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Abstract

We study the quantum affine superalgebra U, (A(O, 2)(4)) defined abstractly by Yamane,
when v is not a root of unity. We prove that the defining relations satisfied by the Cheval-
ley generators of U (A(0,2)™®), or equivalently the corresponding Nichols algebra B(V),
are the quantum Serre relations, which means the Drinfeld—Jimbo-type realization of
U,(A(0,2)™) is obtained. Based on Lyndon word theory, we construct distinguished
imaginary root vectors and give an estimation of their comultiplication in the form of
generating functions. With these results, we determine all the root multiplicities and give
a PBW basis of U, (A(0,2)*). We also describe concretely all the commutation rela-
tions among real root vectors and distinguished imaginary root vectors using generating
functions, i.e., the Drinfeld second realization is obtained for U} (A(0,2)®).
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§1. Introduction

Quantum groups were introduced formally in [Dri85] and [Jim85] as deforma-
tions of the universal enveloping algebra U(g) of a Kac-Moody algebra g. Affine
quantum groups are also called quantum affine algebras, and the theories of their
representations are very rich, with many important applications in many branches
of mathematics and mathematical physics. In addition, quantum affine algebras
also have the famous Drinfeld second realizations, first appearing in [Dri87] and
then [Bec94, Jin98, Dam12, Daml5, JZ16|. Drinfeld second realizations are very
important for the theory of quantum affine algebras because they are crucial for
the study of representations; see, e.g., [CP91, CP98].
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Affine Kac-Moody superalgebras are generalizations of affine Kac-Moody
algebras, defined and classified by van de Leur [vdL89]. In this classification, there
is a special family named A(m, n)®. The main feature of A(m,n)® is that there
exist odd imaginary roots and that the imaginary root vectors do not necessar-
ily commute with each other. In addition, when m = n, the cardinality of the
Serre-type defining relations is infinite (also in the quantum case) due to the 1-
dimensional center spanned by the identity matrix.

Quantum superalgebras and quantum affine superalgebras appeared first in
[Yam94] and [Yam99], respectively, which are foundational for these theories. In
them, Yamane defined quantum (affine) superalgebras abstractly, i.e., by the radi-
cal of a bilinear form, which is similar to the non-super case introduced by [Lus93].
Then Yamane got the defining relations satisfied by the Chevalley generators
of affine Lie superalgebras and the corresponding quantum affine superalgebras
except the cases of A(m,m)® and A(m,m)®, which means the Drinfeld-Jimbo-
type realization is also obtained for these quantum affine superalgebras.

For quantum affine superalgebras, the Drinfeld second realizations are also
important tools for studying representations. Related work appeared in [Yam99,
HSTYO08, Zhal4, BFK26] etc.

Next, we discuss U, (A(m,n)®) when m # n. When v is transcendental, the
defining relations satisfied by the Chevalley generators were known in [Yam99],
and the root multiplicities were known in [EGO09]|, which are the same as the root
multiplicities of the corresponding affine Lie superalgebra. However, no explicit
form of a PBW basis was given. When v is not a root of unity, the defining
relations satisfied by the Chevalley generators, the root multiplicities, PBW basis
and the Drinfeld second realization were all unknown.

In the last years, Nichols algebras have attracted much interest from many
branches of mathematics such as Hopf algebras, quantum groups, algebraic geom-
etry and number theory, and conformal field theory. Concretely, Nichols algebras
play an important role in the classification of finite-dimensional pointed Hopf alge-
bras; see [AS10]. It is also well known that the theory of Nichols algebras is closely
related to the theory of quantum groups. In the finite case, the positive part of
a Drinfeld—-Jimbo-type quantum group is a Nichols algebra when v is not a root
of unity; see [HS20, Chapter 16]. In the affine case, this is also true by [HKO08]. If
we define a quantum group abstractly following Lusztig and Yamane, i.e., using
the radical of the bilinear form, then the positive part is just a Nichols algebra by
definition.

In the present paper, we discuss mainly Uv(s/[\g) and U,(A(0,2)®) defined
abstractly. The structure theory of U,(A(0,2)®) is unavoidable for further
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research on U,(A(m,n)®). The quantum affine (super)algebras U, (gg) and
U, (A(0,2)®) look similar and share some common properties, but are also very
different.

The Dynkin diagram of U, (572) is

O——=0

0 1

whereas the Dynkin diagram of U, (A(0,2)®) is

O——®

0 1

As algebras, U’ (5/[; ) is isomorphic to the Nichols algebra B(U), where U is a
braided vector space of diagonal type with braiding matrix

q ¢!
!t q

with respect to a basis {1, 22} and ¢ = v%. The isomorphism maps the Chevalley
generators Ey, F1 to 1 and zo. The defining relations satisfied by the Chevalley
generators, or equivalently x1, x2, are the quantum Serre relations when ¢ is not
a root of unity; for a proof see [HKO08].

As algebras, U (A(0,2)*) is isomorphic to the Nichols algebra B(V), where
V is a braided vector space of diagonal type with braiding matrix

q ¢t
¢! —q

with respect to a basis {21,752} and ¢ = v?. Again, the isomorphism maps the
Chevalley generators Fy, F1 to 1 and x5. Conjecturally, the defining relations of
U+ (A(0,2)™), or equivalently B(V), are also the quantum Serre relations when ¢
is not a root of unity. In the present paper, this will be proved in Theorem 6.5.

The Nichols algebra B(V) first appeared in Cuntz’s classification of rank two
affine Nichols algebras [Cunl8]. An affine Nichols algebra is a Nichols algebra of
diagonal type with an affine Weyl groupoid or equivalently affine Tits arrange-
ment; see [CMW17]. All Nichols algebras in the classification in [Cunl8] are quite
unexplored except U," (5/[;), i.e., B(U), which is very well known. We believe that
these Nichols algebras have a Lie-theoretic background.

By the reflection theory of Nichols algebras of diagonal type (see [Hec06]), we
conclude that B(U) and B(V) share the same real roots, i.e., nd + @1 and nd + as
for n > 0, where § = a1 + as. The imaginary roots of B(U) are well known as nd,
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n > 0, and the multiplicities are all 1. The only possible imaginary roots of B(V)
are also nd, but the multiplicities have been, in general, unknown. In this paper,
all the root multiplicities of B(V) are determined and a PBW basis is given; see
Theorem 5.4.

For strategic reasons, we use the notation X; and Y; for the two Chevalley
generators Ey and E; of U,S (5/[\2), or equivalently, the two basis vectors 21 and o
of the braided vector space U. Let [ ,] be the braided bracket. Let L; = [X1,Y]].
Define X, 11 = [Xn, L], Yay1 = [L1,Ys], for n > 1. Define L,, = [X1,Y},] for all
n > 1. Then, rewriting the relations in the Drinfeld second realization, we obtain

the following relations in B(U). Let 0 = ¢g—¢~ !, [m], = q:qu:lm and define Ly = ;

define L,, for all n > 1 using the equation

i 0L, u" = exp( i GLnu") .
n=1

n=0

Then for all m,n, k > 1,

Xk)af/m] = [T-,gq Xk+m7 [Z’m)Yk] = [m]qu+m)

m

We can define X,,, Y;,, L,, similarly for B(V). It is not difficult to prove that
X,, and Y, are still real root vectors. However, when one looks at the relations in
imaginary root spaces, great difficulty appears. At degree 34, we have the following
relation:

0—1 3

(1.1) L= T[L%Lﬂ +60L1Ly —0L7,
and Lo, L1 do not commute. Due to this non-commutativity, U, (A(0,2)*) is much
more complicated than U, (;[;) The algebra U, (A(0,2)®*)) together with this prop-
erty (difficulty) and with equation (1.1) was first announced by Yamane [Yam18].
Equation (1.1) is equation (3.2a) in Proposition 3.2 of the present paper. How to
describe similar relations at higher degrees was unknown. In the present paper, we
give a solution; see (3.24a) in Proposition 3.17. Moreover, we obtain the Drinfeld
second realization for B(V) or equivalently U;F(A(0,2)®); see Theorem 7.12.

Our main tool is Lyndon word theory; see [Kha99, Ros99]. There are many
excellent applications of the Lyndon word theory in Hopf algebra theory and Lie
theory; see [Hec06, HRZ08, Angl5, CHW16, AT24, NT24] etc. In terms of Lyndon
word theory, if we define the order by x7 < x5 for the basis of the braided vector
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space U, then X,,, Y,,, L,, are the super-letters corresponding to the Lyndon words
xl(xlxg)”*l,(xle) xg,xl(xlxg)

We also use an important subquotient of Nichols algebras of diagonal type
that appeared in [GHO7] and [AAH19]. The subquotient is a braided Hopf algebra
induced by the braided Hopf algebra structure of the initial Nichols algebra. In
[AAH19, AG25, AG23]|, the subquotient played a central role in the proof of the
conjecture in [AAH21| about the equivalence between the finiteness of the root

n—1 n—1

T9, respectively.

system and the finiteness of the GK dimension for Nichols algebras of diagonal
type. The subquotient is very beneficial in the study of B(V) because it has a very
manageable comultiplication, which can be used to detect possible relations in
B(V), determine the root multiplicities completely and describe the commutation
relations in U} (A(0,2)*)) between real root vectors and imaginary root vectors.

Moreover, in the Drinfeld second realization of U, (5/[\2), the loop-like genera-
tors of the imaginary roots are described by the exponential series with coefficients
in U, (5/[\2) In the present paper, this method is also used and is very beneficial. In
addition, tangent and some other techniques of generating functions are crucial.

The paper is organized as follows. In Section 2 we introduce some notation
and recall some basic theories. In Section 3 we derive some basic relations that
we need in B(V). We also discuss the subquotient K>1/K~; of B(V) and identify
the central elements. In Section 4, which is the most important part of this paper,
we construct distinguished imaginary root vectors and determine their comul-
tiplication in the subquotient K>;/Ks~; using various generating functions. In
Section 5 we completely determine all the root multiplicities of B(V) based on the
results of Section 4 and a PBW basis of B(V) is obtained. In Section 6 we prove
that the defining relations of B(V) are the quantum Serre relations, which means
the Drinfeld-Jimbo-type realization of U, (A(0,2)®) is obtained. In Section 7 we
obtain the Drinfeld second realization of B(V) or equivalently U (A(0,2)®), also
based on the results of Section 4.

§2. Preliminaries

n__—n
13 [n}q = qq—qq*1 .

All brackets [ ,] in this paper are braided brackets introduced in Section 2.1.

In the whole paper, ¢ € C* is not a root of unity. Let § = ¢ — g~

§2.1. Nichols algebras of diagonal type

We refer to [Angll] for the definition of a braided vector space of diagonal type
and the definition of a Nichols algebra.

Let K be a field. Let s € N, X = {z1,...,25}. Let X be the set of words
with letters in X. Let V be an s-dimensional vector space with basis {z1,...,zs}.
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We can identify KX with (V). Then T'(V) is a Z°-graded algebra determined by
degx; = a;, 1 <14 < s, where {a,...,as} is the canonical basis of Z*.
Let ¢ be a braiding of V. The braided bracket of z,y € T(V) is defined by

[z,y]c =mo (id — ¢)(z ® y).

Assume (V,¢) is of diagonal type with braiding matrix (g;;)1<si<s With respect
to the basis {x1,...,25}, and let x: Z° x Z° — K* be the bicharacter deter-
mined by the condition x(a;,a;) = g;; for each pair 1 < 4,5 < s. Then for
each pair of Z°-homogeneous elements u,v € X, we have c(u ® v) = gy v @ u,
Gup = x(degu,degv) € K*. In such a case, the “braided Jacobi identity” and
skew derivations hold:

Hua U]’w] = [ua ['U’w]] - X(a,,@)v[u, w] + X(ﬁ)’}/)[u’ w]v,
[u, vw] = [u, v]w + x(a, B)v[u, w],

[wv, w] = x(B,7)[u, w]o + ulv, w],

where u, v, w are homogeneous elements in T'(V'), and «, 8, v are the degrees of
u, v, w. If x(B,@)x(a, 8) =1, then we have

(2'1) [[U’U]’w] = [u’ [va]] - X(O&,ﬁ)[v, [uvw]]

§2.2. Braided vector space V, the Nichols algebra B(V)
and the root system of B(V)

Let V be a 2-dimensional braided vector space of diagonal type with braiding

q ¢t
' —q)’
2 2).

It is easy to see B(V) is of affine Cartan type with Cartan matrix (_2 5
We refer to [Hec06] for details. Then the real roots of B(V) are just the positive
real roots of sly, namely (n + 1)a; + nas and nag + (n + 1)ag for n > 0. The

matrix

where ¢ is not a root of unity.

Nichols algebra B(V) also has imaginary roots. The only possible imaginary roots
are nd, 6 = a1 +ag and n > 1, but the multiplicities are in general unknown. Note
that if 3 is an imaginary root, then we have x (8, a)x(a, ) = 1 for all @ € N2, and
hence (2.1) holds.

§2.3. Differential operators
We refer to [HS20, Chapter 7].



ON THE STRUCTURE OF QUANTUM AFFINE SUPERALGEBRA Uy (A(0,2)®) 669

Definition 2.1. Define the right and left differential operators 0%, df: B(V) —

B(V),1<i<2by

(1) OF(1) = 0F(1) =0, 0F () = 0L (xj) = &;j for all 1 < i,j < 2,

(2) 0f(xy) = 20 (y) + 0 (x)x(ai, B)y for all 1 < i,j < 2 and z,y € B(V), y is
NZ-homogeneous with degree 3,

(3) OF(xy) = OF (z)y + x(a, ;) xdF (y) for all 1 <i,j < 2 and z,y € B(V), z is
NZ-homogeneous with degree a.

Proposition 2.2. For z € B(V) and x not a constant, in B(V) we have

r=0e0f(z) =

v
& 0F(x) \

— =
IN N
IN N

1< 2
1 < 2.

0
0

§2.4. An important subquotient

We follow the notation in [AAH19]. For the braided vector space V, B(V) has a
unique N2-grading as a braided Hopf algebra

B(V)= €D B(V)

aeN?

such that degz; = a1, deg o = 3. Now, set

By = $H B*(V), B = b B*(V),

2 2
a=aiai+azaz€Ng: a=ajai+azaz€NG:
ai>asz ai1>az

K>1:{.’EEB(V) |A(£L’)EB21®B(V)}7 K>1:K21OB>1.
The subquotient we use is K>1/K1.

Proposition 2.3. The subquotient K>1/K~1 is a braided Hopf algebra induced
by the braided Hopf algebra structure of B(V).

Proof. See [AAH19, Proposition 3.9]. O

§2.5. Lyndon word theory

We follow the notation and terminologies in [HZ18]; for more details and a more
general case, see [GHO7].

We follow the notation in Section 2.1. Define an order on X by z1 < 9 <
-+ < x4, consider the lexicographic ordering on X. Let X* be the set of non-empty
words in X. A word v € X* is a Lyndon word if for any decomposition u = vw,
u,v € X*, we have u < w.
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A word u € X* is a Lyndon word if and only if either v € X, or there exist
Lyndon words v, w such that v < w and u = vw.

Any word u of length at least two has a unique decomposition into the product
of two Lyndon words u = vw, where the length of v is minimal. This decomposition
is called the Shirshov decomposition.

Recall that we identify KX with T'(V'). For a Lyndon word u, we define [u] €
T (V) inductively as follows:

1) [u=u,ifueX,
(2) [u] = [[v], [w]], where u = vw is the Shirshov decomposition, if |u| > 2. Here,
[,] is the braided bracket defined in Section 2.1.

We call [u] super-letters. Then the total order on X induces a total order on
the set of super-letters.

Let L be the set of Lyndon words. In Lyndon word theory, it is well known
that for any w € X*, w has a unique decomposition into monotonic products of
Lyndon words: w = ujug - - - ug for uy > ug > -+- > up and uq, . .., ur € L for some
k € N. Then we define [w] by [u1]uz]-- - [ug]. Denote Ms, by the vector space
spanned by all [w] € T(V) such that w = vivg - vg, v1 > vy > -+ > v > wu,
v1,...,0; € L for some k € N.

Proposition 2.4. Let u € L. Then A([u]) = 1@ [u] — [u] ® 1 € T(V) @ Ms,,.
Proof. We refer to [GHO7, Proposition 3.6]. O
For a € Z?, let 0, € NU 0o be the order of x(«, ). Let O, = {1, 04, 00}

Definition 2.5. Let w € X*. We say that [w] is a root vector candidate if w = v*
for some Lyndon word v and k € Ogeg o \{o0}.

Definition 2.6. A root vector candidate [w] is called a root vector of B(V) if [w] €
B(V) is not a linear combination of elements of the form [vg]™* - - [v1]™, where
k,m,...,my € Nand [v1],...,[vx] are root vector candidates or equivalently root
vectors with v > -+ > v > w.

Theorem 2.7. Let R C X* such that w € R if and only if [w] is a root vector.
Then the following elements form a vector space basis of B(V):

[Iuk}mk‘”[vl]mlﬂ kGN, Ul,--~,UkER, v <v2 < - < Vg,
Vi<i<k 0<m; < min(Odegvi\{l}).

Let X,,, Y,, be the real root vector candidates corresponding to the Lyndon

word x1(z122)" "t and (w122)" Las.
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Define L, by [X1,Y,], L;, by [X2,Y,—1] (it is convenient to define L, = L =
[X1,Y1] and Lo = Ly = ). Then L, is the imaginary root vector candidate at
nd corresponding to the Lyndon word z(xix2)" 'zs. Define ﬁn_H = [Ly, L],
L, = (L, + L) (it is convenient to define L,, = 0 for n < 0).

Define Ma, 1 = ad},(L1), where adx(Y) means [X,Y] for X,Y € B(V).
Then My, 41 is the imaginary root vector candidate at (2n + 1)d corresponding to
the Lyndon word

(r1212922) " T1T0.

We have the following order in terms of super-letters:

Xi<Xo< - <X, <
<< Lp<Lp 1 <Lpo<---<lLg
<< Moy < Mop—g < -+ < My < M3 < M
<Y, << Yo <Y

Lemma 2.8. If X,, and Y,, are not 0 in B(V), then they are root vectors at
corresponding degrees.

Proof. Note that X, and Y,, are the biggest super-letters at corresponding degrees.
Then it follows from the definition of root vectors and reasons of degree. O

Lemma 2.9. In B(V) we have
AY,)=Y,®1+1®Y, mod B>; @ B(V)
and we have X,, € K21, L, € K21, Y, ¢ K217 X, € K>1, L, ¢ K>1.

Proof. The expression for A(Y,,) follows from Proposition 2.4. Since L,, = [X1,Y}],
by the expression for A(Y,,), we have L,, € K>1. In particular, L; € K>, then
immediately X,, € K>;. Other conclusions are obvious. O

§3. Relations in B(V)

Lemma 3.1. The following basic relations hold in B(V):

(a) [X»,L,L%] = X»,H_g and [L%,Yn] = Yn+2-

(b) Ly, = Lony1 + [Lon, L1], Ly, o = Lopyo — [Lony1, L1].

(¢) Fiz n; if for all i < n, [Li_s, L3 = 0, then [Xogs1, Yn_or] = Ln, for all
0<k< "7_1, k € No and [Xopy2,Y,—(2k41)] = Ly, for all 0 < k < ”T_Q,
k € Np.

(d) [Maps1, May_1] = [Lay, M3, 4] for all n > 1. If [La, M3, 1] = 0, then
[Many3, Moy_1] = —2M3, ;.
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Proof. By the braided Jacobi identity, skew derivations directly. O
§3.1. Relations in root space with degree < 44
We know quantum Serre relations hold in B(V):
[X1, Xo] = [Yo, Y] = 0.

In degree < 44, we have the following relations. These relations are prepared to
obtain the central elements in the next subsection and as a starting point for the
induction proof of Proposition 3.18.

Proposition 3.2. In B(V), the following relations hold:

(31&) [Xh LQ} (q + 2)X3 — 9L1X2,
(3.1b) (X1, L} = qX3 — 0L1 X,
(31C) [LQ, 1} 3 + 9Y2L1,

(3.14) 71— 2%+ s
(32&) 2L3 — 9L1L'2 = 9L2L1 — [L27L1],
(32b) 2Lg — 9L’2L1 =60L1Lo + [L27 Ll],
(32C) I~/3 = %9[111:12 + %01:12[/1,
(3.3a) (X2, Lo] = ¢X4 + 011 X3,
(3.3b) [Xo, LY = (¢ — 2) X4 + 0L, X3,
(33C) [LQ, 2} (q + 2)Y4 — (9}/3[/1,
(3.3d) (L}, Ya] = qYy — 0Y3 L4,

(3.4a) [Lo, L3] =0 ([M3, M;] = 0),
(3.4b) [L3, L3] = 0.

P?”OOf. FiI‘St7 [)(17 [/2] = [Xl, [Xg,Yl]] = qXQLl + q_lLng = ng - 0L1X2. Then
[X1, L2] = (¢+2)X3—6L1 X5. Now we have proved (3.1a), (3.1b). Similarly, (3.1c),
(3.1d) also hold.
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On one hand,

[[X1, La], Y1] = [(¢ + 2) X3 — 0L1 X5, V1]
(3.5) = (¢+2)Ls = 0(L1Ly — ¢~ Y2 Xo).

On the other hand,

[[X1, La], V1] = [X1, [La, Y1]] — [L2, L1]
= [X1,qY5 + 0Y5L] — [Lo, L4]
(3.6) =qL3 + 0(LoLy + ¢ 'Y2X5) — [La, L.

Comparing (3.5) and (3.6) we get (3.2a) and equivalently (3.2b). Equation (3.2¢)
is the sum of (3.2a) and (3.2b).
Using [X7, | to act on (3.2b) we can get

(q+q¢ "+ 1)[Xo,Lo] =qlg+q¢ "+ 1)Xs+0(g+q " +1)L1 X5.

Since ¢ is not a root of unity, we get (3.3a) and then immediately (3.3b). Similarly,
we get (3.3c) and (3.3d).
Using [, Y3] to act on (3.1a), by similar calculation we can get

(3.7) (q+2)[Ly, L3 = 0L LYy — OL3 L.
Using [, Y1] to act on (3.3a) we can get
q[Lo, L3] = OL4Ly — 0Ly Ly — [Lo, LY,
ie.,
(3.5) (q — (Lo, L3] = OLyLy — 0Ly Ls,
Taking the sum of (3.7) and (3.8) we can get
2q[La, LY] = 0[L», 7).

Since ¢ is not a root of unity, we have [Ly, L] = 0 or equivalently [M3, M;] = 0,
which is (3.4a). Then (3.4b) holds by (3.2a). O

Remark 3.3. We will use the technique in this proof frequently later, to produce
new relations in imaginary root space from known relations.

Remark 3.4. Compared with the case of U, (5/[;), (3.2a) tells us that Lz is no
longer a root vector in terms of Lyndon word theory. We will see later that for
n > 1, La,4+1 are also no longer root vectors.
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§3.2. Central elements in K>;/K>1

We will first prove that M3, ., for all m > 0 commute with L, for all n > 0 in
B(V).

Lemma 3.5. Suppose there is a number sequence {a,}n>1 in C and ap4o =
Aayn41 + Ba,, for A,B € C. Suppose the roots x, xg of 22 — Axr — B = 0 are
different; then

(Egil(ag —T101) — x?il(ag — Toa1)

Ap = .
To — I

The following proposition plays an important role in this paper. There are
several very useful corollaries after that. Moreover, in the next subsection, we will
write this proposition and its corollaries in the form of generating functions, which
will be crucial for the determination of the root multiplicities and the construction
of the Drinfeld second realization.

Proposition 3.6. For k > 0, we have the following relations in B(V):

z 1 = 1 - 1 -
(3.9a) Lypy1 = §9L1L4k + §0L4kL1 + Z[L%_Q, M),

7 1 = 1, - 1 -
(3.9) [Lag, L] = 50MsLag—2 + 50Lax—2Ms + 7 [Lag—a, Ms],

7 1 = 1 - 1 -
(3.9¢) [Lak+2, 1] = §0M3L4k + §9L4kM3 + E[Lzuc—z, Ms],

7 1. = 1 - 1 -
(3.9d) Lapys = §9L1L4k+2 + §¢9L4k+2L1 + 1[L4k, Ms],
(3.9¢) (Lo, L3 =0=[L,,L?] forn =4k, 4k + 1,4k + 2,4k + 3,
(39f) [E27 i4k} - O a'nd [EQ, E4k’+2] = 0

Proof. We know it holds for £ = 0 from Proposition 3.2. Suppose it holds for k;
we consider the case of k + 1. We denote the anti-bracket by [ ,], ie., [z,y] =
mo (id + ¢)(z ® y).

We know [L;, L3] = 0 for i < 4k + 3 from the induction hypothesis. Then by
Lemma 3.1, [X3, Yixq3] = Larys and [Xo, Yarqs] = Ly 4. Using [, Yy 3] to act
on (3.1a), on one hand we have

[[X1, La], Yagys) = [(¢ + 2) X3 — 0L1 X5, Yigys]
(3.10) = (¢ +2)Lapys — O(L1 Ly g — ¢ YayaXo).
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On the other hand, from Lemma 3.1(a), (3.1c) and the induction hypothesis we
have [LQ, }/4k+3] = qYyp45 + 9Y4k+4L1; then

[[X1, L2, Yapts] = [ X1, qYarts + 0Yapyaln] — [Lo, Lag3]
(3.11) = qL4k+5 + 9(L4k+4L1 + q*1Y4k+4X2) — [LQ, L4k+3}.

Comparing (3.10) and (3.11) we get
(312) 2L 445 = 9L1L£1k+4 + 6‘L4k+4L1 - [LQ, L4k+3}.
Similarly, using [, Yar12] to act on (3.3a), on one hand we have

[[Xo, La], Yapto] = [¢Xa + L1 X3, Yago]
(3.13) = qLﬁlk+5 + 9(L1L4k+4 + q_1Y4k+3X3).

On the other hand we have

[[X2, La], Yakto] = [Xo, (¢ + 2)Yapsa — O0Yapy3Lq] — [La, Ly 5]
(3.14) =(q+2)Lgys — O(Ligyals — g " YapysXs) — [Lo, Ly s).

Comparing (3.13) and (3.14) we get
(3.15) 2Ll ys = 0Ly 4L1 + 0Ly Lajya + (L2, L]

Taking the sum of (3.12) and (3.15) we get
. 1 . 1 -
Lypys = §9L1L4k+4 + §9L4k+4L1 + [La, [Laky2, L1]]

1 ~ 1 - .
= §9L1L4k+4 + §9L4k+4L1 + (L2, [Lakt2, L1]]

= %9L1i4k+4 + %9i4k+4L1 + [Lapr2, M3].
Then (3.9a) holds. Taking the difference of (3.12) and (3.15) we get
[Lakras L1] = [Langar L1] = [L2, L]
= [Lz, %9L1E4k+2 + %0E4k+2L1 + i[i%, M3]}
(3.16) = %9M3i4k+2 + %QL%HM;; + i[i%, Ms).
That is (3.9b) holds. Then we have

[Lapra, L3] = [[Lagsa, L1, L1]

1

i 1
= —0[Ms, [Lagt2, L1]) +

1 ([Lag, Ms), L1]

N
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1 | . 1.
= (59) [M:)?, Ly + *9*[M37 [Lag—2, M5])" — §[L4k,M§]
1 1
- Z[ 9M3L4k 9+ 9L4k oMs + 4[L4k—47M5]
1 \2 N 1 ~ 1
= (56) (M3, Lag) — 5 [Lax, M3] - (1) [Lai—a, M2]

(
(-4~ it (3) -

(For k = 0, we have [Ly, L?] = 10[M3, M3)' = 0.) Define A=—16% — 1 B=—(1)%
we have [L4k;+47 L ] A[L4k7 Mz] + B[L4k 4, M5]

Similarly we have [L4k, M3 = A[L4k,4, M5]—4—B[I~/4k,87 M?3], ..., and the last
one is [Lg, M2, ] = A[E4,M22k+1]. Note that

- - 1 ~ 1 -
[L4,M22k+1] = [[L4, Map 1], Mop 1] = [§9M2k+3L2 + §9L2M2k+37M2k+1 = 0.

Now we know [L4k+4,L ] = 0 = [Lagsa, L?] and moreover [L4k+4 41,M2H_1] =0
for i > 0. Then automatically [Lapys, L3] = 0 = [Lars, L3].
By the induction hypothesis and the method in the proof of (3.9a), we get

(3.17) (Lo, Lagya] = OL1 LYy 5 — OLajy5L4,
(3.18) [La, Ly, 4] = 0Ly 501 — 0Ly Lagys.
Since we know [Lygi4, L3] = 0 = [Lapya, L3], then taking the sum of (3.17) and
(318) we get [L27L4k+4] =0= [LQ, L4k+4].
Also using the induction hypothesis and the same technique as in the proof

of (3.9a) and (3.9b), we have that (3.9¢), (3.9d) hold for k + 1.
The last and most difficult part is to prove [Lygs, L?] = 0. We know

(3.19) [Lak+e, L1] = [L2, Lapys) = *9M3L4k+4 + 9L41c+4M3 + 4[L4k+2,M5]

Then we have the following two arguments about [Lyg s, L3].
Argument 1: By (3.19),

_ 1 -
[Lakre, L3] = [[Lagse, L1], L1] = 9[M37 [Lajya, L1]]" + Z[[L4k+27M5]7L1]

1

11 ~
( ) Mg,L4k+2]+§91[M37[L4k,M5]]/
+4[

1 _
Lajto, —2M3) — E[ME), [Lak+2, L1]]
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1 2 F 2 1 ]. ~ ’
77(6 + 2)[L4k+27 Mg] + 591[]\/[3, [L4k,M5H
N IN2 -
- 779( 1)[M37 [M5,L4kH, - (1) [L4k_2,M§],

[L4k+6,L ] A[L4k+27 Ms] +B[L4k 2, M2] Similarly, we have [L4k+2, Mg}
A[L4k,2,M5] + B[Laj_g, M2]---, and the last one is [L6,M2k+1] = —16% +
3)[La, M3, 5]. So we have

[Lakt6, L3] = apia[Lo, M3y, 5],

where {ay, }n>1 satisfies a1 =1, ag = —i(GQ +3), ant2 = Aany1 + Bay,.
Argument 2: Similar to the proof of [La, L3] = 0, we have

(3.20) (¢4 2)[Lakye, L] = OL1 Ly, 7 — OLagy 7Ly — [La, Lakv6),
(3.21) [L4k-+6, ] — 0L4k+7L1 9L1L4k+7 - [.[/27 Lilk+6]’

Then taking the sum of (3.20) and (3.21) we have

1 .
(3.22) [Lapr6, L3] = 0Ly Lag 7 — OLag 4701 — 5 = (L2, [Lakts, L1]].
We know
(3.23) Lyjir = *9L1L4k+6 + 9L4k+6L1 + 4[L4k+4; M.

So by (3.22) (3.23) and (3.19) we have

6? - 0 . 1

[Lajre, L3 = ?[L%,LMH—G] + E[Lly [Lakga, Ms])" — 5([L4k+6; L2 + [Lajts, Ms])
1 - 2] -
—5(92 +1)[Lag+6, LT] + E[Lla [Lakta, Ms]]'
1760 - 0~ 1 -
—-[2L.L 2 Lapsaly + > [Lapso, M ,M},
2[2 1Lak+4 + o fak+a 1+ 4[ k42, M3], M3
ie., 3+ 0%)[Lagre, L] = —§[Lanya, M3], i, (3+ 6%)[Lapss, L3] = —fansa[Lo,
M3y 5]

In summary we have
[Lakt6, L3] = apya[Lo, M3y, 5],
~ 1 ~
(3 + 92)[L4]€+6, L%] = _Zak+1 [L27 M22k+3]'

So if
1 k42

0,
3+ 02 —%ak_;,_l #
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we have [Larig, L3] = 0 and then [Lygys, L3 = 0. We use Lemma 3.5. Here,
a1 =1, a3 = —1(0*+3), any2 = Aayi1 + Bay, where A = —162 -1 B = —(1)2
By Lemma 3.5 we have a,, = (—3)""![2n — 1],. Then

1 Gf+2 ( 1 ) k+1 1

- (- % + 4], #0,
I e ) IR e e

when ¢ is not a root of unity. Hence [Larig,L3] = 0 and moreover we have
[Lag+6—1iy M2, 1] = 0 for i > 0. Then automatically [Layi7, L3] = 0 = [Lag7, L?]
and similar to the proof of [Lg,i4k+4] =0 = [i27i4k+4] before, we can get
[La, Lapy6) = 0 = [La, Lapy ). Now (3.9¢) and (3.9f) hold. O

Remark 3.7. Note that in the proof of (3.9¢), (3.9d) and [La, Lyx42] = 0, we get
five formulas completely similar to (3.12), (3.15), (3.16), (3.17), (3.18) correspond-
ing to different indices. We will not distinguish them by new labels when we refer
to them later.

Corollary 3.8. We have [May, 41, Mop11] = 0 if m+n is odd, [May11, Mopt1] =
(-1)"

Proof. By an easy induction on m+n we can get the formula for [May, 1, Mapn41]-

7 2M,2n_~_n_~_1 if m+n is even, and M3, ., commute with L, for allm,n > 0.

Then we can see [L1, M3, ;] = 0 for all n. In the proof of Proposition 3.6, we
know M3, 41 commutes with all Loy, Then by Proposition 3.6, M3, 11 commutes
with all L, and this is equivalent to M2, 11 commuting with all L,,. O

Remark 3.9. Note that in the proofs of Propositions 3.2 and 3.6 and Corol-
lary 3.8, we only use quantum Serre relations.

Corollary 3.10. The comultiplications of L,, and L), in K>1/K~1 are as follows:

n n—1
A(Lay) = Z OLop_2; @ Lo; — Z OL5,_1_0; ® L142i,
i=0 i=0

n n—1
A(Ly,) = Z 0L, 9 ® Lay; — Z OL2n—1-2; ® L1 4o,
i=0 =0

A(Lyni1) =Y 0Loni1-2i® Lo+ »_ 0Lb, 5, ® L1ya,
i=0 i=0

A(Lgpyq) = Z 0L 1-2; ® Ly + Z OLon—2; @ L' o;.
i=0

=0

Proof. By [L?,L,] = 0 and an easy induction, we can get A(La,) and A(Lgy 7).
Then we can get the expressions for A(Lj,,) and A(Lj,, ;) by Lemma 3.1(b). O
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Remark 3.11. Compared with the formulas in Corollary 3.10, we recall that the
comultiplication formula in the subquotient K>1/K~1 of L, in U (sly) is

A(Ly) =) 0Ly ® L,
i=0

corresponding to [CP91, Proposition 4.3].

Corollary 3.12. The elements L,, and L), are not 0 and linearly independent in
B(V), forn > 0.

Proof. By Corollary 3.10 and an easy induction. O

Lemma 3.13. We have the following results using differential operators:

(a) 6?(11%) = _q_19X27 6§(Y2n+1) = 0L/2n7 6§(YQn) = _QL/Qn—l: and aé{(LQH)
= —0(X1Lby, 1 — ¢ *Lyy 1 X1), 057 (Lant1) = 0(X1Lhy, — g~ L5, X1).

(b) alL(L%) = q_10Y27 81[/(X2’ﬂ+1) = 9L2n7 61L(X2TL) = 9L/2n717 and 8IL( ,2n) =
O(Lhy 1 Y1 +q 2Y1Ly, 1), Of (Lap41) = 0(L2nY1 — ¢ 2Y1Lay).

Proof. By Lemma 3.1, Proposition 3.6 and induction. O

Corollary 3.14. In terms of the Lyndon word, X, andY,, are the root vectors at
the corresponding degrees.

Proof. By Lemma 2.8, Lemma 3.13, Corollary 3.12. O

Corollary 3.15. As an algebra K>1 /K1 is isomorphic to the subalgebra of B(V)
generated by Ly, for n > 0; furthermore, M22m+1 are central elements in K>1/K1.

Proof. By Corollary 3.14, X, and Y,, are real root vectors. Then the only possible
imaginary root vectors are L,, for n > 1 and their iterated commutators according
to Lyndon word theory. By the expression of A(Y},) in Lemma 2.9, K> is the
subalgebra generated by X,, and L, and K> = K1 ® K—; where K_; is the
subalgebra generated by L, and K- is the subalgebra K>; N Bsi. Then as an
algebra K>1/K>1 is isomorphic to the subalgebra in B(V) generated by L,,. O

Remark 3.16. In summary, K>;/K~; is a braided Hopf algebra whose algebra
structure is nothing new, but has a manageable coalgebra structure.

§3.3. Relations described by generating functions

In this subsection we will describe the relations in B(V) using generating functions,
which will be powerful in proofs of main theorems in this paper.
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Let 0/ == q+q ', a=+/q/2,b=1i\yqg /2 Let a; = 1, ap = %9, pyo =
Go"—(=3a"H"

: . _ogletarh)

First, we introduce three fundamental generating functions in this paper. Let

%Hanﬂ + ian; then by Lemma 3.5 we have a, =

o0 o0
L(u) = Z OLonu", M(u) = Z Moy qu" T,
n=0

n=0

Z(u) = M3, (=1)"u*""? = M(u)® (by Corollary 3.8).
n=0

For convenience, we denote M(hu), Z(hu) by M(h), Z(h) respectively for h € C*.
Also for convenience, we introduce

> 20

AGH) 1= 3 s My = 0 ) 04
> 20

B(u) = Z O, Mo 1u”" ™ = 22 (a™'Mi(a) — b~ M(D)),
n=1 0

1
Al(u) = ;A(iu), B'(u) == iB(iu).
Sometimes we just denote A(u), B(u) by A, B respectively.

Proposition 3.17. We have the following relations in the form of series:

(3.24a) A(w)L(u) = L(u)A'(u) = Y 0Lopsru®™

n=0
(3.24b) B(u)L(u) = L(u)B'(u) = > 0Lgnau® !,

n=1
(3.24¢) [A,B] =0=[A4", B,

20 _ 1 20 _
(3.24d) A? = Z0(qZ(a) + ¢7'2(b), B = = (4Z(b) + 9 Z(a)),
1 20 2

(3.24e) 5[A@W), L] = 72(2(a) - 209)) = 5(13 +A )
Proof. Equations (3.24a), (3.24b) follow from Proposition 3.6 and (3.24c), (3.24d),
(3.24e) follow from Corollary 3.8. O

§3.4. Relations between X,, and L,,, Y,, and L,,

In this section, we will use differential operators to get the expressions for

(X1, Lon), [X1,L5,), [Xo2, Loy, [Xa2,Ls,]
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and
[LZnayl]a [Lénayl}v [L2n7}/2]a [L/Qnay‘ﬂ

In general, by Lemma 3.1(a) and that L? lies in the center of the subalgebra
generated by all L,, one can get [X}, Lay] for £ > 3 and others immediately.
Define two sequences of polynomials P, and @Q,:

Py=1, P,=q¢"+q¢" '+ (-1)""'P,_,

Q=1 Qu,=q¢"—q¢""+(-1)"Qn1.

We have
a)l— (=gl
Pn:2 2\_2J -1 n+l_n
q i (=1)""q",
2yl — (=g ?)lslH
— _1 n2 2L2J _1 n+l n
Qu = 1yt =) ygn
Py, = QQn-
The next proposition is for the proof of [La,, Lam] = 0, for all n,m > 1 in
Proposition 3.22.
Proposition 3.18. We have the following relations in B(V):
n—1 n—1
(3:258) [X1,Lon) = Y Pan-1-2i0L2iXont1-2i — Y Pon—220Lb; 1 Xon 2,
i=0 i=0
n—1 n—1
(3.25b) [X1, Lb,) =Y ¢ 0Ly Xong1-9i — Y 7> F0Loi 1 Xop 2,
=0 i=0
n—1 n—1
(3.25¢) [Xa,Lon] = Y ¢*" " P0Loi Xonia-ai + 3 q°" 2 P 0LY;  Xon_2it1,
=0 =0
n—1 n—1
(X2, Lh,) = Qan-1-2i0L; Xonta-2i + > Qan-2-2i0Lai11X2n 2i11,
=0 i=0
n—1 n—1
[Lon, V1] =Y ¢*" 2 0Yan11 0ilai + 3 ¢°" > ¥0Yan 9iLais1,
=0 i=0
n—1 n—1
(Lo, V1] =) Qon-1-2i0Voni1-2iL; + Y Qon—2-2i0Yon 2iLb; i1,

1=0 =0
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n—1 n—1
[Lan,Ys] = E Pap1-2i0Y2n 12 2iLo; — E Pap o 2i0Y2, 2iy1L0i11,
=0 i=0
n—1 n—1
/ In—1-2i / In—2-2i /
[La,, Ya] = E qa" "0Y2ny2-2:Lo; — E " ‘0Yon_2i41L5; -
=0 i=0

Proof. We use induction. By Proposition 3.2 we know the proposition holds for
n = 1. Suppose the proposition holds for n, we consider the case of n + 1.
We have [La, 11, L3] = 0. Hence in B(V), by Lemma 3.13 we have

0 = 95 ([Lan+1, L))
= Lony1(—q '0X2) + 08 (Lapy1) L2 — (L3035 (Lony1) + ¢ '0X2Lon11)
= —q '0[X2, Lont1] + [05 (Lan+1), L],

ie., [X2, Lant1] = q[[ X1, Lb,] + ¢ 10L,, X1, L?], again by Lemma 3.13.
Using the induction hypothesis (3.25b), we have

n—1

(3.26)  [X2, Lopt1] = ZQQ" 20Lb Xonys—2i — Y q7" " 70Loi 11 Xon 2ita.
=0

Then by (3.26),

[X1,L5, 5] = [X1,[X2, Yont1]] = q[ X2, Lapy1] — 0Lop+1 X0

n n—1
2n—2i+1p7/ 2n—2i
= E ¢ OL, Xy 50 — E q“" "0 Loi11 Xon—2i42 — 0Lop 1 Xo
i=0 i=0
n n
2n—2i+1p7/ 2n—2i
= E q" s 0Ly Xoni3—2; — g q“" 0 Lo 1 Xon—2i42.
i=0 i=0

Since [X1, Lopo] = [X1, L, o] + [X1, [Lan+1, L1]], we need to know [Xi, Lop11]:

(X1, Lany1] = [X1, L] — [X1, [Lon, L1]]
= [X1, [ X2, Yau]] — [ X1, Lan], L1] + [X2, Lay]
q+ 1)[X2, Lop| + 0L2, Xo — [[X1, Lay], L1]

n—

§ 2n—2i Qn_l_Qz)eLZiX2n+272i

=0

<.
_

n—

4 (q2n 1— 21+q2n7272i)0L/2i+1X2n—21+1+0L2nX2
=0
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n—1
- ( Z P2n—1—2i0(L2iX2n+2—2i + f12i+1X2n+1—2i)
i=0

n—1
=Y Pon—o-2i0(Lbyyy Xon—nis1 — L2i+2X2n2i)>a
i=0

by (3.25a), (3.25¢). By the definition of P,, we have

n—1 n
(X1, Lons1] = D Pon—2i0L2i Xonsa-2i — Y Pon—2i0L2 Xon12-2i + 0Lon Xo

=0 i—1
n—1 n—1

+ ) Pan12i0Lh;  Xong1-2i — Y Pan1-2i0L2i11Xon 112
=0 =0

n n—1
(3.27) = Pon-2i0Lh; Xoni2-2i + Y Pon—1-2i0L2i11Xon 112
i=0 i=0

Then

(X1, Lanta] = [X1, Ly, 0] + [X1, [Lanta, L]
= [X1, Loyt o] + [[X1, Lont1], Ln]] + [Xa, Lont1]
= (¢+1)[ X2, Lony1) — 0Lon1 X2 + [[X1, Lan41], L1]].

By (3.26) and (3.27) and similar calculation, we have

n

n
(X1, Lonyol = Y Pany1-20L0i Xonis-2i — D Pon—2i0Lb; 1 Xon 2 2.
=0 i=0

The expressions for [Xo, Lana], [X2, Lo, 40, [Lont2, Y], [Loyi0, Y1], [Lonta,
Y], [Ly,, 4 o, Y] follow from a completely similar argument. We omit the details. [

Remark 3.19. Note that in Proposition 3.18, we use the abstract definition of
a Nichols algebra, i.e., we use differential operators to derive certain relations. It
would be very tedious if we only used quantum Serre relations. However, one can
prove that these relations can also be derived only by quantum Serre relations; see
the proof of Theorem 6.5.

The equation [igm,ign] = 0 is equivalent to [Lom, Lan] + [Lh,,, Lon] +
[Lam, L, |+ L, L, ] = 0. So we need to know the expressions for each summand.

Lemma 3.20. Suppose [I~/2k,2,I~/2N] =0 forall2 < k <n and for all N > 0;
then

[Log—1,Lon+1] = [Lok—1, Lan+1] V1 <k <n and VN > 0.
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Proof. We only need to prove
[Lan-1, [Lan, L1]] = [[Lan—2, L1], Loan41)-
By Proposition 3.6,
LHS = [%9L1i2n_2 + %ei%_gl + i[izn_% My, [Lan, ]|
= %9 {Lh [f/Qn—Qa [ZQN, Llﬂ]l + i[[i@n—% Ms], [Z2N7 Ll]],

- 1 ~ 1 - 1.~
RHS = [[Ln-2, L1}, 501 Lax + 0L Ly + 7 [Lon—a, My]|
1 ~ ~ A =
= *59[&, [[Lon—2, L1]7L2N]} + 1 {[L2n—27L1]7 [Lan—2, M3]}
Since [Egn_g, ]321\/] = 0, we only need to prove

([Lan—a, M3, [Lon, L1]] = [[Lan—2, L1], [Lan—2, M3]).

By using the expressions for [igN,Ll} and [Zgn_g,Ll] in Proposition 3.6 and
similar calculation, we get that we only need to prove

([L2n—a, M3, [Lon—4, Ms]] = [[Lan—6, Ms), [Lan—2, M3]).
Repeating these steps this lemma will be proved. O

Lemma 3.21. Suppose [Lox, Lan| = 0 for all k < n —1 and for all N > 0; then
[ign, I~/2N] =0 for all N > 0 is equivalent to

—([Lan—2, Lan41), L1] + [[Lan+2, Lan—3], L] = 0 for all N > 0.

Proof. Considering [[X1, Lay], Yan], using the same technique as Proposition 3.6,
we get

n—1

[Lon, Lan] =Y Pan—1-2i0(Lan tan—2i, Lai]
i=0
n—1

/ /
+ E Pon_2_2i0(Lb; 1 L5, yon_0i1 — Lontan—2i—1L2i41).
i=0

Note that in this calculation we do not need to care about terms with form Y, L, X,
or Y,L; X.. All terms of this form would be canceled by Corollaries 3.12 and 3.14.
One can also verify this directly.
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Similarly considering [[X1, L}, ], Yan] we can get

n—1

(Lo, Lon] = ¢ O Lonton—2i, L]

™

i
3 o
|
-

2n—2—2i / !
+ D" 0(Laiv1 Ly gon—1-2s — Lonton—1-2iL5;41).

7=

[}

Similarly considering [[Xs, La2y,], Yan—1] we can get

1

3
|

277,—1—21'9[

[L2n7 L/ZN] = q

™

i
S o
|
—

/
2n+2N 27> L21]

IM—2—2ip/ 7/ /
+ q o( ontoN—1—2il2it1 — L2i+1L2n+2N—1—2i)'

1=

(=)

Similarly considering [[X2, L5,,], Yan—1] we can get

n—1
[lem /2N} = Z Qa2n—1-2:0] /2n+2N—2i7Ll2i]
i=0

n—1

/ /
+ E Q2n-2-2i0(Lonyon—1-2:L2+1 — Lait1Lonton—1-2i).
=0

Then by the construction of P,, @, and [I~/2k, l~/2N] =0forall N >0,k<n-1,

[Lan; Lan] + [Liy,, Lan] + [Lay,, Lan] + [Lay,, Loy

n—1
= (Pan22i + "> )0 Lansan—2i Loi] — [Lhyion—oi Lai])
=0
e

1

+ D Pra—o2i0([Lhi i1, Ly yon—si—1] = [Loit1, Lansan—2i-1])
=0

n—1

+ Z ¢*" "2 20([Lair, Lynian—2i-1) = [Lhisr, Lantan—2i-1])-
i=0

We have the following identities by definitions and Lemma 3.20:
[LQma LQTL] - [LIQnu L/Qn] = [i2m7z2’n] + [zQM7i/2n,]7 Vm; n Z O
[Loig1, Lanyon—oi—1) = [L2it1, Lantan—2i-1]

= [Lais1, Lonton—2i—1] + [Loit1, Lonson—2i-1]

= 2[1:42i+17 E2n+2N—2i—1],
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[Lait1, Lypyon—2i—1) — [Loiy1, Lonton—2i-1]

= [Lair1, Lanton—2i-1]) — [Laiv1, Lanyan—2i-1] =0, Y0 <i<n—1.
Then by the above identities,

[Lan, Lan] + [Liy,; Lan] + [Lay,, Lan] + [Lay,, Loy

n—1
= (Pan—2-2i + ¢ > *)0([Lanton—2i> Lai] + [Lantan—2i, Lai)
i=0
n—1 ~
+2 Z Pon—2-2i0[Lait1, Lanton—2i-1]
i=0
n—1

= (Pan—2-2; + ¢*"272)0( — [Lantan—2i—1, Loit1]

Lo
=0 + [L1, [Lanyan—2i-1, Lai]
+ [[Lantan—2i, Lai—1], L1]
+ [Lai—1, Lonton—2it1))
n—1 .
+2 Z Pop—2-90[Lait1, Lontan—2i—1]-
i=0

The definition of P, implies Poy_ o o9, = q2n7272i — q2n7472i — Py, 4_9;. Then

[Lon, Lan] + [Lay,, Lan] 4 [Ly,,, Lan] + [L,,, Ly y]

n—1
= (Pan—2-2i+ "> *)0([L1, [Lonton—2i-1, Laill + [[Lantan—2i, Lai—1], L))
i=0
When ¢ is not a root of unity, it is easy to see (Pap_2_2; + ¢*" 727290 is not 0.
Then by the induction hypothesis we can see
[Lan, Lan] + (Lo, Lan] + [Lop, Lan] + [Lay, Loy] = 0
is equivalent to
—[[Lan—2, Lan+1], L1] + [[Lan+2, Lan—3], L1] = 0,
for all N > 0. O

Deﬁne D2k = —[[zgk,ixQNleLLﬂ + [[z2N+27l~/2k,1],L1]. Note that ng 1S
related to NV, but we omit it, since when we deal with Dy later, IV is always fixed.
Define Lo, by the following formal power series:

0 i Lopu" = exp (9 i Egnu2"> .
n=0 n=1
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Define C(P(u)) by the coefficient of u* in the power series P(u).

Proposition 3.22. There exists a series of numbers Ry such that [Egk,Ll] =
RopMaky1 and [Lom, Lan] = 0 for all kym,n > 1. The number Roy, is defined by

k—1
1 1
ORo = Cop_s (59) 4 Cops (29 exp ( ) aRgnu‘M))
n=1

+ Cors (i (exp (kzl mznu%) - 1)) ~ (exp (kzl 9R2nu2") )

n=1 n=1

1 [2k+1]g

Moreover, we have Ryr, = 0 and Rypy2 = 537 i

Proof. We prove by induction on n that [l_/gn, L] = Roy May, 41 for some Ry, and
[.Z/Qn,i/QN] =0 forall N Z 0.

For n = 1, we know that [Lg, L;] = Ms, which means Ry = 1 and coincides
with the formula for Ro, when & = 1, and [I~/2,I~/2N] = 0 for all N > 0. Now
suppose this proposition holds for n < k, i.e., we know [Egn, Li] = RoyyMsy, 41 and
[ign, I~/2N] =0 for n < k, and for all N > 0, we consider n = k + 1.

First we prove [Loj 2, L1] = Rojy oMoy 3 for some Rox 2. By Proposition 3.6,

0 Z Lgnu = *9M39 Z Lgn 2u

n=0
+ 092[/2“ QU M3+ [QZLQW‘ 4u :|
n=0
1 =
= §9u2M39nZOL2n,2u2n_2
+ 9u29 Z Lop_ou® 2 M5 + u {9 Z Loy gu® 4, M5}
n=0
i.e.,
0 1 0
{exp (0 Z LGu2"> , Ll} = §9u2M3 exp (0 Z LGu2">
n=1 n=1
1 =
(3.28) + §9u2 eXp( Z Lgnu2") M3
n=1
1 o0
+ 1u4 [exp (9 Z Egnu2”> , M5] .
n=1

Note that exp(6 Y07 | Lo,u®™) = exp(0 Y oo, Lo, u*) exp(0Lou?), then we denote
exp(0 Y07, Lo,u®) by exp(2) and in general exp(6 Y o~ , Lo,u?") by exp(k).
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It is easy to get exp(6Lanu®)Ly = exp(adyr, u®™) o Lyexp(§Layu?). Denote
adgz, u®" by My, for further convenience, where adyz, means the operator
[0Lsy,, |. Now we analyze (3.28). The left-hand side is

[exp(2), L1] exp(0Lou?) + exp(2)(exp(Ms) — 1) o Ly exp(0Lou?).

Repeating similar calculation, by the induction hypothesis, we get that the left-
hand side is

<[exp(k +1), L] +exp(k +1) (exp< Zk: M2n> - 1> o L1> Tﬁexp(@LQnu%)

n=1

Similarly, we get that the right-hand side is

k
( 9u2M3exp(k‘+1)—|— Hu exp(k+1) eXp(ZM >

ol ) )

k
X H exp(Lopu®™).

n=1

Canceling the ending terms of both sides and comparing the coefficient of u2¥+2,

it s (oS 00) 1) o)

n=1

k
= Cyy (%eM?,) + C (;9 exp( > M2n> o Mg)
n=1

+ Copes (i (exp< i M2n> - 1) 0 M5) .

n=1

Hence we have 0[Log 12, L1] = RogioMoyt3, where

k
1 1
R2k+2 = Cgk (59) + Cgk (29 exp< Z 9R2nu2")>

n=1

+ Cos (i (exp< zﬁ: 0R2nu2"> - 1)) ~ Cosa <exp< 3 GRgnu2"> ) .

n=1 n=1

Then we need to prove Do = 0, for any N > 0. Fix N. Considering the

0 i Dgan"
n=0

formal power series
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we have
0 Z Do, u®™ = — H9 Z Lonu®, E2N+1] 7L1}
n=0 n=0

- 1 . 1 .
{LQNH, §0u2L197;)L2nu2” + 50u20;L2nu2nL1

1 > -
+ ZU4 [9 nz_:o Loyu®", MBH ; Ll]

—[A, L1] + [[Lan+2, B, L1].

We calculate A and B. The calculation is similar to the previous one. We have

k
A= A2k+2 H exp(@iznu%),

n=1

where

k
A2k+2 = [exp(k + 1), E2N+1] + exp(k + 1) (exp (Z Mgn) — 1) o E2N+1.

n=1

k
B = ng+2 H exp(@ignugn),

n=1

where

k
1 1
Bopio = §9u2L1 exp(k+1) + 79u2 exp(k + 1) exp <Z M2n> oL,

+i ([exp(k+1) Ms3] + exp(k + 1) ( (Zk: ) ) MS)-
Then _
0 i Dayju®”
n=0

k
+ HL2N+2,B%+2 H exp( 9L2nu )} L1:|

n=1

k
- [A2k+2 H exp(&f/Qnu

L0t 1
o]

k
+ |:L2N+2,BQI@+2 H exp(0Lapu®™), L1]

n=1

k
- {A2k+2 I exp(0Lanu®)

n=1

k
= [( Aspyo + [L2N+2, Boj42]) H exp( 9L2nu L1]~
n=1
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We need to prove that the coefficient of u?* in GZZOZO Dy, u? is 0. It is enough
to prove Cox([® [T5_, exp(fLa,u®"), L1]) = 0, where

k
P = —exp (Z M2n> o Lon+1

n=1

k
~ 1 1
+ |:L2N+2, §9u2L1 + 56"112 exp (;M2n> olq
1 k
+ ZU4 (exp (Z ./\/lzn) - 1) ° MB} .

n=1

We claim that ®9; := Co;(®) =0 for i < k.
We have ®; = ¢o; (50 Mai1 Loy + 50Lon Mai1 + [Lan—2, Mait3]), where

i k
1 1
@2 = Co;y < — exp ( E 9R2nu2") + §9u2 + §9u2 exp ( E 932nu2n)

n=1 n=1
1 k
+ ZU4 (exp (nz:l 9R2nu2”> — 1>> .
Then ®5; = 0 for ¢ < k holds by this and the induction hypothesis for Ry; for
1 < k.
It is not difficult to get the general formula for Rs,,; we omit the details. [

Corollary 3.23. We have the following commutation relations in B(V):

(a) [i2wzvl~’2n] =0= [f’Qma E2n}
(b) [Mams1, Mopsa] = 0 if m+ 1 ds odd, [Magy1, Mania] = (—1)“°2M3,
if m+n is even.

_ 1 [2m+1
(¢) [Lom, Mani1] = RomMamyoni1, where Ryy =0 and Rypmi2 = W[Qmﬂlq-

By these relations, the only possible imaginary root vectors are Ly, at 4nd, Lypyio
and M3, | at (4n+2)8, May11 at (2n+ 1)6.

Proof. These relations hold immediately by Propositions 3.22 and 3.6. Then by
induction on degree we can get these possible imaginary root vectors. O

Remark 3.24. Note that these commutation relations between imaginary root
vectors are derived from Proposition 3.6, Corollary 3.8 and Proposition 3.18. If we
prove that Proposition 3.18 can also be derived only from quantum Serre relations,
then so are these commutation relations between imaginary root vectors.
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§4. Comultiplication of K>;/K~3

This section is about the comultiplication of B(V)’s subquotient K>1 /K1, which
is the most important part of this paper. The total determination of the root mul-
tiplicities and the construction of the Drinfeld second realization of U (A(0,2)®)
all rely on this. In this section, we also get some partial information about the
commutation relations between X; and the distinguished imaginary root vectors
with manageable comultiplication in K>1/K>1.

§4.1. A(M(u)) and A(Z(u))
Proposition 4.1.

1

1 — 26M(u) ® M(u)’
1

1+ (20)2Z(u) @ Z(u)

A(M(u)) = (M(u) ® 1 +1® M(u))

A(Z(w) = (Z(u) ® 1 +1® Z(u))

Proof. We have
(4.1) A(L)=Ly®1—-0L1®L1+1® Ly, A(L1)=L1®1+1® Ly.

Recall that Moy, 1 = [La, Ma,_1]. With (4.1) and Corollary 3.8, it is not difficult
to get A(M(u)). Since M(u)? = Z(u), we have

1
= 1+1 S — 1+1 S —
AZ(uw)=Me1+ ®M)1—20M®M(M® + ®M)1—29M®M
1 1
_ 2
=Me@1+1eM) 1+20M @M1 — 26M @ M
1
=(M?’®1+1@M?
M ®1+1¢ )1+(29)2M2®M2
1
=ZR1+1®2)———o—r O

1+ (20227

Define Z(u) by the following power series:
arctan(20iZ(u)) = 20iZ(u).
We write Z(u) as Yo g Zanou™ 2.

Proposition 4.2. The series Z(u) is primitive in the subquotient K>1/K~1 and
the leading term of [ X1, Zany2] is 22"%X4n+3, which means that Zyy, o is not
0 in B(V).
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14207
1-207Z

Proof. Note that arctan(z) = & log(‘42
is group-like:

). Hence it is enough to prove that

A(1+2oz) 120555 (14 20201)(1 + 1 ©207)
1 — 207 1-20280052  (1-20Z®1)(1-1®20Z)

14+20Z 14207
1-207Z ~ 1-207Z"

By induction, it is not difficult to get that the leading term of [ X7, 20(71)’“M22k+1]
is 2022% X451 3. Then the coefficient we want is

1 o
%me (arctan ( Z 20122’%4’”2) > .

k=0
Let = 2u?; then we need to calculate

ﬁﬁmﬁ (arctan ((% T jCIQ )) .

We have

d . X iq on,_ 2 -—1Oo —2n,2
@amtan@ll—x?):l—(fﬁ 1—q 2;102_ qu" "t Zq e

Taking the integral we get

oo 2n+1 St —(2n+1)
.z o q 2n+l - q 2n+1
arctan(@zi) =1 T —1 —x
1— 22 T;) 2n+1 n;() 2n +1 ’

[2n+1]4 0

then immediately we have that the coefficient we want is 227 ST

§4.2. A(L)

Denote Y_>° | 0Ls,u®" by L, i.e., we have exp(L) = L. Define *(u) = A(L(u)).

Proposition 4.3. We have

1 1

+ (9—1 (332 + AQ) +A- %B) ® (9-1 (332 + A2) +A- ;3))
exp(L(u) ® 1 + 1 ® L(u))
= #(u) - exp(L(u) ® 1 + 1 ® L(u)),
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and also
*(u) = exp(L(u) ®1+1®L(u))
: (1—A’®A’+;B’®;B’
+ (9*1 GB’Q + A’Q) + A %B’) ® (9*1 GB’Q + A’Q) + A ;3’))
=exp(L(u) ® 1 +1®@L(u)) - # (u).
Proof. By Corollary 3.10, in the subquotient, we have

A(Lgp) = Loy ®1—=0Loy 1 @ Ly +0Lop 9@ Ly — - —0L1 ® Loy 1 +1® Loy,

1. 1. 1. 1. 1. 1.
0—Lo,— —L 0—Lo,_ —L o+ 0-L —Loy,_
+22 2®2 2+22 3®2 3+ +23®22 3

1. 1.
0=Ly @ = Lon_s,
+ 52 ® 5 Lan—2
ie.,
*(u) = Z 0£2nu2n ® Z 9-Z12nu2n - Z 9f/2n+1u2n+1 ® Z 9I~/2n+1u2"+1
n=0 n=0 n=0 0

[ee} 1 . o0 1 .

+ Z §9L2nu2n X Z 59[/2”“2”
n=1 n=1
=1 =1

+> §0L2n+1u2”+1 Y §9L2n+1u2”+1.
n=1 n=1

Then by (3.24a), (3.24b), (3.24e) in Proposition 3.17, it is easy to get the conclu-
sion. O
Lemma 4.4.
#(u)# (iv) = (1+(20)*Z(a) ® Z(a)) - (1 + (20)°Z(b) @ Z(b)).
Proof. By the definitions of A, A’ and B, B’,
#(u)## (iu)
1 1
= (1—A®A+2B®23

+ (9*1 GBQ + A2) T A %B) ® (9*1 (332 + A2) T A ;B))



694 F. L1

1 1
-(1+A®A—QB®QB

+ (-0 (332 + A7)+ A %B) @ (-0 (332 + A7)+ 4 ;3)).

Omitting a long but elementary calculation using (3.24c), (3.24d) in Proposi-
tion 3.17, we get the conclusion. O

Lemma 4.5. The leading term of [X1, Lay] is (q2n+(;éz,i)l((zzt(l;l)nﬂ)X2n+1.

Proof. We have log(1+ 0 3.°° | Ly u®®) = 03.°° | L, u®™. By Proposition 3.18,
we get that the leading term of [X;, Hf/gnuzn] is
2)71

ol—(=q~
2 2
a(q " T

0 = - — - n — n
ZTq_QZ((q g a0 (@Pe?)" = g (u?)) Xo
n=1

+ q2n—1)X2n+1u2n

Then we have that the leading term of [X1, Lo, ] is
0 oo
-1 -1 —2 | 3\, 2 2\n _ _—2/ _2\n
0 C%(log(H T7 2 n§=1((q T4+ q70) ()" — g7 (—u?) )>)in+1,

ie.,

0 (e +q?+q )P g (P
—2( 24,2 2 )) Xont1-
144¢ 1—q°u 1+u

0= Cop, <log(1 +

Then by the same technique as in Proposition 4.2 we get that the leading term of
[Xl, .Z/Qn] is
(@ + (=1)")(@" + (=1)"")
ng"(¢* — 1)

Xont1- O

Define Ly, by the following, recalling that a = Vq/2,b=1i\/q1/2:

> 20Lgpu'™ = 20Lyu’™ + %log(l —(20)Z(a)?) + %log(l — (20)2Z(b)?).
n=1

n=1

Proposition 4.6. The element i4n is primitive in the subquotient K>1/K~1. The
[4n]q

1nt Xant1, which means i4n is not 0 in B(V) when

leading term of [Xl,i4n] is
q is not a root of unity.
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Proof. Recall A(L(u)) = *(u), A(L(in)) = (iu), so we get A2 20L4,u'™) =
log(*(u) * (iu)). We have

s (u) * (iu) = #(u) exp(L(v) ® 1 + 1 @ L(u)) exp(L(iu) @ 1+ 1 @ L(iu))# (iv)

= #(u) exp (Z 20L,u" ®1+1® Z 29E4nu4"> #'(iu).

n=1 n=1

Then

(oo} oo
log(x(u) * (iu)) = Z 20L4u'" @1+ 1® Z 20 Lynu™™ 4 log(#(u)#' (iu)),
n=1 n=1
since Ly, commutes with all Ms,,4+1 by Corollary 3.23. Then by Lemma 4.4 and
Proposition 4.1 we can get that Ly, is primitive immediately.
For the leading term of [X;, L4y,], by Lemma 4.5 we have that the leading
term of [ X1, Loy is

(¢*" + (=1)")(¢" + (1))
ng(g? ~ 1)

Recall that the leading term of [X7, M3, ] is (—1)"2%" X4, 43. Then we have that
the leading term of [X7, E4n] is

2n+1-

2,,2

1 (¢*™ +1)(¢®" — 1) 1 a’u 2
— (2 “log(1— (20— —
20( oz =1) 2 Og( ( 9174a4u4> )

+0u(31oe(1- (2000 2)") ) ) X

Then by the same technique as in Proposition 4.2 we can prove that the leading

term of [Xl, i4n} is %XAMH—L O

However, for the comultiplication of E4n+2, a similar calculation does not work
since Ly, is central in K>1/K>1 but E4n+2 is not. We introduce new generating
functions. Define

oo o)
Mi(u) = Z My 1w My (u) = Z My zu® 3,
n=0 n=0
Sometimes we just use My and My for convenience. Define
oo
£= 60(4n+2)Lypyou' .
n=0

Proposition 4.7. In the subquotient K>1/K~1, we have
AL) =L@ 1+1® L+ 2(M(au) + M(bu)),
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where
m(u) . (—29M1 ® M + 26M11 ® MH)(I + 20M1 ® My + 260M1 ® MI)
N 1+ (202Z®7Z
Proof. We know L = log( ). Since [Lgn, Lgm} = 0 for any m,n € N, using u - dd

to act on it, we have

L
ZQ2nL2nu & Z du
L
Then
- u- LA(D)
Alu-—L) = 2nA(L 2 2 du T\
(u du ) nz::le nA(Lan)u A(L)

We view A(L)~! as right inverse. We know A(L) = #(u) exp L ® exp L by Propo-
sition 4.3. Then

d

= (u'%#(u)exp]i@expﬂ:ﬁL#( )eprL®exp]L(u diL®1+1®u %L))
-exp(—L) ® exp(—L)#(u) ™"

:u.%#(u) ()L (u)(u —L®1+1®u diL)#( )~
:(u diL®1+1®u %L)+U Pl ) # ()

o tLertieu d%]i),#m)]#(u)-l-

Let Q be the operator u - % —[u- %E@ 1+1Qu- %H:, |. Then we just need

to calculate

(0) (Qo#(u) - ()"

The calculation of (2 o #(u)) - #(u)~! is very long but elementary, using
the commutation relations between different M. The result of A(£) is a part of
Au - %IE) by degree. We give a proof in Appendix A. O

§5. A PBW basis of B(V)

In this section we determine the multiplicities of all the roots and give a PBW
basis of B(V). The main tool is the subquotient K>1/K~1. In detail, the key step
is using the primitive element at certain degree in K>1/K~1. In the case of U, (5/[\2),
Drinfeld generators of the imaginary roots are exactly these primitive elements.
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§5.1. (2n + 1)6
By Corollary 3.23, the only possible root vector at (2n + 1)¢ is Map41.
Proposition 5.1. When q is not a root of unity, Ma,4+1 are root vectors.

Proof. Let Qg,,41 be the subalgebra generated by {Ms;41, 0 < i < n}. By Propo-
sition 4.1 we can get A(Maop41) €

Mapi1 @1+ 1@ Mapyq + 2003 @ Moy, 1 — 20Ma, 1 @ L3 + Qg3 ® Ogyy_3.

We use Theorem 2.7. We have that My, 1 is a root vector if and only if Ma,, 1 is a
linear combination of L' My2MEs ... ME» | By Proposition 4.1, the comultipli-
cation of Ma, 1 has term 20L% @ Ma,,_1 —20Ms,, 1 ® L? but the comultiplication
of L%Mgn,l can only have term L% & Moy—1 + Mop—1 ® L%. Hence, by induction
we can see that My, 1 must be a root vector when ¢ is not a root of unity. O

§5.2. (4n + 2)d and 4nd

5.2.1. M22n+1. Since My, 11 is a root vector and x((2n + 1)d, (2n + 1)) = —1,
we should consider M3, ;.

Proposition 5.2. The elements M3, ., are root vectors for n > 0 when q is not
a root of unity.

Proof. We use Theorem 2.7. Suppose M3, ,; is not a root vector. Then the only
possibility is M3, ., is a linear combination of products of M3, , in B(V), where
k <n—1. Equivalently, Z4, 2 is a linear combination of products of Zyj 2 where
k < n —1. We denote this linear combination by II. Then Z4,4+2 — Il is 0 in B(V)
and must be primitive in K>1/K~1. Then it is easy to see the only possibility is
IT = 0, since Zy1o are primitive in K>;/K~1 and are root vectors in B(V) for
k <mn—1. Then Zyp42 is 0 in B(V), but by Proposition 4.2, we know Zy,12 is
not 0 in B(V), contradiction. O

5.2.2. Lay,.

Proposition 5.3. The elements Lso, are oot vectors for n > 1 when q is not a
root of unity.

Proof. We prove this by induction on n. We still use Theorem 2.7.

The element Lo is a root vector because [La, L1] = M3 and Mj is a root
vector.

For L4, suppose Ly is not a root vector, then Ly = > ki17i27j1Lil MézLél, or
equivalently Ly = > ki , . Lil Mél’l_}%l. By A(L,) in the proof of Proposition 4.6

91,92,J1
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and Ly is a root vector, L2 and L?L, cannot appear in this linear combination.
Then L4 can only be a linear combination of L; M3 and L}. Then using adg, to
act on Ly, we get M2 + L; M5 = 0, a contradiction. Then Ly can only equal kL3,
or equivalently Ly = k(L?)2. Since L, and L? are primitive in K>, /K~1, then the
only possibility is Ly= 0, but according to Proposition 4.6, Ly is not 0. Then Ly
must be a root vector.

Suppose it holds for n; we consider n + 1.

If n is even, then 2(n + 1) = 4m + 2 for m = 5. Suppose Ly, 42 is not a root
vector; then

_ § o . . . i1 ria L A ftemAl TI1 L Td2m
L4m+2 - kll,7427~~~:'L2m+1aJ17~~~5.]2mL1 MS 4m—+1 L2 L4m ’
or equivalently
T _ / i1 3 ri2 12m+1 T J1 T J2m
Lamso = Y Ky iy i drsoon LU M5 - Mg L3 - L
roposition 4.7 an e induction othesis, Lo, ..., L4y, cannot appear. Then
By P tion 4.7 and the induction hypothesis, Lo, ..., L t Th
T _ 1" 11 12 i27n+1
Lamia = Y K iy iy DV MG2 - M2

By Corollary 3.23(c), [E4m+2, Li] = Ram+2Muym+3. When ¢ is not a root of unity,
we know that Ryp,1o is not 0 and My,,13 is a root vector, contradiction. Then
Lym+2 must be a root vector.

If n is odd, then 2(n + 1) = 4m for m = "7“ Suppose Ly, is not a root
vector; then

— o ) . ) i1 iz . A fli2m Ji ... pJ2m-1
Lam = Zkzl7121'”77‘27713]17---1J2m—1L1 M, A Ly,
or equivalently
[ — 4 i1 iz pAfiem  TJ1 .. TJ2m-1
Lam = Z kil7i27~~7i2'm).j17~":j2'rn71L1 M; Mgy Ly Ly —s-

For the same reason as the last paragraph, Lo, ..., Ly,,_2 cannot appear. Using
adr, to act on Ly, similar to the case of Ly we get

7 . " i1 i 7
Lam = DKy, L MG - M7y,

11,7;2,...,1

where i1, 12, ...,1,, must be even. Then equivalently
Lim = 3 Tl iy (Z2) 2 (Z6) 22 (Zima) 2.

Since i4m, Zo, Zg, . .., Zym—o are primitive in K>1/K~1, the only possibility is
L4y, = 0, but by Proposition 4.6, Ly, is not 0. Then L4, must be a root vector. [J

Now we have the following theorem immediately.
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Theorem 5.4. Suppose q is not a root of unity, the multiplicities of 4nd and
(2n + 1)6 are 1, of (4n + 2)d is 2, which coincide with the root multiplicities
of the Lie superalgebra A(O,2)(4). The set of decreasing ordered products of ele-
ments in {Xn, Yy, Lon, Man—1,n € N} forms a PBW basis of B(V). The order in
{Xn,Yn, Lop, Mop_1,n € N} is
Xi<Xo< o< Xy <oee

<o < Loy < Lop_o < Lop_y <--- < Lo

< < Moy < Mop_3 < - < My < Mg < M,

<o <Y< <Yy < Y.

§6. The defining relations of B(V) satisfied by
the Chevalley generators

We first consider the commutation relations in B(V) between real root vectors. By
definition, [X,,Y,] is just Ly, 4n—1 or L], ,,_;, so we do not need to care about
this case. We only care about the relations between X,, and X,,,, Y, and Y,,,. First,
we recall the U, (slz) case because they have some common properties.

Proposition 6.1. In the case of Uj‘(s/[\g) when v is not a root of unity, we have
[Xn7Xn+r] = _[Xn+r71;Xn+l] and [YnJrr;Yn] = _[Yn+1;Yn+’r71] fO’f’ n,r > 0.
Moreover, these two relations can be derived from quantum Serre relations.

Proof. They are part of the relations in the Drinfeld second realization; see [CP91].
The second conclusion can be derived from [HKO08|, or follows from a similar proof
to Lemma 6.2 below. O

Lemma 6.2. We have the following relations about X,, andY,, in B(V):
[Xn, XnJrl] =0 and [YnJrl, Yn] = 0,
forn > 1. Moreover, these relations are derived by quantum Serre relations.

Proof. We deal with the first one; the second one is similar. In fact, we claim

(6.1a) (X, Xngo] = (1) [Xpp1, Xonga,
(61b) [Xru Xn+3] = _[Xn+23 Xn—i—l]a
(6.1c) [Xnt1, Xny2] =0,

for n > 0. We prove this claim by induction on n. First, [ X7, X3] = 0 holds, which
is one of the quantum Serre relations. When n =1,

0= [[X1, Xa], L1] = [X1, X5] — [Xa, Xa].
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Then (6.1a) holds. Then
0 = [[X1, X3] — [X2, Xo], Ln] = [X1, X4] + [Xo, X3] — ([X2, X3] — [X3, X3]),
i.e.
(X1, X4] = —[X3, X2,
which is (6.1b). We also have

0= [[X1,Xs], Lo] = [X1,¢Xa + 0L1 X3] + [(¢ + 2) X5 — 0L1 X5, X5]
= q[X1, Xa] + 0(X2 X3 + L1[ X1, X3]) + (¢ + 2)[ X3, Xo
— O(L1[X2, Xo] — ¢X3X3),

which implies [X2, X3] = 0, which is (6.1c).
For the general case, the induction step follows from a completely similar
argument to the case of n = 1, using the facts that

[Xokt1, Lo] = (¢ + 2)Xogts — 0Ly Xog 12

and
[Xokt2, Lo] = ¢Xokqa + 0L1 Xop43.

Note that all of these formulas come from quantum Serre relations. O
Then the following corollary holds immediately.

Corollary 6.3. All [X,, X,,] and [Y,,Yn] can be expressed as a linear combina-
tion of decreasing products of root vectors by quantum Serre relations.

Remark 6.4. Note that the commutation relations between X,, and Y,,, come
from the definition of L,,4,—1 and L, ,_; and Proposition 3.6, which is derived
by quantum Serre relations. Then we get that the commutation relations between
real root vectors all come from quantum Serre relations.

Theorem 6.5. Suppose q is not a root of unity. The defining relations of B(V)
satisfied by the Chevalley generators are the quantum Serre relations, which means
that the Drinfeld—Jimbo-type realization is obtained for U,(A(0,2)).

Proof. We determined all the root vectors of B(V) in Theorem 5.4. Then it is
equivalent to prove that all the commutation relations between these root vectors
can be derived from quantum Serre relations. All of these relations are in Section
3 and at the beginning of Section 6. As stated in Remarks 3.9, 3.19, 3.24, 6.4, we
get these commutation relations almost completely from quantum Serre relations,
except Proposition 3.18.
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We prove that all the commutation relations in Proposition 3.18 can be derived
from quantum Serre relations. We only prove the first half because the other half
is completely similar. We need to show that the expressions for [Xs, Lo,] and
[X2, Lopy1] for n > 1 in Proposition 3.18, which are obtained by applying differen-
tial operators, can be derived only by quantum Serre relations. Note that relations
in Proposition 3.6 all come from quantum Serre relations, and we know (3.15):

2L/2n+1 = GLIQnLl + 0L1L2” + [LQ’ Ll2n—1]

holds. Applying adx, to this equation, we will get the result of (¢ + ¢~1)[X2, La,]
and since ¢ is not a root of unity, we will get the expression of [Xs, La,] in terms
of ordered products of root vectors, repeatedly using the induction hypothesis and
the following known relations derived by quantum Serre relations: (3.12), (3.15),
(3.16), (3.17), (3.18) and Corollary 3.8. On the other hand, also by these relations,
it is enough to get the expression for [Xs, La,] in terms of ordered products of root
vectors from

(X2, Lan] = ¢*" ' Xopio + ¢*" 0L Xopi1 + -+ + q0Loy—2Xa + 015, 1 X5.

Then these two expressions must be the same. This means the expression for
[X3, Lay,] in Proposition 3.18 also comes from quantum Serre relations. The case
of [Xg, Lant1] is completely similar. O

§7. The Drinfeld second realization of U} (A(0,2)®)

We give the Drinfeld second realization of B(V) or U} (A(0,2)%), i.e., choosing
distinguished root vectors and writing all the commutation relations. The fol-
lowing three subsections are titled by “I&I”, “I&R”, “R&R”, where “I”, “R” mean
distinguished imaginary root vectors and real root vectors, respectively.

§7.1. 1&I
Proposition 7.1. The following commutation relations hold in B(V):

(a) i4n+4 and Zin1o commute with all imaginary root vectors, [Lim o, Lant2] =
0, for all m,n > 0.

(b) [Mamg1, Mans1] = 0 if m+n is odd, [Mam 1, Mapi1] = (—1)"2
if m+n is even.

I _ 1
— 22m-— m n .
(C) [(4m + 2)L4m+27 M2n+l] Sm—1 [Qm + 1]qM4 +2n+3

2
2Mm,+n+1

Proof. This holds immediately by Corollary 3.23. O
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§7.2. I&R

First, we show that the comultiplication in K>q/Ks1 is closely related to these
relations.

Denote the subalgebra generated by L,, n > 1 in B(V) by £. We identify £
with the subquotient K>1/Ks1. Denote the subalgebras generated by X,,, n > 1,
Y,, n>1by X and Y. We have B(V) 2 )Y ® L ® X, as vector spaces.

Let T' € £ and suppose that T' is homogeneous. Define d(T') by deg T' = d(T)J.
Define fx, (1) = Xj, and fx,(T), T € L by the leading term of [X},T], i.e., some
scale of Xy q(ry. Define gy, (1) = Y, and gy, (T), T € L by the leading term of
[T, Y], i.e., some scale of Y} (7).

Remark 7.2. It is very easy to determine fx,, gy, precisely for any k¥ > 1 by
Proposition 3.18, Lemma 3.1(a) and L? lies in the center of L.

Lemma 7.3. We have A(X,) € X,®14+1®X,,+B(V)®VL, i.e., no X; appears
in the right tensor factor for i < n.

Proof. By the comultiplication of the super-letters, i.e., Proposition 2.4. O

Lemma 7.4. Let T € L. We have A(T) € T(1) ® T(g) in the subquotient +LX @
L.

Proof. This also follows from Proposition 2.4. O
Proposition 7.5. Let T € L. We have
X, T = T(l)(,l)d(Tu))'(k*l)ka (T(2))

and
TYk; — (_l)k‘-d(T(Z))ng (T(l))T(Q) .

Proof. We prove the first one. It is easy to see for T' € L,

k+d(T)
(7.1) X, T = Z k. T;X;, for some T} € L.
i=1
Consider the terms of type B(V) ® X; for some i, in the comultiplication of (7.1).
By Lemmas 7.3, 7.4, for the left-hand side, all terms of this type are
T(l)(fl)d(Tm)'(’f*l) ® fx,(T(2)). For the right-hand side, all terms of this type
are k;T; ® X;. Then we have

X, T = T(l)(_l)d(Tu))-(k*l)ka (T(Q)).

The second one is similar. O
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For My, 41, it is more convenient to write the relations in the language of
generating functions. Recall that M(u) = Y7 Mo, qu®" Tt

Proposition 7.6. We have
XM = M(l)(_l)d(M(n)'(k*l)ka (M(2))
and
MY = (=) M) gy (My)) M),
for any k > 1, where

1
1—20M® M’

Proof. By Propositions 7.5 and 4.1. O

M(1)®M(2):(M®1+1®M)

Recall that
arctan(20iZ(u)) = 20i Z(u).

We write Z(u) as Yoy Zanou™ 2.
Proposition 7.7. In B(V) we have the following formulas for all k > 1, n > 0:

2n + 1] [2n 4+ 1]
Xt, Zan :22"[7‘1)(” Zanaa, Yy =220~ 4y, .
[ ky &4 +2] om+ 1 An+k+2; [ An+2, k] om+ 1 An+k+2

Proof. The first formula follows immediately from Propositions 4.2 and 7.5, and
that Z4,yo lie in the center of K>1/K~1. The second is completely similar. O

Proposition 7.8. In B(V), we have the following relations:

; [4n]q ; [4n]q
n| — n+ks L ns Y] = Y, n+k-
[ Xk, Lan] 1 Vantk [Lan, Y] 1, Vinth
Proof. This follows immediately from Propositions 4.6 and 7.5. O

For (4n+2) Ly 12, it is more convenient to write the relations in the language
of generating functions. Recall that

E = Z 0(47’L + 2)E4n+2u4”+2,

n=0
o0 oo
dnt1 4n+3
Mi(u) = E Myppru*™ ™, My (u) = E Myppgu®™ 3,
n=0 n=0

Z(u) =Y M, (—1)" "2 = M(u)®.
n=0
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Proposition 7.9. We have
X8 = E(l)(_l)d@(n)‘(’f—l)ka (3(2))
and
LY, = (-1)F @) gy (£1))L9),
where
L@ Lo =AL)=L®1+1®L+2M(au) + M(bu))
and

M(u) (—26M ® M1 + 260M1 ® M) (1 + 26M; @ My + 26Mj; @ M)
N 1+ (202Z®7 '

Proof. This follows from Propositions 7.5 and 4.7. O

§7.3. R&R

7.3.1. Relations between X,,, and between Y,,. Define a sequence of num-
bers so =1, s1 = —1, s5 = —1, s3 = 1 and s, = s, 4 for n > 0. Define a map
P:N—{0,1} ¢ Nby P(n) =0if n is even, P(n) =1 if n is odd.

Proposition 7.10. In B(V) the following relations hold for n,k > 1:

(1) [Xn, Xngor—1] = —[Xngor—2, Xni1),
k
(X, Xnyor] = sponsn) [ Xngor—1, Xng1] +2 Z 5P(nt1)+i—1|Xnt2k—i» Xntil,
i=2
Yoyor—1,Yn] = = [Yos1, Yayor—2),
k
Yotk Yol = spm)[Yot1, Yoror—1] +2 Z 5p(n)+i—1Yntis Ynior—i-
i=2

Proof. By applying ady, to the formulas in Lemma 6.2 repeatedly. O

7.3.2. The relations between X,, and Y,,,. First we have

[(Xoit1, Yonio—(2i41)] = Lont1, [Xoi Yonyo-2i] = Ly, 11,

[(Xoit1, Yonta—(2i41)] = Lant2, [Xo2i, Yanss—2i] = L, 1o

However, we do not use L,, or L/ as generators, so we should use our generators
/
to generate L,, or L.
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We have
= P dAn ™ op7 o dn 1 _ 2 2y, 1 _ 2 2
> 20Lyut" = 20Lgut + 5 108(1 = (20)*Z(a)?) + 5 log(1 — (20)*Z(b)?),
n=1 n=1
= Z 20 Ly u*™ — log o cos(20iZ(a)) — log o cos(20i Z (b)),
n=1

and f/4n, Z(u), Liny2 are the generators we choose; then we get L(u) from our
generators. By L(u) = exp(L(u)), we can get L(u) from our generators.

Proposition 7.11. In B(V) we have

4 S 0onin = (20— a~ )Mia) — (26 b M) (w),
n=0

S 0L = (20~ )Ma) — (26 + b M) (w),
n=0

;}eL% - (1 - %?Z(b) 2% M(b)M(a))L(u),
=, ., 46 20% ~
T;GL% - (1 + L) + 7m/ﬂ(b)M(a))L(u).

Proof. By Lemma 3.1 we get
(o] o0 5 1 o0 R
Z OLony1 = Z OLony1 — 3 Z OLop+1,
n=0 n=0 n=0
Z 0L5, 1 = Z OLon i1 + % Z 0Lon+1,
n=0 n=0 n=0
Z 9L2n = Z 0I12n + % Z 02/277»
n=1 n=1 n=1
> 0L, = 0Lay — % > 0Ls,.
n=1 n=1 n=1

Meanwhile, by Lemma A.1 in Appendix A, we have

—2
[M(a), M(b)] = 5-(Z(a) + Z(b))-
Then the proposition holds by direct computation using Proposition 3.17. O

§7.4. The Drinfeld second realization

We summarize all the above results as a theorem.
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Let 0=q—q¢ 1,0 =q+q ' a= m, b=1i+/q /2.

We choose X, Y, for n > 0, Moy i1, Zanso, (4n + 2)Lanio, (4n + 4)Io/4n,+4
for n > 0 as root vectors at the corresponding root. For simplicity of notation,
we denote (4n + 2)Lyni2 by Linto, 4nloL4n by Zin. We introduce the following
generating functions with root vectors as coefficients:

e’} 0o
§ : 2n+1 § : 4n+1 § : 4 3

) = M2n+1u n+ y MI(U) = M4n+1u n+ s MH M4 nt s
n=0 n=0

225 ™ B S Wi, = Y02

n=0 n=1
We use [ u~! to denote the inverse operator of u - dl.

We define two new generating functions as follows:
= Z M22n+1(—1)nu4n+Qa
T —-1aq 1a, 1 - 1 .
L(u) = exp u L4 [uT L4 3 log o cos(20iZ(a)) + 3 log o cos(20iZ(b)) .

Theorem 7.12. The algebra B(V) or equivalently U, (A(0,2)®*)) is generated by
real root vectors X,,, Y, for n > 0, imaginary root vectors Mayn11, Zynt+2, Lint2
forn >0, %y, for n >0, with the following defining relations:

&I Zypyo, Lyn commute with all the imaginary root vectors,

[Zam+2, Lan+2) =0, ¥Ym,n >0,

2m +
[$4m+27 M2n+1] [22"7L1]qM4m+2n+37

m—n

[Mam g1, Man 1] = (*DTQM??H_HH if m+n is even,
[Mapi1, Mapmi1] =0 if m +n is odd,
20iZ(u) = tan(20iZ(u)).

I&R: XM = M) (- 1) M) ¢ 0 (M),
MY}, = (-1)F M) gy (M 1))M(2),
where
1
— 1 T ———
Moy @M = Mol +16M) e

nl2n+1
[ Xk, Zans2) = 22 %X@Mw,
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nl2n+1
(Zanto, Vi) = 22 %YMH-IH-Q’

X8 = E(l)(_l)d(i‘m)'(k*l)ka (5(2)),

and
£Y; = (1) dEe) gy (£1)Le),
where
L1y @ L) =AL) =L@ 1+1® L+ 2(M(au) + M(bu))
and

(—26Mj ® M + 26My1 @ M) (1 + 26M; ® My + 260My ® M)
1+ (20)2Z® 7Z ’
[Xka$4n] - [4n}qX4n+ka
[$4nv Yk] = [4n]qy47l+k’

M(u) =

and f, g are defined in Section 7.2.

R&R: [(Xoit1, Yontoo2it)] = Lon+1,  [Xoi, Yongo—2il = Lo, 1,

[(Xoi+1, Yania—it1)) = Lonva,  [X2i, Yonis—2i] = Loy o,

together with (1) in Proposition 7.11, and (1) in Proposition 7.10.

Appendix A. Calculations on (¢) in the proof of Proposition 4.7

In this appendix, we show the details of the proof of (¢) in the proof of Proposi-
tion 4.7. We will not give all the details, but we will write down two representative
parts of (¢); see Propositions A.2 and A.3.

The main tool is Lemma A.1, in which the commutation relations of various
generating functions with Ms, 1, n > 0 as coefficients are described. Recall that
M (u) = My (u)+Myg(u), define My (u) —Miy(u) as M(u) and denote M(hu), My (hu),

M (hu), M(hu) by M(h), Mi(h), My(h), M(h) for convenience, where h € C*.

Lemma A.1. We have the following relations in B(V):

(A.la) [My(z), M1 (y)] =0 for any z,y € C,

(A.1b) [M(a), M(b)] = [M(a), M(b)] = ;72(2(@) + Z(b)),
(A.lc) [M(a), M(b)] = [M(a), M(b)] = %(Z(a) — Z(b)),
(A.1d) w- L7 (u) = 2V (u)? — M (u)?) = [M(u), M(w)).

du



708 F. L1

Proof. Equation (A.la) follows from Corollary 3.23(b). Equations (A.1b) and
(A.1c) follow from (A.la) and direct computation using Corollary 3.23(b). Equa-
tion (A.1d) also follows from direct computation using Corollary 3.23(b). O

Recall that by Lemma 4.4,
#(u)# (iv) = (1+(20)*Z(a) ® Z(a)) - (1 + (20)°Z(b) @ Z(b)).
Denote (1 + (260)?Z(a) ® Z(a)) - (1 4 (20)?Z(b) @ Z(b)) by C. Then (o) is

Q#(u) - # (iu)
—c

where

#(u) = (1—A®A+;B®;B
+ (9—1GB2+A2) +A. %B) ® (9‘1GB2+A2) +A- ;B))

# (iu) = (1+A®A;B®;B

1 1 1 1
—1(+p2 2) 4.1 —1(+ p2 2) 4.t
# (1 (5800 a) - a-gp) o (7 (350 47) - 4 5B) )
For convenience, we denote 9_1(%B2 + A?) by T and denote the operator u - % —
[u - %L(u), ] by *.
Proposition A.2. We have
1 1
Q(A@A—§B®§B)
= 40(M;(a) ® Mj(a) — Myi(a) @ Mi(a) + My(b) @ M(b) — Myr(b) @ My (d)).
Proof. We have
1 1 1 1 1 1
Q(A©A- B B) = *kA©A+A@ kA~ (%3B® B+ Be % B).

First we focus on % A.
Denote adz, (yy)2 by ad, for z € C. By Corollary 3.23(c), we have

ad, ady
+
1—ad® 1-—ad}

[u- iH:(u),Ll} - 4(

L
du )O b

which means
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Meanwhile, it is easy to get

d 20 1 1+ ad, 1+ ad,
c—Au) = — M(a) — b M .
w Al = (o= ad, ° M@ =T, )
Then
_/l+ad, ad, ady 260
*A = <1_ada 1—ad? 41—ad§)?aM(a)
1+ ady ad, adp, 20
- — —4 —bM(b).
(1—adb 1 —ad? 1—ad§>9’b ®)
We also have
a? b?
aM(a) = T ad, o Lyu, bM(b) = [ ad, oLju
Then we have
20 s 4dad, a? 4ad b2
Al) = A'(v) — = Liu— 4 oL
*Aw) =4 0’(17ad§1—adao M a1 —ad, )
4
= A'(u) + 7 (a™*My(a) — b~ 'My(b)).
Similarly we have
1 1_, 8
*iB(’UJ) 7§B (U) + 0 (CLMH(Q) — bMH(b))

“) Then we have

Note that My(u) = w, M (u) = w

A = %(a@’M(a) +bOM(b) + o~ M(a) — b~ M(b))
*B = ;(—aflﬁllw(a) — b~ '0'M(b) + 4aMi(a) — 4bM(D))
A= %(am(a) — DMI(b)), %B = g(cflM(a) — b IM(b)).

By direct computation with these formulas, we get Q(A® A — %B ® %B) O

Proposition A.3. We have

(*(T+A~%B)®(T+A~%B)+(T+A-%B)®*(T+A.%B))

.(T—A-%B)@@(T—A-%B)
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= (29)4(%u : %Z(b) ® Z(b) - Z(a) ® Z(a)

1 d

+ g 5-Z(a) ® Z(a) - Z(b) © Z(b)

+ 2Mp (b)Mi1 (b) @ Z(b) - Z(a) ® Z(a)
+ 2My()Miur(a) © Z(a) - Z(5) © Z(b))
+ symmetric part.

Remark A.4. The terms iu - £7(b) ® Z(b) - Z(a) ® Z(a), 3u - L7Z(a) ® Z(a) -
Z(b) ® Z(b) and the symmetric part correspond to the result of u - £ acting on

A0 20 Ly u™™), which is known from the proof of Proposition 4.6.

Proof of Proposition A.3. By Lemma A.l and Proposition 3.17, we have the fol-
lowing relations:

1 46 262
T+ A -B=——7(b) — Z—iM(b)M
t4-3 o (b) T (b)M(a),
1 46 262 .
1 20 _ 20
*(T+4- 5B) - (28 (a)M(a) — 2M(b)M(b) — =)
20 o
+ SZ(b) — i0M(E)F(a) - z@M(b)M(a)),
T2 (A- 113)2 — —46%7(a)Z(b)
5 .
Then this proposition follows from direct computation. O
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