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Splitting aspects of holomorphic distributions
with locally free tangent sheaf

Raphael Constant da Costa

Abstract. In this work, we mainly deal with a two-dimensional singular holomor-
phic distribution D defined on M , where M represents a complex manifold of
dimension n � 3 or a germ of it, whose tangent sheaf TD is locally free. As is
well known, when M D Pn or M D .Cn; 0/, there is a one-dimensional foliation G

on M tangent to D , and we study whether TD splits starting from it. In both cases,
we provide sufficient conditions on G so that there is another one-dimensional foli-
ation H on M tangent to D , such that their respective tangent sheaves satisfy the
splitting relation TD D TG ˚ TH . We introduce a concept of local division of D

by G , exhibiting a characterization of �.G ;D/, the set of points p 2M where G

does not locally divide D at p. Furthermore, for M D Pn, we prove that the exis-
tence of such H is equivalent to �.G ;D/ D ;. Additionally, given a codimension
one holomorphic foliation F on P3 with locally free tangent sheaf, we show that TF

splits provided there exists a nonzero holomorphic vector field on P3 tangent to F .
We obtain division results involving holomorphic differential forms and vector fields,
and some of them could serve as alternatives to classical results coming from the De
Rham–Saito division lemma, while others can be applied in situations not covered
by the latter.

1. Introduction

Let D be a singular holomorphic distribution of dimension k on Pn, n� 3. Assume that its
tangent sheaf TD is locally free. A natural and important question is to determine whether
there exists a splitting relation as

TD D

kM
iD1

OPn.ei /;

for some integers ei .
This problem becomes particularly interesting in the case where the distribution is

integrable, i.e., when it defines a foliation, denoted by F instead of D . The importance of
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this matter can be seen in [1] and [9], where it is proved that some foliations with a special
type of singular set and split tangent sheaf are stable under small deformations. This makes
it possible to obtain irreducible components of the space of foliations on projective spaces,
which can also be found in [21] and [10].

For codimension one foliations on P3, in [16] it was proved that the tangent sheaf of F

is locally free if and only if sing.F / (considered as a scheme) is a curve. Furthermore, TF

splits if and only if sing.F / is an arithmetically Cohenâ–Macaulay curve. These results
were generalized later in [8] for higher dimensions.

The following question was posed in [1].

Problem 1. Let F be a codimension one foliation on P3, where TF is locally free.
Does TF split?

In [4], the authors provide sufficient conditions for a codimension one foliation on P3

with locally free tangent sheaf to split. They use the relation between the Kupka scheme
and the unfoldings ideal associated to a codimension one foliation. They also show that
if F is a codimension one foliation on Pn such that sing.F / is smooth of dimension
.n � 2/, then TF splits (in fact it is a degree 0 rational foliation), generalizing Theo-
rem 3.11 in [3]. In [2], the authors show that if D is a two-dimensional distribution on P4

of degree at most 2 with locally free tangent sheaf such that sing.D/ (considered as a
scheme) has pure dimension one, then TD splits.

Regarding Problem 1, it is well known that there are nonintegrable distributions whose
tangent sheaf is locally free and does not split. We can take, for example, a regular dis-
tribution of codimension one and degree 0 on P3, i.e., a holomorphic contact structure
on P3. Very recently, it was given in [15] an answer (in the negative) to Problem 1.

1.1. Statement of the main results

We know that there are foliations F on projective spaces such that TF is locally free
but TF does not split, see [15]. Given a foliation F on Pn with locally free tangent
sheaf, we would like to find extra conditions for TF to split. Although part of our original
analysis was for codimension 1 foliations on P3, it naturally extends to distributions of
dimension 2 on Pn, n � 3. Most of the time we deal with the following:

Problem 2. Let M represent Pn or .Cn; 0/. Given a two-dimensional distribution D

on M with locally free tangent sheaf, and a one-dimensional foliation G on M tangent
to D , under what conditions can we guarantee that there is another one-dimensional
foliation H on M tangent to D so that TD D TG ˚ TH ?

Remark 1.1. For the sake of clarity, by a k-dimensional distribution D on .Cn; 0/ we
mean a germ of a k-dimensional distribution D at 0. Such germ can be represented by a
k-dimensional distribution DU defined on a sufficiently small polydisc U containing 0.
We write TD to represent .TDU

/0, the stalk of the sheaf TDU
at 0. Thus, in this case TD

represents a OCn;0-module rather than a sheaf. We say that the tangent sheaf of D is
locally free if there exists an open set V � U such that the tangent sheaf of the restriction
of DU to V is locally free. Since TDU

is a coherent sheaf, it follows that the tangent sheaf
of D is locally free if and only if TD is a free OCn;0-module.
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Remark 1.2. If D is a singular holomorphic distribution on a complex manifold M ,
and G is a one-dimensional foliation on M tangent to D , then the pair .G ;D/ is a partic-
ular case of a 2-flag of holomorphic distributions; see [12] and the references therein.

We start by approaching Problem 2 in local terms.

Definition 1.3. Let v be a germ of a holomorphic vector field defined at 02Cn. Assume
that 0 is a singularity of v, i.e., v.0/ D 0. We define the linear rank of v (at 0) as the rank
of the linear transformation Dv.0/.

Writing Ov1 for the linear part of v, observe that the linear rank of v is at most 1 if and
only if Ov1 D f u, where f is a homogeneous polynomial of degree one in Cn and u is
a germ of a constant vector field defined at 02Cn. Thus, a germ of a vector field with a
singularity at 0 and linear rank at most 1 is, in some sense, degenerate.

Note that if 'W .Cn; 0/! .Cn; 0/ is a germ of biholomorphism and u D '�v, then
the linear maps Dv.0/ and Du.0/ are similar. As a consequence, v and u have the same
linear rank. This invariance allows us to define the linear rank of a vector field v, defined
on a complex manifold, at a singularity of v in a natural way.

Moreover, if f is a germ of holomorphic function defined at 0 with f .0/ ¤ 0, then
the linear ranks of v and u D f v are the same. This allows one to define the linear rank
of a one-dimensional foliation G , defined on a complex manifold, at a singularity of G in
the obvious way. Finally, if sing.G / ¤ ;, we also define the linear rank of G as the least
possible value of the rank of G at p for p 2 sing.G /.

The following results provide answers to Problem 2, the first one being in local terms.

Theorem A. Let D be a germ of a k-dimensional distribution at 02Cn with locally free
tangent sheaf, and let G be a germ of a nonregular one-dimensional foliation at 0, tangent
to D and with linear rank at least k, where n � 3 and 1 � k < n. Then exactly one of the
following assertions holds:

(1) There exist germs of one-dimensional foliations H1; : : : ;Hk�1 defined at 0 such that

TD D TG ˚ TH1
˚ � � � ˚ THk�1

:

(2) The germ of distribution D is regular. In this case, the linear rank of G is k.

Moreover, under the assumptions of the theorem, (1) is equivalent to

sing.G / � sing.D/:

In the context of Theorem A, a careful look at its proof shows that if G is regular,
then the equality between OCn;0-modules appearing in part (1) still holds. The reason for
excluding this case is twofold: we have defined the linear rank only for germs of vector
fields with a singularity at 0; moreover, regarding part (2), D could be either regular or
not, depending on the situation. Thus, the two parts would no longer be mutually exclusive.

Theorem B. Let D be a two-dimensional distribution on Pn, n � 3, with locally free
tangent sheaf. Assume that there exists a one-dimensional foliation G on Pn tangent to D

and with linear rank at least 2. Then the following are equivalent:
(1) Every irreducible component of sing.G / of dimension n � 2 intersects sing.D/.

(2) Every irreducible component of sing.G / intersects sing.D/.
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(3) sing.G / � sing.D/.

(4) There is a one-dimensional foliation H on Pn such that TD D TG ˚ TH .

In particular, if D is a two-dimensional distribution with locally free tangent sheaf
on Pn; n � 4, such that dim.sing.D// � 2, and there exists a one-dimensional foliation G

tangent to D with linear rank at least 2, then TD splits.

Regarding Theorem B, there is a stronger version if we assume that the linear rank of G

is at least 3, see the particular case of Theorem 5.14 below. Another result in the spirit of
Theorem B, without the assumption that TD is locally free, can be found in Corollary 5.13.

As an application of the results obtained, we have the following.

Theorem C. Let F be a codimension one holomorphic foliation on P3 with locally free
tangent sheaf. If there exists a nonzero holomorphic vector field on P3 tangent to F ,
then TF splits.

For a codimension one distribution D on P3 with locally free tangent sheaf, we also
show that TD splits, provided that deg.D/� 1 and there exists a nonnilpotent holomorphic
vector field on P3 tangent to D , see Corollary 6.22.

Finally, our computations lead us to some division results involving vector fields and
differential forms. See Corollary 5.3 and Propositions 5.17 and 5.19. They are easily ver-
ifiable in the sense that it is equivalent to finding the rank of a linear transformation.

1.2. Notation

We will denote by:
- M : a complex manifold of dimension n. In the vast majority of cases, we will assume

that n � 3. In some cases, we will have M D Pn, n � 3.
- .N; p/: the germ of a complex analytic subset N � M at a point p 2M . Most of the

time we will deal with .Cn; 0/.
- �k.U / and X.U /: the sets of holomorphic k-forms and holomorphic vector fields

on U , respectively, where U is .M; p/ or an open set of M .
- OM : the sheaf of germs of holomorphic functions on M . We also denote by O�M the

sheaf of nonvanishing holomorphic functions on M .
- OM;p: The stalk of OM at p 2M , i.e., the ring of germs of holomorphic functions

defined at p. We also denote by O�M;p the stalk of O�M at p 2M .
- Given v 2X.Cn; 0/, we will write

v D

1X
iD0

Ovi

for the decomposition of v into homogeneous polynomials vector fields, i.e., for each
i D 0;1;2; : : :, Ovi is a vector field with coefficient polynomials which are homogeneous
of degree i . In parallel, we write

! D

1X
iD0

O!i for ! 2�k.Cn; 0/.
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2. Basic definitions

Let M be a complex manifold of dimension n and 1 � k < n. A singular holomor-
phic distribution D of dimension k (or codimension n � k) can be defined by a family
¹.Uj ; !j /ºj2J , where

(1) U D ¹Uj ºj2J is an open covering of M .
(2) !j 6� 0 is a holomorphic (n � k)-form defined on the open set Uj , which is locally

decomposable off the singular set (LDS); see Definition 1.2.1 in [13]. By definition,
this means that for each point z 2Uj n sing.!j /, where

sing.!j / WD ¹z 2Uj W !j .z/ D 0º;

there exist a neighborhood V � Uj of z and holomorphic 1-forms �1; : : : ; �n�k on V
such that

(2.1) !j jV D �1 ^ � � � ^ �n�k :

(3) If Uij WD Ui \ Uj ¤ ;, there is a nonzero holomorphic function defined on Uij ,
hij 2O�M .Uij /, satisfying

(2.2) !i jUij D hij !j jUij :

(4) codim.sing.!j // � 2;8j 2J .
The singular set of D is the analytic subset of M given by

sing.D/ D
[
j

¹z 2M W !j .z/ D 0º:

Note that the definition of sing.D/ is possible due to (2.2). If sing.D/ D ;, we say that
the distribution D is regular.

If TpM denotes the holomorphic tangent space of M at p 2M , it follows that we can
define on M n sing.D/ a distribution of k-planes

D.p/ D ¹v 2TpM W iv!j .p/ D 0º;

whenever p 2Uj n sing.D/. In fact, if �1; : : : ; �n�k are as in (2.1), we have

D.p/ D
\

1�l�n�k

Ker.�l .p//:

About decomposition (2.1), if additionally for every j 2 J the following Frobenius
integrability condition is satisfied on V :

(2.3) d�i ^ !j D 0; i D 1; : : : ; n � k;

we say that the distribution D is integrable, and call it a holomorphic singular foliation of
dimension k on M . In this case we usually denote such a distribution by F .

A foliation F provides a decomposition of M n sing.F / into a union of disjoint con-
nected immersed submanifolds ¹L˛º˛2A of dimension k, called the leaves of F , in such
a way that if p 2L˛ , then the tangent space to L˛ at p is given by TpL˛ D D.p/.
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Remark 2.1. We will frequently use the well-known fact that, given p 2M and a non-
vanishing germ of a top-degree form ‚ 2�n.M; p/, there exists an isomorphism of
OM;p-modules between X.M; p/ and �n�1.M; p/ given by X 7! iX‚. From this, it
is also possible to show that if U � M is an open set for which there exists a nonvanish-
ing ‚2�n.U /, then the map X.U /! �n�1.U / given by X 7! iX‚ is an isomorphism
of OM .U /-modules.

In the case k D 1, in view of Remark 2.1, by shrinking the open sets Uj if necessary,
we may assume that !j 2�n�1.Uj / is of the form

(2.4) !j D ivj‚j ;

where vj 2X.Uj / and ‚j 2�n.Uj / is nonvanishing.
On Uij , we have that ‚i D fij‚j , where fij 2O�M .Uij /. Together with (2.2), this

shows that a one-dimensional distribution F can equivalently be described by a collec-
tion of vector fields vj defined on the open sets Uj of an open covering U of M , with
codim.sing.vj // � 2, and nonvanishing holomorphic functions gij 2O�M .Uij / satisfying

vi jUij D gij vj jUij :

Observe that the relation gij D hij =fij on Uij establishes the connection between the
two definitions of a one-dimensional distribution, namely those given by .n � 1/-forms
and by vector fields. From (2.4), we obtain that

sing.D/ D
[
j

¹z 2M W vj .z/ D 0º:

It is well known that a one-dimensional distribution is always integrable, see also
Example 3.10 below. The integral curves of all vector fields vj are glued together forming
the leaves of F .

Remark 2.2. It is clear from the definition that the singular set of a distribution on a com-
plex manifoldM always has codimension at least 2. Throughout this article, whenever we
say that a k-dimensional distribution on an open set U �M is defined by ! 2�n�k.U /,
we always assume that codim.sing.!//� 2. In some situations, we will consider a nonzero
meromorphic vector field v on M , possibly with codimension one zeros, defining a one-
dimensional foliation G as follows: for every p 2M , there exists a neighborhood Up of p
such that v D f Qvp , where f is a meromorphic function and Qvp is a holomorphic vector
field, both defined on Up , with codim.sing. Qvp// � 2. The one-dimensional foliation G

is given by the collection ¹.Up; Qvp/ºp2M . Of course, v defines a one-dimensional (pos-
sibly nonregular) foliation H on M n .Supp.D0/ [ Supp.D1//, where Supp.D0/ and
Supp.D1/ denote the support of the divisor of zeros and poles of v, respectively. We say
that G is the extension of H to M .

Denote by TM the tangent sheaf of M . The tangent sheaf of D , denoted by TD , is the
subsheaf of TM whose sections over an open set U �M are given by

TD.U / D ¹v 2TM .U / W iv!j D 0 on U \ Uj º:

Note that .TD/p , the stalk of TD at p 2M , consists of germs of vector fields at p tangent
to D .
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Remark 2.3. Recall that a theorem due to Oka guarantees that a holomorphic sheaf onM
is coherent if it is given locally as the kernel of a morphism between free holomorphic
sheaves. After writing the definition of TD in local coordinates, we see that TD is given
locally by a finite intersection of the kernels of morphisms between free holomorphic
sheaves. This implies that TD is coherent, since it is given locally by a finite intersection of
coherent sheaves. From the definition of TD , a straightforward verification shows that the
coherent sheaf TM=TD is torsion-free. Furthermore, since TM is locally free and TM=TD

is torsion-free, we have that TD is a reflexive coherent sheaf, see Proposition 1.1 in [17].
In this way, we recover the well-known definition of a singular distribution found, for
instance, in [3]: a distribution D on M is given by a coherent subsheaf TD of TM such
that the quotient TM=TD is torsion-free.

2.1. Distributions on P n

For a k-dimensional distribution D on Pn, there is an important discrete invariant called
the degree of the distribution, denoted by deg.D/. By definition, it is the degree of the
locus of tangency of D with a generic linear subspace Pn�k � Pn. The distribution D

can be defined in CnC1 by a homogeneous polynomial (n � k)-form

� D
X

0�i1<���<in�k�n

Ai1;:::;in�k .x0; : : : ; xn/ dxi1 ^ � � � ^ dxin�k ;

which is LDS and satisfies iR� D 0, where

R D x0
@

@x0
C � � � C xn

@

@xn

is the radial vector field, Ai1;:::;in�k .x0; : : : ; xn/ is a homogeneous polynomial of degree
deg.D/C 1 and codim.sing.�//� 2, see for example [9]. The integrability of D is equiv-
alent to the integrability of �.

The singular set of D is the image, under the canonical projection…WCnC1n¹0º!Pn,
of the singular set of � in CnC1. Similarly, the k-planes of the distribution D on Pn are
the images, under the same map, of the (k C 1)-planes on CnC1 induced by �. If D is
integrable, a similar result holds for its leaves.

When kD1, alternatively a one-dimensional foliation F on Pn can be defined in CnC1

by the vector field

V D V0.x0; : : : ; xn/
@

@x0
C � � � C Vn.x0; : : : ; xn/

@

@xn
,

where Vi .x0; : : : ; xn/, i D 0; : : : ; n, is a homogeneous polynomial of degree deg.F /.
Although necessary, the condition codim.sing.V // � 2 is not sufficient to define such a
one-dimensional foliation. In fact, sing.F / is the image, under …, of the set

¹p 2CnC1
n ¹0º W V.p/ ^R.p/ D 0º:
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2.2. Distributions on P n with split tangent sheaf

Given a distribution D of dimension k on Pn, n � 3, we say that the tangent sheaf of D

splits if

TD D

kM
iD1

OPn.ei /;

for some integers ei . This is equivalent to D being induced by the homogeneous (n � k)-
form on CnC1

(2.5) � D iX1 � � � iXk iR .dx0 ^ � � � ^ dxn/;

where for i D 1; : : : ; k, Xi is a homogeneous polynomial vector field on CnC1 of degree
di D 1� ei . Note that Xi defines a one-dimensional foliation Gi on Pn tangent to D with
deg.Gi / D di , i D 1; : : : ; k. In particular,

(2.6) deg.D/ D deg.G1/C � � � C deg.Gk/:

The reader can find more details in [9], where it deals with foliations, but the same proce-
dures apply to distributions.

3. Distributions with locally free tangent sheaf

In this section, we present some results related to distributions with locally free tangent
sheaf. We believe that Proposition 3.6 is known, but we are not aware of any reference
for it, at least in the form it is stated. We will use the following result a few times in the
sequel.

Lemma 3.1. Let M be a complex manifold of dimension n � 3, let X1; : : : ; Xk 2X.M/,
and let‚2�n.M/. Set ! D iX1 � � � iXk‚, and assume codim.sing.!//� 2. If X 2X.M/

is such that iX! D 0, then there are unique holomorphic functions f1; : : : ; fk on M such
that X D f1X1 C � � � C fkXk .

Proof. First, observe that the condition codim.sing.!// � 2 guarantees that the holomor-
phic top-degree form ‚ is nowhere vanishing on M .

Let p 2M n sing.!/. By the definition of !, it follows that X1.p/; : : : ; Xk.p/ are
linearly independent in TpM . Note that ¹X1; : : : ; Xkº can be extended to a local frame
of TM over a sufficiently small neighborhood U of p.

Indeed, let ¹vkC1; : : : ; vnº � TpM be such that ¹X1.p/; : : : ; Xk.p/; vkC1; : : : ; vnº is
a basis of TpM . Choose an open neighborhood U �M of p and n � k vector fields

XkC1; : : : ; Xn

defined on U such that XkC1.p/ D vkC1; : : : ; Xn.p/ D vn (for instance, one may take
U D M and choose XkC1; : : : ; Xn to be constant vector fields equal to vkC1; : : : ; vn,
respectively). By shrinking U if necessary, it follows that X1.q/; : : : ; Xn.q/ are linearly
independent in TqM for every q 2U , i.e., ¹X1; : : : ; Xnº is a frame of TM over U .
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As a consequence, we can write

X D f1X1 C � � � C fnXn;

where f1; : : : ; fn are unique holomorphic functions on U . The relation iX! D 0 implies
thatX.q/ lies in the span ofX1.q/; : : : ;Xk.q/ for every q2U , hence fkC1D � � �D fnD 0.

By varying p, we obtain an open covering ¹U˛º˛2ƒ of M n sing.!/, and for each
˛ 2ƒ unique holomorphic functions f ˛1 ; : : : ; f

˛
k

defined on U˛ such that

X D f ˛1 X1 C � � � C f
˛
k Xk on U˛ .

Moreover, by uniqueness, if Uˇ \ U
 ¤ ;, then

f
ˇ
j D f



j on Uˇ \ U
 for all j D 1; : : : ; k.

Thus, for each j D 1; : : : ; k, we can define a function fj on M n sing.!/ by setting
fj .p/ D f

˛
j .p/ whenever p 2U˛ . Clearly, the functions f1; : : : ; fk are holomorphic and

satisfy
X D f1X1 C � � � C fkXk on M n sing.!/.

Since codim.sing.!// � 2, it follows from Hartogs’ theorem that f1; : : : ; fk extend holo-
morphically to M , which completes the proof.

If X 2X.M/ is a vector field defined on a complex manifold M , denote by TX the
subsheaf of TM generated by X , i.e. for each open set U �M ,

TX .U / D ¹f �XjU W f 2OM .U /º:

Given a distribution D on M , if X is a vector field tangent to D , it is clear that TX is also
a subsheaf of TD .

Remark 3.2. For X ¤ 0 2X.M/, denote by G the one-dimensional foliation on M
defined by X , see Remark 2.2. In general, we have that TX is a subsheaf of TG . A simple
verification shows that TX D TG if and only if codim.sing.X// � 2.

Lemma 3.3. Let D be a k-dimensional distribution on a complex manifold M , and let
X1; : : : ; Xk 2X.M/ and p 2M be such that

(3.1) .TD/p D .TX1/p ˚ � � � ˚ .TXk /p:

Then codim.sing.Xi /; p/ � 2, for i D 1; : : : ; k. In particular, if (3.1) holds for every
p 2M , and G1; : : : ;Gk are the one-dimensional foliations on M defined by X1; : : : ; Xk ,
respectively, we have TD D TG1 ˚ � � � ˚ TGk .

Proof. Let us assume, on the contrary, that there exist p 2M satisfying (3.1) and an
index i 2 ¹1; : : : ; kº such that codim.sing.Xi /; p/ � 1. Clearly, it follows from (3.1) that
codim.sing.Xi /; p/ D 1. By rearranging the vector fields if necessary, we can assume
that i D 1. As an element of X.M;p/, we can write X1 D f Y , where Y 2X.M;p/ and
f 2OM;p satisfies f .p/ D 0.



R. C. da Costa 2006

We claim that Y … .TD/p . In fact, if Y 2 .TD/p , by consideringX1; : : : ;Xk as elements
of X.M; p/, from (3.1) there would exist f1; : : : ; fk 2OM;p such that

Y D f1X1 C � � � C fkXk :

Since X1 D f Y , we have that

.f1f � 1/Y C f2X2 C � � � C fkXk D 0:

Multiplying both sides of the last equation by f , we get

.f1f � 1/X1 C ff2X2 C � � � C ffkXk D 0:

Then from (3.1) we conclude that f1f � 1 � 0, which is a contradiction since f .p/ D 0.
Thus we have Y … .TD/p whileX1 D f Y 2 .TD/p; once again, we obtain a contradic-

tion, since .TM=TD/pŠ.TM /p=.TD/p is a torsion-free OM;p-module (see Remark 2.3).
The particular case follows from Remark 3.2.

Remark 3.4. If M D U � Cn is a Stein open set, in particular if it is a polydisc, then,
since H 1.U;O�U / D 0, a distribution D on U can be defined by a single .n � k/-form !

on U satisfying codim.sing.!// � 2. When we deal with germs of distributions defined at
02Cn, such germs can be represented by an .n � k/-form !, with codim.sing.!// � 2,
defined on a sufficiently small polydisc U containing 0. For a similar reason, a germ of
a one-dimensional foliation can be represented by a single vector field X defined on a
sufficiently small polydisc containing 0, satisfying codim.sing.X// � 2.

Proposition 3.5. Let D be a k-dimensional distribution on U , where U is .Cn; 0/ or
a polydisc of Cn, defined by the .n � k/-form ! on U , see Remark 3.4. Assume that
G1; : : : ;Gk are one-dimensional foliations on U , defined by X1; : : : ; Xk 2X.U /, respec-
tively, with codim.sing.Xi // � 2; i D 1; : : : ; k. Then the following are equivalent:

(a) TD D TG1 ˚ � � � ˚ TGk .

(b) ! D iX1 � � � iXk‚ for some n-form ‚ on U .

Proof. We will first address the case where U is a polydisc in Cn. Assume first that (b)
holds. Given p 2U , let Z be a germ of a vector field around p tangent to D , defined on a
sufficiently small open set V � U . Since codim.sing.!// � 2 and, in particular,

! D iX1 � � � iXk‚

on V , the condition iZ! D 0 implies, by Lemma 3.1, that there exist unique holomorphic
functions f1; : : : ; fk defined on V such that

Z D f1X1 C � � � C fkXk :

We conclude that
.TD/p D .TX1/p ˚ � � � ˚ .TXk /p:

As p 2U is arbitrary, we obtain that

TD D TX1 ˚ � � � ˚ TXk

and hence (a) holds from the particular case of Lemma 3.3.
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Now assume that (a) holds. From Lemma 3.3, it follows that for every p2U , the germs
ofX1; : : : ;Xk at p form a basis for .TD/p . Given an n-formƒ on U with codim.sing.ƒ//
� 2, we have that

(3.2) iX1 � � � iXkƒ D h!;

for some holomorphic function h on U . We claim that h has no zeros in U , and we show
that (b) holds by setting ‚ D ƒ=h.

In fact, if h has some zero in U , since codim.sing.!// � 2 we can take q 2U such
that h.q/ D 0 and !.q/ ¤ 0. It follows from (3.2) that

X1.q/ ^ � � � ^Xk.q/ D 0;

which contradicts !.q/ ¤ 0, since the germs of X1; : : : ; Xk at q form a basis for .TD/q .
Finally, consider that U D .Cn; 0/. We may assume that G1; : : : ; Gk , X1; : : : ; Xk , !

and ‚ are all defined on an a polydisc V centered at 0, and that D is represented by a
k-dimensional distribution DV on V .

If (b) holds and X 2X.Cn; 0/ satisfies iX! D 0, then, after possibly shrinking V , we
may assume that X is also defined on V . In this situation, an argument analogous to the
case where U is itself a polydisc shows that (a) also holds.

Conversely, suppose that (a) holds. Since TD D .TDV
/0 is a free OCn;0-module with

basis ¹X1; : : : ;Xkº �X.Cn; 0/, and TDV
is a coherent sheaf, we may (after shrinking V if

necessary) assume that for every p 2V , the vector fields X1; : : : ; Xk , viewed as elements
of X.V; p/, form a basis of .TDV

/p . In other words,

TDV
D TX1 ˚ � � � ˚ TXk D TG1 ˚ � � � ˚ TGk :

Using again the same argument as in the case where U is a polydisc, we deduce that (b)
holds, which completes the proof.

Proposition 3.6. Let D be a k-dimensional distribution on a complex manifold M . Then
the following are equivalent:

(a) TD is locally free of rank k.

(b) For every p 2M , there exist an open set U containing p and X1; : : : ; Xk 2X.U /

such that TD jU D TX1 ˚ � � � ˚ TXk .

(c) For every p 2M , there exist an open set U containing p and one-dimensional foli-
ations G1; : : : ;Gk on U such that TD jU D TG1 ˚ � � � ˚ TGk .

(d) For every p 2M , there exist X1; : : : ; Xk 2X.M; p/ and ‚2�n.M; p/ such that
! D iX1 � � � iXk‚ satisfies codim.sing.!// � 2 and it defines the germ of D at p.

(e) For every p 2M , the OM;p-module .TD/p is free with k generators.

Proof. We start by showing that (a) implies (b). If (a) holds, by definition, for each p2M
there exist an open set U containing p and an isomorphism of sheaves

' W OM jU ˚ � � � ˚OM jU„ ƒ‚ …
k copies

�! TD jU :
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Thus, we can obtain the vector fields X1; : : : ; Xk defined on U by considering the images
of the sections .1; 0; : : : ; 0/; : : : ; .0; : : : ; 0; 1/ under '.

The proof that (b) implies (c) follows from the particular case of Lemma 3.3. If (c)
holds, then (d) also holds as an immediate consequence of Proposition 3.5.

If (d) holds, note that in particular codim.sing.Xi //� 2 for i D 1; : : : ;k. Let G1; : : : ;Gk
be the germs of the one-dimensional foliations defined by X1; : : : ; Xk , respectively. By
Proposition 3.5, we conclude that

.TD/p D .TG1/p ˚ � � � ˚ .TGk /p;

and then by Remark 3.2 it follows that .TD/p is free with generators X1; : : : ; Xk , which
implies (e).

Finally, if (e) holds, then (a) also holds, since TD is coherent.

The following result provides a characterization of LDS forms (cf. Proposition 1.2.1
in [13]).

Proposition 3.7. Let ! 2�n�k.M/ be defined on a complex manifoldM , with n � 3 and
1 � k < n. Then ! is LDS if and only if for every p 2M n sing.!/, there exist an open
neighborhood U �M of p, vector fields X1; : : : ; Xk 2X.U /, and ‚2�n.U / such that

(3.3) ! D iX1 � � � iXk‚

holds on U .

Proof. Assume that ! is LDS, and let D be the regular distribution on M n sing.!/
defined by !. By Section 2 of [16], the tangent sheaf TD is locally free. We conclude
from Proposition 3.6 that ! can be written as in (3.3).

Next, given p 2M n sing.!/, assume that an equality as in (3.3) holds on an open set
U �M n sing.!/ containing p. Then the map

x 2U 7�! ker.!.x//

clearly defines a distribution of k-planes on U . Hence, the equivalence between items (i)
and (v) of Proposition 1.2.1 in [13] ensures that ! is LDS. However, since [13] does not
provide a proof of this proposition, we include a direct argument here.

Proceeding as in the proof of Lemma 3.1, and shrinking U if necessary, there exist
n � k holomorphic vector fields XkC1; : : : ; Xn on U such that ¹X1.q/; : : : ; Xn.q/º is a
basis of TqM for every q 2U . Then there are (unique) holomorphic 1-forms !1; : : : ; !n
defined on U such that, 8q 2U ,

(3.4) iXj!l .q/ D

´
1; if j D l;
0; if j ¤ l;

j; l D 1; : : : ; n:

Since‚jU D f!1 ^ � � � ^ !n, for some nonzero holomorphic function f on U , we obtain

!jU D ˙f!kC1 ^ � � � ^ !n;

which shows that ! is LDS.
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In what follows, we present an alternative argument for the first part of the proof of
Proposition 3.7, following the same approach as in the second part. Assume that

!jU D !1 ^ � � � ^ !n�k ;

where U � M is a neighborhood of a point p 2M n sing.!/, and !1; : : : ; !n�k are
holomorphic 1-forms on U .

By shrinking U if necessary, we may assume that there exist k holomorphic 1-forms
!n�kC1; : : : ; !n defined on U such that

!1 ^ � � � ^ !n.q/ ¤ 0 for every q 2U:

There are then unique holomorphic vector fields X1; : : : ; Xn on U satisfying (3.4). Con-
sequently,

iXn�kC1 � � � iXn‚ D ˙!jU ;

where ‚ WD !1 ^ � � � ^ !n 2�n.U /.
An immediate consequence of Propositions 3.6 and 3.7 is the following.

Corollary 3.8. Let M be a complex manifold of dimension n � 3, and assume that
X1; : : : ; Xk 2X.M/ and ‚ 2 �n.M/. Then

! D iX1 � � � iXk‚

is LDS. Consequently, ! defines a regular k-dimensional distribution on M n sing.!/. In
particular, if codim.sing.!// � 2, then ! defines a singular k-dimensional distribution
on M whose tangent sheaf is locally free.

In the next two examples, we illustrate some well-known facts using the results devel-
oped above.

Example 3.9. An .n� 1/-form ! on a complex manifold of dimension n is LDS. Indeed,
by Remark 2.1, for every p 2M , there exists an open neighborhood U � M of p, a
holomorphic vector field X , and a nonvanishing n-form ‚, all defined on U , such that

! D iX‚

holds on U .
Corollary 3.8 then shows that ! is LDS. In particular, if one chooses to describe a one-

dimensional distribution by a collection of (n � 1)-forms ¹!j ºj2J , then, in the definition
of a singular holomorphic distribution, the condition that each !j be LDS is automatically
satisfied.

Example 3.10. We now verify that a one-dimensional distribution D on a complex man-
ifold M is always integrable, and that its tangent sheaf TD is locally free.

To this end, we use the original definition of a distribution given by a family

¹.Uj ; !j /ºj2J ;

where U D ¹Uj ºj2J is an open covering of M and !j 2�n�1.Uj / satisfies

codim.sing.!j // � 2:
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By Example 3.9, we know that each !j is LDS. Furthermore, in the definition of integra-
bility, we have (nC 1)-forms d�i ^ !j on the left side of (2.3), so it is obviously true.

Finally, assume that
!j D ivj‚j

as in (2.4), where vj 2X.Uj / and‚j 2�n.Uj /. This ensures that condition (d) in Propo-
sition 3.6 is satisfied, and therefore TD is locally free. This also follows from the well-
known fact that every rank one reflexive sheaf on a complex manifold is locally free (see
Remark 2.3).

4. Some division properties

Classically, given germs of holomorphic forms ! 2�1.Cn; 0/ and ˛ 2�k.Cn; 0/, we
say that ˛ is divisible by ! if there exists ˇ 2�k�1.Cn; 0/ such that ˛ D ! ^ ˇ. If ˛
is divisible by !, then ! ^ ˛ D 0. One might ask when this condition is also sufficient,
which leads to the following.

Division property by k-forms. We say that ! 2�1.Cn; 0/ satisfies the division property
by k-forms if for any ˛ 2�k.Cn; 0/ such that ! ^ ˛ D 0, there exists ˇ 2�k�1.Cn; 0/

such that ˛ D ! ^ ˇ (cf. [24] and [7]).
The following result is known as the De Rham–Saito division lemma for 1-forms. A

more general version can be found in [26] and [23].

Lemma 4.1. Let ! 2�1.Cn; 0/ be a germ of a 1-form such that codim.sing.!// �
pC1, where p is a nonnegative integer. Then ! satisfies the division property by k-forms
for k � p.

In a similar way, we say thatX 2X.Cn; 0/ satisfies the division property by k-forms if,
for any ˛2�k.Cn; 0/ such that iX˛D 0, there exists ˇ2�kC1.Cn; 0/ such that ˛D iXˇ.

Lemma 4.1 has a dual version in terms of vector fields. In fact, writing

X D

nX
iD1

ai
@

@zi
,

we set

! D

nX
iD1

aidzi 2�
1.Cn; 0/:

For 1 � k � n � 1, by making use of the Hodge star operator

� W �k.Cn; 0/ �! �n�k.Cn; 0/;

it can be proved that ! satisfies the division property by k-forms if and only if X satisfies
the division property by .n � k/-forms, see [5] and [19]. Then we have the following.

Corollary 4.2. Let X 2X.Cn; 0/ be a germ of a vector field such that codim.sing.X// �
p C 1, where p is a positive integer. Then X satisfies the division property by k-forms for
n � p � k � n � 1. In particular, if codim.sing.X// � 3, then X satisfies the division
property by k-forms for k D n � 2 and k D n � 1.
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The next definition is simply a complement to the property of vector field division by
k-forms.

Definition 4.3. Let ! 2�k.Cn; 0/ and X 2X.Cn; 0/ be the germs of a k-form and a
vector field, respectively. We say that X divides ! if there is ‚2�kC1.Cn; 0/ such that
! D iX‚.

In what follows, we extend the notion of division of differential forms by a vector field
to the case of a distribution and a one-dimensional foliation tangent to it.

Definition 4.4. Let D be a k-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M tangent to D . We say that G

locally divides D at p 2M if, for any X 2X.M;p/ and any ! 2�n�k.M;p/ whose sin-
gular sets have codimension at least 2, defining the germs of G and D at p, respectively,
we have

! D iX�;

for some �2�n�kC1.M;p/. If G locally divides D at every p2M , we say that G locally
divides D .

Since the elements of X.M; p/ and �n�k.M; p/ that define the germs of G and D

at p and have no zeros of codimension one are determined up to multiplication by units
in OM;p , it is easy to see that G locally divides D at p if and only if there areX 2X.M;p/

and ! 2�n�k.M; p/, with codim.sing.X// � 2 and codim.sing.!// � 2, defining the
germs of G and D at p, respectively, such that

! D iX�;

for some �2�n�kC1.M; p/.

Definition 4.5. Let D be a k-dimensional distribution on a complex manifold M of di-
mension n � 3, v a holomorphic vector field onM (possibly with codimension one zeros)
tangent to D , and G the one-dimensional foliation onM defined by v, see Remark 2.2. We
say that v locally divides D at p 2M if codim.sing.v/; p/ � 2 and G locally divides D

at p. If v locally divides D at every p 2M we say that v locally divides D .

In view of Definition 4.4, it is easy to see that v locally divides D at p 2M if
and only if for any ! 2�n�k.M; p/ defining D at p we have that ! D iv�, for some
�2�n�kC1.M; p/.

The following two lemmas will be used in the proof of Proposition 4.8.

Lemma 4.6. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M tangent to D . Given p 2M ,
the following assertions are equivalent:
(1) G locally divides D at p.

(2) There is a one-dimensional foliation H defined on an open neighborhood of p and
tangent to D such that .TD/p D .TG /p ˚ .TH /p .

(3) The module .TD=TG /p is OM;p-free.

In particular, if G locally divides D , then TD is locally free.
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Proof. Suppose thatX 2X.M;p/ and ! 2�n�2.M;p/ are germs of a vector field and an
.n � 2/-form, respectively, with codim.sing.X// � 2 and codim.sing.!// � 2, defining
the germs of G and D at p.

If (1) holds, by definition there is �2�n�1.M;p/ such that ! D iX�. By Remark 2.1,
we can write � D iY‚, for some Y 2X.M; p/ and ‚2�n.M; p/, hence ! D iX iY‚.

Since codim.sing.!//� 2, we have that codim.sing.Y //� 2. It follows that Y induces
a one-dimensional foliation H defined on an open neighborhood of p and tangent to D .
By Proposition 3.5, from ! D iX iY‚ we conclude that

.TD/p D .TG /p ˚ .TH /p:

Then (2) follows.
Assume that (2) holds and that the germ of H at p is defined by Y 2X.M; p/, with

codim.sing.Y // � 2. By Proposition 3.5, from .TD/p D .TG /p ˚ .TH /p it follows that
! D iX iY‚, for some‚2�n.M;p/. We conclude that G locally divides D at p, then (1)
follows. We also have that

.TD=TG /p Š .TD/p=.TG /p Š .TH /p;

then it follows that .TD=TG /p is OM;p-free, since .TH /p is a rank one free OM;p-module
generated by Y 2 .TH /p , obtaining (3).

Finally, if (3) holds, then the exact sequence

0! .TG /p ! .TD/p ! .TD=TG /p ! 0

splits, since .TD=TG /p is OM;p-free. As .TD=TG /p has rank one, we can identify it with
.TY /p � .TD/p , where Y is a holomorphic vector field tangent to D , defined on an open
set U containing p. By shrinking U if necessary, we can assume thatX is also represented
on U . We have that

.TD/p D .TG /p ˚ .TY /p D .TX /p ˚ .TY /p;

and from Lemma 3.3 we obtain that codim.sing.Y; p// � 2. Hence Y induces a one-
dimensional foliation H tangent to D on a sufficiently small neighborhood of p, in such
a way that .TD/p D .TG /p ˚ .TH /p . Then (2) follows, which finishes the proof.

In particular, if G locally divides D , using that (2) holds for every p 2M , we obtain
that the OM;p-module .TD/p is free of rank 2. By Proposition 3.6, we conclude that TD

is locally free.

Corollary 4.7. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3. Assume that there exists a one-dimensional foliation G (respectively,
a holomorphic vector field v/ on M such that codim.sing.G // � 3 (respectively, such
that codim.sing.v// � 3/. Then G (respectively, v/ locally divides D . In particular, TD is
locally free.

Proof. The distribution D is defined by a (n� 2)-form on an open neighborhood of every
point ofM . By the particular case of Corollary 4.2, we have that G (respectively, v) locally
divides D at every point of M . Then G (respectively, both v and the one-dimensional
foliation defined by v) locally divides D . Lemma 4.6 implies that TD is locally free.
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Let M be a complex manifold. It is well known that the category of vector bundles
over M and the category of locally free sheaves on M are equivalent. This equivalence is
given by associating to a vector bundle E the sheaf E of holomorphic sections of E.

For the next two results, we will make no distinction between a locally free sheaf on a
complex manifold M and the associated vector bundle.

Proposition 4.8. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M tangent to D . Then G locally
divides D if and only if TG is a subbundle of TD .

Proof. Assume that G locally divides D . By Lemma 4.6, it follows that TD is locally free
and, for every p 2M , we have that .TD=TG /p is an OM;p-free module. Since TD=TG is a
coherent sheaf, we obtain that it is locally free. We conclude that TG is a subbundle of TD .

On the other hand, if TG is a subbundle of TD , then we get that TD=TG is locally
free. Using Lemma 4.6 once again, we conclude that G locally divides D at every p 2M ,
i.e., G locally divides D , which concludes the proof.

It is well known that a rank two vector bundle over Pn, n � 2, contains no proper
subbundles, unless it splits. See, for example, Lemma 2.2.4 in [25]. The analogue for
two-dimensional distributions and one-dimensional subfoliations would be the following
result, also inspired by Lemma 4.15 in [11].

Corollary 4.9. Let D be a two-dimensional distribution on Pn, n � 3. Assume that there
exists a one-dimensional foliation G on Pn which locally divides D . Then there is a one-
dimensional foliation H on Pn tangent to D such that the tangent sheaf of D splits as
TD D TG ˚ TH .

Proof. It follows from Proposition 4.8 that TG is a subbundle of the rank 2 bundle TD .
From Lemma 2.2.4 in [25], we conclude that there is a splitting of vector bundles

TD D TG ˚H;

for some rank one vector bundle H over Pn. If we denote the rank one locally free sheaf
associated to H by OPn.h/, with h2Z, we have the splitting

TD D TG ˚OPn.h/

as locally free sheaves. The factor OPn.h/ corresponds to the tangent sheaf of a one-
dimensional foliation H on Pn tangent to D satisfying deg.H / D 1 � h. In particular,

TD D TG ˚ TH :

Remark 4.10. Suppose that G and D satisfy the hypotheses of Corollary 4.9. It follows
from (2.6) that if d D deg.D/ and e D deg.G /, then

TD Š OPn.1 � e/˚OPn.1C e � d/:

Corollary 4.11. Let D be a two-dimensional distribution on Pn, n � 3, and G a one-
dimensional foliation (respectively, v a holomorphic vector field) on Pn tangent to D .
Assume that codim.sing.G // � 3 (respectively, codim.sing.v// � 3/. Then TD splits.
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Proof. It follows from Corollary 4.7 that G (respectively, both v and the one-dimensional
foliation defined by v) locally divides D . The result follows from Corollary 4.9.

Corollary 4.12. Let D be a two-dimensional distribution on Pn, n � 3, and G a one-
dimensional foliation on Pn tangent to D . If G locally divides D , then deg.G /� deg.D/.
In particular, if codim sing.G / � 3, then deg.G / � deg.D/.

Proof. Since G locally divides D , by Corollary 4.9 there exists a one-dimensional folia-
tion H on Pn tangent to D such that

TD D TG ˚ TH :

We obtain from (2.6) that

deg.D/ D deg.G /C deg.H /;

which implies deg.G / � deg.D/. If codim sing.G / � 3, by Corollary 4.7 we have that G

locally divides D and the result follows.

5. Proofs of Theorems A and B

The next result will be used in the proof of Theorem A.

Lemma 5.1. For n � 3 and 1 � k < n, let ! 2�n�k.Cn; 0/, X1; : : : ; Xk 2X.Cn; 0/,
and ‚ 2�n.Cn; 0/ be such that ! D iX1 � � � iXk‚ satisfies codim.sing.!// � 2. Let
X 2X.Cn; 0/ be given by X D f1X1 C : : : C fkXk , with f1; : : : ; fk 2OCn;0. Then
there are Y1; : : : ; Yk�1 2 X.Cn; 0/ and ƒ2�n.Cn; 0/ such that

(5.1) ! D iX iY1 � � � iYk�1ƒ

if and only if fi .0/¤ 0 for some i 2¹1; : : : ; kº. Moreover, if k > 1, we can chooseƒD‚
in (5.1). In particular, for k D 2, we have that X D f1X1 C f2X2 divides ! if and only if
f1.0/ ¤ 0 or f2.0/ ¤ 0.

Proof. Suppose that fi .0/ ¤ 0 for some i 2 ¹1; : : : ; kº. As

iX1 � � � iXi�1 iX iXiC1 � � � iXk‚ D fi!;

we can write

! D iX iX1 � � � iXi�1 iXiC1 � � � iXk

� .�1/i�1
fi

‚
�
:

and for

ƒ D
.�1/i�1

fi
‚;

clearly we can pick Y1; : : : ; Yk�1 2 X.Cn; 0/ such that (5.1) holds.

If k > 1, by replacing Y1 by .�1/i�1

fi
Y1, we see that we can choose ƒ D ‚ in (5.1).
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Now, assume by contradiction that f1.0/ D � � � D fk.0/ D 0 and that there exist
Y1; : : : ; Yk�1 2X.Cn; 0/ andƒ2�n.Cn; 0/ such that (5.1) holds. DefineZ1 DX;Z2 D
Y1; : : : ; Zk D Yk�1. For each j 2 ¹1; : : : ; kº, since iZj! D 0, by Lemma 3.1 there are
unique g1j ; : : : ; gkj 2OCn;0 such that

Zj D g1jX1 C � � � C gkjXk :

Note that g11 D f1; : : : ; gk1 D fk . Since codim.sing.!// � 2, both ‚ and ƒ are nonva-
nishing. Therefore, there is h2O�Cn;0 such that ƒ D h �‚.

Since
! D iX1 � � � iXk‚ D iZ1 � � � iZkƒ;

a straightforward computation shows that ! D h � det.M.z// � !, whereM.z/ is the k � k
matrix

M.z/ D Œgij .z/�iD1;:::;k;jD1;:::;k :

Thus h � det.M.z//� 1. On the other hand, since g11.0/D � � � D gk1.0/D 0, we see that
det.M.0// D 0. We obtain a contradiction and the result follows.

The particular case of the lemma follows immediately from the observation that for
every �2�n�1.Cn; 0/, there is Y 2X.Cn; 0/ such that � D iY‚, see Remark 2.1.

Proof of Theorem A. Let X1; : : : ; Xk 2X.Cn; 0/ be such that

(5.2) ! D iX1 � � � iXk .dz1 ^ � � � ^ dzn/

satisfies codim.sing.!// � 2 and it defines D , see Proposition 3.6. Assume that G is
defined by X 2X.Cn; 0/, with codim.sing.X// � 2. Since iX! D 0, by Lemma 3.1 there
exist f1; : : : ; fk 2OCn;0 such that

(5.3) X D f1X1 C � � � C fkXk :

There are two mutually exclusive cases:
Case 1. There is i 2 ¹1; : : : ; kº such that fi .0/ ¤ 0.
In this case, by Lemma 5.1 there are Y1; : : : ; Yk�1 2 X.Cn; 0/ and ‚ 2�n.Cn; 0/

such that

(5.4) ! D iX iY1 � � � iYk�1‚:

It follows that codim.sing.Yj //� 2 for each j 2¹1; : : : ; kº, since codim.sing.!//� 2. Let
H1; : : : ;Hk�1 be the germs of the one-dimensional foliations at 0 defined by Y1; : : : ;Yk�1,
respectively. We conclude from Proposition 3.5 that

(5.5) TD D TG ˚ TH1
˚ � � � ˚ THk�1

;

and we are in situation (1).
Case 2. f1.0/ D � � � D fk.0/ D 0.
In this case, by considering the linear part of both sides of (5.3), we see that

(5.6) OX1 D g1W1 C � � � C gkWk ;
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where OX1 is the linear part of X , g1; : : : ; gk are homogeneous polynomials of degree 1
in Cn, and W1; : : : ; Wk 2X.Cn; 0/ are germs of constant vector fields. Note that

(5.7) W1 D X1.0/; : : : ;Wk D Xk.0/:

One can check that (5.6) implies that the rank of DX.0/ D D OX1.0/ is at most k, and if
it is k, then W1 ^ � � � ^Wk ¤ 0. By our hypothesis, we obtain that the linear rank of G ,
which is equal to the linear rank of X , is k. Furthermore, from (5.2) and (5.7) we have

!.0/ D iW1 � � � iWk .dz1 ^ � � � ^ dzn/ ¤ 0;

since W1 ^ � � � ^Wk ¤ 0, which implies that the germ of distribution D is regular. Thus
we are in situation (2).

Finally, if (5.5) holds, then it follows from (5.4) that sing.G / � sing.D/. On the other
hand, if sing.G / � sing.D/, of course the germ of distribution D is not regular and we
are not in the situation (2), which concludes the proof.

Corollary 5.2. For n� 3 and 1� k < n, let D be a k-dimensional distribution defined on
a complex manifold M of dimension n, and let G be a one-dimensional foliation tangent
to D , defined on an open neighborhood of p 2M . Assume that p is a singularity of
both D and G , and the linear rank of G at p is at least k. Then:

(1) If TD is locally free at p, we have that G locally divides D at p.

(2) If sing.G / is not contained in sing.D/, then TD is not locally free at p. In particu-
lar, TD is not locally free.

Proof. Assume that the germs of D and G at p are defined by ! 2�n�k.M; p/ and
X 2X.M; p/, respectively, with codim.sing.!// � 2 and codim.sing.X// � 2. If TD

is locally free at p, note that we are in situation (1) of Theorem A. By Proposition 3.5,
it follows that an equality holds as in (5.4), for some Y1; : : : ; Yk�1 2 X.M; p/, and we
conclude in particular that G locally divides D at p.

Next, assume by contradiction that sing.G / is not contained in sing.D/ and TD is
locally free at p. Then Theorem A applies. On the other hand, we are not in situation (1)
of Theorem A, because sing.G / is not contained in sing.D/, and also we are not in situ-
ation (2) of Theorem A, because D is not regular at p. We obtain a contradiction, which
shows that (2) also holds.

Corollary 5.3. For n � 3 and 1 < k < n, let ! 2�n�k.Cn; 0/ be such that !.0/ D 0,
with codim.sing.!// � 2, defining a germ of a k-dimensional singular distribution with
locally free tangent sheaf, and X 2X.Cn; 0/ satisfying iX! D 0. If rank.DX.0// � k,
then X divides !.

Proof. If X.0/ ¤ 0, then it is clear that X divides !. On the other hand, X.0/ D 0 and
rank.DX.0// � k mean that X is a germ of a singular vector field tangent to ! and with
linear rank at least k. Since k � 2, one easily verifies that this implies codim.sing.X//� 2.
Let D and G be the germs at 0 of the k-dimensional distribution and the one-dimensional
foliation defined by ! and X , respectively. By our hypothesis, TD is locally free, and as
codim.sing.X// � 2, we have that the linear rank of G is the linear rank of X . Since 0
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is a singularity of both G and D , from part (1) of Corollary 5.2 we conclude that X
divides !.

We see from its proof that Corollary 5.3 is also valid if k D 1 and codim.sing.X//� 2.

Remark 5.4. Corollary 5.3 is particularly interesting in the case k D 2. In fact, assuming
that codim.sing.!// � 2, in order for X 2X.Cn; 0/ to divide ! 2�n�2.Cn; 0/, it is
necessary that ! define a germ of a two-dimensional distribution D with locally free
tangent sheaf (see also Corollary 3.8). The reason is that every �2�n�1.Cn; 0/ is of the
form �D iY‚, for some Y 2X.Cn; 0/ and‚2�n.Cn; 0/, see Remark 2.1. The particular
case of Corollary 4.2 guarantees that if codim.sing.X// � 3, then X satisfies the division
property by .n� 2/-forms; in particular,X divides!. Corollary 5.3 provides an alternative
condition implying that X divides !, provided we assume a priori that ! defines a germ
of a nonregular two-dimensional distribution with locally free tangent sheaf.

Recall that the singular set of a coherent sheaf T defined on a complex manifoldM is

sing.T / D ¹p 2M W Tp is not OM;p-freeº;

where Tp denotes the stalk of T at a point p 2M . We have that sing.T / is an analytic
subset of M of codimension at least 1, see for example the corollary of Lemma 1.1.4
in [25].

Given a k-dimensional holomorphic distribution D onM and a one-dimensional foli-
ation G tangent to D , set

�.G ;D/ D ¹p 2M W G does not locally divide D at pº:

We observe that �.G ;D/ is a closed subset ofM . Indeed, if p…�.G ;D/, i.e., if G locally
divides D at p, then by definition there exist an open set U containing p, a vector field
X 2X.U /, and a form ! 2�n�2.U /, with codim.sing.X// � 2 and codim.sing.!// � 2,
defining the restrictions of G and D to U , respectively, and a form �2�n�1.U / such that
! D iX�. Then G locally divides D at every point of U , which shows that �.G ;D/ is a
closed subset of M .

Additionally, in the case where D has dimension 2, we show that �.G ;D/ is an ana-
lytic subset of M . Indeed, we have from Lemma 4.6 that

�.G ;D/ D sing.TD=TG /:

Furthermore, it follows that TD=TG is torsion-free, because from Remark 2.3 we have
that TM=TG is torsion-free and TD � TM . Since the singular set of a torsion-free coherent
sheaf has codimension at least 2, see for example the corollary of Lemma 1.1.8 in [25],
we obtain that codim.�.G ;D// � 2.

In Theorem 5.7 below, we present a more precise description of �.G ;D/ when D has
dimension 2. The proof will rely on the following.

Lemma 5.5. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M tangent to D . Suppose there
exists an analytic subset W �M of codimension at least 3 such that G locally divides D

at every point p 2M nW . Then G locally divides D .
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Proof. Given p2W , let U �M be an open set containing p, biholomorphic to a polydisc
in Cn, such that H 1.U;OU / D 0 and there exists a nonvanishing ‚ 2�n.U /. Assume
furthermore that DjU and GjU are defined by ! 2�n�2.U / and X 2X.U /, respectively,
with codim.sing.!// � 2 and codim.sing.X// � 2 (see Remark 3.4).

We will adapt a well-known argument that can be found, for instance, in the proof
of Proposition 1 in [20]. Since H 1.U;OU / D 0 and codim.W/ � 3, it follows from a
theorem of H. Cartan that H 1.V;OV / D 0, where V WD U nW . As G locally divides D

at every point of V , we obtain an open covering U D ¹Uiºi 2 I of V by open sets Ui such
that

(5.8) ! D iX�i

holds on Ui , for some �i 2�n�1.Ui /. Let Yi 2X.Ui / be such that

(5.9) �i D iYi‚;

see Remark 2.1.
From (5.8) and (5.9), we conclude that

iX iYi�Yj‚ D 0

whenever Ui \ Uj ¤ ;. Since codim.sing.X// � 2, Lemma 3.1 implies that there exists
gij 2OM .Ui \ Uj / such that Yi � Yj D gij � X on Ui \ Uj . Note that ¹gij ºUi\Uj¤;
is an additive cocycle. As H 1.V;OV / D 0, the cocycle is trivial, and, after refining the
open covering if necessary, there exists a collection ¹hiºi 2 I , with hi 2OM .Ui /, such that
gij D hi � hj on Ui \ Uj . Hence, there exists Y 2X.V / such that ! D iX iY‚ on V ,
and YjUi D Yi � hi � X . Since codim.W/ � 3, it follows from Hartog’s theorem that Y
extends holomorphically to U , which implies that G locally divides D at p. As p 2W is
arbitrary, the result follows.

A closer look at the proof of Lemma 5.5 yields the following.

Corollary 5.6. Let ! 2�n�2.M/ and v 2X.M/ be defined on a complex manifold M
of dimension n � 3. Assume that codim.sing.v// � 2. Define U �M as the (open) set of
points p 2M for which there exists �2�n�1.M; p/ such that

(5.10) ! D iv�

holds on .M;p/. Suppose there exists an analytic subset W �M of codimension at least 3
such that M nW � U . Then U DM .

Corollary 5.6 can be viewed as a generalization of a result provided by Corollary 4.2.
Indeed, given X 2X.Cn; 0/ and ! 2�n�2.Cn; 0/ satisfying iX! D 0, the particular case
of Corollary 4.2 asserts that if codim.sing.X// � 3, then there exists � 2�n�1.Cn; 0/

such that ! D iX�. Once representatives of X and ! are chosen in the same polydisc
containing 0, this conclusion also follows from Corollary 5.6 by taking W D sing.X/,
since (5.10) holds at the regular points of X .
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Theorem 5.7. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M tangent to D . Then �.G ;D/

is an analytic subset of M containing sing.TD/. If �.G ;D/ is nonempty, it is the union
of some irreducible components of sing.G / of dimension n � 2. In particular, whenever
�.G ;D/ is nonempty, it is pure (n � 2)-dimensional.

Proof. Let sing.G /n�2 � sing.G / denote the analytic subset of M given by the union of
the irreducible components of sing.G / of dimension n � 2. We start by showing that

sing.TD/ � �.G ;D/ � sing.G /n�2:

If p … �.G ;D/, then G locally divides D at p, and it follows from Lemma 4.6
that .TD/p is OM;p-free. This shows that sing.TD/ � �.G ;D/. On the other hand, if
p … sing.G /, we have in particular that codim.sing.G /; p/ � 3. It then follows from the
particular case of Corollary 4.2 that G locally divides D at p, which shows that

�.G ;D/ � sing.G /:

Since codim.sing.G // � 2, the same corollary implies that

�.G ;D/ � sing.G /n�2:

Moreover, we already know that �.G ;D/ is an analytic subset of M . Lemma 5.5
clearly ensures that �.G ;D/ has no irreducible component of codimension at least 3.
Since �.G ;D/ � sing.G /n�2, the result follows.

Although Definition 4.4 is local in nature, its global aspect becomes evident in the next
two corollaries.

Corollary 5.8. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M tangent to D . Suppose that
for every irreducible component V of sing.G / of dimension n� 2, there exists p2V such
that G locally divides D at p. Then G locally divides D .

Proof. Assume, on the contrary, that G does not locally divide D , that is, �.G ;D/ ¤ ;.
Let q 2 �.G ;D/. By Theorem 5.7, there exists an irreducible component V of sing.G / of
dimension n � 2 passing through q such that V � �.G ;D/.

By hypothesis, there is p 2V such that G locally divides D at p, that is, p …�.G ;D/,
which yields a contradiction.

Let G and D be as in Theorem 5.7. Given p2�.G ;D/, Theorem 5.7 ensures that there
exists at least one irreducible component V of sing.G / of dimension n � 2 containing p
such that V � �.G ;D/. Note that, in principle, there may exist other irreducible compo-
nents of sing.G / of dimension n� 2 passing through p that are not contained in �.G ;D/.

As a consequence, given an irreducible component V of sing.G / of dimension n � 2
and a point p 2 V that does not lie in any other such component, it follows that V �

�.G ;D/ if and only if G does not locally divide D at p. We thus obtain the following.
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Corollary 5.9. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M tangent to D . Let ¹Viºi 2 I
denote the family of pairwise distinct irreducible components of sing.G / of dimension
n � 2. For arbitrary points pi 2Vi with pi … Vj whenever j ¤ i , we have

�.G ;D/ D
[

G does not locally divide D at pi

Vi :

In particular, if M is compact, there exists a finite subset ¹p1; : : : ; pkº �M such that G

locally divides D if and only if G locally divides D at each point of ¹p1; : : : ; pkº.

The particular case of Corollary 5.9 follows simply from the fact that the number of
irreducible components of sing.G / of dimension n � 2 is finite when M is compact.

Given ! 2�n�k.Cn; 0/ and X 2X.Cn; 0/, to distinguish from the usual notion of
division, we say that X divides ! specially if there exist X1; : : : ; Xk�1 2X.Cn; 0/ and
‚2�n.Cn; 0/ such that

! D iX iX1 � � � iXk�1‚:

Clearly, ifX divides ! specially, thenX divides !. Moreover, when kD 2, the notions
of division and special division coincide; see Remark 5.4.

As in Definition 4.4, it can be verified that the definition of special division extends to
germs of distributions and germs of one-dimensional foliations tangent to them. The ana-
logue to Definition 4.4 would be the following: for a k-dimensional distribution D on a
complex manifold M of dimension n � 3, and a one-dimensional foliation G on M tan-
gent to D , G locally divides D specially at p 2M if, for any X 2X.M; p/ and any
! 2�n�k.M;p/, with codim.sing.X// � 2 and codim.sing.!// � 2, defining the germs
of G and D at p, respectively, there are X1; : : : ; Xk�1 2X.M; p/ and ‚ 2�n.M; p/
such that

! D iX iX1 � � � iXk�1‚:

We have the following.

Proposition 5.10. Let D be a k-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation onM tangent to D . Assume that TD

is locally free. Let �.G ;D/e be the set of points p2M where G does not locally divide D

specially at p. Then �.G ;D/e is an analytic subset of M , and if it is not empty then it is
of dimension at least n � k.

Proof. Since TD is locally free, by Proposition 3.6, for each p 2M there exists an open
set U �M containing p and vector fieldsX1; : : : ;Xk 2X.U /, together with‚2�n.U /,
such that

! D iX1 � � � iXk‚

satisfies codim.sing.!// � 2 and defines DjU .
By shrinking U if necessary, we can assume that GjU is defined by X 2X.U /, with

codim.sing.X// � 2. By Lemma 3.1, there are f1; : : : ; fk 2 OM .U / such that X D
f1X1 C � � � C fkXk . It follows from Lemma 5.1 that

�.G ;D/e \ U D ¹q 2U W f1.q/ D � � � D fk.q/ D 0º;

which is sufficient to finish the proof.
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The following lemma will be used in the proof of Theorem B.

Lemma 5.11. Let D be a two-dimensional distribution on a complex manifold M of
dimension n� 3, with locally free tangent sheaf, and G a one-dimensional foliation onM ,
tangent to D and with linear rank at least 2. Then the following are equivalent:
(1) Every irreducible component of sing.G / of dimension n � 2 intersects sing.D/.

(2) Every irreducible component of sing.G / intersects sing.D/.

(3) sing.G / � sing.D/.

(4) G locally divides D .

Proof. It is clear that (4) implies (3), (3) implies (2), and (2) implies (1). Assume that (1)
holds. We will show that G locally divides D , hence (4) holds and the result follows.

In fact, assume by contradiction that there exists q 2M such that G does not locally
divide D at q. By Theorem 5.7, there is an irreducible component W of sing.G / of dimen-
sion n � 2 such that q 2W and G fails to locally divide D at every point of W . By our
assumption, there is p 2W \ sing.D/, and since TD is locally free at p, it follows from
part (1) of Corollary 5.2 that G locally divides D at p, yielding a contradiction.

Proof of Theorem B. Theorem B follows from Lemma 5.11 with M D Pn, n � 3, since
in this case condition (4) of Theorem B is equivalent to the fact that G locally divides D .

Indeed, if condition (4) of Theorem B holds, then in particular we have .TD/p D

.TG /p ˚ .TH /p for every p 2M . By Lemma 4.6, it follows that G locally divides D at
every p 2M ; hence G locally divides D .

Conversely, if G locally divides D , then condition (4) of Theorem B follows from
Corollary 4.9.

For the particular case, if W is an irreducible component of dimension n� 2 of sing.G /
and T is an irreducible component of dimension � 2 of sing.D/, as they are in particular
projective varieties, from the respective dimensions we see that W \ T ¤ ;, then the
result follows.

In Lemma 5.11, the assumption that the tangent sheaf is locally free can be relaxed, at
the cost of a corresponding weakening of the conclusion.

Lemma 5.12. Let D be a two-dimensional distribution on a complex manifold M of
dimension n � 3, and G a one-dimensional foliation on M , tangent to D and with linear
rank at least 2. Then the following are equivalent:
(1) sing.G / � sing.D/.

(2) G locally divides D .

Proof. It is clear that (2) implies (1). Assume that (1) holds, and let V be an arbitrary
irreducible component of sing.G / of dimension n � 2.

Note that sing.TD/ has codimension at least 3, as TD is reflexive (see Remark 2.3),
and the singular set of a coherent reflexive sheaf has codimension at least 3; see, for
example, Lemma 1.1.10 in [25].

Thus, we can choose a point p2V � sing.D/ such that TD is locally free at p. It then
follows from part (1) of Corollary 5.2 that G locally divides D at p. By Corollary 5.8, we
conclude that G locally divides D .
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Using the same argument as in the proof of Theorem B, Lemma 5.12 yields the fol-
lowing.

Corollary 5.13. Let D be a two-dimensional distribution on Pn, n � 3, and G a one-
dimensional foliation on Pn, tangent to D and with linear rank at least 2. Then the
following are equivalent:

(1) sing.G / � sing.D/.

(2) There is a one-dimensional foliation H on Pn such that TD D TG ˚ TH .

Corollary 5.13 has the following interpretation: let D be a two-dimensional distri-
bution and G a one-dimensional foliation tangent to D , both defined on Pn, n � 3.
For there to exist another one-dimensional foliation H on Pn tangent to D such that
TD D TG ˚ TH , it is clearly necessary that sing.G / � sing.D/. Corollary 5.13 tells us
that this condition is also sufficient when the linear rank of G is at least 2.

Let D be a two-dimensional distribution on Pn, n� 3, with locally free tangent sheaf.
Assume that there exists a one-dimensional foliation G on Pn tangent to D and with
linear rank at least 3. For every point p 2 sing.G /, we must have p 2 sing.D/; otherwise,
we would be in situation (2) of Theorem A, where the linear rank of G at p equals 2,
contradicting the assumption that it is at least 3. By applying part (1) of Corollary 5.2, we
deduce that G locally divides D at p. Since p is arbitrary in sing.G /, it follows that G

locally divides D . We obtain from Corollary 4.9 that TD splits.
In fact, the hypothesis that TD is locally free can be dropped, according to a particular

case of the following.

Theorem 5.14. Let D be a k-dimensional distribution (not necessarily with locally free
tangent sheaf ) on a complex manifold M of dimension n � 3, and G a one-dimensional
foliation onM tangent to D , where 1� k < n. If G has linear rank at least kC 1, then G

locally divides D . In particular, for k D 2 and M D Pn, we have that TD splits.

Proof. It follows from Lemma 5.15 below that codim.sing.G //� kC 1. By Corollary 4.2,
any vector field defining G on an open neighborhood of each point p 2M , and having no
zeros of codimension one, satisfies the division property by (n� k)-forms. The conclusion
then follows, since D is defined on an open neighborhood of every point p 2M by an
.n � k/-form. The particular case follows by applying Corollary 4.9.

Lemma 5.15. For a germ of a vector field v 2X.Cn; 0/, we have

codim.sing.v// � rank.Dv.0//:

In particular, if G is a one-dimensional foliation with linear rank at least k on a complex
manifold M , then codim.sing.G // � k.

Proof. If v.0/ ¤ 0, we have that codim.sing.v// D n C 1 and the result follows, since
rank.Dv.0// is at most n. If v.0/ D 0, we prove the following: let V ¤ ; be a germ of an
analytic set defined at 02Cn. Assume that V is represented by

¹z 2U W f1.z/ D � � � D fm.z/ D 0º;

where f1; : : : ; fm are holomorphic functions defined on an open neighborhood U of the
origin in Cn.
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For the m � n matrix

M.z/ D
h @fi
@zj

.z/
i
iD1;:::;m; jD1;:::;n

;

we will prove that codim.V/ � rank.M.0//. Then we conclude by setting V D sing.v/,
where

v.z/ D f1.z/
@

@z1
C � � � C fn.z/

@

@zn
,

since in this case M.0/ D Dv.0/.
Denote by Ip � OCn;p the ideal of V at a point p 2U \ V . If the open set U is suffi-

ciently small, we can assume that there are finitely many holomorphic functions g1; : : : ;gr
defined onU , such that for each point p2U \V the germs of g1; : : : ; gr at p generate Ip .
Let V1 be an irreducible component of V for which dim.V/ D dim.V1/. If p is a regular
point of V1, we have

codim.V/ D codim.V1/ D rank.J.p//;

where

J.z/ D
h@gi
@zj

.z/
i
iD1;:::;r; jD1;:::;n

:

Since the germs of g1; : : : ;gr at p generate Ip , there exist germs of holomorphic functions
hij ; i D 1; : : : ; m; j D 1; : : : ; r , defined at p, such that

(5.11) fi D hi1g1 C � � � C hirgr ; i D 1; : : : ; m:

Taking derivative at both sides of (5.11) with respect to zj ; j D 1; : : : ; n, since g1.p/ D
� � � D gr .p/ D 0, we have

@fi

@zj
.p/ D hi1.p/

@g1

@zj
.p/C � � � C hir .p/

@gr

@zj
.p/; i D 1; : : : ; m; j D 1; : : : ; n:

The last set of equations tells us that the vector rows of the matrix M.p/ are in the row
space of J.p/. Thus

codim.V/ D rank.J.p// � rank.M.p//:

Finally, since the map z 7! rank.M.z// is lower semi-continuous, if p is sufficiently
close to 0 it follows that rank.M.p// � rank.M.0//, which concludes the proof.

Remark 5.16. Unlike the particular case of Theorem 5.14, we cannot remove the hypoth-
esis that TD is locally free from Theorem B. See, for example, Proposition 1 in [21].

Finally, we obtain the following division criteria for vector fields and differential
forms.

Proposition 5.17. LetX 2X.Cn; 0/ be a germ of a vector field such that rank.DX.0//�
p C 1, where p is a positive integer. Then X satisfies the division property by k-forms for
n � p � k � n � 1.
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Proof. By Lemma 5.15, we have that

codim.sing.X// � rank.DX.0// � p C 1:

The result follows from Corollary 4.2.

For ! 2�1.Cn; 0/, write ! D
Pn
iD1Ai .z1; : : : ; zn/dzi . Define X! 2X.Cn; 0/ by

X! D

nX
iD1

Ai .z1; : : : ; zn/
@

@zi
�

Definition 5.18. Given ! 2�1.Cn; 0/, we define the rank of the linear part of ! as the
rank of DX!.0/.

We have definedX! as above for the sake of convenience, but note that the rank of the
linear part of ! coincides with the rank of the linear part of O!1, where ! D

P1
iD0 O!i .

Proposition 5.19. Let ! 2�1.Cn; 0/ be a germ of a 1-form such that the rank of the
linear part of ! is at least p C 1, where p is a nonnegative integer. Then ! satisfies the
division property by k-forms for k � p.

Proof. By our assumption we have that rank.DX!.0//�pC1. Since sing.!/D sing.X!/,
by Lemma 5.15 it follows that

codim.sing.!// D codim.sing.X!// � rank.DX!.0// � p C 1:

The result follows from Lemma 4.1.

Lemma 4.1 admits the following converse: if !2�1.Cn; 0/ satisfies the division prop-
erty by k-forms for k � p, then it follows that codim.sing.!//� pC 1, see Theorem 17.4
in [14]. By duality, given a positive integer p, if X 2X.Cn; 0/ satisfies the division prop-
erty by k-forms, for n� p � k � n� 1, then codim.sing.X//� pC 1. So it is no surprise
that Corollary 4.2 is used in the proof of Proposition 5.17, as well as Lemma 4.1 is used
in the proof of Proposition 5.19. It may be easier to check Proposition 5.17 instead of
Corollary 4.2 in some situations, as well as Proposition 5.19 instead of Lemma 4.1.

Example 5.20. For n � 3, let

X D

nX
iD1

Ai
@

@zi
2X.Cn; 0/;

and let �2�k.Cn; 0/ be such that iX� D 0. Set

! D

nX
iD1

Aidzi 2�
1.Cn; 0/

and let ˛ 2�l .Cn; 0/ be such that ! ^ ˛ D 0.



Splitting aspects of holomorphic distributions with locally free tangent sheaf 2025

If X.0/ ¤ 0, then !.0/ ¤ 0, and it is clear that X divides � and ! divides ˛. From
now on, assume that X.0/ D 0 and that the linear part of X is of the form

OX1 D z1
@

@z1
C z2

@

@z2
C �z3

@

@z3
C

nX
iD4

Hi
@

@zi
,

where �2C and H4; : : : ; Hn are homogeneous polynomials of degree 1 in the variables
z1; : : : ; zn.

If � ¤ 0, then the rank of DX.0/ is at least 3, and it follows from Proposition 5.17
that X divides ! for k D n � 2 or k D n � 1. In this case, the rank of the linear part of !
is also at least 3, and it follows from Proposition 5.19 that ! divides ˛ for l � 2.

On the other hand, if �D 0, we see that the rank ofDX.0/ is at least 2. If �.0/¤ 0, then
clearly X does not divide !, because X.0/ D 0. If �.0/ D 0, in the particular case where
k D n � 2 and � satisfies codim.sing.�// � 2 and defines a germ of a two-dimensional
distribution with locally free tangent sheaf, it follows from Corollary 5.3 that X divides �.

6. Proof of Theorem C

Let v be a holomorphic vector field on P3. Recall that it can be represented by a class of
homogeneous linear polynomial vector field on C4

v D

3X
iD0

vi .x0; : : : ; x3/
@

@xi

modulo

R D

3X
iD0

xi
@

@xi
,

the radial vector field.
Let S be the 4 � 4 matrix with complex entries such that

(6.1) v D S � X;

where X D Œx0 � � � x3�
T is a column vector. Up to a linear automorphism of P3, we can

assume that S is in Jordan normal form. In particular, if v ¤ 0 is nilpotent, it can be
represented by

(6.2) v1 D x1
@

@x0
C x3

@

@x2
or v2 D x1

@

@x0
C x2

@

@x1
�

Let � D
P1
jD0 O�j 2�

1.C3; 0/, with codim.sing.�// � 2, defining a germ of a codi-
mension one distribution D on .C3; 0/. The algebraic multiplicity of � (or D) is defined
as the smallest integer k such that O�k ¤ 0.

The following proposition will be used in the proof of Lemma 6.2 below, which in
turn will be used in the proof of Theorem C.

Proposition 6.1. Let F be a codimension one foliation on P3, of degree deg.F / � 2. Let
v ¤ 0 be a nilpotent vector field on P3 represented by v1 or v2 as in (6.2). If v is tangent
to F , then p D .1 W 0 W 0 W 0/ is a singular point of F with algebraic multiplicity at least 2.
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Lemma 6.2. Let F be a codimension one foliation on P3, with locally free tangent sheaf,
of degree deg.F / � 2. Let v ¤ 0 be a nilpotent vector field on P3 represented by v1 or v2
as in (6.2). If v is tangent to F , then v locally divides F at p D .1 W 0 W 0 W 0/.

It is convenient for the proof of Proposition 6.1 to use tools related to directed graphs.
We briefly recall their definition and introduce some related objects, which will be useful
here and are not necessarily standard in the literature.

A directed graph (or digraph) is an ordered pair G D .V; A/, where
• V (or V.G/) is a set whose elements are called vertices,
• A (or A.G/) is a set of ordered pairs of vertices, called arcs, with

A � ¹.u;w/2V � V j u ¤ wº:

In the definition above, we do not allow the existence of loops in A, that is, arcs of the
form e D .u; u/ with u2 V . We emphasize that this is not universally adopted, and our
choice is made for convenience.

In the representation of a directed graphG, we represent an arc eD .u;w/ by an arrow
starting at u and pointing to w. Given u2V , define

V CG .u/ D ¹w 2V W .u;w/2Aº and V �G .u/ D ¹w 2V W .w; u/2Aº:

We denote by degCG.u/ and deg�G.u/ the cardinalities of V CG .u/ and V �G .u/, respec-
tively. A vertex u 2 V with deg�G.u/ D 0 is called a source. Similarly, a vertex with
degCG.u/ D 0 is called a sink. We define the index of a source (respectively, a sink) u
as degCG.u/ (respectively, deg�G.u/).

A directed graph in which every vertex is either a source or a sink will be called a
source–sink digraph (abbreviated as ss-digraph). An ss-digraph is a particular case of a
type of directed graph known as bipartite.

We take this opportunity to introduce, in the next example, two directed graphs that
will be important in the proof of Proposition 6.1.

Example 6.3. Let Ed be the C-vector space of homogeneous 1-forms in the variables
x0; : : : ; x3 of degree d C 1, where d � 0. It follows that Ed has as a basis

Bd D ¹x
Idxm W jI j D d C 1;m D 0; 1; 2; 3º;

where for I D .i; j; k; l/ we denote xI D xi0x
j
1x

k
2x

l
3 and jI j D i C j C k C l .

Let v D v1 be as in (6.2). Then LvWEd ! Ed is a C-linear map, where Lv� denotes
the Lie derivative of �2Ed with respect to v. We have

(6.3)

´
Lv.x

Idxm/ D .i x
i�1
0 x

jC1
1 xk2 x

l
3 C kx

i
0x

j
1 x

k�1
2 xlC13 / dxm C x

I dxmC1;

Lv.x
Idxm/ D .i x

i�1
0 x

jC1
1 xk2 x

l
3 C kx

i
0x
j
1 x

k�1
2 xlC13 / dxm;

where the first equation of (6.3) holds for m D 0 and m D 2, and the second equation
holds for m D 1 and m D 3.

Denote by OG.d/ the directed graph whose vertex set is V D Bd , and whose arcs are
the pairs

e D .xIdxm; x
Jdxl /
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such that xJdxl appears in the expansion of Lv.xIdxm/ with respect to the basis Bd
of Ed , that is, the coefficient of xJdxl in this expansion is nonzero. Note that the arcs can
be determined through relation (6.3).

On the other hand, if v D v2 is as in (6.2), we have

(6.4)

´
Lv.x

Idxm/ D .i x
i�1
0 x

jC1
1 xk2 x

l
3 C j x

i
0x
j�1
1 xkC12 xl3/ dxm C x

I dxmC1;

Lv.x
Idxm/ D .i x

i�1
0 x

jC1
1 xk2 x

l
3 C j x

i
0x
j�1
1 xkC12 xl3/ dxm;

where the first equation of (6.4) holds for m D 0 and m D 1, and the second equation
holds for m D 2 and m D 3. We define QG.d/ in a similar way to how we defined OG.d/.

With the exception of the final part of the proof of Proposition 6.1, for simplicity we
will write OG and QG instead of OG.d/ and QG.d/, respectively.

Note that (6.3) and (6.4) ensure that OG and QG do not have loops. From (6.3) and for
G D OG, it follows that

(6.5) 0 � degCG.x
Idxm/; deg�G.x

Idxm/ � 3; for all xIdxm 2Bd :

From (6.4) and for G D QG, we have that (6.5) also holds.

A special path in a directed graphG of length k � 1 from u0 to uk is a finite sequence

(6.6) .u0; e1; u1; e2; : : : ; ek ; uk/

such that
• u0; : : : ; uk 2V.G/ and e1; : : : ; ek 2A.G/;
• for each j D 1; : : : ; k, we have ej D .uj�1; uj / if j is odd, and ej D .uj ; uj�1/ if j

is even;
• uj ¤ ujC2 for all j D 0; : : : ; k � 2.

Note that it follows from the definition of a directed graph that uj ¤ ujC1 for j D
0; : : : ; k � 1. Sometimes, we represent a special path as in (6.6) by

u0 ! u1  u2 ! u3  � � � :

As will become clear shortly, in the context of Example 6.3, and assuming that�2Ed
satisfies Lv� D 0, the idea is that the vertices uj with j even in the special path (6.6)
encode the terms that must appear in the expansion of � with respect to the basis Bd ,
while those with j odd encode the terms that appear in the expansion of Lv� with respect
to the same basis. In this sense, the definition of a special path is motivated by Lemma 6.10
below.

Given u2 V.G/, we define the directed graph associated to u, denoted by Gu, as the
(directed) subgraph of G whose vertices and arcs are those belonging to a special path as
in (6.6) with u0 D u. Loosely speaking, Gu is the subgraph of G reachable from u by
special paths.

Remark 6.4. When G is finite, that is, V.G/ is finite, Gu can be constructed algorith-
mically by determining the possible vertices u1 such that u1 2 V CG .u/, then the possible
vertices u2 ¤ u such that u2 2 V �G .u1/ (or equivalently u1 2 V CG .u2/), then the possible
vertices u3 ¤ u1 such that u3 2V CG .u2/, and so on.
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Proposition 6.5. Let G be a directed graph and u2V.G/ such that Gu is an ss-digraph.
Then w 2V.Gu/ is a source if and only if there exists a special path in Gu of even length
from u to w. Moreover, if w is a source in Gu, then Gw D Gu.

Proof. Let w 2V.Gu/. By definition, there exists a special path in G


1 D .u0 D u; e1; u1; e2; : : : ; ek ; uk D w/

from u to w. By the definition of Gu, the path 
1 lies in Gu. Since Gu is an ss-digraph, it
follows that for any such path, uj is a source in Gu if and only if j is even. This proves
the first assertion.

Next, assume that w is a source in Gu. Then there exists a special path in G


2 D .uk D w; ek ; : : : ; e1; u0 D u/

from w to u, obtained by reversing 
1. In particular, 
2 lies in Gw .
Let s 2V.Gw/ (respectively, e 2A.Gw/). By definition, there exists a special path 
3

starting at w that contains s (respectively, e). Concatenating 
1 with 
3, we obtain a spe-
cial path starting at u that contains s (respectively, e). Hence s 2 V.Gu/ (respectively,
e 2A.Gu/), and therefore Gw � Gu.

Applying the same argument using 
2, we also obtainGu �Gw . HenceGw DGu.

Proposition 6.6. Let G be a directed graph and u2V.G/ such that V CG .u/ ¤ ; and Gu
is an ss-digraph. Then every source and every sink inGu has positive index. Moreover, for
any w 2V.Gu/, the index of w in Gu equals degCG.w/ if w is a source in Gu, and equals
deg�G.w/ if w is a sink in Gu.

Proof. The condition V CG .u/ ¤ ; guarantees that Gu is not the null graph, that is,

V.Gu/ ¤ ;:

By definition, every vertex in Gu belongs to a special path 
 in G starting at u. Hence, 

is itself a special path inGu. It follows that every source and every sink in Gu has positive
index.

Suppose that w 2V.Gu/ is a source. Since Gu is a subgraph of G, we have

V CGu.w/ � V
C

G .w/:

We prove the reverse inclusion, thereby obtaining V CGu.w/ D V CG .w/, which suffices to
conclude that the index of w in Gu equals degCG.w/.

Indeed, by the previous proposition, there exists a special path of even length k in Gu
from u to w:

u0 D u! u1  � � �  uk D w:

In particular, uk�1 2 V CGu.w/. Let s 2 V CG .w/ n ¹uk�1º. Then we obtain the following
special path in G:

u0 D u! u1  � � �  uk D w ! s;

so s 2V CGu.w/. This shows that V CG .w/ � V
C

Gu
.w/.



Splitting aspects of holomorphic distributions with locally free tangent sheaf 2029

Similarly, ifw is a sink inGu, by considering a special path of odd length from u tow,
one shows that

V �G .w/ D V
�
Gu
.w/:

Consequently, the index of w in Gu equals deg�G.w/ in this case. This completes the
proof.

Two directed graphs G D .V; A/ and G0 D .V 0; A0/ are said to be isomorphic if there
exists a bijection 'WV ! V 0 such that, for all u; v 2V ,

.u; v/2A ” .'.u/; '.v//2A0:

In this case, the map ' is called an isomorphism from G to G0.
Given u2V.G/ and w 2V.G0/, we write

.Gu; u/ Š .G
0
w ; w/

if there exists an isomorphism 'WV.Gu/! V.G0w/ mapping u to w.

Example 6.7. Let OG and QG be as in Example 6.3. Assume that d � 1. In Figure 1, we
present a special path in OG starting at xdC10 dx3 2V. OG/.

xdC10 dx3 xd0 x1dx3 xd0 x1dx2 xd�10 x21dx2

Figure 1. Representation of OG
xdC10 dx3

D OG
xd0 x1dx2

Moreover, one verifies that

degC
OG
.xdC10 dx3/ D 1; deg�

OG
.xd0 x1dx3/ D 2;

degC
OG
.xd0 x1dx2/ D 2; deg�

OG
.xd�10 x21dx2/ D 1;

which shows that Figure 1 represents not only a special path starting at xdC10 dx3, but in
fact the entire directed graph OG

xdC10 dx3
.

Note that OG
xdC10 dx3

is an ss-digraph. Since xd0 x1dx2 is a source in OG
xdC10 dx3

, Propo-
sition 6.5 yields

OG
xdC10 dx3

D OGxd0 x1dx2
:

In Figure 2, we display QGxd0 x2dx3 , with d � 2.

xd0 x2dx3 xd�10 x1x2dx3 xd�10 x21dx3 xd�20 x31dx3

Figure 2. Representation of QG
xd0 x2dx3
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Comparing Figures 1 and 2, if d � 2, it is clear that there exists an isomorphism

' W V. OG
xdC10 dx3

/! V. QGxd0 x2 dx3
/

such that '.xdC10 dx3/ D x
d
0 x2dx3, that is,

. OG
xdC10 dx3

; xdC10 dx3/ Š . QGxd0 x2 dx3
; xd0 x2dx3/:

Next, we define certain objects that will be particularly useful only in the case of ss-
digraphs. However, in order for the definitions to appear less artificial, we proceed in a
general setting and then make some remarks for the case of ss-digraphs.

Given a directed graph G, a finite subset ¹w0; : : : ; wk�1º � V.G/ is called a cycle of
length k in G if there exists a special path as in (6.6) with u0 D uk , such that the vertices
u0; : : : ; uk�1 are pairwise distinct and

¹w0; : : : ; wk�1º D ¹u0; : : : ; uk�1º:

Note that, by the definition of a special path, this requires k � 3.
We say that a special path as in (6.6) contains a cycle if there exist indices 0 � i <

j � k such that
¹ui ; uiC1; : : : ; uj�1º

is a cycle. A special path in G as in (6.6) is said to be:
• cyclic if there exists 0 � j < k such that uk D uj , and the vertices u0; : : : ; uk�1 are

pairwise distinct; in this case, the path contains the cycle ¹uj ; ujC1; : : : ; uk�1º;
• simple if the vertices u0; : : : ; uk are pairwise distinct;
• source-extremal if it is simple and uk is a source of index 1; in this case, k must be

even;
• regular if uj is a source of index 2 for every even j with 0 < j < k, and uj is a sink

of index 2 for every odd j with 0 < j < k;
• terminal if it is regular and uk is a sink of index 1. In this case, k must be odd.

Note that every terminal path is simple. A vertex u 2 V.G/ is said to be terminal if
there exists a terminal path starting at u. A vertex u2 V.G/ is said to be quasi-terminal
if there exists a regular path starting at u containing a terminal vertex. In particular, every
terminal vertex is quasi-terminal. A special path is said to be admissible if it is either cyclic
or source-extremal. Since every admissible path starting at u is a special path, it appears
in Gu.

Example 6.8. In Figure 3, we display OGxd0 x3dx1 , with d � 3.

Note that OGxd0 x3 dx1 is an ss-digraph, and there is exactly one cycle in OGxd0 x3 dx1 . The

reader can easily verify that there are exactly two cyclic paths in OGxd0 x3 dx1 from xd0 x3dx1

to xd�10 x1x3dx1. Since xd0 x3dx1 is the unique source of index 1 in OGxd0 x3 dx1 , no source-

extremal path in OGxd0 x3 dx1 can start at xd0 x3dx1. As indicated in Figure 3, we have

xd�30 x31x2 dx0 2 V
C

OG
xd0 x3 dx1

.xd�20 x21x2dx0/

only because d � 3.
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xd0 x3dx1

xd�10 x1x3dx1

xd�10 x1x3dx0 xd�10 x1x2dx1

xd�20 x21x3dx0 xd�20 x21x2dx1

xd�20 x21x2dx0

xd�30 x31x2dx0

.d � 3/

Figure 3. Representation of OG
xd0 x3dx1

The vertex
xd�20 x21x2 dx0

is a terminal source in OGxd0 x3 dx1 , while

xd�10 x1x3 dx0 and xd�10 x1x2 dx1

are quasi-terminal.

Remark 6.9. Let G be an ss-digraph.
(1) It is easy to see that any cycle in G always has even length. It is well known that this

holds more generally for bipartite digraphs. This implies that, in the definition of a
cyclic path, the vertices uj and uk are either both sources or both sinks. Equivalently,
the indices j and k have the same parity.

(2) Terminal and quasi-terminal vertices are always sources, since by definition there
always exist special paths starting at such vertices.

The next results are stated in the context of Example 6.3. We will assume that G is
either OG or QG. As in the same example, if G D OG (respectively, G D QG), we consider
v D v1 (respectively, v D v2) as in (6.2).

Given elements ˛ and ˇ in Bd , instead of saying that ˇ appears in the expansion
of Lv.˛/ with respect to the basis Bd of Ed , we will use the equivalent and more eco-
nomical notation ˇ 2 V CG .˛/. For the sake of convenience, given �2Ed , we will abuse
notation and denote by V CG .�/ the set of elements xIdxm 2Bd that appear in the expan-
sion of � with respect to Bd .

Lemma 6.10. Let G be either OG or QG. Suppose �2Ed satisfies Lv� D 0, ˛ 2V CG .�/,
and ˇ 2V CG .˛/. Then there exists 
 2V CG .�/ with 
 ¤ ˛ such that ˇ 2V CG .
/.
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Proof. Assume, on the contrary, that for every 
 2 V CG .�/ n ¹˛º we have ˇ … V CG .
/.
Let a ¤ 0 be the coefficient of ˛ in the expansion of � with respect to Bd , and write
� D a˛ C � for some � 2Ed . By our hypothesis, ˇ does not appear in the expansion
of Lv� with respect to Bd . However, ˇ 2 V CG .˛/ means that ˇ appears in the expansion
of Lv˛ with respect to the same basis. Since LvWEd ! Ed is C-linear and Lv� D 0, we
obtain a contradiction.

Proposition 6.11. Let G be either OG or QG, and let ˛0 2 Bd be such that G˛0 is an
ss-digraph. Suppose that � 2Ed satisfies Lv� D 0, ˛0 2 V CG .�/, and ˛1 2 V CG .˛0/.
Then there exists an admissible path

(6.7) .u0 D ˛0; e1; u1 D ˛1; e2; u2 D ˛2; : : : ; ek ; uk D ˛k/

in G˛0 such that j̨ 2V
C

G .�/ whenever 0 � j � k is even.

Proof. Suppose that no source-extremal path in G˛0 satisfies the required condition. We
show that there exists a cyclic path satisfying it.

Since Lv� D 0, ˛0 2 V CG .�/, and ˛1 2 V CG .˛0/, it follows from Lemma 6.10 that
there exists ˛2 2V CG .�/, with ˛2 ¤ ˛0, such that ˛1 2V CG .˛2/. Then

.˛0; e1; ˛1; e2; ˛2/

is a special path inG˛0 , where e1 D .˛0; ˛1/ and e2 D .˛2; ˛1/, and such that j̨ 2V
C

G .�/

for j D 0; 2.
This path is not cyclic, since ˛0 ¤ ˛2. Moreover, by assumption it is not source-

extremal. Hence ˛2 is not a source of index 1 in G˛0 . By Proposition 6.6, it follows that

degCG.˛2/ > 1:

Thus, there exists ˛3 ¤ ˛1 such that ˛3 2 V CG .˛2/. Since Lv.�/ D 0, ˛2 2 V CG .�/, and
˛3 2V

C

G .˛2/, Lemma 6.10 ensures the existence of ˛4 2V CG .�/ such that

˛3 2V
C

G .˛4/ and ˛4 ¤ ˛2:

Then
.˛0; e1; ˛1; e2; ˛2; e3; ˛3; e4; ˛4/

is a special path inG˛0 , where e3 D .˛2; ˛3/ and e4 D .˛4; ˛3/, and such that j̨ 2V
C

G .�/

for j D 0; 2; 4.
If ˛4 D ˛0, then this path is cyclic. Otherwise, since it is not source-extremal, Propo-

sition 6.6 implies that
degCG.˛4/ > 1:

Continuing inductively, we obtain a special path

.˛0; e1; ˛1; e2; ˛2; e3; ˛3; e4; ˛4; : : : ; e2l ; ˛2l /;

with j̨ 2V
C

G .�/ for every even j 2 ¹0; 1; : : : ; 2lº.



Splitting aspects of holomorphic distributions with locally free tangent sheaf 2033

If this path is not cyclic, then it is also not source-extremal. Hence, by Proposition 6.6,

degCG.˛2l / > 1:

Proceeding as before, we obtain vertices ˛2lC1 2V CG .˛2l / and ˛2lC2 2V CG .�/ such that

˛2lC1 2V
C

G .˛2lC2/;

with ˛2lC1 ¤ ˛2l�1 and ˛2lC2 ¤ ˛2l .
Since G˛0 is finite, and every cycle in an ss-digraph has even length (see (1) of

Remark 6.9), eventually either

˛2lC1 D ˛2jC1 for some j < l � 1;

or
˛2lC2 D ˛2j for some j < l:

In the first case, we take k D 2l C 1 and e2lC1 D .˛2l ; ˛2lC1/. In the second case, we
take k D 2l C 2, together with

e2lC1 D .˛2l ; ˛2lC1/ and e2lC2 D .˛2lC2; ˛2lC1/:

In either case, we obtain a cyclic path as in (6.7) satisfying

j̨ 2V
C

G .�/

whenever 0 � j � k is even. This completes the proof.

Corollary 6.12. LetG be eitherG D OG orG D QG. Let ˛02Bd be such that V CG .˛0/¤ ;
and G˛0 is an ss-digraph. Assume that there are no source-extremal paths in G˛0 starting
at ˛0 and that G˛0 contains no cycles. Then, for any �2Ed that satisfies Lv� D 0, ˛0
does not appear in the decomposition of � with respect to Bd .

Proof. First observe that the hypotheses ensure that there are no cyclic or source-extremal
paths in G˛0 starting at ˛0, and therefore no admissible path in G˛0 starting at ˛0. Let
˛1 2 V

C

G .˛0/. Assume that there exists �2Ed , with Lv� D 0, such that ˛0 appears in
the decomposition of�with respect toBd . By Proposition 6.11, there exists an admissible
path in G˛0 as in (6.7), which is a contradiction.

Proposition 6.13. Let G be either OG or QG, and let ˛0 2 Bd be such that G˛0 is an
ss-digraph. If ˛0 is terminal or quasi-terminal in G˛0 , then for any � 2Ed that satis-
fies Lv�D 0, ˛0 does not appear in the decomposition of � with respect to Bd .

Proof. Assume, on the contrary, that there exists � 2Ed that satisfies Lv� D 0, with
˛0 2V

C

G .�/.
Suppose first that ˛0 is terminal. By definition, there exists a regular path

˛0 ! ˛1  � � �  ˛k�1 ! ˛k

starting at ˛0, where ˛k is a sink of index 1. Recall that, in particular, k is odd.
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Since ˛1 2 V CG .˛0/, Lemma 6.10 yields the existence of 
 2 V CG .�/, with 
 ¤ ˛0,
such that ˛1 2V CG .
/. If k D 1, we obtain a contradiction, since in this case ˛1 is a sink
of index 1.

Assume now that k > 1. Since ˛1 is a sink of index 2 by the definition of a regular
path, we must have 
 D ˛2. Hence

j̨ 2V
C

G .�/ for j D 0; 2.

Continuing inductively, we conclude that j̨ 2V
C

G .�/ for every even j with 0�j <k.
In particular,

˛k�1 2V
C

G .�/:

Since ˛k 2 V CG .˛k�1/, Lemma 6.10 again yields the existence of 
 2 V CG .�/, with

 ¤ ˛k�1, such that

˛k 2V
C

G .
/;

which contradicts the fact that ˛k is a sink of index 1.
Suppose now that ˛0 is quasi-terminal. By definition, there exists a regular path

˛0 ! ˛1  ˛2 ! � � �

starting at ˛0 and containing a terminal vertex ˇ. Since terminal and quasi-terminal ver-
tices are sources by item (2) of Remark 6.9, it follows from Proposition 6.5 that ˇ D ˛m
for some even m.

Proceeding as in the terminal case, we conclude that j̨ 2V
C

G .�/ for every even j . In
particular,

ˇ 2V CG .�/:

By Proposition 6.5, we have
G˛0 D Gˇ :

In particular, Gˇ is an ss-digraph. Since ˇ 2V CG .�/, Lv� D 0, and ˇ is terminal in Gˇ ,
we obtain a contradiction exactly as in the terminal case. This completes the proof.

Example 6.14. Returning to Example 6.7, where we displayed OG
xdC10 dx3

in Figure 1, we

observe that there are no source-extremal paths starting at xdC10 dx3, since xdC10 dx3 is
the unique source of index 1 in OG

xdC10 dx3
. Moreover, OG

xdC10 dx3
contains no cycles. Hence,

if d � 1, by Corollary 6.12, for every �2Ed satisfying Lv� D 0, where v D v1 is as
in (6.2), xdC10 dx3 does not appear in the expansion of � with respect to Bd .

Note also that xdC10 dx3 is a terminal vertex in OG
xdC10 dx3

. Therefore, Proposition 6.13
could also be applied to obtain the same conclusion.

Corollary 6.15. LetG be either OG or QG, and let ˛02Bd be such thatG˛0 is an ss-digraph.
Let ˛1 2V CG .˛0/. If every admissible path as in (6.6) with u0 D ˛0 and u1 D ˛1 contains
a terminal or quasi-terminal vertex in G˛0 , then, for any �2Ed satisfying Lv� D 0, ˛0
does not appear in the decomposition of � with respect to Bd .
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Proof. Assume, on the contrary, that there exists � 2Ed that satisfies Lv� D 0, with
˛0 2V

C

G .�/. By Proposition 6.11, there exists an admissible path

(6.8) .˛0; e1; ˛1; e2; ˛2; : : : ; ek ; ˛k/

in G˛0 such that j̨ 2V
C

G .�/ whenever 0 � j � k is even.
By hypothesis, this admissible path contains a terminal or quasi-terminal vertex ˇ

in G˛0 . Since terminal and quasi-terminal vertices in G˛0 are sources by item (2) of
Remark 6.9, Proposition 6.5 implies that ˇ D ˛m for some even m. In particular,

ˇ 2V CG .�/:

By Proposition 6.5, we have
G˛0 D Gˇ :

HenceGˇ is an ss-digraph and ˇ is terminal or quasi-terminal inGˇ . Proposition 6.13
then implies that ˇ does not appear in the decomposition of � with respect to Bd , contra-
dicting the fact that

ˇ 2V CG .�/:

This completes the proof.

Corollary 6.16. Let G be either OG or QG, and let ˛0 2 Bd be such that V CG .˛0/ ¤ ;
and G˛0 is an ss-digraph. Assume that there are no source-extremal paths in G˛0 starting
at ˛0 and every cycle inG˛0 has a terminal or quasi-terminal vertex inG˛0 . Then, for any
�2Ed such that Lv� D 0, ˛0 does not appear in the decomposition of � with respect
to Bd .

Proof. Let ˛1 2 V CG .˛0/. By hypothesis, every admissible path as in (6.6) with u0 D ˛0
and u1 D ˛1 cannot be source-extremal. Therefore, every such admissible path is cyclic.

Hence, every such path contains a cycle, and therefore, by hypothesis, contains a termi-
nal or quasi-terminal vertex in G˛0 . The conclusion now follows from Corollary 6.15.

Example 6.17. Returning to Example 6.8, where we displayed OGxd0 x3 dx1 in Figure 3, we

saw that there are no source-extremal paths in OGxd0 x3 dx1 starting at xd0 x3dx1, and that the

unique cycle in OGxd0 x3 dx1 contains both terminal and quasi-terminal vertices in OGxd0 x3 dx1 .
Hence, by Corollary 6.16, if d � 3, for every �2Ed satisfying Lv� D 0, where v D v1
is as in (6.2), xd0 x3dx1 does not appear in the expansion of � with respect to Bd .

Example 6.18. In Figure 4, we display QGxd0 x2 dx2 , with d � 4. There are no source-

extremal paths in QGxd0 x2 dx2 starting at xd0 x2dx2, since xd0 x2dx2 is the unique source

of index 1. Note that QGxd0 x2 dx2 contains exactly seven cycles, and each of these cycles
contains at least one of the quasi-terminal vertices

xd�20 x31 dx1 and xd�20 x21x2 dx0:

Hence, by Corollary 6.16, if d � 4, for every �2Ed satisfying Lv� D 0, where v D v2
is as in (6.2), xd0 x2dx2 does not appear in the expansion of � with respect to Bd .
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xd0 x2dx2

xd�10 x1x2dx2 xd�10 x22dx1

xd�10 x21dx2 xd�10 x1x2dx1 xd�10 x22dx0

xd�20 x31dx2 xd�20 x21x2dx1 xd�20 x1x
2
2dx0

xd�20 x31dx1 xd�20 x21x2dx0

xd�30 x41dx1 xd�30 x31x2dx0

xd�30 x41dx0

xd�40 x51dx0

.d � 4/

.d � 3/ .d � 3/

.d � 3/ .d � 3/

Figure 4. Representation of QG
xd0 x2dx2

Remark 6.19. Let G;H 2 ¹ OG; QGº and ˛; ˇ 2Bd . Assume that

.G˛; ˛/ Š .Hˇ ; ˇ/:

Suppose thatG˛ satisfies the hypotheses of either Corollary 6.12, Proposition 6.13, Corol-
lary 6.15, or Corollary 6.16. Then the same holds for Hˇ . Hence, for every � 2 Ed
satisfying Lv� D 0, ˇ does not appear in the expansion of � with respect to Bd , where
v D v1 (respectively, v D v2) as in (6.2) if H D OG (respectively, H D QG).

However, note that we may have G˛ D Gˇ without having

.G˛; ˛/ Š .Gˇ ; ˇ/:

This occurs for the directed graph OG
xdC10 dx3

considered in Example 6.7. Indeed, we saw
there that

OG
xdC10 dx3

D OGxd0 x1 dx2
:

Since xdC10 dx3 and xd0 x1dx2 are sources of indices 1 and 2 in OG
xdC10 dx3

and OGxd0 x1 dx2 ,
respectively, we do not have

. OG
xdC10 dx3

; xdC10 dx3/ Š . OGxd0 x1 dx2
; xd0 x1 dx2/:
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Note also that, by Example 6.14, there are no source-extremal paths in OG
xdC10 dx3

starting

at xdC10 dx3. On the other hand, Figure 1 shows that there exists a source-extremal path
in OGxd0 x1 dx2 starting at xd0 x1dx2 and ending at xdC10 dx3.

Remark 6.20. We observe that whenever Proposition 6.13 is applicable, Corollary 6.15 is
applicable as well. Indeed, if ˛0 is terminal or quasi-terminal inG˛0 , then every admissible
path starting at ˛0 necessarily contains a terminal or quasi-terminal vertex, namely ˛0
itself.

Similarly, Corollary 6.16, which allows us to consider only cycles instead of cyclic
paths, can always be replaced by Corollary 6.15.

Proof of Proposition 6.1. Set d D deg.F /� 2. LetEd ,Bd , OG D OG.d/ and QG D QG.d/ be
as in Example 6.3. Recall that F is defined in homogeneous coordinates by some�2Ed .
Thus, we can write in an unique way

� D

3X
mD0

X
jI jDdC1

a.I Im/xI dxm;

for some complex numbers a.I Im/.
By writing the expression of � in the affine chart .1 W z W y W x/, we see that p D .1 W

0 W 0 W 0/ is a singular point of F means that a.I Im/ D 0, for I D .d C 1; 0; 0; 0/ and
mD 1; 2; 3, and its algebraic multiplicity is at least 2 if additionally a.I Im/D 0, for I D
.i D d;j;k; l/ andmD 1;2;3. This amounts to verifying that 12 of the coefficients a.I Im/
vanish. Define C as the subset of Bd consisting of the elements xIdxm corresponding to
each of these 12 coefficients.

Since v is nilpotent, it follows that Lv� D 0, see Lemma 5.1 in [11]. If d � 4, the
result will follow only from this relation.

We shall give a proof with the aid of Tables 1 and 2 below.

˛ D xIdxm Number of cycles in OG˛ Reason for a.I Im/ D 0 Comment

xdC10 dx1 0 . OG˛ ; ˛/ Š . OGxdC10 dx3
; xdC10 dx3/

xdC10 dx2 0 Corollary 6.12 or Proposition 6.13
xdC10 dx3 0 Corollary 6.12 or Proposition 6.13 See Example 6.14
xd0 x1 dx1 0 . OG˛ ; ˛/ Š . OGxdC10 dx3

; xdC10 dx3/

xd0 x1 dx2 0 Proposition 6.13 OG˛ D OGxdC10 dx3

xd0 x1 dx3 0 . OG˛ ; ˛/ Š . OGxdC10 dx3
; xdC10 dx3/

xd0 x2 dx1 1 Proposition 6.13 or Corollary 6.16
xd0 x2 dx2 0 Corollary 6.12 or Proposition 6.13
xd0 x2 dx3 1 . OG˛ ; ˛/ Š . OGxd0 x2dx1

; xd0 x2dx1/

xd0 x3 dx1 1 Corollary 6.16 See Example 6.17, d � 3
xd0 x3 dx2 1 . OG˛ ; ˛/ Š . OGxd0 x2dx3

; xd0 x2dx3/
OG˛ D OGxd0 x2dx3

xd0 x3 dx3 1 . OG˛ ; ˛/ Š . OGxd0 x3dx1
; xd0 x3dx1/ d � 3

Table 1. Justification that a.I Im/ D 0 when xIdxm 2C and v D v1.



R. C. da Costa 2038

˛ D xIdxm Number of cycles in QG˛ Reason for a.I Im/ D 0 Comment

xdC10 dx1 0 Corollary 6.12 or Proposition 6.13
xdC10 dx2 1 Corollary 6.16
xdC10 dx3 0 Corollary 6.12 or Proposition 6.13
xd0 x1 dx1 1 Proposition 6.13 or Corollary 6.15 QG˛ D QGxdC10 dx2

xd0 x1 dx2 3 Corollary 6.16 d � 3

xd0 x1 dx3 0 . QG˛ ; ˛/ Š . OGxdC10 dx2
; xdC10 dx2/

xd0 x2 dx1 3 Corollary 6.16 QG˛ D QGxd0 x1dx2
xd0 x2 dx2 7 Corollary 6.16 See Example 6.18, d � 4
xd0 x2 dx3 0 . QG˛ ; ˛/ Š . OGxdC10 dx3

; xdC10 dx3/ See Example 6.7

xd0 x3 dx1 0 . QG˛ ; ˛/ Š . QGxdC10 dx1
; xdC10 dx1/

xd0 x3 dx2 1 . QG˛ ; ˛/ Š . QGxdC10 dx2
; xdC10 dx2/ d � 3

xd0 x3 dx3 0 . QG˛ ; ˛/ Š . QGxdC10 dx3
; xdC10 dx3/

Table 2. Justification that a.I Im/ D 0 when xIdxm 2C and v D v2.

Once the directed graphs OG˛ and QG˛ are obtained for ˛ 2C (see Remark 6.4), we
observe that all of them are ss-digraphs. As shown in Example 6.14, both Corollary 6.12
and Proposition 6.13 imply that

a.d C 1; 0; 0; 0I 3/ D 0

when v D v1, as indicated in row 3 of Table 1. Similarly, the reader may verify that the
same results apply to show that

a.d C 1; 0; 0; 0I 2/ D 0

for v D v1, as indicated in row 2 of Table 1.
In Tables 1 and 2, in each case, the results that may be used to prove that a.I Im/ D 0

are not necessarily restricted to those listed in the tables; see Remark 6.20.
Moreover, whenever the reason for a.I Im/ D 0 is of the form

. OG˛; ˛/ Š .Hˇ ; ˇ/ or . QG˛; ˛/ Š .Hˇ ; ˇ/;

where H 2 ¹ OG; QGº and ˇ 2 C , we are implicitly using Remark 6.19 together with the
fact that Hˇ satisfies the hypotheses of one of the results mentioned in that remark. We
chose to present the justification in this way, rather than simply describing the results used
as in other rows, because, since we are not displaying all 24 directed graphs, it provides
additional information to the reader.

As observed in Example 6.7, the structure of OG
xdC10 dx3

does not depend on d � 2 (in
fact, it is clear there that the same holds for every d � 1). More precisely, we have

. OG.d1/
x
d1C1
0 dx3

; x
d1C1
0 dx3/ Š . OG.d2/

x
d2C1
0 dx3

; x
d2C1
0 dx3/

for all d1; d2 � 2.
A similar phenomenon occurs for OG˛ and QG˛ when ˛ 2 C , except for a few cases

indicated in Tables 1 and 2. More precisely, for
OGxd0 x3dx1

; OGxd0 x3dx3
; QGxd0 x1dx2

; and QGxd0 x3dx2
;
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one must assume d � 3, while for
QGxd0 x2dx2

;

one must assume d � 4 (see Examples 6.8 and 6.18 for OGxd0 x3 dx1 and QGxd0 x2 dx2 , respec-
tively).

We thus conclude that the 12 coefficients vanish for v D v1 and d � 3, and for v D v2
and d � 4. For the remaining cases, we determine an explicit form for �. This is done by
solving the system of linear equations

(6.9) Lv� D 0; iR� D 0; iv� D 0:

Note that, depending on d , this system has

4

�
d C 4

3

�
D
2.d C 4/.d C 3/.d C 2/

3

variables, namely the coefficients of �2Ed .
From this point on, both here and in the proof of Theorem C, whenever we derive an

explicit expression for� by solving (6.9), we use the software MAPLE. We have uploaded
to arXiv, as ancillary files, the MAPLE code used to perform these computations. This
occurs on five occasions, including the three remaining cases

d D 2 and v D v1; d D 2 and v D v2; d D 3 and v D v2:

After obtaining an explicit expression for �, we verify that the 12 coefficients vanish,
thereby completing the proof of the proposition.

Proof of Lemma 6.2. Assume on the contrary that v does not locally divide F at p. If
v D v1, in the affine chart .1 W z W y W x/ it is represented by

�V D �xz
@

@x
C .x � yz/

@

@y
� z2

@

@z
D x

@

@y
� zR3;

where R3 WD x@=@x C y@=@y C z@=@z.
For a polynomial 1-form ! defining F in the same affine chart, since TF is locally

free at p, it follows from Proposition 3.6 that

! D iZiW .dx ^ dy ^ dz/;

where Z;W 2X.C3; 0/. By Lemma 3.1, we have that V D f Z C gW , for f; g 2OC3;0.
Since we are assuming that v does not locally divide F at p, by the particular case of
Lemma 5.1 we get that f .0/ D g.0/ D 0. Hence

sing.V / D ¹f D g D 0º D ¹x D z D 0º;

and we can write f D xf1 C zf2 and g D xg1 C zg2, for f1; f2; g1; g2 2OC3;0. Then

(6.10) V D xX C zY;

where X WD f1Z C g1W and Y WD f2Z C g2W .
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Writing X D
P1
iD0
OXi and Y D

P1
iD0
OYi , from (6.10) we obtain that

x OX0 C z OY0 D �x
@

@y
,

which implies that OY0D 0 and OX0D�@=@y. It also follows from (6.10) that x OX1C z OY1D
zR3, which implies that

OY1 D .x � ax/
@

@x
C .y � bx/

@

@y
C .z � cx/

@

@z
,

for some complex numbers a; b; c.
Since i OX0 i OY1.dx ^ dy ^ dz/ ¤ 0, we conclude that � D iX iY .dx ^ dy ^ dz/ also

defines F around 02C3 and the singularity p of F has algebraic multiplicity 1. In a very
similar way, we conclude the same if v D v2. On the other hand, we know from Proposi-
tion 6.1 that p is a singular point of F with algebraic multiplicity at least 2, obtaining a
contradiction. This finishes the proof.

For convenience, we state again Theorem C.

Theorem C. Let F be a codimension one holomorphic foliation on P3 with locally free
tangent sheaf. If there exists a nonzero holomorphic vector field on P3 tangent to F ,
then TF splits.

Proof. Let v ¤ 0 be a holomorphic vector field on P3 tangent to F . Recall that it can be
represented by a class of homogeneous linear polynomial vector field v on C4. Note that
sing.v/ is the image, under the canonical projection …WC4 n ¹0º ! P3, of the set

¹p 2C4
n ¹0º W v.p/ ^R.p/ D 0º:

Denote by G the one-dimensional foliation on P3 defined by v, see Remark 2.2. Note that
sing.G / D sing.v/ if and only if codim.sing.v// � 2.

Recall also that if d D deg.F /, then F is defined in homogeneous coordinates by

� D

3X
iD0

Ai .x0; : : : ; x3/ dxi ;

where A0; : : : ; A3 are homogeneous polynomials of degree d C 1.
If codim.sing.v//D 1 or codim.sing.v//D 3, then codim.sing.G //D 3, i.e., sing.G /

has isolated singularities. In fact, if codim.sing.v//D 1, then, up to a linear automorphism
of P3, we can assume that

v D x3
@

@x3
�

In this case, deg.G / D 0 and sing.G / D ¹.0 W 0 W 0 W 1/º.
On the other hand, if codim.sing.v// D 3, then deg.G / D 1, and the result follows

simply because sing.G / D sing.v/. Thus, we can apply Corollary 4.11 to conclude that G

locally divides F . Moreover, in the former case,

TF Š OP3.1/˚OP3.1 � d/;
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while in the latter case,
TF Š OP3 ˚OP3.2 � d/;

see Remark 4.10. Note that the hypothesis that TF is locally free is not used in either case.
If codim.sing.v// D 2, then sing.G / D sing.v/. Writing

v D S � X

as in (6.1), we see that S must have one of the following Jordan normal forms, where a
and b are distinct nonzero complex numbers:

(I)

0BB@
a 0 0 0

0 b 0 0

0 0 0 0

0 0 0 0

1CCA ;

(II)

0BB@
a 0 0 0

0 a 0 0

0 0 0 0

0 0 0 0

1CCA ;

(III)

0BB@
a 1 0 0

0 a 0 0

0 0 0 0

0 0 0 0

1CCA ;

(IV)

0BB@
a 0 0 0

0 a 0 0

0 0 b 0

0 0 0 0

1CCA ;

(V)

0BB@
0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

1CCA ;

(VI)

0BB@
0 1 0 0

0 0 1 0

0 0 0 0

0 0 0 0

1CCA :
We begin by analyzing cases (I), (II) and (III) simultaneously. The vector field v takes

the following form:

v D .ax0 C "x1/
@

@x0
C bx1

@

@x1
�

Here we allow a D b (in (II) and (III)), " D 0 in (I) and (II) and " D 1 in (III). A simple
verification shows that G has linear rank at least two in all three cases.

Next, we will need d � 1, let us deal once and for all with the case d D 0. It is well
known that in a suitable coordinate system F can be defined in homogeneous coordinates
by � D x0dx1 � x1dx0. Since

� D i@=@x2 i@=@x3 iR.dx0 ^ � � � ^ dx3/;

it follows from (2.5) that
TF Š OP3.1/˚OP3.1/:

Now assume that d � 1. By Theorem B, it suffices to verify that every irreducible
component of sing.v/ intersects sing.F /. Moreover, we have

TF Š OP3 ˚OP3.2 � d/:

A straightforward verification shows that the relation iv� D 0 implies that A0 D x1B

and A1 D �ax0C"x1b
B , for some homogeneous polynomial B.x0; : : : ; x3/ satisfying that

deg.B/ � 1. From the relation iR� D 0, we get

x2A2.0; 0; x2; x3/C x3A3.0; 0; x2; x3/ D 0;



R. C. da Costa 2042

which means that A2.0; 0; x2; x3/ D x3C.x2; x3/ and A3.0; 0; x2; x3/ D �x2C.x2; x3/,
for some homogeneous polynomial C in the variables x2 and x3 and deg.C / � 1. There-
fore

(6.11) �.0; 0; x2; x3/ D C.x2; x3/.x3 dx2 � x2 dx3/:

The line
l1 D ¹.x0 W � � � W x3/ W x0 D x1 D 0º

is contained in sing.v/ in all three cases. Furthermore, in cases (I) and (III), the line l1 is
the only one-dimensional irreducible component of sing.v/. From (6.11), it follows that
l1 \ sing.F / ¤ ; and the result follows. In (II), there is an extra irreducible component
of dimension one contained in sing.v/, given by the line

l2 D ¹.x0 W � � � W x3/ W x2 D x3 D 0º:

As v is also represented by

v � aR D �ax2
@

@x2
� ax3

@

@x3
,

similarly we show that

(6.12) �.x0; x1; 0; 0/ D B.x0; x1; 0; 0/.x1dx0 � x0dx1/:

It follows from (6.12) that l2 \ sing.F / ¤ ;, and the result follows in case (II).
In (IV), since v is also represented by

v � aR D .b � a/x2
@

@x2
� ax3

@

@x3
,

after a linear change of coordinates it follows that this case reduces to case (I).
It remains to analyze the two cases (V) and (VI), in which v defines a nilpotent vector

field on P3. If v is given by (V), then

sing.v/ D ¹.x0 W � � � W x3/ W x1 D x3 D 0º;

and all the singularities of v have linear rank 1. If v is given by (VI), then

sing.v/ D ¹.x0 W � � � W x3/ W x1 D x2 D 0º;

and all the singularities of v have linear rank 2, with exception to the point p D .1 W 0 W
0 W 0/, which has linear rank 1. Note that (V) and (VI) correspond to v1 and v2 in (6.2),
respectively.

Thus, if d � 2 and v is given by (V) or (VI), since in both cases sing.G / consists
of a single line containing p, from Lemma 6.2 and Corollary 5.9 we have that G locally
divides F and TF splits. Besides,

TF Š OP3 ˚OP3.2 � d/:

Finally, if d D 1 and v is given by (V) or (VI), we show that there exists a nonnilpotent
holomorphic vector field on P3 tangent to F , and the result follows from what we have
already proved. Note that, in this case,

TF Š OP3 ˚OP3.1/:
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Assume that d D 1 and v is given by (V). We have used MAPLE to solve (6.9), then
we have that F is defined by

� D .˛x1x3 C ˇx
2
3/ dx0 C .˛x1x2 � 2˛x0x3 � ˇx2x3 � 
x1x3 � ıx

2
3/ dx1

C .�˛x21 � ˇx1x3/ dx2 C .˛x0x1 C 2ˇx1x2 � ˇx0x3 C 
x
2
1 C ıx1x3/ dx3;

with ˛; ˇ; 
; ı 2C. Since codim.sing.F // � 2, it follows that ˛ ¤ 0 or ˇ ¤ 0. If ˛ ¤ 0,
we can assume, with no loss of generality, that ˛ D 1. Then a simple verification shows
that

W D .2x0 C 
x1 C ˇx2 C ıx3/
@

@x0
C .x1 C ˇx3/

@

@x1
C x2

@

@x2

defines a holomorphic vector field on P3 tangent to F , i.e., iW� D 0. Note that W is not
nilpotent. On the other hand, if ˛ D 0 and ˇ ¤ 0 we can assume, with no loss, that ˇ D 1.
Then it can be easily verified that

ıx1
@

@x0
C x1

@

@x1
C .�
x1 � x2/

@

@x2

defines a nonnilpotent vector field on P3 tangent to F .
Finally, assume that d D 1 and v is given by (VI). We have used MAPLE to solve

(6.9); then we have that F is defined by

� D .˛x2x3 C ˇx
2
2/dx0 C .�˛x1x3 � ˇx1x2/ dx1

C .
x23 C ˛x0x3 C ıx2x3 � ˇx0x2 C ˇx
2
1/ dx2

C .�
x2x3 � 2˛x0x2 C ˛x
2
1 � ıx

2
2/ dx3;

with ˛; ˇ; 
; ı 2C. We claim that ˛ D 0. In fact, since sing.v/ D ¹.x1 W � � � W x3/ W x1 D
x2 D 0º, a simple verification shows that if ˛ ¤ 0, then

sing.v/ \ sing.F / D ¹.1 W 0 W 0 W 0/; .�
 W 0 W 0 W ˛/º:

As p1 WD .�
 W 0 W 0 W ˛/ is a singular point of v with linear rank two, and TF is locally
free at p1, from part (2) of Corollary 5.2 we would obtain a contradiction. Since ˛D 0 and
codim.sing.F //� 2, it follows that ˇ¤ 0; thus we can assume, with no loss of generality,
that ˇ D 1. So it is easily seen that

.ıx2 C 
x3/
@

@x1
� x1

@

@x3

defines a holomorphic vector field on P3 tangent to F , which is nonnilpotent if 
 ¤ 0.
On the other hand, if 
 D 0, then one readily sees that

ı
@

@x0
C

@

@x3

is tangent to F . This defines a holomorphic vector field on P3 with codimension one
zeros.
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Let v ¤ 0 be a holomorphic vector field on P3, and let G be the one-dimensional
foliation on P3 defined by v, see Remark 2.2. It follows that deg.G / D 0 or deg.G / D 1.
Furthermore, deg.G / D 0 precisely when sing.v/ has codimension one zeros.

Regarding Theorem C, assume that v is tangent to F . By analyzing its proof, it is clear
that

TF Š OP3.1/˚OP3.1 � d/

if deg.G / D 0, while
TF Š OP3 ˚OP3.2 � d/

if deg.G / D 1, where d D deg.F /.
One might wonder whether the vector field v itself locally divides the foliation F .

This is not clear in the proof of Theorem C when deg.F / D 1 and v is nilpotent and also
when deg.F / D 0. Of course, if this is the case, it is necessary that codim.sing.v// � 2.
If this condition is satisfied, the only exception where v does not locally divide F is
when deg.F / D 0 and deg.G / D 1. In fact, using Lemma 3.1 and the particular case of
Lemma 5.1, we can obtain the following refinement of Theorem C.

Theorem 6.21. Let F be a codimension one holomorphic foliation on P3, with locally
free tangent sheaf. Assume that there exists a nonzero holomorphic vector field v on P3

tangent to F . Denote by G the one-dimensional foliation on P3 defined by v, and let H

be a one-dimensional foliation on P3 tangent to F of degree at most 1. We have:
(1) If deg.F /� 3, then v locally divides F unless codim.sing.v//D 1. Furthermore, G

locally divides F and H D G .

(2) If deg.F /D 2, then v locally divides F unless codim.sing.v//D 1. Furthermore, G

locally divides F and deg.H / D deg.G /.
(3) If deg.F /D1, then v locally divides F unless codim.sing.v//D1. We can choose H

satisfying deg.H / D 0 or deg.H / D 1, and for any such H we have that H locally
divides F . In particular, G locally divides F .

(4) If deg.F / D 0, then v does not locally divide F . We can choose H satisfying
deg.H / D 0 or deg.H / D 1, and H locally divides F if and only if deg.H / D 0.

In particular, TF splits and G locally divides F unless deg.F / D 0 and deg.G / D 1.

In the proof of Theorem C, the integrability of F was used only when deg.F / D 0 or
in the case in which the vector field tangent to F is nilpotent. If D is a degree 0 distribution
on P3, it follows that there exists a nonzero vector field on P3 tangent to D . In fact, if �
represents D in homogeneous coordinates in C4, using the coefficients of �, it is easy
to produce a homogeneous linear polynomial vector field v on C4 satisfying iv� D 0, in
such a way that v defines a nonzero vector field on P3 tangent to D .

We conclude that a result analogous to Theorem C for nonintegrable distributions can-
not be true in the case of degree 0, since the tangent sheaf of a nonintegrable distribution
of degree 0 on P3 does not split. Thus, we can state the following.

Corollary 6.22. Let D be a codimension one singular holomorphic distribution on P3,
with locally free tangent sheaf. Assume that deg.D/ � 1 and that there exists a nonnilpo-
tent vector field on P3 tangent to D . Then TD splits.
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Let Fk.d; n/ denote the set of foliations of codimension k and degree d on Pn,
n � 3. It turns out that Fk.d; n/ has a natural structure of quasi-projective variety, see
for example [10]. The space of foliations F1.d; n/ has 1, 2 and 6 irreducible components,
for d D 0; 1; 2, respectively, see [18] for d D 0 and d D 1, and [6] for d D 2. In the
codimension one case, we use the notation of [11], where the logarithmic components
Log.Pn/.d1; : : : ; dk/ � F1.d; n/ also include the rational components.

When the degree of a codimension one foliation F on P3 is low, and by avoiding
certain types of first integrals for F , we can guarantee that there exists a nonzero holomor-
phic vector field on P3 tangent to such foliation F . Consequently, we have the following
corollary of Theorem C.

Corollary 6.23. Let F be a codimension one foliation on P3. Assume that one of the
following conditions holds:

(1) deg.F / D 0 or deg.F / D 1.

(2) deg.F / D 2 and F does not admit a rational first integral of the type

P.x0; : : : ; x3/

H.x0; : : : ; x3/3
,

where P and H are irreducible homogeneous polynomials with deg.P / D 3 and
deg.H/ D 1.

(3) deg.F /D 3, F does not admit a rational first integral and F is not in a logarithmic
component.

If additionally TF is locally free, then TF splits.

Proof. Set h0.F /D dimH 0.P3;TF /. Whenever there exists a nonzero vector field on P3

tangent to F , which means that h0.F /� 1, the result follows from Theorem C. Also, if F

is a linear pull-back from P2 then TF splits, see Corollary 5.1 in [9].
If (1) holds and deg.F / D 0 then TF splits, as we saw in the proof of Theorem C.

For deg.F / D 1, we could apply Corollary 8.9 in [3], but as we will use a similar idea in
case (2), for the sake of completeness we will give a proof for this case. The irreducible
components of F1.1; 3/ are given by Log.P3/.1; 2/ and Log.P3/.1; 1; 1/. Hence F has an
invariant hyperplane, see for example Proposition 3.7 in [11].

Let ! be a polynomial 1-form defining F on an affine coordinate system .x;y;z/2C3

� P3 such that the hyperplane at infinity corresponds to such a hyperplane invariant by F .
The decomposition of ! into homogeneous 1-forms is given by

! D O!0 C O!1; deg. O!i / D i; i D 0; 1 and O!1 ¤ 0:

In this case, it is easy to produce a polynomial vector field X ¤ 0 on C3 with degree at
most 1 satisfying iX! D 0, which gives rise to v 2H 0.P3; TF / � ¹0º.

If (2) holds, assume first that F is in a logarithmic component. Then F is a pencil
of quadrics or it has an invariant hyperplane, see again Proposition 3.7 in [11]. In the
former case, the result follows from Theorem D in [15], and in the latter case, let ! be a
polynomial 1-form defining F on an affine coordinate system as in (1). Since deg.F /D 2,
we have

! D O!0 C O!1 C O!2; deg. O!i / D i; i D 0; 1; 2 and O!2 ¤ 0:
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The integrability of ! is equivalent to iY! D 0, where Y is the polynomial vector field
satisfying

d! D iY .dx ^ dy ^ dz/:

If Y ¤ 0, we have that h0.F / � 1. Otherwise, it follows that ! D df , where f .x; y; z/
is a polynomial of degree 3. There are three possibilities for f :

(i) f is irreducible.
(ii) f D ph, p is irreducible, deg.p/ D 2 and deg.h/ D 1.
(iii) f D h1h2h3, deg.hi /D 1; i D 1; 2; 3, and hi and hj are relatively prime, for i ¤ j .

The last condition is due to deg.F / D 2.
Note that item (i) is excluded by our hypothesis, otherwise it would give rise to a first

integral of the form F=xm3 , where m is the degree of f and

F.x0; : : : ; x3/ D x
m
3 f

�x0
x3

, x1
x3

, x2
x3

�
:

If (ii) holds, after an affine transformation we can assume that h D x, then

! D p dx C x dp:

Since p is irreducible, we have that py WD @p=@y ¤ 0 or pz WD @p=@z ¤ 0. Then

X D pz
@

@y
� py

@

@z

provides an element inH 0.P3; TF /� ¹0º. Similarly, if f is as in (iii), we can produce an
element in H 0.P3; TF / � ¹0º.

If deg.F / D 2 and F is not in a logarithmic component, then F is a linear pull-back
from P2 or it belongs to the exceptional component. In the latter case, using the notation
of [6], the exceptional component is the closure of the orbit of F .�/ under Aut.P3/. Since
h0.F .�// � 1 we conclude that h0.F / � 1.

Finally, if (3) holds, due to the structure theorem for degree three foliations on P3

of [22], we have that either F is a linear pull-back from P2, or there is a degree one
foliation by algebraic curves tangent to F . This finishes the proof.

We can conclude from Corollary 6.23 that if F is a codimension one foliation on P3

with locally free tangent sheaf and not admitting an invariant hypersurface, then TF splits
provided that deg.F / � 3.

So far, the known examples of codimension one foliations on P3 whose tangent sheaf
is locally free and does not split can be found in Theorem E of [15]: for every k � 0,
there are rational foliations of type .k C 3; k C 3/ satisfying such property. Thus all such
examples have a rational first integral, and for k D 0 the respective foliation has degree 4.
Based on this and Corollary 6.23, we finish by presenting the following.

Problem 3. Let F be a codimension one foliation on P3 such that TF is locally free.
If F does not have an invariant hypersurface, is it true that TF splits? More generally,
if F does not admit a rational first integral, is it true that TF splits?
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