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Multicomplex Hyperfunctions and Multicomplex
Microfunctions

by

Yutaka MATSUI

Abstract

In this paper, we develop a theory of multicomplex hyperfunctions. Applying functorial
techniques, we introduce the notion of multicomplex hyperfunctions of several vari-
ables and establish their idempotent representation theorem. Additionally, we provide
a microlocal study of multicomplex hyperfunctions, in which we define the notion of
multicomplex microfunctions and prove some of their fundamental properties.
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§1. Introduction

As a generalization of functions, M. Sato introduced the notion of hyperfunctions
in [10] and [11]. Let V' be an open set in R™ and § a complex neighborhood of V'
in C" such that V= R" N Q. Let Ocn denote the sheaf of complex holomorphic
functions on C™. He showed that the relative cohomology group Ht,(Q; Ocn) of
Ocr with supports in V' vanishes for p # n. He then defined a hyperfunction as
an element of the relative cohomology group

B]Rn’l(v) = H‘T/L(Q, O(Cn).

He also showed that Bgn i is a flabby sheaf on R™. It is well known that hyper-
functions are more natural and useful than distributions for studying linear partial
differential equations with real analytic coefficients. In particular, the study of sin-
gularities of hyperfunctions in the cotangent bundle T*R™ plays an important
role. In order to realize this, the notion of microfunctions was introduced, and the
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theory of hyperfunctions and microfunctions has vastly developed into a field
known as algebraic analysis [12].

Inspired by the work of Hamilton and Clifford on quaternions, Segre intro-
duced the notion of multicomplex numbers in 1892. Let L be a positive integer
and Cy = R. The multicomplex algebra is defined inductively as follows:

Cp = {Z = wy +waiy |wy,wy € Cp_1},

where 77, is a new imaginary unit that is independent of and commutes with the
elements i1,149,...,i5,_1. For L = 2, Cy corresponds to the bicomplex algebra BC.
Since Cy, is a commutative ring with non-trivial zero divisors in the case L > 2,
the study of multicomplex functions is more difficult than that of complex func-
tions. Nevertheless, we can define the notion of holomorphicity of multicomplex
functions in a manner similar to that of complex functions. The study of multi-
complex holomorphic functions is called multicomplex analysis. The reference [8]
is a fundamental textbook on this subject. See Sections 2.1 and 2.2 for a quick
review. For L = 2, the references [4] and [9] are also fundamental. See [6] and [7]
for the author’s recent works in bicomplex analysis.

In multicomplex analysis, the idempotent representation plays an important
role. For L > 2, setting

1+ir_qip ol 1—ip_qig

eL= "% e T T

e, and eTLL are idempotent elements satisfying eLeTLL = 0 and eL,eTLL ¢ Cp_q.

Then every multicomplex number Z = wi4wsiy, € Cp can be uniquely represented
by
Z =T, e+ 7 fLeTLL,

where Zo, = wy — waig_1, Z ol = = wy + woir_1 € Cp_1. Furthermore, every
mul‘mcomplex holomorphic functlon F can be locally expressed as

(1.1) F(Z) = Fo,(Ze,Jer + F 1. (Z 1. )el",
L L

where Fe, and F_; i are multicomplex holomorphic functions dependent only on
the Varlables Zo; and Z i o respectively. The idempotent representation (1.1) is
one of the significant propertles of multicomplex holomorphic functions. From the
idempotent representation (1.1), several fundamental properties of multicomplex
holomorphic functions can be immediately derived inductively by applying prop-
erties of multicomplex holomorphic functions to the coefficients of ey, and eEL
Inspired by the work of Colombo et al. on bicomplex hyperfunctions in [2],
A. Vajiac and M. B. Vajiac introduced the notion of one-variable multicomplex
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hyperfunctions in [14]. Let V be an open set in R and 2 a multicomplex neighbor-
hood of V in Cy, such that V=R N. Let Oc, denote the sheaf of multicomplex
holomorphic functions on Cp. They showed that the relative cohomology group
HY (€ Oc, ) of Oc, with supports in V vanishes for p # 2% —1. They then defined a
one-variable multicomplex hyperfunction as an element of the relative cohomology

group
Be.o (V) =H2 10 0c,).

They also showed that Bg 1, is a flabby sheaf on R and the duality theorem.

In this paper we establish a theory of multicomplex hyperfunctions of several
variables. Let V be an open set in R™ and 2 a multicomplex neighborhood of V'
in C} such that V"= R" N Q. Let O¢; denote the sheaf of multicomplex holo-
morphic functions on C}. Applying functorial techniques, we first prove that the
relative cohomology group H?, (€ Ocr ) of Ocp with supports in V' vanishes for
p # (21 — 1)n. Based on this result, we define a multicomplex hyperfunction of
several variables as an element of the relative cohomology group

Ben 1 (V) = H ~"(0;Ocy).

We also prove the idempotent representation theorem for these hyperfunctions.
By the idempotent representation, we can immediately derive some of their fun-
damental properties of multicomplex hyperfunctions, such as flabbiness. In [5],
the essential ideas were explained and these results were previously proved only
for the affine case with L = 2. In contrast, this paper goes further by develop-
ing our study on multicomplex manifolds and establishing a detailed microlocal
theory. We begin by introducing the notion of multicomplexification of a real ana-
lytic manifold in Section 2.3 and subsequently develop a theory of multicomplex
hyperfunctions on a real analytic manifold in Section 3. Furthermore, we estab-
lish a microlocal theory for these hyperfunctions, in which we define the notion of
multicomplex microfunctions of several variables on a real analytic manifold and
prove some of their fundamental properties in Sections 4 and 5. The argument of
Sections 3, 4 and 5 is parallel to that of [5, Sections 3, 4, 5], which studied the
affine case with L = 2. However, the results are generalized to the multicomplex
manifold case. Finally, in Section 6, we study several operations on multicomplex
hyperfunctions and microfunctions, such as linear differential operators, microlocal
operators, conjugations, the inverse image, products and the direct image. As in
the classical theory, the results of this paper will serve as a foundation for future
developments in multicomplex analysis.
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§2. Preliminaries
§2.1. Multicomplex numbers

In this subsection we review the definition and fundamental properties of multi-
complex numbers. For more details, we refer to [8].

Let R be the field of real numbers, and set Cy = R. Also let L be a positive
integer. We inductively define the multicomplex algebra of level L by the quotient
ring

Cr=Cr 1[X]/(X*+1)
of the polynomial ring with coefficients in C;,_;. Denoting the equivalence class of
the indeterminate X by iy, Cp, is isomorphic to the commutative algebra

Cr = {Z = wy + woty | wy,Wa € (CL_l}

generated by Cy,_1 and i. Here, iy, is considered as a new imaginary unit that is
independent of and commutes with the elements iy,49,...,45_1:

ir @Cp_1, dgip =ipig (0=1,2,...,L—1), i%=—1.

The set C; (resp. Cy) is the field of complex numbers (resp. the ring of bicomplex
numbers), which is also denoted by C (resp. BC). We call an element of Cp a
multicomplex number of level L. For example, a multicomplex number of level 3
is represented by
Z = w1 + waiy
= 21 + 20i2 + 2313 + 24i203

=21 + Y101 + X2l + Yairis + T3tz + Ystiis + Talols + Yalitais,

where wy,wy € Co, 21,22, 23,24 € C1, 21,91, T2, Y2, %3, Y3, T4, Y4 € Co. In general,

for/ =0,1,2,...,L—1, amulticomplex number Z of level L is uniquely represented
by
L
Z = Z Z(Oé/z+17---,OcL) H Z?] (Z(ae+1,-~~70¢L) € Cy).
(apgryear)€{0,1} L~ Jj=t+1

Thus, Cy, is isomorphic to C§L4 ((=0,1,2,...,L — 1) as a ring.

For L > 2, the multicomplex algebra C;, of level L is neither a field nor an
integral domain. Set &; = {0}. The set of zero divisors of Cy, with 0 is inductively
represented by

S = {Z =w; +weif, € Cp, | ’LU% —|—w§ € GL—l}-

Note that in Cp,, being a zero divisor is equivalent to being a non-unit element.
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Setting
_ 1tipaig i 1—ip qig

er, 2 ) eL 9 )

er, and eTLL are idempotent elements satisfying eLeTLL = 0 and eL,eTLL ¢ Cp_;q.
Every multicomplex number Z = w; + wsiy, of level L has the idempotent repre-
sentation

Z=Zo,e1+ 72 el
where Zo, = w1 — wair_1, ZeTL = w1 +wair_1 € Cp_1. For example, a multi-
complex number of level 3 is reLpresented by
Z = Zeyes + Z el?

= (Zey)es€203 + (Zoy) 20 €3 + (2,13 )ee2el’ + (Z 1) 1€} el
2 3 3 2

In general, for £ =1,2,..., L — 1, we set

AL = [T 0.1}

j=+1
For I = (Aey41,..., A1) € A(L,£), we also set

I VS| AL
er=e, ---er’.

Note that e? = e; holds for I € A(L,/), e;e; = 0 holds for I,J € A(L,¢) with
I # J,and ZleA(Lj) e; = 1. Then a multicomplex number Z of level L is uniquely
represented by a linear combination of {er};eca(r,¢) With coefficients in C,:

(2.1) Z= Y Zeer (Ze €Cy).
IEA(L,L)

We also call (2.1) the idempotent representation of Z. By the idempotent repre-
sentation (2.1), we have the following natural isomorphism as a ring:

(CL’: @ Cgej.

TEA(L,L)

For each index I € A(L, £), we define the surjective ring homomorphism ®., : C, —
Cy by ®e,(Z) = Ze, of (2.1).

Let m be a positive integer. In the case of several multicomplex variables, we
also define the maps ®,,: C7* — C}* for I € A(L, %) by

Do, (Z) = (Bo,(Z1), ..., Be,(Zn)) (Z = (Z1,...,2%m) €CP).
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Then Z € C7 has the idempotent representation

Z= Y & (2.

IEA(L,C)

In order to emphasize components, we may identify the image of a point by
®,, with a point on the ej-axis Cj'er in C7'. Namely, we may use the nota-
tion ®e,(C7) = CJ’er and so on. Then we have the following isomorphism as a
ring:

(2.2) Cr~ @ Cper.
IEA(L,Y)

We call (2.2) the nesting property of C7’, which is one of the most important
structures of C*. Note that the idempotent representation (2.1) and the nesting
property (2.2) depend on the definition of e; and e;r-j (j = 2,...,L). Although
there are several possible definitions, in this paper we adopt the standard one
following [8].

§2.2. Multicomplex holomorphic functions

In this subsection, we review fundamental definitions and results in multicomplex
analysis. For more details, we refer to [8].

We denote the standard Euclidean norm on C by || - ||1. For any multicomplex
number Z = w; + wyir, € Cp, of level L, we inductively define the norm || 7], of
Z by

120z = /el + a3y
This norm induces a topology on Cjp, which is isomorphic to the Euclidean
space C2°"". In general, C, is isomorphic to C%Lié for ¢ = 0,1,2,...,L — 1 as
a topological space. Moreover, the map ®,, is continuous and open for any index
IeA(LY).
Let Q C Cp be an open set, F': @ — Cp a multicomplex function on 2, and
Zy € Q. We say that F' is multicomplex differentiable at Zj if the limit

L F(2) = F(Z)
Z—Z Z — Zy
Z—-Z0¢S 1,

exists. We also say that F' is multicomplex holomorphic on €2 if F' is multicomplex
differentiable at any point of 2. We denote the set of multicomplex holomorphic
functions on 2 by O¢, (2). Then O, is a sheaf on Cp,.

The idempotent representation of multicomplex holomorphic functions plays
an important role in multicomplex analysis. Let F' be a multicomplex function
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on 2. By the idempotent representation, we have
F(Z) = FeL (Z)eL + Fe;l‘ (Z)eTLL7

where Fe, and F olz are Cr_1-valued functions of two variables in C;_7. The
following theorem called the Ringleb-type theorem, is one of the most important
results in multicomplex analysis.

Theorem 2.1. Assume that the fibers of ®e, | and @ i | are connected. Then
Fis multicomplex holomorphic on  if and only if Fe, (TeLsp. FezL) is multicomplex
holomorphic on ®e, () (resp. (I)eTLL (Q2)) of one variable with respect to Ze, (resp.
ZeTL). Furthermore, any multicomplex holomorphic function F' on ) is analytically
coétinued to gt (Pe, (2)) N @;fL ((I)e;L (Q)) and we have

F(Z) = Fo,(Ze,)or + F 1 (Z,1 )el?

In general, let F' be a multicomplex function on Q. For £ =1,2,..., L —1, by
the idempotent representation, we have

F(Z)= Z Fe,(Z)er,

TEA(L,0)

2L—£

where each Fg,: 2 — C, is considered as a Cy-valued function of variables

in Cy. Then we have the following general theorem.

Theorem 2.2. Assume that the fibers of ®e,|q are connected for any index I €
A(L,0). Then F is multicomplex holomorphic on Q if and only if Fe, is multi-
complez holomorphic on @e, () of one variable with respect to Ze, for any index
I € A(L,?). Furthermore, any multicomplex holomorphic function F on Q) is ana-
lytically continued to (\;cp(r,.0 D (Pe, () and we have

F(Z) = Z Fe,(Ze,)er.

TeA(L,0)

By Theorem 2.2, we can immediately derive fundamental properties of multi-
complex holomorphic functions of one variable, such as Taylor’s theorem and the
principle of analytic continuation.

In the terminology of sheaves, Theorem 2.2 can be described as the following
isomorphism of sheaves on Cy,:

OCL = @ (I);Il (Oczel)ef

TeA(L,0)
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Let m be a positive integer. In the case of several multicomplex variables,
let © C C}7' be an open set, and F': @ — C; a multicomplex function on 2.
We say that F' is multicomplex holomorphic on €2 if and only if F' is partially
multicomplex holomorphic in each variable on (2. We denote the sheaf of multi-
complex holomorphic functions of several variables by Ocr. Then we also have
the following isomorphism of sheaves on C7':

(2.3) O(yLn o~ @ ‘be_ll(O(czneI)e[.
TEA(L,E)

We call (2.3) the nesting property of Ocm, which is one of the most important
structures of Oc¢y in multicomplex analysis.

§2.3. Multicomplexification of a real analytic manifold

In this subsection we introduce the notion of multicomplexification of a real ana-
lytic manifold. Since there appears to be no literature on multicomplex manifolds,
we provide some naive explanations on them here. For the bicomplex case, we refer
to [1].

Let L and m be positive integers. We say that a topological space X is an
m-~dimensional multicomplex manifold of level L if X has an atlas of charts to
open sets in the multicomplex space C7* and all transition maps are multicomplex
holomorphic of level L. In the case L = 1, a multicomplex manifold of level 1 is
just a complex manifold.

Let X be an m-dimensional multicomplex manifold of level L. For any point
Zj, there exist a neighborhood 2 of Z; and an injective multicomplex holomorphic
map ¢: Q@ — C7 of level L. Let us fix £ € {1,2,...,L — 1}. For each I € A(L,?),
we denote p~!(Cl'er) by Xres. By the Ringleb-type theorem, Xre; is an m-
dimensional multicomplex manifold of level ¢, and 2 is an open submanifold of
HleA(LJ) Xrer. We denote HIEA(L,Z) Xrer by @IE,\(LJ) Xre; corresponding to
the idempotent representation (2.2). In this manner, a multicomplex manifold of
level L is locally represented by a product of multicomplex manifolds of level £.
Note that this decomposition does not always hold globally.

Conversely, let £ € {1,2,...,L — 1}, and X; an m-dimensional multicomplex
manifold of level ¢ for each I € A(L,¥). Then by the Ringleb-type theorem the
product X = [];c A(L,0) X7 is considered as a multicomplex manifold of level L,
which can also be denoted by @ ¢ r,,r) Xrer. For each I € A(L,£), we define the
map Pe, : X — X7 by the natural projection. In order to emphasize components,
we may identify the image of a point by ®e, with a point of the e;-axis X;e; in
X. Namely, we may use the notation of ®¢, (X) = Xrey and so on. We denote the
sheaf of multicomplex holomorphic functions on X by Ox. Then, by the Ringleb-



MurTicOMPLEX HYPERFUNCTIONS AND MULTICOMPLEX MICROFUNCTIONS 803

type theorem, we have the following isomorphism of sheaves on X:

(2.4) Ox~ P @ (Oxe er.
TeA(L,0)

We call (2.4) the nesting property of Ox.

Next we define the notion of multicomplexification of a real analytic manifold.
Let M be an m-dimensional real analytic manifold. We say that X is a multicom-
plexification of level L of M if X is an m-dimensional multicomplex manifold of
level L, M is a real analytic submanifold of X (more precisely, the underlying
real analytic manifold of X)), and for any point € M there exist a multicomplex
neighborhood €2 of  and an injective multicomplex holomorphic map ¢: Q@ — C7
of level L such that M NQ = p~1(R™).

We see that a multicomplexification of level L of M always exists as follows.
Let us take a complexification X of M, which is known to always exist and to be
unique around M as a germ. Then

(2.5) X = @ Xoer
)

TeA(L,1

is a multicomplexification of level L of M. For the sake of simplicity, we here-
after assume that a multicomplexification is this standard one (2.5). Although
this assumption is not essential, the standard multicomplexification has the fol-
lowing important properties. Let us fix £ in {1,2,...,L — 1}. Since we have
A(L,1) = A(4,1) x A(L,¢) and e; = ey ey, for I = (I1,15) € A((,1) x A(L,¢), for

each I € A(L,?),
XI = @ XoeJ
JEA(L1)
is a multicomplexification of level £ of M. Then the standard multicomplexification
X of level L of M, defined by (2.5), is naturally and globally represented by the
product of multicomplex manifolds of level ¢:

(26) X = @ X]E].

TeA(L,0)

We call (2.6) the nesting property of X. Note that in this case, the isomorphism
(2.4) on the sheaf Ox also holds. Moreover, the real analytic manifold M is embed-
ded into the diagonal of the product (2.6):

M —s @ Me; — @ Xrer = X.
TeA(L,L) TeA(L,L)



804 Y. Marsul

§2.4. Functorial study of classical hyperfunctions and microfunctions

In this subsection we review a functorial study of classical hyperfunctions and
microfunctions in the derived category of sheaves. For the theory of derived cate-
gories, we refer to [3] and adopt its terminology. We also consider [3] and [12] as
fundamental references for the results presented here. For a more detailed review,
see also [5].

Let M be a real analytic manifold of dimension m, and X, a complexification
of M. A (complex) hyperfunction is a generalized function described as a finite
formal sum of boundary values of complex holomorphic functions. In the derived
category D?(M), the sheaf of (complex) hyperfunctions By 1 corresponds to the
complex R (Ox,)|m[m]®@ory, x,. Here, Ox, denotes the sheaf of complex holo-
morphic functions on Xy, and orps, x, denotes the orientation sheaf. The following
properties are well known.

Theorem 2.3. We have the following properties:

(i) The complex RI'y(Ox,)|ar is concentrated in degree m.
(ii) The sheaf By,i = H™(RI'v(Ox,)|m) ® oragyx, is flabby on M.

It is also well known that the complex RI'n (Og?(;n;g(o)m x, 1s concentrated

in degree m and is quasi-isomorphic to the sheaf DY of differential operators of
infinite order on X. Here, (’)g?;ng(o denotes the sheaf of m-forms in the second
variables with coefficients that are holomorphic functions, and Ay, denotes the
diagonal set of Xy x Xj, which is identified with X,. Note that By is a left
DY, | m-module.

A (complex) microfunction is a microlocal object for a (complex) hyperfunc-
tion, and it is described as the singularities of the latter in the conormal bundle
Txy: TiXo — M to M in Xo. Let T3, Xo = Ti;Xo \ M, and 7y, denotes the
natural projection T;(/IXO — M. In the derived category DP? (T3 X0), the sheaf of
(complex) microfunctions Cps 1 corresponds to the complex pa(Ox,)[m]. Here,
par: DY(Xo) — DY(T3;Xo) denotes the microlocalization functor along M. The
following properties are well known.

Theorem 2.4. We have the following properties:
(i) The complex up(Ox,) is concentrated in degree m.
(ii) Let Carn = H™(pm(Ox,)) ® W;(iOTM/XO. The sheaf Cpr 1
flabby on T]’QXO. That is, its direct image on TZ’(/[XO/R"’ 1s flabby.

(iil) There exists an exact sequence of sheaves on M :

- is conicall
T3, Xo Y

(2.7) 0—>OX0‘M —>BM71 —>7:"X0*CM,1 — 0.
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(iv) There exists an isomorphism of sheaves on M :
~Y
sp: Bar,i = Txo«Ch 1.

The exact sequence (2.7) is called Sato’s fundamental exact sequence, and the
morphism sp is called the spectrum isomorphism.

It is also well known that the complex pa, (OE?OZL)XO) is concentrated in
degree m. We denote its m-th cohomology by 5;150 and call it the sheaf of microlocal
operators on Xy. Note that Cps ;1 is a left 5§0—module.

For a detailed study of Sato’s fundamental exact sequence (2.7), we consider
the normal bundle 7x,: Ty Xo — M to M in Xy and the specialization functor

var: DY(Xg) — Db (Tw Xo) along M. The following property is well known.

Theorem 2.5. Let Vm = H%wvun(Ox,)). There exists an exact sequence of
sheaves on Ty Xo:

(2.8) 0 — Apri — T Bara — (0%, )= (0%, ) "' Car1,

where p}o 1 (resp. p}o o) denotes the natural projection from

{0.6) € TuXo x Ty Xo | (0.6) > 0}
to TpXo (resp. Ty Xo).

The distinguished triangle in D?(T); Xo) that generalizes (2.8) via the Fourier—
Sato transformation is called Uchida’s triangle. See [13] for details. We call a section
of the specialization ;l;}/l a holomorphic function on an infinitesimal wedge. The
morphism b: ./Z_]\y}/] — T)}(}B]V[,l of (2.8), which is induced by id — T;(ORTXUI, is
called the boundary value morphism. By the boundary value morphism b, a hyper-
function is described as a finite sum of boundary values of holomorphic functions
on infinitesimal wedges.

§3. Multicomplex hyperfunctions

In this section we study multicomplex hyperfunctions by using functorial tech-
niques. Let L and m be positive integers. Let M be an m-dimensional real analytic
manifold, and X the standard multicomplexification of level L of M. Considering
the classical case, it is natural to study the complex RI'\(Ox) of sections of the
sheaf Ox supported in M in the derived category D?(X). In order to study this,
we consider the diagonal embedding

M —s @ Me; — @ Xre; =X
TeA(L,L) TeA(L,L)
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of M into X for £ =1,2,..., L—1. The idempotent representation of RI'y(Ox)|am
is induced by that of multicomplex holomorphic functions (2.4) in the derived
category DY(M).

Theorem 3.1. We have the isomorphism

(31) RIn(Ox)lu~ €D (@e;ln) ' RIne, (Oxe,)lre,er[— (2" — 2°)m]
TEA(L,0)

in DY(M).
Proof. By the idempotent representation (2.4), we have

RIy(Ox)lm~ @ RIu(®; Oxie,)lmer.
TEA(L,0)

For I € A(L,{), we consider the following commutative diagram where the
square is Cartesian:

M~ Merx P Xje,——X

JEA(L,L)
J#I
O Pe;
Do, M l‘bel
r|Mmep
Me;“———— Xjej.

Here, d is the diagonal embedding, and r is the natural embedding. Note that
e, |as is an isomorphism. Since P, is a topological submersion with fiber dimen-
sion (2L — 2¢)m, we have the isomorphisms

RIv(®5) Oxyep) i = (r o d)' @, Ox, o[- (2" — 2)m]
=~ ((I)GI|M)!(T|MEI)!OXIQI [_(2L - 2é)m]
= ((DBI|M)71RFMGI (OX161)|M61 [_(QL - 2Z)m]

Therefore, we obtain (3.1). O

By Theorems 2.3(i) and 3.1 with £ = 1, we can prove a vanishing theorem for
the complex RIn (Ox)|m-

Theorem 3.2. The complex R (Ox)|ns is concentrated in degree (28 — 1)m.

By Theorem 3.2, we define the notion of multicomplex hyperfunctions of sev-
eral variables.
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Definition 3.3. We define the sheaf of multicomplex hyperfunctions of level L
on M by

Bur = H D™ (R (Ox)|ar) © orag x-

We call a section of Bjs,;, a multicomplex hyperfunction of level L.

Note that in the affine and one variable case Vajiac—Vajiac proved Theorem
3.2 and defined the notion of multicomplex hyperfunctions of one variable in [14].

By Theorems 3.1 and 3.2, we obtain the idempotent representation theorem
of nesting type for multicomplex hyperfunctions.

Theorem 3.4. We have the following isomorphism of sheaves on M :

(3.2) B, =~ @ (e, [ar) ™" Base, cer.
TEA(L0)

We call (3.2) the nesting property of Bjs . Theorem 3.4 implies that any
multicomplex hyperfunction of level L is represented by a linear combination of
ey with coefficients that are multicomplex hyperfunctions of level £. In particular,
in the case of £ = 1, any multicomplex hyperfunction of level L is represented by a
linear combination of e; with coefficients that are classical complex hyperfunctions.
As a corollary of this principle, we can immediately derive several fundamental
properties of multicomplex hyperfunctions by applying the properties of classical
complex hyperfunctions to the coefficients of e;. For example, we can prove the
flabbiness of the sheaf By, by that of the sheaf By ;.

Theorem 3.5. The sheaf By 1, is flabby on M.

Furthermore, we can define several fundamental operations for multicomplex
hyperfunctions, such as linear differential operators with multicomplex coeflicients,
conjugations, substitution, products and integration along fibers. See Section 6 for
details. On the other hand, an explicit description of multicomplex hyperfunctions
using the relative Cech cohomology group is outside the scope of this paper and
reserved for future work.

§4. Multicomplex microfunctions

In this section we study the microlocal aspects of the theory developed in Section 3.
Let L and m be positive integers. Also let M be an m-dimensional real analytic
manifold, and X the standard multicomplexification of level L of M. In this section
we consider X as a real analytic manifold and the conormal bundle 7: T3, X —
M to M in X. Let T]*V[X = T3, X \ M, and 7 denotes the natural projection
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TJ*\‘/IX — M. Considering the classical case, it is natural to study the microlocal-
ization pp(Ox) of Ox along M in the derived category D®(T},;X). In order to
study it, we consider the diagonal embedding

M —s @ Me; — @ Xre; =X
TeA(L,L) TeA(L,L)

of M into X for £ =1,2,...,L — 1, and the morphisms

tp! &
* °r * erm *
TiX 5 M x T, Xrer =5 Tire, Xrer
I

induced by the map ®., for I € A(L,¥¢). Note that e, is an isomorphism and
tq>;1 is a closed embedding. Then the idempotent representation of pp(Ox) is
induced by that of multicomplex holomorphic functions (2.4) in the derived cate-
gory DY(T5, X).

Theorem 4.1. We have the isomorphism

(4.1) i (Ox)~ P 10,00  iate; (Ox,e)[— (25 — 2)m]e;
TeA(L,0)

in DY(T3 X).
Proof. By the idempotent representation (2.4), we have

MM(OX) = @ MM((be_IloxleI)eI'
TEA(L,0)

Since ®,, is a topological submersion with fiber dimension (2% — 2¢)m, @, is an
isomorphism and t<I>/e , is a closed embedding, we have the isomorphisms

UM(q);Iloxfel) = HM((I)LI OXIeI [_(2L - 2Z)m])
= tq)lel*q)!em-ul\/[ez (OXIeI)[_(2L - 2é>m]
/ _
=~ t(I)eI*(I)eflﬂ'lu‘MeI (OXIGI)[_(2L - 2€)m]

by [3, Proposition 4.3.5]. Therefore, we obtain (4.1). O

By Theorems 2.4(i) and 4.1 with £ = 1, we can prove a vanishing theorem for
the complex up(Ox).

Theorem 4.2. The complex iy (Ox) is concentrated in degree (28 — 1)m.

By Theorem 4.2, we define the notion of multicomplex microfunctions.
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Definition 4.3. We define the sheaf of multicomplex microfunctions of level L
on Ty, X by
Care = H® "D (ups (0x)) ® 7 lorayx.

We call a section of Cps,, a multicomplex microfunction of level L.

By Theorems 4.1 and 4.2, we obtain the idempotent representation theorem
for multicomplex microfunctions.

Theorem 4.4. We have the following isomorphism of sheaves on Ty, X :

(42) CM,L =~ @ tq);I*(I)gzlrrCMeheel'
TeA(L,0)

We call (4.2) the nesting property of Cas .. Note that we also obtain (4.2)
by applying the functor Rm, to (3.2). Theorem 4.4 implies that any multicom-
plex microfunction of level L is represented by a linear combination of e; with
coeflicients that are multicomplex microfunctions of level £. In particular, in the
case of £ = 1, any multicomplex microfunction of level L is represented by a lin-
ear combination of e; with coefficients that are classical complex microfunctions.
As a corollary of this principle, we can immediately derive several fundamen-
tal properties of multicomplex microfunctions by applying properties of complex
microfunctions to the coefficients of e;. For example, we can prove the flabbiness
of the sheaf Cas 1, by that of the sheaf Cas 1. In order to state it explicitly, we note
that the natural action of R* on T}, X, induces an action of (RT)2""" on Tj, X
via '@, with £ = 1.

Theorem 4.5. The sheaf CM,L‘T;/IX s multiconically flabby on TZ’\}X.

Moreover, by Theorems 2.4 and 4.4, or functorial properties of the microlocal-
ization functor pys in [3], we also obtain the Sato-type fundamental exact sequence
and the spectrum isomorphism for multicomplex hyperfunctions and microfunc-
tions.

Theorem 4.6. We have the following properties:

(i) There exists an exact sequence of sheaves on M :
0— OX‘M — BM,L — 7:r*CM,L — 0.
(ii) There exists the spectrum isomorphism on M :

(43) Sp: BM,L l>7'('>,<CJV[7L.
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As a corollary of the spectrum isomorphism (4.3), we obtain a simpler descrip-
tion of the sheaf of multicomplex microfunctions. See [5] for details. Furthermore,
we can define several fundamental operations of multicomplex microfunctions, such
as microlocal operators, conjugations, substitution, products, integration along
fibers. See Section 6 for details.

Finally, we define the notion of the singularity spectrum of a multicomplex
hyperfunction.

Definition 4.7. Let u be a multicomplex hyperfunction of level L. We denote
the support of its spectrum sp(u) in 75, X by SS(u) and call it the singularity
spectrum of u. We say that u is micro-analytic at (z;Z) € T5, X if (z;2) ¢ SS(u).

By Theorem 4.4, an estimate of the singularity spectrum of a multicomplex
. . . ’ _ % .
hyperfunction is obtained. Note that the set ;e (z,0) Ly, (Pg (Thre, Xre1)) I8

erm
smallest in T3; X when £ = 1.

Theorem 4.8. Let u be a multicomplex hyperfunction of level L on M. The sin-
gularity spectrum SS(u) of u is contained in

4 — *
(4'4) U t(bej ((Dejlﬂ'(TMQIXIeI))
TeA(L,1)

in Ty, X. In particular, every multicomplex hyperfunction is micro-analytic at each
point of the outside of (4.4).

§5. Boundary value morphism and multicomplex hyperfunctions

In this section we explicitly describe the boundary value morphism for multicom-
plex holomorphic functions. Let L and m be positive integers. Also let M be an
m-~dimensional real analytic manifold, and X the standard multicomplexification
of level L of M. In this section we also consider X as a real analytic manifold
and the normal bundle 7: T)y X — M to M in X. Considering the classical case,
it is natural to study the specialization v;;(Ox) of Ox along M in the derived
category D¥(T)sX). In order to study it, we consider the diagonal embedding

M — @ Me; — @ Xer=X
IeA(L,¢) IeA(L,?)

of M into X for ¢ =1,2,...,L — 1, and the morphism

TM(I)eI : TMX — TMeIX]eI
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induced by the map ®., for I € A(L,¢). Note that ThsPe, is smooth. Then the
idempotent representation of vy (Ox) is induced by that of multicomplex holo-
morphic functions (2.4) in the derived category D?(TyX).

Theorem 5.1. We have the isomorphism

(5.1) vm(Ox)~ B (Tu®e,) 'vare, (Oxye;)er
TEA(L,L)

in DTy X).
Proof. By the idempotent representation (2.4), we have

vu(Ox)~ @ vm(®@. ' Ox,e,)er-
TEA(L,0)

Since P, is a topological submersion, by [3, Proposition 4.2.5], we have the iso-
morphism

v (. Oxe;) = (Tr®e,) 'var(Oxyey)-
Therefore we obtain (5.1). O

We define the notion of multicomplex holomorphic functions of level L on
infinitesimal wedges.

Definition 5.2. We define the sheaf of the specialization of multicomplex holo-
morphic functions of level L by

At = HO(var (Ox)).

We call a section of Ay 1 a multicomplex holomorphic function of level L on an
infinitesimal wedge.

By Theorem 5.1, we obtain the idempotent representation theorem for the
specialization of multicomplex holomorphic functions.

Theorem 5.3. We have the following isomorphism of sheaves on Ty X :

(5.2) Avr~ @ (Tude) " Ane,cer
IeA(L,0)

We call (5.2) the nesting property of Aps . Theorem 5.3 implies that any
multicomplex holomorphic function of level L on an infinitesimal wedge is rep-
resented by a linear combination of e; with coefficients that are multicomplex
holomorphic functions of level ¢ on infinitesimal wedges. In particular, in the case
of / = 1, any multicomplex holomorphic function of level L on an infinitesimal
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wedge is represented by a linear combination of e; with coefficients that are clas-
sical complex holomorphic functions on infinitesimal wedges. As a corollary of
this principle, we can immediately derive several fundamental properties of multi-
complex holomorphic functions on infinitesimal wedges by applying properties of
complex holomorphic functions on infinitesimal wedges to the coefficients of e;.

By Theorem 2.5, or the abstract Uchida triangle in [13], we obtain the Uchida-
type fundamental exact sequence for the multicomplex specialization and the
sheaves of multicomplex hyperfunctions and microfunctions. Let p (resp. p3)
be the natural projection from

Pt ={(H,E) e TuX A>§[TLX | (H,E) >0}
to Tpy X (vesp. T3, X).

Theorem 5.4. There exists an exact sequence of sheaves on Thy X :

—_—~—

(5.3) 0— AM,L — TﬁlBML — (pi"_)*(p;r)ilc]u,]d.

See [5] for the outline of the proof. Note that the morphism b: .,/4_1\\/[/,; —
77 1Bz of (5.3) is induced by id — 7'R7. We call b the boundary value mor-
phism. By the boundary value morphism b, a multicomplex hyperfunction is
described as a finite sum of boundary values of multicomplex holomorphic func-
tions on infinitesimal wedges.

§6. Several operations of multicomplex hyperfunctions
and multicomplex microfunctions

In this section we establish fundamental operations for multicomplex hyperfunc-
tions and microfunctions. These operations are a natural generalization of the
corresponding ones in the theory of complex hyperfunctions and microfunctions.

§6.1. Linear differential operators

In this subsection we study the action of linear differential operators on multi-
complex hyperfunctions. Let L and m be positive integers. Also let M be an
m-~dimensional real analytic manifold, Xy a complexification of M, and X the
standard multicomplexification of level L of M. Considering the classical case, it
is natural to study the complex RI'a (Oﬁ?f}@ﬂ Ay of sections of the sheaf (’)E?’X”Q
supported in the diagonal set Ax of X x X in the derived category D*(X). Here,
Og((),xm)g denotes the sheaf of m-forms in the second variables with coefficients that

are multicomplex holomorphic functions on X x X, and we identify the diagonal
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set Ax with X. Note that the nesting property (2.6) of X induces that of X x X.
In the same way as in Theorem 3.1, we obtain the isomorphism

0,m) 0,m
(6.1) RIac(OT)ax =~ @D @RIy, (07 )ax,erl—(2F = 2°m]
IeA(L,E)

for £ = 1,2,...,L — 1. By the classical result and (6.1) with £ = 1, we prove
that the complex RIA ((’)g?’xm)g)mx is concentrated in degree (2° — 1)m. Thus we
define the sheaf DS of differential operators of infinite order on X by

— 0,m
DY = H®" U™ (Rac (OX3R)]ax):
By (6.1) and the vanishing result, we obtain the idempotent representation

(6.2) ~ P 2 'DF.er

TEA(L,0)

of D¥. We call (6.2) the nesting property of DY.
Since By, is a left D \ m-module, this action induces a natural action of
¥ |am on By, in the general case via the idempotent representation as follows:

DRI @Bur~ @ (95, DFe,)m @ (Pe;ln)” Buse, 101

TEA(L,1)

= @ (¢)61|M)_1(D?0e1|Me1 ®BM8171)e1
IEA(L,1)

— @ Do, |ar) " Bare, 161 =~ Burr-
IEA(L,)

Note that this action does not enlarge the singularity spectrum of a hyperfunction.
By definition, the action of DS |y on By is compatible with the idempotent
representation for £ =1,2,..., L — 1:

D%O|M®BM,L BM,L
1 1

B (@e ) (DR e, lrte; @ Buert)er —— D (@e; ) Buses cer
TEA(L,L) TEA(L,L)

Let m: Ty, X — M (resp. mo: T7;Xo — M) be the conormal bundle to M in X
(resp. Xo). Since Cpz1 is a left 7r0_1(D§(°0|M)—module, this action induces a natural
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action of 7 ~1(DS|ar) on Car,r in the general case via the idempotent representa-
tion as follows:

m DR)®Cur > @ (P DRe,) ) ® VL, B Carey 1€
TEA(L,1)

~ P D (7 (DRe, Inrer) ® Chrer 1)er
TeA(L,1)

tal a1 N
- @ (I)ej*q)eIwCMej,lel - CM,L'
IeA(L,1)

By definition, the action of 771 (D$|ar) on Cay, 1, is compatible with the idempotent
representation for / = 1,2, ..., L — 1:

(D) ® Cur Cur
1 1
@ t¢/e]*¢;]];7(ﬁ;(}(p%olef|MeI)®CMeI7€)eI4> @ tq)/ej*q)gjlﬂcMeI7eeI'
IeA(L,0) IeA(L,0)

Here, 7x, : Tf\}e,XIeI — Mey denotes the conormal bundle to Mey in Xrej.

§6.2. Microlocal operators

In this subsection we study the action of microlocal operators on multicomplex
microfunctions. We inherit the setting of Section 6.1. Considering the classical
case, it is natural to study the microlocalization ,uAX(Og?T)g)MX of the sheaf

OE?’Xm)g along the diagonal set Ax of X x X in the derived category D*(T*X). In
the same way as in Theorem 4.1, we obtain the isomorphism

0,m — 0,m
(63)  pua ORI = @ 0.0 na, (0%, Jerl (2" —29m]
TeA(L,0)

for ¢ =1,2,...,L — 1. By the classical result and (6.3) with £ = 1, we prove that
the complex pia (Oﬁ?f}@)m . is concentrated in degree (2 — 1)m. Thus we define

the sheaf ¥ of microlocal operators on X by
L m
EF = HC" ™ (ua (OFER))-
By (6.3) and the vanishing result, we obtain the idempotent representation

(6.4) X~ P 0L, E% o e
IeA(L,¢)

of £%. We call (6.4) the nesting property of £x.
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Since Cpr,1 is a left S?éo—module, this action induces a natural action of £% on
Cum,r in the general case via the idempotent representation as follows:

R ~ tF/ —1 ¢oR tF/ -1
SX ®CM7L - @ (I)eI*(I)eITrSXOeI & (I)eI*(I)eIﬂ'CJ\/feI,leI
IeA(L,1)

@ tq)é]*q)gfgr(gggoe] & CMeI,l)eI
TEA(L,1)

tx/ —1
- @ (I)epkq)eanMeI,leI 2CJVI,L~
TEA(L,1)

R

By definition, the action of Sg‘é on Cy, 1, is compatible with the idempotent repre-
sentation for { =1,2,..., L — 1:

EX ®Cur Cm,L
1 1R
@ t‘b,el*q);ll‘lr(gg{é]ej ®CMeI;€)eI — @ t‘b/el*‘l);llﬂ_CMe“geI.
IeA(L,0) IeA(L,0)

A more detailed study of microlocal operators and microdifferential equations will
be presented in future work.

§6.3. Conjugations

In this subsection we study the conjugations of multicomplex hyperfunctions and
microfunctions. The multicomplex algebra C; admits several conjugations, but
here we focus only on the conjugations f; with respect to the imaginary units %,
for j = 1,..., L. We inherit the setting of Section 6.1. For each j = 1,2,..., L,
by shrinking X if necessary, we may assume that the conjugation {; induces a
multicomplex anti-holomorphic map ¢;: X — X satisfying ¢y = idas and ¢; o
¢j = idx, and the homomorphism

(6.5) ti: Ox — ¢;'Ox, F(Z)— F'i(2Z) = (F(Z%))".

The map ¢; is naturally lifted to the map tcgz T, X — T3, X. By [3, Proposition
4.3.5] and the morphism t; in (6.5), there exists a natural morphism

t./
Cm,r — ¢;,.Cum,L-

This morphism defines the notion of the conjugation t; with respect to i; for a
multicomplex microfunction. Via the spectrum isomorphism, we obtain a mor-
phism

By, — Bu,r,
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and we can also define the conjugation f; with respect to ¢; for a multicomplex
hyperfunction. For a multicomplex hyperfunction u of level L on M, we have the
estimate

SS(ul?) = '¢/(SS(u)).

These conjugations allow us to define the notion of special-valued hyperfunc-
tions, which generalize classical real-valued hyperfunctions. They are expected to
be useful for studying the microlocal properties of differential equations in future
work.

Definition 6.1. Let u be a multicomplex hyperfunction of level L on M. For
¢ =0,1,...,L — 1, we say that u is Cy-valued if v = u+1 = ... = uft. We also

say that u is multihyperbolic-valued if u = (- -- ((uft)f2)...)fz.

In particular, a Cy-valued (resp. C;-valued) hyperfunction is also called a
real-valued (resp. a complex-valued) hyperfunction.

Let us study the compatibility of the conjugations with the idempotent rep-
resentation. Since we have

(F(ZW)h = 30 (Fe,(2d)))1ed,
TEA(L,L)

the morphism f; in (6.5) is induced by the composition of the conjugation of the
components Fe, and a permutation of the idempotent basis {er}rea(z,¢). Note
that, in particular, in the case £ = 1, the conjugations t2,..., 1 are nothing but
a permutation of the idempotent basis {e7}7ea(z,1)- Then for each I € A(L,£), we

have the commutative diagram

X—2 X

P
@eIJ l eI‘]

Cj .
Xrer %Xle/.

Therefore, we have the following commutative diagram:

Cu,L tC;‘*CJVI,L
[2 [2

tp/ -1 tap! -1 ¢/ 15
D 0.0 Cuercer —— D O, @7 Cy er
IeA(L,0) TEA(L,0) I =1
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By the spectrum isomorphism, we obtain the following commutative diagram:

B, 1 Bu.1,
[2 [
@ (Pe,|a1) " Base; c0r — @ (<I>e+j la) B 3

i er .
Mep Al
IEA(L,L) TEA(L,Y)

§6.4. Inverse image

In this subsection we study the inverse image of multicomplex hyperfunctions and
microfunctions, which is also called a substitution. Furthermore, in the case where
f is an embedding, the inverse image is also called the restriction. Let L, m and n be
positive integers. Let M (resp. N) be an m-dimensional (resp. n-dimensional) real
analytic manifold, f: N — M a real analytic map, and X (resp. Y') the standard
multicomplexification of level L of M (resp. N), chosen so that the multicomplex
holomorphic extension of f is well defined. We denote this extension by the same
letter f: Y — X. Let nx: T3, X — M (rvesp. my: THY — N) be the conormal
bundle to M in X (resp. N in Y'). Let us consider the morphisms

Ty < N x 15, x T x
M

induced by f. By [3, Proposition 4.3.5] and the natural morphism f~1Ox — Oy,
there exists a natural morphism

RY\f'Corr, — Cip-

This morphism defines the notion of the inverse image of a multicomplex micro-
function by f. More precisely, for a multicomplex microfunction u on an open set
U of Ty; X, if V is an open set of T3;Y such that tf" is proper on Y (supp(u)) N
(")~ (V), we can define the microfunction f*u.

Via the spectrum morphism, we obtain the natural morphisms
! . _ ! .
Rry R\ f ' Bar, — Ry R\ f7'Cor, — Ry Cnp =~ By.L.

The composition of these morphisms defines the notion of the inverse image of
a multicomplex hyperfunction by f. In order to explain the condition, let us set
K =Ker(*f': NxT3; X — T%Y). We denote by ¢; (resp. g2) the natural projection
M
from K to N (resp. the inclusion of K into N x T, X). Then we have the natural
M

isomorphism

! op —_ _ _ _
Ry R\ f ' Barp =~ Rangs ' fimy Basi-
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Thus, for a multicomplex hyperfunction v on M satisfying that ¢; is proper on
g3 " f-1(SS(u)), namely SS(u) N K is contained in the zero section of N x Tj, X,
M

which is isomorphic to N, we can define the hyperfunction f*u on N. In particular,
in the case where f is smooth, we can always define the inverse image. In general,
we have the estimate

SS(f*u) < 'f'(f7 1 (SS(w))).

Let us study the compatibility of the inverse image and the idempotent rep-
resentation. For ¢ = 1,2,...,L — 1, we consider the nesting properties X =
EBleA(L’Z) Xier and Y = ®IGA(L,Z) Yrer of X and Y, respectively. For each
I € A(L,?), we denote the restriction of f to Yye; by fr: Yrer — Xje;. Then
we have the commutative diagram

y—1 . x

@e{ J%’

Y[e[ L} X[E[.

By the Ringleb-type theorem, considering the morphism f~'Ox — Oy is equiv-
alent to considering the morphisms f;'Ox e, — Oyje, for any I € A(L,¥).
Associated with f, fr and ®e,, we have the commutative diagrams

TNY L TyuX

TN @ell J(TIW q>el
TN f1

Tne;Yrer —— Tye, Xreg,

TRY ¢ N x T5 X —— T3 X,

M
t t
o, ,JA T ] @ I]
tpr

I fITI'
N x Ty, Yier+——N x Ty, Xjef —— M x T3, Xrer.
Ney Mer Mey
Nej Mej Mey

Here, in the last diagram the right square is Cartesian. We also denote the natural
projections Ty, Xre; — Mej and T, Yre; — Nej by mx, and my,, respectively.
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By the functorial property of the specialization in [3, Proposition 4.2.5]|, we
have the commutative diagram

(TN )" om (25 Oxye)) ——————— v (f 105 Oxe))

2 VN(q);IlffloxleI)

(TNf)_l(TM(I)eI)_IVMeI(OXIEI) 2

(TN@GI)_I(TNfI)_IVJVIeI (OXIeI) — (TN(I)EI)_ll/NeI (f;lOXIeI)'

By the Fourier—Sato transformation, we have the commutative diagram

Rtfgffr_luM((I);IloXlel)[(zL - l)m] E— ,uN(f_lq)gjloXlel)[(QL - l)n}

Rtf;ffr_ltq)/e”:uﬂfel (OXIeI>[(2Z - 1>m] 2

tq):euRthI!fI_‘;rlll'JVIez (OXzez)[(Qé - 1)m] —_— tq)/e”/uNel (fl_loxlel)[(zé - 1)”]

Here, we omit the morphisms @, » since they are trivial isomorphisms. By combin-
ing this diagram with the morphism f~'Ox — Oy, we obtain the commutative

diagram
RYf\fCur Cn.L
<6.6) ta/ ltz /-1 t lzz
@ o, R'f11f1 Crrey €1 — @ P, Cne; c€1-
TEA(L,0) TEA(L,0)

By the commutativity of diagram (6.6) with £ = 1, we can also define the inverse
image by f via the well-known inverse image of a complex microfunction by f;.
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Similarly, by applying the functor Rmy. to (6.6), we obtain the following
commutative diagram (we omit the details here):

Ry RY\ fl 7w B Br.p

12 12

D (@e,ln) Ry Rt rxi Buiercer —— @D (e, |n) " Bue, cer.
TEA(L,0) TEA(L,E)

By the commutativity of this diagram with ¢ = 1, we can also define the inverse
image by f via the well-known inverse image of a complex hyperfunction by f;.

§6.5. Products

In this subsection we study the product of multicomplex hyperfunctions and micro-
functions. We inherit the setting of Section 6.4. Let mx xy : Tx vy (X XY) = M XN
be the conormal bundle to M x N in X x Y. By the natural morphism Ox KOy —
Oxxy and [3, Proposition 4.3.6], we have the natural morphism

Cuir®Cn 1 — Cuxn,L-

This morphism defines the notion of the external product of two multicomplex
microfunctions. By applying the functor R7x «y+ to this morphism, we obtain the
morphisms

By ®By — Rrxxy«(Cu,r ®Cn L) — Rrxxv«Crrxn,L =~ Brmxn,L-

The composition of these morphisms defines the notion of the external product of
two multicomplex hyperfunctions.

Let us study the compatibility of the external product and the idempotent
representation. By the definition of operations on the specialization in [3, Propo-
sitions 4.2.5 and 4.2.6], we have the commutative diagram

M (Pe!Oxie,) RN (D5 Ovie,) ——————— vmxn (@5 Ox e, RO Oyie,)
| ]
(TrixNPe;) " (Varer (Oxrer) B une, (Ovier) — (Trxn®Pe;) " Warxvye; (Oxrer B Oyre;)-

Here, we denote Thyx NPe; : Thrx N (X XY) = T(arx nye, (X xYer). By the Fourier—
Sato transformation, we have the commutative diagram

MM(q);IlOXIeI) X MN(q)(;IlOYIEI) —_— /J’MXN((I);lOXIeI X (be_ll OYIE‘I)

| |

tq)‘,apk(/“\lel (OXIGI) X HUNe; (OYIGI)) — tq)‘lal*.u(]VIXN)ez (OXIeI X OYIGI)'
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Here, we omit the morphisms ®,, since they are trivial isomorphisms. Thus, we
obtain the commutative diagram

Cm,. ¥Cn 1 CMxnN,L
1 1

B ‘., (CrrertRCre,i)er — P DL, Ciarxner cer-
TEA(L,0) TEA(L,0)

(6.7)

By the commutativity of diagram (6.7) with £ = 1, we can also define the external
product of multicomplex microfunctions via the well-known external product of
classical complex microfunctions.

Similarly, by applying the functor R7(x xy. to (6.7), we obtain the following
commutative diagram (we omit the details here):

By, X B 1, Brixn,L
12 [

B @e;lvixn) (Brrer e B Brer)er —— @D (Pe;[nxn) ™ Barxnes cer-
IeA(L,0) IeA(L,0)

By the commutativity of this diagram with ¢ = 1, we can also define the external
product of multicomplex hyperfunctions via the well-known external product of
classical complex hyperfunctions.

Hereafter, we consider the case where N = M and Y = X. We denote by §
the diagonal embedding §: M — M x M of M. We identify the image of § with
M. By combining the external product above with the restriction by §, we define
the morphisms

R%{é;l((}]yj’L X CM,L) — Rt(sllé;lC]ijM’L — CM,L~

This morphism defines the notion of the product of two multicomplex microfunc-
tions.
Via the spectrum morphism, we obtain the natural morphisms

RTXXX*Rt(S;(S;l(W)_(lBML X T)_(lB]VLL) — RWXXX*Rt(S!/(S;l(CML X CM,L)
— Rrxxx+Cum,r >~ B,
The composition of these morphisms defines the notion of the product of two
multicomplex hyperfunctions. More precisely, for hyperfunctions u; and us on M,
if SS(u1) N SS(ug)® is contained in the zero section, we can define the product

uiug. Here, a denotes the antipodal map of T, X and SS(uz)® denotes the image
of SS(uz) by a. We have the estimate

SS(ulug) C t(sl(&;l(SS(U,l) X SS(UQ)))
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§6.6. Direct image

In this subsection we study the direct image of multicomplex hyperfunctions and
microfunctions. In the case where f is smooth, the direct image is considered as
the integration along fibers. We inherit the setting of Section 6.4.

Let Og(m) (resp. (9§7 )) denote the sheaf of m-forms (resp. n-forms) with coef-
ficients that are multicomplex holomorphic functions on X (resp. Y). Note that
they have the nesting properties induced by those of Ox and Oy, respectively.
First, we construct the Leray—Grothendieck-type residue morphism

(6.8) RAOVV[(2F = 1)n] — OV (2" — 1)m)]
as follows. Since we have the Leray—Grothendieck residue morphism

[n] — O, [m]

Xoer

RfnoOM

Yoer

for I € A(L,1), where (’)g?gil (resp. Og}g 331) denotes the sheaf of m-forms (resp.
n-forms) with coefficients that are complex holomorphic functions on Xpe; (resp.
Yoer), we have the natural morphisms

RAOW(2E —1)n)~ €D RA®SIOV, erln + (28 - 2)n]

TEA(L,1)

— @ (I);lprOg;lle][n + (2L — 2)m]
TeA(L,1)

- P @ 0% erlm+ (28 - 2)m]
IeA(L,1)

:(’)X (2L — 1)m)

by the idempotent representation. Here, the second morphism is obtained as fol-

lows:

RADS(2F — 1)n] = RADL, [n]
= ®L Be, 1 RAD, [1]
=, Rfn®e, @, [n]
~ & 'Rfpn+ (2" —2)m].

By [3, Proposition 4.3.4], there exists a natural morphism
Rfn'f"™ nn(03) — uar(RROY).
By combining this morphism with (6.8), we obtain the morphism

—1 _ _
(6.9) Rf.,rgtf/ (CN,L ®7T;1(9Y\N 7TY1VN,L) — CM,L ®7T;(10X|]M 7TX1VM,L,
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where Vy 1 = Og/n)|N (resp. VL = Og(m)|M) denotes the sheaf of multicomplex
analytic densities of level L on N (resp. M). The morphism (6.9) defines the notion
of the direct image of a multicomplex microfunction by f. More precisely, for a
multicomplex microfunction density v on an open set V on TRx Y, if U is an open
set of T3, X such that f, is proper on *f'~*(supp(v)) N f1(U), we can define the
microfunction f,v.

Via the spectrum morphism, we obtain the natural morphisms

Rfi(Bn,L ®oy |y VN,L) = RfiRty.(CN,L ®rtoy|x ﬂ;lvN,L)
— RWX*RfTr!tf/_l(CN,L ®-,|—;1OY|N W;IVN,L)
—1
— Rrx«(Cum,1 ®ﬂ§1oX‘M Ty VL)
= BM,L ®Ox|M VM’L'

Thus, for a multicomplex hyperfunction density v on N satisfying that f is proper
on supp(v), we can define the hyperfunction f,v on M. We have the estimate

SS(fuv) C f= ('f'71(SS(v)))-
Let us study the compatibility of the direct image and the idempotent repre-

sentation. By the definition of operations on the specialization in [3, Propositions
4.2.4 and 4.2.5], we have the commutative diagram

R(Ty f)wn (@,00) ) — vy (Rfi®,, O )

Yrer Yrer
§ |
R(Tn )T Pe,) ' vne, (O var (L, Rfn O )

J i

(Trr®e,) R(TN f1)1wne, (OF),) —— (Tar®e, ) vate, (RfOYL ).
By the Fourier—Sato transformation, we have the commutative diagram

Rfntf ™ pun (0,00

Yrer

J J

O Rfrmtf  iner (OV) ) —— 10 pinse, (RfOYL ).

erx Yrer

) ——— u(RADL, O )

Yres
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Here, we omit the morphisms ®¢,, since they are trivial isomorphisms. By com-
bining this diagram with (6.8), we obtain the commutative diagram

an—!tf/_l(CN,L ®Vn,L) Cum,L @ VL

(6.10) J JZ

B 'O, Rftm'f (CNert @ Vnes)er —— D 'L, (Chrerk ® Ve, 0)er.
TEA(Le) TEA(L,£)

Here, we abbreviate Cy 1, ®w;10y\w ﬂ;l]/N,L to simply Cn.r ® V.1, and so on.
By the commutativity of diagram (6.10) with ¢ = 1, we can also define the direct
image by f via the well-known direct image of a complex microfunction by f7.

Similarly, by applying the functor Rmy. to (6.10), we obtain the following
commutative diagram (we omit the details here):

Rfi(Bn,L ® VN,L) Buy,L @ VL

| i

@ (P, |ar) " Rfn(BNeyt @ VNeyo)er — @ (®oy|ar) " (Bares.t @ Vare,.0)er-
TEA(L,L) TEA(L,0)

Here, we abbreviate By 1, ®0, |y Y, to simply By 1, ® V1, and so on. By the
commutativity of the last diagram with £ = 1, we can also define the direct image
by f via the well-known direct image of a complex hyperfunction by f;.

Remark. In this paper, we focused on multicomplex algebra and studied mul-
ticomplex hyperfunctions and microfunctions. However, most of our results can
be generalized to the setting X = H;;l Xoe; and Ox = @le <I>gj1(’)xoej e; for
an arbitrary positive integer L. Here, X is a complexification of a real analytic
manifold M, {e1,...,er} is a set of orthogonal idempotent elements such that
ZJL:l e; = 1, and the map ®.,: X — Xge; denotes the natural projection for
each j =1,2,... L.

Acknowledgments

The author would like to express sincere gratitude to Professors N. Honda,
Y. Okada and the referee for their valuable comments and helpful suggestions.

References

[1] P. Baird and J. C. Wood, Harmonic morphisms and bicomplex manifolds, J. Geom. Phys.
61 (2011), 46-61. Zbl 1211.58006 MR 2746980


https://doi.org/10.1016/j.geomphys.2010.09.007
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1211.58006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2746980

12
13
4
5
6
17
g
9

[10]

[11]

(12]

(13]

[14]

MurTicOMPLEX HYPERFUNCTIONS AND MULTICOMPLEX MICROFUNCTIONS 825

F. Colombo, I. Sabadini, D. C. Struppa, A. Vajiac, and M. Vajiac, Bicomplex hyperfunctions,
Ann. Mat. Pura Appl. (4) 190 (2011), 247-261. Zbl 1226.30044 MR 2786172

M. Kashiwara and P. Schapira, Sheaves on manifolds, Grundlehren Math. Wiss. 292,
Springer, Berlin, 1990. Zbl 0709.18001 MR 1074006

M. E. Luna-Elizarraras, M. Shapiro, D. C. Struppa, and A. Vajiac, Bicomplex holomorphic
functions, Front. Math., Birkhduser/Springer, Cham, 2015. Zbl 1345.30002 MR 3410909

Y. Matsui, Bicomplex hyperfunctions and bicomplex microfunctions, Publ. Res. Inst. Math.
Sci. 61 (2025), 787-803. Zbl 1579.30086 MR 4976001

Y. Matsui and Y. Sato, Characterization theorems of Riley type for bicomplex holomorphic
functions, Commun. Korean Math. Soc. 35 (2020), 825-841. Zbl 1462.30101 MR 4160728

Y. Matsui and Y. Sato, Generalized self-inversive bicomplex polynomials with respect to the
j-conjugation, Bull. Korean Math. Soc. 58 (2021), 885-895. Zbl 1476.30160 MR 4294254

G. B. Price, An introduction to multicomplex spaces and functions, Monogr. Textbooks
Pure Appl. Math. 140, Marcel Dekker, New York, 1991. Zbl 0729.30040 MR 1094818

J. D. Riley, Contributions to the theory of functions of a bicomplex variable, Tohoku Math.
J. (2) 5 (1953), 132-165. Zbl 0052.31102 MR 0064157

M. Sato, Theory of hyperfunctions I, J. Fac. Sci. Univ. Tokyo Sect. I 8 (1959), 139-193.
Zbl 0087.31402 MR 0114124

M. Sato, Theory of hyperfunctions II, J. Fac. Sci. Univ. Tokyo Sect. I 8 (1960), 387-437.
Zbl 0097.31404 MR 0132392

M. Sato, T. Kawai, and M. Kashiwara, Microfunctions and pseudo-differential equations, in
Hyperfunctions and pseudo-differential equations (Proc. Conf., Katata, 1971; dedicated to
the memory of André Martineau), Lecture Notes in Math. 287, Springer, Berlin-New York,
1973, 265-529. Zbl 0277.46039 MR 0420735

M. Uchida, A generalization of Bochner’s tube theorem in elliptic boundary value problems,
Publ. Res. Inst. Math. Sci. 31 (1995), 1065-1077. Zbl 0874.58085 MR 1382567

A. Vajiac and M. B. Vajiac, Multicomplex hyperfunctions, Complex Var. Elliptic Equ. 57
(2012), 751-762. Zbl 1251.30058 MR 2955956

Licensed under the Creative Commons Attribution 4.0 International License CC BY 4.0 (https://
creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, and redistribu-
tion with appropriate credit, a link to the license, and indication of changes.


https://doi.org/10.1007/s10231-010-0148-z
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1226.30044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2786172
https://doi.org/10.1007/978-3-662-02661-8
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0709.18001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1074006
https://doi.org/10.1007/978-3-319-24868-4
https://doi.org/10.1007/978-3-319-24868-4
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1345.30002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3410909
https://doi.org/10.4171/prims/61-4-5
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1579.30086&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4976001
https://doi.org/10.4134/CKMS.c190323
https://doi.org/10.4134/CKMS.c190323
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1462.30101&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4160728
https://doi.org/10.4134/BKMS.b200601
https://doi.org/10.4134/BKMS.b200601
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1476.30160&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4294254
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0729.30040&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1094818
https://doi.org/10.2748/tmj/1178245302
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0052.31102&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0064157
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0087.31402&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0114124
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0097.31404&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0132392
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0277.46039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0420735
https://doi.org/10.2977/prims/1195163597
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0874.58085&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1382567
https://doi.org/10.1080/17476933.2011.603419
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1251.30058&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2955956
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	Introduction
	Preliminaries
	Multicomplex numbers
	Multicomplex holomorphic functions
	Multicomplexification of a real analytic manifold
	Functorial study of classical hyperfunctions and microfunctions

	Multicomplex hyperfunctions
	Multicomplex microfunctions
	Boundary value morphism and multicomplex hyperfunctions
	Several operations of multicomplex hyperfunctions and multicomplex microfunctions
	Linear differential operators
	Microlocal operators
	Conjugations
	Inverse image
	Products
	Direct image

	References

