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Minimal Riesz and logarithmic energies
on the Grassmannian Gr; 4

Ujué Etayo and Pedro R. Lépez-Gémez

Abstract. We study the Riesz and logarithmic energies on the Grassmannian Grz 4
of 2-dimensional subspaces of R*. We prove that the continuous Riesz and loga-
rithmic energies are uniquely minimized by the uniform measure, and we obtain
asymptotic upper and lower bounds for the minimal discrete energies, with matching
orders for the next-order terms. Additionally, we define a determinantal point process
on Grz 4 and compute the expected energy of the points coming from this random
process, thereby obtaining explicit constants in the upper bounds for the Riesz and
logarithmic energies.

1. Introduction

The study of energy minimization problems has long been a central theme in various
branches of mathematics and physics. Of particular interest are the Riesz and logarithmic
energies, given their relevance in areas like potential theory, approximation theory, or
mathematical physics, among others. In this paper, we explore the problem of minimizing
the Riesz and logarithmic energies on the Grassmann manifold, a space of significant
interest not only for the disciplines above, but also for areas like coding theory and signal
processing.

1.1. The Grassmann manifold

In this section, we introduce the basic notions about the Grassmann manifold that we
will use throughout this document. For our purposes, a brief description will suffice. The
reader interested in more information about this space can consult, for example, [1, 13].
The (real, unoriented) Grassmann manifold or Grassmannian Gr,, 4 is the set of linear
subspaces of dimension m of R?. The orthogonal group O(d) acts as a transitive group
of transformations on Gr,, 4, that is, given any two m-dimensional subspaces of Rd,
there exists an isometry in O(d) that maps one into the other. The stabilizer of an ele-
ment P € Gry, 4 also stabilizes its orthogonal complement P~. Hence, we obtain the
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classical identification of the Grassmannian as a homogeneous space:

0(d)

Ctmd = 5oy x Od —m)

From this construction, the Grassmannian inherits the structure of a compact smooth man-
ifold of dimension m(d — m).

Unlike spheres and projective spaces, the Grassmann manifold is not a two-point
homogeneous space. This means that the orbits of pairs of points under the action of
the isometry group O(d) cannot be characterized by a single invariant, such as the dis-
tance between points. Instead, to understand the orbits of pairs (P, Q) € Grfn’ 4 under the
action of O(d), we have to introduce the concept of principal angles between subspaces
of R%. These principal angles are defined recursively as follows. Let P, Q € Gry,,q be two
m-dimensional subspaces of R¢. The first principal angle 6, (P, Q) between P and Q is
defined as the smallest angle between any two unit vectors ¥ € P and v € Q, that is,

01(P,Q):= min arccos|{u,v)|.
ueP,veQ
Let u; and vq be the vectors for which this minimum is attained. The second princi-
pal angle 6,(P, Q) is then defined as the smallest angle between any two unit vectors
uePn uf' andveQn vf'. The remaining principal angles are defined analogously.
When the elements P and Q are understood, we simply write 6; instead of 6; (P, Q).
This way, we obtain an m-tuple (6, ..., 6,,), with0 < 6; < ... < 8, < /2, that fully
characterizes the orbits of (P, Q) under the action of O(d), in the following sense.

Proposition 1.1 (Proposition 1.2 in [5]). Two pairs (P, Q), (P', Q') € Grfn,d are in the
same orbit under the action of O(d) if and only if

0;(P,Q)=0;(P',Q") foralll <i <m.

From the definition of the principal angles, it is clear that P = Q if and only if all the
principal angles between them are zero.

It is a classical result in the geometry of Grassmann manifolds that any notion of
distance that depends only on the relative position between subspaces must be a function
of the principal angles (see Theorem 3 in [53] and Theorem 2 in [54]). The geodesic or
Riemannian distance between two elements P, Q € Gry, 4 is given by

dg(P,Q) = /0F +---+ 62,

where 01, . .., 6,, are the principal angles between P and Q. However, this distance is not
smooth everywhere. Therefore, we will work instead with the chordal distance introduced
in [26], which is defined as

d.(P,Q) = \/sinz 0y + -+ sin? 6.

From the definition of the Grassmann manifold, it is clear that Gr; 4 is just the real projec-
tive space RP4~!. Moreover, by taking orthogonal complements, we can identify Gr,, 4



Minimal Riesz and logarithmic energies on the Grassmannian Gr 4 2235

with Grg_p, 4. Therefore, Gry 4 is the simplest Grassmannian that is algebraically dif-
ferent from a projective space. In this work, we focus on the Grassmannian Gr, 4. In
that case, the orbits of pairs (P, Q) € Grg, 4 are characterized by the two principal angles
0 <6 <6, <m/2between P and Q, and the chordal distance is simply

(1.1) d.(P, Q) = \/sin? @ + sin’ 6.

We will use the following substitution throughout this work:

§+(P. Q) = cos(01(P. Q) + 62(P. Q)).
§-(P, Q) = cos(61(P, Q) — 62(P. Q)).

Unless necessary, we will omit the dependence on P and Q. It can be checked that

(1.2)

(1.3) £y & =cos? 6 + cos? B, — 1.

With this notation, the chordal distance can be written as

(1.4) de(P.Q) =1 -84 6.

We denote the O(4)-invariant probability measure on the Grassmannian Gr, 4 induced
by the Haar measure on O(4) as 0. We will refer to it as the uniform measure on the
Grassmann manifold. We present now a classical result. Recall that a set of m orthonor-
mal vectors in R? is called an m-frame and that m-frames are the points of the Stiefel
manifold St,, ;. We denote the set of m-frames with positive first components as S_tm,d.

Proposition 1.2 (see p. 67 of [40] and (3.10) in [30]). The uniform measure o on Gry 4 is
given by ~
do = (d6)(dV)(dZ),

where _
df = 2(cos? 0; — cos? 6,) db; db,,

and AV and dZ are the uniform measures on S_t2,4 and Sty 4, respectively.

Corollary 1.3. Let F:Grp 4 X Gra,4 — R be such that F(P, Q) = f(01, 62), where 0,
and 0 are the principal angles between P and Q. Then,

7'[/2 92

// F(P,Q)do(P)do(Q) = / £(61,602)2(cos? B; — cos? B,) db dbs.
Grz, 4 XGrp 4 0 0

In order to write Corollary 1.3 in terms of the variables &4 and £_ introduced in (1.2),
note that the Jacobian of that change of variables is precisely 2(cos? ; — cos? 6,). This,
together with some simple symmetry arguments, leads to the following consequence of
Corollary 1.3.

Lemma 1.4. Let F:Grp 4 X Gra 4 — R be a function such that

F(P,Q) = g(§+(P, 0).§-(P, Q)
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where g:[—1,1]> — R is an integrable function such that g(4,£_) = g(E_, &) and
g(=+.—¢-) = g(6+.5-). Then,

//GWXGW F(P,Q)do(P)do(Q) = /01/: g€y, E-)dEy dE-

- éfolf_llg(&,s_)dadé_ - }‘/_11 /_llg(s+,s_)d5+ds_.

We conclude this section with a classical fact. It is well known (see, for example,
Section 5 of [26]) that the Grassmannian Gr,, 4 can be isometrically embedded in RP,

with D = (djl) — 1. In the case of the Grassmannian Gr 4, this means that there exists
an isometric embedding ¢: Gry 4 — @2,4, where (3}2,4 C R?, of the Grassmannian into
an Euclidean space so that the chordal distance is precisely the Euclidean distance in the
embedding.

In recent years, the Grassmann manifold has been explored from different perspectives
and for multiple purposes; see, for example, [3,5-8,19-22,24,26-28,31,34]. However, to
the best of our knowledge, no systematic study of the Riesz and logarithmic energies on
the Grassmannian has been conducted prior to this work.

1.2. Energies on the Grassmann manifold

Among the different criteria used to study the distribution of a set of points on a particular
space, one that has garnered significant attention over the past decades involves computing
certain repulsive discrete energies associated with the given set (see the monograph [16]
for a comprehensive survey on the subject). In this work, we consider pairwise interac-
tion energies given by symmetric and lower semicontinuous kernels K: Gry 4 X Grz 4 —
(—00, 00] on the Grassmann manifold. For a collection oy = {P1,..., Pn} C Gra 4, We
define the discrete K-energy of wy as

Ex(on) = Y K(P;, P)).
i#j
We denote
€x(Gra4. N) := min Ex (0y).

where the minimum is taken over all the collections of N elements on Gr 4.

Analogous definitions can be given in the continuous setting. For a Borel probabil-
ity measure p supported on the Grassmannian Gr 4, the continuous K-energy of p is
defined as

el = [[ K(P, 0) du(P) du(Q).
Gr2,4 X Gr2,4
We define the Wiener constant Wk (Gry 4) as the smallest such energy, that is,

Wi (Gra,4) = inf I [u],

where the infimum is taken over all the probability measures supported on Grz 4. A mea-
sure p* is called an equilibrium measure of Ix if Ix[u*] = Wk (Gra,4).
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Prominent examples of symmetric and lower semicontinuous kernels are the Riesz
and logarithmic kernels, which are the primary focus of this work; see [16,47] for the
motivation for choosing these energies. For the Grassmannian Gry 4, we define the Riesz
s-kernel, for s > 0, as

(1.5) Ks(P,0) = .(P.O)

and the logarithmic kernel as

(1.6) Kiog(P, Q) = —logd.(P. Q).

We denote Es := Eg,, & = 8k, I := Ik,, and Wy := Wk, . From now on, following
well-established conventions in the literature (see Definition 2.2.2 in [16]), we will refer
to the logarithmic energy as the s = log case of the Riesz energy.

The minimum discrete and continuous energies are related through the following fun-
damental result.

Theorem 1.5 (see Theorem 4.2.2 in [16]). Let K be a symmetric and lower semicontinu-
ous kernel on Gry 4. Then,

. &k(Grz4.N)
lim ———=

Jim N2 = Wk (Grz,4).

Moreover, if (wn)S5_, is any sequence of N -point configurations on Gr; 4 satisfying
Eg(on)

N2
and v is a weak™ limit point of the sequence of normalized counting measures

v(wy) = % Z 8x,

XEWN

— Wk(Gra,4) as N — oo,

where 8 is the Dirac measure centered at x, then v is an equilibrium measure of Ig. In
particular, this holds for any sequence (wy )% —, of optimal K-energy N -point configu-
rations on Gry 4.

For the Riesz energy, it follows from Theorem 4.3.1 in [16]) that W(Grz 4) = 00
for s > 4 = dim(Gry,4). In other words, in this so-called hypersingular regime, we have
Is[t] = oo for every Borel probability measure p supported on Gr; 4, and hence every
such measure is trivially an equilibrium measure. Therefore, the question is whether in
this case there is any natural limit for the normalized counting measures associated with
s-energy minimizing configurations. In fact, it is known that minimizers of the Riesz
s-energy in the hypersingular regime are asymptotically uniformly distributed, that is, the
corresponding sequence of normalized counting measures converges (in the weak* sense)
to the uniform measure o (see Theorem 8.5.2 in [16] for the case s > 4 and Theorem 9.5.4
in [16] for the case s = 4). Moreover, for s = 4 the leading term of the minimal discrete
4-energy is known (see Theorem 9.5.4 in [16]):

. &4(Gry 4, N) Ba w2
(L.7) lim = = =
N—oo NZ2logN vol(Grz 4) 272

FNg-
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where B4 is the volume of the unit ball in R* and vol(Gry,4) is the volume of the Grass-
mannian Gr; 4 (see equation (1.4.11) in [25]).

In contrast, from Theorem 4.3.3 in [16] we have that Ws(Grp,4) < oo for 0 <s < 4
and s = log. This case is called singular and it is the subject of classical potential theory.
In this range of values of s, however, the uniformity of the minimizers is not guaranteed.
From Theorem 1.5, we know that the minimal discrete s-energy in this case is of the form

85(Gra 4, N) = W;(Grp4)N? 4 o(N?).

Improving our knowledge of the o(N?) term is one of the fundamental goals of this work.

If we denote by M a compact, connected two-point homogeneous space (that is, a
sphere or a projective space), it has been proved in [4] that the continuous Riesz energy
is uniquely minimized by the uniform measure in M for 0 < s < dim(.M) and s = log.
Additionally, the authors prove that the next-order term is of the order of N 1+5/dim(M) for
s > 0 and of the order of N log N for s = log. In this work, we establish similar results
for the Grassmannian Gr; 4 (see Section 2).

In general, finding collections of points that minimize the Riesz and logarithmic ener-
gies is extremely challenging even in simple spaces; see, for instance, the survey [18]
for the case of the sphere. In fact, in most cases our knowledge of the minimal energy
is incomplete. A related open problem consists then in giving the asymptotic expansion
of these minimal energies in terms of the number of points as precisely as possible. In
this sense, obtaining precise asymptotic upper and lower bounds for the minimal energies
is essential. Regarding the upper bounds, a common strategy is to study the energy of
specific configurations in the space of interest, as this energy will always be greater than
or equal to the minimal one. For deterministic sets of points, computing the asymptotic
expansion of the energy has proved to be a very difficult task. An alternative approach
involves studying random configurations of points. In this context, a newly developed
technique that has yielded excellent results is the use of determinantal point processes;
see, for example, [2,4, 10-12,38,44].

1.3. Determinantal point processes

Determinantal point processes are random point processes closely related to random ma-
trix theory. Here, we provide a brief introduction to the topic, covering the basic concepts
that we will use. For a more comprehensive reference, we recommend Chapter 4 of [39].

Let A be a locally compact, Polish topological space with a Radon measure p. A
simple point process X of n points in A is a random variable taking values in the space of
n-point subsets of A.

The joint intensities (if any exists, as only some point processes have them) are func-
tions pg: A — [0, 00), with k > 1, such that for any family of mutually disjoint subsets
Dq,..., Dy of A, we have

k
Ex-z|[]#(x n D)) = /ﬂ k) ) AR,

i=1

By X ~ X we mean that X = {x1, ..., x,} is a subset of n elements of A sampled from
the point process X.



Minimal Riesz and logarithmic energies on the Grassmannian Gr 4 2239

From formula (1.2.2) in [39], for any measurable function ¢: A¥ — [0, 00), the fol-
lowing equality holds:

(1.8) JEXNae[ ¢(xi1,...,xik)]=Ak¢(y1,.-.,yk)pk(yl,...,yk)du(yl)---du(yk).
i

1 1., e
distinct

If there exists a measurable function K: A x A — C such that these joint intensity func-
tions can be written as

(19) pk('xlv"'?xk) :det(‘K(xi7xj))l§i,j§ka

then we say that X is a determinantal point process (DPP) with kernel K. A particu-
larly suitable collection of such processes is obtained by choosing X as the reproducing
kernel of an n-dimensional subspace H of the Hilbert space L?(A, C). Recall that the
reproducing kernel of H is the only continuous, hermitian, positive definite function
Kg: A x A — C such that Xg(-,x) € H and

(1L10)  f(x) = (/. Ku(.x)) = /A SO Ku(x.y)du(y), VxeA, VfeH.

Given any orthonormal basis ¢, ..., ¢, of H, we have

n
K (x.y) =Y 0i(x) gi (),
i=1
and we say that Ky is a projection kernel of trace n.

An existence theorem for determinantal point processes was independently proved by
Odile Macchi and Alexander Soshnikov (see [43,48]). The full version of the theorem can
be found in Theorem 4.5.5 of [39]. Here we present a weaker result (this is all we need in
this paper) that is a direct consequence of the Macchi—Soshnikov theorem.

Proposition 1.6. Let A be a locally compact, Polish topological space with a Radon
measure y and let H C L?>(A, C) have dimension n. Let Xy be the reproducing kernel
of H. Then, there exists a point process X g in A of n points with associated joint intensity
functions

Pr(X1, ..., xXk) = det(Kp (xXi, X)) 1<i,j<k-
In particular, for any measurable function f: A x A — [0, 00) we have
Ex~zq | Y /(3i:%) ]
i#j
— [ 0 K3 = 1K (6. 3)P) S5 3) ) ).
AxA

We will call Xg a projection determinantal point process with kernel Xg.

Remark 1.7. Under the hypotheses of Proposition 1.6, from (1.8) with¢p = 1and k = 1
we have

n=Ex.x,[n] = /A K (x, x)du(x).

In particular, if Ky (x, x) is constant and p is a probability measure, then we must have
Kg(x,x) =n.
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1.4. Decomposition of L2(Gr; ,4) and generalized Jacobi polynomials

In this section, we present some classical results about the Hilbert space L?(Grs 4) of
square-integrable functions on the Grassmannian Gr 4:

L*(Graa) = {f:Gr2,4 S C: / | f(P)]?do(P) < oo}.

Grz 4

We introduce the following notation:
P={t=(1,u)eN?:7,>1>0} and P*={reP:1#(00))

We will refer to the elements of P as integer partitions or simply partitions. The degree of
a partition T = (11, 12) is |t| := 11 + 2. Let A be the Laplace—Beltrami operator on the
Grassmannian Gr, 4. We follow the convention of choosing the sign of the operator so that
the eigenvalues of A are nonnegative. It is known that the eigenvalues and eigenfunctions
of A are indexed by partitions T € . This can be derived using tools from representation
theory; see, for example, [41] or Section 3 of [8] for a more in-depth discussion of this
topic. As in the case of any compact manifold, the space L2(Gr,_4) can be decomposed
as the direct sum of the eigenspaces of the Laplace—Beltrami operator, that is,

L*Grya) =@ He. He LHo, t#7,

TeP

where H is the eigenspace of the Laplace—Beltrami operator associated with the eigen-
value A;. The dimension of the space H; is

(1.11) de = dim(H;) = (2 —80,5,) 2(11 + 12) + DQ2(11 — 2) + 1),

where 8,7, is the Kronecker delta (see, for example, equation (2.3) in [30]). The repro-
ducing kernel of the space H; is given by

(112) J{‘E(Ps Q) :drPr(yl(P7 Q)7y2(P» Q))s PvQE GI‘2,4,

where y; (P, Q) = cos?(0; (P, Q)), for j = 1,2, and the P, are generalized Jacobi poly-
nomials. These polynomials were introduced by James and Constantine [41] and, in the
context of representation theory, they are the zonal spherical functions of the Grassman-
nian; see [29,30,41]. In the case of Gry 4, the polynomials P;: [0, 1]2 — R are symmetric
polynomials of degree |t| in the variables y;. They form a complete orthogonal system
in [0, 1] with respect to the measure

1 i _
(L13)  du(yr,2) = 59 V21— y )T 2y 2 (1= y) TV s = yaldys dys.

These polynomials satisfy P(g o) = 1 and they are normalized so that P;(1,1) = 1. Using
the substitution given by the variables £ and £_ introduced in (1.2), the measure in (1.13)
is transformed to the following measure in the region —§_ <&, <& 0 <& <1:

(1.14) dn(§+.6-) = d&y dé—.



Minimal Riesz and logarithmic energies on the Grassmannian Gr 4 2241

Using simple symmetry arguments, it can be checked that the polynomials P, are orthog-
onal with respect to the measure (1.14) in [—1, 1]2. We know from equation (4.13) in [30]
that the polynomials P;, when written in terms of the variables £ and &_, admit the fol-
lowing simple expression in terms of classical Legendre polynomials (see Appendix A for
more information about these polynomials):

(L19) el £ = 5 (Prsn(E0) PaolE) + P o) P o).

where Py, 4, and Py, ., are Legendre polynomials of degree 71 + 75 and t; — 12, respec-
tively. Then, the reproducing kernel K; in (1.12) can be expressed in the variables &4
and £_ as

K (P, Q) = Ke(§54+(P. Q). 6-(P. Q) = dr Pe(§+.5-)

d+
(1-16) = 7 (Pt1+r2(‘§+)Pt1—r2(§—) + Pr1+r2(‘é>:—)Pr1—r2(§+))» P, Q € Gr2,4 .

See also equation (F.1) in [32].
Given a function & € L?([—1, 1]?,dn), we can consider its expansion in terms of gen-
eralized Jacobi polynomials:

hx,y) = D h(z) Pe(x, y),

teP

where the convergence is a priori in the L? sense. The generalized Fourier—Jacobi coeffi-
cients h(t) are then given by

{n, Pe)y _ 1

1 1
(1.17) i) = _ //h(x,y)P (x.y) dx dy,
122 1202 ) ) .

where Lo
”Pt”;z;:(Prth)nzf / Pz(x,y)zdxdy.
—-1J-1

In particular, since P 9y = 1, we have

1 1
(1.18) h(0,0) = i/ / h(x,y)dxdy.
—-1J-1

We conclude this section with the classical addition formula for zonal polynomials.
Given any orthonormal basis {ey, ..., eq, } of the subspace H; of L2(Gr2,4), we have

dr
(1.19) P (P, 0).6-(P.O) = 1 Y ei(P) & (0)

i=1

see Lemma 4 in [46]. From this, the positive definiteness of the generalized Jacobi poly-
nomials follows (see Proposition 2.1 in [5]).
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1.5. Notation
The following notations will be used throughout this work. Let f and g be two real-valued
functions.

¢ f(x) <g(x) means that there exists a constant C > 0 such that f(x) <Cg(x) for all x.

e We say that f(x) = O(g(x)) as x — oo if there exists a positive constant C and
X0 € R such that | f(x)| < C|g(x)]| for all x > xq. If g(x) # 0, we can express this
condition as

‘ fx ) <C

lim sup
X—>00

¢ The expression f(x) =< g(x) as x — oo means that f(x) = O(g(x)) and g(x) =
O(f(x)), thatis, f(x) and g(x) are asymptotically of the same order.

e We say that f(x) = o(g(x)) as x — oo if

S
x—>oo ‘ g(x) ‘ N

* Finally, f(x) ~ g(x) as x — oo means that

f@) _

x=00 g(x)

We have defined this asymptotic notation for x — oo, but one can substitute co by any
real number a and the definitions hold in all cases considering neighborhoods of a when
necessary.

2. Main results

Our first main result is analogous to similar results proved for the case of two-point homo-
geneous spaces, namely that the continuous Riesz and logarithmic energies are uniquely
minimized by the uniform measure. In this paper, we establish this result for the Grass-
mannian Gr 4.

Theorem 2.1. The logarithmic energy Iios and the Riesz s-energy Ig on Gry 4, for 0 <
s < 4, are uniquely minimized by the uniform measure o, with

1 s 1 s 33
W(Gr24)—1[0]—3F2(2 T3 555
g

VVlog(GrZA) = Ilog[a] =1-—-

where 3 F , is a generalized hypergeometric function (see Appendix A).
Moreover, if (wN)¥—, is a sequence of configurations such that

. Es (Q)N)
lim
N—>o00 N2

= W;(Gra,4),
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where 0 < s < 4 or s = log, then the sequence of normalized counting measures

vow) = 5 Y b

XEWN

converges weakly* to o. In particular, this holds for a sequence (wy)S5_, of minimizers
for the discrete problem.

The remaining main results provide asymptotic upper and lower bounds for the mini-
mal discrete Riesz and logarithmic energies when the number of points tends to infinity.

Theorem 2.2. For 0 < s < 4, there exist constants Cg, C S/ < 0 such that, for N sufficiently
large,
CsN'/* < 8,(Graq, N) — Wi(Grag) N2 < C]N'T5/4,

In the logarithmic case, we determine exactly the next-order term.

Theorem 2.3. The minimal logarithmic energy on the Grassmannian Gry 4 satisfies

1
E10g(Gr2.4. N) = Wigg(Grp s) N2 — ZNlogN + O(N), N — occ.

Theorem 2.4. The minimal Riesz 4-energy on the Grassmannian Gry 4 satisfies

NZ%log N
4

The lower bounds in Theorems 2.2, 2.3, and 2.4 are obtained through linear program-
ming techniques in the spirit of [4,17,51]. See also Chapter 5 of [16] for more information
about these techniques. Note that in the cited references the corresponding kernels depend
only on one parameter, namely the distance between points, and so everything is essen-
tially one-dimensional; in the case of the Grassmannian Gr; 4, however, the kernels are
functions of the two principal angles. To overcome this limitation, we develop a bivariate
version of this kind of reasoning. We provide the proof of these lower bounds in Section 4.

To prove the upper bounds in Theorems 2.2, 2.3, and 2.4, we use determinantal point
processes. The order of those bounds in Theorems 2.2 and 2.3 is established using jit-
tered sampling. However, to obtain bounds with explicit constants for the next order
terms we need to use more sophisticated determinantal point processes. The Grassman-
nian Gr, 4 endowed with the uniform measure o is a locally compact, Polish topological
space. Therefore, from Proposition 1.6, to define a determinantal point process of N points
on Gr; 4 it suffices to choose a suitable subspace of L2(Gr2,4) of dimension N. Recall
from Section 1.4 the decomposition of L2(Gr, 4) as a direct sum of eigenspaces of the
Laplace—Beltrami operator:

84(Gryq, N) = + O(N?), N — oo.

L*(Grp4) = ) He.

TeP

For every natural number k > 0, we consider the DPP associated with the subspace Hy =
@\rl <k Hr of L?(Gr,,4). The reproducing kernel of Hy is then given by

@1 Ki(P,Q) = ) Ko(P,0),

[z|<k
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where K is the reproducing kernel of the eigenspace H,. From equation (1.16), the ker-
nels K (P, Q) are given by bivariate orthogonal polynomials in the variables £, (P, Q)
and £_(P, Q). In this work, we derive a simple, explicit expression for the kernel (2.1)
using a multivariate version of the Christoffel-Darboux formula.

Theorem 2.5. For every natural number k > 0, the reproducing kernel of Hy, is

K (P, 0) = Ki(E4,62) = CPP () PP () + 2P (E4) PP (L),

where C ,53/ D s the Gegenbauer polynomial of degree k and parameter 3 /2.
Remark 2.6. The Grassmannian Gr, 4 can be identified with the set of orthogonal pro-
jectors on R* of rank 2:

Gry 4 ={P e R¥*: PT = P, P2 = P, rank(P) = 2}.

With this definition of the Grassmannian, the space Poli (Grz,4) of polynomials of degree
at most k on C** restricted to Gr, 4 satisfies

Poly(Gra4) = €P H. = Hy.

|z|<k

see Section 4.2 of [20]. This space has been extensively studied; see, e.g., [9, 15,20, 33].
Thus, Theorem 2.5 provides a simple expression for the reproducing kernel of this poly-
nomial space.

The dimension of Hy, is given by

1
dy = Zdrzi(k+1)2(k2+2k+2).

[tl<k

Therefore, for every k > 0, the DPP associated with the subspace Hj samples N = dj
points. By analogy with the harmonic ensembles presented in [4, 12], we will call this fam-
ily of DPPS harmonic ensemble and, to emphasize the dependence on N, we will denote
it by 2™ It is worth mentioning that in the recent paper [35], the author proves that the
harmonic ensemble on homogeneous manifolds has the optimal rate of convergence to the
uniform measure with respect to the Wasserstein distance W,.

To the best of our knowledge, this is the first time that a determinantal point process
has been considered in the case of the Grassmann manifold. Note that in the paper [42] the
authors introduce and study a class of determinantal probability measures that generalize
the class of discrete determinantal point processes. These measures live on the Grassman-
nian of a real, complex, or quaternionic inner product space. Although this might seem
similar, they do not introduce any determinantal point process on the Grassmannian.

From Proposition 1.6, the expected Riesz and logarithmic energies of points coming
from the harmonic ensemble are given by

Ki(P, P)Ki(Q. Q) — Ki(P. Q)2
Ex zm[Es(X)] = //G s K5, P) ’;i(QP’QQ))S k(P 0) do(P)do(Q)
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and
EXNx(N) [Elog(X)]
. // (K (P. P)Ki(Q. ) — K (P, 0)) log de(P. 0) do (P) do(Q).
Gry 4 XGrp 4

Here we study the asymptotic behavior of these expected energies in terms of the number
of points sampled by the DPP. The results are summarized in the following theorems.

Theorem 2.7. The expected Riesz s-energy, with 0 < s < 4, of the points coming from the
harmonic ensemble is

Eyxz[Es(X)] = Wi(Gra s) N2 — Cs N1TS/4  o(N1Fs/%),

where

0 2 2
(22) 22+3s/4/ / Jl(x) Jl(y) dx dy
Xy 42

and J is the Bessel function of the first kind of order 1. For s = 2, we have

27/2(4 — 24G + 37)

C, =—
2 487

where G is Catalan’s constant.

Theorem 2.8. The expected logarithmic energy of the points coming from the harmonic
ensemble is

1
EXN‘%(N) [Elog(X)] = I/V]og(GrzA)]VZ - Z N log N + ClogN + O(N)’

where
1+2G 1 log?2

ol ]

Clog = 4 Y 4

and vy is the Euler—Mascheroni constant.

Theorem 2.9. The expected Riesz 4-energy of the points coming from the harmonic en-
semble is

NZ%log N
Ey_xo[Es(X)] = Tg + C4N% + o(N?),
where
7log2 Yt x2y? —16J1(x)%J1(y)?
2.3) C4= 2 dxd
@3) Ca=— o f/ P

00 J 27 2 J 2J 2
_32/ / N@PHO? 64/ / SOTRO) 414y~ 0.991,
v o2+ y2)2 xy(x2 + y2)2
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Comparing Theorem 2.9 with (1.7), we see that our DPP gives the correct leading term
in the asymptotic expansion of the minimal 4-energy.

Theorems 2.7, 2.8, and 2.9 provide asymptotic upper bounds for the corresponding
minimal discrete energies, with explicit constants for the next-order terms when the num-
ber of points is of the form N = dj.. Using the same idea as in Corollary 2 of [12], we are
able to overcome this last restriction for 3 < s < 4.

Corollary 2.10. For any N > 1 (not necessarily of the form dy), and for 3 < s < 4, we
have
€5(Gr24, N) < Wy(Graa) N = CN'H/% - o(NTHT%),

where Cy is the constant in (2.2).

Corollary 2.10 follows from the fact that, for N € (dg, di+1),
€5(Gra4, N) < 65(Cro4,di11) < Ey _yyn [Es(X)],

and both Ey_ywp[Es(X)] and Ey_ y@,, ) [Es(X)] have the same first two asymptotic
terms. More precisely, we have

diy =k*/2+ O(k®) andalso diy =k*/2+ O(K>).

Then, for3 < s <4 and N € (dy,dr+1),

1 1
Ey g in [Es(X)] = Ws(Graa) Lk + OG7) = Cg Sy + o (k™)
1

21+s/4
= Wy(Gry4) N? — Cy NIFS/4 4 o(N1F/4),

1
= Wi(Graa) ;K= G, K4S+ o(k*S)

It can be checked that this same argument is also valid in the case s = 4. Therefore,
we obtain the following corollary, which also proves the order of the upper bound in
Theorem 2.4.

Corollary 2.11. For any N > 1 (not necessarily of the form dy), we have

N2log N
€4(Grag, N) < % + C4N2 + o(N?),

where Cy is the constant in (2.3).

2.1. Structure of the paper

In Section 3, we prove Theorem 2.1. Section 4 is dedicated to the proof of the lower bounds
in Theorems 2.2, 2.3, and 2.4. In Section 5, we establish the order of the upper bounds
in Theorems 2.2 and 2.3 using jittered sampling. In Section 6, we prove Theorem 2.5. In
Section 7, we prove Theorems 2.7, 2.8, and 2.9. In Section 8, we gather some auxiliary
results and technical lemmas used in the proofs of Section 7. Finally, Appendix A contains
some definitions and results about orthogonal polynomials and special functions that are
used throughout this work.
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3. Minimizers of the Riesz and logarithmic energies

In this section, we prove Theorem 2.1. The key point consists in proving that the Riesz
and logarithmic kernels on Gr; 4 are conditionally strictly positive definite.

We denote the set of Borel probability measures on Gry 4 by M(Gr2 4), the set of finite
signed Borel measures by §(Gr3 4), and the set of finite signed Borel measures with total
mass zero, that is, v € §(Gry 4) satisfying v(Gr, 4) = 0, by Z(Grz 4). Below we recall
the concept of well-defined energy of a measure v € § (Grz 4).

Definition 3.1 (Definition 4.2.4 in [16]). Let A be an infinite compact metric space. Given
a symmetric and lower semicontinuous kernel K on 4 x A and two finite positive Borel
measures ( and v supported on A, we define their joint (or mutual) K-energy (i, v)g by

(ov)g = / K(x. y) dv(x) dp(y).

When p and v are finite signed Borel measures supported on A, their joint energy is
defined as

- )

(v = (" v+ (v )k — (w7 — (kv )k,

provided that at least one of the sums (™, v g + (W™, v )g or (ut, v ) + (u™ vk
is finite (we say that (i, v)g is well defined in this case). Here u = ut — u~ and
v = vT — v~ are the Jordan decompositions of the signed measures y and v. We extend
the definition of /x to signed measures by setting

Ik[v] = (v,v)k.

Recall that a symmetric and lower semicontinuous kernel K:Gr, 4 X Grz 4 — (—00, 0]
is called conditionally strictly positive definite if for all v € Z(Gr,,4) whose energy is well
defined, we have Ig[v] > 0, and Ix[v] = O only if v = 0.

Theorem 3.2 (Theorems 4.4.5 and 4.4.8 in [16]). Let A C R? be an infinite compact
set and let x,y € A. Let d = dim(A) be the Hausdor{f dimension of A. Assume d > O.
Then, the logarithmic kernel Kiog(x, y) = —log|x — y|| and the Riesz kernel K(x,y) =
lx — y||75, for 0 < s < d, are conditionally strictly positive definite.

The following theorem is given in [16] for compact subsets of R?. The interested
reader can check in Theorem 4.2.7 in [16] that the proof can be easily extended to general
compact metric spaces.

Theorem 3.3. Let K be a symmetric and lower semicontinuous kernel on Gr 4. If K is
conditionally strictly positive definite, then I has a unique minimizer in M(Grz 4).

Corollary 3.4. Let K be a symmetric and lower semicontinuous kernel on Gr, 4. If K is
conditionally strictly positive definite and isometry invariant, then the uniform measure
is the unique minimizer of I.

Proof. Analogous to Corollary 2.15 in [4]. ]
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Theorem 3.5. The logarithmic kernel Ko, and the Riesz kernel K, for 0 < s < 4, are
conditionally strictly positive definite on the Grassmannian Gry 4.

Proof. Let u € Z(Gry,4) be a measure whose energy is well defined. Assume that p is
not identically zero. We have to prove that

1
ul = //(31'24><Gr24 POy du(P)du(Q) > 0.

As we mentloned in Section 1.1, there exists an isometric embedding ¢: Grz 4 — Gr2 4,
where Grz 4 C R?, of the Grassmannian into an Euclidean space so that the chordal dis-
tance is the Euchdean distance in the embedding. Since ¢ is an isometry, we have

[/ de(P. 0)*du(P) du(Q) = /[ l0(P) — 9(O)]|™* du(P) du(Q)
Grz,4 X Gra 4 Gr,4 XGrp 4

=[G dpan) = 0
Grp 4XGr3 4

where @4 is the pushforward measure of © under ¢. The last inequality follows from
Theorem 3.2. The logarithmic case is analogous. ]

3.1. Proof of Theorem 2.1

From Theorem 3.5 and Proposition 3.4, we have that the uniform measure ¢ uniquely
minimizes the continuous Riesz and logarithmic energies on Gr, 4 for 0 < s < 4. The last
claim of the theorem follows from Theorem 1.5 and the weak™ compactness of M (Gr3 4).
We now compute the continuous energies /;[o] and Ijo¢[0]. The continuous Riesz s-energy
is given, for 0 < s < 4, by

1
(3.1) I[o] = //GWXGW O do(P)do(Q).

From Lemma 1.4, we have, calling x = &, and y = &_,

1 ('t 1
= —  dxd
4 /—1 /—1 (1—xy)s/2 Y

_ ! /‘ (== -+ =2
C2(s—=2) y Y

(3.2) Is[o]

Note that

(1=y)175/2 — (1 4 y)1=5/2 S/2Y an
y = 2)2(1+2 ) '

This power series converges in (—1, 1). Since a power series converges uniformly within
its radius of convergence, we can integrate term by term the previous expression, obtaining

1 (1 o y)l—s/z _ (1 + y)l—s/z
Y

1 s 1 s 33
=26-23Fa(3 5+ 355!
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Hence, we conclude that

I s 1 s 33
IS[G]=3F2(§’Z+§’Z,§,§,1)

Finally, we compute the continuous logarithmic energy. Recall that

(3) hulol == [|  tode(r.0)do(P)do(0).
Gra,4 XGra 4
From Lemma 1.4, we have, calling x = §y and y = £_,
1ot 72 log2
Ilog[o]=—§/;1/;110g(1—xy)dxdy=I—E—T- L]

4. Lower bounds for the Riesz and logarithmic energies

This section is dedicated to the proof of the lower bounds in Theorems 2.2 and 2.3. Given
a kernel of the form

Ky (P, Q) = f(E+(P.Q).§-(P.Q))

for some function f:[—1,1]?> — (—o0, 0o], we denote

E/(wn) = Eg,(on) = Y f(E(P.0).6-(P.Q)).
P,Qcwy
P#Q

Particular examples of this type of kernels are the Riesz and logarithmic kernels Kj
and K|, introduced in (1.5) and (1.6). Recall that we use the following notation:

P={t=(Mm.n)eN?:11>1,>0} and P*={reP:1#(00)).

Definition4.1. Lett € P andletwy = {P1,..., Py} C Grz 4. We define the t-th moment
of wy as

N
M (wy) := Z P (54 (Pi, Pj),6—(Pi, P})),
ij=1

where P; is the generalized Jacobi polynomial associated with the partition 7 (see (1.15)).

Lemmad4.2. Letwy = {P1,..., Pn} C Gry 4 be an N -point configuration and let T € P.
Then, the moment M (wy) is nonnegative.

Proof. Tt follows from the positive definiteness of the generalized Jacobi polynomials (see
Proposition 2.1 in [5]). [

Proposition 4.3. Suppose g:[—1,1]?> — R has an expansion in generalized Jacobi poly-
nomials that converges pointwise on [—1, 1|2, that is, there is a sequence (8(t)). such that
g(x,y) =Y .cp £(T) Pe(x,y) for each (x,y) € [—1,1]% If oy C Gry 4 is any N-point
configuration for N > 2, then

Ef(wn) = (0,00 N*> —g(1, )N + Y 2(r)Me(wn).

TEP*
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Proof. We have

Ef(wn)= Y gE(P.0).6(P.Q))
"R
= > gE+(P.Q).E(P.Q)— Y g+ (P.P).E(P.P))
P,Qcwn Pewy
= Y gE(P.0).E(P.Q)— Ng(l.1).
P,Qcwy
Note that
> g (P.Q)E(P.Q) = Y D gO)P(Er(P.Q).E(P.0Q))
P.Qcon P,Qcwy teP
=N2200.0)+ > 2(x) Y Pe(E4(P.Q).E(P.0Q))
TEP* P,Qcwn
= N?§(0,00+ Y 2(t)M(wn). "

‘We now adapt Theorem 5.5.1 in [16] to the case of Gr 4.

Theorem 4.4. Suppose f:[—1,1]> — (=00, o0], and let g:[-1,1]> — R be a function
such that

(1) it has an expansion in generalized Jacobi polynomials that converges pointwise
on[-1,1)%;

2) the generalized Fourier—Jacobi coefficients g(t) are nonnegative for all Tt € P*; and
( 8 g 8

(3) g(x.y) < f(x.y) forall (x,y) €[], 112
If wn is an N -point configuration on Gry 4 for N > 2, then

Ef (on) > E¥(wn) > §(0,0)N? — g(1, 1) N.

Proof. Since g < f, we have E¢(wy) < E/ (wy). Therefore, from Proposition 4.3 and
Lemma 4.2,

E'(on) = E¥(on) = §0,0N* —g(1, DN + Y &(t)M(wn)

TEP*

> §(0.0)N? — g(1.N. .
To prove the lower bounds in Theorems 2.2 and 2.3, we will need the following lemma.

Lemma 4.5. Let § > 0. Let fy5:[—1,1]> — R be the function given by

1—xy+6)~—° s >0,

fs"g(x’y)={_log(1—xy+5) s =0.

Then, f;’g () =0 forall Tt € P*.
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Proof. We have

_ —s/2 __ —s5/2 _ Xy —s/2
@.1) (I—xy+8)~2=@6+1) (1 5+1)
ek +s5/2—1)\ xkyk
=@+1 S/ZZ( )—k
P k G+1)
— __xy
4.2) —log(1 — xy +8) = log(5+l)+10g(l 8+1)

= —log(§ + 1) + Z ((8 +y1)k>

where the series in (4.1) and(4.2) converge uniformly on [—1, 1]2. Therefore, from (1.17)
the generalized Fourier—Jacobi coefficients f; s(7) are given, for 7 € $*, by

6+ 1)~s/2 °°(k+s/2—1) 1 /lfl ko k
- _ x“y*P.(x,y)dxdy,
iz 2k Jarar), L e

for s > 0, and by

10g(8+1)/ / P, y) dx dy

| Pe)3
! ' 1kk
Pr(x,y)dxd
||P|| 2;k(5+1)k/_1/_1xy c(x,y)dxdy

k
IP 12 £ k(8+1)k/ / y* Pr(x,y)dxdy,

for s = log, where we have used that P ¢y = 1 together with the orthogonality of the
generalized Jacobi polynomials. Since P;(x, y) is positive definite, we have, using the
characterization of positive definiteness given by equation (3) in [14], that

1 p1
/ / xkykPT(x,y)dxdy >0
-1J-1

for all T € *. Hence, the lemma follows. n

4.1. Proof of the lower bounds in Theorems 2.2, 2.3, and 2.4
4.1.1. Proof of the lower bound for 0 < s < 4. Consider the function

—s/2 s >0,

u
—zlogu s =0,
where in this proof s = 0 corresponds to the logarithmic case. The derivatives of this
function are given by

£ W) = (=¥ esp fopar ),
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where

1 k=0,
(4.3) ese =9 Bk s>0,k>0,
1k=1)! 5s=0,k>0.

By Taylor’s theorem with integral form of the remainder, we have, for u > 0,

n

8 k r(k (_ )n+1 uts n n+1
i = 32 00 +5>+—[ (w — )" £ (w) dw

_ Dk £ 5 (-1 )n+1 5 n r(n+1) d
Zk'()f(+)+ A

Consider the function

n

5k ( )n+1 8
Funs @) = Y2 D (0w +8) < fi00 - —— /O D G 4 ) dr

k=0

§
C
(4.4) = folw) = =25 / 1" frantau + 1) dr,
. 0

with equality for u > 0. Since (—1)n+1 £

P, 0 € Grppy4, let

> 0, we have F, 5(u) < fs(u). Given

(4.5) fs(E+(P.Q).6-(P. Q) = fo(1 = §+(P. Q)§-(P. Q).
Recall that the chordal distance in Grj 4 in terms of the variables £y and &_ is given
in (1.4). Then, the discrete Riesz energy of an N -point configuration wy = { P, ..., Py}

C Gry 4 is precisely

Es(wn) = ET(oy) = Y fi(1 = £4(Pi. P)E-(Pr. Py).
i#j

To determine a lower bound for Es(wy), we apply Theorem 4.4 to the function
g:[-1,1]*> — R given by
g(x,y) = Fyns(1—xy).

It follows from Lemma 4.5 that the generalized Fourier—Jacobi coefficients g(t) of g(x, y)
are nonnegative for all T € £*. Moreover, the expansion of g in generalized Jacobi poly-
nomials converges absolutely and uniformly. This can be proved by straightforward adap-
tation of the arguments in Section 2 of [4] to the case of Gr, 4. Since g can also be seen
as a smooth function over the Grassmannian Gr; 4, the absolute and uniform convergence
can also be proved using classical estimates for the supremum norm of eigenfunctions of
the Laplace—Beltrami operator on Riemannian manifolds (see p. 1 of [50]) and applying

Bessel’s inequality to A®)(g), where A®) := A o ®)oAandkeN.
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Therefore, from Theorem 4.4 we have, for any N -point configuration wy,
(4.6) Eg(wn) = §(0.0)N> — g(1, DN,

where the coefficient (0, 0) is given by (1.18) and

n

sk s
@ gL ) = Fops(0) =3 (=D LP0) = £,6) + 577 Z ‘ k‘

k=0

We now compute g(0, 0). From (4.4) and (3.2) (and recall that W;(Gra 4) = Is[o]), we

have
1 1 1
2| stnaray
-1J-1
Cs,n+1 d ! ! 2 1
= Ws(Gr2,4)—’—/ t"/ / (1—xy +1)~/? " Vdxdydr.
4n! Jo S

The inner integral is

1 1
/ / (1—xy4+1)~/?>" 1dxdy
-1J-1

_ 1 /1(l—y+t)‘”2‘”—(1+y+zrs/2‘”
Cs/24n ¥

4.8) £(0,0)

dy.
To compute this integral, note that

(l—y+072" — (L4 y 1)~/ st~ = 5/2\ i
=2 (140" :
y Z( 1) 2k +1

k=0

Hence, integrating term-by-term we obtain

(1—y+t) s/2— "—(1+y+t) s/2—n
s/2+n v

—s5/2 1
_ 1 4 p)~"—s/2=2k=1 —n—s/
s/2+ Z( 0 2k +1 )2k +1

ln s 1 n s 33 1
= 4(1 l_n_s/z_l F <—’— — - = — 1,—’—; )
1+ stalyrp Pyttt 2 27 (1+41)?
From Proposition A.1 we have
ln s 1 n s 33 1
411"S/21F(—--,—-1 —
(1+1) stalgrp Pyttt 22(1+z)2>
~ 23—3/2—n F(l’l + S/2 - 1)F(3/2)2 1—s/2—n
ra/2)rmn/2+s/4+1/2)rn/2+s/4+1)
2

1-s/2—n

T i+s/2)(m+s/2—1)
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as t — 0, where in the last equality we have used the duplication formula for the gamma
function. This estimate is valid for n > 1 — /2. Calling

2
n+s/2)(n+s/2—1) |

(4.9) Asp =

we have, putting all the previous computations together,

1 pl
4.10) / / (1 —xy + Z)_S/Z—”—l dxdy ~ As,n tl—s/Z—n’
—-1J-1
as ¢ — 0. Substituting (4.10) into (4.8), we obtain

5 AsnCsnt1 2 _
4.11 0,0) = W, (G __osnmsntl  e2—s/2 §275/2y.
D ) o™

as § — 0. These expressions are valid for 0 < s < 4. Inserting (4.11) and (4.7) into (4.6),
we have

C
1D Eulow) = N2 (WilOra) = o2 520502 4 06202

—N(fs(5)+3_s/2ZCSk)'

To finish the proof, we take § = ~1/2 in (4.12). In the case 0 < s < 4, we obtain
Eg(wn) = W(Gra,a) N? + Con N'H/* 4 o(N1H9/%),

where

N As.n Csnt1 Cs,k
(4.13) Con = — (4,1,(2 SR +Z Gk,

In the logarithmic case s = 0, we have
1
Ejog(@wn) = Wiog(Gra 4) N> — 1 NlogN + Cou N +o(N),

where

n
(4.14) Con = —(—AO’”SZO!’”“ +3 CI‘C’—"‘)

The constants Cy,, and Cy , in (4.13) and (4.14) are negative and decreasing as a function
of n. Hence, we choose n as the smallest integer such that n > 1 — s/2. This implies
choosingn = 1 if s > 0 and n = 2 if s = 0. The proof is now complete. ]
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4.1.2. Proof of the lower bound for s = 4. In the hypersingular case s = 4, we can use
a simpler approach. Let

Y(ErE) = (1 —E 6 +8)2

From Lemma 4.5, the generalized Fourier—Jacobi coefficients lﬁ(r) are nonnegative for
all T € P*. Since ¥ (1, 1) = §72, from Theorem 4.4 we have

(4.15) Eq(on) = EM (o) 2 E¥ (0n) = ¥(0,0)N> 872N,
where fs is as in (4.5) and
R 1 1 1 1 1 1
¥(0,0) = —/ / Y (x,y)dxdy = —/ / (1 —xy +8)2dxdy.
4 —-1J-1 4 —-1J-1
Note that
Lot 1 2 2
——dxdy = ——1 1+ -=)=-2logé +2log?2 1),
/_lf_l(l—xy—i—S)zxy 1+80g(+8> 0gé + 2log2 + o(1)

as § — 0. Hence,

o 1 1
(4.16) ¥(0,0) = —510g8 + 510g2 +o(1).
Substituting (4.16) into (4.15) and letting § = N ~'/2, we obtain
1 log2
Es(wn) = 7N?log N + NZ(% - 1) + o(N?). -

5. Upper bounds using jittered sampling

In this section, we use jittered sampling to prove the order of the upper bounds in Theo-
rems 2.2 and 2.3. This technique has already been used in other works; see, for example,
Theorem 6.4.2 in [16]. Although we do it for Gr; 4, the proof could be trivially extended
to the general case of Gry, 4.

The following result is proved in Theorem 2 of [36] for the more general setting of
connected Ahlfors regular metric measure spaces. Here we state it for the particular case
of the Grassmannian Gr 4.

Lemma 5.1. For the Grassmannian Gry 4, there exist positive constants ci and ¢ such
that for every sufficiently large N, there is a partition of Gry 4 into N regions of mea-
sure 1/ N, each contained in a geodesic ball of radius ¢y N ~'/* and containing a geodesic
ball of radius c; N ~1/4.

Proposition 5.2. For the Grassmannian Gr, 4 and for 0 < s < 4, there exists a positive
constant cg such that, for N sufficiently large,

Es(N) < Ws(Gr2,4) N? - Cs N1+S/4-

For s = log, there exists a constant ciog such that, for N sufficiently large,

1
log(N) < Wipg(Grz 4) N2 — ZN log N + cjog N.
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Proof. Since sinf < 6 < 2sin 0 for sufficiently small 6, we have
sin? 61 + sin? 6, < 912 + 022 < 4(sin2 0 + sin? 6).

Hence, recalling the expression (1.1) for the chordal distance on Gry 4, from Lemma 5.1
there exists a positive constant c3 such that for N sufficiently large there is a partition
of Gry 4 into N regions Dy, ..., Dy, each of measure 1/N and contained in a chordal
ball of radius C3N_1/4. Let

do; (P) == Ny, (P)do(P),

where y D; is the indicator function of D;. Then, we have, for 0 < s < 4,

&,(N) < /G [G ; Ky(Pr. Py doy(Py) -+ doy (Py)
— Y [ kapp ooy

l7éj D,XD]

=V ([ K(r.0)ao(rdoc) —Z //D P 0 i(©)

12,4 X Gra 4

1
< Wi (G N2 — _
= s( 1"2,4) ; diam(Dj)s

< Wy(Grag) N2 — (2c3)* N5/,

The logarithmic case is analogous. ]

6. Computation of the kernel of the harmonic ensemble

We devote this section to the proof of Theorem 2.5. Recall from (1.16) that the reproducing
kernels KX, of the subspaces H; of L2(Gr2,4) are in one-to-one correspondence with the
generalized Jacobi polynomials P;. To compute the sum of these reproducing kernels, we
use a modified version of the multivariate Christoffel-Darboux formula.

6.1. A Christoffel-Darboux type formula

In this subsection, we present a result that is essential for the proof of Theorem 2.5. Let
K = (k1. k2) be a partition of degree |k| = k1 4 k> = k. We define k@ as the partition
obtained from « by increasing the ith part «; by one. Note that this is not always possible
for all i, since «® should also be a partition, that is, the new parts should be in decreasing
order. The following result is an immediate consequence of Theorem 2.6 in [5]. In [5], the
corresponding result is given in terms of the variables y; = cos? #;. We present it instead
in terms of the variables &1 and £_ introduced in (1.2).
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Theorem 6.1. Given a partition ji of degree k + 1, let Ay [k, j1] be zero whenever ju # k@
fori =1,2. Otherwise, let

(k + 1)2 0
AT N0 K2 = b
Ak[K,K(l)] — (2k + 1)2
k+1 k1—Kky+1
Ky > O,
2k+12/€1—2l€2+1
and
Uk + 1)
hE1? =0
Ak[K,K(z)] =
k+1 K1 — K>
Ky > 0.
2k+1 2K1—2K2—|—]
Let

Oy = Z Axlk, ] Py

lul=k+1
Then, for all k > 0, we have

Z|K\=k dIC(QK(lv 1)PK(§'+, S—) - QK(S+» S—)) i
1—§46-

Z dtPr(E-HE—) =
[tl<k

where d is given by (1.11).

Note that the sum in the left-hand side of Theorem 6.1 is precisely the reproducing
kernel K. Therefore, to prove Theorem 2.5, it suffices to compute the sum in the right-
hand side.

6.2. Some preliminary lemmas

In this subsection, we gather some auxiliary lemmas that will be used to prove Theo-
rem 2.5. Recall from (1.15) that, given a partition k¥ = (1, k>) of degree |k| =K1 + k2 =k,
the generalized Jacobi polynomial P, can be expressed in terms of Legendre polynomials
as

Pe(§+.6-) = % (Prc(5+) Pey—ies (=) + Pi(E-) Pey—ir (54)).-

Lemma 6.2. Let k > 0 and let k = (k1, k2) be a partition with |k| = k. Then, with the
notation of Theorem 6.1,

(k + D3k + 1)

:O’
0L 1) = Ck+1)z
K ) k+1
2% + 1 K2 > 0.

Proof. Since, by definition, P, (1, 1) = 1 for every partition p, we have

0c(1,1) = Aglic, kD] + Agic, k@]
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If k5 > 0, then

Quc(1.1) = Arlic, kO] + Alic, @]
_k+1 Kl—K2+1 K1 — K2 k+1_k+1
T2k 412 =2k 4+ 1 2% =2k +12k+1 2k +1

If k, = 0, then we obtain

- (€) @ (k+D?* 2k +1)
Qe D = Ao+ Ade = G2 T e 12
_(k+DBk+ 1)

(2k + 1)

Lemma 6.3. Let k > 0 and let k = (k1, k2) be a partition with |k| = k. Then, with the

notation of Theorem 6.1,

k+1
2k—:L ] (5= Pr(E-) Pryr (B+) + &+ Pr(E4) Prya(80))
(k + 1)2 Ky =0,
Ou(Er b) = - mPk+1(§+)Pk+1(§—),
k+1
s T 6 P 6 P 6 -
+ é,-:+ PKl—K2($+)Pk+1($—))»

Proof. Note that

Qu(Ex. &) = Al kVIPey (4. 6) + Axlic, k@] P (4. E0),

where k(D = (k1 + 1,k2), @ = (k1,42 + 1), and

Pan(Ee ) = 5 (Pt (60 Pron 6+ Prsn6) P 64),
Peor(E4 6 = 5 (Prsn€4) Py 1(6) + P 6 P 1 (61)).
When «, > 0, we have
6. Ouer )= 500
(e (Pt (60 Pt (6) + Prt ) Paymaar (64)
507 2o = Per1 €0 P 6) + Pt 6 P (64)) )

From the recurrence relation (A.2) for the Legendre polynomials, we have

2k1 — 2k + 1 K1 — K2
T2 e _
Ky —ky + 1 g-i— K1—K2 (S-i—) P

1— k2 +1
261 —2k3 + 1 K2
6.3) Pe—yr1(6-) = —————

(6.2) PK1—K2+1(§+) = PK1—K2—1(§+)’

E Py (E2) — —2—

— 2 Pci1(E0).
K1 — Kz + 1 a1 et @)
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Substituting the identities (6.2) and (6.3) into (6.1), we readily obtain the desired expres-
sion for Q, (&4, &) when k, > 0. The case k; = 0 follows similarly. |

Lemma 6.4. With the notation of Theorem 6.1, let k > 0 and

S1 = dx,0)(Qk,00(1, 1) Pre,0y (§+.6-) — Qk,0)(6+.6-)).

Then,
S1 = (k+ DBk + 1) Pr(§+) Pr(§-)
— 2k + 1) (k 4 1) (5= Pr(E-) Proy1(54) + &+ Pr(54) Prya (52))
+ (k 4+ 1) Pgy (64) Pry1(E0).
Proof. Immediate from Lemmas 6.2 and 6.3, and the fact that d 0y = (2k + 1)2. |

Lemma 6.5. With the notation of Theorem 6.1, let k > 0 and
Sa= ) de(Qe(L)Pe(Ey.6) — QuclEr. ).
|k|=k,k2>0

Then,

Sy = (Pe(E4) —&— Pegr (1)) (k + 1) (= @k + DPe(62) + CPP (E)
F(Pe(E2) = E4 Prr (0) (k + 1) (= @k + D Pe(Ex) + COP(E4)).

Proof. From Lemmas 6.2 and 6.3, we have
O (L, D) Pe(E4,5-) — Ou(E+,6-)

k+1
= 20k 51 P Paa ) £ Pr(E-) P (64)

— & P~ (E2) Pry1(E4) — €4 Py, (1) Preg1 (2)).
In this case, d, = 2(2k + 1)(2(k1 — k2) + 1), so

de(Qic(1, ) Pe(§4.6-) — Qi (§+.5-))
= (201 —k2) + 1) (k + 1) (Pic(6+) Pey—z (6=) + Pic(6-) Py~ (6+)
— &= Pey—i; (6-) Prr1(64) — &4 Pey—ie (64) Pr+1(6-))
= (Pr(E+) = §- Pry1(E4)) (k + 1) (k1 —k2) + 1) Py, (6-)
+ (Pe(§-) =&+ Prg1(5-)) (k + 1) (2(k1 — Kk2) + 1) Py, (§+)-

Hence,
Sa = (Pe(Ep) —6-PepiE) K+ 1) Y Q2 —k2) + D) Py (E-)
K1t+Kkr=k
K1>k2>0
+ (Pr(§-) — &4 Pr1(6-)) (k + 1) Z (2(k1 —K2) + 1) P~k (§4)-
Kk1+k2=k

K1=>k2>0
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To compute these sums, it is convenient to distinguish between k being even and k being
odd, although the final result will not depend on the parity of k. Assume, then, that k is

even, and so k1 —kp = 0,2,...,k — 2. Calling k; — k; = 2m, we have
k/2—1
64) S =(PiE) =6 PepriEr) (k+ 1) Y (4m+ 1)Pop(£-)
m=0
k/2—1
+ (PeE) =&y Pt (E) (k+1) Y (4m + 1) Pam(Ey).
m=1
Note that
k/2—1 k/2
D @m A+ DPyn(E) = —Qk + DP(E) + Y (4m + 1) Pam(E-).
m=0 m=0

From (A.8), we have

k/2
Y m+ D) Pam(E2) = €7 (E0).
m=0
Therefore,
k/2—1
(6.5) 3 @m A+ 1) Pam(5-) = —(2k + DPe(E) + €O (6.
m=0
Similarly,
k/2—1
(6.6) 3" (4m+ D) P (Er) = =k + DPe(Er) + GO ().
m=0

Then, substituting (6.5) and (6.6) into (6.4), we obtain
So = (PrE+) — &= Per (84)) (k + 1) (= 2k + D Pe(£2) + CPP(E))
F(Pe(E2) — £4 Prya (E2) (k + 1) (—(2k + D) Pe(E4) + CXP(64)).

The case where k is odd is handled analogously, yielding the same expression for S, as in
the even case. Hence, the lemma follows. [

We are finally ready to prove Theorem 2.5.

6.3. Proof of Theorem 2.5

From Theorem 6.1, we know that

2jc=k A (Quc(1, D Pe(E4, €-) — Qi+, 6-))
1—&p 6

i 6) = ) dePe(Ey.6) =

[zl<k
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We call
NeEr 6 = D de(Qc(1 D) Pe(E4.6) — Qe(Ey.6)).

lic| =k

This sum can be decomposed as

Ni(E+.6-) = S1 + 82,

where

St = d,0)((Qw.0)(1. D) Pieyoy 6. 6-) — Qo) (5. 6-)).
Sy = Z dK(QK(l’l)PK(s-i-»g—)_Qk(s-l-»g—))'

|k|=k,k2>0

Using Lemmas 6.4 and 6.5, we have

Nie(+.6-) = (k + 1)@k + 1) Pr(§+) Pr(§-)
— 2k + 1) (k + 1) (6= Pr(5=) Pry1(54) + &4 Pre(E4) Py (52))
+ (k + D2 Py (54) Pegr (62)
+ (PrEr) — - Prega (E0) (k + 1) (= @k + DPe(5-) + €2 (60)
+ (Pe(E2) = £+ Pt (60) (k + 1) (= @k + DPe(E) + €2 (£4)).

This expression can be simplified to

Nk(§+»§—)

©D k+1

= (k + 1) (P41 (54+) Pes1(6-) — Prc(5+) Pe(8-))

+ (Pre(Es) — E- Prya(E0) CPP (E0)
+(Pe(ED) — &4 Prya (E20) CEP(4).
From (A.9) and (A.10), we know that

1
(6.8) Pe() = 17 (C€3Px) —x P (),

1
k+1

Substituting (6.8) and (6.9) into (6.7) and simplifying, we obtain

Ne(§4,6-) 1616
k+1 — k+1

Therefore,

Ne(es 60) = (1= 61 60) (CEP (1) PP (€0 + P60 PP (),

and hence

(6.9) Pryi(x) = (x CP(x) = PP (x)).

(CPPEn PP E) + PP P ).

Ni(5+.6-)

e =GPE e+ PEncPE).

Ki(€+.6-) =
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7. Expected energy of the harmonic ensemble

To determine the expected energy of points coming from the harmonic ensemble with the
desired precision, we need to perform a thorough asymptotic analysis of certain double
integrals involving orthogonal polynomials. For the reader’s convenience, we have encap-
sulated the necessary technical results as lemmas and deferred the proofs to Section 8.

Proposition 7.1. The expected Riesz s-energy of the harmonic ensemble is finite if and
only if s < 6.

Proof. From Proposition 1.6 and Lemma 1.4, the expected Riesz s-energy of this DPP is

_ K (P, Pk (0. 0) — Ki(P. Q)
BBl ff LS 4o (P)do(0)

L Ke(1,1)? — K64, 62)2
'/ / (1—Ep£)/2

Making the substitution (£4, £_) — (cos 8, cos o), we can rewrite the previous integral as

e dE_.

df do.

1 /-n/2 T (K (1,1)2 — Ki(cos 0, cos 0)?) sin § sin &
2o Jo (1 —cos 6 cos 0)s/2

Since the integrand can only be unbounded when (6, o) approaches (0, 0), it suffices to
prove that the integral

/"’"/6 (K (1,1)2 — Ky (cos 8, cos 0)?) sin § sin o

dod
(1 —cos @ cos)s/2 ?

is finite if and only if s < 6 for some sufficiently small ¢ > 0. From Lemma 8.2, we know
that there exists a constant ¢ (k) depending only on k such that

Ki(1,1)% — Ky (cos 0, cos 0)? = c(k) (6% + 02) + 0(6* + o).

This, together with the estimates sin 6 sino ~ 8o and (1 — cos 6 cos o) ~ (0% + 02)/2,
gives

/8/8 (Kx(1,1)%2 — Ky (cos 8, cos 0)?) sin 0 sin o . / / 00 (6% + 0?)

do d
(1 — cos 6 cos 0)5/2 62 + 02)52 0.

Since the integrand is positive, we have

0o (62 + 02) £ 00 (0% + 0?)
df do
02402 <52 (92 + Gz)s/z 0 (92 2)s/2
2] 92 2
< // w dé do,
02+02<262 ('92 + OZ)S/Z
where the integrals in the bounds are finite if and only if s < 6. ]

To prove Theorem 2.7, we need the following lemma.
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Lemma 7.2. Letk > 1,0 <s < 4, and B €{0, 1}. Then,

& ) D () ¢ ) ¢
/1/1 v (6+) (€+) (¢-) (€ )d&d&
(1 —§16-)?

® L)L ()
= f4ts ps/2 / / L dxd k4,
a2y T ol

where Jq is the Bessel function of the first kind of order 1.

Proof. See Section 8.2.1. [ ]

Proof of Theorem 2.7

From Proposition 1.6, Remark 1.7, Lemma 1.4, and equations (3.1) and (1.4), the expected
Riesz energy of this DPP is

B Ki(P, PYKk(0, Q) — Kk (P, 0)?
Ex g0 [Es(X)] = [fG e o do(P)do(Q)

K
= winan =3 [ G ke

From Theorem 2.5 and Lemma 7.2, we have
Ex .~z [Es(X)] = Ws(Grz,4)N?

© J1(x)2J1(y)?
1+s5/2 1.4+s 1 4+s
_ots2g / / Sy ey o),

Finally, using that
1
N = §k4 + 0(k3),
the theorem follows. u

To prove Theorem 2.8, we need the following lemma.

Lemma 7.3. Let k > 1 and let B € {0, 1}. The following equality holds:

1 1
| ] 0 € ¢ e €06 0P € o1 61 6 e de

k*logk log(2)
2 4

+ Bk* + (—1)# (1 — Jo(1)? = J1(1)%)%k* + o(k™),

with
B =

1+2G N 1 vy n log?2
2 8 2 4
where G is Catalan’s constant and 'y is the Euler—Mascheroni constant.

Proof. See Section 8.2.2. [ ]
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Proof of Theorem 2.8

From Proposition 1.6, Remark 1.7, Lemma 1.4, and equations (3.3) and (1.4), the expected
logarithmic energy of this DPP is

Ex xw [Elog(X)]

- /[ (K (P. PYKi(Q. Q) — Ki(P. 0)?) logde(P. Q) do(P) do(Q)
Gry 4 XGrp 4

1 1 1
= WasGra N+ [ [ Koo loxl — ) di de
From Theorem 2.5 and Lemma 7.3, we have

EXW.%(N) [Elog (X)]

1, K*logk log(2
e Gra )N + 7 (= =5 + BK* + °g4( Y (1= go(12 - 12k
1, k*logk log(2
(-5 B+ 108@) (y _ 12— 12k
4 4
1 k*logk 4 log(2) 5 N2, 4 4
5 (= B = 222 (1= Jo(12 = (D)7 K?) + 0(k?),
i 1426 1 log 2
v, log
B = -_r )
2 * 8 2 * 4

Simplifying, we obtain
1
Ey ) [Etog(X)] = Wiog(Gra 4) N2 — 3 k*logk + Bk* + o(k*).

Using that N = %k“ + O(k?), the theorem follows. [ ]

Finally, to prove Theorem 2.9, we need the following lemmas. In these three lemmas,
we consider the region R = [—1, 1] x [0, 1] and divide it according to Figure 1.

Lemma 7.4. The following equality holds:
1
— _d&; dE_ =2logk + 3log2 + O(k™2).
//R\,a (16 "

Proof. See Section 8.2.3. ]

Lemma 7.5. Let k > 1 and let § € {0, 1}. The following equality holds:

P ED) P ED P E) D)
/[R\R . déy dé-

(1-§16)°

s [ N1(0)P()? J1(x)2J1(»)? .
- </1 / XY(x2+y2)2d dy +2/ / xy(x2+y2)2d dy)+0(k )-



Minimal Riesz and logarithmic energies on the Grassmannian Gry 4 2265

&

1

cos(k~1)

-1 0 cos(k™1) 1 £+

Figure 1. Regions of integration inside the rectangle R = [—1, 1] x [0, 1].

Proof. See Section 8.2.4. [ ]

Lemma 7.6. The following equality holds:

K (1 1) = Ky (4 £)2
/I (_E )2 s

Lt x2y? —16J1(x)2 1 (»)?
= k8 dxd k®).
[ ez 4y el

Proof. See Section 8.2.5. [ ]

Proof of Theorem 2.9

From Proposition 1.6, Lemma 1.4, and (1.4), the expected Riesz 4-energy of this DPP is

// Ki(P. P) Ki(Q. Q) — Ki(P. 0)*
Grp 4 XGrp 4 dC(P’ Q)2

T KL 1) — K 6 )2
// (1-§46)?

Ey .z [E4(X)]

do(P)da(Q)

déy dE_.
Recall from Remark 1.7 that
Ki(1,1) = Kp(§+(P, P),§—(P,P)) = N

Note that the Riesz kernel (1 — £ )2 is not integrable near (1, 1). Hence, we divide
the region R = [—1, 1] x [0, 1] as in Figure 1 and write

2
Ex xm[Ea(X)] = i //I;\ﬁ m déy dé-

l K (E+. 6 )2 J{k(1,1)2_J<k(g+7s_)2
_2//R\R (1-§4+6-)2 drdi-t 3 // (1— £, £ )2 dé dé-.
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Then, using Theorem 2.5 and Lemmas 7.4 to 7.6, we have

N2
Ex~zm[Ea(X)] = — (2logk + 3log2 + 0(k™?))

8 11(9)2J1(0)2 J1(9)2J1(<7)2
+k / / 90(92+62)2 16[ /o 0662 + 62)2 a0 5

x2y? —16J1(x)2J1(y)? 8
+ E/o /0 xy(x2 4+ y2)2 & dy) ot

Finally, using that N = %k“ + O(k?), the theorem follows. L]

8. Auxiliary results for Section 7
8.1. Auxiliary lemmas for the proof of Proposition 7.1
Lemma 8.1. Let k > 1 and let
1
B(k) = 3 k(k + D) (k + 2)(k + 3).
Then, for0 <t < 1/k2, we have
PP ) - Bkt < P (1 —1) < PP (1) - Bkt + Ko,
for some constant Ky € (0, 00).

Proof. We proceed as in the proof of Lemma 4 in [12]. Let
q(t) = P (1 —1).

In order to expand ¢ in the standard monomial basis, note that, for 0 < j < k, we have
(see (A.4))

& _ (3/2) (=1)/2/T3/2+ ) (3/2+,)
ar 10 =0 1)/ 70 = rep) - ke W
e 2/+1r(3/2+/) Tk +j +3)
B JT Th—j + )2/ +3)

where in the last equality we have used (A.1). Then,

(1) = Z( 1)/ 27110 3/2 + ) Ck+j+3) v
T J Th—j + DT +3TG +1) "
By the duplication formula for the gamma function, we have

VHTE/2+ ) 2~/ -
JETQRj+3)T(+1) TG +DTG +2)
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Hence,
k+ 1)k +2 k(k + 1k +2)(k +3
= EHDEED) KE+DEEE+D
2 8
where
k i .
: PR Lk+j+3) ;
8.1 R = —-1)/ /.
@1 ;( )F(j+1)F(j+2) 'k—j+1
Note that

k+ 1Dk +2)
2
We now show that R > 0, which finishes the proof. The terms in R have alternating signs,
so it suffices to show that for j = 2,4,... and j < k, the j th term in the summation (8.1)
is greater than the absolute value of the (j + 1)th term. That is, we have to show that, for
those values of j,

=P .

2771 Pk+j+3) ; 2772 P+j+4)
FG+DprG+2 rtk—=j+1H  ~“TG+2QLG+3) Tk—j) ’

which is true whenever ) )
20+D0G+2)

“k—j)k+j+3)

A trivial computation shows that this inequality is satisfied if # < 1/k?2. |

Lemma 8.2. Let k > 1 and let
Ky (cosb,coso) = C,?/z) (cos 6) C]§3/2) (coso) + C,S/lz) (cos ) C,S/lz) (cos o).
For sufficiently small 8 and o, there exists a constant c (k) depending only on k such that
Kr(cos b, coso)? = Ki(1,1)2 — c(k) (0% + 02) + 0(6* + o).
Proof. We have
(8.2) Kr(cosB,cos0)? = Ay + Ay + 243,
where
A = C,S/Z) (cos )2 C,?/z) (cos0)?,
Ar = C,§3_/12) (cos 0)? C,§3_/12) (cos0)?,
Az = C,§3/2) (cos ) C,§3/2) (coso) C,£3_/12) (cos ) C,£3_/12) (coso).

For sufficiently small 6§ and o, we have

2 2

0
cosé’:l—?+0(94) and cosa=1—%+0(04).
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Let :
Bk) = 3 k(k + 1)(k + 2)(k + 3).

Using Lemma 8.1, we have

92
83) P (cosb) = c,§3/2’(1 - 0(94)) = cP2(1) = Bk)62 + 0(6*).
Hence,
(8.4) PP (cos0)? = CBP (1) = 2B(k) /P (1) 6% + 0(6%).

Note that the same expressions hold for the polynomials C ]9/ 2 (cos 0). Then, from (8.4),
it follows that

®5) Ay =CPP ) —2B(k) CPP(1)3(0% + 0%) + 0(8* + o%),
86) A =CIPW)* =28k — 1) CEP(1)*(02 + 02) + 0(6* + o).
From (8.3), we have

PP (cos ) CP(cos ) = P () P (1)
— (Bk)CP'2 (1) + Bk — 1) P (1))62 + 0(6%).

Again, the same expression holds for C 153/ 2 (cos o). Therefore,

(8.7) A3 = PP M2 P (1) - Bk) (62 + 02) + 0(8* + 0%,
where

B(k) = (B(k) CX/P (1) + Bk — 1) PP (1)) cPP (1) PP ).

Calling
B(k) = 2B(k) P (1)* + 2B(k — 1) /2 (1)* + 2B(k),

and substituting (8.5), (8.6), and (8.7) into (8.2), we conclude that
K (cos 6, coso)?
=P W+ P M +208P 12 R (1) - Bk) (07 +02) + 0(6* +0*)
= Ki(1,1)> = B()(0 + 0%) + 0(6* + o). "

8.2. Auxiliary lemmas for the proofs of Theorems 2.7, 2.8, and 2.9

Throughout this section, we denote

8.8) f(0,0)= C,§3/2) (cos 0) C]§3_/ﬂz) (cos ) C]§3/2) (coso) C,§3_/ﬂz) (cosa), pBe{0,1},

and we will be working on the region sketched in Figure 2.
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o

/2
Re Rs
Ry R3
k71/2
k—l
Rg Ry
R> Ry
0 k—1/2 /2 x—k7! 4 o

Figure 2. Regions of integration inside the rectangle [0, ] x [0, 7z /2].

Lemma 8.3. The following equality holds:
/ f(0,0)sinfsino df do = O(k*).
Ry

Proof. In this region, we have sin §, sino = O(k™'). Using the bounds (A.6) for the
Gegenbauer polynomials, we obtain

)/ f(@,o)sin@sinad@do‘ 5[ | f(0,0)sinf sino| df do
R] Rl

= o(kf*k—2 // do da) = O(k*). -
Ry

Lemma 8.4. The following equality holds:

/ f(8,0)sinfsino df do = / f(0,0)sinfsino df do = O(k?).
R> R3

Proof. Since the analysis over the regions R, and Rj3 is equivalent, we will focus on the
region R5. In this region, we have

T -1 -1
Ef@f]‘[—k and 0<o <k .
Using the bounds in (A.6) for the Gegenbauer polynomials and the estimates sin 6 = O(6)
and sinc = O(k™!), we obtain

a—k~1

k71
‘/ f(6,0)sin 6 sino do da‘ = 0(k4/ / 072do do) =0k3. =
Ry 0 /2
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Lemma 8.5. The following equality holds:
/ £(6,0)sinfsino dd do = O(k?).
Ry

Proof. In this region, we have sin = O(f) and sino = O(0). Hence, using the bounds
in (A.6), we obtain

/2 pr—k~!
‘// f(6,0) sin@sinod@) = O(kZ/ / 672672 d6 do) =0k3). =
Ry k—1 Jr/2
Lemma 8.6. Let s > 0. The following equality holds:

/[ f(6,0)sin 6 sinc d6do — 0(k3+s/2).
rs (1 —cos B coso)s/?

Proof. In this region, we have sin = O(#), sino = O(0), and cos(#), cos(0') < cosk /2.
Using that cos x < 1 — x2/4 for x € [0, 1], we have

k=12
1—cosfcoso>1— (1 —T> .
Hence,
1
(1 —cos @ coso)s/2

Using the estimates above, together with the bounds (A.6) for the Gegenbauer polynomi-
als, we obtain

0,0) sin @ si —
)//‘ {( o) sin sms2 d@do‘ _ O(k2+s/2/ 0252 do da) _ 0(k3+s/2). -
rs (1 —cosfcoso) Rs

= 0(k*'?).

Lemma 8.7. Let s > 0. The following equality holds:
// f(8,0)sinfsino d9do:// f(0,0)sinfsino 40 do = O(K15/4+5/2),
Rg¢ Ry

(1 —cos 8 cos o)5/2 (1 —cosfcoso)s/2

Proof. Since the analysis over the regions Rg and R7 is equivalent, we will focus on the
region R7. In this region, we have sinf = O(6), sinog = O(c), coso < 1, and cos § <
cos k~'/2_ Hence, using that cos x < 1 — x2/4 for x € [0, 1], we have

k—l

1 —cosfBcoso > 1—(1—7),

and so
1

(1 —cos @ coso)s/?
To estimate f(6, o) in this region, we use the bounds (A.6) for the Gegenbauer polyno-
mials as follows:

P (cosh) = 0732012, P (cost) = 07320k,

= 0(k*'?).

PP (coso) = 0720 (K?), C,ﬁi/g)(cos o) = 0(k?).
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Using the estimates above, we obtain

‘// (f(G,o) sin 0 sin o d@da‘ _ 0(k7/2+s/2[ 0~ 25-1/2 4o da)
R7

1 —cos B coso)s/2

— 0(k15/4+s/2). -

Lemma 8.8. Ler 0 < s < 4. The following equality holds:

f(8,0)sinfsino ® Li(x)*Ni(»)?
dfdo = 25/24+s f / dxd k4+s).
/Rg (1 —cos 6 COSO’)S/z xy(x2 2)s/2 xdy +o( )

Proof. 1t suffices to compute the limit

o

Over this region we have sinf ~ 6, sino ~ ¢, and

k— 1/2 k— 1/2

f(6,0)sin 6 sino

dé do.
/ (1 —cos @ coso)s/2 “

1 2s/2
(1—cosfcosa) /2 (92 +02)/2

Hence, the limit in (8.9) equals

25/2 1im

—-1/2 p—1/2
f(0,0)00
k—oo k4TS / / (02 + 2)3/2 (14 o(1)) d6 do.

Making the substitution (6, ) > (8/k, 6 /k), the expression above can be rewritten as
follows:

k1/2 k1/2
8.10) 2°/2 lim / 18 f(6/k.5/k)05 (1 + 0(1))dé d&
k—00 (92 +02)s/2
. 1 f(0/k.6/k)05 A a
= 2S/2 kll)ngo/ / Xo, k1/2](9)X[0 k1/2] (O) W (1 +0(1)) df da,

where y is the indicator function. It can be checked, using the bounds in (A.6) for the
Gegenbauer polynomials, that the function g: [0, 00) x [0, 00) — R given by

06 (0% + 62)~5/2 6,6) €[0,1] x [0, 1],
A 528 6,6) €[0,1] x (1, 00),
c@.5)=1% " (© A) [0, 1] x (1, 00)
6 6,6) € (1,00) x [0, 1],
072672(02 4+ 62)5/2  (,6) € (1,00) x (1,0),

is integrable in [0, co) X [0, c0) and satisfies

X[O’kl/Z](G) §[0,k1/21(5') f(@:/k, C}/k)é& < g(é, 8).
k (92 + 6—2)s/2
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Hence, using the dominated convergence theorem and the Mehler—Heine formula (A.7),
the expression in (8.10) equals

2s/2/ /Oo J1(0)2J1(6)? 46 ds.
90(92 Oz)s/z

as wanted. [

Lemma 8.9. Let f be as in (8.8). The following equality holds:
/ f(0,0)sinfsino log(l1 — cos 6 coso) db do
R,

10g(2) (1

= (=1 === (1= Jo(1)® = (D) k* + o(k*).

Proof. 1t suffices to compute the following limit:

k— 1
lim — / / f(6,0)sin 6 sino log(1 — cos 8 cos o) df do
—k—1

k7l pk!
= (=D*? lim —/ f(6,0)sin 6 sino log(1 + cos 0 cosa) df do,
k—o0 k* 0 0

where we have used that
PP (—x) = (kP ().

Over this region, we have sin6 ~ 6, sino ~ ¢, and log(1 + cos 8 cos o) ~ log(2). Hence,
the limit above is

|kt okt
(=P log(2) Jim k—4/ £(8,0)00(1 4 o(1)) dé do.
0
Making the substitution (6, o) (9 /k,6/k), this expression reads as
(8.11) (=1 1og(2) Jim / / 90(1 + 0(1))df dé.
From (A.6), we have
1 6 6\ ~ R
— 51 < 06
)ks (k k> fo| < 66.

Since 66 is integrable in [0, 1]2, we can simplify (8.11) using the dominated convergence
theorem and the Mehler-Heine formula (A.7) as

RO G L0 A\

18 J10)"J1(6)° ()P

(—1) 1og(2)/0/0 - dddé = (-1 1og(2)(f0 5 d0>

10g(2)
(1

= (=1 === (1= Jo(1)% — 1 (1D)?)?,

where in the last equality we have used formula 1.8.3-2 in [45]. ]
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Lemma 8.10. Ler B € {0, 1}. The following equality holds:

k—1/2 2

/ CP (cos0) C2D (cos )0 df = %(1 + 0(k~1/2)).
0

Proof. To control the error in the asymptotic expansion, we use the following version of

Hilb’s formula for the case of the Gegenbauer polynomials C,f3/ 2 (see Theorem 8.21.12
in [49]):

_(k+2k+1) 0Y2
T k+3/2  sin?

where J; is the Bessel function of the first kind of order 1 and

(8.12) ' (cos )

P J1((k + 3/2)0) + Error,

1/2 7 o -3/2 -1
Error = (0'4/sin0)0(k ) kT <60 <m/2,
(93/sin0)O(k) 0<6 <kl

Setk = (k 4 3/2). In this case, 6 € [0, k~!/2]. Using that sin @ ~ 0, we can rewrite (8.12)
as

k-
P (cos§) = g J1k0) (1 + O(k™")) + Error,

where

9—1/20(k—3/2) k1l <@ < k~1/2

Error = - - ’

620 (k) 0<0 <kl

For the polynomials C ,S/ /32 ), Hilb’s formula takes the form
k .
c,gi/;) (cosf) = = Ji((k = $)O) (1 + O(k™")) + Error,

where the error term remains the same. Hence,

k2 ~ ~
C' (cos 0) €D (cos ) = gz 1160 11 (k= $)0) (1 + O(k™")) + Error®
k ~ k -
+ 3 J1(k@) Error (1 + O(k™1)) + r Ji((k — B)0) Error(1 + O(k™1)).
Using these estimates, the integral of the lemma equals

k712 12 . . k12
/ — J1(k0) J1((k — B)O) (1 + O(k~"))do —i—/ 6 Error” d§
0 0 0

k—l/z
+ / k (J1(k6) + Ji((k — B)0)) Error(1 + O(k™")) dé.
0

The integrals

J

can be estimated as O (k~3/*) using that |J; (x)| < 1 for all x € R.

k71/2 k*l/z

6 Error? df + / k(Jl(lEG) + Ji((k - $)0)) Error(1 + O(k™')) do
0
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For the remaining integral, making the substitution 6 — 6 / k we have
kU2 g0 5 -
/ 5 J1k0) Ji((k = §)0) (1 +O0(k™")df
0

k2 52
= /O 5 (k6/k) J1((k — B)8/k)(1 + O(k™")) db

0 0

~ /°° J1(kb/ k) 1 ((k — B8/ k) ai)
k1/2 6 '

Using that J; (x) = O(x~1/2) as x — oo, we derive the estimate

/°° Nk6/K) (k= Po/k)
K1/ i
Finally, using formulas 6.574-1 and 6.574-2 in [37], we obtain

=0k~

/°° J1(k8/k) J1((k — )/ k) b=t k-8
: 2 2k

— %(1 +o%k™y).

The lemma follows. u

Lemma 8.11. The following equality holds:

[ f(8,0)sinfsino log(1 — cos 6 coso) d do
Rsg

_ _k*logk N k4<4 +8G + 7 —4ymw +4mlog2 logZ) 4 otkY).
2 8 4

where G is Catalan’s constant and y is the Euler—Mascheroni constant.

Proof. Using the substitution

(8.13) 0,0) — (0/k,6/k),

the integral of the lemma equals

k1/2 kl/z
(8.14) 5 /0 i F(6/k,6/k)sin(d/ k) sin(6/ k) log(1— cos(8/ k) cos(5/k)) db déb.

In this region, we have

log(1 — cos(/k) cos(6/k)) = log (9221’262 1+ O(k—l)))

= log(é2 +62) —2logk —log(2) + log(1 + O(k™1)).
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Hence, the integral in (8.14) can be written as

I + I + I3+ 14,

where
1 k1/2 kl/z . . R R
h=2 / F(B/k, 6/ k)sin(/ k) sin(&/ k) log(® + 62) db 6,
0 0
21 k k1/2 k1/2 ,\ R R
I = — ‘;i( ) £(0/k,6/k)sin(@/ k) sin(6/k) dd db,
1 2 k1/2 k1/2 R . R
Iy = _%g) £k, &/k)sin(@/k)sin(6/ k) d dé,
0 0
1 1 k 1 k1/2 k1/2 . R R
Io— "g(+—0())/ F(0/k.6/k)sin(6/k) sin(6/ k) dd dé.

Reversing the change of variables (8.13), we can use Lemma 8.8 with s = 0 and for-
mula 6.574-2 in [37] to derive

_ el
4

+ o(k*).

Similarly, we have I, = o(k*). To compute I,, we use the estimates

N

sin(/k) = Z(l +O0(k™") and sin(6/k) = %(1 + O0(k™Y)).

Then, we can simplify /5 as

1 /\

k
22O routy ([ e eond/in P eos(d/kn L ad)
0

k2

Reversing the substitution (8.13) and using Lemma 8.10, we obtain

I, =

k4
I, = Y logk + o(k*).

Finally, we claim that

4+ 8G -4 4m log 2
11=k4< + + 7 —4ym + 4 log )+o(k4).
8w

To prove this claim, it suffices to compute the limit limy _, o, 11 /k*. Using the asymptotic
equivalences sin(0/k) ~ 8/ k and sin(6/ k) ~ 6/ k, we have

1
8.15 lim — 1
(8.15) kgr;ok4 !

k1/2 kl/Z
= khm 3 f f(0/k,6/k)0610g(6% + 6%)(1 + o(1)) dd d6

. R - f(0/k,6/k)06 log(62 + 62 Ao
= lim / / X[O,kl/Z](O)X[O,kl/Z](U) f( / / ) g( )(1+0(1))d9d0’.
0

k—o0 Jo k8




U. Etayo and P.R. Lépez-Gémez 2276

It can be checked, using the bounds in (A.6) for the Gegenbauer polynomials, that the
function g: [0, o0) x [0, c0) given by

06 10g(02 + 62) (6.6) € [0.1] x [0.1],
66 210g(02 +62)  (6.6) € [0.1] x (1, 00),
6-2610g(62 +62)  (.6) € (1,00) x [0, 1],
6726"210g(9% + 62) (0,6) € (1,00) x (1, 00),

£(0,6) =

is integrable over [0, 00) x [0, 00) and satisfies

F(6/k,6/k)061og(0% + 62)| < g(0.6).

X[O,k1/2](0) X[o,k1/2](6)
R—

Hence, using the dominated convergence theorem and the Mehler—Heine formula (A.7),
we have from (8.15) that

2 2 R R
I _k4/ / "1(9) NGOV 10g(62 4 62) db db + o (k™).

Finally, the integral in this expression can be computed using the computer algebra system
Mathematica [52]:

/ / J1(9)2J1(0)2 (92 z)dédé _ 448G+ —4yxm +47rlog2_
8

Adding the contributions from /; to /4, the lemma follows. [
8.2.1. Proof of Lemma 7.2. Making the substitution (§4,&_) — (cos 6, cos ¢) and call-
ing

f(6,0) = C(3/2) (cos 0) C(3/2) (cos 0) C,§3/2) (cos o) C,?_/ﬂz) (coso),

the integral of the lemma equals

df do.

/”/2 T f(0,0)sin0sinc

(1 —cos @ coso)s/2

We divide the region [0, 7] x [0, /2] as in Figure 2. Over the regions R; to R4, we have
1 —cosf coso > 1. Hence, using Lemmas 8.3 to 8.7, we have

// f(6,0)sinfsino 40 do = o(k**5).
;

7_, r; (1 —cosfcos 0)s/2

Finally, from Lemma 8.8, we have

/‘/ f(0,0)sinfsino 46 do —25/2k4+3/ /°° J1(x)2J1(y)? dxdy + o(k**)
e (1 —c0s6 cos0)s/2 Xy (x> 4 y2) 2 .

The proof is now complete. u
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8.2.2. Proof of Lemma 7.3. Making the substitution (£, £_) > (cos 6, cos ¢) and call-
ing
f(6,0)= C,£3/2) (cos ) C(3/2) (cos ) C(3/2) (coso) C( /2) (cos o),

the integral of the lemma equals

/2
/ / f(6,0)sin6 sino log(1 — cos 8 cos o) df do.
We divide the region [0, 7] x [0, /2] as in Figure 2. From Lemma 8.9, we have

/ f(6,0)sin 6 sino log(1 — cos O cos o) df do
Ry

log(2) (1

= (1) == (1= Jo(1)® — (D) k* + o(k*).

Over the regions R», R3, and R4, we have
[log(1 —cos A coso)| < 1.

Therefore, using Lemmas 8.4 and 8.5,

)/ f(8,0)sinfsino log(1 — cos 6 coso) df do
R
< / |_f(9,0) sin@sina{d@ do = 0(k4), 2<j<4.
R

Now, over the regions Rs to R7, we have log(1 — cos 6 cosa) = O(logk). Hence, using
Lemmas 8.6 and 8.7 with s = 0, we have

// £(6,0)sin @ sino log(1 — cos O cos o) df do = O(k'*/*logk) = o(k*).
R5URgUR7
Finally, from Lemma 8.11, we obtain

/ f(0,0)sin6sino log(l — cos 6 coso) db do
Rg

k*logk 4+ 8G —4 4mlog2 log2
k" log +k4( + + 7 —4ynm + 4xlog —O§)+0(/€4).l

2 8

To prove Lemmas 7.4, 7.5 and 7.6, we need to consider a slightly more exhaustive
division of the region of integration. In this case, we consider the subdivision sketched in
Figure 3.

Lemma 8.12. The following equality holds:
0 in 6 si 2 2
/ J(0.0)sinbsino 1, 4 —4k8/ / ST 4y 4 ok®).

&, (1 —cosfcosc)? xy(x2 + y2)?
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o
/2
1?5 1?3 RZ
k—1/2 Ry
Rs Ry R4
k71
Rio Ro Rs
0 U k12 /2 m b
= [0, ] x [0, 7r/2] used in the proofs of Lemmas 7.4 to 7.6

Figure 3. Subdivision of the rectangle R

Proof. 1t suffices to compute the limit
k— 1/2 k— 1/2 0
0)sinfsino
/ f(6.9) df do.
k—

8.16 lim —
(8.16) ko0 k© /k (1 —cos 6 coso)?

Over this region, we have sin ~ 6, sing ~ o, and
1
(1 —cos 6 coso)?

4
(92 + 0-2)2

Hence, the limit in (8.16) equals

k— 1/2 k— 1/2 f(@ 0_)9
/ / (1+ 0(1))dé do.
k=

4 lim — (92 )2

k—oo k8

Making the substitution (6, o) (é /k,&/k), this expression reads as

kU2 Lpl/2
/ ES f(9/k 6/k)05 (1 + o(1)) df dé

4 lim
k—o00 ’\2)2
f 6) f(0/k.6/k)06 R
®17) =4 Jim / / 1k1/2]( ) X1/ ( )f([ ,6/k) % 1+ o0(1))db d5.
k8 (02 + 62)2
x [1, co] given by

It can be checked, using the bounds in (A.6), that the function g: [1, o]
1

g(0,6) = —r——
0262 (92 + 62)2
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satisfies

<g(0,6)

’ X120 X2 (6) £(0/k.6/k)06

k8 (02 + 52)2
and is integrable in [1, 0o] X [1, oo]. Hence, using the dominated convergence theorem and
the Mehler—Heine formula (A.7), the expression (8.17) equals

/ / J1(0)2J1(o)2 db ds. [ ]
6602 + 62)2

Lemma 8.13. The following equality holds:
/ f(0,0)sinf sino d@da:/N f(0,0)sin 0 sino

& (1 —cosfcoso)? (1 —cos 6 cos )2

2 2
= 4k8/ [ ;;(();)2 —{-1)(/);))2 dx dy + o(k®).

d6 do

Proof. Since the analysis over the regions Rg and Ry is equivalent, we will focus on Rsg.
To prove the lemma, it suffices to compute the following limit:

(8.18) lim — [ KR £(6,0)sinfsing

df do.
k—o0 k8 o (1 —cos6coso)? °

Over this region, we have sin ~ 6, sing ~ o, and

1 4
(1 —cos B coso)? ~ (02 + 02)2

Hence, the limit in (8.18) equals

4 lim —
kggokgll;

Making the substitution (6, o) — (é /k,6/ k), this expression reads as

k= 1/2

k 1
/ J.9)00 | 1 1)) d6 do.

(92 2)2

K201 1@k, 6/k)06

(8.19) 4 lim (1 + o(1))df d6

oo J1 o k8 (éz 52)2
: f(9/k 5/k) 65 A s
—4tim [ / s Ko@) 2 (1 o(1) di s
It can be checked, using the bounds in (A.6), that the function g: [0, 1] x [1, oo] given by
~ .0
8(0.6) = =
6

satisfies R R
6 0/k,6/k)06 A
X[l,k1/82](0) f({ 70{ )06 < ¢(6.5)
k (92+02)2
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and is integrable in [0, 1] x [1, oo]. Hence, using the dominated convergence theorem and
the Mehler—Heine formula (A.7), the expression (8.19) equals

/ / OGN
6 dé. ]
66(62 + 02)2
Lemma 8.14. The following equality holds:
// f(9 O)SIHQSIDZdeO
R\R,, (1 —cosbcoso)

o J1(x)?J1(p)? J1(x)2 1 (y)?
= 4k8 /1 /1 x;(xz +1y2)2 dxdy + 2/ / x)l)(xz +1y2)2 dx dy) + o(k®).

Proof. First, note that, by comparing the divisions of the region [0, 7] x [0, 7z /2] given by
Figures 2 and 3, we have

4
~1=UR]'5 Ié2=R5a ﬁ3U§5=R6’ Ié4UR6=R7'

Hence, using Lemmas 8.3 to 8.7 with s = 4 and taking into account that over R we have
1 —cosf@coso > 1, we obtain

// f(8,0)sinfsino d0.do = o(k®).
=1 R

(1 —cos 6 cos 0)?

Finally, using Lemmas 8.12 and 8.13, the lemma follows. ]

8.2.3. Proof of Lemma 7.4. Making the substitution (§4,&_) + (cos 8, cos g), the inte-

gral of the lemma reads as
sin 0 sin
// DR 46 do
R\R,, (1 —cosBcoso)

where R \ Ry is as in Figure 3. First, we have

sin @ sino
df do = log2.
//131 (1 —cos 6 coso)? o =08

Now, the integral over the region R, U R3 U R4 U Ry = [k, /2]% is

O
// Sl > d0do = -2 log(sin(k™1)) = 2logk + O(k™2),
R,URsUR,UR, (1 —cosf coso)

where the last equality follows from

sin(k™!) = k711 + 0(k7?)).
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The analysis over the regions 1?6 U Rg and §5 U ﬁg is equivalent. We have

H 9 : . 0 .
// sin 0 sin o . 40 do — /[ sin @ sino . 40 do
RsURy (I —costcoso) RsURs (1 —cosfcoso)

= log(1 + cos(k™1)) =log2 + O(k™?),

where the last equality follows from
1 +cos(k™h) =2+ 0(k™2).

Putting all the previous computations together, the lemma follows. ]

8.2.4. Proof of Lemma 7.5. Making the substitution (§+,_) > (cos 6, cos o), the new
region of integration is the region R\ R;o from Figure 3. The result follows then from (8.8)
and Lemma 8.14. ]

8.2.5. Proof of Lemma 7.6. Making the substitution (§4,5-) = (cos 8, cos 0), the new
region of integration is the region R;o from Figure 3. Then, to prove the lemma it suffices
to compute the limit

(8.20) lim dé do.

k—o00

L G Tt o) s
) (1 — cos 6 cos 0)?

Using the estimates sin ~ 6, sino ~ ¢, and

1 4
(1 —cos 6 coso)? - (02 +02)2

we can write (8.20) as

1 1 .
Jim - (1+ o(1))dé do

4 lim L/k_I/k_l (Kr(1,1)2 = Ky (cos 8, cos 0)?)0o
o Jo (02 +02)2

Making the substitution (6, o) (é /k,6/ k), the previous expression reads as

1,1 2 _ ) 5 2\04 N
821) 4,{@;%/0/0 (Kr(1,1)* — Ky (cos(8/k),cos(6/k))*)0c (1+0(1)) dd db.

(62 + 62)2
Applying the multivariate mean value theorem to the function 4: [0, 1] — R defined as
h(B,6) = Xy (cos(8/ k), cos(6/k))?,
we have

11(0,0) — h(8,6)]

sup [Vh(cO,c6)|[1(8,6)ll.
c€l0,1]

| Kr (1, 1)2 - JCk(cos(é/k), cos(&/k))2|

IA
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Then, using (A.4) for the derivatives of the Gegenbauer polynomials and the bounds
in (A.5), it can be proved that

| Kk (1, 1)% = Ky (cos(B/ k), cos(6/k))2| = (B2 + 62) O(k®).

Therefore, we have

~

1 (Ke(1,1)2 = K (cos(8/ k), cos(6/k))?) 06 _ b8
k8 (§2+52)2 ~ 62 4 42

where the expression in the right-hand side is integrable in [0, 1]2. Hence, using the domi-
nated convergence theorem and the Mehler—Heine formula (A.7), we conclude that (8.21)
equals

1 plpg2s2 N2 7. (5)2 .
/ / 0-6 - 1?]1(9) J1(0) 46 dé.
0o Jo 06(62% + 62)2
where we have used that {
Ke(1,1) = 5k‘* + o(k*).

The lemma follows. [

A. Orthogonal polynomials and special functions

A.1. Legendre and Gegenbauer polynomials

Classical orthogonal polynomials, and in particular Legendre and Gegenbauer polynomi-
als, play a crucial role in this paper. In this section, we compile some properties of these
polynomials that are used throughout this work.

We denote the Legendre and Gegenbauer polynomials by P, (x) and C,EA) (x), respec-
tively, where n denotes the degree of the polynomial and A € R is a parameter. Both
Legendre and Gegenbauer polynomials belong to the family of Jacobi polynomials P,f“’ﬂ ),
which form a complete orthogonal system in [—1, 1] with respect to the weight

w(x) = (1—x)*(1 + x)~.

More specifically, we have
P, = P00

and
C(A) . F(l’l + 2A)F()L + 1/2) P(A—l/Z,l—l/Z).

" Tm+A+1/2)T21) "

Legendre polynomials satisfy P, (1) = 1. For the Gegenbauer polynomials C,EA), we have

A +n)

(AD 0= o T 1
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Legendre polynomials satisfy the following recurrence formula, known as Bonnet’s recur-
rence formula:

(A.2) (n+ D Puyr1(x) = 2n + DxPu(x) — nPyp_1(x).

In the case of the Gegenbauer polynomials, this recurrence relation takes the form
(A.3) n+1)CEP(x) = 2n+3)xCPP(x) - (n +2) 2 ().

The derivatives of the Gegenbauer polynomials are given by formula 8.935-1 in [37]:

d/ .
(A4) —CWP(x) =2/

F@A+7) CcO+D)
dx/

roy  Cnmi O

From equation (7.33.6) in [49] we have, for n > 1, the following asymptotic estimates for
the Gegenbauer polynomials:

=2 om* "), en'<0<n/2
A5 CP(cosh) = ’ - - ’
(A-5) n ) 0O(n*1), 0<6<ecnt,
where c is a fixed positive constant. The first bound can be used for the whole interval
0 < 6 < m/2. In the case A = 3/2, these bounds take the form

9—3/20 1/2 , -1 - 6 < 2,
(A.6) C,f3/2) (cosf) = ) (n75), en™ = __711/

O(n?), 0<6<cn .
Near the endpoints, a more precise asymptotic is provided by the Mehler—Heine formula
(see Theorem 8.1.1 in [49]):

1
(A7) lim —

n—o00 n2

1
e (cos 2) =10,

where J; is the Bessel function of the first kind of order 1 and the limit is uniform in
compact subsets of C.

We conclude this section with some useful relations between Legendre and Gegen-
bauer polynomials. From formula 4.3.1-2 in [45], we have the following identity:

n

d
(A8) D (4 + 26+ 1) Pajyp(x) = Panspri(0) = /B (). Befo.1.
j=0

From formula 4.7.29 in [49], and using the recurrence relation (A.3) for the Gegenbauer
polynomials, we obtain the following two identities:

(A.9) Po(x) = n—jrl (€D (x) — xC PP (x)).
(A.10) Pyt (x) = ﬁ (xCEP (x) — PP ().
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A.2. Generalized hypergeometric functions

We compile here the basic definitions and results about generalized hypergeometric func-
tions that we use in this work.

Let p and ¢ be nonnegative integers with p < g + 1. Letay,...,ap,by,...,bg €C.
The generalized hypergeometric series pF g (@1, ...,ap;b1, ..., by;z) is defined as the
following series:

(A.11) JFglar.....apiby.... bgiz) = ZEZBZ EZ:;IE;

The case p = g + 1 is of special importance. In that case, if one or more of the param-
eters a; is a nonpositive integer, then the series (A.11) terminates and the generalized
hypergeometric function is a polynomial in z. If none of the a; is a nonpositive integer,
then the radius of convergence of the series (A.11) is 1, and outside the open disk |z| < 1
the generalized hypergeometric function is defined by analytic continuation with respect
to z. On the circle |z| = 1, setting

q+1

V—Zb —Zaw

j=1
the series (A.11) is absolutely convergent if Re(y) > 0, convergent except at z = 1 if
—1 < Re(y) < 0, and divergent if Re(y) < —1.

The next classical result (see Theorems 2 and 4 in [23]) gives us the behavior of the
generalized hypergeometric series g+1 Fq (@1,....,aq41:b1,...,bg;z) nearz = 1.

Proposition A.1. Let
q+1

V—Zb —Za,<0

j=1
Then,
lim gr1fg@r. .. age1ibr. ... bgiz)  T(=y)T(b1)---T(by)
z—1 1=z C(ay)---T(ag+1)
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