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A Kakeya maximal estimate for regulus strips

Shukun Wu

Abstract. We prove Kakeya-type estimates for regulus strips. As a result, we obtain
another epsilon improvement over the Kakeya conjecture in R3, by showing that the
regulus strips in the SL, example are essentially disjoint. We also establish an L?
inequality regarding a Nikodym-type maximal function in the first Heisenberg group.

1. Introduction

Recall that a Kakeya set in R” is a compact set K C R” that contains a unit line segment
pointing in every direction. The three-dimensional Kakeya conjecture asserts that every
Kakeya set in R® has Hausdorff dimension 3. After standard discretization arguments, it
is a consequence of the following statement.

Conjecture 1.1. For all ¢ > 0, there exist ce > 0 and M = M(g) > 0 such that the fol-
lowing is true for all § € (0, 1). Let L be a family of directional §-separated lines and let
E C [0,1]? be a union of §-balls. Suppose |[£ N E| > A for all £ € L. Then

(1.1) |E| > ¢85 AM (82#L).

When A ~ 1, (1.1) can be rephrased as follows: suppose 7 is a family of §-tubes
pointing at §-separated directions. Then || s | % 8*#7 (A 5 B means A < C,§7°B for
all £ > 0). In other words, the §-tubes in 7~ are essentially disjoint.

The best known result regarding Conjecture 1.1 was obtained by Katz—Zahl [4], who
showed that a three-dimensional Kakeya set must have Hausdorff dimensions greater
than 5/2 + g¢ for some absolute g9 > 0. In the same paper, an enemy scenario of the
Kakeya conjecture, called the “SL, example”, was discovered. To describe this example,
we briefly go through the definition of a regulus strip.

Let § € (0, 1). A regulus strip is the intersection of the §-neighborhood of a regulus (a
quadratic surface in R3 doubly-ruled by lines) and the §'/2-neighborhood of a line con-
tained within that regulus. In other words, a regulus strip is a (§ x §'/2 x 1)-plank twisting
at a constant speed. Note that a single regulus strip contains ~ § /2 many §-tubes.

The SL, example, roughly speaking, contains around §~3/2 well-spaced regulus strips.
Hence, it also contains approximately §~2 many §-tubes. Thus, if a Kakeya phenomenon
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is expected for the SL, example, its measure should be Z 1. It was shown in [4] that
the SL, example has a measure strictly bigger than §'/2, which is a key ingredient of their
(5/2 + &¢)-bound for the Kakeya conjecture in R3.

The SL, example motivates the study of the SL,-Kakeya setin [1,3]. An SL,-Kakeya
set is a Kakeya set whose unit line segments come from the SL;-lines

<§£SL2 = {e(a,b,c,d) tad —bc = 1}.

In particular, a certain point-line duality regarding SL,-lines was observed in [1], and
the authors there used tools from Fourier analysis developed in [2] to study SL,-Kakeya
sets. We remark that both the SL, example and the SL,-Kakeya set are useful models of
“plany” Kakeya sets. For further discussion, we refer to [4] and [3].

In this paper, we apply similar tools from Fourier analysis to study regulus strips. Our
result can be viewed as a Kakeya maximal estimate for regulus strips. As a consequence,
we show that the measure of the SL, example is g, 1, which results in an epsilon improve-
ment over the epsilon improvement of the Kakeya conjecture in R obtained in [4].

To give the formal definition of regulus strips, let us first recall a standard parameteri-
zation of non-horizontal lines in R3.

Definition 1.2. Given a line {(4 5 c.4): (a. b, 0) + span(c, d, 1) in R3, we define (=
(a,b,c,d) to be a point in the parameter space R*. Generally, if S = | J£ N [0,1]% is a
union of line segments in R3, define § = | J £ as a set in R*.

For each £ € £g1, and each p = (p1, p2., p3) €4, direct calculation shows that all the
lines £’ € £, intersecting p are trapped in a plane P, containing £, whose normal direc-

tion is (p2, —p1, 1) (see (1.3) in [3]). Let £(p) = p + span(pi, p2, 0) be the intersection
of P, and the horizontal plane at height p3. This defines a regulus R({) as

(1.2) R == Jtp).
pel

The regulus R(¥) is a double-ruled surface. The family of lines {£(p) : p € £} forms one
ruling of R(£). Note that {¢': £’ € span({)} forms another ruling of R({) (just need to
check that such an £’ intersects £(p) for all p € £).

Definition 1.3 (Regulus strip). Let £ € £g1,. Define a regulus strip
S = S(0) := Ns(R(£)) N Ny1,2(€) N[0, 173,
which is a twisted plank of dimensions § x §1/2 x 1.

Since {¢’: Ve span(Z)} forms a ruling of R(£), S (£) is the §-neighborhood of the §1/2
line segment {(1 + u){ : [u| < §1/2} in the parameter space R*. In other words, S () is a
§-tube of length §/2.

After suitable affine transformations, we only need to focus on the following family
of regulus strips:

(1.3) S :={SUwpeca)) :a,d~1,ad —bc =1}

The next definition captures a non-concentration property of the regulus strips.
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Definition 1.4. Let S C § be a family of regulus strips and let W = Uses S CR*bea
union of §-tubes of length §'/2. We say S obeys the rwo-dimensional ball condition if for
any r € [§, 1] and any four-dimensional r-ball B,

(1.4) |W N B,|§7* < 100(r§71)2.

Note that when W is a general union of §-balls, (1.4) is the non-concentration inequal-
ity that forces W to obey a standard two-dimensional ball condition. Moreover, it is also
the minimal requirement for a family of regulus strips § to be essentially disjoint, that is,
|Us | % (83/%#8).

To see this, suppose § is a family of regulus strips that fails (1.4). Then there exists an
absolute & > 0 and an r-ball B, such that |W N B,|§~* > §~°(r§~1)? for some absolute
e>0.Assume § = S(B,) :={S €S :8N B, #}. We will show

\U’ < §5(5%/245).
s
If r > 8Y2 then § C {S € § : S C 2B, }. This shows that \Js is contained in an r-tube,
so |Us | < r2. Note that
#S = #S(B,) = §~°(r571)28'/2.

Thus, we get
(832#8) 2 87r2 2 87

Ul

If r < §'/2, then (s is contained in N,,(S), where S € § is any regulus strip. This
implies | (g | < r81/2 Note that #§ = #8(B,) = §¢r§~'. Thus, we have

¥

(8*2#8) 2 §7r8" /2 2 67¢

Now we state the main result of the paper.

Theorem 1.5. Suppose § C S is a collection of regulus strips satisfying the two-dimen-
sional ball condition (1.4). Let Y : § — [0, 1] be a shading such that Y(S) c S N [0,1]3
forany S €S. Let A € (0, 1]. Suppose |Y(S)| > A|S| forall S € §. Then for any ¢ > 0,

] U Y(S)‘ > ;828 IS,

Ses Ses

The SL, example discovered in [4] is a family of regulus strips § with #S ~ §3/2
so that in the parameter space, each §'/2-ball in Ngi2Z(ad — be = 1) contains = 1
many S. Note that, up to a factor ~ 1, the SL, example obeys the two-dimensional ball
condition (1.4). Therefore, as a direct corollary of Theorem 1.5, we have the following.

Corollary 1.6. The SL, example has measure %, 1.
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As a result, there is another epsilon improvement over the epsilon improvement of the
three-dimensional Kakeya conjecture in [4].

Finally, let us discuss an application of Theorem 1.5 in the first Heisenberg group.
One feature of the SL, lines &£g1, is that they coincide with the horizontal lines in the
first Heisenberg group (see [1]). In particular, for each £ € £g;,, the regulus strip S(£)
is essentially the §'/2-neighborhood of the horizontal line £ under the Kordnyi metric.
See [5].

Therefore, Theorem 1.5 also gives a Nikodym maximal estimate for horizontal lines
in the first Heisenberg group.

Definition 1.7. Let 7" be the §-neighborhood of an arbitrary horizontal unit line segment
contained in the unit ball, under the Koranyi metric in the first Heisenberg group H. For
any function f:H — C, define a Nikodym maximal function as

(1.5) MfG) = sup% /T (&) d’

zeT
By a standard duality, Theorem 1.5 has the following corollary.

Corollary 1.8. Let M be the Nikodym maximal operator defined in (1.5). Then for any
& >0, and when p > 6,

IMfllp < Ce6™°N f -

Proof. Tt suffices to consider f = 1g, where E is a union of disjoint Heisenberg §-balls
contained in the unit ball. For each point z € H, let z = (x, y, ¢) be its standard coordinate.
Using the foliation of H by vertical planes through the vertical axis and by the triangle, it
suffices to show that

(1.6) /IM*IE(O,y,t)IGdydt < |E).

Here M* is the maximal operator restricted to horizontal lines that are transverse to the
plane {x = 0}. Note that (1.6) boils down to the weak-type estimate

(1.7) A|F,| S |E|,

where
Fy={(y,1) : IM*1g(0,y,0)| = A}.

Note that, after discretization, Fj can be viewed as a union of horizontal (§ x §2)-rec-
tangles. For each such rectangle, choose a regulus strip S of dimensions 1 x § x §2 (the
§-neighborhood of a horizontal line) such that |[S N E| > A|S|. Denote by Y(S) =S N E.
It is straightforward to check that the family of regulus strips generated by the set of
(8 x 8%)-rectangles from Fj obeys the two-dimensional ball condition. By Theorem 1.5,
we have

1= |JY($)| 243 ISI ~ 2° |l
S S

This shows (1.7) and hence the corollary. [
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Notations. We write A < B if A < CB for some absolute constant C, and write A é B if
A<C.57*Bforanye>0.Weuse A=Q(B)if BSAand A=Q*(B)if BS A IfEisa
family of sets in R”, we use | Jg to denote | J; g E. Fortwosets A, BeER",let A+ B =
{a+b:aecA,be B}. Fortwo finite sets E and F, we say E is an Q(c)-refinement of F
if EC F and#E 2 c#F; we say E is a Q*(c)-refinement of F if E C F and #E g c#F.

2. Proof of Theorem 1.5

Let &£ be the collection of lines {4 p ¢ 4) satisfying a — d = 0. It was observed in [1] that
a generic line in &£g1, can be parameterized by lines in &£ as well. This observation will
simplify our calculation later.

Lemma 2.1 (SL; is linear). Lines in £y, satisfying ad # 0 can be identified as lines
inL.

Proof. For any non-horizontal line £, p ¢ 4, 1et £(g.pc,a)(t) = (a,b,0) +t(c,d, 1) beits
intersection with the horizontal plane at height 7. Thus, each line £ € £g1, with ad # 0
has the parameterization

Lt)=(a+ct, b+ (1+bc)t/a,t).

Choose to and 1 so that the second entries of £(zp) and £(¢1) are 0 and 1, respectively.
Hence

, ab d 1 a—ab
=— an = .
* T "1+ be YT 1+be
Moreover, we have
a —ab

a+ac a—ab).

V4 = 1
(fo) ( 1+bc’ "1+ bc

o 1 +bc) and - £(11) =(

This gives a directional vector

ac a
v =1L(1) —L(ty) = (1+bc’1’ 1 +bc)'

Thus, if swapping the second and the third coordinates of £(fy), we have

a —ab ac a
21 g = ) 90 d = ) 91 .
@D (fo) (l—l—bc 1+ be ) and v <1+bc 1+ be )

This suggests that the line £ can be re-parameterized as £ = {(4/ 3 o,47) obeying a’ = d’
(@ =d =a/(l+bc)in(2.1)). n

Now we can identify a line £(4 p.c 4) € £ as a point (a, b, ¢) € R?, and define
Cape) =Lape.a:

This gives a point-line duality between lines in £ and points in R3. As a direct conse-
quence of Lemma 2.1, any regulus strip in § can be re-parameterized as follows.
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Corollary 2.2. Let S be the family of regulus strips defined in (1.3). After choosing an
appropriate parameterization, each S(€) € § can be expressed as

SU) ={(a+ct,b+at.1)+u(l,—1,0), 1 €[0,1], |u| S 82} + Bj,
where L = {4 p.c) € L. In particular, if we let
(2.2) R(@ape)) :={a+ct,b+at,t)+u(l,—t,0),1€[0,1], uecR}
be a regulus, then S(£) = Ns(R(£)) N Ng1/2(£).

Proof. Suppose { is parameterized as {4, p,c,p) With AD — BC = 1. By (1.2), we can
write the regulus R(£) explicitly as

R ={(A+Cs,B+ Ds,s)+r(A+Cs,B+ Ds,0):s,r €R}
= {(A(A + Cs),A(B + Ds),s) : s, AeR}.

As in Lemma 2.1, consider the coordinate swap ®(X, Y, Z) = (X, Z,Y). The new
height variableist = Y. Let

1 B C
a=—> b=—— and ¢c= —-
D D D
Note that a point of the regulus R({) is (A(A + Cs), A(B + Ds), s). After the coordinate
swap, its new height is t = A(B + Ds). Solving for s, we get

_1—AB B+t —b+at
Y B Y B
As a result, the first coordinate of R(¢) becomes
t—AB CB C
MA+Cs) =24 +AC —= x( D)+Dt aX + ct,

since AD — BC = 1. Therefore, after the coordinate swap, the regulus ®(R(£)) can be
parameterized as

a
{(ak +ct, b+ Xt’ t) .t,)Le]Ri}.
Putu = a(A —1),s0 A = 1+ u/a. Consequently,

)t+tb+att—(+tb+tt+ 1,—2,0)+ (0 v t,0
(a ct, X,)—a ct, at,t) +u(l,—t,0) (’a—i—u’)'

Note that the assumptions |u| < /2 and @ ~ 1 imply that

2

a—l—ut: 0(5) fortel0,1].

This completes the proof of the corollary. |
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In order to prove Theorem 1.5 by induction, we need to consider a wider class of
regulus strips: (§, p)-regulus strips.

Definition 2.3. For p € [8,8/2], a (8, p)-regulus strip S,(£) is defined as S,(£) := S(£) N

N, () for some regulus strip S(£) € §. In other words, if £ = £(4 p¢) € £, then S,(£) is a
regulus strip of dimensions § x p x 1 in R3 that can be expressed as

(2.3) {(a+ct,b+at,t)+u(l,—,0), t€[0,1], |u| < p} + Bj.
That is, S,(£) = Ns(R(£)) N N,(£). Note that when p = §, a (8, p)-regulus strip is a
§-tube; when p = §'/2, a (8, p)-regulus strip is a regulus strip.

Given a family of (8, p)-regulus strips §, by (2.3), each S, = S,({(4,p.c)) €S can be
parameterized as a point (a, b, ¢) € R3. This correspondence gives a set of points

(2.4) E(S) = {x € R?: 34, such that S,({x) € S}

so that there is a bijection E(§) <— §, given by x <— S,({,).

Definition 2.4. We say a set of (8, p)-regulus strips § is §-separated if the parameter
set E(S) is a set of §-separated points in R3.

For each ¢ € [0, 1], consider the vectors e; = e;(¢) defined as
(2.5) er = (1,0,1), e, =(t,1,0), and e3=-e; Aey = (—t,12,1).
Define 7; as follows:
(2.6) 7, is the orthogonal projection onto e3L ().

For a family of (8, p)-regulus strips §, let

x8)=J.

S

and let
Xi(8) = X($) N{zz =1t}

be the slice of X(§) at height ¢.

The next lemma is about a duality for regulus strips. Before stating the lemma, we first
recalled the point-line duality found in [1].

Let £, € £ be a line, where x = (a, b, ¢) € R? is a point in the parameter space.
Then for any physical point p = (p1, p2,t) € R3, there exists a light ray £(p) with direc-
tion e3(t) in the parameter space such that the following is true: p € £, if and only if
x €£(p). In other words, p € £, if and only if £(p) is the line x + span(e3(¢)). Thus, each
£, € £ corresponds to a one-dimensional family of light rays {x + span(es(t)) : t €[0, 1]}
intersecting x. Consequently, given a family of lines L = {{, : x € E} C £ for some
parameter set £ C R3, the horizontal slice L N {z3 = t} is the projection m;(E), up
to a linear transformation depending on 7. In [1], this duality was used to convert the
SL,-Kakeya problem to a restricted projection problem.
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Note that each line £, corresponds to only one single point x in the parameter space.
The situation for regulus strips here is a bit different. For each regulus strip S({y), the
horizontal slice S(£,) N {z3 = ¢} corresponds to a (§ x §'/2)-tube in the parameter space,
that depends not only on x, but also on the parameter 7. In the next lemma, we make the
following crucial observation: the (§ x §'/2)-tube corresponding to the horizontal slice
S(€yx) N{z3 =t} is indeed contained in a “conical wave packet” containing x with direc-
tion e3(t). As a consequence, |X;(S)| is essentially the same as the area of the union
of certain conical wave packets determined by the set E(S) and the projection ;. This
observation allows us to use the tools developed in [2] to study regulus strips.

Lemma 2.5 (Regulus strips vs. wave packets). Let S be a set of §-separated (8, p)-regulus
strips and let E(S) be its corresponding parameter set. For each x € E(S) and each
t €0, 1], there exists a (1 x p x §)-plank

Ty =Tx(t):=x+{y1ez+ y2(e3/les])’ + yzez A (es/les]) : [y1| < 1,|y2l < p.ly3| <68}

o( U o)~ U nol

x€E(S) X€E(S)

so that
[X:($)] ~

Remark 2.6. Note that X,(S§) is a union of (§ x p)-tubes. Lemma 2.5 implies that the
number of distinct (§ x p)-tubes in X,(§) is about the same as the number of distinct

(1 x p x 8)-planks in |, g (s) Tx(?)-

Proof of Lemma 2.5. Denote by &(¢) the normalized vector

(4} 1 2
)y=—=——— (—t,t°,1),
£ les] (1+t2+t4)1/2( )
so that
1
(27) E/(l‘) = m(f‘ - 1,2t +t3,—t —2[3)

For x = (a,b,c) € E(S), denote by P, = {(a + ct,b + at) + u(1,—t), |u| < p}, which
is a horizontal line segment of length p. Then Ns(Py) is the intersection of the regulus
strip S, (£x) € § with the horizontal plane {z3 = ¢}. Notice that P, can be expressed as

{(r +u0,—2,:7") - er, (x +u(0.—1,17") - €2). Ju| < p}.
Since e; A ez ~ 1, we have |Ns(P})| ~ |Ns(Px)| ~ p8, where
(2.8) P =m({x +u(0,—t,t7"), |ul < p}).

Thus, Py N Py # @ ifand only if P; N P # @. In other words, S(¢x) N S(£y) N{z3 =1}
# @ifand only if Py N P} # @.

The preimage of Ns(P;) regarding =, is an infinite strip whose cross-section is a
(8 x p)-rectangle. Denote its intersection with the unit ball by

Ty = Ns({Py + k€. k| < 1}),
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which is a (1 x p x §)-plank whose longest direction is e3. To prove the lemma, it suffices
to show that the second-longest direction of T is parallel to £ = (e3/|es])’.

Indeed, let the direction of the second-longest side of Ty be a vector v(¢) so that it is
orthogonal to £(¢). By (2.8), P/ is a line segment with direction (0, —,~1). Thus, there
exists a number « such that v(¢) can be parameterized as v(t) = (0, —¢,¢t~!) + a&(t). To
find o, we solve the equation ((0, —#,77!) + £, £) = 0 and obtain

33—l
o= —->
1+12 414

which implies

(2.9) v(t) = (A —t* =2t =13 203 4+ 1).

141244
By (2.7), this means that v is indeed parallel to & (we will explain this coincidence later
in Section 3). Hence the second-longest direction of T is £’ = (e3/|es])’. L]

Suppose that S(€) is a (8, p)-regulus strip. Align with the notation in Definition 1.2,
by (2.3), S(£) is a §-tube of length p in R* that can be parameterized as

(2.10) S =€ +u(1,0,0,—1) : |u| < p} + B}.

As a result, we can extend Definition 1.4 to a family of (8, p)-regulus strips naturally as
the following.

Definition 2.7. Let S be a set of (8, p)-regulus strips and let W = Jgg S CcR*bea
union of §-tubes of length p (recall (2.10)). We say S obeys the two-dimensional ball
condition if, for any r € [§, 1] and any four-dimensional r-ball B;,

2.11) W N B, |§7* < 100(r§~1)2.

Lemma 2.8. Let S be a set of distinct (8, p)-regulus strips with the two-dimensional ball
condition (2.11), and let 8’ be a set of (8, p')-regulus strips with § < § and p < p'
such that each S' € 8" contains some S € S. Then there exists §1 C 8, with (#8]) >
|Tog 8|71 (8/8")(p/ p')#S'), such that S| is a set of (§', p')-regulus strips with the two-
dimensional ball condition (2.11).

Proof. Let X CVR“ be the finite set such that for all x € X, there exists an S € § such
S = §(¢) with £ = x. In other words, X is the parameter set in R* of the (8, p)-regulus
strips §. Notice that the statement “S satisfies the two-dimensional ball condition (2.11)”
is equivalent to the following:

ré 1, if§ <r<p,
- <r=<
HXNB) = { r287tp™l, ifp<r<l1.
Let X’ be a random sample of X with probability | log §|~1(8/8")(p/p’). Then with high
probability, we have
#X' > [log 8|71 (8/8) (/') #X
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and
r@) ' /p), ifS<r<p,

! <
#X ﬁBr)_{ r2(8p)7t, ifp<r=<l.

Let 8’ be the set of (8, p’)-regulus strips such that for any S’ € §’, S” = §'(£) for some
£ € X’. Such §’ exists since each S’ € 8’ contains some S € §. Then §’ satisfies the two-
dimensional ball condition (2.7). ]

Recall that in theorem 1.5, we need to consider a shading Y (S) for each regulus strip
S € §. The definition of shading can be extended to (8, p)-regulus strips naturally.

Definition 2.9. Suppose that § is a family of (8, p)-regulus strips. Define a shading
Y:8 —[0,1]3 as amap that Y(S) € SN [0,1]> forany S € S.

Definition 2.10. Let (S, Y) be a family of (8, p)-regulus strips and shading. If for all
S eSS, |Y(S)| = A|S|, then we say that (S, Y) is a set of regulus strips with a A-dense
shading.

Definition 2.11. Let (S,Y) and (S8, Y”) be two families of (§, p)-regulus strips and shad-
ing. If§" C $,Y'(S) CY(S)forall Se€S’,and ) ges |Y'(S) R D ges |Y(S)], then we
say (8',Y") is a refinement of ($,Y).

Let $ be a family of (8, p)-regulus strips. Note that if x € S N S’ for two (8, p)-regulus
strips S, S’ € §, then S N S’ contains a horizontal (§ X p x §)-tube which contains x (in
fact, S N S’ contains a (§ x p X p)-slab that contains x). This is a consequence of (2.3).
As a result, we may think of | Jg as a union of (§ x p x §)-tubes.

Definition 2.12. Let (S, Y) be a family of (3, p)-regulus strips and shading. Suppose that
Y(S) is a union of horizontal (§ x p X §)-tubes for all S € §. We say Y is regular if the
following is true.

(1) Y(S) =8N (Ugres Y(S')) forany S e$.

(2) Forall SeS,#{P CS:Y(S)N P # @, P isahorizontal (§ x p x §)-tube} are the
same up to a constant multiple.

Lemma 2.13. Let (S,Y) be a set of (8, p)-regulus strips and shading. Suppose that Y (S)
is a union of horizontal (§ x p x §)-tubes for all S € §. Then there exists a refinement
(S8, Y") of (8,Y) sothat ($',Y") is a family of (8, p)-regulus strips with regular shading.

Proof: fY(S) € S N (Uges Y(S)), update Y(S) = S N (Uges Y(S)). Apply dyadic
pigeonholing on the set §, we can find a refinement (S, Y) of ($,Y) so that for all
SeS,#{PCS:Y(S)NP #@, Pisahorizontal (§ x p x §)-tube} are the same up to
a constant multiple. Let Y’ = Y. The family (S8’, Y”) is what we need. [

The next proposition is the key input in the proof of Theorem 1.5. It is built on the
“high-low plus decoupling method” developed in [2]. Our proof partially relies on the
argument in [2].

Proposition 2.14. Suppose that (S,Y) is a set of §-separated (8, p)-regulus strips with
a regular, A-dense shading and suppose /% > p > 8. Then, for any & > 0, one of the
following must be true:
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(a) There exist an o > 1 and a set of (a81_82, 0o)-regulus strips ($',Y"), with an
Q(A)-dense shading, so that #8’ > #§ and

U Y'shclre.
S’es’ Ses
where p, = max{p, a81_82}. Moreover, any S’ € §' contains some S € S.

(b) We have the following Kakeya maximal estimate for ($,Y):

) U Y(S)’ > ;872 Y |S.

Ses Ses

Proof. Since Y is regular, it is a union of horizontal (§ x p x §)-tubes. Let ¥ = [0,1] N §Z,
and for each t € X, define

S, :=1{SeS:Y(S)N{z; =1} # 2}

By Lemma 2.5, there are a set E(S,) C R3 and a family of (1 x p x §)-planks {7 :
x € E(S8;)} so that

Xsol~| U ol

xe€E(Sy)
Therefore, to estimate || Jgcg Y(S)|, it suffices to estimate the number of distinct (1 x
p x §)-planks in Uer(st) Ty(t) forallt € X.

Let 7; be the collection of distinct (1 x p x §)-planks in (. £(s,) Tx(t) (two planks T3
and T are considered the same if Ty C 2T, and T> C 2T}1). For each T € 73, let 1} be

a bump function adapted to 7" so that i; is supported in the dual (1 x p~! x §~1)-plank
associated with 7" and containing the origin. Denote by @ = w(¢) this dual plank, so
the shortest direction of w is e3, and the second shortest direction of w is (e3/|es]|)’
(recall (2.5)). Note that w(¢) is tangent to the conical surface

T ={r-es(s) Aless)/les(s)) : Ir| =671, s €0, 1]}

along the line span{e3(¢) A (e3(t)/|es3(?)]}.

Recall from (2.4) that E(S) C R3 is the corresponding parameter set of §. Since Y
is a regular shading, #{P C S : Y(P) # @} are the same up to a constant for all S € §.
Denote by w this uniform number. Since Y (S) is A-dense, we have

(2.12) u~#PCS:Y(P)£@= A8, VSes.
It follows that any x € E(S) belongs to = u copies of E(S;). Thus, if we let
(2.13) fi = Z 1%,

TeT;

then

18 < / > fi. forallxe E(S).
B

3(x,8) tex



S. Wu 2060

Let ¢ > 0 be so that ¢ is a bump for B;—l .2 and let 8o be the Dirac delta measure con-
centrated at the origin. Thus, by partitioning, for all f;,

fi=fio+ fi(l—9),
and by the triangle inequality,

’ j—
18 </B3M)tEE ts/B |Zﬁ*<p|+/33( 1" fix (6o — @)

@) ex tex
=I(x) + I(x).

We consider two separate cases:
(1) 2|I(x)| = |I(x) + II(x)| for > #E(S)/2 points x.
(i) 2|I(x)| > |I(x) + L(x)| for < #E(S)/2 points x.

Suppose that 2|1(x)| > |I(x) + [II(x)| for > #E(S5)/2 points x. Denote this set of
points by E;. Then for any x € E,

M53</ / Z_f,)*(p‘.

B3(x,9) ze): B3(x.8) ' ey

For each k € N, consider the interval
A ={yeR: §l—e? gk—2 <yl < 81_322]‘_1},

with A_, := @. Recall the definition of 7; at (2.6). For each k and each t € X, let
Ti(k) ={T €T; : dist(7;(T) — 7/(x)) € A}

be the family of (1 x p x §)-planks that is ~ §1-e?0k away from x. The partition 7; =
Uy T2 (k) gives

M835/33(x,8)‘<zft *(p‘ Z/ 2 2 1*)*(/)"

ez B3 (x, 5) zeE TeT, (k)

Since
3

O(x) Se 8331+ 1857 x) 4,

the support of 17, * ¢ is essentially a (51_82 x p X 1)-plank when p > 817¢”, and is essen-
tially a (817" x §17¢" x 1)-tube when p < 8§'™¢*. Let B = §1=¢*p~1 if p < §'~%’, and
B=1ifp> §1-¢* Thus

us B S Y (Do #T )27
k tex

By pigeonholing, there exists a k such that

uSEB2E S s < Y # T k).

tex
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Let o = 2K and let p, = max{p, a81_82}, so that af > (po/p). For each t € X, let
T.(¢) be the (1 X po X aSl_sz)-plank containing x, with directions given by ez, (e3/|e3])’
and e3 A (e3/]es]), as in the statement of Lemma 2.5. Then, the above estimate implies

214) Y MT €T :T C Tz us B2 = pus™ o > nad™ (po/p).
tex

By reversing the argument in Lemma 2.5, we know that T (z) corresponds to an
(0181_‘32 X po)-tube on the horizontal plane {z3 = ¢} in the physical space, which, recall-
ing (2.2) and (2.3), is the intersection between the plane {z3 = ¢} and the (aSl_sz, Po)-
regulus strip

S;/c = NV yg1-62 (R(£x)) N Np, (£x).

Recall that 77 is the collection of distinct (1 X p x §)-planks in Uer(S,) Tx(2). Thus,
each (1 x p x §)-plank in J; corresponds to a horizontal (§ x p x §)-tube P;(S) at height ¢
so that P;(S) C Y(S) for some S € §. Therefore, by (2.14), the (aSl_sz, Po)-regulus
strip S}, contains > pth_ez (po/p) distinct horizontal (§ x p x §)-tubes P with Y(S) N
P # @ forsome S €8. Let Y'(S,) be the union of these (§ x p x §)-tubes, which defines
a shading for S7. Via (2.12), we have

[Y(SD)| 2 nas™ (po/p) - 8IS| = A (@8 (00/p)|S]) = AISLI.

Denote by 8’ = {S%. : x € E1}. We conclude case (a).

Suppose on the other hand that 2|I(x)| > |I(x) + II(x)| for <#E(S)/2 points x. Then
2|I(x)| = |I(x) + II(x)| for > #E(S8)/2 points x. Denote this set of points by E,. Then

for any x € Ej,
3
w5 [ (s o-g)]|
B3(x,8) ( ) ! )

te

By Minkowski’s inequality and Holder’s inequality,

pewEDs < [ | fer o=

tex

We are going to make further frequency decomposition for the function ]A”t(l - ),
similar to that of Definition 3 in [2]. When p = §, the situation considered here is identical

to that in [2], after rescaling. Recall that j?,(l — @) is supported in w(z) \ 3534 o2 @ pUNC-

tured (1 x p~! x §~!)-plank. In particular, when p > §1-¢*, w(t)\ B;HEZ is a union of

two (1 x p~! x §~1)-planks, o™ and @™, each of which is 8‘1+52-away from the origin.

Both ™ and w™ have e3 as their shortest direction and (e3/|es|)’ as their second shortest

direction. For simplicity, denote by v; = e3, vo = (e3/]es|), and v3 = e3 A (e3/|es]).
Similar to Definition 3 in [2], we define

3
Poign = { D vy a1l < 1,657 <[] <6715 < 671,

Jj=1
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and for a dyadic number v € [§1/2, 8‘92_1], define P;,,, with the convention v/2 = 0 when
v/2 < 8§12 as (see Figure 1 in [2])

3
Pov= {360l < Lo/2 < [l < 08771 <[] <571},

J=1

Hence
() \ B;_ng C Py pigh U (U Pt,v)-
v

Let {@nigh, {¢v }} be bump functions associated to { P;,nigh, { Pz,v }v } obeying

@high + Z@v =1
v

onw(t) \ B3 Thus, by the triangle inequality,

§—1+e2°
6 6
poEDS < [| T S Gom o v ona| + X [| X S Gom0) 0,
tex v tex
(2.15) =14+ 1L

Suppose ub(#E,)83 < II. Apply the first inequality of equation (47) in [2] to the
8~ !-dilate of each v-term in II so that (with the following choice of parameters: ¢ = 1,
A=180=3#T =Y, 5 #7)

(2.16) / ‘Zf, « (o — @) % 0| < 636-0E (x)2 12 (1)~ > #7,(67%p).

tex tex

The expression (#T)8~! in [2] is replaced by Y ,cx #77(872p) here for the fol-
lowing reason: in our situation, after a §~!-dilate, 7; (recall (2.13)) becomes a set of
(87! x p8~! x 1)-planks, each of which has volume §~2p. Whereas in [2], their corre-
sponding 77 is a set of (§~! x 1 x 1)-tubes, each of which has volume §~! (see also the
first inequality in the line above equation (47) in [2]). Hence, regarding the last factor
in (2.16), we have §~2p instead of §71.

Note that Y, c 5 f7 * (8o — @) * ¢, =0whenv 2 p~'. Recall u 2 A8~ and#% ~ 571
Sumup all v < p~! in (2.16) so that

MSTHES) S poSHEy) S Y5708y 4T,
v tex
Since #v S 1, since 2(#E>) > #E(S), and since #E(S) = #S, we thus get
2.17) Y #T 2. 6000571 #5).
tex

Reversing the argument in Lemma 2.5, we know that the left-hand side of (2.17) counts
the number of distinct (§ x p x §)-tubes in | Jgcg Y (S). Thus, we have

(2.18) ( U Y(S)‘ 2 08 Y (#T,) 2o 8916 ps(#S) = $°€D A6 Y5,
Ses tex Ses



A Kakeya maximal estimate for regulus strips 2063

Suppose u®|E,|83 < I in (2.15). Then p < 817¢%, since otherwise we would have
Jt * (8o — @) * @nigh = 0. It was shown in equation (35) of [2] that (take ® = X)

/ )Zfz * (8o — @) * ‘phighri 5—0(32)(#2)42/

tex tex

<50 )ty H 31 : S50 WD) ((p)#T).

teX TeT; tex

6
fox o= 9) * 0

Since p < 51_82, similar to the calculation in the first case, we have

(2.19) ‘ U y(s)‘ 20 896 26 p5(#S) = 69626 3 |5
Ses Ses
The estimates (2.18) and (2.19) give case (b). -

Finally, we use Proposition 2.14 to prove Theorem 1.5. Via Corollary 2.2, Theorem 1.5
is a consequence of the following theorem by taking p = §'/2.

Theorem 2.15. Let§ < p < §'/2. Suppose that (S,Y) is a set of §-separated (8, p)-regulus
strips with a A-dense shading, and that § obeys the two-dimensional ball condition (2.11).
Then for any € > 0,

(2.20) ] U Y(S)‘ > 848 3|8,

Ses§ Ses

Proof. If A < §, then
Y(S)| ~A8p = c:8°4° Y |S]
Ses

since #§ < §73/2, so there is nothing to prove. Let us assume A > §.
We first reduce (2.20) to the case when Y(S) is a union of horizontal (§ x p x §)-tubes
forall S €S§. Let
E=[]x(©).

Ses

Recall that S N S’ is a union of horizontal (§ X p x §)-tubes for any two (8, p)-regulus
strips S, S’ € §. Let & be the family of horizontal (§ x p x §)-tubes that for any P € P,
P C S for some S € §. Partition & into a disjoint union of & such that for all P € #,
|PNE|~27% P

Foreach S € §, let

Y(;(S)zsmEm( U U)

2k>§2 Py
Since A > 6, |Y§(S)| = |Y(S)|/2. By pigeonholing, there exist a k and a new shading ¥,
so that (8, Yp) is a refinement of (§,Y’), where Yo(S) =S N E ) U?k foreach S € §.

By dyadic pigeonholing, there is a refinement (Sg, Yy) of (S, Yy) such that (Sg, Yo) has
Q2*(A)-dense shading.
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For each S € §¢, consider a new shading Yo(S)=8n Uy,k by horizontal (§ x p x §)-
tubes. Since |P N E| ~ 27%|P| for all P € P, Yy is Q*(2K1)-dense. Now (o, Yp) is a
set of 8-separated (8, p)-regulus strips that Yo () is a union of horizontal (§ x p x §)-tubes
for all S € Sy, and Yy is 2*(2¥1)-dense. Apply (2.20) so that

) U Y(S)( > 2—k( U ?O(S)’ 2 c:8°2% 28 Y |8,
Ses

Sesy SeSo

Since k > 1, this proves Theorem 2.15, assuming that it is true when Y(S) is a union of
horizontal (§ x p x §)-tubes for all S € §.

From now on, let us assume Y(S) is a union of horizontal (§ x p x §)-tubes for all
S € §. We will prove it by induction on the pair (6, p). Apply Lemma 2.13 to (§,Y) to
get a refinement (S1, Y1) of (S, Y) so that (S1, Y1) is a set of (8, p)-regulus strips with a
regular, 2*(A)-dense shading.

Apply Proposition 2.14 to (87, Y1), so there are two cases.

If case (b) holds, then

‘ U Y(S)‘ > ‘ U Yl(S)‘ 267228 3 18| 2 0828 SIS,
Ses

Ses Ses Ses

This concludes the proof of Theorem 2.15 in this case.

Now let us assume case (a) holds. Recall p, = max{p, a81_82} for some o > 1. In this
case, we obtain a set of (a81_52, Po)-regulus strips (S», Y2) with an Q(4)-dense shading
so that the following is true:

(1) #8, 2 #51,
(2) each S, € §, contains some S; € §1,
(3) we have

(2.21) U 28 ¢ | nes).

Sesy Ses

Apply Lemma 2.8 with (S, $') = (81, $») to find an Q* (a6~ (p,/ p))-refinement S5
of §5 so that S, is a family of (6 1-e? Po)-regulus strips that satisfies the two-dimensional
ball condition (2.11). Apply Theorem 2.15 at scale (a81_82, 0o) to (85, Y>) so that

| U 72089 2 ccr®ars0= 37 I8 2 677628 Y IS,
NEE S8 §esy

which, together with (2.21), yields

Ure)|z| U ne)|zeaeae Y i),
Ses Ses

Ses

This concludes the proof of Theorem 2.15. ]
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3. An explanation for Lemma 2.5

In the proof of Lemma 2.5, we find that v is (surprisingly) parallel to £’ (see below (2.9)).
Here we attempt to explain this coincidence in a more general setting.

Let y: [0, 1] — R3 be a spatial curve. The special case y = (—t,¢2, 1) corresponds to
the SL; lines studied in the previous section (see (2.5)). Denote by y(¢) =y = (¥1, Y2, ¥3)-
Note that y is spanned by the vectors

er1 = (y3,0,—y1) and ez = (y2,—y1,0).

Let E be a set in the parameter space. For x = (x1, x2, x3) € E, introduce an affine-
modified projection

(3.1 m(x) = (X1y3 — X3¥1, X1¥2 — X2%1)
and a family of curves € = {Cy : x € E} in the physical space, where
Cx = (m(x),1) = (x1y3 — X3y1, X1y2 — X271, 1), 1 €[0,1].

For a point z in the physical space, denote €(z) = {C € € : z € C}. Then the claim
C, € €(z) gives the following equations:

{ x1y3(z3) — x3y1(23) = 21,
x1y2(z3) — x271(23) = 2.

Hence the curves in €(z) can be parameterized as
{s- (y3—v3(23) 71(23) " '¥1. 2 — v2(23)y1(23) ' 91, 0)
+ (2171(z3) 'y, z22v1(23) s 1), 1 €00,1] ger.

which implies that the tangent vector of curves in €(z) at the point z all lie in a plane,
spanned by the two vectors

(3.2) (V4(z3) — v3(z3)71(23) ' v1(23). ¥5(23) — v2(23)71(23) "y (23). 0)
and  (z171(23)'y1(23), z2v1(z3) ' yi(23), D).

The intersection between the plane spanned by (3.2) and the horizontal plane {t = z3}
is important to us. It is a line that intersects z with a normal vector n(z3), where the normal
vector n is defined as (here y, y, and y3 all depend on 1)

3.3) n(t) =n =y (=y1v4 + v2v1. v1v5 — v3v1. 0).

Remark 3.1. From (3.3), we can define a “regulus strip” S of dimensions § x §1/2 x 1
associated to a curve Cy (cf. (1.5) in [3]) as

Sy ={z +un(z3)* : z = (21,22, 23) € Cy, lu| < 81/2} + Bg’.

It is possible that using the approach developed in [3], this observation will lead to an
alternative proof of the restricted projection theorem in [2] that avoids Fourier analysis.
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The vector n introduced in (3.3) corresponds to the vector (1, —¢, 0) in (2.3) (see also
below (2.7)) when y = (—t,t2, 1). Let v; = v;(¢) be the directional vector orthogonal
to n (inside the horizontal plane):

v1 = (Y1¥3 — V3Y1. Y1Va — V2V1)-

Observe that v; = 7 (y’), where 7 is the projection introduced in (3.1). This means that the
vector (0, —¢,¢71) in (2.8) corresponds y” when y = (—¢,12, 1). Since the vector e3 defined
in (2.5) corresponds to y, the claim that v is parallel to £’ = (e3/|es|)’ (see below (2.9))
is equivalent to the claim that y, y’, (y/|y|)’ are coplanar. On the other hand, we have the
following.

Lemma 3.2. The three vectors y, y' and (y/|y|) are coplanar.

Proof. Just need to notice that (y/|y|) = ¥'/ly| = y(y - ¥ /|y ]3. [

Acknowledgments. The author is indebted to Joshua Zahl for finding the suitable non-
concentration condition in Definition 1.4 and for several illuminating conversations.

References

[1] Fassler, K. and Orponen, T.: A note on Kakeya sets of horizontal and SL(2) lines. Bull. Lond.
Math. Soc. 55 (2023), no. 5, 2195-2204. Zbl 1538.28015 MR 4672888

[2] Gan, S., Guo, S., Guth, L., Harris, T.L.J., Maldague, D. and Wang, H.: On restricted projec-
tions to planes in R3. Amer. J. Math. 148 (2026), no. 4, 915-960. MR 5115659

[3] Katz, N.H., Wu, S. and Zahl, J.: Kakeya sets from lines in SLy. Ars Inven. Anal. (2023), article
no. 6, 23 pp. Zbl 1577.28005 MR 4640340

[4] Katz, N.H. and Zahl, J.: An improved bound on the Hausdorff dimension of Besicovitch sets
in R3. J. Amer. Math. Soc. 32 (2019), no. 1, 195-259. Zbl 1403.42020 MR 3868003

[5] Liu,J.: On the dimension of Kakeya sets in the first Heisenberg group. Proc. Amer. Math. Soc.
150 (2022), no. 8, 3445-3455. Zbl 1510.28004 MR 4439466

Received January 7, 2025; revised June 25, 2026.

Shukun Wu

Department of Mathematics, Indiana University Bloomington
Bloomington, IN 47405, USA;

shukwu@iu.edu

Author IDs: zbMATH wu.shukun MR 1404577

Licensed under the Creative Commons Attribution 4.0 International License CC BY 4.0 (https:/
creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, and redistribution with appro-
priate credit, a link to the license, and indication of changes.


https://doi.org/10.1112/blms.12844
https://zbmath.org/?q=an:1538.28015
https://mathscinet.ams.org/mathscinet-getitem?mr=4672888
https://doi.org/10.1353/ajm.2026.a997135
https://doi.org/10.1353/ajm.2026.a997135
https://mathscinet.ams.org/mathscinet-getitem?mr=5115659
https://doi.org/10.15781/ep89-2217
https://zbmath.org/?q=an:1577.28005
https://mathscinet.ams.org/mathscinet-getitem?mr=4640340
https://doi.org/10.1090/jams/907
https://doi.org/10.1090/jams/907
https://zbmath.org/?q=an:1403.42020
https://mathscinet.ams.org/mathscinet-getitem?mr=3868003
https://doi.org/10.1090/proc/15914
https://zbmath.org/?q=an:1510.28004
https://mathscinet.ams.org/mathscinet-getitem?mr=4439466
mailto:shukwu@iu.edu
https://zbmath.org/authors/wu.shukun
https://mathscinet.ams.org/mathscinet/MRAuthorID/1404577
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Proof of Theorem 1.5
	3. An explanation for Lemma 2.5
	References

