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Abstract

We study the quantum affine superalgebra Uv(A(0, 2)(4)) defined abstractly by Yamane,
when v is not a root of unity. We prove that the defining relations satisfied by the Cheval-
ley generators of U+

v (A(0, 2)(4)), or equivalently the corresponding Nichols algebra B(V),
are the quantum Serre relations, which means the Drinfeld–Jimbo-type realization of
Uv(A(0, 2)(4)) is obtained. Based on Lyndon word theory, we construct distinguished
imaginary root vectors and give an estimation of their comultiplication in the form of
generating functions. With these results, we determine all the root multiplicities and give
a PBW basis of U+

v (A(0, 2)(4)). We also describe concretely all the commutation rela-
tions among real root vectors and distinguished imaginary root vectors using generating
functions, i.e., the Drinfeld second realization is obtained for U+

v (A(0, 2)(4)).

Mathematics Subject Classification 2020: 16T05 (primary); 17B37, 17B67 (secondary).
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§1. Introduction

Quantum groups were introduced formally in [Dri85] and [Jim85] as deforma-
tions of the universal enveloping algebra U(g) of a Kac–Moody algebra g. Affine
quantum groups are also called quantum affine algebras, and the theories of their
representations are very rich, with many important applications in many branches
of mathematics and mathematical physics. In addition, quantum affine algebras
also have the famous Drinfeld second realizations, first appearing in [Dri87] and
then [Bec94, Jin98, Dam12, Dam15, JZ16]. Drinfeld second realizations are very
important for the theory of quantum affine algebras because they are crucial for
the study of representations; see, e.g., [CP91, CP98].
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Affine Kac–Moody superalgebras are generalizations of affine Kac–Moody
algebras, defined and classified by van de Leur [vdL89]. In this classification, there
is a special family named A(m,n)(4). The main feature of A(m,n)(4) is that there
exist odd imaginary roots and that the imaginary root vectors do not necessar-
ily commute with each other. In addition, when m = n, the cardinality of the
Serre-type defining relations is infinite (also in the quantum case) due to the 1-
dimensional center spanned by the identity matrix.

Quantum superalgebras and quantum affine superalgebras appeared first in
[Yam94] and [Yam99], respectively, which are foundational for these theories. In
them, Yamane defined quantum (affine) superalgebras abstractly, i.e., by the radi-
cal of a bilinear form, which is similar to the non-super case introduced by [Lus93].
Then Yamane got the defining relations satisfied by the Chevalley generators
of affine Lie superalgebras and the corresponding quantum affine superalgebras
except the cases of A(m,m)(2) and A(m,m)(4), which means the Drinfeld–Jimbo-
type realization is also obtained for these quantum affine superalgebras.

For quantum affine superalgebras, the Drinfeld second realizations are also
important tools for studying representations. Related work appeared in [Yam99,
HSTY08, Zha14, BFK26] etc.

Next, we discuss Uv(A(m,n)(4)) when m ̸= n. When v is transcendental, the
defining relations satisfied by the Chevalley generators were known in [Yam99],
and the root multiplicities were known in [EG09], which are the same as the root
multiplicities of the corresponding affine Lie superalgebra. However, no explicit
form of a PBW basis was given. When v is not a root of unity, the defining
relations satisfied by the Chevalley generators, the root multiplicities, PBW basis
and the Drinfeld second realization were all unknown.

In the last years, Nichols algebras have attracted much interest from many
branches of mathematics such as Hopf algebras, quantum groups, algebraic geom-
etry and number theory, and conformal field theory. Concretely, Nichols algebras
play an important role in the classification of finite-dimensional pointed Hopf alge-
bras; see [AS10]. It is also well known that the theory of Nichols algebras is closely
related to the theory of quantum groups. In the finite case, the positive part of
a Drinfeld–Jimbo-type quantum group is a Nichols algebra when v is not a root
of unity; see [HS20, Chapter 16]. In the affine case, this is also true by [HK08]. If
we define a quantum group abstractly following Lusztig and Yamane, i.e., using
the radical of the bilinear form, then the positive part is just a Nichols algebra by
definition.

In the present paper, we discuss mainly Uv(ˆ︂sl2) and Uv(A(0, 2)(4)) defined
abstractly. The structure theory of Uv(A(0, 2)(4)) is unavoidable for further
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research on Uv(A(m,n)(4)). The quantum affine (super)algebras Uv(ˆ︂sl2) and
Uv(A(0, 2)

(4)) look similar and share some common properties, but are also very
different.

The Dynkin diagram of Uv(ˆ︂sl2) is

0 1

whereas the Dynkin diagram of Uv(A(0, 2)(4)) is

0 1

As algebras, U+
v (ˆ︂sl2) is isomorphic to the Nichols algebra B(U), where U is a

braided vector space of diagonal type with braiding matrix(︄
q q−1

q−1 q

)︄

with respect to a basis {x1, x2} and q = v2. The isomorphism maps the Chevalley
generators E0, E1 to x1 and x2. The defining relations satisfied by the Chevalley
generators, or equivalently x1, x2, are the quantum Serre relations when q is not
a root of unity; for a proof see [HK08].

As algebras, U+
v (A(0, 2)(4)) is isomorphic to the Nichols algebra B(V), where

V is a braided vector space of diagonal type with braiding matrix(︄
q q−1

q−1 −q

)︄

with respect to a basis {x1, x2} and q = v2. Again, the isomorphism maps the
Chevalley generators E0, E1 to x1 and x2. Conjecturally, the defining relations of
U+
v (A(0, 2)(4)), or equivalently B(V), are also the quantum Serre relations when q

is not a root of unity. In the present paper, this will be proved in Theorem 6.5.
The Nichols algebra B(V) first appeared in Cuntz’s classification of rank two

affine Nichols algebras [Cun18]. An affine Nichols algebra is a Nichols algebra of
diagonal type with an affine Weyl groupoid or equivalently affine Tits arrange-
ment; see [CMW17]. All Nichols algebras in the classification in [Cun18] are quite
unexplored except U+

v (ˆ︂sl2), i.e., B(U), which is very well known. We believe that
these Nichols algebras have a Lie-theoretic background.

By the reflection theory of Nichols algebras of diagonal type (see [Hec06]), we
conclude that B(U) and B(V) share the same real roots, i.e., nδ+α1 and nδ+α2

for n ≥ 0, where δ = α1 + α2. The imaginary roots of B(U) are well known as nδ,



666 F. Li

n > 0, and the multiplicities are all 1. The only possible imaginary roots of B(V)
are also nδ, but the multiplicities have been, in general, unknown. In this paper,
all the root multiplicities of B(V) are determined and a PBW basis is given; see
Theorem 5.4.

For strategic reasons, we use the notation X1 and Y1 for the two Chevalley
generators E0 and E1 of U+

v (ˆ︂sl2), or equivalently, the two basis vectors x1 and x2

of the braided vector space U. Let [ , ] be the braided bracket. Let L1 = [X1, Y1].
Define Xn+1 = [Xn, L1], Yn+1 = [L1, Yn], for n ≥ 1. Define Ln = [X1, Yn] for all
n ≥ 1. Then, rewriting the relations in the Drinfeld second realization, we obtain
the following relations in B(U). Let θ = q−q−1, [m]q = qm−q−m

q−q−1 and define L0 = 1
θ ;

define L̄n for all n ≥ 1 using the equation

∞∑︂
n=0

θLnu
n = exp

(︃ ∞∑︂
n=1

θL̄nu
n

)︃
.

Then for all m,n, k ≥ 1,

(a) [Lm, Ln] = 0 = [L̄m, L̄n],
(b) [Xk, L̄m] =

[m]q
m Xk+m, [L̄m, Yk] =

[m]q
m Yk+m,

(c) [Xn, Xn+k] = −[Xn+k−1, Xn+1], [Yn+k, Yn] = −[Yn+1, Yn+k−1],
(d) [Xm, Yn] = Lm+n−1.

We can define Xn, Yn, Ln similarly for B(V). It is not difficult to prove that
Xn and Yn are still real root vectors. However, when one looks at the relations in
imaginary root spaces, great difficulty appears. At degree 3δ, we have the following
relation:

(1.1) L3 =
θ − 1

2
[L2, L1] + θL1L2 − θL3

1,

and L2, L1 do not commute. Due to this non-commutativity, Uv(A(0, 2)(4)) is much
more complicated than Uv(ˆ︂sl2). The algebra Uv(A(0, 2)(4)) together with this prop-
erty (difficulty) and with equation (1.1) was first announced by Yamane [Yam18].
Equation (1.1) is equation (3.2a) in Proposition 3.2 of the present paper. How to
describe similar relations at higher degrees was unknown. In the present paper, we
give a solution; see (3.24a) in Proposition 3.17. Moreover, we obtain the Drinfeld
second realization for B(V) or equivalently U+

v (A(0, 2)(4)); see Theorem 7.12.
Our main tool is Lyndon word theory; see [Kha99, Ros99]. There are many

excellent applications of the Lyndon word theory in Hopf algebra theory and Lie
theory; see [Hec06, HRZ08, Ang15, CHW16, AT24, NT24] etc. In terms of Lyndon
word theory, if we define the order by x1 < x2 for the basis of the braided vector
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space U, then Xn, Yn, Ln are the super-letters corresponding to the Lyndon words
x1(x1x2)

n−1, (x1x2)
n−1x2, x1(x1x2)

n−1x2, respectively.
We also use an important subquotient of Nichols algebras of diagonal type

that appeared in [GH07] and [AAH19]. The subquotient is a braided Hopf algebra
induced by the braided Hopf algebra structure of the initial Nichols algebra. In
[AAH19, AG25, AG23], the subquotient played a central role in the proof of the
conjecture in [AAH21] about the equivalence between the finiteness of the root
system and the finiteness of the GK dimension for Nichols algebras of diagonal
type. The subquotient is very beneficial in the study of B(V) because it has a very
manageable comultiplication, which can be used to detect possible relations in
B(V), determine the root multiplicities completely and describe the commutation
relations in U+

v (A(0, 2)(4)) between real root vectors and imaginary root vectors.
Moreover, in the Drinfeld second realization of Uv(ˆ︂sl2), the loop-like genera-

tors of the imaginary roots are described by the exponential series with coefficients
in Uv(ˆ︂sl2). In the present paper, this method is also used and is very beneficial. In
addition, tangent and some other techniques of generating functions are crucial.

The paper is organized as follows. In Section 2 we introduce some notation
and recall some basic theories. In Section 3 we derive some basic relations that
we need in B(V). We also discuss the subquotient K≥1/K>1 of B(V) and identify
the central elements. In Section 4, which is the most important part of this paper,
we construct distinguished imaginary root vectors and determine their comul-
tiplication in the subquotient K≥1/K>1 using various generating functions. In
Section 5 we completely determine all the root multiplicities of B(V) based on the
results of Section 4 and a PBW basis of B(V) is obtained. In Section 6 we prove
that the defining relations of B(V) are the quantum Serre relations, which means
the Drinfeld–Jimbo-type realization of Uv(A(0, 2)(4)) is obtained. In Section 7 we
obtain the Drinfeld second realization of B(V) or equivalently U+

v (A(0, 2)(4)), also
based on the results of Section 4.

§2. Preliminaries

In the whole paper, q ∈ C× is not a root of unity. Let θ = q− q−1, [n]q = qn−q−n

q−q−1 .
All brackets [ , ] in this paper are braided brackets introduced in Section 2.1.

§2.1. Nichols algebras of diagonal type

We refer to [Ang11] for the definition of a braided vector space of diagonal type
and the definition of a Nichols algebra.

Let K be a field. Let s ∈ N, X = {x1, . . . , xs}. Let X be the set of words
with letters in X. Let V be an s-dimensional vector space with basis {x1, . . . , xs}.
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We can identify KX with T (V ). Then T (V ) is a Zs-graded algebra determined by
deg xi = αi, 1 ≤ i ≤ s, where {α1, . . . , αs} is the canonical basis of Zs.

Let c be a braiding of V . The braided bracket of x, y ∈ T (V ) is defined by

[x, y]c = m ◦ (id− c)(x⊗ y).

Assume (V, c) is of diagonal type with braiding matrix (qij)1≤i,i≤s with respect
to the basis {x1, . . . , xs}, and let χ : Zs × Zs → K× be the bicharacter deter-
mined by the condition χ(αi, αj) = qij for each pair 1 ≤ i, j ≤ s. Then for
each pair of Zs-homogeneous elements u, v ∈ X, we have c(u ⊗ v) = qu,vv ⊗ u,
qu,v = χ(deg u, deg v) ∈ K×. In such a case, the “braided Jacobi identity” and
skew derivations hold:

[[u, v], w] = [u, [v, w]]− χ(α, β)v[u,w] + χ(β, γ)[u,w]v,

[u, vw] = [u, v]w + χ(α, β)v[u,w],

[uv,w] = χ(β, γ)[u,w]v + u[v, w],

where u, v, w are homogeneous elements in T (V ), and α, β, γ are the degrees of
u, v, w. If χ(β, α)χ(α, β) = 1, then we have

(2.1) [[u, v], w] = [u, [v, w]]− χ(α, β)[v, [u,w]].

§2.2. Braided vector space V, the Nichols algebra B(V)
and the root system of B(V)

Let V be a 2-dimensional braided vector space of diagonal type with braiding
matrix (︄

q q−1

q−1 −q

)︄
,

where q is not a root of unity.
It is easy to see B(V) is of affine Cartan type with Cartan matrix

(︁
2 −2
−2 2

)︁
.

We refer to [Hec06] for details. Then the real roots of B(V) are just the positive
real roots of ˆ︂sl2, namely (n + 1)α1 + nα2 and nα1 + (n + 1)α2 for n ≥ 0. The
Nichols algebra B(V) also has imaginary roots. The only possible imaginary roots
are nδ, δ = α1+α2 and n ≥ 1, but the multiplicities are in general unknown. Note
that if β is an imaginary root, then we have χ(β, α)χ(α, β) = 1 for all α ∈ N2

0, and
hence (2.1) holds.

§2.3. Differential operators

We refer to [HS20, Chapter 7].
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Definition 2.1. Define the right and left differential operators ∂R
i , ∂

L
i : B(V) →

B(V), 1 ≤ i ≤ 2 by

(1) ∂R
i (1) = ∂L

i (1) = 0, ∂R
i (xj) = ∂L

i (xj) = δij for all 1 ≤ i, j ≤ 2,
(2) ∂R

i (xy) = x∂R
i (y) + ∂R

i (x)χ(αi, β)y for all 1 ≤ i, j ≤ 2 and x, y ∈ B(V), y is
N2

0-homogeneous with degree β,
(3) ∂L

i (xy) = ∂L
i (x)y + χ(α, αi)x∂

L
i (y) for all 1 ≤ i, j ≤ 2 and x, y ∈ B(V), x is

N2
0-homogeneous with degree α.

Proposition 2.2. For x ∈ B(V) and x not a constant, in B(V) we have

x = 0 ⇔ ∂R
i (x) = 0 ∀ 1 ≤ i ≤ 2

⇔ ∂L
i (x) = 0 ∀ 1 ≤ i ≤ 2.

§2.4. An important subquotient

We follow the notation in [AAH19]. For the braided vector space V, B(V) has a
unique N2

0-grading as a braided Hopf algebra

B(V) =
⨁︂
α∈N2

0

Bα(V)

such that deg x1 = α1, deg x2 = α2. Now, set

B≥1 =
⨁︂

α=a1α1+a2α2∈N2
0:

a1≥a2

Bα(V), B>1 =
⨁︂

α=a1α1+a2α2∈N2
0:

a1>a2

Bα(V),

K≥1 =
{︁
x ∈ B(V) | ∆(x) ∈ B≥1 ⊗B(V)

}︁
, K>1 = K≥1 ∩B>1.

The subquotient we use is K≥1/K>1.

Proposition 2.3. The subquotient K≥1/K>1 is a braided Hopf algebra induced
by the braided Hopf algebra structure of B(V).

Proof. See [AAH19, Proposition 3.9].

§2.5. Lyndon word theory

We follow the notation and terminologies in [HZ18]; for more details and a more
general case, see [GH07].

We follow the notation in Section 2.1. Define an order on X by x1 < x2 <

· · · < xs, consider the lexicographic ordering on X. Let X× be the set of non-empty
words in X. A word u ∈ X× is a Lyndon word if for any decomposition u = vw,
u, v ∈ X×, we have u < w.
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A word u ∈ X× is a Lyndon word if and only if either u ∈ X, or there exist
Lyndon words v, w such that v < w and u = vw.

Any word u of length at least two has a unique decomposition into the product
of two Lyndon words u = vw, where the length of v is minimal. This decomposition
is called the Shirshov decomposition.

Recall that we identify KX with T (V ). For a Lyndon word u, we define [u] ∈
T (V ) inductively as follows:

(1) [u] = u, if u ∈ X,
(2) [u] = [[v], [w]], where u = vw is the Shirshov decomposition, if |u| ≥ 2. Here,

[ , ] is the braided bracket defined in Section 2.1.

We call [u] super-letters. Then the total order on X induces a total order on
the set of super-letters.

Let L be the set of Lyndon words. In Lyndon word theory, it is well known
that for any w ∈ X×, w has a unique decomposition into monotonic products of
Lyndon words: w = u1u2 · · ·uk for u1 ≥ u2 ≥ · · · ≥ uk and u1, . . . , uk ∈ L for some
k ∈ N. Then we define [w] by [u1][u2] · · · [uk]. Denote M>u by the vector space
spanned by all [w] ∈ T (V ) such that w = v1v2 · · · vk, v1 ≥ v2 ≥ · · · ≥ vk > u,
v1, . . . , vk ∈ L for some k ∈ N.

Proposition 2.4. Let u ∈ L. Then ∆([u])− 1⊗ [u]− [u]⊗ 1 ∈ T (V )⊗M>u.

Proof. We refer to [GH07, Proposition 3.6].

For α ∈ Zs, let oα ∈ N ∪∞ be the order of χ(α, α). Let Oα = {1, oα,∞}.

Definition 2.5. Let w ∈ X×. We say that [w] is a root vector candidate if w = vk

for some Lyndon word v and k ∈ Odeg v\{∞}.

Definition 2.6. A root vector candidate [w] is called a root vector of B(V ) if [w] ∈
B(V ) is not a linear combination of elements of the form [vk]

mk · · · [v1]m1 , where
k,mk, . . . ,m1 ∈ N and [v1], . . . , [vk] are root vector candidates or equivalently root
vectors with vk > · · · > v1 > w.

Theorem 2.7. Let R ⊆ X× such that w ∈ R if and only if [w] is a root vector.
Then the following elements form a vector space basis of B(V ):

[vk]
mk · · · [v1]m1 , k ∈ N, v1, . . . , vk ∈ R, v1 < v2 < · · · < vk,

∀ 1 ≤ i ≤ k, 0 ≤ mi < min(Odeg vi
\{1}).

Let Xn, Yn be the real root vector candidates corresponding to the Lyndon
word x1(x1x2)

n−1 and (x1x2)
n−1x2.
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Define Ln by [X1, Yn], L′
n by [X2, Yn−1] (it is convenient to define L1 = L′

1 =

[X1, Y1] and L0 = L′
0 = 1

θ ). Then Ln is the imaginary root vector candidate at
nδ corresponding to the Lyndon word x1(x1x2)

n−1x2. Define L̂n+1 = [Ln, L1],
L̃n = 1

2 (Ln + L′
n) (it is convenient to define L̃n = 0 for n < 0).

Define M2n+1 = adnL2
(L1), where adX(Y ) means [X,Y ] for X,Y ∈ B(V).

Then M2n+1 is the imaginary root vector candidate at (2n+1)δ corresponding to
the Lyndon word

(x1x1x2x2)
nx1x2.

We have the following order in terms of super-letters:

X1 < X2 < · · · < Xn < · · ·
< · · · < Ln < Ln−1 < Ln−2 < · · · < L2

< · · · < M2n−1 < M2n−3 < · · · < M5 < M3 < M1

< · · · < Yn < · · · < Y2 < Y1.

Lemma 2.8. If Xn and Yn are not 0 in B(V), then they are root vectors at
corresponding degrees.

Proof. Note that Xn and Yn are the biggest super-letters at corresponding degrees.
Then it follows from the definition of root vectors and reasons of degree.

Lemma 2.9. In B(V) we have

∆(Yn) ≡ Yn ⊗ 1 + 1⊗ Yn mod B≥1 ⊗B(V)

and we have Xn ∈ K≥1, Ln ∈ K≥1, Yn /∈ K≥1, Xn ∈ K>1, Ln /∈ K>1.

Proof. The expression for ∆(Yn) follows from Proposition 2.4. Since Ln = [X1, Yn],
by the expression for ∆(Yn), we have Ln ∈ K≥1. In particular, L1 ∈ K≥1, then
immediately Xn ∈ K≥1. Other conclusions are obvious.

§3. Relations in B(V)

Lemma 3.1. The following basic relations hold in B(V):

(a) [Xn, L
2
1] = Xn+2 and [L2

1, Yn] = Yn+2.
(b) L′

2n+1 = L2n+1 + [L2n, L1], L′
2n+2 = L2n+2 − [L2n+1, L1].

(c) Fix n; if for all i ≤ n, [Li−2, L
2
1] = 0, then [X2k+1, Yn−2k] = Ln, for all

0 ≤ k ≤ n−1
2 , k ∈ N0 and [X2k+2, Yn−(2k+1)] = L′

n, for all 0 ≤ k ≤ n−2
2 ,

k ∈ N0.
(d) [M2n+1,M2n−1] = [L2,M

2
2n−1] for all n ≥ 1. If [L2,M

2
2n−1] = 0, then

[M2n+3,M2n−1] = −2M2
2n+1.
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Proof. By the braided Jacobi identity, skew derivations directly.

§3.1. Relations in root space with degree ≤ 4δ

We know quantum Serre relations hold in B(V):

[X1, X2] = [Y2, Y1] = 0.

In degree ≤ 4δ, we have the following relations. These relations are prepared to
obtain the central elements in the next subsection and as a starting point for the
induction proof of Proposition 3.18.

Proposition 3.2. In B(V), the following relations hold:

[X1, L2] = (q + 2)X3 − θL1X2,(3.1a)

[X1, L
′
2] = qX3 − θL1X2,(3.1b)

[L2, Y1] = qY3 + θY2L1,(3.1c)

[L′
2, Y1] = (q − 2)Y3 + θY2L1,(3.1d)

2L3 − θL1L
′
2 = θL2L1 − [L2, L1],(3.2a)

2L′
3 − θL′

2L1 = θL1L2 + [L2, L1],(3.2b)

L̃3 =
1

2
θL1L̃2 +

1

2
θL̃2L1,(3.2c)

[X2, L2] = qX4 + θL1X3,(3.3a)

[X2, L
′
2] = (q − 2)X4 + θL1X3,(3.3b)

[L2, Y2] = (q + 2)Y4 − θY3L1,(3.3c)

[L′
2, Y2] = qY4 − θY3L1,(3.3d)

[L2, L
2
1] = 0 ([M3,M1] = 0),(3.4a)

[L3, L
2
1] = 0.(3.4b)

Proof. First, [X1, L
′
2] = [X1, [X2, Y1]] = qX2L1 + q−1L1X2 = qX3 − θL1X2. Then

[X1, L2] = (q+2)X3−θL1X2. Now we have proved (3.1a), (3.1b). Similarly, (3.1c),
(3.1d) also hold.
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On one hand,

[[X1, L2], Y1] = [(q + 2)X3 − θL1X2, Y1]

= (q + 2)L3 − θ(L1L
′
2 − q−1Y2X2).(3.5)

On the other hand,

[[X1, L2], Y1] = [X1, [L2, Y1]]− [L2, L1]

= [X1, qY3 + θY2L1]− [L2, L1]

= qL3 + θ(L2L1 + q−1Y2X2)− [L2, L1].(3.6)

Comparing (3.5) and (3.6) we get (3.2a) and equivalently (3.2b). Equation (3.2c)
is the sum of (3.2a) and (3.2b).

Using [X1, ] to act on (3.2b) we can get

(q + q−1 + 1)[X2, L2] = q(q + q−1 + 1)X4 + θ(q + q−1 + 1)L1X3.

Since q is not a root of unity, we get (3.3a) and then immediately (3.3b). Similarly,
we get (3.3c) and (3.3d).

Using [ , Y2] to act on (3.1a), by similar calculation we can get

(3.7) (q + 2)[L2, L
2
1] = θL1L

′
3 − θL3L1.

Using [ , Y1] to act on (3.3a) we can get

q[L2, L
2
1] = θL′

3L1 − θL1L3 − [L2, L
′
2],

i.e.,

(3.8) (q − 2)[L2, L
2
1] = θL′

3L1 − θL1L3.

Taking the sum of (3.7) and (3.8) we can get

2q[L2, L
2
1] = θ[L2, L

2
1].

Since q is not a root of unity, we have [L2, L
2
1] = 0 or equivalently [M3,M1] = 0,

which is (3.4a). Then (3.4b) holds by (3.2a).

Remark 3.3. We will use the technique in this proof frequently later, to produce
new relations in imaginary root space from known relations.

Remark 3.4. Compared with the case of Uv(ˆ︂sl2), (3.2a) tells us that L3 is no
longer a root vector in terms of Lyndon word theory. We will see later that for
n > 1, L2n+1 are also no longer root vectors.
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§3.2. Central elements in K≥1/K>1

We will first prove that M2
2m+1, for all m ≥ 0 commute with Ln, for all n > 0 in

B(V).

Lemma 3.5. Suppose there is a number sequence {an}n≥1 in C and an+2 =

Aan+1 + Ban, for A,B ∈ C. Suppose the roots x1, x2 of x2 − Ax − B = 0 are
different; then

an =
xn−1
2 (a2 − x1a1)− xn−1

1 (a2 − x2a1)

x2 − x1
.

The following proposition plays an important role in this paper. There are
several very useful corollaries after that. Moreover, in the next subsection, we will
write this proposition and its corollaries in the form of generating functions, which
will be crucial for the determination of the root multiplicities and the construction
of the Drinfeld second realization.

Proposition 3.6. For k ≥ 0, we have the following relations in B(V):

L̃4k+1 =
1

2
θL1L̃4k +

1

2
θL̃4kL1 +

1

4
[L̃4k−2,M3],(3.9a)

[L̃4k, L1] =
1

2
θM3L̃4k−2 +

1

2
θL̃4k−2M3 +

1

4
[L̃4k−4,M5],(3.9b)

[L̃4k+2, L1] =
1

2
θM3L̃4k +

1

2
θL̃4kM3 +

1

4
[L̃4k−2,M5],(3.9c)

L̃4k+3 =
1

2
θL1L̃4k+2 +

1

2
θL̃4k+2L1 +

1

4
[L̃4k,M3],(3.9d)

[L̃n, L
2
1] = 0 = [Ln, L

2
1] for n = 4k, 4k + 1, 4k + 2, 4k + 3,(3.9e)

[L̃2, L̃4k] = 0 and [L̃2, L̃4k+2] = 0.(3.9f)

Proof. We know it holds for k = 0 from Proposition 3.2. Suppose it holds for k;
we consider the case of k + 1. We denote the anti-bracket by [ , ]′, i.e., [x, y]′ =
m ◦ (id + c)(x⊗ y).

We know [Li, L
2
1] = 0 for i ≤ 4k + 3 from the induction hypothesis. Then by

Lemma 3.1, [X3, Y4k+3] = L4k+5 and [X2, Y4k+3] = L′
4k+4. Using [ , Y4k+3] to act

on (3.1a), on one hand we have

[[X1, L2], Y4k+3] = [(q + 2)X3 − θL1X2, Y4k+3]

= (q + 2)L4k+5 − θ(L1L
′
4k+4 − q−1Y4k+4X2).(3.10)
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On the other hand, from Lemma 3.1(a), (3.1c) and the induction hypothesis we
have [L2, Y4k+3] = qY4k+5 + θY4k+4L1; then

[[X1, L2], Y4k+3] = [X1, qY4k+5 + θY4k+4L1]− [L2, L4k+3]

= qL4k+5 + θ(L4k+4L1 + q−1Y4k+4X2)− [L2, L4k+3].(3.11)

Comparing (3.10) and (3.11) we get

(3.12) 2L4k+5 = θL1L
′
4k+4 + θL4k+4L1 − [L2, L4k+3].

Similarly, using [ , Y4k+2] to act on (3.3a), on one hand we have

[[X2, L2], Y4k+2] = [qX4 + θL1X3, Y4k+2]

= qL′
4k+5 + θ(L1L4k+4 + q−1Y4k+3X3).(3.13)

On the other hand we have

[[X2, L2], Y4k+2] = [X2, (q + 2)Y4k+4 − θY4k+3L1]− [L2, L
′
4k+3]

= (q + 2)L′
4k+5 − θ(L′

4k+4L1 − q−1Y4k+3X3)− [L2, L
′
4k+3].(3.14)

Comparing (3.13) and (3.14) we get

(3.15) 2L′
4k+5 = θL′

4k+4L1 + θL1L4k+4 + [L2, L
′
4k+3].

Taking the sum of (3.12) and (3.15) we get

L̃4k+5 =
1

2
θL1L̃4k+4 +

1

2
θL̃4k+4L1 + [L2, [L4k+2, L1]]

=
1

2
θL1L̃4k+4 +

1

2
θL̃4k+4L1 + [L2, [L̃4k+2, L1]]

=
1

2
θL1L̃4k+4 +

1

2
θL̃4k+4L1 + [L̃4k+2,M3].

Then (3.9a) holds. Taking the difference of (3.12) and (3.15) we get

[L4k+4, L1] = [L̃4k+4, L1] = [L2, L̃4k+3]

=
[︂
L2,

1

2
θL1L̃4k+2 +

1

2
θL̃4k+2L1 +

1

4
[L̃4k,M3]

]︂
=

1

2
θM3L̃4k+2 +

1

2
θL̃4k+2M3 +

1

4
[L̃4k,M5].(3.16)

That is (3.9b) holds. Then we have

[L̃4k+4, L
2
1] = [[L̃4k+4, L1], L1]

=
1

2
θ[M3, [L̃4k+2, L1]]

′ +
1

4
[[L̃4k,M5], L1]
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=
(︂1
2
θ
)︂2

[M2
3 , L̃4k] +

1

2
θ
1

4
[M3, [L̃4k−2,M5]]

′ − 1

2
[L̃4k,M

2
3 ]

− 1

4

[︂
M5,

1

2
θM3L̃4k−2 +

1

2
θL̃4k−2M3 +

1

4
[L̃4k−4,M5]

]︂
=
(︂1
2
θ
)︂2

[M2
3 , L̃4k]−

1

2
[L̃4k,M

2
3 ]−

(︂1
4

)︂2
[L̃4k−4,M

2
5 ]

=
(︂
−1

4
θ2 − 1

2

)︂
[L̃4k,M

2
3 ]−

(︂1
4

)︂2
[L̃4k−4,M

2
5 ].

(For k = 0, we have [L̃4, L
2
1] =

1
2θ[M3,M3]

′ = 0.) Define A=− 1
4θ

2 − 1
2 , B=−( 14 )

2;
we have [L̃4k+4, L

2
1] = A[L̃4k,M

2
3 ] +B[L̃4k−4,M

2
5 ].

Similarly we have [L̃4k,M
2
3 ] = A[L̃4k−4,M

2
5 ]+B[L̃4k−8,M

2
7 ], . . . , and the last

one is [L̃8,M
2
2k−1] = A[L̃4,M

2
2k+1]. Note that

[L̃4,M
2
2k+1] = [[L̃4,M2k+1],M2k+1] =

[︂1
2
θM2k+3L̃2 +

1

2
θL̃2M2k+3,M2k+1

]︂
= 0.

Now we know [L̃4k+4, L
2
1] = 0 = [L4k+4, L

2
1] and moreover [L̃4k+4−4i,M

2
2i+1] = 0

for i ≥ 0. Then automatically [L̃4k+5, L
2
1] = 0 = [L4k+5, L

2
1].

By the induction hypothesis and the method in the proof of (3.9a), we get

[L2, L4k+4] = θL1L
′
4k+5 − θL4k+5L1,(3.17)

[L2, L
′
4k+4] = θL′

4k+5L1 − θL1L4k+5.(3.18)

Since we know [L4k+4, L
2
1] = 0 = [L̃4k+4, L

2
1], then taking the sum of (3.17) and

(3.18) we get [L2, L̃4k+4] = 0 = [L̃2, L̃4k+4].
Also using the induction hypothesis and the same technique as in the proof

of (3.9a) and (3.9b), we have that (3.9c), (3.9d) hold for k + 1.
The last and most difficult part is to prove [L̃4k+6, L

2
1] = 0. We know

(3.19) [L̃4k+6, L1] = [L2, L̃4k+5] =
1

2
θM3L̃4k+4 +

1

2
θL̃4k+4M3 +

1

4
[L̃4k+2,M5].

Then we have the following two arguments about [L̃4k+6, L
2
1].

Argument 1: By (3.19),

[L̃4k+6, L
2
1] = [[L̃4k+6, L1], L1] =

1

2
θ[M3, [L̃4k+4, L1]]

′ +
1

4
[[L̃4k+2,M5], L1]

=
(︂1
2
θ
)︂2

[M2
3 , L̃4k+2] +

1

2
θ
1

4
[M3, [L̃4k,M5]]

′

+
1

4
[L̃4k+2,−2M2

3 ]−
1

4
[M5, [L̃4k+2, L1]]
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= −1

4
(θ2 + 2)[L̃4k+2,M

2
3 ] +

1

2
θ
1

4
[M3, [L̃4k,M5]]

′

− 1

4

1

2
θ(−1)[M3, [M5, L̃4k]]

′ −
(︂1
4

)︂2
[L̃4k−2,M

2
5 ],

i.e., [L̃4k+6, L
2
1] = A[L̃4k+2,M

2
3 ]+B[L̃4k−2,M

2
5 ]. Similarly, we have [L̃4k+2,M

2
3 ] =

A[L̃4k−2,M
2
5 ] + B[L̃4k−6,M

2
7 ] · · · , and the last one is [L̃6,M

2
2k+1] = − 1

4 (θ
2 +

3)[L̃2,M
2
2k+3]. So we have

[L̃4k+6, L
2
1] = ak+2[L̃2,M

2
2k+3],

where {an}n≥1 satisfies a1 = 1, a2 = − 1
4 (θ

2 + 3), an+2 = Aan+1 +Ban.
Argument 2: Similar to the proof of [L2, L

2
1] = 0, we have

(q + 2)[L4k+6, L
2
1] = θL1L

′
4k+7 − θL4k+7L1 − [L2, L4k+6],(3.20)

q[L4k+6, L
2
1] = θL′

4k+7L1 − θL1L4k+7 − [L2, L
′
4k+6].(3.21)

Then taking the sum of (3.20) and (3.21) we have

(3.22) [L̃4k+6, L
2
1] = θL1L̃4k+7 − θL̃4k+7L1 −

1

2
[L2, [L̃4k+5, L1]].

We know

(3.23) L̃4k+7 =
1

2
θL1L̃4k+6 +

1

2
θL̃4k+6L1 +

1

4
[L̃4k+4,M3].

So by (3.22) (3.23) and (3.19) we have

[L̃4k+6, L
2
1] =

θ2

2
[L2

1, L̃4k+6] +
θ

4
[L1, [L̃4k+4,M3]]

′ − 1

2
([L̃4k+6, L

2
1] + [L̃4k+5,M3])

= −1

2
(θ2 + 1)[L̃4k+6, L

2
1] +

θ

4
[L1, [L̃4k+4,M3]]

′

− 1

2

[︂θ
2
L1L̃4k+4 +

θ

2
L̃4k+4L1 +

1

4
[L̃4k+2,M3],M3

]︂
,

i.e., (3 + θ2)[L̃4k+6, L
2
1] = − 1

4 [L̃4k+2,M
2
3 ], i.e., (3 + θ2)[L̃4k+6, L

2
1] = − 1

4ak+1[L̃2,

M2
2k+3].

In summary we have

[L̃4k+6, L
2
1] = ak+2[L̃2,M

2
2k+3],

(3 + θ2)[L̃4k+6, L
2
1] = −1

4
ak+1[L̃2,M

2
2k+3].

So if ⃓⃓⃓⃓
⃓ 1 ak+2

3 + θ2 − 1
4ak+1

⃓⃓⃓⃓
⃓ ̸= 0,
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we have [L̃4k+6, L
2
1] = 0 and then [L4k+6, L

2
1] = 0. We use Lemma 3.5. Here,

a1 = 1, a2 = − 1
4 (θ

2 +3), an+2 = Aan+1 +Ban, where A = − 1
4θ

2 − 1
2 , B = −( 14 )

2.
By Lemma 3.5 we have an = (− 1

4 )
n−1[2n− 1]q. Then⃓⃓⃓⃓

⃓ 1 ak+2

3 + θ2 − 1
4ak+1

⃓⃓⃓⃓
⃓ = −

(︂
−1

4

)︂k+1

(q + q−1)[2k + 4]q ̸= 0,

when q is not a root of unity. Hence [L̃4k+6, L
2
1] = 0 and moreover we have

[L̃4k+6−4i,M
2
2i+1] = 0 for i ≥ 0. Then automatically [L̃4k+7, L

2
1] = 0 = [L4k+7, L

2
1]

and similar to the proof of [L2, L̃4k+4] = 0 = [L̃2, L̃4k+4] before, we can get
[L2, L̃4k+6] = 0 = [L̃2, L̃4k+6]. Now (3.9e) and (3.9f) hold.

Remark 3.7. Note that in the proof of (3.9c), (3.9d) and [L̃2, L̃4k+2] = 0, we get
five formulas completely similar to (3.12), (3.15), (3.16), (3.17), (3.18) correspond-
ing to different indices. We will not distinguish them by new labels when we refer
to them later.

Corollary 3.8. We have [M2m+1,M2n+1] = 0 if m+n is odd, [M2m+1,M2n+1] =

(−1)
m−n

2 2M2
m+n+1 if m+n is even, and M2

2n+1 commute with Lm, for all m,n ≥ 0.

Proof. By an easy induction on m+n we can get the formula for [M2m+1,M2n+1].
Then we can see [L1,M

2
2n+1] = 0 for all n. In the proof of Proposition 3.6, we

know M2
2n+1 commutes with all L̃2m. Then by Proposition 3.6, M2

2n+1 commutes
with all L̃m and this is equivalent to M2

2n+1 commuting with all Lm.

Remark 3.9. Note that in the proofs of Propositions 3.2 and 3.6 and Corol-
lary 3.8, we only use quantum Serre relations.

Corollary 3.10. The comultiplications of Ln and L′
n in K≥1/K>1 are as follows:

∆(L2n) =

n∑︂
i=0

θL2n−2i ⊗ L2i −
n−1∑︂
i=0

θL′
2n−1−2i ⊗ L1+2i,

∆(L′
2n) =

n∑︂
i=0

θL′
2n−2i ⊗ L′

2i −
n−1∑︂
i=0

θL2n−1−2i ⊗ L′
1+2i,

∆(L2n+1) =

n∑︂
i=0

θL2n+1−2i ⊗ L2i +

n∑︂
i=0

θL′
2n−2i ⊗ L1+2i,

∆(L′
2n+1) =

n∑︂
i=0

θL′
2n+1−2i ⊗ L′

2i +

n∑︂
i=0

θL2n−2i ⊗ L′
1+2i.

Proof. By [L2
1, Ln] = 0 and an easy induction, we can get ∆(L2n) and ∆(L2n+1).

Then we can get the expressions for ∆(L′
2n) and ∆(L′

2n+1) by Lemma 3.1(b).
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Remark 3.11. Compared with the formulas in Corollary 3.10, we recall that the
comultiplication formula in the subquotient K≥1/K>1 of Ln in U+

v (ˆ︂sl2) is

∆(Ln) =

n∑︂
i=0

θLn−i ⊗ Li,

corresponding to [CP91, Proposition 4.3].

Corollary 3.12. The elements Ln and L′
n are not 0 and linearly independent in

B(V), for n ≥ 0.

Proof. By Corollary 3.10 and an easy induction.

Lemma 3.13. We have the following results using differential operators:

(a) ∂R
2 (L

2
1) = −q−1θX2, ∂R

2 (Y2n+1) = θL′
2n, ∂R

2 (Y2n) = −θL′
2n−1, and ∂R

2 (L2n)

= −θ(X1L
′
2n−1 − q−2L′

2n−1X1), ∂R
2 (L2n+1) = θ(X1L

′
2n − q−2L′

2nX1).
(b) ∂L

1 (L
2
1) = q−1θY2, ∂L

1 (X2n+1) = θL2n, ∂L
1 (X2n) = θL′

2n−1, and ∂L
1 (L

′
2n) =

θ(L′
2n−1Y1 + q−2Y1L

′
2n−1), ∂L

1 (L2n+1) = θ(L2nY1 − q−2Y1L2n).

Proof. By Lemma 3.1, Proposition 3.6 and induction.

Corollary 3.14. In terms of the Lyndon word, Xn and Yn are the root vectors at
the corresponding degrees.

Proof. By Lemma 2.8, Lemma 3.13, Corollary 3.12.

Corollary 3.15. As an algebra K≥1/K>1 is isomorphic to the subalgebra of B(V)
generated by Ln for n > 0; furthermore, M2

2m+1 are central elements in K≥1/K>1.

Proof. By Corollary 3.14, Xn and Yn are real root vectors. Then the only possible
imaginary root vectors are Ln for n ≥ 1 and their iterated commutators according
to Lyndon word theory. By the expression of ∆(Yn) in Lemma 2.9, K≥1 is the
subalgebra generated by Xn and Ln and K≥1 = K>1 ⊕ K=1 where K=1 is the
subalgebra generated by Ln and K>1 is the subalgebra K≥1 ∩ B>1. Then as an
algebra K≥1/K>1 is isomorphic to the subalgebra in B(V) generated by Ln.

Remark 3.16. In summary, K≥1/K>1 is a braided Hopf algebra whose algebra
structure is nothing new, but has a manageable coalgebra structure.

§3.3. Relations described by generating functions

In this subsection we will describe the relations in B(V) using generating functions,
which will be powerful in proofs of main theorems in this paper.
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Let θ′ := q + q−1, a =
√︁

q/2, b = i
√︁
q−1/2. Let a1 = 1, a2 = 1

2θ, an+2 =
1
2θan+1 +

1
4an; then by Lemma 3.5 we have an =

( 1
2 q)

n−(− 1
2 q

−1)n

1
2 (q+q−1)

.
First, we introduce three fundamental generating functions in this paper. Let

˜︁L(u) = ∞∑︂
n=0

θL̃2nu
2n, M(u) =

∞∑︂
n=0

M2n+1u
2n+1,

Z(u) =
∞∑︂

n=0

M2
2n+1(−1)nu4n+2 = M(u)2 (by Corollary 3.8).

For convenience, we denote M(hu), Z(hu) by M(h), Z(h) respectively for h ∈ C×.
Also for convenience, we introduce

A(u) :=

∞∑︂
n=0

θan+1M2n+1u
2n+1 =

2θ

θ′
(aM(a)− bM(b)),

B(u) :=

∞∑︂
n=1

θanM2n+1u
2n+1 =

2θ

θ′
(a−1M(a)− b−1M(b)),

A′(u) :=
1

i
A(iu), B′(u) := iB(iu).

Sometimes we just denote A(u), B(u) by A, B respectively.

Proposition 3.17. We have the following relations in the form of series:

A(u)˜︁L(u) = ˜︁L(u)A′(u) =

∞∑︂
n=0

θL̃2n+1u
2n+1,(3.24a)

B(u)˜︁L(u) = ˜︁L(u)B′(u) =

∞∑︂
n=1

θL̂2n+1u
2n+1,(3.24b)

[A,B] = 0 = [A′, B′],(3.24c)

A2 =
2θ

θ′
(qZ(a) + q−1Z(b)),

1

4
B2 = −2θ

θ′
(qZ(b) + q−1Z(a)),(3.24d)

1

2
[A(u), L1u] =

2θ

θ′
(Z(a)− Z(b)) =

1

θ

(︂1
4
B2 +A2

)︂
.(3.24e)

Proof. Equations (3.24a), (3.24b) follow from Proposition 3.6 and (3.24c), (3.24d),
(3.24e) follow from Corollary 3.8.

§3.4. Relations between Xn and Lm, Yn and Lm

In this section, we will use differential operators to get the expressions for

[X1, L2n], [X1, L
′
2n], [X2, L2n], [X2, L

′
2n]
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and

[L2n, Y1], [L′
2n, Y1], [L2n, Y2], [L′

2n, Y2].

In general, by Lemma 3.1(a) and that L2
1 lies in the center of the subalgebra

generated by all Ln, one can get [Xk, L2n] for k ≥ 3 and others immediately.
Define two sequences of polynomials Pn and Qn:

P0 = 1, Pn = qn + qn−1 + (−1)n−1Pn−1,

Q0 = 1, Qn = qn − qn−1 + (−1)nQn−1.

We have

Pn = 2q2⌊
n
2 ⌋ 1− (−q−2)⌊

n
2 ⌋+1

1 + q−2
+ (−1)n+1qn,

Qn = (−1)n2q2⌊
n
2 ⌋ 1− (−q−2)⌊

n
2 ⌋+1

1 + q−2
+ (−1)n+1qn,

P2n = Q2n.

The next proposition is for the proof of [L̃2n, L̃2m] = 0, for all n,m ≥ 1 in
Proposition 3.22.

Proposition 3.18. We have the following relations in B(V):

[X1, L2n] =

n−1∑︂
i=0

P2n−1−2iθL2iX2n+1−2i −
n−1∑︂
i=0

P2n−2−2iθL
′
2i+1X2n−2i,(3.25a)

[X1, L
′
2n] =

n−1∑︂
i=0

q2n−1−2iθL′
2iX2n+1−2i −

n−1∑︂
i=0

q2n−2−2iθL2i+1X2n−2i,(3.25b)

[X2, L2n] =

n−1∑︂
i=0

q2n−1−2iθL2iX2n+2−2i +

n−1∑︂
i=0

q2n−2−2iθL′
2i+1X2n−2i+1,(3.25c)

[X2, L
′
2n] =

n−1∑︂
i=0

Q2n−1−2iθL
′
2iX2n+2−2i +

n−1∑︂
i=0

Q2n−2−2iθL2i+1X2n−2i+1,

[L2n, Y1] =

n−1∑︂
i=0

q2n−1−2iθY2n+1−2iL2i +

n−1∑︂
i=0

q2n−2−2iθY2n−2iL2i+1,

[L′
2n, Y1] =

n−1∑︂
i=0

Q2n−1−2iθY2n+1−2iL
′
2i +

n−1∑︂
i=0

Q2n−2−2iθY2n−2iL
′
2i+1,
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[L2n, Y2] =

n−1∑︂
i=0

P2n−1−2iθY2n+2−2iL2i −
n−1∑︂
i=0

P2n−2−2iθY2n−2i+1L2i+1,

[L′
2n, Y2] =

n−1∑︂
i=0

q2n−1−2iθY2n+2−2iL
′
2i −

n−1∑︂
i=0

q2n−2−2iθY2n−2i+1L
′
2i+1.

Proof. We use induction. By Proposition 3.2 we know the proposition holds for
n = 1. Suppose the proposition holds for n, we consider the case of n+ 1.

We have [L2n+1, L
2
1] = 0. Hence in B(V), by Lemma 3.13 we have

0 = ∂R
2 ([L2n+1, L

2
1])

= L2n+1(−q−1θX2) + ∂R
2 (L2n+1)L

2
1 − (L2

1∂
R
2 (L2n+1) + q−1θX2L2n+1)

= −q−1θ[X2, L2n+1] + [∂R
2 (L2n+1), L

2
1],

i.e., [X2, L2n+1] = q[[X1, L
′
2n] + q−1θL′

2nX1, L
2
1], again by Lemma 3.13.

Using the induction hypothesis (3.25b), we have

(3.26) [X2, L2n+1] =

n∑︂
i=0

q2n−2iθL′
2iX2n+3−2i −

n−1∑︂
i=0

q2n−1−2iθL2i+1X2n−2i+2.

Then by (3.26),

[X1,L
′
2n+2] = [X1, [X2, Y2n+1]] = q[X2, L2n+1]− θL2n+1X2

=

n∑︂
i=0

q2n−2i+1θL′
2iX2n+3−2i−

n−1∑︂
i=0

q2n−2iθL2i+1X2n−2i+2 − θL2n+1X2

=

n∑︂
i=0

q2n−2i+1θL′
2iX2n+3−2i −

n∑︂
i=0

q2n−2iθL2i+1X2n−2i+2.

Since [X1, L2n+2] = [X1, L
′
2n+2] + [X1, [L2n+1, L1]], we need to know [X1, L2n+1]:

[X1, L2n+1] = [X1, L
′
2n+1]− [X1, [L2n, L1]]

= [X1, [X2, Y2n]]− [[X1, L2n], L1] + [X2, L2n]

= (q + 1)[X2, L2n] + θL2nX2 − [[X1, L2n], L1]

=

n−1∑︂
i=0

(q2n−2i + q2n−1−2i)θL2iX2n+2−2i

+

n−1∑︂
i=0

(q2n−1−2i + q2n−2−2i)θL′
2i+1X2n−2i+1 + θL2nX2
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−
(︃ n−1∑︂

i=0

P2n−1−2iθ(L2iX2n+2−2i + L̂2i+1X2n+1−2i)

−
n−1∑︂
i=0

P2n−2−2iθ(L
′
2i+1X2n−2i+1 − L̂2i+2X2n−2i)

)︃
,

by (3.25a), (3.25c). By the definition of Pn, we have

[X1, L2n+1] =

n−1∑︂
i=0

P2n−2iθL2iX2n+2−2i −
n∑︂

i=1

P2n−2iθL̂2iX2n+2−2i + θL2nX2

+

n−1∑︂
i=0

P2n−1−2iθL
′
2i+1X2n+1−2i −

n−1∑︂
i=0

P2n−1−2iθL̂2i+1X2n+1−2i

=

n∑︂
i=0

P2n−2iθL
′
2iX2n+2−2i +

n−1∑︂
i=0

P2n−1−2iθL2i+1X2n+1−2i.(3.27)

Then

[X1, L2n+2] = [X1, L
′
2n+2] + [X1, [L2n+1, L1]]

= [X1, L
′
2n+2] + [[X1, L2n+1], L1]] + [X2, L2n+1]

= (q + 1)[X2, L2n+1]− θL2n+1X2 + [[X1, L2n+1], L1]].

By (3.26) and (3.27) and similar calculation, we have

[X1, L2n+2] =

n∑︂
i=0

P2n+1−2iθL2iX2n+3−2i −
n∑︂

i=0

P2n−2iθL
′
2i+1X2n+2−2i.

The expressions for [X2, L2n+2], [X2, L
′
2n+2], [L2n+2, Y1], [L′

2n+2, Y1], [L2n+2,

Y2], [L′
2n+2, Y2] follow from a completely similar argument. We omit the details.

Remark 3.19. Note that in Proposition 3.18, we use the abstract definition of
a Nichols algebra, i.e., we use differential operators to derive certain relations. It
would be very tedious if we only used quantum Serre relations. However, one can
prove that these relations can also be derived only by quantum Serre relations; see
the proof of Theorem 6.5.

The equation [L̃2m, L̃2n] = 0 is equivalent to [L2m, L2n] + [L′
2m, L2n] +

[L2m, L′
2n]+[L′

2m, L′
2n] = 0. So we need to know the expressions for each summand.

Lemma 3.20. Suppose [L̃2k−2, L̃2N ] = 0 for all 2 ≤ k ≤ n and for all N > 0;
then

[L̃2k−1, L̂2N+1] = [L̂2k−1, L̃2N+1] ∀ 1 ≤ k ≤ n and ∀N > 0.
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Proof. We only need to prove

[L̃2n−1, [L̃2N , L1]] = [[L̃2n−2, L1], L̃2N+1].

By Proposition 3.6,

LHS =
[︂1
2
θL1L̃2n−2 +

1

2
θL̃2n−2L1 +

1

4
[L̃2n−4,M3], [L̃2N , L1]

]︂
=

1

2
θ
[︂
L1, [L̃2n−2, [L̃2N , L1]]

]︂′
+

1

4

[︂
[L̃2n−4,M3], [L̃2N , L1]

]︂
,

RHS =
[︂
[L̃2n−2, L1],

1

2
θL1L̃2N +

1

2
θL̃2NL1 +

1

4
[L̃2N−2,M3]

]︂
= −1

2
θ
[︂
L1, [[L̃2n−2, L1], L̃2N ]

]︂′
+

1

4

[︂
[L̃2n−2, L1], [L̃2N−2,M3]

]︂
.

Since [L̃2n−2, L̃2N ] = 0, we only need to prove

[[L̃2n−4,M3], [L̃2N , L1]] = [[L̃2n−2, L1], [L̃2N−2,M3]].

By using the expressions for [L̃2N , L1] and [L̃2n−2, L1] in Proposition 3.6 and
similar calculation, we get that we only need to prove

[[L̃2n−4,M3], [L̃2N−4,M5]] = [[L̃2n−6,M5], [L̃2N−2,M3]].

Repeating these steps this lemma will be proved.

Lemma 3.21. Suppose [L̃2k, L̃2N ] = 0 for all k ≤ n − 1 and for all N > 0; then
[L̃2n, L̃2N ] = 0 for all N > 0 is equivalent to

−[[L̃2n−2, L̃2N+1], L1] + [[L̃2N+2, L̃2n−3], L1] = 0 for all N > 0.

Proof. Considering [[X1, L2n], Y2N ], using the same technique as Proposition 3.6,
we get

[L2n, L2N ] =

n−1∑︂
i=0

P2n−1−2iθ[L2n+2N−2i, L2i]

+

n−1∑︂
i=0

P2n−2−2iθ(L
′
2i+1L

′
2n+2N−2i−1 − L2n+2N−2i−1L2i+1).

Note that in this calculation we do not need to care about terms with form YaLbXc

or YaL
′
bXc. All terms of this form would be canceled by Corollaries 3.12 and 3.14.

One can also verify this directly.
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Similarly considering [[X1, L
′
2n], Y2N ] we can get

[L′
2n, L2N ] =

n−1∑︂
i=0

q2n−1−2iθ[L2n+2N−2i, L
′
2i]

+

n−1∑︂
i=0

q2n−2−2iθ(L2i+1L
′
2n+2N−1−2i − L2n+2N−1−2iL

′
2i+1).

Similarly considering [[X2, L2n], Y2N−1] we can get

[L2n, L
′
2N ] =

n−1∑︂
i=0

q2n−1−2iθ[L′
2n+2N−2i, L2i]

+

n−1∑︂
i=0

q2n−2−2iθ(L′
2n+2N−1−2iL2i+1 − L′

2i+1L2n+2N−1−2i).

Similarly considering [[X2, L
′
2n], Y2N−1] we can get

[L′
2n, L

′
2N ] =

n−1∑︂
i=0

Q2n−1−2iθ[L
′
2n+2N−2i, L

′
2i]

+

n−1∑︂
i=0

Q2n−2−2iθ(L
′
2n+2N−1−2iL

′
2i+1 − L2i+1L2n+2N−1−2i).

Then by the construction of Pn, Qn and [L̃2k, L̃2N ] = 0 for all N > 0, k ≤ n− 1,

[L2n, L2N ] + [L′
2n, L2N ] + [L′

2n, L2N ] + [L′
2n, L

′
2N ]

=

n−1∑︂
i=0

(P2n−2−2i + q2n−2−2i)θ([L2n+2N−2i, L2i]− [L′
2n+2N−2i, L

′
2i])

+

n−1∑︂
i=0

P2n−2−2iθ([L
′
2i+1, L

′
2n+2N−2i−1]− [L2i+1, L2n+2N−2i−1])

+

n−1∑︂
i=0

q2n−2−2iθ([L2i+1, L
′
2n+2N−2i−1]− [L′

2i+1, L2n+2N−2i−1]).

We have the following identities by definitions and Lemma 3.20:

[L2m, L2n]− [L′
2m, L′

2n] = [L̂2m, L̃2n] + [L̃2m, L̂2n], ∀m,n ≥ 0

[L′
2i+1, L

′
2n+2N−2i−1]− [L2i+1, L2n+2N−2i−1]

= [L̃2i+1, L̂2n+2N−2i−1] + [L̂2i+1, L̃2n+2N−2i−1]

= 2[L̃2i+1, L̂2n+2N−2i−1],
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[L2i+1, L
′
2n+2N−2i−1]− [L′

2i+1, L2n+2N−2i−1]

= [L̃2i+1, L̂2n+2N−2i−1]− [L̂2i+1, L̃2n+2N−2i−1] = 0, ∀ 0 ≤ i ≤ n− 1.

Then by the above identities,

[L2n, L2N ] + [L′
2n, L2N ] + [L′

2n, L2N ] + [L′
2n, L

′
2N ]

=

n−1∑︂
i=0

(P2n−2−2i + q2n−2−2i)θ([L̂2n+2N−2i, L̃2i] + [L̃2n+2N−2i, L̂2i])

+ 2

n−1∑︂
i=0

P2n−2−2iθ[L̃2i+1, L̂2n+2N−2i−1]

=

n−1∑︂
i=0

(P2n−2−2i + q2n−2−2i)θ(− [L̃2n+2N−2i−1, L̂2i+1]

+ [L1, [L̃2n+2N−2i−1, L̃2i]]

+ [[L̃2n+2N−2i, L̃2i−1], L1]

+ [L̃2i−1, L̂2n+2N−2i+1])

+ 2

n−1∑︂
i=0

P2n−2−2iθ[L̃2i+1, L̂2n+2N−2i−1].

The definition of Pn implies P2n−2−2i = q2n−2−2i − q2n−4−2i − P2n−4−2i. Then

[L2n, L2N ] + [L′
2n, L2N ] + [L′

2n, L2N ] + [L′
2n, L

′
2N ]

=

n−1∑︂
i=0

(P2n−2−2i+q2n−2−2i)θ([L1, [L̃2n+2N−2i−1, L̃2i]]+[[L̃2n+2N−2i, L̃2i−1], L1]).

When q is not a root of unity, it is easy to see (P2n−2−2i + q2n−2−2i)θ is not 0.
Then by the induction hypothesis we can see

[L2n, L2N ] + [L′
2n, L2N ] + [L′

2n, L2N ] + [L′
2n, L

′
2N ] = 0

is equivalent to

−[[L̃2n−2, L̃2N+1], L1] + [[L̃2N+2, L̃2n−3], L1] = 0,

for all N ≥ 0.

Define D2k = −[[L̃2k, L̃2N+1], L1] + [[L̃2N+2, L̃2k−1], L1]. Note that D2k is
related to N , but we omit it, since when we deal with D2k later, N is always fixed.

Define L̄2n by the following formal power series:

θ

∞∑︂
n=0

L̃2nu
2n = exp

(︃
θ

∞∑︂
n=1

L̄2nu
2n

)︃
.
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Define Ck(P (u)) by the coefficient of uk in the power series P (u).

Proposition 3.22. There exists a series of numbers R2k such that [L̄2k, L1] =

R2kM2k+1 and [L̃2m, L̃2n] = 0 for all k,m, n ≥ 1. The number R2k is defined by

θR2k = C2k−2

(︂1
2
θ
)︂
+ C2k−2

(︃
1

2
θ exp

(︃ k−1∑︂
n=1

θR2nu
2n

)︃)︃

+ C2k−4

(︄
1

4

(︃
exp

(︃ k−1∑︂
n=1

θR2nu
2n

)︃
− 1

)︃)︄
− C2k

(︃
exp

(︃ k−1∑︂
n=1

θR2nu
2n

)︃)︃
.

Moreover, we have R4k = 0 and R4k+2 = 1
22k

[2k+1]q
2k+1 .

Proof. We prove by induction on n that [L̄2n, L1] = R2nM2n+1 for some R2n and
[L̃2n, L̃2N ] = 0 for all N ≥ 0.

For n = 1, we know that [L̄2, L1] = M3, which means R2 = 1 and coincides
with the formula for R2k when k = 1, and [L̃2, L̃2N ] = 0 for all N ≥ 0. Now
suppose this proposition holds for n ≤ k, i.e., we know [L̄2n, L1] = R2nM2n+1 and
[L̃2n, L̃2N ] = 0 for n ≤ k, and for all N ≥ 0, we consider n = k + 1.

First we prove [L̄2k+2, L1] = R2k+2M2k+3 for some R2k+2. By Proposition 3.6,

θ

∞∑︂
n=0

[L̃2nu
2n, L1] =

1

2
θM3θ

∞∑︂
n=0

L̃2n−2u
2n

+
1

2
θθ

∞∑︂
n=0

L̃2n−2u
2nM3 +

1

4

[︃
θ

∞∑︂
n=0

L̃2n−4u
2n,M5

]︃

=
1

2
θu2M3θ

∞∑︂
n=0

L̃2n−2u
2n−2

+
1

2
θu2θ

∞∑︂
n=0

L̃2n−2u
2n−2M3 +

1

4
u4

[︃
θ

∞∑︂
n=0

L̃2n−4u
2n−4,M5

]︃
,

i.e., [︃
exp

(︃
θ

∞∑︂
n=1

L̄2nu
2n

)︃
, L1

]︃
=

1

2
θu2M3 exp

(︃
θ

∞∑︂
n=1

L̄2nu
2n

)︃

+
1

2
θu2 exp

(︃
θ

∞∑︂
n=1

L̄2nu
2n

)︃
M3(3.28)

+
1

4
u4

[︃
exp

(︃
θ

∞∑︂
n=1

L̄2nu
2n

)︃
,M5

]︃
.

Note that exp(θ
∑︁∞

n=1 L̄2nu
2n) = exp(θ

∑︁∞
n=2 L̄2nu

2n) exp(θL̄2u
2), then we denote

exp(θ
∑︁∞

n=2 L̄2nu
2n) by exp(2) and in general exp(θ

∑︁∞
n=k L̄2nu

2n) by exp(k).
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It is easy to get exp(θL̄2nu
2)L1 = exp(adθL̄2n

u2n) ◦ L1 exp(θL̄2nu
2). Denote

adθL̄2n
u2n by M2n for further convenience, where adθL̄2n

means the operator
[θL̄2n, ]. Now we analyze (3.28). The left-hand side is

[exp(2), L1] exp(θL̄2u
2) + exp(2)(exp(M2)− 1) ◦ L1 exp(θL̄2u

2).

Repeating similar calculation, by the induction hypothesis, we get that the left-
hand side is(︄

[exp(k + 1), L1] + exp(k + 1)

(︃
exp

(︃ k∑︂
n=1

M2n

)︃
− 1

)︃
◦ L1

)︄
k∏︂

n=1

exp(θL̄2nu
2n).

Similarly, we get that the right-hand side is(︄
1

2
θu2M3 exp(k + 1) +

1

2
θu2 exp(k + 1) exp

(︃ k∑︂
n=1

M2n

)︃
◦M3

+
1

4
u4

(︄
[exp(k + 1),M5] + exp(k + 1)

(︃
exp

(︃ k∑︂
n=1

M2n

)︃
− 1

)︃
◦M5

)︄)︄

×
k∏︂

n=1

exp(θL̄2nu
2n).

Canceling the ending terms of both sides and comparing the coefficient of u2k+2,

θ[L̄2k+2, L1] + C2k+2

(︄(︃
exp

(︃ k∑︂
n=1

M2n

)︃
− 1

)︃
◦ L1

)︄

= C2k

(︂1
2
θM3

)︂
+ C2k

(︃
1

2
θ exp

(︃ k∑︂
n=1

M2n

)︃
◦M3

)︃

+ C2k−2

(︄
1

4

(︃
exp

(︃ k∑︂
n=1

M2n

)︃
− 1

)︃
◦M5

)︄
.

Hence we have θ[L̄2k+2, L1] = R2k+2M2k+3, where

R2k+2 = C2k

(︂1
2
θ
)︂
+ C2k

(︃
1

2
θ exp

(︃ k∑︂
n=1

θR2nu
2n

)︃)︃

+ C2k−2

(︄
1

4

(︃
exp

(︃ k∑︂
n=1

θR2nu
2n

)︃
− 1

)︃)︄
− C2k+2

(︃
exp

(︃ k∑︂
n=1

θR2nu
2n

)︃)︃
.

Then we need to prove D2k = 0, for any N ≥ 0. Fix N . Considering the
formal power series

θ

∞∑︂
n=0

D2nu
2n,
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we have

θ

∞∑︂
n=0

D2nu
2n = −

[︃[︃
θ

∞∑︂
n=0

L̃2nu
2n, L̃2N+1

]︃
, L1

]︃

+

[︄[︃
L̃2N+2,

1

2
θu2L1θ

∞∑︂
n=0

L̃2nu
2n +

1

2
θu2θ

∞∑︂
n=0

L̃2nu
2nL1

+
1

4
u4

[︃
θ

∞∑︂
n=0

L̃2nu
2n,M3

]︃]︃
, L1

]︄
= −[A,L1] + [[L̃2N+2, B], L1].

We calculate A and B. The calculation is similar to the previous one. We have

A = A2k+2

k∏︂
n=1

exp(θL̄2nu
2n),

where

A2k+2 = [exp(k + 1), L̃2N+1] + exp(k + 1)

(︃
exp

(︃ k∑︂
n=1

M2n

)︃
− 1

)︃
◦ L̃2N+1.

B = B2k+2

k∏︂
n=1

exp(θL̄2nu
2n),

where

B2k+2 =
1

2
θu2L1 exp(k + 1) +

1

2
θu2 exp(k + 1) exp

(︃ k∑︂
n=1

M2n

)︃
◦ L1

+
1

4
u4

(︄
[exp(k + 1),M3] + exp(k + 1)

(︃
exp

(︃ k∑︂
n=1

M2n

)︃
− 1

)︃
◦M3

)︄
.

Then

θ

∞∑︂
n=0

D2nu
2n

= −
[︃
A2k+2

k∏︂
n=1

exp(θL̄2nu
2n), L1

]︃
+

[︃[︃
L̃2N+2, B2k+2

k∏︂
n=1

exp(θL̄2nu
2n)

]︃
, L1

]︃

= −
[︃
A2k+2

k∏︂
n=1

exp(θL̄2nu
2n), L1

]︃
+

[︃
[L̃2N+2, B2k+2]

k∏︂
n=1

exp(θL̄2nu
2n), L1

]︃

=

[︃
(−A2k+2 + [L̃2N+2, B2k+2])

k∏︂
n=1

exp(θL̄2nu
2n), L1

]︃
.
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We need to prove that the coefficient of u2k in θ
∑︁∞

n=0 D2nu
2n is 0. It is enough

to prove C2k([Φ
∏︁k

n=1 exp(θL̄2nu
2n), L1]) = 0, where

Φ = − exp

(︃ k∑︂
n=1

M2n

)︃
◦ L̃2N+1

+

[︃
L̃2N+2,

1

2
θu2L1 +

1

2
θu2 exp

(︃ k∑︂
n=1

M2n

)︃
◦ L1

+
1

4
u4

(︃
exp

(︃ k∑︂
n=1

M2n

)︃
− 1

)︃
◦M3

]︃
.

We claim that Φ2i := C2i(Φ) = 0 for i ≤ k.
We have Φ2i = ϕ2i(

1
2θM2i+1L̃2N + 1

2θL̃2NM2i+1 +
1
4 [L̃2N−2,M2i+3]), where

ϕ2i = C2i

(︄
− exp

(︃ k∑︂
n=1

θR2nu
2n

)︃
+

1

2
θu2 +

1

2
θu2 exp

(︃ k∑︂
n=1

θR2nu
2n

)︃

+
1

4
u4

(︃
exp

(︃ k∑︂
n=1

θR2nu
2n

)︃
− 1

)︃)︄
.

Then Φ2i = 0 for i ≤ k holds by this and the induction hypothesis for R2i for
i ≤ k.

It is not difficult to get the general formula for R2m; we omit the details.

Corollary 3.23. We have the following commutation relations in B(V):

(a) [L̃2m, L̃2n] = 0 = [L̄2m, L̄2n].
(b) [M2m+1,M2n+1] = 0 if m + n is odd, [M2m+1,M2n+1] = (−1)

m−n
2 2M2

m+n+1

if m+ n is even.
(c) [L̄2m,M2n+1] = R2mM2m+2n+1, where R4m = 0 and R4m+2 = 1

22m
[2m+1]q
2m+1 .

By these relations, the only possible imaginary root vectors are L4n at 4nδ, L4n+2

and M2
2n+1 at (4n+ 2)δ, M2n+1 at (2n+ 1)δ.

Proof. These relations hold immediately by Propositions 3.22 and 3.6. Then by
induction on degree we can get these possible imaginary root vectors.

Remark 3.24. Note that these commutation relations between imaginary root
vectors are derived from Proposition 3.6, Corollary 3.8 and Proposition 3.18. If we
prove that Proposition 3.18 can also be derived only from quantum Serre relations,
then so are these commutation relations between imaginary root vectors.
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§4. Comultiplication of K≥1/K>1

This section is about the comultiplication of B(V)’s subquotient K≥1/K>1, which
is the most important part of this paper. The total determination of the root mul-
tiplicities and the construction of the Drinfeld second realization of U+

v (A(0, 2)(4))

all rely on this. In this section, we also get some partial information about the
commutation relations between X1 and the distinguished imaginary root vectors
with manageable comultiplication in K≥1/K>1.

§4.1. ∆(M(u)) and ∆(Z(u))

Proposition 4.1.

∆(M(u)) = (M(u)⊗ 1 + 1⊗M(u))
1

1− 2θM(u)⊗M(u)
,

∆(Z(u)) = (Z(u)⊗ 1 + 1⊗ Z(u))
1

1 + (2θ)2Z(u)⊗ Z(u)
.

Proof. We have

(4.1) ∆(L2) = L2 ⊗ 1− θL1 ⊗ L1 + 1⊗ L2, ∆(L1) = L1 ⊗ 1 + 1⊗ L1.

Recall that M2n+1 = [L2,M2n−1]. With (4.1) and Corollary 3.8, it is not difficult
to get ∆(M(u)). Since M(u)2 = Z(u), we have

∆(Z(u)) = (M⊗ 1 + 1⊗M)
1

1− 2θM⊗M
(M⊗ 1 + 1⊗M)

1

1− 2θM⊗M

= (M⊗ 1 + 1⊗M)2
1

1 + 2θM⊗M
1

1− 2θM⊗M

= (M2 ⊗ 1 + 1⊗M2)
1

1 + (2θ)2M2 ⊗M2

= (Z⊗ 1 + 1⊗ Z)
1

1 + (2θ)2Z⊗ Z
.

Define Z(u) by the following power series:

arctan(2θiZ(u)) = 2θiZ(u).

We write Z(u) as
∑︁∞

n=0 Z4n+2u
4n+2.

Proposition 4.2. The series Z(u) is primitive in the subquotient K≥1/K>1 and
the leading term of [X1, Z4n+2] is 22n [2n+1]q

2n+1 X4n+3, which means that Z4n+2 is not
0 in B(V).
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Proof. Note that arctan(x) = i
2 log(

i+x
i−x ). Hence it is enough to prove that 1+2θZ

1−2θZ
is group-like:

∆
(︂1 + 2θZ
1− 2θZ

)︂
=

1 + 2θ Z⊗1+1⊗Z
1+(2θ)2Z⊗Z

1− 2θ Z⊗1+1⊗Z
1+(2θ)2Z⊗Z

=
(1 + 2θZ⊗ 1)(1 + 1⊗ 2θZ)
(1− 2θZ⊗ 1)(1− 1⊗ 2θZ)

=
1 + 2θZ
1− 2θZ

⊗ 1 + 2θZ
1− 2θZ

.

By induction, it is not difficult to get that the leading term of [X1, 2θ(−1)kM2
2k+1]

is 2θ22kX4k+3. Then the coefficient we want is

1

2θi
C4n+2

(︃
arctan

(︃ ∞∑︂
k=0

2θi22ku4k+2

)︃)︃
.

Let x = 2u2; then we need to calculate

1

2θi
C4n+2

(︂
arctan

(︂
θi

x

1− x2

)︂)︂
.

We have

d

dx
arctan

(︂
θi

x

1− x2

)︂
=

iq

1− q2x2
− iq−1

1− q−2x2
= iq

∞∑︂
n=0

q2nx2n−iq−1
∞∑︂

n=0

q−2nx2n.

Taking the integral we get

arctan
(︂
θi

x

1− x2

)︂
= i

∞∑︂
n=0

q2n+1

2n+ 1
x2n+1 − i

∞∑︂
n=0

q−(2n+1)

2n+ 1
x2n+1,

then immediately we have that the coefficient we want is 22n
[2n+1]q
2n+1 .

§4.2. ∆(L)

Denote
∑︁∞

n=1 θL̄2nu
2n by L, i.e., we have exp(L) = ˜︁L. Define ∗(u) = ∆(˜︁L(u)).

Proposition 4.3. We have

∗(u) =

(︃
1−A⊗A+

1

2
B ⊗ 1

2
B

+
(︂
θ−1
(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂
⊗
(︂
θ−1
(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂)︃

· exp(L(u)⊗ 1 + 1⊗ L(u))
:= #(u) · exp(L(u)⊗ 1 + 1⊗ L(u)),
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and also

∗(u) = exp(L(u)⊗ 1 + 1⊗ L(u))

·
(︃
1−A′ ⊗A′ +

1

2
B′ ⊗ 1

2
B′

+
(︂
θ−1
(︂1
4
B′2 +A′2

)︂
+A′ · 1

2
B′
)︂
⊗
(︂
θ−1
(︂1
4
B′2 +A′2

)︂
+A′ · 1

2
B′
)︂)︃

:= exp(L(u)⊗ 1 + 1⊗ L(u)) ·#′(u).

Proof. By Corollary 3.10, in the subquotient, we have

∆(L̃2n) = L̃2n ⊗ 1− θL̃2n−1 ⊗ L̃1 + θL̃2n−2 ⊗ L̃2 − · · · − θL̃1 ⊗ L̃2n−1 + 1⊗ L̃2n

+ θ
1

2
L̂2n−2 ⊗

1

2
L̂2 + θ

1

2
L̂2n−3 ⊗

1

2
L̂3 + · · ·+ θ

1

2
L̂3 ⊗

1

2
L̂2n−3

+ θ
1

2
L̂2 ⊗

1

2
L̂2n−2,

i.e.,

∗(u) =
∞∑︂

n=0

θL̃2nu
2n ⊗

∞∑︂
n=0

θL̃2nu
2n −

∞∑︂
n=0

θL̃2n+1u
2n+1 ⊗

∞∑︂
n=0

θL̃2n+1u
2n+1

+

∞∑︂
n=1

1

2
θL̂2nu

2n ⊗
∞∑︂

n=1

1

2
θL̂2nu

2n

+

∞∑︂
n=1

1

2
θL̂2n+1u

2n+1 ⊗
∞∑︂

n=1

1

2
θL̂2n+1u

2n+1.

Then by (3.24a), (3.24b), (3.24e) in Proposition 3.17, it is easy to get the conclu-
sion.

Lemma 4.4.

#(u)#′(iu) = (1 + (2θ)2Z(a)⊗ Z(a)) · (1 + (2θ)2Z(b)⊗ Z(b)).

Proof. By the definitions of A, A′ and B, B′,

#(u)#′(iu)

=

(︃
1−A⊗A+

1

2
B ⊗ 1

2
B

+
(︂
θ−1
(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂
⊗
(︂
θ−1
(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂)︃
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·
(︃
1 +A⊗A− 1

2
B ⊗ 1

2
B

+
(︂
−θ−1

(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂
⊗
(︂
−θ−1

(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂)︃

.

Omitting a long but elementary calculation using (3.24c), (3.24d) in Proposi-
tion 3.17, we get the conclusion.

Lemma 4.5. The leading term of [X1, L̄2n] is (q2n+(−1)n)(qn+(−1)n+1)
nqn−1(q2−1) X2n+1.

Proof. We have log(1 + θ
∑︁∞

n=1 L̃2nu
2n) = θ

∑︁∞
n=1 L̄2nu

2n. By Proposition 3.18,
we get that the leading term of [X1, θL̃2nu

2n] is

θ
(︂
q2n−2 1− (−q−2)n

1 + q−2
+ q2n−1

)︂
X2n+1u

2n

=
θ

1 + q−2

∞∑︂
n=1

(︁
(q−1 + q−2 + q−3)(q2u2)n − q−2(−u2)n

)︁
X2n+1.

Then we have that the leading term of [X1, L̄2n] is

θ−1C2n

(︃
log

(︃
1 +

θ

1 + q−2

∞∑︂
n=1

((q−1 + q−2 + q−3)(q2u2)n − q−2(−u2)n)

)︃)︃
X2n+1,

i.e.,

θ−1C2n

(︃
log
(︂
1 +

θ

1 + q−2

(︂ (q−1 + q−2 + q−3)q2u2

1− q2u2
− q−2(−u2)

1 + u2

)︂)︂)︃
X2n+1.

Then by the same technique as in Proposition 4.2 we get that the leading term of
[X1, L̄2n] is

(q2n + (−1)n)(qn + (−1)n+1)

nqn−1(q2 − 1)
X2n+1.

Define L̊4n by the following, recalling that a =
√︁
q/2, b = i

√︁
q−1/2:

∞∑︂
n=1

2θL̊4nu
4n =

∞∑︂
n=1

2θL̄4nu
4n +

1

2
log(1− (2θ)2Z(a)2) +

1

2
log(1− (2θ)2Z(b)2).

Proposition 4.6. The element L̊4n is primitive in the subquotient K≥1/K>1. The
leading term of [X1, L̊4n] is [4n]q

4n X4n+1, which means L̊4n is not 0 in B(V) when
q is not a root of unity.
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Proof. Recall ∆(˜︁L(u)) = ∗(u), ∆(L̃(iu)) = ∗(iu), so we get ∆(
∑︁∞

n=1 2θL̄4nu
4n) =

log(∗(u) ∗ (iu)). We have

∗(u) ∗ (iu) = #(u) exp(L(u)⊗ 1 + 1⊗ L(u)) exp(L̄(iu)⊗ 1 + 1⊗ L̄(iu))#′(iu)

= #(u) exp

(︃ ∞∑︂
n=1

2θL̄4nu
4n ⊗ 1 + 1⊗

∞∑︂
n=1

2θL̄4nu
4n

)︃
#′(iu).

Then

log(∗(u) ∗ (iu)) =
∞∑︂

n=1

2θL̄4nu
4n ⊗ 1 + 1⊗

∞∑︂
n=1

2θL̄4nu
4n + log(#(u)#′(iu)),

since L̄4n commutes with all M2m+1 by Corollary 3.23. Then by Lemma 4.4 and
Proposition 4.1 we can get that L̊4n is primitive immediately.

For the leading term of [X1, L̊4n], by Lemma 4.5 we have that the leading
term of [X1, L̄2n] is

(q2n + (−1)n)(qn + (−1)n+1)

nqn−1(q2 − 1)
X2n+1.

Recall that the leading term of [X1,M
2
2n+1] is (−1)n22nX4n+3. Then we have that

the leading term of [X1, L̊4n] is

1

2θ

(︃
2θ

(q4n + 1)(q2n − 1)

2nq2n−1(q2 − 1)
+ C4n

(︃
1

2
log
(︂
1−

(︂
2θ

a2u2

1− 4a4u4

)︂2)︂)︃
+ C4n

(︃
1

2
log
(︂
1−

(︂
2θ

b2u2

1− 4b4u4

)︂2)︂)︃)︃
X4n+1.

Then by the same technique as in Proposition 4.2 we can prove that the leading
term of [X1, L̊4n] is [4n]q

4n X4n+1.

However, for the comultiplication of L̄4n+2, a similar calculation does not work
since L̄4n is central in K≥1/K>1 but L̄4n+2 is not. We introduce new generating
functions. Define

MI(u) =

∞∑︂
n=0

M4n+1u
4n+1, MII(u) =

∞∑︂
n=0

M4n+3u
4n+3.

Sometimes we just use MI and MII for convenience. Define

L =

∞∑︂
n=0

θ(4n+ 2)L̄4n+2u
4n+2.

Proposition 4.7. In the subquotient K≥1/K>1, we have

∆(L) = L⊗ 1 + 1⊗ L+ 2(M(au) +M(bu)),
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where

M(u) =
(−2θMI ⊗MI + 2θMII ⊗MII)(1 + 2θMI ⊗MII + 2θMII ⊗MI)

1 + (2θ)2Z⊗ Z
.

Proof. We know L = log(˜︁L). Since [L̃2n, L̃2m] = 0 for any m,n ∈ N, using u · d
du

to act on it, we have
∞∑︂

n=1

θ2nL̄2nu
2n =

u · d
du
˜︁L˜︁L .

Then

∆
(︂
u · d

du
L
)︂
=

∞∑︂
n=1

θ2n∆(L̄2n)u
2n =

u · d
du∆(˜︁L)
∆(˜︁L) .

We view ∆(˜︁L)−1 as right inverse. We know ∆(˜︁L) = #(u) expL⊗ expL by Propo-
sition 4.3. Then

∆(u · d

du
L)

=
(︂
u · d

du
#(u) expL⊗ expL+#(u) expL⊗ expL

(︂
u · d

du
L⊗ 1 + 1⊗ u · d

du
L
)︂)︂

· exp(−L)⊗ exp(−L)#(u)−1

= u · d

du
#(u) ·#(u)−1 +#(u)

(︂
u · d

du
L⊗ 1 + 1⊗ u · d

du
L
)︂
#(u)−1

=
(︂
u · d

du
L⊗ 1 + 1⊗ u · d

du
L
)︂
+ u · d

du
#(u) ·#(u)−1

−
[︂(︂

u · d

du
L⊗ 1 + 1⊗ u · d

du
L
)︂
,#(u)

]︂
#(u)−1.

Let Ω be the operator u · d
du − [u · d

duL⊗ 1+ 1⊗ u · d
duL, ]. Then we just need

to calculate

(⋄) (Ω ◦#(u)) ·#(u)−1.

The calculation of (Ω ◦ #(u)) · #(u)−1 is very long but elementary, using
the commutation relations between different M. The result of ∆(L) is a part of
∆(u · d

duL) by degree. We give a proof in Appendix A.

§5. A PBW basis of B(V)

In this section we determine the multiplicities of all the roots and give a PBW
basis of B(V). The main tool is the subquotient K≥1/K>1. In detail, the key step
is using the primitive element at certain degree in K≥1/K>1. In the case of Uv(ˆ︂sl2),
Drinfeld generators of the imaginary roots are exactly these primitive elements.
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§5.1. (2n + 1)δ

By Corollary 3.23, the only possible root vector at (2n+ 1)δ is M2n+1.

Proposition 5.1. When q is not a root of unity, M2n+1 are root vectors.

Proof. Let O2n+1 be the subalgebra generated by {M2i+1, 0 ≤ i ≤ n}. By Propo-
sition 4.1 we can get ∆(M2n+1) ∈

M2n+1 ⊗ 1 + 1⊗M2n+1 + 2θL2
1 ⊗M2n−1 − 2θM2n−1 ⊗ L2

1 +O2n−3 ⊗O2n−3.

We use Theorem 2.7. We have that M2n+1 is a root vector if and only if M2n+1 is a
linear combination of Lk1

1 Mk2
3 Mk3

5 · · ·Mkn
2n−1. By Proposition 4.1, the comultipli-

cation of M2n+1 has term 2θL2
1⊗M2n−1− 2θM2n−1⊗L2

1 but the comultiplication
of L2

1M2n−1 can only have term L2
1 ⊗M2n−1 +M2n−1 ⊗ L2

1. Hence, by induction
we can see that M2n+1 must be a root vector when q is not a root of unity.

§5.2. (4n + 2)δ and 4nδ

5.2.1. M2
2n+1. Since M2n+1 is a root vector and χ((2n + 1)δ, (2n + 1)δ) = −1,

we should consider M2
2n+1.

Proposition 5.2. The elements M2
2n+1 are root vectors for n ≥ 0 when q is not

a root of unity.

Proof. We use Theorem 2.7. Suppose M2
2n+1 is not a root vector. Then the only

possibility is M2
2n+1 is a linear combination of products of M2

2k+1 in B(V), where
k ≤ n− 1. Equivalently, Z4n+2 is a linear combination of products of Z4k+2 where
k ≤ n− 1. We denote this linear combination by Π. Then Z4n+2 −Π is 0 in B(V)
and must be primitive in K≥1/K>1. Then it is easy to see the only possibility is
Π = 0, since Z4k+2 are primitive in K≥1/K>1 and are root vectors in B(V) for
k ≤ n − 1. Then Z4n+2 is 0 in B(V), but by Proposition 4.2, we know Z4n+2 is
not 0 in B(V), contradiction.

5.2.2. L2n.

Proposition 5.3. The elements L2n are root vectors for n ≥ 1 when q is not a
root of unity.

Proof. We prove this by induction on n. We still use Theorem 2.7.
The element L2 is a root vector because [L2, L1] = M3 and M3 is a root

vector.
For L4, suppose L4 is not a root vector, then L4 =

∑︁
ki1,i2,j1L

i1
1 M i2

3 Lj1
2 , or

equivalently L̄4 =
∑︁

k′i1,i2,j1L
i1
1 M i2

3 L̄j1
2 . By ∆(L̄4) in the proof of Proposition 4.6
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and L2 is a root vector, L̄2
2 and L̄2

1L̄2 cannot appear in this linear combination.
Then L̄4 can only be a linear combination of L1M3 and L4

1. Then using adL̄2
to

act on L̄4, we get M2
3 + L1M5 = 0, a contradiction. Then L̄4 can only equal kL4

1,
or equivalently L̊4 = k(L2

1)
2. Since L̊4 and L2

1 are primitive in K≥1/K>1, then the
only possibility is L̊4 = 0, but according to Proposition 4.6, L̊4 is not 0. Then L4

must be a root vector.
Suppose it holds for n; we consider n+ 1.
If n is even, then 2(n+ 1) = 4m+ 2 for m = n

2 . Suppose L4m+2 is not a root
vector; then

L4m+2 =
∑︂

ki1,i2,...,i2m+1,j1,...,j2mLi1
1 M i2

3 · · ·M i2m+1

4m+1L
j1
2 · · ·Lj2m

4m ,

or equivalently

L̄4m+2 =
∑︂

k′i1,i2,...,i2m+1,j1,...,j2mLi1
1 M i2

3 · · ·M i2m+1

4m+1 L̄
j1
2 · · · L̄j2m

4m .

By Proposition 4.7 and the induction hypothesis, L̄2, . . . , L̄4m cannot appear. Then

L̄4m+2 =
∑︂

k′′i1,i2,...,i2m+1
Li1
1 M i2

3 · · ·M i2m+1

4m+1 .

By Corollary 3.23(c), [L̄4m+2, L1] = R4m+2M4m+3. When q is not a root of unity,
we know that R4m+2 is not 0 and M4m+3 is a root vector, contradiction. Then
L4m+2 must be a root vector.

If n is odd, then 2(n + 1) = 4m for m = n+1
2 . Suppose L4m is not a root

vector; then

L4m =
∑︂

ki1,i2,...,i2m,j1,...,j2m−1
Li1
1 M i2

3 · · ·M i2m
4m−1L

j1
2 · · ·Lj2m−1

4m−2

or equivalently

L̊4m =
∑︂

k′i1,i2,...,i2m,j1,...,j2m−1
Li1
1 M i2

3 · · ·M i2m
4m−1L̄

j1
2 · · · L̄j2m−1

4m−2 .

For the same reason as the last paragraph, L̄2, . . . , L̄4m−2 cannot appear. Using
adL̄2

to act on L̊4m, similar to the case of L4 we get

L̊4m =
∑︂

k′′i1,i2,...,imLi1
1 M i2

3 · · ·M im
2m−1,

where i1, i2, . . . , im must be even. Then equivalently

L̊4m =
∑︂

k′′′i1,i2,...,im(Z2)
i1/2(Z6)

i2/2 · · · (Z4m−2)
im/2.

Since L̊4m, Z2, Z6, . . . , Z4m−2 are primitive in K≥1/K>1, the only possibility is
L̊4m = 0, but by Proposition 4.6, L̊4m is not 0. Then L4m must be a root vector.

Now we have the following theorem immediately.
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Theorem 5.4. Suppose q is not a root of unity, the multiplicities of 4nδ and
(2n + 1)δ are 1, of (4n + 2)δ is 2, which coincide with the root multiplicities
of the Lie superalgebra A(0, 2)(4). The set of decreasing ordered products of ele-
ments in {Xn, Yn, L2n,M2n−1, n ∈ N} forms a PBW basis of B(V). The order in
{Xn, Yn, L2n,M2n−1, n ∈ N} is

X1 < X2 < · · · < Xn < · · ·
< · · · < L2n < L2n−2 < L2n−4 < · · · < L2

< · · · < M2n−1 < M2n−3 < · · · < M5 < M3 < M1

< · · · < Yn < · · · < Y2 < Y1.

§6. The defining relations of B(V) satisfied by
the Chevalley generators

We first consider the commutation relations in B(V) between real root vectors. By
definition, [Xm, Yn] is just Lm+n−1 or L′

m+n−1, so we do not need to care about
this case. We only care about the relations between Xn and Xm, Yn and Ym. First,
we recall the U+

v (ˆ︂sl2) case because they have some common properties.

Proposition 6.1. In the case of U+
v (ˆ︂sl2) when v is not a root of unity, we have

[Xn, Xn+r] = −[Xn+r−1, Xn+1] and [Yn+r, Yn] = −[Yn+1, Yn+r−1] for n, r > 0.
Moreover, these two relations can be derived from quantum Serre relations.

Proof. They are part of the relations in the Drinfeld second realization; see [CP91].
The second conclusion can be derived from [HK08], or follows from a similar proof
to Lemma 6.2 below.

Lemma 6.2. We have the following relations about Xn and Yn in B(V):

[Xn, Xn+1] = 0 and [Yn+1, Yn] = 0,

for n ≥ 1. Moreover, these relations are derived by quantum Serre relations.

Proof. We deal with the first one; the second one is similar. In fact, we claim

[Xn, Xn+2] = (−1)n+1[Xn+1, Xn+1],(6.1a)

[Xn, Xn+3] = −[Xn+2, Xn+1],(6.1b)

[Xn+1, Xn+2] = 0,(6.1c)

for n > 0. We prove this claim by induction on n. First, [X1, X2] = 0 holds, which
is one of the quantum Serre relations. When n = 1,

0 = [[X1, X2], L1] = [X1, X3]− [X2, X2].
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Then (6.1a) holds. Then

0 = [[X1, X3]− [X2, X2], L1] = [X1, X4] + [X2, X3]− ([X2, X3]− [X3, X2]),

i.e.,
[X1, X4] = −[X3, X2],

which is (6.1b). We also have

0 = [[X1, X2], L2] = [X1, qX4 + θL1X3] + [(q + 2)X3 − θL1X2, X2]

= q[X1, X4] + θ(X2X3 + L1[X1, X3]) + (q + 2)[X3, X2]

− θ(L1[X2, X2]− qX3X2),

which implies [X2, X3] = 0, which is (6.1c).
For the general case, the induction step follows from a completely similar

argument to the case of n = 1, using the facts that

[X2k+1, L2] = (q + 2)X2k+3 − θL1X2k+2

and
[X2k+2, L2] = qX2k+4 + θL1X2k+3.

Note that all of these formulas come from quantum Serre relations.

Then the following corollary holds immediately.

Corollary 6.3. All [Xn, Xm] and [Yn, Ym] can be expressed as a linear combina-
tion of decreasing products of root vectors by quantum Serre relations.

Remark 6.4. Note that the commutation relations between Xn and Ym come
from the definition of Lm+n−1 and L′

m+n−1 and Proposition 3.6, which is derived
by quantum Serre relations. Then we get that the commutation relations between
real root vectors all come from quantum Serre relations.

Theorem 6.5. Suppose q is not a root of unity. The defining relations of B(V)
satisfied by the Chevalley generators are the quantum Serre relations, which means
that the Drinfeld–Jimbo-type realization is obtained for Uv(A(0, 2)(4)).

Proof. We determined all the root vectors of B(V) in Theorem 5.4. Then it is
equivalent to prove that all the commutation relations between these root vectors
can be derived from quantum Serre relations. All of these relations are in Section
3 and at the beginning of Section 6. As stated in Remarks 3.9, 3.19, 3.24, 6.4, we
get these commutation relations almost completely from quantum Serre relations,
except Proposition 3.18.
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We prove that all the commutation relations in Proposition 3.18 can be derived
from quantum Serre relations. We only prove the first half because the other half
is completely similar. We need to show that the expressions for [X2, L2n] and
[X2, L2n+1] for n ≥ 1 in Proposition 3.18, which are obtained by applying differen-
tial operators, can be derived only by quantum Serre relations. Note that relations
in Proposition 3.6 all come from quantum Serre relations, and we know (3.15):

2L′
2n+1 = θL′

2nL1 + θL1L2n + [L2, L
′
2n−1]

holds. Applying adX1 to this equation, we will get the result of (q+ q−1)[X2, L2n]

and since q is not a root of unity, we will get the expression of [X2, L2n] in terms
of ordered products of root vectors, repeatedly using the induction hypothesis and
the following known relations derived by quantum Serre relations: (3.12), (3.15),
(3.16), (3.17), (3.18) and Corollary 3.8. On the other hand, also by these relations,
it is enough to get the expression for [X2, L2n] in terms of ordered products of root
vectors from

[X2, L2n] = q2n−1X2n+2 + q2n−2θL′
1X2n+1 + · · ·+ qθL2n−2X4 + θL′

2n−1X3.

Then these two expressions must be the same. This means the expression for
[X2, L2n] in Proposition 3.18 also comes from quantum Serre relations. The case
of [X2, L2n+1] is completely similar.

§7. The Drinfeld second realization of U+
v (A(0, 2)(4))

We give the Drinfeld second realization of B(V) or U+
v (A(0, 2)(4)), i.e., choosing

distinguished root vectors and writing all the commutation relations. The fol-
lowing three subsections are titled by “I&I”, “I&R”, “R&R”, where “I”, “R” mean
distinguished imaginary root vectors and real root vectors, respectively.

§7.1. I&I

Proposition 7.1. The following commutation relations hold in B(V):

(a) L̊4n+4 and Z4n+2 commute with all imaginary root vectors, [L̄4m+2, L̄4n+2] =

0, for all m,n ≥ 0.
(b) [M2m+1,M2n+1] = 0 if m + n is odd, [M2m+1,M2n+1] = (−1)

m−n
2 2M2

m+n+1

if m+ n is even.
(c) [(4m+ 2)L̄4m+2,M2n+1] =

1
22m−1 [2m+ 1]qM4m+2n+3.

Proof. This holds immediately by Corollary 3.23.
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§7.2. I&R

First, we show that the comultiplication in K≥1/K>1 is closely related to these
relations.

Denote the subalgebra generated by Ln, n ≥ 1 in B(V) by L. We identify L
with the subquotient K≥1/K>1. Denote the subalgebras generated by Xn, n ≥ 1,
Yn, n ≥ 1 by X and Y. We have B(V) ∼= Y ⊗ L⊗ X , as vector spaces.

Let T ∈ L and suppose that T is homogeneous. Define d(T ) by deg T = d(T )δ.
Define fXk

(1) = Xk and fXk
(T ), T ∈ L by the leading term of [Xk, T ], i.e., some

scale of Xk+d(T ). Define gYk
(1) = Yk and gYk

(T ), T ∈ L by the leading term of
[T, Yk], i.e., some scale of Yk+d(T ).

Remark 7.2. It is very easy to determine fXk
, gYk

precisely for any k ≥ 1 by
Proposition 3.18, Lemma 3.1(a) and L2

1 lies in the center of L.

Lemma 7.3. We have ∆(Xn) ∈ Xn⊗1+1⊗Xn+B(V)⊗YL, i.e., no Xi appears
in the right tensor factor for i < n.

Proof. By the comultiplication of the super-letters, i.e., Proposition 2.4.

Lemma 7.4. Let T ∈ L. We have ∆(T ) ∈ T(1) ⊗ T(2) in the subquotient +LX ⊗
YL.

Proof. This also follows from Proposition 2.4.

Proposition 7.5. Let T ∈ L. We have

XkT = T(1)(−1)d(T(1))·(k−1)fXk
(T(2))

and
TYk = (−1)k·d(T(2))gYk

(T(1))T(2).

Proof. We prove the first one. It is easy to see for T ∈ L,

(7.1) XkT =

k+d(T )∑︂
i=1

kiTiXi, for some Ti ∈ L.

Consider the terms of type B(V)⊗Xi for some i, in the comultiplication of (7.1).
By Lemmas 7.3, 7.4, for the left-hand side, all terms of this type are

T(1)(−1)d(T(1))·(k−1) ⊗ fXk
(T(2)). For the right-hand side, all terms of this type

are kiTi ⊗Xi. Then we have

XkT = T(1)(−1)d(T(1))·(k−1)fXk
(T(2)).

The second one is similar.
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For M2n+1, it is more convenient to write the relations in the language of
generating functions. Recall that M(u) =

∑︁∞
n=0 M2n+1u

2n+1.

Proposition 7.6. We have

XkM = M(1)(−1)d(M(1))·(k−1)fXk
(M(2))

and
MYk = (−1)k·d(M(2))gYk

(M(1))M(2),

for any k ≥ 1, where

M(1) ⊗M(2) = (M⊗ 1 + 1⊗M)
1

1− 2θM⊗M
.

Proof. By Propositions 7.5 and 4.1.

Recall that
arctan(2θiZ(u)) = 2θiZ(u).

We write Z(u) as
∑︁∞

n=0 Z4n+2u
4n+2.

Proposition 7.7. In B(V) we have the following formulas for all k ≥ 1, n ≥ 0:

[Xk, Z4n+2] = 22n
[2n+ 1]q
2n+ 1

X4n+k+2, [Z4n+2, Yk] = 22n
[2n+ 1]q
2n+ 1

Y4n+k+2.

Proof. The first formula follows immediately from Propositions 4.2 and 7.5, and
that Z4n+2 lie in the center of K≥1/K>1. The second is completely similar.

Proposition 7.8. In B(V), we have the following relations:

[Xk, L̊4n] =
[4n]q
4n

X4n+k, [L̊4n, Yk] =
[4n]q
4n

Y4n+k.

Proof. This follows immediately from Propositions 4.6 and 7.5.

For (4n+2)L̄4n+2, it is more convenient to write the relations in the language
of generating functions. Recall that

L =

∞∑︂
n=0

θ(4n+ 2)L̄4n+2u
4n+2,

MI(u) =

∞∑︂
n=0

M4n+1u
4n+1, MII(u) =

∞∑︂
n=0

M4n+3u
4n+3,

Z(u) =
∞∑︂

n=0

M2
2n+1(−1)nu4n+2 = M(u)2.
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Proposition 7.9. We have

XkL = L(1)(−1)d(L(1))·(k−1)fXk
(L(2))

and

LYk = (−1)k·d(L(2))gYk
(L(1))L(2),

where

L(1) ⊗ L(2) = ∆(L) = L⊗ 1 + 1⊗ L+ 2(M(au) +M(bu))

and

M(u) =
(−2θMI ⊗MI + 2θMII ⊗MII)(1 + 2θMI ⊗MII + 2θMII ⊗MI)

1 + (2θ)2Z⊗ Z
.

Proof. This follows from Propositions 7.5 and 4.7.

§7.3. R&R

7.3.1. Relations between Xn, and between Yn. Define a sequence of num-
bers s0 = 1, s1 = −1, s2 = −1, s3 = 1 and sn = sn+4 for n ≥ 0. Define a map
P : N → {0, 1} ⊂ N by P (n) = 0 if n is even, P (n) = 1 if n is odd.

Proposition 7.10. In B(V) the following relations hold for n, k ≥ 1:

[Xn, Xn+2k−1] = −[Xn+2k−2, Xn+1],(†)

[Xn, Xn+2k] = sP (n+1)[Xn+2k−1, Xn+1] + 2

k∑︂
i=2

sP (n+1)+i−1[Xn+2k−i, Xn+i],

[Yn+2k−1, Yn] = −[Yn+1, Yn+2k−2],

[Yn+2k, Yn] = sP (n)[Yn+1, Yn+2k−1] + 2

k∑︂
i=2

sP (n)+i−1[Yn+i, Yn+2k−i].

Proof. By applying adL1
to the formulas in Lemma 6.2 repeatedly.

7.3.2. The relations between Xn and Ym. First we have

[X2i+1, Y2n+2−(2i+1)] = L2n+1, [X2i, Y2n+2−2i] = L′
2n+1,

[X2i+1, Y2n+3−(2i+1)] = L2n+2, [X2i, Y2n+3−2i] = L′
2n+2.

However, we do not use Ln or L′
n as generators, so we should use our generators

to generate Ln or L′
n.



On the Structure of Quantum Affine Superalgebra Uv(A(0, 2)(4)) 705

We have
∞∑︂

n=1

2θL̊4nu
4n =

∞∑︂
n=1

2θL̄4nu
4n +

1

2
log(1− (2θ)2Z(a)2) +

1

2
log(1− (2θ)2Z(b)2),

=

∞∑︂
n=1

2θL̄4nu
4n − log ◦ cos(2θiZ(a))− log ◦ cos(2θiZ(b)),

and L̊4n, Z(u), L̄4n+2 are the generators we choose; then we get L(u) from our
generators. By ˜︁L(u) = exp(L(u)), we can get ˜︁L(u) from our generators.

Proposition 7.11. In B(V) we have
∞∑︂

n=0

θL2n+1 =
θ

θ′
((2a− a−1)M(a)− (2b− b−1)M(b))˜︁L(u),(‡)

∞∑︂
n=0

θL′
2n+1 =

θ

θ′
((2a+ a−1)M(a)− (2b+ b−1)M(b))˜︁L(u),

∞∑︂
n=0

θL2n =
(︂
1− 4θ

θ′
Z(b)− 2θ2

θ′
iM(b)M(a)

)︂˜︁L(u),
∞∑︂

n=0

θL′
2n =

(︂
1 +

4θ

θ′
Z(b) +

2θ2

θ′
iM(b)M(a)

)︂˜︁L(u).
Proof. By Lemma 3.1 we get

∞∑︂
n=0

θL2n+1 =

∞∑︂
n=0

θL̃2n+1 −
1

2

∞∑︂
n=0

θL̂2n+1,

∞∑︂
n=0

θL′
2n+1 =

∞∑︂
n=0

θL̃2n+1 +
1

2

∞∑︂
n=0

θL̂2n+1,

∞∑︂
n=1

θL2n =

∞∑︂
n=1

θL̃2n +
1

2

∞∑︂
n=1

θL̂2n,

∞∑︂
n=1

θL′
2n =

∞∑︂
n=1

θL̃2n − 1

2

∞∑︂
n=1

θL̂2n.

Meanwhile, by Lemma A.1 in Appendix A, we have

[M(a),M(b)] =
−2

θi
(Z(a) + Z(b)).

Then the proposition holds by direct computation using Proposition 3.17.

§7.4. The Drinfeld second realization

We summarize all the above results as a theorem.
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Let θ = q − q−1, θ′ = q + q−1, a =
√︁
q/2, b = i

√︁
q−1/2.

We choose Xn, Yn for n > 0, M2n+1, Z4n+2, (4n + 2)L̄4n+2, (4n + 4)L̊4n+4

for n ≥ 0 as root vectors at the corresponding root. For simplicity of notation,
we denote (4n + 2)L̄4n+2 by L4n+2, 4nL̊4n by L4n. We introduce the following
generating functions with root vectors as coefficients:

M(u) :=

∞∑︂
n=0

M2n+1u
2n+1, MI(u) =

∞∑︂
n=0

M4n+1u
4n+1, MII(u) =

∞∑︂
n=0

M4n+3u
4n+3,

Z :=

∞∑︂
n=0

Z4n+2u
4n+2, L :=

∞∑︂
n=0

θL4n+2u
4n+2, L̊ :=

∞∑︂
n=1

θL4nu
4n.

We use
∫︁
u−1 to denote the inverse operator of u · d

du .

We define two new generating functions as follows:

Z(u) :=
∞∑︂

n=0

M2
2n+1(−1)nu4n+2,

˜︁L(u) := exp

(︃∫︂
u−1L+

∫︂
u−1L̊+

1

2
log ◦ cos(2θiZ(a)) +

1

2
log ◦ cos(2θiZ(b))

)︃
.

Theorem 7.12. The algebra B(V) or equivalently U+
v (A(0, 2)(4)) is generated by

real root vectors Xn, Yn for n > 0, imaginary root vectors M2n+1, Z4n+2, L4n+2

for n ≥ 0, L4n for n > 0, with the following defining relations:

I&I: Z4n+2, L4n commute with all the imaginary root vectors,

[L4m+2,L4n+2] = 0, ∀m,n ≥ 0,

[L4m+2,M2n+1] =
[2m+ 1]q
22m−1

M4m+2n+3,

[M2m+1,M2n+1] = (−1)
m−n

2 2M2
m+n+1 if m+ n is even,

[M2n+1,M2m+1] = 0 if m+ n is odd,

2θiZ(u) = tan(2θiZ(u)).

I&R: XkM = M(1)(−1)d(M(1))·(k−1)fXk
(M(2)),

MYk = (−1)k·d(M(2))gYk
(M(1))M(2),

where

M(1) ⊗M(2) = (M⊗ 1 + 1⊗M)
1

1− 2θM⊗M
,

[Xk, Z4n+2] = 22n
[2n+ 1]q
2n+ 1

X4n+k+2,
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[Z4n+2, Yk] = 22n
[2n+ 1]q
2n+ 1

Y4n+k+2,

XkL = L(1)(−1)d(L(1))·(k−1)fXk
(L(2)),

and
LYk = (−1)k·d(L(2))gYk

(L(1))L(2),

where
L(1) ⊗ L(2) := ∆(L) = L⊗ 1 + 1⊗ L+ 2(M(au) +M(bu))

and

M(u) =
(−2θMI ⊗MI + 2θMII ⊗MII)(1 + 2θMI ⊗MII + 2θMII ⊗MI)

1 + (2θ)2Z⊗ Z
,

[Xk,L4n] = [4n]qX4n+k,

[L4n, Yk] = [4n]qY4n+k,

and f , g are defined in Section 7.2.

R&R: [X2i+1, Y2n+2−(2i+1)] = L2n+1, [X2i, Y2n+2−2i] = L′
2n+1,

[X2i+1, Y2n+3−(2i+1)] = L2n+2, [X2i, Y2n+3−2i] = L′
2n+2,

together with (‡) in Proposition 7.11, and (†) in Proposition 7.10.

Appendix A. Calculations on (⋄) in the proof of Proposition 4.7

In this appendix, we show the details of the proof of (⋄) in the proof of Proposi-
tion 4.7. We will not give all the details, but we will write down two representative
parts of (⋄); see Propositions A.2 and A.3.

The main tool is Lemma A.1, in which the commutation relations of various
generating functions with M2n+1, n ≥ 0 as coefficients are described. Recall that
M(u) = MI(u)+MII(u), define MI(u)−MII(u) as M(u) and denote M(hu), MI(hu),
MII(hu), M(hu) by M(h), MI(h), MII(h), M(h) for convenience, where h ∈ C×.

Lemma A.1. We have the following relations in B(V):

[MI(x),MII(y)] = 0 for any x, y ∈ C,(A.1a)

[M(a),M(b)] = [M(a),M(b)] =
−2

θi
(Z(a) + Z(b)),(A.1b)

[M(a),M(b)] = [M(a),M(b)] =
−2

θ′i
(Z(a)− Z(b)),(A.1c)

u · d

du
Z(u) = 2(MI(u)

2 −MII(u)
2) = [M(u),M(u)].(A.1d)
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Proof. Equation (A.1a) follows from Corollary 3.23(b). Equations (A.1b) and
(A.1c) follow from (A.1a) and direct computation using Corollary 3.23(b). Equa-
tion (A.1d) also follows from direct computation using Corollary 3.23(b).

Recall that by Lemma 4.4,

#(u)#′(iu) = (1 + (2θ)2Z(a)⊗ Z(a)) · (1 + (2θ)2Z(b)⊗ Z(b)).

Denote (1 + (2θ)2Z(a)⊗ Z(a)) · (1 + (2θ)2Z(b)⊗ Z(b)) by C. Then (⋄) is

Ω#(u) ·#′(iu)

C
,

where

#(u) =

(︃
1−A⊗A+

1

2
B ⊗ 1

2
B

+
(︂
θ−1
(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂
⊗
(︂
θ−1
(︂1
4
B2 +A2

)︂
+A · 1

2
B
)︂)︃

,

#′(iu) =

(︃
1 +A⊗A− 1

2
B ⊗ 1

2
B

+
(︂
θ−1
(︂1
4
B2 +A2

)︂
−A · 1

2
B
)︂
⊗
(︂
θ−1
(︂1
4
B2 +A2

)︂
−A · 1

2
B
)︂)︃

.

For convenience, we denote θ−1( 14B
2 +A2) by T and denote the operator u · d

du −
[u · d

duL(u), ] by ⋆.

Proposition A.2. We have

Ω
(︂
A⊗A− 1

2
B ⊗ 1

2
B
)︂

= 4θ(MI(a)⊗MI(a)−MII(a)⊗MII(a) +MI(b)⊗MI(b)−MII(b)⊗MII(b)).

Proof. We have

Ω
(︂
A⊗A− 1

2
B ⊗ 1

2
B
)︂
= ⋆A⊗A+A⊗⋆A−

(︂
⋆

1

2
B ⊗ 1

2
B +

1

2
B ⊗⋆

1

2
B
)︂
.

First we focus on ⋆A.
Denote adL2(xu)2 by adx for x ∈ C. By Corollary 3.23(c), we have[︂

u · d

du
L(u), L1

]︂
= 4
(︂ ada

1− ad2a
+

adb

1− ad2b

)︂
◦ L1,

which means [︂
u · d

du
L(u), A(u)

]︂
= 4
(︂ ada

1− ad2a
+

adb

1− ad2b

)︂
◦A(u).
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Meanwhile, it is easy to get

u · d

du
A(u) =

2θ

θ′

(︂
a
1 + ada
1− ada

◦M(a)− b
1 + adb
1− adb

◦M(b)
)︂
.

Then

⋆A =
(︂1 + ada
1− ada

− 4
ada

1− ad2a
− 4

adb

1− ad2b

)︂2θ
θ′

aM(a)

−
(︂1 + adb
1− adb

− 4
ada

1− ad2a
− 4

adb

1− ad2b

)︂2θ
θ′

bM(b).

We also have

aM(a) =
a2

1− ada
◦ L1u, bM(b) =

b2

1− adb
◦ L1u.

Then we have

⋆A(u) = A′(u)− 2θ

θ′

(︂ 4adb

1− ad2b

a2

1− ada
◦ L1u− 4ada

1− ad2a

b2

1− adb
◦ L1u

)︂
= A′(u) +

4

θ′
(a−1MI(a)− b−1MI(b)).

Similarly we have

⋆
1

2
B(u) = −1

2
B′(u) +

8

θ′
(aMII(a)− bMII(b)).

Note that MI(u) =
M(u)+M(u)

2 , MII(u) =
M(u)−M(u)

2 . Then we have

⋆A =
2

θ′
(aθ′M(a) + bθ′M(b) + a−1M(a)− b−1M(b))

⋆B =
2

θ′
(−a−1θ′M(a)− b−1θ′M(b) + 4aM(a)− 4bM(b))

A =
2θ

θ′
(aM(a)− bM(b)),

1

2
B =

θ

θ′
(a−1M(a)− b−1M(b)).

By direct computation with these formulas, we get Ω(A⊗A− 1
2B⊗ 1

2B).

Proposition A.3. We have(︂
⋆
(︂
T +A · 1

2
B
)︂
⊗
(︂
T +A · 1

2
B
)︂
+
(︂
T +A · 1

2
B
)︂
⊗⋆

(︂
T +A · 1

2
B
)︂)︂

·
(︂
T −A · 1

2
B
)︂
⊗
(︂
T −A · 1

2
B
)︂
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= (2θ)4
(︂1
2
u · d

du
Z(b)⊗ Z(b) · Z(a)⊗ Z(a)

+
1

2
u · d

du
Z(a)⊗ Z(a) · Z(b)⊗ Z(b)

+ 2MI(b)MII(b)⊗ Z(b) · Z(a)⊗ Z(a)

+ 2MI(a)MII(a)⊗ Z(a) · Z(b)⊗ Z(b)
)︂

+ symmetric part.

Remark A.4. The terms 1
2u · d

duZ(b) ⊗ Z(b) · Z(a) ⊗ Z(a), 1
2u · d

duZ(a) ⊗ Z(a) ·
Z(b) ⊗ Z(b) and the symmetric part correspond to the result of u · d

du acting on
∆(
∑︁∞

n=1 2θL̄4nu
4n), which is known from the proof of Proposition 4.6.

Proof of Proposition A.3. By Lemma A.1 and Proposition 3.17, we have the fol-
lowing relations:

T +A · 1
2
B = −4θ

θ′
Z(b)− 2θ2

θ′
iM(b)M(a),

T −A · 1
2
B =

4θ

θ′
Z(a) +

2θ2

θ′
iM(b)M(a),

⋆
(︂
T +A · 1

2
B
)︂
=

2θ

θ′

(︂
2M(a)M(a)− 2M(b)M(b)− 2θ

θ′
Z(a)

+
2θ

θ′
Z(b)− iθM(b)M(a)− iθM(b)M(a)

)︂
,

T 2 −
(︂
A · 1

2
B
)︂2

= −4θ2Z(a)Z(b).

Then this proposition follows from direct computation.
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