C 2By, and
z € 3Bg. Therefore, by the doubling property of u, we get

o o0
% < |u(z) —up,nl < Z lup, —up,, | < Zf |u —usp, | du
k=0 k=0 " 2Bk
o0
< 327
k=0

Since Y 7, 2B is a convergent series, it follows that there is a non-negative integer k.

such that y
q
yk:B < z—er( f (Lipu)? du) .
2

By,

1/q
(Lipu)? du)
2By

From our choice of 8, we have that ¢t = (1 — §)q. From the above inequality, we obtain

w(By,) <1l 2_kz(1—,3)q/

2Bkz

(Lipu)? dp < rP9 rad(By,)' / (Lipu)? du.
ZBkz

The family {3By, : z € E'} forms a cover of E, and so by the 5B-covering lemma we can
obtain a countable pairwise disjoint subcollection {3By }rercn such that {15B }rercn
also covers E. It follows from Lemma 2.6 that

u(15By) H(BY) , .
*E) 5 Z < (15tad(By))’ Z < (rad(By))' ~ Z’ g, P

<rba / (Lipw)?dpu.
B(x,r)

By hypothesis, we know that #, " (E) > Ar~" w(B(x,r)). As —t — Bq = —q, the desired
conclusion follows. L]

Definition 3.2. Let B be a ball in X with center in Q. We say that a family {Bi}f\'= , of
balls is well-placed along B N 02 if foreachi = 1,..., N we have that B; C @, (B N
0€2) N 0B, is non-empty, and 4B; N 4B; is empty whenever i # j withi, j €{l,...,N}.
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A chain of balls is a collection By, ..., By such that rad(B;) = rad(B;) and B; C Q
foralli = 1,..., N and the center of B;;; lies in Ei fori=1,...,N — 1.

We say that a ball B C € is chainable to another ball B’ C Q if rad(B) = rad(B’) and
there exists an N € N and a chain of balls B; = B, ..., By = B’. We further say that B
is chainable to B’ withinaset Y if B; C Y foreachi =2,...,N — 1.

Lemma 3.3. Let w €02, 0 < ro < diam(R2), and 0 < ng < 1/168. Suppose that we have,
Jor p = (1 —21no)ro,

¥ (B(w, p) N 3RQ) > co “(L’f’p)),

and that z € Q N dB(w, ro) is such that B(z,r¢/2) C Q. Let {B; (770r0)}fv=l be a max-
imal collection of balls with centers in B(w, rg) N Q such that each B; is chainable to
B(z, nore) within B(w, 2ry) N Q and {B; (noro)}fv=1 is well-placed along B(w, 2rp) N

0Q2. Then

N
ng 1(B(z.r0)) < Ko > (Bi(no70)).
i=1

with the constant Ky dependent solely on the doubling and Poincaré constants of X.

Proof. We now set D to be the collection of all points x € Q with dg(x) > nore for
which B(x, noro) is chainable to B(z, norg). We consider the functions g: X — R and
f:B(w,rg) — R given by

g(x) := max

(1 dist(x, 30B,~))
1<i<N +

NoTo

and

g(x) ifxeB(w,ro)N D,
fx) = {1 .
if x € B(w, rg) \ D.

1
noro
hence Lipschitz continuous) on B(w, o) \ D. Thus, to show that f is locally Lipschitz
continuous on B(w, (1 —21ng)rg), it suffices to show that f is locally Lipschitz continu-
ous at each point x in B(w, (1 — 21n¢)re) N dD. It is direct to see that dg(x) > noro,
since this estimate holds for all points in D. Since x € dD we have some X € D such
that d(x, X) < noro. Since X € D, we have that B(X, noro) is chainable to B(z, noro)
within B(w, 2r¢) N Q. By adding B(x, norg) to the chain, we see that B(x, noro) is also
chainable to B(z, noro) within B(w, 2r¢) N Q.

There are two cases to consider. First, assume dg(x) > noro. By again adjoining a
ball, we see that for each y € B(x, dg(x) — noro) the ball B(y, noro) is chainable to
B(z,n9ro). Thus, B(x,dg(x) —noro) C D, which is a contradiction to x € dD. Therefore
da(x) = noro.

Thus, we focus on points x € B(w, (1 — 211n¢)rg) for which dg (x) = noro. From the
above discussions, we know that the ball B(x, noro) is chainable to B(z, noro) within
B(w, 2rg) N Q. By maximality of the well-placed collection, we must have some i =
1,...,N suchthat4B; N4B(x,nore) # @. Hence B(x,noro) C 12B; C 30B;. Therefore,

It is direct to see that f is (——— )-Lipschitz on B(w, rg) N D, and that f is constant (and
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f = lin the ball B(x, noro), and the local Lipschitz property follows. In conclusion, f
21n0)ro).

Now let
E = B(z,ro/4) N B(w, (1 =21ng)ro) N D and F = B(w, (1 —21n9)re) N I2.

Recall that X is a geodesic space. Let y be a geodesic connecting z to w, and let z” be a
point along this geodesic so that d(z”, z) = 3ry/16, whence we also have that d(z”, w) =
13rg/16. We claim that B(z”, ro/16) C E. By the triangle inequality, we know that
B(z",r9/16) C B(z,r9/4) N B(w, (1 —21ng)ro). Thus, to show that B(z”,ry/16) C E,
it remains to show that B(z”, ro/16) C D. We do this by constructing a chain of balls
connecting balls centered in this set to B(z, noro). Take any point x € B(z”,r¢/16) \ D,
and let B be the concatenation of a geodesic from x to z” and the subcurve of y from z”
to z. Choose x; = z, x; = x and points x5, ..., X, along B with d(x2,z) = noro and
d(xi,xi+1) < noro fori = 1,...,k — 1. Recall that dg(z) > ro/2 and ny < 1/168. It
follows that { B(x;, no ro)}{?=1 gives the chain connecting B(x, norg) to B(z, noro). Thus,
x € D by definition.

The sets E and F are disjoint subsets of the ball B(w, (1 — 21n9)r¢). Moreover, by
the hypothesis of the lemma, we know that

M(B(w (1—=21no)ro)) _ w(B(w,ro))
rs < rs

(3.4) JH(F) >

Recall that 0 < ng < 1/168. Setting B” := B(z"”, ro/16), where z” was the point on the
geodesic from z to w as described above, that argument above demonstrated that B” C E.
Therefore, we also have that

H (E) = #H,'(B").
To compute J(’,_O’ (B"), we argue as follows. Let { B };crcn be a cover of B” by balls B/
of radii r; < r¢. Since for each i € I we have that r; < r¢, then by the doubling property
of u, we have

/\/

o o

Z M(B ) Z M(B*) _ B w(Bw. o)
iel P il o
It follows that
3.5) g{r;t(E) > Jf);ot(BN) > M(B(;lt)»ro)) )
0

We next show that f = 1 on F and that f = 0 on E, setting us up to use Lemma 3.1.
Indeed, by construction, we have £ C D N B(w,rg), and so f = gon E. If x€ E,
then dist(x, dR2) > r¢/4, and so for each i = 1,..., N, we have that dist(x, 31B;) >
ro/4 —32n9ro > 0 since no < 1/128. Therefore necessarily g = 0 on E, thatis, f =0
on E.Since FN D =@, wehave f|r = 1.

We then get to

1 N
q .
/B(w,(l—Zlno)ro)(Llpf) du < (1070)d M(ILZJl 313,(n0r0)) > )q Z'U“(B (N070)).
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Now an application of Lemma 3.1 (with A determined by co and the doubling constant
related to p) above, together with the fact that ro > (1 — 21n9)ro > ro/2 gives

1 wBw.r) _
c™ rg = (noro)?

N
> 1(Bi(noro)).
i=1

Setting Ko = C/cy yields the desired conclusion. ]

Next we wish to construct a Frostman measure, adapted to the use of codimensional
Hausdorff content. The idea comes from [27], but unlike in [27], we are not interested in
creating a doubling measure, and so our construction is simpler and closer to that of [9].
Henceforth we consider 0 < n < 17 < 1/168, with n; sufficiently small as determined in
the proof of Proposition 3.8.

Construction 3.6. As in [9], fix zg € Q and let r = dg(z¢). We then choose a point
wo € dB(zg,r) N 02 and set Py = {wo} = Wy. We begin the construction by choosing a
point x; in the geodesic connecting zg to wq such that d(x;, wg) = nr. The ball B(xy,nr)
is chainable to B(zg, nr) by balls that are chosen with centers on the geodesic connect-
ing x; to zo. Since dg(z9) = r, it follows that do(x;) = nr. Next, as in the statement
of Lemma 3.3 with zq playing the role of z, wy playing the role of w, r playing the role
of 79, and 7 playing the role of 7, let W; =: W;(wp) be a maximal collection of balls of
radius nr with the properties:

(1) B(x1,nr) € Wi(wo),

(2) itis well-placed along B(wg,2r) N 9€2,

(3) each ball in this collection is finitely chainable to B(zg, nr) by balls contained in

Q N B(wy, 2r).

Let P;(wyp) consist of a choice of one point in B(wy,2r) N dB N d<2 for each B € W;.
For x1, we choose wg. From the conditions related to Wy (wy), it follows that P;(wg) has
as many distinct points as the number of distinct balls in the collection 'W; (wg). We also
set P1 = Uye Po Py (w), which, in this case, equals P;(wy). By construction, Py C P;.

We inductively construct Wy, and Py, given the successful construction of Wy
and Py, as follows: for each w € Py, there is a ball B,, € Wy such that w € dB,, N IN.
Let z,, be the center of B,,. We choose x,, in the geodesic connecting z,, and w such that
d(xyw, w) = 7k +1r. Note that dg (z,) = n¥r, and so dg (xw) = n*t1r. Asin Lemma 3.3,
with w playing the role of w, z,, playing the role of z, 7¥r playing the role of rg, and 7
playing the role of g there, we set Wy 1 (w) to be a maximal collection of balls with

(1) B(xw.n*T1r) € Wipq(w),

(2) it is well-placed along B(w, 2n*r) N 9%,

(3) each ball in this collection is finitely chainable to B(zy, n**!1r) by balls within
Q N B(wg, 27%r).

Let Py (w) consist of a choice of a point in B(w, 2¥r)NdB NI, for each ball
B e W 1(w), with the additional requirement that w € Pg41(w), which ensures that
Py C Pryq. We now set W1 = UwePk Wir1(w), and Pryq = UwePk Pry1(w).

We set Py to be the closure of the union | J; Pk. For each k € N and w € Py, we
denote by Ay (w) the unique point in Pi_; such that w € Py (Ax(w)) with the property
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that w € B(Ax (w),27*~1r) N dQ. Moreover, we set Dy (w) = Py N B(w,27*r). Note
that Px N B(w,2n*r) C Dy (w). As the points of Py are from boundaries of well-placed
balls of radius 7¥r, their centers are at a mutual distance of at least 87%r. Thus the sets
Dy (w) with w € Py form a pairwise-disjoint partition of Py .

The above construction gives us a Cantor-type subset of d€2, which we will see in the
next section to be a subset of 9Q2,,(c) N I N B(zo, 3dq(zo)) for a large-enough choice
of ¢. We now create chains of balls with controlled length connecting consecutive layers
of our construction above before constructing a Frostman measure associated with Py,

Lemma 3.7. There is a positive integer M > 3, depending solely on the doubling constant
of w and the scale n, such that the following holds. Let k be a positive integer and B € Wy,
and let w € Py_y be such that B € Wi (w). Let B(zy,n* ') € Wi_, be the ball such that
w € 0B (2w, n¥"1r) N OKQ. Then there exists a chain of balls

B =:Bl,B},....BYy = B(zy,1"r),
all of radii n"*r, with N < M and B} C B(w,2n*~'r) fori =0,...,N.

Proof. By construction, B is chainable to B(zy,, 7*r) within Q N B(w, 27*~'r) by some
chain Bg, R B]’t,, as in the statement of the lemma, with radii nkr. Choose the chain
with the smallest possible number of balls N in the chain. We will now show that N
can be bounded by a constant M that depends solely on 1 and . Let K be the maximal
number of points in B(wy, 2n*~1r) that is 7% /8-separated, that is, with pairwise distance
at least n*r/8. Set S to be the collection of these points. By the doubling property of L,
there is at most M /2 number of such points, that is, K < M/2, with M depending solely
on the doubling constant and 7%~/ (n¥r/8) = 8/n. We now show that N < M.

For each ball B;* with center Xpy, we choose a point s; € S N B(xB* n¥r/8). Such a
point s; must exist by the max1mahty of the collection S. If N > M = 2K, then by the
pigeonhole principle there must exist some s € S and three indices i1, i, i3 (in increasing
order) such that s;, = s;, = s;; = 5. We have |i3 —i;| > 2, since i, lies between them.
Notice that

d(xg;.xp;) < d(xpy.5) +d(s.xp;) < nr/4,

and thus xg* € ZT*I Therefore, if we remove the balls B; for j =iy +1,...,i3—1
3

from the chain Ba‘, R Bj\‘,, the balls that remain form a strictly shorter chain. This is a

contradiction of the minimality of N and thus N < M as claimed. ]

Proposition 3.8. Under the hypotheses stated in Theorem 1.1, and with P, as construc-
ted above, we have
B(woq,r
(3.9) H(B(wo.r)) < HTP(Poo).
r?
Moreover, there is a Radon probability measure vE, supported on P, such that for
f€ePypandd<p<r,

p(B(E. p)) (5)1’.

(3.10) vr(BEP) S R
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Proof. We prove the proposition by constructing a Frostman measure on the set P, that
is, ameasure Vg on Py, such that for § € Py, and 0 < p < r, the estimate (3.10) holds. This
would complete the proof because for any cover of Py, by balls {B; (p;)}icrcN centered
at points in P, with p; < r, we have that

r? Z m(Bi(pi))

I = vr(Po) < ZZUF(Bi P = Bwo.r) of

1
Thus we obtain, by taking the infimum of the rightmost-hand side of the above over all
covers, exactly the desired estimate (3.9). Inequality (3.10) will be established towards the
end of the proof of this proposition, see (3.13) below.

To construct a Frostman measure supported on P, we inductively construct the func-
tion a: Uf:o P x{k} — [0, 1] as follows. We first set a(wg, 0) := 1, and for w € Py,

set
p(Bw,nr))
> _teDo(wy) LB 17))
Note that Py = {wg}; hence Dy(wg) = P;. It follows that Zwepl a(w, 1) = 1. Once
a(w, k) have been determined for each w € Py, we next set for w € Py 1,
p(Bw,n**+1r)) ,
Yot (Ag sy HBE ¥ H1r))

As pointed out in the construction of the sets Py, we know that Dy (w), w € Py, forms a
pairwise disjoint partition of Py, 1; we have for each w’ € Py that

> aw.k+1)=aw k).

weD(w’)

a(w,1) :=

a(w,k +1) := a(Ag+1(w), k)

Finally, for each non-negative integer k, we set the measure

(3.11) ve =Y a(w.k)by.

wePk

where, for each x € X, the measure §, is the probability measure supported on the single-
ton set {x}. Note that the support of vg is Py C Py and that vy (X) = 1. Indeed, it is
immediate that vo(X) = 1, and that

ve(X) = > a(w.k).
wePk
By construction, when k > 1 we know that for each ¢ € P_q,
> aw.k)=a@k-1),
weDy_1(%)

and so by induction we see that vi(X) = 1 for each k > 1 as well.
In the rest of this argument, we use the fact that necessarily, n < 77 < 1/168. Suppose
that w € Dy 41 (Dg4i—1(--- (D (wg)) --+)) for some wg € Px and [ > 1. Then we must
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have that w € B(wg, 3n*r) and, by the well-placedness property, the ball B(wy, 4n*r)
does not intersect the ball B(zg, 4nkr) whenever wy, zx € P with wy # z. Therefore, if
kp > ky and w € Py, then w € P, and

3.12) Vi, (Bw, 3% 7)) = v, (B(w, n*1r)) = a(w, k1).

Note also that for k > 1 and w € Py, by Lemma 3.3 with A (w) playing the role of w,
X4, (w) playing the role of z, and with o = nand ro = nk~1r, we have

n? W(B(xa, ). n°7'r)) < Ko > 1(B(&.n*r))
LeDy (Ag (w))NB(Ak (w),n*1r)

<Ko Y. wBE&),

teDy (Ax(w))
and so
w(B(w, nkr))
> ey (A wy) LB k)

1(B(w, 11*r)) '
o ' n1u(B(Ax(w), n*=1r))

a(w, k) = veg(Bw, 1¥r)) = a(Ax(w). k — 1)

< a(Ax(w).k —1) X

An inductive argument gives us that for k > 1,

(o k) < —PB@.Ar)
C T (K% w(B(wo. )

Note that the constant K¢ does not depend on 7, nor on w. We fix & > 0. So if we choose 711
small enough so that in addition we have K > N3, then for 0 < n < n; we have that

1(Bw, n*r))

k) < '
Cl(U), ) —= n(q-i—s)k M(B(U)O, r))

Let 0 < p < r and & € 992 be such that B(€, p) N Py is non-empty. If p > r/2, then the
claim follows from the doubling property of w and the fact that vy (X) < 1 once vF is
constructed, because each v is a probability measure. Hence we will focus on the case
that p < r/2. Let k,, be the unique non-negative integer such that
1
5 nk"Hr =p<= nk"r.
Then, as Py C Py for each non-negative integer k, it follows that there is some positive
integer j > k, and w € P; such that w € B(§, p).

By induction, we see that for each non-negative integer m < j there is some w,, € Py,
such that d(w, wy,) < ﬁ n™r. It follows that

2
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For each w’ € P, with w’' # wy,, we have d(w’, w,) > 87™r by the well-placedness
property. For the choice of m = k,, we have that

2 2
B(£.p) C B(wm, g n"r+ 2p) and B(wm, P n"r 4+ 2p> N P = {wm}-
-n -n
So, thanks to (3.12) and by the fact that
2
T, nk/’r +2p < Snkpr,
-n

we have for each k > k, + 1,

vi(B(§. p))

IA

2 2
o1 (8 (st 75 0 +20)) = vy (B (v, 55 0 +20)

IA

1(Bwr,.n*r) (B, p)) (1)‘1“

B ko A
Vi (B0 07)) = 2 s (B Gwo.r) ~ 1w(Bwo. ) \p

Here the comparison constant depends solely on the doubling constant of x and the choice
of 7.

By the Banach—Alaoglu theorem, we have a weak*-convergent subsequence of the
sequence of Radon probability measures v to a Radon measure vg that lives inside 0€2,
with vr (Ps) = 1. We obtain then also that for § € 0Q2 and 0 < p < r,

R(B(E.p) (ryate
(3.13) vE(BE,p) S ————— | — .
€% 5wy ()
This measure vg is our Frostman measure, with the choice of ¢ = p —gq. ]

4. Proof of Theorem 1.1

In this section, we complete the proof of the first main result of this paper, Theorem 1.1.
Thanks to Proposition 3.8 and the fact that the visible boundary is closed, it suffices to
show that | J;, Py is a subset of 0Q,,(c) N 92 for some ¢ > 1. See Construction 3.6 for
the choice of the sets Py.

Take w € P for some k > 0. Then there is a point z,, such that w € B(zy,, n*r) and
B(zw, n¥r) € W. Joining w to z,, by a geodesic 7, we have that for any z along 7,

4.1)  da(z) = dp(2) =2 dp(zw) — d(zw.2) = L(Y) = £(Vzy,2) = L(Vz0)-

A similar argument to the above also tells us that if B(x,p) C Q,y € B(x,p),and B isa
geodesic with end points x and y, then 8 C Q and for each point z in B,

da(z) z do(x) —d(x.z) = d(x,y) —d(x,z) = d(y,2).

By construction, B(zy, n¥r) € Wi(w_;) for some w_; € Pr_;. Let Zy_, be the corres-
ponding point in  such that B(zy,_,, 7¥71r) € Wi_; and w—; € 92 N dB(zy_,, n* 7).
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We denote by {Bk = B(xik. 1 r)} —, the finite chain of balls joining B(zy. kr) to
B(zy_,, 1 kr) given by Lemma 3.7 of length Ny < M for some M depending on the
doubling constant and . For i = 1,..., Ni let y; x be a geodesic with end points x; ¢
and x; 41 x, and note that y; x lies in  with £(y; ) < nkr.

As d(Xj g, Xit1k) < n¥r, it follows that for each point z € Vi k» we either have that
d(z,xi) < nkr/2 ord(z, Xit1k) < n¥r/2. Thus, dg(z) = n* r/2. Let yx be the con-

catenation of the curves y; ¢, i = 1,..., Ng; then, £(yg) < Nknkr, and so for each z € y;
we have
nk
do(z) > — i
Q(z) > 7 Z 2N k) = i (Vk)-
Finally, let y be the concatenation of ¥ and y, Yx—1, .., Y1 to obtain a curve that con-

nects w to zg inside 2. We claim that y is a John curve. Indeed, if z € ¥, then by (4.1) we
have that
da(z) = L(ywz) = Z(77w,2)~

If z € yj for some j €{l,...,k}, then

j k k .
do(z) = TEe Uywe) <P+ Y Lom) o4+ Y Mo <2Mn'r.

m=j m=j
Thus, we have

da(z) > m L(yw,z)-

In other words, y is a 4 M -John curve with respect to 2.
Next, we show that, with y: [0, L] — €2, the subdomain

Clvl:= | BO®).da(y®)),

tel0,L]

is (8M + 1)-John with respect to C[y] with John center zo and that zy € C[y]. The latter
is immediate from the fact that z¢ is one of the terminal points of . We now show that y
is a 4M -John curve with respect to this subdomain C[y]. Let z € y. Then, by the above
discussion we have that

Lyw,z) <4M dq(z) and dqo(z) = dcy)(2) = dB(z,aq(2) (2) = da(2).

The claim follows.

Finally, suppose that y € C[y]. Then, there is some number ¢, € [0, L] for which we
have y € B(y(t)).da(y(ty))) C C[y]. Let By be a geodesic connecting y to y(ty), and
let ), be the concatenation of the paths ) with yy(,) z,- We now show that a, is an
(8M + 1)-John curve with respect to C[y]. To this end, let z € o). If z € B, then an
argument as in (4.1) gives

dcy1(2) Z dByy).da ) (2) = L((By)z,y).
If z € yy(1,).z0- then by the first part of the argument above, we have

E()’y(ty),z) )

da(z) = dcpy)(2) = M
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Moreover, by the above and the triangle inequality, we have that
E(By) = daly(ty)) = d(z.y(ty)) + da(z) = (4M + 1)da(z) = (4M + D) dcpy) (2).

It follows that

e((ay)z,y) = K(Vy(ty),z) + Z(/gy) =< (SM + l)dC[y](Z)~

From the above two cases, we have that &, is an (8 + 1)-John curve with respect to C[y]
with John center zg. It follows that C[y] is (8 M + 1)-John with John center zg.

Since unions of (8 M + 1)-John subdomains of 2 with John center z is also (8 M + 1)-
John with John center zy, it follows that C[y] C Q,(8M + 1), and asw € dC[y] N 9, it
follows that |, Px C 022;,(8M + 1) N 9. An appeal to Proposition 3.8 now completes
the proof of Theorem 1.1.

5. Traces of Newton—Sobolev functions on the visible boundary

In this section, we provide a proof of the main trace result, Theorem 1.6. Indeed, we
will prove a more general version of Theorem 1.6, namely, Theorem 5.2 below. In what
follows, we denote by F), a compact subset of F' = B(zg, 3 dq(zo)) N 92;,(c) N 02
and a Radon measure v supported on F), for which there is a constant ¢, > 0 such that
whenever £ € F,, and 0 < r < 3dg(z9), we have

(5.1) W) < e MEED D),
Because of the metric doubling property of Q, for each L > 3, we may assume that the
above inequality holds for every 0 < r < Ldg(zo) at the expense of increasing c;.

With this additional condition satisfied, we are able to gain control over traces on F);
this is the content of Theorem 1.6 below. Note that the set Py, satisfies this condition,
but it is possible for there to be a larger subset F,, C F satisfying this condition as well.
The set P, is a Cantor-type set because of the well-placedness condition from Defini-
tion 3.2. It is possible to have a larger set F,, which might contain non-trivial continua
while satisfying the above dominance condition.

Theorem 5.2. Suppose that (X, d, i) is complete. Let the domain Q2 C X, zg € 2, and
¢ > 1 be such that F = B(z,3dgq(z0)) N 02 N 02, (c) contains a compact subset F,
and a Radon measure v supported on F, satisfying (5.1). In addition, suppose that (| is
doubling and supports a g-Poincaré inequality for some max{l, p} < g < q < oo. Then
there is a bounded linear trace operator

T:N“(Q) — B, %*(Fy.d.v) N LI(F,,v)

such that, with D(zy) := B(z¢,10cdg(z¢)) N 2, we have

5.3 Tul| 5inf/ e
(5.3) 1T gsrio ey = pe
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where the infimum is over all upper gradients g, of u and the implied constant is inde-
pendent of u and zo, and

5.4 ”Tu”(]{q(pv’v) S da(zo)™? ||u||Zq(QZO(C)) +da(z0)?? iglfw/D(zo) guldu,
where the infimum is over all upper gradients g, of u and the implied constant is inde-
pendent of u.

In the setting considered in Theorem 5.2, we know from Proposition 7.1 in [1] that
N4 (Q) = N4(Q) and that the complete space Q, equipped with the zero-extension
of it|g, is also doubling and supports a §-Poincaré inequality. By the assumption that v is
supported on F),, we know that v(B(¢, p) N F,)) > 0 for each ¢ € F,, and for all p > 0.

Lemma 5.5. Under the assumptions of Theorem 5.2, for each u € N 4 () we have that
v-a.e. x € F, is a Lebesgue point of u.

Note that in this lemma we do not need the full strength of the above upper bound
inequality (5.1); that inequality is needed only in the proof of the trace theorem, The-
orem 1.6. Instead, we need that v < K 7, which is implied by (5.1).

Proof. It follows from the discussion preceding the statement of the lemma, together with
Proposition 3.11 in [10] and Theorem 9.2.8 in [16], that v-a.e. x € F), is a Lebesgue point
of u. ]

We are now ready to prove Theorem 5.2. This proof is broken into two parts, with
the first part proving the energy estimate (5.3), and the second part proving the L?-esti-
mates (5.4) claimed in the theorem. In proving this, we take inspiration from the proof of
Theorem 5.6 in [22]. Here, for z € F, a Lebesgue point of u € N 19(Q), the trace Tu(z)
is defined by the property that

(5.6) lim supf lu —Tu(z)|du = 0.
r—0t JB(z,r)NQ

We begin by showing that the Besov energy of the trace Tu on F, can be controlled by

the Sobolev energy of u € N19(Q).

Proof of Theorem 5.2. Energy estimates. Fix u € N19(Q), let g, € L9(Q2) be an upper
gradient of u, and consider two Lebesgue points y,z € F, C 9Q2z,(c) of u. Since F, C F,
we can find two c-John (in ©,(c)) curves y, and y,, parametrized by arclength, starting
from y and z, respectively, and both terminating at the John center zy. For each k € N, we
set

1

1 \k
5.7 ty =t := (1 — Z) d(y,z) and rp =r_j = Ztk'

Notice that the John constant c is larger than 1 as in the statement of the theorem. We next
set By := B(z,3d(y, z)), and for each k € N, we set By := B(y,(tx).rx) and B_; :=
B(yy(t_x),r—). Note that for k e N,

1 \k
|tk 41 kl (y.2) 2c 2c Tk
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therefore, for each k € N, we have that y, (tx 1) € B_j and y; (tx+1) € By. Moreover, we
have that

1 1 \k 1
nectren = 3-dnn)(1-52) 2= 5 )

therefore, setting o = 2 — 1/(2c), we have that Byy; C aBr and B_41) C aB_¢
whenever k € N U {0}. Also, from the c-John condition we know that when k € N, we
have dq (v (tx)) > tx/c = 2ry; hence, as @ < 2, we have that By C Q. A similar argu-
ment gives aB_j C Q2.

We now estimate Tu(z) — Tu(y) as follows:

Tu) = Tu)] < 3 lus, — | S 3 f = d
aBy

keZ keZ

~ 1/

N (f g du) :
keZ By

where we also set rg := 3d(y, z). Note that

1 1
=L (- Yoo <o
" 2c( 52)d0.2) <o

moreover, for each w € «B1, we have that

1
d(w.2) = dw.y:() +n <ari+n = (5-+1) (1= 22) d0.2)

_ (% _ % +1)(1- %) d(y,2) <2d(y. 7).

It follows that «B; C By C aBy. Hence, for each w € aB; we have that
MaGioy 6D = § ¢l du.
aBy
where, for each w € 2, we set

Mo (Xp(zo) §)(w) = sup f o AD(o) 82 dp
n

weB JB

with the supremum taken over all balls B centered at points in Q such that w € B. So,
setting

g = (g7 + Ma(xpezy) g1V,

o fm glan)" < ( fwl elan)”.

Denoting the set of all non-zero integers by Z*, we have

|[Tu(z) —Tu(y)| < Zrk (][ gffdu)l/a - Z e (fB P du)l/q.

kez «B kez* Bk

we have
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Recall that p < ¢g; hence we can choose ¢ > 0 such that p + ¢ < ¢g. Now, by an application
of Holder’s inequality, we see that

- 1/q
Tu() = Tu()| £ 3 r70 0 ( gran)
kez* By
(Z rg= (p+e)/q)>1/q Z p+s][ g?du l/q,
keZ* keZx*

where ¢’ = q/(q — 1) is the Holder dual of ¢.
Estimating the first factor on the right-hand side of the above inequality, we find that

Z q'(1=(p+e)/q) _ Z rq q(p;rg) _ Z (d(y Z)( 2lc)lkl)

kez* keZ*
g—(p+e) 1
~ d(y, -1 (1 — )
(y.z) ot Y >
keZ*

q—(p+e)
qg—1

\k\q (P+E)

The choice of ¢ such that p + ¢ < g ensures that

1 q—(p+e)

(1—5) o,

( +£)
Z rd q'(1—(p+e)/q) < d(y, Z)q =
keZ*

and so we have that

Hence,

q—(p+e) N 1/q
Tu(») = Tu@)| $dy.2) ¢ g f ghdpn) "
keZ*

We set wy = z for k > 1 and wy = y for k < —1; then for each k € Z*, by the
doubling property of i|q and by B(wg,rx) N 2 C (2¢ + 1) By N 2, we have that

L L 1
(5.8) < 3 < > )
pw(aBi) ™ p(B(wk, (40)% i) N Q) ™ v(B(wk. (47)rx))
where we have chosen T = 8¢2. Here we have also used the upper bound estimate (5.1).
Now

|Tu(y) — Tu(z)| y 1/q
a0 <k§* B i . O
that is,
|Tu(y) — Tu(z)|? . dy.o)"* Z 1
d(y,z)? P v(B(z,2d(y.z))) ~ v(B(z,2d(y,z))) v(B(wg, (41)2 k) '

kezZ* aBy
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‘We denote

Cy: = UaBk and C,, = U aBy
k>1 k<—1

the two “cones”, C, , with vertex at z and C; , with vertex at y. Note that these cones
consist of balls with centers located on John curves terminating at the John center zo;
hence, Cy ; U C;,, C D(zo). For w € a By, we have that

dw,wg) <ary +ty = (0 +2¢)rp < 4trg.

Hence,
ri § d(w we gy
kEXZ:*v(Bwk,(M)Zrk)) PREGE kZZ:*/aBk V(B ded(w, wp)) P

oo

d(w, 2)° gw)? d(w, y)* g(w)?
~ d d
kzzl/agk v(B(z. 4td(w. 2))) “(w”kZ:l/aBk W(B(. dzd(w, ) )

~ d(w,z)* g(w)? d(w, y) g(w)?
- /CN v(B(z,4td(w, 2))) apl) + /c” v(B(y,4td(w,y)))

In the last step above, we have used the fact that the balls a By, k € Z*, have bounded
overlap; no more than three of these balls overlap at any point in 2. Now integrating over
F, x F,, we obtain

|Tu(y) —Tu(z)|?
‘/Fv de(y 2)4=P v(B(z,2d(y, z2))) dv(y)dv(z)

<f [ e [ PR
L JF, v(B(z 2d(y.z2))) LJc,. v(B(z,4td(w, 2))) ’

d(w. ) g(w)?
* /c v(B(y. 4rd(w. )))

du(w).

d,u(w):| dv(y)dv(z) =1+ J,

where
_ d(y.2)”* d(w,z)® g(w)?
- / Y / (B@2d(3.2) Je,. v(BG. drd(w, 2y M),
— d(y.z)"* d(w, y)® g(w)?
7= / / v(B(z,2d(y,2)) Je., v(B(y, 4rd(w, »))) dp(w)dv(y) dv(z).

We obtain estimates for I, and a mutatis mutandis argument gives similar estimates for J.
Recall our choices of 7; and ry from (5.7). For w € C) ;, we know that there is some
k > 1 such that d(w, y,(t;)) < arg, and so

dw,z) <ary +tp = (1 + za—c)tk = (1 + ;—C><1 - L)kal(y,z)

2c
<(1+ (- a0
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Setting B = (1 + 1/¢)(1 — 1/(2¢)), it follows that necessarily d(y, z) > d(z, w)/B.
Moreover, as above, we have that d(w, z) < (1 + 2‘1—c)tk, and by the John property of
the curve y,, we also have

I «o 1 Tk
de(w) > da(y(tr) —erk = = — it = 5 e =
Hence

d(w,z) <2c2c + a)dg(w).

So if w € Q is fixed, then we must have z € B(w, 2rdg (w)), where we recall that T = 8¢2.
It follows that

/o / / d(y,z)~® dw,z)* g(w)? xc, . (w)
y JF,V(B(2,2d(y,2)))/D(z) V(B(z,4td(w,2)))

<// d(y,z)”*
~ Jr, JR,v(B(z.2d(y.2)))
X/ d(w,z)*g(w)? Y F\B(z.d(w,2)/8)(¥) X FynBw,2tdg (w)) (2)
D(z0) v(B(z,4rd(w, 2)))

oo ) w510

8 d(w,z)® g(w)? xF\B(z,dw,z)/8)(Y) XFynBw,2tdgw)) (2)
v(B(z,41d(w, 2)))

- / g () / d(w. 2)*
D(zo) F,NB(w,2tdg(w))

d(y,z)~¢ 1
d d d .
X/R\B(Z,d(w,z)/m W(B(z.2d(y.2)) V(B ded(w, 2y "W V@A)

dp(w)dv(y)dv(z)

dp(w)dv(y)dv(z)

dv(y)dv(z)dp(w)

Note that

/ d(y,z)~¢ 1 v (y)
FV\B(z dw,z)/) V(B(z,2d(y,z2))) v(B(z,4td(w, 2)))

- Z / | | d(y,z)~* dv(y)
j=1

LAB(z,27 d(w,z)/B)\B(z,2i~1d(w,z)/8) V(B(2,2d(y, 2))) v(B(z,4td(w, 2)))

< i/ | 27 d(w,z)~* dv(y)
j=1

JNB(z,2/ d(w,z)/B\B(z,2i~1d(w,z)/p) V(B(z,27d(w,z)/B)) v(B(z,4td(w,z)))

Ku.z ;
N e _e V(B(z,27d(w,z)/B)) 1
R Z 277 dw,z) v(B(z,2/d(w,z)/B)) v(B(z,4rd(w,z))).

Here Ky, is the largest integer j for which the annulus

F, N B(z,2d(w,z)/p) \ B(z,2' 'd(w,z)/p)
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is non-empty (recall that F, is bounded). Simplifying, we obtain

/ d(y.z)"* 1 by < 4w
F\B(.d(w,2)/p) V(B(2,2d(y,2))) v(B(z,4td(w, 2))) T v(B(z.4rd(w, 2)))

Hence

q & d(w’ Z)_s
= /szg(w) /Fmb,zrdQ(w» w2 V(B(z,4td(w, 2))) av(z) dp(w).

Next, note that

B(w,2tdg(w)) N F, C B(z,4td(w, 2)).
Therefore,

d(w,z)¢ v(B(w,2tdq(w)))

A2 B, 2edw, o " = VB, 2edaw))

/FmB(w,Zrdsz(w))
It follows that
15[ g dutw).
D(zo)

Similarly, we obtain the estimate

J =< / g?du.
D(zo)

Now, the boundedness of the Hardy-Littlewood maximal operator on L9/ (Q, In)
(since ¢/q > 1) and the doubling property of it|q implies that

/ gldu = / (gz + Mo (XD(z0) gg))q/q dp
D(zp) D(zo)

~ /A
5/ gl du+/ (Ma(xp(zy) g1))" du S/ gl du,
D(z¢) Q D(zo)

and so we reach the desired conclusion that

ITull?, s/ o dy. .
B;,q,pZ/q(F‘“d’v) D(zo) "

Now we prove (5.4), thus completing the proof of Theorem 5.2. Note that in the fol-
lowing argument we do not need the stronger ¢-Poincaré inequality; the weaker g-Poincaré
inequality suffices.

Proof of Theorem 5.2. L9-estimates. As before, let us consider a Lebesgue point z € F),
of u € N14(Q), an upper gradient g,, € L4(2) of u, and a c¢-John curve y,, parametrized
by arclength, starting from z and terminating at z¢. Modifying slightly the construction in
the first part of the proof, for k € N we set

1 \k 1
Iy 1= (1 — —) e()/z), e ;= —1M, and By := B()/Z(tk),rk).
2c 2c
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We also set
Bo := B(z0.£(yz)/(2¢)).

As before, for k € N, we have y; (tx4+1) € Bx and By CaBy C Q, wherea =2 —1/(2¢).
By the John condition,

mﬂ%)z%ew»,

and so we have that
Bo C B(zo,dq(z0)/2) =: B* and By C Q.
Note that

0
|Tu(z) —up«| < |uBo —upx| + Z |uBk _uBk+1|‘
k=0

By the doubling property of u, the inequalities £(y,) > d(z, z¢) > dq(z0), and the g-Poin-
caré inequality, we have that

1/q
jumy — | 5§ Ju—upeldp 5 daGo)( £ shan) "

Moreover, fixing 0 < Bo < 1, we see by an application of the g-Poincaré inequality, fol-
lowed by Holder’s inequality, that

ZluBk—uBk+l|§Z][ |M—uaBk|dM§Zrk(f g,‘fd/x)
k=0 k=0 *Br k=0 Bk
ad NVd & _ 1/q
< (Z rlfoq ) ( rZ(l ﬂo)f gz dﬂ) )
k=0 k=0 @By

where ¢’ = ¢q/(q — 1) is the Holder conjugate of g. As y, is a c-John curve with end
points zg, the John center, and z, it follows that

= (1-52) L =5 (1- 52 ) datzo)

2¢ 2c —2 2¢
Hence o 0o
, , 1 ﬂ q/k ’
Yot sdatco 3 (1-5)" ~dator
2c
k=0 k=0
and so
oo p ) rg(l—ﬂo) 1/q
lup, —up,.,| < da(zo) 0( qu'u) ’
1; 3 k+1 l;) w(@Bi) Jap, "

As in the proof of (5.3), by the doubling property of | and by (5.8), and with T = 8¢2,
we see that
w(B(z,9t%c 1) N Q) < pu(oBy).
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Therefore,

Tu@) ~upel? < daGo)® £ gtdn

, ) rlzc](l_ﬂ[))
d 0q q d
+ da(z0) kX:(:) w(B(z,9t2¢cr) N Q) (kagu #
_ (1-Bo)—p
dg(20)*7 - T
(5.9 < —/ 9 du+dg(zo)P1 _ Tdu,
W(Fy) Jp ST R l) ,;,v(B(z,%zc 10) Jus, 5V

where we used the upper bound (5.1) in the last step. We also used the estimate

w(B(z,6dq(z0)) N Q)
dq(z0)?

0 < v(F)) = v(B(20.3d(20))) = v(B(z,6dqa(20))) <

(B(z0,9da(z0)) N2) _ p(BY)
dg(z0)? " da(z0)?

As before, we have that

(5.10)0 =<

Qc+a)yrg > d(w,z)
whenever w € aBy.
Integrating (5.9) over z € F,,, we obtain

/ |Tu(z) —up«|7dv < dQ(Zo)q_p/ gddp + do(z9)P4
F, B*

<[ » /s2 ﬂxalggw)gu(w)qdu(w))dv(z>,
Vo k=0

20 (©NB(z0,3dg (z0)) V(B(z,97%C 1))

keeping in mind that the chain of balls ¢ By depend on z € F,,. For each z € F,, setting

00
CZ = U OlBk,
k=0

we see that if a point w € Q,(c) N B(z¢, 3da(z0)) belongs to the cone C;, then neces-
sarily there is some k for which w € ¢ By, and so

3
dw,z) < 2c+a)rg < 3 Trg,
from where it follows that
3
dow) <d(w,z) < 3 Trg.

Furthermore,
t 1
do(w) > * —org = — rg;
c 2¢

recall that e = 2 — 1/(2¢). That is,

1 3
(5.11) —rp <dgw) <d(w,z) < = Trg.
2c 2



S. Eriksson-Bique, R. Gibara, R. Korte and N. Shanmugalingam 2094

Therefore,
B(w,3tcdg(w)) C B(z,9t%¢ ry).
Hence, by the bounded overlap property of the balls By and by (5.11), we have that

/ |Tu(z) —up«|?dv
F,

< da(z0)?? /

g9 dp + dg(z0)P4
B*

dﬂ(w)q(l—ﬂo)—P ‘
u d d
) /u </on(c)nB(zo,3dn(zo)) v(B(w, 3tc da(w))) K- (W)gu(w) M(w)> v(2)

Sdato™? [ ghdu+dacot [ ([ X 3rcdao) )
B* v QZO(C)OB(Zo,SdQ(Z()))

dg (w)d1=Po)—p
X B 3redatay dp(w)) dv(z)

SdaGo™ [ gldn+daGo® [ guw)’

Q24 (c)NB(20,3dq(20))

dg(w)21=Po)—p
([ S rcdayy Low vedan @) dv(2)) dutw
—d a-p 44
Q(ZO) /B* 8u alb

+ dg(z9)P04 /

gu(w)? do(w)1 1 PI=P gy (w).
Q2 (c)NB(z0,3dq(20))

As g > p, we can chose B¢ small enough so that p < g(1 — o). As dg(w) < 4dq(zp)
when w € B(z¢, 3dq(20)), and as B* C Q,(c) N B(zo,3dq(z0)), we see that

|Tu(z) —up«|?dv

F,
<dgq (zo)q—p/ gldp+da(z0)P*9dg (zo)q(l_ﬂ")_p/ gu(w)?dp(w)
B* Q2 (c)NB(20,3d(20))
< da(z0)"7” / gu dp,

Qz, (€)NB(20,3da(20))
and so by (5.10),

/ ITu@)| dv < v(F,) |4 + da(z0)7" / g% dp
F, Q

zg (c)

< v(Fy)
w(B*) Ja, @

lul? du + dg(z9)?™? / gldu
Qz,(c)

: /
< lul? du + da(z0)?™? / gldp.
da(z0)? Ja,, (0 Q)

Therefore, we reach the desired conclusion.
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Now we complete this section by providing the proof of Theorem 1.6.

Proof of Theorem 1.6. With v the Frostman measure constructed in Section 3, we know
from (3.13) that vF satisfies the dominancy condition (5.1). Moreover, from the proof of
Proposition 3.8, and in particular from (3.12), we know that for each w € Py, and r > 0,
vr (B(w, r)) > 0. The proof is now completed by a direct application of Theorem 5.2
above. [ ]

6. Concluding remarks

In summary, from Theorem 1.1 we know that any domain that satisfies (1.2) has a suffi-
ciently large visible boundary corresponding to the c-John condition for suitable ¢ > 1.
From Theorem 1.6 we also know in addition that if the restriction of the measure and the
metric on the domain both satisfy doubling property and support a p-Poincaré inequality,
then there is a bounded linear trace operator from the Newton—Sobolev class of the domain
to the corresponding Besov class on the visible boundary, provided an upper control (5.1)
of the measure on the visible boundary also holds. To obtain a possible trace on the entire
boundary of the domain, one might wish to move the point zy around the domain, and also
increase the John constant c.

It is then expedient to know whether 0Q = (.., U, c g Qz,(¢). As external cusp
domains show, the above is not always possible. So the next natural question to ask is
whether, with the choice of ¢ that makes (1.2) valid, we have

%—P(asz U U QZO(C)) — 0.

c>12z9eQ

The next example shows that this is not always the case, either.

Example 6.1. Let X be the Euclidean plane, equipped with the Euclidean metric and the
2-dimensional Lebesgue measure. We construct a bounded domain 2 C X as follows. For
each positive integer n we set

x—1/n if 2 | n,

2 —1/n if2}n.

I/n—n if2|n,
oy 1= i
1/n if2 4 n,

and B, := {
We now set '
E, :={1- l/n)ele toy <0 < B}

for each positive integer n, and Q@ = D \ |, ey En, where D is the unit disk in R?,
centered at 0. Then note that

2\ | | Qz(c) =aD.

c>1zpeQ

Moreover, with ¢ = 1 the condition (1.2) does hold, and as R? satisfies a 1-Poincaré
inequality, we can consider any choice of p with 1 < p < 2.
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Note also that we require the domain itself to support a Poincaré inequality in The-
orem 1.6. As the slit disk Q = {(x,y) € R? : x2 + y2 < 1} \ ([0, 1] x {0}) shows, even for
John domains trace results do not make sense without additional geometric constraints on
the domain. The verification of a Poincaré inequality seems to be a reasonable such con-
straint. Given this, one might wonder whether any domain that satisfies the requirements
of Theorem 1.6 must necessarily be a John domain itself. This is not true, as the following
example shows.

Example 6.2. Note that the unit disk D = {(x, y) € R? : x2 + y2 < 1}, equipped with
the 2-dimensional Lebesgue measure and the Euclidean metric, is doubling and supports
a p-Poincaré inequality for each 1 < p < co. Although D is itself a John domain (and
indeed, is a uniform domain), it is not impossible to remove a closed subset K C D from D
in order to destroy the c-John condition for each ¢ > 1, whereas the resulting domain
Q =D \ K is still doubling and supports the same Poincaré inequality as long as K has
zero p-capacity. Thus the John condition is not a consequence of the support of Poincaré
inequality.

The above example reveals a further line of enquiry: is there a way to modify the
notion of visible boundary so that it does not rely solely on the John condition and leads
to a trace theorem that extends Theorem 1.6 so that obstacles such as capacity zero sets
that destroy the John condition are overlooked?
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