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Cauchy data for 1D singular Schrodinger operators
Luc Hillairet and Jeremy L. Marzuola

Abstract. We study semiclassical 1D Schrodinger operators of the form Pu = —h2u” + x¥ W(x)u
on a finite interval [0, b] for 0 < y € R \ Q. We show that the WKB expansions of solution can
be extended on [1!17¢, b] for any ¢ > 0. Using a different approximation near 0 and a matching
procedure, we obtain the Cauchy data at O of such WKB solutions. This allows us to derive singular
Bohr-Sommerfeld rules. We also pay special attention to uniformity in W for our expansions.

1. Introduction

We consider a self-adjoint realization of the one-dimensional semiclassical Schrodinger
operator
Pyu = —h*u" + V(x)u

that is defined on a interval / = [0, b] with some boundary condition at 0, b and the
potential V' is defined by x +— x:'_ W(x) for some 0 < y € R\ Q and smooth W. The
eigenvalue equation

Ppup = Epuyp (D

can be studied by asking that the so-called Cauchy data at 0 and b of a solution uj, (i.e.,
(ur(0), huj, (0)) and (up(b), huj, (b))) satisfy the boundary conditions. This approach
requires to relate the two Cauchy data at both ends of the interval. In smooth settings,
WKB expansions can be used to make this relation explicit leading to the so-called Bohr—
Sommerfeld rules, see, e.g., [1,5]. In settings for which 0 exhibits some kind of singularity,
it is sometimes useful to split the interval [0, b] and to use expansions in [0, by] and [ay, b],
respectively. Typically, the methods used to obtain the expansions on [0, by] and [ay,, b]
will be different and valid only in some regime (i.e., for some choice of ay, by,). In order
to obtain a full answer, it is then crucial that the latter intervals overlap for some choice
of aj, and by,. When the singularity is at 0, the interval [0, by] is usually called the interior
region or the boundary layer, the interval [ay, b] is the exterior region, and the interval
lan, by] is the matching region.

Obtaining the matching region usually requires to go beyond standard analysis. More
precisely, in our case, we will use WKB expansions in [ay, b]. For the latter, the regime
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for which ay, of order hY is standard. The main task is, thus, to push the method further
so as to obtain expansions valid on [#%, b] for some positive «. On [0, bp], we will use
the classical variation of constants method. In both cases, we will obtain joint asymptotic
expansions for (u(xp), hu(xy)) when k and xj go to zero.

Our main result is as follows. Let ¢, be a solution to our Schrodinger equation. Since
the space of solutions is of dimension 2, there is a linear relation between the Cauchy
datum at 0 and the Cauchy datum at b. The idea of matching is to use an intermediate
interval [hl_s", hl_sl], where 0 < g1 < g9 < 1. For x in this interval, we use the interior
solutions that we will construct to relate the Cauchy data at 0 and x; and WKB solutions
to relate the Cauchy data at xj, and b. Basic linear algebra and careful asymptotic analysis
will then yield the following theorem.

Theorem 1. Take 0 < y ¢ Q. There exist matrices A,ﬂf (E) that admit an asymptotic
expansion with exponent set {my + n, m = 0,n = 0} \ {0} such that for any solution
¢ to the Schrodinger equation (1) the following relation holds:

E3¢(0)
E~3h¢'(0)

_ AN (OE\ - (E = V(b))i¢(b)
= (Dh + cos( p ) Ay (E) + sm( h ) A}, (E)) ((E - V(b))_}th¢’(b)> ,
where

a 0 b

Dy = (C(.)Si _Smobf’_E) and og =/ VE =V(y)dy.
sin 5% cos F& 0

Remark 1.1. The case y ¢ Q is a technical requirement to keep the different exponent

sets that appear from including the value —1. If y € N, the result follows from standard

WXKB analysis. If y € Q \ N, similar results should hold, including x™¥*" log x terms in

the representative expansion.

The study of Schrodinger operators is a standard, very classical problem, and many
properties of their eigenvalues and eigenfunctions can be found in the literature on Sturm—
Liouville problems and semiclassical analysis (see Titchmarsh [28], Olver [23], Horman-
der [17-20], Maslov [22], Helffer—Robert [ 13], Dimassi—Sjostrand [7], and Zworski [30]).

Related rules for smooth potentials (y >2) in the semiclassical literature for a sequence
of eigenvalues (Ep)y>o that converges to a non-critical energy Eo > 0 with a connected
energy surface can be found in [1, Section 10.5] or [5, 12,29].

This is a follow-up result and related to the authors’ previous results on eigenvalue
spacings for Schrdinger operators with rough potentials [16]. There we considered b =
+o00 and analyzed the eigenvalue spacings resulting from boundary conditions at x = 0
using very different techniques, such as the construction of semiclassical defect measures.
Notably, the spacings found in [16] depend upon the singular potential parameter y in a
natural way, related to how the exponent set determines the behavior of the matrix Af.
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The eigenvalue spacings for different boundary conditions can also be inferred from the
Bohr—Sommerfeld rules through the matrix equation we establish in Theorem 1.

As seen in [15], the potentials we consider here arise from the adiabatic ansatz in a
stadium-like billiard. In addition, semiclassical Schrodinger operators of this sort appear
in the study of waveguides with corners [6,25], of flat triangles [14,24], and of diffractive
trapping for conormal potentials [11]. Singular potentials have also been studied in, for
instance, [2,4,9,21]. See also [10] and [26] for a much more complete study of the bottom
of the well for quadratic potentials (y = 2), or [3] for even more degenerate situations.
The study of semi-excited states in Sjostrand [27] is also related.

The paper will proceed as follows. In Section 2, we clearly define the problem and lay
out the notation necessary to proceed. Then, in Section 3, we describe a WKB expansion
that is valid up to an Ah-dependent neighborhood of 0, i.e., the exterior region. Then, we
control the eigenfunctions in a small /-dependent neighborhood of 0 in Section 4, i.e.,
the interior region. In Section 5, we prove Theorem 1 by gluing solutions together on the
interface of the exterior and interior regions. Lastly, in Section 6, we apply Theorem 1 to
two key settings of computing singular Bohr—Sommerfeld rules.

2. Setting

We consider the semiclassical Schrodinger equation
—h*u" + V(x)u = Epu 2)

on the interval [0, b].
Let (u5)n<1 be a family of solutions to (2), and let (x7)z<1 be such that xj; decreases
to 0 for & going to 0. We define the semiclassical Cauchy datum at xj by

up(xn)
Ch = ( ) .
huj, (xp)
For a compact subinterval I C [0, b], we equip the space C°°([) with its classical
Fréchet topology associated with the family of norms (py)n>7 defined by

Yue C®), pnu)= max{sup{|u(k)(x)|, xel},0<k <N}

Observe that the notation does not reflect the dependence on I that will be clear from the
context.

Assumptions 2.1. We make the following assumptions on V.

* The potential V' is smooth and increasing on (0, ] and continuous on [0, b].

*  V(0) = 0 and there exist y > 0 and W > 0 smooth on [0, 5] such that Vx > 0, V(x) =
xYW(x).
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We fix K a compact set in C ([0, b]; R), and denote by V the set of potentials V' that
satisfy the preceding assumptions with W € K. We fix K a compact interval in (0, +00),
and we assume that

{35 > 0, Y(V,E) eV x K, 3

Vx e[0,b], E—V(x) =38.

This assumption says that, for any energy E € K, the interval [0, b] is in the classically
allowed region. We can, thus, perform a WKB approximation for u,. It is expected that
when the potential is not smooth at x = 0, the WKB method will give a good approx-
imation of the solution uj; only for x = a; > 0. In the following section, we provide
the necessary estimates to give quantitative statements about a; and the corresponding
asymptotic expansions for Cy,.

3. WKB ansatz in the exterior region

The WKB method (see, for instance, Dyatlov—Zworski [8], Zworski [30], and many oth-
ers) gives asymptotic expansions for any solution to the second-order ODE

*uj, + q(x)uy =0,

on some interval I}, &t [an, by], where g is a smooth potential that is positive on ;. In our
setting, we haveq = E — V.

The strategy consists in first constructing two independent (O (h°°)) quasimodes u,jf
and then proving that any true solution is O (k) close to a linear combination of the u}f.
It is usually performed with a smooth potential ¢ on a fixed interval I (i.e., I independent
on /). In that case, both O (4°°) remainder terms can be estimated using the sup-norm over
I of g~ and of the derivatives of g. A rather crude estimate (or even knowing that such
an estimate exists) is enough to ensure that the method works.

With our approach, it will be crucial to let a, go to zero so that, when y is not an
integer, the sup-norm on [ of high-order derivatives of g will blow up. As a result, the
sequence ay, cannot decrease too fast to zero, but it is crucial to our method that a; does
not decrease too slow either. Indeed, the main task here is to determine the greatest o such
that the WKB expansion holds on [h*, b].

For the convenience of the reader, we have found it clearer to present the basics of the
WKB method so as to see what estimate is needed. The WKB Ansatz consists in writing
uy, under the following form:

up(x) ~ exp(%S(x)) thAk(x).
k=0

Plugging into the equation and putting together the terms with the same power of &, we
obtain the following set of equations.
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* The eikonal equation:
Vx el S'(x)?=qx).

* The homogeneous transport equation:
Vx eIy, 25 (x)Ay(x)+ S"(x)Ap(x) = 0.
* The inhomogeneous transport equations:
Vk =0, 28'Aj, + 8" Ay = —iA}.

If this system can be solved, then, for any solution (S, (Az)x>0) and any N, we can
define u; = exp(%S) 21]:]:0 1* A and this function then satisfies

" i
hzu;l:N +q- MZN =nVt2 4% exp(ES).

The eikonal equation can be solved because ¢ is positive. The homogeneous and inho-
mogeneous transport equations are linear first-order ODE that can also be solved. We
choose the following solution:

b
Vreln S0 = Vg, S@) =-— / S'(y) dy.
Ao(x) = [S' ()] 72 = [g(x)] 74, @)

. b
VK20, den() = 540 [ 4L0)A0) ! d.
X

With this choice, we define u;l' N 8 above and set u}: N oo u; N

We now proceed to make estimates in the case that ¢g(x) = E — V/(x) and the interval
I, C [ap, b]. When the potential V' is smooth on [0, b], the functions A determined by
the preceding formulas are also smooth on [0, b]. It is no longer the case when y ¢ N, for
which we need a convenient setting of asymptotic expansions at 0.

3.1. Generalized Taylor expansions

The idea behind dealing with singular potentials is to keep track separately of the singular
behavior when x goes to zero. When differentiating again and again, new singular powers
of x appear. In order to be able to follow each of them, it is convenient to set the following
definition.

Definition 3.1. Let u be a continuous function on some interval (0, b]. We will say that
u admits a generalized Taylor expansion at O if there exist a discrete set 4 C R that is
bounded from below and a collection of complex numbers (dq)ges Such that

VN =0, 3Cy, Vx € (0,5], ‘u(x) - Z aax“’ < CyxV.
aEA,a<N

We will say that A(u) (or simply « if there is no ambiguity) is the exponent set of u.
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Remark 3.1. If we wish to deal with y € Q, then we would need to use generalized Taylor
expansion with respect to a scale of functions that also include the functions x — x* log x.

Observe that there is a small ambiguity in the set +. Indeed, we can artificially add
exponents and say that the corresponding coefficient vanishes. However, the set of « for
which a, # 0 is determined by u. Indeed, either u = O(x°°) or we have

min{o € A, aq # 0} = sup{a € R, lim x %u(x) = 0}.
x—0

Once g is determined, we get ag = limy—o x~*u(x). Inductively, we then obtain a
sequence o, and the corresponding a,. This argument shows that if we know that u has
some generalized Taylor expansion, then we can find some exponent set that is associ-
ated to it. Alternatively, if we know a priori the exponent set, then, as for regular Taylor
expansions, each coefficient is determined by u (including those that vanish).

We record here a few facts that generalize the corresponding statements for usual
Taylor expansions. The proofs are left to the reader.

* If u and v admit generalized Taylor expansions, then so does any linear combination
of u and v and
Vi, neC, AQu+ pv) = Au) U Av).

e If u and v admit generalized Taylor expansions, then so does the product uv and
Auv) = {oe + B, a € Au), B € A(v)}.

e If u admits a generalized Taylor expansion, and —1 ¢ +(u), then the function U
defined on (0, b] by U(x) = | f u(y) dy admits a generalized Taylor expansion and

AU) = {a +1, x e A(u)} U {0}.
This property implies that if ¥ and u’ admit generalized Taylor expansion, then
AW ={a—1, a € Au) \ {0}}.

In particular, —1 is never in A(u’).

* If u admits a generalized Taylor expansion at 0, then
ap = min{a € Au) \ {0}, aq # 0}.

Ifag = 0,0 € A(u), and ag # 0, then there exists a function v that is continuous on
[0, b] such that
Vx € (0,b], u(x)=(1+x*)v(x).

In any other cases, there exists a function v that is continuous on [0, b] such that

Vx € (0,b], u(x)=x%v(x).
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We observe that such a definition is quite common in asymptotic analysis. It is also
closely linked with asymptotic expansions in symbol classes for conormal potentials (see
Gannot—Wunsch [11]).

Example 3.1. For any (W, E) € K x K and any o € R, the function g4 defined on (0, b]
by go(x) = (E — x¥W(x))* admits a generalized asymptotic expansion with exponent
set {my +n,m = 1,n = 0} U {0}. Indeed, using the fact that (E — x¥ W) never vanishes,
we can make a Taylor expansion

Ga(x) ~ E+ ) camx™ (W(x))™.

m=1

The claim follows by making a Taylor expansion of W™,
The rest of this section is devoted to proving the following proposition.

Proposition 3.2. In the setting described above, let (Ay)r>o be the sequence of functions
defined on (0, b] by (4).

(1) Foranyk,l =0, A,(f) admits a generalized Taylor expansion at 0. Defining Ay ¢
the exponent set of A(e), we have
Ak.0 déf{my—}—n—k, m =1, n =0} U{0},
VE=1, Axy d=ef{m)/+n—k—€, m=1, n=0}.

(2) For any k = 0, there exist C, € R, N, or € N such that, for all W € K and
E €K,

Vx € (0,b], [Ax(x)| < Ce(1 + x"75)(1 + p, (W))%.

(3) Foranyk = 0, for any £ = 1, there exist Cx 4y € R, Ny 4, ox¢ € N such that, for
allW e K and E € K,

Va e (0.5] 47| < Cre- X 70 (1 piy (W),
The proof of this proposition will be by induction, and we begin by studying the case
k=0.
3.2. A preliminary estimate
The following lemma will allow us to control the derivatives of Agp.

Lemma 3.3. Let Wy be a smooth function defined in a neighborhood of 0 and y € R \ Q.
Let E and b be such that the function x +— E — x_yF Wo(x) is positive on [0, b]. For a € R,
define qy on [0,b] by qo(x) = [E — x_’;_ Wo(x)]¥. Then, there exist functions Wy ¢ jm.n
that are smooth on [0, b] such that, for all £ = 1 and all x € (0, b], we can write

L I4 L
g (x) =Y [E = xiWo )7 DD xX™ T Wetjmn ().

j=1 m=1n=0



L. Hillairet and J. L. Marzuola 474
If we define
PN Wy ee) = max{py Wo e, jmn), 1 < j,m<{L,0<n<{,
then for any £ and any N there exists a constant C e (£, N) such that

PN Waee) S CUA+ pn1(Wo))(1 + pys2(Wo)) -+ (1 + pa+e(Wo)) pv+e(Wo).

Moreover, if y is an integer, then Wy 4, i m n vanishes as soon as my —n < 0.

In the sequel, we will need this lemma only for o = :I:%.

Proof. In order to make the notations a bit lighter, we omit the dependence with respect
to o below. Thus, we set Wy jmn = Wa g, jmn-

The proof is by induction on £. The fact that qg) has the given expression is obtained
by a straightforward derivation. Indeed, we find that

Wf-l—l,j,m,n = VVZ/,j,m,n + (m)/ —n+ I)WE,j,m,n—l
+ =+ D)Wy Wej—im—tn+ 7V Wo  Wej—tm—1,-1)

with the convention that if j, m, n are not in the range given for the sum defining qg),
then the corresponding Wy ; , ,» = 0. Using the Leibniz derivation rule, the preceding
expression also gives some C (that depends only on £ and N) such that
PN(Wegr1,0) < C(pn+1(Wee) + Pns1(Wo) pn (Weo))
<

C(1+ pn+1(W0)) - pv+1(Wee). .

The estimate follows by induction.

3.3. Proof of Proposition 3.2

3.3.1. The case k = 0. Using the notations of Lemma 3.3, we have
Ao = q_%.

The fact that Ao admits a generalized Taylor expansion follows from Example 3.1 and
the bound follows from the fact that

Vx €[0.b], |Ao(x)] <875,

where § has been defined in (3).

We now estimate the derivatives Aff), starting from the expression in Lemma 3.3.
Since, for any j, z — (E — z)*~/ has a power series expansion in a neighborhood of 0,
we can expand (E — x? W(x))*~/ = Y m=04jnX™ (W(x))™. Expanding x +— W(x)™
in Taylor series gives a generalized Taylor expansion for x > (E — x¥ W(x))*~/ whose
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exponent set is {my + n, m = 1,n = 0} U {0}. The claim then follows using the properties
of functions with generalized Taylor expansions.

We now prove the estimate for Aff), £ = 1. Using the properties of generalized Taylor
expansions, there exists a function By ¢ that is continuous on [0, 5] and such that

AP (x) = x7 By 4 (x).

We set bo,¢ = || Bo,¢|loo-
The expression in Lemma 3.3 implies that

£ { £
Vx € (0.6], AP ()] < po(Wee) - Y 67577 3 3 xmrn,
j=1

m=1n=0

We observe that the smallest power that appears is y — £ so that we can factorize it. The
remaining sum is then bounded by Cpo(W; ). This gives the result we want for by g,
given the estimate on po(W_ .) provided by Lemma 3.3.

3.3.2. The induction step. Let us now prove that if, for any £, A,(f) has a generalized
Taylor expansion, then so does A,(fjr)l for any £'.

Using the notations of Lemma 3.3, we have 4;! = ¢ 1 and the latter admits a gen-
eralized Taylor expansion (see Example 3.1). So, using the induction hypothesis, y >

A;{’(y)AO_1 (») has a generalized Taylor expansion. Since y ¢ Q, —1 is not in the exponent

set of the latter function, it follows that x > |, f A (»)Ay'(») dy also has a generalized
Taylor expansion. Moreover, the exponent set is seen to be

{my+n—-k—-1,m>=1,n=0}U/{0}.

‘We now use Leibniz derivation rule and observe that A(()

k41(X) can be written as a
linear combination of terms of the following form:

b
4 —
AP [ a4z o) ay.
X
AP ATTP () (AgH P (). G+l +1 =0
All these terms have a generalized Taylor expansion using the induction hypothesis, Lem-
ma 3.3 the statement for Af)e) and (Ao_l)(ﬁ) and the preceding argument for the integral.
The exponent set is easily derived. We, thus, obtain the first claim of the proposition.

We now move to proving the remaining estimate. Using the properties of functions
with generalized Taylor expansion, we define continuous functions (B ¢)k ¢=0 such that

Vk =0, Vx € (0,b],  Ar(x) = (1+x" %) By o(x),
Vk=0, Ve=1, Vx e (0,6], AP (x)=x"F By (x).
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. def o
We will also denote by by ¢ = | By ¢l 0o- Observe that the statement of the proposition is
equivalent to proving that there exist constant C, N, o independent of W € K and E € K
such that

bre < C(1+ py(W))°.

This is again proved by induction on k.
From the definition of Ay, we derive

b
At () <8 Hsup K 57 sup W)t [ 3720 dy,
WeX x
Observe that since y — k is never 0, for any k, x > (1 4+ x?~%=1)~1 ff y¥~*=2 is bounded

on [0, b]. This gives the relation

bit1,0 S C -brrpo(W)

with a constant C that depends only on § and y — k. We now assume £’ = 1 and address

bk +1,0/. We address all the terms that appear in the formula for A,(f}r/ |» hamely,

b
V4 _ s —k—
A (x) - / AN AF () dy < C-x"7E (1 + X" ¥ NYbg pby 2 po(W).
X
For the terms of the form A((f‘)(x)A,(CZHZ)(x)Ag&)(x), U+l +l3+1=1 we

study four cases, depending on whether £, £3 vanish or not. We obtain the following
bounds (up to a uniform multiplicative constant):

XV Ry o, £, =0,€3=0,
—_—f — ,_

xRy o vabogs, L1 =0, {3 #0,
—Je—p! —

xzy k=t lbO,Zlbk,Zz—i-z, Z1 # O’ Z3 = 0’

X3k o bk rabo gy, €1 # 0, L3 # 0.

Comparing all the terms, we see that if we factorize x?~Y=k=1 the remaining powers of
x will be non-negative. Finally, we obtain the crude estimate

biy1.e < C(max{bog,, €1 < €})” max{bes,, o < € + 1},
This estimate is good enough to obtain the claimed result by induction on k.

3.4. Solutions in the exterior region

In this section, we show that any true solution can be approximated by WKB constructions
on intervals [ay, b] for good choices of ay. Let ¥ be an exact solution to

W2y + (E — xYW(x))y =0.
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Elaborating on the variation of constants methods, we look for functions A% such that

w = B+u2—’N + B_u;,N, (5)
V= B+(u}-::N)/ + B—(”;’N)/?

where u;f  are given by the WKB construction. More precisely, we define

. N
u;{,N (x) = exp(%) (Ao(x) + Z hkAk(x))

k=1

- _ o+
and Uy N =y N
With this choice, we have

Wity + (E = X" Wi, = ricy
and
rivnl = VAR
We also define the Wronskian-like function:
Win = (”ZN),”;,N — ”}tN (u;’N)/.
The following lemma records the needed estimates.

Lemma 3.4. Fix e € (0,1), and set ap, = h'=%. For any N, there exists constant C such

that
+iS
uiN — Ay exp(—) < Che,
CO(lay,b])
+iS
Hh(uil\,)’—iAolexp( ) < Ch.
i)l coan.bn
In addition, we have
175 N lcoqanbny < ChEN T2,

152 Wy pllcoayoy < ChENT2),
1B2 Wi n = 2ih]| coa, ) < CHEN T2,

Proof. Using the estimates of the preceding section, we have

iS(x)
i)

uZF’N (x) — Ao(x) exp(

N
<C th(l + x77F).
k=1

The first estimate follows since

h
Vx € [ap, b], '— < — < kP,
X

ap




L. Hillairet and J. L. Marzuola 478

and h® > h. The following three estimates are obtained in a similar way, starting from
Proposition 3.2. The last one follows from integrating the third estimate on [ay, b] and
observing that h2Wj,  (b) = 2ih. [

We use these estimates to prove the following, in which it is convenient to introduce
the semiclassical C! norm defined by

lvlicrry = max{jv(x)], [hv' ()], x € T}.

Theorem 2. Forany ¢ € (0,1) and any D, there exist N, C and two independent solutions
+,ext
Y, such that

+, + D
15, —uy w lcrqnr—epp) < Ch

Proof. Starting from (5), we have that (B4, B_) satisfies

hZB;(u,tN)/ + hZB/_(u;’N)/ = B_,_r}':N + B-rj y- ©
+ - _

Bluy y + BLuy = 0.
For <« = + and > = =, we define the integral operator H %> on C°([ay,, b]) by

b < >
H*[B](x) = / Ty Ol €)

dE.
W@ P4

We also define the matrix operator H acting on (C°([ay,, b]))? by

H+,+ H-‘r,—
o (077 ),

If the system (6) can be inverted, we can express B/, depending on B.. By integration,
we obtain that there exist two constants §4 and S_ such that

(5:)- () 2 (57):
Using Lemma 3.4, there exists a constant such that
Vab =%, [H*||lecoqa,ppy < CHENTD™L
It follows that id — H is invertible and that, for any choice of (84, f-),

1y = Bruf =Bty wllcrapsp < CHENTD7N(B4| + B-).

The claim follows by choosing first N so that e(N + 2) — 1 > D and then (B_, f+) =
(1,0) and (0, 1). L]
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4. The interior region

The WKB expansion gives us a good approximation for the true solutions on intervals
of the form [A'~¢, b] for any . We now show that there exists &9 > 0 such that on the
interval [0, 1!17¢°] we get a good approximation by comparing the solution to trigonometric

solutions. Since we can choose ¢ arbitrarily small, matching will be possible on the interval
[hl—s7 h1—80]_

It is convenient to make the change of independent variables by setting z = ‘/fo o}
that we look for solutions to the following equation:
i 4+ v =h"z"W(hz)v(z), @)

where W () = E-0+7/2y( Tf)' We study this equation on [0, b;], where bj, will even-

tually be 47, We assume that § < 1 so that b, = O(h™"). This ensures that, for any &,
z > W® (hz) is uniformly bounded on [0, by,].

Remark 4.1. Despite the rescaling, we still denote by [0, bp] the interval we are working
on. Observe that b, = h~® corresponds to an interval of order & 1= in the original setting.

We define the following integral operators on C °([0, by,]):
zZ
KDIE) = [ sine - OWE" W (hE)0(0) dt
0

K/[v](Z)Z/O cos(z — R W (h§)v(§) d¢.

By differentiation, we have (K[v])’ = K’[v]. A straightforward computation shows that
any solution v to (7) can be written as

v=ajeq +a_e_ + K[v],
where we have defined ey (z) = e*iz,
When (I — K) is invertible, we obtain a basis of solutions to (7) by computing
(I —K) les.
Lemma 4.1. Forany § € (0, ), set by, = h_i'%li. There exists C such that
1Kl eccoqo.p,y < Ch°.

where the constant C is uniform for (W, E) in X x K. For h small enough, the operator
(I — K) is an invertible endomorphism of C°([0, by]).

Proof. Fix § € (0,y) and set by, as in the lemma. We observe that b, = O(h~!) and that
h”b}:'H = O(h%). Since W is continuous, we have

Vo e CO[0,b5])  IKW]llcoqon,)y < COMRYEI T [vllcoqos)

with C(W) = sup{|W (z)|. z € [0.bp]}. The claim follows. n
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For the rest of this section, we fix some 6 € (0, ) and set g9 = ;’—I_‘i Using a Taylor
expansion for W near 0, we can write, for any N,

N-1
W(hz) = Z hjwjzj + NNy (hz),
j=0

where the w; are smooth functions of £ on K.
We, thus, define the operators L; on C°([0, b)) by

Lj[vl(z) = w; /OZ sin(z — O u(8) d.

We will also need the operators L’; so that L’;[v] = (L;[v])". The kernel of L is obtained
by changing the sine function in the kernel of L; to the cosine function.
A straightforward computation shows that
N-1
VN. K= Lj+Ry.
j=0
with Z
Ry D) = [ sinz = D76 Ny (o @)
0
By the same procedure as above, we estimate

+N+1
IRN Il £(cofo.n,) < ChhY TV bY

< Cyh®v,

withéy =y + N + %(y + N + 1) and a constant Cy that is uniform for (W, E) €
K x K. We see that
5— 1+6
3N=N(1+—V)+8>NL.
y+1 14y

In the same way, we also get that

. . . J1+6
Vi ILilecoponn < Cih¥ . with; =8+ j——.
14y
All these estimates have been obtained by crudely bounding | sin(z — ¢)| by 1. It follows
that the same estimates apply to K’, L', and Ry, (with the now standard definition for the
latter).
Finally, setting d = %, we have the following norm estimates, for all j, N and small
enough £,
max (|| K || £ (cofo.n,1)+ 1K'l 2copo.n,)) < CHE,
max (|| L; |l £(cofo.n,1- 115l ccoonn) < G/, (®)

max (|| Rw lzccofo.n)- IRY l2copo.p,n) < Cnvi™e,
uniformly for (W, E) € X x K.
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Recall that, for two operators A and B acting on a Banach space X, we have

IAlex). I1Blex) <= = [(id— A" — (d— B) ew) <414 - Bllewx).

N =

It follows that

< 4CNhNd < hP.
Z(CO([0,b,]))

VD, 3N,

N-1 -1
(id—K)™' - (id— > L,-)
Jj=0

Using a Neumann series expansion, we have

N-1 -1 [es)
(id—ZL,-) =Y > Ly, - Lj.
j=0

n=0 (jo,j15-5Jn)€{0,.... N—1}"

It is convenient to write ] = (Jo,..., Jn) and
Lz=1Lj, - Lj

so that the infinite sum can be seen as a sum over all tuples of arbitrary length.
We also define L. so that L’;[v] = (Lj[v])/. By definition, we see that L’J7 is obtained
J

by replacing the final L;, by L}n. Using the preceding estimates (8), we compute

max (|| L 5[l £coo.5,1))- ||L,]f||:€(C0([0,bh]))) < C DI+ i,

For any D and any j, we define n; to the greatest integer n such that
(n+ D@+ jd) < D,

and we define g (D) to be the set of tuples such that, for any j, the index j occurs at most
nj times in j and we set
Tp = Z L.

jedp

‘We claim that

< ChP.
£(C([0,54])

Jj=0

N-1 -1
(id— > L,-) —Tp

Indeed, we have

N-1 -1
‘ (id— Z L,-) —Tp < Z I1Lj, =< 1L o II-
=0

Z(CO([0.ar]D)  je¢gp
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In the product, at least one index j occurs more than 7; times. Fixing an index jg, the
sum of all terms in which there are more than n, factors || L, || is bounded above by

(guLoun)(gnLlun)...( 3 ||Lj0”n)...(i”LN_1”n)sChD

n=nj,+1 n=0

by definition of 7. The claim follows by considering all possible jj.
Finally, we obtain the following proposition.

Proposition 4.2. For any D, there exist two independent solutions ¥+ such that, for h
small enough,
lv* = Toe*llcrqop,y < CHP,

and the constant C is uniform for (W, E) € X x K.

Proof. Setting y* = (I — K)~e® yields two solutions. The preceding estimates give
that
lv* — TpeEllcoqon,) < ChP

But the same proofs also yield that

1) = (Tpe®Y llcoqos,) < ChP

so that the claim follows. The fact that the two solutions are independent is obtained by
computing the Wronskian at 0. The latter does not vanish since the Wronskian of e* does
not vanish and the error made is of order 1 ?. ]

4.1. Asymptotic behavior of y*

As in the case for the solutions in the exterior region, we first introduce the convenient
setting for our asymptotic expansions.

For ¢ € R\ Q, we define the set ¥, of smooth functions on [0, +o0[ that admit the
following asymptotic expansion near co:

f(z) ~cq + Zagz“_l.

£=0
For f in %y, there exists C such that
Vz € 0,400, |f(z)|<C(+ z%).

Remark 4.2. To allow y € Q, we would have to include z* ¢ log z terms in the asymptotic
expansion here also.

A sequence Fj, of smooth functions on [0, b] is said to be admissible if there exists a
sequence of functions f;, , such that f;, , € Fny4, and

Fu(z) ~ D B fua(2)

m=1,n=0
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in the following sense:

vD. 3M.N. HF - Y < ChP.
2 T s to,mm)
1<msM
0<n<N

We observe that this definition is legitimate because if F}, is admissible, we can define
the f,,» recursively by a limiting procedure.
The main result of this section is then the following.

_y=8 . .
Theorem 3. Fix § € (0,y) and by, = h™ ¥¥1. Let ¥+ be the solution constructed in the
previous section; then, there exist admissible functions F h+’i such that

Yyt =FtTe, + Fte_.
A similar statement holds for ™ with admissible functions F .

Proof. By definition of admissibility and using Proposition 4.2, it suffices to show that
Tpe™ is admissible. Since Tp is a finite sum of operators L;, it suffices to study Ljf(e+).
Fix j = (Jo,..., Jm), and set

n
n = Z ji .
i=0
Using Lemma 4.3 below, and a straightforward induction, we have that
L.in L.in—l T Ljo (e+) = h(m+l)y+n (f]?+e+ + f]f_e_)

with
+
S5 € Furnwrrsily i "
Lemma 4.3. For any j, and any «, if f, g € %y, there exist fy, gy and f—, g_ in
Foty+j+1 such that

Li[fe*) = h"* (fret + feT), LjlgeT] = h"" (gye™ +g-e7).

Proof. Using complex conjugation, it suffices to obtain asymptotic expansions for the
following expressions:

[ ot de, e [ TP f(p)d,
0 0

For the former, replacing f by each term in its asymptotic expansion, we obtain the result
directly. For the latter, we also replace f by each term in its asymptotic expansion. We
obtain an asymptotic expansion for the resulting integral using repeated integration by
parts and the fact that the power is never —1. ]
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5. Matching

We recall that, for § € (0, y), we define
y—3§

y+1
We choose g¢ < €7 in this range and observe that our construction for the interior solutions
is valid on [0, 2'~%1] and the WKB construction is valid on [217%¢ b]. In the sequel, the &

will be in [g9, £1], and we will set I = [h1=%0 p1=#1]

5.1. Exponent set for the interior solutions

Since I C [0, h17%0], according to Theorem 3, there exist two independent solutions wi Ant
that admit the following asymptotic expansion:
E X
+mt(x) NCXP( “/_) |:1 + Z Jmy+n <cr-n}—:’-1|— +f++( \/_)>1|
m=1,n=0
E E
+ exp (— \/_) Z pmyEn (c,'nh; + fob (—X\/_))
’ ’ h
m=1,n=0
—in xVE _ _ 4 [xVE
vy ~ exp(z p ) > (cm:i + St (T))
m=1,n=0
xvVE __[xVE
+exp(—z 1+ Z el e Con + S 7
m=1,n=0
Each term in the asymptotic expansions can be written as
hmy+n or hmy+n (f)mwrni(
h
‘We obtain the following proposition.
,int + int

Proposition 5.1. For ¢ € (g, €1), there exist asymptotic expansions p h , ph , ,
—,int

G, such that

U (00 = exph T VE)(1+ py ™) + exp(—ih~*VE)q, ™,
Yy, (0 F) = exp(ih ™ VE)p, "™ + exp(=ih *VE)(1 + q;;7™).
Moreover, the exponent set for these asymptotic expansions is

AM={my +n,m=1,n=20}U{el+ (1—e)(my+n), L=0,m=1,n=0}.

. . . . def .
Proof. When evaluating the preceding asymptotic expansions at x, = h'~¢, we obtain
terms corresponding to 2" that yield the first part of the exponent set. The second set
comes from the terms

pmvn (x_h)mwr"_( — petp =) my+n)
h
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5.2. Exponent set for the WKB solutions

Since I C [h'7%0, b], the WKB construction yields two independent solutions to the

Schrodinger equation 1/fhjE X" such that

v ~ e B2 gt + Caapco)

k=1

)[ (x )_Z + thAk (x)]

k=1

iS(x) ©)

.

We now proceed to get asymptotic expansions when we evaluate at x, = h'~¢. From
Theorem 2, we get

1 1
GO F~E Y ag ™,

m=1,n=0
h k
W* A (x) ~ h*ey + (—) Z A x™ T
x m=1,n=0

Evaluating at xj,, we obtain that each expression inside brackets in (9) admits an asymp-
totic expansion with exponent set

{ke+ (1 —e)(my +n)k =20, m=1,n=0} UN.

We now study the prefactor by computing

b
S() = — / VE —V(ndy
b x
—/’JE—WwwwaE+/[JE—Wy—Jﬂdy
0 0

Setting

b X
0E=/(; VE—-V(y)dy and TE(X)Z/O [VE-V(y —\/E]dy,

we observe that Tr has a generalized Taylor expansion with exponent set
{my+n+1,m=1,n=0}.

It follows that there exist coefficients t,, , such that

i
_TE(hl—S):h(l—S)(y-H)—l Z tm,nh(l—e)(my-ﬁ-n)‘

h
m=0,n=0

Recalling that ¢ = )’f—;‘i, we observe that

l-—e)y+1)—1=68>0
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so that the preceding expression is O(h%). More precisely, we obtain that

exp(—;—lTE(hl_s)) =141y,
where #;, admits an asymptotic expansion with exponent set
{+m(l—e)y+n(l—g),£=1,m=0,n=0}.

We obtain the following proposition.

Proposition 5.2. For ¢ € (gg, €1), there exist asymptotic expansions denoted by p;’m,

—,ext

s such that

Vi) = exp( =25 ) exp(h T VE)ETH(1+ ),

OF

Vi (010 = exp(SF ) exp(—ih VE)ETH (1 + 0, ).

The exponent set for these asymptotic expansions is
AN = {ke +05+m(l—¢e)y +n(l—e), k=0,£=1,m=0,n=0fUN,
Proof. The exponent set comes from studying the product

1+ lh)(Ckhk + hk"3 Z ak’m’nh(l—s)(my-i-n))

m=1,n20

for each k. Since the exponent set that we obtain is discrete, the claim follows. n

5.3. Proof of Theorem 1
Let ¢ be a solution to the Schrodinger equation. In the interior region, we can write

¢ = a+,imw’;hint + a_’imlﬂ;’im
and in the exterior region, we write

d) — a+,exlw;,ext + a—,extwh—,exl.
Using Theorem 2, we have

+,exi _1

¥y (b) = (E=V(b)7%,
Wy (b) = i (E = V(b)) (1 + hgip),

where g}jf has an asymptotic expansion in integral powers of /. It follows that

(E — V(b))% ¢(b) _ (1 1 ) 1+ %’g; _%g}: (a+,ext) (10)
E-ve) St he@) ~\i —i)\ —tgt 14k | \amex)
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In the matching region, both expressions for ¢ are valid. Thus, evaluating at 7!1~¢, we
obtain

exp(lh ef)( +1nt(1 +p+ mt)+a—,intp—,int)
+exp(zh8\/_)(a+’““ +1nt+a mt(l +qh mt))

= exp(ih°VE)at™ exp(—_ 9F )E (14 p+ ),

+ exp(—ih NV E)a™™ exp(%)E (14 ph’m).

We multiply by E 4, and observe that we can pairwise identify the asymptotic expansions
in front of exp(+ih~¢ VE), yielding the following system of equations

1+ p-l- »int p}—t,inll E% gt
q;l— ,int 1 + q;,mt E% a—,int
((1 +p+ ext) exp( lUE) 0

a =+ ,ext
0 (1 + ph ,ext) exp(-HoE) (a—,exl) :
Then, we observe that

E% ¢(0) _(1 1) Ei gt
E~the'0))  \i —i)\Etqim

so that, using (10), we obtain the following relation

—1
E% ¢(O) B 1 1 1+p+ ,int ph,lm
E—% h(f)/(()) —\i =i +,int Jint

95’ I+aq,

(1 + p+ ext) exp( i0E 0
0 (1 -+ 5, ™) exp(H12E)

(1+hgt b _1(1 1)‘1 (E V(b)) $(b)
S 1+8g) U : |

(E = V(b))~* h¢'(b)
We can, thus, rewrite

( E $(0) ) () ( (E=V(0))* $(b) ) .
E~3 h¢(0) (E — V(b))% he'(b)

We compute the matrix My, (E) to obtain

cos2E  —sin ZE o o
_ 1 I E A+ o OF §—
Mh(E) = (Sin 0% cos OTE ) + cos TAh (E) 4+ sin TAh (E)
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where the matrices Ay (E) admit asymptotic expansions in 2 with smooth coefficients in
E. By construction, the exponent set of the latter is contained in the sum 4™ 4 A% But
the exponent set should not depend on ¢. It follows that only powers that can be written
as my +n withm = 1 and n = 0 can have a non-zero coefficient, which concludes the
proof.

Remark 5.1. For any fixed W € X, the coefficients in the asymptotic expansions are
in principle computable and shown to be smooth for £ € K. Moreover, the expansion is
uniform for (W, E) € K x K.

6. Examples

6.1. Singular Bohr-Sommerfeld rules

We apply the main theorem to obtain a singular Bohr—Sommerfeld rule for the problem
with Dirichlet boundary condition at 0 and b.
The eigenvalue equation in that case can be written as

0 0
My (E = .
w0 (1) =)
It follows the following equation:
. (O _ o
sm(TE)(l +a;, (E)) + cos(%)a;(E) =0,
where a}f have asymptotic expansions with exponent set given by
{my +n,m=0,n=0}\{0}.
This is easily transformed into the following Bohr—Sommerfeld rules:
1P 1 my+n
il (E=V)idy+ Y. W0 ,(E) =kn.

(m,n)#(0,0)

This is the standard form with two modifications: the integrand is not smooth at 0, and the
exponent set is not the integers.

6.2. Singular Bohr-Sommerfeld rules on the half-line

In this section, we consider a Schrodinger operator on the half-line [0, +00). We assume
that the potential V' is smooth on (0, +00) and satisfies the same assumptions as before
on some interval (0, c], and we assume, for simplicity, that V' is increasing on [c, +00).
We also assume that the energy window K is such that V"1(K) C (0, c].

Remark 6.1. We could consider the more general setting described in [16].
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For E € K, let G, (-; E) be a L? solution to the eigenvalue equation on the half-line.
By assumption, such L? solutions form a one-dimensional vector space. Fix b < ¢, such
that V~1(K) C (b, ¢), the analysis of the present paper gives a good understanding on
[0, b].

On the interval [b, +00), the potential is smooth so that the usual theory applies. In
particular, we can use the Maslov Ansatz and look at Gy, as an oscillatory integral of the
following form:

G(x: ) = [ /W5 FO S 06 d.
k=0
A variant of the WKB method yields an eikonal equation for F', a homogenous transport
equation for by, and inhomogeneous transport equations for the by, k = 1.

Of course, the standard WKB construction near b can be performed, yielding a two-
dimensional space of solutions. But the space of solutions that is L2 near infinity is only
1-dimensional. This difficulty is resolved by performing a stationary phase computation
on the Maslov Ansatz. We obtain that there exists a unique solution, that is L2 near infinity,
and such that

(E—=V®)sGub:E) \ _ (1 [+ Lo _m\ (1+ b5 (E)
((E — V(b)) HhG) (b E)) - COS(E/b (E=VOD+dy - Z) ' ( it (E) )

(1 [T 3 T o (F)
+ SIH(E/b (E-=V(y)idy— Z) ' (1 +hC;(E)) 7

where b,:f (E) and cff (E) are standard asymptotic expansions (with the positive integers
as exponent set).

Combining with Theorem 1, we obtain that there exist asymptotic expansions with
exponent set {my + n, m = 0, n = 0} \ {0} such that following result holds:

E{GR(0:E) \ _ (1 [T A 1+a;(E))
(E—th;l(O;E)>_COS(h/0 (E =V dy 4) ( af (E)

(1 [ bz & (E)
N Sm(ﬁ /0 (E—=V()idy— Z) ' (1 +h&,;(E)) '

Remark 6.2. This formula allows one to recover the results of [16].
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