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Multicomplex Hyperfunctions and Multicomplex
Microfunctions

by

Yutaka Matsui

Abstract

In this paper, we develop a theory of multicomplex hyperfunctions. Applying functorial
techniques, we introduce the notion of multicomplex hyperfunctions of several vari-
ables and establish their idempotent representation theorem. Additionally, we provide
a microlocal study of multicomplex hyperfunctions, in which we define the notion of
multicomplex microfunctions and prove some of their fundamental properties.
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§1. Introduction

As a generalization of functions, M. Sato introduced the notion of hyperfunctions
in [10] and [11]. Let V be an open set in Rn and Ω a complex neighborhood of V
in Cn such that V = Rn ∩ Ω. Let OCn denote the sheaf of complex holomorphic
functions on Cn. He showed that the relative cohomology group Hp

V (Ω;OCn) of
OCn with supports in V vanishes for p ̸= n. He then defined a hyperfunction as
an element of the relative cohomology group

BRn,1(V ) = Hn
V (Ω;OCn).

He also showed that BRn,1 is a flabby sheaf on Rn. It is well known that hyper-
functions are more natural and useful than distributions for studying linear partial
differential equations with real analytic coefficients. In particular, the study of sin-
gularities of hyperfunctions in the cotangent bundle T ∗Rn plays an important
role. In order to realize this, the notion of microfunctions was introduced, and the
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theory of hyperfunctions and microfunctions has vastly developed into a field
known as algebraic analysis [12].

Inspired by the work of Hamilton and Clifford on quaternions, Segre intro-
duced the notion of multicomplex numbers in 1892. Let L be a positive integer
and C0 = R. The multicomplex algebra is defined inductively as follows:

CL =
{︁
Z = w1 + w2iL

⃓⃓
w1, w2 ∈ CL−1

}︁
,

where iL is a new imaginary unit that is independent of and commutes with the
elements i1, i2, . . . , iL−1. For L = 2, C2 corresponds to the bicomplex algebra BC.
Since CL is a commutative ring with non-trivial zero divisors in the case L ≥ 2,
the study of multicomplex functions is more difficult than that of complex func-
tions. Nevertheless, we can define the notion of holomorphicity of multicomplex
functions in a manner similar to that of complex functions. The study of multi-
complex holomorphic functions is called multicomplex analysis. The reference [8]
is a fundamental textbook on this subject. See Sections 2.1 and 2.2 for a quick
review. For L = 2, the references [4] and [9] are also fundamental. See [6] and [7]
for the author’s recent works in bicomplex analysis.

In multicomplex analysis, the idempotent representation plays an important
role. For L ≥ 2, setting

eL =
1 + iL−1iL

2
, e†LL =

1− iL−1iL
2

,

eL and e†LL are idempotent elements satisfying eLe
†L
L = 0 and eL, e

†L
L /∈ CL−1.

Then every multicomplex number Z = w1+w2iL ∈ CL can be uniquely represented
by

Z = ZeL
eL + Z

e
†L
L

e†LL ,

where ZeL
= w1 − w2iL−1, Z

e
†L
L

= w1 + w2iL−1 ∈ CL−1. Furthermore, every
multicomplex holomorphic function F can be locally expressed as

(1.1) F (Z) = FeL
(ZeL

)eL + F
e
†L
L

(Z
e
†L
L

)e†LL ,

where FeL
and F

e
†L
L

are multicomplex holomorphic functions dependent only on
the variables ZeL

and Z
e
†L
L

, respectively. The idempotent representation (1.1) is
one of the significant properties of multicomplex holomorphic functions. From the
idempotent representation (1.1), several fundamental properties of multicomplex
holomorphic functions can be immediately derived inductively by applying prop-
erties of multicomplex holomorphic functions to the coefficients of eL and e†LL .

Inspired by the work of Colombo et al. on bicomplex hyperfunctions in [2],
A. Vajiac and M. B. Vajiac introduced the notion of one-variable multicomplex
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hyperfunctions in [14]. Let V be an open set in R and Ω a multicomplex neighbor-
hood of V in CL such that V = R∩Ω. Let OCL

denote the sheaf of multicomplex
holomorphic functions on CL. They showed that the relative cohomology group
Hp

V (Ω;OCL
) ofOCL

with supports in V vanishes for p ̸= 2L−1. They then defined a
one-variable multicomplex hyperfunction as an element of the relative cohomology
group

BR,L(V ) = H2L−1
V (Ω;OCL

).

They also showed that BR,L is a flabby sheaf on R and the duality theorem.
In this paper we establish a theory of multicomplex hyperfunctions of several

variables. Let V be an open set in Rn and Ω a multicomplex neighborhood of V
in Cn

L such that V = Rn ∩ Ω. Let OCn
L

denote the sheaf of multicomplex holo-
morphic functions on Cn

L. Applying functorial techniques, we first prove that the
relative cohomology group Hp

V (Ω;OCn
L
) of OCn

L
with supports in V vanishes for

p ̸= (2L − 1)n. Based on this result, we define a multicomplex hyperfunction of
several variables as an element of the relative cohomology group

BRn,L(V ) = H
(2L−1)n
V (Ω;OCn

L
).

We also prove the idempotent representation theorem for these hyperfunctions.
By the idempotent representation, we can immediately derive some of their fun-
damental properties of multicomplex hyperfunctions, such as flabbiness. In [5],
the essential ideas were explained and these results were previously proved only
for the affine case with L = 2. In contrast, this paper goes further by develop-
ing our study on multicomplex manifolds and establishing a detailed microlocal
theory. We begin by introducing the notion of multicomplexification of a real ana-
lytic manifold in Section 2.3 and subsequently develop a theory of multicomplex
hyperfunctions on a real analytic manifold in Section 3. Furthermore, we estab-
lish a microlocal theory for these hyperfunctions, in which we define the notion of
multicomplex microfunctions of several variables on a real analytic manifold and
prove some of their fundamental properties in Sections 4 and 5. The argument of
Sections 3, 4 and 5 is parallel to that of [5, Sections 3, 4, 5], which studied the
affine case with L = 2. However, the results are generalized to the multicomplex
manifold case. Finally, in Section 6, we study several operations on multicomplex
hyperfunctions and microfunctions, such as linear differential operators, microlocal
operators, conjugations, the inverse image, products and the direct image. As in
the classical theory, the results of this paper will serve as a foundation for future
developments in multicomplex analysis.
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§2. Preliminaries

§2.1. Multicomplex numbers

In this subsection we review the definition and fundamental properties of multi-
complex numbers. For more details, we refer to [8].

Let R be the field of real numbers, and set C0 = R. Also let L be a positive
integer. We inductively define the multicomplex algebra of level L by the quotient
ring

CL = CL−1[X]/(X2 + 1)

of the polynomial ring with coefficients in CL−1. Denoting the equivalence class of
the indeterminate X by iL, CL is isomorphic to the commutative algebra

CL =
{︁
Z = w1 + w2iL

⃓⃓
w1, w2 ∈ CL−1

}︁
generated by CL−1 and iL. Here, iL is considered as a new imaginary unit that is
independent of and commutes with the elements i1, i2, . . . , iL−1:

iL ̸∈ CL−1, iℓiL = iLiℓ (ℓ = 1, 2, . . . , L− 1), i2L = −1.

The set C1 (resp. C2) is the field of complex numbers (resp. the ring of bicomplex
numbers), which is also denoted by C (resp. BC). We call an element of CL a
multicomplex number of level L. For example, a multicomplex number of level 3
is represented by

Z = w1 + w2i3

= z1 + z2i2 + z3i3 + z4i2i3

= x1 + y1i1 + x2i2 + y2i1i2 + x3i3 + y3i1i3 + x4i2i3 + y4i1i2i3,

where w1, w2 ∈ C2, z1, z2, z3, z4 ∈ C1, x1, y1, x2, y2, x3, y3, x4, y4 ∈ C0. In general,
for ℓ = 0, 1, 2, . . . , L−1, a multicomplex number Z of level L is uniquely represented
by

Z =
∑︂

(αℓ+1,...,αL)∈{0,1}L−ℓ

Z(αℓ+1,...,αL)

L∏︂
j=ℓ+1

i
αj

j (Z(αℓ+1,...,αL) ∈ Cℓ).

Thus, CL is isomorphic to C2L−ℓ

ℓ (ℓ = 0, 1, 2, . . . , L− 1) as a ring.
For L ≥ 2, the multicomplex algebra CL of level L is neither a field nor an

integral domain. Set S1 = {0}. The set of zero divisors of CL with 0 is inductively
represented by

SL =
{︁
Z = w1 + w2iL ∈ CL

⃓⃓
w2

1 + w2
2 ∈ SL−1

}︁
.

Note that in CL, being a zero divisor is equivalent to being a non-unit element.
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Setting

eL =
1 + iL−1iL

2
, e†LL =

1− iL−1iL
2

,

eL and e†LL are idempotent elements satisfying eLe
†L
L = 0 and eL, e

†L
L /∈ CL−1.

Every multicomplex number Z = w1 + w2iL of level L has the idempotent repre-
sentation

Z = ZeL
eL + Z

e
†L
L

e†LL ,

where ZeL
= w1 − w2iL−1, Ze

†L
L

= w1 + w2iL−1 ∈ CL−1. For example, a multi-
complex number of level 3 is represented by

Z = Ze3
e3 + Z

e
†3
3
e†33

= (Ze3
)e2

e2e3 + (Ze3
)
e
†2
2
e†22 e3 + (Z

e
†3
3
)e2

e2e
†3
3 + (Z

e
†3
3
)
e
†2
2
e†22 e†33 .

In general, for ℓ = 1, 2, . . . , L− 1, we set

Λ(L, ℓ) =

L∏︂
j=ℓ+1

{∅, †j}.

For I = (λℓ+1, . . . , λL) ∈ Λ(L, ℓ), we also set

eI = e
λℓ+1

ℓ+1 · · · e
λL

L .

Note that e2I = eI holds for I ∈ Λ(L, ℓ), eIeJ = 0 holds for I, J ∈ Λ(L, ℓ) with
I ̸= J , and

∑︁
I∈Λ(L,ℓ) eI = 1. Then a multicomplex number Z of level L is uniquely

represented by a linear combination of {eI}I∈Λ(L,ℓ) with coefficients in Cℓ:

(2.1) Z =
∑︂

I∈Λ(L,ℓ)

ZeI
eI (ZeI

∈ Cℓ).

We also call (2.1) the idempotent representation of Z. By the idempotent repre-
sentation (2.1), we have the following natural isomorphism as a ring:

CL ≃
⨁︂

I∈Λ(L,ℓ)

CℓeI .

For each index I ∈Λ(L, ℓ), we define the surjective ring homomorphism ΦeI
: CL →

Cℓ by ΦeI
(Z) = ZeI

of (2.1).
Let m be a positive integer. In the case of several multicomplex variables, we

also define the maps ΦeI
: Cm

L → Cm
ℓ for I ∈ Λ(L, ℓ) by

ΦeI
(Z) = (ΦeI

(Z1), . . . ,ΦeI
(Zm)) (Z = (Z1, . . . , Zm) ∈ Cm

L ).
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Then Z ∈ Cm
L has the idempotent representation

Z =
∑︂

I∈Λ(L,ℓ)

ΦeI
(Z)eI .

In order to emphasize components, we may identify the image of a point by
ΦeI

with a point on the eI -axis Cm
ℓ eI in Cm

L . Namely, we may use the nota-
tion ΦeI

(Cm
L ) = Cm

ℓ eI and so on. Then we have the following isomorphism as a
ring:

(2.2) Cm
L ≃

⨁︂
I∈Λ(L,ℓ)

Cm
ℓ eI .

We call (2.2) the nesting property of Cm
L , which is one of the most important

structures of Cm
L . Note that the idempotent representation (2.1) and the nesting

property (2.2) depend on the definition of ej and e
†j
j (j = 2, . . . , L). Although

there are several possible definitions, in this paper we adopt the standard one
following [8].

§2.2. Multicomplex holomorphic functions

In this subsection, we review fundamental definitions and results in multicomplex
analysis. For more details, we refer to [8].

We denote the standard Euclidean norm on C by ∥ · ∥1. For any multicomplex
number Z = w1 + w2iL ∈ CL of level L, we inductively define the norm ∥Z∥L of
Z by

∥Z∥L =
√︂
∥w1∥2L−1 + ∥w2∥2L−1.

This norm induces a topology on CL, which is isomorphic to the Euclidean
space C2L−1

1 . In general, CL is isomorphic to C2L−ℓ

ℓ for ℓ = 0, 1, 2, . . . , L − 1 as
a topological space. Moreover, the map ΦeI

is continuous and open for any index
I ∈ Λ(L, ℓ).

Let Ω ⊂ CL be an open set, F : Ω → CL a multicomplex function on Ω, and
Z0 ∈ Ω. We say that F is multicomplex differentiable at Z0 if the limit

lim
Z→Z0

Z−Z0 /∈SL

F (Z)− F (Z0)

Z − Z0

exists. We also say that F is multicomplex holomorphic on Ω if F is multicomplex
differentiable at any point of Ω. We denote the set of multicomplex holomorphic
functions on Ω by OCL

(Ω). Then OCL
is a sheaf on CL.

The idempotent representation of multicomplex holomorphic functions plays
an important role in multicomplex analysis. Let F be a multicomplex function
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on Ω. By the idempotent representation, we have

F (Z) = FeL
(Z)eL + F

e
†L
L

(Z)e†LL ,

where FeL
and F

e
†L
L

are CL−1-valued functions of two variables in CL−1. The
following theorem, called the Ringleb-type theorem, is one of the most important
results in multicomplex analysis.

Theorem 2.1. Assume that the fibers of ΦeL
|Ω and Φ

e
†L
L

|Ω are connected. Then
F is multicomplex holomorphic on Ω if and only if FeL

(resp. F
e
†L
L

) is multicomplex
holomorphic on ΦeL

(Ω) (resp. Φ
e
†L
L

(Ω)) of one variable with respect to ZeL
(resp.

Z
e
†L
L

). Furthermore, any multicomplex holomorphic function F on Ω is analytically

continued to Φ−1
eL

(ΦeL
(Ω)) ∩ Φ−1

e
†L
L

(Φ
e
†L
L

(Ω)) and we have

F (Z) = FeL
(ZeL

)eL + F
e
†L
L

(Z
e
†L
L

)e†LL .

In general, let F be a multicomplex function on Ω. For ℓ = 1, 2, . . . , L− 1, by
the idempotent representation, we have

F (Z) =
∑︂

I∈Λ(L,ℓ)

FeI
(Z)eI ,

where each FeI
: Ω → Cℓ is considered as a Cℓ-valued function of 2L−ℓ variables

in Cℓ. Then we have the following general theorem.

Theorem 2.2. Assume that the fibers of ΦeI
|Ω are connected for any index I ∈

Λ(L, ℓ). Then F is multicomplex holomorphic on Ω if and only if FeI
is multi-

complex holomorphic on ΦeI
(Ω) of one variable with respect to ZeI

for any index
I ∈ Λ(L, ℓ). Furthermore, any multicomplex holomorphic function F on Ω is ana-
lytically continued to

⋂︁
I∈Λ(L,ℓ) Φ

−1
eI

(ΦeI
(Ω)) and we have

F (Z) =
∑︂

I∈Λ(L,ℓ)

FeI
(ZeI

)eI .

By Theorem 2.2, we can immediately derive fundamental properties of multi-
complex holomorphic functions of one variable, such as Taylor’s theorem and the
principle of analytic continuation.

In the terminology of sheaves, Theorem 2.2 can be described as the following
isomorphism of sheaves on CL:

OCL
≃

⨁︂
I∈Λ(L,ℓ)

Φ−1
eI

(OCℓeI
)eI .
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Let m be a positive integer. In the case of several multicomplex variables,
let Ω ⊂ Cm

L be an open set, and F : Ω → CL a multicomplex function on Ω.
We say that F is multicomplex holomorphic on Ω if and only if F is partially
multicomplex holomorphic in each variable on Ω. We denote the sheaf of multi-
complex holomorphic functions of several variables by OCm

L
. Then we also have

the following isomorphism of sheaves on Cm
L :

(2.3) OCm
L
≃

⨁︂
I∈Λ(L,ℓ)

Φ−1
eI

(OCm
ℓ eI

)eI .

We call (2.3) the nesting property of OCm
L

, which is one of the most important
structures of OCm

L
in multicomplex analysis.

§2.3. Multicomplexification of a real analytic manifold

In this subsection we introduce the notion of multicomplexification of a real ana-
lytic manifold. Since there appears to be no literature on multicomplex manifolds,
we provide some naive explanations on them here. For the bicomplex case, we refer
to [1].

Let L and m be positive integers. We say that a topological space X is an
m-dimensional multicomplex manifold of level L if X has an atlas of charts to
open sets in the multicomplex space Cm

L and all transition maps are multicomplex
holomorphic of level L. In the case L = 1, a multicomplex manifold of level 1 is
just a complex manifold.

Let X be an m-dimensional multicomplex manifold of level L. For any point
Z0, there exist a neighborhood Ω of Z0 and an injective multicomplex holomorphic
map φ : Ω→ Cm

L of level L. Let us fix ℓ ∈ {1, 2, . . . , L− 1}. For each I ∈ Λ(L, ℓ),
we denote φ−1(Cm

ℓ eI) by XIeI . By the Ringleb-type theorem, XIeI is an m-
dimensional multicomplex manifold of level ℓ, and Ω is an open submanifold of∏︁

I∈Λ(L,ℓ) XIeI . We denote
∏︁

I∈Λ(L,ℓ) XIeI by
⨁︁

I∈Λ(L,ℓ) XIeI corresponding to
the idempotent representation (2.2). In this manner, a multicomplex manifold of
level L is locally represented by a product of multicomplex manifolds of level ℓ.
Note that this decomposition does not always hold globally.

Conversely, let ℓ ∈ {1, 2, . . . , L− 1}, and XI an m-dimensional multicomplex
manifold of level ℓ for each I ∈ Λ(L, ℓ). Then by the Ringleb-type theorem the
product X =

∏︁
I∈Λ(L,ℓ) XI is considered as a multicomplex manifold of level L,

which can also be denoted by
⨁︁

I∈Λ(L,ℓ) XIeI . For each I ∈ Λ(L, ℓ), we define the
map ΦeI

: X → XI by the natural projection. In order to emphasize components,
we may identify the image of a point by ΦeI

with a point of the eI -axis XIeI in
X. Namely, we may use the notation of ΦeI

(X) = XIeI and so on. We denote the
sheaf of multicomplex holomorphic functions on X by OX . Then, by the Ringleb-
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type theorem, we have the following isomorphism of sheaves on X:

(2.4) OX ≃
⨁︂

I∈Λ(L,ℓ)

Φ−1
eI

(OXIeI
)eI .

We call (2.4) the nesting property of OX .
Next we define the notion of multicomplexification of a real analytic manifold.

Let M be an m-dimensional real analytic manifold. We say that X is a multicom-
plexification of level L of M if X is an m-dimensional multicomplex manifold of
level L, M is a real analytic submanifold of X (more precisely, the underlying
real analytic manifold of X), and for any point x ∈M there exist a multicomplex
neighborhood Ω of x and an injective multicomplex holomorphic map φ : Ω→ Cm

L

of level L such that M ∩ Ω = φ−1(Rm).
We see that a multicomplexification of level L of M always exists as follows.

Let us take a complexification X0 of M , which is known to always exist and to be
unique around M as a germ. Then

(2.5) X =
⨁︂

I∈Λ(L,1)

X0eI

is a multicomplexification of level L of M . For the sake of simplicity, we here-
after assume that a multicomplexification is this standard one (2.5). Although
this assumption is not essential, the standard multicomplexification has the fol-
lowing important properties. Let us fix ℓ in {1, 2, . . . , L − 1}. Since we have
Λ(L, 1) = Λ(ℓ, 1)× Λ(L, ℓ) and eI = eI1eI2 for I = (I1, I2) ∈ Λ(ℓ, 1)× Λ(L, ℓ), for
each I ∈ Λ(L, ℓ),

XI =
⨁︂

J∈Λ(ℓ,1)

X0eJ

is a multicomplexification of level ℓ of M . Then the standard multicomplexification
X of level L of M , defined by (2.5), is naturally and globally represented by the
product of multicomplex manifolds of level ℓ:

(2.6) X =
⨁︂

I∈Λ(L,ℓ)

XIeI .

We call (2.6) the nesting property of X. Note that in this case, the isomorphism
(2.4) on the sheaf OX also holds. Moreover, the real analytic manifold M is embed-
ded into the diagonal of the product (2.6):

M ↪−→
⨁︂

I∈Λ(L,ℓ)

MeI ↪−→
⨁︂

I∈Λ(L,ℓ)

XIeI = X.
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§2.4. Functorial study of classical hyperfunctions and microfunctions

In this subsection we review a functorial study of classical hyperfunctions and
microfunctions in the derived category of sheaves. For the theory of derived cate-
gories, we refer to [3] and adopt its terminology. We also consider [3] and [12] as
fundamental references for the results presented here. For a more detailed review,
see also [5].

Let M be a real analytic manifold of dimension m, and X0 a complexification
of M . A (complex) hyperfunction is a generalized function described as a finite
formal sum of boundary values of complex holomorphic functions. In the derived
category Db(M), the sheaf of (complex) hyperfunctions BM,1 corresponds to the
complex RΓM (OX0

)|M [m]⊗orM/X0
. Here, OX0

denotes the sheaf of complex holo-
morphic functions on X0, and orM/X0

denotes the orientation sheaf. The following
properties are well known.

Theorem 2.3. We have the following properties:

(i) The complex RΓM (OX0)|M is concentrated in degree m.
(ii) The sheaf BM,1 = Hm(RΓM (OX0)|M )⊗ orM/X0

is flabby on M .

It is also well known that the complex RΓ∆X0
(O(0,m)

X0×X0
)|∆X0

is concentrated
in degree m and is quasi-isomorphic to the sheaf D∞

X0
of differential operators of

infinite order on X. Here, O(0,m)
X0×X0

denotes the sheaf of m-forms in the second
variables with coefficients that are holomorphic functions, and ∆X0

denotes the
diagonal set of X0 × X0, which is identified with X0. Note that BM,1 is a left
D∞

X0
|M -module.
A (complex) microfunction is a microlocal object for a (complex) hyperfunc-

tion, and it is described as the singularities of the latter in the conormal bundle
πX0

: T ∗
MX0 → M to M in X0. Let Ṫ ∗

MX0 = T ∗
MX0 \M , and π̇X0

denotes the
natural projection Ṫ ∗

MX0 → M . In the derived category Db(T ∗
MX0), the sheaf of

(complex) microfunctions CM,1 corresponds to the complex µM (OX0
)[m]. Here,

µM : Db(X0) → Db(T ∗
MX0) denotes the microlocalization functor along M . The

following properties are well known.

Theorem 2.4. We have the following properties:

(i) The complex µM (OX0) is concentrated in degree m.
(ii) Let CM,1 = Hm(µM (OX0)) ⊗ π−1

X0
orM/X0

. The sheaf CM,1|Ṫ∗
MX0

is conically
flabby on Ṫ ∗

MX0. That is, its direct image on Ṫ ∗
MX0/R+ is flabby.

(iii) There exists an exact sequence of sheaves on M :

(2.7) 0 −→ OX0 |M −→ BM,1 −→ π̇X0∗CM,1 −→ 0.
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(iv) There exists an isomorphism of sheaves on M :

sp: BM,1
∼−→ πX0∗CM,1.

The exact sequence (2.7) is called Sato’s fundamental exact sequence, and the
morphism sp is called the spectrum isomorphism.

It is also well known that the complex µ∆X0
(O(0,m)

X0×X0
) is concentrated in

degree m. We denote its m-th cohomology by ERX0
and call it the sheaf of microlocal

operators on X0. Note that CM,1 is a left ERX0
-module.

For a detailed study of Sato’s fundamental exact sequence (2.7), we consider
the normal bundle τX0 : TMX0 → M to M in X0 and the specialization functor
νM : Db(X0)→ Db(TMX0) along M . The following property is well known.

Theorem 2.5. Let ˜︁AM,1 = H0(νM (OX0)). There exists an exact sequence of
sheaves on TMX0:

(2.8) 0 −→ ˜︁AM,1 −→ τ−1
X0
BM,1 −→ (p+X0 1)∗(p

+
X0 2)

−1CM,1,

where p+X0 1 (resp. p+X0 2) denotes the natural projection from{︂
(η, ξ) ∈ TMX0 ×

M
T ∗
MX0

⃓⃓⃓
⟨η, ξ⟩ > 0

}︂
to TMX0 (resp. T ∗

MX0).

The distinguished triangle in Db(TMX0) that generalizes (2.8) via the Fourier–
Sato transformation is called Uchida’s triangle. See [13] for details. We call a section
of the specialization ˜︁AM,1 a holomorphic function on an infinitesimal wedge. The
morphism b : ˜︁AM,1 → τ−1

X0
BM,1 of (2.8), which is induced by id → τ !X0

RτX0!, is
called the boundary value morphism. By the boundary value morphism b, a hyper-
function is described as a finite sum of boundary values of holomorphic functions
on infinitesimal wedges.

§3. Multicomplex hyperfunctions

In this section we study multicomplex hyperfunctions by using functorial tech-
niques. Let L and m be positive integers. Let M be an m-dimensional real analytic
manifold, and X the standard multicomplexification of level L of M . Considering
the classical case, it is natural to study the complex RΓM (OX) of sections of the
sheaf OX supported in M in the derived category Db(X). In order to study this,
we consider the diagonal embedding

M ↪−→
⨁︂

I∈Λ(L,ℓ)

MeI ↪−→
⨁︂

I∈Λ(L,ℓ)

XIeI = X



806 Y. Matsui

of M into X for ℓ = 1, 2, . . . , L−1. The idempotent representation of RΓM (OX)|M
is induced by that of multicomplex holomorphic functions (2.4) in the derived
category Db(M).

Theorem 3.1. We have the isomorphism

(3.1) RΓM (OX)|M ≃
⨁︂

I∈Λ(L,ℓ)

(ΦeI
|M )−1RΓMeI

(OXIeI
)|MeI

eI [−(2L − 2ℓ)m]

in Db(M).

Proof. By the idempotent representation (2.4), we have

RΓM (OX)|M ≃
⨁︂

I∈Λ(L,ℓ)

RΓM (Φ−1
eI
OXIeI

)|MeI .

For I ∈ Λ(L, ℓ), we consider the following commutative diagram where the
square is Cartesian:

M �
� d //

ΦeI
|M

##

MeI ×
⨁︂

J∈Λ(L,ℓ)
J ̸=I

XJeJ
� � r //

ΦeI

����

□

X

ΦeI

����

MeI
� � r|MeI // XIeI .

Here, d is the diagonal embedding, and r is the natural embedding. Note that
ΦeI
|M is an isomorphism. Since ΦeI

is a topological submersion with fiber dimen-
sion (2L − 2ℓ)m, we have the isomorphisms

RΓM (Φ−1
eI
OXIeI

)|M ≃ (r ◦ d)!Φ!
eI
OXIe[−(2L − 2ℓ)m]

≃ (ΦeI
|M )!(r|MeI

)!OXIeI
[−(2L − 2ℓ)m]

≃ (ΦeI
|M )−1RΓMeI

(OXIeI
)|MeI

[−(2L − 2ℓ)m].

Therefore, we obtain (3.1).

By Theorems 2.3(i) and 3.1 with ℓ = 1, we can prove a vanishing theorem for
the complex RΓM (OX)|M .

Theorem 3.2. The complex RΓM (OX)|M is concentrated in degree (2L − 1)m.

By Theorem 3.2, we define the notion of multicomplex hyperfunctions of sev-
eral variables.
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Definition 3.3. We define the sheaf of multicomplex hyperfunctions of level L
on M by

BM,L = H(2L−1)m(RΓM (OX)|M )⊗ orM/X .

We call a section of BM,L a multicomplex hyperfunction of level L.

Note that in the affine and one variable case Vajiac–Vajiac proved Theorem
3.2 and defined the notion of multicomplex hyperfunctions of one variable in [14].

By Theorems 3.1 and 3.2, we obtain the idempotent representation theorem
of nesting type for multicomplex hyperfunctions.

Theorem 3.4. We have the following isomorphism of sheaves on M :

(3.2) BM,L ≃
⨁︂

I∈Λ(L,ℓ)

(ΦeI
|M )−1BMeI ,ℓeI .

We call (3.2) the nesting property of BM,L. Theorem 3.4 implies that any
multicomplex hyperfunction of level L is represented by a linear combination of
eI with coefficients that are multicomplex hyperfunctions of level ℓ. In particular,
in the case of ℓ = 1, any multicomplex hyperfunction of level L is represented by a
linear combination of eI with coefficients that are classical complex hyperfunctions.
As a corollary of this principle, we can immediately derive several fundamental
properties of multicomplex hyperfunctions by applying the properties of classical
complex hyperfunctions to the coefficients of eI . For example, we can prove the
flabbiness of the sheaf BM,L by that of the sheaf BM,1.

Theorem 3.5. The sheaf BM,L is flabby on M .

Furthermore, we can define several fundamental operations for multicomplex
hyperfunctions, such as linear differential operators with multicomplex coefficients,
conjugations, substitution, products and integration along fibers. See Section 6 for
details. On the other hand, an explicit description of multicomplex hyperfunctions
using the relative Čech cohomology group is outside the scope of this paper and
reserved for future work.

§4. Multicomplex microfunctions

In this section we study the microlocal aspects of the theory developed in Section 3.
Let L and m be positive integers. Also let M be an m-dimensional real analytic
manifold, and X the standard multicomplexification of level L of M . In this section
we consider X as a real analytic manifold and the conormal bundle π : T ∗

MX →
M to M in X. Let Ṫ ∗

MX = T ∗
MX \ M , and π̇ denotes the natural projection
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Ṫ ∗
MX → M . Considering the classical case, it is natural to study the microlocal-

ization µM (OX) of OX along M in the derived category Db(T ∗
MX). In order to

study it, we consider the diagonal embedding

M ↪−→
⨁︂

I∈Λ(L,ℓ)

MeI ↪−→
⨁︂

I∈Λ(L,ℓ)

XIeI = X

of M into X for ℓ = 1, 2, . . . , L− 1, and the morphisms

T ∗
MX

tΦ
′
eI←−−−↩ M ×

MeI

T ∗
MeI

XIeI
ΦeIπ−−−→ T ∗

MeI
XIeI

induced by the map ΦeI
for I ∈ Λ(L, ℓ). Note that ΦeIπ is an isomorphism and

tΦ
′
eI

is a closed embedding. Then the idempotent representation of µM (OX) is
induced by that of multicomplex holomorphic functions (2.4) in the derived cate-
gory Db(T ∗

MX).

Theorem 4.1. We have the isomorphism

(4.1) µM (OX) ≃
⨁︂

I∈Λ(L,ℓ)

tΦ
′
eI∗Φ

−1
eIπµMeI

(OXIe)[−(2L − 2ℓ)m]eI

in Db(T ∗
MX).

Proof. By the idempotent representation (2.4), we have

µM (OX) ≃
⨁︂

I∈Λ(L,ℓ)

µM (Φ−1
eI
OXIeI

)eI .

Since ΦeI
is a topological submersion with fiber dimension (2L− 2ℓ)m, ΦeIπ is an

isomorphism and tΦ
′
eI

is a closed embedding, we have the isomorphisms

µM (Φ−1
eI
OXIeI

) ≃ µM (Φ!
eI
OXIeI

[−(2L − 2ℓ)m])

≃ tΦ
′
eI∗Φ

!
eIπµMeI

(OXIeI
)[−(2L − 2ℓ)m]

≃ tΦ
′
eI∗Φ

−1
eIπµMeI

(OXIeI
)[−(2L − 2ℓ)m]

by [3, Proposition 4.3.5]. Therefore, we obtain (4.1).

By Theorems 2.4(i) and 4.1 with ℓ = 1, we can prove a vanishing theorem for
the complex µM (OX).

Theorem 4.2. The complex µM (OX) is concentrated in degree (2L − 1)m.

By Theorem 4.2, we define the notion of multicomplex microfunctions.
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Definition 4.3. We define the sheaf of multicomplex microfunctions of level L
on T ∗

MX by

CM,L = H(2L−1)m(µM (OX))⊗ π−1orM/X .

We call a section of CM,L a multicomplex microfunction of level L.

By Theorems 4.1 and 4.2, we obtain the idempotent representation theorem
for multicomplex microfunctions.

Theorem 4.4. We have the following isomorphism of sheaves on T ∗
MX:

(4.2) CM,L ≃
⨁︂

I∈Λ(L,ℓ)

tΦ
′
eI∗Φ

−1
eIπCMeI ,ℓeI .

We call (4.2) the nesting property of CM,L. Note that we also obtain (4.2)
by applying the functor Rπ∗ to (3.2). Theorem 4.4 implies that any multicom-
plex microfunction of level L is represented by a linear combination of eI with
coefficients that are multicomplex microfunctions of level ℓ. In particular, in the
case of ℓ = 1, any multicomplex microfunction of level L is represented by a lin-
ear combination of eI with coefficients that are classical complex microfunctions.
As a corollary of this principle, we can immediately derive several fundamen-
tal properties of multicomplex microfunctions by applying properties of complex
microfunctions to the coefficients of eI . For example, we can prove the flabbiness
of the sheaf CM,L by that of the sheaf CM,1. In order to state it explicitly, we note
that the natural action of R+ on T ∗

MX0 induces an action of (R+)2
L−1

on T ∗
MX

via tΦ
′
eI

with ℓ = 1.

Theorem 4.5. The sheaf CM,L|Ṫ∗
MX is multiconically flabby on Ṫ ∗

MX.

Moreover, by Theorems 2.4 and 4.4, or functorial properties of the microlocal-
ization functor µM in [3], we also obtain the Sato-type fundamental exact sequence
and the spectrum isomorphism for multicomplex hyperfunctions and microfunc-
tions.

Theorem 4.6. We have the following properties:

(i) There exists an exact sequence of sheaves on M :

0 −→ OX |M −→ BM,L −→ π̇∗CM,L −→ 0.

(ii) There exists the spectrum isomorphism on M :

(4.3) sp: BM,L
∼−→ π∗CM,L.
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As a corollary of the spectrum isomorphism (4.3), we obtain a simpler descrip-
tion of the sheaf of multicomplex microfunctions. See [5] for details. Furthermore,
we can define several fundamental operations of multicomplex microfunctions, such
as microlocal operators, conjugations, substitution, products, integration along
fibers. See Section 6 for details.

Finally, we define the notion of the singularity spectrum of a multicomplex
hyperfunction.

Definition 4.7. Let u be a multicomplex hyperfunction of level L. We denote
the support of its spectrum sp(u) in T ∗

MX by SS(u) and call it the singularity
spectrum of u. We say that u is micro-analytic at (x; Ξ) ∈ T ∗

MX if (x; Ξ) /∈ SS(u).

By Theorem 4.4, an estimate of the singularity spectrum of a multicomplex
hyperfunction is obtained. Note that the set

⋃︁
I∈Λ(L,ℓ)

tΦ
′
eI
(Φ−1

eIπ(T
∗
MeI

XIeI)) is
smallest in T ∗

MX when ℓ = 1.

Theorem 4.8. Let u be a multicomplex hyperfunction of level L on M . The sin-
gularity spectrum SS(u) of u is contained in

(4.4)
⋃︂

I∈Λ(L,1)

tΦ
′
eI
(Φ−1

eIπ(T
∗
MeI

XIeI))

in T ∗
MX. In particular, every multicomplex hyperfunction is micro-analytic at each

point of the outside of (4.4).

§5. Boundary value morphism and multicomplex hyperfunctions

In this section we explicitly describe the boundary value morphism for multicom-
plex holomorphic functions. Let L and m be positive integers. Also let M be an
m-dimensional real analytic manifold, and X the standard multicomplexification
of level L of M . In this section we also consider X as a real analytic manifold
and the normal bundle τ : TMX → M to M in X. Considering the classical case,
it is natural to study the specialization νM (OX) of OX along M in the derived
category Db(TMX). In order to study it, we consider the diagonal embedding

M ↪−→
⨁︂

I∈Λ(L,ℓ)

MeI ↪−→
⨁︂

I∈Λ(L,ℓ)

XIeI = X

of M into X for ℓ = 1, 2, . . . , L− 1, and the morphism

TMΦeI
: TMX −→ TMeI

XIeI
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induced by the map ΦeI
for I ∈ Λ(L, ℓ). Note that TMΦeI

is smooth. Then the
idempotent representation of νM (OX) is induced by that of multicomplex holo-
morphic functions (2.4) in the derived category Db(TMX).

Theorem 5.1. We have the isomorphism

(5.1) νM (OX) ≃
⨁︂

I∈Λ(L,ℓ)

(TMΦeI
)−1νMeI

(OXIeI
)eI

in Db(TMX).

Proof. By the idempotent representation (2.4), we have

νM (OX) ≃
⨁︂

I∈Λ(L,ℓ)

νM (Φ−1
eI
OXIeI

)eI .

Since ΦeI
is a topological submersion, by [3, Proposition 4.2.5], we have the iso-

morphism
νM (Φ−1

eI
OXIeI

) ≃ (TMΦeI
)−1νM (OXIeI

).

Therefore we obtain (5.1).

We define the notion of multicomplex holomorphic functions of level L on
infinitesimal wedges.

Definition 5.2. We define the sheaf of the specialization of multicomplex holo-
morphic functions of level L by

˜︂AM,L = H0(νM (OX)).

We call a section of ˜︂AM,L a multicomplex holomorphic function of level L on an
infinitesimal wedge.

By Theorem 5.1, we obtain the idempotent representation theorem for the
specialization of multicomplex holomorphic functions.

Theorem 5.3. We have the following isomorphism of sheaves on TMX:

(5.2) ˜︂AM,L ≃
⨁︂

I∈Λ(L,ℓ)

(TMΦeI
)−1 ˜︂AMeI ,ℓeI .

We call (5.2) the nesting property of ˜︂AM,L. Theorem 5.3 implies that any
multicomplex holomorphic function of level L on an infinitesimal wedge is rep-
resented by a linear combination of eI with coefficients that are multicomplex
holomorphic functions of level ℓ on infinitesimal wedges. In particular, in the case
of ℓ = 1, any multicomplex holomorphic function of level L on an infinitesimal
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wedge is represented by a linear combination of eI with coefficients that are clas-
sical complex holomorphic functions on infinitesimal wedges. As a corollary of
this principle, we can immediately derive several fundamental properties of multi-
complex holomorphic functions on infinitesimal wedges by applying properties of
complex holomorphic functions on infinitesimal wedges to the coefficients of eI .

By Theorem 2.5, or the abstract Uchida triangle in [13], we obtain the Uchida-
type fundamental exact sequence for the multicomplex specialization and the
sheaves of multicomplex hyperfunctions and microfunctions. Let p+1 (resp. p+2 )
be the natural projection from

P+ =
{︁
(H,Ξ) ∈ TMX ×

M
T ∗
MX

⃓⃓
⟨H,Ξ⟩ > 0

}︁
to TMX (resp. T ∗

MX).

Theorem 5.4. There exists an exact sequence of sheaves on TMX:

(5.3) 0 −→˜︂AM,L −→ τ−1BM,L −→ (p+1 )∗(p
+
2 )

−1CM,L.

See [5] for the outline of the proof. Note that the morphism b : ˜︂AM,L →
τ−1BM,L of (5.3) is induced by id → τ !Rτ!. We call b the boundary value mor-
phism. By the boundary value morphism b, a multicomplex hyperfunction is
described as a finite sum of boundary values of multicomplex holomorphic func-
tions on infinitesimal wedges.

§6. Several operations of multicomplex hyperfunctions
and multicomplex microfunctions

In this section we establish fundamental operations for multicomplex hyperfunc-
tions and microfunctions. These operations are a natural generalization of the
corresponding ones in the theory of complex hyperfunctions and microfunctions.

§6.1. Linear differential operators

In this subsection we study the action of linear differential operators on multi-
complex hyperfunctions. Let L and m be positive integers. Also let M be an
m-dimensional real analytic manifold, X0 a complexification of M , and X the
standard multicomplexification of level L of M . Considering the classical case, it
is natural to study the complex RΓ∆X

(O(0,m)
X×X)|∆X

of sections of the sheaf O(0,m)
X×X

supported in the diagonal set ∆X of X ×X in the derived category Db(X). Here,
O(0,m)

X×X denotes the sheaf of m-forms in the second variables with coefficients that
are multicomplex holomorphic functions on X ×X, and we identify the diagonal
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set ∆X with X. Note that the nesting property (2.6) of X induces that of X ×X.
In the same way as in Theorem 3.1, we obtain the isomorphism

(6.1) RΓ∆X
(O(0,m)

X×X)|∆X
≃

⨁︂
I∈Λ(L,ℓ)

Φ−1
eI

RΓ∆XI
(O(0,m)

XI×XI
)|∆XI

eI [−(2L − 2ℓ)m]

for ℓ = 1, 2, . . . , L − 1. By the classical result and (6.1) with ℓ = 1, we prove
that the complex RΓ∆X

(O(0,m)
X×X)|∆X

is concentrated in degree (2L−1)m. Thus we
define the sheaf D∞

X of differential operators of infinite order on X by

D∞
X = H(2L−1)m(RΓ∆X

(O(0,m)
X×X)|∆X

).

By (6.1) and the vanishing result, we obtain the idempotent representation

(6.2) D∞
X ≃

⨁︂
I∈Λ(L,ℓ)

Φ−1
eI
D∞

XIeI
eI

of D∞
X . We call (6.2) the nesting property of D∞

X .
Since BM,1 is a left D∞

X0
|M -module, this action induces a natural action of

D∞
X |M on BM,L in the general case via the idempotent representation as follows:

D∞
X |M ⊗ BM,L ≃

⨁︂
I∈Λ(L,1)

(Φ−1
eI
D∞

X0eI
)|M ⊗ (ΦeI

|M )−1BMeI ,1eI

≃
⨁︂

I∈Λ(L,1)

(ΦeI
|M )−1(D∞

X0eI
|MeI

⊗ BMeI ,1)eI

→
⨁︂

I∈Λ(L,1)

(ΦeI
|M )−1BMeI ,1eI ≃ BM,L.

Note that this action does not enlarge the singularity spectrum of a hyperfunction.
By definition, the action of D∞

X |M on BM,L is compatible with the idempotent
representation for ℓ = 1, 2, . . . , L− 1:

D∞
X |M ⊗ BM,L

//

≃

BM,L

≃⨁︂
I∈Λ(L,ℓ)

(ΦeI
|M )−1(D∞

XIeI
|MeI

⊗ BMeI ,ℓ)eI
//

⨁︂
I∈Λ(L,ℓ)

(ΦeI
|M )−1BMeI ,ℓeI .

Let π : T ∗
MX → M (resp. π0 : T

∗
MX0 → M) be the conormal bundle to M in X

(resp. X0). Since CM,1 is a left π−1
0 (D∞

X0
|M )-module, this action induces a natural
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action of π−1(D∞
X |M ) on CM,L in the general case via the idempotent representa-

tion as follows:

π−1(D∞
X |M )⊗ CM,L ≃

⨁︂
I∈Λ(L,1)

π−1((Φ−1
eI
D∞

X0eI
)|M )⊗ tΦ′

eI∗Φ
−1
eIπCMeI ,1eI

≃
⨁︂

I∈Λ(L,1)

tΦ′
eI∗Φ

−1
eIπ(π

−1
0 (D∞

X0eI
|MeI

)⊗ CMeI ,1)eI

→
⨁︂

I∈Λ(L,1)

tΦ′
eI∗Φ

−1
eIπCMeI ,1eI ≃ CM,L.

By definition, the action of π−1(D∞
X |M ) on CM,L is compatible with the idempotent

representation for ℓ = 1, 2, . . . , L− 1:

π−1(D∞
X |M )⊗ CM,L

//

≃

CM,L

≃⨁︂
I∈Λ(L,ℓ)

tΦ′
eI∗Φ

−1
eIπ(π

−1
XI

(D∞
XIeI
|MeI

)⊗CMeI ,ℓ)eI
//

⨁︂
I∈Λ(L,ℓ)

tΦ′
eI∗Φ

−1
eIπCMeI ,ℓeI .

Here, πXI
: T ∗

MeI
XIeI →MeI denotes the conormal bundle to MeI in XIeI .

§6.2. Microlocal operators

In this subsection we study the action of microlocal operators on multicomplex
microfunctions. We inherit the setting of Section 6.1. Considering the classical
case, it is natural to study the microlocalization µ∆X

(O(0,m)
X×X)|∆X

of the sheaf
O(0,m)

X×X along the diagonal set ∆X of X ×X in the derived category Db(T ∗X). In
the same way as in Theorem 4.1, we obtain the isomorphism

(6.3) µ∆X
(O(0,m)

X×X) ≃
⨁︂

I∈Λ(L,ℓ)

tΦ′
eI∗Φ

−1
eI

µ∆XI
(O(0,m)

XI×XI
)eI [−(2L − 2ℓ)m]

for ℓ = 1, 2, . . . , L− 1. By the classical result and (6.3) with ℓ = 1, we prove that
the complex µ∆X

(O(0,m)
X×X)|∆X

is concentrated in degree (2L−1)m. Thus we define
the sheaf ERX of microlocal operators on X by

ERX = H(2L−1)m(µ∆X
(O(0,m)

X×X)).

By (6.3) and the vanishing result, we obtain the idempotent representation

(6.4) ERX ≃
⨁︂

I∈Λ(L,ℓ)

tΦ′
eI∗Φ

−1
eIπE

R
XIeI

eI

of ERX . We call (6.4) the nesting property of ERX .
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Since CM,1 is a left ERX0
-module, this action induces a natural action of ERX on

CM,L in the general case via the idempotent representation as follows:

ERX ⊗ CM,L ≃
⨁︂

I∈Λ(L,1)

tΦ′
eI∗Φ

−1
eIπE

R
X0eI

⊗ tΦ′
eI∗Φ

−1
eIπCMeI ,1eI

≃
⨁︂

I∈Λ(L,1)

tΦ′
eI∗Φ

−1
eIπ(E

R
X0eI

⊗ CMeI ,1)eI

→
⨁︂

I∈Λ(L,1)

tΦ′
eI∗Φ

−1
eIπCMeI ,1eI ≃ CM,L.

By definition, the action of ERX on CM,L is compatible with the idempotent repre-
sentation for ℓ = 1, 2, . . . , L− 1:

ERX ⊗ CM,L
//

≃

CM,L

≃⨁︂
I∈Λ(L,ℓ)

tΦ′
eI∗Φ

−1
eIπ(E

R
XIeI

⊗ CMeI ,ℓ)eI
//

⨁︂
I∈Λ(L,ℓ)

tΦ′
eI∗Φ

−1
eIπCMeI ,ℓeI .

A more detailed study of microlocal operators and microdifferential equations will
be presented in future work.

§6.3. Conjugations

In this subsection we study the conjugations of multicomplex hyperfunctions and
microfunctions. The multicomplex algebra CL admits several conjugations, but
here we focus only on the conjugations †j with respect to the imaginary units ij
for j = 1, . . . , L. We inherit the setting of Section 6.1. For each j = 1, 2, . . . , L,
by shrinking X if necessary, we may assume that the conjugation †j induces a
multicomplex anti-holomorphic map cj : X → X satisfying cj |M = idM and cj ◦
cj = idX , and the homomorphism

(6.5) †j : OX −→ c−1
j OX , F (Z) ↦−→ F †j (Z) = (F (Z†j ))†j .

The map cj is naturally lifted to the map tc′j : T
∗
MX → T ∗

MX. By [3, Proposition
4.3.5] and the morphism †j in (6.5), there exists a natural morphism

CM,L −→ tc′j∗CM,L.

This morphism defines the notion of the conjugation †j with respect to ij for a
multicomplex microfunction. Via the spectrum isomorphism, we obtain a mor-
phism

BM,L −→ BM,L,
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and we can also define the conjugation †j with respect to ij for a multicomplex
hyperfunction. For a multicomplex hyperfunction u of level L on M , we have the
estimate

SS(u†j ) = tc′j(SS(u)).

These conjugations allow us to define the notion of special-valued hyperfunc-
tions, which generalize classical real-valued hyperfunctions. They are expected to
be useful for studying the microlocal properties of differential equations in future
work.

Definition 6.1. Let u be a multicomplex hyperfunction of level L on M . For
ℓ = 0, 1, . . . , L − 1, we say that u is Cℓ-valued if u = u†ℓ+1 = · · · = u†L . We also
say that u is multihyperbolic-valued if u = (· · · ((u†1)†2) · · · )†L .

In particular, a C0-valued (resp. C1-valued) hyperfunction is also called a
real-valued (resp. a complex-valued) hyperfunction.

Let us study the compatibility of the conjugations with the idempotent rep-
resentation. Since we have

(F (Z†j ))†j =
∑︂

I∈Λ(L,ℓ)

(FeI
(Z

†j
eI ))

†je
†j
I ,

the morphism †j in (6.5) is induced by the composition of the conjugation of the
components FeI

and a permutation of the idempotent basis {eI}I∈Λ(L,ℓ). Note
that, in particular, in the case ℓ = 1, the conjugations †2, . . . , †L are nothing but
a permutation of the idempotent basis {eI}I∈Λ(L,1). Then for each I ∈ Λ(L, ℓ), we
have the commutative diagram

X
cj

//

ΦeI

��

X

Φ
e
†j
I

��

XIeI
cj
// XIe

†j
I .

Therefore, we have the following commutative diagram:

CM,L
//

≃

tc
′
j∗CM,L

≃⨁︂
I∈Λ(L,ℓ)

tΦ′
eI ∗Φ

−1
eIπCMeI ,ℓeI

//
⨁︂

I∈Λ(L,ℓ)

tΦ′
e
†j
I ∗

Φ−1

e
†j
I π

tc
′
j∗CMe

†j
I ,ℓ

e
†j
I .
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By the spectrum isomorphism, we obtain the following commutative diagram:

BM,L
//

≃

BM,L

≃⨁︂
I∈Λ(L,ℓ)

(ΦeI
|M )−1BMeI ,ℓeI

//
⨁︂

I∈Λ(L,ℓ)

(Φ
e
†j
I

|M )−1B
Me

†j
I ,ℓ

e
†j
I .

§6.4. Inverse image

In this subsection we study the inverse image of multicomplex hyperfunctions and
microfunctions, which is also called a substitution. Furthermore, in the case where
f is an embedding, the inverse image is also called the restriction. Let L, m and n be
positive integers. Let M (resp. N) be an m-dimensional (resp. n-dimensional) real
analytic manifold, f : N →M a real analytic map, and X (resp. Y ) the standard
multicomplexification of level L of M (resp. N), chosen so that the multicomplex
holomorphic extension of f is well defined. We denote this extension by the same
letter f : Y → X. Let πX : T ∗

MX → M (resp. πY : T ∗
NY → N) be the conormal

bundle to M in X (resp. N in Y ). Let us consider the morphisms

T ∗
NY

tf
′

←−− N ×
M

T ∗
MX

fπ−→ T ∗
MX

induced by f . By [3, Proposition 4.3.5] and the natural morphism f−1OX → OY ,
there exists a natural morphism

Rtf
′
!f

−1
π CM,L −→ CN,L.

This morphism defines the notion of the inverse image of a multicomplex micro-
function by f . More precisely, for a multicomplex microfunction u on an open set
U of T ∗

MX, if V is an open set of T ∗
NY such that tf

′ is proper on f−1
π (supp(u)) ∩

(tf
′
)−1(V ), we can define the microfunction f∗u.
Via the spectrum morphism, we obtain the natural morphisms

RπY ∗R
tf

′
!f

−1
π π−1

X BM,L −→ RπY ∗R
tf

′
!f

−1
π CM,L −→ RπY ∗CN,L ≃ BN,L.

The composition of these morphisms defines the notion of the inverse image of
a multicomplex hyperfunction by f . In order to explain the condition, let us set
K = Ker(tf ′ : N×

M
T ∗
MX → T ∗

NY ). We denote by q1 (resp. q2) the natural projection

from K to N (resp. the inclusion of K into N ×
M

T ∗
MX). Then we have the natural

isomorphism

RπY ∗R
tf

′
!f

−1
π π−1

X BM,L ≃ Rq1!q
−1
2 f−1

π π−1
X BM,L.
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Thus, for a multicomplex hyperfunction u on M satisfying that q1 is proper on
q−1
2 f−1

π (SS(u)), namely SS(u) ∩K is contained in the zero section of N ×
M

T ∗
MX,

which is isomorphic to N , we can define the hyperfunction f∗u on N . In particular,
in the case where f is smooth, we can always define the inverse image. In general,
we have the estimate

SS(f∗u) ⊂ tf ′(︁f−1
π (SS(u))

)︁
.

Let us study the compatibility of the inverse image and the idempotent rep-
resentation. For ℓ = 1, 2, . . . , L − 1, we consider the nesting properties X =⨁︁

I∈Λ(L,ℓ) XIeI and Y =
⨁︁

I∈Λ(L,ℓ) YIeI of X and Y , respectively. For each
I ∈ Λ(L, ℓ), we denote the restriction of f to YIeI by fI : YIeI → XIeI . Then
we have the commutative diagram

Y
f

//

ΦeI

��

X

ΦeI

��

YIeI
fI // XIeI .

By the Ringleb-type theorem, considering the morphism f−1OX → OY is equiv-
alent to considering the morphisms f−1

I OXIeI
→ OYIeI

for any I ∈ Λ(L, ℓ).
Associated with f , fI and ΦeI

, we have the commutative diagrams

TNY
TNf

//

TNΦeI

��

TMX

TMΦeI

��

TNeI
YIeI

TNfI // TMeI
XIeI ,

T ∗
NY N ×

M
T ∗
MXI

tf ′
oo

fπ //

□

T ∗
MXI

N ×
NeI

T ∗
NeI

YIeI
?�

tΦ′
eI

OO

N ×
MeI

T ∗
MeI

XIeI
tf ′

Ioo

OO

fIπ // M ×
MeI

T ∗
MeI

XIeI .
?�

tΦ′
eI

OO

Here, in the last diagram the right square is Cartesian. We also denote the natural
projections T ∗

MeI
XIeI →MeI and T ∗

NeI
YIeI → NeI by πXI

and πYI
, respectively.
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By the functorial property of the specialization in [3, Proposition 4.2.5], we
have the commutative diagram

(TNf)−1νM (Φ−1
eI
OXIeI

) // νN (f−1Φ−1
eI
OXIeI

)

νN (Φ−1
eI

f−1
I OXIeI

)

(TNf)−1(TMΦeI
)−1νMeI

(OXIeI
)

∼

OO 77

(TNΦeI
)−1(TNfI)

−1νMeI
(OXIeI

)

77

// (TNΦeI
)−1νNeI

(f−1
I OXIeI

).

∼

OO

By the Fourier–Sato transformation, we have the commutative diagram

Rtf
′
!f

−1
π µM (Φ−1

eI
OXIeI

)[(2L − 1)m] // µN (f−1Φ−1
eI
OXIeI

)[(2L − 1)n]

µN (Φ−1
eI

f−1
I OXIeI

)[(2L − 1)n]

Rtf
′
!f

−1
π

tΦ′
eI !

µMeI
(OXIeI

)[(2ℓ − 1)m]

∼

OO 66

tΦ′
eI !

Rtf
′
I!f

−1
Iπ µMeI

(OXIeI
)[(2ℓ − 1)m]

66

// tΦ′
eI !

µNeI
(f−1

I OXIeI
)[(2ℓ − 1)n].

∼
OO

Here, we omit the morphisms ΦeIπ since they are trivial isomorphisms. By combin-
ing this diagram with the morphism f−1OX → OY , we obtain the commutative
diagram

(6.6)

Rtf
′
!f

−1
π CM,L

//

≃

CN,L

≃⨁︂
I∈Λ(L,ℓ)

tΦ′
eI !

Rtf
′
I!f

−1
Iπ CMeI ,ℓeI

//
⨁︂

I∈Λ(L,ℓ)

tΦ′
eI !
CNeI ,ℓeI .

By the commutativity of diagram (6.6) with ℓ = 1, we can also define the inverse
image by f via the well-known inverse image of a complex microfunction by fI .
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Similarly, by applying the functor RπY ∗ to (6.6), we obtain the following
commutative diagram (we omit the details here):

RπY ∗R
tf

′
!f

−1
π π−1

X BM,L
//

≃

BN,L
≃⨁︂

I∈Λ(L,ℓ)

(ΦeI
|N )−1RπYI∗R

tf
′
I!f

−1
Iπ π−1

XI
BMeI ,ℓeI

//
⨁︂

I∈Λ(L,ℓ)

(ΦeI
|N )−1BNeI ,ℓeI .

By the commutativity of this diagram with ℓ = 1, we can also define the inverse
image by f via the well-known inverse image of a complex hyperfunction by fI .

§6.5. Products

In this subsection we study the product of multicomplex hyperfunctions and micro-
functions. We inherit the setting of Section 6.4. Let πX×Y : T ∗

X×Y (X×Y )→M×N
be the conormal bundle to M×N in X×Y . By the natural morphism OX⊠OY →
OX×Y and [3, Proposition 4.3.6], we have the natural morphism

CM,L ⊠ CN,L −→ CM×N,L.

This morphism defines the notion of the external product of two multicomplex
microfunctions. By applying the functor RπX×Y ∗ to this morphism, we obtain the
morphisms

BM,L ⊠ BN,L −→ RπX×Y ∗(CM,L ⊠ CN,L) −→ RπX×Y ∗CM×N,L ≃ BM×N,L.

The composition of these morphisms defines the notion of the external product of
two multicomplex hyperfunctions.

Let us study the compatibility of the external product and the idempotent
representation. By the definition of operations on the specialization in [3, Propo-
sitions 4.2.5 and 4.2.6], we have the commutative diagram

νM (Φ−1
eI
OXIeI

)⊠ νN (Φ−1
eI
OYIeI

) // νM×N (Φ−1
eI
OXIeI

⊠ Φ−1
eI
OYIeI

)

(TM×NΦeI
)−1(νMeI

(OXIeI
)⊠ νNeI

(OYIeI
)) //

∼

OO

(TM×NΦeI
)−1ν(M×N)eI

(OXIeI
⊠OYIeI

).

∼

OO

Here, we denote TM×NΦeI
: TM×N (X×Y )→ T(M×N)eI

(X×Y eI). By the Fourier–
Sato transformation, we have the commutative diagram

µM (Φ−1
eI
OXIeI

)⊠ µN (Φ−1
eI
OYIeI

) // µM×N (Φ−1
eI
OXIeI

⊠ Φ−1
eI
OYIeI

)

tΦ′
eI∗(µMeI

(OXIeI
)⊠ µNeI

(OYIeI
)) //

∼

OO

tΦ′
eI∗µ(M×N)eI

(OXIeI
⊠OYIeI

).

∼

OO
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Here, we omit the morphisms ΦeIπ since they are trivial isomorphisms. Thus, we
obtain the commutative diagram

(6.7)

CM,L ⊠ CN,L
//

≃

CM×N,L

≃⨁︂
I∈Λ(L,ℓ)

tΦ′
eI ∗(CMeI ,ℓ ⊠ CNeI ,ℓ)eI

//
⨁︂

I∈Λ(L,ℓ)

tΦ′
eI ∗C(M×N)eI ,ℓeI .

By the commutativity of diagram (6.7) with ℓ = 1, we can also define the external
product of multicomplex microfunctions via the well-known external product of
classical complex microfunctions.

Similarly, by applying the functor Rπ(X×Y )∗ to (6.7), we obtain the following
commutative diagram (we omit the details here):

BM,L ⊠ BN,L
//

≃

BM×N,L

≃⨁︂
I∈Λ(L,ℓ)

(ΦeI
|M×N )−1(BMeI ,ℓ ⊠ BNeI ,ℓ)eI

//
⨁︂

I∈Λ(L,ℓ)

(ΦeI
|M×N )−1B(M×N)eI ,ℓeI .

By the commutativity of this diagram with ℓ = 1, we can also define the external
product of multicomplex hyperfunctions via the well-known external product of
classical complex hyperfunctions.

Hereafter, we consider the case where N = M and Y = X. We denote by δ

the diagonal embedding δ : M → M ×M of M . We identify the image of δ with
M . By combining the external product above with the restriction by δ, we define
the morphisms

Rtδ′!δ
−1
π (CM,L ⊠ CM,L) −→ Rtδ′!δ

−1
π CM×M,L −→ CM,L.

This morphism defines the notion of the product of two multicomplex microfunc-
tions.

Via the spectrum morphism, we obtain the natural morphisms

RπX×X∗R
tδ′!δ

−1
π (π−1

X BM,L ⊠ π−1
X BM,L) −→ RπX×X∗R

tδ′!δ
−1
π (CM,L ⊠ CM,L)

−→ RπX×X∗CM,L ≃ BM,L.

The composition of these morphisms defines the notion of the product of two
multicomplex hyperfunctions. More precisely, for hyperfunctions u1 and u2 on M ,
if SS(u1) ∩ SS(u2)

a is contained in the zero section, we can define the product
u1u2. Here, a denotes the antipodal map of T ∗

MX and SS(u2)
a denotes the image

of SS(u2) by a. We have the estimate

SS(u1u2) ⊂ tδ′
(︁
δ−1
π (SS(u1)× SS(u2))

)︁
.
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§6.6. Direct image

In this subsection we study the direct image of multicomplex hyperfunctions and
microfunctions. In the case where f is smooth, the direct image is considered as
the integration along fibers. We inherit the setting of Section 6.4.

Let O(m)
X (resp. O(n)

Y ) denote the sheaf of m-forms (resp. n-forms) with coef-
ficients that are multicomplex holomorphic functions on X (resp. Y ). Note that
they have the nesting properties induced by those of OX and OY , respectively.
First, we construct the Leray–Grothendieck-type residue morphism

(6.8) Rf!O(n)
Y [(2L − 1)n] −→ O(m)

X [(2L − 1)m]

as follows. Since we have the Leray–Grothendieck residue morphism

RfI!O(n)
Y0eI

[n] −→ O(m)
X0eI

[m]

for I ∈ Λ(L, 1), where O(m)
X0eI

(resp. O(n)
Y0eI

) denotes the sheaf of m-forms (resp.
n-forms) with coefficients that are complex holomorphic functions on X0eI (resp.
Y0eI), we have the natural morphisms

Rf!O(n)
Y [(2L − 1)n] ≃

⨁︂
I∈Λ(L,1)

Rf!Φ
−1
eI
O(n)

Y0eI
eI [n+ (2L − 2)n]

→
⨁︂

I∈Λ(L,1)

Φ−1
eI

RfI!O(n)
Y0eI

eI [n+ (2L − 2)m]

→
⨁︂

I∈Λ(L,1)

Φ−1
eI
O(m)

X0eI
eI [m+ (2L − 2)m]

≃ O(m)
X [(2L − 1)m]

by the idempotent representation. Here, the second morphism is obtained as fol-
lows:

Rf!Φ
−1
eI

[(2L − 1)n] ≃ Rf!Φ
!
eI
[n]

→ Φ!
eI
ΦeI !Rf!Φ

!
eI
[n]

= Φ!
eI
RfI!ΦeI !Φ

!
eI
[n]

≃ Φ−1
eI

RfI![n+ (2L − 2)m].

By [3, Proposition 4.3.4], there exists a natural morphism

Rfπ!
tf

′−1
µN (O(n)

Y ) −→ µM (Rf!O(n)
Y ).

By combining this morphism with (6.8), we obtain the morphism

(6.9) Rfπ!
tf

′−1
(CN,L ⊗π−1

Y OY |N π−1
Y VN,L) −→ CM,L ⊗π−1

X OX |M π−1
X VM,L,
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where VN,L = O(n)
Y |N (resp. VM,L = O(m)

X |M ) denotes the sheaf of multicomplex
analytic densities of level L on N (resp. M). The morphism (6.9) defines the notion
of the direct image of a multicomplex microfunction by f . More precisely, for a
multicomplex microfunction density v on an open set V on T ∗

NY , if U is an open
set of T ∗

MX such that fπ is proper on tf ′−1(supp(v)) ∩ f−1
π (U), we can define the

microfunction f∗v.
Via the spectrum morphism, we obtain the natural morphisms

Rf!(BN,L ⊗OY |N VN,L) ≃ Rf!RπY ∗(CN,L ⊗π−1
Y OY |N π−1

Y VN,L)

→ RπX∗Rfπ!
tf ′−1(CN,L ⊗π−1

Y OY |N π−1
Y VN,L)

→ RπX∗(CM,L ⊗π−1
X OX |M π−1

X VM,L)

≃ BM,L ⊗OX |M VM,L.

Thus, for a multicomplex hyperfunction density v on N satisfying that f is proper
on supp(v), we can define the hyperfunction f∗v on M . We have the estimate

SS(f∗v) ⊂ fπ
(︁
tf ′−1(SS(v))

)︁
.

Let us study the compatibility of the direct image and the idempotent repre-
sentation. By the definition of operations on the specialization in [3, Propositions
4.2.4 and 4.2.5], we have the commutative diagram

R(TNf)!νN (Φ!
eI
O(n)

YIeI
) //

∼

��

νM (Rf!Φ
!
eI
O(n)

YIeI
)

��

R(TNf)!(TNΦeI
)!νNeI

(O(n)
YIeI

)

��

νM (Φ!
eI
RfI!O(n)

YIeI
)

∼

��

(TMΦeI
)!R(TNfI)!νNeI

(O(n)
YIeI

) // (TMΦeI
)!νMeI

(RfI!O(n)
YIeI

).

By the Fourier–Sato transformation, we have the commutative diagram

Rfπ!
tf

′−1
µN (Φ!

eI
O(n)

YIeI
) //

��

µM (Rf!Φ
!
eI
O(n)

YIeI
)

��

tΦ′
eI ∗RfIπ!

tf ′−1
I µNeI

(O(n)
YIeI

) // tΦ′
eI ∗µMeI

(RfI!O(n)
YIeI

).
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Here, we omit the morphisms ΦeIπ since they are trivial isomorphisms. By com-
bining this diagram with (6.8), we obtain the commutative diagram

(6.10)

Rfπ!
tf

′−1
(CN,L ⊗ VN,L) //

��

CM,L ⊗ VM,L

∼

��⨁︂
I∈Λ(L,ℓ)

tΦ′
eI ∗RfIπ!

tf ′−1
I (CNeI ,ℓ ⊗ VNeI ,ℓ)eI

//
⨁︂

I∈Λ(L,ℓ)

tΦ′
eI ∗(CMeI ,ℓ ⊗ VMeI ,ℓ)eI .

Here, we abbreviate CN,L ⊗π−1
Y OY |N π−1

Y VN,L to simply CN,L ⊗ VN,L, and so on.
By the commutativity of diagram (6.10) with ℓ = 1, we can also define the direct
image by f via the well-known direct image of a complex microfunction by fI .

Similarly, by applying the functor RπN∗ to (6.10), we obtain the following
commutative diagram (we omit the details here):

Rf!(BN,L ⊗ VN,L) //

��

BM,L ⊗ VM,L

∼

��⨁︂
I∈Λ(L,ℓ)

(ΦeI
|M )−1RfI!(BNeI ,ℓ ⊗ VNeI ,ℓ)eI

//
⨁︂

I∈Λ(L,ℓ)

(ΦeI
|M )−1(BMeI ,ℓ ⊗ VMeI ,ℓ)eI .

Here, we abbreviate BN,L ⊗OY |N VN,L to simply BN,L ⊗ VN,L, and so on. By the
commutativity of the last diagram with ℓ = 1, we can also define the direct image
by f via the well-known direct image of a complex hyperfunction by fI .

Remark. In this paper, we focused on multicomplex algebra and studied mul-
ticomplex hyperfunctions and microfunctions. However, most of our results can
be generalized to the setting X =

∏︁L
j=1 X0ej and OX =

⨁︁L
j=1 Φ

−1
ej
OX0ej

ej for
an arbitrary positive integer L. Here, X0 is a complexification of a real analytic
manifold M , {e1, . . . , eL} is a set of orthogonal idempotent elements such that∑︁L

j=1 ej = 1, and the map Φej : X → X0ej denotes the natural projection for
each j = 1, 2, . . . , L.
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