Doc. Math. (Online first) © 2026 Deutsche Mathematiker-Vereinigung
DOI 10.4171/DM/1096 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Wall and chamber structure for a special biserial algebra
coming from perverse sheaves on P”"

Alessio Cipriani and Martina Lanini

Abstract. We describe the wall and chamber structure of a special biserial algebra whose module
category is equivalent to the category of (middle) perverse sheaves on the complex projective space
P”. In particular, by the well-known classification of indecomposable modules for special biserial
algebras, we deduce that the algebra of interest is of finite representation type and we provide an
explicit description of the walls of the structure. By a result of Bridgeland this wall and chamber
structure coincides with the chamber structure in an open subset of the space of stability conditions
on the bounded derived category of constructible sheaves on P.

1. Introduction

This work stems from the desire of understanding Bridgeland space of stability conditions
for the bounded derived category of complexes on complex projective spaces constructible
with respect to the Schubert stratification. Stability spaces for triangulated categories were
introduced by Bridgeland in [8] inspired by the work of Douglas on string theory [14].
Many progresses have been made in the study of stability spaces for derived categories
of coherent sheaves, while the case of bounded derived categories of constructible com-
plexes, treated in the P! case in [26], has had less fortune so far. One of the reasons to
look at the bounded derived category D.(X) of constructible sheaves on some variety X
is that, if the stratification considered on X is by affine subvarieties whose cohomology
is concentrated in one degree (e.g., flag varieties with Schubert stratification), then the
abelian category of middle perverse sheaves on X is a faithful heart of D.(X), that is a
heart whose derived category is D.(X) itself. By [12] the category of middle perverse
sheaves can be realised as a module category for a quiver with relations, so that our tri-
angulated category of interest is now the derived category of a quiver module category, in
particular of modules for a finite-dimensional algebra.

Stability conditions for the category of modules over a finite-dimensional algebra were
defined and investigated since the Nineties [18]. The definition of wall and chamber struc-
ture for a finite-dimensional algebra is due to Bridgeland [9] and links the geometric and
algebraic notions of stability condition spaces in the following sense: understanding the
wall and chamber structure for the category (Q, I') — rep of representations of a quiver
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with relations is equivalent to understanding wall crossing phenomena in an open subset
of Bridgeland stability space for the derived category of (Q, I) — rep. In fact, in some
cases it is enough to understand the wall and chamber structure to obtain all the needed
information to control Bridgeland’s space of stability conditions [7].

The abelian category of middle perverse sheaves on the complex projective space P”
with Schubert stratification is known to be equivalent to the category of modules for a
particularly nice quiver with relations (Q(n), I(n)) (see for instance [24, Example 1.1])
whose corresponding algebra B(n) is special biserial. Special biserial algebras have been
widely studied for very many years, starting from [23], where they were defined. This is
certainly due to the fact that their representation theory is extremely well understood and
the classification of their indecomposable modules is purely combinatorial, as explained
in [11,25]. In particular, their indecomposable modules are subdivided into three classes:
string modules, band modules and non-uniserial injective-projective modules. We show
that our special biserial algebra B(n) does not have any band module (Remark 3.8). Since
the other two classes of modules are finite, we can deduce that the algebra of interest is
of finite representation type. After this paper was written, we discovered that the classi-
fication of indecomposable B(n)-modules was exploited in [20] to investigate exceptional
B(n)-sequences. Nevertheless, we were not able to find a proof in the literature. As for
the wall and chamber structure, the stability spaces corresponding to non-thin indecom-
posable B(n)-modules are contained in the walls corresponding to thin modules, so that
we are left with a wall and chamber structure which only involves indecomposable thin
modules (Proposition 5.8). Walls for string modules have been explicitly described in
the acyclic case by [2] via facial description and in [21] via the dual description by ray
generators any polyhedral cones. It would have been possible to invoke [21] to prove
Proposition 5.8 and to deduce the wall and chamber structure of the category of middle
perverse sheaves on the complex projective space from [21] once the indecomposable thin
B(n)-modules had been interpreted as thin modules for an acyclic quiver with relations.
Nevertheless, since the combinatorics of indecomposable modules for our algebra is very
explicit, we tried to keep this paper as self contained as possible (apart from the classific-
ation of indecomposable modules) and hence we provide independent proofs of the non
relevance of non-thin modules, as well as the wall facial description, both relying on the
nice combinatorics of strings on (Q(n), I(n)) (see Section 3). Such nice combinatorics
translates into perverse sheaves language: the perverse sheaves corresponding to the walls
of the structure can be constructed as iterated extensions of appropriate simples, standard
and costandard objects (Proposition 6.7).

Since our motivation came from geometry, we did not investigate the consequences
of our main theorem to silting theory. By [2, 10] the chambers in the wall and chamber
structure of a finite-dimensional algebra are in bijection with its 2-silting complexes (up
to isomorphism), and two 2-silting complexes corresponding to adjacent chambers are
related by a mutation. Therefore, determining the number of isomorphism classes of 2-
silting complexes for B(n) becomes the purely combinatorial problem of counting the
maximal cones of the polyhedral fan complex resulting from Theorem 5.13.
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1.1. Structure of the paper

In Section 2 we collect some basic facts on quivers with relations and walks on them;
we also define our main character (Q(n), I(n)). In the following Section 3 we investigate
the combinatorial behaviour of strings on (Q (%), I(n)) and prove that there are no bands
on (Q(n), I(n)). Section 4 deals with the representation theory of the finite-dimensional
algebra B(n) corresponding to (Q(n), I(n)). In particular, we recall the parameterisation
of isomorphism classes of indecomposable modules and we apply the string combinatorics
to deduce that B(n) is of finite representation type with a very explicit realisation of the
indecomposable objects. In Section 5 we recall King’s definition of semistable objects
for a finite-dimensional algebra and we describe the stability spaces (via inequalities) of
any indecomposable module. The facial description of the wall and chamber structure of
B(n) is given in Theorem 5.13. Finally, Section 6 is about the geometric counterpart of
our result: more precisely, we explicitly describe the perverse sheaves corresponding to
the walls of the structure.

2. Reminder on special biserial algebras and walks on their quivers

We recall here some basics on special biserial algebras and their representation theory, see
for example [11,23,25].

Throughout the paper we will denote the interval of natural numbers {i,i + 1,...,j}
by [i, j], and use the short hand notation [m] = [1, m].

A quiver Q = (Qo, Q1) is an oriented graph, with vertex set Q¢ and arrow set Q.
For any algebraically closed field k, we denote by k Q its path algebra, that is the algebra
obtained by concatenating paths on the graph, see for instance [3, Chapter 2, Section 1].
If F is the ideal of k O generated by the arrows, we say that a further ideal I is admissible
whenever there is an m such that F C I € F2. The algebrak Q /1 is said special biserial
if I is admissible and the following two extra conditions hold

* every vertex is source of at most two arrows and is target of at most two arrows,

» for any arrow y there is at most one arrow § such that the composition y o § ¢ I and
at most one arrow 6’ such that 8’ oy & I.

If kQ/1 is special biserial, then [ is generated by monomials (that is paths on the quiver)
and binomials (that is relations such as ay — b§, with a, b € k* and y, § paths on Q), as
explained in [23, Corollary of Lemma 1].

In this paper we deal with the quiver O (n), that is the quiver with

» vertices i € [0, n],
e arrowsa;:i +1 —iandf;:i — i+ 1withi € [0,n—1],

and we consider the ideal of relations /(n) generated by

Bici —aiv1fiv1, icitr, Piv1fi (i €[0.n—2]). aofo.
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Remark 2.1. The quiver with relations (Q(n), I(n)) coincides with the one appearing
in [17, Section 1 (b)] and in [24, Example 1.1].

For instance, when n = 2 we have the quiver

o o
0Q)=22_21_20 2.1
B1 Bo
with relations
1(2) = (Boao — a1B1, @01, B1Bo, @oPo)- (2.2

We denote by B(n) the quotient algebra k Q (n)/I(n). It is immediate to see that B(n)
is special biserial.

Given a quiver Q = (Qp. Q1), we denote by QF the set of formal inverses of the
arrows of Q. If § € QF, we write §* to denote the arrow in Q1 whose formal inverse is §
(thatis (y*)* = y). By convention, if y € Q has source s(y) and target 7(y) then we set
s(y*) =t(y) and 1(y*) = s(y).

Definition 2.2. Let O = (Qy, O1) be a quiver.

(1) Awalk of length m > 1 on Q is a sequence W = Yy, -+ y2y1 With yx € 01 U OF
for any k and s(yg4+1) = t(yg) forallk <m — 1.

(2) A walk on Q of length 0 on the vertex i is the trivial path which stays on such a
vertex. We denote it by &;.

(3) Apathon Q isawalk w = y, -+ y2y1 with all yx € Q5.
(4) A walk is said to be reduced if either w is of length 0, or w = ¢; --- ¢, and
ci # ¢y foranyi € [m—1].
Example 2.3. Let us consider Q(2) as defined in (2.1).
(i)  The sequence w = af By is a walk on Q(2) (and it is not a path).
(ii) The sequence w = By P is areduced walk on Q(2) (and it is not a path).
(iii) The sequence w = BB is a path on Q(2).

If w = ¢ -+-c1 is a walk of length m > 0, we denote by w* the walk ¢} ---c;,. By
convention, £ = ¢; forany i € Qy.

Definition 2.4. Let O = (Qo, Q1) be a quiver. A walk w on Q is said to contain a non-
trivial path p if p or p* are contained in w (that is p or p* can be obtained from the word
of w by removing a suffix and/or a prefix).
Example 2.5. Let us consider Q(2) as defined in (2.1).

(i) The walk w = & Bo contains the length 1 paths u; = oy and u, = fo.

(i) The walk w = Bya B contains the path o f;.
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Definition 2.6. Let Q = (Qg, Q1) and let I be an admissible ideal of kQ such that
kQ/1I is special biserial. A string on (Q, I) is a reduced walk on Q such that if p is a
non-trivial path contained in w then p is not a monomial appearing as a summand of any
of the generators of /.

Example 2.7. Let us consider Q(2) as defined in (2.1).
(i) The walk w = & By is a string as none of its subpaths appear in /(2).

(i) The walk w = Bjo1 B is not a string as the path «; 81 is a monomial in the
binomial relation Boog — 181 € 1(2).

(iii) The walk 8180 € I(2) and hence it is not a string.

Definition 2.8. Let Q = (Qy, Q1) be a quiver.

(1) The source s(w), resp. the target t(w), of a walk w = y, --- y; of length s > 0
on Q is s(y1), resp. t(Ym)- The trivial walk &; has source and target equal to .

(2) A cycle is a walk w of strictly positive length such that s(w) = #(w)

(3) Areduced cycleis acycle w = yy, -+~ y1 with yx # y, | forany k € [m — 1] and
the indices are taken modulo m.

(4) If w is a reduced cycle we write w” for the path obtained by concatenating w with
itself /i-times.

Example 2.9. Let Q be the equioriented Dynkin quiver of type A3, that is the quiver given
by Q() = {0, 1,2} and Q1 = {)LQIO — l, )Lli 1 — 2, Azlz — 0} Let] = ((Azklko)?’).
We consider walks on (Q, I)

(1) The source of w = A4 is s(w) = 1, while its target is  (w) = 0. Therefore w is
not a cycle.

(2) Let w = A2A14¢. Then s(w) = ¢t(w) = 0 and so w is a (reduced) cycle on Q.

Definition 2.10. Let O = (Qy, Q1) and let I be an admissible ideal of kQ such that
kQ/1 is special biserial. A band on (Q, I) is a non-trivial reduced cycle w on Q such
that w” is a string path on (Q, I') for any / > 1 and such that it does not exist a string path
u of length strictly less than the length of w with uk = w for some k > 1.

Example 2.11. Let O be the Dynkin quiver of type As given by Q¢ = {0, 1,2} and
01 =1{20:0—1, 11:1 > 2, A2:0 > 2} and / = @. Then A5A;A¢ isaband on (Q, I).

3. Combinatorics of strings on (Q(n), I(n))

As we will see in the next section, the representation theory of a special biserial algebra is
controlled by string and band combinatorics on the corresponding quiver with relations.
We collect in this section some results of strings on our quiver (Q(n), I(n)) and leave the
checks to the reader.
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Lemma 3.1. Let w = yy, - - 1 be a string on (Q(n), 1(n)) of length m > 2. Then either
W € {Bn_10n—1,0;_,Bi_,} or w does not contain any path of length > 2.
Corollary 3.2. There are three types of strings on (Q(n), I1(n)):
(1) the trivial paths €;, for i € [0,n],
(2) the cycles Bp—10tp—1 and a;_, Br_;,
(3) the alternating walks, that is walks such as ypy, ---y1 and y € Q(n)1 if and only
i Vis1 € Q)] foranyk <m.

Lemma 3.3. Let w = y,, --- y1 be an alternating string of length > 0 on (Q(n), I(n)).
Let fy:[0,m] — [0, n] be the function defined as

Sw©) =51, fw() =1()). j €lm].
Then fy, is strictly monotone. Moreover, fy, is increasing if and only if fy,+ is decreasing.

Example 3.4. Let us consider the string w = Bgo on (Q(2), 1(2)). Then, we have

fw(o) = S(Oll) = fw*(z) =2,
Jw() =1(1) = fux(1) =1,
fw(@) =1(Bg) = fu(0) =0.

Note that fy, is strictly decreasing and that f,= is strictly increasing.

Lemma 3.5. Let w = yy, -+~ y1 be an alternating string of length > 0 on (Q(n), 1(n))
and let fy, be defined as in Lemma 3.3. If fy, is increasing, then im fy, = [s(w), t(w)] and
hence fy:[0,m] — [s(w), t(w)] is bijective.

We have already observed that if w is a, then w* is also a string. The *-class of a
string is the set {w, w*}. The following lemma parameterizes the *-classes of strings on

(Q(n), I(n)).

Lemma 3.6. The set of x-classes of alternating walk strings on (Q(n), I(n)) is in bijec-
tion with the following set

§={(a.b,n)|0<a<b=<n, ne{+l}}.

Proof. We denote by X the set of *-classes of strings on (Q(n), I(n)) of length > 0. We
will define a bijective function ¢: X — 8.

Let w = ¥y, - -+ y1 be a string of length > 0. Then f, is strictly monotone and it is
increasing if and only if f,,+ is decreasing. Since we only care about *-classes we can
assume that fy, is strictly increasing. We define

1 ify, € Q(n),

#w) = (fu(0). fuwlm). n). with 5 = {_1 ify1 € O},
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Viceversa, if (a, b, n) € 8 we set

af Bp—a-oi B ifn=1, anda =, b,
Bo—10; i Ba ifn=1, anda #; b,
Bo—1ap_n -+ Bat1e; ifn=—1, anda =, b,
op_Bo—2+ Bat10; ifn=—1, anda #; b,

v((a.b,m) =

where a =, b, resp. a #; b, indicates that a and b have, resp. do not have, the same parity.

Since t(B;) =i + 1 =t(ai+1) = s(e]y ) andt(oz;) = s(aj) = s(Bj+1) then (a,b, n)
is certainly a reduced walk. It is a string since it does not contain any path of length
> 2 or any monomial in /(n) or summand of a binomial generating /(n). Note that
s(¥((a,b,n))) = a and t (¥ ((a, b, n))) = b. At this point is an easy check to see that
¢ and ¥ are mutual inverses. ]

Corollary 3.7. The number of *-classes of strings on (Q(n), I(n)) is (n + 1) + 1.

Proof. Corollary 3.2 tells us that we have three types of strings. As for the first type of
strings, the trivial paths, they are fixed by the *-operation and there are » many of them.
We have only two strings of the second type which are interchanged by the *-operation
and this gives us another *-class.

By the previous lemma, we are hence left to compute the cardinality of § which
coincides with twice the cardinality of the set of connected subintervals of [0, n], that
isn(n + 1). [

Remark 3.8. It follows from Corollary 3.7 that there are no bands (Q(n), I(n)) for any
n > 1, and the algebra B(n) is representation-finite.

Since we require that w” is a string for any & > 1, in particular w itself is a string
and by Lemma 3.3 f,, is strictly monotone. On the other hand we require that f,, (m) =
t(Ym) =s(y1) = fw(0), but the strictly monotonicity of fy, tells us that this is not possible.

4. Classification of indecomposable B(n)-modules

We devote this section to the classification of B(n)-indecomposable modules.

We start be recalling what a representation is in this setting.

Let Q = (Qo, Q1) be aquiver and I be an admissible ideal of its path algebrak Q. A
(Q, I))-representation over k is given by

* acollection of finite-dimensional k-vector spaces (M;)icg,.
* acollection of k-linear maps (¢,: M; — M;),.i—jep, such that the maps verify the

relations in /: if ), ¢; (y,,(fi) ---yl(i)) elthen) ;¢ (My@ 0---0 My(i)) =0.
m; 1

IfM = ((Mi)ieg,. (¢y)yeg,) and N = ((Ni)ie,. (¢))yep,) are two (Q, I)-representa-
tions, then a morphism from M to N is a collection of k-linear maps between the vector
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spaces of the representations ¥ = (Y;: M; — N;)ieg, such that forany y:i — j € Qy it
holds that v/; o ¢, = <p;, o ;. The category of (finite-dimensional) (Q, I')-representations
is equivalent to the category of (finite-dimensional) k Q /I -modules (see, for instance, [3,
Chapter II, Theorem 3.7]), therefore we will very often consider (Q (n), I (n))-representa-
tions and refer to them as B(n)-modules.

Let Q be a quiver and let / be an admissible ideal such that kQ /I is special biserial.
As already recalled, [ is generated by monomials and binomials in paths on Q. Assume
that we have a minimal set of generators of /. If a path p appears as a monomial (rescaled
by some non-zero scalar) in some binomial relation in / and p ¢ I, then this binomial
relation is unique. The following theorem provides a parameterisation of k Q /I -modules
for any special biserial algebra:

Theorem 4.1 ([25, Proposition 2.3]). Let kQ/I be a special biserial algebra. The indecom-
posable kQ /I -modules are organized into three families: one parameterized by strings
on (Q, 1), one parameterized by bands on (Q, I), and a third one parameterized by (non-
redundant) binomial relations in 1. Moreover, the three families have empty intersection.

By Remark 3.8 we know that there are no bands on (Q(n), I(n)) and since we are
interested in classifying indecomposables B(n)-modules we can restrict our attention only
to the class of modules corresponding to strings and to binomial relations.

Let w =y, - - - y1 be a string of strictly positive length on a quiver with relations (Q, I')
for a special biserial algebra. We can define a function f,: [0, m] — [0, n] in the same way
as in Lemma 3.3. If w = ¢; for some i we define f,: {0} — [0,m] as f,(0) = i.

Lety € Q1 U QF. We denote by ¥ € O the unique element in {y, y*} N Q. We will
refer to such ¥ as an honest arrow, since it is an element of Q1.

Definition 4.2 ([25, Section 2]). Let w = y,, --- y;1 be astring on (Q(n), I(n)). The string
representation M(w) of B(n) is defined as follows:

M(LU)} = @ ]kv .] € [0,71],

he f5' ()

M= @ (kGG = k(G)). §e0@mn.

ity;e{8,6*}

where in the definition of the maps we denote by k(%) the ith copy of k in the direct sum
Oherita k-

Note that the above defined representation is indecomposable by construction. More-
over, M(w) is isomorphic to M(v) if and only if w = v*. Thus isomorphism classes of
string modules are parameterized by *-classes of strings on (Q(n), I(n)).

Since M (w) is simple if and only if w = ¢; for some i € [0, n], we will sometimes use
the notation S; for M (e;). If w is a string on (Q(n), I(n)) of length > 1 different from
Bn—10n—1,0,_,Br_, and (a, b, n) is the element of § corresponding to the *-class of w,
we will often write M (a, b, n) instead of M (w).
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Next we need to give the definition of the indecomposable modules corresponding to
binomial relations in /(7). Recall that the (non-redundant) binomial relations in /(n) are
Bicti —ait1fiv1, i €[0,n—2]
and are therefore in bijection with the set [0, n — 2].

Definition 4.3. Letn > 2 and leti € [0, n — 2]. The (non-uniserial) projective-injective
B(n)-module R(i) are:

k if j e {i,i+2},
RG@)j=1kok ifj=1i+1, j €10,n],
0) otherwise,

[1o] ify e{ai, fiv1}
R(@i)y =1 [9] ifye{Bi.cit1}. ve€Qm,
(0) otherwise.

Recall that by Remark 3.8 we know that there are no band modules. A more precise
version of Theorem 4.1 for our algebra B(n) is hence the following.

Theorem 4.4. Let M be an indecomposable B(n)-module. Then either there exists an
i €[0,n — 2] such that M ~ R(i) or there exists a string w on (Q(n), I1(n)) such that
M >~ M(w).

Example 4.5. In the case n = 1, the indecomposable B(1)-modules are all string mod-

ules:

0 0

0 0
1 0 B
e 3 -

= = = 2
M(@)=C __ ~C, M(po) c__¢C M(Boao) = C r\/@,

0 1 A

where A =[}]and B = [01].

Corollary 4.6. The number of isomorphism classes of indecomposable B(n)-modules is
n+(n+1)>2

Proof. Corollary 3.7 tells us that there are exactly (n + 1)2 + 1 strings on (Q(n), I(n)) up
to *-equivalence, which gives us (n + 1)? 4 1 indecomposable string B(n)-modules, up
to isomorphism. If an indecomposable module is not a string, then by the previous theorem
it is isomorphic to R(i) for some i € [0,n — 2]. It is immediate to see that R(i) >~ R(j) if
and only if i = j. Therefore the number of indecomposable B(n) modules which are not
string is #{0,n — 2] = n — 1. |
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4.1. Thin indecomposable B(n)-modules

In this section we recall the notion of thin module for a quiver with relations and we show
that an object N is subobject of a non-thin indecomposable B(n)-module M if and only
if there is a quotient of M with same dimension vector as N.

Definition 4.7. Let (Q, I) be a quiver with relations. We say that a module M is thin if
the isomorphism classes of its decomposition factors are all distinct.

In our case, since B(n) is basic, a module is thin if and only if its dimension vector has
all entries < 1. Moreover, it is clear that if a module is indecomposable, then its support
is connected.

Lemma 4.8. Let M be a thin indecomposable B(n)-module and let d =(d,,,dy—1,. . .,do)
be its dimension vector. Then there exist 0 <i < j <n suchthatdy = 1 foranyk € [i, j]
and dy, = 0 otherwise.

Remark 4.9. Note that there is a unique string module which is not thin: the one corres-
ponding to the walk 8, _j0,—1.

Corollary 4.10. The number of isomorphism classes of thin indecomposable B(n)-mod-
ules is (n + 1)2.

The following result will have as an application that we do not need non-thin modules
to determine the wall and chamber structure of B(n).

Lemma 4.11. Let M be an indecomposable non-thin B(n)-module. Then M is isomorphic
to either M(Bp—10n—1) or R(i) for some i € [0,n — 2]. Moreover, for any indecomposable
subobject N of M there exists a quotient R of M such that dim N = dim R.

Proof. Since M is an indecomposable B(n)-module by Theorem 4.4 M is either a string
module or is coming from a binomial relation in /(7).

Assume first that M is a string module. By the proof of Lemma 4.8 we know that
all string modules but M(8,_10,—1) are thin. Since M is assumed not to be thin it
must be isomorphic to M(B,—10,—1). Via direct inspection we see that the only two
proper submodules of M(8,_1a,—1) are (isomorphic to) S, and M(B,—1). On the other
hand, its (proper) quotients are isomorphic to S, and M(oy—1). Since dim M (8,-1) =
dim M (o,—1) the lemma is proven in the case M ~ M(B,—10n—1).

We can hence assume that M is not a string, so that M ~ R(i) for some i € [0,n — 2].
In this case by definition of R(i) we have a non-thin module. By direct inspection we see
that its proper subobjects are isomorphic to S; 11, M(ei+1), M(Bi), M(e,, B;), while its
proper quotients are isomorphic to S; 1, M(et;), M(Bi+1), M(Bi+10). Asdim M(aj) =
M(B;) forany j €[0,n — 1] and dim M (B; +10;) = dim M (",  B;) the claim follows. m

Definition 4.12. Let (Q, I) be a quiver with relations. We say that a module M is a brick
if its endomorphism ring is isomorphic to k.
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Proposition 4.13. A B(n)-module is a brick if and only if it is a thin indecomposable
module.

Proof. 1t is well known that a thin indecomposable module is necessarily a brick.
Viceversa, assume that M is a brick. Certainly, M has to be indecomposable. Assume
that M is not thin, then by the proof of Lemma 4.11 we know that there exists an i [0, n —2]
such that S;4; is both a subobject and a quotient of M. If we denote by f:S;j+; > M
the inclusion, and by g: M — S;4+ the projection to the quotient, then the composite
f o g isclearly not a multiple of the identity morphism Idys. This contradicts the fact that
End(M) ~ k. ]

5. Wall and chamber structure

We recall here the definition of wall and chamber structure, following [16, Sections 1.2
and 1.3]. Since we only deal with our very special quiver with relations (Q(n), I(n)), we
give the various definitions adapted to our case and do not discuss the more general setting.

Firstly, we denote by (-, ) the usual scalar product on R”T1. We start by recalling
King’s notion of v-semistable modules for an algebra with relations [18].

Definition 5.1. Let v € R"*!. We say that a (Q(n), I(n))-module M is v-semistable if
(v,dim M) = 0 and (v, dim N) < 0 for any non-zero proper subobject N of M. Equi-
valently, we say that M is v-semistable if (v,dim M) = 0 and (v, dim R) > 0 for any
non-zero proper quotient R of M.

Remark 5.2. Let M be anon-zero (Q(n), I(n))-module and let v € R”*1, Observe that if
N, N’ are subobjects of M such that N N N’ = (0), (v,dimN) < 0and (v,dimN’) <0
then N @ N’ is a subobject of M and automatically (v, N @& N’) < 0. Therefore it is
enough to consider indecomposable subobjects in Definition 5.1.

Definition 5.3 ([16, Definition 11]). (1) Let M be a non-zero B(n)-module. Its sta-
bility space is
D(M) = {v e R"" | M is v-semistable}.
(2) We say that the stability space (M) of a non-zero module is a wall if it has
codimension 1.

(3) The chambers are open connected components of
R\ JDoM).

where the union runs over the set of indecomposable B(n)-modules.

(4) The wall and chamber structure for B(n) is the combination of all the walls
(D (M) for indecomposable modules M) and all the chambers.

Remark 5.4. In [16] to define the chambers the complement is taken with respect to the
closure of the union of all non-zero modules, but then [16, Proposition 12] shows that it is
enough to consider the indecomposable ones.
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Example 5.5. In the case n = 1 we have five indecomposable. We keep the same notation
as in Example 4.5 and describe the wall and chamber structure of B(1). Determining
stability space of simple modules is immediate, as by definition they do not have any
proper submodule:

D(So) = {v € R* | (v, (0, 1)) = 0} = x axis,
D(Sy) = {v e R? | (v, (1,0)) = 0} = y axis.

We are left with other three indecomposable modules: M(«o) and M (Bp) (dual to each
other) and the (injective-projective) indecomposable object M (Bocg). Observe that the
only proper submodule of M (cg) is So, which is also the unique proper quotient of M (),
so that

D(M(ap)) = {v e R* | {v,(1,1)) =0, (v,(0,1)) <0} = {(r,—1) | t € Rxo},
D(M(Bo)) = {v eR?*|({v,(1,1)) =0, (v, (0, 1)) = 0} = {(t.—1) | t € Rep}.

Finally, M (Boag) has only two proper subobjects, which are M(B¢) and Sy ad hence its
stability space is

D(M(Boo)) = {v € R* | {v.(2,1)) = 0. (v, (1, 1)) <0, {v.(0,1)) <0} = {(0.0)}.

The wall and chamber structure in this case is represented in Figure 1. If we compare our
picture with [26, Figure 2] we notice that the wall and chamber structure for B(1) encodes
the whole wall crossing phenomena in Bridgeland’s stability space of the bounded derived
category of constructible sheaves on P!

D(S
D(M(Bo)) (51

D(M(Boxo))
D(So)

Figure 1. Wall and chamber structure of B(1).
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Lemma 5.6. Let M be a (Q(n), I(n))-module and assume that there exists a proper non-
zero submodule N and a proper non-zero quotient R such that dim N = dim R. Thus,
D(M) S D(N).

Proof. Recall that
DM)={veR"!" | (v.dimM) =0, (v,dimN') <0 for any subobj N C M}
={veR""! | (v,dimM) =0, (v,dim R’) > 0 for any quotient M —» R'}.

Letv € D(M). Since dim N = dim R, then it must hold (v, dim N) = 0. Moreover,
N being a subobject of M, every subobject of N is also a subobject of M, and hence
(v,dim N’) < 0 for any subobject N’ € N. Thus we conclude that D(M) C D(N). =

The following lemma can be also found in [2].

Lemma 5.7. Let M be an indecomposable B(n)-module. Then there exists a thin indecom-
posable L such that D(M) € D(L).

Proof. If M is thin the statement is trivial, so that we can assume that M is not thin. In
this case, by the proof of Lemma 4.11 there exists an i € [0, n — 1] such that S; 4 is both
a submodule and a quotient of M. Thus by Lemma 5.6 we have that D(M) C D(S;). =

The following proposition is now an immediate consequence of Lemma 5.7 and the
definition of wall and chamber structure.

Proposition 5.8. The wall and chamber structure of B(n) is uniquely determined by con-
ditions coming from thin indecomposables.

Remark 5.9. Recall that by Proposition 4.13 a B(n)-module is a brick if and only if is a
thin indecomposable. Therefore Proposition 5.8 could also be deduced from [2, Proposi-
tion 2.7].

Corollary 5.10. The number of walls in the wall and chamber structure of B(n) is (n +1)2.
Proof. This is an immediate consequence of Lemma 5.7 and Corollary 4.10. ]

In the proof of Lemma 4.11 we have classified the submodules of any non-thin module.
This allows us to find explicit inequality description for the stability spaces of indecom-
posable non-thin modules. Notice that by the previous theorem this is not needed for the
wall and chamber structure of B(n), but we decided to include it in our paper for com-
pleteness since it is easy to deduce from what we have already seen.

Proposition 5.11. The stability spaces for the non-thin indecomposable modules of B(n)
are as follows:

D(M(Bn-10n-1)) = {v = (Vn,...,v0) € R"*! | v, = v,_; =0},
i)(R(i)) = {v = (Up,....00) €ER"™ | v; = vj41 = viyo = 0}, i €[0,n—2].

In particular, if M is not thin then D (M) is not a wall.
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Proof. Firstlet M >~ M(B,—104—1). If v € D(M) then (v,dim M) = 0, that is v,—; +
2v, = 0. But there is a subobject and a quotient of M which are isomorphic to S, (cf.
proof of Lemma 4.11). Thus v, = 0 and hence also v,—; = 0. This is a also sufficient
condition for v to belong to (M) as all submodules of M would have dimension vector
whose entries different from the nth and (n — 1)st are zero, so that we do not have any
condition on v; for j #n,n — 1.

Assume now that M >~ R(i) for some i € [0, n — 2]. Then all submodules and quo-
tients of M have dimension vector whose non-zero entries are indexed by some subset of
[i,i + 2]. This means that the conditions on a vector v € R to belong to D (M) involve
only v;, v;4+1, Vj+2 while all the others are free. If v is in the stability space of M has to
verify

Vi +20i41 + V2 = 0. (5.D

Moreover (cf. proof of Lemma 4.11), M has submodules (among others) isomorphic to
Si+1, M(B;) and has a subquotients S; 1 and M (¢;). We deduce that

(v,dim Si41) = vig1 =0, (v,dim M(B;)) = vi + viy1 = 0.

The first equality together with the second one tells us that v;+; = v; = 0 and this com-
bined with (5.1) tells us that also v;+, = 0. By the above considerations these are also
sufficient conditions. n

Example 5.12. We apply Proposition 5.8 to determine the wall and chamber structure in
the n = 2 case. In principle, Corollary 3.7 tells us that we need to compute 3% + 2 = 11
stability spaces, but by the previous theorem we know that it is enough to determine 9 of
them. Note that there are three stability spaces given by simples and other three pairs of
stability spaces given by (dual) thin indecomposables (this is in fact a general feature, as
explained in the proof of the next Theorem 5.13).

Recall that the thin indecomposable B(2)-modules are parameterized by the set 8’ =
0,21 U{(a,b,n) |0 <a <b <2,ne{xl}}. We denote by M(c) the indecomposable
module corresponding to ¢ € §'.

D (M (O)) = xy-hyperplane,

D(M(1)) = xz-hyperplane,
JD(M (2)) = yz-hyperplane,
D(M(0.1,-1)) = D(M()) = {(x.y.2) eR? | y +z =0, z <0},
D(M(0.1,1)) = D(M(Bo)) = {(x.y,2) eR* | y + 2 =0, z > 0},
D(M(1,2,-1)) = D(M(a1)) = {(x.y.2) e R? | x +y =0, y <0},
D(M(1,2,1)) = D(M(B1)) = {(x,y.2) eR* | x +y =0, y >0},
D(M(0,2,-1)) = D(M(aof})) = {(x,y.2) eR¥ [x + y+2 =0, x <0, z <0},

D(M(0,2,1)) = D(M(affo) = {(x.y.2) eR* |[x+y+2z=0, x>0, z>0}.

Figure 2 illustrates the wall and chamber structure of B(2).
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Figure 2. Wall and chamber structure of B(2).

In Figure 2, the three hyperplanes £ (M (0)), D (M (1)) and O (M (2)) appear in pink,
purple and blue respectively. Moreover, D(M (0, 1, 1)) and D(M(0, 1, —1)) appear in
black and green, D(M(1,2,—1)) and D(M(1,2, 1)) appear in black and red, and finally
D(M(0,2,—-1)) and D(M(0,2, 1)) are in dark blue.

The following theorem generalises the previous example, providing an explicit descrip-
tion of all the relevant stability spaces:

Theorem 5.13. We have the following description of the stability spaces:
(1) D(M(g;)) = {v e R*™ | v; =0},
2) ifc = (a,b,—1) for some 0 <a < b < n, then

Vg + Vg1 + -+ vp =0,
- ') € la.b). &’ =2 a,
vi <0, ,
= b =borb" =;a)

3) ifc = (a,b,1) for some 0 < a < b < n, then

D(M(a,b,—1)) = {veR"!

Vg + Vg1 + -+ vp =0,

D(M(a.b, 1) = Jv e R""! bz el d = a g
Vi =z U,
= b =borb =, a)

where v = (U, Up—1, ..., V9), and X =, y indicates that x and y have the same parity.
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Proof. Claim (1) follows immediately from the fact that M(e;) is nothing but a simple
module >~ S; whose dimension vector has only one non-zero entry in position i.

Let M >~ M(a, b, n). Observe that any submodule or quotient of a thin module is
itself thin, therefore a submodule N, resp. a quotient R, of M is uniquely determined
by the set i € [a, b] such that N; # 0, resp. R; # 0. Let w = ¥y, --- y1 be the string
¥ ((a, b, n)) (see proof of Lemma 3.6). By definition of string representations it is clear
that N is a submodule if and only if whenever there is an i € [n] such that N; # (0) then
the following two conditions hold:

» there exists j € [0, m] such that f,,(j) =i,
+ ifthereis a k € [m] such that s(yx) = i then N;5,) # 0.

Dually, R is a quotient if and only if whenever there is an i € [r] such that R; # (0) then
the following two conditions hold:

* there exists j € [0, m] such that f,,(j) =i,
» if thereis a k € [m] such that #(yx) = i then R,y # 0.

We also observe that if M; # (0) then either i is source for all adjacent ¥ or is target for all
adjacent . Therefore, (2) and (3) are equivalent: dim M (a, b, —1) = dim M (a, b, 1) and it
follows from what we just discussed that a B(n)-module N is a subobject of M(a, b, —1)
if and only if it is a quotient of M(a, b, 1). This implies that the defining inequalities of
D(M(a, b, 1)) are obtained by reversing the ones of D (M (a, b, —1)) and viceversa.
Thus we are reduced to show (2). Let M = M(a, b, —1). Since dim M; = 1 for any
i € [a,b] and = 0 otherwise, we have that ((vy,, vy,—1,...,Vp),dim M) = 0 if and only
if Zﬁ;a v; = 0. Note that S; is a submodule if and only if there exists a k € [m] such
that 7 (%) =i (and hence i € [a, b]). Let w = yp, ---y1 = ¥ ((a, b, —1)). In this case we
have y,, = « and hence a is a target of &, . Therefore the targets are the vertices labelled
by elements ¢ =, a. We conclude that S; is a submodule of M if and only if i =, a. By
the classification of indecomposable thin modules we also know that all indecomposable
submodules of M corresponding to alternating walks have to be parameterized by a subset
of {(a@’,b',n) |a <a’ <b' <b,n €{£1}}. By the same reasoning as before, we conclude
thata’ =, a.If b’ # b, once again it has to satisfy b’ =, a, otherwise it would be source of
some honest arrow yy. Instead, the vertex b = f,, (m) cannot be source of any arrow not
contained in [@’, b] and hence M (a’, b, —1) is (isomorphic to) a submodule of M for any
a’ =, a. The claim now follows by taking dimension vectors and calculating the scalar
products with v. |

Remark 5.14. By [2, 10] the chambers obtained by removing the walls described in The-
orem 5.13 parameterize isomorphism classes of 2-silting complexes for B(n). Moreover,
if a pair of 2-silting complexes correspond to adjacent chambers then there is a mutation
taking one of the 2-silting complexes to the other.

For instance, in the case n = 2 we can exploit Theorem 5.13 (and Figure 2) to see that
there are exactly 20 chambers and hence 20 (isomorphism classes of) 2-silting complexes.
To obtain the mutation graph it is hence enough to draw a vertex in the interior of any
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chamber and an edge between vertices of chambers having a wall in common. It would be
interesting to apply our explicit description to deduce information on B(n)-silting com-
plexes and their properties for general n.

6. Perverse sheaves on the complex projective space and B(n)

6.1. Generalities on perverse sheaves

In this section we recall some definitions and important facts on perverse sheaves, see [4,
15].

6.1.1. Topologically stratified spaces. We recall the inductive definition of a topologic-
ally stratified space in the sense of [15], see also [19, Definition 4.1.1].

A 0-dimensional topologically stratified space is a discrete union of points. Let d > 1.
A d-dimensional topologically stratified space X is a paracompact Hausdorff topological
space with a finite filtration by closed subset X = Xz D -+ D X¢ D X—; = 0 such that
Xi ~ Xi— is a (possibly empty) i-dimensional topological manifold, and such that each
x € X; ~ X;_; has an open neighbourhood filtration-preserving homeomorphic to R¥ x
C(L;) where

e L; is some compact (d — i — 1)-topologically stratified space called link of X; ~ X;_;
at x.

C(L;) = L; x[0,1)/L; x {0} denotes the open cone on L; with the induced filtration
by the vertex and the subsets Ly x [0, 1)/ Ly x {0}, with k <.

The (non-empty) connected components of X; ~ X;_; are called strata of X.

6.1.2. The constructible derived category. Let k be a field. Let X be a topologically
stratified space and let D?(X) be the bounded derived category of sheaves of k-vector
spaces on X . The constructible derived category of X , which we will denote by D, (X), is
the full subcategory of D? (X) with objects the complexes whose cohomology sheaves are
locally-constant when restricted to each stratum of X. Note that D, (X) is a triangulated
category.

Let Z be a closed union of strata of X. The complementary maps::Z — X and j:U =
X ~ Z — X give rise to a triangulated recollement, see for instance [4, Section 1.4.1], of

the form
1* N
Do(Z) =" D.(X) =L D.(U). 6.1)
K_/ v
1! J*

In particular, (1*, 14), (1x,1'), (J1, 7*) and (7 *, J«) are adjoint pairs.

6.1.3. Perverse t-structures. Let X be a topologically stratified space with strata S;. A
perversity p on X is a Z-valued function from the set of strata of X .
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Letigs: S — X be the inclusion of a stratum into X . The pair of subcategories
PD=0 = LA € D(X) | HX5A) =0, k > p(S)),

(6.2)
PD=0 = {A € Dc(X) | HE (5 A) = 0. k < p(S)}.

where #*(&) denotes the cohomology sheaf of the complex of sheaves &, is a bounded
t-structure on D, (X) for any perversity p on X, see [4, Corollaire 2.1.4]. The ¢-structure
(PD=°,PD=Y) is called the p-perverse t-structure on D.(X). The category of p-perverse
sheaves on X is defined as the heart of such ¢-structure, that is ?Perv(X) = #D=° N ?D=0,
It follows from the general theory of ¢-structure that # Perv(X) is an abelian subcategory of
D, (X). The triangulated recollement (6.1) descend to an abelian recollement of categories
of perverse sheaves, with perverse functors defined by setting 7 F = P H® o F o g, where
F e {1* 141", ¥ 7k PHO: Do (Y) — PPerv(Y) for Y € {Z, X, U} is the cohomolo-
gical functor left inverse to the inclusion &: PPerv(Y) — D.(Y), see [4, Section 1.3.6].

6.1.4. Perverse sheaves as representations of a quiver with relations. Under suitable
topological assumptions on X, if k is algebraically closed we have an exact equivalence
between categories of perverse sheaves and representations of a quiver with relations.

Theorem 6.1 ([12, Corollary 5.3 and Section 5.1]). Let k be an algebraically closed
field and X a topologically stratified space with finitely many strata, each with finite fun-
damental group. For any perversity p on X the category PPerv(X) is equivalent to a
category of representations of a quiver with relations.

6.2. Perverse sheaves on the complex projective space
Let n > 1 and consider the complex projective space X = P” with the filtration
X=X0,DXon 1=Xono=P" 10..0X;=X,=P!' DX, =Xo=ptDX_; =0,
so that there are n + 1 (non-empty) strata indexed by their complex dimension

S;i =P ~P~l>~C' iel0,n]
Note that all the strata S; of X are such that 71 (S;) is trivial for all i € [0, n].

Remark 6.2. It might seem odd that half of the strata are empty, but this is a very classical
stratification of the complex projective space when we see it as a partial flag variety.
Indeed, each non-empty stratum is a Schubert cell, that is an orbit for the action of a
Borel subgroup of SL,, 1.

Let m be the middle perversity on X (that is m(S;) = —i for all i € [0, n]) and k be
an algebraically closed field.

By Theorem 6.1, there is an exact equivalence between the category of m-perverse
sheaves on X and the category of representations of the quiver (Q(n), I(n)) defined in
Section 2, that is

"Perv(P") ~ kQ(n)/I(n)-mod.
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The category of middle perversity perverse sheaves on X = P” constructible with
respect to the Schubert stratification is equivalent to a regular block of the parabolic cat-
egory O for sl,,4+; and (maximal) parabolic g =~ sl,, as for [6, Proposition 3.5.1]. On the
other hand such a block is equivalent to the category of finite-dimensional modules for
kQ(n)/I(n) we investigated in this paper (see [24, Example 1.1]).

6.3. Back to Bridgeland stability conditions

Recall that we are aiming at getting a better understanding of Bridgeland’s space of sta-
bility conditions Stab(D.(IP"*)) on the triangulated category D, (IP").

By [5, Section 1.5], the category of middle perverse sheaves on P” forms a faithful
heart since we are stratifying the projective space by affine subvarieties whose cohomo-
logy is concentrated in one degree. This means that if we take the derived category of
middle perverse sheaves on P” we get back to D, (P").

Let K(D.(X)) denote the Grothendieck group of the constructible derived category of
X . We now recall the definition of Bridgeland stability conditions, see [8, Definition 1.1].
A stability condition on D, (X) is a pair (Z, ) where:

(1) Z: K(D:(X)) — C is a group homomorphism,

(2) P = (P(¢))gper With P(¢) is a full additive subcategory of D (X),
which satisfy the following axioms:

(i) ifE € P(¢),then Z(E) = r(E)exp(ing) for some r(E) € R,

(ii)) forall ¢ € R we have P (¢ + 1) = P (p)[1],

(iii) if ¢1 > ¢ and A; € P(¢;) for j = 1,2 then Homp, (x)(A1, 42) = 0,

(iv) for each non-zero object E € D.(X) there are a finite sequence of real numbers

¢1 > ¢ > --- > ¢, and a collection of triangles

0=E > Eq »y Ey — oo — Eyy —— E,=FE

R * R
N N N
N \ N
N \ N
N \ N

Ay A Ay

with objects A; € & (¢;) for all j, where a dashed arrow A --> B represents a
morphism A — BJ[1].

A stability condition (Z, &) determines a bounded ¢-structure on D, (X) with heart
the extension-closed subcategory generated by objects in & (¢p) with ¢ € (0, 1]. Viceversa,
a bounded ¢-structure on D, (X) together with a stability function on the heart with the
abelian analogue of axiom (iv) above determines a stability condition on D.(X) by [8,
Proposition 5.3].

A stability condition is locally-finite, see [8, Definition 5.7], if there exists a real num-
ber ¢ > 0 such that for all # € R the category obtained by taking the extension-closure:

(E eP()|pe(—et +e))
has finite length.
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The set Stab(D, (X)) of locally finite stability conditions on D, (X) is a complex man-
ifold by [8, Theorem 1.2]. Moreover, we know that the wall and chamber structure of
the category + of modules over a finite-dimensional algebra A encodes to the wall and
chamber structure of an open subset of Stab(D?(4)) in the following sense. Let € (A)
be the subvariety of Stab(D?(A)) of stability conditions nearby s, that are the points
(Z, P) such that A C U¢E(_1,1) P(¢). By [9, Lemma 7.3], €(A) is an open submani-
fold of Stab(D?(A)) and, by [9, Proposition 7.4] there is a surjective map F : €(A) —
R™(K(A) guch that the preimage under F of a wall, resp. of chamber, in the wall and
chamber structure of A is a wall, resp. of a chamber of €(+4). Since B(n)-mod is equi-
valent to "Perv(PP"), the wall and chamber structure of B(n) allows us to understand the
wall crossing phenomena on the manifold of stability conditions nearby ”Perv(PP") in
Stab(D? (B(n)-mod)) = Stab(D? ("Perv(P"))) = Stab(D, (P")).

6.4. Geometric interpretation of the thin B(n)-modules

Let us denote the inclusion of a stratum into X by 1z: Sy < X. The simple perverse
sheaves (with respect to the middle perversity) are in bijection with strata of X: they
can be expressed using the intermediate extension functor "1y, = im(™ g — "igy),
see [4, Définition 1.4.22] or [1, Section 3.3], as

1€, =" riken—r[n—r] =kpnr[n—r] 0<r <n,

where in the last expression we omit an (exact) extension by zero.
Letk,l e N.Forn >k >1>0weseti;:S; — Ule Sy and jg ;- UI:=1+1 S, —

Uz S

Remark 6.3. Note that 1 ; is a closed inclusion, so that i ;, = 1;,. Be aware that,
despite of the similar notation, the inclusion of a single stratum 1z is in general neither
open nor closed (it is closed only when k = 0 and it is open only when k = n). Instead, the
morphism Jji ; is always open. Moreover, j;11 is affine and therefore ™ j; 117 = ji41.
by [13, Section 5.3].

Let0 <a < b < n, we define M(a,b, 1) as

m m m m m m
Jn014 Jn, 1w Jnn—b—11x Jnn—bo ' Jnn—a—24 ]n,n—a—l]ln,n—a*k(cn—“ [n - a]
6.3)
where

o _ ) * ifa =, b,
' ! ifa #, b.

Similarly, we define M (a, b, —1) as

m m m m m m
In01 Jnyx " Jnn—b—11x Jnn—be " Jn,n—a-2) ]n,n—a—l*ln,n—a*kC”—“[n_a]

(6.4)
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where

9 _ ! ifaEzb,
|+ ifa #, b

Remark 6.4. We note that when b = a 4+ 1 # n we recover the standard and costandard
objects of the highest weight category " Perv(X); in fact, we have

M(a, a—+1, 1) = m]n,Og*mJn,ly* ce m]n,n—a—Z!*]n—a,n—a—l gln,n—a*kC”*“ [” - a]

= ln—a!k(C"_“ [I’l — a] ~ A,
and similarly
M(a,a+1,—-1) =1y_gikcrnaln —al =V,

for0 <a <n—1,whilewhenb =a =n wehave A, =V, = S, since 1,,0 =10: So — X.

Note that it makes sense to say that a perverse sheaf ¥ € ™Perv(X) is a brick, meaning
that Endp, (x)(F) = k. Moreover, observe that under the equivalence between " Perv(X)

and B(n)-mod, a perverse sheaf is a brick if and only if the corresponding B(n)-module
is a brick.

Lemma 6.5. Forany 0 < a < b < n the objects M(a, b, 1) and M(a,b,—1) are bricks.

Proof. By [1, Lemma 3.3.3] the intermediate extension functor is fully faithful. By [4,
Proposition 1.4.17 (iii)], the functors ™ j, ,_x, and ™ j, ,_, are fully faithful. Finally, the
functor 1, 4, is exact. Hence, End(M(a, b, £1)) = End(kcr—«[n —a]) = k. ]

Remark 6.6. By the definition of the intermediate extension functor, one can note that
the thin objects in (6.3) and (6.4) are given by the unique non-zero extensions

[M(a.b.1)] € Ext' (€4, M(a +1,b,-1))
and
[M(a.b,—1)] € Ext"(M(a + 1.b,1), IT€,),
using the base case
[A4] € Ext!(I€,, I€,_1) and [V,] € Ext! (1€, i, IC,).
for0 <a <n.

Proposition 6.7. A full list of the walls in the wall and chamber structure of ™ Perv(P") is
given by simple perverse sheaves and opportune iterated extensions of simple and stand-
ard/costandard objects given by the formulae (6.3) and (6.4).

Proof. The n+ 1 simple perverse sheaves I€, are evidently thin. These objects M (a, b, 1)
forO0<a <b <mnandne {£l}aren(n + 1) by the proof of Corollary 3.7 and Lemma 3.6.
Since they are pairwise non-isomorphic, they are all the walls in the wall and chamber
structure of "Perv(X) by Corollary 5.10. By Remark 6.6 every object in this list can be
built iteratively starting from simple, standard and costandard objects. ]
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The following remark stemmed from discussions with Rosanna Laking who also made
us aware of the paper [22].

Remark 6.8. For the reader having some familiarity with stability conditions or t-tilting
theory, we point out that by the results of [22] and Proposition 6.7 the simple objects in
any heart obtained from " Perv(P") by a finite sequence of tilts are (shifts of) bricks.
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