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Heights of complete intersections in toric varieties

Roberto Gualdi and Martín Sombra

Abstract. The height of a toric variety and that of its hypersurfaces can be expressed
in convex-analytic terms as an adelic sum of mixed integrals of their roof functions
and duals of their Ronkin functions. Here we extend these results to the 2-codi-
mensional situation by presenting a limit formula predicting the typical height of
the intersection of two hypersurfaces on a toric variety. More precisely, we prove
that the height of the intersection cycle of two effective divisors translated by a
strict sequence of torsion points converges to an adelic sum of mixed integrals of
roof and duals of Ronkin functions. This partially confirms a previous conjecture of
the authors about the average height of families of complete intersections in toric
varieties.

1. Introduction

The study of the Arakelov geometry of toric varieties was inaugurated by Maillot in [28],
where among other results he obtained upper bounds for the canonical height of a com-
plete intersection. These can be viewed as an arithmetic analogue of the inequality part in
the classical Bernstein–Kushnirenko–Khovanskii theorem [2].

Finding an arithmetic version of the equality part in this theorem is a more challenging
problem. A first step towards this goal was taken by Burgos Gil, Philippon and the second
author in the monograph [9], where they studied semipositive metrized line bundles on a
toric variety which are invariant under the action of the compact torus and gave a convex-
analytic formula for the corresponding height of this ambient variety. Subsequently, their
formula was extended by the first author to compute the height of a hypersurface in similar
terms [20].

For higher-codimensional complete intersections in toric varieties, one cannot expect
a general convex-analytic formula only depending on the arithmetic size of the defining
Laurent polynomials, as shown in Example 5.1.1 of [19] and Example 2.1 of [21]. How-
ever, these two references have suggested that the latter information could be enough to
recover the limit height of a certain family of complete intersection cycles associated with
the Laurent polynomials.
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To explain this precisely, let us fix a number field K with set of places M, and a
split algebraic torus T over K of dimension n with character lattice M . For a Laurent
polynomial f D

P
m ˛m�

m 2 KŒM � and a point t 2T .xK/, we can define the twist of f
by t as

t�f D
X
m

˛m�
m.t/�m 2 xKŒM �:

Now, for k � n, let

f D .f1; : : : ; fk/ and t D .t1; : : : ; tk/

be a family of nonzero Laurent polynomials in KŒM � and a family of points of T .xK/,
respectively. Whenever the divisors of the twisted Laurent polynomials t�1 f1; : : : ; t

�
k
fk

meet properly on the base change TxK, intersection theory allows to consider the .n � k/-
dimensional cycle

ZT .t
�f / D div.t�1 f1/ � � � div.t�k fk/ � TxK:

Geometrically, this is the cycle obtained by intersecting the translations of the hypersu-
faces of each fi by the corresponding point t�1i .

To be able to consider the height of such cycles, we need to fix a compactification of
the torus. Let then X be a complete toric variety with torus T and xD0; : : : ; xDn�k a family
of semipositive metrized divisors on it. The corresponding height of ZT .t

�f / is defined
as the height of the closure of this cycle in XxK.

With this convention, the following statement is a strengthening of the guesses formu-
lated in Conjecture 6.4.4 of [19] and in Conjecture 11.8 of [21].

Conjecture A. For k � n, let f D .f1; : : : ; fk/ be a family of nonzero Laurent poly-
nomials in KŒM �, and X a complete toric variety with torus T equipped with a family
xD0; : : : ; xDn�k of semipositive toric metrized divisors. Then for each sequence .!`/` of

torsion points in T .xK/k whose projection to .Tk=T /.xK/ via the diagonal action is strict,
we have

lim
`!1

h xD0;:::; xDn�k .ZT .!
�
`f // D

X
v2M

nv MIM .# xD0;v; : : : ; # xDn�k ;v; �
_
f1;v

; : : : ; �_fk ;v/;

where for each v 2M, we denote by nv the weight of this place, by # xDi ;v the v-adic roof
function of xDi , and by �_

fj ;v
the Legendre–Fenchel dual of the v-adic Ronkin function

of fj .

The definitions for the v-adic roof functions, the Legendre–Fenchel dual of the v-adic
Ronkin functions and the mixed integral operator MIM appearing in this conjecture can
be found in Definitions 5.1.4 and 2.7.16 of [9] and Definition 2.7 of [20], their underlying
ideas being briefly recalled in Section 3. The strictness requirement on the sequence .!`/`
ensures that the cycle ZT .!

�
`
f / is well defined for ` sufficiently large thanks to Corol-

lary 2.9, and so the limit in the left-hand side of the conjectural equality makes sense.
In spirit, Conjecture A affirms that the typical height of the complete intersection

defined by a family of Laurent polynomials twisted by torsion points may be predicted in
convex-analytic terms from the knowledge of the arithmetic complexity of these Laurent
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polynomials. In this way, it can be considered as an arithmetic analogue of a weak ver-
sion of the Bernstein–Kushnirenko–Khovanskii theorem computing the typical degree of
ZT .t

�f / for t 2T .xK/k (Corollary 2.7).
More precisely, Conjecture A can be interpreted as the statement that for all " > 0,

most twists of f by torsion points define complete intersections whose heights are closer
than " to the proposed adelic sum of mixed integrals. In particular, the average of these
heights coincides with this quantity. We refer to Corollary 7.8 in [21] for a specific situ-
ation that can be easily adapted to this more general setting. On the other hand, it is not
expected that the sequence of heights in the conjecture is eventually constant, see for
instance Question 9.4 in [21].

Till now, the conjecture was only known for f1 D f2 D x1 C x2 C 12QŒx˙11 ; x˙12 �

and the canonical height on the projective plane (Corollary 5 in [21]). In this particular
case, the limit height could also be expressed as a quotient of special values of the Riemann
zeta function.

Our main result in this paper is the following.

Theorem B. Conjecture A holds for k D 2.

When specialized to bivariate Fermat polynomials of arbitrary degree, this result con-
firms Conjecture 11.8 in [21]. It also implies the validity in the 2-codimensional situation
of the preliminary Conjecture 6.4.4 in [19] via the argument explained in Section 6 of [21].

Independently of us, Destic, Hultberg and Szachniewicz have proven the conjecture in
the general case [15]. Their approach is radically different, relying on the application of
Yuan’s equidistribution theorem and on the theory of globally valued fields from unboun-
ded continuous logic introduced by Ben Yaacov and Hrushovski.

The strategy of the proof of Theorem B is centered on the study of the local contribu-
tions to the height. More precisely, applying the arithmetic Bézout theorem we can realize
the height of ZT .!

�
`
f / as

(1.1) h xD0;:::; xDn�2; xDRon
f2

.ZT .!
�
`;1f1//C

X
v2M

nv

#O.!`/v

X
�2O.!`/v

Iv.�/;

where xDRon
f2

is the toric divisor associated with the Newton polytope of f2 equipped with
its Ronkin metric, O.!`/v is the image of the Galois orbit of !` in the v-adic analytic
torus T an

v , and IvWT .Cv/2!R n ¹�1º is a function defined as an integral over the v-adic
analytic toric variety X an

v . As the height of the hypersurface defined by f1 with respect
to the metrized divisors xD0; : : : ; xDn�2; xDRon

f2
is well understood in convex-analytic terms

from [20], we can reduce the proof of Theorem B to showing that the second summand
converges to zero along sequences .!`/` with strict image by the diagonal action (Sec-
tion 3).

The study of the asymptotic behaviour of a function on strict sequences of torsion
points immediately calls for the application of the equidistribution results. Unfortunately,
the equidistribution of roots of unity cannot be applied directly to the function Iv . Indeed,
this function is only defined on the algebraic points of T , and one first needs to extend
it to the whole analytic torus. More seriously, this extension does not need to be continu-
ous, and in fact it can take the value �1. Our focal goal is then to prove that Iv is (the
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restriction of) a function on the v-adic analytic torus T an
v with at most logarithmic singu-

larities. We achieve this by applying Stoll’s theorem on the continuity of the fiber integral
in the Archimedean case [37], and non-Archimedean analytic and formal geometry other-
wise [1, 6]. This is done in Section 4.

As a consequence of this property we can apply the local logarithmic equidistribu-
tion theorems for torsion points of Dimitrov and Habegger in the Archimedean case [16],
and of Tate and Voloch in the non-Archimedean case [38]. When combined, these two
statements show that each v-adic summand in (1.1) converges to 0 (Section 5).

Still, this local asymptotic vanishing is not enough to conclude the proof of The-
orem B. In fact, it can happen that there are infinitely many places for which the corres-
ponding local v-adic contribution does not eventually vanish, and therefore we are obliged
to keep track of infinitely many places even for arbitrary large values of `. To ensure that
the second summand in (1.1) asymptotically vanishes, we therefore need to prove that
there exists a finite subset S �M such that

lim
`!1

X
v2MnS

nv

#O.!`/v

X
�2O.!`/v

Iv.�/ D 0:

This can be done by explicit computation for a specific set S of bad places (Section 6).
Because of its local nature, this approach can be used to obtain formulæ for the typical

values of the local heights of the cycle ZT .!
�f /. Moreover, as it relies on equidistribu-

tion theorems for which quantitative versions are available [16,34], it might yield explicit
bounds for the approximation of these local heights to their limit, as already done by Lin
for the special case f1 D f2 D 1C x1 C x2 and the canonical height on the projective
plane [27].

Conventions and notations

A variety is an integral separated scheme X of finite type over a field K. A divisor on X
is a Cartier divisor, unless otherwise said. For an algebraic closure xK of K, the points
of X. xK/ are called the algebraic points of X .

Set X xK D X �K Spec. xK/ for the base change by the field extension xK=K. A cycle Z
ofX xK is a formal finite sum of subvarieties ofX with integer coefficients. For an integer r ,
the cycle Z is an r-cycle if these subvarieties can be taken of dimension r . We denote
by jZj the support of Z. For an open subset U � X and a cycle Y of U , we set xY for its
closure in X .

Set n D dim.X/. Then for an integer 0 � k � n and a family of global sections
s1; : : : ; sk of line bundles on X xK , we denote by VX .s1; : : : ; sk/ its zero set. These global
sections are said to meet properly if for every subset I � ¹1; : : : ; kº, each irreducible
component of VX .¹siºi2I / has codimension #I . When this is the case, intersection theory
allows to define the .n � k/-cycle of X xK :

(1.2) ZX .s1; : : : ; sk/ D div.s1/ � � � div.sk/ �X xK :

We have that jZX .s1; : : : ; sk/j D VX .s1; : : : ; sk/.
We denote by K a number field and by M its set of (nontrivial) places. For each v2M,

we denote by j � jv the unique absolute value on K representing v and extending one of the
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standard absolute values on Q. We set Kv for the completion of K with respect to j � jv
and associate to v the positive real weight

nv D
ŒKv W Qv0 �

ŒK W Q�
,

where v0 is the restriction of this place to the field of rational numbers. We denote by Cv
the completion of an algebraic closure of Kv . The absolute value on Kv has a unique
continuous extension to Cv , that is also denoted by j � jv . When v is non-Archimedean, we
denote by Cıv the corresponding valuation ring, and by zCv the associated residue field.

For a variety X over K and a place v 2M, we denote by Xv the base change with
respect to Cv and by X an

v the corresponding analytification in the sense of Berkovich [1].
Similarly, for a morphism f of varieties over K, we denote by fv its base change with
respect to Cv and by f an

v its analytification.

2. Geometric results

Here we recall the basic notions and constructions from toric geometry that we will use
throughout, referring to [17] and Chapter 3 of [9] for the proofs and more details. In addi-
tion, we study the cycles of a toric variety given as the closure of intersection cycles of
the torus of generic twists of Laurent polynomials. Our main result here is Theorem 2.5,
which realizes them as the intersection cycles of the same twists for the associated global
sections. In particular, this allows to express their degree in combinatorial terms (Corol-
lary 2.7).

In this section, we denote by K an arbitrary field and by T a split algebraic torus
over K of dimension n � 0. We set M for the character lattice of T and N DM_ for the
dual lattice. Set also MR D M ˝ R and NR D N ˝ R for the associated vector spaces,
and let h � ; �i denote their pairing.

2.1. Geometric toric constructions

Let f be a nonzero Laurent polynomial in the group algebra KŒM� and set ZT .f / D

div.f / � T for its associated Weil divisor.

Definition 2.1. Writing f D
P
m ˛m�

m, the twist of f by a point t 2T .K/ is defined as

t�f D
X
m

˛m�
m.t/�m 2 KŒM�:

This twist coincides with the pullback of f by the translation-by-t map �t WT ! T
defined by x 7! t � x. In particular, its Weil divisor agrees with the pushforward of the
Weil divisor of f with respect to the inverse translation, that is,

ZT .t
�f / D �t�1;�ZT .f /:

We denote by NP.f / �MR the Newton polytope of f and we set ‰NP.f /WNR ! R
for its support function, defined as

‰NP.f /.u/ D inf
x2NP.f /

hu; xi for u2NR:
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Let then † be a complete fan on NR that is compatible with NP.f /, in the sense that the
support function of this polytope is linear on each of the cones of this fan.

Set X for the toric variety over K associated with †. It is an equivariant compactific-
ation of the torus T that is both normal and complete. It admits an open covering by the
affine toric varieties corresponding to the cones of the fan:

(2.1) X D
[
�2†

X� :

The affine toric variety X0 corresponding to the zero cone is canonically isomorphic to
the torus, and is called the principal open subset of X .

Since the fan is compatible with the Newton polytope of f , we can associate to this
Laurent polynomial a nef toric divisor Df on X . It is defined as

Df D .X� ; �
�m� /�2†;

where for each � , we denote by m� 2M the slope of ‰NP.f / on the cone � . Set also
Lf DO.Df / for the associated toric line bundle and sDf for its canonical rational section.
The first is the subsheaf of the sheaf of rational functions KX that is generated on each
affine chartX� by the monomial �m� , and the second is the rational section ofLf induced
by the global section 1 of KX . We have that div.sDf / D Df .

We also set sf for the rational section of Lf similarly induced by the Laurent polyno-
mial f considered as a global section of KX . It is related to the canonical rational section
by sf D f sDf . It follows from Theorem 4.3 in [20] that sf is a global section with Weil
divisor equal to the closure in X of the Weil divisor of T defined by f , that is,

sf 2�.X;Lf / and ZX .sf / D ZT .f /:

The action of T on Lf induces an action on the global sections of this line bundle,
which can be described at the level of closed points as follows. For t 2T .K/, we now
denote by �t WX ! X the translation-by-t map on the toric variety and by ��t WKX !KX

the corresponding pullback morphism. We have that Lf is invariant with respect to the
latter, and so we can pullback global sections by �t .

Definition 2.2. For s 2�.X;Lf / and t 2T .K/, the twist of s by t is the pullback global
section ��t s. It is denoted as t�s for convenience.

For the global section sf , we have that

(2.2) t�sf D .t
�f /sDf :

The next lemma describes the Weil divisor defined by sf in terms of the orbit decom-
position of the toric variety. To state this properly, we recall that to each cone � 2† we
can attach the split algebraic torus

O.�/ D Spec.KŒ�? \M�/;

where �? � MR denotes the orthogonal linear subspace. On the other hand, the corres-
ponding affine toric variety in (2.1) is

X� D Spec.KŒ�_ \M�/;
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where �_ �MR denotes the dual cone. In this situation, the inclusion �? � �_ induces
the homomorphism of algebras KŒ�_ \M�! KŒ�? \M� given by

�m 7�!

´
�m if m 2 �?;
0 otherwise;

and so a closed immersion �� WO.�/ ,! X� :

Varying the cones and identifying the corresponding tori with their images in X gives
the different orbits of the action of T on X , producing a decomposition

X D
G
�2†

O.�/:

To each � we can also associate the face of the Newton polytope of f defined as

NP.f /� D ¹x 2 NP.f / W hu; xi D ‰NP.f /.u/ for all u2 �º:

It is contained in m� C �? � MR for the slope m� of ‰NP.f / on this cone, and in fact
it is the intersection between this affine subspace and NP.f /. Restricting the monomial
expansion of f to this face and translating the exponents, we obtain the nonzero Laurent
polynomial

f .�/ D
X

m2NP.f /�\M

˛m�
m�m� 2 KŒ�? \M�:

The inclusion �? \M � M also induces an inclusion of algebras KŒ�? \M� �

KŒM� and so a homomorphism of tori �� WT ! O.�/. These constructions are related to
the twisting by

(2.3) .t�f /.�/ D �m� .t/ � .�� .t//
�.f .�//:

Lemma 2.3. For each � 2†, we have that

VX .sf / \O.�/ D VO.�/.f .�//:

In particular, for t 2T .K/ we have that

VX .t
�sf / \O.�/ D VO.�/.�� .t/

�f .�//:

Proof. On X� , the line bundle Lf is generated by �m� and its global section sf is defined
by f . Hence VX� .sf / D VX� .�

�m�f /; where the latter denotes the zero set of the regular
function ��m�f on X� . Restricting to the orbit O.�/, we get

VX .sf / \O.�/ D VX� .�
�m�f / \O.�/ D VO.�/.�

�
� .�
�m�f // D VO.�/.f .�//;

proving the first statement. The second statement follows from the first together with the
functoriality in (2.3), noting that �m� .t/ ¤ 0.

Using this result, we show that the zero set of a generic twist of the global section sf
avoids any given finite set of points. Recall that a condition on the algebraic points of T
is generic if it holds on a nonempty open subset of T xK .
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Lemma 2.4. Let p1; : : : ; pr 2X xK be a finite family of (not necessarily closed ) points.
Then for a generic choice of t 2T . xK/, we have that pi …VX .t�sf / for all i .

Proof. We reduce without loss of generality to a single point p 2X xK , since the gen-
eral case follows from this one by intersecting the corresponding genericity conditions.
Moreover, taking any closed point in the closure ¹pº we can also suppose that p 2X. xK/.

Take � 2† such that p2O.�/. By Lemma 2.3, for t 2T . xK/we have that p…VX .t�sf /
if and only if p …VO.�/.�� .t/�f .�//. This is equivalent to the fact that

f .�/.�� .t/ � p/ ¤ 0;

which in turn is equivalent to t … ��1� .VO.�/.p
�f .�///. Since the Laurent polynomial

f .�/ is nonzero, this latter condition is open and nonempty, and so generic.

For 0 � r � n, the degree of an r-cycle Z of T xK with respect to a family D1; : : : ;Dr
of divisors on X is defined by taking its closure, that is,

degD1;:::;Dr .Z/ WD degD1;:::;Dr . xZ/;

where the latter degree is defined by considering the base change of the divisors with
respect to xK.

Recall that to each toric divisorD onX we can associate a lattice polytope�Di �MR.
For a family D1; : : : ;Dn of nef toric divisors on X , we have that

(2.4) degD1;:::;Dn.T xK/ D MVM .�D1 ; : : : ; �Dn/;

where MVM denotes the mixed volume function for the Haar measure volM on MR that
gives covolume 1 to the lattice M and acts on families of n convex bodies of this vector
space, see Definition 2.7.14 in [9].

2.2. The dimension of intersection cycles of twists

Here we study the intersection cycles defined by the twists of several Laurent polynomials.
We start by considering an integer 0� k � n and a family of nonzero Laurent polynomials
in KŒM�,

f D .f1; : : : ; fk/:

Fix a complete fan † on NR which is compatible with the Newton polytopes of these
Laurent polynomials and set X for the associated complete toric variety. This compatibil-
ity allows to consider the family sf D .sf1 ; : : : ; sfk /, where sfi is the global section of the
nef toric line bundle Lfi on X associated with fi .

Let Tk be the product of k-many copies of the torus T , and for t 2T . xK/k , set

t�f D .t�1 f1; : : : ; t
�
k fk/ and t�sf D .t

�
1 sf1 ; : : : ; t

�
k sfk /

for the corresponding families of twists over xK (Definitions 2.1 and 2.2).
The following is the main result of this section, realizing the closure of the intersection

cycle of the torus defined by a generic twist of f as the intersection cycle of the toric
variety defined by the same twist of sf .
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Theorem 2.5. There is a proper closed subset H � Tk such that for t 2 .Tk nH/. xK/,
we have that t�1 sf1 ; : : : ; t

�
k
sfk meet properly and that ZT .t�f / D ZX .t

�sf /:

We first prove the next auxiliary result.

Lemma 2.6. There is t 2T . xK/k such that every irreducible component of the zero set
VX .t

�sf / has codimension k and is not contained in X nX0.

Proof. We proceed by induction on k. The case k D 0 is tautological, and so we suppose
that k � 1. The inductive step follows by applying Lemma 2.4 to the generic point of each
of the components of VX .t�1 sf1 ; : : : ; t

�
k�1

sfk�1/ and of the intersection of this zero set with
X n X0. As a consequence, there is tk 2T . xK/ such that VX .t�k sfk / does not contain any
of the components of VX .t�1 sf1 ; : : : ; t

�
k�1

sfk�1/. Setting t D .t1; : : : ; tk�1; tk/, we have that
every component of

VX .t
�sf / D VX .t

�
1 sf1 ; : : : ; t

�
k�1sfk�1/ \ VX .t

�
k sfk /

has codimension k, as stated.
Moreover, by the inductive hypothesis, we have that all the components of the intersec-

tion of VX .t�1 sf1 ; : : : ; t
�
k�1

sfk�1/ with X nX0 have codimension k. By construction of tk ,
none of them is contained in VX .t�sf /, and so this zero set has no component contained
in X nX0.

Proof of Theorem 2.5. We first show that the conditions in Lemma 2.6 are generic. To this
end, for each i denote by �i WTk �X ! X the i -th multiplication map defined by

.t1; : : : ; tk ; p/ 7�! ti � p:

The pullback ��i sfi is a global section of the line bundle ��i Lfi on Tk �X , and we put

� D VTk�X .�
�
1sf1 ; : : : ; �

�
ksfk /:

This a closed set of Tk �X whose algebraic points are the pairs .t; p/ 2 .Tk �X/. xK/D

T . xK/k �X. xK/ such that

sf1.t1 � p/ D � � � D sfk .tk � p/ D 0:

Hence� is the incidence closed subset of the global sections sfi , i D 1; : : : ;k, with respect
to the action of the torus on the toric variety.

For t 2T . xK/k , the fiber of the projection map � WTk � X ! Tk restricted to this
closed subset identifies with the zero set of the family of twisted global sections t�sf ,
that is,

.�j�/
�1.t/ D ¹tº � VX .t

�sf /:

LetW be an irreducible component of�. We have that the map � is closed becauseX
is complete, and so the image �.W / � Tk is a closed subset.

On the one hand, if �.W / ¤ Tk then �.W / � Tk is a proper closed subset and so
.�jW /

�1.t/ D ; for t generic. On the other hand, if �.W / D Tk , then the restriction

(2.5) �jW WW �! Tk
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is surjective. As � is defined by k equations, dimension theory implies that the codimen-
sion of W cannot exceed k. Moreover, by the first part of Lemma 2.6 the map in (2.5) has
a fiber of dimension n� k, and by the theorem of dimension of fibers (see Exercise 3.22 at
p. 95 in [24]), this quantity bounds above the relative dimension ofW over Tk . Altogether
this implies that

n � k � dim.W / � dim.Tk/ � n � k:

It follows that this relative dimension is equal to n � k, and so the theorem of dimension
of fibers also gives that dim..�jW /�1.t// D n � k for t generic.

Note that
.�j�/

�1.t/ D
[
W

.�jW /
�1.t/;

the union being over the irreducible components of �. Hence intersecting the genericity
conditions corresponding to each W , we get that VX .t�sf / is either empty or has pure
codimension k for t generic.

Applying the same reasoning to the intersection � \ .Tk � .X n X0// and using the
second part of Lemma 2.6, we deduce that VX .t�sf / \ .X n X0/ is either empty or has
pure codimension k C 1 in X for a generic choice of t. We obtain that VX .t�sf / has no
irreducible component contained in X nX0 for this choice of t.

This proves that the conditions in Lemma 2.6 applied to the family sf1 ; : : : ; sfk hold
for t generic. Applying this to the global sections corresponding to each index subset
I � ¹1; : : : ; kº and intersecting the resulting genericity conditions, we get that a generic
twist of the global sections meets properly, as stated.

Summing up, for a generic choice of t, the intersection cycleZX .t�sf / can be defined
and has no irreducible component contained in X nX0. In particular, it coincides with the
closure of ZT .t

�f / in X , as stated.

We next use this result to compute the degree of the intersection cycle of the torus
defined by a generic twist of f .

Corollary 2.7. Let D1; : : : ; Dn�k be nef toric divisors on X and H � Tk the proper
closed subset in Theorem 2.5. Then for t 2 .Tk nH/. xK/, we have that

degD1;:::;Dn�k .ZT .t
�f // D MVM .�D1 ; : : : ; �Dn�k ;NP.f1/; : : : ;NP.fk//:

Proof. By Theorem 2.5, for a generic choice of t 2T . xK/k we have that

degD1;:::;Dn�k .ZT .t
�f // D degD1;:::;Dn�k .div.t�1 sf1/ � � � div.t�n�ksfn�k / �X/:

By Bézout’s formula, this latter degree coincides with degD1;:::;Dn�k ;Df1 ;:::;Dfk
.T xK/,

whereDfi is the nef toric divisor on X associated with fi for each i . The polytope ofDfi
coincides with NP.fi / and so the statement follows from (2.4).

Following [3], a sequence of algebraic points of a torus is said to be strict if it eventu-
ally avoids any fixed proper algebraic subgroup. In this subsection, we slightly relax this
notion to one that suits better to twists of systems of equations.
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Consider the diagonal embedding T ,! Tk defined by t 7! .t; : : : ; t /. The quotient
Tk=T is isomorphic to the torus Tk�1 through the map

(2.6) Œ.t1; t2; : : : ; tk/� 7�! .t�11 t2; : : : ; t
�1
1 tk/:

Set $ WTk ! Tk=T for the quotient homomorphism.

Definition 2.8. A sequence .t`/` in T . xK/k is quasi-strict if for every proper algebraic
subgroup G � Tk=T , there is `0 2N such that $.t`/…G. xK/ for all ` � `0.

Notice that any strict sequence in T . xK/k is also quasi-strict. In fact, a sequence .t`/`
in T . xK/k is quasi-strict if and only if the sequence ..t�1

`;1
t`;2; : : : ; t

�1
`;1
t`;k//` in T . xK/k�1

is strict.
The next result is a direct consequence of Theorem 2.5 and Corollary 2.7 together with

the former toric Manin–Mumford conjecture [26].

Corollary 2.9. Let .!`/` be a quasi-strict sequence of torsion points of T . xK/k . Then
for ` sufficiently large, the global sections !�

`;1
sf1 ; : : : ;!

�
`;k
sfk meet properly and

ZT .!
�
`
f / D ZX .!

�
` sf /:

In particular, for a family D1; : : : ;Dn�k of nef toric divisors on X , we have that

degD1;:::;Dn�k .ZT .!
�
`f // D MVM .�D1 ; : : : ; �Dn�k ;NP.f1/; : : : ;NP.fk//

for ` sufficiently large.

Proof. LetH �Tk be the minimal closed subset satisfying the conditions in Theorem 2.5.
One can check that these conditions are invariant under the diagonal action of T . xK/. This
implies that $.H/ � Tk=T is a proper closed subset, and so by Laurent’s theorem [26],
there is a finite union of proper algebraic subgroups of Tk=T that contains all torsion
points of $.H/.

The sequence .!`/` projects to a strict sequence of torsion points of .Tk=T /. xK/.
Hence this strict sequence eventually avoids $.H/, and so .!`/` eventually avoids H .
The statement then follows readily from Theorem 2.5 and Corollary 2.7.

3. The height of intersection cycles of twists

In this section, we move to the arithmetic setting, approaching the main content of the
paper. After recalling from [9, 20] the notions and objects playing a role in the statement
of Conjecture A, we present a strategy for its proof which reduces it to a local logarithmic
equidistribution statement and a global adelic one. We also provide several reduction steps
that can be employed for the proof, relegating the burdensome details to Appendix A.

3.1. Arithmetic toric constructions

Throughout this section, we denote by T a split algebraic torus over K of dimension
n � 0 and by X a complete toric variety compactifying T . Recall that for each v 2M, we
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respectively denote by Tv and Xv the base change of the torus and the toric variety with
respect to the complete and algebraically closed field Cv , and we set T an

v andX an
v for their

analytification. The v-adic compact torus is the subset of T an
v defined as

(3.1) Sv D ¹t 2T an
v W j�

m.t/jv D 1 for all m2M º:

It is an analytic group acting on X an
v .

We also denote by valvWT an
v ! NR the v-adic valuation map, see Section 4.1 of [9].

Choosing a splitting T ' Gn
m identifies NR with Rn, and the set of rigid points of T an

v

with .C�v /
n. In these coordinates, the v-adic valuation map writes down at the level of

these rigid points as

valv.t1; : : : ; tn/ D .� log jt1jv; : : : ;� log jtnjv/:

Let xD be a semipositive toric (adelically) metrized divisor on X . It is the datum

xD D .D; .k � kv/v2M/;

whereD is a toric divisor onX and each k � kv is a semipositive Sv-invariant and continu-
ous metric on the analytic line bundle O.D/an

v that is induced by a single integral model
of the pair .X;O.D// for all but finitely many v 2M, see Definition 4.9.1 in [9].

Let sD be the canonical rational section of the line bundle O.D/ associated with D.
For each v, the function log ksDkvWT an

v ! R factors through the valuation map. In fact,

log ksDkv D  xD;v ı valv

for a concave function  xD;vW NR ! R, called the v-adic metric function of xD. The
Legendre–Fenchel dual of  xD;v is a continuous concave function

# xD;vW�D �! R;

where �D � MR is the polytope associated with D. It is called the v-adic roof function
of xD. The adelicity of xD implies that # xD;v is the zero function on �D for all except
finitely many v 2M.

For 0� r � n, the height of an r-cycleZ of TxK with respect to a family of semipositive
metrized divisors xD0; : : : ; xDr on X is defined through its closure as

h xD0;:::; xDr .Z/ D h xD0;:::; xDr .
xZ/:

The latter is defined by considering the base change of these metrized divisors to any finite
extension of K over which xZ is defined, and applying the recursive definition of the height
in Chapter 1 of [9].

The following result, due to Burgos, Philippon and the second author, expresses the
height of the torus with respect to a family of semipositive toric metrized divisors in
convex-analytic terms. It involves the mixed integral operator MIM with respect to the
Haar measure volM on MR acting on families of n C 1 concave functions on convex
bodies of MR, see for instance Definition 2.7.16 in [9].
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Theorem 3.1 (Theorem 5.2.5 in [9]). Let xD0; : : : ; xDn be semipositive toric metrized
divisors on X . Then

h xD0;:::; xDn.TxK/ D
X
v2M

nv MIM .# xD0;v; : : : ; # xDn;v/:

Let now f 2KŒM � be a nonzero Laurent polynomial. When investigating the height
of its Weil divisor it is necessary to consider an adelic family of functions measuring the
arithmetic complexity of this Laurent polynomial. To this end, for each v 2M we consider
the v-adic Ronkin function of f , which is a concave function

�f;v W NR �! R

defined as the average of log jf jvWT an
v ! R [ ¹�1º on the fibers of the v-adic valu-

ation map, see Section 2 of [20]. Its Legendre–Fenchel dual �_
f;v

is a continuous concave
function on the Newton polytope of f .

Theorem 3.2 (Theorem 5.12 in [20]). Let f 2KŒM � be a nonzero Laurent polynomial
and xD0; : : : ; xDn�1 semipositive toric metrized divisors on X . Then

h xD0;:::; xDn�1.ZT .f // D
X
v2M

nv MIM .# xD0;v; : : : ; # xDn�1;v; �
_
f;v/:

3.2. An approach to Conjecture A

Our main concern in this article is the height of higher codimensional complete intersec-
tion cycles inX . To this end, for an integer 0 � k � n, fix a family f D .f1; : : : ; fn�k/ of
nonzero Laurent polynomials in KŒM � and a family xD0; : : : ; xDn�k of semipositive toric
metrized divisors on X . Conjecture A in the introduction predicts that

lim
`!1

h xD0;:::; xDn�k .ZT .!
�
`f // D

X
v2M

nv MIM .# xD0;v; : : : ; # xDn�k ;v; �
_
f1;v

; : : : ; �_fk ;v/

for any quasi-strict sequence .!`/` of torsion points of T .xK/k .

Remark 3.3. For k D 0, this claim boils down to Theorem 3.1, while for k D 1 it coin-
cides with Theorem 3.2 noticing that

h xD0;:::; xDn�1.ZT .!
�f // D h xD0;:::; xDn�1.ZT .f //

for any torsion point ! 2T .xK/, which follows from the arithmetic projection formula and
the definition of toric metrics.

We now outline a strategy for proving Conjecture A, arguing by induction on the
number k of Laurent polynomials.

As the conjecture holds true for k D 0 and k D 1 (Remark 3.3), we just need to prove
the inductive step. Let k � 2 and assume for convenience that the fan of X is compat-
ible with the Newton polytopes of f1; : : : ; fk . As we will later see, this can always be
done without loss of generality (Proposition 3.6). Under this compatibility condition, for
each Laurent polynomial fi we consider the nef toric divisor Dfi on X and the global
section sfi of the toric line bundle O.Dfi /. Following Section 5 of [20], we can enrich the
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divisor Dfi with its adelic family of v-adic Ronkin metrics. The obtained pair

(3.2) xDRon
fi
D .Dfi ; .k � kRon;v/v2M/

is a semipositive toric metrized divisor on X whose v-adic metric function coincides with
the Ronkin function �fi ;v .

Let H � Tk be the proper closed subset given by Theorem 2.5 and take a family of
torsion points !D .!1; : : : ; !k/2T .xK/k not lying in it. By this result, the twisted global
sections !�1 sf1 ; : : : ; !

�
k
sfk meet properly and

ZT .!�f / D ZX .!
�sf / D div.!�k sfk / �ZX .y!

�s yf /

with yf D .f1; : : : ;fk�1/ and y!D .!1; : : : ;!k�1/. Applying Theorem 2.5 to the family yf ,
up to possibly enlarging H we also have that

ZT .y!
� yf / D ZX .y!

�s yf /:

Hence
ZT .!�f / D div.!�k sfk / �ZT .y!

� yf /:

This expression is particularly favourable to compute the height of this cycle of XxK
using the recursive definition of the height. To do so, let us consider the finite exten-
sion K.!/=K and denote by M.!/ its set of places. Each w 2M.!/ restricts to a place
v 2M, and its weight is

(3.3) nw D
ŒK.!/w W Kv�

ŒK.!/ W K�
nv

by the multiplicativity of degrees of finite extensions. Applying the arithmetic Bézout
formula over the number field K.!/ yields

(3.4) h xD0;:::; xDn�k .ZT .!
�f // D h xD0;:::; xDn�k ; xDRon

fk

.ZT .y!
� yf //C

X
w2M.!/

nwJw.!/;

where for each w 2M.!/, we have set

Jw.!/ D

Z
Xan
w

log k!�k sfkkRon;w c1. xD0;w/ ^ � � � ^ c1. xDn�k;w/ ^ ıZX .y!�s yf /an
w
:

Here the integral is with respect to the w-adic mixed Monge–Ampère measure of the
extension to K.!/ of the metrized divisors, restricted to the analytic .n � k C 1/-cycle
defined by the first k � 1 twisted global sections.

We can write (3.4) in a friendlier way by grouping together the local w-adic terms
according to their restriction to K and reformulating the resulting sums in term of Galois
orbits.

For t 2T .xK/, we denote by O.t/ � T .xK/ its Galois orbit, that is the orbit of this
algebraic point under the action of the absolute Galois group of K. To pass from the
algebraic to the analytic setting, we need to choose a K-embedding

�v W xK ,�! Cv:
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This choice induces a composite injective map T .xK/ ! Tv.Cv/ ! T an
v , that we also

denote by �v . The v-adic Galois orbit of t 2T .xK/ is now defined as the finite set

O.t/v D �v.O.t// � T an
v :

Since the different K-embeddings of xK into Cv differ by an element of Gal.xK=K/, the
set O.t/v does not depend on the choice of the embedding �v . Moreover, its cardinality
coincides with that of O.t/.

We also consider the function IvW .Tk nH/.Cv/! R defined for t D .t1; : : : ; tk/ as

Iv.t/ D

Z
Xan
v

log kt�k sfkkRon;v c1. xD0;v/ ^ � � � ^ c1. xDn�k;v/ ^ ıZX .yt�s yf /an
v

with yt D .t1; : : : ; tk�1/.

Claim 3.4. We have thatX
w2M.!/

nwJw.!/ D
X
v2M

nv

#O.!/

X
�2O.!/v

Iv.�/:

Proof. Let v 2M and denote by M.!/v the set of places of K.!/ over v. The finite
extension K.!/=K is Galois and we denote by G! its Galois group. This finite group acts
by composition on the set M.!/v , and by Proposition 9.1 in Chapter II of [30], this action
is transitive.

In particular, the degree ŒK.!/w W Kv� is the same for all w 2M.!/v , and by Corol-
lary 8.4 in Chapter II of [30], these degrees sum up to ŒK.!/ W K�. Combining this with
the orbit-stabilizer theorem, we obtain that

(3.5)
ŒK.!/w W Kv�

ŒK.!/ W K�
D

1

#M.!/v
D

# stab.w/
#G!

for any w 2M.!/v;

where stab.w/ denotes the stabilizer of w with respect to the action of G!.
Choose the place wv 2M.!/ induced by the embedding �vW xK ,! Cv . Then (3.5),

together with the transitivity of the action, gives thatX
w2M.!/v

ŒK.!/w W Kv�

ŒK.!/ W K�
Jw.!/ D

1

#G!

X
�2G!

J�.wv/.!/:

For each � 2G!, we have that J�.wv/.!/ D Iv.�v ı �.!//, as it can be checked using the
isomorphism X an

�.wv/
' X an

v and the change of variables formula.
On the other hand, the finite group G! acts freely and transitively on the Galois orbit

of !. Hence the assignment � 7! �v ı �.w/ is a bijection between G! and the v-adic
Galois orbit of this point. Altogether, we deduce thatX

w2M.!/v

ŒK.!/w W Kv�

ŒK.!/ W K�
Jw.!/ D

1

#O.!/

X
�2O.!/v

Iv.�/:

The claim follows multiplying this equality by nv and summing over all v 2M, together
with the relation between the weights of K and those of K.!/ in (3.3).
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Combining this claim with (3.4), we deduce the following recursive formula.

Proposition 3.5. In this setting, for any torsion point !2T .xK/k nH.xK/, we have that

h xD0;:::; xDn�k .ZT .!
�f // D h xD0;:::; xDn�k ; xDRon

fk

.ZT .y!
� yf //C

X
v2M

nv

#O.!/

X
�2O.!/v

Iv.�/:

Let us now see how this formula could lead to the proof of the inductive step of
Conjecture A. Let .!`/` be a quasi-strict sequence of torsion points of T .xK/k . Setting
y!` D .!`;1; : : : ; !`;k�1/ for each `, the sequence .y!`/` of torsion points of T .xK/k�1

is also quasi-strict. Using the inductive hypothesis, the first summand in the right-hand
side of the formula in Proposition 3.5 converges to the desired limit as `!1. Thus the
proof of the conjecture is reduced to showing that the second summand in this formula
asymptotically vanishes, namely

(3.6) lim
`!1

X
v2M

nv

#O.!`/

X
�2O.!`/v

Iv.�/ D 0:

When approaching this problem, the following reduction steps might be useful.

Proposition 3.6. When proving Conjecture A for a given 0 � k � n, it is enough to
suppose that:
(1) the Laurent polynomials f1; : : : ; fk have coefficients in the ring of integers of K,

their supports contain the lattice point 02M , and (up to possibly replacing K by a
finite extension) they are absolutely irreducible, i.e., they are irreducible as elements
of xKŒM �;

(2) the toric variety X is smooth and projective, and its fan is compatible with the New-
ton polytopes of the Laurent polynomials;

(3) the toric divisors D0; : : : ;Dn�k are very ample;
(4) the semipositive toric metrics of xD0; : : : ; xDn�k are smooth at Archimedean places

and algebraic at non-Archimedean ones;
(5) the torsion points in the sequence are of the form !` D .1;!`;2; : : : ; !`;k/ with 1 the

neutral element of T .xK/ and ..!`;2; : : : ; !`;k//` a strict sequence in T .xK/k�1.

Proving Proposition 3.6 would result weighty here, and therefore we postpone this to
Appendix A.

4. An auxiliary function

With the aim of proving Theorem B and in view of the reduction steps in Proposition 3.6
we now place ourselves in the following setting. Let f; g 2KŒM � be two absolutely irredu-
cible Laurent polynomials such that both of their supports contain the lattice point 02M .
We write them as

f D
X
m

˛m�
m and g D

X
m

ˇm�
m

with ˛m; ˇm 2K that are zero for all but finitely many m. Let also X be a smooth projec-
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tive toric variety compactifying T with fan compatible with the Newton polytopes of f
and g. Furthermore, we denote by xD0; : : : ; xDn�2 a family of semipositive toric met-
rized divisors on X with very ample underlying divisors, and with smooth metrics at the
Archimedean places and algebraic metrics at the non-Archimedean ones.

Recall from Section 2.1 thatDf denotes the nef toric divisor on X associated with the
Newton polytope of f and sf the global section of O.Df / associated with this Laurent
polynomial. We set Z D ZX .sf / for the corresponding hypersurface of X .

Fix v 2M. To treat the v-adic summand in (3.6) in the present 2-codimensional case,
it will be convenient to consider the function FvWT .Cv/! R [ ¹�1º defined by

(4.1) Fv.t/ D

Z
Xan
v

log jt�gjv c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZan
v
:

This integral is computed with respect to the v-adic mixed Monge–Ampère measure of
these metrized divisors on the analytification of the hypersurface defined by f . We devote
this section to the study of the regularity of this auxiliary function.

4.1. The goal of this section

We first introduce a class of functions on T an
v with controlled behaviour along closed

algebraic subsets, similarly as those considered by Chambert-Loir and Thuillier along
Weil divisors [12].

Definition 4.1. Let H � Tv be a proper closed subset and h1; : : : ; hs 2CvŒM � a system
of Laurent polynomials defining it. A function 'WT an

v ! R [ ¹�1º is said to have at
most logarithmic singularities along H an if the two following conditions are met:

(1) the restriction of ' to T an
v nH

an is a continuous function with real values,
(2) for each point of H an there exist an open neighbourhood U � T an

v and positive real
numbers c1 and c2 such that

j'j � �c1 log max
jD1;:::;s

jhj jv C c2 on U:

Remark 4.2. Let H 0 � Tv be a closed subset containing H , and g1; : : : ; gr a system of
Laurent polynomials defining it. By Hilbert’s Nullstellensatz, there is an integer �1 � 1
such that g�1i 2 .h1; : : : ; hs/ for every i . Therefore, for any open subset U � T an

v with
compact closure, there is a positive real number �2 such that

� log max
jD1;:::;s

jhj jv � ��1 log max
iD1;:::;r

jgi jv C �2 on U:

Hence if ' has at most logarithmic singularities along H an, then it also has at most logar-
ithmic singularities along .H 0/an.

Applying this observation to the case when H 0 D H , it implies moreover that Defini-
tion 4.1 does not depend on the choice of the defining system of Laurent polynomials.

To study the singularities of the auxiliary function, we introduce the proper closed
subset of the torus defined as

(4.2) ‡ D VT .¹˛mˇm0Cm0�
m0Cm0 � ˛m0ˇmCm0�

mCm0ºm;m02M /

if there is m0 2M such that supp.g/ D supp.f /Cm0, and as ‡ D ; otherwise.
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Lemma 4.3. For t 2T .Cv/, we have that Fv.t/ D �1 if and only if t 2‡.Cv/.

Proof. First suppose that there is m0 2M such that supp.g/ D supp.f /Cm0. Then for
t 2T .Cv/, we have that t 2‡.Cv/ if and only if there is �2C�v such that ˇmCm0�

mCm0.t/

D �˛m for all m, or equivalently, that

t�g D ��m0f:

Otherwise, f and t�g are coprime for all t 2T .Cv/, because both Laurent polynomials
are absolutely irreducible and their supports do not coincide modulo a translation.

We conclude that t 2‡.Cv/ if and only if f and t�g coincide up to a monomial factor.
When this condition holds, we have jt�g .x/jv D 0 for all x 2Zan

v , and so Fv.t/ D �1.
Otherwise, t�g is a nonzero rational function on the hypersurface Z, and thus Fv.t/2R,
because the v-adic mixed Monge–Ampère measure integrates functions with at most log-
arithmic singularities.

The following is our main result here. Its proof is rather long and technical, and will
occupy us for the rest of the section.

Theorem 4.4. The function Fv extends uniquely to a function T an
v ! R [ ¹�1º with

at most logarithmic singularities along ‡ an
v and taking the value �1 on this analytic

subvariety.

4.2. Archimedean continuity

We start by showing that when v is Archimedean, the auxiliary function is continuous out-
side its singularity locus. The proof is an application of Stoll’s theorem on the continuity
of the fiber integral [37].

Proposition 4.5. Let v be an Archimedean place of K. Then the restriction of Fv to
T an
v n‡

an
v is a continuous function with real values.

Proof. After fixing an isometry, we identify Cv with the field of complex numbers and
consequently we drop the index v from the notation throughout. In particular, the v-adic
analytifications of Tv and ‡v are respectively identified with T .C/ and ‡.C/. Thus we
can write the auxiliary function as

(4.3) F.t/ D

Z
Z.C/

log jg.t � x/j d� for t 2T .C/;

where � denotes the .n � 1; n � 1/-form
Vn�2
iD0 c1.

xDi jZ/. Up to desingularizing, we can
assume that Z is a smooth complete variety over C.

Consider the finite open covering of X by the affine toric varieties X� , � 2 †, as
in (2.1). Choose a family of compact semialgebraic subsets K� � .X� \Z/.C/, � 2†,
such that [

�2†

K� D Z.C/:

Such a covering can be obtained, for instance, as the restriction to Z.C/ of the Batyrev–
Tschinkel decomposition of X.C/, see Section 3.2 of [28].
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By the inclusion-exclusion formula, we have

(4.4) F.t/ D
X
P�†

.�1/#P�1
Z
KP

log jg.t � x/j d�

with KP D
T
�2P K� for P � †.

Fix P . Choose then any � 2P and write the restriction of the rational function g to
the corresponding affine toric variety as a quotient of nonzero regular functions

gjX� D
h1

h2

that are coprime as elements of CŒM �. By Theorem 4.9 in [37], for each j , the function

(4.5) t 7�!

Z
KP

log jhj .t � x/j d�

is continuous at any point t0 2T .C/n‡.C/. We now check this claim by placing our-
selves in the notation and terminology of loc. cit. To this end, consider first the smooth
complex manifold

M D .X� \Z/.C/ � T .C/

equipped with the differential form of bidegree .n � 1; n � 1/ obtained as the pullback
of � with respect to the projection onto the first factorM ! .X� \Z/.C/. Consider also
the .n � 1/-fibering obtained as the projection onto the second factor M ! T .C/: Fur-
thermore, choose an open subset B � T .C/ with compact closure containing the point t0
and set

G D int.KP / � B �M;

where int.KP / denotes the interior of this compact semialgebraic subset.
Notice that the boundary of G restricted to the fiber of t0 is of measure zero with

respect to the chosen .n � 1; n � 1/-form. Moreover, the holomorphic function M ! C
defined by .x; t/ 7! hj .t � x/ is not identically zero on the fiber over t0 because t0 …‡.C/.
Then the hypotheses of Stoll’s theorem are satisfied, and the continuity at t0 of the integral
in (4.5) follows from this result together with the computation of the multiplicities of the
fibering given by Lemma 5.2 in [36].

Finally, the continuity on T .C/ n ‡.C/ in (4.5) implies that of the P -term in the
inclusion-exclusion formula in (4.4), and in turn that of F .

4.3. Non-Archimedean continuity

When v is non-Archimedean, the function Fv is only defined at the rigid points of T an
v .

Here we show that it can be uniquely extended to the whole of the v-adic analytic torus
with singularities along‡ an

v . Its proof relies on a number of technical results and construc-
tions from non-Archimedean formal and analytic geometry.

Proposition 4.6. Let v be a non-Archimedean place of K. Then Fv extends uniquely to a
function T an

v ! R [ ¹�1º which is continuous with real values on T an
v n ‡

an
v and takes

the value �1 on ‡ an
v .
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Proof. Notice that if the claimed extension exists, then it is unique, by the density of
T .Cv/ in T an

v n‡
an
v . We thus focus on the proof of its existence.

We start by providing a more explicit expression for the function Fv , from which the
definition of the extension will be more natural. We denote by �WZ ,! X the inclusion of
the hypersurface Z into the toric variety X . Note that we can consider the pullback with
respect to � of any toric divisor on X because Z is not contained in the boundary X nX0.

Since the metrics in the v-adic metrized divisors xD0;v; : : : ; xDn�2;v are algebraic, by
passing to the formal completion along the special fiber, they are also formal in the sense
of Section 7 in [22]. Thus, the metrics of the pullbacks ��v xD0;v; : : : ; �

�
v
xDn�2;v are formal.

It then follows from Proposition 3.11 in [23] and Proposition 1.11 in [22] that there exist a
distinguished formal analytic variety Z over Cv with generic fiberZan

v and reduced special
fiber zZ, and for each i D 0; : : : ; n � 2 a pair .Li ; ei / consisting of a formal analytic line
bundle on Z and a positive integer inducing the metric of ��v xDi;v . In this setting, the v-adic
Monge–Ampère measure in the definition of Fv is the discrete measure on X an

v given by

c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZan
v
D �an

v;�.c1.�
�
v
xD0;v/ ^ � � � ^ c1.��v xDn�2;v//(4.6)

D

X
V 2zZ.0/

degzL0;:::;zLn�2.V /

e0 � � � en�2
ı�an
v .�V /;

where zLi is the line bundle on zZ induced by Li , the index set zZ.0/ is the collection of
irreducible components of zZ, and for each V 2 zZ.0/ we denote by �V the unique point
ofZan

v which is sent to the generic point �V of V by the reduction map. Hence the auxiliary
function takes the form

(4.7) Fv.t/ D
X
V 2zZ.0/

degzL0;:::;zLn�2.V /

e0 � � � en�2
log jt�g .�V /jv for t 2T .Cv/;

where the Laurent polynomial t�g is seen as an element of CvŒM �=.f /.
For what follows, we need a more explicit description of the analytic points in the

support of the measure. Since Z is a distinguished formal analytic variety with reduced
special fiber, by definition it is locally isomorphic to the formal spectrum of a distin-
guished Cv-affinoid algebra A whose reduction zA is a reduced zCv-algebra. Thus, for
each V 2 zZ.0/ there is a distinguished Cv-affinoid algebra AV such that �V 2 Spec. zAV /.
Following the proof of Proposition 2.4.4 in [1], up to localizing, we can assume that zAV

is a domain, in which case �V can be described as the point of the Berkovich spectrum
M.AV / � Z

an
v corresponding to the sup-seminorm on AV . Precisely, this point is the

multiplicative seminorm on AV defined as

(4.8) ja.�V /jv D sup
x2M.AV /

ja.x/jv for a2AV :

We want to apply this norm to the Laurent polynomial t�g for t 2T .Cv/. By The-
orem 1 in Section 6.4.3 and Proposition 4 in Section 6.2.1 of [6], for each V the corres-
ponding Cv-affinoid algebra AV is reduced and therefore the seminorm in (4.8) is actually
a norm. This latter fact implies that �V avoids every proper analytic subset of M.AV /, and
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in particular the analytification of the boundary Z nX0. Hence up to localizing again, we
can assume without loss of generality that CvŒM �=.f / � AV , and so

(4.9) jt�g .�V /jv D sup
x2M.AV /

jt�g .x/jv:

Let now t 2T an
v be an arbitrary analytic point and H .t/ its complete residue field,

which is a complete valued field extension of Cv . For each V 2 zZ.0/, we plan to define
jt�g .�V /jv extending the expression in (4.9).

To this end, recall that AV is a distinguished Cv-affinoid algebra with integral reduc-
tion zAV . Since zCv is algebraically closed, the tensor product zAV ˝zCv

H .t/e is an integral

H .t/e -algebra, see Corollaire 2 in V.17.5 of [8]. Hence thanks to Satz 6.4 in [4], the com-
pleted tensor product AV y̋CvH .t/ is a distinguished H .t/-algebra. Set then

�V;t 2M.AV y̋CvH .t//

for the sup-seminorm on this completed tensor product. As before, we have that the
algebra AV y̋CvH .t/ is reduced and so this multiplicative seminorm is actually a norm.
Moreover, it coincides with the completed tensor product norm, as shown in the proof of
Proposition 5.2.5 in [1].

We have that

t�g 2H .t/ŒM �=.f / ' CvŒM �=.f /˝Cv H .t/ � AV y̋CvH .t/;

and so we can consider the norm for this twist. By the previous discussion, it can be
expressed as

(4.10) jt�g .�V;t /jv D sup
x
jt�g .x/jv D jt

�gjAV y̋CvH .t/;

where x ranges over the Berkovich spectrum M.AV y̋CvH .t//.
Finally, the sought extension for Fv is defined as

(4.11) Fv.t/ D
X
V 2zZ.0/

degzL0;:::;zLn�2.V /

e0 � � � en�2
log jt�g .�V;t /j:

When t 2T .Cv/, we have that H .t/ D Cv , and so the above expression agrees with that
for the auxiliary function in (4.7).

Moreover, the defined extension takes the value �1 if and only if there is at least
one V for which jt�g .�V;t /jv D 0. Since �V;t is a norm, this is equivalent to the fact that
t�g D 0 2 H .t/ŒM �=.f /. As both f and g are absolutely irreducible, this vanishing
occurs if and only if t�g and f coincide up to a nonzero scalar in H .t/, which translates
into the condition that

˛mˇm0�
m0.t/ � ˛m0ˇm�

m.t/ D 0 2H .t/ for all m;m0 2M:

This is equivalent to the fact that the ideal of‡v is contained in the kernel of the multiplic-
ative seminorm corresponding to the analytic point t , and in turn to the fact that t 2‡ an

v .
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To conclude, we are left to show that the function Fv is continuous on T an n ‡ an
v . Let

t0 2T an
v and choose a Cv-affinoid algebra B such that the Berkovich spectrum M.B/ is a

neighbourhood of t0. Then Lemma 5.2.6 in [1] applied to the element
P
m ˇm�

m ˝ �m 2

AV y̋CvB gives that the function on M.B/ defined as

t 7�! jt�gjAV y̋CvH .t/

is continuous. Because of (4.10) and the fact that jt�g .�V;t /jv > 0 for t 2T an
v n ‡

an
v for

all V , this implies that Fv is continuous with real values on this set.

Remark 4.7. The extension of the auxiliary function can be also written as

Fv.t/ D

Z
Xan
v

log jg.t � x/j c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZan
v
;

where t � x 2X an is the peaked product between t 2T an and x 2X an, as defined in Sec-
tion 5.2 of [1], see also Definition 4.2.2 in [9]. This follows from the previous proof,
precisely from (4.10) and (4.11). This is the non-Archimedean analogue of the expression
for Fv in (4.3).

4.4. A logarithmic lower bound

Here we prove the following lower bound for the v-adic auxiliary function.

Proposition 4.8. Let v 2M. There exist a system of Laurent polynomials h1; : : : ; hs 2
CvŒM � defining ‡v and a positive real number c such that

Fv � log max
jD1;:::;s

jhj jv � c on T .Cv/:

The main idea of the proof is to compare the value of Fv at t with the valuation of t�g
at the 0-cycle in Zv obtained by cutting the latter with suitably generic global sections.
The Poisson formula for the sparse resultant from [14] will then allow to see that such
a valuation depends polynomially on t in a way that is related with the vanishing of the
Laurent polynomials defining ‡v .

To turn this strategy into practice, we need a series of side results. The first gives a
simple criterion for the proper intersection of a family of global sections in the ample
case.

Lemma 4.9. Let Y be a complete variety over Cv of dimension e, and for i D 1; : : : ; k
with 1 � k � e C 1, let si be a global section of an ample line bundle Li on Y . Then

(4.12) dim.VY .s1; : : : ; sk// D e � k

if and only if s1; : : : ; sk meet properly.

Proof. If s1; : : : ; sk meet properly, then the condition (4.12) clearly holds.
Conversely assume that this condition is satisfied. If s1; : : : ; sk do not meet properly,

then there is I � ¹1; : : : ; kº such that

dim.VY .¹siºi2I / > e � #I:
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Let us suppose that I is the maximal index subset satisfying this inequality and take
an irreducible component C of this zero set with dim.C / > e � #I: Take also an index
i0 2 ¹1; : : : ; kº n I , which is possible because (4.12) ensures that I ¤ ¹1; : : : ; kº.

This irreducible component has positive dimension because #I � k � 1 � e, and
cannot be contained in the hypersurface VY .si0/, because this would contradict the max-
imality of I . Hence this hypersurface cuts C , and so C � div.si0/ is a cycle of positive
degree with respect to the ample line bundle Li0 . In particular, C \ VY .si0/ ¤ ;, and by
Krull’s Hauptidealsatz, this intersection has dimension dim.C / � 1. Hence

dim.VY .¹siºi2I[¹i0º// � dim.VY .¹siºi2I // � 1 > e � #.I [ ¹i0º/;

contradicting again the maximality of I and thus proving the statement.

We also need the next formula from Lemma 8.17(ii) in [7]. It can be seen as a higher
dimensional metric version of the Weil reciprocity law as explained in Remark 9.7 of [21],
and a self-contained proof for complex smooth projective curves can be found in Propos-
ition 9.6 of [21].

Proposition 4.10. Let Y be a complete variety over Cv of dimension e and let xL0 D
.L0; k � k0/; : : : ; xLe D .Le; k � ke/ be semipositive metrized line bundles on Y . Let se�1 2
�.Y;Le�1/ and se 2 �.Y;Le/ be global sections that meet properly. ThenZ

Y an
log kse�1ke�1

�
�
c1.xL0/ ^ � � � ^ c1.xLe�2/ ^ c1.xLe/ � c1.xL0/ ^ � � � ^ c1.xLe�2/ ^ ıZY .se/an

�
D

Z
Y an

log kseke

�
�
c1.xL0/ ^ � � � ^ c1.xLe�2/ ^ c1.xLe�1/ � c1.xL0/ ^ � � � ^ c1.xLe�2/ ^ ıZY .se�1/an

�
:

We next give a lower bound for the auxiliary function at a point in terms of the evalu-
ation of the corresponding twist of g at a certain 0-cycle ofXv . The evaluation of a Laurent
polynomial q 2 CvŒM � at a 0-cycle W D

P
i2I kixi of Xv is the scalar defined as

q.W / D
Y
i2I

q.xi /
ki 2 Cv:

Recall from Section 2.1 thatDf andDg are the nef toric divisors associated with the New-
ton polytopes of f and g, respectively, and that sf 2�.X;O.Df // and sg 2�.X;O.Dg//
are the global sections induced by these Laurent polynomials. Moreover, sDg denotes the
canonical rational section of O.Dg/, which in our current setting is also a global section
because of the assumption that 02 supp.g/.

Lemma 4.11. Let �i 2�.Xv;O.Di //, i D 0; : : : ; n � 2, be such that the global sections
�0; : : : ; �n�2; sf meet properly and their common zero set is contained in the principal
open subset Xv;0. Then there is c > 0 such that

Fv.t/ � log jt�g .ZXv .�0; : : : ; �n�2; sf //jv � c for t 2T .Cv/:
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Proof. SetW DZXv .�0; : : : ; �n�2; sf / for short. This is an effective 0-cycle ofXv whose
support jW j is contained in Zv \ Xv;0. Its degree coincides with degD0;:::;Dn�2.Z/, and
so it is positive because these divisors are ample. In particular, W ¤ 0.

Let t 2 T .Cv/. We suppose without loss of generality that t�g .W / ¤ 0, because
otherwise the right-hand side of the sought inequality equals �1 and so it is trivially
satisfied. Then the twist t�sg D t�g sDg has no zeros on jW j because of this assumption
and the fact that the zero set of sDg is contained in the boundary Xv nXv;0, that is,

(4.13) jW j \ VXv .t
�sg/ D VXv .�0; : : : ; �n�2; sf ; t

�sg/ D ;:

This implies that t …‡.Cv/, because the support jW j is contained in Zv and is nonempty.
Hence the global sections sf and t�sg meet properly.

Therefore, we can apply Lemma 4.9 to each irreducible componentC of VXv .sf ; t
�sg/

and to the ample line bundles O.D0/jC ; : : : ;O.Dn�2/jC equipped with global sections
�0jC ; : : : ; �n�2jC , to deduce that �0; : : : ; �n�2 meet properly on this zero set. In turn,
this implies that for i D 0; : : : ; n � 2, the global sections �i and t�sg meet properly on
VXv .�iC1; : : : ; �n�2; sf /.

Similarly, the fact that VXv .�0; : : : ;�n�2; sf ; sDg /D; implies that for each i the global
sections �i and sDg meet properly on VXv .�iC1; : : : ; �n�2; sf /.

Now take any semipositive metric k � k on the analytic line bundle O.Dg/
an
v and con-

sider the metrized divisor xDg;v D .Dg;v; k � k/ on Xv . Since t�sg D t�g sDg , we have
that

kt�sg.x/k D jt
�g.x/jv ksDg .x/k

for all x 2X an
v;0, and so

Fv.t/ D

Z
Xan
v

log kt�sgk c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZan
v

(4.14)

�

Z
Xan
v

log ksDgk c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZan
v
:

By the previous discussion, we can apply twice Proposition 4.10 to the restriction to the
hypersurface Zv D ZXv .sf / of the metrized line bundles of xD0;v; : : : ; xDn�2;v; xDg;v , first
to the global sections �n�2 and t�sg , and secondly to �n�2 and sDg . Subtracting the res-
ulting formulae and taking into account (4.14), we obtain

Fv.t/ D

Z
Xan
v

log jt�gjv c1. xD0;v/ ^ � � � ^ c1. xDn�3;v/ ^ ıZXv .�n�2;sf /an

C

Z
Xan
v

log k�n�2kn�2 c1. xD0;v/ ^ � � � ^ c1. xDn�3;v/ ^ ıZXv .sf ;sDg /an

�

Z
Xan
v

log k�n�2kn�2 c1. xD0;v/ ^ � � � ^ c1. xDn�3;v/ ^ ıZXv .sf ;t�sg /an :

Iterating this procedure, we obtain

(4.15) Fv.t/ D
Z
Xan
v

log jt�gjv ıW an C

n�2X
iD0

.Si C Ti / D log jt�g .W /jv C
n�2X
iD0

.Si C Ti /;
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with

Si D

Z
Xan
v

log k�iki c1. xD0;v/ ^ � � � ^ c1. xDi�1;v/ ^ ıZXv .�iC1;:::;�n�2;sf ;sDg /an ;

Ti D �

Z
Xan
v

log k�iki c1. xD0;v/ ^ � � � ^ c1. xDi�1;v/ ^ ıZXv .�iC1;:::;�n�2;sf ;t�sg /an :

The first of these quantities is independent of t , whereas the second can be bounded below
in terms of the sup-norm of the global section �i as

Ti � � log k�iki;sup

Z
Xan
v

c1. xD0;v/ ^ � � � ^ c1. xDi�1;v/ ^ ıZXv .�iC1;:::;�n�2;sf ;t�sg /an

D � log k�iki;sup .D0 � � �Di�1 �DiC1 � � �Dn�2 �Df �Dg �X/:

The statement follows then from (4.15) together with this lower bound.

We also need the following upper bound for the coefficients of a Laurent polynomial.

Lemma 4.12. For r � 1, let A � Zr be a finite subset and let U � Gr
m be open and

nonempty. Then there is a finite subset F � U.Cv/ such that for every Laurent polynomial
p 2 CvŒZr � of the form p D

P
a2A pa�

a, we have

max
a2A
jpajv � max

u2F
jp.u/jv:

Proof. Let k be a positive integer. Then for each m2Zr , we have

1

kr

X
�2�r

k

�m.�/ D

´
1 if m2 kZr ;

0 otherwise,

where �k denotes the set of k-roots of unity of Cv .
Take k large enough so that the reduction map Zr ! Zr=kZr is injective on A. Then

the latter observation implies that for any �2Gr
m.Cv/ and each a2A, we have

pa D
1

kr

X
�2�r

k

��a.� � �/ p.� � �/:

Choosing � D .�1; : : : ; �r / with j�1jv D : : : D j�r jv D 1 and assuming furthermore that
jkjv D 1 if v is non-Archimedean, we deduce from this identity that

max
a2A
jpajv � max

�2�r
k

jp.� � �/jv:

The result follows then by takingF D � ��r
k

for any choice of � lying both in the nonempty
open subset

T
�2�r

k
� �U.Cv/ and in the dense ¹� 2Gr

m.Cv/ W j�1jv D � � � D j�r jv D 1º.

Proof of Proposition 4.8. For i D 0; : : : ; n � 2, denote by �i � MR the lattice polytope
of the toric divisor Di and set

pi D
X

m2�i\M

�m 2 CvŒM �;
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which is a Laurent polynomial whose Newton polytope coincides with�i . Hence the cor-
responding nef toric divisor on Xv agrees with the base changeDi;v , and we can consider
the global section spi 2�.Xv;O.Di;v//.

By Theorem 2.5, there exists a nonempty open subset U � Tn�1 such that for all
.u0; : : : ; un�2/2U.Cv/ the global sections u�0sp0 ; : : : ; u

�
n�2spn�2 ; sf meet properly and

their zero set is contained in X0;v . Indeed, the direct application of the theorem ensures
these properties for a generic twist of sp0 ; : : : ; spn�2 ; sf , but they also hold without twist-
ing sf , because of their invariance under the diagonal action of T on Tn.

In this situation, the zero set in Xv of u�0 sp0 ; : : : ; u
�
n�2 spn�2 ; sf agrees with the zero

set in Tv of the Laurent polynomials u�0p0; : : : ; u
�
n�2pn�2; f , and so

ZXv .u
�
0 sp0 ; : : : ; u

�
n�2 spn�2 ; sf / D ZTv .u

�
0p0; : : : ; u

�
n�2pn�2; f /:

Then for t 2T .Cv/, the Poisson formula for the sparse resultant (Theorem 1.1 in [14])
shows that the evaluation of t�g at this effective 0-cycle can be written as the quotient
of the resultant of u�0p0; : : : ; u

�
n�2pn�2; f; t

�g by the product of the resultants of a finite
number of initial parts of u�0p0; : : : ; u

�
n�2pn�2; f . Since all these resultants are polyno-

mials in the coefficients of the corresponding family of Laurent polynomials, this implies
that there are P 2CvŒM ˚M˚.n�1/� and Q2CvŒM˚.n�1/� n ¹0º with

(4.16) t�g .ZXv .u
�
0 sp0 ; : : : ; u

�
n�2 spn�2 ; sf // D

P.t; u0; : : : ; un�2/

Q.u0; : : : ; un�2/
�

Combining with Lemma 4.11, this implies that for each .u0; : : : ; un�2/2U.Cv/ there is
c > 0 such that

(4.17) Fv.t/ � log jP.t; u0; : : : ; un�2/jv � c for all t 2T .Cv/:

Now consider P as a Laurent polynomial in CvŒM �ŒM˚.n�1/� and write it as

P D
X
a2A

Pa �
a

for a finite subset A �M˚.n�1/ and Pa 2 CvŒM � for each a 2 A.
We claim that the family Pa 2CvŒM �, a 2A, defines the closed subset ‡v � Tv .

Indeed, it is enough to show this for the Cv-points of the torus. For t 2T .Cv/, we have that
Pa.t/ D 0 for all a if and only if P.t; u0; : : : ; un�2/ D 0 for all .u0; : : : ; un�2/ 2 U.Cv/.
By the identity in (4.16), this is equivalent to the fact that t�g vanishes on the support of
the 0-cycle therein for all such .u0; : : : ; un�2/, which is the same as

(4.18) VX .sf ; t
�sg/ \ VX .u

�
0 sp0 ; : : : ; u

�
n�2 spn�2/ ¤ ;:

On the other hand, t 2‡.Cv/ if and only if codim.VX .sf ; t�sg//� 1. Since u�i spi , i D
0; : : : ; n � 2, are n � 1 generic global sections of ample line bundles, this latter condition
is equivalent to that in (4.18). Hence Pa.t/ D 0 for all a if and only if t 2‡.Cv/, proving
this claim.

Finally, by Lemma 4.12 there is a finite subset F � U.Cv/ such that

max
.u0;:::;un�2/2F

jP.t; u0; : : : ; un�2/jv � max
a2A
jPa.t/jv for all t 2T .Cv/:

The statement then follows by taking the maximum of the lower bounds in (4.17) for
.u0; : : : ; un�2/2F .
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4.5. Proof of Theorem 4.4

When v is Archimedean, we have that T an
v D Tv.Cv/, and so the statement is an imme-

diate consequence of Propositions 4.5 and 4.8.
When v is non-Archimedean, Proposition 4.6 shows that there is a unique extension

T an
v !R[ ¹�1º that is continuous with real values outside‡ an

v and takes the value �1
therein. The result then follows from Proposition 4.8 together with the density of Tv.Cv/
in T an

v .

5. A local logarithmic equidistribution

We now begin building up the proof of Theorem B following the strategy proposed in
Section 3.2. Our main result here shows that in the two-codimensional situation, each
v-adic summand in (3.6) vanishes asymptotically (Theorem 5.4).

Throughout this section, we denote by T a split algebraic torus over the number
field K, of dimension n and with character lattice M .

5.1. Logarithmic equidistribution of torsion points

In this subsection, we recall the results concerning the distribution of Galois orbits of
torsion points in analytic tori that will play a key role for our present local treatment.

When v is Archimedean, the analytic torus T an
v identifies with Tv.Cv/. We have

that Sv is a compact subgroup of this topological group, and we denote by �v its Haar
probability measure.

The following result is a direct consequence of a theorem of Dimitrov and Habeg-
ger [16]. For a closed subset H � Tv , its analytification H an identifies with H.Cv/.
Following loc. cit., we then say that H is essentially atoral if the closure of H an \ Sv
in Tv is a finite union of subvarieties of codimension at least 2 and proper torsion cosets,
that is, translates of subtori by torsion points.

Theorem 5.1 (Archimedean logarithmic equidistribution of torsion points). Let v be an
Archimedean place of K. LetH �Tv be an essentially atoral closed algebraic subset and
'WTv.Cv/! R[ ¹�1º a function with at most logarithmic singularities along H.Cv/.
Then for any strict sequence .!`/` of torsion points of T .xK/, we have that

lim
`!C1

1

#O.!`/

X
y2O.!`/v

'.y/ D

Z
Sv

' d�v:

Proof. After fixing an isometry between .Cv; j � jv/ and .C; j � j/ and an isomorphism
between T and Gn

m, we can identify Tv.Cv/ with .C�/n. Under this identification, the
compact torus Sv corresponds to the polycircle

.S1/n D ¹.z1; : : : ; zn/ 2 .C
�/n W jz1j D � � � D jznj D 1º

and �v to its Haar probability measure.
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Let h1; : : : ; hs 2CŒx˙11 ; : : : ; x˙1n � be a system of Laurent polynomials definingH and
consider the Laurent polynomial defined by

h.x1; : : : ; xn/ D

sX
iD1

xhi .x
�1
1 ; : : : ; x�1n / hi .x1; : : : ; xn/;

where xhi denotes the complex conjugate of hi . For all z D .z1; : : : ; zn/2 .S1/n, we have
that zi xzi D 1 for each i , and so

h.z/ D

sX
iD1

xhi . Nz/ hi .z/ D

sX
iD1

jhi .z/j
2:

This readily implies that H.C/ \ .S1/n D VGn
m
.h/.C/ \ .S1/n. As the closed subset H

is essentially atoral, the Laurent polynomial h is essentially atoral in the sense of [16].
Since VGn

m
.h/ contains H , by Remark 4.2 we have that ' has at most logarithmic

singularities along the analytification of this hypersurface, and so there are positive real
numbers c1 and c2 such that

'.z/ � c1 log jh.z/j � c2 for all z 2 .S1/n;

thanks to the compactness of .S1/n. Applying the measure-theoretical lemma (Lemma 6.3
in [12]), together with Bilu’s equidistribution theorem [3], we can now reduce the proof of
the theorem to the case ' D log jhj. This boils down to a particular case of Corollary 8.9
in [16], as we next explain.

To do so, fix an embedding �W xK ,! C, and for each ` consider the Galois group
G` D Gal.K.!`/=K/. In the present situation, we have to prove that

(5.1) lim
`!1

1

#G`

X
�2G`

log jh.� ı �.!`//j D m.�.h//;

where m.�.h// denotes the Mahler measure of the complex Laurent polynomial �.h/.
Set �b D .Z=bZ/� for b 2 N. With this notation, for each ` the group �ord.!`/ agrees

with the Galois group of the cyclotomic extension Q.!`/=Q. Notice thatG` is isomorphic
to the Galois group of Q.!`/=.K \Q.!`// (see Theorem 1.12 in Chapter VI of [25]),
and hence G` can be identified with a subgroup of �ord.!`/. On the other hand, the con-
ductor fG` is the minimal positive integer b j ord.!`/ such that G` contains the kernel of
the reduction map �ord.!`/ ! �b .

To apply Corollary 8.9 in [16], we need to show that both Œ�ord.!`/ W G`� and fG`
are uniformly bounded above. When this is case, this result ensures that the discrep-
ancy between the Mahler measure m.�.h// and its `-th approximant in (5.1) is bounded
above by

(5.2) cı.!`/
��

for all ` such that the strictness degree ı.!`/ is sufficiently large, where both c and � are
positive real numbers depending only on h.
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As K is a number field, it has finitely many subfields. Therefore there is a finite subset
S � xK of roots of unity such that for every `, there is �.`/ 2 S with

K \Q.!`/ D K \Q.�.`// and Q.�.`// � Q.!`/:

Setting for short
d` D ord.!`/ and e` D ord.�.`//;

there is a diagram
Q.!`/G`

�d`K \Q.!`/ Q.�.`//

�e`Q

for each `. This readily implies that

Œ�d` W G`� D ŒK \Q.!`/ W Q� � ŒK W Q�:

On the other hand, the Galois group of the extension Q.!`/=Q.�.`// is isomorphic to the
kernel of the reduction map �d` ! �e` and it is a subgroup ofG`, implying that fG` � e`.
Therefore

fG` � max
�2S

ord.�/ for all `;

and so it is also uniformly bounded above.
As the sequence .!`/` is strict, its strictness degree diverges and the required conver-

gence follows from (5.2).

Remark 5.2. It is expected that the technical condition onH in Theorem 5.1 is not neces-
sary for the conclusion of the theorem, as discussed in Conjecture 1.3 of [16].

When v is non-Archimedean, recall that the Gauss point �v of T an
v is the point of

this Berkovich analytic space corresponding to the multiplicative seminorm on CvŒM �

defined by
kf k�v D max

m
jcmjv; for f D

X
m

cm�
m
2 CvŒM �:

It is a point of Sv , and the Dirac delta measure at it is the non-Archimedean analogue of
the Haar probability measure on the compact torus from the Archimedean case.

The following result is a direct consequence of the theorem of Tate and Voloch on
linear forms in p-adic roots of unity [38].

Theorem 5.3 (Non-Archimedean logarithmic equidistribution of torsion points). Let v
be a non-Archimedean place of K and 'W T an

v ! R [ ¹�1º a function with at most
logarithmic singularities along H an for a closed subset H � Tv . Then, for any strict
sequence .!`/` of torsion points of T .xK/, we have that

lim
`!C1

1

#O.!`/

X
y2O.!`/v

'.y/ D '.�v/:
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Proof. As in the proof of Theorem 5.1, we can assume that T D Gn
m. Consider a nonzero

Laurent polynomial h2CvŒx˙11 ; : : : ; x˙1n � vanishing on H . Then ' has logarithmic sin-
gularities along VGn

m
.h/an by Remark 4.2, and so it is sufficient to show the result for

' D log jhjv , similarly as for the proof of Theorem 5.1. This amounts to show that

(5.3) lim
`!C1

1

#O.!`/

X
y2O.!`/v

log jh.y/jv D log khk�v :

By Tate–Voloch’s theorem (Theorem 2 in [38]), there is a constant c > 0 such that
for any family �1; : : : ; �n 2Cv of roots of unity with h.�1; : : : ; �n/ ¤ 0, we have that
jh.�1; : : : ; �n/jv � c. In particular, for such a family of roots of unity we have that

(5.4) c � jh.�1; : : : ; �n/jv � khk�v :

Let �WT an
v ! R be a continuous function with compact support and value 1 on Sv . Its

existence is ensured by Corollaire A.2.4 in [11], since Sv is compact and T an
v is topolo-

gically separated. We now consider the function  WT an
v ! R defined as

 .x/ D �.x/ log max.jhjx ; c/:

It is a continuous and compactly supported function, and so it can be extended to a
continuous function on the analytic projective space. Applying Chambert–Loir’s non-
Archimedean equidistribution theorem as in Exemple 3.2 of [10], we thus obtain

lim
`!C1

1

#O.!`/

X
y2O.!`/v

 .y/ D  .�v/:

Since the sequence .!`/` is strict, for ` large enough the Galois orbit O.!`/ eventually
avoids the zero set of h and so, for each y 2O.!`/v , we have that  .y/ D log jh.y/jv .
Finally,  .�v/ D log khk�v because of (5.4), proving (5.3).

5.2. The local vanishing

We now come back to the situation of the present paper, and address the main objective of
this section. We show that, in the 2-codimensional situation and under suitable hypotheses,
each of the local error terms in the recursive expression for the height in Proposition 3.5
converges to zero for strict sequences of torsion points.

We set ourselves in the same hypotheses and notations of Section 4. In particular,
f; g 2KŒM � are two absolutely irreducible Laurent polynomials whose supports contain
the origin lattice point, X is a smooth projective toric variety compactifying T whose fan
is compatible with the Newton polytopes of f and g, and xD0; : : : ; xDn�2 is a family of
semipositive toric metrized divisors on X with very ample underlying divisors and with
smooth metrics at the Archimedean places and algebraic metrics at the non-Archimedean
ones.

For all v 2M, similarly as in Section 3.2, we consider the function IvW T .Cv/ !
R [ ¹�1º defined by

Iv.t/ D

Z
Xan
v

log kt�sgkRon;v c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZX .sf /an
v
;
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where k � kRon;v stands for the v-adic Ronkin metric onDg as in (3.2). This function takes
the value �1 precisely on the Cv-points of the proper closed subset ‡ of T defined
in (4.2).

By combining the local logarithmic equidistribution theorems for torsion points from
Section 5.1, the definition of the Ronkin function and Theorem 4.4, we obtain the follow-
ing asymptotic vanishing for Iv .

Theorem 5.4. In the previous hypotheses and notations, assume moreover that if v is
Archimedean the closed subset ‡v � Tv is essentially atoral. Then, for all strict sequence
.!`/` of torsion points of T .xK/, we have

lim
`!1

1

#O.!`/

X
�2O.!`/v

Iv.�/ D 0:

Proof. Recall from (2.2) that for all t 2T .Cv/, we have the equality t�sg D .t�g/ sDg of
rational sections of the toric line bundle O.Dg/. Together with the definition of the v-adic
Ronkin metric on Dg , this relation yields

(5.5) log kt�sgkRon;v D log jt�gj C �g;v ı valv on X an
0;v;

where �g;v is the v-adic Ronkin function of g. The measure

c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZX .sf /an
v

has zero mass on the analytic boundary X an
v nX

an
0;v , and to lighten the notation we write �

for its restriction to X an
0;v . It follows then from (5.5) that

(5.6) Iv.t/ D Fv.t/C

Z
Xan
0;v

.�g;v ı valv/ d�

for all t 2T .Cv/, with Fv being the v-adic auxiliary function from (4.1). In particular, for
a strict sequence .!`/` of torsion points of T .xK/, we obtain that

(5.7) lim
`!1

1

#O.!`/

X
�2O.!`/v

Iv.�/D lim
`!1

1

#O.!`/

X
�2O.!`/v

Fv.�/C

Z
Xan
0;v

.�g;v ı valv/d�:

To conclude the proof, it is hence enough to show that the right-hand side of (5.7)
vanishes. We do this by distinguishing the Archimedean and non-Archimedean cases.

Suppose first that v is Archimedean. In this case, the valuation map valvWX an
0;v ! NR

is a group homomorphism, and for each x2X an
0;v , the fiber of valv.x/ agrees with the coset

of x under the preimage of 0, that is, with the set Sv � x. Thus, denoting by �v the Haar
probability measure on Sv , the definition of the Ronkin function and Fubini–Tonelli’s
theorem yieldZ

Xan
0;v

.�g;v ı valv/ d� D
Z
Xan
0;v

Z
val�1v .valv.x//

� log jgjv d�v d�.x/

D

Z
Xan
0;v

Z
Sv

� log jg.� � x/jv d�v.�/ d�.x/

D

Z
Sv

Z
Xan
0;v

� log j.��g/.x/jv d�.x/ d�v.�/ D �
Z

Sv

Fv d�v:(5.8)



R. Gualdi and M. Sombra 2168

On the other hand, thanks to Theorem 4.4, the auxiliary function Fv is a function
on T an

v with at most logarithmic singularities along ‡v.Cv/, and ‡v is an essentially
atoral closed algebraic subset of Tv because of the hypotheses. Therefore, Theorem 5.1
together with (5.7) and (5.8) implies that

lim
`!1

1

#O.!`/

X
�2O.!`/v

Iv.�/ D 0:

Let us now suppose that v is non-Archimedean. Again by Theorem 4.4, the auxiliary
function extends to a function Fv on T an

v with at most logarithmic singularities along ‡ an
v .

Therefore, applying Theorem 5.3 to (5.7) yields

(5.9) lim
`!1

1

#O.!`/

X
�2O.!`/v

Iv.�/ D Fv.�v/C

Z
Xan
0;v

.�g;v ı valv/ d�;

where �v is the Gauss point of T an
v . To compute this sum, we recall from the proof of Pro-

position 4.6 the expression for the non-Archimedean Monge–Ampère measure � in (4.6)
and the definition of the extended auxiliary function in (4.11). Using those, we obtain that
the right-hand side in (5.9) is equal to a weighted sum of

log j��vg .�V;�v //jv C .�g;v ı valv/.�V /;

where the sum ranges over the set of irreducible components of the special fiber of a
suitable distinguished formal analytic model of ZX .sf /v , with �V and �V;�v as in the cited
proof.

We claim that each of the previous terms is zero, which will be enough to conclude.
On the one hand, let AV be as in the proof of Proposition 4.6 and let B be a comple-
tion of CvŒM � with respect to the Gauss norm. They are Cv-affinoid algebras satisfying
�V 2M.AV / and �v 2M.B/, respectively. Because of Lemme 3.1 in [32], both canonical
morphisms

AV y̋CvB ! AV y̋CvH .�v/ and AV y̋CvB !H .�V / y̋CvB

are isometries. Therefore, writing

g D
X
m

ˇm�
m

and using the definition in (4.10), we have that

j��vg .�V;�v /jv D
ˇ̌̌X
m

ˇm�
m
˝ �m.�v/

ˇ̌̌
AV y̋CvH .�v/

D

ˇ̌̌X
m

ˇm�
m
˝ �m

ˇ̌̌
AV y̋CvB

D

ˇ̌̌X
m

ˇm�
m.�V /˝ �

m
ˇ̌̌
H .�V / y̋CvB

:

As �v is the Gauss norm on B, the completed tensor product norm on H .�V / y̋CvB
agrees with the Gauss norm on the corresponding algebra, see for instance Proposition 7
in Appendix B of [5], so that we get

(5.10) j��vg .�V;�v /jv D max
m
jˇmjv j�

m.�V /jv:
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On the other hand, the expression for the non-Archimedean Ronkin function from
Remark 2.8 in [20] implies that

.�g;v ı valv/.�V / D min
m
.hm; valv.�V /i � log jˇmjv/

D min
m
.� log j�m.�V /jv � log jˇmjv/

D � log max
m
.jˇmjv j�

m.�V /jv/:(5.11)

Thus, putting together (5.10) and (5.11) concludes the proof.

6. The adelic vanishing

We continue in the 2-codimensional situation and keep the setting at the beginning of
Section 4. Our aim here is to show that for a strict sequence of torsion points the sum of
the correcting integrals over all places outside a specific finite subset converges to zero.
To this end, we consider the following conditions on a place v of K:

(1) the restriction of v to Q is a p-adic absolute value for a prime number p ¤ 2,
(2) all nonzero coefficients of f and g have v-adic absolute value equal to 1,
(3) for i D 0; : : : ; n � 2, the v-adic metric of xDi is canonical.

Whenever these conditions are met, v is a non-Archimedean place and f; g 2 CıvŒM �.
This allows to consider the following additional conditions on v:

(4) the value group of v coincides with that of its restriction to Q, namely jK�jv D pZ,

(5) the reductions zf ; zg 2 zCvŒM � are irreducible Laurent polynomials.

We shall denote by S �M the subset of places for which at least one of the condi-
tions (1)–(5) fails to hold.

Lemma 6.1. The set S is finite.

Proof. This is equivalent to the fact that each of the above conditions fails for at most
finitely many places. This is clear for (1), (2) and (3) because the number field K has a
finite number of places above each place of Q, every ˛ 2K� has unitary v-adic absolute
value for almost all v, and for each i , the non-Archimedean metrics of xDi are defined by
the canonical integral model of the line bundle O.Di / for almost all v.

For the remaining, we assume that the first three conditions are met. To the non-
Archimedean place v, it corresponds a prime ideal p of the ring of integers OK with
ramification equal to the index of the value group jQ�jv inside jK�jv . Thus the finiteness
for (4) follows from the well-known fact that only finitely many rational primes ramify
in a given number field, see Proposition I.8.4 in [30]. Furthermore, the algebraic closure
of the residue field OK=p coincides with zCv . Hence the finiteness for (5) is given by the
classical result of Ostrowski stating that the reductions of an absolutely irreducible poly-
nomial over K are absolutely irreducible for all but a finite number of prime ideals of OK,
see Hilfssatz at the end of p. 296 in [31].
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As in Section 5.2, for each v2M we denote by IvWT .Cv/! R[ ¹�1º the function
defined by

Iv.t/ D

Z
Xan
v

log kt�sgkRon;v c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZan
v
;

with k � kRon;v the v-adic Ronkin metric on the divisor Dg . We devote the rest of this
section to the proof of the following result.

Theorem 6.2. For all strict sequence .!`/` of torsion points of T .xK/, we have

(6.1) lim
`!1

X
v2MnS

nv

#O.!`/

X
�2O.!`/v

Iv.�/ D 0:

6.1. Computing the integral

We start by giving an explicit expression for the function Iv for v 2M nS in terms of the
coefficients of the involved Laurent polynomials. To this end, write again

f D
X
m

˛m�
m and g D

X
m

ˇm�
m;

with ˛m; ˇm 2K that are zero except for finitely many m. Recall that Sv � T an
v is the

v-adic compact torus of T as in (3.1).

Proposition 6.3. Let v 2M n S and let t 2T .Cv/ \ Sv . If there is m0 2M such that
supp.g/ D supp.f /Cm0, then

Iv.t/ D degD0;:::;Dn�2.Z/ log max
m;m02M

j˛m�m0ˇm0�
m0.t/ � ˛m0�m0ˇm�

m.t/jv:

Otherwise, Iv.t/ D 0.

To prove this statement, we need the following construction for a fixed v 2M n S.
By the condition (1), this place is non-Archimedean, and we can consider the associated
Cv-affinoid algebra CvhM i of strictly convergent Laurent series, see Section 6.1.4 of [6].
As a set, it consists of the Laurent series

P
m 
m�

m such that for every " > 0 we have
that j
mjv < " for all but a finite number of m2M . We equip this set with the standard
addition and multiplication, and with the corresponding Gauss norm k � k�v .

We then consider the distinguished Cv-affinoid algebra

(6.2) A D CvhM i=.f /

and denote by k � k its sup-seminorm. This latter is the quotient of the Gauss norm, and so
it is defined as

(6.3) kq C .f /k D inf
h2CvhM i

kq � h f k�v for q 2CvhM i:

The reduction of A agrees with zA D zCvŒM �=. zf /; and so it is an integral zCv-algebra
because of the condition (5).
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Lemma 6.4. Let q D
P
m �m�

m 2CvŒM �, with j�mjv D 1 for all m2 supp.q/, be such
that its reduction is either invertible or irreducible. If there ism0 2M such that supp.q/D
supp.f /Cm0, then

(6.4) kq C .f /k D max
m;m02M

j˛m�m0 �m0 � ˛m0�m0 �mjv:

Otherwise, kq C .f /k D 1.

Proof. By the hypotheses and the condition (2), we have that kf k�v D kqk�v D 1 and so
kq C .f /k � kqk�v D 1. On the other hand, let h D

P
m 
m�

m 2 CvhM i and suppose
that kq � hf k�v < 1: The ultrametric inequality implies that khk�v D 1, and so we can
consider the reduction of q � hf to obtain that

(6.5) zq D zh zf 2 zCvŒM �:

When zq is invertible, this equality cannot hold because zf is irreducible, and so in this case
kq C .f /k D 1.

Hence, for the rest of this proof, we can restrict to the case when zq is irreducible.
Then (6.5) implies that zh is a monomial or equivalently that h D 
m0�

m0 C h0 with
j
m0 jv D 1 and h0 D

P
m¤m0


m�
m satisfying kh0k�v < 1. We deduce that

supp.q/ D supp.zq/ D supp. zf /Cm0 D supp.f /Cm0;

completing the proof of the second statement.
For the first, suppose that supp.q/ D supp.f /Cm0 for some m0. We have that

kq C .f /k D k��m0q C .f /k;

and so we can also suppose without loss of generality that m0 D 0. With this normaliza-
tion, consider the finite subset

C D supp.f / D supp.q/ �M:

It satisfies that 0 2 C and that C n ¹0º ¤ ;, because f is absolutely irreducible. Then the
right-hand side of (6.4) can be written as

max
m;m02M

j˛m �m0 � ˛m0 �mjv D max
m;m02C

j˛m �m0 � ˛m0 �mjv(6.6)

D max
m;m02C

ˇ̌̌ �m
˛m
�
�m0

˛m0

ˇ̌̌
v
D max
m2Cn¹0º

ˇ̌̌ �m
˛m
�
�0

˛0

ˇ̌̌
v
;

with the last equality coming from the ultrametric property. Denoting this quantity by �,
we then have 


q � �0

˛0
f




�v
D �;

and so the left-hand side of (6.4) is less or equal to the right-hand side.
If �D 0, the proof is complete, so that we assume now that � > 0. To prove the equality

in this case, suppose that there exists h2CvhM i such that kq � hf k�v < �. Since � � 1,
we can consider again the reduction of the Laurent series q � hf as in (6.5), and using
the fact that the supports of zf and zq coincide, we deduce that h D 
0 C h0 with j
0jv D 1
and h0 a Laurent series with no constant term satisfying kh0k�v < 1.
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It follows from (6.6) that kq � 
0f k�v � �, and since

(6.7) kq � 
0f � h
0f k�v D kq � hf k�v < �;

this implies that
kh0k�v D kh

0f k�v D kq � 
0f k�v :

Choose then � 2C�v with j� jv D kh0k�v , so that setting

h00 D ��1h0 and q0 D ��1.q � 
0f /;

we have that
kh00k�v D kq

0
k�v D 1:

By (6.7), we have
kq0 � h00f k�v < 1;

and so the reductions of these Laurent polynomials satisfy

zq0 D zh00 zf :

Since supp.zq0/ � supp.q0/ � supp.f / D supp. zf /, this implies that zh00 is a nonzero con-
stant, which is not possible because h0 has no constant term.

Proof of Proposition 6.3. Let X be the canonical model of the toric varietyX and Z�X

the closure of the hypersurface Z. By the condition (3), for each i the metric of xDi;v
is the algebraic metric induced by the canonical model of the line bundle O.Di;v/, see
Definition 3.6.3 in [9]. This is a line bundle on X, and we denote by Li its pullback to Z.

These integral models induce a distinguished formal analytic variety Z over Cv with
generic fiber Zan

v and special fiber zZ D zZ. The latter is an integral scheme over zCv by
the condition (5). For each i , we also obtain a formal analytic line bundle Li on Z. Its
reduction is a line bundle on zZ which coincides with the reduction zLi of Li .

Now let t 2T .Cv/ \ Sv and recall from (5.6) that

(6.8) Iv.t/ D Fv.t/C

Z
Xan
0;v

.�g;v ı valv/ c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZan
v
;

where Fv is the auxiliary function in (4.1), �g;v the v-adic Ronkin function of g, and
valv the v-adic valuation map. As in (4.6), the above Monge-Ampère measure is equal
to degzL0;:::;zLn�2.

zZ/ ı� zZ ; where �zZ is the sup-seminorm of the distinguished Cv-affinoid
algebra A in (6.2). In our setting,

degzL0;:::;zLn�2.
zZ/ D deg zL0;:::; zLn�2

. zZ/ D degD0;:::;Dn�2.Z/

because of our previous considerations and the fact that the degree of the fibers of a proper
map is constant, see Example 20.3.3 in [18].

Thus by the formula in (5.11) and Lemma 6.4, the second term in (6.8) is equal to

� degD0;:::;Dn�2.Z/ log max
m
j�m.�zZ/jv D � degD0;:::;Dn�2.Z/ log max

m
k�m C .f /k D 0:

On the other hand, by (4.7) we also have

Fv.t/ D degD0;:::;Dn�2.Z/ log jt�g .�zZ/jv D degD0;:::;Dn�2.Z/ log kt�g C .f /k:

The statement then follows from Lemma 6.4.
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6.2. Bounds for the integral

Fix v2M nS and let A�M be a nonempty finite subset together with a family of scalars

m 2 K with j
mjv D 1, m2A. For a torsion point ! 2T .xK/, we set

(6.9) Kv.!/ D
1

#O.!/

X
�2O.!/v

log max
m2A
j�m.�/ � 
mjv:

This quantity arises naturally when computing the mean of the function Iv over the v-adic
Galois orbit of !, as we will see in Section 6.3. In this subsection, we give the bounds
needed for the proof of our adelic vanishing theorem.

To this end, we denote by H WZA !M the linear map defined by

(6.10) H.a/ D
X
m2A

amm;

and by �WT ! GA
m the corresponding monomial map, defined by

�.t/ D .�m.t//m2A:

For a D .am/m2A 2ZA and u2GA
m .
xK/ D .xK�/A, we set

ua D
Y
m2A

uamm 2
xK�:

With this notation, we have that

�H.a/.t/ D �.t/a:

Denote by pv the unique prime number such that the restriction of v to Q is the pv-adic
place. We consider separately the case when this prime number divides the order of �.!/
and when it does not.

Proposition 6.5. If pv j ord.�.!//, then

� log.pv/
#O.�.!//

� Kv.!/ � 0:

Proposition 6.6. Suppose that pv − ord.�.!// and let a2ZA.

(1) If �H.a/.!/ D 1, then
log j
a � 1jv

#O.�.!//
� Kv.!/ � 0:

(2) If �H.a/.!/ ¤ 1 and 
a D 1, then Kv.!/ D 0.

The proofs of these results rely on the following reduction properties of roots of
unity. For a prime number p, let Cp be the algebraically closed field of p-adic num-
bers, equipped with the standard p-adic absolute value j � jp . Its residue field is identified
with an algebraic closure of the finite field of p elements, and we denote by

redWCıp ! xFp

the corresponding reduction map. Also, we write ' for the Euler totient function.
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Lemma 6.7. Let � be a root of unity in Cp of order d D pe b, with e � 0 and b 2 Z such
that p − b.

(1) The element red.�/ is a root of unity in xFp of order b, and the reduction map is
'.pe/-to-1 on the set of roots of unity of order d in Cp .

(2) For each root of unity �2Cp of order b, we have that

j� � �jp D

´
p�1='.p

e/ if red.�/ D red.�/;
1 otherwise.

Proof. For (1), consider first the case in which e D 0. In this situation, the polynomial
xb � 1 over Fp is separable since p − b, and then red.�/ is a root of a single factor in

xb � 1 D
Y
cjb

red.ˆc/ 2 FpŒx�;

where red.ˆc/ denotes the reduction to Fp of the cyclotomic polynomial ˆc 2ZpŒx�.
Since ˆb.�/ D 0, we deduce that red.�/ is not a root of red.ˆc/ for all c ¤ b and so
ord.red.�// D b, as stated. Moreover, the separable polynomials ˆb and red.ˆb/ have
as many roots, in Cp and in xFp respectively, as their common degree. Since by Hensel’s
lemma the reduction map between the sets of their zeros is surjective, we conclude that
the map is 1-to-1 in this case.

When e � 1, the Frobenius homomorphism FrobW xFp ! xFp mapping x to xp
e

is an
automorphism, and so the above implies that

ord.red.�// D ord.Frob.red.�/// D ord.red.�p
e

// D b:

The statement about the degree of the reduction map follows from a cardinality count and
from the surjectivity of the morphism x 7! xp

e
between the set of roots of unity of order d

and the ones of order b in Cp .
For (2), the case in which b D 1 is given by Lemma 2.5 in [21], that is,

j� � 1jp D p
�1='.pe/:

When b is arbitrary, we then have thatY
�bD1

j� � �jp D j�
b
� 1jp D p

�1='.pe/:

Since j� � �jp D 1 whenever red.�/ ¤ red.�/, and since the equality red.�/ D red.�/ is
realized for a single root of unity � of order b in Cp because of (1), the claim follows.

Let us now focus on the proof of Propositions 6.5 and 6.6. Notice that, for each
�2O.!/v and a2ZA, simple algebraic manipulations allow to write

�H.a/.�/ � 
a D �.�/a � 
a D
X
m2A

"m .�
m.�/ � 
m/;
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with each "m being the product between a monomial in .�m.�//m and one in .
m/m. In
particular, we have that j"mjv D 1 for all m2A, and so

(6.11) j�H.a/.�/ � 
ajv � max
m2A
j�m.�/ � 
mjv;

which turns out to be useful to lower bound the quantity Kv.!/ in (6.9).

Proof of Proposition 6.5. The second inequality is clear from the fact that j�m.�/jv D
j
mjv D 1 for all m, and so we focus on the proof of the first one.

To this end, let d D ord.�.!//; since pv divides d by hypothesis, we can write d D
pev b with e � 1 and b an integer such that pv − b. Choose also a 2ZA such that the root
of unity �H.a/.!/ D �.!/a has order equal to d ; this is possible by writing

�.!/ D .�c1 ; : : : ; �cr /

for a root of unity � of order d in xK and for 0 � ci � d � 1 with gcd.c1; : : : ; cr ; d / D 1.
Identifying .Cv; j � jv/ with .Cpv ; j � jpv /, the character �H.a/ thus induces a surjective

map from the v-adic Galois orbit O.!/v to the set �ı
d

of roots of unity in Cpv of order d .
This map is #O.!/='.d/-to-1 and so, together with (6.11), it yields

(6.12) Kv.!/ �
1

#O.!/

X
�2O.!/v

log j�H.a/.�/ � 
ajv D
1

'.d/

X
�2�ı

d

log j� � 
ajpv :

We can now suppose that there is some �0 2 �ıd for which j�0 � 
ajpv < 1, because
otherwise the statement holds trivially. Under this assumption, red.
a/ D red.�0/, and so
Lemma 6.7(1) ensures that 
a has the same reduction as a root of unity � of order b in Cpv .
It follows for instance from Proposition 16 at p. 77 of [35] that � lives in a unramified
extension of Kv . Combined with the assumption (4) on v, this yields

j� � 
ajpv � p
�1
v < p

�1='.pev/
v < 1;

where the second inequality follows from the fact that e � 1 and that pv > 2 by the
assumption (1) on v. Therefore, using Lemma 6.7(2), we obtain that

(6.13) j� � 
ajpv D j� � �C � � 

a
jpv D

´
p
�1='.pev/
v if red.�/ D red.�/;
1 otherwise.

Thanks to Lemma 6.7(1), there are exactly '.pe/ roots of unity � 2 �ı
d

satisfying
red.�/ D red.�/. Hence, we conclude from (6.12) and (6.13) that

Kv.!/ �
'.pev/

'.d/
logp�1='.p

e
v/

v D
� log.pv/
'.d/

D
� log.pv/
#O.�.!//

,

as desired.

Proof of Proposition 6.6. Again, the inequality Kv.!/ � 0 is clear from the fact that
j�m.�/jv D j
mjv D 1 for all m, and so we focus on proving lower bounds for Kv.!/. In
doing this, we call d D ord.�.!// and we identify .Cv; j � jv/ with .Cpv ; j � jpv /.
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To prove (1), we start by remarking that for each �2O.!/v , the inequality

(6.14) max
m2A
j�m.�/ � 
mjpv ¤ 1

holds if and only if red.�m.�// D red.
m/ for all m2A. We can suppose that (6.14) is
realized for a certain �0, otherwise the sought bound is obviously true. We claim that in
this case (6.14) happens for exactly #O.!/=#O.�.!// choices of �2O.!/v . Indeed, if �
satisfies (6.14), it must also fulfil

red.�m.�// D red.
m/ D red.�m.�0// for all m2A:

But each �m.�/ is a coordinate of �.�/ and hence it is a root of unity in Cpv of order divid-
ing d . In particular, its order is coprime with pv by hypothesis and hence it must happen
that �m.�/ D �m.�0/ because of Lemma 6.7(1); thus, �.�/ D �.�0/. We deduce that �
and �0 are conjugate by an element of the Galois group of the extension K.!/=K.�.!//,
and there are precisely #O.!/=#O.�.!// such conjugates.

For all of these �2O.!/v , we have by (6.11) and by hypothesis on a that

j1 � 
ajv � max
m2A
j�m.�/ � 
mjv;

which implies the desired lower bound on Kv.!/.
To prove (2), we have by the equality 
a D 1 and by (6.11) that

Kv.!/ �
1

#O.!/

X
�2O.!/v

log j�H.a/.�/ � 1jpv :

For any given �2O.!/v , by hypotheses �H.a/.�/ D �.�/a is a root of unity in Cpv dif-
ferent from 1, and with order coprime with pv . Therefore, by Lemma 6.7(1), its reduction
has the same order, and in particular red.�H.a/.�// ¤ red.1/. It follows that

j�H.a/.�/ � 1jpv D 1;

proving the statement.

We will also need to control the size of a relation of multiplicative dependence for a
torsion point of a torus.

Proposition 6.8. There is a2ZA with H.a/ ¤ 0 such that

�H.a/.!/ D 1 and max
m2A
jamj � c ord.�.!//

1= rank.H.ZA//

for a constant c > 0 independent of !.

Proof. Set d D ord.�.!//. For every a 2ZA, we have that �H.a/.!/ D �.!/a is a d -th
root of unity. Hence we can consider the homomorphism ZA=Ker.H/! �d defined as

(6.15) a 7�! �H.a/.!/:

It is surjective, and so its kernel is subgroup of ZA=Ker.H/ of index d .
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Now set r D rank.H.ZA//. We have that

ZA=Ker.H/ ' H.ZA/;

and so we can choose an isomorphism

(6.16) ZA=Ker.H/ ' Zr :

This identifies the kernel of the homomorphism in (6.15) with a subgroup ƒ � Zr .
Denote by k � k the max-norm on Zr . Sinceƒ is a subgroup of index d , by Minkowski’s

first theorem, there is m0 2ƒ n ¹0º such that

km0k � d
1=r :

Considering the linear map ZA!Zr induced by the isomorphism in (6.16) and the Smith
normal form of its associated matrix, we deduce that there is a 2ZA with H.a/ D m0
satisfying

max
m2A
jamj � ckm0k � cd

1=r

for a constant c > 0 depending only on the coefficients of this matrix, as desired.

6.3. Proof of Theorem 6.2

By Proposition 6.3, we can reduce to the case when the supports of f and g agree up to
a translation because otherwise Iv.�/ D 0 for all v 2M nS and �2O.!`/v , and so the
double sum in (6.1) vanishes for all `. Assuming that this is the case, up to multiplying by
a suitable monomial we can also suppose that supp.f /D supp.g/. Recall that this support
contains the lattice point 0 2M .

Consider then the finite subset A D supp.f / n ¹0º D supp.g/ n ¹0º � M , which is
nonempty because of the hypothesis that f and g are absolutely irreducible. Set also


m D
˛mˇ0

˛0ˇm
2 Cv for m2A:

Let ` � 1. In our present situation, for each v 2M nS and �2O.!`/v , we have

(6.17) max
m;m02M

j˛mˇm0�
m0.�/ � ˛m0ˇm�

m.�/jv D max
m2A
j�m.�/ � 
mjv;

as shown in (6.6). Hence using the notation in (6.9) and Proposition 6.3, we can write

(6.18)
X

v2MnS

nv

#O.!`/

X
�2O.!`/v

Iv.�/ D degD0;:::;Dn�2.Z/
X

v2MnS

nvKv.!`/:

Thus to prove the statement it is enough to show the asymptotic vanishing of the sum in
the right-hand side of this equality.

Recall the linear map H in (6.10) and denote by r the rank of the subgroup H.ZA/

of M . When r D 1, the fact that f and g are absolutely irreducible implies that

f D ˛m�
m
C ˛0 and g D ˇm�

m
C ˇ0;
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with m2M primitive. Hence in this case A D ¹mº and soX
v2MnS

nvKv.!`/ D
X

v2MnS

nv

#O.!`/

X
�2O.!`/v

log j�m.�/ � 
mjv

D

X
v2S

�nv

#O.!`/

X
�2O.!`/v

log j�m.�/ � 
mjv;

where the second equality follows from the product formula. Since S is finite, this sum
converges to 0 as `!1 as a consequence of the local vanishing (Theorem 5.4).

Hence from now on we suppose that r � 2. Write d` D ord.�.!`//, and denote by P`
the finite set of prime divisors of this integer and by P` for the finite subset of M of places
extending the p-adic place of Q for some p 2P`. We then split the sum in the right-hand
side of (6.18) as

(6.19)
X

v2MnS

nvKv.!`/ D S` C T`;

where S` denotes the sum over the places in P` nS, and T` the complementary sum.
For the first sum, we deduce from Proposition 6.5 that

(6.20) 0 � S` D
X

v2P`nS

nvKv.!`/ �
X

v2P`nS

�nv log.pv/
#O.�.!`//

�
�1

#O.�.!`//

X
p2P`

log.p/;

where the last inequality comes from the fact that
P
vjv0

nv D 1 for each place v0 of Q.
Furthermore, we have

(6.21) #O.�.!`//D ŒK.�.!`// WK�D
ŒK.�.!`// W Q�

ŒK W Q�
�
ŒQ.�.!`// W Q�

ŒK W Q�
D

'.d`/

ŒK W Q�
,

where ' denotes the Euler totient function. We conclude that

(6.22) 0 � S` � �ŒK W Q�
log.d`/
'.d`/

�

For the second sum, suppose first that there is a2ZA such thatH.a/¤ 0 and 
a D 1.
Since the sequence .!`/` is strict, there is `0 � 1 such that �H.a/.!`/¤ 1 for ` � `0, and
so by Proposition 6.6(2) we have that T` D 0 for all such `’s.

Otherwise suppose that for all a2ZA withH.a/¤ 0, we have that 
a ¤ 1. Applying
Proposition 6.8 to the torsion point !`, we deduce that there is a` 2ZA with H.a`/ ¤ 0
such that

(6.23) �H.a`/.!`/ D 1 and ka`k � cd
1=r

`

for a constant c > 0 independent of `. Then by Proposition 6.6(1),

0 � T` D
X

v2Mn.S[P`/

nvKv.!`/ �
1

#O.�.!`//

X
v2Mn.S[P`/

nv log j
a` � 1jv(6.24)

�
�1

#O.�.!`//

X
vj1

nv log j
a` � 1jvI
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the last inequality is a consequence of the product formula and the fact that j
a` � 1jv � 1
whenever v is non-Archimedean. It follows from (6.23) and (6.24) that

(6.25) 0 � T` �
�c0d

1=r

`

#O.�.!`//
� �c0 ŒK W Q�

d
1=r

`

'.d`/

for a constant c0 > 0 independent of `, where the last inequality is ensured by (6.21).
To conclude the proof, notice that the sequence of torsion points .�.!`//` is strict in

the torus �.T /, which has dimension at least 1, and therefore lim`!1 d` D1. The result
now follows from (6.22) and (6.25) by taking `!1, using the hypothesis that r � 2 and
the fact that for any " > 0, we have

lim
`!1

d1�"
`

'.d`/
D 0:

7. Main results

We now put together the main results from the previous sections to prove Theorem B.
In doing this, we need to treat separately the case in which the involved Laurent poly-
nomials are binomials, due to the annoying hypothesis in the Archimedean logarithmic
equidistribution of torsion points. As an application, we show how the statement of the
main theorem affirmatively answers previous questions by the authors.

As usual, throughout the whole section K denotes a number field, and T a split algeb-
raic torus over K of dimension n � 2 with character lattice M . Consider also a complete
toric variety X which compactifies T , and a family xD0; : : : ; xDn�2 of semipositive toric
metrized divisors on X , with corresponding collection .# xDi ;v/v2M of v-adic roof func-
tions, for i D 0; : : : ; n � 2.

7.1. Proof of Theorem B

We start by remarking that when the Laurent polynomials involved in Conjecture A have
a large locus of bad intersection, its statement can be easily verified.

Lemma 7.1. Let f and g be two absolutely irreducible Laurent polynomials in KŒM � for
which the closed subset ‡ � T from (4.2) has codimension at most 1. Then f and g are
either monomials or binomials with the same support up to translation, and in this case
Conjecture A holds true.

Proof. It is clear that f and g must have the same support up to translation, as other-
wise ‡ is by definition the empty set. We can then restrict to the case in which supp.g/D
supp.f /C ¹m0º for some m0 2M , and denote by ƒ the linear span of the set supp.g/ �
supp.g/ D ¹m �m0 W m;m0 2 supp.g/º in MR. We claim that

(7.1) codim.‡/ � dim.ƒ/;

which will be enough to prove the first statement because of the absolute irreducibility
of f and g.
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To show (7.1), notice that, denoting r D dim.ƒ/, there existm;m1; : : : ;mr 2 supp.g/
such that the lattice points m1 �m; : : : ;mr �m are linearly independent elements of M .
We can then find a basis e1; : : : ; en of M , and �1; : : : ; �r 2Z, for which

�iei D

nX
jD1

aij .mj �m/

for all i D 1; : : : ; r , with each aij 2Z. We then have that ‡ is contained in the zero set

VT .�
�iei � 
i W i D 1; : : : ; r/

for an appropriate choice of 
1; : : : ; 
r 2K. Under the identification between T and Gn
m

given by the choice of the basis ¹e1; : : : ; enº, the xK-points of this last set agree with

¹t 2 .xK�/n W t�11 D 
1; : : : ; t
�r
r D 
rº;

and then it has codimension precisely r .
Let us now prove the second statement. When f and g are monomials, Proposition A.1

ensures that the conjecture holds. Suppose then that f and g are binomials with the same
support up to translation. After multiplying each of them by a suitable monomial, Propos-
ition A.1 and Remark A.2 allow to reduce the proof to the case in which f D �m � ˛0
and gD�m �ˇ0. For all !2T .xK/, the Laurent polynomials !�1f and !�2gmeet properly
if and only if

˛0�
m.!2/ ¤ ˇ0�

m.!1/;

in which case
ZT .!

�
1f; !

�
2g/ D 0:

Therefore, the left-hand side of Conjecture A vanishes for f and g. The right-hand one
is also zero, as can be shown by noticing that the v-adic Ronkin functions of f and g
are explicitly computable piecewise affine functions (Example 2.12 in [20]), and by the
properties of mixed integrals.

We are finally ready to prove the main result of the article, that is the following special
case of Conjecture A.

Theorem 7.2 (Theorem B). Let f and g be two nonzero Laurent polynomials in KŒM �.
Then, for all quasi-strict sequence .!`/` of torsion points in T .xK/2, we have that

lim
`!1

h xD0;:::; xDn�2.ZT .!
�
`;1f;!

�
`;2g// D

X
v2M

nv MIM .# xD0;v; : : : ; # xDn�2;v; �
_
f;v; �

_
g;v/:

Proof. Thanks to Proposition 3.6, it is enough to consider the case in which f and g are
absolutely irreducible Laurent polynomials with coefficients in OK, and whose Newton
polytopes contain the lattice point 02M . By the same result, we can also assume that X
is smooth and projective, with fan compatible with the Newton polytopes of f and g, that
xD0; : : : ; xDn�2 are very ample toric divisors on X equipped with smooth toric metrics at

the Archimedean places and algebraic toric metrics at the non-Archimedean ones, and that
.!`/` is of the form .1; !`/` for a strict sequence .!`/` of torsion points in T .xK/.

Under these assumptions, the Laurent polynomials f and g define nef toric divisorsDf
and Dg on X , and sections sf 2�.X;O.Df // and sg 2�.X;O.Dg//, respectively.
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When the closed subset ‡ � T from (4.2) has codimension at most 1, the validity of
the conjecture follows from Lemma 7.1. Therefore, we can assume for the remaining of
the proof that‡ has codimension at least 2 in T , and in particular, that the base change‡v
is an essentially atoral subset of Tv for all Archimedean place v of K.

We can now apply the strategy outlined in Section 3.2. Since the sequence .1; !`/` is
quasi-strict, by Corollary 2.9 we have that for ` sufficiently large, the global sections sf
and !�

`
sg meet properly and with no components outside of the principal open subset

of X . Therefore, for such `, and under our assumptions, Proposition 3.5 is written as

(7.2) h xD0;:::; xDn�2.ZT .f; !
�
` g//D h xD0;:::; xDn�2; xDRon

g
.ZT .f //C

X
v2M

nv

#O.!`/

X
�2O.!`/v

Iv.�/;

where for each place v, the function IvWT .Cv/! R [ ¹�1º is defined by

Iv.t/ D

Z
Xan
v

log kt�sgkRon;v c1. xD0;v/ ^ � � � ^ c1. xDn�2;v/ ^ ıZX .sf /an
v
:

Consider now the subset S of M as in beginning of Section 6. Then, combining The-
orem 3.2 and (7.2) gives

h xD0;:::; xDn�2.ZT .f; !
�
` g// D

X
v2M

nv MIM
�
#0;v; : : : ; #n�2;v; �

_
f;v; �

_
g;v

�
C

X
v2S

nv

#O.!`/

X
�2O.!`/v

Iv.�/

C

X
v2MnS

nv

#O.!`/

X
�2O.!`/v

Iv.�/:

Since S is finite by Lemma 6.1, the second sum in the right-hand-side converges to 0 as
`!1 because of Theorem 5.4. The third sum also converges to 0 as `!1 because of
the adelic equidistribution result in Theorem 6.2.

Therefore, the expression is convergent, and the limit is the desired one.

As an application, we can affirmatively answer Conjecture 11.8 in [21].

Example 7.3. Let d1; d2 � 1 and consider the Fermat polynomials

f D 1C x
d1
1 C x

d1
2 and g D 1C x

d2
1 C x

d2
2 ;

seen as bivariate Laurent polynomials in QŒx˙11 ; x˙12 �. Considering the canonically met-
rized hyperplane divisor on P2Q, and applying Theorem B, we deduce that the limit naive
height of the intersection between the twists of f and g is computed by

lim
`!1

h.ZT .!
�
`;1f;!

�
`;2g// D

X
v2M

MIZ2.0�; �
_
f;v; �

_
g;v/;

where 0� denotes the indicator function of the standard simplex� of R2. In the same line
of what was done in [21] for d1 D d2 D 1, it would be interesting to explore whether this
limit can be expressed it in terms of special values of some relevant function.
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7.2. A consequences for strict sequences of sets

We conclude the article by showing how Theorem B can be adapted to compute the asymp-
totic behaviour of average heights over certain growing sets of torsion points.

To explain this, recall from Definition 6.4 in [21] that a sequence .E`/` of nonempty
finite subsets of T .xK/k is said to be strict if for every proper algebraic subgroupG � Tk ,
we have that

lim
`!1

#.E` \G.xK//
#E`

D 0:

This following can be seen as a generalization of Theorem 7.2, from which it actually
follows.

Proposition 7.4. Let f and g be two nonzero Laurent polynomials in KŒM �, and denote
byH the set of t 2T .xK/2 for which t�1 f and t�2 g do not meet properly. Let also .E`/` be
a strict sequence of nonempty finite subsets of torsion points in T .xK/2. Then

lim
`!1

1

#E`

X
!2E`nH

h xD0;:::; xDn�2.ZT .!
�
1f; !

�
2g//

D

X
v2M

nv MIM .# xD0;v; : : : ; # xDn�2;v; �
_
f;v; �

_
g;v/:

Moreover, if we denote by L the previous limit, for all " > 0 we have that

lim
`!1

#¹! 2 E` nH W j h xD0;:::; xDn�2.ZT .!
�
1f; !

�
2g// � Lj < "º

#E`
D 1:

Proof. Let us take the set of torsion points T .xK/tors � T .xK/ and consider the function
'WT .xK/tors ! R defined by

'.!/ D

´
h xD0;:::; xDn�2.ZT .!

�
1f; !

�
2g// if ! …H;

0 otherwise:

This function ' is bounded above because of Proposition 6.4.1 in [19], see also [29].
Now, by considering a finite number of families s0;i ; : : : ; sn�2;i of global sections of
O.D0/; : : : ;O.Dn�2/, respectively, such that for each t 2 T .xK/2 there is i for which
s0;i ; : : : ; sn�2;i ; t

�
1 f; t

�
2 g meet properly, we can also show that ' is bounded below.

Then, the statement follows readily from Lemma 6.7 in [21] and Theorem 7.2.

As the sequence .�.`//` of the full sets of `-torsion points in T .xK/2 is strict, see
Example 6.5 in [21], we obtain the following particular case of Conjecture 6.4.4 in [19].

Corollary 7.5. For two nonzero Laurent polynomials f and g in KŒM �, we have that

lim
`!1

1

`2

X
!2�.`/nH

h xD0;:::; xDn�2.ZT .!
�
1f; !

�
2g//

D

X
v2M

nv MIM .# xD0;v; : : : ; # xDn�2;v; �
_
f;v; �

_
g;v/;

where H denotes the set of t 2T .xK/2 such that t�1 f and t�2 g do not meet properly.
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A. Proof of the reductions

This appendix is dedicated to the proof of Proposition 3.6 about the reduction steps that
one can make when proving the general form of Conjecture A. They concern assumptions
on different objects playing a role in the statement: the family of Laurent polynomials,
the ambient toric variety, the sequence of torsion points and the collection of metrized
divisors. We show each of the corresponding reductions in a dedicated subsection.

A.1. Proof of item (1) in Proposition 3.6

We start by proving that the conjecture is satisfied in a trivial situation.

Proposition A.1. Conjecture A holds true when one of the Laurent polynomial of the
family .f1; : : : ; fk/ is a monomial.

Proof. Assume, without loss of generality, that f1 D ˛�m for some ˛ 2K and m 2M .
We can show that under this hypothesis both sides in Conjecture A are equal to zero.

The vanishing of the left-hand side is immediate from the fact that

ZT .t
�f / D 0

for all admissible choice of t 2T .xK/k .
Concerning the right-hand side, note that in virtue of Proposition 2.9 and Example 2.11

in [20] and Proposition 2.3.3 in [9], we have that

�_f1;v D �¹mº C log j˛jv

for all v 2M, where �¹mº is the function taking the value 0 on ¹mº, and �1 elsewhere.
Applying Corollary 1.10 and Proposition 1.3 in [20] and Proposition 1.1.13 in [19], we
obtain the equality

MIM .#0;v; : : : ;#n�k;v; �_f1;v; : : : ; �
_
fk ;v

/

D log j˛jv �MVM .�D0 ; : : : ; �Dn�k ;NP.f2/; : : : ;NP.fk//

for all v 2M. Therefore, the right-hand side of Conjecture A also vanishes, in virtue of
the product formula on K.

Another useful observation is that the statement of the conjecture behaves well under
multiplication of the involved Laurent polynomials.

Remark A.2. Let f;g;f2; : : : ; fk 2KŒM � be nonzero Laurent polynomials. Assume that
Conjecture A holds for the family .f; f2; : : : ; fk/ and for the family (g; f2; : : : ; fk/. Then
it also holds for .f � g; f2; : : : ; fk/.

Indeed, it is enough to show that for the family h D .f � g; f2; : : : ; fk/, both sides
of the equality in Conjecture A coincide with the sum of the corresponding side for f D
.f; f2; : : : ; fk/ and g D .g; f2; : : : ; fk/. First, the definition of the twist implies that
whenever t D .t1; : : : ; tk/ 2T .xK/k is such that t�1 .fg/; t

�
2 f2; : : : ; t

�
k
fk meet properly,
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then also t�1 f; t
�
2 f2; : : : ; t

�
k
fk meet properly and t�1 g; t

�
2 f2; : : : ; t

�
k
fk meet properly, and

moreover,
ZT .t

�h/ D ZT .t
�f /CZT .t

�g/:

The linearity of the height function yields then, by passage to the limit, the claimed
additivity for the left-hand side of Conjecture A. The one for the right-hand side follows
from Proposition 2.9 in [20], Theorem 16.4 in [33], and the multilinearity of mixed integ-
rals with respect to sup-convolution.

As a result of Proposition A.1 and Remark A.2, when proving Conjecture A (or special
cases of it), one can safely replace any Laurent polynomial by its product with a nonzero
monomial. In particular, up to multiplying by a monomial with suitable support and with
coefficient of high enough valuations, we can assume that for each i D 1; : : : ; k, the
Laurent polynomial fi lies inOKŒM � and that its support contains the lattice point 02M .
This proves the first part of item (1) in Proposition 3.6.

For the second part, we need the following observation about the choice of the base
field over which the Laurent polynomials are defined.

Remark A.3. The validity of Conjecture A for the family .f1; : : : ; fk/ over K is equival-
ent to its validity over any finite field extension L of K, as both sides in the statement of the
conjecture are not affected by the change of base field. Indeed, on the one hand, the height
of a cycle does not depend on the choice of the number field over which it is defined.
On the other hand, for each place w of L dividing a given place v 2M, the w-adic roof
function of the extension of xD to L agrees with its v-adic roof function, and �fi ;w D �fi ;v
for all i 2 ¹1; : : : ; kº. These facts, combined with the equality

P
wjv nw D nv , yield the

invariance of the right-hand side.

Now, we can see each Laurent polynomial fi as an element of the unique factorization
domain xKŒM �, and take

fi D

riY
jD1

fij

to be its factorization into irreducible elements of xKŒM �. Denote by L � xK the smallest
field containing both K and the coefficients of the Laurent polynomials fij for all i 2
¹1; : : : ; kº and j 2¹1; : : : ; riº. It is a finite field extension of K. By using Remark A.3 and
by repeatedly applying Remark A.2 over L, we can reduce the proof of Conjecture A for
the family .f1; : : : ; fk/ to the proof of its validity for each of the family .f1j1 ; : : : ; fkjk /.
Since each of these consists of absolutely irreducible Laurent polynomials, the second part
of item (1) in Proposition 3.6 follows.

A.2. Proof of item (2) in Proposition 3.6

Let† denote the fan of the toric varietyX . After subdividing its cones, we can refine† to
a fan that is compatible with the Newton polytopes of the Laurent polynomials f1; : : : ; fk .
It is possible to further refine the obtained fan in NR to the fan †0 of a projective toric
variety (Theorem 6.1.18 in [13]) whose cones are generated by part of a basis of the
lattice N , see Section 2.6 of [17]. As a result, by construction and by Section 2.1 of [17],
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the toric variety X 0 associated with †0 is a smooth projective compactification of T and
its fan is compatible with the Newton polytopes of f1; : : : ; fk .

We want to show that the validity of Conjecture A for X 0 implies the one for X .
To do so, consider the toric morphism �WX 0 ! X constructed from the identity map

on N as in Section 1.4 of [17]. It is a regular morphism whose restriction to the torus T
agrees with the identity.

The pullbacks
�� xD0; : : : ; �

� xDn�k

are semipositive toric metrized divisors on X 0, and thanks to Proposition 4.8.10 in [9],
their v-adic roof functions are the same as the ones of xD0; : : : ; xDn�k at all place v of K.

On the other hand, the arithmetic projection formula ensures that for all tD .t1; : : : ; tk/
2 T .xK/k for which t�1 f1; : : : ; t

�
k
fk meet properly

h�� xD0;:::;�� xDn�k .ZT .t
�f // D h xD0;:::; xDn�k .ZT .t

�f //;

since
��ZT .t�f /

X 0

D ZT .t�f /
X

because the cycle has no components outside of T , and the restriction of � to this torus is
the identity map.

Item (2) in Proposition 3.6 follows then from the above considerations.

A.3. Proof of item (3) in Proposition 3.6

The following observation on the well behaviour of Conjecture A under linear combina-
tion of semipositive toric metrized divisors comes in handy.

Remark A.4. Let xD0; : : : ; xDn�k ; xE be semipositive toric metrized divisors, and let i 2
¹0; : : : ; n � kº. If Conjecture A holds for the families

xD0; : : : ; xDn�k and xD0; : : : ; xDi�1; xE; xDiC1; : : : ; xDn�k ;

then it also holds for the family

xD0; : : : ; xDi�1; a xDi C b xE; xDiC1; : : : ; xDn�k

for all choice of a; b 2Z for which a xDi C b xE is semipositive. In fact, both sides of the
equality in Conjecture A are multilinear in the choice of the metrized divisors.

To show this, thanks to the symmetry of the height and of the mixed integral operator,
it is enough to show that linearity holds in the first argument; we can then assume i D 0.
Whenever t D .t1; : : : ; tk/2T .xK/k is such that t�1 f1; : : : ; t

�
k
fk meet properly, we have

ha xD0Cb xE; xD1;:::; xDn�k .ZT .t
�f // D a h xD0; xD1;:::; xDn�k .ZT .t

�f //

C b h xE; xD1;:::; xDn�k .ZT .t
�f //;

which implies the linearity of the left-hand side in Conjecture A.
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On the other hand, and assuming that a; b � 0, Propositions 4.3.14, 2.3.1 and 2.3.3
in [9] ensure that

#a xD0Cb xE;v D .# xD0;v � a/� .# xE;v � b/

for all place v of K, with � denoting the sup-convolution binary operation between
concave functions, and � the right scalar multiplication. This equality, plugged in the right-
hand side of Conjecture A, yields its linearity because of the analogous properties of the
mixed integral operator with respect to the sup-convolution of its arguments.

In the case in which a � 0 and b < 0, the same conclusion is similarly reached after
noticing that

# xD0;v � a D #a xD0Cb xECjbj xE;v D #a xD0Cb xE;v � .# xE;v � jbj/:

Now, assume that Conjecture A is valid for families of semipositive toric metrized
divisors with very ample underlying divisors, and let us show that we can prove it in
general.

Consider an arbitrary family xD0; : : : ; xDn�k of semipositive toric metrized divisors.
Because of item (2) in Proposition 3.6, we can assume that X is projective, and therefore
consider a very ample toric divisor A on X . Since every nef toric divisor is globally gen-
erated, and because of Exercise 7.5(d) at p. 169 of [24], we have that Di C A is also very
ample for every 0 � i � n� k. Moreover, by ampleness, we can equip A with a semipos-
itive toric metric, and call xA the corresponding semipositive toric metrized divisor.

By applying Remark A.4, the validity of Conjecture A for the family xD0; : : : ; xDn�k
is implied by the one of the analogous statement for the two families

xD0 C xA; xD1; : : : ; xDn�k and xA; xD1; : : : ; xDn�k :

Reasoning in the same manner on the subsequent entries of these new families, we can
inductively reduce the validity of Conjecture A for xD0; : : : ; xDn�k to the one for families
whose members are either xA or of the form xDi C xA, for 0 � i � n � k. As these all have
very ample underlying divisors, item (3) in Proposition 3.6 is proved.

A.4. Proof of item (4) in Proposition 3.6

We aim to show that the validity of Conjecture A is preserved under uniform limits of the
metrics. We start by proving a lemma on the behaviour of mixed integrals with respect to
approximations of concave functions, which can be of independent interest.

Lemma A.5. Let � be a Haar measure on a real vector space V of dimension n. For
all i 2 ¹0; : : : ; nº, let .gi;j /j be a sequence of concave functions having a closed convex
body Qi of V as common domain, and which converges uniformly to a concave func-
tion gi . Then

lim
j!1

MI�.g0;j ; : : : ; gn;j / D MI�.g0; : : : ; gn/:

Proof. By definition, the mixed integral MI�.g0;j ; : : : ; gn;j / is an alternating sum of
integrals of the form Z

Qi1C���CQik

.gi1;j � � � �� gik ;j / d�;
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with ¹i1; : : : ; ikº � ¹0; : : : ; nº and� denoting the sup-convolution between concave func-
tions. One can show that this last operation preserves uniform limits, and therefore the
sup-convolution of any subset of the gi;j converges uniformly to the sup-convolution of
their respective limits. As a result, since the domainQi1 C � � � CQik has finite�-measure,
each of the above integrals converges toZ

Qi1C���CQik

.gi1 � � � �� gik / d�;

which is enough to conclude.

Assume now that Conjecture A holds for every choice of semipositive adelic metrized
toric divisors whose metrics are smooth at Archimedean places and algebraic at non-
Archimedean ones. We want to show that it holds true for an arbitrary family xD0; : : : ; xDn�k
of semipositive toric metrized divisors. As usual, we refer to [9] for the terminology
employed in the following.

By definition, the v-adic metric of each of the xD0; : : : ; xDn�k is the canonical one for
all v outside of a finite set P �M containing the Archimedean places. Moreover, for each
i 2 ¹0; : : : ; n � kº, there is a sequence of semipositive toric metrized divisors

xDi;j D .Di ; .k � ki;j;v/v2M/

such that the metric k � ki;j;v is semipositive smooth if v Archimedean, it is associated with
a semipositive algebraic model if v is non-Archimedean, it is the canonical one if v …P,
and, for all v,

lim
j!1

dist.k � ki;j;v; k � ki;v/ D 0:

Due to Proposition 4.3.14(3) in [9] and the fact that uniform convergence of concave func-
tions is preserved under Legendre–Fenchel duality, the sequence .# xDi;j ;v/j of continuous
concave functions on �Di converges uniformly to # xDi ;v , for all i 2 ¹0; : : : ; n � kº.

Let now .!`/` be a quasi-strict sequence of torsion points in T .xK/k . In proving Con-
jecture A for this sequence, after approximating each xDi by xDi;j , we are faced with a
double limit, one over ` and the other over j . It will be crucial to be able to switch them,
for which reason we need to prove that one of the convergence is uniform.

To do so, notice that for ` suitably large, the .n � k/-cycle ZT .!
�
`
f / is well defined

thanks to the first part of Corollary 2.9, and we can choose rational sections si of O.Di /,
possibly depending on `, such that s0; : : : ; sn�k meet its closureZX .!�` sf / inX properly.
By the definition of the global height as sum of local contributions,ˇ̌

h xD0;j ;:::; xDn�k;j .ZT .!
�
`f // � h xD0;:::; xDn�k .ZT .!

�
`f //

ˇ̌
�

X
v2P

nv
ˇ̌
h xD0;j;v ;:::; xDn�k;j;v .ZX .!

�
` sf /I s0; : : : ; sn�k/

� h xD0;v ;:::; xDn�k;v .ZX .!
�
` sf /I s0; : : : ; sn�k/

ˇ̌
:
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Each v-adic summand on the right-hand side of the previous inequality can be upper
bounded by the product between nv and the sum

n�kX
rD0

ˇ̌
h xD0;v ;:::; xDr�1;v ; xDr;j;v ;:::; xDn�k;j;v .ZX .!

�
` sf /I s0; : : : ; sn�k/

� h xD0;v ;:::; xDr;v ; xDrC1;j;v ;:::; xDn�k;j;v .ZX .!
�
` sf /I s0; : : : ; sn�k/

ˇ̌
:

Applying Theorem 1.4.17(4) in [9], each of this new summands agrees withˇ̌̌ Z
Xan
v

log
ksrkr;j;v

ksrkr;v
c1. xD0;v/ ^ � � � ^ c1. xDr�1;v/

^ c1. xDrC1;j;v/ ^ � � � ^ c1. xDn�k;j;v/ ^ ıZX .!�` sf /
ˇ̌̌
:

The notion of distance between metrics and the knowledge of the total volume of the
involved Monge–Ampère measure, together with the second part of Corollary 2.9, allow
to upper bound the previous expression by

dist.k � kr;j;v;k � kr;v/ �MVM .�D0 ; : : : ;�Dr�1 ;�DrC1 ; : : : ;�Dn�k ;NP.f1/; : : : ;NP.fk//:

Putting all these bounds together, we finally obtain a constant c � 0, only depending
on the polytopes �D0 ; : : : ; �Dn�k and NP.f1/; : : : ;NP.fk/, for whichˇ̌

h xD0;j ;:::; xDn�k;j .ZT .!
�
`f // � h xD0;:::; xDn�k .ZT .!

�
`f //

ˇ̌
� c �

X
v2P

nv

n�kX
rD0

dist.k � kr;j;v; k � kr;v/:

Therefore, the convergence

lim
j!1

h xD0;j ;:::; xDn�k;j .ZT .!
�
`f // D h xD0;:::; xDn�k .ZT .!

�
`f //

is uniform in the choice of `. Moreover, thanks to the assumptions, for all fixed j the limit

lim
`!1

h xD0;j ;:::; xDn�k;j .ZT .!
�
`f //

exists and agrees with the corresponding sum of mixed integrals. Therefore, the classical
Moore–Osgood theorem allows to exchange limits, and we obtain

lim
`!1

h xD0;:::; xDn�k .ZT .!
�
`f // D lim

`!1
lim
j!1

h xD0;j ;:::; xDn�k;j .ZT .!
�
`f //

D lim
j!1

lim
`!1

h xD0;j ;:::; xDn�k;j .ZT .!
�
`f //

D lim
j!1

X
v2M

nv MIM .# xD0;j ;v; : : : ; # xDn�k;j ;v; �
_
f1;v

; : : : ; �_fk ;v/

D

X
v2M

nv MIM .# xD0;v; : : : ; # xDn�k ;v; �
_
f1;v

; : : : ; �_fk ;v/;

where we have used Lemma A.5 in the last equality. This completes the proof of item (4)
in Proposition 3.6.
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A.5. Proof of item (5) in Proposition 3.6

First of all, notice that in the setting of Conjecture A the height of ZT .!
�
`
f /, whenever

defined, only depends on the class of !` 2T .xK/k in the quotient of Tk by the image of
the torsion points of T under the diagonal embedding.

Indeed, let ! be a torsion point in T .xK/, and consider t D .t1; : : : ; tk/2T .xK/k for
which t�1 f1; : : : ; t

�
k
fk meet properly. The translation-by-! map �! WX ! X restricts to an

isomorphism of the torus T . Hence, since by definition

.�! jT /
�.t�i fi / D .!ti /

�fi

for all i 2 ¹1; : : : ; kº as regular functions on T , we deduce that .!t1/�f1; : : : ; .!tk/�fk
also meet properly in T . Moreover, with the notation

!t D .!t1; : : : ; !tk/;

the projection formula implies that

.�!/�ZT ..!t/�f / D .�! jT /�ZT ..!t/�f / D ZT .t�f /:

The invariance of toric metrics under translation by torsion points and the projection for-
mula for heights, see for instance Theorem 1.5.11(2) in [9], yield the equality

h xD0;:::; xDn�k .ZT ..!t/
�f // D h��! xD0;:::;��! xDn�k .ZT ..!t/

�f //

D h xD0;:::; xDn�k ..�!/�ZT ..!t/�f //

D h xD0;:::; xDn�k .ZT .t
�f //;

proving the claimed invariance.
Now, consider a quasi-strict sequence .!`/`. As seen, we can replace each !` by

!�1`;1:!` D .1; !
�1
`;1!`;2; : : : ; !

�1
`;1!`;k/

without affecting the value of the height of the corresponding intersection cycle.
Because of the isomorphism in (2.6) and the quasi-strictness of .!`/`, the sequence

..!�1`;1!`;2; : : : ; !
�1
`;1!`;k//`

is strict in T .xK/k�1. The validity of Conjecture A for .!�1
`;1
!`/` implies the one for .!`/`,

thus concluding the proof of item (5) in Proposition 3.6.
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