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Exponential inequalities in probability spaces revisited

Ali Barki, Sergey Bobkov, Esther Bou Dagher and Cyril Roberto

Abstract. We revisit several results on exponential integrability in probability spaces
and derive some new ones. In particular, we give a quantitative form of recent results
by Cianchi–Musil and Pick in the framework of Moser–Trudinger-type inequali-
ties, and recover Ivanisvili–Russell’s inequality for the Gaussian measure. One key
ingredient is the use of a dual argument, which is new in this context, that we also
implement in the discrete setting of the Poisson measure on integers.

1. Introduction

The aim of this paper is to develop a number of upper bounds on exponential moments of
functions on the Euclidean and abstract probability spaces under certain smoothness-type
conditions. For the first motivating example, suppose that we are given a Borel probability
measure � on Rn satisfying a logarithmic Sobolev inequality

(1.1)
Z
f ef d� � c

Z
jrf j2 ef d�; for all smooth f on Rn such that

Z
ef d� D 1:

Here, rf is the gradient of f and j � j stands for the Euclidean length, and c > 0 is
some constant depending only on the measure. We note that here and all along the paper,
the integrals are understood over the whole region. Under this analytic hypothesis, it was
shown in [12] that the exponential inequality

(1.2)
Z
ef d� �

� Z
e˛jrf j

2

d�
�c=.˛�c/

;

holds true for all smooth f on Rn with
R
f d� D 0 and for an arbitrary value ˛ > c.

A classical example of (1.1) is provided by the standard Gaussian measure � D 
n,
with density

'n.x/ WD .2�/
�n=2 e�jxj

2=2;

for which c D 1=2 is optimal [29,43]. More generally, according to the Bakry–Émery cri-
terion [4], the relation (1.1) with constant c D 1=.2�/ holds for any � with density e�V.x/
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satisfying Hess.V / � � > 0 (as a matrix). We refer the interested reader to the textbooks
and monographs [1, 2, 30, 33] for an introduction to the log-Sobolev inequality and its
numerous connections with other fields of mathematics (convex geometry, information
theory, statistical mechanics, etc.).

In [12], the authors deal with a more general setting of a metric space X in place
of Rn and some “derivation” operator in place of jrf j. The inequality (1.2) also holds
in the discrete setting, for example, on a graph for an appropriate Dirichlet form in the
associated log-Sobolev inequality.

Since c D 1=2 for the Gaussian measure, the admissible range of the parameter ˛
is .1=2;1/. As for the critical value, it was observed by Talagrand that

R
ef d
n <1

whenever
R
fd
n D 0 and

R
e
1
2 jrf j

2
d
n <1 (which is mentioned without proof in [12],

after Corollary 2.2). A quantitative form of this statement has been recently obtained by
Ivanisvili and Russell [31], by proving that

(1.3) log
Z
ef d
n � 10

Z
e
1
2 jrf j

2

1C jrf j
d
n; for all smooth f with

Z
fd
n D 0:

This result nicely complements the family of inequalities (1.2) by dealing with the extre-
mal value ˛ D 1=2.

A second closely related observation, which was another starting point of our investi-
gation, is due to Cianchi, Musil, and Pick. In Theorem 1.1 of [17], it was shown that, if f

has 
n-mean zero and satisfies
R
e
1

�ˇ
jrf jˇ

d
n < M for some ˇ > 0 and M > 1, then
with some constant C.M/ depending on M only, we have

(1.4)
Z
ejf j

2ˇ=.ˇC2/

d
n < C.M/

as soon as

(1.5) � � �ˇ WD
1
p
2
C

p
2

ˇ
�

Here, the particular value ˇ D 2 also leads to a refined form of Talagrand’s observation,Z
ejf j d
n < C.M/; whenever

Z
e
1
2 jrf j

2

d
n < M;

although (1.3) is more quantitative for such parameter ˇ. In [19], Cianchi, Musil, and Pick
show improved bounds in the sense that the integrand of (1.4) has a faster growth, i.e., they
proved that if �W Œ0;1/! Œ0;1/ is a non-decreasing function that diverges to1 as t!1
with a sufficiently mild growth, then

R
ejf j

2ˇ=.ˇC2/
�.jf j/d
n < C.M/. In a subsequent

paper [18], the same authors derive similar bounds under the constraint
R
e�jLf j

ˇ
d
n<M

in place of
R
e
1

�ˇ
jrf jˇ

d
n < M with a different exponent than 2ˇ=.ˇ C 2/; and where
L D � � x � r is the Ornstein–Uhlenbeck operator.

One of the main features of all these results is that they are dimension free, unlike the
Moser–Trudinger inequality in the Euclidean space over the Lebesgue measure. We refer
the reader to the introduction of [17, 18], or to the textbook [42] for more information on
the Moser–Trudinger inequality, a historical presentation and references.
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It is therefore natural to consider, on the Euclidean space equipped with a probability
measure �, the following general exponential inequality:

(1.6)
Z
ef d� � F

� Z
G.jrf j/ d�

�
; for all smooth f with

Z
fd� D 0;

where F; GW Œ0;1/! Œ0;1/ are given non-decreasing functions. More general spaces
may also be involved in this family of Sobolev-type relations. Note that applying (1.6) to
constant functions shows that, necessarily, F � 1.

In this paper, our aim is to establish inequalities of the type (1.6) in different settings
including the framework of the �2 formalism. First, under the so-called �2 condition
(which is stronger than the log-Sobolev inequality), and using the semi-group technique,
we sharpen (1.2), by proving a similar relation with a better exponent. Moreover, we
obtain local inequalities for the semi-group in place of the measure �. Then, we extend
the approach of [12] to the class of sub-Gaussian measures under a weaker hypothesis
in the form of a modified log-Sobolev inequality. This will lead us to new exponential
inequalities for measures with sub-Gaussian tails like the ones with densities proportional
to e�jxj

p
, p 2 .1; 2/ (on each fibre).

On the other hand, we introduce a simple and direct argument, essentially based on
convex duality, to recover the inequality (1.3) for the Gaussian measure, in a slightly
modified form. One interesting point is that, though being totally different, our approach
leads to the same conclusion as in [31]. We believe that one cannot improve such a relation
(except for the numerical constant 10). In Section 2, we give more on this intuition.

Our dual argument reveals to be robust enough to be able to give a quantitative form of
Cianchi, Musil, and Pick [17] for some range of the parameter ˇ, namely ˇ2 .

p
5� 1; 2/,

when � D �ˇ . Finally, we will deal in the final section with the discrete setting.

2. Perturbation, stability, optimality and reduction

This section is preparatory. Here, we first prove that the inequality (1.6) satisfies some
sort of stability under bounded perturbation of the density of the probability measure �.
Using the Caffarelli contraction theorem, we also show that (1.6), being valid for the
Gaussian measure, is extended to the similar relation for any contraction of 
n. Then
we will show that the constraint

R
fd� D 0 can be changed, under mild assumption,

into mf D 0, where mf is the median of f .
Finally, using Ehrhard’s rearrangement technique, we prove that the inequality (1.6)

is by essence one dimensional and may be further reduced to the half-line for the class
of non-decreasing functions satisfying f .0/ D 0 (Hardy-type constraints), in some spe-
cific case.

All along this section, we consider for simplicity the class A of all bounded Lipschitz
functions f defined on Rn. Most of the results can be extended by standard approximation
arguments to the larger class of locally Lipschitz functions1.

1Recall that, for a locally Lipschitz function f , the gradient may be defined, for any x 2Rn, by jrf .x/j D
lim supy!x jf .x/ � f .y/j=jx � yj.
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2.1. Bounded perturbation

Recall that a probability measure � on Rn satisfies a Poincaré inequality with constant C�
if Z

f 2d� � C�

Z
jrf j2d�

holds for all f 2A satisfying
R
fd� D 0.

The main result of this section is the following.

Theorem 2.1. Let F; GW Œ0;1/ ! Œ0;1/, where F is non-decreasing, and let � be a
probability measure on Rn satisfying (1.6) and a Poincaré inequality with constant C�.

Let � be a probability measure absolutely continuous with respect to � with rela-
tive density h D d�=d� such that a � h.x/ � b for all x 2Rn and for some constants
0 < a < b <1.

Then, for any smooth f 2A such that
R
fd� D 0,Z

ef d� � 1C e

p
bC�
a .

R
jrf j2d�/1=2 zF

� Z
G.jrf j/ d�

�
with

zF .t/ WD b.F.t=a/ � 1/; t � 0:

Remark 2.2. As is standard, applying (1.6) to f D "g with
R
gd�D 0 leads, in the limit

"! 0, to a Poincaré inequality. More precisely, if F andG are functions of class C3 such
that F.G.0// D 1, G00.0/ > 0 and F 0.G.0// > 0, using " > 0 and " < 0, then necessarily
G0.0/D0, and thus (1.6) implies a Poincaré inequality with constantC�DG00.0/F 0.G.0//.
Therefore the Poincaré inequality assumption comes for free in some cases.

The argument employs the following known lemma, whose proof we give for com-
pleteness.

Lemma 2.3. Let ˆWR! R be a C 1-convex function, and let � be a probability measure
on R. For any �-integrable function f WR! R,Z

ˆ.f / d� �ˆ
� Z

f d�
�
D inf

t2R

Z
.ˆ.f / �ˆ.t/ �ˆ0.t/.f � t // d�:

Proof. By the integrability of f with respect to � and the convexity of ˆ, the integralR
ˆ.f /d� is well defined in the Lebesgue sense, taking values in .�1;C1�. Moreover,

using the inequality

ˆ.a/ � ˆ.t/Cˆ0.t/.a � t /; a; t 2R;

we haveZ
.ˆ.f / �ˆ.t/ �ˆ0.t/.f � t //d� D

Z
ˆ.f / d� �ˆ.t/ �ˆ0.t/

� Z
f d� � t

�
�

Z
ˆ.f / d� �ˆ

� Z
f d�

�
;

with equality if t D
R
f d�:
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Proof of Theorem 2.1. Let f 2A satisfying
R
fd� D 0. Applying Lemma 2.3 (twice) to

ˆ.x/ D ex , we haveZ
ef d� � 1 D

Z
ˆ.f / d� �ˆ

� Z
f d�

�
D inf

t2R

Z
.ˆ.f / �ˆ.t/ �ˆ0.t/.f � t // d�

� b inf
t2R

Z
.ˆ.f / �ˆ.t/ �ˆ0.t/.f � t // d� D b

� Z
ef d� � e

R
fd�

�
:

Here, we used the convexity of ˆ which ensures that ˆ.f / � ˆ.t/ � ˆ0.t/.f � t / � 0.
It follows that Z

ef d� � 1C b e
R
fd�

�
F
� Z

G.jrf j/ d�
�
� 1

�
� 1C b e

R
fd�

�
F
�1
a

Z
G.jrf j/ d�

�
� 1

�
:

Now, since � satisfies by assumption the following Poincaré inequality,

Var�.f / WD
Z
f 2d� �

� Z
f d�

�2
� C�

Z
jrf j2d�;

so does � with constant bC�=a. Indeed, using the variational formula for the variance
VarP .f / D infm2R

R
.f �m/2dP twice (for P D � and then for P D �), it holds

Var�.f / � bVar�.f / � bC�

Z
jrf j2d� �

bC�

a

Z
jrf j2d�:

It follows by Cauchy–Schwarz’s inequality (recall that
R
fd� D 0) that� Z

f d�
�2
�

Z
f 2d� �

1

a

Z
f 2d� D

1

a
Var�.f / �

bC�

a2

Z
jrf j2d�:

This leads to the expected result and ends the proof of the theorem.

2.2. Stability by contraction

A probability measure � on Rn is often said to be strongly log-concave if it has a log-
concave density with respect to the standard Gaussian measure, that is, when �.dx/ D
e�V.x/ d
n.x/, with V convex.

Theorem 2.4 (Caffarelli [15,16]). If � is strongly log-concave on Rn, then there exists a
1-Lipschitz map T WRn!Rn satisfying

R
h.T /d
n D

R
hd� for all bounded measurable

functions h on Rn.

In other words, T pushes forward 
n to �, or � appears as image of 
n under T . With
the help of this theorem, we obtain the following elementary, but useful result.

Proposition 2.5. Let F;GW Œ0;1/! Œ0;1/ be non-decreasing and continuous, and let �
be a strongly log-concave probability measure on Rn. Assume that for all f 2A withR
fd
n D 0; it holds that Z

ef d
n � F
� Z

G.jrf j/ d
n

�
:
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Then Z
eg d� � F

� Z
G.jrgj/ d�

�
for all g 2A with

R
gd� D 0.

Proof. Let T be the Lipschitz map from Theorem 2.4, and let g 2A with �-mean zero.
Then f D g.T / is Lipschitz and satisfies, for all x 2Rn,

(2.1) jrf .x/j � jrgj.T .x//:

Applying the exponential inequality to f with respect to 
n (note that
R
fd
n D

R
gd�

D 0), we get Z
egd� D

Z
ef d
n � F

� Z
G.jrf j/ d
n

�
� F

� Z
G.jrgj.T // d
n

�
D F

� Z
G.jrgj/ d�

�
:

2.3. Zero mean versus zero median

While the inequality (1.6) appears under the condition
R
fd� D 0, it is useful to know if

one may replace with a similar condition such as mf D 0, where

mf WD inf
°
t 2 R W �.¹x 2Rn W f .x/ > tº/ �

1

2

±
denotes the minimal median of f under the measure �: Here we describe one specific
example, in which the answer is affirmative. Namely, consider

F.t/ D et and G.t/ D
1

1C t
et
2=2;

therefore dealing with the inequality (1.3) (but the computations to come can easily be
adapted to many other examples, including F and G as in (1.2) for instance).

Recall that a probability measure � on Rn is said to satisfy the Maz’ya–Cheeger
inequality if there exists a constant c 2 .0;1/ such that for all f 2A,

(2.2)
Z
jf �mf j d� � c

Z
jrf j d�:

As is well known (see [35,36]), this hypothesis may be equivalently stated in terms of the
isoperimetric-type inequality

min¹�.E/; 1 � �.E/º � c�C.E/;

relating the �-perimeter �C.E/ D lim inf"#0 .�.E"/ � �.E//=" to the �-size of an arbi-
trary Borel set E in Rn (where E" denotes an "-neighborhood of E). It is stronger than a
Poincaré-type, although in general it is not comparable to the log-Sobolev inequality for
the measure �.
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Now assume that, for some a2 .0;1/,

log
Z
ef d� � a

Z
G.jrf j/ d� for all f 2A with

Z
f d� D 0;

where G.t/ D 1
1Ct

et
2=2. Consider a function g 2A with mg D 0. Applying the latter

inequality to f D g �
R
gd�, we get

log
� Z

egd�
�
�

Z
g d�C a

Z
G.jrgj/ d�:

By the Maz’ya–Cheeger inequality (2.2),Z
g d� �

Z
jg �mg j d� � c

Z
jrgj d�:

Therefore, since t � 2et
2=2=.1C t / for all t � 0, we end up with

log
� Z

eg d�
�
� .aC 2c/

Z
G.jrgj/ d�:

The same argument in fact shows that the two conditions are equivalent in (1.3), at the
expense of some loss in the constant.

2.4. Optimality in (1.3)

Recall that the inequality (1.3) states that, for any f 2A with
R
fd
n D 0,

log
� Z

ef d
n

�
� 10

Z
e
1
2 jrf j

2

1C jrf j
d
n:

We will develop an alternative approach, based on a dual convexity argument, leading to

log
� Z

ef d
n

�
� 8

Z
e
1
2 jrf j

2p
1C .jrf j2=2/

d
n;

for any f 2A such that
R
fd
n D 0: Let us show that such choice of the function G.t/ D

et
2=2=

p
1C t2=2 appearing in the integrand on the right-hand side is essentially optimal.

Restricting ourselves to the one dimensional case, suppose that, for all bounded, locally
Lipschitz functions f on the real line,

(2.3) log
� Z

ef d

�
�

Z
fd
 C F

� Z ef
02=2

H.f 0/
d

�

for some non-decreasing function H � 1, where 
 D 
1, and F is non-decreasing. For
the particular functions fN .t/ D 1

2
.t ^N/2, the left-hand side satisfies

log
� Z

efN d

�
� log

� Z N

�N

dt
p
2�

�
� log.2N / � 1;
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while the right-hand side can be bounded above by

1

2
C F

�
2

Z N

0

1

H.t/
dt C 1

�
;

since
R
fNd
 �

1
2

R
t2d
 D 1=2. Therefore, the inequality (2.3) cannot hold if 1=H is

integrable at infinity. This excludes, for example, H behaving like t .log t /1C" for large t .
Therefore, heuristically the biggest admissible function H lies “between” t and t log t at
infinity. Observe that the above example does not exclude an inequality of the type

log log
� Z

ef d

�
� F

� Z ef
02=2

.1C jf 0j/ log.1C jf 0j/
d

�

that we do not know if it could hold, or not. On the other hand, for H.t/ D 1C jt j, the
above example shows that F.t/ � t in the large, and therefore the logarithm is needed
in the left-hand side of (1.3), in contrast with the inequality (1.2). To conclude this sec-
tion, we observe that for the special choice H.t/ D 1, linear perturbation of the quadratic
example fN used above shows that an inequality of the formZ

ef d
 �
� Z

ef
02=2d


�2
could hold for all f with mean zero with respect to the Gaussian measure.

2.5. Reduction to dimension 1

In this section we show that, under mild assumption on F and G, the inequality (1.6)
for the standard Gaussian measure 
n in dimension n holds if and only if it holds in
dimension 1 for 
1. Therefore, by essence this inequality for the standard Gaussian is
one dimensional. To achieve this, one could use the localization technique of Lovász and
Simonovits [34] (see also [25, 32]). Here we will instead use the Gaussian rearrangement
technique of Ehrhard [22, 23].

Proposition 2.6. Let F;GW Œ0;1/! Œ0;1/ be non-decreasing. Assume that G is convex
and that f 2A is smooth. Then, the exponential inequalityZ

ef d
n � F
� Z

G.jrf j/ d
n

�
;

Z
f d
n D 0;

holds in any dimension if and only if it holds in dimension n D 1 for the class of all
non-decreasing smooth functions f .

Remark 2.7. The same result holds if one replaces the left integral
R
ef d
 by

R
H.f /d
n,

where H is a non-negative, real-valued measurable function.

Proof. The Gaussian rearrangement of a Borel set E of Rn is the half space

E� D ¹x1 > �º � Rn;
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where the number � is chosen so thatE andE� have the same Gaussian measure 
n.E/D

n.E

�/ D 
1.Œ�;1//. Put ˆ.x/ D
R x
�1

'.t/ dt , where ' denotes the standard normal
density. More generally, we define the Gaussian rearrangement of a measurable function
f WRn ! R as a non-decreasing function

f �.x/ WD inf¹a2R W ˆ.x1/ � 
n.¹f � aº/º; x D .x1; x2; : : : ; xn/2Rn:

It is clear that f � depends only on the first coordinate. With a slight abuse of nota-
tion we will write f � also for the function defined on the real line, that is, f �.x1/ D
f �.x1; x2; : : : ; xn/ for an arbitrary choice of x2; : : : ; xn. The main feature of the Gaus-
sian rearrangement is that f and f � are equimeasurable, thereforeZ

Rn

ef d
n D

Z 1
�1

et
n.¹f > tº/ dt D

Z 1
�1

et
n.¹f
� > tº/ dt

D

Z
Rn

ef
�

d
n D

Z 1
�1

ef
�

d
1:

Moreover, for any non-decreasing convex function GW Œ0;1/! R, the following Pólya–
Szegő type inequality,Z

Rn

G.jrf j/ d
n �

Z
Rn

G.jrf �j/ d
n D

Z 1
�1

G.jf �
0
j/ d
1

holds true for any f 2A. Since
R
fd
n D

R
f �d
1 D 0, assuming that the exponential

integral inequality holds in dimension n D 1, we getZ
Rn

ef d
n D

Z 1
�1

ef
�

d
1 � F
� Z 1
�1

G.jf �
0
j/ d
1

�
� F

� Z
Rn

G.jrf j/ d
n

�
;

by the monotonicity of F in the last step.

2.6. Reduction to the half line, monotone functions, and a Hardy-type inequality

The aim of this section is to show that one can relate the one-dimensional version of the
inequality (1.6) to an inequality of Hardy type on the half-line. Furthermore, at the expense
of some loss in the constants, it is proved that in the one dimensional version of (1.6)
one can restrict oneself to monotone functions. For simplicity, we will only deal with
symmetric probability measures. We will use the following notation: given a function F
on Œ0;1/,

(2.4) F2.x/ WD sup
®
F.x1/C F.x2/ W x1; x2 � 0; x1 C x2 D x

¯
; x � 0:

If F is non-decreasing, then F2.x/� 2F.x/, and if F is convex, then necessarily F2.x/D
F.x/C F.0/ for all x � 0.

We say that � (on the line) satisfies Hardy’s inequality if

(2.5)
Z 1
0

jf � f .0/j d� � A

Z 1
0

jf 0j d�

for C 1 functions f on the half-line with some constant A2 .0;1/.
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Lemma 2.8. Let F; GW Œ0;1/ ! Œ0;1/ be non-decreasing and let � be a symmet-
ric probability measure on the line. Assume that for all non-decreasing C1 functions
f W Œ0;1/! R,

(2.6)
Z 1
0

ef d� �
1

2
ef .0/ � ef .0/F

� Z 1
0

G.jf 0j/ d�
�
:

Then, for all C1 bounded function gWR! R with
R
G.jg0j/d� <1;Z 1

�1

eg d� � e
R1
�1 g d� � eg.0/ F2

� Z 1
�1

G.jg0j/ d�
�
:

Moreover, if � satisfies the Hardy-type inequality (2.5), then, for all C1 bounded func-
tion g with

R1
�1

g d� D 0,

(2.7)
Z 1
�1

egd� � 1C eA
R1
�1 jg

0jd� F2

� Z 1
�1

G.jg0j/ d�
�
:

Remark 2.9. By symmetry, we have �.�1; 0/ D �.0;1/ D 1=2. This explains the
factor 1=2 appearing in (2.6). Observe also that this inequality is invariant by changing f
into f C c for any constant c. The inequality (2.6) can be seen as an exponential Hardy-
type inequality.

Proof. Fix a C1 bounded function gWR! R and assume without loss of generality that
g.0/ D 0. Applying Lemma 2.3 with ˆ.x/ D ex and t D g.0/ D 0, we haveZ 1

�1

egd� � e
R1
�1 g d� �

� Z 1
0

egd� �
1

2
�

Z 1
0

g d�
�

C

� Z 0

�1

egd� �
1

2
�

Z 0

�1

g d�
�
:

Define

fC.x/ WD

Z x

0

g0.t/1g 0.t/>0 dt and f�.x/ WD �

Z 0

�x

g0.t/1g 0.t/<0 dt; x � 0:

By construction, both fC and f� are non-negative, non-decreasing, and satisfy g � fC on
the positive axis, while g.�x/ � f�.x/ for all x � 0. Furthermore, f 0C.x/ � jg

0.x/j and
f 0�.x/ � jg

0.�x/j, x � 0, and for any measurable function H on the line, by symmetry
of �, Z 0

�1

H d� D

Z 1
0

H.�x/ d�:

Therefore, since x 7! ex � x is non-decreasing on .0;1/, we haveZ 1
�1

egd� � e
R1
�1 g d� �

� Z 1
0

efC d� �
1

2
�

Z 1
0

fC d�
�

C

� Z 1
0

ef� d� �
1

2
�

Z 1
0

f� d�
�

�

� Z 1
0

efC d� �
1

2

�
C

� Z 1
0

ef�d� �
1

2

�
;
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where for the last inequality we used the fact that f˙ � 0. Thanks to our assumption, we
finally getZ 1

�1

egd� � e
R1
�1 gd� � F

� Z 1
0

G.f 0C/ d�
�
C F

� Z 1
0

G.f 0�/ d�
�

� F2

� Z 1
0

G.f 0C/ d�C

Z 1
0

G.f 0�/ d�
�

� F2

� Z 1
0

G.jg0j/ d�C

Z 1
0

G.jg0.�x/j/ d�
�

D F2

� Z
G.jg0j/ d�

�
where we used that F2 is non-decreasing (which is a consequence of the fact that F is
non-decreasing). This proves the first part of the lemma.

For gWR! R with
R1
�1

gd� D 0 we have just proved thatZ 1
�1

egd� � 1C eg.0/F2

� Z 1
�1

G.jg0j/ d�
�

D 1C e�
R1
�1.g�g.0// d� F2

� Z 1
�1

G.jg0j/ d�
�
:

The Hardy-type inequality (2.5) and the symmetry of � guarantee thatZ 1
�1

jg � g.0/jd�D

Z 1
0

jg.x/� g.0/jd�C

Z 1
0

jg.�x/� g.0/jd�� A

Z 1
�1

jg0jd�:

Therefore Z 1
�1

egd� � 1C e
R1
�1 jg�g.0/jd� F2

� Z 1
�1

G.jg0j/ d�
�

� 1C eA
R1
�1 jg

0jd� F2

� Z 1
�1

G.jg0j/ d�
�

leading to the second part of the lemma.

We end this section by focusing on the Gaussian measure 
1 and the special case
F.x/ D aebx � c for some constants a; b; c > 0. The lemma will be applied later on to
G.x/ D ex

2=2=
p
1C .x2=2/, which amounts to considering the inequality (1.3) since G

compares with ex
2=2=.1C x/. The choice of G is governed by the fact that it is convex

non-decreasing, a property that is not shared by the map x 7! ex
2=2=.1C x/ considered

in [31].

Lemma 2.10. Let F.x/D aebx � c for a;b; c > 0 with a� c, and letGW Œ0;1/! Œ0;1/

be a non-decreasing convex function. Assume that the Gaussian measure 
1 satisfiesZ 1
0

ef d
1 �
1

2
ef .0/ � ef .0/F

� Z 1
0

G.jf 0j/ d
1

�
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for all C1 non-decreasing f W Œ0;1/! Œ0;1/. Then, for any dimension n and any C1

bounded function gWRn ! R such that
R1
�1

gd
n D 0, the following inequality holds:

(2.8)
Z 1
�1

egd
n � 1C ae
.dCb/

R1
�1G.jrgj/ d
n C .a � 2c/ ed

R1
�1G.jrgj/ d
n ;

with

d WD

r
�

2
max
x�0

x

G.x/
�

Remark 2.11. Observe that if d D 1; the right-hand side of (2.8) is infinite, and the
conclusion of the lemma is useless.

Proof. First we claim that the Hardy-type inequality (2.5) holds for 
1 with constant A Dp
�=2. To prove that this constant is best possible, we may use a result by Muckenhoupt,

see [38]. Indeed, this author proved that the best constant in (2.5) is

A D sup
r>0

er
2=2

Z 1
r

e�x
2=2dx:

Now observe that Z 1
r

e�x
2=2dx �

1

r

Z 1
r

xe�x
2=2dx D

e�r
2=2

r
�

Therefore, if we denote

H.r/ D er
2=2

Z 1
r

e�x
2=2 dx; r > 0;

we have

H 0.r/ D rer
2=2

Z 1
r

e�x
2=2dx � 1 � 0:

In turn, the best constant is A D H.0/ D
p
�=2, as announced.

Now Lemma 2.8 implies thatZ 1
�1

egd
1 � 1C e
A
R
jg 0jd
1 F2

� Z 1
�1

G.jg0j/ d
1

�
holds for all gWR! R smooth with

R
gd
1 D 0. Observe that, for F.x/ D aebx � c,

F2.x/ D F.x/C F.0/ D ae
bx
C a � 2c:

Hence, the latter inequality readsZ 1
�1

eg d
1 � 1C e
A
R1
�1 jg

0jd
1
�
aeb

R1
�1G.jg

0j/d
1 C a � 2c
�

� 1C ae.dCb/
R1
�1G.jg

0j/d
1 C .a � 2c/ ed
R1
�1G.jg

0j/d
1 :

The expected result follows from Proposition 2.6.
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3. Exponential inequality via �2 condition and semi-group

In this section, we obtain some exponential inequality using the so-called �2-condition
and via semi-group techniques. Let us start by collecting some useful and well-known
facts on the �2 calculus. We refer to [2], Chapter 5 of [1] and to Section 2 of [5] for more
details and comments.

3.1. �2 formalism

The general setting is given by an abstract Markov generatorL, on some probability space
.X;B; �/, associated to the semi-group .Pt /t�0. We assume that L is self-adjoint in
L2.�/ and has domain D.L/. We further assume the existence of a set A of a good
family of functions (see Definition 2.4.2 in [1]). The set A is assumed to be contained and
to be dense in all Lp.�/, 1 < p <1, it is stable under the action of Pt , t > 0, and L and
also by composition by any C1-smooth functions. Finally, we assume that A contains all
constant functions and that limt!1 Ptf D

R
f d� for all f 2A.

For the Ornstein–Uhlenbeck process, A may consist of all C1 smooth functions with
successive derivatives slowly growing at infinity (i.e., such that jf j � P at infinity, for
some polynomial P and the same for the derivatives). For a compact connected complete
Riemannian manifold and L D �C X , with � the Laplace–Beltrami operator, and X a
smooth vector field (with no constant term), see below, A may consist of all C1 smooth
functions.

For non-compact Riemanian manifolds, the situation is more complicated since com-
pactly supported C1-smooth functions are not stable under Pt in general. We refer to [24]
for more on this issue.

Now, following P.-A. Meyer and Bakry–Émery, we introduce the “carré du champs”
operator

�.f; g/ WD
1

2
.L.fg/ � fLg � gLf /

and its iterated

�2.f; g/ WD
1

2
.L�.f; g/ � �.f;Lg/ � �.g;Lf //; f; g 2A:

For simplicity, we write �.f / WD �.f; f / and �2.f / D �2.f; f /.
On a connected complete Riemannian manifold X D M , denote by dx the Rieman-

nian volume element. For L D �C rV � r, with V smooth enough and
R
eV dx D 1,

�.f / D jrf j2 is the Riemannian length of the gradient. The Bochner formula indi-
cates that �2.f / D Ric.rf; rf / C kHess.f /k22, where Ric is the Ricci tensor of M
and kHess.f /k22 is the Hilbert–Schmidt norm of the tensor of the second order deriva-
tives of f . The potential V.x/ D �jxj2=2 in Rn corresponds to the Ornstein–Uhlenbeck
semi-group. We refer to [2] for further details.

Next we say that L has curvature �2R (curvature lower bound or the �2-condition) if

(3.1) �2.f / � ��.f /; 8f 2A:

As is well known, the Ornstein–Uhlenbeck operator in Rn has curvature � D 1, and
the operator L D �CrV � r, on a manifold with Ricci curvature bounded below by R,
has curvature bounded below by � if RCrrV � �g, where g is the Riemannian metric.
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One of the main feature of the above general framework is that it allows to prove sim-
ilar results in different settings (Rn, manifold, etc.). One important property that illustrate
this fact is the commutation of the semi-group and the carré du champs operator. Indeed, it
is well known that the curvature condition (3.1) is equivalent to saying that, for all f 2A,
it holds

(3.2) �.Ptf / � e
�2�tPt�.f /:

Also, the operator L satisfies, in our general framework, the following integration by
part formula: for f; g 2A,

(3.3)
Z
fLgd� D �

Z
�.f; g/ d�:

In most places, we may need that � represents a derivation. This is the case when L is a
diffusion, which means that, for any ˆWRn! R, C1 and any f D .f1; : : : ; fn/ 2 An, it
holds that

L.ˆ.f // D

nX
iD1

@iˆ.f /Lfi C

nX
i;jD1

@2ijˆ.f /�.fi ; fj /:

Here, @i and @2ij are shorthand notations for the first and second order derivatives with
respect to the i -th and i; j -th variables, respectively. One crucial consequence of the dif-
fusion property is that

(3.4) �.ˆ.f /; g/ D

nX
iD1

@iˆ.f /�.fi ; g/; f; g 2A:

The above diffusion property is satisfied by all examples given above.
Finally, we observe that, for diffusions, (3.2) is also equivalent to the stronger com-

mutation

(3.5)
p
�.Ptf / � e

��tPt .
p
�.f //; f 2A:

3.2. Inequality (1.2) revisited

In this section, we provide a semi-group approach, under the �2 condition, of inequal-
ity (1.2) that improves the exponent c=.˛ � c/. The result will however still exclude the
extremal value ˛ D c. On the other hand, for diffusive Markov semi-groups, since it is
classical that the curvature condition �2 � �� , � > 0, implies the log-Sobolev inequality,
our result deal with less general situations than in [12] (there exist probability measures
satisfying the log-Sobolev inequality and not the �2 condition). Also, our result represents
a local version (in the sense that it involves the semi-group Pt ) of (1.2), which, to the best
of our knowledge, is new. In other words, the approach in [12] is more robust, while our
approach by semi-group gives a stronger statement.

Theorem 3.1. Let L be some Markov diffusion operator satisfying the curvature condi-
tion �2.f /� ��.f /, � > 0, for all f 2A. Then, for all f 2A and all t > 0, the inequality

logPt .ef / � Ptf � c˛.t/.logPt .e˛�.f ///
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holds for all ˛ > e2�tCe�2�t�2
2�.e2�t�1/

, with

c˛.t/ D

p
1 � e�2�t

2
p
2�˛

log
� .e�tat � 1/.e

�tat C 1C a
2
t � e

�2�t /

.e�tat C 1/.�e�tat C 1C a
2
t � e

�2�t /

�
and

a2t WD 2�˛.e
2�t
� 1/:

In particular, for any ˛ > 1=.2�/ and any f 2A satisfying
R
fd� D 0, it holds thatZ

ef d� �
� Z

e˛�.f / d�
� 1
2
p
2�˛

log
p
2�˛C1
p
2�˛�1

:

Remark 3.2. Since 1
2x

log
�
xC1
x�1

�
� log

�
x2

x2�1

�
, we immediately get that

1

2
p
2�˛

log
p
2�˛ C 1
p
2�˛ � 1

� log
2�˛

2�˛ � 1
�

1

2�˛ � 1
�

The result above is therefore stronger than (1.2), as announced (recall that the �2-con-
dition implies the log-Sobolev inequality (1.1) with constant c D 1=.2�/; hence, in our
setting, the exponent in the right-hand side of (1.2) is precisely 1=.2�˛ � 1/).

Proof. The second part of the theorem is a direct consequence of the first, in the limit
t !1, since limt!1 Pte

f D
R
ef d� and limt!1 Ptf D

R
fd� D 0.

For the first part, observe that

logPt .ef / � Ptf D �
Z t

0

d

ds
logPt�s.ePsf / ds:

By the diffusion property, we have

�
d

ds
logPt�s.ePsf / D

Pt�s.Le
Psf � ePsfLPsf /

Pt�s.ePsf /
D
Pt�s.e

Psf �.Psf //

Pt�s.ePsf /
�

Therefore,

logPt .ef / � Ptf D
Z t

0

Pt�s.e
Psf �.Psf //

Pt�s.ePsf /
ds D

Z t

0

Pt�s.h�.fs// ds

where we set, for simplicity,

h D
ePsf

Pt�s.ePsf /
,

which is a density with respect to Pt�s , and fs D Psf . Applying the entropic inequality
(see, e.g., Chapter 1 of [1]), for any � > 0, it holds that

Pt�s.h�.Psf // �
1

�
EntPt�s .h/C

1

�
logPt�s.e��.fs//;
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where
EntPt .f

2/ WD Pt .f
2 log f 2/ � Pt .f 2/ logPt .f 2/

denotes the entropy of f 2 with respect to Pt . Now the curvature condition implies (and in
fact is equivalent to) the following local log-Sobolev inequality (see, e.g., Theorem 5.4.7
in [1]):

(3.6) EntPt .f
2/ �

2

�
.1 � e�2�t /Pt .�.f //:

At time t � s with fs D
p
h, (3.6) reads

EntPt�s .h/ �
1 � e�2�.t�s/

2�
Pt�s.h�.fs//:

Therefore, for any � > .1 � e�2�.t�s//=.2�/, it holds

Pt�s.h�.fs// �
2�

2�� � 1C e�2�.t�s/
logPt�s.e��.fs//

�
2�

2�� � 1C e�2�.t�s/
logPt�s

�
e�e

�2�sPs.�.f //
�

D
2�q.s/

2�� � 1C e�2�.t�s/
log

�
Pt�s

�
eq.s/Ps.�.f //

��1=q.s/
;

where for the second inequality we used the commutation property (3.2) and in the last
equality we choose � so that

�e�2�s D q.s/ WD
˛.e2�t � 1/

e2�.t�s/ � 1
�

This choice is licit as soon as

˛ >
e2�t C e�2�t � 2

2�.e2�t � 1/

(which guaranties that � > .1� e�2�.t�s///=.2�/). Now by Lemma 3.4, applied at time 0
and s, with p D ˛, we get

Pt�s.h�.fs// �
2�q.s/

2�� � 1C e�2�.t�s/
log

�
Pt .e

q.0/.�.f ///
�1=q.0/

D
2�q.s/=q.0/

2�� � 1C e�2�.t�s/
logPt .e˛.�.f ///:

Using the explicit expressions of � and q.s/ in terms of s, t and �, we conclude after some
algebra that

logPtef �Ptf � logPt .e˛�.f //
Z t

0

2�.e2�t �1/ ds

2�˛e2�s.e2�t �1/C.e2�.t�s/�1/.e�2�.t�s/�1/
�

The expected result follows from Lemma 3.6. The proof is complete.
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Remark 3.3. In the course of the proof, we could have used a cruder but shorter argument.
Indeed, by Jensen’s inequality,

Pt�s
�
e�e

�2�sPs.�.f //
�
� Pt�sPs

�
e�e

�2�s�.f /
�
D Pt

�
e�e

�2�s�.f /
�
:

Therefore, for � D �.s/ D ˛e2�s , we obtain (for ˛ > .1 � e�2t /=2�)

logPt .ef / � Ptf � logPt .e˛�.f //
Z t

0

2�

2��.s/ � 1C e�2�.t�s/
ds

D logPt .e˛�.f // log
� 2�˛e2�t

2�˛e2�t C 1

2�˛ C e�2�t

2�˛ � 1C e�2�t

�
;

where the equality follows by computing explicitly the integral (changing variables u D
e2�s.2�˛ C e�2�t / � 1 (the denominator)). In the limit t !1, the latter impliesZ

ef d� �
� Z

e˛�.f / d�
�log

�
2�˛
2�˛�1

�

for any ˛ > 1=.2�/, which already constitutes an improvement with respect to (1.2), under
the curvature condition.

In the proof of Theorem 3.1, we used the following lemmas.

Lemma 3.4. Let L be a Markov diffusion operator satisfying the curvature condition
�2.f / � ��.f / for some � > 0 and all f 2A. Let 0 � s � s0 < t . Then any f 2A

non-negative satisfies�
Pt�s0.e

q.s0/Ps0f /
�1=q.s0/

�
�
Pt�s.e

q.s/Psf /
�1=q.s/

;

where

q.s/ D
p.e2�t � 1/

e2�.t�s/ � 1
, with p > 0.

Remark 3.5. Lemma 3.4 corresponds to some local hypercontractivity property that is
usually stated for the invariant measure � in place of Pt , see [1, 2]. Some similar local
version of the hypercontractivity property already exist in Theorem 3.1 of [3]. It is plain
and somehow classical that the statement of Lemma 3.4 is equivalent2 to what appears
in Theorem 3.1 of [3], but we need the specific form of the statement above that we
could not find or directly derive from [3]. We also refer the reader to [41] for more on
hypercontractivity property for Markov semi-groups.

Proof. Fix t and set  .s/D 1
q.s/

log.Pt�s.eq.s/Psf //. Taking the derivative, we get, after
some algebra (using the diffusion property),

 0.s/ D �
q0.s/

q.s/2
log

�
Pt�s.e

q.s/Psf /
�
C
Pt�s

�
� LeqPsf C eqPsf Œq0Psf C qLPsf �

�
q.s/Pt�s.eq.s/Psf /

D
q0.s/

q.s/2
1

Pt�s.eq.s/Psf /

�
EntPt�s

�
eqPsf

�
�
4q

q0
Pt�s

�
�.eqPsf=2/

��
:

2In fact, the conclusion of the lemma implies the curvature condition, so that both properties are equivalent.
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Our choice of q ensures that

4q.s/

q0.s/
D
2

�
.1 � e�2�.t�s//;

so that, applying the local log-Sobolev inequality (3.6) at time t � s to f 2 D eqPsf , we
conclude that

 0.s/ � 0:

The expected result immediately follows.

Lemma 3.6. For any t > 0, it holdsZ t

0

2�.e2�t � 1/

2�˛e2�s.e2�t � 1/C .e2�.t�s/ � 1/.e�2�.t�s/ � 1/
ds

D

p
1 � e�2�t

2
p
2�˛

log
� .e�tat � 1/.e

�tat C 1C a
2
t � e

�2�t /

.e�tat C 1/.�e�tat C 1C a
2
t � e

�2�t /

�
;

with
a2t WD 2�˛.e

2�t
� 1/:

Proof. Changing variables u D e2�s , we observe that

It WD

Z t

0

2�.e2�t � 1/

2�˛e2�s.e2�t � 1/C .e2�.t�s/ � 1/.e�2�.t�s/ � 1/
ds

D

Z e2�t

1

e2�t � 1

uŒ2�˛u.e2�t � 1/C 2 � e2�t=u � e�2�tu�
du

D

Z e2�t

1

e2�t � 1

u2ct C 2u � e2�t
du;

where we set, for simplicity,

ct WD 2�˛.e
2�t
� 1/ � e�2�t :

Denote

d2t WD
1

c2t
C
e2�t

ct
,

so that
u2ct C 2u � e

2�t
D ct

��
uC

1

ct

�2
� d2t

�
:

Changing again variables v D uC 1=ct , it follows that

It D
e2�t � 1

ct

Z e2�tC1=ct

1C1=ct

dv

v2 � d2t
D
e2�t � 1

ct

h 1

2dt
log

� v � dt
v C dt

�ie2�tC1=ct
1C1=ct

:

This leads to the expected result after some algebra.
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3.3. Extension to sub-Gaussian measures

As already mentioned, the main assumption in the original approach of the inequality (1.2)
in [12] is the log-Sobolev inequality. For the one parameter family of measures �p with
densityZ�1p e�jxj

p
on the line, say, withZD

R1
�1

e�jxj
p
dx, it is known that a log-Sobolev

inequality holds if and only if p � 2.
In this section, we make use of a different functional inequality in order to derive

some exponential integrability bounds in the flavour of (1.2), but for the measure �p ,
1 < p � 2. Our approach is an extension of the proof of [12]. In particular, the semi-group
approach of Theorem 3.1 cannot be applied as it is, since we would need a commutation
property similar to (3.2) which does not hold for the diffusion semi-group associated to
the measure �p , p 2 .1; 2/ (the curvature condition only reads �2 � 0)3.

We work on Rn but our result should extend to general diffusion as in Section 3.1.
The choice of Rn is motivated by the fact that, to the best of our knowledge, the modified
log-Sobolev inequality we are about to introduce has been studied and proved only in Rn

(see [10, 26, 27]).
A probability measure � on Rn satisfies the modified log-Sobolev inequality with

function H WR ! Œ0;1/ if there exists a constant c 2 .0;1/ such that for all locally
Lipschitz function f WRn ! R, the following holds:

Ent�.f 2/ � c
Z nX

iD1

H
�@if
f

�
f 2 d�

where @if D @f =@xi and

Ent�.f / WD
Z
f logf d� �

Z
fd� log

Z
fd� D sup

° Z
fg d� W

Z
eg d� � 1

±
:

Similar to the log-Sobolev inequality, this is equivalent to

(3.7) Ent�.ef / � c
Z nX

iD1

H
�@if
2

�
ef d�;

for all locally Lipschitz functions f . The terminology goes back to [11] in their study
of the concentration phenomenon for product of exponential measures, thus recovering a
celebrated result by Talagrand [44]. The second author and Ledoux introduced and con-
sidered (3.7) for functions such that @if=f � � < 1, which amounts to taking H.x/ D
2x2=.1 � �/ if jxj � � and H.x/ D1 otherwise.

The same authors proved (3.7) for the family of measures �p , with p > 2 (they con-
sider also measures of the form e�V , with V strictly uniformly convex), and H.x/ D
cpjxj

q , with q D .p � 1/=p 2 Œ1; 2� the conjugate of p. Such inequalities are equivalent
to q-log-Sobolev inequalities that are studied in depth in [14].

The case p 2 .1; 2/ was considered by Gentil, Guillin and Miclo [26], who estab-
lished a modified log-Sobolev inequality for �p when p 2 .1; 2/, withH that compares to
max.x2; jxjq/, q D .p � 1/=p > 2. The same authors extended their result to a wider class
of log-concave measures on the line, with tail behavior between exponential and Gaussian,

3Some partial results, however useless in the context of the present paper, on commutation property for the
measures �p , p 2 .1; 2/ can be found in [21]
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see [27]. Another approach, based on Hardy-type inequalities, was proposed in [10]. For
more results related to the measures �p , p2 .1; 2/, we refer the reader to [6–9,20,40]. We
are now in position to state our theorem.

Theorem 3.7. Assume that the probability measure � on Rn satisfies the modified log-
Sobolev inequality (3.7) with a non-decreasing convex functionH WR! Œ0;1/ vanishing
at the origin (and constant c/. Assume furthermore that x 7!H.

p
x/ is also convex. Then,

for all locally Lipschitz function f WRn ! R with
R
f d� D 0, the inequalityZ

ef d� �
� Z

e˛
Pn
iD1H.@if =2/ d�

�c=.˛�c/
holds for all ˛ > c.

Remark 3.8. The classical log-Sobolev inequality corresponds to H.x/ D x2. We there-
fore recover the result of [12] (for Rn).

For the measure �p , p 2 .1; 2/ mentioned above, one can prove (3.7) [10, 26] with H
that compares to max.jxjq; x2/, with q D .p � 1/=p > 2 the conjugate of p. At the price
of changing the constant c, it is easy to construct another H that satisfies the assumption
of the theorem for �p for which the conclusion applies.

By mean of (3.7) for more general log-concave measures with tail between exponential
and Gaussian [10, 27], the conclusion of the theorem can also be extended to such a class
of probability measures.

It should be noticed that, except for the Gaussian measure, the optimal constant in
inequality (3.7) is not known. Therefore, the constraint ˛ > c might be sub-optimal.

Proof. We follow [12]. Fix �;˛ � 0. Using the variational characterization of the entropy,

Ent�.e�f / D sup
° Z

e�f gd� W

Z
egd� D 1

±
;

we get, for

g D ˛

nX
iD1

H
��
2
@if

�
� log

Z
e˛

Pn
iD1H.

�
2 @if / d�;

that

Ent�.e�f / � ˛
Z
e�f

nX
iD1

H
��
2
@if

�
d� �

Z
e�f d� log

Z
e˛

Pn
iD1H.

�
2 @if / d�:

On the other hand, the modified log-Sobolev inequality (3.7) applied to �f ensures that

˛

Z
e�f

nX
iD1

H
��
2
@if

�
d� �

˛

c
Ent�.e�f /:

Therefore, for ˛ > c,

Ent�.e�f / �
c

˛ � c

Z
e�f d� log

Z
e˛

Pn
iD1H.

�
2 @if / d�

The rest of the argument is Herbst’s argument. Set G.�/ WD
R
e�f d� and observe that

Ent�.e�f / D �G0.�/ �G.�/ logG.�/
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so that the inequality above can be recast as

G0.�/

�G.�/
�

log.G.�//
�2

D
d

d�

� 1
�

logG.�/
�
�

c

˛ � c

1

�2
log

Z
e˛

Pn
iD1H.

�
2 @if / d�:

Now introduce, for x � 0, !.x/ D supt>0H.tx/=H.t/. Hence, it follows that

d

d�

� 1
�

logG.�/
�
�

c

˛ � c

ˇ.�2/

�2
,

with
ˇ.�/ WD log

Z
e˛!.

p
�/
Pn
iD1H.

1
2 @if / d�:

Since H.
p
x/ is convex, it is easy to check that !.

p
x/ is convex and therefore that ˇ is

also convex. Since !.0/ D 0 (H vanishes at 0), the map t ! ˇ.t/=t is non-decreasing
and therefore,

ˇ.�2/

�2
� ˇ.1/ D log

Z
e˛!.1/

Pn
iD1H.

1
2 @if / d� D log

Z
e˛

Pn
iD1H.

1
2 @if / d�;

since !.1/ D 1. Integrating the differential inequality, we obtain

logG.1/ � lim
�!0

1

�
logG.�/ �

c

˛ � c
ˇ.1/;

which leads to the desired conclusion since lim�!0 logG.�/=� D
R
f d� D 0.

3.4. Exponential integrability of second order

In [18], the authors are interested in the following second order type exponential integra-
bility. They prove that, given ˇ � 1 and M > 0, all f smooth enough, with

R
fd
n D 0,

and such that
R
e.

ˇ
2 jLf j/

ˇ
d
n �M satisfyZ

ejf j
ˇ

d
n � C.M/

for some constant C.M/ (independent of f ), where L D � � x � r is the Ornstein–
Uhlenbeck operator. In this section, we give a quantitative version of this statement in the
special case ˇ D 1. Our result extends [18] (for ˇ D 1) to the class of measures on Rn

that satisfy the log-Sobolev inequality (this class is larger that the set of all strongly log-
concave probability measures considered in [18]) and to the general framework allowed
by the �2 formalism. Our result reads as follows.

Theorem 3.9. Let L be some Markov diffusion operator reversible with respect to some
probability measure �. Assume that � satisfies the following log-Sobolev inequality:

(3.8) Ent�.ef / � c
Z
ef �.f / d�
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for some c 2 .0;1/ and any f 2A. Then, for any ˛ > c and any f 2A with
R
fd� D 0;

the following inequality holds:

log
Z
ef d� �

c

˛ � c

Z
e˛jLf j d�:

Moreover, we have

log
Z
ejf jd� �

� c
e˛
C log 2C

2c

˛ � c

� Z
e˛jLf j d�:

Remark 3.10. For the Gaussian measure, c D 1=2. The constraint ˛ > 1=2 agrees with
the optimal threshold ˇ=2 D 1=2 of [18].

Proof of Theorem 3.9. By the diffusion property, �.ef ; f /D ef �.f /, f 2A, so that the
integration by parts formula ensures thatZ

ef �.f / d� D

Z
�.ef ; f / d� D �

Z
efLf d�:

In particular, the log-Sobolev inequality can be recast as

Ent�.ef / � c
Z
ef .�Lf / d�:

Next, if f is such that
R
ef d� D 1, the entropic inequality ensures that, for any t > 0,Z

ef .�Lf / d� �
1

t
Ent�.ef /C

1

t
log

� Z
e�tLf d�

�
:

It follows that for any t > c;

Ent�.ef / �
c

t � c
log

� Z
e�tLf d�

�
:

In turn, applying this to �f , the following inequality holds by homogeneity:

Ent�.e�f / �
c

t � c

Z
e�f d� log

� Z
e�t�Lf d�

�
; �2 Œ0; 1�:

Set, as usual, H.�/ D
R
e�f d�. Then the latter reads

�H 0.�/ �H.�/ logH.�/ �
c

t � c
H.�/ log

� Z
e�t�Lf d�

�
:

Dividing both sides by �2H.�/ as in the usual Herbst argument, we obtain

d

d�

� logH.�/
�

�
D
H 0.�/

�H.�/
�

logH.�/
�2

�
c

t � c

1

�2
log

� Z
e�t�Lf d�

�
; t > c:

Jensen’s inequality log.
R
e�t�Lf d�/ � � log.

R
e�tLf d�/ would not be enough to make

the right-hand side integrable at 0 (with respect to �). To overcome this lack of integra-
bility, we will expand the exponential, taking advantage of the fact that

R
Lf d� D 0 by
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reversibility (thus making the right-hand side of order
R
.Lf /2d� when �! 0). More

precisely, we have for any �2 .0; 1�,

1

�2
log

� Z
e�t�Lf d�

�
D

1

�2
log

�
1C

1X
kD2

.�t�/k

kŠ

Z
.Lf /kd�

�
.since

Z
Lfd� D 0/

�

1X
kD2

tk�k�2

kŠ

Z
jLf jk d� .since log.1C x/ � x/

�

Z
et jLf j d�:

Finally, we get
d

d�

� logH.�/
�

�
�

c

t � c

Z
et jLf j d�;

which leads to the first desired conclusion after integration from � D 0 to � D 1 since
lim�!0 logH.�/=� D

R
f d�.

The second part of the theorem is a consequence of the first. Given f with
R
f d�D 0,

set fC Dmax.f; 0/ and f� Dmax.�f;0/. Then, since log.aC b/� logaC logbC log2
for all a; b � 1, the first part of the theorem applied twice by scaling argument implies
that

log
Z
ejf j d� � log

� Z
efC d�C

Z
ef� d�

�
� log

� Z
efC d�

�
C log

� Z
ef� d�

�
C log 2

�

Z
.fC C f�/ d�C log 2C

c

˛ � c

� Z
e˛jLfCj d�C

Z
e˛jLf�j d�

�
�

Z
jf jd�C log 2C

2c

˛ � c

Z
e˛jLf j d�:

Since � satisfies the log-Sobolev inequality (3.8), it satisfies a Poincaré inequality with
constant c=2 (see, e.g., Chapter 1 of [1]). In particular (recall that

R
fd� D 0),Z

f 2d� �
c

2

Z
�.f / d�:

Since
R
�.f / d� D �

R
fLf d�, the Cauchy–Schwarz inequality impliesZ
f 2 d� �

c

2

sZ
f 2 d�

Z
.Lf /2 d�;

from which we deduce that Z
f 2 d� �

c2

4

Z
.Lf /2d�:

Using again the Cauchy–Schwarz inequality, we obtainZ
jf j d� �

sZ
f 2 d� �

c

2

sZ
.Lf /2 d�:
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Now we observe that x2 � 4
e2
ex for x � 0, hence

R
˛2.Lf /2d� � 4

e2

R
e˛jLf jd�,

and therefore,Z
jf j d� �

c

2˛

s
4

e2

Z
e˛jLf j d� �

c

e˛

Z
e˛jLf j d�; ˛ > 0:

We get, for any ˛ > c,

log
Z
ejf j d� �

c

e˛

Z
e˛jLf j d�C log 2C

2c

˛ � c

Z
e˛jLf j d�

�

� c
e˛
C log 2C

2c

˛ � c

� Z
e˛jLf j d�:

The desired conclusion follows.

4. A convexity argument

In this section, we will give an alternative proof of inequality (1.3) (in a slight modified
form). Our proof is based on an argument of duality that applies to part of the more general
situation considered in [17].

4.1. Inequality (1.3) revisited

Set for simplicity 
 D 
1 for the standard Gaussian measure on the line, with density
e�x

2=2=
p
2� . Our next result is one of our main results and is, as already mentioned in

Section 2, some sort of exponential Hardy-type inequality.

Theorem 4.1. For any C1 function f W Œ0;1/! R with f .0/ D 0, it holds that

log
Z 1
0

ejf .x/j e�x
2=2 dx �

Z 1
0

ejf
0.x/j2=2p

1C jf 0.x/j2=2
e�x

2=2 dx C 5:14:

Before moving to the proof of Theorem 4.1, let us show how to recover (1.3) from it.

Corollary 4.2. For any dimension n and any C1 function f with
R
fd
n D 0, the follow-

ing inequality holds:

log
Z
ef d
n � 8

Z
Rn

ejrf j
2=2p

1C jrf j2=2
d
n � 14

Z
Rn

ejrf j
2=2

1C jrf j
d
n:

Proof of Corollary 4.2. The exponential Hardy-type inequality of Theorem 4.1 implies
that Z 1

0

ef d
 �
1

2
� F

� Z
G.jf 0j/ d


�
; f .0/ D 0

with

F.x/ D aebx � c; a D
e5:14
p
2�

, b D
p
2�; c D

1

2
and G.x/ D

ex
2=2p

1Cx2=2
�
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Therefore, the assumptions of Lemma 2.10 are satisfied. Since

max
x�0

x

G.x/
D e�1=

p
2

q
1C
p
2;

(the maximum is reached at x D 21=4),

d WD

r
�

2
max
x�0

x

G.x/
' 0:9602 � 1

and d C b ' 3:467 � 3:5. Lemma 2.10 implies that, for any dimension n and any f withR
fd
n D 0, it holds

log
Z
egd
n � log

�
1C ae3:5

R
G.jrf j/d
n C .a � 1/ed

R
G.jrf j/d
n

�
It is not difficult to check that

x 7! ‰.x/ WD
1

log.x/
log.1C ax3:5 C .a � 1/x/

is non-increasing on Œe;1/ so that, for x D e
R
G.jrf j/d
n ,

log
Z
ef d
n � ‰.e/

Z
Rn

ejrf j
2=2p

1C jrf j2=2
d
n � 8

Z
Rn

ejrf j
2=2p

1C jrf j2=2
d
n

where we used that ‰.e/ � 8 (by numerical computation). To conclude, it is enough to
observe that 1p

1Cx2=2
�

p
3

1Cx
(the maximum is reached at x D 2), and that 8

p
3 � 14.

Proof of Theorem 4.1. Since f .0/ D 0, for x > 0, we have by Young’s inequality,

jf .x/j D
ˇ̌̌ Z x

0

f 0.t/ et
2=2 e�t

2=2 dt
ˇ̌̌

�

Z x

0

G.jf 0.t/j/ e�t
2=2 dt C

Z x

0

G�.et
2=2/ e�t

2=2 dt

for any GW Œ0;1/! R and G�.y/ D supx>0¹xy �G.x/º, y � 1. It follows that

log
Z 1
0

ejf .x/j e�x
2=2 dx �

Z 1
0

G.jf 0.x/j/ e�x
2=2 dx

C log
Z 1
0

e
R x
0 ŒG

�.et
2=2/ e�t

2=2�t�dt dx:

To end the proof, it remains to show that the second term in the right-hand side of the lat-
ter is bounded above. Having a non-explicit constant would just necessitate the asymptotic
of G� for the choice G.x/ D eV.x/, with V.x/ WD x2=2 � 1

2
log.1C x2=2/, x � 0. This

could be achieved in few lines. We choose however to make some effort to keep track of
the constants, making the presentation much lengthier. In other words, the proof of Theo-
rem 4.1 is essentially finished, what remains to be done is fixing some heavy technicalities
to get an explicit constant in the end.
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Observe that V 0.x/ D x.1Cx2/

2Cx2
and set

W.x/D V.x/C logV 0.x/D
x2

2
C logH.x/; with H.x/D

p
2x.1C x2/

.2C x2/3=2
; x > 0:

The maps W and H are non-decreasing from .0;1/ to .�1;1/ and from .0;1/

to .0;
p
2/ respectively, so that we can safely define their inverses W �1 and H�1 (see

Lemma 4.3). Set Ao D H�1.1/ and xo D W �1.0/. We observe that

G�.y/ D y
�
W �1.logy/ �

1

V 0.W �1.logy//

�
; y � 1

and (for t � 0)

G�.et
2=2/ e�t

2=2
� t D W �1.t2=2/ �

1

V 0.W �1.t2=2//
� t D x �

1

V 0.x/
�
p
2W.x/;

where we have set x D W �1.t2=2/. Denote to D
p
2W.4/ ' 4:057 and observe that,

by monotonicity of W , there is a correspondence between the notations Œ0; to� and Œxo; 4�
through the change of variables x DW �1.t2=2/). Thus, thanks to item (iii) of Lemma 4.3,
that guarantees that the above quantity is non-positive, the following holds:Z 1
0

e
R x
0 ŒG

�.et
2=2/ e�t

2=2�t�dt dx

D

Z to

0

e
R x
0 ŒG

�.et
2=2/ e�t

2=2�t�dt dx C

Z 1
to

e
R x
0 ŒG

�.et
2=2/ e�t

2=2�t�dt dx

�

Z to

0

dx C

Z 1
to

e
R x
to
ŒG�.et

2=2/ e�t
2=2�t�dt dx D to C

Z 1
to

e
R x
to
ŒG�.et

2=2/ e�t
2=2�t�dt dx:

Observe that, for any x � Ao W.x/ � x2=2, so that (composing by W �1 that is non-
decreasing) for all t � Ao (and therefore for all t � to), W �1.t2=2/ � t . It follows from
item (iv) of Lemma 4.3 thatZ x

to

ŒG�.et
2=2/ e�t

2=2
� t � dt � �

Z x

to

1:228

W �1.t2=2/
dt

� �

Z x

to

1:228

t
dt D �1:228 log

� x
to

�
:

In turn, Z 1
to

e
R x
to
ŒG�.et

2=2/ e�t
2=2�t�dt dx �

Z 1
to

� x
to

��1:228
dx D

1

0:228to
�

We conclude thatZ 1
0

e
R x
0 ŒG

�.et
2=2/ e�t

2=2�t�dt dx � to C
1

0:228to
' 5:138 � 5:14;

as expected.
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The next lemma collects some technical facts about the function V and W appearing
in the proof of the previous theorem.

Lemma 4.3. Set

V.x/ D
x2

2
�
1

2
log

�
1C

x2

2

�
and H.x/ D

p
2x.1C x2/

.2C x2/3=2
, x � 0;

(observe that V 0.x/ D x.1C x2/=.2C x2//, and let

W.x/ D V.x/C logV 0.x/ D
x2

2
C logH.x/:

Then

(i) the map H is non-decreasing (one to one from .0;1/ to .0;
p
2// and Ao WD

H�1.1/2 .2:13; 2:14/;
(ii) the map W is non-decreasing (one to one from .0;1/ to .�1;1// and xo WD

W �1.0/2 .1:05; 1:06/;
(iii) for all x � xo,

x �
1

V 0.x/
�
p
2W.x/ � 0 I

(iv) for all x � 4,

x �
1

V 0.x/
�
p
2W.x/ � �

1:228

x
�

Proof. Points (i) and (ii) are obvious and left to the reader. By numerical computations,
Ao 2 .2:13; 2:14/ and xo 2 .1:05; 1:06/. For (iii), we observe that, for all x � xo,

x �
1

V 0.x/
�
p
2W.x/ D �

1

V 0.x/
C

x2 � 2W.x/

x C
p
2W.x/

D �
1

V 0.x/
�

2 logH.x/

x C
p
2W.x/

�(4.1)

For x � Ao, H.x/ � 1, and therefore the above quantity is negative. Now assume that
x 2 .xo; Ao/. We first deal with x 2 .xo; 21=4/. In that regime, we write

x �
1

V 0.x/
�
p
2W.x/ � x �

1

V 0.x/
D

x4 � 2

x.1C x2/
� 0:

For x 2 .21=4; Ao/, since H.x/ � 1, V 0.x/ � x and
p
2W.x/ � 0, the following holds:

x �
1

V 0.x/
�
p
2W.x/ D �

1

V 0.x/
�

2 logH.x/

x C
p
2W.x/

� �
1

x
�
2 logH.x/

x
D �

2

x
log.
p
eH.x//:

By monotonicity of H on .21=4; Ao/, we have

� log.
p
eH.x// � � log.

p
eH.21=4// � 0;
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since
p
eH.21=4/ D

p
2e 21=4.1C

p
2/=.2C

p
2/3=2 � 1:

This proves point (iii).
To prove (iv), we come back to (4.1) and use the fact that V 0.x/ � x to write

x �
1

V 0.x/
�
p
2W.x/ � �

1

x
�

2 logH.x/

x C
p
2W.x/

D �
1C I.x/

x
,

with

I.x/ WD
2x logH.x/

x C
p
2W.x/

D
2 logH.x/

1C
p
1C .2 logH.x//=x2

�

Since y 7! y

1C
p
1Cy

and H are non-decreasing, we get, for any x � 4 (by numerical
computations),

I.x/ �
2 logH.4/

1C
p
1C .2 logH.4//=x2

�
2 logH.4/

1C
p
1C .2 logH.4//=42

� 0:228:

The expected result of point (iv) follows.

4.2. Extension

In the next theorem, we extend the previous approach to more general exponential inequal-
ities. To keep the length of the paper reasonable, we will not, in this section, keep track of
the explicit constants.

Our starting point is the following (exponential Hardy-type inequality).

Theorem 4.4. For all ˇ 2 .
p
5 � 1; 2/, there exists a constant cˇ 2 .0;1/ such that for

all C1 functions f W Œ0;1/! Œ0;1/ with f .0/ D 0, the following inequality holds:

log
Z 1
0

ejf .x/j
2ˇ=.ˇC2/

e�x
2=2 dx �

� Z 1
0

ej�f
0.x/jˇ e�x

2=2dx
�2ˇ=.ˇC2/

C cˇ ;

with � D
p
2ˇ=.ˇ C 2/. One can take

cˇ D
5

.2 � ˇ/2
� log.ˇ �

p
5C 1/:

Remark 4.5. The constant cˇ D 5=.2 � ˇ/2 � log.ˇ �
p
5C 1/ explodes both at ˇ D

p
5 � 1 and ˇ D 2. Indeed, for some technical reason, the above result does not contain

the case ˇ D 2, that was independently considered in Theorem 4.1. It appears that many
simplification occur when ˇ D 2 that cannot be transposed to ˇ ¤ 2.

Let us mention that we were not able to extend the semi-group approach developed
in [31] or in Section 3 to prove the theorem above.

Finally, we observe that, with much more effort, it is possible to improve the right-
hand side of the exponential Hardy-type inequality appearing in the theorem, by adding
an extra factor in the denominator. Namely, one can replace ej�f

0jˇ by ej�f
0jˇ =H.f 0/ for

some non-decreasing function H tending to infinity at infinity.
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Proof. The proof follows the line of Theorem 4.1. By Young’s inequality,

jf .x/j D
ˇ̌̌ Z x

0

f 0.t/ et
2=2 e�t

2=2 dt
ˇ̌̌

�

Z x

0

G.jf 0.t/j/ e�t
2=2 dt C

Z x

0

G�.et
2=2/ e�t

2=2 dt

for any GW Œ0;1/! R and G�.y/ D supx>0¹xy �G.x/º, y � 1. It follows thatZ 1
0

ejf .x/j
2ˇ=.ˇC2/

e�x
2=2 dx

�

Z x

0

e.
R1
0 G.jf 0.t/j/ e�t

2=2 dtC
R x
0 ŒG

�.et
2=2/ e�t

2=2�dt/2ˇ=.ˇC2/�x2=2 dx:

Our aim is to analyse the second term in the right-hand side of the latter. Assume that
G.x/ D eV.x/ with V.x/ D .�x/ˇ , x � 0 and � WD

p
2ˇ=.ˇ C 2/. Set

W.x/ WD V.x/C logV 0.x/ D .�x/ˇ C log.ˇ�ˇxˇ�1/; x > 0:

The map W is one to one non-decreasing from .0;1/ to .�1;1/, so that we can define
its inverse W �1. In particular, a direct computation shows that

G�.y/ D y
�
W �1.logy/ �

1

V 0.W �1.logy//

�
; y � 1;

so that (for t � 0)

G�.et
2=2/ e�t

2=2
D W �1.t2=2/ �

1

V 0.W �1.t2=2//
�

Set

M WD

Z 1
0

G.jf 0.x/j/ e�x
2=2 dx D

Z 1
0

ej�f
0.x/jˇ e�x

2=2 dx

and
xo WD

q
2W.1=.�ˇ1=ˇ //:

Then, thanks to Lemma 4.6 (that guarantees that G�.et
2=2/ e�t

2=2 � 0 for all t 2 .0; xo/),
the following inequality holds:Z 1
0

e

�R x
0 G.jf

0.x/j/ e�x
2=2 dxC

R x
0 ŒG

�.et
2=2/ e�t

2=2�dt
�2ˇ=.ˇC2/

�x2=2
dx

� eM
2ˇ=.ˇC2/

Z xo

0

e�x
2=2 dx C

Z 1
xo

e

�
MC

R x
xo
ŒG�.et

2=2/ e�t
2=2�dt

�2ˇ=.ˇC2/
�x2=2

dx:

Observe that by the last part of Lemma 4.6, xo � 1, so thatZ xo

0

e�x
2=2 dx �

Z 1

0

e�x
2=2 dx � 1:

Combining these observations and the fact that

G�.et
2=2/ e�t

2=2
� W �1.t2=2/
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(note that W �1 � 0), one hasZ 1
0

ejf .x/j
2ˇ=.ˇC2/

e�x
2=2 dx � eM

2ˇ=.ˇC2/

C

Z 1
xo

e.MC
R x
xo
W �1.t2=2/dt/

2ˇ=.ˇC2/
�x2=2 dx:

Since 0 � 2ˇ=.ˇ C 2/ � 1,�
M C

Z x

xo

W �1.t2=2/ dt
�2ˇ=.ˇC2/

�M 2ˇ=.ˇC2/
C

� Z x

xo

W �1.t2=2/ dt
�2ˇ=.ˇC2/

:

Therefore, as an intermediate result, it holds thatZ 1
0

ejf .x/j
2ˇ=.ˇC2/

e�x
2=2dx � eM

2ˇ=.ˇC2/
�
1C

Z 1
xo

e.
R x
xo
W �1.t2=2/dt/

2ˇ=.ˇC2/
�x2=2 dx

�
:

Our next aim is to analyse the term
R x
xo
W �1.t2=2/dt for x � xo, in order to prove that

the integral factor is finite. By Lemma 4.6 and a change of variables, we haveZ x

xo

W �1.t2=2/ dt �
1

�

Z x

p
2=3

� t2
2
�
ˇ � 1

ˇ
log

� t2
2

�
C 1

�1=ˇ
dt

D
1

�

Z x2=2

1=3

�
u �

ˇ � 1

ˇ
loguC 1

�1=ˇ du
p
2u
�

Using the concavity property

(4.2) .1C y/
 � 1C 
y; y > �1; 
 2 Œ0; 1�;

with 
 D 1=ˇ, it follows that (for u � 1=3)�
u �

ˇ � 1

ˇ
loguC 1

�1=ˇ
D u1=ˇ

�
1 �

ˇ � 1

ˇ

logu
u
C
1

u

�1=ˇ
� u1=ˇ

�
1C

1

ˇ

�
�
ˇ � 1

ˇ

logu
u
C
1

u

��
D u1=ˇ �

ˇ � 1

ˇ2
u�.ˇ�1/=ˇ loguC

1

ˇ
u�.ˇ�1/=ˇ :

As a consequence, by direct computation and some algebra, the following holds:Z x2=2

1=3

h
u �

ˇ � 1

ˇ
loguC 1

i1=ˇ du
p
2u

�
1
p
2

Z x2=2

1=3

h
u.2�ˇ/=.2ˇ/ �

ˇ � 1

ˇ2
u�.3ˇ�2/=.2ˇ/ loguC

1

ˇ
u�.3ˇ�2/=.2ˇ/

i
du

D
1
p
2

h 2ˇ

ˇ C 2
u.2Cˇ/=.2ˇ/ �

ˇ � 1

ˇ2

� 2ˇ

2 � ˇ
u.2�ˇ/=.2ˇ/ logu �

4ˇ2

.2 � ˇ/2
u.2�ˇ/=.2ˇ/

�
C

2

2 � ˇ
u.2�ˇ/=.2ˇ/

ix2=2
1=3

D �
�x2
2

�.2Cˇ/=.2ˇ/
�

p
2.ˇ � 1/

ˇ.2 � ˇ/

�x2
2

�.2�ˇ/=.2ˇ/
log

�x2
2

�
C

p
2ˇ

.2 � ˇ/2

�x2
2

�.2�ˇ/=.2ˇ/
� cˇ ;
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where in the last equality we used the fact that � D
p
2ˇ=.ˇ C 2/, and we set

cˇ WD
�

3.2Cˇ/=.2ˇ/
C

p
2.ˇ � 1/

ˇ.2 � ˇ/

log 3
3.2�ˇ/=.2ˇ/

C

p
2ˇ

.2 � ˇ/2 3.2�ˇ/=.2ˇ/
> 0:

Therefore, using (4.2) with 
 D 2ˇ=.ˇ C 2/ � 1, we obtain� Z x

xo

W �1.t2=2/ dt
�2ˇ=.ˇC2/

�

��x2
2

�.2Cˇ/=.2ˇ/
�

p
2.ˇ � 1/

�ˇ.2 � ˇ/

�x2
2

�.2�ˇ/=.2ˇ/
log

�x2
2

�
C

p
2ˇ

�.2 � ˇ/2

�x2
2

�.2�ˇ/=.2ˇ/�2ˇ=.ˇC2/
D
x2

2

�
1 �

p
2.ˇ � 1/

�ˇ.2 � ˇ/

log.x2=2/
x2=2

C

p
2ˇ

�.2 � ˇ/2
1

x2=2

�2ˇ=.ˇC2/
�
x2

2

�
1C

2ˇ

ˇ C 2

�
�

p
2.ˇ � 1/

�ˇ.2 � ˇ/

log.x2=2/
x2=2

C

p
2ˇ

�.2 � ˇ/2
1

x2=2

��
D
x2

2
�

2
p
2.ˇ � 1/

�.ˇ C 2/.2 � ˇ/
log

�x2
2

�
C

2
p
2ˇ2

�.ˇ C 2/.2 � ˇ/2
�

At this step, using the expression of �D
p
2ˇ=.ˇC 2/ and xo�

p
2=3 (from Lemma 4.6),

we can conclude thatZ 1
xo

e.
R x
xo
W �1.t2=2/ dt/

2ˇ=.ˇC2/
�x2=2 dx � e2ˇ=.2�ˇ/

2

Z 1
p
2=3

� 2
x2

� 2.ˇ�1/
ˇ.2�ˇ/

dx

D e
2ˇ

.2�ˇ/2 2
2.ˇ�1/
ˇ.2�ˇ/

Z 1
p
2=3

� 1
x

� 4.ˇ�1/
ˇ.2�ˇ/

dx D e
2ˇ

.2�ˇ/2 2
2.ˇ�1/
ˇ.2�ˇ/

ˇ.2 � ˇ/

ˇ2 C 2ˇ � 4

�3
2

� ˇ2C2ˇ�4
2ˇ.2�ˇ/

D

p
2ˇ.2 � ˇ/

ˇ2 C 2ˇ � 4
e

2ˇ

.2�ˇ/2
C
ˇ2C2ˇ�4
2ˇ.2�ˇ/

log3

where we used the fact that, for ˇ >
p
5 � 1,

4.ˇ � 1/

ˇ.2 � ˇ/
> 1;

to ensure the convergence of the integral. Now it is not difficult to see that
p
2ˇ.2 � ˇ/

ˇ2 C 2ˇ � 4
�
8
p
2 � 16

p
2=5

4.ˇ �
p
5C 1/

�
1

2.ˇ �
p
5C 1/

, ˇ 2 .
p
5 � 1; 2/

(the maximum is reached at ˇ D
p
5 � 1), and

ˇ2 C 2ˇ � 4

2ˇ.2 � ˇ/
log 3 �

1

.2 � ˇ/2
�
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All together, we obtained for any ˇ 2 .
p
5 � 1; 2/,Z 1

0

ejf .x/j
2ˇ=.ˇC2/

e�x
2=2 dx � eM

2ˇ=.ˇC2/
�
1C

1

2.ˇ �
p
5C 1/

e.2ˇC1/=.2�ˇ/
2
�

�
1

ˇ �
p
5C 1

e5=.2�ˇ/
2

eM
2ˇ=.ˇC2/

This leads to the desired conclusion.

Lemma 4.6. Let V.x/ WD .�x/ˇ , x � 0, ˇ 2 .1; 2/, with � WD
p
2ˇ=.ˇ C 2/, and let

W.x/ WD .�x/ˇ C log.ˇ�ˇxˇ�1/, x > 0. Then, for all x > 0, the following inequality
holds:

W �1.x/ �
1

�

�
x �

ˇ � 1

ˇ
log x C 1

�1=ˇ
:

Furthermore,

x � W
� 1

�ˇ1=ˇ

�
” W �1.x/ �

1

V 0.W �1.x//
� 0:

Finally, for all ˇ 2 .
p
5 � 1; 2/, it holds 1=2 � W.1=.�ˇ1=ˇ // � 1=3.

Proof. By studying the map x 7! x � ˇ�1
ˇ

logx C .2� ˇ/2 on .0;1/, we observe that it
is non-increasing and then non-decreasing; its minimum is achieved at xo D .ˇ � 1/=ˇ,
so that x � ˇ�1

ˇ
log x C .2 � ˇ/2 > 0 for all x > 0. Therefore, we can compute

W
�1
�

�
x �

ˇ � 1

ˇ
log x C 1

�1=ˇ�
D x �

ˇ � 1

ˇ
log x C 1C log.ˇ�/C

ˇ � 1

ˇ
log

�
x �

ˇ � 1

ˇ
log x C 1

�
D x C

ˇ � 1

ˇ
log

�
1 �

ˇ � 1

ˇ

log x
x
C
1

x

�
C log.eˇk/:

Now the map

x 7! �
ˇ � 1

ˇ

log x
x
C
1

x

is non-increasing and then non-decreasing, with a minimum achieved at e.2ˇ�1/=.ˇ�1/, so
that, for any x > 0,

W
�1
�

�
x�

ˇ�1

ˇ
log xC1

�1=ˇ�
� xC

ˇ�1

ˇ
log

�
1�

ˇ�1

ˇ
e�.2ˇ�1/=.ˇ�1/

�
C log.eˇk/

� x C
ˇ � 1

ˇ
log

�
1 �

ˇ � 1

ˇe2

�
C log.eˇk/ � x C

1

2
log

�
1 �

1

2e2

�
C log.eˇk/;

where we used that .2ˇ � 1/=.ˇ � 1/� 2 and, in the last inequality, that y 7! y log.1� y/
is non-increasing on .0; 1/. Now it is clear that

1

2
log

�
1 �

1

2e2

�
C log.eˇk/ D log

�p2e2 � 1 ˇ2
ˇ C 2

�
> 0
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for any ˇ 2 .1; 2/, so that

W
�1
�

�
x �

ˇ � 1

ˇ
log x C 1

�1=ˇ�
� x; x > 0:

Since W is non-decreasing, the first expected result follows.
For the second part of the lemma, set y DW �1.x/ and observe that y � 1=V 0.y/ � 0

if and only if yV 0.y/ D ˇ�ˇyˇ � 1, proving the desired result by monotonicity of W .
For the last conclusion of the lemma, note that

W
� 1

�ˇ1=ˇ

�
D

log.eˇ/
ˇ

C log.�/:

In particular, the map ˇ 2 .1; 2/ 7! W.1=.�ˇ1=ˇ // is non-decreasing, and therefore, for
ˇ 2 .
p
5 � 1; 2/, it holds

1

2
D

log.2e/
2

C log
�p2
2

�
� W

� 1

�ˇ1=ˇ

�
�

log.e.
p
5 � 1//

p
5 � 1

C log
�p2.p5 � 1/
p
5C 1

�
' 0:36 �

1

3
�

5. Discrete setting

Consider a graph .G; V / with vertex set V . Given a probability measure � on G and an
operatorLD .L.x;y//x;y2V symmetric in L2.�/ and satisfyingL.x;y/� 0 for all x¤ y
and

P
y L.x; y/ D 0 for all x, we are interested in the following modified log-Sobolev

inequality:

(5.1) Ent�.ef / � c
X
x;y2V

�.x/L.x; y/.ef .y/ � ef .x//.f .y/ � f .x//:

In the continuous setting, the quantity .ef .y/ � ef .x//.f .y/� f .x// reduces to ef jrf j2.
Therefore, the inequality (5.1) is equivalent to the usual log-Sobolev inequality in the
continuous.

However, in the discrete setting, the behavior of the classical log-Sobolev inequality,
that reads

Ent�.ef / �
c

2

X
x;y2V

�.x/L.x; y/.ef .y/ � ef .x//2

might be very different from the modified one. For instance, the Poisson measure on the
integers, associated to a proper birth and death process, called M=M=1 in the literature,
is known to satisfy the modified log-Sobolev inequality (5.1) with optimal constant the
parameter of the Poisson measure, while the log-Sobolev inequality above does not hold.

There is a large activity on this topic, in relation with models coming from statistical
mechanics, transport theory and some notion of Ricci curvature on graphs. To give a com-
plete list of the literature is out of reach. Let us mention [13, 28] for two papers involving
some of the authors, in this direction.
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We use the following classical notations. Given f , we haveLf .x/D
P
yL.x;y/f .y/.

By reversibility, it is easy to see thatZ
f .�Lg/ d� D

1

2

X
x;y

�.x; y/L.x; y/.g.y/ � g.x//.f .y/ � f .x//:

Therefore, the modified log-Sobolev inequality can equivalently be written as

Ent�.ef / � c
Z
ef .�Lf / d�:

Theorem 5.1. Assume that, on a graph .G; V /, the probability measure � and the opera-
tor L as above satisfy the modified log-Sobolev inequality (5.1) with constant c 2 .0;1/.
Then, for any ˛ > c, and any f with

R
fd� D 0, the following inequality holds:

log
Z
ef d� �

c

˛ � c

Z
e˛jLf j d�:

Proof. Fix � 2 .0; 1� and a function f with mean zero with respect to �. By the vari-
ational formula of the entropy Ent�.h/ D sup¹

R
hgd� W log

R
egd� � 1º, applied with

g D �˛�Lf � log
R
e�˛�Lf d�, together with the modified log-Sobolev inequality, we

have

˛�

Z
e�f .�Lf /d��

Z
e�f d� log

Z
e�˛�Lf d��Ent�.f �f /� c

Z
e�f .�L.�f //d�:

Therefore, for ˛ > c, it holdsZ
e�f .�L.�f // d� �

1

˛ � c

Z
e�f d� log

Z
e�˛�Lf d�:

Applying the modified log-Sobolev inequality, we obtain

Ent�.e�f / � c
Z
e�f .�L.�f // d� �

c

˛ � c

Z
e�f d� log

Z
e�˛�Lf d�

The rest of the proof goes as for the proof of Theorem 3.9. Details are left to the reader.

Finally, we specialize to the Poisson measure �.k/ D e���k=kŠ, on the integers k D
0; 1 : : : and the M=M=1 queuing process. We will use our convexity argument to obtain
some new exponential inequalities.

Set rf .k/ WD f .k C 1/� f .k/, k D 0; 1 : : : for the discrete gradient of a function f
on the integers.

Theorem 5.2. Let � > 0 and for k integers, define �.k/ D e���k=kŠ. Define

G.x/ WD x1Œ0;1� C e
�.xC.1C2=x/ log.�x//ex1.1;1/; x > 0;

Then, there exists a constant c (that depends only on �/ such that, for any f WN! R with
f .0/ D 0, it holds that

log
� Z

ef d�
�
� c C

Z
G.jrf j/ d�
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and there is a constant d (that depends only on �/ such that, for f with �-mean zero, i.e.,
such that

R
fd� D 0, the following holds:

log
� Z

ef d�
�
� c C d

Z
G.jrf j/ d�:

Remark 5.3. The above integrals are understood on N, i.e.,
R
gd� D

P1
nD0 g.n/�.n/.

The form of G is devised to ensure that x � CG.x/ for some constant C > 0. In fact,
when x tends to 0, e�.xC.1C

2
x / log.�x//ex is much smaller that x.

Proof. Let f WR! R with f .0/ D 0. By duality, we have

jf .n/j D
ˇ̌̌ n�1X
kD0

rf .k/
ˇ̌̌
�

n�1X
kD0

jrf .k/j
1

�.k/
�.k/

�

n�1X
kD0

G.jrf .k/j/ �.k/C

n�1X
kD0

G�
� 1

�.k/

�
�.k/;

where we set

G.x/ WD x1Œ0;1� C e
�.xC.1C 2

x / log.�x//ex1.1;1/ and G�.y/ D sup
x>0

¹xy �G.x/º;

for all y � 0. Therefore,

log
� Z

ef d�
�
�

1X
nD0

G.jrf .n/j/ �.n/C log
�
�.0/C

1X
nD1

e
Pn�1
kD0G

�.1=�.k//�.k/�.n/
�
;

and we are left with proving that the second term in the right-hand side of the latter is
bounded. In fact, we need to prove that the sum is convergent. By (5.4), we have, for n
large enough,

n�1X
kD0

G�
� 1

�.k/

�
�.k/ �

koX
kD0

G�
� 1

�.k/

�
�.k/C 1n�ko

n�1X
kDko

log k � log� �
1

k
C

3

k log k

� C C .log.n � 1/Š � n log� � lognCD log2 n/1n�ko

for some constant C that depends only on � and some universal constant D. Above, ko is
determined by Lemma 5.5.

As a consequence, considering a bigger constant C if needed,

1X
nD1

e
Pn�1
kD0G

�.1=�.k//�.k/�.n/ � eC
�
1C

1X
nD2

.n � 1/Š ��n
.logn/D

n
�.n/

�
D eC

�
1C e��

1X
nD2

.logn/D

n2

�
<1:

This proves the first part of the theorem.
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Consider a function f with mean 0 with respect to the Poisson measure, i.e., such that

�.f / WD

1X
nD0

f .n/�.n/ D 0:

Then,

log
� 1X
nD0

ejf .n/j�.n/
�
D log

� 1X
nD0

ejf .n/�f .0/Cf .0/��.f /j�.n/
�

� log
� 1X
nD0

ejf .n/�f .0/j�.n/
�
C jf .0/ � �.f /j:(5.2)

The first term in the right-hand side can be bounded using the first part of the theorem.
We need to bound the second term, jf .0/ � �.f /j �

P1
nD0 jf .n/ � f .0/j�.n/. To that

purpose, we may use a direct computation. Indeed, we have

1X
nD0

jf .n/ � f .0/j�.n/ D

1X
nD1

ˇ̌̌ n�1X
kD0

rf .k/
ˇ̌̌
�.n/ �

1X
kD0

jrf .k/j�.k/

1X
nDkC1

�.n/

�.k/

� A

1X
kD0

jrf .k/j�.k/;

where

A WD sup
k2N

1

�.k/

1X
nDkC1

�.n/:

The above inequality belongs to the family of Hardy’s inequality4. It should be noticed that
the constantA is best possible, as one can convince oneself by considering the test function
f D 1Œk;1/. It is easy to check that A, that depends only on �, is finite. From (5.2),

log
Z
ef d� � c C

Z
G.jrf j/ d� C A

Z
jrf j d� � c C d

Z
G.jrf j/ d�;

where in the last inequality we used the fact that x � CG.x/, for some constant C that
depends only on �, and all x � 0.

In the proof above, we used some technical lemmas. Recall the following well-known
non-asymptotic version of the Stirling formula (see, e.g., [39]):

(5.3) e1=.1C12n/ �
nŠ

nne�n
p
2�n

� e1=.12n/; n � 1

For simplicity, we denote log2D log.log/ and log3D log2.log/ for the iterated logarithms.
Given a function F , we denote F �1 its inverse function, when it exists.

4After [38], Miclo [37] developed Hardy-type inequalities in the discrete setting related to functional
inequalities, see also [12] and [7, 9].
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Lemma 5.4. Define ˆo.x/ D x log x for x � e, and ˆ1.x/ D .1C 1=log2 x/x log x for
x � e2. Then, ˆo and ˆ1 are one to one non-decreasing on Œe;1/ onto itself and on
Œe2;1/ onto Œ4e2;1/ respectively. Their inverse functions ˆ�1o and ˆ�11 satisfy, for any
x � e (respectively, for any x � e2/,

x

log x
� ˆ�1o .x/ and ˆ�11 .x/ �

x

log x

�
1C

1

log x

�
:

Proof. The maps ˆo and ˆ1 are clearly non-decreasing, therefore one to one. For the
lower bound, observe that, for x � e,

ˆo

� x

log x

�
D x

log x � log2 x
log x

� x;

For the upper bound, using that log.1C 1
logx / � 0 and that � log2 x C log.1C 1

logx / � 0,
we have for x � e2,

ˆ1

� x

log x

�
1C

1

log x

��
D x

�
1C

1

log x

� log x � log2 x C logŒ1C 1=log x�
log x

�

�
1C

1

log
�

log x � log2 x C log.1C 1=log x/
��

� x
�
1C

1

log x

��
1 �

log2 x
log x

��
1C

1

log2 x

�
:

Now it is not difficult to check that the product of the three brackets in the right-hand side
of the last expression is greater than or equal to 1 for any x � e2, proving that ˆ�11 .x/ �
x

logx .1C 1=log x/, as announced.

Lemma 5.5. For � > 0, define

G.x/ WD x1Œ0;1� C e
�.xC.1C 2

x / log.�x//ex 1.1;1/; x > 0;

 .x/ WD log2G.x/; x � max.1; 1=�/:

Then there exists xo (that depends only on �/ such that, for any x � xo, the following
holds:

 �1.x/ � x � log.�x/:

Furthermore,
G�.x/ WD sup

y>0

¹xy �G.y/º; x � 0;

satisfies the following inequality:

G�.x/ � x �1.log2ˆ�11 .x//; x � xo;

whereˆ�11 is the inverse function ofˆ1Wx 7! x logx.1C 1=log2 x/ studied in Lemma 5.4.
In particular, for any integer k large enough (how large depends only on �/, the mea-

sure �.k/ WD e���k=kŠ satisfies

(5.4) �.k/G�.1=�.k// � log k � log� �
1

k
C

3

k log k
�
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Proof. Note that  is non-decreasing and therefore one to one from .max.1; 1=�/;1/
onto its image. Its inverse function is well defined and we have, for x large enough,

 .x� log.�x//DxC log
� 1
x

h
x� log.�x/C

�
1C

2

x� log.�x/

�
log.�.x� log.�x///

i�
D x C log

�
1C

1

x

h
log

�
1 �

log.�x/
x

�
C

2

x � log.�x/
log.�.x � log.�x///

i�
� x:

The first statement on  �1 follows.
On .1;1/,

G0.x/ D G.x/ logG.x/
�
1C

2C x C x2 � log.�x/
x.x2 C .2C x/ log.�x//

�
;

so thatG0 is non-decreasing for x �max.1; 1=�/; we denote its inverse function byG0�1.
In particular, for x large enough,

G�.x/ D xG0
�1
.x/ �G.G0

�1
.x// � xG0

�1
.x/:

Moreover, for any x large enough,

G0.x/ � G.x/ logG.x/
�
1C

1

log2G.x/

�
D ˆ1.G.x//;

with ˆ1.x/ WD x log x.1 C 1=log2 x/. Therefore, recall that  WD log2 G, for x large
enough it holds

G0
�1
.x/ � G�1.ˆ�11 .x// D  

�1.log2ˆ�11 .x//;

leading to the announced upper bound on G�.
Now, by Lemma 5.4, we deduce that, for x small enough and setting y D log.1=x/,

xG�.1=x/ �  �1.log2ˆ�1..1=x///

�  �1
�

log2
� 1

x log.1=x/

h
1C

1

log.1=x/

i��
D  �1

�
log

h
y � logy C log

�
1C

1

y

�i�
:

Since log.1C z/ � z, it holds

log
h
y � logy C log

�
1C

1

y

�i
� logy �

logy
y
C

1

y2
�

Therefore, using the upper bound on  �1, in the large we obtain that

xG�.1=x/ �  �1
�

logy �
logy
y
C

1

y2

�
� logy �

logy
y
C

1

y2
� log� � log

�
logy �

logy
y
C

1

y2

�
� logy � log2 y � log� �

logy
y
C
2

y
�
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It follows that (recall that y D log.1=x/), for k large enough,

�.k/G�.1=�.k// � log2
1

�.k/
� log3

1

�.k/
� log� �

log2 1
�.k/

log 1
�.k/

C
2

log.1=�.k//
�

By the approximation of the Stirling formula (5.3), for k large enough,

log
1

�.k/
� k log k � k log� � k C

1

2
log k C �C

1

2
log.2�/C

1

12k
� k log k;

log
1

�.k/
� k log k � k log� � k C

1

2
log k C �C

1

2
log.2�/ �

2

3
k log k:

Therefore, for k large enough,

log2
1

�.k/
� log k C log2 k:

On the other hand, using again (5.3), for k large enough,

log2
1

�.k/
� log

�
k log k � k log� � k C

1

2
log k C �C

1

2
log.2�/

�
� log k C log2 k � 1 � log k;

so that
log3

1

�.k/
� log2 k:

It follows that

�.k/G�
� 1

�.k/

�
� log k � log� �

1

k
C

3

k log k
�

This is the desired thesis.
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