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Rigorous methods for Bohr—Sommerfeld
quantization rules

Joanne Dong, Peter D. Miller, and Giorgio Young

Abstract. In this paper, we will prove Bohr—Sommerfeld quantization rules for the self-adjoint
Zakharov—Shabat system and the Schrodinger equation in the presence of two simple turning points
bounding a classically allowed region. In particular, we use the method of comparison equations for
2 x 2 traceless first-order systems to provide a unified perspective that yields similar proofs in each
setting. The use of a Weber model system gives results that are uniform in the eigenvalue parameter
over the whole range from the bottom of the potential well up to finite values.

1. Introduction

1.1. Brief history of the WKBJ method and the connection problem

In 1857, Stokes [22] sought to recast Airy’s integral Ai(z) into a form that would ease the
calculation of its numerical value for large z. He noticed that arbitrary constants which
appear in the linear combination of two independent power series solutions seemed to
be discontinuous across certain values of arg(z). This paradox of obtaining a discontin-
uous asymptotic expression for a continuous function came to be known as the Stokes
Phenomenon. In a subsequent paper [23], Stokes studied this problem in more detail and
found that these illusory continuities were due to exponentially small terms becoming sud-
denly dominant as arg(z) is varied. In a famous quote from a later 1902 review paper [24],
Stokes describes: “The inferior term enters as it were into a mist, is hidden for a little from
view, and comes out with its coefficient changed.”

Gans’ 1915 paper [4] in which he studies the propagation of light through a slowly
varying medium is widely considered to be the first systematic study of the behavior of
waves on either side of a single transition point. He linearly approximated the coefficient
vanishing at the transition point and constructed asymptotic expressions valid on either
side, patching approximate solutions in an overlapping region containing the transition
point. However, his result was not easily adaptable to other contexts.

In 1925, while studying Mathieu’s equation in the modeling of free oscillations of
water in an elliptical lake, H. Jeffreys became interested in the effects of transition points
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on solutions. Before Gans, Horn in 1899 [5] had derived asymptotic formula for linear,
first-order equations with a large parameter in the absence of transition points. H. Jef-
freys felt that Horn’s formula were not easily adaptable to handle a transition point, nor
did they apply to second-order equations, so he set out to address these issues in a series
of three 1925 papers [6-8]. The following year, without knowledge of Jeffreys’ result,
Wentzel [25], Kramers [11], and Brillouin [2] independently derived similar formula
for Schrodinger’s equation. Ultimately, the WKB method is named after them, since it
became popular for its application in quantum mechanics. We decide to include the “J”
as it sometimes appears in the literature to respectfully acknowledge Jeffreys’ significant
contribution. Also, in the quantum problem, transition points have the interpretation of
turning points for a classical particle, so we will refer to them as such going forward.

In 1929, Zwaan [28] sought to avoid turning points altogether in the connection prob-
lem by moving into the complex plane. This procedure is motivated by the assumption that
within a region containing a turning point, the coefficient vanishing there can be approx-
imated within some error by an analytic function. However, as Langer points out in his
review [13], it is nearly impossible to estimate the error resulting from such an approxi-
mation, and the method fails to capture the character of the solution on the real line near
the turning point.

To remedy this, Langer introduced his own approach [13—15]. Considering the one-
dimensional Schrédinger equation, Langer had the idea to map the equation to an approx-
imation of Bessel’s equation of order v = (4 4+ 2)~! in a neighborhood of a turning point
of order ; by combining a linear transformation of the unknown function with a change
of the independent variable. Most notable about Langer’s technique is that it produces a
representation of the solution in a (real) neighborhood of the turning point, whereas pre-
vious studies of the connection problem required meticulous patching of approximations
valid only on either side that blow up at the turning point itself. A further generalization
of Langer’s method is described in Section 1.5 below.

1.2. The WKBJ method

In its original form, the famous WKBJ method is a technique for approximating solutions
of the Schrodinger equation

h2
—Z—W”(x) + V()Y (x) = Ay (x), (1.1
m

in the limit of small Planck constant %, assuming that the difference V(x) — A is of a fixed
sign. The classical method is based on the exponential substitution

V() = exp( / u(y)dy)

from which it follows that u(x) satisfies a Riccati equation

w' (x) +u(x)® + Zh—rf()t —V(x)) =0.
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One then develops u(x) in a series of ascending powers of #: u = A ug(x) + u;(x) +
Au,(x) + - --. The leading coefficient satisfies an algebraic equation

uo(x)? 4+ 2m(A — V(x)) = 0,

sometimes called the eikonal equation. The method is especially clearly explained in the
paper of Wentzel [25].

In this article, we are concerned more generally with singularly perturbed first-order
systems of the form

d
sd—w =B(x;)w, w=w(x)=w(x:;1;¢), xe€eR, (1.2)
X

in which B(x; 1) is a given 2 x 2 coefficient matrix, A € R is a parameter, and 0 < ¢ <« 1
is the small parameter introducing the singular perturbation. The analog of the WKBIJ
method for such a system is based on a substitution involving a scalar exponential factor
eo(x;/l)/e:

w(x) = e? M/ ey (y),
leading to the equivalent equation

eg = (B(x; 1) — o’ (x; M)I)v.
dx

One then takes o/(x; A) as one of the eigenvalues of B(x; 1) (the characteristic equation
for o/(x; A) is the analog of the eikonal equation in this case) and expands v(x) in a
power series in ¢ whose leading term is a corresponding eigenvector with a normalization
freedom that has to be resolved at the next order. This is done by enforcing solvability of
the linear equation for the next correction with singular matrix B(x; 1) — o’ (x; 1)1, which
yields a linear first-order differential equation that the scalar normalization factor must
satisfy as a function of x. The solution of the resulting solvable system then includes an
arbitrary multiple of the same eigenvector once again, whose value is determined at the
next order in exactly the same way. Thus, the procedure continues to arbitrary order in ¢.

1.3. Example systems

More concretely, we examine in this paper the following two specific examples of the
system (1.2).

e The Schrodinger equation. If one takes

o [ GaAe) Sy 0 1 _ T
w(x;A,e) = [sw/(x;)k,e)] B(x;A) := [V(x)—)t 0], 8—\/%, (1.3)

then the first equation of the system is an identity, while the second yields the sta-
tionary Schrodinger equation (1.1) for ¥ with potential energy function 'V and energy
A. To exclude continuous spectrum, one usually assumes that the potential satisfies
V(x) > +ooas x — Fo0.
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*  The Zakharov—Shabat system. The self-adjoint Zakharov—Shabat system reads

dv _ —iA CI()(X)
de_[CIO(X)* i |V

with potential go(x) = A(x)eS™/¢, A(x) > 0, and S(x) real-valued. This problem
arises in the solution, by the inverse-scattering method [27], of the initial-value prob-
lem for the defocusing nonlinear Schrodinger equation

qg=0, g=q(x,1), q(x,0)=gqo(x). (1.4)

We assume the usual boundary conditions on gg(x): that A(x) — 1 and S(x) — 0 as
x — Fo00. Since g (x) depends on the small parameter ¢ < 1 via a fast phase factor, to
obtain a system of the form (1.2), one should first remove this phase by a substitution
involving the Pauli matrix o3 := diag(1, —1):

iS(x)/(2¢)
_ LiS(0)03/(2e) _|e 0
v(x) = ePWB/Ew(x) = [ 0 e_iS(x)/(zs)] w(x).
Thus, one arrives at (1.2), in which
B(x: 1) i —i(A + 35"(x)) A(x) (L5)
T A(x) i(A+18'(x)]" '

The study of the Zakharov—Shabat system in the small-¢ limit is therefore relevant to the
analysis of the nonlinear initial-value problem (1.4) in the semiclassical limit [9, 10].

In both of these examples, the matrix B(x; A) has zero trace. Although this can always
be assumed without loss of generality by replacing w(x) with an appropriate scalar multi-
ple by a factor of the form e*™#)/(28) where (x; A) is an antiderivative of By (x; 1) +
B> (x; A), it is important to keep in mind that such a substitution can alter the boundary
conditions to be imposed on w(x) as x — Fo00. Also, in both systems, the determinant
det(B(x; A)) is real-valued.

1.4. Turning points

The WKBJ method in its original form for the Schrodinger equation (1.1) is well known
to fail in neighborhoods of values of x, where V(x) — A vanishes; such points are called
turning points, since a classical particle with total energy A is necessarily confined to an
interval where V(x) — A < 0 and typically oscillates between two turning points bounding
such a classically allowed zone. The generalization to traceless systems of the form (1.2)
of the condition defining turning points is the condition that the eigenvalues o’/ (x; 1) coa-
lesce, necessarily at 0’ = 0, and hence, the turning point condition is det(B(x; 1)) = 0.
For systems where the determinant is real-valued, the analog of classically allowed zones
is intervals of x, where det(B(x; 1)) > 0.
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1.5. Generalizing the WKBJ method as a transformation technique

From one point of view, the WKBJ method is an example of a technique for finding
changes of variables to map (1.2) onto perturbations of certain model systems so that the
following things are true.

* The model system retains the form of the system, so in the new variables one again
has (1.2) but with a different coefficient matrix denoted by B.

* The matrix B qualitatively resembles the original coefficient matrix B. The qualita-
tive resemblance is to be enforced at the level of the determinants of the coefficient
matrices. As will be seen, this is important so that the change of variables is smooth.

* The model system with coefficient matrix B can be solved exactly.

The simplest implementation of the technique is the Liouville-Green transformation,
which places the traditional WKBJ method on rigorous footing in the absence of turn-
ing points. Going further, the method introduced by Langer [13—15] to obtain expansions
of solutions of singularly perturbed differential equations that are uniformly valid in a
full neighborhood of a turning point is a more sophisticated implementation. The general
perspective we follow here was described in the review article of Berry and Mount [1, Sec-
tion 4], where it is called the method of comparison equations and is attributed to Miller
and Good [19] and Dingle [3]. Table I in [3] is a particularly remarkable scientific contri-
bution.
Here are several different model systems and their properties.

1.5.1. Model for det(B(x; A)) > 0. In intervals of x, where det(B(x; A)) > 0, we may
think that a change of variables might be able to map B onto a perturbation of a simple
matrix with a positive constant determinant, say, 1. The simplest model system in this case
that is still coupled has coefficient matrix

B(y) := [_01 (1)} .

Here, we are using y to denote the new independent variable. The exact solution of the
model system eu’(y) = B(y)u(y) is then simply

; 1 = 1 cos(y/e) sin(y/e)
_ iy/e iy/e _
u(y) = Cqe [1] + C_e |:—i:| =A |:_ sin(y /&) + B cos(y/e) |’ (1.6)
where C4, C_, or alternately A, B are arbitrary constants. This is an oscillatory solution.

1.5.2. Model for det(B(x; 1)) < 0. In intervals of x, where det(B(x;A)) < 0 one might
model B with a simple matrix with negative constant determinant, say, —1. The simplest
coupled model system in this case has coefficient matrix

]§(y) = |:(1) (1)1| .
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The exact solution of the model system su’(y) = ﬁ(y)u(y) in this case is

_ /e |1 —ye| 1| _ ,|cosh(y/e) sinh(y/¢)
u(y) = Cse’ |:1] +Ce” |:—1i| =4 [sinh(y/s)i| + B |:cosh(y/s)] - (4D

for arbitrary constants C4, C_ or A, B. Depending on the values of the constants, this is
a rapidly exponentially growing or decaying solution.

1.5.3. Model system for simple turning points. Fix A € R, and a simple turning point
X9 € R, i.e., asimple root x¢ of x — det(B(x;1)). In such a case, it seems that det(B(x; 1))
behaves linearly near its root at x = x¢, so to model this, we can consider perhaps the
simplest coefficient matrix of a coupled system with a similar property

~ 0 1
B(y) = .
o) [y 0}
The resulting model system su’(y) = ﬁ(y)u(y) can be solved using Airy functions',
since eliminating u»(y; €) via u2(y; ) = euj(y; ¢) yields Airy’s equation in the form

e2u'/(y; ) — yu1(y; &) = 0. Scaling out & via y = £2/3z and writing ®(z) = u;(y; )
give the Airy equation [20, Chapter 9] in its standard form

®"(z) —z®(z) = 0.
The corresponding general solution of the model system is

Ai(82/3y) Bi(€2/3y)
=A B
u(y) |:35/3 Al (e2/3y) 33 Bi'(e*/3y) |’

where A, B are arbitrary constants. This solution has a transitional character, with oscil-
lations for y < 0 and exponential behavior for y > 0.

1.5.4. Model system for a pair of simple turning points. Again, fixing A € R, suppose
now that the system (1.2) has exactly two simple turning points in some interval of x, and
that det(B(x; 1)) is positive between the turning points. Perhaps the simplest coefficient
matrix that models this behavior without decoupling the system is

~ 0 1
B(y;b) = ,
0:0) [b +3° 0]
where b < 0 is a parameter. The qualitative property we are aiming to capture is present for

any b < 0, but as will be seen below, it is essential to include this parameter to allow (1.2)
to be mapped to a perturbation of the model system

du 0 1 (1.8)
E— = u .
dy ~ |[b+30* 0
10r, as Langer viewed them, Bessel functions of order v = (u + 2)~! = % for a turning point of

multiplicity u = 1.
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by a smooth change of variables. This system is also solvable in terms of special functions.
Indeed, eliminating u»(y; b, &) =cu1(y;b, ¢) gives 2u{(y;b,8)—(b+y?/Du1(y;b,e)=
0 which is a form of Weber’s equation (cf., [20, Chapter 12]). Scaling out ¢ via y = &!/2z

and b = ea, and writing ®(z;a) = u1(y; b, &) give the standard form of Weber’s equation

d'(z) — (a + izz) ®(z) =0, a<0O. (1.9)

Solutions of (1.9) are known as parabolic cylinder functions and they are all entire func-
tions of z and also of the parameter a. A pair of solutions exhibiting exponential dichotomy
(a numerically satisfactory pair) as z — +o0 is denoted ®(z) = U(a, z), V(a, z), which
have the asymptotic behavior (for fixed a € C):

Ula,z) = e /4279721 4 0(z72)), z — +oo,

> (1.10)
V(a,z) = /= 4297121 + 0(z7?)), z > +oo.
s

These solutions have the (constant, by Abel’s theorem) Wronskian

W[U(a, ©), V(a, ©)]|(z) = Ul(a, Z) (a z)— V(a, Z) (a z) = \/z (1.11)

The pair ®(z) = U(a, —z), V(a, —z) is a numerically satisfactory fundamental pair of
solutions of (1.9) as z — —oo.

1.5.5. Model systems for more than two simple turning points. Following the same
line of reasoning, it seems that if one needs to consider an interval of x in which the
system (1.2) has three or more turning points, counted with multiplicity, a suitable model

system could be
du 0 1:|
E— = u, (1.12)
dy [m(y) 0

where m(y) is a polynomial of degree at least 3. However, the irregular singular point at
y = oo of such a system has a Poincaré rank that is too high for contour integral methods
to yield a general solution. Hence, while it may be possible to map (1.2) to a perturbation
of (1.12) by a smooth change of variables, the resulting simplification will not be nearly
as useful as in the previously discussed cases in general.

1.6. Results: Bohr—-Sommerfeld quantization rules

One of the best-known applications of the WKBJ method and turning point theory is to
address the question of existence of bound states, by which we mean nontrivial solu-
tions w € L2(R; C?) of (1.2). The existence of such a solution requires a condition on
the parameter A, or more precisely a relationship between the parameters A and &. Of
particular interest is the characterization of the admissible values of A, the (bound-state)
eigenvalues, in the situation that ¢ < 1.
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For quantum-mechanical problems, a theory of bound states predating Schroédinger’s
wave mechanics was advanced by Niels Bohr and Arnold Sommerfeld; based on Bohr’s
correspondence principle, in which quantum systems approach classical mechanics as the
Planck constant # tends to zero, it was hypothesized that for small %, a classical peri-
odic orbit describes the motion provided that its classical action ¢ p dx takes one of a
discrete set of values of the form (n + %)h, forn =0,1,2,.... In other words, when
# is small, the classical action is quantized proportional to integral multiples of %. This
(approximate) condition is called the Bohr—Sommerfeld quantization rule. In one dimen-
sion, solving for the momentum p in terms of constant total energy A that is the sum of
a kinetic term p?/(2m) and a potential part V(x), the classical action integral becomes
¢ /2m(A — V(x))dx, where the integral is taken over a closed orbitin x, i.e., a classically
allowed zone traversed twice in opposite directions with opposite signs for the momentum
(square root).

The Bohr—Sommerfeld quantization rule can be justified in the setting of Schrédinger’s
wave mechanics, by deriving it as an approximation directly from the Schrodinger equa-
tion. The derivation can be found in many textbooks at various levels of mathematical
rigor. In this review article, we intend to apply the method of comparison equations for
two turning points bounding a classically-allowed zone to give a rigorous mathematical
proof of Bohr—Sommerfeld quantization rules for the two special cases of the general
system (1.2) introduced in Section 1.2.

We first consider the Schrodinger equation with a potential energy function V having
a single “well”, consisting of a unique minimizer that we take to be at x = 0 with min-
imum value 'V = 0 (both without loss of generality). We also allow for V to be “energy
dependent”: 'V = V(x; A), although for the classical case d, V(x;A) = 0.

Theorem 1 (Bohr—Sommerfeld quantization for the Schrodinger equation). Suppose that
V(o;4) € C3(R), that V(0; 1) = V'(0; 1) = 0 and V"(0; 1) > 0, that £V'(x; 1) > 0
holds for £x > 0, and that for some exponents p1 > 0 and constants V1 > 0 we have
V(x;2) = Velx|P=(1 + o(1)), V'(x;4) = O(|x|?=71), and V"(x; 1) = O(|x|?=7?)
as x — £oo uniformly for small A. Let Ap,x > 0 and § > 0 be sufficiently small, and
assume that form = 0,1,2 andn = 0,...,5, (x; 1) = 37} V(x; 1) is continuous on
(=8,8) X [0, Amax]- Then, all eigenvalues A in the interval 0 < A < Apnax of the Schridinger
system ((1.2) with (1.3)) satisfy the (perturbed) Bohr—Sommerfeld quantization rule

| R
cos(—[ VA — "V(x;)k)dx) = 0(g), ¢€l0,
& Jx_(L)

where x_(A) < 0 < x4 (1) are the two preimages under x — V(x; 1) of A. The error term
is uniform given Aqax.

This implies that each eigenvalue in the indicated range lies within a distance uni-
formly proportional to &2 of quantized approximate values A, for which

x+(A) 1
VA=V(x;A)dx = ns(n + 5)

>
Il

A, n=01,2,....
x—(A)
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The spacing of the quantized values themselves is proportional to ¢. It is possible to adapt
our methods to prove in addition that the eigenvalues are in 1-to-1 correspondence with
the approximate values I,, but that is not the focus of this article.

Yafaev [26] gives a rigorous proof of Theorem 1 under weaker hypotheses, but restrict-
ing also to the situation that the eigenvalues under consideration lie near a fixed value
A > 0, which also bounds the turning points x4 (1) away from each other. Therefore, it is
sufficient to treat them separately, which is very close to Langer’s original approach and
yields approximations of eigenfunctions near the turning points in terms of Airy functions
as in Section 1.5.3. See also [17, Section 7.2.5]. To analyze eigenvalues A > 0 proportional
to ¢ (so-called “low-lying eigenvalues”) the turning points must be allowed to approach
each other, and for this situation rigorous analogs of Theorem 1 can be found in the paper
of Simon [21], as well as in the very recent paper of Kristiansen and Szmolyan [12].
The latter paper is closer to our methodology, being based on differential equations rather
than perturbation theory. Moreover, the approach of [12] yields an analog of Theorem 1
(under different assumptions) that covers the full range of intermediate scales of A, but the
error term for the eigenvalues not in the low-lying regime is not as sharp as that given in
Theorem 1 (or by Yafaev [26] for the fixed-A regime).

In the case of the Zakharov—Shabat system ((1.2) with (1.5)), we have two potentials
A, S’ instead of one, and it is useful to introduce the linear combinations

re(x) = —%S’(x) + A(x)

which have the interpretation of Riemann invariants for the hyperbolic Madelung system
governing the quantities A(x,#)? and S, (x, t) in the dispersionless limit of the defocusing
nonlinear Schrédinger equation. In the Schrodinger case det(B(x; A)) is linear in A, but for
the Zakharov—Shabat system det(B(x; A)) is instead quadratic. However, as a difference
of squares, —det(B(x; 1)) = A(x)? — (A + 15’(x))? factors explicitly as

—det(B(x:1)) = R4 (x;A)R-(x34),  Rx(x:4) 1= £(A —rg(x)).

As roots of x > det(B(x; A)), turning points are generally associated with exactly one of
the two factors R4 (x; A). We consider the case that the two turning points are both roots
of the same factor, which without loss of generality” we take to be R_(x; ). We further
assume that 1 > r4 (x) > minr4 (¢) > maxr_(¢) > r_(x) > —1. This condition is similar
to one in [16] for the existence of a gap in the eigenvalue spectrum. Its significance for us
is that

minr4(0) <A <1 = R4i(x;A) > minr4(0) —maxr_(¢) > 0.

2In the Zakharov—Shabat case, the system ew’(x) = B(x; A)w(x) is invariant under the substitutions
A=A, 8+ —S’, and w — 01w, which has the effect of reflecting the diagram in Figure 1 through the
A = 0 axis.
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A= +(x)/7

-0.5

Figure 1. Illustration of r4 (x) corresponding to initial data A(x) = 1 — % sech?(x) and S(x) =
1—20 tanh(x). The gray dashed lines correspond to the edges of the continuous spectrum |A| > 1.

Theorem 2 (Bohr—Sommerfeld quantization for the Zakharov—Shabat system). Suppose
that r+ € C>(R), that —1 < r—(x) < maxr_(¢) <minr4 (o) < ry(x) <1, that r(x) —
+1andr/ (x) = O(lx|™"), r/{ (x) = O(|x|72) as |x| — oo, and that r’,(0) = 0, r'/ (0) >
0, and ! (x) > 0 for £x > 0. Then for each Amax € (minr (), 1), all eigenvalues A
in the interval minr4 (o) < A < Anax of the selfadjoint Zakharov—-Shabat system ((1.2)
with (1.5)) satisfy the (perturbed) Bohr—Sommerfeld quantization rule

| @
cos(— / VA —ri@x)A — r_(x))dx) = 0(g), ¢&l0,
€ Jx_(L)

where x_(A) < 0 < x4 (A) are the two preimages under x + ry(x) of A. The error term
is uniform given Aqax.

In both theorems, the integrand of the argument of the cosine has a universal form:
det(B(x; A))'/2. A version of these results might therefore be expected for a more general
system (1.2) with traceless coefficient matrix whenever det(B(x; 1)) > 0 holds precisely
between two turning points x_(1) < x4 (4). We indeed expect such a result under an
additional condition, namely, that B(x; A) is similar via a conjugation independent of
x to a coefficient matrix of what we call a generalized Zakharov—Shabat system. See
Section 2.3.3 below for details.

1.7. Outline of the proof

The rest of the paper is devoted to the proofs of Theorems 1 and 2. As both systems
are special cases of the first-order system (1.2), we start in Section 2 by developing the
method of comparison equations for such systems. We show how in the two special cases
it is possible to arrive at a model system with a perturbation of the scalar potential by



Rigorous methods for Bohr—Sommerfeld quantization rules 561

terms proportional to 2. We then develop the theory further in the case of a pair of turn-
ing points, defining the analog of Langer’s transformation of the independent variable
first by solving separable differential equations and then obtaining expressions for the
required solution that are more-or-less explicit. Then, in Section 3, we prove estimates on
the Langer transformation and its first three derivatives that are uniform down to the low-
lying case for A. This leads to similarly uniform estimates of the perturbing terms of the
Weber model system for two turning points. Finally, in Section 4 we apply these estimates
to control the effect of the perturbing terms and hence express the eigenvalue condition
as a correction of the Wronskian of solutions of Weber’s equation decaying in opposite
directions. In summary, the main steps of the proof are the following.

ey

(@)

3

“

Gauge transformation. Towards the goal of relating equation (1.2) to a perturbed
model equation, we introduce a gauge transformation G(x; A) to the unknown
w(x; A) by setting w(x; A) = G(x; A)s(x; A). The product rule introduces a per-
turbation term proportional to ¢ in the first-order system satisfied by the unknown
s(x; A).

Langer transformation. An additional transformation in the independent variable
from x to y = g(x; A), called the Langer transformation, is needed to achieve the
desired model system. For clarity, the unknown s(x; A) in the new independent
variable is defined as t(y; 1) := s(x = g~ '(»); A). Enforcing the mapping of the
new coefficient matrix to the desired model determines the form of the gauge
transformation G(x; A) in terms of the original coefficient matrix B(x; A) and
g’(x; A), where prime denotes the derivative of g(x; A) with respect to x.

Control of the Weber approximation. The first-order system satisfied by t(y; A)
has a perturbation proportional to &, which in a sense, is not sufficiently small
because the derivative of t(y; A) is also paired with an ¢, so that after dividing
through by this factor, the perturbation term does not depend on ¢ at all. In order
to achieve a perturbation of order &2, we introduce the transformation t(y; 1) =
(I + eH(x; A))u(x; A), with x = g~!(y). We find that this smaller perturbation
can be achieved if we choose the e-independent matrix H(x; A) to be nilpotent,
and it can be chosen to ensure that terms proportional to ¢ in the equation satisfied
by u(x; A) vanish.

Computation of the Wronskian of decaying solutions and the Bohr—Sommerfeld
condition. The first three steps provide a setup via a series of transformations to
relate the original equation to a perturbed model equation. The model equation
has known solutions in terms of special functions, and the perturbed model is
studied through the standard tool of variation of parameters on the fundamental
solutions to the homogeneous system. While this is a familiar method, seeking
eigenfunctions, which necessarily decay for large x, requires a careful tending to
exponential growth at every step. This inspires the use of weight functions, which
counter the growths predicted by estimates of the special functions in different
regimes. Unpacking the various transformations, we have solutions to (1.2) that
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decay in opposite directions, and we impose the eigenvalue condition that their
Wronskian vanishes; the leading term of this equality yields the Bohr—Sommerfeld
quantization rule.

Appendix A describes the properties of two related analytic functions that play an impor-
tant role throughout, and Appendix B develops bounds on quadratic expressions involving
parabolic cylinder functions that are used in Section 4.

2. Mapping to perturbed model systems

In this section, we will generalize a procedure [18] for reducing a first-order 2 x 2 sys-
tem (1.2) with traceless coefficient matrix B(x; 1) to a suitable perturbation of a model
system. In other words, we describe an analog for first-order systems of Langer’s method
[13-15]. Starting from (1.2) with tr(B(x; 1)) = 0, the first step is to introduce a gauge
transformation with unit-determinant matrix G(x; A1) by setting

w(x;A) = G(x; A)s(x; A).

The equation satisfied by the new unknown s(x; 1) is given by
d
8d—s(x; A) = G x; M)B(x; V)G (x; V)s(x; A) —eGH(x; V)G (x; A)s(x; ).
X

Notice that this is a perturbation of a version of the original system in which the coefficient
matrix B(x; 1) has undergone conjugation with G(x; A). Since the determinant is invariant
under conjugation, in order to arrive at a leading-order coefficient matrix of a desired
target form, it is necessary to introduce an additional scalar factor. This is achieved via a
Langer transformation, a change of the independent variable x to y = g(x; A). Indeed,
let x > g(x; ) be a smooth and monotone map (so that the inverse map x = g~ !(y; 1)
exists), and define
t(y:A) :=s(x = g ' (y:4): ).

By the chain rule, one obtains the equivalent equation for t(y; A):

T id) = (6 )" BO G M) A)

g'(x;4)
1
—e———G(x;1)7'G'(x; Mt(y: ). .1
g'(x:4)
Here, we think of the coefficient matrices on the right-hand side as functions of y via
—1(,,-
x =g (yid).

2.1. Determining the form of the gauge transformation G(x; 1)

Suppose we require that the leading-order coefficient matrix on the right-hand side of (2.1)

have the form
0 1
M =
o) [m(y) 0}



Rigorous methods for Bohr—Sommerfeld quantization rules 563

so that after neglecting small coefficients one has a system equivalent to a second-order
scalar equation &2]'(y; A) = m(y)t1(y; A). Thus, we require

T (G D) B DG 1) = MO (2.2)

From this, we take determinants and immediately derive the relationship

; ( PTEY) ———=det(B(x; 1)) = —g'(x; 1) detM(y)) = g'(x; M)m(y), (2.3)
which may be regarded as a first-order differential equation for y = g(x;A). The existence
of a suitable solution defining an invertible Langer transformation is not trivial and will be
considered later. However, we may note that if det(B(x; 1)) has a fixed sign and one takes
m(y) = —sgn(det(B(x; A))) independent of y, then g’(x; 1) = /| det(B(x; A))|, which
upon integration produces the well-known Liouville-Green transformation y = g(x; 1)
in terms of which solutions of the model problem for m(y) = —1 (resp., m(y) = 1) are as
shown in (1.6) (resp., (1.7)). These reproduce the standard WKBJ approximation formule
for problems without turning points.

Using (2.3), we can rewrite (2.2) as a homogeneous linear system for the elements of

G(x; A):

g (x:A)Bri(x:A) det(B(x:1)) g'(x:A)Bra(x;d) 0 Gi1(x; 1)
—g'(x: 1) B11(x; 1) 0 Bia(x;A) || Giz2(x;4) —0
g'(x;2)B21(x; 1) 0 g'(x;A)Baa(x; ) det(B(x;A)) [[ Gar(x;4) [
0 Ba1(x; A) —g'(x: 1) Baa(x;A) {LG22(x;4)
2.4)

Under the assumption in force that By (x; 1) + Ba2(x; A) = 0, there exist nontrivial solu-
tions of this system, because the determinant of the matrix on the left-hand side is exactly
g'(x; )% det(B(x; 1)) tr(B(x: 1))? = 0. Moreover, row reduction shows that the homoge-
neous system (2.4) has rank 2, and thus G(x; A) can be written in the form

(2.5)

G(x: A) = Bii(x; Mni(x; A) + Bra(x; Mna(x;A)  g/(x; Mnp(x; )
T Ba (s )i (x5 A) + Baa(xs Mna(xsA) gl (x Ana(x; A)

where n1(x;A) and n,(x; A) are coordinates for the nullspace that are free up to an overall
scalar multiple determined so that det(G(x; 1)) = 1 holds. With this form of G(x; 1),
equation (2.1) can now be written in the form

d
8%(% ) =MO)t(y: ) —eP(x = g7 (y: A): Mt(y: ),
1
g'(x: 1)

(2.6)

P(x; 1) := G 1(x; )G (x: ).
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Using (2.5) and det(G(x; A)) = 1, the elements of P(x; A) can be calculated as follows:

Bi1(x;M)p(x; A) + Blz(?ﬁl))
g'(x; 1)

Pii(xi3) = —Pr(x;3) = %g/(x:/\)nz(x;k)z[di(
X

Boi(x; M)p(x; ) — B11(X;/\))]
g (x; M)p(x: ) ’
B det(B(x; 1))

g (x: Mm(z)
12
nz/(x—,-A)(Bll(xJ)P(x;l) + Bia(x: 1))?
g'(x: )
: (Bh(x;A)P(X;A) - Bll(x;)&))

2 d
ol (
Pia(x;A) = g'(x; Mna(x; M)/ (x; 1) = na(x; )%p/ (x; 2),

Pri(x;A) =

L 2.7

ax \Br (e Dp(id) 1 Bia(xid) e
where p(x; A) := n1(x; A)/na(x; A), and the second expression for Pip(x; A) follows
from the first using (2.3).

2.2. Pushing the perturbation to higher order

Because the factor of ¢ is paired with both with the differential term on the left-hand
side of equation (2.6) and the perturbation P(x; A), the perturbation term is not directly
controllable. However, the terms proportional to € on the right-hand side can be removed
with a near-identity transformation:

t(y:4) = (I + eH(x: A))u(y: A),

where H(x; 4) is independent of ¢. It will be useful if the transformation can be inverted
explicitly, which is the case when H(x; A) is a nilpotent matrix. Such a matrix can be
expressed as an outer product in terms of a vector h(x; 1) 1= (h;(x; 1), ha(x; 1)) T:

H(x: A) = iosh(x; Dh(x; )T = [h‘(x”)h“x;)‘) ha(x:2)* ]

—h1(x; )2 —hi(x; A)ha(x; 1)

Since H(x:1)?> =0, (I + eH(x;1))"! =1 — eH(x: 1) and we may rewrite equation (2.1)
in terms of the new unknown u(y; A). This equation is of the form

ej—:(y:x) = (M() + £C1 (x: 1) + £2C2(x; 2) + 2Ca(w: 1) )u(y: ),

where
Ci(x:2) == [M(y), H(x: 1)] = P(x: 1),
Ca(x; 4) 1= —[P(x; 1), H(x; A)] — H(x; HYM(y)H(x; A) — g,(x;A)H’(x;k), 2.8)

1

Cs(x:A) := T

H(x; M)H (x; 4) + H(x; VPG A)H(x ).
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The purpose of introducing the transformation from t(y; 1) to u(y; A) was to remove
terms proportional to ¢ from the right-hand side, so we demand that C;(x;A) = 0. Note
that [M(y), H(x; A)] is a matrix of the form

M(y). H(x: )] = [—hﬂx;k)z YA 2k (e A A) } |

2m()hi(x: Dha(x:2)  hi(xsA)? +m(y)ha(x: )2

In particular, C;(x; A) = 0 requires that tr(P(x; A)) = 0, which is automatically satisfied
according to (2.7). A second condition this imposes on P(x; A) without consideration of
the unknown vector h(x; A) is that

Pr1(x;4) = —m(y) P1a(x: A). (2.9

Again, using (2.7), the condition (2.9) is satisfied if the ratio p(x; X) = ny(x; 1)/na(x; )
satisfies a Riccati equation

R LMY P Y )
Bi2(x; A1) By (x;4) — Bai(x; 4) By, (x; 1) .
+ ( detB(x: 1) )p(x’k)
L (Bu(x;?k)Biz(X;)t) - Blz(x;/\)Bil(x;K))
detB(x; ) '

(2.10)

From a solution of this equation we may eliminate ny (x; A) viani(x;A)=na(x;1)p(x; 1),
and then using (2.5) we set det(G(x; 1)) = 1 and find 15 (x; 1)? in the form

na(x: )2 = (g'(x: 1) (Br2(x: 2) + 2B1y (x: A)p(x; 2) — Bar (x: )p(x: 1)2)) . (2.11)

With 715 (x; 1)? determined, there remain two additional conditions in C; (x; 1) = 0, which
may be viewed as conditions on the elements of h(x; A):

1
hi(x; Mha(x:A) = —EPlz(x;l) (2.12)

and
hi(x; A)% + m()ha(x; )% = Par(x;4), (2.13)

where in both conditions, the right-hand side is determined by (2.7) with (2.11).

2.3. The case of constant p(x; 1)

In the two examples that we will explore in this article, there exist constant solutions
p(x; A) of the Riccati equation (2.10). If p(x; A) is constant, then according to (2.7), we
automatically obtain P1,(x;A) = 0. Then from (2.9), P1(x;A) = 0 also, so P(x; 1) =
— Py, (x; A)os (diagonal matrix). Furthermore, once it is known that P1,(x, A) = 0, from
(2.12) we see that either ;(x; A1) = 0 or h(x; A) = 0 (for each x € R, however we will
assume that given A either &7 or s, vanishes identically).
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To ensure that the perturbation in C, amounts to a scalar perturbation of the model
potential m(y) it is necessary to assume that /15 (x; A1) = 0. Then (2.13) gives h; (x;1)% =
P5(x; A), and a computation shows that

Cz(x;x)=[ 0 0},

o(y:2) 0
in which
d
Qi) =2 (i ) Pra(xid) = (i )* + s i (i 4)”
P (x; A
= Ppr(x;1)* + % (2.14)

where we substitute x =g~ !(y; ) to define Q(y; ), and we also obtain that C3(x;1)=0.
The perturbing terms in the differential equation (2.8) then amount to a correction of the
coefficient m(y) by €2Q(y; A). We now explain the details for the two applications of
interest in this paper.

2.3.1. The Schriodinger equation. Recall the coefficient matrix B(x; A) from (1.3). Then
as B11(x;A) = Baa(x;A) = 0 while B1a(x;A) = 1 and Ba1(x;A) = V(x;A) — A, the
Riccati equation (2.10) reduces to the linear equation

V'(x: )

Peh) = =5 -7

p(x:A),

which admits the constant (trivial) solution p(x; A) = 0. Thus, also ny(x; A) = 0 and
from (2.11) we obtain 715 (x; 1) = g’(x; A)~!/2 after taking a positive square root. Accord-
ing to (2.5), the gauge matrix G(x; A) in this case takes the simple diagonal form G(x; 1) =
g(x;1)793/2 From (2.7), we then obtain that

1d 1 g
2dx g/(x; ) 2g'(x: )2

Pr(x;A) = —

Thus, the nilpotent matrix H(x; A) with h,(x; A) = 0 is simply

o 0 0] _ 0 0
H(x:4) = [—Pzz(x;x) 0} = [—g"(x;x)/(zg'(x;x)z) 0} '

Using (2.14) then gives

oy = &2 I [8"(:d)  g"(x:h)?
QUM = 4y g’(x;x)[zg'(x;m g'(x:w}
3?2 gV
T Aga T 28/ ()

v = g(x: ). 2.15)
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Combining the results shows that the total gauge transformation w = G(I 4+ eH)u from
the original unknown w(x; 1) to u(y; A) can be written in the form

0 0
i| I+e a'(x; )
a(x;A)g'(x: 1)

a(x; 1) 0

G(x;A)(H+sH(x;)L))=[ 0 el gt

| a(x;d) 0
- [ea’(x;)&) a(x;l)g’(x;)t)]’

in which a(x; 1) := g'(x; /\)_%'

2.3.2. The Zakharov-Shabat system. Recall the matrix B(x;A) defined in (1.5) relevant
to the Zakharov—Shabat system. In this case, the Riccati equation (2.10) reduces to

—i(A + 187(x)) A (x) + 3iS"(x)A(x)

p(x;4) = A+ %S/(x))z—f‘l(x)2

(p(x;2)% +1)

which admits constant solutions p(x; A) = +i. So, also, ny(x; A) = %inp(x; A). With
p = =i, (2.11) becomes

na(x; A2 = (2¢'(x; DR (x: 1)

Under our assumptions, given A, we choose the sign of p = =i so that R4 (x; A) is non-
vanishing, and therefore, 1, (x; )&)2 is bounded. Handling both cases simultaneously, the
possible gauge transformations G(x; A) take the form

p(x;A)Br1(x;A) + Bia(x; ) plx;A)g’(x; /\)]

Gt =i | ey e

= (2g/(X;A)Ri(X;)L))_1/2 |: Ri(x; M) iig’(x;)&)] |

+iRL(x;A)  g'(x; M)

From (2.7), we have

ST W i)
Prr(x54) = 2¢'(x; X) dx (log(Ri(x:/\)))’

which, by (2.14), leads to

3g"(x:4)* | g"(x:A)
4g/(x: 1) 2g'(x34)3
1 3R (x;A)*  R/L(x:A)
g'(x;A)? L 4RL(x:A)*  2R4(x:A)
2.3.3. More general systems leading to constant p(x; A). Not every system satisfying

B11(x;A) 4+ Baz(x;A) = 0 admits constant solutions p(x; A) of (2.10); however, there are
more than just the two special cases already considered. To parametrize all such systems,

0(y:A) =

], y = gx: ). (2.16)
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the first relevant dichotomy is whether or not By (x; A) vanishes identically. If so, then it
is safe to assume that Bq(x; A) is not a constant multiple of Bj,(x; A) as otherwise the
system ew’ = Bw is trivially integrated by changing the independent variable to y (x) with
y'(x) = B1a(x; A). Hence, (2.10) reduces to

Bi,(xid) Bl (xid)
Bia(x;A)  Bai(x: 1)

pesin = ( Jotia.
Therefore, as in the case of Schrodinger equation, a system with By1(x;A) = By (x;1)=0
and Biz(x; A) linearly independent of B;;(x; A) admits exactly one constant solution of
the Riccati equation (2.10), namely, p(x; A1) = 0.

If B11(x; A) does not vanish identically, we may write the matrix B(x; A) in the form

B = Bued) [y(xl~ A) ﬁ(ik)] ’

det(B(x; 1)) = —B11(x; )21 + B(x; M)y (x; 1)).

(2.17)

The equation ew’ = Bw will be nontrivial if neither 8 nor y vanishes identically, in which
case the Riccati equation (2.10) takes the form

—(14+ B D)y (x; 2)p" =y (x; 1) + (B )Y (x: ) — B/ Dy (x: )p + B(x34).

(2.18)
This is solved by a given constant function p(x; A) = p(A) provided the right-hand side
vanishes, which can be interpreted as a differential equation relating B, y. It has the inte-
grating factor (1 — p(A)y(x;1))72, so that p(x; 1) = p(A) implies

i( B(x;A) + p(A) )
dx \1—p)y(x;1)

Therefore, introducing —p(A) as an integration constant, we obtain

1 p(d)
Py (x:A) — =—=B(x:d) = 1+ =—=.
p(x) p(A)
Given p(A) and p(A), the functions B(x; A) and y(x; A) may therefore be parametrized by
a single function F'(x;A):

Bx:2) = —[M + F(x;x)],
- (2.19)
a1 pA) +p)
yxid) = p(x)m)[ > F("’”}

It is easy to check that for these functions, the two roots of the quadratic on the right-hand
side of (2.18) are precisely p = p(4) and p = p(A). In the special case that p(1) = i and
p(A) = —i, one sees easily that (x; 1) = y(x;A) = —F(x; 1), so that (2.17) coincides
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with the coefficient matrix of the Zakharov—Shabat system taking By;(x;A) = —i(A +
%S’(x)) and F(x; 1) = —A(x)/B11(x; ).

In both cases above, the traceless coefficient matrices B(x; A) for which the Riccati
equation (2.10) admits a constant solution are parametrized by exactly two functions of x,
either the off-diagonal elements of B(x; 1) or the pair of functions By;(x; 1) and F(x;A).
All such systems can be reduced further by a gauge transformation independent of x and
hence a conjugation of B(x; 1) by a constant matrix G(1) to the form

) -1 |u(x;d)  wv(x;d)
GL)B(x; V)G = [v (o) —u(: A)] (2.20)

We call systems with coefficient matrices having this form generalized Zakharov—Shabat
systems (the Zakharov—Shabat special case is u(x; 1) := —i(A + %S’(x)) and v(x; ) :=
A(x)). Indeed, if Byj(x;A) = Bas(x;A) = 0 with By,(x; A) being linearly independent
from Bj;(x; ), we may take
G(}) := |:1 1} ,
i —i

u(x;A) = %(Blz(x;)t) + Bai(x:14)), v(x:A):= %(Blz(x;)t) — By1(x;4)).

and we find the form (2.20) with

On the other hand, if By;(x;A) does not vanish identically, suppose first that 3 (1) :=
p(A) + p(A) = 0but TI(A) := p(A)p(A) # 1. Then from (2.17) and (2.19),

1 —F(x;l)}

B(x;A) = Bui(x; ) [_m;wn(k) -1

and if G(A) := IT(1)™93/4, then it is easy to see that (2.20) holds with

_Bll(x;A)F(x;)k)

u(x;A) == Bii(x;4), v(xsd) = I(a)1/2

Now, suppose instead that 3(A) := p(4) + p(A) # 0. Then using the constant gauge
matrix

1 iA(A)—iH(/\) B
G(A) == | ap)—2 Ei ) . AQ) = p(A) = p(A),
2(A)

which is invertible if p(1) # —i, p(A) # i, and A(A) # 0, and again substituting (2.19)

into (2.17) we find that (2.20) holds with

2X(A)(ITA) — DF(x;A) + AA) (AR (1 + TI(L)) + 4iI1(A))
4IT(A) (p(A) + D) (B(2) — 1)

u(x;A) = Bi(x; 1)

and
20(AA)(1 + TI(A)) + 4IT(L)) F(x; A) +iZ(A)AQA)(TI(A) —1)

v(x;A) := Bri(x: 1) 4TI(A) (p(A) + D) (P(A) — 1)
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Once any of the systems for which there is a constant solution of equation (2.10) has
been conjugated into a form having coefficient matrix (2.20) for which det(B(x; 1)) =
—Ri(x; A)R_(x; A) with Ry(x;A) = u(x; A) £ iv(x; A), the analysis can proceed as
for the Zakharov—Shabat system, and we leave the details to the interested reader. In fact,
one can see in this way that the Schrodinger equation really is a special case of a gener-
alized Zakharov—Shabat system for which one of the factors R4 (x; A) is independent of
x; constructing the x-dependent gauge transformation as described in Section 2.3.2 using
the constant factor one sees that the function Q(y; A) defined in (2.16) coincides with the
simpler form defined in (2.15).

2.4. Weber model and Langer transformations for problems with two turning
points

Now, we focus on the situation germane to Theorems 1 and 2: that A € R is such that
there exist two simple real roots (turning points) x = x4 (1) of det(B(x; 1)) and such that
det(B(x;A)) < 0 holds for x < x_(A) and for x > x4 (A), while det(B(x; 1)) > 0 holds
for x_(A) < x < x4 (A). To model this situation, we assume that the model potential m(y)
is a quadratic function of y with a parameter b < 0:

1
m(y) = m(y;b) := Zy2 +b, b<O.

The Langer transformation x — y = g(x; 1) is necessarily a solution of the first-order
ordinary differential equation (2.3), which now takes the form

g (x;1)2- (%g(x;)t)2 + b) = —det(B(x; 1)). (2.21)

Since y = g(x;A) is to be invertible, we want g’(x; 1) > 0 for all x € R, so it is necessary
that g(x; A) satisfy two auxiliary conditions

%g(xi(k);k)z +b=0x g(xs(A); 1) = £24/-b. (2.22)

Imposing only the condition at, say, x = x4 (1), we may separate the variables and inte-
grate from this turning point to the right

y 1 x
—3y2 + bdy =/ —det(B(x;A))dx, x> x+(), (2.23)
[ amens =] VoemED) L)

and to the left

/y b - ly‘Zdy = /x VdetB(X;A))dx, x_(A) <x <xy(A). (2.24)
24/=b 4 x4+ (A)
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Letting x}x_(A) in this formula and enforcing the remaining condition from (2.22) on
y = g(x;A) at x = x_(A) yield a condition determining » < 0 in terms of A € R:

1@ | 2/ 1
- Vdet(B(x; 1))dx = ——/ —b — —y2dy
T Jx_(1) T J-2v=b 4
2b (!
= / v1—y2dy
T J-1
— b. (2.25)

Then, integrating to the left from x = x_(A) imposing that g(x_(1); A) = —2+/—b gives

y 1 X
—_2+bd_=/ —det(B(x; A))dx, x <x_(1), 2.26
[ 5w ess= | Vdad@En) . @)

and when b = b (1) satisfies (2.25), the three equations (2.23), (2.24), and (2.26) together
define y = g(x; A) as a continuous function of x € R that satisfies the differential equa-
tion (2.21) except possibly at the turning points x = x4 (1) and that satisfies both auxiliary
conditions (2.22).

In the case of the Schrédinger equation, where B(x; A) is given by (1.3), we have
simply det(B(x; X)) = A — V(x; A). We now show that in the Zakharov—Shabat case,
where B(x; A) is instead given by (1.5), det(B(x; 1)) can be written in a similar form at
the cost of a change of coordinate x. Indeed, according to the assumptions of Theorem 2,
there is a factor A — r_(x) of det(B(x: 1)) that is strictly positive and of class C>(R),
so introducing a shifted spectral parameter X := A — min r4+(¢) and variable X via the
invertible transformation

X d~
X =Xx(x;A) = / VA—r_(x)dx = d—x(x;)t) = VA —r_(x),
0 X
and then defining an energy-dependent potential function by
V(% A) = rp(x) —minre (o), %= %(x;A), (2.27)

(i.e., composition of ry (x), shifted to make the minimum value zero, with the inverse
x = x(X;A)) and setting X1 (1) := X(x+(A); A) yield the differential identity

VEdetB(x; A))dx = /£(A — V(F; 1))dF.

Hence, the integrals appearing on the right-hand sides of (2.23), (2.24), and (2.26) can
be written in a common form for both the Schrodinger and Zakharov—Shabat cases; after
dropping the tilde, in both cases, the Langer transformation is implicitly defined for x >
x_(A) by the equation

y 1 X
—'2+b‘d' =/ V(EA) —A[dE, x> x_(b), (2.28)
/2¢b '4y Y x4 (3) | |
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where
1 *+@

h=—— VA — V(x; A)dx. (2.29)

T Jx_(d)

We then have the following, whose simple proof is omitted.

Lemma 1 (Universal form for Langer transformation). The function V(x; A) defined from
r4 () satisfying the hypotheses of Theorem 2 by (2.27) satisfies the hypotheses of Theo-
rem 1 with exponents py = 0 and leading coefficients V4 = 1 — minr4 (o).

Therefore, to analyze the Langer transformation in both cases, it suffices to analyze
y = g(x; A) as defined by (2.28) and (2.29), assuming the hypotheses of Theorem 1.
Going further, we can express y = g(x; A) explicitly in terms of the analytic function
¢:(=1,400) = (¢(—1),400) and its analytic inverse ¢ : ({(—1), +00) — (—1, +00) (see
Appendix A). Indeed, for x > x4 (1), by the substitution T = 7/(2+/—b), the integral on
the left-hand side of (2.28) becomes simply —2b¢(y/(2+/=b))>/2. Inverting this using the
inverse function 7 (o) to £(¢), we obtain an explicit formula for y = g(x;A);if x > x4 (1)
this formula reads

3 2/3
¥ = g(id) = w—bz([—@m;x)} )
J(x:h) = fx JVGEA) —AdE, x> xi (M),
x4 (A)

(2.30)

This formula is especially useful for the analysis of g(x; A) for x bounded away from the
turning points converging to 0 as A 0.

On the other hand, a better formula for the complementary case that x is in a neigh-
borhood of the turning points is obtained by writing the right-hand side of (2.28) in a
similar form as follows. Firstly, according to the hypotheses of Theorem 1, we may define
a function s = s(x) by

s(x;A) :=sgn(x)y/V(x;1), xeR.

Lemma 2 (Smoothness of x — s(x; A) and its inverse). Suppose that 'V satisfies the
hypotheses of Theorem 1. Then, the function s(o; 1) is of class C3(R), and form = 0,1,2
andn =0,1,2,3, (x; 1) = 370%s(x; A) is continuous on (=8, 8) x [0, Amax]. Moreover,
s(0; M) = 0 and s(x; A) is strictly increasing; hence, there is an inverse function denoted
by x = x(s; A), which is also of class C3 on its domain with 0703 x (s; A) continuous on
(—v,v) X [0, Apax] for some smallv > 0andm = 0,1,2,n =0,1,2,3.

Proof. Since V(x; A) only vanishes at x = 0, it is clear that s(¢; A) has 5 continuous
derivatives except possibly at x = 0. To analyze s near x = 0, we first write 'V in the form

1 1
V(xiA) = x2j(x; 1), j(xiAd) :=/ [ tV" (tux; A)dt du, (2.31)
0 0
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where we see j(o; 1) € C3(R) since V" (o; 1) € C3(R) by differentiation under the inte-
gral sign. Since j(0; 1) = %V”(O; A) > 0, in a neighborhood (-4, §) of x = 0, we may
write

s(x;A) = xk(x;4), k(x;A) =+ j(x;4) (2.32)

and k(o; L) is C3((=6, 8)). It follows® that s(o; 1) € C3((=6, 8)), so that s(o; A) €
C3(R). Continuity of the mixed partials 07 0%s(x; A) near (0; 0) then follows from the
corresponding property of V”(x; 1) and the formula (2.31)—(2.32). The corresponding
properties of the inverse function x (s; A) follow by (repeated) differentiation of the iden-
tity s(x(s; A); A) = s with respect to s and A and the use of s'(x; 1) > 0. [

Then using the inverse function as a substitution, for A > 0 and x > x4 (1) we have

x s(x;A)
/ VV(A) —Adx = 52 — Ax'(5; A)ds
x+(A) N
s A/ VA
= )&/ V2 — 11X (VAT; M)dr.
1

But under the further substitution w = ¢(t), we have w'/2dw = /72 — 1dz for w > 0
and T > 1 according to (A.5) from Appendix A, so

x £(s(x;A)/~A)
/ VV(E; L) — Adx = x[ w!2x (VAt (w); A)dw.
X 0

+(A)

Finally, we make one more change of integration variable by w = &(s(x; 1)/~/A)¢%/3 to
arrive at

p
/ JV(EA) — Adx
x—(4)

() [

x>xy(X), A>0.

Therefore, multiplying (2.28) by —3/(4b), raising both sides to the 2 /3 power, and apply-
ing ¢ (¢) to invert ¢ (¢) yield the explicit form

y=28x;4)
. . 2/3
() [ [ (AL p] ) o

3In fact, s (0; 1) exists, since one may compute 5" (x; 1) = ky(x: 1) + xk™ (x: 1), where k1 (o: 1) €
C!(R). Thus, we have s (0; 1) = &/ (0; 1) + limy_o k" (x; 1) = k(0; 1) + k" (0; A). However, conti-
nuity of s (¢; 1) at x = 0 does not follow from the hypotheses.
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Note that since s + x(s; A) is monotone increasing and A /b < 0, the 2/3 power is here
applied to a strictly positive quantity. Although we assumed that x > x4 (1), one can
verify using the analytic continuation of ¢ to —1 < ¢ < 1 given explicitly by (A.2) in
Appendix A that (2.33) in fact holds for all x > x_(4). To simplify the notation further,
we first introduce an “inner variable” by

o s(x;)t)) E (s(x;k))s(x i A) s(x;)k):s’(x;)t)
o=t =02 o s 2 = SR

where we used the identity {(¢(§)) = &. Thus, £ = O(1) as A0 means that x = 0(V),
so the inner variable £ blows up the interval x_(1) < x < x4(4) to fixed size no matter
how proximal the turning points are. Let us also introduce a constant parameter by

(2.34)

A
o) = - >0, b=>b(A). (2.35)
Finally, we introduce a quantity /(£¢;0) by
1 1
I(§:0) = 56(0%) / X' (o1(£¢*?);0%)dg. (2.36)
0
In terms of this notation, we may write (2.33) in the form
12 1/2y2/3
§0A) = St EIE AP, x> k(). 237)

We can get an equally compact expression for the derivative g’(x; A). Indeed, differenti-
ating 1(£; o) directly gives

I':0) = Sop(0?) [ (01?1 ) ) €q* ) Pdg.  (239)
However, we also see by direct computation that, for § fixed,
’ 2/3y. 2 " 2/3y. ~2 1 2/3 2 -1/3
—x'(01(£¢*?);0%) = x"(0t(Eq%?); 0%)ot' (Eq )38,

Combining these results gives

I'E0) = 3600 2)2 qix (01(64>%):0%)dg

Hence, integrating by parts

1
I'(g:0) = —¢<oz)—§[ (ot (§):07) - /0 x/(ot(sqz/%;oZ)dq]

Therefore, setting o = A1/2,

FEA) = Zh 0 (V©:2) = 16,
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Going further, (2.34) implies A'/2¢(£) = s(x: A) since ¢ is the inverse function to ¢. This
shows that, for any differentiable function F(¢),

d 1
ag FEIGAT?P) = FIEIE2PP) - 26 (s(e MMM 7. 2.39)
Applying this in the case F(¢) = (<) to (2.37), using the chain rule in the form d§/dx =
s'(x; 1) /(A1/2¢' (£)), and observing that s’ (x; 1)x’(s(x; A); 1) = 1, we obtain

Py — W IEIENR2P)
1(§;21/2)173 1'(§)

The formule (2.37) and (2.40) are especially useful for analyzing the Langer trans-
formation for x_(4) < x < § for some fixed § > 0 when A is small. However, another
advantage the formula (2.37) and (2.40) enjoy over (2.30) is that they hide completely the
turning points x = x4 (4), which otherwise can complicate the analysis. For instance, we
have the following result.

(2.40)

Lemma 3 (Smoothness of the Langer transformation at fixed A). Suppose that 'V satisfies
the hypotheses of Theorem 1. Then for each A > 0, the Langer transformation g(o; A) is
of class C3((x_(1), 00)) with range (—2+/—b, 00).

Proof. First, we note that since V(o; A) is increasing away from the minimizer x =
0, V(x;A) — A is bounded below as x — 400, so the integral on the right-hand side
of (2.28) grows at least linearly in x in this limit; hence also y = g(x; A) grows with-
out bound; together with the condition g(x_(1); 1) = —2+/=b, this shows that g(o; A)
maps (x—(1), +00) to (=2+/—=b, 00). Consider now g’(¢; A) in the form (2.40). Since
by Lemma 2, s(o; A) is of class C3(R) while ¢ : (=1, 00) — (¢£(—1), 00) is analytic, it
follows that x +> £ is of class C3((x_(1),00)). As ¢ : ({(—1), 00) — (=1, 00) is ana-
lytic and 1(&; 1'/2) > 0, to prove that g’(o; A) € C? it therefore remains to observe that
£ 1(£;A12) is of class C2((¢(—1), 00)) which follows because x’(¢; A) is of class C2.
Hence, also, g(o; 1) € C3((x_(A), +00)). n

3. Derivatives of the Langer transformation for small A > 0

First, we analyze the function ¢ defined by (2.35) for small A > 0.

Lemma 4 (Differentiability of A — ¢(1)). Suppose that 'V satisfies the hypotheses of The-
orem 1. Then for some § > 0, A — ¢(A) is of class C1([0,8)) and ¢ (1) = /2V"(0;0) +
O(A) as A)0.

Proof. With the substitution x = x(1/2w; 1) in the expression (2.25) for b, we get

1 b 1 (! 1!
—_— == —[ V1= w2’ (A 2w )dw = —/ V1—w2p(AY?w; 2)dw,
#(A) Ao T ) )
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where p(s; 1) := 3 L(x'(s:1) + x(=s: 1)) is an even function of s for each A > 0 for which
Lemma 2 yields that p”(s; A) and p, (s; A) are both continuous on (—v, v) X [0, Apax]. For
A > 0, by differentiation under the integral sign, and the use of p’(s;A) = fol P (su; A)du

d 1 1! !
—_—— = —/ V1 — w2w2/ " (A ?wu; V)du dw
dl (}’)(A) 27 -1 0
1 1
+ —/ V1—w2p; AY?w; V)dw,
T J-

which is obviously continuous for A > 0. Taking the limit A | 0 using uniform convergence
of the integrands to take the limit under the integral sign gives

d 1 _ /7 (0 0) T3,
M o(h) / w?w”dw + p1(0;0). (3.2)

On the other hand, the (right) derivative at A = 0, is, by definition

d 1

dA ¢(1)

/ V1T —w?(p(2w; 1) — p(0;0))dw (3.3)

=0 Mo A
Writing
pOMPwid) = p(0:0) = [p(A 2w d) = p(O: )] + [p(0: 1) — p(0:0)]

1 1
= xl/zw/ P’ 2wus A)du + A/ P (0; Au)du
0 0

1 1 1
= )Lw2/ u/ " (A 2wuv; V)dv du + A/ P2.(0; Au)du,
o Jo 0

we take the limit in (3.3) under the integral sign and obtain the same result as (3.2). Hence,
A 1/¢(1)is C1([0,8)). Setting A = 0in (3.1) gives 1/¢(0) = %x’(O;O). By implicit
differentiation of s2 = V(x(s;0);0), we obtain x'(0;0) = 1/2/V"”(0;0) > 0, so it follows
that also ¢ € C1([0,8)) and ¢ (1) = /2V”(0;0) + O(A). |

3.1. Estimates valid for x > § as 1/0

We refer to the limit A0 for x > § as outer asymptotics.

Lemma 5 (Outer asymptotics of J). Suppose that V(x; A) satisfies the hypotheses of
Theorem 1, and fix § > 0. Then in the limit A0, the quantity J(x; 1) defined in (2.30)
satisfies

J(x:A) = (/Ox 'V()'c;/\)d)’c)(l + 0 In(A7Y))), (3.4)

uniformly for x > 6.
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Proof. Note that, for A > 0 sufficiently small, we have x4+ (1) < §. We calculate
X
J(x; ) —/ Vv V(x; A)dx
0

x x4 ()
= / [VV(E: L) — A —VV(E M) ]dx — / V(X; A)dx
x+()l) 0

x dx x4+ (1)
_ —x/ _ X ____ VY& A dx.
X

) VYED) =2+ YVED o

The hypotheses on V imply that x4 (1) < A'/2 as 10 while 0 < \/V(¥;1) < ¥ as X0,
so for the second term, we have

x+(A)

JVGAE < 4 (3.5)

(independent of x). Using /V(x; A1) — A > 0 for X > x4 (X):

</x dx <[5 dx N dx
) VVED) = A+ VVED T Jnw VYED  Js JVED

Again, invoking the hypotheses on V, x (1) = A2 and /V(%; 1) > X as £ 0, so

8 -
< / — & cma (3.6)
x4 ) V(X A)

as A0 (independent of x). Since the hypothesis V(x; 1) Z 1 as x — oo implies also that
V(x;A) = V(x; A1)~ ! holds for all x > §, we obtain

/ VVY(x; A)dx </ VV(E; L)dx. 3.7
N 0

"V(x A)

X

Finally, since A < AIn(A~!) and

x 8
/ ,/"V(x;x)dscz/ VvV(x;A)dx,
0 0

all three estimates (3.5), (3.6), and (3.7) can be combined into the desired relative error
estimate. ]

Corollary 1 (Outer asymptotics of the Langer transformation). Suppose that 'V (x;A) sat-
isfies the hypotheses of Theorem 1. Then as A0,

V= g(eid) = go0)(1 + OGIG™).  golx) =2 [o JIEE (8)
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holds uniformly for x > §. Also, for x > § and A > 0 sufficiently small, we have the lower
bound
g’(x;/\) > y(p—2)/(p+2) (3.9)

and the upper bounds
g (i h) < y @O/ +D oy 9y < ) (p=10)/(p42), (3.10)
Here, p = p4 is the growth exponent of V(x; 1) as x — +o0.

Proof. We write (2.30) in the form

(x;4) = 2v/—bt(m) = 2 Wodm ] 21 h)
glx;A) = m), m:= b X; I 2bm x;A).
Repeated differentiation therefore yields
. 1 ¢ (m) .
g (x;h) = TP J'(x;2),
1 t'(m) 1 t"(m) t'(m) >
(e _ "o _ (e
g (X7A') - \/—_bml/z‘] (X7A)+ 4(—b)3/2 |:2 m2 J (X»A’) (311)
and
"y .. 1 t/(m) "y, 3 t”(m) t/(m) Iio. "y
g'(x;A) = \/___bml/zj (x;4) + 1b)2 [2 2 J'(x; )T (x;A)
1 "(m) t"(m) 'm)] o, s
+ S(b)5 |:2 32 _3m5/2 +2m7/2 J'(x;1)°. (3.12)

According to Lemma 5, the condition x > § bounds J(x; 1) away from zero uniformly
for small A, and by Lemma 4, we have b = —1 /¢ (1) = O(A) as 1} 0. Hence, m > A72/3,
so we can apply to (2.30) and its first three derivatives with respect to x the asymp-
totic approximations of derivatives of the analytic function #(¢) given in (A.4) from
Appendix A. Using m~! = O(A?/3) which dominates the relative error term in (3.4),
it follows from Lemma 5 that

1/2
glx:d) = N—_bG) m¥* (1 + 0m™) = go(x)(1 + 0(*7)).

Since the hypotheses on V imply go(x) = (2/(p + 2))/2 V4 (W)Y 4xP/4+12(1 + 0(1))
as x — 400, with y = g(x; A1), we deduce that

2/(p+2)
x = (1 + Ep) V(W)Y @2 40t (1 4 0(A2/3) 4 0(1)) (3.13)
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with the term O(12/3) being uniform for x > § and o(1) referring to the limit x — 4oo.
Now, for x > 8, \/V(x; 1) — A = {/V(x; A)(1 + O(L)), so the derivatives of J(x; 1) are

J'(x;0) = V(i A) — A = V(s )21+ o),

SN = 2 r;(ix;)t)— 7 4(17:;(;); A—)1)3/2 o
= 23&%(1 +0(0) + %(1 + 0(L)),
so similarly,
g/(x:2) = J#__b(i)l/zm*/“(l £ O™ YYVED) 4 = ()1 + 0(4>)).

Using (3.13) establishes the lower bound (3.9). The hypotheses on V and (3.14) also
imply that J”(x; 1) < x?/2>7Vand J”(x; 1) < xP/?72 for x > § and A > 0 sufficiently
small. Combining these estimates with (3.11), (3.12), and (A.4) together with Lemma 5
and b > A from Lemma 4 gives g”(x; 1) < xP/473/2 and g”’(x; 1) < xP/*=5/2 for x > §
and A > 0 sufficiently small. Combining these with (3.13) yields (3.10) and completes the
proof. ]

3.2. Estimates valid for 1x_(1) < x <8as 10

Since x = x_(A) corresponds to t = —1, which is the largest real value at which ()
defined in Appendix A fails to be analytic, it is useful to bound ¢ away from —1, and
hence, we consider x > %x_ (A). The upper bound of x < § then reaches the lower bound
on x, where the analysis of Section 3.1 holds.

Lemma 6 (Expansion of 1). Suppose V(x;A) satisfies the hypotheses of Theorem 1. Then
& + 1(§;0) has the expansion

29 0; 2
o) = 1 - Y2007
3,‘;”(0; 02)3/2

(0) i= V1 + o2,

Proof. By Lemma 4, we have ¢(02) = /2V”(0;0) + O(c?), and Lemma 2 implies that
s > x'(s; 0%) has two continuous derivatives in a neighborhood of s = 0. By repeated
implicit differentiation of s2 = V(x(s;02); 02), it has the Taylor representation

o [ 1+ 02, 0@ <1
0

1
x'(s;0%) = x'(0;62) + x"(0;0%)s + EXW(C; 0?)s?

2 2v///(0;02) 1, 2\ .2
=\ V00n)  3vr0en2’ T GO
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holding for some number ¢ between 0 and 5. Due to the asymptotic behavior of 7 (¢) given
in (A.4) from Appendix A, for £ as large as £ = O(0~*/3), we have ot (£¢%/3) = O(1)
uniformly for ¢ € (0, 1), so the result follows from integration term-by-term in (2.36). =

With this, we can prove the following lower bound on g’(x; A) valid near the turning
points. The inner region refers to the domain %x_ (A) < x < 6 with A > 0 sufficiently
small.

Lemma 7 (Lower bound on g’(x; A) in the inner region). Suppose V(x; A) satisfies the
hypotheses of Theorem 1. If § > 0 is sufficiently small, g’(x; 1) = 1 holds for %x_ 1) <
x < 8 and A > 0 sufficiently small.

Proof. By Lemma 6, if 11/2(£)3/* is sufficiently small, which is guaranteed by the con-
dition x_(4) < x < § for sufficiently small § > 0, then we will have L<1E A2 <.
Using the estimates (£)™/4 < ¢/(¢) < (¢)~Y* valid for ¢ > ¢(—1) + 8, using the rep-
resentation (2.40) of g’(x; A), and recalling ¢ (1) — /2V”(0;0) as 1|0 from Lemma 4
complete the proof. |

Now, we turn to g”(x; A). Recalling the inner variable & defined by (2.34), direct
differentiation of (2.40) using the chain rule and (2.39) with F(¢) = t/(¢) yields

g"(x: )

_ SN M TENP) CEIENP)  NEA)
IPECNTG) (_31(5;11/2)4/3 r(®) *1@;»/2)1/%/@)2)

after also using x"(s(x; 1); A) = x’(A/2£(£); A). Here, the numerator of the second term
is defined by

N(E:0) = 29I (16071 (E:0) ™ €101 ) ) — 1 €101 )" (©)

To consider A > 0 small, note first that the factor of A~1/2is explicitly cancelled for the
first term by using (2.38). For the second term, one combines ¢ (1) — /2V”(0;0) > 0
as )0 and x'(0;0) = /2/V"(0;0) from Lemma 4 and its proof to get from (2.36) that
I(§;0) — 1 as 0]0. Hence, also N(§;0) — 0 as 60 for each fixed £ > ¢(—1), so that

AL 1
N(E:A?) = No(§:0)do = 11/2/ No(§:AY2r)dr.
0 0

We therefore obtain a formula for g”(x; A) without division by A1/2:

s' () ()12 dA)  C(EIE A3
6 (_61(5;11/%4/3 6

1
/ XU(AI/ZZ(Eq2/3))t/(§:q2/3)q2/3dq
0

1/2
](g 11/2)1/3t (5)2/ No(§: A r)dr) (3.15)

g'(x:d) =
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With this representation, one can easily check that g”(x; A) has a limit as A0 with the
inner variable & held fixed (the “inner limit”), which also forces x — 0 since x = O(A'/2)
for £ fixed. Indeed, since x(0; 1) = 0, x”(s; 1) is continuous at s = 0, and I(§; Al/z) -1
in this limit, using uniform convergence of the integrand to exchange the limit and the
integral

l- 4 ,A.
lim (x;4)

. 1/2 1
s (07 0)¢(0) (_¢(60)x//(0; 0)/ t/(éq2/3)q2/3dq
0

N (§; 0)) £ fixed.

1'(§) ! (E)2
(3.16)
Now, N (§; o) depends explicitly on o and also implicitly via /(§; o), so
o 9(0P)ox (01(§); 0" (E1(5;0)* ) ()
NO'(Eio') - 1(5.0)1/3
¢(02)X”(01($) o) EE1(E0)* ) ()
21(8;0)1/3
n [_¢(02)x/(0l($),Uz)l/’(él(é;0)2/3)l’($)
6[(%" 0)4/3
¢(02)x (01(§); 0" (E1(E:0)*?)E1' (§)
31(5;0)2/3
20"(§1(§;0)*3)81" (§) .
_ 3G o) }lg(g, o). (3.17)
Noting that
1
I (5:0) =09'0?) [ ¥t 0%
0
207 / (0t 0P (Ea? g, (3.18)
2 0
letting o }0 gives
No(e:0) = PO, ey
2.7 " 2./ . " .
+|: $(0)“x (0120)-x (0;0) /(S)t//(%.) + $(0)x (0760)x (0; O)E[/(E)t///(é.)

” 1
¢(O)x (0; 0)%_ ") }/0 1(Eq*'?)dg, (3.19)
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interchanging limit and integral by uniform convergence once again. The inner limit of
g"(x; A) is therefore

(- /21700y 1 4
5'(0:0)(0)*/2x"(0:0) [_2 [ g + 61(6)1" (6)

limg”(x; 1) =
lim g (x;4)

12¢/(£) ()
n (—¢<0)x'<o; 0+ O 00T
gt//(E)Z 1 23
~4e ) J, e
for £ fixed. Using %¢(O)x’ (0;0) = 1 and
1. 3/2 1700y (VY _25/4"7”/(0; 0)
5 O:09072(0:0) = ~ S
the inner limit simplifies to
21/4V/// 0:0
}Lii% g'(x; 1) = W;(()PM)K(&), £ fixed, (3.20)

where a function of the inner variable £ independent of all details of the potential V is
defined by

e [N eg2ayg2irgg - 2EOTE)
K = o | e g -0

UE) _2617E) | 261" E [T o
+(t/(§)2_ t'(§)? + 1(£)3 )/0 1(£q*7%)dg. (3.21)

With this calculation finished, we can prove the following.

Lemma 8 (Upper bound on |g”(x; A)| in the inner region). Suppose V(x; L) satisfies the
hypotheses of Theorem 1. If § > 0 is sufficiently small, |g" (x; A)| < 1 holds for %x_ 1) <
x < 6 and A > 0 sufficiently small.

Proof. Since K is an analytic function of & > {(—1) that has a finite limit as £ — +o0
according to (A.4) from Appendix A, the inner limit of g”(x; A) is uniformly bounded
when x > %x_(/\), which bounds £ above ((—1), so it suffices to analyze the differ-
ence between g”(x; A) and its inner limit, i.e., the difference between the right-hand sides
of (3.15), (3.16). According to Lemma 2, s’(x; A) is continuous at (0; 0) so s'(x; 1) —
5'(0;0) is bounded. By Lemma 4, ¢(1) is continuous at A = 0 and ¢ (0) > 0, so ¢(1)/% —
#(0)'/2 is bounded. Also, from Lemma 6, for A > 0 sufficiently small, we get 1(£; 1'/2) —
1 = 0(8) for 2x_(A) < x < §. Therefore, under the same condition, ¢/ (£1(§; 11/2)?/3)/
() — 1 = O(8). Again, using Lemma 2, x”(A1/2¢(¢%/3); 1) — x”(0; 0) is bounded uni-
formly for 0 < g < 1, and since ¢'(¢) is a bounded function according to (A.4) this is
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enough to control the difference between the integral on the second line of (3.15) and
X"(0;0) fy 1'(Eq*/*)q*dg.

It therefore remains to show that Ny (£; A1/2r) — Ny (&; 0) is uniformly bounded as
210 for & as large as A=2/3 and r € (0, 1). But comparing the right-hand sides of equa-
tion (3.17) (with (3.18)) and of (3.19), this follows under the same conditions from the
same estimates, although in replacing x” (o' (§¢%/3); 2) with x” (0; 0) in the second term
of I, (£; AY/2r) one must use the fact that growth of j;)l 1(£¢?/?)dq is precisely compen-
sated by the decay of the terms in square brackets in (3.17) as £ — +o0. ]

Next, we find g”’(x; A) by differentiating (3.15), giving an expression with many
terms. Differentiating the factor s’(x; A) yields a suite of terms equal to s”(x; A)g” (x; 1)/
s’(x; 1) which is bounded for —%x_ (A) < x <8 and A small by Lemma 8. For the remain-
ing terms, one can differentiate with respect to £ and then account for the chain rule
by a factor of d&/dx = s'(x; 1)/(A'/2¢/(€)) (see (2.34)). Two different types of terms
are generated: those that come with a factor that is O(A/2¢/(£)) and those that do not.
Only the latter terms are of concern in bounding |g””’(x; A)| given the chain-rule factor
inversely proportional to A/2¢/(£). In particular, all derivatives falling on 7(&; 1'/2) can
be ignored, as can derivatives of x®)(A1/2r1(£¢2/3); A) for (¢, r) € [0, 1]2. For example,
in the expression on the first two lines of the right-hand side of (3.15) (extracting the factor
—s'(x; 1) (1)3/2 /6, which has already been accounted for), only three occurrences of &
(indicated with n) will fail to produce O(A'/2¢'(£)) factors upon differentiation

P (M)¥2s'(x; 1) d 1 1(EL(E; AV2)2/3)
B 6 %[1@;11/2)4/3 1'(£)?

'/1x//(ﬂt($q2/3);A)l/($q2/3)q2/3dqi|
0
W (x:A) d 1 1'(nI(€: 11/2)2/3)
T 6 d_n[l(mlﬂ)m t'(n)?
'/1x//(ﬂt(§q2/3);A)[/(nq2/3)q2/3dqi|
0

Performing the differentiation with respect to n and expanding the resulting expression in
the inner limit of A — 0 with & fixed, further controllable error terms of the same order
are generated

d(M)¥25'(x:2) d 1 1(EL(E; AV2)2/3)
- 6 %[I@;W%‘*B 1'(§)>

: / 1 x”(ﬁz(sq”):A)t’@qz“)qz“dq}
0

+ 02 (8)).
n=£&

_ 9032 0;0x"(0;0) d [ 11 o ] 12,
- : dg[ﬂ@) [ reaaiag| + 0aia @)

B 21/4'17”/(0;0) d 1 1 ) 23 23 .y
= 9’\7’/(0;0)3/4@[#(5)/0 1'(§97")q dq] + 0@ 7 (§).
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We therefore recognize the explicit terms as the derivative with respect to £ of the con-
tribution to the inner limit of g”(x; A) given in (3.20) arising from the first term in K ()
defined in (3.21). A similar computation applies to the terms on the third line of (3.15),
with the result that

d 21/49"(0; 0)
=& () =

& = Syrgiopi K 6+ 0@,

where the error term is uniform for —%x_ (L) < x < §, Therefore, putting in the chain rule
factor d¢ /dx shows that

s'(x;A) 2Y4v(0:0)

n A —
g (x’ ) ll/zl/(‘f) gv//(0;0)3/4

K'(§) + O(1) (3.22)

as A0 uniformly on the interval x_(E) < x < §. In fact, the explicit term vanishes.

Lemma 9 (Constancy of the function K(§)). K(§) = 1 holds identically for & > {(—1).

Proof. Denoting n(§) := fol t(€¢*/?)dg, integration by parts shows that
! 3
| e =) = 36 0@ @),
Hence, K(§) involves only n(§), &, t(§), t'(§), t”(§), and ¢"(£). Eliminating & via § =

t'(£)%(t(£)® — 1) (see (A.5) in Appendix A), as well as t”(§) and " (£) via its first two
derivatives, results in

C@n@FE)? = D1+ 2(E)?)
(€2 -1 '

Explicit differentiation and subsequent elimination of n’(£), £, and ¢” (§) show that

KE) —-1= (3.23)

d HEQ G EEE) — 1)
&(K(E) - 1) - (I(S)Z — 1)2
2
_ 5 3Fi® V() (K(E) —1).

CT®? - D+ 20(8)2)

If £ > 0, then #(§) > 1, so integration yields

K —-1= C(tl(é;f ll)zeSarctmﬁt(s»/@ £>0.

Letting £ — 400 so also #(§) — +oo gives

lim K(£)—1= CeS™/V3,
§—>+o0
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On the other hand, using the large-§ asymptotic of ¢'(€) given in (A.4) from Appendix A
and also that

H 1/2
n©) = 36 [tz = 362 (5(5) e+ o6 )

1/2
=3(5) #rasoe. £ o

as follows from the asymptotic behavior of #(§) in (A.4), we see from (3.23) that in fact
K(£)—1— 0as& — 400, and therefore, the integration constant is C = 0. Thus, K(§) —
1 = 0 is an identity for & > 0, however, the original formula (3.21) shows that K(§) is
analytic at £ = 0. We conclude that K(§) = 1 holds for all £ > ¢(—1). L]

Therefore, the inner limit in (3.20) coincides with the constant g (0) as defined in
(3.8), and we also conclude from (3.22) the following.

Lemma 10 (Upper bound on |g”'(x; A)| in the inner region). Suppose V(x; ) satisfies the
hypotheses of Theorem 1. If § > 0 is sufficiently small, |g"" (x; A)| < 1 holds for %x_ ) <
x < 8 and A > O sufficiently small.

3.3. Application to estimates of Q(y; )

We now apply the bounds obtained on the Langer transformation to estimate the pertur-
bation term Q(y; A) given by (2.15) and (2.16) in the Schrodinger and Zakharov—Shabat
cases, respectively.

Proposition 1 (Estimate of Q(y; A) for the Schrédinger equation). Suppose V(x; A) sat-
isfies the hypotheses of Theorem 1. If Anax > 0 is sufficiently small, there is a constant
C > 0 such that the function Q(y: ) defined by (2.15) satisfies |Q(y; A)| < C/(1 + y?)
forally e Rand 0 < A < Apax-

Proof. Fory > —2«/—_b(1 —§), with 0 < § < 1 fixed, this follows from Corollary 1, and
from Lemmas 7, 8, and 10. These results were obtained by analyzing the Langer transfor-
mation y = g(x; A) based on integration from x = x4 (A) and y = 2+/—b. However, the
definition (2.25) of b implies that a completely parallel analysis applies based on integra-
tion instead from x = x_(A) and y = —2+/—b. This extends the result to y € R. |

Proposition 2 (Estimate of Q(y; 1) for the Zakharov—Shabat system). Under the hypothe-
ses of Theorem 2, for each Ay, € (minr4(0), 1) there exists a constant C such that the
function Q(y: A) defined by (2.16) satisfies |Q(y: L)| < C/(1 + y?) for all y € R and
minry () <A < Apax

Proof. We first apply Lemma 1 to write the Langer transformation in the form y =
g(x;A)=g(x;A), where X =X(x; ), and note that using the expression dX/dx= R (x; 1)
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the formula (2.16) becomes

3gMEA? | FUEA) 1 [7R’+(x;)t)2 R’jr(x;)k)i|

47(%: M4 7 28/(R:2)3 T F(BA)2L16R1(xi 13 4Ry (x:2)2

Q(y:d) =

But Proposition 1 applies to the first two terms, since they have the form of (2.15), and
g(x; A) is associated with an energy-dependent potential (2.27) that satisfies the hypothe-
ses of Theorem 1. For the remaining terms, if y, and hence also x, is bounded, then
&'(%; 1) is bounded below (Lemma 7) and R4 (x; ) > y/minry () —maxr_(¢) > 0 is
of class C?, so the terms are bounded uniformly as A min 74 (¢). On the other hand, if
y becomes large, we can use the fact that R, (x; 1) = O(x~!) and R (x:4) = o(x7?)
uniformly with respect to A and Corollary 1 to see that O(g'(¥; 1) 2x72) = O(y™2). =m

The fact that the bound on Q(y; 1) is essentially the same in both cases allows for a
streamlined treatment of the perturbation problem, which we address next.
4. Analysis of the perturbed Weber system

Applying Proposition 1 or Proposition 2 as applicable, in both special cases of the general
system (1.2) we have therefore arrived at an equivalent system having a universal form:

du=|: 0 1 @1

P . <
de b2+%y2+82Q(y;l) 0:|ll, 1Q(y: M| <

1+ y2°

This system can be viewed as a perturbation of the model system (1.8), for which a fun-
damental solution matrix is given by

] ) U(s_lb,s_l/zy) V(s_lb,e_l/zy)
Uo(y;b,¢) := |:81/2Uz(8_1b, S_I/Zy) 81/2VZ(8_1b,8_1/2y) ’

involving the parabolic cylinder functions U(a, z) and V(a, z). To remove the dominant
terms in (4.1) we make the substitution

u(y) = Uo(y:b.£)v(y)
leading to

dv 0 0
—:8U ;b,8_1|: i|U ;b,€v.
i o(y;b,e) 0(:A) 0 o(y;b,e)

Since det(Ug(y: b, €)) = e /2W[U, V], where W[U, V] denotes the Wronskian with value
+/2/m according to (1.11), this system can be written as

:—V = 81/2\/EQ(y;A)K(y;8)V, 4.2)
y 2
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with coefficient matrix

—U(e b, e V2y) V(e b, e71/2y) —V(e b, e71/2y)? :|

K(y§ 8) = |: U(S_lb, 8_1/2)/)2 U(é‘_lb, 8_1/2y)V(8_1b, 5—1/2)})

Recall that for both special cases of (1.2) the gauge matrix relating w and u has unit
determinant, and that under the Langer transformation y = g(x;A) we have x — +oo0 if
and only if y — 4-00. Therefore, any nontrivial solution w = w (x) of (1.2) decaying to
0 as x — oo corresponds to a solution u = u*(y) of (4.1) decaying as y — 400. We
now construct such a solution u™ (y).

Since U(a, z) rapidly decays while V(a, z) rapidly grows as z — 400, by choice
of normalization constant, the vector function v = v (y) corresponding to u = u*(y)
decaying as y — o0 should satisfy the boundary condition v*(y) — [1,0]T as y —
+00. We build in this boundary condition by writing v*(y) = [1,0] T +r*(y). Assuming
sufficiently rapid decay of r™(y) as y — 400, we substitute and integrate (4.2) from a
variable point y € R to 400 and obtain

+o0 +oo
e =25 [ owngion -2\ 5 [T oGk g,

where f(y; ) := K(y;¢)[1,0]". Since K»(y; ) grows rapidly as y — +o0, for this inte-
gral equation to make sense in L°°(0, co) it is necessary to build in a corresponding rate
of decay in the second component of r*(y). The correct rate is given either by the weight
W(e™ b, e~ /2y)~" defined in (B.1) or Y(¢7 b, e~ 1/2y)~! defined in (B.7), depending,
respectively, on whether @ = £~ b < 0 is bounded or not (of size as large as e Dase—0.
See Appendix B. Fix M > 0 sufficiently large.

4.1. The case of low-lying eigenvalues: —%M 2<a<0
Introducing the weight W(a, z) defined by (B.1) below, we write
r(y) = diag(1, W(e™'b. 72 ) "HET (v)

and seek r*(y) in the space L2°(0, 0o). The corresponding integral equation satisfied by
£t (y) reads

+o0o -
iy = —81/2\/§/y Q(y: My, y;e)dy

+o00 -
— s”z\/g f 07 MK(y, 7: )FF (7)d, (4.3)
y

where witha = ¢ b and z = s’l/zy, z=gl/2

—Ul(a,z)V(a,z)
W(a,z)U(a, 2)2i| ’

—U(a,z)V(a,z) —W(a,z)""V(a,z)?
W(a,z)U(a,2)> W(a,z)W(a,z)"'U(a,z)V(a, E)] ‘

V.
f(y,7:8) = [

K(y,j;¢) = [
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Since y < y so also z < Z, and since W(a, z) is positive and nondecreasing in z, we can
replace W(a, z) with W(a, z) and apply Lemma 11 from Appendix B in the setting that
a = &~ 'h < 0is bounded below by a fixed value —%M2 < 0 and that y > 0 to see that both
elements of f'(y, y; €) and all four elements of K(y, y; €) are bounded in absolute value
by a multiple of (1 4+ z2)~1/2. Using the L°°(0, c0) norm Supy,~.o ¥+ (y)|| subordinate to
the pointwise norm on C2,

el := max{|ci], |c2]}, implying [|Ac|| < max{|A11| + [A12], [A21| + [A22]}]c]l,

we easily obtain the inequality

+o00 =
sup [0 < e \f/ (HyZ)m(Hsupnﬁ(y)n)

where we have used |Q(y; 1)| < (1 + y2)~!. An estimate of the integral is the following:

+o0 d)_/ 12 +o00 d 12
= — =¢ <e'?log(e™), &—0,
o (1+3)yl+ety? o (I+3)Ve+y?

as is easily seen by splitting up the integral at y = 1. It therefore follows that there exists
a unique solution of the integral equation (4.3) in L°°(0, 0o) satisfying sup,..¢ ¥ ()| <
elog(e™1).

We now show that the second component is smaller: sup,,. |r2 (»)| < &. This comes
from the fact that the second component of the forcing term satisfies

+o00 »
/ Q(y;x)fz(y,y;e)dy'
y
+o0o
< W(e b 2y) f 10(5: DU b, e~ V25)2d7
y
+oo
< W(e b 2y) [ UGe'b, e~V 25)245.,
y

where we used the estimate [Q(y; )| S (1 + y2)™' < 1.If0 < ¢ /2y < M, then we
have

W(S_lb, 8_1/2)/) — eMZ/ZMZb/E <1
since b = O(¢) in the low-lying case, so

+o0

_ +o0
0G:2) oy Fie)d5| < fo UGe™'b.e7 25245

y

+o00
= 81/2/ U(e7'b, 2)%dz = 0(s'/?),
0
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using again that b = O(g). On the other hand, if e7'/2y > M, then also e"1/25 > M, so
using (B.1) and Lemma 11 gives

+o0

Q(y';mﬁ(y,y‘;a)dy“
y

“+o00 dv
< W(sflb,sf”zy)/ Y
y

W(e=1bh,e71/25) /1 4+ 7152
b - —b _
Zeyz/(zs)(ﬁ) /8./+°°e_-2/(2s)(ﬁ) /e dy
& y & /1 _'_8—1)—,2

2\ b/e 4+ -2\ —b/e—1/2
< /) (Y_) / % 1) (y_) 45
& y &

2\ b/e p+
:gl/zeyz/(zg)(Y_) / * 6—52/25—2b/s—1dz.
& e~1/2y

By repeated integration by parts, the resulting integral has a complete asymptotic expan-
sion with respect to the sequence of gauge functions {e~7/2z—2b/e=2-2k 102, a8 Z —
+00, where z = ¢~ /2y In particular, for e71/2y > M, we can estimate using just the
leading term and obtain

+o00

-1
Q()_};A)f;(y,)_’;&‘)d)_/ < 81/2(%2) — 0(81/2),

y

In both cases, we obtain a contribution to F2+ (y) from the forcing term that is uniformly
O(e) for y > 0. This dominates the contribution from the second row of the kernel
ﬁ(y, J; €); indeed, iterating with the a priori estimate sup,,.q ¥ ()|l = O(elog(e™!))
gives a substantially smaller contribution proportional to &2 log(s~1)2.

From (B.1) for z = 0, we have r;"(0) = ;" (0) = O(elog(¢~!)) while on the other
hand 75 (0) = W(a,0)™17) (0) = e M*/2M 247+ (0) = O(e) because 0 < —2a < M2,
all estimates being uniform for the indicated range of a.

4.2. The case of eigenvalues large compared to ¢: a < —%M 2<0

In this complementary case, we introduce instead the alternate weight Y(a, z) defined
by (B.7) viart(y) = diag(1, Y(¢7'b, e~/2y)~1)§#T (y), obtaining again (4.3) with mod-
ified definitions for f(y, y; &) and K(y, y; ¢):

—U(a,z)V(a,z)

Y(a,z)U(a,z)? |’

—U(a,z)V(a,z) ~Y(a,z2)"'V(a,z2)? }

f(y. i) = [
K(y.y:¢e) := |:Y(a,z)U(a,Z)2 Y(a,z)Y(a,2)"'U(a.2)V(a.2)

The weight Y(a, z) is still positive and nondecreasing in z, so we may follow similar
reasoning as in the low-lying case. Since now we have a = ¢~ 1b < —%M 2 <0, we apply



J. Dong, P. D. Miller, and G. Young 590
Lemma 12 from Appendix B to obtain

sup [+ () <6”2\/Z/+Oo dy (14 sup [FF(»)1l)
10 ~ 2Jo (47 (=a)2(1 + [t()3]L@)]1/? y>0 ’

wherea = &b, f =z /v/—4a = y/~/—4b, and  (¢) is the increasing function of ¢ defined
in Appendix A with {(1) =0and £ (1) = (2)?/31*/3(1 + O(t7!)) ast — +o00. By chang-
ing the integration variable to 7, we get

/-‘roo d)_/
o (1+72)Ea)2(0 + [I)V3¢(@)|1/2

1/2/ dr

=2¢ b = =

o (1—4b2)(1+ [F)1/3[()|1/2
<e?loge—b71), @4

where the last estimate can be seen by splitting the integral at 7 = 2 and using
A+ Pr@2 it =2

In other words, the integral in (4.4) is proportional to '/2 when b < 0 is bounded away
from zero but more generally is proportional to £'/2 log(—b~!) when b < 0 becomes
small. Since the lower bound for —b under the assumption a < —%M 2 < 0is proportional
to &, we conclude that the estimate

= -1
sup [lFF (0| < elog(e™")
y>0
holds in this case exactly as in the case of low-lying eigenvalues.
Itis also true that when a < —%M 2 <0, we have the sharper estimate Sup,,~.o 7 ()| <
&, just as in the low-lying case. For the same reason as in that case the claim reduces to the
analysis of the second component of the forcing function, which now involves the weight
function Y (a, z) defined in (B.7):

+o00

Q(y;mfz(y,y;s)dy'
y

“+o00
< Y(a,z)/ 10(5: M)\ U(a. )25
y

+oo
< Y(a,z)/ U(a,z)*dy
y

+00 dy
s Y(“’Z)[y Y@ ) —a) 2 (1 )P

4.5)

where as before a = ¢ 'b, z = e7'/2y, { = j/+/—4b, and we used [0(y: )| < (1 +
y2)~1 < | and Lemma 12. If 0 < y < /—4b, then Y(a,z)/Y(a, Z) = e8a8+@D*?/3 anq
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after changing variables from j to 7,

+o00 »
/ 0(7: 1) oy 7: £)dy’
y

< 2gl/2 /+°o eS8+ /3¢y
- viv=ab (1 + D3¢ (@)|'/2
B o (L+DY3E@m2

where we used a < —%M 2, Since the last integral is convergent and depends on M only,
this estimate is O(¢!/2). A similar computation extends the same estimate to hold for
y > v/ —4b (i.e., for t > 1 and hence also {(¢) > 0), provided that —%a{(t)y2 < K for
some K > 0 fixed, since we need only start instead from (4.5) using Y(a,z)/Y(a,z) <
eKe8alM2/3 (¢ (7) = £(7) = £(t) > 0 in this case), so the implied constant in O (e!/2)
is modified by a fixed positive factor eX. On the other hand, if —$a¢(1)*/2 > K > 0, then
introducing k = $£(1)¥?2 > 0 and corresponding integration variable k= —3¢(0)3? =k,

+o00 5
/ Q(y':/\)fz(y,y';s)dy"
y

| e

- viv=ap (1 +DV35(D)12
81/2 —ak 400 e_”]gdlg

YN /k K372 — 1)12(1 + )i/

where we used the definition of {(¢) in Appendix A to obtain df /dk = 1¢(F)~V/2¢/ ()~
and &(1)V/2¢/(7) = (7> — 1)'/2, and finally eliminated ¢ (7) in favor of k. Then one com-
bines the asymptotic behavior of () for 7 — 1 small and 7 large with the definition of k to
see that over the whole range of integration, (72 — 1)1/2 > k!/3 while (1 + 1)'/3 > k1/6
and therefore

+oo .ak ]
< 81/2e—ak/ e dk
k

+o00 5
/ 0G: ) fo(y. 7: £)d7
y

k5/6
1/2 +oo
€ —ak ak 31,
SWC /]; e dk
el/2
ke

This estimate holds under the assumption that —ak > K > 0 or k%/¢ > K5/6(—q)=5/¢;

hence,
+o0o

QM) fo(y, 75 e)dy| < e'/?(—a)™Ve,

y
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which is less than or equal to 81/2(%M2)’1/6 = O(¢'/?) because a < —%Mz. Com-
bining these results gives a dominant contribution to |172+ (y)| of order O(g). Therefore,
using (B.7) for z = 0 gives r1+(0) = 71+ (0) = O(glog(s™1)) while

r(0) = Y(a,0)" 7 (0) = O(e?(—a)“e).

4.3. The solution u(y)

To obtain a nontrivial solution u™(y) of (4.1) decaying as y — —oo, we note that the
function @(y) := ozut(—y) is a solution of the closely related system

A

o 0 s
dy ~ [D2+1y2+e20(=y:1) 0

which differs from (4.1) only in the replacement of Q(y;A) by Q(—y;A). However, as our
analysis only used the property |Q(y:4)| < 1/(1 + y?) which is obviously invariant under

y > —y, we can easily adapt the estimates obtained for u™ (y) to obtain estimates on a
solution u™(y) decaying as y — —oo of exactly the same perturbed system (4.1). Indeed,
writing u™ (y) = 03U (—y:b.&)v™(y) with v~ (y) = [1,0]" +r~(y) and r{ () = F{ (),
and either r5 (y) = W(e™'b, —e™1/2y) " () or r5 (y) = Y(e™ b, —e2y) 175 (y)
depending on whether a > —%M 20ra < —%M 2 we obtain exactly the same estimates:
7 (y) = O(elog(¢71)) and 75 (y) = O(e) hold uniformly fora <0 and y <O0.

4.4. Wronskian computation
We now compute the Wronskian W[ut,u~](y) at y = 0. Using u*(0) = Uy (0; b, £)v*(0)
and u™(0) = 03U (0; b, )v—(0), this is given by
Wut,u7](0)
| v U@ 0)+vF )V (a,0) vy (0)U(a. 0)+v; (0)V(a. 0)
= o 061720, (@, 0)+v5 (0)61/2V,(a,0) —v7 (0)6V/2U (@, 0)—v3 (0)e1/2V; (a, 0)
vy (0)v; (0)
v (07 (0)
(vi © vz
b () vr(0)

The explicit terms involving parabolic cylinder functions at z = 0 have known values [20,
Section 12.2 (ii)]; after some simplification, these can be written as

2U(a,0)U;(a,0) = —@F(% - a) cos(—ma),

2V(a,0)V,(a,0) = \/gcro(si—__”;’))
2

= —&!2u(0)v7 (0) |:2U(a, 0)U(a,0) + 2V(a,0)V,(a,0)

)(U(a,O)VZ(a, 0) + Uz(a,0)V(a, 0))].

U(a,0)V;(a,0) + U;(a,0)V(a,0) = \/gsin(—zm).
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For a < 0, we may therefore write
P W', u"](0) v (0)v5 (0) cos(—ma)
— - I = cos(—ma) — - :
2 &2 (0)vy ()T (7 —a) vi (07 (0) I'(7 —a)?

B (v;(O) vz_(O)) sin(—ma)
v v (0)TAE -

Now, over the whole range a < 0 we have vf(O) =1+ rli(O) =1+ Fli(O) =1+
O(elog(¢7 1)) as & — 0; in particular, these quantities are nonvanishing for sufficiently
small & > 0 which justifies division by the product vf’(O)vl_(O) (and likewise division by
I'(3 —a) > 0is justified for a < 0).

In the case of low-lying eigenvalues, —%M 2 < g <0, we can use the estimate 1)2i 0) =
r2jE (0) = W(a, 0)_1F2jE (0) = O(e) and the fact that F(% —a) > F(%) > 0 to immediately
obtain the result that

T Wut, u™](0) o
\/;81/21)?(0)1)1_(0)1"(% i cos(—ma) + O(e). (4.6)

In the complementary case that a < —%M 2 < 0, we have instead that v2jE 0) = rzfE 0) =
Y(a, O)_lfzjE (0) = O(e*(—a)™%e). But by Stirling’s formula, we also have F(% —a)z
e?(—a)™?, so exactly the same result (4.6) holds in this case as well.

Since A is an eigenvalue if and only if W[u™, u™](0) = 0, using @ = b/e substituting
for b = b() by (2.25) completes the proofs of Theorems 1 and 2.

Remark on eigenfunctions. Recalling the total gauge transformation relating w(x; 1)
and u(y; A) and the Langer transformation y = g(x; A), the proof was based on the con-
struction of a solution w = wt (x; 1) of ew, = B(x; A)w(x; A) having the approximate
form

whx; ) @G(x;)t)(HJrgH(X;A))[ Ue1h, &2 g(x; 1)) ]

12U, (e7'b, g7 2g(x: 1))

where b = b(A) is defined by (2.25), and the approximation is accurate for g(x;A) > 0
to terms of order £log(¢™!) in the absolute sense where the solution is oscillatory and in
the relative sense where it is decaying in the direction x — +o00. Similarly, the solution
w~(x; A) of the same equation is approximated by

W_(XZ/\)%G(x;)t)(HJreH(x;A))[ U(e™'b, —~12g(x; 1)) ]

—e2U,(e7 b, —e~2g(x: 1))

for g(x; A) < 0. Importantly, when the exact Bohr—Sommerfeld quantization condition
cos(e~'zwb) = 0 holds, ie., b = —(% + n)e for n € Zsg, then the leading terms for
wt(x; 1) and (—1)"w~(x; 1) coincide and are expressed in terms of the Hermite poly-
nomial He,(z) of degree n. Indeed, using [20, equation (12.7.2)], U(—(% +n),z)=
e=27/4 He, (z) for n € Zx, where the Hermite polynomials are characterized by

/ He, () Hem (2)e 2°/2dz = ~/27118,m Hen(—2) = (—1)" Hen(2),
R
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and He, (z) = z" 4+ O(z" ') as z — oo. Therefore, also
wh(x:d) & e 8ED/EOG(x; 1) (T + eH(x; 1))

Hen (/2 (x: 1))
' [—%g(x;x) Hen(e™"/2g(x: 1)) + He, (e—“zg(x:x))]

~ (=1D)"w(x; 1),
which gives the approximate form of the eigenfunction of ew, = B(x; A)w(x; A) when
A is the true eigenvalue for which b = b(A) lies nearest to the approximate value —( % +

n)e. This approximation is valid over the whole range of sufficiently small negative b
corresponding to a range of nonnegative integers n bounded above by O(¢7!).

A. The functions ¢(¢) and 7 ({)

Throughout our paper, an important role is played by the function ¢ : (—1, +00) — R
defined for ¢ > 1 by

3 t 2/3
¢(t) = (5[1 \/tz—ldt) L o> (A.1)

and continued analytically to the half-line # > —1 as a Schwarz-symmetrical function. An
explicit formula for ¢ on the interval —1 <t < 1is

3 1 2/3
t(t) = —(5[ «/l—rzdr) . —l<t<l. (A.2)
t

We have the asymptotic behavior

3 2/3
o) = (Z) P+ 00, > 4. (A.3)

Note that {(¢) vanishes linearly at 1 = 1, and it is strictly increasing on (—1, +00), so it
has an analytic inverse denoted by ¢ : ({(—1), +00) — (—1, +00). It is straightforward to
show that #(¢) and its derivatives have the following asymptotic behavior:

4\ 1/2
0=(3) £Haroe.

1

3\'/?
(0= (3) ¢aroa,

(A4)

3\ 1/2
o =-4(3) casoe),

1/2
0= 1(3) a0,
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From (A.1)-(A.2), we can easily derive the differential equation

2
(j_é) @-1n=t (A5)

B. Estimates of parabolic cylinder functions

Here, we develop some simple estimates for quadratic expressions in the parabolic cylin-
der functions U(a, z) and V(a, z). These estimates take different forms depending on
whether or not the nonnegative parameter @ < 0 is bounded or unbounded.

B.1. Estimates of U(a, z) and V(a, z) for a bounded

The parabolic cylinder functions U(a, z) and V(a, z) are jointly entire in (a,z) € C2.
Therefore, both functions are bounded on any bidisk {|a| < r,} x {|z| < r;}. The asymp-
totic formule (1.10) follow from the steepest descent analysis of contour integral repre-
sentations of U(a, z) and V(a, z), and one can use this analysis to verify that the O(z2)
error terms are uniform for bounded a. Therefore, if we restrict a to a bounded interval
of negative values, say —%M 2<qg<0,and z to nonnegative values z > 0, then we may
bound the real-valued functions U(a, z)?, V(a, z)?, and U(a, z)V(a, z) by a constant on
any given finite interval 0 < z < N 2 but for unbounded z > 0, we get bounds instead
from the large-z asymptotic (1.10). We therefore define a weight function by setting

(622/42“)2, z>M,

B.1
eM*/Apa2. 0<z<M, (B.1)

Wi(a,z) = {

which has the property that it is positive and nondecreasing as a function of z > 0. Then
combining a uniform bound for bounded z with the asymptotic behavior (1.10) proves the
following.

Lemma 11 (Estimates for weighted quadratic expressions in U(a, z) and V(a, z) valid
for bounded a < 0). Fix M > 0 and define a weight function W(a, z) by (B.1). Then the
estimates

Ula,z)*W(a,z) <
V(a.z)*W(a.2)™' 5
|U(a,z)V(a,z)| < N

hold for —%MZ <a < 0andz > 0 (the implied constant depends on M ).
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B.2. Estimates of U(a, z) and V(a, z) for a large

Here, we follow [20, Section 12.10 (vii)], in which for a < 0, the functions U(a, z) and
V(a, z) are written in terms of a rescaled variable ¢ := z/+/—4a exactly in the form

Ula, z) = 2v/7(=2a)/°G(a)p () [Ai((—2a)**¢ (1) AY (15 a)
+ (—2a) 3 AV ((-2a) ¢ (1)) BY (13 0)],

B.2
V(a,z) = 247 (=2a)"* H(@)¢(1)[Bi((=2a)**¢ (1)) A" (13 a) ©2
+(=2a) " B ((-2a)**¢ (1)) BY (1 0)],
where G(a) is a well-defined function having asymptotic behavior
G(a) = %e”/z(—a)_”/z_l/“(l +0@@™"), a— —o0, (B.3)
H(a) :=G(a)/ F(% — a) has the corresponding behavior
H(a) = e 2(—a)??> V41 + 0(a™Y)), a— —oo, (B.4)

2w

() is defined in Appendix A, and

1/4
o) = ( £0) ) , > —1,

2 -1

where the positive fourth root is meant (of a strictly positive argument). The coefficients
AY(t;a) and AV (t;a) are well-defined functions having a common asymptotic expansion:

AVY (1:a) ~ Y A(1)(=2a)F, a — —oo, (B.5)
5s=0

and likewise the coefficients BY (t;a) and BY (¢; a) are well defined and have the same
asymptotic expansion:

BYY (t:a) ~ Z Bs(t)(=2a)™%, a — —o0, (B.6)

s=0

with all four expansions holding uniformly for ¢+ > —1 + § for fixed small § > 0. The
expansion coefficients have the form

2s
As(@) =507 Y B () Tz (),

m=0
2s5+1
Bo(t) = =L Y amp () T Dung 1 (1),

m=0
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in which «,, and B,, are numerical coefficients defined in [20, Section 12.10.43] the spe-
cific values of which we will not need, and ug (¢) is a well-defined polynomial in ¢ with
uo(t) = 1 and otherwise uy (¢) has degree 3k for k odd and 3k — 2 for k > 2 even.

Since £(¢) and ¢ (¢) are analytic functions for ¢t > —1, they are clearly bounded uni-
formly on compact subsets, and it is easy to see from (A.3) that ¢(¢) = (%)1/6t_1/6(1 +
0(t_1)) as t — —+oo. It is then straightforward to check that, for each s =0, 1,2, ...,
there is a constant Cg > 0 such that

|As(+)] < Cs  and t>—1+438.

B0 = o 1
Hence, (B.5) implies that, for M > 0 sufficiently large,

|AY (t:a)| <2Cy and AV (1;a)| < 2C,.
both hold if a < —%M 2andt > —1+38. Similarly, (B.6) implies that, for M > 0 suffi-

ciently large,

2C 2C
BY(t:a)| < 0 and |BY(t:a)| < 0
(1

T (L t?3 + [t1)?2/3

oth hold under the same conditions. Since also |¢(¢)| < (1 + |¢])~ ort > —1+39,

both hold under th diti Si 1 <A 1/6 f, 1+6

while (B.3) and (B.4) imply, respectively, that if M > 0 is sufficiently large,
(—20)/5G(@)] < (~2a)/® -2 \}5 e9/2(_q)=a/2-1/4 _ 92/3ca/2(_gy-a/2-1/12

and

1 21/6
|(_2a)1/6H(a)| < (_2a)1/6 ) e—a/2(_a)a/2—1/4 — e—a/Z(_a)a/Z—l/IZ
27 N
both hold for a < —1M?, from (B.2), we obtain
|U(a. z)|
ea/2(_a)fa/271/12
T A+ epye
V(a,z)|
- efa/Z(_a)a/Zfl/IZ
T A+ epye
valid for a < —%Mz andt > —1 4+ 6.
Finally, we can apply the estimates

(—2a)™*
(+ 1 |)2/3

[|A1(< 2a)*3¢(1))| + |A ((— 2a>2/3§<r>)|}

[|B1<( 2a)2/3z(t))|+ \B (- 2a)2/3§(r>)|}

(I+ |t|)2/3

—2w1/2/3 3/2
| Ai(w)] < ||—1/4, | Al (w)] < |w|1/4e_2w+ /3’
w
2?3
e 3/2
|B1(w)| S |B1/(w)| 5 |w|1/4e2wJr /3

|w|1/4 ’
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that hold for all w € R, where w denotes the positive part of w, i.e., wy = w forw > 0
and w4+ = 0 otherwise. Thus,

ea/Z(_a)—a/Z—l/IZ e4a§+(t)3/2/3
(L4 lhYe  (—a)/o|g(r)|/4

e—a/Z(_a)a/Z—l/IZ e—4a§+(t)3/2/3 |§(t)|1/2
(L4 1hYe  (—a)/o|L(r)|/4 (14223 |

Since |¢(£)|2/(1 + |¢])*/? is uniformly bounded for t > —1 4+ 8§ and a < —%M2, we
obtain simply

/
Ula.2)| < M}

-1
[”( 2 e

|[V(a,z)| < |:1 + (=2a)7!

ea/2(_a)—a/2—1/4e4a§‘+(1)3/2/3
(1 + [eDP/elg(n)]/4
e—a/Z(_a)a/2—1/4e—4a§'+(t)3/2/3
(L +[ehrelg @)/ ’
both valid for a < —%M 2and t > —1 + §. These imply the following.

|U(a,2)| <

)

[Via.2)| <

Lemma 12 (Estimates for weighted quadratic expressions in U(a, z) and V(a, z) valid for
large a < 0). Writing t := z/~/—4a for a <0, let a weight function be defined fort > —1
by

e % (—a)?, t <1,

= (B.7)

e e \aa—8abs()3?/3 _
Y(a,z) = ( a) € {e—a(_a)ae—Saé'(l‘)3/2/37 t>1,

where {(t) is an analytic function of t > —1 defined by (A.1), strictly increasing, with
(1) =0and (t) = (%)2/3t4/3(1 + 0@t YY) ast — +oo. Then for M > 0 sufficiently
large and a < —%M 2andt > —1+ 6, the following estimates hold:
1
(=a)V2(1 + [t D3¢ ()] 1/2
1
V(a,z)*Y(a,z)"' :
(@@ Coma PR
1

(=) 21+ 3L @)/

U(a,Z)ZY(a,Z) <

|U(a.2)V(a.z)| S
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