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The Monge—Ampere system in dimension two
and codimension three

Dominik Inauen and Marta Lewicka

Abstract. We revisit the convex integration constructions for the Monge—Ampere
system and prove its flexibility in dimension d = 2 and codimension k = 3, up
to the regularity €eL1=1/v5 To our knowledge, it is the first result in which the
obtained Holder exponent 1 — 1/+/5 exceeds 1/2 while not falling within the regime
of full €1-1 flexibility. Previous approaches based on Kuiper’s corrugations consist-
ently led to Holder regularity not exceeding ©1:1/2 whereas constructions based
on Nash’s spirals (when applicable) achieved €11 regularity. Bridging these two
approaches to interpolate between their respective exponent ranges has, until now,
remained an open problem.

1. Introduction

Consider the following Monge—Ampere system, posed on a 2-dimensional domain w, for
which we seek a 3-dimensional vector-valued solution v:

DetVZv = f inw C R?,
(1.1) for v:w — R3,

where Det V2 = (011v, 0220) — |812v|2.

System (1.1), together with its weak formulation (1.3) below, was introduced in [18], in the
full generality of arbitrary dimension d (here d = 2) and codimension k (here k = 3), as an
extension of the classical Monge—Ampere equation studied through its weak formulation
in [21] for d = 2, k = 1. The flexibility of (1.1) and (1.3), in the sense of Theorem 1.1

and Corollary 1.2 below, was established in [18] up to the regularity ‘€l’m, and
also up to €11 when k > d(d + 1). However, better results are available for d = 2.
In the codimension one case k = 1, the aforementioned general result in [18] recovered
the flexibility up to €1-1/7 obtained previously in [21], a result which has subsequently
been improved to flexibility up to €1/5 in [7], and further up to €-1/3 in [4]. Both
of these improvements led to improvements for general k > 1: [7] yielded flexibility up
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to €11/(+4/K) in [19], while the methods of [4] led to [20], establishing flexibility up
to €11 when k > 4, and up to el@=D/@ =) g, arbitrary k > 1. Note that this latter
exponent is less than 1/2 for all k and, in particular, for k = 3 it equals 7/15. We refer the
reader to Subsections 1.2—1.4 for a detailed explanation of how these exponents arise.
The purpose of this paper is to revisit the previous constructions and, by introducing a
new ingredient, show flexibility of (1.1) in dimension d = 2 and codimension k = 3 up to

~€1,1—1/ﬁ

To our best knowledge, ours is the first result in which the obtained Holder exponent
exceeds 1/2 while not being covered by the full flexibility up to €', Indeed, the large
gap between the ranges of exponents corresponding to codimensions 3 and 4 at the dimen-
sion 2 (or, more generally, codimensions k = d(d + 1) — 1 and k = d(d + 1) at arbit-
rary d ) stems from the use of two distinct techniques in the Nash—Kuiper iteration scheme,
based respectively on Kuiper’s corrugations and Nash’s spirals. Bridging these approaches
to interpolate between the resulting exponents has so far remained an open problem.

Closely related to (1.1) is the problem of isometric immersions of a given Riemann
metric g:

Vu)'Vu=g ino,

1.2
(12) foru:w — R°.

Indeed, (1.2) reduces to (1.1) in the following manner. Consider a family
1ge = Iday + 282A}6—>0

of Riemannian metrics, each a small perturbation of Id,, with A: v — ]Rfy)ff satisfying

—curlcurl 4 = f inw.
We recall that curl curl of a matrix field A is defined by first taking the two-dimensional

curl of each of its row vectors, and then applying another curl/ to the resulting two-
dimensional vector field on w. For A symmetric, there holds the formula

curlcurl 4 = curl(31A12 — 821411, 811422 — 821421)
01(01 422 — 02A21) — 02(01A12 — 02A11) = 011422 —2012A412+ 022 411.

Making now an ansatz u, = (id, + 2w, ev)" and gathering the leading order terms in the
g-expansions of (Vu,)" Vu, and of g,, results in the following system:

1

— (Vo) Vv +symVw = A4 inow,
(1.3) > (Vv y
forvie > R?® and w:ew — R

On a simply connected domain w, the problem (1.3) is further equivalent to

1
curlcurl (5 (Vo)' Vv) = curl curl 4,
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which is
Det V2v = —curlcurl 4.

This brings us back to (1.1), reflecting the agreement of the Gaussian curvatures k of g,
and of surfaces u.(w), at their leading order terms:

k(ge) = —e*curlcurl A + o(¢?) = €2 f + o(&?),
&2
k((Vug) Vug) = -5 curl curl (Vv)" Vv 4 2symVw) + 0(e?) = 2 Det V20 + 0(&?).

We refer the reader to [18] for a thorough discussion of the relations between the three sys-
tems (1.1), (1.2) and (1.3) in arbitrary dimension and codimension, and the interpretation
of (1.1) as the prescription of the Riemann curvature in the context of shallow manifolds.

Our main result pertaining to (1.3) states that a €!-regular pair (v, w) which is a
subsolution, can be uniformly approximated by exact solutions {(v,, ws)}5, as follows.

Theorem 1.1. Let  C R? be an open, bounded domain. Given the fields v € €' (@, R3),
we €Y (@, R?) and A € €% (&, R2*?), assume that

sym
1 - Lo

(1.4) 3 (Vv) Vv +symVw < A ino,

in the sense of matrix inequalities. Then, for every exponent a with

(1.5) « <min{§,l—%}

and for every & > 0, there exist © € €% (0, R3) and W € €% (@, R?) such that the fol-
lowing holds:
1
|10 —vlo<e |JWw—wlo=<e¢e and E(Vf))T Vi +symVw = A ind.
Above, || - ||o stands for the €° (i.e., supremum) norm of a given function on @. As a
byproduct, we obtain the density of solutions to (1.1) in the space of continuous functions.

Corollary 1.2. For any f e L°°(w,R) on an open, bounded, simply connected domain
w C R2, the following holds. Fix an exponent « in the range (1.5). Then, the set of
L% (i, R3) weak solutions to (1.1) is dense in €% (&, R3). Namely, every v € €%(», R?)
is the uniform limit of some sequence {v, € €% (@, R®)}22 | such that

DetV3?v, = f onwforalln > 1.

We now give a brief overview of the broader context of our work, followed by a
detailed discussion of the techniques and prior results directly related to this paper.

1.1. The broader context

Our results belong to a broader family of flexibility phenomena in geometry and topology,
originating with the celebrated work of Nash and Kuiper [16,17,22], who established flex-
ibility, in the sense of Corollary 1.2, of the €! isometric immersions (see system (1.2))
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of d-dimensional Riemannian manifolds into Euclidean space of dimension d + 1. The
underlying phenomenon was subsequently vastly generalized by Gromov [11], who iden-
tified a broad class of differential relations for which a similar flexibility —commonly
referred to as the h-principle — holds. The question of flexibility of (1.2) in the more reg-
ular €1* regime, in codimension k = 1, was initiated by Borisov [1, 2], who claimed
flexibility up to €1-1/(1+d@+1) a5 was later confirmed in [9]. Subsequent improvements
were obtained in [10], achieving ©1.1/5 in the two-dimensional case, and in [5], achieving
e1.1/(+d(@=0) for general d > 2.

For higher codimension k > 1, the flexibility of (1.2) has so far been mostly addressed
when k is sufficiently large. In the smooth regime, for k > O(d?) and metrics g € €™
with m 4+ o > 2, flexibility of € isometric embeddings was established in [11, 12, 14,
23]. In the low-regularity regime m + o < 2, Killén’s techniques [15] point to flexibility
up to €LU+A/2 again for k > O(d?); this approach, which uses Nash spirals as the
key building block, underlies the “flexibility up to €!:! for large codimension” results
of [18-20] mentioned above. The special case k = d was studied as well in [8, 24]; see
also [6].

Remarkably, a convex integration scheme inspired by [22] was also used to solve
Onsager’s conjecture by constructing €%1/3~ weak solutions to the incompressible Euler
equations that dissipate kinetic energy [3, 13], establishing a form of the i-principle in that
context.

1.2. An introduction of the method and the proofs in [18]

Seeking a solution to (1.3) starts with specifying a subsolution, namely a pair (v, w) that
satisfies (1.4). The goal is now to modify the fields v and w within their e-neighbourhoods
in €%(&), with the goal of canceling the positive definite defect field

D=A— (% (Vo) Vo + syme).

This is achieved by an inductive procedure of subsequent modifications, referred to as
the Nash—Kuiper iteration scheme. Therein, each modification, called a “step”, is per-
formed by adding an oscillatory perturbation with values along a chosen codimension
direction E € R3, having the typical form

(1.6) X %a(x) sin(A{x,n))E.

Above, A is a (large) amplitude, sin is an appropriate periodic function, while the (scalar)
effective amplitude a and the unit oscillation direction n € R? correspond to one of the
three modes in the standard decomposition of & into the rank-one “primitive” defects:

3
(1.7) D(x) =) ai(x)’n; @i

i=1

The number three of these modes is due to the space Rfyfnz having dimension 3, and (1.7)

is in fact only valid in the vicinity of a fixed positive definite matrix, the limitation cir-
cumvented by scaling the original D and adding Id, to it. In any case, the aforementioned
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modification removes the single mode a?n ® 1 of D at a cost of introducing a higher
order error, consisting of the following three types of terms:

V2(v, E V2 \% \%
(1.8) %sin(k(x,n)), akza sin(A{x,n)), and %sin(k(x,n)).

Consider the first term above, which is of the leading order (in 1/A). In magnitude, it is
the quotient of the effective amplitude ||a||o in (1.6) times the Hessian || V2 (v, E)||o of the
current field v’s appropriate component, and the frequency A. Since ||a||o has the order

of ||§O||(1,/2 as seen from (1.7), the single mode a?n ® 1 of O in there is replaced by the
error of the order || D ||(1)/ 2 [V2(v, E)|lo/A; while at the same time the second derivatives
of v increase by the factor A due to the form of the perturbation (1.6). The same is true
for the second and third modifications, provided that we choose their codimension direc-
tions E linearly independent. Concluding, after three steps (three modifications), together
constituting what is called a “stage”, ||D||o decreases by the factor of A, and ||V2v||o
increases by A, while the updated field v differs from the original one in its €! norm
by the order of ||a||o or equivalently of ||<§D||(1)/ 2, Continuing in this manner by iterating
on stages, we observe blow-up of the €2 norm ||v]|, at the rate A" and the decay of the
defect ||D]|o also at the rate A”, which translates to the control of ||v|; at the rate A~"/2.
By interpolation, this iterative sequence is Cauchy in €% and yields a solution to (1.3)
for any exponent « such that o — (1 — «)/2 < 0, namely for o« < 1/3. This is precisely
the result in [18] ford = 2, k = 3.

1.3. The improved method in [7,19]

The idea employed in [19] and following [7, 10] was to replace (1.7) by another decom-
position:

(1.9) D(x) = a(x)?Id; + symVP(x),

and transfer its second term in the right-hand side into symVw. Then, it is only neces-
sary to cancel two rank-one modes a’e; @ e; and a?e; ® e, in a?1d, rather than the
three modes in (1.7), and it is done using two oscillatory perturbation (1.6) achieving
values in the two orthogonal codimension directions £; and E,. The remaining direc-
tion E3 may be further used to cancel one of the modes in the decomposition (1.9) of
the resulting decreased defect. The fourth modification, whose frequency we denote by p,
removes then the second primitive defect in there, but introduces a further error, now of
the order ||§D||(l)/ 2 V2]l A/ . To match this term with the previous one, we are bound
to choose it = A2, which in turn implies the new increase of || V2v|| by the factor of A2.
After completing six steps of this kind, together constituting a “stage” that removes the
defect up to the third order, we have decreased | D||o by the factor of A3, while increas-
ing || V2v|o by the factor of A2. Iterating on stages, the blow-up rate of ||v||, is thus A"
and the decay rate of the defect ||D||o is A3", which translates to the control of ||v|; at
the rate A~3"/2_ Invoking an interpolation argument as before, the sequence of consecut-
ively perturbed fields v (and likewise w) is Cauchy in €* for any exponent o such that
2a —3(1 —a)/2 < 0, namely for o < 3/7. This was the result obtained in [19] for k = 3.
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1.4. A further improvement and proofs in [4,20]

A subsequent improvement of the Holder regularity exponent as in Theorem 1.1 was
motivated by the approach of [15], where, before assigning the effective amplitude a
in (1.6) and before cancelling the first mode a’e; ® e, one iterates the decomposi-
tion (1.9) on consecutive errors. This way, an entire block of errors, say up to order N, may
be absorbed at once. If the single error consisted only of the first type of terms in (1.8),
the resulting defect would have the advantageously high order

(1.10) 1D 1o (%)N

where v = ||V2v||0/||i)||(1,/2 is the frequency at which v oscillates. However, the pres-
ence of the second term in (1.8) precludes this construction. This is because each || V2a||q
has the order of the second derivative of the previously incorporated error which includes
terms of the same second type, thus it is of order 1 in A. Consequently, the order of the
defect does not improve upon iteration. An observation put forward in [4] allows to cir-
cumvent this problem, relying on a parallel decomposition construction of the form (1.9)
which, if only applied to O with its D,, component removed, trades one d; deriv-
ative for one d, derivative in estimating the derivatives of a. Hence, the worst d;;a
component of V2a, computed from the previous error, is now only of the order 1 in v
instead of A. After N such iterations, the eventual error quantities are all proportional
to (1.10). One then proceeds to canceling the second mode a?e; ® e, augmented by
the so far neglected $,, components, through the second modification (a “step”) of the
form (1.6), using the same codimension direction, say E;, a frequency p and the oscil-
lation direction n = e,. This construction only affects the component v; of the field v,
increasing its second derivative || V2vy||o by a factor . At the same time, the new defect
consists of the previously generated errors bounded by (1.10), plus terms of the new
order ||D|lo]|V?v1llo/(it/X) due to the neglected components oscillating on the length
scale A. This suggests taking s = AY+1. Consequently, we obtain, to the leading order
and when N is large, the increase of || V2v o by the factor i and the decrease of || D]|o
also by the factor u. If k = 1, as in [4], this procedure constitutes a "stage", which if
iterated upon yields the convergence in €%, for o < 1/3.

If k = 3, as in the present case, the procedure in [20] (which covers arbitrary k > 1)
continues from the procedure indicated above with the next pair of modifications (steps),
towards cancellation of the present defect. The modifications as in (1.6) achieve values
along the second codimension direction E, and oscillate with frequency denoted by 5.
Only the component v, is affected and its second derivatives || V?v;||o are of the order
(1D llo/1)*? 112, hence we are bound to take p, = /2 to achieve matching the order
of ||V2vy||o, namely p. The current defect decreases by the factor 15/, implying the
original defect | D ||o decrease by the factor u,. Finally, the remaining third codimension
direction E3 is employed and we add the two new modifications, now with a frequency p3.
The order of the obtained ||V2vslo is (|| D]lo/i2)/? 13, hence we take p3 = ,U«Mé/z =
17/* to match with the order j of || V2vy||o. The final, third order defect displays therefore
the decrease by the factor p3/ 2, which in terms of || D]||¢ yields the decrease factor 3.
The described construction constitutes a single “stage”. Iterating on stages, the blow-up
rate of ||v]|> becomes pu”, with the decrease rate of ||D]|o being 1’/ and implying
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the decay of ||v||; at the rate £~ 7"/8. By interpolation, the resulting sequence is Cauchy
in €1 provided that @ — 7(1 — «)/8 < 0, i.e., @ < 7/15. This was precisely the result
in [20] for k = 3.

1.5. Proofs in the present paper

The main new idea behind the proof of Theorem 1.1 is to iteratively use the decompos-
ition (1.9) and the apriori error absorbtion, as described in Subsections 1.3 and 1.4, but
instead of cancelling the two principal defects in a? Id, within a single codimension direc-
tion (as done in [20]), use now two distinct codimensions. These are assigned to the defects
of consecutive orders in a circular fashion: E; and E, are assigned to the cancellation of
the initial defect £, with p as the frequency of the corresponding second modification;
then E3 and E; to the cancellation of the first order defect, with frequency u,; then E;
and E3 to the second order defect; then E; and E; to the third order; etc. Upon reaching
some prescribed order K, we declare this to be a complete “stage”.

The advantage of the aforementioned circular algorithm can be seen as follows. Sup-
pose we add to a map v a pair of modifications, with frequencies A < w on the same
codimension FEq:

v =0v+ C;—l sin(A{x,e;))E; and vy =v; + 4 sin(u(x, e2)) E1.
m

The worst error term corresponding to v, is a;V2{vy, E1) sin(u{x, n))/ . However,
since v was obtained by adding an oscillatory perturbation with frequency A in the same
codimension direction E1, we see that V2(v;, E;) is of the order 1 in A. If, instead, we
use a different codimension direction E, for the perturbation added to vy, the worst error
term becomes

azvz(vl,E2> a2V2<U,E2)

sin(p(x, n)) = sin(u(x, n)),

which is smaller than above, provided the original map v oscillated only at frequencies
significantly below A. However, in the first modification of the initial defect, the method
of [4] allows the frequency A of the first perturbation to be chosen arbitrarily close to the
frequency at which v oscillates, so that initially one must choose u larger. This observation
then applies to the map v, which is more unbalanced in this respect. The purpose of
cycling through codimension directions up to some arbitrarily large order K is precisely
to render this initial frequency boost negligible. Consequently, the frequency p of the
second perturbation can always be chosen to be a smaller multiple of A as compared
to [20], leading to a slower growth of the €2 norm along the iteration sequence and hence
to a better regularity of the limiting map.

We remark that the viability of such construction relies on the set of algebraic condi-
tions satisfied by the progression of frequencies {u; }iK= 1- One can check that these indeed
hold for a specific sequence derived from the Fibonacci sequence, which justifies the pres-
ence of the golden ratio in the resulting Holder exponent range (1.5). More precisely, the
main ingredient allowing for the flexibility in Theorem (1.1), is the following “stage”-type
result.
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Theorem 1.3. Let o C R? be an open, bounded, smooth planar domain. Fix two integers
N, K > 4 and an exponent y € (0, 1). Then, there exists [y € (0, 1), depending only on w,
and there exists o9 > 1, depending on w, y, N and K, such that the following holds.
Given the positive constants [, & and M, and given the fields v € €%(& + B,;(0), R?),
w e €2(d + By (0),R2) and A€ €%P (& + By (0), Rfyﬁz), defined on the closed 21 -neigh-
bourhood of w, with the properties

(1.11) I <ly, A'"VI>o09, and M >max{|v|z, |w]2, 1},

there exist 1 € €2(& + B;(0), R¥) and w € €2(® + B;(0), R?) such that, denoting the
defects

1 ~ 1
(1.12) D=A—(=(Vv)'Vo+symVw) and D=A—(=(VD)'VDi+symVi),
2 2

the following bounds are valid:

15— vl < CAY2 (| D)8/ + IM),

(1.13),
1B —wlly < CAY (IDNl> + 1M) (1 + [DIg> + 1M + [[Vv]lo).
Iv2ago = ¢ QO (o2 4 1,
. v, < ¢ SR o 4 1y
x (1+ D15 + 1M + [Vulo),
(113, 1Dl = € (1# 1410 + sz (1010 + 0407).

Above, { Fi}72, is the Fibonacci sequence, provided by the recursion
F()=F1 =1, Fk+2=Fk+Fk+1 fOl"allkEO

The norms of the maps v,w, A, D and v, W, Din (1.13)1—(1.13)3 are taken on the respect-
ive domains of the maps’ definiteness. The constants C depend only on w, y, N and K.

By assigning N sufficiently large, we see that the quotient rg v of the upper bound
on the blow-up rate of || V23 ||o with respect to the rate of decay of || ||o, can be taken
arbitrarily close to %, whereas this last quotient approaches the quarter of the golden

ratio ¢ for large K:

N o (Frk41—2) + (Fk41 — D)N/2
lim lim rgy = lim lim
K—ooN—oo K—o00 N—o0 ZN(FK — 1)

5 Fgi1—1 1 . Fgq
= m —— = — |l1m
N—oco 4(Fg — 1) 4 N»oo Fg

= é(l + V5).

Since the Holder regularity exponent deduced from iterating the “stage” as in Theorem 1.3
depends only on the aforementioned quotient of the blow-up rates, and in fact (see Sec-
tion 6 and Theorem 6.1) it equals 1/(1 + 2rg,n) , this implies the range claimed in (1.5).
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1.6. Organization of the paper

In Section 2, we gather the preparatory results: the convolution and commutator estimates;
the precise formulation of the decomposition (1.9) and its properties; and the “step” con-
struction for the convex integration algorithm, in which the oscillatory modifications of the
form (1.6) are used to cancel a single rank-one primitive defect of the form a’(x)e; @ e;.
In Section 3, we carry out the Killen-like iterations, shifting the £;; component of the
defect D onto its D», component and absorbing a large number N of higher order defects
obtained by the consecutive application of the decomposition (1.9). Section 4 determines
the sufficient conditions allowing for the iteration: first the conditions on the two fre-
quencies A, u of any pair of the modifications that cancel the current defect; then the
conditions on the progression of the couples of frequencies {A;, ; }IK=1 in the K pairs of
“steps” within a single “stage”. In Section 5, we declare specific frequencies derived from
the Fibonacci sequence, and show that they satisfy the aforementioned conditions, leading
to a proof of Theorem 1.3. Finally, Section 6 gathers our previous results on the iteration
on stages, which convert the estimates in Theorem 1.3 into the final result of Theorem 1.1.

1.7. Notation

By Rszy’,‘f we denote the space of symmetric 2 x 2 matrices. The space of Holder con-
tinuous vector fields €% (@, R¥) consists of restrictions of all f € €™*(R2, R¥) to the
closure of an open, bounded domain @ C R2. The €” (&, R¥) norm of such restriction is
denoted by || f||,», while its Holder norm in €7 (&, R¥) is || f llm,y- By C we denote a
universal constant which may change from line to line, but it depends only on the specified
parameters. For a matrix D € R?*2, we denote by D the matrix with its Dy, component

removed.

2. Preparatory statements

In this section, we gather the regularization, decomposition and perturbation statements
that will be used in the course of the convex integration constructions. The first lemma
below consists of the basic convolution estimates and the commutator estimate from [9].

Lemma 2.1. Let ¢ € €° (R?,R) be a standard mollifier that is nonnegative, radially
symmetric, supported on the unit ball B1(0) C R? and such that f]Rd ¢ dx = 1. Denote

1 (x) = lidq)()l—‘) forall 1€(0,1], x e R,

Then, for every f,g € €°(R?,R) and every m,n > 0 and p € (0, 1], there holds:

C
2.1y IV gollo = 7511 f o,
@2.1), If = f*¢illo < Cmin{I2[V2 £ o, 11V fllos 11l fllog )}
2.1)3 IV ((fg) % ¢1 — (f * d)(g * ¢))lo < CIZ™ IV £ [0l Vgllo,

with a constant C > 0 depending only on the differentiability exponent m.
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The next auxiliary result, put forward in [4] (for a self-contained proof, see also
Lemma 2.3 in [20]) is specific to dimension d = 2. It allows for the decomposition of the
given defect into a multiple of Id, (thus two primitive defects of rank 1) and a symmetric
gradient, in agreement with the local conformal invariance of any Riemann 2d metric.

Lemma 2.2. Given a radius R > 0 and an exponent y € (0, 1), define the linear space

sym sym

_ . . 1
E ={Dee"(Bg,RY2):; De€¥(Br.RZZ)}, where D = D — 5(traceD)Iclz.

There exist linear maps
U:E—¢€"(Bg,R*) and a:E — €"7(Bg)
with the following properties:
() forall D € E, there holds D = a(D)1d; + symV (¥(D)).
(i) W(dy) =0 and a(ld,) = 1 in Bg.
(i) |W(D)|l1y < C||D||0,y and ||a(D)|lo,y < C||D|lo,y, with constants C depending
on Randvy.
(iv) Forallm > 1, if D € ENE™Y(Bg,RY2), then (D) € €™V (B, R?) and
a(D) € €™Y(BR), and we have
0/ V(D) =W(d;D) and 9;a(D)=a(d;D) forall |I| <m.
(v) Forallm > 1,if DeE NE€™Y(Bg, ]Rszy’fnz) and if additionally D»> = 0 in Bg,
then
108°a(D) oy = C135" Dlloy and 131V 857a(D)lloy = C113135 ™+ Dllo,y
forall s,t > 0 suchthats <m, t + s + 1 < m, and with C depending only on R
and y.

As the final preparatory result, we recall the “step” construction from Lemma 2.1

in [18], in which a single codimension is used to cancel one rank-one defect of the form
2,. .
a(x)’e; R e;.

Lemma 2.3. Let v € €2(R2, RF), w e €' (R2, R?), A > 0 and a € €%(R?) be given.
Denote

_ 1 1 — 1
I'(t) =2sint, TI'(t) = 3 cos(2t), dTI(t) = -3 sin(2t), dr'(t)=1- 3 cos(2t),
and forafixedi = 1,2and j = 1,...,k, define

V=" +%X)F(Ax,)e,,
@2 a(®) 0 a(x)?
W=w-— — I'(Ax;))Vv/ + —=% T (Ax;)Va(x) T e

Then, the following identity is valid on Rz:

| 1
(- (V§) V5 + symvw) — (- (Vo) Vo + syme) —a(x)e; ® e

2.3) . 2 . L

=-3 I'(Ax;) V207 + i T'(Ax;)V%a + i dT (Ax;)Va ® Va.
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3. The Kiillen iteration procedure

Recall that our Nash—Kuiper iteration scheme will proceed as induction on “stages” spe-
cified in Theorem 1.3. Each such stage is built as an iteration of a given number K of
“steps”, consecutively decreasing the current defect £ towards the resulting defect D,
given as in (1.12). In turn, a single step consists of a double application of Lemma 2.3.
The first application (corrugation) shifts the 7, component of the current defect D, after
its off-diagonal components have been removed via an application of Lemma 2.2, onto
its Dy, component, which is then removed using the second application of Lemma 2.3.
This defect shift, put forward in [4], is achieved by N iterations of the Killen procedure,
presented in this section.

Towards its eventual application in Section 4, the field H in Proposition 3.1 below
should be thought of as the (scaled) defect field O, whereas Q is the (scaled) second
derivative V2v of the current displacement. Recall that, for a matrix D € R?*2, we denote
by D” the matrix with its D, component removed, namely

DA =D — D22€2 X es.

Proposition 3.1. Let w C R2 be an open, bounded and smooth domain, and let N > 1
and y € (0, 1). Then, there exists [y € (0, 1), depending only on w, and oy > 1 depending
on w, y and N, such that the following holds. Given the positive constants §, 1, (L, A and
an integer M satisfying

1
(3.1) §.n<2ly, w=>— AV >poy, M >0,
n

and given the fields H, Q € €*° (v + Bg_;,_n(()), R2%2) with the properties

sym

42 IV™H|o<u™  forall m=0,...,M + 3N,
’ V™ Ol < W' forall m=0,...,M +3(N —1),
there exist a € €°(& + Bgs(0),R) and ¥ € € (& + Bg(0), R?) such that, denoting
F =a*1dy + symVV¥ — H
a a - 2 1 = A
n (— ZT(x) @ + =5 Tn) V2a + = dT(hx)Va @ Va) :

there hold the estimates:

A ~1/2 ~1/2
(3.3) Cwrea <X aa S << o
2 =0 = -7 = 2

Am
(3.3), IV™allg < Cu¥’? =—  forallm=1,..., M,

Alu
(3.3) W[ < Cu? and |V>¥[o < Cu?A,

m

(3.3), IV F g < Cu? AN forallm =0,..., M.

A/
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The constant C in (3.3); depends only on w and y. Other constants C depend: in (3.3),,
onw, y, N, M and only M + 3(N — 1) + 1 derivatives of H and M + 3(N —2) + 1
derivatives of Q; in (3.3)3, on w, Yy, N and only 2 + 3(N — 1) derivatives of H and
2 + 3(N —2) derivatives of Q; in (3.3)4, on w, y, N and M, necessitating the full con-
dition (3.2).

We note that condition (3.1) yields p > 1, so that §,  and y should be thought of as
“small”, whereas p and A are “large”. Proposition 3.1 follows from more detailed estim-
ates, gathered in the following result.

Theorem 3.2. Let w, y, N, ly and oy be as in Proposition 3.1. Given the_ positive para-
meters 8,1, w, A, M satisfying (3.1), and given the fields H, Q € € (v + Bs1,(0), ngfnz
such that

IV H|lg <™  forallm=0,...,M + 3N,

(3.4)
IV ON o < ™Y forallm =0,...,M + 3(N — 1),

there exists a family of fields
{an €€%(@ + B3(0),Ry), W, € €%(@ + Bs(0),R?)}_
such that, denoting &y = 0 and
=-2ra o) Vay + = dT(
En = _TF( x1)Q + EF( x1)Via, + 2z I'(Ax1)Va, @ Van

forn =1,..., N, there holds

(3.5) a?ldy + symVW¥, = H— &), foralln=1,...,N,
together with the following bounds, likewise valid foralln =1,...,N:
C 3C c1/? 3C1/2
Gon S <ay<—-p and w'? <a, < > w2,
3.6)  [09a2]0 < Cu¥ it and (0P anllo < Cu¥?pf foralls =1,.... M,
H_I/LS

1y VaPazlo < Cur =
(3.6)3 ) /Pj welys ( foralls+r+l=1, M,
d |o 0 <Ccu’'?
an l 1 2 anllo < Cp A

(3.6 Wult <Cu? and V2o < Cu’A,

Xt N
(3.6)s ”agf)ags)(gé\ — &) Do < CpY AY@=D ()L/—M)” foralls +t=0,..., M.
m

The constant C in (3.6); depends only on w and y. Other constants C depend.:
in (3.6), and (3.6)3, on o, y, n, M and only M + 3(n — 1) + 1 derivatives of H and M +
3(n — 2) + 1 derivatives of Q”; in (3.6)4, on w, v, n and only 2 + 3(n — 1)derivatives
of H and 2 + 3(n — 2) derivatives of Q”;in (3.6)s, on w, y, N and M, necessitating the
full condition (3.4).
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Proof. (1) Preparatory observations.

We fix a radius R > 0 depending only on ®, such that @ + B4(0) C Bg(0). Also,
given 0 < 8, n < 2lp, we set a cut-off function y € €°(w + Bs4,(0), [0, 1]) with y = 1
on @ + Bs(0).

When [y < 1, it is possible to request that for any function f € €™ (v + l§5+n(0), R)
and any multiindex / with |7 | < m, there holds

3.7) 19:GHlo =€ Y- Nonxlollonflo<C Y~ w™ior, fllo.

L+1,=1 L+1=1
with constants C depending only on @ and m. This is due to having

181, xllo < Cp~ 1,

with C that depends on @ and m but not on § and 7, and by invoking the second bound
in (3.1). Further, we directly observe that the second bound in (3.6); is implied by the first

one, because

1
~1 =5
2

an(x )2
C 724
as a, > 0 by assumption. Next, in both (3.6), and (3.6)3 the second bounds follow from the
first ones, in view of (3.0);, and they necessitate the same number of derivatives bounds in

condition (3.4). In (3.6),, we use the one-dimensional Faa di Bruno formula to the square
root of a2 in

M — 1‘ <
C1/2My/2 -

||a§)an||0 < CH Z a2(1/2p
p1+2p2+-tsps=s z=1

<Clale Y 1‘[('3()2”0)

p1+2p2+-tsps=s z=1
< CMy/Z 5

0

For (3.6)3, we apply the multivariate version of the Faa di Bruno formula. Let IT be
the set of all partitions 7 of the initial multiindex {1}’*! + {2}* into multiindices I of
lengths |/| €[1,¢ 4+ s + 1]. Denoting by || the number of multiindices in a partition 7,
we have

(t+1) o(s) - 19747 llo
I 00 anlo = | 3 a2 [Tarai | = Claalo 3 TT £ 22

mwell len rwell Ien

< Cuy/2kt+11us Z ( l—[ )

nwell Iem, leI

1
<cp’? A:r/ ”
n
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Finally, applying the Faa di Bruno formula to inverse, rather than square root, (3.6),
and (3.6); yield

(3.8)
o9 (——)]. =~ Y ] (na;”(anﬂ +an)loy
2 =—% -
ansr +an/lo = ! P1+2ps+tspy=s z=1 Cl/2pri2
C s
= mﬂ ,
1
(#7090 (o) = €] 2 G+ an ™ [T oran + )

an+1 +ap/ 1o ell jen 0
< c Z l—[ ||alan+~1”0+ 0ranllo
— uv/? Cl\/2pri2

nelllen

C 1 C XH_I,LLS
SR YL W V v m) K v

nell Iem, 1€l

with the the same dependence of constants and using the same number of derivatives of H
and Q" as in the corresponding bounds on a, and a,+1.

(2) Induction base n = 1 and definition of C.

Let the linear maps @ and W be as in Lemma 2.2, applied with the specified R and y.
From (3.7) and using the bound on || H ||; in (3.4), we get

— 1—
laGxE)llo < CllxHlloy = C(IH llo + 1 Hllg "IV (xH)Il5) < C”.

where C depends on @ and y. We declare C to be four times the final constant C in the
right-hand side of the inequality above, leading to

¢
(3.9 la(xH)llo < T ng

Define the initial quantities appearing in the identity (3.5):
(3.10) a?=Cu’ +a(yH) and W, = V(yH)—Cu’idy,

The first bound in (3.6); is valid by (3.9), while (3.5) holds on the set @ + B,g (0) (where
the cut-off function satisfies y = 1), in virtue of Lemma 2.2 (i):

xH = a(xH)1d, + symV(¥(xH))

= (a?1dy — Cp? Idy) + (symVW; 4+ Cu? 1dy) = a?1dy + symV ;.

Further, using Lemma 2.2 (v), the estimate (3.7) and the bound on ||H ||ar+1 in (3.4), we
obtain for allm = 1, ..., M and with C that depends only on w, y and M,

IV™a? o = 1a(V™ (xH))llo < CIV™ (xH) o,y
(3.11) < C(IV™ (xH)llo + IV (xH)[|; 7 IV D (xH)IIY)
< C(H/m + MM(I—V)M(m+1)J/) < C,lLy/.Lm.
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The above implies both bounds (3.6), and (3.6)3 for a%, since by (3.1) we have u < A and
thus
)LH_I/LS

Alu

Towards (3.6)5, we apply (3.11) and use (3.4) to estimate || H ||as+3 and ||Q”||ps in:

,ut+s+1 < Atus-i-l —

1957957 &Mlo

<c Y (V@ o e g

p1t+qi1+zi=t
q2tzr=s

+AP1_2||V(ql+q2+l)a1 ||0llv(21+22+1)a1 llo +AP1_2||V(q1+qZ)a1 ||0||v(21+22+2)a1 ”0)

<C Z (AP1_1M7/2Mq1+q2M21+22+1 + API_ZMVMQI+‘12+21+22+2)

p1t+qi1+z1=t
q2tz2=s

ltpbs Atus Atﬂs
< CuY < Cu¥ ,
=n <A/u - (A/u)z) = T

valid for ¢t + s < M, with C depending on w, y and M. The above is precisely (3.6)s,
since &y = 0.

(3) Induction step: bounds (3.6)1—(3.6)3.

Assume that (3.6);—(3.6)3 and (3.6)s hold up to some 1 <n < N — 1, necessitat-
ing (3.4) to estimate derivatives of H only up to M + 3n and of Q" upto M + 3(n — 1).
We will prove the validity of (3.6);—(3.6)3 and (3.6)s at n + 1, necessitating (3.4) to
estimate || H ||p43n+1 and || Q" [|ar+3(m—1)+1. We start by noting that, as a consequence
of (3.6)5 in view of (3.7), forall j = 1,...,nands +¢ =0,..., M, we have

. Atzusz
15795 (x(8; — &i-1)")llo < € > sy = G
(t1,50)+(12,52)=(t,5) *
t
< Cu’ AU A
- (A )’

with C depending on w, y, n and M, where we used that 4 < A. This yields

AY \J
3.12 a(t)a(s) & —&_H\ < Cu’ A u ,
( ) 97795 (X( J i—1) )”0,1/ SCpiAp (_A/M)

necessitating the bounds on || H ||ar+43n+1 and || Q™| ar+14+3(—1)+1- Since & = 0, it fol-
lows that

LA N M) (/)
18095 (&) lloy < Cu? A p® Y () = Cp’atps =00
s v ;(x/u) L= A7 /G/w)
t,,s
SCMVAV )i,

Al
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as

AY 1 1
< — < -

Al T o9 T 2

from the third assumption in (3.1). In particular, we get

AV
a(xEMlo < Cllx€illo,y < Cu¥ — <
la(x&Mllo < CllxEpllo,y < Cp e
provided that oy is large enough, in function of w, y and n. Recalling (3.9), the above
yields the well definiteness of aﬁ 1 together with the first bound in (3.6), upon defining

(3.14) al,, =Cp’ +a(yH —x&)) and W,y = VU(xH — x&,) — Cp? ids.

The identity (3.5) clearly holds from Lemma 2.2 (i). To prove (3.6),, we apply (3.13) and
the bound on ||V('")()(H)||0,y in (3.11), to get

9902, o < CIOS (H — 1€0)loy < Cu?? (14 22-) < Cp?
1987410 = I8 H = 16D oy = Cuw* (14 77 ) = €l

foralls=1,..., M. The estimate in (3.6)5 follows by additionally recalling Lemma 2.2 (v)
in
107+ 009a2 1o < CIATVIP () oy + €105 (1) lo.y

n

< Cuy<us+t+1 oAl ﬂ) < CuY At st
Al
AH'I ﬂs
Al

foralls +¢+1=1,..., M. In both bounds above, the constant C depends on w, y, n
and M, and condition (3.4) has been used only up to M + 3n + 1 in derivatives of H and
upto M +3(n—1)+ 1in Q.

(4) Induction step: the bound ((3.6)5).

In this step, we continue the inductive step argument and show (3.6)s at n + 1, neces-
sitating (3.4) to estimate derivatives of H up to M + 3(n + 1) and of Q” up to M + 3n.
From the definitions (3.10) and (3.14), it follows that

< cu

[l

aZyy — a2 =a(x(6n — €uz1)™).

Consequently, recalling (3.12), we get

AV \n
), 2 2 (s) _ A TN A
185 (@541 —apllo < €135 (x(En — En=1)loy < C1' it <x/u) ’

19¢+V8 @2, —a)llo < CIIP ST (2(En — En=1)M o,y

< ClLy/V,uSH():\/—yM)n,
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which together with (3.8) implies

) 1
”a; )(an+1 —an)|lo < Cp_i;:S ” 3§p)(aﬁ+1 - aZ)HO Hagl) <an+1—_|_an) HO

(3.15) 19¢ D9 (@41 — an)lo

1
<C Z Hagl’l)agpz)(ai_’_l _ a%) HO H 8(1111)8;42)( )HO

p1t+qi1=t+1 an+1 + an
p2tgr=s

- CMV/Z At+lﬂs( AY )n

B Ap \A/p

foralls =0,...,.Mands+t+1=1,..., M, with C depending on w, y, n and M,
and where we used bounds in (3.4) on the derivatives of H up to M + 3n + 1 and of Q"
up to M + 3(n — 1) 4 1. Towards proving (3.6)s, we first write

a —a 1 -
Epi1 —&p = _% L(Ax1)0" + 2 T (Ax1)(@n+1V2an41 — anV3ay)"
1 -
+ 2 dT(Ax1)(Vant1 ® Vapy1 — Va, ® Vay)"
with the goal of estimating, for all s +¢ = 0, ..., M, the contribution of the three terms

above in the quantity
18905 (€041 — €2)" lo-

The first term is

H 8(1’)8? (an+1 —dn F(Axl)Q/\)

L

A
<C 3 AT @1 —an) ol VET 0N
pi+qitzi=t
qa2+za=s

< CMJ’/2< Ay_)n Z APl—l)kfIqu2M21+zz+1

- A/M pitq1+zi=t
q2+z2=s
t t

< C//L}//Z(i)nA 7 _ Cuy/zkyni’

B Al Alu A/ pytt

where we used (3.15) and the bounds in (3.4) on the derivatives of H upto M + 3n + 1
and of Q™ upto M +3(n—1) + 1.
For the second term, we employ the identity

2 2 2 2
Apt1V-apnt1 —apVoay = (any1 — an)V=an + a1 V= (ant1 — an)
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and thus obtain

(1 =
Ha?)ag ) (ﬁ C(Ax1)(ant1Vans1 — anvzan)/\>

!

=C 3 AP 2(05 @t —an)lo (19595 anllo + 105 V0F Van o)
pitqi+zi1=t
q2+z2=s

+2 +1 +1
+ (19202 @1 = an)lo+ 195 P08 @nr = an) o) 19595 an 10

AV \n Azl+2M22 )&‘11+2qu
4 P1—2(y4q1,,492 z1,,22
=Cn (A/M) >, A <)L R VT VTR )

prit+qi1t+zi=t
q2+z2=s
< cuy(—ﬂ ) NI e 2
B A/ Al A/t

where we used (3.15), the already established bounds (3.6), and (3.6)3 up to counter n + 1,
and the bounds in (3.4) on the derivatives of H up to counter M + 3n + 3 and of Q" up
toM +3(n—1)+3.

For the third term, we use the identity

Vap+1 @ Vapyy —Va, @ Va, = V(apy1 —an) @ V(any1 — an)
+ 2sym(V(an+1 — an) ® Vay)

and estimate as follows:

1 —
Ha?)ag) (ﬁ T (Ax1)(Van+1 ® Vaps1 — Va, ® Va,,)/\>

’

=c > a2V s — an)lo (195057 V@ns — an)llo
p1t+qi1+z1=t
gar+za=s

+ 85095 Vay o) + 1910052 @n 1 — an)lo 195 P05 an o)

AV \n Aql+1u‘12 )kzl-HMZz AZI—HMZZ
v(— 12 q1,,q2+1
=Cu (A/ﬂ) > A% )

pitq1+zi=t A/M A/M A/H‘
gr+za=s
AY \n /V//,S Atﬂs
<cp'(£—) 25 =curarm =2,
(l/u) (A/w)? (A/pyn+2

where we used (3.15), the already established bounds (3.6), and (3.6)3, and the bounds
in (3.4) on the derivatives of H upto M + 3n +2and of Q™ upto M + 3(n — 1) + 2.
In conclusion,

“a(t)a(S)(éa -8 )/\” < CuyAyn At

1 Y2 n+1 n o=Cu ()t//,L)n'H ’

which is exactly (3.6)s at n + 1 and with the right dependence of constants and order of
used derivatives, as claimed.
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(5) The bound (3.6)..

From the definitions (3.10) and (3.14), we obtain, foralln = 1,..., N, in virtue of
Lemma 2.2 (iii), (3.13) and the third assumption in (3.1),

1Y
Y A Y Y
19l = €O+ 1xH oy + 1261 loy) = Cu7 (14 57) < Cu
2 A AY
IV*@nllo = C(ITGDlloy + IVUER o) = C7 (1257 ) = C7a,

with C depending on w, y and n, and where we have used the bounds in (3.4) on the
derivatives of H up to 2 + 3(n — 1) and of Q" up to 2 + 3(n — 2). This ends the proof of
Theorem 3.2. u

We observe that Proposition 3.1 easily follows from Theorem 3.2:

Proof of Proposition 3.1. Declare a = ay and W = Wy. Then, (3.6); becomes (3.3)y,
while (3.6), and (3.6)3 imply (3.3), since u < A. Further, (3.6)4 becomes (3.3)3, and (3.3)4
follows from (3.6)5 and (3.5), because

F =a%1dy +symVUy — H + & = &N — EN_;»

and where we recall that A > 1. The proof is done. [

4. The double step construction and its iteration

The proof of Theorem 1.3 relies on iterating the corrugation construction which util-
izes Proposition 3.1 in one codimension direction e, and augments it by cancelling the
bulk of the defect £,;, now accumulated in its £,, component, via the application of
Lemma 2.3 in another codimension direction eg. In preparation for this recursion, carried
out in Proposition 4.2, we first present its building block, relative to a chosen pair « # f,
and whose bounds we index using the eventual recursion counter k. The given quantities
are referred to through the subscript & while the derived quantities carry the consecutive
subscript k£ 4+ 1. Namely, we have the following.

Proposition 4.1. Let o C R? be open, bounded, smooth and let N > 1 and y € (0, 1).
Then, there exists Iy € (0, 1) depending only on w, and o¢ > 1 depending on w, y and N
such that the following holds. Given the positive frequencies

Mi—1 < Ak < ke < Aggr < Mkt

the positive constants § and 1), the auxiliary constants C'k, Ay and By, and an integer M,
satisfying

1 _
4.1) .
M (ﬂ)”z it max{(kkH)(N—l)/Z (lkﬂ)N—l(Bk/Ck)l/z}
Mk—1 ~ \Cy T Ak Mk "\ Mk / Ak
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and given v € €®(& + Bsiy(0).R3), wg € €°(@ + Bs4,(0),R?) and Ag € €®(& +
Bs1(0), R2X2) such that, together with the derived field

sym
1 T
Dy = Ag — (E(Vvk) Ve + symek),
the following bounds hold relative to the two chosen components o # B €{1,2,3}:
[V Dyllo < Crplt forall m=0,...,M+3(N +1),
@2) Vo < AVl forall m=0,..., M +3N,
||V(m+2)v£||0 < B,i/zkzﬂ'l forall m=0,....M +1,

there exist vg 41 € € (@ + Bs(0),R3) and wi 4, € € (& + Bs(0),R?), such that denot-
ing the new derived field

1
Dy1 = Ao — (E(Vka)T Vogsr + symek+1>,
there hold the estimates:
(431 (ks1 —vi)® 1 + | (Vks1 — ve)B]1 < Ccl/2 V/2

||V(m+2) a ”0 <CC1/2 V/2km+1

(4.3)3 k+1 forall m=0,..., M,

||V(m+2) 13 1”0 <CC1/2 J’/2uzl:—11
w3, e =l = CEPR Vgl + IVl + 6 1").

IV (e — wi)llo < CC22(IVoE o + IV0F o + €2 1l/?) pasr,s
@3 V™ Dyyillo < CCrpl ALY M forall m=0,....M

KL Mgeser /)N

Above, the constants C depend: in (4.3)1 and (4.3),, on w, y and N ; in (4.3)3 and (4.3)4,
onw,y, N and M.

Proof. (1) Applying Proposition 3.1.
We apply Proposition 3.1 to the same w, y, N, ly, 09, 8, , M and N as in there, and
with : .
M= Uk, A:)UC-FI» H=~_i)kv Q:Tvzvg,
/2
Cr C,
upon validating conditions (3.2) in view of (4.2) and (4.1), and since pr—; < Wk,
IV H | < um forall m =0,...,M +3(N + 1),
ArN\Y/2 g
IV 0l = (F5) TR
Cy Mk
Having thus obtained the fields a, W and ¥ satisfying the set of properties (3.3);—(3.3)4,

we define a1 € €°(& + Bs(0).R), Ui pq € €%(@ + B5(0),R?) and Fi 41 € €®(@ +
Bs(0),RZ7) by

sym

m+1

<y forall m =0,...,M + 3N.

~1/2 ~ .
Aj+1 = Ck/ a, VY1 =GV, Fry1=CF,
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so that
Fe1 = ap o 1da + symVWy g — Dy
ay dk 2
+( T (e 10) V2 A+ 25 T ) Vg

4.4 Ak+ k+1
_ A
+ )&2_ dF(Akal)(VakH)@z) )

k+1

and the following bounds, noting that M + 3(N + 1) = (M + 3) + 3N, hold:

C ,  , _3CG

5 Bk =1 = T e
(4.5 s s
C1/2Ck1/2 y/2 3cl/2ckl/2 V)2
5 M = dg+1 = s Mo
- A
@5  IV™agillo < CCPu)? L forall m=1,...,M +3,
Ak+1/ Mk
(4.5)3 IWesilli <CCrpuy and  [[V*Wryillo < CCppa} Adpr-
- Al
(4.5)4 IV T iillo < CCepl AN — KL forall m=0,..., M.

EEEAL g /)Y

The constant C depends only on @ and y, while the constants C depend on the following
parameters: in (4.5)3, on w, y and N; and in (4.5), and (4.5)4, on w, y, N and M.

(2) Adding the first corrugation.

We define the intermediate fields & € € (@ + B3 (0), R?) and b € € (@ + B3 (0), R?)
by setting, in accordance with Lemma 2.3 fori =1, = «,

a
U=+ Akﬂ I'(Akt+1x1)eq,

k+1
- ak k
W = wg — = T 1X1) VO + 50 Ty 1x1) Vatgg 1
k+1 k+1
agy
+ n L aT Qeprx)er + Wi
k+1

By (4.5); and (4.5),, we directly get, forallm =0,..., M,

\V4 -
|| ak+1||0) < CC;:/ZMZM,
Ak+1

IV G —v)®lo <€ > A IV@agsllo < CCF2 > At

ptq=m+2

16 = o0l = € (llaisillo +
(4.6)

where C in the first bound depends on w, y and N, while in the second bound, on w, y, N
and M. Combining that last bound with (4.1) and (4.2) yields

4.7 ||V(m+2)ﬁ¢x” <CC1/2 V/Z)L?:ll +A1/2'um+1 < CCI/Z y/z)‘;cn:f
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Indeed, by the penultimate inequality in (4.1), it follows that

Allc/zﬂk—l < 61:/2/%,
so that

1/2 1/2 1/2
A//’Lm+1<ck/ H’k/j“k 1<C/Arkn:-11

Similarly, (4.5);—(4.5)3 and (4.2) result in the estimates
4.8)

~ ~ 2
I = welh = € (Cenf + laxslol Vo lo + llax+113

n IVaksillolVogllo + lag+1llol VZvgllo + llak+1llol Vax+illo

Ak+1
IIVak+1 ol VZaks1llo + I Var+1 g
)LZ
k+1

<CC1/2 )//2(||vvk||0+cl/2 7/2),
IV — wi)llo < C(Ckﬂ Aierr + Ak (lars1 ol Vo llo + lak+115)

+ (IVag+1llollVogllo + llak+1llolV2vg o + lak-+1llollVax-+1lo)

||V2ak+1||0||Vv,‘j||0 + [ Vars1llol V20 lo + lak+1llol Vg llo
Ak+1
" lak+1llollV2ar+illo + IVar+1 113
Ak+1
lak1llollV2ar1llo + IVag i1 lloll VZar 1 ||o)
A
< CCPP(IVugllo + €12 ul?) Ak,

+

with constants C depending on w, y and N. Finally, we note that (2.3) and (4.4) yield

. 1
D= Ag— (E (V)T Vi + symvw)

2
= Dy —aj 61 ®ep —symVWy

a a
— (= L T Qa0 V20 + S T (Rega 1) V2ak
) 22
k+1 k+1
4.9
9 + = )Lz dr(lkﬂxl)(vakﬂ)@z)
k+1
a
= —Fpy1 + (ak+1 + 7 :1 I'(Ak41X1) 02205
a —
- k+1 T(Akg1X1) 022k 41 — dr(kk+1xl)(32ak+1)2)€2®€2.

k+1 k+1
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(3) Adding the second corrugation.

We define the final fields vy 11 € € (& + Bs(0), R3) and wi 41 € € (@ + Bs(0),R?)
by using Lemma 2.3 (with i = 2, j = ) and the perturbation amplitude dictated by (4.9),
namely,

~ k
Vk4+1 =0 + =T (Jk41x2) €p.
HEk+1
- by by
(4.10) Wit = W — Mk“ T (i 1X2) Vb + —F1 F(Mk+1x2)ka+1
+1

b? _
+ L T (kg 1x2) €2,
Mk+1

where

k
bl%+1 = aiH + )tkil I'(Agg1x1) 022 V%

A];H L (Ak1x1) 022ap 41 — 2— dT (131 (D2ax+1)>.

k+1 k+1

Firstly, we argue that by, € € (@ + Bs(0)) is well defined and it satisfies

cq -~
@Il <hl, =2CCGu). andso bl < €GP0,
A’m
(4.11), IV b iallo < CCI/Z Z/Z Tkl forallm=1,....M + 3.
A1/ M

where C in (4.11); depends on @, y and N, and in (4.11),, on w, y, N and M. Indeed by
(4.5)1, (4.5)2, (4.2), and (4.1) we get, with C depending on w, y and N,

5y .

~1/2 1/2 y/2 Mk=1 | A vy Mk Cr 1y cC

1b74, —az ||o§C(C1 AW =—+ G )SC < 1y
kL Tk A S P W Ak+1/ 1k 4 Tk
where the last estimate follows by taking Ax;/ug sufficiently large in function of w, y

and N, which in turn follows from the third assumption in (4.1) if oy has been assigned
large enough. Combined with (4.5);, the above yields (4.11);. Towards (4.11),, we simil-

arly get, forallm = 1,..., M + 3 and C depending on w, y, N and M,

||V(m)(b1%+1 —ai o
sc( Y AT Dl IVl

ptqtz=m
+ Y ARV Parsi lol VE Pk llo + IV Dagsallol VEVag o)
ptq+z=m
C~.1/2A1/2 ~ My am
<cam (y/2 k Tk L6 k ) CCy k+1
k1 \Fk Ake+1/ k-1 Ak+1/ Mk k/\k+1/Mk



D. Inauen and M. Lewicka 2122

Since the same bound is enjoyed by V(’”)ai 41 it follows that

- A
VB2 o < CCrpl —KEL .
ket * A/ 1k

In view of (4.11); and via the application of Faa di Bruno’s formula, we conclude (4.11),:

m
IVPbelosc| 3 T [ [VOR2, |
P1+2por+-+mpy=m z=1
m 2 m
”V(Z)bk 1oy Pz ~1/2 y/2 Ak
< Cllbgs1llo (Fa ) <oyt e
i Z l_[ CCrpy Tk X/

P1+2pr+-+mps=m z=1

We are now ready to carry out the bounds similar to those done with the first corruga-
tion in step 2. By (4.11); and (4.11),, we have forallm =0,..., M

3 Vbi
16 = v 11 = C(Ibusrllo + ettlo) < ez,
Mk+1

V26 —ves)flo <€ 3wy IV@hirillo < CCL2pf P
ptq=m+2

4.12)

where C in the first bound depends on w, y and N, while in the second bound, on w, y, N

and M . At this point, recalling (4.6) we conclude (4.3);, because ”l(:+1 = 9% and vl’? =3P,
We likewise get (4.3)3, recalling (4.7) and deducing from (4.12) and (4.2) that

1/2 2 1/2 1/2 2
||V(m+2) B o < CC / y/ M;anll + B, / Am-&-l < CC / ]1;/ M;f:ll»

where in the last bound we used (4.1) to observe that
~ He+1 _ =
B2 < Gy ﬁ < G} e

Finally, we observe that the formula for wi 1 — W is exactly the same as that for wy — w,

where ag4; is exchanged for by 11, Agy1 for ug41 and Vuy to Vv,’f, and minus the
term Wy, ;. Hence, the same estimate as in (4.8) now yields, in view of (4.11);, (4.11),
and (4.2),

W— We1ff1 = vy llo + )
19 — wira 1 < CCP > (IV0f o + €2 )/

V(@ — B i1)llo < CCH 2 ”2(||Vv ||o+c,:/2uz/2)uk+1,

with constants C depending on w, y and N . Recalling (4.8), the above yields (4.3),, where
we note that we necessitated bounds on || vf Is and ||bg 13-

(4) The bound on the derived deficit.
It remains to show (4.3),. To this end, we use Lemma 2.3 and recall that

c(’j = —3’Vk+1 + b]%_’_l €2 & €2
from (4.9), to write

P~ 2 o
Dpt1 =D —bi 2@ —Skv1 = —Frv1 — Sk+1,
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where
_ br bi+1
Sk+1=— F(/‘«k-ﬁ-lxz)v Uk T (ik+1%2) VZbjet
Mk Mk+1
+ AT (Ur+1X2) (Vbiy1)®2.

k+1

We now use (4.2) and (4.11)q, (4.11), to get, forallm =0,..., M
4.13)
IV Skt llo

=c( X VDb ol VER o
ptq+z=m

+ Y. Mk+1(||v(q)bk+1||0||V(z+2)bk+1||0+||V(q+l)bk+1||0||V(Z+l)bk+1||0))
prqt+z=m

q+z+2

1/2 y/2 g pl/24yz+1 k+1
=C Z (“k+1 C M1 BTAT + “k+1 Ce i Aerr/ ik
ptgtz=m k+1/ Mk

6‘1/231/2 ) |
< C y/2 k +—C% Y
MHI(Mk M1/ Ak Hi (Mk+1/)kk+1)2(kk+1/ﬂk))
2 M4
< CCpl —1kH
e Dt [

where the last bound follows from the last assumption in (4.1) because

1/2
B2 aun e 1 1

-~ <
Pkt1/2e = 8 Ak Ak it /)N 0 T iesen /)Y

and

(Mk+1)2 Akt1 - (MH)N—I Akt1 _ (Ak+1)N
Ak+1 M TN g Mk Mk
Recalling (4.5)4, the bound in (4.13) yields

~ L
IV Dy llo < CCrpl ALY, KL
i FERFY Agesr /)N

forallm = 0,..., M and with C depending on w, y, N and M. We note that for carry-
ing out the whole argument, we necessitated bounds on ay 41 and vy up to max{M + 4,5}

derivatives, on v,’f up to max{M + 2,3} derivatives, and on 1 up to M derivatives.
This justifies the derivative count in (4.2). The proof is done. ]

We are now ready to present the main result of this section, in which Proposition 4.1
is iterated with the consecutive choice of «; and By in the mod 3 arithmetic. This con-
struction necessitates specific assumptions on the ratios of the employed frequencies. The
viability of these assumptions and existence of frequencies satisfying them will be shown
in the next section.
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Proposition 4.2. Let w C R2 pe open, bounded, smooth, and let N, K > 1 and y € (0, 1).
Then, there exists Iy € (0, 1) depending only on w, and o¢ > 1 depending on w, y, N
and K such that the following holds. Given the positive constants I, ) and [Lo such that

[

(4.14) [+ Kn<2y and o> —>

=

and given vy € €% (& + Bj4 k5(0),R?), wo € € (& + By 4 k5(0), R?) and Ag € €> (& +
B4 ky(0), Rfyfnz), such that together with the derived field Dy = Ay — (%(VUO)T Vo +
symVwy), the following bounds hold with some auxiliary constant Co>0:

[V Dollo < Coud

(4.15) - orall m =0...3K(N + 1),
||V(m+2)v0”0 < C()1/2M6n+1 f ( )

one can apply Proposition 4.1 consecutively fork = 0,..., K — 1 with

(4.16) ar = 2k)mod3+1 and Br =2k +1)mod3+ 1

and with the frequencies {Ay, [Lx },Ile as long as the following conditions are satisfied.:

_ -
A s ey forall k=0,... k-1, £L> (_1) ,
1 Mo
Lz {( i )N/2 (Ak/“k—l)N(Ak—l/Mk_z)N/z}
— >max | —— —— ,
@17 M Pie—1 -2 Pie—1/ k-1
forall k =2,...,K—1,

)N/Z

A 12 (Ax/pg—1)" k-1 /px—
() e

to obtain v € > (w + B;(0), R?) and W € €® (& + B;(0), R?) such that, denoting the
new derived field D = Ay — (%(Vf))T Vv 4 symVw), the following bounds hold:

MK
— > max
K

4.18); ||i —voll; < CCaPAY/?,

K—2
- 5172 5 y/2 1 Ak—1/pKk—2
“.18), V230 < CCy P A" ?pg 1+ ,
0 (,Eo(kkﬂ/uk)l"/z)( Ik /K—1 )
1% — wolly = CCo>AY(IIVvollo + Co'?).
K-2

- 1
IV2( — wo)llo < CCo/*AY g S —
(4.18)3 o/no 0 (kl:[O ()Lk+1/Mk)N/2>

Ar_ . N/2
X(l—l—( K—1/MK—2)
MK/ K—1
K—1

- ~ 1
4.18)s [|Dllo < CCoA? TT —— .
« 19l = caonr 1] G

)N/2

)(1¥v0llo + G572).

Above, the constants C depend on w, y, N and K, and we denoted A = ]—If:o(//«k/\;?’ ).
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Proof. (1) Setting the inductive quantities.
Fork =0,..., K — 1, we will define the fields

Vit1 € €@ + Bipk—kr1yn R, wir1 € €@ + Biy(k—k+1)n: R?),
1
D41 = Ao — (E(Vvk+1)T Vogi1 + Symvwk+1),

by applying Proposition 4.1 to the previous fields vg € € (v + Bl-ﬁ-(K—k)ns R3) and
wr € €% (w + BH(K_k),,, R?) with the fixed parameters N and y, the given frequen-
cies p—1 < A < g < Ag41 < Mg+1, the inductive parameters §; and n satisfying
8k + ik < 2lp and My > 0, where

H—1=Ao=po, S=I+(EK—-(k+1))n, nme=n M=3(K—(k+1D)N+1),
and the auxiliary constants Cr, Ay and By defined as follows:

Ay = Ag = By = Cy,

~ A MZAZJL

Ciy1=CCp —F* 1 forall k =0,...,K —1,
(4.19) kil * Mert /10N

Ak =CCrapl_, forall k =2,...,K + 1,

Bk=CC~'k_1/L,Z_1 forall k =1,...,K,

where the constants C depend on w, y, N, K and k. The codimension components o
and By are as in (4.16), and we call y; € {1,2, 3} \ {ak, B} the remaining component:

Yk = Qk+1 = (2k +2) mod 3 + 1.

The applicability of Proposition 4.1 relies on the following bounds, that will be validated
throughout the proof forallk =0, ..., K:

~ 1/2
w20 IV Dyl < Cre i, IV g < A% ol
: 1/2 1/2
VoD wf g < B2 A, VD ol g < a2 !

Eventually, we will set v = vg and W = wg and deduce the bounds (4.18);—(4.18).

(2) Induction base k = 0 and k = 1.

We have ag = 1, o = 2 and y¢ = 3, and so (4.20) holds with k = 0. We now check
conditions in (4.1). The first five conditions are valid by assumption, while the last one
becomes: jt1/A1 > (A1/po)Y ! and it is implied by the third assumption in (4.17). Con-
sequently, Proposition 4.1 yields
M
A/ po)¥
||V(m+2)v} llo < CC?OI/ZM%)'/ZATH - Bll/zl'{"H,

||V(m+2)l)%||() < CCOI/ZMK/ZMT+1 - A;/zl/«rl"H,

~1/2 1/2
VD0l < Co g™ < AP,

IV D,y [lo < CCopul A}V = Cyul,

whege the constants C depend on w, y, Nand K, and where we defined the new quantit-
ies C1, By and A, according to (4.19). The above bounds are exactly (4.20) at k = 1.
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Continuing, for k = 1 we have a; = 3, f; = 1, y1 = 2. We need to the check the last
two conditions in (4.1). This is validated as follows, in virtue of (4.17):

(A1) (A1/ )2 < (A" (o

Ci B cul2 N2 T N A ~ Mo
<E>(N71)/2 3 (Q)N/z 3 (ﬁﬂ)lm pa
M1 H“1 H“1 Ho )‘2
(&)N—l (Bi/CD'2 _ (Qa/u)7! (C(xl/uo)N>1/2
1 mi/A pr/A AN
< (Aa/p)N Qi /p)N* € < K2
- /,Ll/kl A2/I/Ll A2

provided that oy has been chosen large enough (in function of w, y, N and K) to ensure
that the last quotient above is less than 1 in virtue of the first assumption in (4.17) atk = 1.
Consequently, Proposition 4.1 implies

N Wy - A
||V(m)°©2”0 =< CCI MVAV (AZ/;I)N = C2/’L'2n,
||V(M+2) 1)3” < CC~1/2 )’/ka%—l - le/ZA;n—l-l,

||V(m+2) 1”0 < CCI/Z y/2,um+1 - A;/2’u2n+l’

IV 030 = IV 0t o < A0y

where constants C depend on @, y, N and K, and where we relied on the definition (4.19).
The above bounds are exactly (4.20) at k = 2.
(3) Induction step.

Letnow k = 2... K — 1 and assume (4.20). To verify the fifth assumption in (4.1),
we use (4.19) and (4.17) in

B R

Gy Ck (Ce/ Ck—1)(C—1/Cr—2)
_ (C(lk/#k—l)N(lk—l/Mk—z)N)1/2<C< Ak Ak— I)N/2 CM— ot
ke, ke e e

because Ay /i1 is larger than the constant C depending on w, ¥, N and K provided
that o in the first assumption in (4.17) is sufficiently large. For the last assumption in (4.1),
we first observe that

(lk+1)N—1 (Bi/Ci)'*  (iega /)N ™! ( Cuy_, )1/2

Mk /e Mk /A Cr/Cr—
_ A1/ )N 1 (C()tk/likﬂ)N)l/2
Wi/ Ak Yl

- Ok /)N Qe /pe—)V? - C < M
- Wi/ Ak Akr1/Mk ~ Akt
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where in the last bound above we used (4.17) and, again the fact that Ay /g > C is gp
if sufficiently large.
It remains to estimate (Ag41/px) Y /2. In case of k < K — 2, we get

(Ak+1)(N_1)/2< (Ak+1)N/2<()tk+1 Ak )N/2< Hk+1
Mk TN uk Mk Mk—1 T Ak+1

by (4.17).
Likewise, fork = K — 1,

(Ak-i-l)(N_l)/z <( Ak )N/2 = BK Mkt
Mk T \K-1 T Ak Akt

This ends the verification of (4.1). We may now apply Proposition 4.1 to get

m
= N “k-i—l A m
||V(m)°7)k+1||o <CCy Myky v = Cry1 it )
KERHL Qeer /)N k1

B ~1/2 2 . 1/2
||V(m+2) Uk]fi—Jrll lo = ||V(m+2) v}‘:ﬁ_luo < Cck/ MIJ;/ amtl = p / amt1

k+1 k+1k+1°

(m+2) , Yek+1) (m+2) , Br A2 02 mEl 2 ql/2 ) m

IV Vi llo =11V Virillo = CCTT g "y = Al 10
) 5 2 1/2 1
IV 20 o = IV 0 o = 192 0¥ lo < 42,

where we used (4.19), to obtain (4.20) at k + 1.
(4) Gathering bounds on vk and wg.

Recall that we have set ¥ = vg and W = wg, and hence D= Dk . Applying (4.20) at
the final counter value K and recalling the progression in (4.19), we obtain the following
bounds, in which C depend on w, y, N and K:

. . K-1 MIZ )L])C/N _ K—1 1
|Dkllo < Ck <CCo [| =2 _ < CCAY || —
kI:[O A1/ )N kl_[O Akg1/ )N

which is exactly (4.18);.
Further, by (4.19) we get

IV2vkllo < AY? uk—1 + BY Ak + AY2, nx

=C (611(/_22 :‘L};/—zz MK-1+ C~w11</—21 “},(/—21 :“K)
K-3 J//ZAJ’N/Z

=CG” ((kl_[ m> NS
=0

K—2 MY/ZAVN/z
k k+1 v/2
+(IT 5 ) w2 )
[ G 7onr) #imx
K—2

k=0
~ Ak—1/1k—2)N/?
< CClPA? SRS S Y S 1K
0 (kl:lo (kk+1/uk)N/2)( WK/ K1 )

421
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which is (4.18),. To obtain (4.18);, we sum the estimates (4.3); in

K-1
vk —voll = Z ok —velli <€ Z CPu? =GP [T w sc&yar,
k=0

because forallk = 1,..., K — 1, there holds
Crs1 < CC a3
)

by (4.17). Similarly, there follows the first bound in (4.18)3, in view of (4.3), and the
previous estimate,

K—-1
lwg —woll1 = D llwesr —wils <€ ZC” V2(|Vuello + €2 ul/?)
k=0
K—
<Gy il 1) (19vollo + Gy il )

k=0 k=0
< CCPA IVl + C37).
To complete the claim in (4.18)3, we use the second bound in (4.3), to get

K—1

IV (wk —wo)llo < Y IV (wrr1 — wi)lo
k=0

;/Zuz/zukH(MWkHO + G2

A
a
M’f

(422) i Kot
<C 1/2 y/2Mk+1(||VU0||o + 601/2 l_[ MZ”)
k=0 k=0
K-
= C(IVvollo + C %) (H i) ZC”Z U .
Observe now that {C’k Wk+1 uk/ } 2 is a nondecreasing sequence, because from

condition (4.19),

1/2 2
R T Y/ C Cufme )™

= =<1
Ck/ /LkaLZ/ y/z)LyN/z(ukH/uk) A1/ B i1/ Ak

forallk = 1,..., K — 2. Indeed, the first term in the right-hand side above is less than 1
for op large enough by the first condition in (4.17), while the second term is less than 1 by
the second and third conditions in (4.17). Consequently, using the calculation in (4.21),
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estimates in (4.22) yield

IV*(wk —wo)llo

K—
C(IVwollo + C572) (H

1/2 2 2
K/zﬂ}’(/ 2 MK~ 1+CK/1:“}/</ 1FLK)

K-
< CCy?(I1Vwollo + €,"%) A”( 1_[ (AK—l/MK—z)Nm)MK

(/\k+1/uk)N/2)< MK/ MK—1

This is exactly the second bound in (4.18)3. The proof is done. [

5. The Fibonacci frequencies and a proof of Theorem 1.3

In this section, we complete the inductive procedure put forward in Proposition 4.2, by
specifying a progression of frequencies which satisfy all the conditions in (4.17). We will
then prove the single “stage” estimates in Theorem 1.3, which will yield Theorem 1.1, as
described in the next section. We use the Fibonacci sequence { Fi }° ,, where

F(): Fl = 1, Fk+2: Fk+Fk+1 forallkz()
Proposition 5.1. Let N > 1, K > 4 and let y € (0, 1) satisfy

1

(5.1) = Fxz =31+ N/2)

Then, for all the parameters Ly, 0¢, 0 > 1 such that

(o2

5.2
62 (Gi00) =

= 09,

conditions (4.17) are satisfied for the sequence {Ay, lx }le defined in

Ak = MOU(Fk+2_2)+(Fk+2_3)N/2
(5.3) s = oo P D+ Es—yNy2 [ Jorallk=1,.... K =1,

(2Fx—2)+(Fk+2—3)N/2 (2Fg=2)+(3Fg—3)N/2

Ak = oo UK = [LoO

Proof. (1) Conditions not involving y.

We first directly derive the formulas on the quotients of the frequencies {A;, u; }, which
will be used below:

A
ko _gFe, Bk _GRaN2  poan k=1, K—1,
Mk—1 Ak
(5.4) N
K _ y2Fk—Fxs1 — 5Fx— MK _ 3Fk—FiaN/2 _ ;Fk2N/2.

K1 Y
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We now validate all conditions (4.17), apart from the first one, as equalities. All formulas
follow by (5.4). Regarding the second condition, we have

o oF2N/2 — oN _ (ﬂ)N
Al Mo
The third condition holds, because fork =2... K — 1:

( A Ak )N/2 _ o FHF)N/2 _ FepNj2 _ Pk

Hi—1 Kk—2 Ak

e/ =)™ Q=1 / i) V'* — o FeN+FeN/2=FcN/2 _ o FiepiN/2 — P
Mk—1/Ak—1 Ak

Likewise, the last condition in (4.17) follows from

( AK )N/ZZO.FK_ZN/ZZM_K’

UE-1 Ak
(/-0 Ag_1/ug2)N? _ o FxaN+Fg \N/2-FkN/2 _ oFxaN/2 _ PK
UEK—1/AK—1 Ak

(2) Condition involving y.
To prove the first condition in (4.17), we use (5.4) to check that forallk =1, ..., K—1,
there holds

1—y F,
A R otk o o Fe=D=(Fri2=3)(1+N/2)y > 6o,

M1 AL pk—r AL (1o0)? ~ (koo)? ~
by (5.2) and because (Fy — 1) — (Fr4+2 — 3)(1 + N/2)y is always nonnegative. Indeed,

at k = 1 this expression is null, while for k > 1 itis atleast 1 — (Fx4, — 3)(1 + N/2)y.
The assumption (5.1) guarantees that this last expression is nonnegative. Similarly,

1-y Fg_
Ak _ L Ak _g K = o o Fk2=D)=(Fg2=3)(1+N/2)y > > 09,
Kk-1 Ak HE-1 Ay ooy (moo)” —
since (Fx—» — 1) — (Fx4+2 —3)(1 + N/2)y > 0 when K > 4 and under (5.1). |

It is useful to separately derive the quantities that appear in the bounds (4.18);—(4.18)4,
under the definition of frequencies in (5.3). These are:

Lemma 5.2. Let N, K > 4, uo > 1 and let {Ag, ,uk}llle be given by (5.3). Then

K 1 1
o 1:[ A1 /N~ o2Fk=DN’
K-2 N2
( 1—[ _ 2)(1 " (Ak—1/MK—2) )
(5.6)2 =0 Ak+1/Mk) / KK/ K-

< 2,lLoO(FK“_Z)_HFK“_DN/Z.
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Proof. Using (5.4) and the formula sz=1 F; = Fj 5 —2, weobtain (5.5):

K—-1 1

kl:[() A1/ )N
Towards (5.6),, note that
3Fk =3+ Fgk1 —(Fxk41+ Fx2—2)=2Fk —Fg 2 —1 = Fgy1 — 1,

K—
— o~ (Xk=l FON =Fxk2N _ ;~QFx=-2)N

which implies, for N > 4,

MK(Ii—_f 1 )(1 N (AK_l/MK_z)N/Z)
im0 M1/ )N WK /K-
_ MOJ(ZFK—2)+(3FK—3)N/2 (1 N o Fxk-1N/2 )
o (i FON/2 o Fk-2(1+N/2)
MOO(ZFK_2)+(3FK_3)N/2 . o PN/ =21 O_(FK+1—2)+(FK+1—1)N/2
o (Fxk11—2)N/2 o Fk—2(1+N/2) 0 ’
since then
Fioa (145 ) < 2Fk s+ Fxa 5 < (ks + Fx2) -

The proof is done. ]

We now complete the “stage” construction in our convex integration algorithm:

Proof of Theorem 1.3. (1) Setting the initial quantities.

For given N, K > 4 and y that satisfies (5.1), we take /o as in Proposition 4.2 and oy
increased (K + 1) times. Let v and w be as in the statement of the theorem, together with
the positive constants /, A and M satisfying (1.11). Denote

1

7 and  pto = ~
n

T K+1

We first construct the fields vo € €%(@ + Bj4,(0),R?), wo € € (& + B4 ky(0).R?)
and Ag € €°(® + B4k (0), Rfyfnz) by using the mollification kernel as in Lemma 2.1:
Vo =V %Py, Wo=W*@yn, Ao=Ax* @y,

1
Do = Ao — (5 (Vvo)" Vg + symeo).

From Lemma 2.1, we deduce the initial bounds, where the constants C depend only
on w, K and m:

(5.7 lvo —vll1 + [wo — w1 < CIM,
(5.7)2 Ao — Ao < Clﬂ||14||0,;3,
C
(5.7)3 [V +Duoll0 + [V Dwg o < T IM forall m> 1,

C
(5.7)4 IV Dollo = 7 (1Dllo + (UH)?) forall m > 0.
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Indeed, (5.7); and (5.7), follow from (2.1), and in view of the lower bound on M.
Similarly, (5.7)3 follows by applying (2.1); to V?v and V2w with the differentiability
exponent m — 1. Since

Do = D *¢yj2 — %((VUO)T Vg — (V)" Vo) * ¢n/2)’

we get (5.7)4 by applying (2.1); to D, and (2.1)3 to V.
(2) Applying Proposition 4.2.
Since [ + Kn < 2l < 2ly, we may apply Proposition 4.2 to vy, wg and Dy with the

parameters

N K+1
Co=C(|Dllo + (IM)?) and Ao = po= —

consistent with (5.7)4, and with frequencies {1y, ;Lk}llle given in Proposition 5.1 for
o>1lin

o Al Alv]

= = bt

(oo)”  (K+ DAy — K+1
In conclusion, Proposition 4.2 yields © € € (@ + B;(0),R?) and 1 € € (& + B; (0), R?),
with (4.18);—(4.18)4. These imply, in virtue of Lemma 5.2 and the initial bounds given
in (5.7)1—(5.7)4, the following:

o = Al sothat

0o

15— vl < CAY2(| D32 + 1M),

15— wlly < CAY (| DI + 1M)(1 + [ D2 + 1M + | Vv]lo).
(Al)(FK+1_2)+(FK+l_1)N/2

IV25]p < CAY? (1D 1% + I.M),

[
(5.8) AN Fx+1=2)+Fg1—1N/2
vl < car G
x (1D115 + 1M) (1 + [ DIs/> + LM + [[Vollo),

1

1Dlo = CP Al + CAY sy

(110 + IM)?),
with C depending on w, y, N and K. The quantity A may be estimated by

(AZ)P(N’K)
¢ JKN+1)

5

K
K(N
A= [T0urd) < ug @+ oPN6 <
k=1

where P (N, K) is a second order polynomial in N, with coefficients depending on K.
(3) Reparametrizing y.
Since P (N, K) is (much) larger than (2Fg — 2) N, we get
P(N,K)—K(N +1)>2(Fk —2)N — K(N +1)
=(Fg - K)N + 1)+ (Fk —2)(N =3) +2(Fg —3) = 0,
because N, K > 4. Consequently,
A < CAPWV.K)
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so that in (5.8) one can replace each occurrence of AY by A” with y = yP(N, K) > y.
Note that condition A177] > g, implies A=Y > gy, since AY < AY. Consequently, the
statement of Theorem 1.3 holds, provided that the second assumption in (1.11) is replaced
by A=7] > gy, and likewise each other occurrence of y in (1.13);—(1.13)3 is replaced
by y. Therefore, the implication Theorem 1.3 remains valid as stated, albeit within a
smaller range of y than that indicated in (5.1), still however depending only on N and K.
Similarly, we finally observe that if the statement of Theorem 1.3 holds for all sufficiently
small y, then it extends to all y € (0, 1). The proof is done. |

6. The Nash—Kuiper scheme and a proof of Theorem 1.1

The proof of Theorem 1.1 relies on iterating Theorem 1.3 according to the Nash—Kuiper
scheme. We quote the main recursion result given in [19,20]: similar to that of Section 6
of [9], but now involving the Holder norms, as is necessary in view of the decomposition
Lemma 2.2.

Theorem 6.1 (Theorem 1.4 in [19] and Lemma 5.2 in [20]). Let @ C R4 be an open,
bounded and smooth domain, and letk, J, S > 1. Assume that there exists Iy € (0, 1) such
that thefollowmg holds for every [ € (0, ly]. Given v € €2(& + By;(0),R¥), w e €2(® +
B,1(0), R%) and A € €%B (& + By (0), Rsym ), and given y, A and M which satisfy,
together with oy > 1 that depends on w, k, S, J and vy, that

(6.1) ye©1), A7VI>o00, and M =max{|v]a w2, 1},
there exist U € €2(& + B;(0), RF) and w € €2(& + B;(0), R?) satisfying:

15— vlly < CA2(| D5/ + M),
1o —wli < CAY (|D Ny + 1M)(1 + D> + IM + [[Vollo),

(1)

V25l < C 2 272 (D87 + 1M),

IVl < € “?

Ay(n:on”z F LM (1 + D + LM+ [Vollo),

1Dl < C (1 14105 + [Dllo + (40)).

_(M)S (I

with constants C depending only on w, k, J, S and y, and with the defects, as usual,
denoted by

1 ) 1
D=A-— (5 (Vo) Vo + syme) and D = A— (5 (V&) Vi + sythD).

Then, for every triple of fields (v, w, A) as above, which additionally satisfy the defect
smallness condition 0 < ||D|lo < 1, and for every exponent o in the range

S
(6.2) 0<a<m1n{§ S+2J}’
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there exist v € €1%(, R¥) and w € €% (&, R?) with the following properties:
15 = vl < €+ [Vollo) [1Dollg*. 18 —wlh < €A+ [Vollo)*| D™,
1
A— (5 (V) Vi + symvw) -0 ina.

The constants C above depend only on w, k, A and «.

Clearly, Theorem 6.1 and Theorem 1.3 yield together the following result below,

where we compute
S 1

S+27  1+27/S’

with ¢ denoting the golden ratio in

J  (Fk+1—2)+ (Fg+1—1)N/2 Fr1—1
— = — as N — o0
3 IN(Fx — 1) HFx—1)

and

Fxoi—1 ¢ 1445
— > - = as K — oo.
4(Fx — 1) 4 8

Corollary 6.2. Let ® C R? be an open, bounded and smooth domain. Fix any exponent o
as in (1.5). Then, there exists lo € (0, 1) such that, for every I € (0, lo], and for every
v E€C2(® 4 By(0),R?), we€2(d + By (0),R?) and A€ €%P (&> + By (0), Rszy’;f) such
that |

D=A— (z(vu)Tw + syme) satisfies 0 < | Dllo < 1,

there exist U € €1%(@, R3) and W € €V*(@, R?) with the following properties:
15— vl < CA+ IVoll0? 1016 1B —wih < €1+ [Vollo)* D",
1
A— <§ (Vi) Vi + symvw) -0 ina.

The norms in the left-hand side above are taken on @, and in the right-hand side on
@ + B5;(0). The constants C depend only on w, A and «.

The proof of Theorem 1.1 is consequently the same as the proof of Theorem 1.1
in [19], in Section 5 in there. We replace w by its smooth superset, and apply the basic
stage construction in order to first decrease || D||o below 1. Then, Corollary 6.2 yields the
theorem.
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