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Microlocal scattering matrix for coupled Schrodinger
operators and applications to semiclassical resonances

Setsuro Fujiié

Abstract. We consider a one-dimensional Schrodinger operator with matrix-valued potential. For
such an operator, the WKB construction breaks down, not only at the turning points, but also at
the crossing points where the potential has multiple eigenvalues. We study the connection problem
at the crossing points and compute the semiclassical asymptotics of what we call microlocal scat-
tering matrix. We apply this result to the semiclassical resonance width arising from the molecule
predissociation in quantum chemistry.

1. Introduction

The one-dimensional motion of quantum particles with mass m and energy A under the
potential V'(x) is described by the Schrodinger equation

(hD)*u(x) + V(x)u(x) = Au(x),

where D = —id/dx, h = h/~/2m, and h is the Planck constant. In the semiclassical
mechanics, 4 is regarded as a small parameter in view of the Bohr correspondence princi-
ple.

The so-called WKB solution or WKB approximation is a power series solution in /:

X o0
u(x, h) = eh®® " qp (x)h*. (1.1)
k=0

The phase function should be ¢(x) = =+ [ * /A = V(t)dt, and the first coefficient of the
symbol should be ag(x) = (A — V(x))~'/4 up to a multiplicative constant. The other coef-
ficients are determined inductively by the so-called transport equations. A problem in this
construction is that the infinite series diverge in general. Nevertheless, it was known before
the birth of WKB theory that a finite partial sum gives a good approximation to a solution
as Liouville-Green approximation, provided x is away from the zeros of A — V(x). Such
exceptional points are called turning points since they are endpoints of the classically
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allowed and forbidden regions. At these points, the phase and symbol functions of the
WKB solution have singularities. The expression (1.1) should be regarded as an asymp-
totic expansion of a true solution u(x, ) away from turning points. It is known as Stokes
phenomenon that this asymptotic expression of a solution changes in a discontinuous way
when we go beyond a turning point. Therefore, in order to know the global behavior of a
solution, it is necessary to know the connection formula between WKB solutions at each
turning point.

The WKB method applies to more general semiclassical equations. Here, we consider,
among others, a system of equations

Us

Pu=Au, u= (“1) (1.2)

for a 2 x 2 matrix-valued operator

P, W P 0 0o w

2= (e )= (5 ) (e D) a3

The diagonal entries P; and P, are Schrodinger operators with real smooth potentials

V1 and V5, respectively. The off-diagonal entries are interactions between P; and P,

which we assume to be small in /. For simplicity, W is supposed to be a multiplication

operator by a real smooth function W(x). Such a matrix-valued operator P appears in the

quantum chemistry as the Born—Oppenheimer approximation (see [19]). The semiclassical

parameter corresponds to the square root of the ratio of the mass of the nuclear and the
electron.

In such a matrix-valued case arises an interesting problem called energy-level crossing.

When the two potentials cross each other at a point x = xg; V1(x9) = V2(xg), the WKB

construction
L0 N k(@1 (X)
u(x,h) = ew%® h* ( ’ )
( k2=;) as (x)

fails at this point, in addition to the turning points of each P; (Section 2). Such a point is
also called turning point in the general 1D WKB theory, but here we call it crossing point.

In this manuscript, we study the connection problem at a crossing point of the solu-
tions to the system (1.2). More precisely, we define a microlocal scattering matrix at a
microlocal crossing point and compute its asymptotic expansion in the semiclassical limit.
Let

pi(x.§) =& + Vi(x). Hp, =0gpjdx —0xp;de

be, respectively, the classical Hamiltonian and the Hamiltonian vector field corresponding
to the Schrodinger operator P;. Microlocal crossing points are the intersection I'y (1) N
I';(A) of the characteristic sets I'j (1) := {(x,§); pj(x,&) = A}. If (xo, o) is a microlocal
crossing point, then xg is a crossing point.

Let (x9, §o) be a microlocal crossing point, i.e., p;(xg,&p) = A for j = 1,2. Suppose
dpj(xo.§0) # 0 for j = 1,2. Then, for each j = 1,2 and for small enough ¢ > 0, the
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curve y}i = Up<s<s €XptHp, (X0, £o) is an outgoing classical trajectory (integral curve of
Hp,) starting from (xo, &), and y}’ = (U_s<r<0 €XptHp, (x0. £o) is an incoming classical
trajectory ending at (xo, &). To each Y; ’b, j = 1,2, we associate a suitably normalized
WKB solution f}i’b modulo @ (h). The space of microlocal solutions on yjﬂ’b is a one-

dimensional linear vector space generated by ff’b in the germ sense (Proposition 3.1),
whereas the space of microlocal solutions in a neighborhood of (xg, &y) is two dimensional
generated by f f and fg or by f '1’ and le’. The microlocal scattering matrix is defined as the
2 x 2 matrix associated with the change of these two bases (Proposition 4.2).

We suppose V1 (x) and V5 (x) cross at x = 0 with value 0: V1(0) = 1,(0) = 0. We allow
a tangential crossing to a finite order Vl(k) 0) = Vz(k) O0)forO0<k<n-—1, Vl(")(O) #
Vz(") (0). When A > 0, I'1 (A1) and T'2(X) intersect at two points (0, V), (0, —v/X) with
contact order m = n, whereas when A = 0, they intersect at one point (0, 0) with contact
order m = 2n (see Figures | and 2 in Section 4).

Theorems 4.1 and 4.2 give the two-term asymptotic expansion of the microlocal scat-
tering matrix at a crossing point for A near a fixed energy A¢. Theorem 4.1 concerns the
case A9 > 0 and Theorem 4.2 the case Ao = 0, where the crossing point is at the same time
a turning point. The first term is the identity matrix (multiplied by the Maslov correction
—i in the turning-crossing point case A9 = 0), which implies that the quantum particles
do not change trajectory at the principal level. The second term is off-diagonal and hence
gives the change of trajectories from ylb to y§ and yzb to yf at the crossing point. It is of
order h#ﬂ’ and the coefficient is explicitly computed. This coefficient is non-vanishing
near A in the case A¢ > 0, but presents an interesting behavior in the case Ao = 0, reflect-
ing the fact that the intersection of I'y (1) and I'(4) splits to two points when A becomes
positive, while it disappears when A becomes negative. It is expressed by a generalized
Airy function.

To obtain these asymptotic formulas of the microlocal scattering matrix at a crossing
point (xo, &), we compare the microlocal WKB solutions with the local exact solutions
near xo, constructed in [8] (Lemma 5.2), and deduce the microlocal scattering matrix
from the connection formula of the local exact solutions. They are infinite series solutions
inductively determined by solving the inhomogenous equations for the operators P; — A
and P, — A one after the other, which are convergent for sufficiently small 4z (Lemma 5.1).
We construct two bases of local exact solutions whose asymptotic behaviors are known
modulo @ (h) on the left and the right of xg, respectively, and compute the Wronskian
between these bases at x¢. It turns out that the subprincipal terms, which determine the
subprincipal terms of the microlocal scattering matrix, are given by an integral of the form

/ ar(x, h)eT O hg, (x h)et 20y (x)dx,

where a; (x, h)e*9 )/ h are the WKB solutions to the scalar Schrodinger equation P U=
Au. This is an oscillatory integral over an interval containing xo with a phase function of
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the form with four patterns of signs:

£41(0) £ ha(0) = £ G- io)hdr £ G- vae)ar

It has a critical point at the crossing point x¢ when the two signs are different, and the
(degenerate) stationary phase method gives the asymptotic expansion of this oscillatory
integral.

The last part of this manuscript (Sections 6 and 7) is devoted to an application of the
microlocal scattering matrices at crossing points to a global scattering problem. We study
the semiclassical distribution of the quantum resonances of the operator P, assuming that
P; has eigenvalues created by a simple well potential and that P, has continuous spectrum
near the energy Ao € R in question. Due to the presence of the interaction, the matrix-
valued operator P may have resonances close to the eigenvalues of P; (Fermi’s golden
rule). We prove the existence of such resonances and compute the asymptotic formula of
the imaginary part of these resonances (Theorem 6.1), which describes the lifetime of the
corresponding semibound resonant states. Starting from the fact that the resonant state
is microlocally infinitely small on the incoming (from infinity) classical trajectory, we
can compute, using the microlocal scattering matrices at crossing points, the microlocal
asymptotic behavior on all the classical trajectories on I'y (1) U T'»(A4). In particular, we
deduce the resonance widths from the microlocal asymptotics on the outgoing (to infinity)
classical trajectory (Proposition 7.1).

2. Construction of WKB solutions

We formally construct a WKB solution u = (u1, u3) to the system (1.2) in the WKB
form

ll(X,h) — ei¢(x)/ha(x,h), a(x,h) — (al(x’h)) ~ th (al,k(x)) . 2.1)
k=0

az(x, h) as g (x)

Since e_%d’(")(Pj — A)(ew(x)aj) =) +V; —Na; + %Laj — hza}’, where L
is the first-order differential operator L = 2¢’ % + ¢”, equation (1.2) with (2.1) requires
the coefficients a; ;. to satisfy

(¢/)2 + V=2 0 —iL w 42 -

( 0 @2+ Va2 ) Ty i) M T a2 =022

forall k = 0,1,2,..., with the convention that a; _, = a;j,_; = 0. In particular, when
k = 0, one has

(@) +Vi—A 0 _
( . G T A) ap = 0. 2.3)
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In order to obtain a non-trivial sequence of coefficients, we should require either (¢')? +
Vi—A=0o0r(¢')% + Vo — A = 0. Let ¢ satisfy the first one,

(@) + Vi(x)— A =0. (2.4)

This is the eikonal equation for the WKB solution to the single equation (P; — A)u; = 0.
It determines the phase function ¢; up to an additive constant. If x is in the classically
allowed region {x; V1(x) < A}, then the solution of (2.4) is written as ¢(x) = ¢ (x),

where .
@i (x, xo) =/ VA=V;@t)dt, j=1,2. 2.5)

Here, x is an arbitrary point in the classically allowed region. We will usually take as this
point a turning point.
With this ¢ = ¢;, the second condition in (2.3) becomes

0 0 . _,
0 V-1 )"

az,o(x) =0, (2.6)

and hence, we have

unless V;(x) — V2 (x) vanishes identically.
The recurrence equation (2.2) becomes

Llal,k_l = ia/l/,k—Z — iWaz’k_l . (27)
(Va(x) = Vi(x))azx = ilraz -1 +ay ;5 —Way g1, (2.8)

for k > 1, where L; = 2¢} 4L + ¢/ for j =1,2.
The transport equation (2.7) with k = 1 gives L1a;,0 = 0, which is the first trans-
port equation for the single equation (P; — A)u; = 0, and the solution is given up to a

multiplicative constant by
1

A =Vi(x)F

Next, the transport equation (2.8) with k = 1 yields, with (2.6),
W(x)

(Vi(x) = V2 () (A = Vi (x)) s

The second coefficient a;,; of the first entry satisfies

ayo(x) =

az(x) =

)I/ _l W(x)2
(A= Vi(x))s Vi(x) = Va(0)(h = Vi(x))+

i

Llal,l = ia’l/,o —iWaz,l = (

This is a first-order linear differential equation and is uniquely solved in any interval in
the classically allowed region for p; free from turning point and crossing point when an
initial condition ay,1 (x1) = 0 is imposed at some point x; in this interval.
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In the same way, we inductively determine a; by (2.7), and a;, x by (2.8) one after
the other. Thus, we obtain formal a power series solutions of the form

az,k(x)

1) 1 *
=— (0) +h W) +. ], (2.9)
(A=V1(x))4 VO—V2()

where we omit the computation of * = (A — 1} (x))%al,l.
Similarly, starting from the eikonal equation (¢5)? + Va(x) — A = 0, we get other
formal solutions:

eT592(%) 0 W(x)
uf(x,h) = ——— ( ) +h | 2OV ) ) (2.10)
(A= TVa(x)s \\I *

As in the usual single Schrodinger equation case, these expressions of solutions have
singularities at the turning points, i.e., the zeros of A — V;(x). In our matrix case, more-
over, they have additional singularities at the zeros of V7 (x) — V,(x), which we will call
crossing points.

These apparent singularities are due to the divergence of the infinite series. To give
a sense to these divergent series, we take a Borel sum. Namely, we construct functions
u]-JF (x, h) which have the infinite series as their asymptotic expansions as i — 0. We

wE(r ) = R 3 g (“lk(x))
k=0

denote them again by the same notations uj-: (x, h). They are no longer solutions to our
system (1.2), but are only quasi-modes; i.e., they satisfy

(P —Nuj” = O(h™).

uniformly in an interval contained in the classically allowed region away from turning
points and crossing points. We see in the next section that they can be regarded as microlo-
cal solutions when restricted to the characteristic set in the phase space.

We finally recall, before ending this section, that our construction of WKB solutions of
the form (2.9) and (2.10) depends on the choice of the base point x¢ of the phase function
and the base point x; of the symbol function. In the following, we specify the choice of
Xo, but we do not specify x;. The change of x; results in an error of order % since this
choice first appears for a1, as we saw above.

3. Microlocal WKB solutions

We now introduce a notion of microlocal solution. Let & be the dual variable of the position
variable x, which stands for the momentum. The phase space is the product space R, x
R¢, which is a symplectic manifold equipped with the 2-form dx A d§.
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Let (xo, &) be a point in the phase space. We say that an h-dependent function
u(x,h) € L*(R; C) with ullp2(r) is microlocally infinitely small (see [23]) at (X9, o),
and write

u=0 at(xo,%),

if there exists a smooth function y¢(x, £) bounded with all its derivatives satisfying

xo(x0.60) =1

such that
28 ullL2@) = O (™)

as h tends to 0. Here, )((I;V is the Weyl quantization of the symbol y¢(x, £), namely, the
semiclassical pseudodifferential operator defined by

1 i +
e = o [ ot (SE e e

A vector-valued function is said to be microlocally infinitely small at a point in the phase
space if each element is microlocally infinitely small there. The complement in the phase
space of such points is called frequency set and denoted by FS(u).
We also say that u is a microlocal solution to the system (P — A)u = 0 at (xo, &) if
(P —A)u = 0 at (xo, &).
Let
i) =8+ V(). j=1.2.

be the classical Hamiltonians associated with the Schrédinger operator P;. The character-
istic set of P — A is defined as the union of the characteristic sets I';(A) of P;, j = 1,2:

FQ) =T UT24), T;) ={(x,§): pj(x,§) = A}.

Each characteristic set I'j (A) consists of curves symmetric with respect to the x-axis; i.e.,
if (x,€) € IT'; (), then (x, —§) € I';(1). The intersection points (x, 0) of I'; (1) with the
x-axis are called turning points.

We call microlocal crossing points the intersection of I'; (1) and I'; (1), i.e., the points
(x, &) such that p;(x, &) = pa(x, &) = A. Recall that we also called crossing points the
zeros of V1 (x) — Va(x). Let us call these points crossing points and those points microlo-
cal crossing points. Then, if (x, £) is a microlocal crossing point, x is a crossing point.
But if x is a crossing point, the microlocal crossing points exist only when A is greater
than or equal to the crossing value V;(x) = Va(x) =: A.. The microlocal crossing points
associated with the crossing point x are (x, £+4/A — A.).

It is well known in the theory of semiclassical and microlocal analysis (see, for exam-
ple, [7,23,30]) that the frequency set of a solution to a scalar semiclassical pseudodiffer-
ential equation is included in the characteristic set and that it propagates along the integral
curve of the Hamiltonian vector field (we call such a curve classical trajectory in what
follows) of the real principal-type symbol (propagation of frequency sets).
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These facts also hold in our matrix case in the following sense: if u € L?(R; C?) with
[lull < 1 satisfies ||(P — A)u| 2 = O(h%°), then u = 0 outside I'(1).

If, moreover, u is microlocally infinitely small at a point on a connected classical
trajectory y; C I'1(A) \ I'2(A) of p; [resp., y2 C T'2(A) \ T'1(X) of p,] where p; [resp.,
p2] is real principal type, then u is microlocally infinitely small at any point on y; [resp.,
y2]. Remark that the propagation of frequency set does not hold beyond a microlocal
crossing point. As we will see later, the frequency set on one of I';(1), j = 1,2, may
propagate to the other one after the microlocal crossing point.

Now, let us observe the frequency set of the WKB solutions u]j-:, j = 1,2, that we
constructed in the previous section. Let I'; (1) be the set of turning points and "¢ (1) the
set of microlocal crossing points:

Fi(A) =T (M) UT2:(A), T (A) :={(x.0): V;(x) = A},
Fe(A) :=T1(A) NT2(A) ={(x.§); Vi(x) = Va(x) = A, § = £V/A = Vi(x))}.

To each function ujj.t, there corresponds a connected component y of the set I'(1) \
(T'¢(X) U T¢(A)) in the phase space. This component y is chosen in such a way that it
belongs to I']“—L A)=T;A) N{(x,§); =& > 0} and u_IjF is defined in its x-projection ().
According to this correspondence, we write f, := ujﬂ-E and call it microlocal WKB solution
on y. Recall that the WKB solution u]ﬂF depends on the choice of the base point x¢ € 7 (y)
for the phase function ¢; (x, xo) (see (2.5)), and the base point x; of the symbol. When

necessary, we will also denote f, = f,, , specifying the point p € R? on y such that
(p) = Xp.
The microlocal WKB solution f, satisfies
(@~ = 0(¢™) inx(y),

as we saw in the previous section. Moreover, f,, is microlocalized exactly on y in the
region 7(y) x R¢ of the phase space. In fact, the set y is a Lagrangian manifold defined

by
£=2¢;(x) =%/A-V;(x)

for x in the classically allowed region for p;, and the stationary phase method applied
to the integral (3.1) for the WKB expression (2.9) or (2.10) of ujﬂF gives a non-trivial
asymptotic expansion only for (x, &) on y. The phase function of this integral is (x —
)€ £ ¢;(»), and the critical point is given by (v, ) = (x, £¢'(x)).

On the contrary, to each connected component y of the set I'(A) \ (T'; (1) U T'c(1))
a microlocal WKB solution f,, is associated. Moreover, the vector space of microlocal
solutions on each y is one dimensional. In fact, if y C I'1(A) \ ['2(1), say, the operator
P; — A is reduced to the normal form /2 D, while P, — A is elliptic there. Therefore, it is
generated by f,.

Summing up, we have the following proposition.
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Proposition 3.1. Letu € L2(R; C?), |[u||z2 < 1, be a solution to the system (1.2). Then,
for each connected component y of the set T'(A) \ (T'y(X) U ' (L)), there exists a complex
number o, such that

u=o,f, ony.

Remark 3.2. The number «, is determined up to @ (2°°) when the base points of the
phase and the symbol are specified, but up to @ (/) when only the base point of the phase
is specified.

4. Microlocal scattering matrix at a crossing point

If we know the complex number «,, for all the connected components y of I"(1) \ I';(1) N
I’ (1), we have all the microlocal information of u in the phase space since u is microlo-
cally infinitely small outside the characteristic set I'(1), as stated in the previous section.
This permits us to know the global behavior of u modulo O (A°°), which leads to the
asymptotic study of eigenvalues or resonances. In fact, it holds that if a solution u €
L2(R;C?), |lulz2 < 1, to the system (1.2) is microlocally infinitely small everywhere in
I x R for aninterval I C Ry, then [ul|z2(;y = @ (h*°). Namely, the microlocal behavior
in I x Rg¢ determines the local behavior in / modulo @ (7).

Thus, the global study of solutions to the system (1.2) is reduced to the connection of
the coefficients «, at each turning point and crossing point. The connection problem at a
turning point is well known at least for the scalar case in general dimension as Maslov’s
theory (see [25]). In the system case also, similar formulas hold as long as the turning
point is not a crossing point.

4.1. Connection at a turning point

Let (x*,0) € T'; \ I';. Suppose, for example, it is a turning point of pq: (x*,0) € I'; ;.
We assume that it is a simple turning point, i.e., V] (x*) # 0. Then, there are exactly two
connected components of I'(1) \ T';(1) U I'.(4) which have the turning point (x*, 0) as
an extremity. Let yb be the one which has (x*, 0) as endpoint of the Hamiltonian flow
exptHp, onitand y*# the other one. In other words, " is the incoming classical trajectory
to (x*,0) and y¥ is the outgoing classical trajectory from (x*, 0).

Let f, and fy be microlocal solutions defined on ¥, and yy, respectively, with phase
functions ¢ (x, x*) based on the turning point x* (see (2.5)), and let oy = @y, and ap = aty,
for short where «y, and w,, are defined by Proposition 3.1. Under this setting, the follow-
ing asymptotic connection formula holds. For the proof, we refer, for example, to [9].

Proposition 4.1. Letu € L?(R; C?), ||lu||z2 < 1, be a solution to the system (1.2). If

u=owmfy, ony,

u=oyfy onyy,
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N v

Figure 1. Potentials V] and V5.

then it holds modulo O (h) that

. iz
oy = —Iap =€ " 20p.

4.2. Connection at a microlocal crossing point

Now, we study the connection at a microlocal crossing point. Let p := (xo,&0) € Ry x R¢
be a microlocal crossing point p € I':(1) = I'1(4) N I'2(1). We assume without loss of
generality that xo = 0 and

V1(0) = V»(0) = 0. 4.1

We, moreover, assume that V7 (x) and V,(x) intersect at x = 0 at a finite order; i.e., there
exists n € N such that
VR0 —vP0 =0 O0<k<n—1), V™0 -0 #£o0.

If A > 0, one has & = ++/A and there are two crossing points p4 := (0, v/A) and
p— = (0, —VA) symmetric with respect to the x-axis. They are not turning points. If on
the contrary A = 0, one has & = 0 and p = (0, 0). This is not only a crossing point but
also a turning point. This is the case we avoided in the previous subsection. In this case,
we will assume that x = 0 is a simple zero of V;(x) and V,(x):

Vi) # 0. V3(0) #0.

Above the crossing level A > 0, T'; (1) and T'»(1) intersect at two points (0, +/A) and
(0, —+/1) and the contact order m at these points is both n:

HY p2(0.£vV2) =0 (0<k <n—1), H!p0.£vV2) #0. 4.2)

On the contrary, at the crossing level A = 0, I';(0) and I';(0) intersect at one point (0, 0)
and the contact order m at this point is 2n:

Hy p2(0,00=0 (0<k<2n—1), Hy'py(0,0) #0. (4.3)

1
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Figure 2. Characteristic sets I'1 (1) and T2 (1).

As in the previous case of a turning point, we denote y;, y; 4 for each j = 1,2 the
incoming and the outgoing classical trajectories on I'j (1) having p as their extremity. We
write also o, ;4 as the coefficients oy, |, Ay, defined in Proposition 3.1.

Proposition 4.2. Let f;, f; 4 be the microlocal solutions to (1.2) defined on y;, yj 4 for
each j = 1,2 with the phase base point at the microlocal crossing point p. Then, there
exists an h-dependent constant 2 x 2 matrix T such that ifu € L>(R; C?), |lu|jz2 < 1 is
a solution to the system (1.2), and if oy, o; 4 are defined for each j = 1,2 by

u=a;pfip onyjp,

u=oq;sfis onyy,

(22) =7 C2)
o2 ®2.b
Remark 4.3. Here, we do not specify the symbol base point, and hence, the microlocal

WKB solutions are defined up to @ (%) only. That is why the microlocal scattering matrix
is determined up to @ (h).

then it holds modulo O (h) that

We call the matrix T'=(Zjx ) ; k=1,2 microlocal scattering matrix here, since it describes
the outgoing waves in terms of the incoming ones. The diagonal entries #;; stand for the
transmission of particles along I';(A), while the anti-diagonal entries #;; stand for the
“change of trajectories” from I'y (1) to I'; (1) at the crossing point. Such a notion was first
introduced by Colin de Verdiere in [6], where he calls T local scattering matrix.

Proof. The two pairs (£ ,,f; 5) and (f; 3, f; 4) are bases of the vector space of the microlo-
cal solutions in a neighborhood of p. In fact, it can be shown thatifu = 0 on y;, U ya,
thenu = 0 on y; 3 U 5 4, and vice versa. m
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We are interested in the asymptotic behavior of the microlocal scattering matrix in
the semiclassical limit 4 — 0. For the sake of the application to the resonance asymp-
totics, we fix a real energy A¢ and consider the microlocal scattering matrix for A’s in a
complex neighborhood of Ag: R, (81,82) :={A € C;|Re A — Ag| < 81, [ImA| < 85} for
h-dependent small §; and 6,.

Let us begin with the generic case where the crossing point in question is not a turning
point.

Theorem 4.1. Suppose Ay > 0 and let T+ be the microlocal scattering matrices at the
crossing points p+ = (0, +/Ag). Then, there exist C > 0 and & > 0 such that T4+ satisfy,
for A € R,,(Ch, Ch), the asymptotic formulas

T, = Id_ihﬁ (3) c(())) + O(h#“) ash — 0, “4.4)
T —1d—ihw (g ‘(’)’) + O ash — 0, 4.5)

where the constant w € C is given by

1
2n 4 1)! W n 2
® = in (n+ D a7 (2 ), (4.6)
(n) (n) 0 41
[Vi7(0) =V, (0)] n

exp (ﬁ sgn (Vz(") (0) — Vl(") (0))) when n is odd,
Mn = .
cos| ———— when n is even.
(75)
Remark 4.4. The transversal case n = 1 was computed by Colin de Verdiere in [6] using
the Landau—Zener normal form reduction. We also mention the multiphase method due to
Kucherenko [20]. It was also computed in [9] under the assumption that the interaction W
is a first-order differential operator W = ro(x) + i r1 (x)h D, with real-valued coefficients
ro(x) and rq (x), elliptic at the crossing point, i.e., ro(0) = ir1(0)~/A¢ # 0. In this work,
the scalar normal form x£ (see [13,28]) was used.

In the tangential case n > 1, the result is due to [2]. Notice in (4.6) that the second
term in (4.4) and (4.5) vanishes when the interaction W vanished at the crossing point
x = 0. In such cases, the precise second term was computed by Louatron in [21].

Recently, Higuchi, Louatron, and Taira have established a microlocal normal form
for general 2 x 2 matrix-valued semiclassical pseudodifferential operators at a tangential
crossing point. Using this normal form, the computation of the above formulas becomes
much simpler [16].

Next, we consider the particular case where the crossing point is also a turning point.
Notice that Ag = 0 is a transition energy in the sense that there are two microlocal crossing
points near (0, 0) for small positive energies A above this level, whereas for small negative
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energies below this level, there is no microlocal crossing point near (0, 0). Such transition
will be expressed in terms of a kind of generalized Airy function. It is defined by

1 n
A,(A) = E/Rexp(i/o ()k—i—rz)”dr)dn.

This coincides with the standard Airy function when n = 1:
1 ; 3
A1() = Ai(d) == — [ Ot gy,
2 R

As this standard one, the generalized Airy function A, (4) has the following asymptotic
properties as A — +o0.

Proposition 4.5. As A — +00, one has

1
1 . b4 n+2\(n+ 1\ _ __=a 1
An(A) = p sm(n " l)r(n " 1)( > ) A7204D exp(—c, A" 2),

while as A — —oo, one has

l
2 2 1)\ »t1 __n
An(x>=;r(”+ )(+ ) o (WA~

n+1 n

Here, the constant ¢, and the function a, (1) are given by

2
= [ (-rpar= O =

1
cos(c|A["T2 — %) for even n,

cos cos(cn|)t|”+%) foroddn.

T
2(n+1)

Using this function, the microlocal scattering matrix at a turning crossing point is
expressed as in the following theorem [3].

Theorem 4.2. Suppose Lo = 0 and let T be the microlocal scattering matrix at the cross-
ing point pg = (0,0). Then, there exist C > 0 and & > 0 such that Ty satisfies the asymptotic
formula

iTy = 1d — ih 7T (2 ’S) L OMhFE) ash — 0,
for A € RAO(Ch%H, Ch), where k = k(A, h) is given by

_ W)yl P A VP20 - v,"(0)

q - ) q .
VIOV T\ V0)V0)]2 ke TR OTAOIE

Remark that the quantity in the function A, is in the form —cA/h 2 with a positive
constant ¢, and is bounded in 4 when A is in the complex rectangle R, (C hzfﬁ, Ch).
But if we take C large enough, we see from this theorem and Proposition 4.5 that the
number « oscillates when A/ hanFT s positive and large, and that « is positive and small
when A/ haneT s negative and large.
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5. Local exact solutions and microlocal scattering matrix

Let p be a microlocal crossing point in the phase space. Recall that, under (4.1), p =
p+ = (0, /Ag) or p_ = (0, —+/Ag) when 1o > 0 and p = (0, 0) when Ao = 0. In order
to compute the microlocal scattering matrix 7" at p, we construct local exact solutions to
the system (1.2) in a small neighborhood I of x = 0.

Here, we study this only in the case Ay > 0. It is known that there exist exact solu-
tions ujj.E to the scalar Schrodinger equations (P; — A)u = 0 for each j = 1,2 with the
semiclassical asymptotic behavior

_1 i [*
u;t’\'()t—Vj(X)) iexp(:I:E/O 1/)L—Vj(z‘)a’t), ash — 0,

in the classically allowed region for A close to A9 > 0. We can assume without loss of
generality that the Wronskian of u;f and u;; is exactly given by
Wl ur)=utw;) —u;ul) = _H
PR I B NN T Ty
We suppose here that the smooth function W(x) has a compact supportin /. Let K; 7
and K g be the operators acting on functions f in C°°(R) defined by

Kinf =5 [ 0u7 ) =1 @ )W) 0y,
Kirf =5 [ (0 00u7 ) = (e 09) W) £ ().

They satisfy
(P = VK;Lf = —hWf. (P = NKjrf = —hWF.

Using these operators, we construct exact solutions to the system (1.2) by a successive
approximation. The following lemma can be proved using the same argument as the proof
of the next Lemma 5.2.

Lemma 5.1. For S = L, R, we have

_1 _1
K15 K2,sll8cay = Ohm+1), ||KzsKisllacay = O(hm),

where B(C (1)) is the space of bounded linear operators on the space of continuous func-
tions C(I) on I, equipped with the usual operator norm.

This lemma implies that the infinite sums
o0 o0
Jiz,5 == Z(Kl,SKz,S)k, Joi,s = Z(Kz,SKl,S)k
k=0 k=0

converge for sufficiently small / in the space B(C (7)) of bounded operators on C([).
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For S = L, R, we set

J uFE ut 1
+ — 12,5 U7 — 1 O(hmsi
Wis (Kz,Sle,SMI*L) (Kz,SMI*L) +0( ).

K1 gJo1 sus K sus 1
+ —— 1,SJ21,SUy _ 1,SU5 O (hmst
V2.5 ( Ja1, sy ) ( uy ) + OG-

We see that these 8 functions Wis for j =1,2, S = R, L, and ¢ = +, — are all exact
solutions to the system (1.2) in the interval /.

Let y jﬂ’:b be the incoming trajectories to the crossing point p4+ and y jj’:# the outgoing
ones from p+ along I'; (Ag) in 1 x Rg:

y]j; =Tj(Ao) N{(x,&) € I xR;x <0,& > 0},

yjfﬁ =T(ko) N{(x,6) € I xR;x >0, > 0},

Vip = Tji(do) N{(x.§) € I xRix >0, <0},

Yig = Fi(Ao) N{(x,&) e I xR;x <0,§ <0},
and let fji,b and fj.f# be the microlocal WKB solutions on y]fb and y].ﬂfn, respectively, with
phase base point at p+.

We easily see the asymptotic behavior of wi:L on the left of the origin 7 N {x < 0}
and that of wjﬂFR on the right of the origin I N {x > 0}.

Lemma 5.2. The exact solution wl+ 1, microlocally behaves like

+
f;r,b On Y1 b
L= 5.1
0 Onyl’,ﬁUy;’bU)/;,ﬁ

modulo O (h) as h — 0. Similarly, the other solutions WfL and wij behave microlocally
like

+ +
N o onvjh, N fa onviy
W. = W. =
Pk 0 Uyl Uys R 0 Uyt uyr
on ‘}/]’ﬂ yf,b J/]c’ﬁ, on y],b )/jA,ﬁ Vf,b’
~ fi0 onvip ~ £ onvip
W],L = W],R =
0

+ — + + - +
0 ony’, U yj’n U yj’b, ony'y U yf’b U ym,

modulo O(h) ash — 0 for j = 1,2.
Proof. We only prove (5.1). Recall that, modulo Q(hmiﬂ), we have

Wi ="l KaLuy),
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and

Ko puf(x)

% / (13 )z () = w3 ()uz M)W (v)dy

%ui(x) /_oo MZ(y)uT(y)W(y)dy—%ME(X) /_oo uy (Nuf (MHW(y)dy.

The last two integrals are oscillatory integrals with integrand

ugut W = d exp(i / y(E—vl(z))i—(E—Vz(r))idz), 52)
(E-V))s(E=Vy)s  \hJo

futw= W (’_ B 3 _ id)

W= e ee(f | EhtE-votar). 63

The first integrand has a critical point at the crossing point y = 0, but it is outside the
integration range when x < 0, and the second one no critical point. Therefore, the integrals
are both @ (h). This ends the proof. |

The 4 solutions (th, w;"L, WI_,L, W;’L) as well as the 4 solutions (WIR, W;’R, wl_,R,
w, R) make two bases of exact solutions to the system Pu = 0 in /. Therefore, there exists
a constant 4 x 4 matrix A such that

+ ot - - N (et + - -
(WY 1 Wy [ Wi Wo 1) = (W g Wy g Wi g W, g)A. (5.4)

According to the previous lemma, we find the following lemma.

Lemma 5.3. The microlocal scattering matrix T at the crossing point p+ = (0, +/Ag) is
equal modulo O (h) to the 2 x 2 block matrix Ay of

A A A
Az Az

We are now going to compute A at the principal level modulo (9(hm%1) in the semi-
classical limit. We rewrite the definition (5.4) of A4 in the form

+ + — - + + - —

WiL Wa.L WiL Wor Y [ Wir Wa.R WiR Wa,R
(WT,L)/ (WZL)/ (Wl_,L), (W;,L)/ (WT,R)/ (W;:R)/ (WI_,R)/ (Wz_,R)/

and look at this identity at x = 0. Here, ' stands for the derivative with respect to x. Notice

that both sides are 4 x 4 matrices. The first column vector on the left-hand side is

defined by (5.4).

(i (0), (K2,.u{)(0), () (0), (K2,.ui) (0)).



Microlocal scattering matrix 455

The term ( K>, Luf)(O) is expressed in a linear combination of u; (0) and u5 (0):

(Ko, u7)(0) = 15/_ (uz (D3 (v) —uz (uz (M)W (9)dyle=o
; 0
= lif_ (u3 ()3 (y) — u3 O)uz (M)W)ui (v)dy
= ciy3 (0) + ei23 (0),
with
o .
‘i = ZE/_OO uy Muf MWy, ey = —% [_Oo uy (Nu (MW (y)dy.

Similarly, (K>, Lui")’ (0) is written in linear combination of (u;' )’(0) and (u3)(0):
(K2,0u7)'(0) = ¢ (u3)'(0) + ¢ (u3)' (0).
We define a matrix B by
uy (0) 0 uy (0) 0
0 uj (0) 0 u; (0)

@) (0) 0 (u7) (0) 0
0 @) 0 (uz)0)

B =

Then, we have

+ + - -
WiL WoL WiL WL _
+ Vv + — -V = B(I + (1),
(WI,L) (WZ,L) (WI,L) (WZ,L) x=0
+ + - —~
Wi.R Wo.R WiR Wo.R .
+ v + R -y = B(I +Cr),
(WI,R) (Wz,R) (WI,R) (Wz,R) x=0

where Cg, S = L, R are 4 x 4 matrices of the form
0 oy 0
Cs = cl+S 0 C;'S 0
0 g 0 o
cis 0 g O

. :t .
The entries ¢ ;L are given by

TR A - i + vyt
=t O OWOMy. == | wromrmwoay.

2 2 )
. 0 . 0

=5 [ o oWods, g ==5 [ o oweay.
i [° i o

Car = 5/_00 uy My MWy, ey =—7 /_Oo uy (Nuz MW ()dy.

and Cﬁe are given similarly with the lower endpoint of the integral replaced by +oco.
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Remark here that Cy,, Cg are of (9(}1#1), In fact, as in the proof of Lemma 5.2, the

+

entries ¢jg are oscillatory integrals possibly with a critical point at the origin. The order
of this critical point is the contact order n = m of the two potentials, and hence by the
degenerate stationary phase method, we see that it is of order s m+T.

Then, we obtain, for 4 small enough,

A=I+Cr)7II +Cr)=1+CL—Cg+ O(hms1)

0 of
+
c 0
=7 1
+ 0 ¢
cg 0

ot =5 [ utonsewoa,

2 /-

ot == f uy (Vud (HW(y)dy.

2 )

of =5 [ wenEowoa.

2 )

=1 /_ uy )y (N W()dy.

2

+

Cy

0

4
0

+O(hmT),

& =-1 / uF ot (OW()dy.

2)
i =5 [ _wtoutowoay,
i =5 [ oW,

=3 f_ O WOy,

The semiclassical asymptotics of these entries are obtained by the stationary phase

method again as in the proof of Lemma 5.2. Remark that the off-diagonal entries ¢

+
1°

c;r of the block A11, which are the second terms of the microlocal scattering matrix T4,
include as integrand the product of two WKB solutions with different signs like (5.2).
The phases of these oscillatory integrals have a critical point at the crossing point y = 0.
Contrary to the case of Lemma 5.2, the critical point is in the range of integration, and the
stationary phase method gives the asymptotics of these integrals. Notice that the critical
point is degenerated in the general case n > 2, but in our one-dimensional setting, it is not

difficult to compute it (see, e.g., [17])

More precisely, we have the following asymptotic formula, which gives Theorem 4.1:

o = —iwhwst + O(hne1), ¢ = —idhnei + O(hni1),

where w is given by (4.6).

6. Application to the semiclassical distribution of resonances

As an application of the results of Theorems 4.1 and 4.2 in the previous section, we study
the resonance asymptotics of the matrix-valued operator P defined by (1.3). The following
microlocal strategy for the resonances of a matrix Schrodinger operator was also used

in[9, 14, 15].
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6.1. Fermi’s golden rule

We assume that the functions V7 (x), V2(x), and W(x) appearing in the operator (1.3) are
all real-valued on R and analytic in an angular complex neighborhood of R,

8:={x € C; |Imx| < (tan 6p)(1 + |Re x|)},

for some positive constant 8y < /2. Moreover, V;(x), V2(x) have limits as Re x — 00
in this domain; for j = 1, 2,

Vi(x) — VjjE as Rex — £o0 in 8.

For W(x), we assume that it is bounded there.

We fix a real energy A¢ € R, near which we will study the distribution of resonances.
We assume that 17(x) is a simple well-type potential with respect to this energy level
Ao and that V5(x) is non-trapping type. In the terminology of quantum chemistry, V; is
bonding while V5 is anti-bonding. More precisely, we assume the following assumptions.

For V1, we assume V1+, Vi~ > Ao and there exist ag < bg such that

Vi(x) — Ao
(x —ag)(x — bo)

Remark that a¢ and by are simple zeros of V1 (x) — A¢, called simple turning points. The
characteristic set I'1(Ag) is a simple closed curve, and the classical trajectory is periodic
along this curve.

For V>, we assume V,” < g < V2+ and there exists ¢g € R such that

>0 VxelR.

V2(x) — Ao
X —Co

>0, VxeR.

Remark that cq is also a simple zero of V;(x) — Ag. The characteristic set I';(A¢) is an
unbounded curve. The classical trajectory (x(¢), £(¢)) along this curve tends to

(—00, Fv/Ao) ast — +oo

(see Figure 1 in Section 4).

Under the above assumptions, the spectrum of P; near A consists of (simple) eigen-
values. In the semiclassical limit # — 40, they are approximated by the energies satisfying
the so-called Bohr—Sommerfeld quantization rule (see [18,27,29]):

—et AN/ — (6.1)

where #(A) is the action of the classical Hamiltonian p;(x, £) defined as line integral of
the one form £dx along this curve:

AL) 1= /Flm Edx.
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It is a smooth function of A with #’(1) > 0, and the derivative A'(1) is the period of the
classical trajectory on I'1 (1). The condition (6.1) can be rewritten as

AQ) = 2k + Drh, keZ,

and hence, the eigenvalues near A¢ are a sequence with interval ~ 2/1/ A (Ag).

On the other hand, the spectrum of P, near A consists of continuous spectrum. It is
also known by [12] that there is no resonance in an A-independent small complex neigh-
borhood of A¢ for & sufficiently small. (In the case of only C* potential, the resonance
free zone is smaller with imaginary part of order 4| log k|, see [24].)

The matrix-valued operator P is self-adjoint in L2(R; C2) with domain H?(R;C?). Its
spectrum near A consists of essential spectrum. In the trivial case where the interaction is
absent, i.e., W(x) = 0, the spectrum of P near A is of course the union of the spectrum of
Py and P», i.e., the continuous spectrum with embedded eigenvalues. In the general case
with non-trivial interaction, it is expected that the eigenvalues shift in the lower complex
plane as resonances (Fermi’s golden rule).

The resonances of P in a sufficiently small complex neighborhood of A¢ are defined
as the values A € C such that the equation

Pu = Au

has a non-trivial “outgoing” solution u. A solution u is said to be outgoing if the complex
dilation u(xe??) with a small enough 0 < 6 < 6 is in L2(R; C2). Remark here that
u(xe'?) is well defined for 0 < 6 < @y thanks to the analyticity of the coefficients of the
operator P in the angular domain 8. Equivalently, the resonances are the eigenvalues of
the non-self-adjoint operator

fpg = Ug TU,Q,

where Uy is the dilation operator Upu(x) := u(xe’?). The spectrum of this non-self-
adjoint operator Py consists of the essential spectrum (J;_ 5 -4 (V] + Rie 2% and
complex eigenvalues, i.e., resonances, possibly appearing in

(Vy + Ry () (v +Rie™).
j=12,e=%

We denote by Res(?P) the set of resonances of P. The rectangular domain R, (61, 8>) does
not contain the essential spectrum of Py for V,~ < Ao < min( vt Vli) and for sufficiently
small (depending on 6) §; and §,.

The imaginary part of the resonances (resonance width), interpreted as the recipro-
cal of the lifespan of the semibound state, should be closely related with the interaction
between the two classical dynamics of p; and p,. Intuitively, particles trapped in the peri-
odic trajectory I'; may change the trajectory to I', thanks to the interaction and escape to
the infinity. We naturally expect that the “probability” of this change of trajectory from I'y
to I', should govern the resonance width in the semiclassical limit, and the higher is this
probability, the wider is the resonance width.
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6.2. Resonance asymptotics in the presence of crossings

In the case where the two potentials have a gap infyer |Vi(x) — Va(x)| > 0, the two
trajectories I'; (A¢) and T2 (4¢) are disjoint. Even in this case, an exponentially small in &
interaction exists (called phase space tunneling), and it has been shown that the resonance
width is exponentially small (e.g., [4, 10, 11,22,26]).

We are interested in the case where

C1(Ao) NT2(Ao) # 0. (6.2)

This implies that the two potentials V; and V, cross at least at one point. We assume for
simplicity that the origin x = 0 is the unique potential crossing point with crossing value 0

V1(0) = V»(0) = 0. (6.3)
We allow that the crossing be tangential, but assume that the contact is of finite order:
VR0 - P00 =0 0<k<n—-1), V0 - 0) #£0.

See Figure | for the shape of potentials. Remark again that the crossing of the poten-
tials (6.3) does not imply the intersection (6.2) of I'1(Ag) and I'2(Ag). If A¢ is below the
crossing level 0, then 'y (A1¢) and I';(A¢) are disjoint. Ashida [1] gave the exponentially
small asymptotics of the resonance width in such a case. The condition (6.2) implies that
Ao is above the crossing level A¢ > 0, or at the crossing level Ay = 0. The configurations
in the phase space of the characteristic sets I'; (A1) and I'2(4¢) are like Figure 2 (a) when
Ao > 0 and like Figure 2 (b) when Ao = 0. Above the crossing level, I'1 (1¢) and I'2(4¢)
intersect at two points (0, v/A¢) and (0, —+/A¢) and the contact order m at these points is
both 1, whereas at the crossing level Ao = 0, I';(0) and I';(0) intersect at one point (0, 0)
and the contact order m at this point is 2n (see (4.2), (4.3)).

Let BS(P;) be the discrete set of the approximated eigenvalues of Py in [Ag — 81,49 +
81] satisfying the Bohr—Sommerfeld quantization rule (6.1):

BS(P;) = BS;, (P1) := {A € [Ag — 81, ko + &1]; —e' AP/ 1 =1},
In what follows, the scales 61, 8, are

h
81={5’ when A¢ > 0, 55 — Lh

LhTZ-H, when Ao = 0,

for a small enough i-independent § > 0 and an arbitrary large fixed constant L.
Suppose that the interaction does not vanish at x = 0: W(0) # 0. Then, we have the
following theorem (see [21] for the case of vanishing interaction W(0) = 0).

Theorem 6.1. There exists a bijective map

zp : BS(P1) — Res(P) N R
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for sufficiently small h such that
[20(0) = Al = OG#H).

Moreover, the imaginary part of zj,(A) has the following asymptotic formula as h — 0
forany E € By:
m+3 m+3
Imzp(A) = —DA)hm+t + O(hm+17TF),

for some & > 0, where the coefficient D (M) is given in terms of w in Theorem 4.1 and k in
Theorem 4.2 by

2|w|? S(A
D) = Aj’cz/'l) sin? (% + arg a)) when Ao > 0,
2
DR) = m when Ao = 0.

Here, the function $(A) is the volume of the domain bounded by the classical trajectory
Y2y from py to p— along T'>(A) and the classical trajectory yi4 from p— to py along
I (d):

S(A) = / Edx. (6.4)
Y2, UY14

7. From microlocal scattering matrix to resonances

In this section, we prove Theorem 6.1 using the formulas in Theorem 4.1 of the microlocal
scattering matrix at a crossing point that we studied in Section 4. The main strategy is the
same for the two cases A¢g > 0 and Ay = 0, and we sketch the proof only in the case Ay > 0.

Let A € (A9 — 81,40 + 81) be areal energy sufficiently close to A¢. Under the assump-
tions on the potentials V7 and V5, the characteristic sets I'; (1) and I';(4) intersect at two
points p+ = (0, £+/4). The set T'(A) \ (T¢(X) U T';(X)) consists of 8 connected com-
ponents: 2 unbounded components y;f b Vo € I'2(A) and 6 bounded components yfb,
yfﬁ c I'f(A) and y;tn c Iy, Yap CTo (A). Along y{b, the classical trajectory of p,
goes to infinity as time goes to —oo and along Y2 the classical trajectory of p, goes to
infinity as time goes to 4+-00. The trajectories Yib> Vo end at p_, and y1+’ , end at p4, while
yl‘f e y;f g start from p4 and Y1y Start from p_.

Suppose that w = ! (wy, w,) satisfies Pw = Aw. Let us compute the microlocal asymp-
totics on the above 8 trajectories using the connection formulas in Section 4, starting from
the following two initial data:

on y2+,b, (7.1)

w=0
+
w fytb,er ony. (7.2)
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ot is the microlocal WKB solution defined on yl‘f , With the base point p for

the phase’ function (see Section 3). The initial condition (7.1) is concerned with the fact

that the resonant state is microlocally infinitely small in the incoming trajectory from infin-

ity. The condition (7.2) is just a normalization of w; i.e., the coefficient oty+b . defined in
s

where f +
Yips

p.
Proposition 3.1 is equal to 1. The two microlocal data (7.1) and (7.2) will determine the

microlocal information of w everywhere in the phase space.
By (7.1) and (7.2), the two microlocal data on the incoming trajectories are given near
P+, and hence, the microlocal scattering matrix 74 = (t;,;) at p4 gives the two microlocal

data on the outgoing trajectories y1+’ § and VZ e
— 4t +
W=k o OV Vi
— .+ +
w= t21f)/2+,ﬁ,p+ RUREX
where fy+ pr? Jj = 1,2, are the microlocal WKB solutions with phase base point at p.
AR

P
from y;" 4 10, , beyond the turning point (co, 0). Letf,- , andf, , be the microlocal
WKB solutions defined, respectively, on y;, and y,, with phase base point at p_. Then,
Proposition 4.1 tells us that, modulo O (h),

. + —_ . .
Now, we continue f”ﬁu’ . from VigtoViy beyond the turning point (bg, 0), and szJr,u’ s

i

w=—it} exp(h / de)fyf,b’f) on yyy,
Y1)

. i -
w = —it; exp(}—l/ de)f,,z—’b’p ony,,,
Y2

where
e ot - e ot —
Vil = Vi U Yips Y2l = Vou U V2 b
Here, the exponential terms come from the change of base points of the microlocal WKB
solutions from p4 to p—.
Finally, we go through the crossing point p— using the microlocal scattering matrix
T_ = (tﬁc) at p—. We then obtain

) _ i _ i -
wW=—i (t1+1t11 exp(z / de) +iht exp(z [ de))fy;n,p_ onyyy, (7.3)
Y1y LeX
) _ i _ i -
wW=—i (tl'ﬁz‘21 exp(z / de) +15ht5, exp(z [ de))fyz_,n’p— ony,y. (7.4)
Y1y X

Further continuing (7.3) from y;° y (0 y1+ , passing through the turning point (ao, 0)
using Proposition 4.1, we have

w= —(tf’ltl—l exp(l—o‘%(/\)) + 5 exp(l—/ de))ff o, onyl,, (1.5)
h h Y24 Ur1¢ Lo ’

where y14 1= YigU Vlth'



S. Fujiié 462

This microlocal expression of w on V1+ , should coincide with (7.2). Recall now that

t2 =1, t5=1 mod @), (7.6)
th = —iwhmsi, = —ighwi, t;; = —i@hnti, 1, = —iwhnt mod O(hmiv),
for some & > 0. Then, the coefficient of fy+b o, on the RHS of (7.5) is — exp(%A(l)) +

1ps

O(hmiﬂ). The compatibility condition between (7.2) and (7.5) reads
l—i-exp(%efla()k)) — O(hmr). a7

This is nothing but the Bohr—Sommerfeld quantization rule modulo O (h ﬁ) for the oper-
ator P;. The existence of the bijection z; from BS(P;) to the set of resonances Res(P) in
the complex neighborhood (R is justified by a contradiction argument used in [5], which
guarantees the non-existence of resonances away from BS(P;), and by the Kato—Rellich
theorem, which shows the one-to-one correspondence.

On the other hand, let 0‘2_, § be the constant such that

W=y 0 onyyy (7.8)

where f, -, , is the microlocal WKB solution defined on y; , with the phase base point at

the crossing point p— = (0, —+/1). Then, (7.4) compared with (7.8) implies
Uyy = —it;t;; exp l—/ Edx | — ity ty exp l—/ Edx ).
’ h Y1y h y2d
Using again (7.6), we obtain, modulo (g(hr%fl),
oy = —(Eexp(l—/ de) +a)exp(l—/ édx))hmlﬂ
’ hJy,, h Jy,y
_1

= —|a)|(exp(l— édx—arga)) —}—exp(l— Edx +arga)))hm+1.
h Y14 h v24
Recall the definition of § (1) (see (6.4)). Then, we have

tdx — | Edx = AQ) — S().

Y1l Y2y

(A(A) —S) )
COSy ———————— —argw

Thus, we obtain

|5 4] = 2lo| fe (7.9)

2h

The fact that A satisfies the Bohr—Sommerfeld quantization rule (7.7) implies cos % =

0, | sin %{m = 1 modulo G(hmiﬂ), and hence,
AA) =S (A S(A
‘COS(M —a.rga))' = sin( Z(h) +arga))'. (7.10)

2h
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Then, Theorem 6.1 in the case A9 > 0 follows from (7.7), (7.9), (7.10) and the following
proposition which express the imaginary part of the resonances in terms of the microlocal
data [ar; ﬂ| on the outgoing tail y,- § (see [12] for the scalar but more general operator case).

Proposition 7.1. Suppose that z is a resonance in R, and w =" (w1, w) a correspond-
ing resonant state normalized by (7.2): Pw = zw. Let ayy = ozz_,#(z, h) be the constant
determined by (7.8) for the resonant state w. Then, the resonance width Im z is asymptot-
ically given by

Imz _ eyl + O3 + hmit), (7.11)

2A'(X)

Proof. The resonant state w is outgoing. In our setting, it implies that w is exponentially
decaying as x — oo because large x is in the classically forbidden region for both p;
and p,. This means that w € L2([£, +00)) for any £ € R. On the other hand, negative
large x is in the classically forbidden region for p; but in the classically allowed region
for p,. We take X on the left of the leftmost turning point of p; for any A € R,,, which
implies in particular Vo(X) < A < V4(%). Then, the vertical line {(x, §); x = X} in the
phase space intersects with I';(4) at two points (X, :I:g) with g? = /A —=V5(x) > 0, and
has no intersection with I"; (A). The point (X, g?) is on y;: ,» and (X, —g?) is on X%

We compute the scalar product in L?([X, 4+00)) of w with (P — z)w = 0 to have

0= ((P—2)W, W)L2(,+00))
= ”thw”iz([fc,+oo)) - Z”W”iz([fc,—i-oo)) - h2<w/(£)a w(X)).

Taking the imaginary part of this identity, we obtain an expression of the resonance width
in terms of the values of the normalized resonant state w and its derivative at the point X:

Iz - W12 g 400y = —H2 Wi ®w1(R) + wh () w2 (). (7.12)

First, it turns out from (7.1), (7.2) and the fact that the microlocal scattering matrices
1
are diagonal modulo @ (h=+1) that, at the principal level, it is microlocalized only on
I'1(Ao). It follows (see [2,9]) that

IWI22 (5 4oy = 2A'(A) + O(h3 + hii), (7.13)

The error 73 comes from the turning point and % T from the crossing point.
Second, we deduce from (7.1) and (7.8) the following asymptotics at x = X:

o Y ol L[
@ =000, wa))= 2 en( [T V=T )1 + o),

A 7 /A ZT s l *
R =00), W)= a6 - Vaenten(; [ VI=Ta0ds )+ 0h.
0
The formula (7.11) is obtained from (7.12), (7.13) and these asymptotics. ]
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