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Homological dimensions of Schur algebras S.p; 2p/

and an Auslander-type correspondence

Tiago Cruz and Karin Erdmann

Abstract. We study the homological properties of Schur algebras S.p; 2p/ over a
field k of positive characteristic p, focusing on their interplay with the representation
theory of quotients of group algebras of symmetric groups via Schur–Weyl duality.
Schur–Weyl duality establishes that the centraliser algebra, ƒ.p; 2p/, of the tensor
space .kp/˝2p (as a module over S.p; 2p/) is a quotient of the group algebra of the
symmetric group. In this paper, we prove that Schur–Weyl duality between S.p; 2p/
and ƒ.p; 2p/ is an instance of an Auslander-type correspondence.

We compute the global dimension of Schur algebras S.p; 2p/ and their relative
dominant dimension with respect to the tensor space .kp/˝2p . In particular, we show
that the pair .S.p; 2p/; .kp/˝2p/ forms a relative 4.p � 1/-Auslander pair in the
sense of Cruz and Psaroudakis, thereby connecting Schur algebras with higher homo-
logical algebra. Moreover, we determine the Hemmer–Nakano dimension associated
with the quasi-hereditary cover of ƒ.p; 2p/ that arises from Schur–Weyl duality. As
an application, we show that the direct sum of some Young modules over ƒ.p; 2p/
is a full tilting module when p > 2.

1. Introduction

The interplay between Schur algebras and symmetric group algebras, due to Schur–Weyl
duality, occupies a central role in the representation theory of algebraic groups and related
areas such as categorification and invariant theory. In the modular setting, that is, over
a field k of positive characteristic p, this relationship becomes even richer and more
interesting, reflecting deep structural phenomena and properties such as the failure of
semi-simplicity, the existence of Hemmer–Nakano type results, quasi-hereditary covers,
and non-trivial cellular structures.

In recent years, the role and importance of homological algebra in phenomena like
Schur–Weyl duality has been increasing either by the use of computation-free proofs via
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dominant dimensions ([45]) but also via higher versions of this phenomena that appear in
the form of quasi-hereditary covers in the sense of Rouquier [56] (see for instance [31]
and [13]).

At the intersection of homological algebra with representation theory lies the Aus-
lander correspondence [3]: a bridge between algebras with nice homological properties
called Auslander algebras and algebras of finite representation-type. Our goal in this paper
is to connect certain quotients of groups algebras of symmetric groups on 2p letters and
relate them with Schur algebras (in characteristic p) via a generalisation of the Auslander
correspondence. Through this connection, we aim to gain insight into the homological
structure of Schur algebras of GLp , the quasi-hereditary covers of these quotients and, on
the quotients themselves.

Setup

Let k be a field of positive characteristic p, and let V be a k-vector space of dimension n.
The symmetric group on d letters �d acts on the right on the tensor space V ˝d , by place
permutations, and the centraliser of this action is the Schur algebra Sk.n; d/. Schur algeb-
ras are quasi-hereditary (see for instance [20] or [55]), and so they enjoy nice homological
properties like possessing finite global dimension (see also [1]).

If n � d , then k�d acts faithfully on V ˝d , and the structure of the Schur algebra
S.n; d/ is relatively well understood (see for instance [21, 31, 32, 35, 37, 60]). In con-
trast, the case n < d is significantly more intricate. In general, the action of �d on the
tensor space is no longer faithful, and as a result, the Schur–Weyl dual of Sk.n; d/ is
not self-injective, leading to more subtle homological behavior that remains largely unex-
plored outside of special cases of the pair .n; d/ (see for instance [15,27,29,53,54]). The
centraliser of V ˝d as an Sk.n; d/-module is the quotient algebra ƒk.n; d/ WD k�d=In,
where In is the annihilator of the k�d -module V ˝d . The algebra ƒk.n; d/ carries a cel-
lular structure but little is known about its homological structure. In particular, it is not
even known for which parameters n; d the algebra ƒk.n; d/ is Iwanaga–Gorenstein (that
is, when the minimal injective resolution of the regular module has finite length).

The algebra ƒk.n; d/ has a quasi-hereditary cover constructed from the Ringel dual
Rk.n;d/ of Sk.n;d/, as shown in [13]. HereRk.n;d/ denotes the endomorphism algebra
EndSk.n;d/.T /

op, where T is the (basic) characteristic tilting module for Sk.n; d/. The
quasi-hereditary cover comes equipped with a Schur functor

Fn;d W Rk.n; d/-mod! ƒk.n; d/-mod

which, when p > 2, induces isomorphisms

Extj
Rk.n;d/

.M;N / Š Extj
ƒk.n;d/

.Fn;dM;Fn;dN/

for every 0� j � i and all modulesM;N with a standard filtration for some i . The optimal
such value i 2N [ ¹1º is called the Hemmer–Nakano dimension of F .�Rk.n;d//, where
F .�Rk.n;d// stands for the subcategory of all modules having a standard filtration in the
module category of Rk.n; d/. Finding this value in general would unravel the precise
homological depth of Schur–Weyl duality.



Homological dimensions of Schur algebras S.p; 2p/ 2333

When nD 2, the algebrasƒk.2;d/ are Temperley–Lieb algebras, and we have determ-
ined in [15] the Hemmer–Nakano dimension of F .�Rk.2;d// for arbitrary d . This was
done by using tools from the representation theory of algebraic groups together with tools
coming from abstract representation theory and homological algebra. In particular, we
extensively used and expanded the relative theory of dominant dimension studied in [13].
In [17], the techniques of relative theory of dominant dimension were used to link the
theory of higher Auslander algebras with tilting theory leading to the concept of relative
Auslander pairs. Within this language, one of the main results of [15] can be interpreted
as asserting that .Sk.2; d/; V ˝d / forms a relative Auslander pair. In [16], a generalisation
of the Auslander correspondence was obtained for relative Auslander pairs. From [16]
and [15], we obtain then an Auslander-type correspondence between q-Schur algebras of
the quantum group G.2/ and Temperley–Lieb algebras.

For n > 2, the tools from the representation theory of algebraic groups are not as
accessible as in the case n D 2, and so the approach started in [15] cannot be contin-
ued for the higher cases n > 2. Instead, we exploit that the representations of the group
algebra k�2p are reasonably well understood (see [18, 48]). With them we illustrate that
the situation for nD p D 2 is not an isolated case, and that there are more classes of Schur
algebras with homological structures resembling higher Auslander algebras.

Main results

In this paper, we determine (over any field with characteristic p):
• The global dimension of the Schur algebras Sk.t; 2p/ for t D p; : : : ; 2p � 1 using

homological properties of Specht modules, Young modules and Schur functors.
• The finitistic dimension of the algebras ƒk.p; 2p/ for p > 2.
• The Hemmer–Nakano dimension of F .�Rk.p;2p//.
• The relative dominant dimension of Sk.p; 2p/ with respect to V ˝2p .
• An Auslander-type correspondence between the Schur algebras S.p; 2p/ and the

algebras ƒk.p; 2p/.
Indeed, our main result can be summarised as follows.

Theorem A (see Theorems 3.3.3 and 5.3.7). Let k be an arbitrary field with positive
characteristic p. Then, the following holds.

(1) gldimSk.t; 2p/ D 4.p � 1/ for every t D p; : : : ; 2p � 1.

(2) .Sk.p; 2p/; V ˝2p/ is a relative 4.p � 1/-Auslander pair, that is, the relative dom-
inant dimension of Sk.p; 2p/ with respect to V ˝2p is equal to gldim Sk.p; 2p/ D

4.p � 1/.

(3) The algebra ƒk.p; 2p/ is Iwanaga–Gorenstein with infinite global dimension and
with finitistic dimension equal to 2p � 4 when p > 2.

In particular, we obtain a new proof to Theorem 5.9 of [54] in the case m D 2. A con-
sequence of (2) is that the theory developed in [16] applies to our situation and so there is
an Auslander-type correspondence giving a duality between the pair .Sk.p; 2p/; V ˝2p/
and the pair .ƒk.p; 2p/; V ˝2p/. Further, it illustrates that the Schur algebras Sk.p; 2p/



T. Cruz and K. Erdmann 2334

are the homological side of ƒk.p; 2p/, while the algebras ƒk.p; 2p/ are the combin-
atorial side of Sk.p; 2p/. As an application of (2), we obtain from the relative theory
of dominant dimension that the Hemmer–Nakano dimension of F .�Rk.p;2p// is exactly
4.p � 1/ � 2 D 4p � 6. Thus, it follows that Rk.p; 2p/ (together with Fp;2p) is the best
quasi-hereditary cover of ƒk.p; 2p/ that sends standard modules to the Specht mod-
ules of ƒk.p; 2p/. A non-immediate application of (2) is that the direct sum of Young
modules labelled by partitions of 2p distinct from .2p; 0; : : : / is a full tilting module
over ƒk.p; 2p/. Thus, (2) unravels another duality between Sk.p; 2p/ and ƒk.p; 2p/
through the tensor space. Indeed, V ˝2p is a direct summand of a full tilting module as
an Sk.p; 2p/-module (in the sense of abstract representation theory) while it contains a
full tilting module as direct summand as ƒk.p; 2p/-module. Our approach further clari-
fies and gives further evidence why the Schur algebras S.p; mp/ stand out among those
of the form S.n; d/ with n < d , exhibiting better homological properties and appearing
to be among the more tractable cases, second only to the well-understood Schur algeb-
ras S.n; n/.

Our strategy to tackle Theorem A is based on explicit computations of projective
resolutions of non-projective Young modules in the principal block of ƒk.p; 2p/, as
well as coresolutions of certain Specht modules by Young modules. A key ingredient is
that k�2p�1 is of finite representation-type and much of the cellular structure of k�2p (that
is, the Specht modules and Specht filtrations) can be obtained by inducing from k�2p�1.
In particular (see for example [18], which goes back to [48]), the indecomposable project-
ive modules can be completely described in terms of Specht filtrations. We then apply
techniques of relative theory of dominant dimension, combined with the Schur func-
tor Fp;2p and the simple preserving duality functors in the module categories of Sk.p;2p/
and ƒk.p; 2p/ to deduce Theorem A. As it is common for Schur algebras and Hemmer–
Nakano dimensions, we treat the cases p D 3 and p > 3 separately; however, the under-
lying methodology and framework remain the same for both cases. The case p D 2 is not
discussed throughout since this was covered mainly in [15].

Outline of the paper

In Subsection 2.1, we discuss the homological dimensions that will be used throughout the
paper and their associated notation. In Subsection 2.2, we give a summary of the properties
that relative Auslander pairs have, while in Subsection 2.3, we provide a short summary
for the elementary properties of quasi-hereditary algebras. In Subsection 2.4, we give a
historical account on the Schur functor Fn;d and recall the definitions and notation for the
Young and the Specht modules. In Subsection 2.5, we review the modular representation
theory of the principal block of k�2p over an algebraically closed field, recalling results
presented in [18]. In particular, we exhibit the Specht filtrations of the indecomposable
projective modules and we recall the abacus notation for the partitions to be used through-
out. In Section 3, we describe the Young and Specht modules of the principal block of
ƒk.p;2p/ over algebraically closed fields with positive characteristic distinct from two. In
Subsection 3.3, we give a bijection between non-injective projective ƒk.p; 2p/-modules
and non-injective Youngƒk.p; 2p/-modules, giving as a byproduct the projective dimen-
sion of almost all Young modules. In Theorem 3.3.3, we prove that the principal block of
ƒk.p; 2p/ is Iwanaga–Gorenstein and we compute its finitistic dimension when p > 3.
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In Subsection 3.4, we construct a coresolution of the singular Specht module by Young
modules for the case p > 3. In Section 4, we determine the relative dominant dimension
of Sk.p; 2p/ with respect to the tensor space (see Theorem 4.4.1) and deduce as by res-
ult that almost all Young modules are self-orthogonal. In particular, in Subsection 4.2, we
make use of relative dominant dimension to show that the direct sum of all non-semisimple
Young modules is a full tilting module in the sense of abstract representation theory (see
Theorem 4.2.2). In Subsection 4.3, we address the previous results in characteristic three.
In Section 5, we present the main results of the paper. In Theorem 5.1.1, we compute
the Hemmer–Nakano dimension of F .�Rk.n;d//. In Corollary 5.1.2, we show that the
simple Young module is the only one with infinite projective dimension. In Subsection 5.2,
we compute the global dimension of the principal block of Sk.p; 2p/ over algebraically
closed fields, by showing that this block fits into an Auslander pair. In Subsection 5.3,
we determine the global dimension of Sk.p; 2p/ by showing that the maximal length of
projective resolutions occurs in the principal block and we obtain the projective dimen-
sion of the tensor space V ˝2p . By combining the former with Totaro’s work [60], we
conclude that all Schur algebras between Sk.2p � 1; 2p/ and Sk.p; 2p/ have the same
global dimension (see Corollary 5.3.5). In Subsubsection 5.3.5, we transfer these results
on global dimension from Schur algebras over algebraically closed fields to Schur algebras
over arbitrary fields proving our main result.

2. Preliminaries

Let A be a finite-dimensional algebra over a field k. We denote by A-mod the category
of finitely generated (left) A-modules. Given M 2A-mod, we denote by addAM (or just
addM ) the full subcategory of A-mod whose modules are direct summands of a finite
direct sum of copies of M . We also denote addA by A-proj.

The endomorphism algebra of a module M 2A-mod is denoted by EndA.M/. We
denote by D the standard duality functor Homk.�; k/WA-mod! Aop-mod, where Aop is
the opposite algebra ofA. LetA0 be a subalgebra ofA. GivenM 2A-mod, we writeM #A0
to denote the A0-module obtained by restriction of scalars. Given N 2A0-mod, we write
M "A to denote the induced A-module A˝A0 M . Given M 2A-mod, we write �iAM (or
simply �iM ) to denote the i -th syzygy of M for all i 2Z. We say that a module M is
multiplicity-free if it decomposes as a direct sumM D˚Mi indecomposable modulesMi ,
which are pairwise non-isomorphic.

2.1. Homological dimensions

We will write pdimAM , idimAM and gldimA to denote the projective dimension of M ,
the injective dimension of M and the global dimension of A, respectively. We say that
an algebra A is Iwanaga–Gorenstein if idimA A and idimAop Aop are finite. In particu-
lar, algebras of finite global dimension are Iwanaga–Gorenstein. For Iwanaga–Gorenstein
algebras A, it is known that idimA A D idimAop Aop (see for example [36]). Moreover, for
those, the finitistic dimension

findimA WD sup¹pdimAM WM 2A-mod with pdimAM < C1º
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coincides with idimAAD idimAop Aop (see Lemma 5.5 in Chapter VI of [5]). In particular,
for algebras of finite global dimension, we have idimAA D gldimA.

Given X 2A-mod, we denote by X? the full subcategory

¹M 2A-mod W Exti>0A .Z;M/ D 0;8Z 2 addXº;

and by ?X the full subcategory

¹M 2A-mod W Exti>0A .M;Z/ D 0;8Z 2 addXº:

In addition, given r 2N we denote by X?r the full subcategory

¹M 2A-mod W ExtiA.Z;M/ D 0;8Z 2 addX; i D 1; : : : ; rº:

Analogously, we write ?rX .
We say that an A-module Q is self-orthogonal if Q2Q?.
Given two A-modules Q and M , the relative dominant dimension of M with respect

to Q is the value Q-domdimAM 2N [ ¹0;C1º defined as the supremum of all n2N
such that there exists an exact sequence

0!M ! Q1 ! Q2 ! � � � ! Qn(2.1)

which remains exact under HomA.�; Q/ and Qi 2 addQ for i D 1; : : : ; n: Dually, the
relative codominant dimension of M with respect to Q is the value

Q-codomdimAM WD DQ-domdimAop DM:

Observe that computations of relative dominant dimensions can be reduced to compu-
tations involving only multiplicity-free modules. Indeed, if addQD addQ0, then it is clear
by definition that Q-domdimAM D Q0-domdimAM for every M 2A-mod. Moreover,
if M;N 2A-mod with addM D addN , then Q-domdimAM D Q-domdimAN (see, for
instance, Corollary 3.1.9 of [13]).

With the following, we can see these computations can be reduced to basic algebras
and multiplicity-free modules.

Lemma 2.1.1. Let F WA-mod! B-mod be an equivalence of categories, and letM;Q 2
A-mod. Then Q-domdimAM D FQ-domdimB FM .

Proof. Assume thatQ-domdimAM � n. Then there exists an exact sequence of the form
given in (2.1), say ı, and HomA.ı; Q/ is exact. It is clear that F ı is exact and that
HomB.F ı;FQ/Š HomA.ı;Q/ is also exact. Hence, we have that FQ-domdimB FM �
Q-domdimAM . The converse inequality is analogous.

If Q is a faithful projective-injective A-module, then Q-domdimA A is exactly the
classical dominant dimension ofA (see for instance Theorem 7.7 of [59]). Indeed, [59] is a
standard reference for the study of classical dominant dimension. For a detailed exposition
on properties of relative dominant and codominant dimensions, we refer to [13]. See also
Section 3 of [15].

Although most results in [13] are presented using Tor groups, in our setup of finite-
dimensional algebras over a field, they can be translated to Ext groups using the following
identity.
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Lemma 2.1.2. We have

ExtiA.M;N / Š D TorAi .DN;M/ Š D TorAi .DM;N/ Š ExtiAop.DN;DM/

for every i � 0 and M;N 2A-mod.

Proof. This is a consequence of Tensor-Hom adjunction andD being an exact contravari-
ant functor.

Lastly, we need the following relative dimension. Given an A-module Q, we say that
a left A-module M has relative addQ-dimension m if there exists an exact sequence

0! Qm ! Qm�1 ! � � � ! Q0 !M ! 0

which remains exact under HomA.Q;�/, with Qi 2 addQ and m is the minimal non-
negative integer with this property. In such a case, we write dimaddQM D m. If no such
m exists, we write dimaddQM D1.

2.2. Auslander pairs

The representation theory of Auslander algebras, introduced in [3], encodes the represent-
ation theory of finite-dimensional algebras of finite representation-type and they have very
nice homological properties (see also Section VI.5 of [5]). These are exactly the algebras
satisfying the condition

gldimA � 2 � Q-domdimA

for a faithful projective-injectiveA-moduleQ. Iyama in [39] generalised Auslander algeb-
ras to higher Auslander algebras by replacing 2 by another number n2N n ¹1; 2º. Aus-
lander pairs introduced in [17] take this concept one step further, by weakening the con-
ditions on Q.

Definition 2.2.1. Let Q be an A-module and let n 2N. The pair .A; Q/ is called an
n-Auslander pair if it satisfies gldimA � n � Q-domdimAA.

Thus, Auslander algebras and higher Auslander algebras are examples of Auslander
pairs (the cases where Q is a faithful projective-injective module). A classic example of
an Auslander algebra is the Auslander algebra of kŒx�=.x2/, EndkŒx�=.x2/.kŒx�=.x2/˚ k/.
Other toy examples of higher Auslander algebras with global dimension n are for instance
the Nakayama algebras with nC 1 simple modules and with Kupisch series Œ2;2; : : : ; 2;1�:
Examples of relative n-Auslander pairs that are not higher Auslader algebras can be found
for instance in [15] and [17].

The following observation implies that we can always assume that A is basic andQ is
multiplicity-free.

Lemma 2.2.2. Morita equivalences preserve n-Auslander pairs.

Proof. Indeed, assume that F WA-mod! B-mod is a Morita equivalence. It is well known
that global dimension is invariant under Morita equivalences, so gldim A D gldim B .
By Lemma 2.1.1, and since relative dominant dimension does not see multiplicities, we
obtain that Q-domdimAA D FQ-domdimB FA D FQ-domdimB B . Hence .A;Q/ is an
n-Auslander pair if and only if .B; FQ/ is an n-Auslander pair.
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If .A;Q/ is an n-Auslander pair with n � 2 and Q is a self-orthogonal module with
projective dimension t and injective dimension r , then Q as module over its endomorph-
ism algebra is a t -quasi-generator and r-quasi-cogenerator (see [12] and [16]).

A module M is called an t -quasi-generator as an A-module if t is the minimal non-
negative integer such that there exists an exact sequence

0! A!M0 !M1 ! � � � !Mt ! 0

which remains exact under HomA.�;M/ and Mi 2 addM . When t D 0, we recover the
concept of generator. A module is an r-quasi-cogenerator as an A-module if its dual is an
r-quasi-generator as an Aop-module.

In [16], a correspondence was obtained between Auslander pairs .A;Q/ with

gldimA � pdimAQC idimAQC 2

and pairs .B;M/ where M is a .n; t; r/-quasi-precluster tilting module as a Bop-module
satisfying addM D ?rM \M?n�r�2 � Bop-mod with

.n; t; r/ WD .gldimA; pdimAQ; idimAQ/:

These objects are then a generalisation of precluster tilting modules in the sense of [40]
which were already a generalisation of higher cluster tilting modules in the sense of [39].
Such a correspondence is a generalisation of Auslander’s correspondence and Iyama’s
correspondence. We refer to [16, 17] for more details.

2.3. Quasi-hereditary algebras

Let A be a finite-dimensional algebra over a field k and assume that .ƒ;�/ is a poset
labelling the isomorphism classes of projective indecomposable A-modules P.�/. Denote
by topM the top of the moduleM 2A-mod. Denote by I.�/ the injective hull of topP.�/,
�2ƒ. For each �2ƒ, define �.�/ to be the maximal quotient module of P.�/ having
only composition factors topP.�/ with � � �. With these, .A; ¹�.�/ W �2ƒº/ is called
a split quasi-hereditary k-algebra if the regular module A has a finite filtration with quo-
tients isomorphic to �.�/ with �2ƒ and EndA.�.�// Š k for every � 2 ƒ.

The modules �.�/ are called standard modules. Given a set of modules � , we denote
by F .�/ the subcategory of A-mod whose modules admit a finite filtration with quotients
isomorphic to modules in � .

Dually, associated to each split quasi-hereditary R-algebra there exists a set of cost-
andard modules ¹r.�/ W �2ƒº in A-mod satisfying

F .r/ D ¹N 2A-mod W Ext1A.M;N / D 0;8M 2F .�/º:

In particular, F .r/ is a coresolving subcategory of A-mod, that is, closed under coker-
nels of monomorphisms, closed under extensions, closed under direct summands, and it
contains all injective modules. Further, the quasi-hereditary structure imposes that the
condition HomA.r.˛/; r.ˇ// ¤ 0 is a sufficient condition for ˛ � ˇ with ˛; ˇ 2ƒ.
An important property of split quasi-hereditary algebras is the existence of the charac-
teristic tilting module. Here, we say that a module T is a characteristic tilting module
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if add T D F .�/ \ F .r/. In particular, T has jƒj distinct indecomposable direct sum-
mands, T .�/, � 2ƒ, and ŒT .�/ W topP.�/� D 1. Let T be a basic characteristic tilting
module. The Ringel dual of a quasi-hereditary algebra is, up to Morita equivalence, the
basic algebra EndA.T /op. It has also a quasi-hereditary structure with standard modules
HomA.T;r.�//, �2ƒop. More details can be found on [19,24] and the references therein.

2.3.1. Simple preserving dualities. Cellular algebras were introduced by Graham and
Lehrer in [33] to study associative algebras endowed with a cell datum, that is, a distin-
guished basis compatible with an involution and a partial order. Such an involution induces
a simple preserving duality on the module category of the cellular algebra. For further
details on cellular algebras we refer for example to [33, 34, 46, 47] and the references
therein. Many quasi-hereditary algebras also admit a simple preserving duality. In Corol-
lary 4.2 of [46], a sufficient condition is established under which a quasi-hereditary algebra
admitting a simple preserving duality is cellular. Conversely, in [47], Koenig and Xi show
that a cellular structure on A induces a quasi-hereditary structure on A precisely when the
global dimension of A is finite. Moreover, Coulembier in [10] showed that in such a case
the quasi-hereditary structure on A is essentially unique: it is exactly the one generated by
the cellular structure.

2.4. Recap on the Schur functor, Schur algebras and symmetric groups

Given a natural number d , we denote by �d the symmetric group on d letters. Let k be a
field and V an n-dimensional vector space. The symmetric group �d acts on the right of
the tensor space V ˝d by place permutation. The Schur algebra Sk.n; d/ is defined as the
endomorphism algebra Endk�d .V

˝d /. Schur algebras admit a quasi-hereditary structure,
where the underlying poset is the set of partitions of d in at most n parts, ƒC.n; d/, with
the dominance order. Schur algebras and their Ringel duals also admit a cellular structure
and a simple preserving duality (see for example Section 5 of [11] and the references
therein). Hence, the quasi-hereditary structure of Schur algebras is essentially unique (see
also Theorem 2.1.1 of [10]). The standard modules �.�/ are known as Weyl modules and
the costandard modules r.�/ are known as dual Weyl modules. Let T be the (multiplicity-
free) characteristic tilting module of Sk.n; d/.

Denote by Rk.n; d/ the Ringel dual of Sk.n; d/ and by �Rk.n;d/.�/, rRk.n;d/.�/,
TRk.n;d/.�/, �2ƒ

C.n;d/op, their standard, costandard and indecomposable partial tilting
modules, respectively. We can consider the Schur functor

Fn;dDHomRk.n;d/.HomSk.n;d/.T;V
˝d /;�/ WRk.n;d/-mod!EndSk.n;d/.V

˝d /op-mod :

By 4.3 in [26], the endomorphism algebra EndSk.n;d/.V
˝d /op is actually isomorphic to

k�d=In where In is the annihilator of V ˝d .
In [13], the following result was obtained.

Theorem 2.4.1. Let k be a field with positive characteristic p and assume that d � p.
Write ƒk.n; d/ D EndSk.n;d/.V

˝d /op. Then, the following assertions hold.

(a) The restriction of the functor Fn;d to Rk.n; d/-proj is fully faithful.

(b) There are isomorphisms Exti
Rk.n;d/

.M;N / Š Exti
ƒk.n;d/

.Fn;dM;Fn;dN/ for every
0 � i � p � 3 and M;N 2F .�Rk.n;d//.
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(c) The functor

L D HomSk.n;d/.V
˝d ;�/ WSk.n; d/-mod! ƒk.n; d/-mod

induces isomorphisms

ExtiSk.n;d/.M;N / Š Extiƒk.n;d/.LM;LN/

for every 0 � i � p � 3 and M;N 2F .r/.

Proof. Assertions (a) and (b) follow from Theorems 8.1.3 and 8.1.2 of [13], while asser-
tion (c) follows from Theorems 8.1.2 and 5.3.1(b) of [13].

When k is a field with characteristic zero or p > d , then the above functors are equi-
valence of categories and the algebras involved are semi-simple. We also observe that
the bounds in the above theorem are not necessarily optimal (see for example [15]) and
finding their optimal value remains an open problem in most cases when n < d .

Recall from [31] that the Hemmer–Nakano dimension of F .�Rk.n;d// (with respect to
the Schur functor Fn;d ) is the maximal value n2N [ ¹1º so that there are isomorphisms

ExtiRk.n;d/.M;N / Š Extiƒk.n;d/.Fn;dM;Fn;dN/

for every 0 � i � n and M;N 2F .�Rk.n;d//.
However, for n � d the setup is well known, the optimal value is known and it goes

back to the work of Hemmer and Nakano, as we recall in the following remark.

Remark 2.4.2. If n � d , the Schur algebra Sk.n; d/ is Ringel self-dual (see [21]), V ˝d

is a faithful projective-injective module, and

addRk.n;d/ HomS.n;d/.T; V
˝d / D addSk.n;d/ V

˝d :

So, when n � d , Fn;d is equivalent to the classical Schur functor

F D HomSk.d;d/.V
˝d ;�/ W Sk.d; d/-mod! k�d -mod :

In such a case, Theorem 2.4.1 is one of the main results of [37] (see also [31]).

We consider the following modules over k�d :
• The Young permutation module M� D FS�V , � D .�1; : : : ; �d / 2 ƒC.d; d/, where
S�V denotes the (�-th generalised) symmetric power S�1V ˝ � � � ˝ S�d ;

• The Young module Y � D FI.�/, �2ƒC.d; d/;
• Any direct sum of modules of the form Y � is called a Young module;
• The Specht module S� D Fr.�/, �2ƒC.d; d/ (see 3.8(4) of [26]).

Hence, if k has characteristic zero or p � 3, both Y � and S� are indecomposable mod-
ules. This approach to define Specht, Young and Young permutation modules is inspired
by the point of view extensively used in [22] and in [26]. The Young permutation mod-
ule M� is also isomorphic to k�d ˝k�� k, where k is the trivial module over the group
algebra k�d of the Young subgroup �� (see for example 2.1(20) of [22]). An alternative
way to regard M� is to view it as the permutation module on the set of all left cosets
representatives of the Young subgroup �� (see for example Corollary 3.4 of [50]).
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Equivalent ways to define Specht and Young modules can be found, for example, in
Section 1.6 of [9], [42], Chapter 7 of [43], and Section 4.1 of [23].

Actually, using the theorem above, the second author showed in Propositions 5.1
and 5.2 of [26] the following identifications:

Y � Š HomSk.n;d/.V
˝d ; I.�// Š Fn;dTRk.n;d/.�/;(2.2)

S� Š HomSk.n;d/.V
˝d ;r.�// Š Fn;d�Rk.n;d/.�/;(2.3)

for every n; d and �2ƒC.n; d/. Here, the underlying phenomenon that helps to under-
stand the origin of these identifications is Ringel duality. Indeed, we have that the functors
HomS.n;d/.V

˝d ;�/ and HomRk.n;d/.HomS.n;d/.T;V
˝d /;�/ ıHomS.n;d/.T;�/ are iso-

morphic when restricted to F .r/. An important property that Young modules possess
is that Y � is the unique direct summand of M� that contains S�. If k has characteristic
p > 0, the Young module Y � is projective precisely when � is the conjugate of a p-regular
partition of d (see for instance p. 103 in [9] or p. 653 in [7]).

We note, however, that some sources present Young and Specht modules as right
modules, while other sources use left modules. This causes no conflict because right
k�d -modules can be viewed as right k�

op
d

-modules using that k�
op
d

is isomorphic to k�d
via the anti-isomorphism � 7! ��1. Given a right k�d -module X , we write X � to denote
the left k�d -module obtained by twisting with � 7! ��1. Similarly, we write �X for left
modulesX . GivenX 2 k�d-mod, we write \X DD.�X/. This way, the contravariant func-
tor \.�/ W k�d -mod! k�d -mod is a simple preserving duality and it is the one inherited
from the cellular structure of Sk.d; d/. Similarly, we write X \ for right modules.

Thus, under the above duality, the Young modules are self-dual (that is, \.Y �/ Š Y �)
since the indecomposable direct summands of the characteristic tilting module of Sk.d;d/
are. In particular, �.Y �/ is the right Young module labelled by �. Hence, the properties
of right Young modules are exactly the same as the ones for left Young modules. The
modules \.S�/ are known as dual Specht modules. Unless stated otherwise, we use the
left Young and Specht modules.

For this reason, we will also consider DV ˝d as a left k�d -module since V ˝d comes
naturally with a right �d -action. It follows by their definition that the indecomposable
direct summands of DV ˝d Š HomSk.n;d/.V

˝d ; DSk.n; d// are precisely the Young
modules Y � with � 2ƒC.n; d/. As left Sk.n; d/-modules, the indecomposable direct
summands of V ˝d are precisely the modules T .�/; in characteristic zero, all �2ƒC.n;d/
occur, while in characteristic p > 0, only those � that are p-regular occur.

We will use the results only for classical Schur algebras, but we note that the results
above also hold over commutative Noetherian rings and also for q-Schur algebras, up to
some technicalities. For simplicity, we present above only the versions for the classical
case of Schur algebras.

We also point out that defining Young modules and Specht modules using the func-
tors Fn;d and F is advantageous to understand the meaning behind the labellings that
we use. Indeed, this way it is easier to understand and connect the many distinct ways
to label, for instance, the simple modules over the symmetric groups. In this termino-
logy, the question posed in [41] is explained by Ringel self-duality of the Schur algebra
Sk.d; d/. In fact, one labelling is obtained by applying F to the simple modules labelled
by the quasi-hereditary structure of Sk.d; d/, while the other by applying Fd;d to the
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simple modules by the quasi-hereditary structure of the Ringel dual (in this specific case:
the opposite algebra).

2.5. The principal block of �2p

The following is based on Appendix B of [18]. We will give a brief outline and refer to
this appendix for further details.

Let B be the basic algebra of the principal block of k�2p where p � 3 and k has
characteristic p. For our purposes, we do not need to discuss the case p D 2. We assume
that k is algebraically closed unless stated otherwise. In the usual terminology, B has
p-core ; and (combinatorial) weight w D 2. Young modules, Specht modules, and the
structure of indecomposable projective modules for blocks of symmetric groups of weight
two have been extensively studied; see for example [7, 8, 48, 49, 57, 58].

The labelling set for the Specht modules is the set of all the partitions of 2p, and
the labelling set for the simple modules is the set of all the p-regular partitions of 2p. A
Specht module belongs to this block (that is, ‘� belongs to the block’) if and only if one
may remove two (rim) p-hooks from the Young diagram Œ��.

2.5.1. Abacus notation. We use the abacus notation for partitions in this block. This is
both convenient but also provides extra information. Namely, it leads to an easy descrip-
tion of the Gabriel quiver of the block, and also shows how to identify modules with
Specht filtration which are induced from Brauer tree algebras of k�2p�1.

We take an abacus � with p runners, with two beads on each runner. We may display
all partitions � in B on this fixed abacus.

We label positions on � from left to right, then top to bottom, starting with 0. The
runners are labelled by the numbers 1; 2; : : : ; p.

Let � D .�1; : : : ; �s/ be a partition in B , we note that 2p is an integer greater than or
equal to s for all such �. The abacus display �� is given by placing a bead precisely in
positions ˇi , where

ˇi D

²
�i � i C 2p 1 � i � s;

�i C 2p i > s:

In other words, the bead is placed at ˇi so that the number of gaps before the bead is equal
to �i .

Moving a bead up on its runner one place corresponds to removing a rim p-hook
from Œ��. So if we move each bead up on its runner as far as possible, we get the abacus
display for the p-core of �. This makes it easy to identify the p-core of a partition. The
block B has p-weight 2, that is, in total there are exactly two beads that can be moved up
on their respective runner in ��. We have three possibilities:
(a) There is a bead on some runner v that can be moved two places up. We denote the �

by hvi.
(b) There are 1� v < u� p such that there is a movable bead on runner v and a movable

bead on runner u. In such a case, we denote � by hu; vi.
(c) There is some runner v that has a gap followed by two consecutive beads. This one

can first move the upper bead one position up, then the lower bead. In this case, we
denote � by hv; vi.
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Example 2.5.1. Using the abacus notation, the relevant poset for k�2p in characteristic
p D 5 is the following:

h5i h5; 4i h4; 3i h3; 2i

h4i h5; 3i h4; 2i h3; 1i

h3i h5; 2i h4; 1i

h2i h5; 1i

h1i:

The arrows illustrate the dominance order. Indeed, here an arrow �! ˇ means that �� ˇ
in the dominance order. If we replace the directed arrows by two-sided arrows, then we
obtain the Gabriel quiver of the basic algebra of the principal block of k�10. 4

Lemma 2.5.2. The following inequalities hold under the dominance order:
(1) hui � hvi if and only if u � v ;
(2) hu; vi > hu; v � 1i;
(3) hu; vi > hu � 1; vi when u � 1 > v ;
(4) hui > hp; ui for all u ¤ p.

Proof. For u D 1; : : : ; p, the partition hui is of the form tu C 1
p�u, where

tu D 2p � p C u D p C u:

So, (1) follows.
The operation of interchanging beads from the runner v in the third row to the run-

ner v � 1 in the third row does not change the number of gaps before the last bead. But,
in hu; vi the number of gaps before the second to last bead is bigger than the number of
gaps before the second to last bead in hu; v � 1i: So, (2) follows.

Assume that u� 1 > v. The number of gaps before the last bead in hu� 1; vi is equal
to the number of gaps before the last bead in hu; vi minus one. So, (3) follows.

Suppose now that u < p. Then, the number of gaps before the last bead in hp;ui is p.
Since the last bead in hui appears in the fourth row, the number of gaps before the last
bead is bigger than p. Hence hui > hp; ui.

In the Ext-quiver of k�2p over characteristic p, only p-regular partitions can label
the vertices. Hence, Example 2.5.1 illustrates that the partitions h2; 1i and hu; ui are not
p-regular.

Lemma 2.5.3. A partition � of 2p with at most p parts is p-singular if and only if it
coincides with h2; 1i or it is equal to hu; ui for some u2 ¹1; : : : ; pº.
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Proof. The partition h2; 1i corresponds to the partition 2p which is p-singular. The other
p-singular partitions of 2p contain the part 1 more than p � 1 times. In abacus notation,
this means that there are t consecutive beads after exactly one empty gap, where t � p.
Since there are only 2p beads the gap either occurs in the first or in the second row. But it
cannot occur in the second row, since the only chance would be in the first runner, but such
an abacus would yield a partition of p. So, the gap must occur in the first row, say in the
runner s. Since there are exactly 2 beads in each runner and only two vertical movements
are allowed, the two beads in the runner s are placed in the second and third row. Thus,
the partition coincides with hs; si.

2.5.2. Specht modules of k�2p. Consider a Specht module S hu;vi labelled by the parti-
tion hu; vi. When hu; vi is p-regular, it has a unique simple quotient denoted by Dhu;vi,
and this gives a full set of simple B-modules (see, for example, Theorem 7.1.14 and
Corollary 7.1.11 of [43]). We write P hu;vi to denote the projective cover of Dhu;vi. The
p-regular partitions correspond, therefore, to the vertices of the Gabriel quiver of the
(basic algebra of the) block. We remind the reader that the labelling/notation is different
from Dhu;vi used for instance in [23], that is, the simple module Dhu;vi is not necessarily
the same as the one Dhu;vi used in [23].

The Loewy structure for the Specht modules is completely described in Corollary B.6
of [18]. In the most general case when u ¤ v and u � v � 2, the composition factors
are labelled by the vertices of the ‘mesh’ with right corner equal to hu; vi and left corner
huC 1; v C 1i (or hv C 1i). Here Dhu;vi and DhuC1;vC1i are the top and the socle of the
Specht module, and radS hu;vi=S huC1;vC1i is semisimple. We highlight the following two
situations.

Remark 2.5.4. (a) If 2 � s � p � 2, then S hp;si has a submodule isomorphic to S hsi. We
know the submodule structure of S hp;si from the discussion above and we see that it has an
indecomposable submodule of length two with top isomorphic to Dhsi and socle DhsC1i.
The Specht module S hsi is such a module, and from the Gabriel quiver we know that
Ext1

k�2p
.Dhsi; DhsC1i/ is 1-dimensional. Hence, there is a unique such module up to iso-

morphism, that is, S hp;si has a submodule isomorphic to S hsi.
(b) The module S hp;p�1i has length two, with socle isomorphic toDhp�1i (see Corol-

lary B6 of [18]).

2.5.3. Restricting and inducing between blocks of k�2p�1 and B. Restricting a Specht
module S� to k�2p�1 gives a module with Specht filtration, where the labels for the
Specht subquotients are described by the branching rule (see p. 59 in [43]). Removing a
node from Œ�� means that on the abacus we move one bead to the left (assuming there is
a gap). The blocks of k�2p�1 which contain Specht modules which occur in this way are
all of finite representation-type, that is, they are Brauer tree algebras (or are simple).

Here we are interested in the non-simple blocks. They have p-cores that are the hook
partitions .p � 1/; .p � 2; 1/; : : : ; .1p�1/; the block with p-core .s � 1; 1p�s/ is denoted
by Bs in [18].

If the restriction of a Specht module in B to a block Bs is non-zero, then it is a Specht
module, and if we induce this toB , we obtain a module which is indecomposable (which is
explained below). It has precisely two Specht subquotients, and the labels can be identified
via the abacus: they are all partitions obtained by moving a bead one place to the right.
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Definition 2.5.5. A module U inB is called Brauer induced if there is a Specht module S
in some Brauer tree algebra of k�2p�1 and U Š S "B .

Then such a moduleU has precisely two Specht subquotients, and it must be indecom-
posable (which we explain below). We denote it by U D U

�
�
�

�
if it has a submodule

isomorphic to S� with quotient S�.
We consider one of the blocks Bs . If we label the Specht modules in it by Si D S�i

for 0 � i � p � 1 with �i > �iC1 in the dominance order, then S0 is a Young module. It
follows that S0"B is also a Young module.

Let 0 � i � p � 2. The projective covers, Pi , of the Specht modules in Bs satisfy

0! SiC1 ! Pi ! Si ! 0:

Inducing such a sequence to B gives the projective cover for the Brauer induced module
U D Si "

B . One can show that the modules Pi "B are indecomposable. This implies
that a Brauer induced module Si "B has a simple top, since it is a factor module of an
indecomposable projective. It also has a simple socle; if i � 1, then it is a submodule
of the projective and injective module Pi�1"B , and for i D 0, it is the Young module
which has a simple top and is selfdual and hence has a simple socle. In particular, it is
indecomposable.

2.5.4. Restricting to Brauer tree algebras of k�2p�1. We assume now for the remainder
of the subsection that p � 5. We will deal later with the case p D 3 separately, due to
notational reasons.

(1) We will first restrict to the block with core .p � 1/, that is, Bp .
We consider the subquiver of the Gabriel quiver of the basic algebra of k�2p with

vertices hpi; hp; p � 2i; : : : hp; 1i and we consider one of these partitions on the abacus.
We can move a bead from runner p to runner p � 1. This gives a partition of 2p � 1which
has weight w D 1 and has p-core .p � 1/. In this way, we get p � 1 distinct partitions
which form a total order under the dominance order. In addition, we have the p-singular
partition hp;pi and if we move the last bead on runner p by one place to the left we get a
p-singular partition also in the block with core .p � 1/.

Inducing S0 WD S hpi#Bp to B gives the Young module Y hp�1i, which in our notation
isU

�
hpi
hp�1i

�
, Next, inducing S1 WD S hp;p�2i#Bp toB contains S hp�1;p�2i and has quotient

S hp;p�2i. Inducing the exact sequence 0! S1 ! P0 ! S0 ! 0 in Bp to the block B
gives

0! U

�
hp; p � 2i

hp � 1; p � 2i

�
! P hpi ! Y hp�1i ! 0;

where P hpi is the projective cover of Dhpi, and we can read off the labels of its Specht
subquotients from the exact sequence. Similarly, starting with the projective cover of S1,
that is 0! S2 ! P1 ! S1 ! 0, and inducing to B we obtain

0! U

�
hp; p � 3i

hp � 1; p � 3i

�
! P hp;p�2i ! U

�
hp; p � 2i

hp � 1; p � 2i

�
! 0:

In this way, we obtain further Brauer induced modules and indecomposable projective
modules.
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(2) We restrict to the block Bs with core .s � 1; 1p�s/ for 2 � s < p.
Take the subquiver of the Gabriel quiver of the basic algebra of k�2p with the follow-

ing vertices:

hsi; hp; si hp � 1; si; : : : hs C 1; si; hs; s � 2i; : : : ; hs; 1i:

Consider one of the partitions on the abacus. If we move the bead on runner u one place
to the left, then in each case we get a partition in the block Bs , with core .s � 1; 1p�s/.
This gives all p-regular partitions in this block, and they form a total order under the
dominance order. Then, similarly to the method explained in (1), we obtain Brauer induced
modules, and also indecomposable projective modules. The module S hsi#Bs"

B is the
Young module Y hs�1i, with Specht subquotients S hs�1i and S hsi.

The information from the Brauer induced modules gives rise to filtrations of indecom-
posable projective modules and gives most of Theorem 2.5.6. Whenever a projective
module P hu;vi occurs twice by inducing from Brauer tree algebras, it has two different
Brauer induced quotients, which are then of the form U

�
hu;vi
hu;v�1i

�
and U

�
hu;vi
hu�1;vi

�
, the pro-

jective module will also contain S hu�1;v�1i, and it has a filtration with quotients

S hu�1;v�1i; S hu;v�1i ˚ S hu�1;vi; S hu;vi:

This gives the projective modules in parts (c), (e), (f) of Theorem 2.5.6 below.
For parts (a), (d) and (e), the projective only has one Brauer induced quotient, which

we indicate by the notation �.
All but one of the indecomposable projective modules are obtained by inducing from

Brauer tree algebras of k�2p�1. The remaining module, the one that appears in part (g)
of Theorem 2.5.6 below, is obtained as follows. Consider the restriction of the Specht
modules labelled by h1i. We can move one bead from runner 1 to the left and get the core
partition .p; 1p�1/. This shows that S h1i restricted to �2p�1 has a direct summand which
is simple projective. Inducing this to B we get the projective module, and the abacus
shows that this has three Specht subquotients, labelled by h1i; hp; 1i and hp; pi:

2.5.5. Indecomposable projective modules of B. Theorem B.4 of [18] describes com-
pletely the Specht subquotients of the indecomposable projective modules. We need to
use the submodule structure obtained above using the Brauer induced modules. This is
described in the following.

Theorem 2.5.6 (see Theorem B.4 of [18]). Let � be a p-regular partition in B . Then P �

has the following structure.

(a)

P hpi Š

S hpi

�
S hp�1i S hp;p�2i

�
S hp�1;p�2i

I

(b)

P hsi Š

S hsi

S hs�1i ˚ S hp;si

S hp;s�1i
.2 � s � p � 1/I
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(c)

P hs;1i Š

S hs;1i

S hs�1;1i ˚ S hs;si

S hs�1;s�1i
.3 � s � p/I

(d)

P hsC1;si Š

S hsC1;si

�
S hsC1;s�1i S hs;s�2i

�
S hs�1;s�2i

.3 � s � p � 1/I

(e)

P h3;2i Š

S h3;2i

�
S h3;1i S h2;2i

�
S h1;1i

I

(f)

P hr;si Š

S hr;si

S hr�1;si ˚ S hr;s�1i

S hr�1;s�1i
.p � r > s > 1 and r � s > 1/I

(g)

P h1i Š

S h1i

S hp;1i

S hp;pi
:

In Corollary B.6 of [18], the composition factors of each Specht module are described
and consequently the composition factors of all projective indecomposable modules. Here,
by displaying a module P in the form

M
�

N X
�

Y

we mean that P fits into an exact sequence 0! X
Y ! P ! M

N ! 0. This way the Specht
filtration of P is the one built from the one of XY at the bottom and the one M

N in the upper

part of the filtration. For modules M displayed as
N1

N2 ˚ N3
N4

there exists a filtration with

subquotients N4, N2 ˚ N3 and N1. In particular, such modules M admit more than one
Specht filtration. One such filtration is given by 0 DM5�M4�M3�M2�M1 DM ,
with Mi=MiC1 Š Ni for i D 1; : : : ; 4. Moreover, whenever S� occurs in the layer dir-
ectly below S� in the projective module for �, then there is an indecomposable module
containing S� with quotient S�, which has simple socle and top, except in the three cases
where a line segment � appears. Then for the two quotients with no line segment there is
no such module.
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These modules of the form S�

S�
are either Brauer induced, or they exist, by the follow-

ing lemma. In particular, the next lemma shows that the projective modules P hsi can be
displayed in the form presented above.

Lemma 2.5.7. Let 2 � s � p � 1. Up to isomorphism, there is a unique indecompos-
able module with two Specht subquotients, containing S hp;si and with quotient S hsi. This
module has a simple socle and a simple top.

Proof. By Theorem B.4 of [18], the projective module P hsi has a factor module with two
Specht subquotients, from the fact that it has a Specht filtration and we know the label
of its Specht subquotients. Such a module has a simple top. Similarly, the injective hull
of P hp;si has a submodule with two Specht subquotients and with the same labels, and it
has a simple socle. We show that Ext1B.S

hsi; S hp;si/ D k.
By Remark 2.5.4, HomB.S hsi; S hp;si/D k; we see that also HomB.P hsi; S hp;si/ D k.
By applying HomB.�; S hp;si/ to the exact sequence

0! �1.S hsi/! P hsi ! S hsi ! 0;

we deduce that Ext1B.S
hsi; S hp;si/ Š HomB.�1.S hsi/; S hp;si/.

The module�1.S hsi/ contains S hp;s�1i andDhp;s�1i does not occur in S hp;si. Hence,
any homomorphism � from �1.S hsi/ maps S hp;s�1i to zero and induces a homomorph-
ism N� from the quotient �1.S hsi/=S hp;si. This is the direct sum S hp;si ˚ S hs�1i. Then N�
maps the second summand to zero and it is a multiple of the identity on the first sum-
mand.

3. Specht and Young modules over ƒk.p; 2p/

We now move our focus towards the algebra ƒk.p; 2p/ WD EndSk.p;2p/.V
˝2p/op and its

principal block, where k is a field of characteristic p � 3. For the treatment of the case
pD 2, we refer the reader to [15]. As mentioned, this algebra is isomorphic to the quotient
algebra k�2p=Ip where Ip is the annihilator of the �2p-action on V ˝2p . Using the con-
nection presented in Theorem 2.4.1, the simple modules of this algebra are the ones inher-
ited from the Ringel dual of the Schur algebra. Observe that T .�/ is a direct summand
of V ˝2p if and only if � is a p-regular partition of 2p. It follows that the simple mod-
ules of ƒk.p; 2p/ are precisely the modules top Fp;2pPR.�/ D top Fp;2p�Rk.p;2p/.�/
with �2ƒC.p; 2p/ and p-regular. Therefore, ƒk.p; 2p/ is the quotient of k�2p with a
complete set of non-isomorphic simple modules given by

¹topS� W �2ƒC.p; 2p/ and � is p-regularº

and with
¹Fp;2pPR.�/ W �2ƒ

C.p; 2p/ and � is p-regularº

as the complete set of projective indecomposable modules.
LetQ be the maximal multiplicity-free direct summand of V ˝2p that is a module over

the (basic algebra of the) principal block B of �2p . So DQ as left B-module is the direct
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of all Young modules Y � whose label satisfies

�2 .¹hvi W 1 � v � pº [ ¹hu; vi W 1 � v < u � pº [ ¹hv; vi W 1 � v � pº/\ƒC.p; 2p/:

Then A0 WD EndB.Q/ is the (basic) principal block component of Sk.p; 2p/ whileƒ0 WD
EndA0.Q/

op is the (basic) principal block component of ƒk.p; 2p/.

3.1. Projective ƒ0-modules

For convenience, we assume now, until the end of the Section 3, that p > 3. The projective
ƒ0-modules are obtained from those presented in Theorem 2.5.6 by factoring out the
Specht modules where the partition has more than p parts. They are precisely the ones
labelled as hr; ri for 1 � r � p. (Using Subsection 2.5.1, we see that hui and hu; vi do not
have more than p parts, and hu; ui has already p beads in the second line of the abacus
and has more than p parts).

There are precisely p projective indecomposable modules of B which are not project-
ive forƒ0, they are the ones where the label is on the right edge of the Gabriel quiver, that
is labelled by

h1i; hp; 1i; : : : ; h3; 1i; h3; 2i;

that is, the projective modules described in Parts (c), (e) and (g) of Theorem 2.5.6.
All other projective modules of the block remain projective overƒ0, and in particular,

they are then projective and injective. So, we deduced the following:

Lemma 3.1.1. (1) The set of non-isomorphic projective indecomposable ƒ0-modules is
labelled by

¹hvi W 1 � v � pº [ ¹hu; vi W 1 � v < u � pº n ¹h2; 1iº:

(2) Let � be a partition in ¹hvi W 1 � v � pº [ ¹hu; vi W 1 � v < u � pº n ¹h2; 1iº.
Denote by P �ƒ0 the projective cover of topS�. Then,

(i) P
hsi
ƒ0
D P hsi for 2 � s � p ;

(ii) P
hu;vi
ƒ0

D P hu;vi whenever hu; vi … ¹hp; 1i; : : : ; h3; 1i; h3; 2iº;

(iii) P hs;1iƒ0
Š

S hs;1i

S hs�1;1i
for 3 � s � p ;

(iv) P h3;2iƒ0
Š
S h3;2i

S h3;1i
;

(v) P
h1i
ƒ0
Š

S h1i

S hp;1i
.

The injective indecomposableƒ0-modules can then be obtained by applying the simple
preserving duality to the projective indecomposable ƒ0-modules. In particular, if we
denote by I�ƒ0 the injective hull of socS�, then

I
hsi
ƒ0
D P hsi for 2 � s � p;

and
I
hu;vi
ƒ0

D P hu;vi whenever hu; vi … ¹hp; 1i; : : : ; h3; 1i; h3; 2iº.
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3.2. Young ƒ0-modules

We describe the Young modules for B labelled by partitions with less than or equal to p
parts.

(1) We start with the projective Young modules. These are precisely those labelled by
a partition which is simultaneously p-regular and conjugate to a p-regular partition of 2p.

Every indecomposable projective for the block B is a Young module. Most of these
remain projective for the algebra ƒ0, and hence they are Young modules.

In Theorem 2.5.6, we have identified which Specht modules are submodules of an
indecomposable projective module. This gives the identification of the projective B-mod-
ules which remain projective for ƒ0 as Young modules.

Corollary 3.2.1. Let �2ƒC.p; 2p/ with p-weight two.

(a) Let �… ¹ha; 1i; .3 � a � p/; h3; 2i; h1iº, and � D ha; bi.

(i) If a � b � 2, then P ha;bi Š Y ha�1;b�1i:

(ii) If a � b D 1, then P ha;bi Š Y ha�2;b�2i.

(b) If � D hai with 1 < a < p, then P hai Š Y hp;a�1i. Moreover, P hpi Š Y hp�1;p�2i.

Proof. Part (a)(i) follows from Theorem 2.5.6(f), while part (a)(ii) follows from The-
orem 2.5.6(d). Part (b) follows from Theorem 2.5.6(b), and the particular case by The-
orem 2.5.6(a).

Notice that P h4;3i Š Y h2;1i and that h2; 1i is the only p-singular partition in ƒ0 (see
Lemma 2.5.3). Hence, S h2;1i has composition length 2, the socle is Dh4;3i and the top
is Dh3;1i.

(2) We consider now Young modules which are not projective.
They are labelled as Y hai for 1� a � p, together with Y hp;p�1i. We have explained in

Subsection 2.5.4 that the Young modules Y hai for a < p are induced from simple Specht
modules of the Brauer tree algebras whose cores are hook partitions. The socle of Y hai for
a < p is the socle of S hai which is DhaC1i.

The socle of Y hp;p�1i is the socle of the Specht module S hp;p�1i, that is, Dhp�1i.
In terms of their Specht filtrations, this means that we have the following:

(i) Y hpi Š S hpi Š k;

(ii) Y hp;p�1i Š
S hp�1i

S hp;p�1i
;

(iii) Y hai Š
S haC1i

S hai
for 1 � a � p � 1.

Corollary 3.2.2. The indecomposable summands of ƒ0DQ are

(a) the trivial module Y hpi,

(b) the projective modules P hu;vi and hu; vi not in ¹h1i; hu; 1i .3 � u � p/; h3; 2iº,

(c) the modules Y hai for 1 � a < p, and Y hp;p�1i.

Proof. The indecomposable direct summands of ƒ0DQ are the Young modules Y � with
� 2 ¹hvi W 1 � v � pº [ ¹hu; vi W 1 � v < u � pº. Thus, the result follows from Corol-
lary 3.2.1.
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3.3. Projective modules as syzygies of Young modules

In this part, we are interested in establishing coresolutions of the projective modules
of ƒ0 by modules in addDQ. To do this, we prove that they arise as syzygies of non-
projective Young modules. As a byproduct, we obtain the projective dimensions of all
Young ƒ0-modules.

Proposition 3.3.1. We have a bijection between non-injective projective modules of ƒ0
and the set of non-projective Young modules distinct from Y hpi :

(i) �
p�2
ƒ0

.Y hai/ is the non-injective projective moduleP haC1;1iƒ0
for aD 2;3; : : : ;p� 1.

(ii) �
p�2
ƒ0

.Y h1i/ is the non-injective projective module P h3;2iƒ0
.

(iii) �p�2ƒ0
.Y hp;p�1i/ is the non-injective projective module P h1iƒ0 .

Moreover, the following assertions hold.

(a) The Young module Y hai and all its syzygies are Brauer induced from the tree with
core .a; 1p�a�1/ for 1 � a � p � 1.

(b) The Young module Y hp;p�1i and its syzygies are not Brauer induced.

Proof. To describe the resolutions using the Gabriel quiver, let us begin with the arrow
haC 1i ! hai located on the left edge of the quiver. From there, follow parallel arrows to
that progressing upward through the quiver until reaching the top. At that point, it changes
direction and continues downward to the right edge of the quiver. See part (3) of the proof
below.

We write down the terms in the coresolution of the projective non-injective modules.
To check that these are correct, one may consult Theorem 2.5.6 and Lemma 3.1.1.

(1) Consider P h1iƒ0 . We have an exact sequence with terms in addD.Qƒ0/:

0! P
h1i
ƒ0
! P h2i ! P h3i ! � � � ! P hp�1i ! Y hp;p�1i ! 0:

(2) Consider P h3;2iƒ0
. We have a coresolution with terms in addD.Qƒ0/:

0! P
h3;2i
ƒ0

! P h4;2i ! P h5;2i ! � � � ! P hp;2i ! P h2i ! Y h1i ! 0:

(3) Let 2 < a � p � 3. Then the first part of a coresolution for P haC1;1iƒ0
is

0! P
haC1;1i
ƒ0

! P haC1;2i ! � � � ! P haC1;a�1i

and the last quotient is U
�
haC1;a�1
ha;a�1i

�
. This has injective hull P haC2;aC1i. Hence, the

coresolution continues

� � � ! P haC2;aC1i ! P haC3;aC1i ! � � � ! P hp;aC1i ! P haC1i ! Y hai ! 0:

(4) Consider a D 2. Then we have the coresolution

0! P
h3;1i
ƒ0

! P h4;3i ! P h5;3i ! � � � ! P hp;3i ! P h3i ! Y h2i ! 0:



T. Cruz and K. Erdmann 2352

(5) This leaves two coresolutions; they are

0!P
hp�1;1i
ƒ0

!P hp�1;2i! � � �!P hp�1;p�3i!P hp;p�1i!P hp�1i!Y hp�2i!0

and

0! P
hp;1i
ƒ0

! P hp;2i ! � � � ! P hp;p�2i ! P hpi ! Y hp�1i ! 0:

Remark 3.3.2. We label the terms of the coresolution starting with 0, and we see that
the Young module occurs in step p � 2. Hence, all non-projective Young modules other
than Y hpi have projective dimension p � 2.

Surprisingly, Proposition 3.3.1 gives a completely different picture about the homo-
logical structure of ƒ0 in contrast with its counterpart in characteristic two, the principal
block of TLk;4.0/. The Temperley–Lieb algebra TLk;4.0/ studied in [15] is very far from
being Iwanaga–Gorenstein. On the other hand, we can use Proposition 3.3.1 to show that
the algebra ƒ0 is Iwanaga–Gorenstein of infinite global dimension.

Theorem 3.3.3. Let k be an algebraically closed field with characteristic p > 3. Then,
ƒk.p; 2p/ and its principal blockƒ0 are Iwanaga–Gorenstein algebras of infinite global
dimension.

Proof. We will start by showing thatƒ0 is Iwanaga–Gorenstein. By Proposition 3.3.1, all
the non-projective Young modules except Y hpi have finite projective dimension over ƒ0.
Observe that the simple preserving duality interchanges projective with injective mod-
ules. Since the Young modules are self-dual with respect to the simple preserving duality
functor, all the Young modules, except Y hpi, have finite injective dimension. Observe
that the middle terms in the exact sequences (1)–(5) of the proof of Proposition 3.3.1
are projective-injective by Lemma 3.1.1 (since they are the restriction from a projective
module over a self-injective algebra in the quotient algebra). Thus, it follows from the
exact sequences (1)–(5) of the proof of Proposition 3.1.1 that the projective modules P h1iƒ0 ,

P
h3;2i
ƒ0

and P haC1;1iƒ0
, for a D 2; 3; : : : ; p � 1, have finite injective dimension. Since all the

other projective indecomposable ƒ0-modules are injective (since they are, in particular,
Young modules) we obtain that ƒ0 has finite injective dimension. Using the simple pre-
serving duality, we obtain that all injective indecomposable modules have finite projective
dimension, and therefore ƒ0 is Iwanaga–Gorenstein.

To see that ƒ0 has infinite global dimension, observe that ƒ0 and ƒk.p; 2p/ are
cellular algebras (see for instance Remark 8.1.4 of [13] or Theorem 7.5 of [14] together
with the fact that we can write EndRk.p;2p/.HomSk.p;2p/.T; V

˝2p//op Š ƒk.p; 2p/). By
equation (2), the cell modules in the cellular structure of these algebras are precisely the
Specht modules.

Then, by [47], ƒk.p; 2p/ and, in particular, its principal block ƒ0 would be quasi-
hereditary if they had finite global dimension. But they cannot be quasi-hereditary since
the number of Specht modules (cell modules) differs from the number of simple modules
by one.

The module V ˝2p ˚ T .2p/ is (up to multiplicities) a characteristic tilting module
of Sk.p; 2p/, and T .2p/ is in the principal block of Sk.p; 2p/. So the direct summand
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of V ˝2p in a non-principal block component of Sk.p; 2p/ is a characteristic tilting mod-
ule in the block component. Hence, we see that the non-principal blocks of ƒk.p; 2p/ D
EndSk.p;2p/.V

˝2p/op are quasi-hereditary algebras (actually they are the Ringel dual of
the respective block component of Sk.p; 2p/), see also 4.6(3) of [26]. In particular, the
non-principal blocks of ƒk.p; 2p/ have finite global dimension, and so ƒk.p; 2p/ is an
Iwanaga–Gorenstein algebra.

Corollary 3.3.4. The algebra ƒ0 has finitistic dimension equal to 2p � 4.

Proof. Let P be a projective not injective ƒ0-module. By Proposition 3.3.1, it follows
that idimƒ0 P D p � 2 C idim Y � with � 2 ¹hp; p � 1iº [ ¹hai W 1 � a � p � 1º. As
we have seen, in such a case, idimƒ0 Y

� D pdimƒ0
Y � D p � 2. Since ƒ0 is Iwanaga–

Gorenstein the finitistic dimension ofƒ0 is precisely idimƒ0ƒ0 (see Proposition 4.2 of [4]
and Theorem 2.28 of [38]). Hence, it is equal to p � 2C p � 2 D 2p � 4.

Later, we will return to the Young module not covered in Proposition 3.3.1 to see that
it has infinite projective dimension.

3.4. Coresolving S h2;1i by DQ

The main motivation to resolve the singular Specht module S h2;1i by DQ is two-fold:
(i) Determine the global dimension of the principal block A0 from the point of view of

Lemma 3.8 of [16];
(ii) Determine the relative dominant dimension Q-domdimA0 T .2

p/, where the module
T .2p/˚Q is the (multiplicity-free) characteristic tilting module of A0.

Our aim is to construct an exact sequence of the form

0! S h2;1i ! R0
d1
! R1 ! � � � ! Rr�1

dr
! Rr ! � � � ! R2.p�1/ ! 0;(3.1)

with terms in addƒ0 DQ, that is, each Ri is a direct sum of Young modules. We let Zr D
im.dr / for r D 1; : : : ; 2p � 2. The coresolution will be computed inductively and the
main idea is to describe the kernel Zr as an extension of a distinguished Specht module
by a module Wr , where Wr is an (explicit) iterated extension of Brauer induced modules.
Here, by a distinguished Specht module we mean a Specht module of the form S hu;vi with
u � v 2 ¹1; 2º.

If r is odd, we write r D 2a � 1. Then the Specht module which will be the dis-
tinguished submodule of Zr is S haC2;ai. Otherwise, let r D 2a. Then the distinguished
submodule of Zr will be S haC2;aC1i.

Example 3.4.1. We describe the start of the construction in detail, and it will motivate the
general step.

(I) As the start, we take R0 to be the injective hull of S h2;1i, and then fix Z1 D
��1S h2;1i.

By Lemma 3.1.1, the injective hull of S h2;1i is the Young module Y h2;1i which is
isomorphic to P h4;3i. We have the exact sequence

0! U

�
h3; 1i

h2; 1i

�
�! Y h2;1i �! U

�
h4; 3i

h4; 2i

�
! 0:(3.2)
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So R0 D Y h2;1i and we define Z1 to be the quotient R0=S h2;1i.
The term on the right of (3.2) is Brauer induced. We claim that it is isomorphic to

�p�3Y h2i. This follows since the term on the left of (3.2) is, by Proposition 3.3.1, iso-
morphic to �p�2Y h2i.

This gives a short exact sequence

0! S h3;1i ! Z1 ! �p�3Y h2i DW W1 ! 0:(3.3)

(II) We take injective hulls of the end terms of the sequence (3.3), and denote their
direct sum byR1. ThenZ1 embeds intoR1 and we defineZ2 be the quotientR1=Z1. The
injective hull of S h3;1i is the Young module Y h3;1i (which is isomorphic to P h4;2i). By
the snake lemma and (4) of the proof of Proposition 3.3.1, Z2 is then given by the exact
sequence

0! P h4;2i=S h3;1i ! Z2 ! �p�4Y h2i ! 0:(3.4)

The module P h4;2i has a filtration by Brauer induced modules coming from the projective
resolution of Y h1i:

0! U

�
h3; 2i

h3; 1i

�
! P h4;2i ! U

�
h4; 2i

h4; 1i

�
! 0:(3.5)

The right term of the sequence (3.5) is isomorphic to �p�3Y h1i. Factoring out S h3;1i

from (3.5) gives the exact sequence

0! S h3;2i ! P h4;2i=S h3;1i ! �p�3Y h1i ! 0:(3.6)

By equations (3.4) and (3.6), we have S h3;2i � Z2, and the quotient W2 is an extension

0! �p�3Y h1i ! W2 ! �p�4Y h2i ! 0: 4

In general, the method is the same. Let � be a partition in ƒC.p; 2p/.
(I) We take the injective hull of the distinguished Specht modules, and we write the

quotient as an extension of a syzygy of some Y � by another distinguished Specht
module.

(II) We combine the syzygy of Y � with the iterated extension which we get from the
previous step.

3.4.1. Description of the cosygyzy of the distinguished Specht modules. We will use
the following lemma as a tool to realise the procedure (I).

Lemma 3.4.2. Let 1 � a � p � 2. Then there are Brauer induced exact sequences

0! U

�
haC 2; ai

haC 1; ai

�
�! Y haC1;ai �! �p�.aC2/.Y haC1i/! 0(3.7)

0! U

�
haC 2; aC 1i

haC 2; ai

�
�! Y haC2;ai ! �p�.aC2/.Y hai/! 0:(3.8)
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Proof. Consider the first part. By Corollary 3.2.1, we have

Y haC1;ai D

²
P haC3;aC2i if a � p � 3;
P hpi if a D p � 2:

By Theorem 2.5.6, this has (just one) filtration by Brauer induced modules:

0! U

�
haC 2; ai

haC 1; ai

�
! Y haC1;ai ! Ua ! 0;

where

Ua D

8<:U
�
haC3;aC2i
haC3;aC1i

�
; if a � p � 3;

U
�
hpi
hp�1i

�
; if a D p � 2:

If a D p � 2, then Ua is Y hp�1i (see Subsection 2.5.4(1)).
Suppose a � p � 3. Then Ua is�p�.aC2/Y haC1i. This follows from Proposition 3.3.1

by observing that the first syzygies of Y haC1i are U
�
hu;aC1i
hu;ai

�
for uD p;p � 1; : : : ; aC 2.

Now consider the second part. By Corollary 3.2.1, we have

Y haC2;ai D

´
P haC3;aC1i; if a � p � 3;
P hp�1i; if a D p � 2:

If a D p � 2, Theorem 2.5.6(b) yields the filtration

0! U

�
hp; p � 1i

hp; p � 2i

�
! Y hp;p�2i ! U

�
hp � 1i

hp � 2i

�
! 0:(3.9)

Otherwise, using Theorem 2.5.6(f), we take the filtration by Brauer induced modules

0! U

�
haC 2; aC 1i

haC 2; ai

�
! Y haC2;ai ! U

�
haC 3; aC 1i

haC 3; ai

�
! 0;(3.10)

In both instances, in (3.4) and (3.10), the module on the right is �p�.aC2/Y hai, again by
Proposition 3.3.1 (see Subsection 2.5.4(2)).

The following shows that, in characteristics greater than 3, filtrations by Young mod-
ules simply correspond to taking direct sums.

Lemma 3.4.3. Assume that p > 3. Let � and � be partitions of 2p in at most p parts.
Then,

Ext1ƒk.p;2p/.Y
�; Y �/ D 0:

In particular,
Ext1ƒ0.Y

�; Y �/ D 0

for any two partitions in ƒ0.

Proof. By equation (2.2), we can write

Ext1ƒk.p;2p/.Y
�; Y �/ Š Ext1Sk.p;2p/.LI.�/; LI.�//:

By Theorem 2.4.1(c), we obtain

Ext1ƒk.p;2p/.LI.�/; LI.�// Š Ext1Sk.p;2p/.I.�/; I.�// D 0:
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3.4.2. Description of Wr and Zr . The task is to construct Zr with an embedding of Zr
into a module in addDQ. We will embed it into a module I ˚ Y where I is injective,
and Y is a direct sum of non-projective Young modules.

We will get that each module W D Wr occurs as an exact sequence

(3.11) 0! W 0 ! W ! W 00 ! 0

such that W 0 is filtered by modules of the form �p�uY hvi for some dr=2e C 2 � u < p
and for some v with 1 � v � p � 1, andW 00 is zero or is filtered by non-projective Young
modules. Then W 00 is a direct sum of these modules, by Lemma 3.4.3. Let I.W 0/ be the
injective hull of W 0. Then we can embed W into the direct sum of I.W 0/˚W 00, and this
belongs to addDQ.

Each moduleZr can be described as a Specht module glued onto an iterated extension
of Brauer-induced modules, as follows:

Proposition 3.4.4. Let r be a number in ¹1; : : : ; 2p � 4º. Set W0 D 0.

(a) Suppose r D 2a � 1 � 1 and aC 2 � p. Then we have an exact sequence

0! S haC2;ai ! Zr ! Wr ! 0;

where Wr is an extension

0! �p�.aC2/Y haC1i ! Wr ! ��1W 0r�1 ! 0

that can be rearranged into an extension of the form (3.11), andZr can be embedded
into a module in addDQ.

(b) Suppose r D 2a � 1 and aC 2 � p. Then we have an exact sequence

0! S haC2;aC1i ! Zr ! Wr ! 0;

where Wr is an extension

0! �p�.aC2/Y hai ! Wr ! ��1W 0r�1 ! 0

that can be rearranged into an extension of the form (3.11), andZr can be embedded
into a module in addDQ.

Proof. We prove the claim by induction on r . In Example 3.4.1, we have dealt with r D 1
and r D 2.

(a) Assume r D 2a � 1 � 1 and a < p � 2. We will construct the relevant exact
sequence for 2a. By induction, we have an exact sequence

0! S haC2;ai ! Zr ! Wr ! 0

andWr is an iterated extension of modules of the form�p�uY hvi for some aC 2� u� p
and 1 � v � p � 1.

We embed the term on the left into Y haC2;ai; the quotient is described in Lemma 3.4.2.
By induction, Wr comes as an exact sequence 0 ! W 0r ! Wr ! W 00r ! 0, with the
properties described in (3.11).
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We embed each of the quotients�p�uY hvi ofW 0r (so that p � u � 1) into its injective
hull. For W 00r , we take the identity map. Then Wr can be embedded into the direct sum
of these modules, which we denote by R (and it belongs to addDQ). The correspoding
quotient is��1W 0r and thus an iterated extension of modules of the form�p�u�1Y hvi for
some aC 2 � u � p and 1 � v � p � 1. Then Zr can be embedded into the direct sum
of Y haC2;ai with R, and we take the quotient to be ZrC1 D Z2a. That is, by the snake
lemma, we constructed an exact sequence

0! Y haC2;ai=S haC2;ai ! Z2a ! ��1W 02a�1 ! 0:

By Lemma 3.4.2, we have that X WDY haC2;ai=S haC2;ai is an extension of �p�.aC2/Y hai

by S haC2;aC1i. We define W2a to be the quotient Z2a=S haC2;aC1i, this gives an exact
sequence

0! S haC2;aC1i ! Z2a ! W2a ! 0

together with the following identification:

��1W 02a�1 Š Z2a =X Š .Z2a =S
haC2;aC1i/=.X =S haC2;aC1i/

Š .Z2a =S
haC2;aC1i/=�p�.aC2/Y hai:

So W2a fits into an extension of the correct form. In particular, combining the iterated
extension of modules of ��1W 02a�1 with �p�.aC2/Y hai, we get that W2a fits into an
exact sequence of the form (3.11).

(b) Now assume that r D 2a (and a < p � 2). In this case, we have by the inductive
hypothesis an exact sequence

0! S haC2;aC1i ! Zr ! Wr ! 0

and Wr is an iterated extension of modules of the form �p�uY hvi for some a � u � p
and 1 � v � p � 1.

We embed the term on the left into Y haC2;aC1i, and the quotient is described in
Lemma 3.4.2. By induction, Wr fits into an exact sequence

0! W 0r ! Wr ! W 00r ! 0;

with the properties described in (3.11).
We embed each of the quotients�p�uY hvi ofW 0r (so that p � u � 1) into its injective

hull. For W 00r , we take the identity map. Then Wr can be embedded into the direct sum
of these modules, which we denote by R (and it belongs to addDQ). The correspoding
quotient is isomorphic to ��1W 0r .

Then Zr can be embedded into the direct sum of Y haC2;aC1i with R, and we take the
quotient to be ZrC1. As the final step, we rearrange as in (a). So we get an exact sequence

0! S haC3;aC1i ! ZrC1 ! WrC1 ! 0;

where WrC1 is an extension of ��1W 0r by the Brauer induced module �p�.aC3/Y haC2i.
This sequence is of the form as stated.
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3.4.3. The last step in the coresolution. Now, if we use Proposition 3.4.4 to build the
exact sequence (3.1), all the middle terms Ri in the coresolution that are injective Young
modules can be determined. Moreover, at this stage, the construction exhausts all possible
injective Young modules. Nevertheless, Proposition 3.4.4 does not suffice to complete the
sequence, as the final term Zr produced by the proposition is not a Young module.

The last term in the above construction occurs when aC 2D p and r D 2aD 2p � 4.
In that case, (b) gives the exact sequence

0! S hp;p�1i ! Z2p�4 ! W2p�4 ! 0(3.12)

such that W2p�4 fits into an exact sequence of the following form:

0! Y hp�2i ! W2p�4 ! ��1W 02p�5 ! 0:

By Proposition 3.4.4(a) for r D 2p � 5D 2.p � 2/� 1, we have thatW2p�5 is an iterated
extension with quotients being Young modules. So, we deduce thatW 02p�5 D 0. So (3.12)
can be simplified into

0! S hp;p�1i ! Z2p�4 ! Y hp�2i ! 0:(3.13)

We embed the term on the left of (3.13) into Y hp;p�1i and we take the identity for the
term on the right of (3.13), hence we take R2p�4 D Y hp;p�1i ˚ Y hp�2i. The Young mod-
ule Y hp;p�1i is not projective but it is still true that Z2p�4 can be embedded into R2p�4
since Ext1ƒ0.Y

hp�2i; Y hp;p�1i/ D 0.
We let Z2p�3 be the quotient R2p�4=Z2p�4, which is Y hp;p�1i=S hp;p�1i Š S hp�1i.

We embed this into the Young module R2p�3 WD Y hp�1i and we obtain an exact sequence

0! S hp�1i ! Y hp�1i ! Y hpi ! 0:

Therefore, the next term Z2p�2 is Y hpi, and consequently, the coresolution ends with
R2p�2 D Z2p�2 D Y

hpi.

4. Cohomological properties of Young and Specht modules

In this section, we will make use of the resolutions built in Proposition 3.3.1 to give two
properties about Q: one as a module over the Schur algebra, another as a module over
ƒk.p; 2p/. Namely, we will determine the relative dominant dimension of the Schur
algebra Sk.p; 2p/ with respect to the tensor power V ˝2p and prove that tensor power
as ƒk.p; 2p/-module contains a full tilting ƒk.p; 2p/-module as direct summand. To
keep the notation short, we will abbreviate ƒk.p; 2p/ to ƒ whenever possible. To avoid
confusion, we will write Qƒ0 D Qƒ when we view Q as right ƒ-module while we will
write Q when we view it as left Sk.p; 2p/-module (or as left A0-module).

4.1. The relative dominant dimension of Sk.p; 2p/ with respect to the tensor power

The strategy is to determine it through the relative dominant dimension of the charac-
teristic tilting module using the relative Mueller’s theorem established in Theorem 3.1.4
of [13].
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Lemma 4.1.1. DHomA0.Q; T .2
p// Š DS h2;1i as right ƒ0-modules.

Proof. In abacus labelling, 2p corresponds to h2; 1i. Since T .2p/ Š r.2p/, the result
follows from Proposition 5.2 of [26].

To keep working with left ƒk.p; 2p/-modules, we want to show that

Extiƒ0.D.Qƒ/; X/ D 0

for 1 � i � t � 2, where t D 2.p � 1/, for X the dual Specht module \S h2;1i. Since ƒ0
is a block of ƒ we have Extiƒ.M;N / Š Extiƒ0.M;N / for all ƒ0-modules M and N . We
know that X has length two, socle isomorphic toDh3;1i and top isomorphic toDh4;3i. We
only need to determine Extiƒ.Y

�; X/ when Y � is not projective.

Lemma 4.1.2. Assume p > 3. Then, Exti
ƒk.p;2p/

.Y �; X/ D 0 for all i � 1 and � ¤ hpi.

Proof. If Y � is projective, then the result is clear. Assume that Y � is not projective and
� ¤ hpi. Since Y � is self-dual, we obtain, by Theorem 2.4.1,

Extiƒ.Y
�; \S h2;1i/ Š Extiƒ.S

h2;1i; Y �/ Š ExtiSk.p;2p/.r.2
p/; I.�// D 0

for all 1 � i � p � 3.
By Remark 3.3.2, Y � has projective dimension equal to p � 2 and the middle terms

of the resolution constructed are projective and injective.
So, Extiƒ.Y

�; X/ D 0 for i > p � 2 and

Extp�2ƒ .Y �; X/ Š Ext1ƒ.�
p�3.Y �/; X/ Š Homƒ.�

p�2.Y �/; X/:

So we only need to deal with a resolution where non-zero homomorphisms occur. Since
X has length two and the socle is labelled by h3; 1i, non-zero homomorphisms only occur
when � D h2i by Proposition 3.3.1. So, consider the exact sequence

0! �p�2.Y h2i/ Š P
h3;1i
ƒ0

! P h4;3i ! �p�3.Y h2i/! 0;(4.1)

where

�p�3.Y h2i/ D U Š U

�
h4; 3i

h4; 2i

�
:

Applying Homƒ.�; X/ to the exact sequence (4.1), we get the exact sequence

0! Homƒ.U;X/! Homƒ.P
h4;3i; X/! Homƒ.P

h3;1i
ƒ0

; X/! Ext1ƒ.U;X/! 0:

The second and the third terms of the sequence are each 1-dimensional, and thus
Ext1ƒ.U; X/ and Homƒ.U; X/ have the same vector space dimension. So, it is enough
to show that Homƒ.U;X/ is zero. We have

0! S h4;2i ! U ! S h4;3i ! 0

and Homƒ.S
h4;2i;X/D 0 sinceDh4;2i is not a composition factor of X . Moreover S h4;3i

is uniserial with composition factors Dh4;3i; Dh5;3i and Dh6;5i and therefore we get that
Homƒ.S

h4;3i; X/ D 0.
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Lemma 4.1.3. Let r be a number in ¹1; : : : ; 2p � 4º. Then, the following assertions hold.

(a) Extiƒ.Wr ; X/ D 0 for every i � 0, where Wr is the module defined in Proposi-
tion 3.4.4.

(b) Homƒ.Zr ; X/ D

´
k; if r D 1;
0; if r 2 ¹2; : : : ; 2p � 4º;

where Zr is the kernel defined in the coresolution (3.1).

Proof. The module Wr is an iterated extension with quotients being syzygies of Y � with
�2¹h2i; : : : ; hp � 1iº. By Lemma 4.1.2, Extiƒ.�

p�uY hvi;X/Š ExtiCp�uƒ .Y hvi;X/D 0

for every i � 1. Thus, Extiƒ.Wr ; X/ D 0 for every i � 1. So it remains to check that
Homƒ.Wr ; X/ D 0. To do this, observe that the only Brauer induced module which has
non-zero homomorphisms to X is P h3;1iƒ0

Š �p�2.Y h2i/. Indeed, given the composition
factors of X , we only need to check Brauer induced modules which have top quotient
S h4;3i or S h3;1i. The Specht module S h4;3i does not have Dh3;1i as a composition factor,
so there is no non-zero homomorphism in such a case. Of course, there is a non-zero
homomorphism from S h3;1i to X , but S h3;1i only occurs in a Specht filtration in a Brauer
induced module for the Brauer induced module P h3;1iƒ0

Š �p�2.Y h2i/. On the other hand,
�p�2.Y h2i/ does not occur in the iterated extension of some module Wr (see Proposi-
tion 3.4.4). Thus, Homƒ.Wr ; X/ D 0 for every r D 1; : : : ; 2p � 4. So, (a) holds.

By the first part and by applying Homƒ.�; X/ to the exact sequences of Proposi-
tion 3.4.4, we get the following isomorphism:

Homƒ.Zr ; X/ Š

´
Homƒ.S

haC2;ai; X/; if r D 2a � 1;
Homƒ.S

haC2;aC1i; X/ D 0; if r D 2a:

Thus, the claim (b) follows.

Lemma 4.1.4. Assume that p > 3. We have Extiƒ.Y
hpi; X/ D 0 for 1 � i � t � 2 and

Extt�1ƒ .Y hpi; X/ ¤ 0, where t D 2.p � 1/.

Proof. By Theorem 2.4.1,

Extiƒ.Y
hpi; X/ Š Extiƒ.S

h2;1i; Y hpi/ Š ExtiSk.p;2p/.r.h2; 1i/; I.hpi// D 0

for i D 1; 2. Now, assume that i � 3. Recall that the terms Rr in (3.1) are in addD.Qƒ/
and Y hpi does not occur for r � t � 1.

By Lemma 4.1.2, applying Homƒ.�; X/ to (3.1), we obtain

Extiƒ.Zj�1; X/ Š ExtiC1ƒ .Zj ; X/ for all i � 1 and 2 � j � t .

Hence, dimension shifting yields

Extiƒ.Y
hpi; X/ Š Ext1ƒ.Zt�iC1; X/:

Since t � 1 � i � 3, the module Zt�iC1 is constructed in Proposition 3.4.4. Now, for
t � 1 � i � 3, consider the exact sequence 0! Zt�i ! Rt�i ! Zt�iC1! 0 and apply
Homƒ.�; X/. Hence, by Lemma 4.1.2, we obtain an exact sequence

Homƒ.Rt�i ; X/! Homƒ.Zt�i ; X/! Ext1ƒ.Zt�iC1; X/! 0:(4.2)
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By Lemma 4.1.3, Homƒ.Zt�i ; X/ D 0 for 3 � i � t � 2. For i D t � 1, the exact
sequence (4.2) becomes

Homƒ.R1; X/! Homƒ.Z1; X/ Š k ! Ext1ƒ.Z2; X/! 0:

By Example 3.4.1, R1 D P h4;2i ˚ P h5;3i. So, Homƒ.R1; X/ D 0 and thus

Extt�1.Y hpi; X/ Š Ext1ƒ.Z2; X/ Š k:

Theorem 4.1.5. Let k be an algebraically closed field with characteristic p � 5. Then

V ˝2p-domdimSk.p;2p/ Sk.p; 2p/ D 4.p � 1/:

In particular,

Extlƒk.p;2p/op.V
˝2p; V ˝2p/ D Extl

ƒ
op
0
.Qƒ0 ;Qƒ0/ D 0 for 1 � l � 4.p � 1/ � 2:

Proof. Let T be the characteristic tilting module of Sk.p;2p/. Then addV ˝2p˚T .2p/D
addT . By Theorem 3.1 of [15], we have

V ˝2p-domdimSk.p;2p/ Sk.p; 2p/ D 2V
˝2p-codomdimSk.p;2p/ T:

By Theorem 8.1.2 of [13], V ˝2p-codomdimSk.p;2p/T � 2 (see also Remark 8.1.1 of [13]).
Recall that Sk.p; 2p/ D A0 ˚ A1, where A0 is the principal block of Sk.p; 2p/. So, by
Corollary 3.1.9 of [13], we obtain

Q-codomdimA0 T0 � V
˝2p-codomdimSk.p;2p/ T � 2 and addT0 D addQ˚ T .2p/:

Moreover, the maximal direct summand of V ˝2p which is an A1-module is a character-
istic tilting module. Write

ƒ WD ƒk.p; 2p/:

Since D.Qƒ/ is self-dual, we have the following isomorphisms:

Extiƒ.D.Qƒ/; X/ D Extiƒ.D.Qƒ/;
\S h2;1i/ Š Extiƒ.S

h2;1i;D.Qƒ//

Š Extiƒop.Qƒ;DS
h2;1i/:

By Lemmas 4.1.2, 4.1.4 and 2.1.2,

D Torƒi .Qƒ;HomA0.Q; T .2
p/// Š Extiƒop.Qƒ;DHomA0.Q; T .2

p///

Š Extiƒop.Qƒ;DS
h2;1i/ D 0

for 1 � i � 2.p � 1/� 2. Also, Ext2.p�1/�1ƒ .D.Qƒ/;X/ ¤ 0. By Theorem 3.1.4 of [13]
and Lemma 2.1.2, we have Q-codomdimA0 T .2

p/ D 2.p � 1/. By Theorem 3.1 of [15],
Q-domdimA0 A0 D 4.p � 1/ and thus Q-domdimSk.p;2p/ Sk.p; 2p/ D 4.p � 1/. This
means that

V ˝2p-domdimSk.p;2p/ Sk.p; 2p/ D 4.p � 1/

(see Corollary 3.1.9 of [13]). The last claim follows now by Theorem 3.1.4(ii) of [13] and
Lemma 2.1.2.
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4.2. A tilting module built from Young modules

Recall that a module M over a finite-dimensional algebra A is tilting if M is self-ortho-
gonal, it has finite projective dimension and there exists an exact sequence

0! A! X0 ! � � � ! Xt ! 0

for some t with Xi 2 addM .
From Proposition 3.3.1, it follows that ƒ0 is coresolved with a finite number of terms

by direct sums of direct summands of
L
�¤hpiY

�. Moreover, by Remark 3.3.2,
L
�¤hpiY

�

has projective dimension p � 2. So, to show that
L
�¤hpi Y

� is a tilting module, it remains
to verify that

Extiƒ0
� M
�¤hpi

Y �;
M
�¤hpi

Y �
�
D 0

for all i > 0. We show that Extiƒ.Y
�;Y �/D 0where Y � and Y � are non-projective Young

modules in ƒ0, except the case � D � D hpi. We may assume � ¤ hpi since we have by
duality

Extiƒ.Y
�; Y �/ Š Extiƒ.

\Y �; \Y �/ Š Extiƒ.Y
�; Y �/:

Lemma 4.2.1. Let p > 3. Let � ¤ hpi and � be two partitions of 2p in at most p parts
with p-weight two. Then, Extiƒ.Y

�; Y �/ D 0 for all i > 0.

Proof. Assume that i > p � 2. Then Extiƒ.Y
�; Y �/D 0 because the projective dimension

of Y � is p � 2 (see Remark 3.3.2).
Assume that 0 < i � p � 2. By Theorem 4.1.5, we obtain

Extiƒ.Y
�; Y �/ � Extiƒ.DQ;DQ/ D 0:

Theorem 4.2.2. D.Qƒ0/=Y hpiD
L
�¤hpiY

� is a tiltingƒ0-module. Moreover, the com-
plement of the direct sum of copies of Y hpi in DV ˝2p is a tilting module.

Proof. By Lemma 4.2.1 and Proposition 3.3.1, D.Qƒ0/ is a tilting ƒ0-module. Since
the direct summands of V ˝2p corresponding to a non-principal block of Sk.p; 2p/ are
characteristic tilting modules in the respective block, the direct summands ofDV ˝2p cor-
responding to a non-principal block of ƒ are full tilting modules. Thus, the complement
of the direct sum of copies of Y hpi in DV ˝2p is a tilting ƒk.p; 2p/-module.

Remark 4.2.3. As recalled in Subsection 2.4, the right Young modules are given byDY �

and so it follows from Theorem 4.2.2 that the complement of the direct sum of copies
of DY hpi (the simple Young right module) in V ˝2p is a tilting module (see also The-
orem 3.3.3).

4.3. The principal block of Sk.3; 6/ and ƒk.3; 6/ in characteristic three

In this subsection, our aim is to show that Theorem 4.1.5 and Theorem 4.2.2 are also valid
in characteristic three.
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The appendix of [18] is also valid for p D 3, that is, we get the description of Specht
modules and indecomposable projective modules. The only difference occurs in Corol-
lary B.6 of [18], in the notation for the Specht module S h2;1i. In the case p � 5, the com-
position factors of S h2;1i are Dh3;1i and Dh4;3i, but when p D 3, the second composition
factor of S h2;1i isDh3i. To write down the quiver, we take the right hand side upper corner
of the general quiver, replace the vertices h4; ai just by hai for 1 � a � 3. So, the Gabriel
quiver of the principal block of ƒk.3; 6/ is

h3i h3; 2i

h2i h3; 1i

h1i:

The quiver and its relations of this algebra was obtained in Theorem 7.1 of [28] based
on [48]. Then for the quotient ƒk.3; 6/ Š k�6=I3 we have, as before, projective resolu-
tions of non-projective and non-simple Young modules ending with the projective modules
for the quotient which are not injective:

0! P
h3;2i
ƒ0

! P h2i ! Y h1i ! 0;(4.3)

0! P
h3;1i
ƒ0

! P h3i ! Y h2i ! 0;(4.4)

0! P
h1i
ƒ0
! P h2i ! Y h3;2i ! 0:(4.5)

To summarise, the projective and Young modules are the following:
(i) P h3i D Y h2;1i and P h2i D Y h3;1i and they are both projective and injective.

(ii) P
h3;2i
ƒ0

D U
�
h3;2i
h3;1i

�
, it is Brauer induced and it is isomorphic to �Y h1i.

(iii) P h3;1iƒ0
D U

�
h3;1i
h2;1i

�
, it is Brauer induced and it is isomorphic to �Y h2i.

(iv) P h1iƒ0 D U
�
h1i
h3;1i

�
and this is Brauer induced and is isomorphic to �Y h3;2i.

(v) Y h3i D S h3i Š k.
(vi) The modules Y h1i and Y h2i and Y h3;2i are the Young modules which are neither

projective nor simple, and with respect to their Specht filtration, they are given as
follows:

Y h1i Š
S h2i

S h1i
; Y h2i Š

S h3i

S h2i
; Y h3;2i Š

S h2i

S h3;2i
:

In particular, we have exactly the same exact sequences for p D 3 as described in
Proposition 3.3.1. It follows that the non-projective Young modules Y � with � ¤ h3i
have projective dimension equal to one. We also have that S h2;1i has length two, with top
isomorphic to Dh3;1i and socle isomorphic to Dh3i.

Lemma 4.3.1. Assume p D 3 and let X be the dual Specht module \S h2;1i. Then

(a) If � ¤ h3i, then Extiƒ.Y
�; X/ D 0 for all i � 1.

(b) We have Extiƒ.Y
h3i; X/ D 0 for 1 � i � 2, and Ext3ƒ.Y

h3i; X/ ¤ 0.
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Proof. We can assume that Y � is not projective. Recall that X has length two, with top
isomorphic toDh3i and socleDh3;1i. To prove (a), assume that �¤h3i. By equations (4.3),
(4.4) and (4.5), Y � has projective dimension 1 D p � 2 and we only need the case i D 1.
We apply the functor Homƒ.�;X/ to the minimal projective resolution of Y �. If � D h1i
or h3; 2i, then this gives the sequence which is identically zero and hence Ext1ƒ.Y

�; X/ is
zero. This leaves

0! Homƒ.Y
h2i; X/! Homƒ.P

h3i; X/! Homƒ.P
h3;1i
ƒ0

; X/! Ext1ƒ.Y
h2i; X/! 0:

The second and third terms are isomorphic to k and the first term is zero, hence the Ext
space is zero. So (a) holds.

For (b), we can now use part (a). We apply Homƒ.�; X/ to the exact sequence

0! S h2i ! Y h2i ! Y h3i ! 0:

In the resulting long exact sequence, all Hom spaces are zero, so Ext1ƒ.Y
h3i; X/ D 0.

Moreover,

Extiƒ.Y
h3i; X/ Š Exti�1ƒ .S h2i; X/(4.6)

for i D 2; 3. Now we apply Homƒ.�; X/ to the exact sequence

0! S h1i ! Y h1i ! S h2i ! 0:

In the resulting long exact sequence, the Hom spaces are zero and thus Ext1ƒ.S
h2i;X/D 0.

Moreover,

Ext2ƒ.S
h2i; X/ Š Ext1ƒ.S

h1i; X/:(4.7)

Applying Homƒ.�; X/ to the exact sequence 0! S h3;1i ! P
h1i
ƒ ! S h1i ! 0 gives

0 D Homƒ.P
h1i
ƒ ; X/! Homƒ.S

h3;1i; X/ D k ! Ext1ƒ.S
h1i; X/! 0

and Ext1ƒ.S
h1i; X/ D k. By (4.6) and (4.7), we obtain that

Ext2ƒ.Y
h3i; X/ Š Ext1ƒ.S

h2i; X/ D 0 and Ext3ƒ.Y
h3i; X/ Š Ext1ƒ.S

h1i; X/ Š k:

Corollary 4.3.2. Let k be an algebraically closed field with characteristic 3. Write ƒ D
EndSk.3;6/.V

˝6/op. Then, the following assertions hold.

(a) V ˝6-domdimSk.3;6/ Sk.3; 6/ D 8. In particular,

Extlƒop.V
˝6; V ˝6/ D Extl

ƒ
op
0
.Q;Q/ D 0 for 1 � l � 6.

(b) Let �¤ hpi and � be two partitions of 6 in at most 3 parts with 3-weight two. Then,
Extiƒ.Y

�; Y �/ D 0 for all i > 0.

(c) DQ=Y h3i D
L
�¤h3i Y

� is a tilting ƒ0-module. Moreover, the complement of the
direct sum of copies of Y h3i in DV ˝6 is a tilting module.

Proof. The exact same arguments employed in Theorem 4.1.5, Theorem 4.2.2, and in
Lemma 4.2.1 hold now for characteristic three by replacing the use of Lemma 4.1.2 by
Lemma 4.3.1(a) and Lemma 4.1.4 by Lemma 4.3.1(b).
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4.4. The relative dominant dimension over arbitrary fields

As illustrated in [13], relative dominant dimension is a homological invariant that is pre-
served under base change to an algebraically closed field. Recall that both the Schur
algebra and the tensor power admit base change properties:

xk ˝k .k
n/˝d Š .xkn/˝d and xk ˝k Sk.n; d/ Š Sxk.n; d/

for every field k, where xk denotes the algebraic closure of k (see, for example, Subsec-
tion 2.5 of [35].)

Thus, the results of this section on relative dominant dimension can be summarised as
follows:

Theorem 4.4.1. Let k be an arbitrary field with positive characteristic p. Then

V ˝2p-domdimSk.p;2p/ Sk.p; 2p/ D 4.p � 1/:

Proof. For p D 2, this is contained in Theorem 5.8 of [15]. For p D 3, the result follows
by Lemma 3.2.3 of [13] and Corollary 4.3.2. For p > 3, the result follows by Lemma 3.2.3
of [13] and Theorem 4.1.5.

5. Homological properties of Sk.p; 2p/ and ƒk.p; 2p/

In this section, our goal is to better understand the homological structure of Schur algebras
of the form Sk.p; 2p/. More precisely, we will determine (over fields of characteristic p)
• the Hemmer–Nakano dimension of F .�Rk.p;2p// of the quasi-hereditary cover of
ƒk.p; 2p/, the centraliser of Sk.p;2p/V

˝2p , which is formed by the Ringel dual of
Sk.p; 2p/;

• a quasi-precluster tilting module of ƒk.p; 2p/ in the sense of [16].
The latter is done by showing that the Schur algebra Sk.p; 2p/ fits into a non-trivial
relative Auslander pair. In particular, we find a new way to determine the global dimension
of Sk.p; 2p/.

5.1. The quasi-hereditary cover of ƒk.p; 2p/

Recall the notation introduced in Subsection 2.4. As constructed in [13] and recalled in
Theorem 2.4.1, the pair

.Rk.p; 2p/;HomSk.p;2p/.T; V
˝2p//

is a quasi-hereditary cover of ƒk.p; 2p/. Associated with this cover comes the Schur
functor

Fp;2p D HomRk.p;2p/.HomSk.p;2p/.T; V
˝2p/;�/ W Rk.p; 2p/-mod! ƒk.p; 2p/-mod :

However, up until now, only a lower bound for the Hemmer–Nakano dimension of
F .�Rk.p;2p// was known (see Theorem 2.4.1). We apply now our computation of the
relative dominant dimension V ˝2p-domdimSk.p; 2p/ to this cover.
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Theorem 5.1.1. Let k be a field of characteristic p > 0. LetRk.p; 2p/ be the Ringel dual
of Sk.p; 2p/. Then .Rk.p; 2p/; HomSk.p;2p/.T; V

˝2p// is a 2.p � 2/-faithful quasi-
hereditary cover of ƒk.p; 2p/ in the sense of [56]. That is, the Schur functor Fp;2p
induces isomorphisms

ExtiRk.p;2p/.M;N / Š Extiƒk.p;2p/.Fp;2pM;Fp;2pN/

for every M;N 2F .�Rk.p;2p// and 0 � i � 2.p � 2/; the isomorphism fails in general
for i D 2.p � 2/C 1:

Proof. For p D 2, this is contained in Corollary 6.8 of [15]. For p > 2, the result follows
from Theorem 4.4.1, Theorem 5.3.1 of [13], and Theorem 3.1 of [15].

This means that the Hemmer–Nakano dimension of F .�Rk.p;2p// (with respect to
Fp;2p) is exactly 2.p � 2/.

As an application of this fact, we obtain the following.

Corollary 5.1.2. The Young ƒ0-module Y hpi has infinite projective dimension.

Proof. Consider � so that Y � has finite projective dimension. By Corollary 3.3.4,
pdimƒ0

Y � � 2p � 4. In particular, the projective dimension of Y � is the maximum nat-
ural number n satisfying Extnƒ0.Y

�; ƒ0/ ¤ 0. By Theorem 5.1.1,

Extiƒ0.Y
�; ƒ0/ Š ExtiA0.I.�/;Q/

for every i D 0; : : : ; 2p � 4 and this isomorphism is induced by the functor HomA0.Q;�/.
Moreover, by projectivisation, HomA0.Q;�/ identifies the modules in addQ with the pro-
jectiveƒ0-modules. Thus, if pdimƒ0

Y � D i � 2p � 4, there exists an addQƒ-resolution
of I.�/ of length i . SinceQ is self-orthogonal, this means thatQ-codomdimA0I.�/DC1.
By the proof of Proposition 3.3.1, all Young modules Y � with � ¤ hpi have finite pro-
jective dimension. So, if Y hpi has also finite projective dimension, then we would have
Q-codomdimA0 I.�/ D C1 for every partition � in ƒ0. But then, Q-domdimA0 A0 D
Q-codomdimA0 DA0 D C1, which would contradict Theorem 4.1.5. Thus, Y hpi has
infinite projective dimension.

Another application of Theorem 5.1.1 is the cellularity of the endomorphism algebra
of the tilting module built in the previous section.

Proposition 5.1.3. Assume that p > 2. The algebra Ep D Endƒk.p;2p/.
L
�¤hpi Y

�/ is
cellular with infinite global dimension.

Proof. By Theorem 5.1.1,

Endƒk.p;2p/
� M
�¤hpi

Y �
�
Š Endƒk.p;2p/

� M
�¤hpi

Fp;2pTR.�/
�

Š EndRk.p;2p/
� M
�¤hpi

TR.�/
�
:

Thus, by Theorem 7.5 of [14] (see also [2,6]),Ep is a cellular algebra. Since
L
�¤hpiY

� is
a tilting module, the algebras Ep and ƒk.p; 2p/ are derived equivalent. Since ƒk.p; 2p/
has infinite global dimension, it follows that Ep has infinite global dimension.
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5.2. A quasi-precluster tilting module over ƒ0

Here, we present the underlying reason and the phenomenon that explains why the relative
dominant dimension V ˝2p -domdimSk.p;2p/ Sk.p; 2p/ is precisely 4.p � 1/, and what
does this mean for both the structure of ƒ0 and the principal block of Sk.p; 2p/. As we
will show in the coming results, these algebras fit in the setup presented in [17] and [16].

To see that it fits in the setup presented in [17], it is enough to combine the work of
the previous section with [54]

Theorem 5.2.1. Let k be an algebraically closed field of characteristic p � 3. Then, the
pair .Sk.p; 2p/; .kp/˝2p/ is a relative 4.p � 1/-Auslander pair.

Proof. By Theorem 5.9 of [54] and by Theorem 4.4.1,

V ˝2p-domdimSk.p;2p/ Sk.p; 2p/ D 4.p � 1/ D gldimSk.p; 2p/:

Analogously, this argument can be applied to the principal block of Sk.p; 2p/. How-
ever, the previous result, by itself, does not give everything that we want to know about the
relative Auslander pair, in particular, it does not give the value of the projective dimension
of V ˝2p . To address this, we make use of the resolutions built in Subsection 3.4 to give
a new approach to compute the global dimension of the principal block of Sk.p; 2p/ and
mainly to show that these algebras fit in the setup presented in [16].

Theorem 5.2.2. Let k be an algebraically closed field of characteristic p � 3. Let A0 be
the principal block of Sk.p; 2p/ and Q the direct summand of V ˝2p corresponding to
the principal block. Then .A0;Q/ is a relative 4.p � 1/-Auslander pair and pdimA0Q D
p � 2. In particular, gldimA0 D 4.p � 1/.

Proof. Q is a direct summand of a characteristic tilting module, therefore it is a self-
orthogonal A0-module. For the first claim, we need to show that gldimA0 � 4.p � 1/ �

Q-domdimA0 A0. The second inequality holds by Theorem 4.1.5 and Corollary 4.3.2. So,
we determine now gldimA0. To do this, it is actually enough to show that gldimA0 �

4.p � 1/. Indeed, since Q-domdimA0 A0 is a finite number (in particular, Q is not a
characteristic tilting module) we have gldimA0 � Q-domdimA0 A0 D 4.p � 1/.

Assume that p D 3. Then the global dimension of Sk.3; 6/ is 4.3� 1/ D 8 (see [53]).
Since A0 is a block component of Sk.3; 6/, then gldimA0 � gldimS3.3; 6/ D 8.

Assume now that p � 5. Our strategy in this case is to use the quasi-hereditary struc-
ture of Sk.p; 2p/ and determine an upper bound for the injective dimension of the char-
acteristic tilting module of A0. Fix ƒ WD ƒk.p; 2p/. Let T0 be the characteristic tilting
module of A0, that is, T0 D Q ˚ T .2p/. As discussed in the proof of Theorem 4.1.5,
Q-codomdimA0 T0 � 2. Lemma 2.8(i) of [16] shows that

idimA0 T0 D dimaddQƒ DHomA0.Q; T0/

(see also Subsection 2.1). By Lemma 4.1.1,

DHomA0.Q; T0/ Š DHomA0.Q;Q/˚DHomA0.Q; T .2
p// Š Dƒ0 ˚DS

h2;1i

as right ƒ0-modules.
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Since Extiƒ.D.Qƒ/;D.Qƒ// D 0 D Extiƒ.Qƒ;Qƒ/ D 0 for 1 � i � 4.p � 1/ � 2
and R2.p�1/ D Y hpi 2 addDQ, we obtain that (3.1) is exact under Homƒ.�; D.Qƒ//.
Write ı to denote the exact sequence (3.1). Then Dı is exact and it remains exact under
Homƒ.Qƒ;�/ and this means that dimaddQƒDS

h2;1i � 2.p � 1/. Denote by 
 the direct
sum of all the exact sequences (1)-(5) appearing in the proof of Proposition 3.3.1. This
is an addD.Qƒ/-coresolution of the direct sum of the projective ƒ0-modules which are
not Young modules. Since Extiƒ0.Q;Q/ D 0 for 1 � i � p � 4.p � 1/ � 2, and the size
of this coresolution is p � 2, 
 remains exact under Homƒ0.�; DQ/. Thus, D
 is exact
and it remains exact under Homƒ0.Q;�/. So, dimaddQƒ Dƒ0 � p � 2 � 2.p � 1/ and
it follows that idimA0 T0 � 2.p � 1/. The simple preserving duality on A0 imposes then
that gldimA0 � 4.p � 1/ (see [51]).

Observe that dimaddQDƒ cannot be smaller than p � 2 since the coresolutions con-
structed in the proof of Proposition 3.3.1 are sent under Homƒ.�; D.Qƒ// to projective
resolutions of direct summands ofD.Qƒ/ whose middle terms are indecomposable mod-
ules. Hence, such projective resolutions are minimal and thus pdimA0 Q D p � 2.

For p D 3, the resolutions in Subsection 4.3 have length one, and since Qƒ is self-
orthogonal up to degree 4.p�1/�2, those resolutions remain exact under Homƒ.�;DQ/

as well. So, dimaddQDƒ D 1 in characteristic three and so pdimA0 Q D 1 D 3 � 2 using
the equality established in Lemma 2.8(i) of [16].

So according to Theorem 3.3 of [12], Proposition 3.3.1 can be reformulated into saying
that Qƒ is an .p � 2/-quasi-cogenerator over ƒ and its self-duality implies that it is also
an .p � 2/-quasi-generator over ƒ.

From the above theorem, it follows that

gldimA0 D 4.p � 1/ � 2.p � 1/ D 2p � 2 D .p � 2/C .p � 2/C 2

D pdimA0 QC idimA0 QC 2:

This means that these pairs fit into the higher dimensional Auslander–Iyama–Solberg cor-
respondence established in [16]. Further,Qƒ is a .4.p� 1/;p� 2;p� 2/-quasi-precluster
tiltingƒ-module in the sense of [16]. In particular, the module ��3p�4QƒŠ��3p�4Y hpi

fits into an addQƒ-resolution of length p � 2 and

addQƒ D ?p�2Qƒ \Q
?3p�4

ƒ D
?3p�4Qƒ \Q

?p�2

ƒ :

5.3. Global dimension of Sk.p; 2p/ and the projective dimension of V ˝2p

For p 2 ¹2; 3º, the global dimension of Sk.p; 2p/ was determined in [53]. For p > 3,
this homological invariant was determined in [54] using the theory of algebraic groups.
However, in such cases the projective dimension (and injective dimension) of the tensor
space remains to be determined. In this section, we illustrate another way to compute
gldimSk.p; 2p/ based on the cellular structure of the symmetric group, and as by-product
we obtain the projective and injective dimension of the tensor space. With our approach
we have shown already that the global dimension of the principal block of Sk.p; 2p/
is 4.p � 1/, so we just need to check the global dimension of the non-principal blocks
of Sk.p; 2p/.
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5.3.1. Blocks of Sk.n; d/. Since .kn/˝d affords a double centraliser property between
Sk.n; d/ and ƒk.n; d/, we have that the blocks of Sk.n; d/ are in one to one corres-
pondence with the blocks of ƒk.n; d/ in the sense that if B is a block of ƒk.n; d/, then
HomSk.n;d/..k

n/˝d ;�/ sends the injective modules of the respective block Sk.n; d/B
to the Young modules living in the block B (for example, this follows a similar argu-
ment as in Corollary 5.38 of [50] together with equation (2.2)). Moreover, if X is the
maximal multiplicity-free direct summand of .kn/˝d living in the block B, then the
block component of the Schur algebra corresponding to the block B is Morita equival-
ent to EndB.X/. Further, B can be written as a quotient of a block component of k�d ,
say K , and EndB.X/Š EndK.X/. So the block component Sk.n; d/B is also completely
determined by the block K .

We recall the description of the blocks of finite representation-type of Sk.n; d/ given
in [25].

Lemma 5.3.1. Let k be an algebraically closed field of characteristic p, and let B be a
block of finite representation-type in the group algebra k�d . Assume that n � d .

(a) The partitions in B are linearly ordered by the dominance order, and we enumerate
them accordingly as �1 > �2 > � � � > �p .

(b) Assume that m is the largest natural number such that �m has at most n parts. Then
the partitions �1; : : : ; �m have at most d parts and �k has more than n parts for
k > m.

(c) Let Sk.n; d/B be the component of the Schur algebra corresponding to the block B.
Then Sk.n; d/B is Morita equivalent to the algebra Am as defined in [25]. In par-
ticular, it has finite representation-type andm is smaller than or equal to the number
of simple modules in B.

Proof. For (a) and (b), see 4.1 in [25].
The Young modules in B are as follows: we have Y �1 D S�1 , which is simple,

and for 2 � i � p � 1, the Young module Y �i is the indecomposable projective mod-
ule with Specht subquotients S�i�1 and S�i . The block component S.n; d/B is Morita
equivalent to the endomorphism algebra of˚miD1Y

�i . Then part (c) follows directly from
Proposition 3.2 of [25], noting that the Young modules have the appropriate submodule
structure.

5.3.2. Non-principal blocks of S.p; 2p/. To understand the form of the non-principal
blocks of Sk.p;2p/, we will analyse the size of the blocks ofƒk.p;2p/. In turn, they arise
as quotients of blocks of k�2p . By Nakayama’s conjecture on the blocks of the symmetric
group and [57], the blocks of k�2p are determined up to Morita equivalence by their
p-core and p-weight (see also [52]). The Specht modules in ƒ are labelled by partitions
of 2p in at most p parts. The (combinatorial) weight of a block is the number of p-hooks
removed to reach the p-core. So, for partitions �2ƒC.p; 2p/, the weight is either one or
two or zero. If the weight is zero, then the block is semisimple, and thus it can be ignored.
If the weight is two, then the p-core is empty and in such a case we would get the principal
blockƒ0. So, every non-principal (non-semisimple) block component ofƒ is the quotient
of a block of k�2p , say K , with p-weight equal to one. Since p is larger than the weight
of K , the defect of the block K is equal to the p-weight, hence in this case it is one (see



T. Cruz and K. Erdmann 2370

for instance [43]). By Example 1 of [57], the block K is Morita equivalent to the principal
block of k�p , and in particular, it has finite representation-type. So, the number of simple
modules in K is p � 1 (see for instance [25]). By Lemma 5.3.1, the block component of
the Schur algebra Sk.p; 2p/ corresponding to the block K is Morita equivalent to Am for
some m � p � 1.

By direct computation, making use of the quiver and relations of Am, it is not difficult
to see that the global dimension of Am is precisely 2.m � 1/, and that the dominant
dimension of Am is also 2.m� 1/ (compare with Theorem 1.1 of [30] when the p-weight
is one). Hence, it is actually a higher Auslander algebra of global dimension 2.m � 1/.
Thus, any block component of Sk.p; 2p/ distinct from the principal block has global
dimension smaller than or equal to 2.p � 2/ � 4.p � 1/:

Combining this discussion with Theorem 5.2.2, we showed the following.

Theorem 5.3.2. The global dimension of Sk.p; 2p/ is equal to 4.p � 1/.

Proof. The global dimension of Sk.p; 2p/ is the supremum of the global dimensions
of all its block components. So by Theorem 5.2.2 and the discussion above, the claim
follows.

In the example below, we illustrate that the number of simple modules in a block
of ƒ can be smaller than p � 1, and thus the global dimension of the respective block
component of Sk.p; 2p/ can be strictly smaller than 2.p � 2/.

Example 5.3.3. Let p D 5, then there are two 5-cores of size 5 (with 5-weight one), they
are .3; 2/ and .22; 1/. We can use an abacus to display the partitions in the block B.3;2/
that contains .3; 2/.

Take an abacus � D h1; 1; 2; 1; 2i (i.e., it has one bead on runners 1; 2; 4 and two beads
on runners 3 and 5. Then we label the partitions exactly as we have done before. Then they
are in dominance order by

h5i > h3i > h4i > h2i > h1i:

In terms of partitions,

.8; 2/ > .6; 4/ > .33; 1/ > .3; 22; 13/ > .3; 2; 15/:

The last two have more than 5 parts. The quotient has then three simple modules. 4

5.3.3. The projective dimension of the tensor power.

Corollary 5.3.4. The pair .Sk.p; 2p/; V ˝2p/ is a relative 4.p � 1/-Auslander pair and

pdimSk.p;2p/
V ˝2p D idimSk.p;2p/ V

˝2p
D

´
p � 2; if p > 2;
1; if p D 2:

Proof. For p D 2, we refer the reader to [15] and Example 4.1 of [16]. Assume now that
p > 2. Since h2; 1i D .2p/ is the only non-p-regular partition of 2p in at most p parts, the
direct summands of V ˝2p in the non-principal block components are characteristic tilting
modules. Let B be a non-principal block of Sk.p; 2p/ and X the maximal multiplicity-
free direct summand of V ˝2p in the block component B. Since X is a full tilting module,
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X -domdim B D C1. By Theorem 4.1.5, it follows that V ˝2p -domdim Sk.p; 2p/ D

4.p � 1/ (see also Corollary 3.1.9 of [13]). By Theorem 5.3.2, the first claim follows.
By Theorem 5.2.2, pdimA0QD p � 2. By the discussion above, gldim B � 2.p � 2/.

Since X is a characteristic tilting module, we obtain by Corollary 1 of [51] that pdimX �
p � 2. It follows that pdimSk.p;2p/

V ˝2p D p � 2. Since it is self-dual, the same statement
holds for the injective dimension.

5.3.4. Global dimension of Schur algebras S.t; 2p/. In [60], Totaro proved that the
algebra Sk.2p; 2p/ has global dimension equal to 2.2p � 2/ D 4.p � 1/ when k has
characteristic p > 2, and gldim Sk.4; 4/ D 2.4 � 1/ D 6 when k has characteristic two.
So far, our approach unravelled the value of gldim Sk.p; 2p/ among other insights into
the homological properties of Sk.p; 2p/ like the projective dimension of the tensor space.
Now, we provide an alternative approach to assert that gldim Sk.p; 2p/ D 4.p � 1/ D

gldimSk.2p; 2p/ when p > 2 combining Totaro’s result with our results on relative dom-
inant dimensions making use of Schur functors and the simple preserving duality. As a
by-product, we obtain the value of all intermediate Schur algebras between Sk.p; 2p/ and
Sk.2p; 2p/.

Corollary 5.3.5. Let k be an algebraically closed field with characteristic p > 0. Then,
gldimSk.t; 2p/ D 4.p � 1/ for every t D p; : : : ; 2p � 1.

Proof. By [35], there exists an idempotent e of Sk.t; 2p/ such that

Sk.p; 2p/ Š eSk.t; 2p/e:

This idempotent satisfies 1.5 and 1.6 of [26]. Let Tt be the multiplicity-free characteristic
tilting module of Sk.t; 2p/ and let rt be the direct sum of all indecomposable costandard
modules of Sk.t; 2p/ for t D p; : : : ; 2p � 1 By 1.6 of [26], by multiplying an add Tt
resolution of costandard modules with the idempotent e, the resolution remains exact and
the middle terms are sent to addTp (potentially some of the middle terms of the resolution
become zero). This means that dimaddTp rp � dimaddTt rt . By Lemma 2 of [51], we obtain

pdimSk.p;2p/
Tp D dimaddTp rp � dimaddTt rt D pdimSk.t;2p/

D pdimSk.t;2p/
Tt :

By the main result of [51], we then obtain that gldim Sk.p; 2p/ � gldim Sk.t; 2p/.
With this, Theorem 5.3.2 gives1 gldim Sk.t; 2p/ � 4.p � 1/. By Theorem 3 of [60], we
obtain that

4.p � 1/ � gldimSk.t; 2p/ � 2
�
2p �

lp1
t

m
�

lp1
t

m�
D 2.2p � 2/ D 4.p � 1/:

So, gldimSk.t; 2p/ D 4.p � 1/.

This result highlights another homological distinction between the case p D 2 and
larger primes. Specifically, for p > 2, we have gldim Sk.2p; 2p/ D gldim Sk.p; 2p/,
whereas for p D 2, gldimSk.4; 4/ D 6 ¤ gldimSk.2; 4/ D 4.

1This bound can also be deduced from Theorem 4.1.5 (and from Theorem B of [15] for characteristic two)
since in this case the inequality gldimSk.p; 2p/ � V

˝2p-domdimSk .p;2p/ Sk.p; 2p/ holds.
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5.3.5. Global dimension of Schur algebras S.t; 2p/ over arbitrary fields. We recall
that Schur algebras are quasi-hereditary over any field (see for example Section 5 of [11]
and the references therein), hence they have finite global dimension. So, the global dimen-
sion of Sk.t; 2p/ coincides with the projective dimension of DSk.t; 2p/. Since the latter
has a base change property, this means that the global dimension of Schur algebras over a
field is preserved under base change to an algebraically closed field. To make this precise,
we use the following folklore lemma, widely known though rarely stated explicitly.

Lemma 5.3.6. Let k be an arbitrary field and A a finite-dimensional k-algebra. Then,

idim xk ˝k A D idimA;

where xk denotes the algebraic closure of k.

Proof. See Proposition 2.1 of [44].

We can also make use of this lemma to generalise Theorem 3.3.3 and the previous
results in this section to arbitrary fields.

Theorem 5.3.7. Let k be an arbitrary field with positive characteristic p. Then, the fol-
lowing holds.

(1) gldimSk.t; 2p/ D 4.p � 1/ for every t D p; : : : ; 2p � 1.

(2) .Sk.p; 2p/; V ˝2p/ is a relative 4.p � 1/-Auslander pair.

(3) ƒk.p; 2p/ is Iwanaga–Gorenstein, and findimƒk.p; 2p/ D 2p � 4 when p > 2.

Proof. Let xk be the algebraic closure of k. Since Schur algebras (over a field) have finite
global dimension, we have gldimSk.t; 2p/D idimSk.t; 2p/. By Lemma 5.3.6 and Corol-
lary 5.3.5,

idimSk.t; 2p/ D idim xk ˝k Sk.t; 2p/ D idimSxk.t; 2p/ D 4.p � 1/:

Part (2) follows from part (1) together with Theorem 4.4.1.
For part (3), recall from Theorem 3.3.3 and Corollary 3.3.4 thatƒxk.p;2p/ is Iwanaga–

Gorenstein and findimƒxk.p; 2p/ D 2p � 4 when p > 3. Using the same arguments and
the resolutions in equations (4.3), (4.4) and (4.5), we obtain that ƒxk.3; 6/ has injective
dimension two (both as left and right module) when p D 3.

Observe that

xk ˝k ƒk.p; 2p/ Š xk ˝k EndSk.p;2p/..k
p/˝2p/op(5.1)

Š Endxk˝kSk.p;2p/.
xk ˝k .k

p/˝2p/op(5.2)

Š EndSxk.p;2p/..
xkp/˝2p/op

D ƒxk.p; 2p/:(5.3)

Assume that p > 2. Sinceƒxk.p; 2p/ has finite injective dimension (as a left and as a right
module), it follows by Lemma 5.3.6 that ƒk.p; 2p/ is Iwanaga–Gorenstein and

findimƒk.p; 2p/ D idimƒk.p; 2p/ D idimƒxk.p; 2p/ D 2p � 4:
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