Rev. Mat. Iberoam. 42 (2026), no. 6, 2377-2402
DOI 10.4171/RMI/1639

©2026 Real Sociedad Matematica Espariola
Published by EMS Press and licensed under a CC BY 4.0 license

MIT bag in non-smooth convex domains

Konstantin Pankrashkin

Abstract. The Dirac operator with MIT bag boundary condition in a bounded con-
vex domain is shown to be always self-adjoint in the H -setting. This allows one to
show that such operators appear as limits of Dirac operators with large positive mass
outside the domain. Similar results were previously known for smooth domains only.

Dedicated to the memory of my doctoral co-advisor Jochen Briining (1947-2025)

1. Introduction

For n > 2 and N := 2l0+D/2] fet oy, ... «,, B be pairwise anticommuting Hermi-
tian N x N matrices with oe,% = /32 = Iy, where Iy is the N x N identity matrix (see
Appendix A for a possible explicit choice). The Euclidean Dirac operator D,, with a mass
m € R acts on vector functions f:R” — C¥ by the differential expression

(1.1) Dpf ==Y axdrf +mpf.

k=1

and it is a central object in relativistic quantum mechanics, see, e.g., [42].

Now let 2 C R” be a bounded domain with sufficiently regular (e.g., Lipschitz)
boundary and outer unit normal v. By the MIT bag operator with mass m in €2, one means
the operator A% acting in L2(Q,CN) as f +> D,, f on functions f satisfying the MIT
bag boundary condition f = —ifa - vf on 2, where we use the notation

n
o-x = Zxkak forany x = (x1,...,x,) €R",
k=1

and denote a function on  and its trace on d2 by the same symbol for the sake of
readability. The precise regularity of the functions f in the operator domain guaranteeing
“good” properties of Af,zl will be discussed below in greater detail.
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The Dirac operator with the above boundary condition appeared initially in the physics
literature [14, 20, 28], in particular, as a model of quark confinement in hadrons. One of
the interesting features observed is that the MIT bag operator appears as the limit of Dirac
operators in the whole space with a large mass applied outside €2, see [13], which explains
the fact that the MIT bag boundary condition is often referred to as the “infinite mass
boundary condition” (and it is usually considered as an analog of the Dirichlet boundary
condition for the Laplacian). While the operator has a long history in the physics literature,
its mathematically rigorous analysis has become an active area of research only in the last
decade. For Q with smooth boundary and n € {2, 3}, several authors [4, 9, 11, 35] have
shown that the above operator Af,zl is self-adjoint if considered on the domain

(1.2) {(f e H(Q,CN): f = —iBa-vf on IQ}.

As noted in [34], the result holds in any dimension as a corollary of more general results on
manifolds with boundaries [5,6]. Moreover, if one denotes by E;(T") the j-th eigenvalue
of a lower semibounded operator 7' (assuming the usual numbering in the non-decreasing
order with multiplicities counted), for each j € N, one has

(1.3) Ej((A)*) = lim E;((B y)?),
M—+o00
where Bg, r 1s the Dirac operator in L2 (R", cN ) with mass m in 2 and mass M in Q€,

(14 By f > Dof + (mlg + Mlg)Bf = D f + (M —m)lgeBf,
’ dom By ,, = H'(R",CV),

see [41] for n = 2, or [3] for n = 3, or [34] for arbitrary n. The relation (1.3) is usually
viewed as the mathematical expression of the infinite mass limit mentioned above. Note
that there are some extensions to unbounded domains [7] and spin manifolds [24], and
some estimates for the rate of convergence are available as well [3, 8]. It should be noted
that the proofs of the convergence are mainly based on the expression

(A5 1A flagony = (VP +mlfP)ax
H
+/ (m+—)|f|2dJ€"—‘, f e dom A2,
FYe 2

where H:x > trd|,v is the mean curvature of dQ and #"~! is the (n — 1)-dimensional
Hausdorff measure, and also on the use of tubular coordinates near 2. Note that the same
expression also plays a central role in spectral optimization [1,2, 16].

While there is a vast literature on boundary value problems for Dirac-type operators
on domains/manifolds with smooth boundaries, see, e.g., [5,6, 15, 17,26] and references
therein, the case of non-smooth boundaries is much less elaborated. The paper [31] studied
the self-adjointness of Affl for the case n = 2 when €2 is a polygon, and it was shown that
the domain (1.2) leads to a self-adjoint operator if and only if the polygon is convex (more
generally, the deficiency indices coincide with the number of concave corners). In [19], it
was shown that A,S}l is self-adjoint on the domain (1.2) if 2 is a convex circular cone in
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three dimensions. As shown in [10, 12, 37], for bounded Lipschitz € and n € {2, 3}, the
operator A% becomes self-adjoint if considered on the larger domain

{(f e H>(Q,CY): D,, f e L*(Q2,C"N), f = —ifa-vf on IQ},

and the paper [43] studied the local regularity of eigenfunctions. It should be noted that the
loss of regularity also destroys the proofs for (1.3), as the finiteness of the summands in the
crucially important identity (1.5) implicitly means the inclusion dom A% ¢ H'(Q,CV).
The paper [8] contains an alternative proof of (1.3) for n = 3 and smooth €2 with the help
of the resolvents, but its main constructions are based on the microlocal analysis, and no
obvious extension to non-smooth domains is expected. Overall, to our knowledge, there
are no proofs of the asymptotics (1.3) for any non-smooth 2.

The main goal of the present paper is to show that the above results for smooth €2 can
be extended to a large class of non-smooth but convex €2. Note that the convexity is one
of the standard assumptions guaranteeing maximal regularity for Laplacians with various
boundary conditions, see, e.g., Chapter 3 of [25] for most classical results or [29, 30] for
recent developments. Before passing to rigorous formulations, we recall that any bounded
convex domain has Lipschitz boundary, see Corollary 1.2.2.3 in [25], hence the usual
machineries in Sobolev spaces (embeddings, traces, extension operators) are available.
Our central result is as follows.

Theorem 1.1 (Self-adjointness). Let 2 C R” be a bounded convex domain with outer
unit normal v (which is defined a.e. on 02), and let m € R. Then the operator

(1.6) AS: fis Dpf. domAR = {fe HY(Q,CN): f = —ifa-vf on dQ},

is self-adjoint in L?(2, CN) with compact resolvent.
For the subsequent discussion, we assume higher regularity of the boundary.

Definition 1.2. Let U C R” be a bounded domain with Lipschitz boundary. A point s €
dU is called regular if U coincides with a C °*°-smooth domain in an open neighborhood
of s, otherwise it is called singular. One denotes

0ooU :={s€dU : sisregular} (the regular boundary of U),
doU = {s € dU : s is singular} (the singular boundary of U).

The domain U will be called piecewise smooth if its singular boundary is contained in the
union of finitely many compact (n — 2)-dimensional submanifolds of R”.

We show the following.

Theorem 1.3 (Quadratic form). Let 2 C R" be a bounded convex domain with piece-
wise smooth boundary and outer unit normal v (which is defined at least on the regular
boundary). Then, for any f € dom A,%, one has

H
Q 2 _ 2 2 2 2 n—1
148 /s qony = [AVFP+m? g Pyax+ [ (m 5 )P aer

where H: x + trd|xv > 0 is the mean curvature defined on the regular boundary of 2.
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By imposing an additional geometric condition, we are finally able to extend (1.3) to
a large class of non-smooth domains.

Theorem 1.4 (Infinite mass limit). Let @ C R” be a bounded convex domain with piece-
wise smooth boundary, and assume that the mean curvature of the regular boundary is
bounded. Then, foranym €R and j €N, one has E; (A9)?) = limpy 40 Ej ((Bfnz w2
where the operator Bfnz,M acting in L>(R", CN) is defined by (1.4). ’

The assumptions of Theorem 1.4 are satisfied, in particular, if 2 is a bounded convex
polyhedron (i.e., a bounded domain obtained as an intersection of halfspaces), or a con-
vex curvilinear polyhedron (i.e., obtained as a diffeomorphic image of a bounded convex
polyhedron), or a convex piecewise smooth domain obtained as the intersection of finitely
many C *°-smooth bounded domains. On the other hand, the assumption on the bounded-
ness of the mean curvature excludes, e.g., the three-dimensional domains whose boundary
has conical singularities of the form x3 = v/x? + x2. We believe that the assumption on
the mean curvature is purely technical, see Remark 5.2 at the end of the paper.

Our proof of Theorem 1.1 is presented in Section 2, and it is based on adaptations
of some constructions in Section 3.2 of Grisvard’s book [25], for second-order operators.
Remark 2.6 indicates possible extensions. In Section 3 we derive some approximation
results for Sobolev spaces. This allows one to show the essential self-adjointness of A% on
smooth functions vanishing near the singular boundary (Lemma 3.6), which is an essential
ingredient for the subsequent analysis. In particular, it is used in Section 4 to prove The-
orem 1.3 by transferring the results known for the smooth case. Theorem 1.4 is shown in
Section 5, and is mainly in the spirit of the analysis of [34], while a more involved choice
of test functions is used, and the constructions with tubular coordinates near 02 (which
are now unavailable due to non-smoothness) are replaced by some estimates for Robin
Laplacians in exterior domains. The short Appendix A collects a necessary information
on the Dirac matrices.

2. Proof of Theorem 1.1 (self-adjointness)

As a starting point let us summarize rigorously some results on smooth domains, see
Lemma 2.1 and Proposition A.2 in [34].

Lemma 2.1. Let Q C R” be a bounded domain with C*°-smooth boundary and outer

unit normal v, and let m € R. Then the operator Ag defined by (1.6) is self-adjoint in
L%(R2,CN), and for any f € dom A,Srzl, one has the identity (1.5).

As the parameter m only results in adding a bounded symmetric perturbation, it is

sufficient to show that the operator
A= AY

is self-adjoint and has compact resolvent. The integration by parts show that 4 is symmet-
ric, and its self-adjointness is equivalent to the equalities ran(4 & i) = L?(Q,CV). We
will show ran(A4 + i) = L2(, CV), as the other condition is proved completely analo-
gously by adjusting the signs.

Our constructions will be based on the following results of convex analysis, see, e.g.,
Section 3.4 of [39] and Lemma 3.2.3.2 in [25].
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Lemma 2.2. Let Q@ C R” be a bounded convex domain. There exist bounded convex C *°-

smooth domains Q, CR", peN, such that Q C Q, for all p and dg (02, 0Q2) —— 2720,
where dy stands for the Hausdorff distance. Moreover, one can find open subsets Vi CR”",
k € {1,..., K}, with the following properties:

e Foreach k, there exist Cartesian coordinates y]f s y,’f in which Vi is a hypercube,
Vk:{(y{‘,...,yn) —a] <yj <akforall] e{l,...,n}}, a}‘>0.
o Forall peN and each k € {1, ..., K}, there exist a Lipschitz function h* and a
C %°-smooth function h¥, defined on
Vi={0% k) —aj-‘ < le-{ < a}‘forallj e{l,....,n—1}},

such that
k k

hE (%) < Bk (), |hk(zk)|§“—", |hk(zk)|§“7" forall 2F € V.
QN =k =(F . Vn )er:Zker’,ylf<hk(zk)},
Qp N Ve =0k = eV Fev vk <nk().
RNV = v* = b en K e v, vk = hk(ZF)),
02 NV = F = b e K e yE = k(5.
We have 0Q2 C U,le Vi and 92, C Ule Vi for all p € N.
e Foreachk € {l,...,K}, one has hk — h* as p — oo uniformly in V.

e There is an L > 0 such that |Vh* (z%)| < L and |th(zk)| <L forae zF e Vi, all
ke{l,...,K}andall peN.

e Foreachk e€{l,..., K}, one has Vh];(zk) — Vh*(z5) as p — oo fora.e. 2% € V.

L]

Let us approximate 2 by bounded convex C*°-smooth domains 2, (with p € N) as
in Lemma 2.2 and consider the associated Dirac operators

ffp = Agzﬂ

which are self-adjoint in L2(2,, C") by Lemma 2.1.

Let g € L2(Q2, CN). For each p, denote by g, the continuation of g by zero to 2.
Then, because of the self-adjointness of Ap, there is a unique fp € dom Ap such that
(A +1) fp = gp. Let H, be the mean curvature of d$2,. Then H, > 0 due to convexity
of ,, and by Lemma 2. 1 we obtain

2.1 ||g”22(95(cN) = ”gP”zZ(ij(cN) = ”(‘pr +i)fp”iz(gp,(cN)

=114y folF2, cv) + 1Fol1F 2, cm)
~ ~ 1 ~ B
o OV ACT ARy AT P
Q, 99,

> /Q (VTP + 172 dx = 1751210, )
p
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Denote by f, the restriction of f;, on 2. Then

(22) I fplla@.cvy < I fplla@,.cvy < 18llL2@,cny-

which shows that the sequence ( f»)pen is bounded in H (<2, C™) and, hence, contains
a weakly convergent subsequence. To keep the notation simple, we assume (by replacing
the initial sequence of €2, by the corresponding subsequence) that f, — f as p — oo
weakly in H'(Q2,C") for some f € H'(Q,C"). We are going to show that f € dom A4
with (4 4+ 1) f = g, which will conclude the proof of self-adjointness for A.

Due to the compactness of the embedding H'(Q,CV) < L2(Q,C¥), we have

(23) 1 /> = flla@.cxy = 0.
Let<p§ CX(2,CN) and let @, be its extension by zero on §2,,. Then , € CX(Q,,CN) C
dom A, and
(8- 9)r2@.cv) = (Bp- Pp)r2ca, oy = (Ap + i)];;)’@p)LZ(Q,,,CN)
= (fp. (&) = D) Bp)r2(,.cM) = (fo- (Do =D Pp)r2(@,.cM)
= (o (Do = D)r2@cm o> (f (Do = Dera@eny.

Hence,

/Q (g(x). p(x))ew dx = /Q (£(0). (Do —Dp(x))en dx forall g € (R, CN),

which means (Dg +i)f = g in D'(Q,CV). As fe H'(Q,C") by construction, it
remains to check that f satisfies the required boundary condition.

Let V4, V,é , h*, h]; and L be as in Lemma 2.2. Let v¥ (zk ) be the outer unit normal
for Q at the point (zX, 1 (%)) € V. N 9L, and let v;f (z%) be the outer unit normal for Q)
at the point (z¥, h’; Nevin 0Q2,, 1€,

(=Vh*(z%), 1) (=VhE(ZF). 1)

I+ [VAE ()2 I+ [VAEGRR

In order to show that the function f satisfies the boundary condition, we need to check
that for any k € {1, ..., K}, one has

vE(F) = and v;f(zk) =

/ (1 +iBa-v) f2dgen!
Vi NoQ

= A]é|(l +ifa- Vk(zk))f(zk,hk(zk))|2 1+ |th(zk)|2dzk o,

and in view of the bound |VA¥ (z¥)| < L, this is equivalent to

(2.4) fV/|(1 +iBa - vE (%)) f (25, h* (2F))|2 dzF = o.
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By construction, the functions fp satisfy (1 +ifo - vp)fp = 0 on 02, with v, being
the unit normal for Q,, which means that for any k € {1, ..., K},

/ (1 +iBa-vp) f,2dH" =0,

Vkﬂaﬂp

hence

2.5) / (1 + i - VK () T (25 I ()2 dz
v

Our goal is to pass to the limit p — oo in this last formula in order to obtain the required
identities (2.4). As a preparation, let us derive some preliminary estimates.

Lemma 2.3. Forany F € H'(R",CN) and any k €{1...... K}, one has
[V, |[F(z%, hE(25) = F(z*, h¥ ()2 dzF 225 0.
k

Proof. Using the Cauchy—Schwarz inequality, we have

h (Z 2
)/ 8, F(z*. 1) di| dz¥
! h Yn

k(zk)

/;//|F(zk,h’;(zk)) — F(* ¥ (%)) dz* =/

Vi
h’;(zk)
5/ |h’;(zk)—hk(zk)|[ |0, F(z*, 1) dr dz*
! k k n

< sup [E(E) — ()] / LR

zkev)
ko k ko k r=
= sup |h (Z ) h (Z )|”F”H1(]R" CN)—)O
zkeV]
due to the uniform convergence of h’; to h* on Vy. L]

Lemma2.4. Let F € H'(R",CN) be a continuation of f on R". Foranyk €{1,...,K},
one has

| VPG s = Tk iR ok Lo,
k
Proof. We need to show that

/ |r]p(z hk(zk))|2 dz¥ 2220 for the functions np:i=F— fp € H! (2p).

First, remark that due to (2.2), one can find ¢ > 0 such that

(2.6) Inp 1 (@,.c¥y = ¢ forall peN.
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Furthermore, by assumption, 1, — 0 weakly in H!(€2). Using the boundedness of the
trace operator H ' (Q) — H/2(3$2) and the compactness of the embedding H /2(32) —

L?(3K2), we obtain
[ o asert 225
Q
and by combining with

1
Iy (K HF NP dzk < / Iy (25 NP1+ |Vik ()2 d2F
/;/,g g virLz Jy”

1 / 1 2 1
- L[ et < /Inld%"
NI A 1+L2 d
we conclude that
(2.7) / Inp (2%, W% (Z%)) 2 dzF 225 0.
Now we estimate
hk(z5) 2
np(z™,h,(z z" = np(z™,h"(z7)) + kNp(z™,t)dt| dz
(25, Iy (2)) |7 dz* HEANATEL) 3, kmp(*, 1) dr| dzF
|44 |44 hk(zky "
Rk (z%)

2
52/ Inp (2%, Wk (z%))| dzF + 2 aykn,,(zk,z)dz( dz*.
1£4 v, "

hk(zF)

For p — o0, the first summand on the right-hand side converges to zero by (2.7), and the
second summand is easily controlled using the Cauchy—Schwarz inequality:

nk(z%) 2 K (z%)
LI et na azt < / -G [ I drect
v Jh 4 kzky "

k(z%)
= s G I [ gl
zkev)
< sup |hf(z%) - hk(zk>|||np||H1(Vkmp)
zkEV’
(2.6)
< ¢? sup |hk(zk) — hk(zk)| Lt 0,
zker
due to the uniform convergence of h’p‘ to h* on V. |

Letke{l,...,K}andlet F € H'(R",C") be an arbitrary continuation of f. Then
2.8) ||Ba- vk(zk)|| <1 and |Ba- v;f(zk)H <1 forall peN anda.e. e Vi,
and

(2.9) Bo - v;f(zk) Lt Ba - vE(Z%) forae. K e Vi
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Using the representation
(1 +iBa - v*(E)) F(Z5, 15 (Z%) = (1 + iBa - vE(*) F (2%, h* (%))
= (iBa V¥ (%) —iBa - v (Z*) F(F h* (2%))

+ (1 +iBa - vECE)(FEF 15 () — F(* hE (%))
+ (L +iBa - vE N (FEF RE(F) = fo(F hE (F)))
+ (1 +iBa - vE(ER) fo (2K HE(2F)),

we obtain

(2.10) /V/|(1 +ifa vEE) R R )P <4y + 12+ 1+ 1),

k
where

= a4 =i D FEE AP 6

Iy = /V N0 +ipa vy (N (FEE B (E) = FEF iy ()P dz*,
= 0 e D) — B AP ot
I} = /Vk/|(1 +iBa - i) K nE Ry 2k E o,

By virtue of (2.8) and (2.9), the dominated convergence theorem implies that / pl -0
as p — oo. Using (2.8) again, we estimate

12 < 4/ |F(2*, h* (%)) — F* rE R )P dzk 2250 (by Lemma 2.3),
Vi

I} < 4/ |F(*, 155 = fpR k)P dzF 2250 (by Lemma 2.4).,
Vi

This shows that the right-hand side of (2.10) converges to 0 for p — oo, hence the left-
hand side is zero. The proof of self-adjointness is completed.
For the sake of completeness, we include the following standard assertion.

Lemma 2.5. The graph norm of A on dom A is equivalent to the H'-norm, and A has
compact resolvent.

Proof. The self-adjointness of A implies that dom A is complete with respect to the graph
norm. At the same time, dom A is also complete with respect to the H !-norm being the
kernel of the bounded linear operator H'(R”,C¥) 3 f — (1 +ifa-v) flsq € L2(3RQ).
The embedding operator (dom A with H!-norm)> f + f € (dom A with the graph norm)
is obviously bijective and bounded, hence its inverse is bounded due to the closed graph
theorem, and this shows that both norms are equivalent. It follows that dom A with the
graph norm is continuously embedded into H ' (2, C") and, therefore, compactly embed-
dedin L2(R2, CN), which gives the conclusion. [
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Remark 2.6. One easily sees that the convexity was actually used only to establish a uni-
form upper bound for the H !-norms of the functions f, in (2.1). In fact, the proof can be
adapted to a larger class of domains of €2 as follows. Let us drop the convexity assump-
tion but require instead that €2 can be approximated (in the sense described in Lemma 2.2)
by C°°-smooth domains €2, such that the mean curvatures H), of their boundaries are
uniformly bounded from below, H,, > —2m for some m > 0. Then one can consider the
operators A := Ag and pr = Af,zll’. If g € L2(2,CV) and g, are its extensions by zero
to 5, then we can find f;, € dom A, with (4, + i)f;, = gp, and (2.1) can be replaced by

||g||i2(Q’CN) = ”‘?P”IZJZ(QP,CN) = [[(4p +i)fp||]242(Qp,(cN)

= ||Apfp||]%2(gp’cN) + ||fp||iZ(QP’CN)

- - Hon ~
= [ OVRR s o e iR e [ (s ) et

2,
712 72 —_nNfn2
Z/Q (IVLI" + 1 1pl7) dx = 1 fo 71 g, o)
4

and the rest of the proof remains literally the same, which provides the self-adjointness
of A for such 2. Simple geometric considerations show that for n = 2, these observations
apply, for example, to curvilinear polygons without concave corners.

Remark 2.7. It would be interesting to understand if the self-adjointness results can be
extended to the case when €2 is an unbounded convex domain. The above approach does
not seem to be directly applicable. In fact, even if one manages to approximate 2 by
smooth convex domains €2, similarly to Lemma 2.2, the self-adjointness of the MIT bag
operators on €2, is not automatically guaranteed, as all known works require a suitable
uniform behavior at infinity, see, e.g., [7, 38] for n € {2, 3} and smooth boundaries, as
well as [18] for unbounded polygonal domains with corners. It is unclear if this additional
requirement is generally satisfied for the approximating domains €2, or some additional
assumptions on the behavior of €2 at infinity is needed. Clarifying these geometric aspects
goes far beyond the scope of the present paper, and we prefer to postpone the study of
the MIT bag operators in unbounded convex domains to future work.

3. Approximations

In this section we establish several approximation results for Sobolev spaces on piecewise
smooth domains. The constructions are inspired by [21]. We need first a simple result on
the approximation of non-smooth domains by smooth ones.

Lemma 3.1 (“Rounding the corners”). Let @ C R” be a bounded convex domain. Then,
for any open neighborhood Vy C R” of its singular boundary 0¢<2, one can find a bounded
domain Q¢ C R" with C*°-smooth boundary such that Q2 and Q2 coincide outside V.

Proof. Without loss of generality assume that 0 € 2. Then, due to convexity, we can
describe €2 using polar coordinates,

Q=1{r0:0eS" ", 0<r <R(@), IN=1{RO)O:0eS" 1},
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with a Lipschitz function R: S"~! — (0, co) which is C *°-smooth on the open set
Soo :=1{0€S" 11 R(0)0 € 0o} C S" L.
Note that d¢€2 is compact and that the Lipschitz map

H:R”\{O}ax»—>|x—|eS”_l
X
is the inverse of 6 > R(#) 6, which means that Sy := S" ! \ So, = I1(302) is a compact
subset of the open set ®¢ := I1(Vy) C S, and {R(9)0 : 8 € So} = 32 C V.
We now choose two open neighborll)ods ©; and ©, of Sp in S"*~! such that ©, C O,
and ®; C ®g. Due to compactness of ®1, there is ¢ > 0 such that
{r9 : 9€@1, |r—R(9)| 58} c Vo,

and we can choose a C *®°-function R;: ®; — (0, 0o) such that |R;(8) — R(9)| < & for
all & € ®;. Now choose a cut-off function y € C®(S"!), with 0 < y < 1, such that
supp y C ®1 and y = 1 on ®,. Then Ry := (1 — y)R + yR;:S*~! — (0, 00) is smooth,
and the graphs of 6 > R(0)0 and 6 — R((0)6 coincide outside Vj. It follows that the
domain

Qo :={rf:0eS" 1, 0<r < Ry®)

satisfies all the requirements. ]

The following assertion is Lemma 2.4 in [21] with a reformulation adapted to the
subsequent use.

Lemma 3.2. Let y € C(R), with 0 < y <1, such that supp xy € (—=1,1) and y = 1 in
an open neighborhood of 0. For a € (0, 1) and n € N, define the functions
Pan :[0,00) 3¢ > min{t¥, 1}(1 — y(nt)) € R.
Then one can choose a; — 0 and nj — oo as j — oo so that the functions
Yj B2 5 x > poyny (1x]) € R

satisfy:
(a) forany j, one has 0 < V; < 1, the function v; vanishes in an open neighborhood
of 0inR?, and y;(x) — 1l as j — oo forall x # 0,
®) 1V f — flla@) — 0as j — oo forany f € H'(R?),
(c) there is a constant C > 0 such that |¥; f g2y < C| fllgiw2) for any [ €
H'(R?) and any j € N.

Note that [21] only states (b) explicitly. Part (a) follows from the explicit structure
of ¥, and (c) follows from (b) by virtue of the Banach—Steinhaus theorem.

Lemma 3.3 (Cut-off near a submanifold). Let n > 2 and let T be a compact (n — 2)-
dimensional submanifold in R". For x € R", let d(x) be the distance from x to I". Then
the functions ¢; := Yj o d, with \; from Lemma 3.2, satisfy

Jj—oo
(3.1 lgj f = flai@ny —— 0 forany f € H'(R").
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In addition, ¢; = 0 in an open neighborhood of T', with 0 < ¢; < 1, and ¢;(x) — 1 as
Jj — oo forany x € R" \ T.

Proof. For r > 0, denote B»(0,r) := {x € R? : |x| < r}. It is a classical result of dif-
ferential geometry that for some sufficiently small ¢ > 0, the e-neighborhood I'; of I"
admits a tubular neighborhood, see, e.g., Theorem 10.19 in [32]. In the coordinate form,
this means that one can cover I'; by finitely many open sets V1, ..., V7, such that for any
s € Iy := Vy N T, one can choose an orthonormal basis (721 (s), 7, (s)) in the normal space
to I' at s, depending smoothly on s, and the maps

Dy : Ty x Ba(0,8) 2 (5,11, 12) > s + tyn1(s) + tana(s) € Vg,

are diffeomorphisms, with d(®y(s, 11,1,)) = Vt? + 17 = |t|, and the map f +— f o &y
defines an isomorphism between H!(V) and H!(Ty x B, (0, ¢)). Without loss of gener-
ality, we assume that ¢ € (0, 1).

Let f € H'(R"). Note first that, by construction, one has ¢; f = f outside I';. Fur-
thermore, for x € I'; \ I, and all sufficiently large j, one has (¢; f)(x) = d(x)% f(x),
and by using the fact that «; — 0 and the dominated convergence theorem, we arrive at
loj f = fllL2ay\ry) — 0as j — oo. In addition, for the same x, one has

vd
Vigi NH(xX) =V f(x) =d(x)YV f(x) =V fx) + ajwﬁf(ﬂ,

and

vd
/ V(g f)(x)—V f[*dx < 2[ |d“fo—Vf|2dx+2a,?/ ‘—l—a-
VIV TI\Te " Jrartd T

2
| f]*dx.

The first summand on the right-hand side of the last inequality converges to zero by the
dominated convergence theorem, while for the second summand, we have

22 / vd
o -
J TI\L, dl—otj

The above considerations show that [|¢; f — f | g1gnT,) = 0 as j — oo, and it
remains to check [|¢; /' — fllg1(r,) — 0as j — oo. In view of the preceding discussion,
it is sufficient to show that for each £ € {1, ..., L}, one has

P < 24 / 1 Pdx 272 0
x < —— x ——0.
82(1—Olj) F1\I‘e

5125 7 mHY T x By(0.6).  Ji=(g;f) oy fi=fody

One has ﬁ(s, t) =y (t)f(s, t), in particular, Vsﬁ = st, and

z 72 2
Ifi — f”Hl(FZXBZ(O’gO)) = /;((”W;f(s») - G, ')“1-11(32(0’8))

+ ||1ﬁjvsf(s7 ) - st(s’ ')”22(32(058))) d%n_z(s)-

The subintegral expression admits integrable upper bound and converges to 0 for a.e.
s € I'p as j — oo by Lemma 3.2, so the whole integral converges to 0 for j — oo by
the dominated convergence theorem. This completes the proof of (3.1), and the remaining
claims on ¢; follow from the properties of v; in Lemma 3.2. ]
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Corollary 3.4. Let 2 C R" be a bounded domain with piecewise smooth boundary. Then
one can find functions p; € C*°(R"), with j €N, such that0 < p; <1,

pi =0 in an open neighborhood of 02
pj(x) Elna forae x e R",

Jj—00 . 1 1
pif —— f inH (RQ)forany f € H ().

Proof. LetT'q,..., 'k be compact (n — 2)-dimensional submanifolds whose union con-
tains d¢ €2, and denote by di (x) the distance from x € R” to T'y.

Let f € H'(R) and j € N. Denote hg := f. Then, for each k € {1,..., K}, suc-
cessively use Lemma 3.3 to choose jx > j such that the function hy := (¥, o di)hgx—1

satisfies |
hy — hy— < —.
Ak — hi—1llm1 @) K

By construction, one has

K
=p; fo with p; =[] (W odi).

k=1

and

oy £ = Flancay = Wi = olna.cny = e = healnaon < K-~ = =
k=1

Hence p; f — f as j — oo in H'(2). The function v/, o dj vanishes in an open neigh-

borhood of I't, so p; vanishes in the union of these neighborhoods (which is also an open

neighborhood of d¢€2). For j — o0, one has jp — oo for each k, hence Vi, odi(x) =1

for x ¢ I'x, which implies that p;(x) — 1 as j — oo for any x ¢ Uk 1 Tk Finally, the

required bound 0 < p; < 1 follows from 0 < v; < 1 (Lemma 3.2). [

Corollary 3.5. Let Q C R” be a bounded convex domain with piecewise smooth boundary
and m € R. Then the Dirac operator A,S,zl is essentially self-adjoint on

domy A,S,Zl = {f € dom Aﬁ . f = 0in an open neighborhood of d9S2}.

Proof. Let p; be as in Corollary 3.4 and f € dom Af,zl. As the boundary condition for
AS} is invariant under multiplication by smooth scalar functions, one has p; f € domg A%,
with p; f — f as j — ooin H!(Q,C¥), and the conclusion follows by Lemma 2.5. m

Lemma 3.6 (Essential self-adjointness on smooth functions). Let Q C R” be a bounded
convex domain with piecewise smooth boundary. Then, for any m € R, the Dirac operator
A,SZ is essentially self—adjoint on
domeo A 1= {f € dom A% : f € C®(Q,CV),
f = 0in an open neighborhood of BOQ}.

Proof. Let f € dom A9 and & > 0. By Corollary 3.5, one can find a function 4 € dom A%
which vanishes in an open neighborhood U of 092 and satisfies || — f'[| g1(q.cn) < &/3.
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Choose bounded open neighborhoods Vg and V' of d¢€2 such that VocVandV C U;
then pick a function y € C°(R"), with 0 < y <1, such thatsupp y C V and y = 1 in Vj.
The map

HY20Q,CV) 3¢ (1+iBa-v)(1— e e HY/2(0Q,CV)

is a bounded linear operator (being a multiplication by a smooth matrix function com-
pactly supported on the regular boundary), and we denote its norm by Cy. Furthermore, it
maps the subspace

{p € H72(Q,CN) : suppg C 0502, ¢ € C® (0002, CN)}

in itself and, in addition, (1 +iBa-v)(1 — y)¢ = (1 +ifa - v) ¢ for suppp C IQ \ V.

Now let ¢ be a bounded C *°-smooth domain which coincides with © outside Vj
(see Lemma 3.1). For any ¢ € H'/2(3Q), there is a unique F € H'(Q) with AF =0
in Q¢ and F = ¢ on 092, and the associated Poisson operator &y: H1/2(8S20) Sp—>F e
H'(2) is bounded with &y (C*®(0R0)) C C*®(RQy), see Theorem 11.14 in [27]. Note
that for any function ¢ defined on 02, we can consider (1 — y) ¢ as a function defined
on 02 and vanishing on Vy N 0€2g. Similarly, for any function vg on €2, one can consider
(1 — y)vo as a function on € which vanishes in ¥ N Q2. With these identifications we
conclude that

€:H202,CN) 3¢ (1- )8 ® In)((1 — x)¢) € H'(2,CN)
is a bounded operator, and we denote by C; its norm. Moreover, it maps C*°(d2) to
C°°(Q) by construction, and ¢ = ¢ on IQ forany ¢ € C*®(IQ) withgp =0on V N IN.
Leth € H! (R",C™) be an arbitrary continuation of the above /. Consider its convo-
lutions /. 6 1= % pe with standard mollifiers p,, and let i, be their restrictions to 2. Then
he € C*®°(Q,CV). Having in mind that # = 0 in U and that the support of /, is contained

in the e-neighborhood of the support of /2, we conclude that we can choose ¢ sufficiently
small such that the function g := h, € C®(Q, CV) satisfies g = 0 on V N Q, with

e
3CoCy
Consider the function v := g — (1 +ifa - v)(g|sg)- Due to the above considerations, we
have v € C®(Q,CN) withv = 0in Vp, and (1 + i - v)(v]se) = 0, i.e., v € domeo A.
In addition, using (1 + ifa - v)(h|yq) = 0, we obtain

&
lg —hllar@.cry < 3 and |g —hllgi2pq) <

lv—glar@,cyvy = 1EA +iBa-v)(glao)lla1@.cn)
<Gl +iBa-v)(glaa) | miz@a,cn)
=G| +iBa-v)(1 = 0)(glaa — hlao) lm1200.cM)

&
= CiGollg = hllgrpa.om < 3

therefore
lv—=Sflla@cyy < lv—2gllaie.cyy) + 18 —hlai@,cny + I1h = flla@,cn
- £ 4 £ N £
S 4 =,
3 3 3
and the claims follow due to the arbitrariness of . [
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4. Proof of Theorem 1.3 (quadratic form)

As a simple application of the preceding approximations, we show that the formulas for
the quadratic forms of A2, and Bri s previously obtained for smooth €2 are also valid for
convex piecewise smooth €2. The following assertion completes the proof of Theorem 1.3.

Lemma 4.1. Let @ C R” be a bounded convex domain with piecewise smooth boundary.
Then, for any f € dom A%, one has

148 Baem = [ (AP +mllrPyas+ [ (m Z)ir2 a0,
where H is the mean curvature on 0x,2.

Proof. Let f € domg Af,zl (see Lemma 3.6) vanish in an open neighborhood Vj of 0¢<2.
By Lemma 3.1, one can find a bounded C ®°-smooth domain 2 coinciding with € out-
side Vp. Define fo: Qo — CN by fo:= finQo\ Vo= Q\ Vpand fy := 0in Qo N V.
Then fo € dom A0, with
Vfo=Vf and A2 f, = A%f  inQo\Vo=Q\ V.
Vfo=0and A fo=0 inQynNVp,
Vf=0and A2f =0 inQnNV,
Jo=f  ondQo\ Vo =02\,
f() =0 on 890 n V,
f=0 ondQNV.

In addition, the mean curvature Hy on 02 satisfies Hy = H on 0Q2¢ \ Vo = dQ \ 1.
Hence,

A5 = || A%

f”LZ(Q cNy — f||L2(Q\V0 cNy — ”A f0||L2(QO\V0 cNy — ”A f0||L2(Qo CcN)

(byLenénaz'])/ (|Vf0|2+m2|f0|2)dX+/ <m+7)|f0|2d3€"_1
Q0 9

Qo

B /520\V0(|Vf0|2 Fmlfol) dr + / (m + ﬂ)lfol2 agen—1

R20\Vo

:/Q\VO(|Vf|2+m2|f|2)dx+/aQ\ (m+3 Dyirpasen

Vo
= [avsemisPras s [ (m+ T)irPare,

Hence, the required formula holds for all functions in domg A$. Note that H can become
unbounded near d¢ €2, so some attention is needed when extending to the whole domain.
Let f € dom A2 and let p; be as in Corollary 3.5 Then, for f; := p; f € domg A%,

| AS = 11m ||A il?

ngnolo /Q(IVf,-IZ+rr12|fj|2)dxJr/a (m+ )|f,|2 dwen~ 1]

f ”LZ(Q chy =
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By Corollary 3.5, we have
Jj—o0
LaviE +mi g as 25 [ (VR mll P ar,
/ m|f; > dgen ! ”—°°>/ m|f>dgen,
1] aQ

Furthermore, | f;| < | f|, with fj(x) — f(x) as j — oo for a.e. x, and Fatou’s lemma
yields
H j— H
/ _|fj_|2dJ€n—li_2.i)[ —|f|2de;€n_1,
e 2 e 2
which concludes the proof. ]

As a preparation for the next section, we use similar ideas to show an analogous result
for the Dirac operator Bfn2 a on R” defined in (1.4).

Lemma 4.2. Let Q C R” be a bounded convex domain with piecewise smooth boundary
andm, M € R. Then, for all f € dom Bf} ,/,

@D 1B S aon = [(VSP +mlfPrax+ [ (9P + M2 1) s

+ (M —m) /m(|ﬁf|2—|ﬂ°+f|2>d3€"—l,

where P1(s) := (1 Fifa -v(s))/2 fors € 05L2.

Proof. Recall that the formula is already proved for smooth 2 in Lemma 2.3 of [34].
Assume first that f e H'(R”, CV) and that f vanishes in an open neighborhood V,
of dp2. By Lemma 3.1, one can find a bounded C *°-smooth domain €2 which coincides
with Q outside Vp. Let vy be the outer unit normal on d€2¢ and consider the respective
pointwise projectors

L FiBa-vo(s)

PL): >

NS 890

Then P f = P+ f on Q2 \ Vo. Due to Bf;, uf = Bfnzf’M f, one can use the already
known formula for the smooth ¢ as follows:

1B £ 1 2n ony = 1By £ 172 cvy
=/ (|Vf|2+m2|f|2>dx+f (VF]2 + M2|f?) dx
Q0 Q5
(M —m) f (P01 P — |20 £17) dgen!
Q0
=[ (IVf|2+m2|fI2)dx+/ (VP + M| f ) dx
Qo\"o

Q5\Vo

v (M —m)/ (PO f2 — 120 £ 2) den!
320\ Vo
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=/ (IVf|2+m2|f|2)dx+/ (VP + M| fP) d
Q\T

Qe\Vo

+<M—m>/ (P_f2 — | Psf ) ddem™!

IQ\Vo

=/(|Vf|2+m2|f|2)dx+/ (VA2 + M2Lf?) dx
Q Q¢

(M —m) /m(lﬂ’—flz— P f[2) dgen,

Hence, the required formula holds for the functions vanishing near d¢€2. By Lemma 3.2,
the operator B,S,f, u 1s essentially self-adjoint on the set of all such functions, which allows
one to extend the formula by density to the whole of dom Brff, M- |

5. Proof of Theorem 1.4 (infinite mass limit)

In this section the domain €2 and the mass parameter m in 2 are fixed, and we abbreviate
A=Ay and By =By,

Recall that domy, A is defined in Lemma 3.6. Let us briefly discuss some geometric
ingredients appearing in the constructions below. For each s € 05, €2, the shape operator
W(s): Ts0002 = T5000%2 is defined by W(s) := d|sv. Its eigenvalues k1 (s), . .., kn—1(s)
are the principal curvatures of the boundary at s. One often uses the Jacobian (with [
being the identity operator and ¢ > 0)

n—1 n—1
5.1 J(s,t) :=det({ +tW(s)) = l_[(l +tki(s) =1+ Z Hk(s)lk,
j=1 k=1
with
Hi(s) := > Kjy () - ki (s), ke{l,....n—1}.

1<ji<~<je<n—1

In particular, H; = «1 + -+ kp—1 = H.

5.1. Upper bound

Let j € N and denote E := E;j(A?). Let ¢ > 0. Then, by Lemma 3.6 and the min-max
principle, one can find a j-dimensional subspace F' C dome, A such that

A 2
” f”LZ(Q’(CN) <

(5.2) R0 1 agen,
fEeF\{0} ”f“iZ(Q,(CN)

E + e

Due to convexity, the map §: ¢ — 92 given by the rule [x — S(x)| < [x — y| for any
y € 02 is a well-defined Lipschitz function. For any f € F, denote by f its extension
to R” by

F(x) = f(S(x)e ™M g(x) = dist(x,RQ), xeQ°,
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and consider the j -dimensional subspace F := { f . feF)yc HY(R",CV). Our goal is
to show that for some ¢ > 0 and all sufficiently large M > 0, one has

1Bat F125 g ,
(5.3) max L2R7.CY) <E+e+ <.
Fervor 112 2 gn ony M

Then the min-max principle implies first limsupy, _, | o Ej(Bj;) < E + ¢, and due to the
arbitrariness of €, one obtains the upper bound

(5.4) limsup E;(B3) < E = E;(A4%).
M—+o0

Now let us show (5.3). For any f € F, one has i ]7 = ]7 and P_ f = 0, hence, with
f = flg € F C domg A, one can rewrite the expression of Lemma 4.2 in the form

655 1B Flancny = [[AVSP P fPyas+ [ (m SH)1rPaser
+/QC(|Vf|2+M2|u|2)dx—/a (M+ )|f| dgen !

= ||Af||22(g,cN) + RM(f)»
where
Ru(Fyi= [ (V7P + M2 7Py ax = [ (b1 4 Z)1 7 0.

Let us derive an upper bound for Ry ( f ) using local coordinates. Note first that one
can find a compact subset K C 002 with supp f|aq C K forall f € F,and then f(x)
0 for all x € Q¢ with S(x) ¢ K. We further choose open subsets Vi, ..., Vp C 052 such
that K C V; U+ U Vp, with each V}, covered by a local chart ¢,: R"~! D U, — V), and
weplck)(p €C°°(VI,) suchthat)(l +--+yp=1onK.Then yyoS+---+ ypoS=1
on supp f N Q€ for all f € F. Furthermore, the maps

@, 1 Up x (0,00) 3 (s,1) = ¢p(s) + tv((pp(s)) e Q¢

are dlffeomorphlsms satisfying the identities d(®, (s, 1)) =t and S(P,(s,1)) = @p(s).

Let f € F and denote fp = fo ®,. Then f,(s,t) = f(¢p(s))e M forall (s,1), and
the partition of unity y, o S and a standard change of variables yield

P
h=2 [ o VTP + w21 7P 0 [ (b4 201 0]

P 00
=3 /U X (5))| /0 (Y fp (5,10, G5, )7V (s, 0) + M| fy (s, 1)) I (s, ) di
p=1

— (v Dy s 0] faergy o) s,
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with matrices

Gpls.1) 1= <(<(1 + OO0 + WOy (l)) |

gp(s) == ((3;9(5), Bk 0(5))) k 1 Wpi=Wog,

and Jacobians J,(s, 1) := J(¢,(s), 1), see (5.1). As W,(s) is self-adjoint and its eigen-
values (the principal curvatures) are non-negative due to convexity, the min-max principle
implies G, (s,1) > G,(s,0) = gp(s) @ 1, resulting in

Gp(s.1)™' < Gp(s.0)' = (gp((s))“ (1>)

Hence,

P o0
SGED , 2oten ] [ (1 spt5.0.85 " %ot + 0. 0

M2 S0PV, ar = (M O 5 0)2] et 01 s
P o

=Y [ o] [ (S0 0 gy eme
p=1"Ur

F2M21 Flp P (5.t — (v + DY g )]

x 4/det g, (s)ds.

A simple direct computation shows that

o _ 1 k'H, (¢p(s))
2M1 2M1 k\Pp
dr = Jp(s,t dt = —
/0 oM’ / pls.1)e oM + ; (2M)k+1
and there is a C, > 0 such that, for all s with ¢,(s) € supp y, and sufficiently large M,

one has o ) Hy(on(s))
—2Mt 1{Pp (S It
Jp(s,t)e dr < 2 (M + 5 ) YE

which results in

Ru(/) = Z / 1o p 5D 37 (V6 S 0050, 85 )V Fp(6))

+ 2L 0DP] et ds = o nga o)

for some constant C > 0 independent of f and M. In addition, one can find another
constant C; > 0 with ||f||Hl((,m oy = C1||f||L2(R" M) for all fe F, as F is finite-
dimensional. Hence,

~ CC;
Ru(f) = ||f||Lz(Rn cny forall feF.
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By inserting this estimate and (5.2) into the representation (5.5), for all f € F\ {0}, we
obtain

1B ey _ (B + OIS Bagom + 56 1 oneny _ L CCi)
1 B ogn vy 17122 en e, M
which shows the sought estimate (5.3) with ¢ := CCj.
We make a side remark that the upper bound did not require the boundedness of H .

5.2. Lower bound
We start with a preliminary estimate.

Lemma 5.1. Let the mean curvature H of 0002 be bounded. Then, for some ¢ > 0, one
has

R = [ VPP = [ (v T)irare =~ [ 1fPax

forall f € HY(Q) andy > 0.

Proof. We adapt some constructions from Theorem 2 in [36]. Denote IT := 05,2 x (0, 00)
and note that the map ®: I1 > (s,¢) — s + tv(s) is a diffeomorphism between IT and
®(IT) C Q°. Forany f € C2°(R"), using the standard change of variables, one has

R = V12 + 2 f1? H 5 onet
)z /c;(n)(l /1 yoLfI7) dx /3 Q()/ + 5 )|f| d
/ / (V@ ) + y2 | £(@(s,1))[}) T (s, 1) dr dF" 71 (s)
0002 /0

v [+ )@ 0P )

with J given by (5.1). Furthermore,

66 ITH@ENP 2 6 (V@6 = f@6.0)]

hence
61 BB = [ [P+l 0penw

- (Jf + %)Ig(s,o)lz] d#H"1(s), withg:= fo®.

We further consider the function 4 := +/J g. Then

2 hod 21
Al =G =7af”‘7h
_ (|a R — a ) + (82;) h?).

0:J |2
|3tg|2= d¢ t ‘
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therefore

By = [ [ (oeh = S5t + (57 ) W + 5710

~(v+ ( )|h< 0)2] " (s).

Note that
BtJ(s,t) 1 1.2l ! ki (s)

. 1 1) == log(1 + ¢ == _—
58) S = 30lee .0 a,]Z1 og(l + 1#; (5)) Zl T
with |

2J(s,t) lt=0 - EHl(S)’

and integration by parts yields

o BIJ(s,l) _ 8,J(s,l) =00
/0 (_ 2J(s.1) a’|h(s’t)|2) dr = [_ 2J(s.1) |h(s’t)|2]t=o

i /ooo 8’(32[:1](%;)))|h(s, 0)[? de

Hl(S) 2, o 9,J(s, 1) )
0 + [ o (o Par

The substitution into the preceding expression for R/, (f) gives
59 &)= [ [ [T 0ot + 2 0P ar =yl 0P a

ol G+ ) e

Using
|h(s,0)|* = —/ A |h(s, t)[*dt = —/ 2Re(d:h(s,t) h(s,t))dt
0 0

o o0
1
= [ 2lounts.ol nts.ola = [ (1.0 + plhG.0 ) ar
0 o Y

we show that the first integral in (5.9) is always non-negative. To estimate the second
integral in (5.9), we use (5.8):

0;J(s,t) . ln_l Kj(S)2 n—1 )
at(ZJ(s,t))__Ejgl (1+tlcj(s))2 z - ) H(s)~,

3,(82t—:]]) + (azt_j)z > 3t(82t—:]]) > —c, where c:= "
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The substitution into (5.9) gives
o0
RNz [ [ Tinparaerie
0002 JO

— *© 2 n—1
= c/aoosz/(.) | f(D(s, 1)) (s,2)de dF" ™ (s)

=—Cf |f|2dx2—c/ |f|2dx,
®(IT) Qc

and using (5.7), we arrive at

R,(f) Z—c/;ZC|f|2dx forall f € CX°(R"),

which extends by density to all € H(Q°). |

With the lower bound of Lemma 5.1 at hand, the remaining analysis is very close to
the constructions in Section 5.3 of [34]. We use the formula (4.1) for ”BMf”%Z(Rn’(CN)
to obtain

” BMf ”iz(R",(CN)

- /Q(IVfI2+m2|f|2)dx

1 H 2 1 gom—1 [ 2 g gon—1
+ m—-——4+ — dJ +2(M —m P dH
/asz( VM 2>|f| ( ) asz' /1
H

+ I:/Qc(|vf|2+M2|f|2)dX—/E;Q(M—\/;M + 7)|f|2dJ€n—1]
> [avspemisPacs [ (ne s D)o

+2(M —m)/ |P_ f12dHent + CM/ | £2dx,
IR Qe
with :
Cy = 2\/M—M—c,

where the term is the square brackets was estimated from below by Lemma 5.1. Using the
Neumann decoupling of 2 and ¢ along 02 and the min-max principle, we conclude that
for any fixed j € N and all M > 0, one has

(5.10) Ej(BY) > Ej(Ky @ Cy I,

where K7 is the self-adjoint operator with compact resolvent in L2($2, CV) whose
sesquilinear form kjy is defined on domkys := H'(Q,CN) by

kn(f. f) = /QGVfF 2| fP) d

1 H\ .. _
+ m———+ — de"1+2M—mf P_fPPdH"t
fm( i )1/ o =m) [ 1211

and 7°¢ is the identity operator in L2(Q¢, CV).
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Due to the upper bound (5.4), the eigenvalue E; (B]%l) remains bounded for M — + oo,
while Cpy — +o0as M — 400, and (5.10) yields

5.11 liminf E;(B2,) > liminf E;(Ky).
G-1D pminf £;(By) 2 Uminf E;(Kir)
Foreach f € H'(Q,CN), the function M — kps( f, f) is monotonically increasing, with

{f e () domkas - sup ke (/. f) < oo}

M=>0
={feHY (Q,CN): P_f =00ndQ} = dom 4,

and for any f € dom A, one has limys— +oo ks (f. f) = | Af ||%2(SZ,(CN)' Hence, the mono-
tone convergence principle implies limps o0 E;(Ky) = Ej (Az), see [40, 44] for the
general theory or Proposition 7 in [34] for the most adapted formulation. The substitution
into (5.11) gives the required lower bound liminfp— 400 E;(Bz,) > E;(A?).

Remark 5.2. While the boundedness of H is explicitly used in Lemma 5.1, we believe
that this assumption is technical and can probably be avoided by applying more advanced
proof methods. It is implicitly supported by the fact that the boundary integral contain-
ing H in the expression for || AS f||? in Theorem 1.3 turns out to be always finite, while H
can be unbounded. The proof of Lemma 5.1 does not exploit the tangential derivatives, as
they are dropped in the step (5.6). One may expect that these tangential derivatives can
actually compensate the unbounded curvature terms (using the idea that a Schrédinger
operator with an unbounded negative potential may still remains lower semibounded).
Nevertheless, such an improvement would require a very advanced analysis (like a control
of unbounded curvatures near the singular boundary), which goes significantly beyond the
scope of the present work.

A. Dirac matrices

The most frequently used choices for the Dirac matrices o and f entering (1.1) are based
on the Pauli matrices

(01 (0 —i (1 0
al;(l 0), az;(i 0), 03;(0 _1)_

For n = 2, one has N = 2, and the standard choice is oy := oy fork € {1,2} and 8 := 03.
For n = 3, one has N = 4, and one often uses

(0 o (L o0
ak.—(ak 0), ke{1,2,3}, ,3._(0 _12),

where I is the 2 x 2 identity matrix. For higher dimensions, one can use various iterative
procedures: see, e.g., Chapter 15 of [23] or Appendix E of [22] for a general theory, or
Section 2.1 of [33] for a more specific description. We remark that the choice of ox and
is unique up to similarity transforms and sign changes, as described in the aforementioned
references, and all associated Dirac operators are unitarily equivalent to each other.
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