Publ. RIMS Kyoto Univ. 62 (2026), 629-661
DOI 10.4171/PRIMS /62-4-1

An Iterative Construction of Complete
Kahler—Einstein Metrics

by

Quang-Tuan DANG and Tat Dat TO

Abstract

We extend Tsuji’s iterative construction of K&hler—Einstein metrics with negative scalar
curvature to non-compact Kéhler manifolds with bounded geometry, using Berndtsson’s
method from the compact setting. Consequently, given a holomorphic surjective map
p: X — Y, where X is a weakly pseudoconvex Ké&hler manifold and Y is a complex
manifold, and where the smooth fibers admit Kéhler—Einstein metrics with negative
scalar curvature and bounded geometry, we show that the fiberwise K&hler—Einstein
metrics induce a semipositively curved metric on the relative canonical bundle Kx /vy .
Moreover, our approach also applies to the plurisubharmonic variation of cusp Kéahler—
Einstein metrics.

Mathematics Subject Classification 2020: 32Q15 (primary); 32W20, 32U05 (secondary).
Keywords: Monge-Ampére operators, Bergman kernels, families of Kdhler manifolds.

§1. Introduction

In the 1950s, Calabi conjectured that a compact Kéhler manifold with negative
first Chern class admits a unique Kéhler-Einstein metric. This was famously shown
independently by Aubin [Aub78| and Yau [YauT78], leading to various remarkable
results in algebraic geometry for such manifolds. A question arises as to whether
Kahler—Einstein metrics can be obtained as the limit of a sequence of algebraic
metrics induced by the pluricanonical line bundle; cf. [Yau87]. Through the Tian—
Yau-Zelditch asymptotic expansion of the Bergman kernel, Donaldson [Don01]
iteratively constructed, on a polarized manifold (X, L) with discrete automorphism
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group, a sequence of “balanced metrics” whose limit is a Kéhler form with con-
stant scalar curvature. Tsuji [Tsul0] introduced a different approach to obtaining
Kahler—Einstein metrics with negative scalar curvature by algebraic approxima-
tions.

Beyond the compact setting, it is natural to investigate the existence of com-
plete Kahler-Einstein metrics on non-compact Kéhler manifolds. Initially, Cheng—
Yau [CY80] established necessary geometric conditions for the existence of com-
plete Kéhler-Einstein metrics with negative scalar curvature on non-compact man-
ifolds. Later, this result was extended by Kobayashi [Kob84] and Tian—Yau [TY87].
At the same time, Mok and Yau [MY83] showed the existence of a complete
Kéhler-Einstein metric with negative scalar curvature on any bounded pseudo-
convex domain. Recently, Wu and Yau [WY20] imposed an assumption on the
holomorphic sectional curvature to construct a unique complete Kéhler—Einstein
metric with negative Ricci curvature, using a new complex Monge-Ampére equa-
tion. We also refer to [Ton18, HLTT22] for other proofs of Wu—Yau’s result using
the Kéhler—Ricci flow.

Motivated by Tsuji’s iteration for numerically approximating canonical K&hler
metrics in [Tsul0, Tsul3], we study Tsuji’s iterative procedure in the non-compact
setting. We aim to obtain uniform convergence for Tsuji’s iterations by making use
of the non-compact version of the asymptotic expansion of the Bergman kernels.
In particular, our approach applies to general complex Monge-Ampére equations,
rather than being restricted to the Kahler—Einstein case as in previous works.

To state our result, we first fix some notation and terminology. Let X be a
complex manifold of dimension n. Let L be a positively curved Hermitian holo-
morphic line bundle on X with reference curvature form w = dd®¢y, where ¢r,
denotes the weight of a Hermitian metric h;, = e~%* on L. We consider the space
Hy, of (possibly singular) Hermitian metrics on L with positive curvature current;
such metrics can be written as h = e~? with plurisubharmonic (psh) weight ¢, and
we denotes the associated curvature current. One may also identify a Hermitian
metric h = e~% on L with the function ¢ = ¢ — ¢, so that h = hpe™%.

By HY(X, L) we denote the space of globally holomorphic sections of L. Let
1 be a positive measure on X. For any positive integer k, we define a Hermitian
product on H°(X, L¥) via the L?-norm

5l12,.. = /X sPPe™ du.

Here the integrand |s|2e~%? may also be written as Elrs e "% where p = ¢ — ¢y,
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We then define the Bergman function
Bip,u(x) = sup{[s(z)|2e @) . s € HO(X, L), ||s]lxgu < 1}

The quantity Kig,, = Bk¢,uek¢ is the Bergman kernel associated with (L, k¢, u).
In particular, +log Ky, defines a Hermitian metric on L.

Fixing a smooth measure 2 on X, we are interested in the following complex
Monge—Ampére equation:

(11) wgoo — ed)oo_(bLQ’

where ¢, is an unknown smooth Hermitian metric on L with positive curvature.
Set ¢ == ¢oo — ¢, and w := dd°¢pr. Then the equation (1.1) can be rewritten as

w + dd°p)" = e¥Q.
'

In particular, if the volume form (2 satisfies Ric(2) = —w, then Ric(wy,. ) = —wg._.,
50 we_ is a Kdhler-Einstein metric with Ricci curvature —1.

We now describe Tsuji’s iteration associated with the equation (1.1). Assume
that ¢ is a (possibly singular) Hermitian metric on L. Let Ky, ,,, be the Bergman
kernel associated with the weight k¢ and the measure pg = e?=9Q/n!. The
quantity

(1.2) 51(6) = 1 (08 Ko i, — log i)

defines again a metric on L, with

k\n
b= (5;)

Starting from a metric ¢ on L, we inductively obtain a sequence of Hermitian
metrics on L by setting ¢rr1 = Bi(¢r). Generalizing the works of Tsuji [Tsul0],
Song—Weinkove [SW10] and Berndtsson [Ber09b|, we show that ¢ uniformly con-
verges to the metric ¢, which satisfies equation (1.1).

In particular, our result applies to solutions of the general complex Monge—

Ampére equation (1.1), without assuming that the equation arises from Kéhler—
FEinstein geometry, in contrast with previous works.

Theorem 1.1. Let X be an n-dimensional Kdhler manifold equipped with a posi-
tively curved line bundle (L,e~%t). Let Q be a smooth volume form on X. Assume
that there exists a smooth Hermitian metric ¢o, on L satisfying the complex
Monge—Ampére equation

W, = ePeoLQ).
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Assume moreover that (X,we. ) is a Kdhler manifold with bounded geometry of
order £ > 5. Let ¢1 be a continuous metric on L such that supy |91 — doo| < C.
Let ¢y, be a sequence of metrics on L defined by Tsuji’s iteration as described above.
Then supx |¢r — doo| = 0 as k — oo at the rate %.

The hypothesis of bounded geometry is satisfied, for example, by the Kahler—
Einstein metric on a strongly pseudoconvex domain in C™ (cf. [CY80]), or by
Kahler metrics with cusp singularities along some divisor (cf. [Kob84, TY87]).

Remark 1.2. In particular, when L = Kx is an ample line bundle equipped with
a smooth Hermitian metric e ~?Z, we can take Q = e®%x as a smooth volume form.

For any (smooth) metric e=% on K, the L2-norm on H°(X, K'Y is defined by

||o'||i¢7“¢ = Cn/ o ANge ktL)oce — / |J‘267k¢.
X X

Similarly, we define Tsuji’s iteration, which is analogous to that in [Ber09b]|. The
only difference is that the constant dj, is the dimension of H?(X, KE?H)) in the
compact setting. It is known that dim H°(X, L*) = O(k™) for ample line bundle
L, so our definition for dj is that of Berndtsson modulo a uniform constant.

As mentioned above, one considers the special case where L = Ky is ample;
it follows from [CY80, WY20] that, under extra conditions, there exists a unique
Kéhler-Einstein metric wgg on X such that Ric(wkg) = —wkg with

wkg = dd°log(e*w™) = dd°log(w™) + ddu

for a bounded smooth function u. We denote ¢, = logw™ and ¢xg = log(e*w™)
as two Hermitian metrics on Kx. Then we obtain the following Monge-Ampére
equation:

(1.3) (dd°pxg)™ = ePKE=Pwym,

In this case, we define Tsuji’s iteration ¢p11 = Br(Pr) with By defined as in (1.2)
and

10 () ey S (5 - )

Then we obtain the non-compact version of Tsuji’s iteration (cf. [Tsul0, SW10,
Ber09b]).

Theorem 1.3. With the assumptions in Theorem 1.1, suppose further that L =
Kx with ¢y = ¢kE satisfying equation (1.3). Let ¢1 be a continuous metric on
Kx such that supy |¢1—dxr| < C. Let ¢y be a sequence of metrics on Kx, defined
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by Tsuji’s iteration as described above. Then supy |0 — oxg| — 0 as k — oo at
the rate %

This result also extends the uniform convergence obtained by the second
author [T622] and, more recently, by Yoo [Yoo24], in the setting of pseudocon-
vex domains with bounded geometry.

The idea of the proof is to use the following uniform asymptotic expansion of
the Bergman function:

19 e ()00 ) e

where wl? = ‘;’TT and C > 0 depends only on the bounded geometry of (X, wy),
extending Berndtsson’s work [Ber09b] in the compact setting. A more general
asymptotic expansion in C*-norms was proved by Ma-Marinescu [MMO07, Prob-
lem 6.1] (see also [MM15, Theorem 6] and [Kel05]). For the reader’s convenience,
we provide an alternative proof of the uniform Bergman expansion (1.5) (see
Theorem 3.1) using Tian’s peak-section method [Tia90] (see also [Rua98, Lu00]),
together with the Laplace method as in [Don09, Chal5]. We refer to the works
[BAMS76, Tia90, Cat99, Zel98, Lu00, Cha03, DLMO06, MMO07, BBS08, MM15] for
further background on the asymptotic behavior of Bergman kernels on compact
Ké&hler manifolds.

As a consequence, we apply Theorem 1.3 to study the variation of complete
Kéahler-Einstein metrics, extending the results in [TsulO, Sch12, Ber13] to the
non-compact setting. We refer to [Paul7, Gue20a, CGP21]| for more results in the
compact case.

Theorem 1.4. Let p: X — Y be a holomorphic surjective map from a weakly
pseudoconvex Kdihler manifold X to a complex manifold Y. Let Y° C Y be a
set of points that are not critical values of p in'Y and set X° = p~1(Y°) and
X, =p '({y}). Assume that

(i) for every y € Y°, X, admits a Kihler-Einstein metric wkg,, with negative
Ricct curvature such that (X, wks,y) has bounded geometry of order £ > 5,
uniformly in y on compact subsets of Y°,

(ii) Kx,y admits a singular Hermitian metric hg = e~ %0 with positive curvature
current and for every yg € Y°, there exists a neighborhood U € Y° of yg such
that ||po.y — dxEyllL~(x,) < CU) for every y € U.

Then the Hermitian metric on (Kxy)|xe induced by the fiberwise Kdhler—Einstein
metrics is positively curved. Moreover, if we have the additional condition that
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(iii) the Kdhler-Finstein potentials (pkg,y)ycye are bounded from above near the
singular fibers,

then this metric extends canonically across X \ X° to a positively curved metric
on Kx/y .

As a consequence, we recover the positivity of the variation of Kéhler—Einstein
metrics on pseudoconvex domains proved in [Tsul3, Chol5b, CY22]|, following
Tsuji’s argument [Tsul3] (cf. Theorem 4.8). See also Choi-Yoo [CY21] for a similar
result for strongly pseudoconvex domains contained in a K&hler manifold, using
the Schumacher method [Sch12].

Furthermore, the statement of Theorem 1.4 also holds in the following setting
(cf. Theorem 4.11). Let p: X — Y be a holomorphic surjective and proper map
between compact Kihler manifolds with relative dimension n. Let X = X \ D
where D = Zle D; is a reduced divisor with simple normal crossings. Assume
that Y° is the largest Zariski open subset of Y such that, if X = p~1(Y°), then
every fiber X, = p~'({y}) is smooth, and D, := D N X, has simple normal
crossings. We denote X° = X* \ D. Then we will show that the current obtained
by gluing the fiberwise Kéhler—Einstein metrics with cusp singularities along D is
positive.

Recall that w, is said to have cusp singularities (or Poincaré singularities)
along Dy, locally, if D, = (21 -2, = 0); then w, is quasi-isometric to the cusp

metric:
n

L oidz Adz
J J : -
Weusp = — + idzp A dZg.
Z 1 125[log® |22 kz;-l

Assume that K5 + D, is ample for every y € Y°. By the well-known result
of Kobayashi [K0b84] and Tian—Yau [TY87], building upon Cheng—Yau’s method
[CY80], for each fiber, there exists a unique complete Kéahler metric w, on X, =
X v \ Dy with cusp singularities along D, and satisfying Ric(wy) = —w, on X,,.
The metric wy extends as a positive current on X y; it satisfies

(1.6) Ric(w,) = —w, + [Dy]

in the sense of currents on X, where [D,] is the integration current along D,. We
also refer to [Ban90, Wu08, Auv17, Gueld, BG14, DL17, GW16, Gue20b, BG22,
DV25] for related results on complete Kéhler—Einstein metrics with cusp or mixed
singularities.

Over X°, the fiberwise Kdhler-Einstein metrics w, with cusp singularities
glue together to define a current T'. Applying an analogue of Theorem 1.4 in this
setting (cf. Theorem 4.11), we obtain the following.
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Theorem 1.5. With the setup above, the fiberwise cusp Kdhler—FEinstein metrics
wy satisfying (1.6) glue to define a current T on X such that

(i) T is positive on X° =X \ D,

(ii) T estends canonically across (X \ X°)U D to a closed positive current on X.

We remark that a similar result for the family of twisted conic Kéhler—Einstein
metrics was obtained by Guenancia [Gue20a], and a result for the family of cusp
Kahler-Einstein metrics was proved by Naumann [Nau22] (cf. also [Gue20a, Sec-
tion 8.1]). In particular, they used Schumacher’s approach [Sch12|, whereas our
proof follows Tsuji’s method [Tsul0].

Organization of the paper

In Section 2 we start with preliminary material on (singular) Hermitian metrics
on line bundles and local quasi-coordinates. The main Theorems 1.1 and 1.3 are
proved in Section 3, where we also establish an asymptotic expansion for the
Bergman kernel associated with weighted spaces. Section 4 is devoted to the pos-
itivity of the variation of complete Kéhler—Einstein metrics, where Theorems 1.4
and 1.5 are proved.

§2. Notation and background
§2.1. General notation

Throughout the paper, (X,w) denotes a Kihler manifold of dimension n equipped
with a Kéhler metric w. We denote d = 940 and d° = £(9—0) so that dd® = £00.

Let L be a Hermitian holomorphic line bundle on X. The (singular) Hermitian
metric on L will be written as h = e~¢, and we will refer to the function ¢ as
a weight on L. In practice, ¢ is understood as a collection of locally integrable
functions ¢V on trivializing open sets U, called local weights. If eV is a local
holomorphic frame of L over U, then [eV(2)[? = e=¢" (), We will use the weight
¢ instead of h = e~? for a Hermitian metric on L. The set of weights on L forms
an affine space modeled on L (X). Namely, if ¢1, @2 are two weights on L, their
difference ¢1 — ¢ is a locally integrable function on X.

Equivalently, a weight may be viewed as a function on the total space of the
dual bundle L* satisfying the log-homogeneity property ¢(Av) = log |\ + ¢(v) for
all non-zero v € L*, A € C. A section s € H(X, L) induces a weight on L, denoted
log |s|, defined by log |s|(v) := log |{s, v)|. The pointwise norm of s with respect to
the weight ¢ is

|s|3 = |s]?e 7.
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If ¢ is in the class C?, i.e., it has continuous derivatives of order two, the curvature
form of the metric ¢ is the global form on X, locally expressed as dd®¢ which
represents the first Chern class ¢;(L) in real de Rham cohomology. One should
note that the notation dd®¢ is only symbolic: the form is not exact in general.
The curvature form of a smooth metric is said to be positive if the local Hermitian
matrix (¢;;) = (%) is positive definite.

In general, the curvature dd®¢ is still well defined as a (1, 1)-current, since each
local weight ¢U is only required to be locally integrable. The curvature current
of a singular metric e~? is said to be positive when the local weights ¢U are
plurisubharmonic (psh). We use the notation wy and dd®¢ interchangeably for the
curvature form/current of the weight ¢.

Given a positive measure ; on X and a weight ¢ on L, we obtain an L2-norm
on H°(X, L¥) defined by

. —k
sl12,,. = /X 5% dp.

The Bergman kernel of order k associated with (L, ¢, 1) is defined for any x € X
by

Kropu(z) = sup{|s(ac)|2 cse HY(X, LY, I8l kg,p < 1}.
Throughout the paper, the symbol C' denotes a positive constant whose value may
vary from line to line.

§2.2. Bounded geometry on non-compact Kihler manifolds

We recall the definition of bounded geometry for Kahler manifolds (cf. [Kob8&4,
CY80, WY20]). Denote by Bcn(0,r) the open ball centered at the origin 0 € C™
of radius » > 0 with respect to the Euclidean metric wcn.

Definition 2.1. Suppose (X,w) is an n-dimensional Kéhler manifold. We say
that (X,w) has bounded geometry of order k € N if there exists 0 < 7 such that
for any p € X there is a domain U in C™ and a holomorphic map ¢: U — X of
maximal rank everywhere, satisfying

(1) Ber(0,7) C U and 9(0) = p,

(2) on U, there exists a constant ¢ > 0 depending only on n, r such that
¢ twen < Yrw < cwen,
(3) there is a constant Ay > 0 depending only on k such that

glel+18l .
sup 9i7()

= < Ay, Va|+|8| <k,
z€Bcn (0,7) 8/2&626 | | | ‘
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where g;7 is the component of ¢)*w on U in terms of natural coordinates (2!, ..., 2"),
and «, 8 are the multiple indices with |a] = a3 + -+ + ap.

The map v is called a quasi-coordinate map and the pair (U,v) is called a
quasi-coordinate chart of X.

We have the following normal coordinates for a Kahler manifold of bounded
geometry.

Lemma 2.2. Suppose (X,w) is a Kdhler manifold with bounded geometry of order
at least 5. Then there exists ¢ > 0, Ay, > 0, for k =1,2,... such that for any point
p € X, there exist 0 < ¢ = e(p) < r and a holomorphic map k: Bcn(0,6) —
X which is biholomorphic on its image with k(0) = p, kK*w = dd°p satisfying
conditions (2), (3) in Definition 2.1, and ©,5(0) = 0ap, ©45.(0) = @aiz(0) = 0, and
Pabed(0) = ©apea(0) = 0.

Proof. For any p € X, we fix a local quasi-coordinate chart (U, ) at p as in Def-
inition 2.1. By complex linear transformation we can assume that ¢¥*w = dd®¢
on U with ¢;7(0) = J;;. Since ¢ is of maximal rank everywhere, there exists
0 < &1 = e1(p) < r such that ¢: B(0,e1) — ¥(B(0,¢1)) C X is biholomorphic.
We can choose €5 < €1 dependmg on AM, anp such that the holomorphic map
¥: B(0,e2) = B(0,e1), 2' = d(w)’ = w' + AL ,whw’ + Bl w™w"w? is biholo-

morphic on its image, where the coefficients A}, By,,, will be chosen hereafter.

m

Now we have kK = ¢ o{/;: B(0,e2) — X is biholomorphic on its image, and the
pull-back metric K*w = ddyp satisfies

QDGE(’UJ) = ¢a6(1/1( )) + 2A1k¢zbw + 2A é(bajw + 3Bamn wn(bil;

+ 3Bbpq¢ajwpwq +4A% A Z¢”wkwé + O(|w]?).

Therefore, we have

Qoal;c(o) = ¢a50(0> + QAZC’ Lpal;é(o) = (rbagé + 2"4720
wagcd(o) = ¢aEcd(0) + 6'Bgcd + 07

where C' only depends on A% and ¢,;.(0). By choosing A%, = —1¢,;.(0) and then
B!, = —%®a5cq(0) — C, we obtain the local normal coordinates for any p € X. In
particular, A, and Bf,; are uniformly bounded for any p € X by the definition of
bounded geometry. Since €2 < €1 depends only on Af, and B}, ,;, we get the map
k: B(0,e9) = X as desired. O
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§3. Uniform convergence of Tsuji’s iteration
§3.1. Asymptotic expansion of Bergman kernels

The asymptotic expansion of Bergman kernels (Theorem 3.1 below) in C*-norms
for Kahler manifolds with bounded geometry was established in Ma—Marinescu
[MMO7, Problem 6.1] (cf. also [MM15, Theorem 6]). In this section we provide
an alternative proof for the asymptotic expansion of Bergman kernels in C°-
norm, which will be used later. Our proof is inspired by Donaldson [Don09| and
Charles [Chal5] by using the Laplace approximation. We refer to [MMO07, Sec-
tion 6] for general results on the asymptotic expansion of the Bergman kernel on
complete Kéhler manifolds.

Theorem 3.1. Let (X,wy) be a complete Kihler manifold of dimension n, where
wy = dd°¢ > 0 is the curvature of a Hermitian metric h = e~% on a line bundle L.
Suppose that (X,wy) has bounded geometry of order £ > 5. Then

k" by
By = (7)) (14 5| < 0F
‘ kowit T \ o 95 oo = CF

where w™ = w"/n!, by is the scalar curvature of we, C > 0 depending on
the bounded geometry of (X,wg), and Big i = ICM7 ] (z)e~ k@) denotes the
W

Bergman function associated to (ko, wé) }). e

We will need the following Laplace approximation.

Lemma 3.2 ([Hor03, Theorem 7.7.5]). Let K C R™ be a compact set, U an open
neighborhood of K, and k a positive integer. If X > 0, u € C?*(K) and f €
C3HTLU), f<0in U, f'(x0) =0, f'(x) # 0 in K \ {xo}, det H¢(xo) # 0, then

27\ 2 LAf (20)
)N @) g _LZ -ir.
‘/ (det H s (x0))? AL
FE0)) = <k

<CXTF Z sup |D%u|
la|<2k

for a constant C depending on || f||csr+1(uy, where Hy denotes the Hessian matriz
of f,
Lju= Z Z 27%(Hy(z0) ™' D, D)* (g5, w)(xo)/r!s!,
s—r=j 2s>3r
with 1
Juo(x) = f(2) = f(20) — §<Hf($0)($ — Tg), T — To).

In particular, Lou = u(zg) and
Lyu(eo) = 3 [u{ ~fiveors (I 55575 + S FOL ) 4 159 7 e}

T gy = (|
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Proof of Theorem 3.1. We will establish lower and upper bounds for the Bergman
kernel by adapting the method of peak sections for compact Kéhler manifolds, as
developed in [Tia90] (see also [Rua98, Lu00, SW10]), and by using the Laplace
method as in [Don09, Chal5].

For any zo € X, we take (U,z = (z',...,2")) a normal coordinate chart as
in Lemma 2.2 centered at xy. Then L has a local holomorphic frame g defined on
U on which the function 1 = ¢ — log |g|? = —log \g@ has minimum at g and

2121
1<i,j,m,0<n

1) v =31+ Y T O],
j=1

Here, for example, we can choose a;, bji, Cemi, dpgrs such that log|g|*(z) = ¢(0) +
aizi—|—bjizjzi—&—Cgmizmzez"’+dquszpzqz’°z‘9 and use Taylor’s expansion to have (3.1).

Let n: [0,00) — [0,1] be a cutoff function satisfying n(t) = 1 for ¢ < 1/2,
n(t) =0 for t > 1, [n/(t)] <4, and |n”(t)| < 8. Define an L*-valued (1,0) form on

()
@ " (log k)2 g

which vanishes outside Ay = {2 | (logk)?/(2k) < |2]? < (logk)?/k} C U. Let dV
denote the Lebesgue measure on the local chart (U, z). We define a weight function

X, supported in U, by setting

= (n—+2) ( Kl )lo ( klz” )

X g 2(log k)2 & 2(log k)2

for z € U, and x = 0 outside U. We observe that x € [-2(n + 2),0] on Ay and
can be approximated by a decreasing sequence of smooth functions {x,}men;

cf. [Tia90, pp. 104-105]. It follows from the bounded geometry property that for
k > 0 sufficiently large,
k
RiC(W¢) + kw¢ + dd®xm > 6w¢,

for a uniform constant C' > 0. On the other hand, there exists a constant C' > 0
depending on n and the bounded geometry of (X, wy),

k2> N2k i klg|*
/ 7,157 12k <
1 ((logk)2>‘ Togki? #7197 = Cqpe e

on Ay, otherwise a = 0. Since on Ay, we have e %% = (1 — > 12712)% + O(|z[®)

as follows from the choice of coordinates (3.1), hence locally

—X| 2
(3.2) e Xalg, <C

1 k
e_w’wg < (1 - §|z|2) n!dV,
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where dV = (£)"dz! Adz! A--- Adz™ Adz™. Tt follows from (3.2) that

k
al2 e—x— kqbw[n] <C / 2k€—k¢w[n]
/ ol e < O [ttt
_ k k]
O(log k)2 /Ak ¢ e
k ((logk)Q)noi (logk)Q)k
(log k)2 k k
(3.3) < C(log k)?n—2ftn=(osk)/2 o

because (1 — (logk)?/k)k = ekloe(1=(logk)*/k) < =(logh)*/2 — p=(ogk)/2  where
C > 0 only depends on n and the bounded geometry of (X, ws).

We apply Hérmander’s L? estimate (see [Hor73, Chapter 4] or [Tia90, Propo-
sition 1.1]) with the weight x: there exists a smooth section u of L* on X such

that u = o and
Z / af2, e kxl
< C(log k)2 =2k~ legk/2=n.
where the last inequality follows from (3.3). Because of the non-integrability of

e~ X at o, one must have u(xg) = 0.
Since x < 0 we have

[ et < [ et
X
<C logk)Qn 2k—10gk/2 n.

It follows that f := ng* — u is a holomorphic section of L¥, satisfying | f(z¢)|?> =
e*(0) since u(xg) = 0 and

110 = [ 1Pe 0wl = [ lgPremenl 002,
X Uk
where Uy, = {z : |2|? < (logk)?/k}. On Uy we have

Wil = (14 diyp2' 2 + 0(|2*)) V.
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Applying the Laplace approximation (Lemma 3.2) with u = 1+ ¢,572°2" + o(|2|?)
and f = —1 where ¢ = —log|g|3, we have

[ taereafl = [ et
Uk Uk

:/ (1 +¢Wz‘zj +o(|zP) dv

- () (oo

“ () (- s ous)

where O(k~2) is dominated by C//k~2 on U with a uniform constant C' depending
only on the bound of |D%¢p| on U with |«| < 7. Therefore,

| f(x0)]? EN™ ko) 1 2
n > > — w ’
gty (70) 2 1£%e (271') ‘ (H i e () + Ok )>

hence we get a lower bound for le [n]e_k‘i’.
)

We look for an upper bound for IC —k% following the strategy in [Chal5).

k,w ["
It suffices to work on the coordinate chart (U, z) as above. Let f be a local holo-

morphic section of L* on U. We claim that

fAR |f/g" Pe "o pdV

1£(0)/g"(0)” < T e Fpav
AR

where Ar C U is a polydisc with radius R and
"/}0 |Z]‘ + ¢13m€z Z]Zmzl P = 1 + (bijffzizj‘

Indeed, using polar coordinates, one knows that | A 2mztdV = 0 if m # (. Hence,
for any multi-index oo € N™ we have that

/ e kvoz2pdV = 0.
AR

It follows that for any holomorphic function h: U — C,
[, e pav = [ () + b~ h)P)e v pav.
AR R

We thus apply this equality to the holomorphic function f/g* (since g has no zeros
in the polydisc A of radius R for R > 0 sufficiently small) to obtain our claim.
Choosing R = k=2/3, we have

—kho <~k + CE™T? and pdV < (1+ Ck™ 2w,
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hence

/ F/g"2e0 pay < (1+Ck‘2)/ /9" ey
AR "

R

—(1+ Ck—Q)/ |f2e o,
AR

Using the Laplace approximation again, we have
/ R0 Y = (21)”(1 Lo w0+ (k).
An k 2k 7

Therefore, we get

g Pe e pdv
Ja, e FopdV

= (%)n<l+i&,¢(0)+0(k*2)> /AR |F2ekoulr,

1£(0)/g"(0) < Js

Since |g*(0)|? = €F*(0) | we infer that

k

FO)F < O ()" (14 58, + 067) [ I7Petouf

hence we get a upper bound for K, e ko, O
¢7W¢

8§3.2. Convergence of Tsuji’s iteration

Recall that L — X is a positively curved line bundle on X equipped with a smooth
Hermitian metric ¢r. Let © be a smooth volume form on X. For any Hermitian
metric ¢ on L, we denote 1y = e~ ?2€Q), which is a well-defined positive measure
on X. We prove the following lemma, which is a variant version of [Ber09b, Lemma
3].

Lemma 3.3. Let ¢ be the solution of
(dd°Poo)™ = €?=79LQ,  wy_ = dd°¢oe > 0

such that (X,we_, ) has bounded geometry of order £ > 5. Suppose that Cq, Cy are
two real numbers satisfying C1 < ¢ — poo < Cy. Then we have

Br(9) — doo > L;lcl — €k

and

k-1
k

Bk(¢)_¢m S C2+5k,
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where g, = c¢/k? with ¢ > 0 only depending on the bounded geometry of ¢oo.
Moreover, if wg_ is a Kdhler—Einstein metric with negative curvature, and dj, is
defined in (1.4), then we can obtain ey = c/k3.

Proof. Since (dd°¢o,)" = e®>~%LQ) = nlue.., using the first-order asymptotic of
Bergman kernels for the weight ¢ (cf. Theorem 3.1), we have

—kdoo

Kk 1o, e M= = i €

k¢oo ,w
= ()" (1+0(%))-
By definition, dj, = (4)" we have

(3.4) Br(Poo) = log(’me/dk) boo + €k,

where e, = O(7).

Similarly, if ws is a Kdhler—Einstein metric with Ric(wg_ ) = —wy_, using the
second-order asymptotic behavior of Bergman kernels for the weight ¢ (cf. The-
orem 3.1) we get

—kdoo

—kpoo _
Kk¢w7u¢m€ ¢ =K [n] €
oo

koo W

- (3)" (-5 +o(w))

Therefore, for dy = (%)”max{l, (1 - 35)} and k > n, we have

(3.5) Br(doo) = 10g(’Ck¢m/dk) Poo + €k,

where e, = O(75).
Next, it follows from the fact that ¢ — ¢o, > C7 for some constant C7, the
extremal characterization of Bergman kernel implies that

(3.6) Krg > eF D0,

Indeed, if we pick a section 0 # o € HO(X, L*) with [ |o[?¢™*%=p4 < +00 then
for any =z € X,

o ()] S k=1)C |o ()]
Jx lolPe*odpg Jx loPem ko= dpg,

Taking the supremum, we obtain the inequality (3.6). Therefore, combining with
(3.4) (resp. (3.5)) we have

Br(6) — 90 2 101~ &4
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for some positive e = O(7) (resp. e = O(7%)). Similarly, we have

k —

B(0) — 00 < Low 4 e

as required. O

Proof of Theorems 1.1 and 1.3. We define by recurrence ¢p41 = Br(dx). For any
k > 1, denote by C} the optimal constant such that

O — oo > C.
Lemma 3.3 thus implies that

k—1
Cry1 2> TCk — k.

Since ey, is of order 1/k?, it follows that kCj1 is uniformly bounded from below by
a quantity of order O(log k). Similarly, Lemma 3.3 yields a uniform upper bound
for kCyy1, where C}, is the optimal constant such that

¢k: - d)oo < 6k~
Since C}, < C~’k by definition, we have Cy = O(%) and ék = O(%). Hence we
log k

obtain the desired convergence rate =p=.
By the same argument, we obtain the uniform convergence with rate % when

wg., is a Kéhler-Einstein metric. O

§4. Variation of Kéhler—Einstein metrics
§4.1. Positivity of relative Bergman kernels

Setup 4.1. Letp: X — Y be a holomorphic surjective map from a Kdahler mani-
fold X of dimension n+m to a complex manifold Y of dimension m. LetY° CY
denote the set of points that are not critical values of p in'Y and set X° = p~1(Y°).

If p: X — Y is in Setup 4.1, then the relative canonical bundle associated
with p is defined by Kx/y = Kx — p*(Ky). It follows from [Ber09a, BP0S|
that we have an isomorphism between Kx,6 and (Kx — p*Ky)] x, = K X/y| X,
for y € Y°. Let t = (t1,...,t,) be local coordinates near a point in Y. Then
these local coordinates define a local (m,0)-form d¢t = dt; A --- A dt,,, which
trivializes Ky . This trivialization induces a local section @ of Kx over X, by
@ = u Ap*(dt) = u Adf, where t; = t;op, j = 1,...,m, are functions on X.
Conversely, any local section @ of Kx can be written as % = u A df locally. Thus
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the restriction of u to the fiber X, is well defined as a local section of Kx, , which
we call the trace of & and denote by 7, (). Then the isomorphism is given by

Kx, +p"(Ky)|x, = Kx|x,,
u@p*dt = uAdt

with inverse map @ — 7,(u) ® p*(dt). Hence the induced isomorphism Kx, 6 —
Kx/y|x, is given by u +— u A p*(dt)/dt.

Let w be a relative Kéhler metric on X such that w, = w|x, is a Kéhler metric
on X, for y € Y°. Assume that L is a line bundle on X and hy, = e~%* is a singular
Hermitian metric on L with positive curvature current. For each y € Y°, we define
E, = H°(X,,(Kx, + L|x,) ® Z(¢L|x,)). Here, Z(¢) denotes the multiplier ideal
sheaf of holomorphic functions on X that are square integrable against e~?. Then

the (singular) Hermitian metric ¢, on L induces a Hilbert norm || - ||, on E, by
H“”?, ::/ cnpu A e 0" :/ \u|ie_¢L dVx, w-
Y X?/
Let x € X°, and y = p(x). Let 21, . .., 2n4m be local coordinates for a neighborhood

V C X°of z and t1,...,ty, local coordinates near y. For u € H*(X,, Kx, +L|x,),
we define v’ by

u'dz =uAp*dt.

The fiberwise Bergman kernel K(x) of (Kx/y + L)|xo with respect to this norm
is defined by
K(z)= sup [ (z)]
u€ By, |[ullz <1

We remark that this concept of the Bergman kernel coincides with the classical one.
Thus, ¢x /v () = log K(x) provides a Hermitian metric h = e~ ?x/v on Kx/y.

We establish a pseudo-effectivity criterion for the relative adjoint line bundle
K,y + L by proving the log-plurisubharmonicity of the fiberwise Bergman kernel.
The only assumptions needed to obtain a non-trivial positively curved metric are
the positivity of L together with the existence of an L? section of Kx,y + L. The
following theorem is a non-compact extension of [BP08, Theorem 0.1] (see also
[PT18, Theorem 4.1.1], [ZZ18, Theorem 1.3], [Caol7, Theorem 3.5], and [DWZZ24,
Theorem 1.4]).

Theorem 4.2. Let X be a weakly pseudoconver Kdhler manifold of dimension
n+m and Y a complex manifold of dimension m. Let p: X — Y be a surjective
holomorphic map. Let L be a line bundle on X equipped with a singular Hermitian
metric hy, = e~ % satisfying
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e dd°¢y, > 0 in the sense of currents,
o HO(X,,, (Kx,, +Llx,,) ®Z(¢rlx,,)) # 0 for some yo € Y°.

Denote by Ky, the relative Bergman kernel of (Kx;y + L)|xe. Then Ky, has
positive curvature current and extends across X \ X° to a metric with positive
curvature current on all of X.

A consequence of Theorem 4.2 is the positivity of the relative Bergman kernel.

Corollary 4.3. Let X be weakly pseudoconvex Kdhler manifold and Y a com-
plex manifold. Let p: X — Y be a surjective holomorphic map. Assume that
H(X,,, KXyo) # 0 for some yg € Y°. Then the relative pluricanonical line bun-
dle K é“( /Yy admits a metric with positive curvature current. Moreover, this metric
coincides with the fiberwise k-Bergman kernel metric on the fibers of p.

Proof. First, take L = Ox with the constant metric. Then Theorem 4.2 shows
that gbg;}}, = log K defines a Hermitian metric on Kx/y with positive curvature
current. Applying Theorem 4.2 inductively with L = K% k Ny endowed with the Her-

mitian metric d)X/Y for k=1,2,..., we obtain a new metric d)g’;;;} on K?/'Y with

positive curvature current, given by the logarithm of the corresponding Bergman
kernel. O

The proof of Theorem 4.2 follows the same strategy as in the compact case,
cf. [BP08, PT18, ZZ18]. We provide a brief sketch for the reader’s convenience. We
will use the following version of the Ohsawa—Takegoshi extension theorem, which
can be deduced from [ZZ18, Theorem 1.1] (cf. also [Caol7, BL16, GZ15b, XZ24]).

Lemma 4.4. Let (X,w) be a weakly pseudoconvex Kdihler manifold. Let p: X —
A, ={t:|t| <r} C C be a surjective holomorphic map. Suppose that Xo = p~*(0)
is a submanifold of codimension 1. Let L be a holomorphic line bundle on X
equipped with a (possibly singular) Hermitian metric ¢r, satisfying dd°¢r > 0.
Let u € H°(Xo,Kx, + Llx,) with [y |ulZe™®" dVx, < oco. Then there ewists
Ur € H(p~'(A,), Kx)y + L) such that Uy|x, = u A p*dt and

1

— U 2e %2 dVy,, < / lul2e™ %2 dVy, -
mwr p—l(AT) Xo

Proof of Theorem 4.2. We follow the same argument as in the compact case (see
[BPO8, PT18, ZZ18|). Recall that for any y € Y°, setting ¢, = é1|x,, we define
the L*-norm on u, € H°(X,, Kx, + L|x,) by

g |2 += / fuy |26~ AV, o

Y
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Let (t,2) = (t1,...,tm,21,...,2,) be local coordinates near a point z € X. Set
y = p(x). The Bergman kernel of Kx, + L|x, on X, (y = y(t)) is defined by

(4.1) Ki(z) = sup{|u;(z)\2 tUy € HO(Xy,KXy + Llx,), [luyll < 1}

_ !
where u, = Uy,

Remark that p: X° — Y° is a holomorphic submersion. To show that

(z) dz ® e with e a local frame of L near z.

log K1(z) is psh with respect to (¢, z), one needs to prove the subharmonicity of
log K;(z) along any complex line. Without loss of generality, we can assume that
Y°=Ar CCisadisc (m=1).

The first property is the upper semicontinuity of log K:(z) with respect to
(t,z). Indeed, thanks to Demailly’s global regularization [Dem82, Section 9|, we
can find an increasing sequence of smooth metrics (h. = e~%¢).~¢ on L, converging
to hy = e~?L in L! and satisfying dd°¢. > —\.w, dd°¢. > —.w, where ()\.) is an
increasing family of continuous functions on X with A; Y\, 0 almost everywhere.
The corresponding Bergman kernels K, . are continuous. Arguing as in [PT18,
Theorem 1.1], we obtain that log K, () decreases to log K¢(z) for (¢,2) € U as
€ \( 0. This proves the desired upper semicontinuity.

We next show that log IC satisfies the sub-mean inequality on every holomor-
phic disc in Y°, namely, for any t; € Y°,

1 . _
log Kty (2) < — / log IC,(2) idt A dt
2 Ja,
for some 7 <« 1 and A, = A(to,r) C Y°. Fix ug € H*(Xy,, Kx, + L|x,,) such
that [Juo|| = 1 and Ko(2) = |uj(2)|?>. By the Ohsawa-Takegoshi-type theorem
(Lemma 4.4), ug can be extended to a holomorphic section U on the preimage of
A, such that

1

w2

/ / U (t, 2)[Pe™% dVy, o idt A dE < [luol® =1,
An J X

where we have used the Fubini theorem and U = U’ dz A p*(dt) ® e. Since U(t, 2)
is holomorphic in ¢, we can write

1 -
log Ky, (2) = log |U’(0, 2)|> < —2/ log |U’(t, 2)|% idt A df.
mr A,

Using the extremal property of the Bergman kernel, the term on the right-hand
side is dominated by

1 _
— <log Ki(z) + log/ U’ (t, 2)|?e= = dVXt,w> idt A dt.
r A, X,
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By Jensen’s inequality, we obtain

log / U7 (£, 2) 26~ dVy, ., idt A dF
A, X

1 B
< 1og<m2 /A / |U(t, 2)|2e™ %= AV, ., idt A dt> <0.
rJ Xy

This tells us that log K¢(z) is psh in the horizontal direction. On the other hand,
by the convexity of |u}(z)| and the definition of log K, we deduce that log K(z)

2

is also psh in the fiberwise direction. Therefore, log K is psh on p~1(Y°) and, in
particular, the curvature of the induced singular Hermitian metric is positive on
p~1(Y°) in the sense of currents.

It remains to show that the curvature current of the induced Hermitian metric
above can be extended over the whole of X. It suffices to show that its local
potential is bounded from above near the singular fibers.

Fixing an open subset V' C X, we define the function £ on VN X° as (4.1).
The problem is equivalent to proving that C is uniformly bounded from above on
VNXe°. For any x € VN X°, there exists a section o € HO(XP(I), Kx, ., +Llx,.)
such that

p(x)

K@) = @R, [ Jofe o a0 = 1.

p(x)
where (t,z) are local coordinates near x and o0 = ¢’ dz ® e. Using the Ohsawa—
Takegoshi extension theorem, we can find an extension & of o on p~!(p(V)) such
that

/ o JPetrdvy < Oy,
p~1(p(V))

with Cy > 0 only depending on V. It follows from the sub-mean value inequality
that |0/(2)|? is dominated by a constant only depending on Cy . This completes
the proof. O

§4.2. Plurisubharmonic variation of Kihler—Einstein metrics

This section is devoted to studying the plurisubharmonic variation of Ké&hler—
Einstein metrics on non-compact complex manifolds. The idea goes back to Tsuji
[Tsul0] and Schumacher [Sch12]|, who studied holomorphic families of canonically
polarized, compact Kéhler manifolds using two different methods. Schumacher’s
method is based on a maximum principle, which moreover yields strict plurisub-
harmonicity when the family is not infinitesimally trivial. Tsuji’s approach shows
that K&hler-Einstein metrics can be obtained via an iteration scheme involving
suitably normalized pluricanonical sections, as explained in this paper. In [Tsul3],
Tsuji extended his method to families of Kdhler—Einstein metrics on bounded
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pseudoconvex domains, using Berndtsson’s results [Ber09a, Ber06]. For alterna-
tive proofs of this result on strongly pseudoconvex domains based on Schumacher’s
method, see [Chol5b, Cholba]. In this work, we follow Tsuji’s method to obtain
the following.

Theorem 4.5. Let p: X — Y be in Setup 4.1. Assume further that X is weakly

pseudoconver, and

(i) for everyy € Y°, X, admits a Kdihler-Finstein metric wkg,, with negative
Ricci curvature such that (X, wkg,y) has bounded geometry of order £ > 5,
locally uniformly in y, i.e., for any neighborhood U € Y° the constants r, c,
Ay in Definition 2.1 depend only on U,

(ii) Kx/y admits a singular Hermitian metric hg = e~% with positive curvature
current and for every yg € Y°, there exists a neighborhood U € Y° of yg such
that ||¢o,, — (bKE,yHLoc(Xy) < CU) forallyeU.

Then the Hermitian metric on (Kx,y)|xo induced by the fiberwise Kdhler—Einstein
metrics is positively curved. Moreover, if we have the additional condition that

(ili) the Kdhler—Einstein potentials (¢x,y)ycye are bounded from above near the
singular fibers,

then this metric extends canonically across X \ X° to a positively curved metric.

Condition (ii) holds whenever one can compare the Bergman kernel of H°(X,,
Kx,) with the Kahler-Einstein measure WKE,y- Indeed, in this case, the fiberwise
Bergman kernel for HO(Xy, Kx,) gives us a Hermitian metric ¢9 on Kx,y which
satisfies (ii). The following corollary illustrates this using the comparison between
the Bergman kernel and the Kéhler—Einstein measure in Greene-Wu [GWT79].

Corollary 4.6. Let p: X — Y be in Setup 4.1. Assume further that X is weakly
pseudoconvex and that

(i) for everyyg € Y°, there exist a neighborhood of yo, U € Y° and 0 < Ay < By
such that for any y € U, X, admits a Kdhler metric w, whose holomorphic
sectional curvature belongs to (—By, —Ay),

(ii) Xy is simply connected.

Then the curvature current of the Hermitian metric on (Kxy)|xe induced by the

Kaihler—FEinstein metrics on the fibers is positive.

Proof. Tt follows from [WY20, Corollary 7] that for any y € U, the fiber X,
admits a unique Kéhler—Einstein metric with bounded geometry, uniformly equiv-
alent to w,, with equivalence constants depending only on Ay, By, and dim X,.
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Moreover, by [GW79, p.144, Theorem H (3)] the fiberwise Bergman kernel K,
satisfies Alwg <Ky < Agwg for some positive constants A1, Ay depending only
on Ay, By, and dim X,,. thus the fiberwise Bergman kernel defines a Hermitian
metric ¢p on K x/y satisfying (ii) in Theorem 4.5. O

Proof of Theorem 4.5. Fix y € Y°. We first note that H°(X,, Kf(‘:rl ®ZI(kod|x,))
# 0 for some ky > 0. By the Hérmander L? estimate, there exists kg > 0 depend-
ing only on the bounded geometry of (X,,wkg,y) such that HO(Xy,Kgf;—H) ®
Z(kooke|x,)) # 0. By (ii) we have [[¢o,y — ¢xeyl < C, hence HO(Xy,Kgff“) ®
(koo |x,)) # 0. |

We now adapt the argument in [TsulQ]. Set Ly, = K;U/Y and hy, =€
with ¢r, = —kopo, which has positive curvature current. By iteration, at step

—9Ly,

k > ko, assume that Ly := K§(/Y|Xo admits a Hermitian metric hy = e *¢* with
dd®¢y, > 0. Define ¢p11 = %log(lem /di), where Kpg, is the Bergman kernel of
(Kx/y + Li)|xo. On each fiber, set ¢pi1,y = Be(dry) = 7(l0gKig, ,/di). By
Theorem 3.1, || ¢4,y — ¢kE,y|| < C, hence HO(X,, (Kx, + Ly|x,) ©Z(br,|x,)) # 0.
Applying Theorem 4.2, we conclude that dd®¢g1 > 0.

For any yg € Y°, choose U € Y° containing yy. By the hypothesis and
Theorem 1.3, |[¢k,yy — dkp,y l|l=(x,) < C(U)/k for all y* € U, hence |¢y —
PkEllL=p-1 ) < C(U)/k. By locally uniform convergence, the limit ¢xg =

limy, ¢, defines a singular Hermitian metric on (K x/y)|xe with positive curvature
current T = dd°¢kEg. O

§4.3. Families of K&dhler—Einstein metrics
on bounded pseudoconvex domains

We recall some properties of pseudoconvex domains (cf. [CY80]). Let © be a
strongly pseudoconvex domain in C™. Let p be a smooth defining function for
Q, ie., p e C®(Q), 2= {p <0}, 9p # 0 on 99, and (p;;) > 0 in Q. We define
va = —(n + 1)log(—p), which is a strictly plurisubharmonic function on €2 and
wa(z) = +oo as z — 0. It follows from [CY80] that (Q,w,,) is a complete
Kahler manifold, where wy,, = dd“pq. Since

det(pa)y) = (n+ 1" (2 )" det(g)(—p+ lapl),

we have the Ricci curvature
Ric(weg,) = —(vq)i; + 0;05F,

where F' = —log[det(ps)(—p + |dp|?)] is smooth in  and bounded on 2.
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It is explained in [CY80] that (2, w,,) has bounded geometry. The following
theorem is due to Cheng—Yau [CY80, MY83|.

Theorem 4.7. There exists a unique complete Kdhler—FEinstein metric wkg =
dd¢pkr with —(n + 1) scalar curvature which solves

(dd¢xe)" = (D) (¢xE—d)+F n

wa?

and |V£Q(¢KE — )| < Cy for any k € N. Moreover, (Q,wkg) has bounded
geometry of any order.

Let p: D C C"xC™ — B C C™ be the second projection where D is a strictly
pseudoconvex domain (with smooth boundary), and B is an open ball. Suppose
that for each t € B, D; := p~1(t) is bounded strongly pseudoconvex domain with
smooth boundary. It follows from [CY80, MY83] (cf. Theorem 4.7) that on each
slice D, there exists a unique complete Kéhler form wy, such that

Ric(wg,) = —(n + 1wy, .
Then we have the following corollary of Theorem 4.5.

Theorem 4.8. The metric ¢; induces a Hermitian metric on the relative line
bundle Kp,p with positive curvature current.

The result was proved by Choi [Chol5b, Chol5a] using the boundary behavior
of the geodesic curvature, which satisfies a certain elliptic equation, and by Tsuji
[Tsul3] using his construction of Kahler—Einstein metrics.

Proof of Theorem 4.8. Let (z,t) € C™ x C™ be the standard coordinates. We
denote by p the defining function of D which satisfies

e peC®(D)and D = {(z,t) : p(z,t) < 0},
e Jp#0on dD,
e (piz(,t)) > 0in D.

This implies that ¢p(-,t) = —log(—p(-,t)) is a strictly smooth plurisubharmonic
function in D, for each t € B. Applying Theorem 4.5, it suffices to show that
llp: — op, |l < C independent of . Setting uy = ¢r — ¢p (-, t), it solves

det((9p)is(-+ 1) + (ue)iz) = eV det((p)is (1))

in Dy, where the function F' is bounded on D (defined as above). Applying Theo-
rem 4.5, it suffices to show that |u¢||z~(p,) < C uniformly in ¢. Indeed, it follows
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from the maximum principle [CY80, Proposition 4.1] that

sup [us] <
+ n

1
sup |F| < C
1 p,
for a constant C' > 0 uniformly in ¢. This finishes the proof. O

§4.4. Families of Kihler—Einstein metrics with cusp singularities

Let p: X — Y be a holomorphic subjective proper map between compact Kéhler
manifolds with relative dimension n, D = Zle D; a reduced divisor with simple
normal crossing support. Let X := X \ D. Assume Y° is the largest Zariski open
subset of Y such that if X° := p~1(Y°) then every fiber X, =p '({y}) is smooth,
D, =Dn X y has simple normal crossing support. We denote X° = X° \ D.

Assume that K x, T D, is ample for any y € Y°. By the well-known result
of Kobayashi [Kob84| and Tian—Yau [TY87], building upon Cheng—Yau’s strat-
egy [CY80], for each fiber, there exists a (unique) complete Kéhler metric w, on
X, = X, \ D, with cusp singularities along D, and Ric(w,) = —w, on X,. The
metric w, can be extended as a positive current on X y, which satisfies

(4.2) Ric(wy) = —wy + [Dy]

in the sense of currents on X, where [D,] is the integration current along D,,.
Then we will see in Theorem 4.11 below that a similar statement in Theorem
4.5 also holds in this setting, hence we get the following application.

Theorem 4.9. Assume the setup above; then the fiberwise cusp Kdihler—FEinstein
metrics wy satisfying (4.2) can be glued to define a current T on X such that

(i) T is positive on X° =X \ D,

(ii) T extends canonically across (X \ X°)U D to a closed positive current.

Proof. If one chooses a background Kahler metric w on X then it induces a Her-
mitian metric h“)i(/y =e % on Kx )y with curvature form O« (K )y ) = dd°¢u;
cf. [Paul7, Section 3.1]. Fix smooth Hermitian metrics h; = hp, = e~ % on Ox(D;)
with curvature form 0p, = dd°¢; € c¢1(D;). Denote 6, , = ZGD”% for every
generic point y € Y°. Let s; be a holomorphic section cutting out D;, and denote
|si|> = |sil5, and [s|* = []|s;|>. On each fiber X, we set 1, = O (Kx,) +
>_0p,|x, being chosen to be Kéhler (the restriction of ©pe(Kx,y) + > 0p,).
Equation (4.2) can be written as

(1y + dd®py )" = [s|2e?va,

where ¢, is the unknown function. By [BG14, Theorem 4.2] (see also [DV25, The-
orem 1.2]), there exists a unique ¢, € £1(X,,n,), which is the space of functions
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with finite energy. We can glue the functions ¢, to obtain a function ¢ on X°. We
will show that ¢ defines a Hermitian metric ¢pxg = ¢+, ¢i +¢ on (Kx/y)|xe,
with positive curvature current T = dd“¢kg, and ¢k extends across X \ X° to a
singular Hermitian metric with closed positive current by applying Theorem 4.11
below, which is a variant of Theorem 4.5.

It is convenient to work with the complete Kéhler metric with Poincaré sin-
gularities wp, = n, — Y, dd"log(log|s;|*)?> on X, = X, \ D, (up to scaling
the Hermitian metrics on O (D;)). It indeed defines a smooth Kéhler metric with
Poincaré growth along D,, having bounded geometry at any order on X, = X,\ D,
as follows from [Guel4, Section 1] (cf. also [Kob84, Lemma 2]); all of these prop-
erties are satisfied uniformly in y. Setting v, = ¢, + >, log(log |s;|*)?, we have

(wp,y + ddYy)" = 6¢y+F{“’§,y

where F = log(w™/ ], |si|* log |s;|?w}g) is known to be a bounded smooth function
on X \ D; cf. [Guel4, Lemma 1.6] or [CG72, Proposition 2.1].

For any yo € Y°, take a neighborhood U &€ Y° of yg. By the result of
Kobayashi [Kob84] and Tian—Yau [TY87|, we have that [|¢, | p~(x,) < C(U) for
all y € U. Indeed, since the bisectional curvature of (X,,wp ) is bounded below
by some constant depending on U for all y € U (cf. [Guel4, Section 4]), the Yau
generalized maximum principle (see [CY80, Proposition 4.1]) yields

sup [¢py| < sup [F| < C(U)
X, X,

for any y € U because F is bounded on X \ D.
Hence, for ¢o == ¢, + Y, ¢i — >, log(log|s;|?)? and ¢xr = ¢ + Y; i + ¢,
we have

sup |¢KE,y - ¢0,y| = S}l{lp |'(/}y‘ < C(U)

Yy

Also, the result of [Kob84, TY87] shows that the Kéhler-Einstein metric dd°¢xg
= 1y + dd°p, is complete and has bounded geometry on X, = X v \ Dy which is
locally uniform in y € Y°.

With this setup, we apply Theorem 4.11 to ¢g = ¢+, ¢i— >, log(log |s;]?)?
and (¢kE,y)yeye, to obtain a Hermitian metric ¢pxg = ¢+, ¢i+p on (Kx/y)|xo
which has a positive curvature current T = dd°¢kg on X°. Moreover, we also
have that ¢xg is bounded from above near the singular fibers of p|x. This can be
proved following the same argument as in [Gue20a, Section 6], which is based on
the approach of Paun [Paul?, Section 3.3]. Therefore, we can extend T to X as a
positive current.
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We conclude the proof by showing that ¢ = ¢k extends across Dz, Where
D,g is the regular part of D, and hence across D, following [BG14, Lemma 3.7].
Fix € Dyeg, and let (U, (2',...,2""™)) be local coordinates around z, where
dimc X = n 4+ m. In these coordinates, we write D = (z!---z¢ = 0). It suffices
to treat the case £ = 1, as the general case can be proven similarly. We have the
integral

I . 1 1 n+m
/ %SC%QZHG%/\/\idzj/\déj<oo.
U\D o Pl )
Suppose, by contradiction, that ¢ does not tend to —oo near D. Then there exists
a sequence (zx) in U \ D converging to D such that ¢(z) > —C for some constant
C. Let Ay denote the polydisc centered at z; with polyradius (rg,d,...,J) for
7 \¢ 0 and some fixed § > 0, so that Ax C U \ D. It follows from the sub-mean
value inequality for ¢ at zp that

1
< ——— dv.
- VOI(Ak) Ag ¢

Using Jensen’s inequality, we obtain
¢4V
e—C’(n) < / (& ’

and on Ay, |2}| < 27, hence

¢dv
¢ < / e
A 121
with C" = %6706271. Since the measure of Ay goes to zero as k — +oo we infer

that fU\ D ifd“; is infinite, which is a contradiction. O

To end the section, we establish an extension result of Ohsawa—Takegoshi type
for the family of quasi-projective manifolds, which ensures that the statements in
Theorems 4.2 and 4.5 hold in this case.

Lemma 4.10. Let (X,w) be a Kdhler manifold fibered over the disc A, = {t €
C : |t| < r} with r > 1, with compact fibers X;. Let D be a reduced divisor with
simple normal crossing support in X not contained in Xo. Let X = X \ D and
X; = X\ D. Let L be a holomorphic line bundle on X equipped with a singular
Hermitian metric e=? with semipositive curvature. Let u € H°(Xo, Kx, + L|x,)
such that [y wAae™® < oco. Then there exists U € H(X, Kx + L|x) such that
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U=uANdt fort =0 and
(4.3)

UNTe™? S/ uA e ?.

2
mr b’ X,

Proof. The proof is almost identical to that of [Caol7, Theorem 1.3], so we will
be somewhat brief and focus on the differences. We observe that X = X \ D
admits a complete metric wp with Poincaré singularity type; cf. [Kob84]. We take
a covering of X by finite open sets V,, biholomorphic to the polydisc in C™. For
each a we fix local coordinates (t,2.,...,27) such that Xo NV, = (¢ = 0) and

) Zas
DNVy = (zh---2 =0), 50 that X NV, ~ (A*)! x A" =% and Xo NV, ~
(A*)f x A"=* where A is the unit disc in C and A* = A\ {0}. Locally on U,, we
can write u = f, ®e,, where f, is a holomorphic function on XoNV,,. We write the
Hermitian metric h = e~% = hge~¥ for hg a fixed smooth Hermitian metric and
a function ¢ on X. Thanks to Demailly’s approximation theorem, there exists an
increasing sequence {hi} = {hoe~%*} of metrics with analytic singularities with

curvature iOp, (L) > —%.

Step 1. We claim that there exists a smooth section @ on Kx + L|x such that
i|x, = u, 0il|x, = 0, and for some o > 0,

/ |5’L~L|E’P,hoe_(1+a)<p
X

dVx.wn < C 2 AV wn-
|t]?(log [t])? Hor = /Xg il 1 AV

Thanks to the strong openness [GZ15a|, we can find o > 0 such that

2 —(140)e 2
/ ‘u|wp,h06 ( ) deo,wP S 2/ |u|wp,h dVXOaWP'
XoNVy, XoNVy,

We apply the usual version of the Ohsawa—Takegoshi theorem [Dem12, Theorem
13.6] with the weight e~ ()% and we can find holomorphic sections f, of Kx +
L|x on U, extending u such that

|fa 2 h e—(1+0)¢ ,
wp,ho dVx . S/ wl|Z, AV, wp -
/va\D [t]>(log [¢])? wn S [ elor n Vo

Let {xa} be a partition of unity subordinate to {V,}. We can check @ =} Yo fa
satisfies the claim.

Step 2. Set ¥ = log |t|? and g,,, = O((1 — b/, o W)a), where b, is a C' function
defined on R such that

bm(s) =s for s > —m, by (s) = 1{_m_1<s<—m}(5).
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We claim that there exists a sequence {a,,} C N tending to oo, L-valued locally
L2?-forms v,, and 8, such that

Nl

5'7m + <ﬂ) Bm = 9m, lim ﬁ =0,

A, m—00 Uy,

and for k > a,,,

@) T [ b, Ve <7 [ e AV
X Xo

m—0o0

The proof of the claim follows line by line from that in [Caol7, p. 25]. We note here
that if ¢, has singularities along the analytic set Zy then X \ Zy = X \ (D U Z;)
has a complete Kéhler metric (cf. [Dem12, Lemma 12.9]), so we can apply the L?
existence theorem for solutions to the d-equation; cf. [Dem12, Proposition 13.4,
Remark 13.5], also [Caol7, Appendix|. While, in [Caol7], X is assumed to be
weakly pseudoconvex, so that X \ Z is a complete Kéhler manifold for an analytic
subset Z. The latter property is still true in our setting.

Step 3. Up to passing to a subsequence, we assume that ((1—0], 0 W)i— Y )m
converges weakly to some U € L?(X, Kx + L] X )wy,ho- 1t suffices to verify that U
is holomorphic and satisfies (4.3). Since d((1 — b, © O)i — ym) = (/0 )2 Bm
converges to zero and 0 is a closed operator, it follows that F is holomorphic. The
inequality (4.3) follows immediately from (4.4) (cf. [Caol7, p.26]).

It remains to check that Ul|x,ny, = u. We solve the d-equation on V,, \ D:
OWy, = B, and

/ |wm|42up,ham dVx wp <C |ﬁmlip,ham dVx wp <G4
Vo \D Vo \D

for some uniform constant Cy > 0. Then

Up = (1 =0, 00)d — v, — (ﬁ)%wm

am
is a holomorphic function on V,, \ D, and U,,, — U weakly. Since U,,|x,nv, = u
we have Ul x,nv, = u. O

Theorem 4.11. Theorems 4.2 and 4.5 hold in the case when X is a complex
manifold fibered over a complex manifold Y , with fiber X, = X, \ D.

Proof. The statement in Theorem 4.2 for the family p: X = X \ D — Y fol-
lows immediately from the global regularization result and the Ohsawa—Takegoshi
theorem above.

We then argue as in Theorem 4.5 to obtain a sequence of singular Hermitian
metrics ¢ on K ;“( /Y| xo Wwith positive curvature current Tj = dd°¢y. Since ¢y,
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uniformly converges to ¢kg locally, we have ¢kg is locally plurisubharmonic on
X°. Hence ¢xg defines a singular Hermitian metric on (Kx,y)|xo, with positive
curvature current 1" := dd°¢kg. O
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