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An Iterative Construction of Complete
Kähler–Einstein Metrics

by

Quang-Tuan Dang and Tat Dat Tô

Abstract

We extend Tsuji’s iterative construction of Kähler–Einstein metrics with negative scalar
curvature to non-compact Kähler manifolds with bounded geometry, using Berndtsson’s
method from the compact setting. Consequently, given a holomorphic surjective map
p : X → Y , where X is a weakly pseudoconvex Kähler manifold and Y is a complex
manifold, and where the smooth fibers admit Kähler–Einstein metrics with negative
scalar curvature and bounded geometry, we show that the fiberwise Kähler–Einstein
metrics induce a semipositively curved metric on the relative canonical bundle KX/Y .
Moreover, our approach also applies to the plurisubharmonic variation of cusp Kähler–
Einstein metrics.

Mathematics Subject Classification 2020: 32Q15 (primary); 32W20, 32U05 (secondary).
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§1. Introduction

In the 1950s, Calabi conjectured that a compact Kähler manifold with negative
first Chern class admits a unique Kähler–Einstein metric. This was famously shown
independently by Aubin [Aub78] and Yau [Yau78], leading to various remarkable
results in algebraic geometry for such manifolds. A question arises as to whether
Kähler–Einstein metrics can be obtained as the limit of a sequence of algebraic
metrics induced by the pluricanonical line bundle; cf. [Yau87]. Through the Tian–
Yau–Zelditch asymptotic expansion of the Bergman kernel, Donaldson [Don01]
iteratively constructed, on a polarized manifold (X,L) with discrete automorphism

Communicated by K. Ono. Received November 4, 2024. Revised September 17, 2025.

Q.-T. Dang: Yau Mathematical Sciences Center, Tsinghua University, 100084 Beijing,
P. R. China;
e-mail: dangqt@mail.tsinghua.edu.cn, dangquangtuan10@gmail.com
Author IDs: zbMATH dang.quang-tuan MR 1481341 ORCID 0000-0003-1454-8790
T. D. Tô: Sorbonne Université, CNRS, IMJ-PRG, Université Paris Cité, 75005 Paris, France;
e-mail: tat-dat.to@imj-prg.fr
Author IDs: zbMATH to.tat-dat MR 1193817 ORCID 0000-0002-4945-501X

© 2026 Research Institute for Mathematical Sciences, Kyoto University.
This work is licensed under a CC BY 4.0 license.

mailto:dangqt@mail.tsinghua.edu.cn
mailto:dangquangtuan10@gmail.com
https://zbmath.org/authors/dang.quang-tuan
https://mathscinet.ams.org/mathscinet/MRAuthorID/1481341
https://orcid.org/0000-0003-1454-8790
mailto:tat-dat.to@imj-prg.fr
https://zbmath.org/authors/to.tat-dat
https://mathscinet.ams.org/mathscinet/MRAuthorID/1193817
https://orcid.org/0000-0002-4945-501X
https://creativecommons.org/licenses/by/4.0/


630 Q.-T. Dang and T. D. Tô

group, a sequence of “balanced metrics” whose limit is a Kähler form with con-
stant scalar curvature. Tsuji [Tsu10] introduced a different approach to obtaining
Kähler–Einstein metrics with negative scalar curvature by algebraic approxima-
tions.

Beyond the compact setting, it is natural to investigate the existence of com-
plete Kähler–Einstein metrics on non-compact Kähler manifolds. Initially, Cheng–
Yau [CY80] established necessary geometric conditions for the existence of com-
plete Kähler–Einstein metrics with negative scalar curvature on non-compact man-
ifolds. Later, this result was extended by Kobayashi [Kob84] and Tian–Yau [TY87].
At the same time, Mok and Yau [MY83] showed the existence of a complete
Kähler–Einstein metric with negative scalar curvature on any bounded pseudo-
convex domain. Recently, Wu and Yau [WY20] imposed an assumption on the
holomorphic sectional curvature to construct a unique complete Kähler–Einstein
metric with negative Ricci curvature, using a new complex Monge–Ampère equa-
tion. We also refer to [Ton18, HLTT22] for other proofs of Wu–Yau’s result using
the Kähler–Ricci flow.

Motivated by Tsuji’s iteration for numerically approximating canonical Kähler
metrics in [Tsu10, Tsu13], we study Tsuji’s iterative procedure in the non-compact
setting. We aim to obtain uniform convergence for Tsuji’s iterations by making use
of the non-compact version of the asymptotic expansion of the Bergman kernels.
In particular, our approach applies to general complex Monge–Ampère equations,
rather than being restricted to the Kähler–Einstein case as in previous works.

To state our result, we first fix some notation and terminology. Let X be a
complex manifold of dimension n. Let L be a positively curved Hermitian holo-
morphic line bundle on X with reference curvature form ω = ddcϕL, where ϕL
denotes the weight of a Hermitian metric hL = e−ϕL on L. We consider the space
HL of (possibly singular) Hermitian metrics on L with positive curvature current;
such metrics can be written as h = e−ϕ with plurisubharmonic (psh) weight ϕ, and
ωϕ denotes the associated curvature current. One may also identify a Hermitian
metric h = e−ϕ on L with the function φ = ϕ− ϕL, so that h = hLe

−φ.
By H0(X,L) we denote the space of globally holomorphic sections of L. Let

µ be a positive measure on X. For any positive integer k, we define a Hermitian
product on H0(X,Lk) via the L2-norm

∥s∥2kϕ,µ :=

∫︂
X

|s|2e−kϕ dµ.

Here the integrand |s|2e−kϕ may also be written as |s|2hL
e−kφ, where φ = ϕ−ϕL.
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We then define the Bergman function

Bkϕ,µ(x) = sup
{︁
|s(x)|2e−kϕ(x) : s ∈ H0(X,Lk), ∥s∥kϕ,µ ≤ 1

}︁
.

The quantity Kkϕ,µ = Bkϕ,µe
kϕ is the Bergman kernel associated with (L, kϕ, µ).

In particular, 1
k logKkϕ,µ defines a Hermitian metric on L.

Fixing a smooth measure Ω on X, we are interested in the following complex
Monge–Ampère equation:

(1.1) ωnϕ∞
= eϕ∞−ϕLΩ,

where ϕ∞ is an unknown smooth Hermitian metric on L with positive curvature.
Set φ := ϕ∞ − ϕL and ω := ddcϕL. Then the equation (1.1) can be rewritten as

(ω + ddcφ)n = eφΩ.

In particular, if the volume form Ω satisfies Ric(Ω) = −ω, then Ric(ωϕ∞) = −ωϕ∞ ,
so ωϕ∞ is a Kähler–Einstein metric with Ricci curvature −1.

We now describe Tsuji’s iteration associated with the equation (1.1). Assume
that ϕ is a (possibly singular) Hermitian metric on L. Let Kkϕ,µϕ

be the Bergman
kernel associated with the weight kϕ and the measure µϕ := eϕ−ϕLΩ/n!. The
quantity

(1.2) βk(ϕ) :=
1

k
(logKkϕ,µϕ

− log dk)

defines again a metric on L, with

dk =
(︂ k

2π

)︂n
.

Starting from a metric ϕ1 on L, we inductively obtain a sequence of Hermitian
metrics on L by setting ϕk+1 := βk(ϕk). Generalizing the works of Tsuji [Tsu10],
Song–Weinkove [SW10] and Berndtsson [Ber09b], we show that ϕk uniformly con-
verges to the metric ϕ∞ which satisfies equation (1.1).

In particular, our result applies to solutions of the general complex Monge–
Ampère equation (1.1), without assuming that the equation arises from Kähler–
Einstein geometry, in contrast with previous works.

Theorem 1.1. Let X be an n-dimensional Kähler manifold equipped with a posi-
tively curved line bundle (L, e−ϕL). Let Ω be a smooth volume form on X. Assume
that there exists a smooth Hermitian metric ϕ∞ on L satisfying the complex
Monge–Ampère equation

ωnϕ∞
= eϕ∞−ϕLΩ.
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Assume moreover that (X,ωϕ∞) is a Kähler manifold with bounded geometry of
order ℓ ≥ 5. Let ϕ1 be a continuous metric on L such that supX |ϕ1 − ϕ∞| ≤ C.
Let ϕk be a sequence of metrics on L defined by Tsuji’s iteration as described above.
Then supX |ϕk − ϕ∞| → 0 as k → ∞ at the rate log k

k .

The hypothesis of bounded geometry is satisfied, for example, by the Kähler–
Einstein metric on a strongly pseudoconvex domain in Cn (cf. [CY80]), or by
Kähler metrics with cusp singularities along some divisor (cf. [Kob84, TY87]).

Remark 1.2. In particular, when L = KX is an ample line bundle equipped with
a smooth Hermitian metric e−ϕL , we can take Ω = eϕKX as a smooth volume form.
For any (smooth) metric e−ϕ on KX , the L2-norm on H0(X,K

(k+1)
X ) is defined by

∥σ∥2kϕ,µϕ
:= cn

∫︂
X

σ ∧ σ̄e−(k+1)ϕeϕ =

∫︂
X

|σ|2e−kϕ.

Similarly, we define Tsuji’s iteration, which is analogous to that in [Ber09b]. The
only difference is that the constant dk is the dimension of H0(X,K

(k+1)
X ) in the

compact setting. It is known that dimH0(X,Lk) = O(kn) for ample line bundle
L, so our definition for dk is that of Berndtsson modulo a uniform constant.

As mentioned above, one considers the special case where L = KX is ample;
it follows from [CY80, WY20] that, under extra conditions, there exists a unique
Kähler–Einstein metric ωKE on X such that Ric(ωKE) = −ωKE with

ωKE = ddc log(euωn) = ddc log(ωn) + ddcu

for a bounded smooth function u. We denote ϕω = logωn and ϕKE = log(euωn)

as two Hermitian metrics on KX . Then we obtain the following Monge–Ampère
equation:

(1.3) (ddcϕKE)
n = eϕKE−ϕωωn.

In this case, we define Tsuji’s iteration ϕk+1 = βk(ϕk) with βk defined as in (1.2)
and

(1.4) dk =
(︂ k

2π

)︂n
max

{︂1

2
, 1 +

Scal(ωKE)

2k

}︂
=

(︂ k

2π

)︂n
max

{︂1

2
, 1− n

2k

}︂
.

Then we obtain the non-compact version of Tsuji’s iteration (cf. [Tsu10, SW10,
Ber09b]).

Theorem 1.3. With the assumptions in Theorem 1.1, suppose further that L =

KX with ϕ∞ = ϕKE satisfying equation (1.3). Let ϕ1 be a continuous metric on
KX such that supX |ϕ1−ϕKE| ≤ C. Let ϕk be a sequence of metrics on KX , defined
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by Tsuji’s iteration as described above. Then supX |ϕk − ϕKE| → 0 as k → ∞ at
the rate 1

k .

This result also extends the uniform convergence obtained by the second
author [Tô22] and, more recently, by Yoo [Yoo24], in the setting of pseudocon-
vex domains with bounded geometry.

The idea of the proof is to use the following uniform asymptotic expansion of
the Bergman function:

(1.5)
⃓⃓⃓
B
kϕ,ω

[n]
ϕ

−
(︂ k

2π

)︂n(︂
1 +

b1
2k

)︂⃓⃓⃓
C0

≤ Ckn−2,

where ω[n] := ωn

n! and C > 0 depends only on the bounded geometry of (X,ωϕ),
extending Berndtsson’s work [Ber09b] in the compact setting. A more general
asymptotic expansion in Ck-norms was proved by Ma–Marinescu [MM07, Prob-
lem 6.1] (see also [MM15, Theorem 6] and [Kel05]). For the reader’s convenience,
we provide an alternative proof of the uniform Bergman expansion (1.5) (see
Theorem 3.1) using Tian’s peak-section method [Tia90] (see also [Rua98, Lu00]),
together with the Laplace method as in [Don09, Cha15]. We refer to the works
[BdMS76, Tia90, Cat99, Zel98, Lu00, Cha03, DLM06, MM07, BBS08, MM15] for
further background on the asymptotic behavior of Bergman kernels on compact
Kähler manifolds.

As a consequence, we apply Theorem 1.3 to study the variation of complete
Kähler–Einstein metrics, extending the results in [Tsu10, Sch12, Ber13] to the
non-compact setting. We refer to [Pău17, Gue20a, CGP21] for more results in the
compact case.

Theorem 1.4. Let p : X → Y be a holomorphic surjective map from a weakly
pseudoconvex Kähler manifold X to a complex manifold Y . Let Y ◦ ⊂ Y be a
set of points that are not critical values of p in Y and set X◦ = p−1(Y ◦) and
Xy = p−1({y}). Assume that

(i) for every y ∈ Y ◦, Xy admits a Kähler–Einstein metric ωKE,y with negative
Ricci curvature such that (Xy, ωKE,y) has bounded geometry of order ℓ ≥ 5,
uniformly in y on compact subsets of Y ◦,

(ii) KX/Y admits a singular Hermitian metric h0 = e−ϕ0 with positive curvature
current and for every y0 ∈ Y ◦, there exists a neighborhood U ⋐ Y ◦ of y0 such
that ∥ϕ0,y − ϕKE,y∥L∞(Xy) ≤ C(U) for every y ∈ U .

Then the Hermitian metric on (KX/Y )|X◦ induced by the fiberwise Kähler–Einstein
metrics is positively curved. Moreover, if we have the additional condition that
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(iii) the Kähler–Einstein potentials (ϕKE,y)y∈Y ◦ are bounded from above near the
singular fibers,

then this metric extends canonically across X \ X◦ to a positively curved metric
on KX/Y .

As a consequence, we recover the positivity of the variation of Kähler–Einstein
metrics on pseudoconvex domains proved in [Tsu13, Cho15b, CY22], following
Tsuji’s argument [Tsu13] (cf. Theorem 4.8). See also Choi–Yoo [CY21] for a similar
result for strongly pseudoconvex domains contained in a Kähler manifold, using
the Schumacher method [Sch12].

Furthermore, the statement of Theorem 1.4 also holds in the following setting
(cf. Theorem 4.11). Let p : X → Y be a holomorphic surjective and proper map
between compact Kähler manifolds with relative dimension n. Let X := X \ D
where D =

∑︁ℓ
i=1Di is a reduced divisor with simple normal crossings. Assume

that Y ◦ is the largest Zariski open subset of Y such that, if X
◦
:= p−1(Y ◦), then

every fiber Xy := p−1({y}) is smooth, and Dy := D ∩ Xy has simple normal
crossings. We denote X◦ = X

◦ \D. Then we will show that the current obtained
by gluing the fiberwise Kähler–Einstein metrics with cusp singularities along D is
positive.

Recall that ωy is said to have cusp singularities (or Poincaré singularities)
along Dy, locally, if Dy = (z1 · · · zℓ = 0); then ωy is quasi-isometric to the cusp
metric:

ωcusp :=

ℓ∑︂
j=1

i dzj ∧ dz̄j

|zj |2 log2 |zj |2
+

n∑︂
k=ℓ+1

i dzk ∧ dz̄k.

Assume that KXy
+ Dy is ample for every y ∈ Y ◦. By the well-known result

of Kobayashi [Kob84] and Tian–Yau [TY87], building upon Cheng–Yau’s method
[CY80], for each fiber, there exists a unique complete Kähler metric ωy on Xy :=

Xy \ Dy with cusp singularities along Dy and satisfying Ric(ωy) = −ωy on Xy.
The metric ωy extends as a positive current on Xy; it satisfies

(1.6) Ric(ωy) = −ωy + [Dy]

in the sense of currents on Xy, where [Dy] is the integration current along Dy. We
also refer to [Ban90, Wu08, Auv17, Gue14, BG14, DL17, GW16, Gue20b, BG22,
DV25] for related results on complete Kähler–Einstein metrics with cusp or mixed
singularities.

Over X◦, the fiberwise Kähler–Einstein metrics ωy with cusp singularities
glue together to define a current T . Applying an analogue of Theorem 1.4 in this
setting (cf. Theorem 4.11), we obtain the following.
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Theorem 1.5. With the setup above, the fiberwise cusp Kähler–Einstein metrics
ωy satisfying (1.6) glue to define a current T on X such that

(i) T is positive on X◦ = X
◦ \D,

(ii) T extends canonically across (X \X◦)∪D to a closed positive current on X.

We remark that a similar result for the family of twisted conic Kähler–Einstein
metrics was obtained by Guenancia [Gue20a], and a result for the family of cusp
Kähler–Einstein metrics was proved by Naumann [Nau22] (cf. also [Gue20a, Sec-
tion 8.1]). In particular, they used Schumacher’s approach [Sch12], whereas our
proof follows Tsuji’s method [Tsu10].

Organization of the paper

In Section 2 we start with preliminary material on (singular) Hermitian metrics
on line bundles and local quasi-coordinates. The main Theorems 1.1 and 1.3 are
proved in Section 3, where we also establish an asymptotic expansion for the
Bergman kernel associated with weighted spaces. Section 4 is devoted to the pos-
itivity of the variation of complete Kähler–Einstein metrics, where Theorems 1.4
and 1.5 are proved.

§2. Notation and background

§2.1. General notation

Throughout the paper, (X,ω) denotes a Kähler manifold of dimension n equipped
with a Kähler metric ω. We denote d = ∂+ ∂̄ and dc = i

4 (∂̄−∂) so that ddc = i
2∂∂̄.

Let L be a Hermitian holomorphic line bundle on X. The (singular) Hermitian
metric on L will be written as h = e−ϕ, and we will refer to the function ϕ as
a weight on L. In practice, ϕ is understood as a collection of locally integrable
functions ϕU on trivializing open sets U , called local weights. If eU is a local
holomorphic frame of L over U , then |eU (z)|2ϕ := e−ϕ

U (z). We will use the weight
ϕ instead of h = e−ϕ for a Hermitian metric on L. The set of weights on L forms
an affine space modeled on L1

loc(X). Namely, if ϕ1, ϕ2 are two weights on L, their
difference ϕ1 − ϕ2 is a locally integrable function on X.

Equivalently, a weight may be viewed as a function on the total space of the
dual bundle L∗ satisfying the log-homogeneity property ϕ(λv) = log |λ|+ ϕ(v) for
all non-zero v ∈ L∗, λ ∈ C. A section s ∈ H0(X,L) induces a weight on L, denoted
log |s|, defined by log |s|(v) := log |⟨s, v⟩|. The pointwise norm of s with respect to
the weight ϕ is

|s|2ϕ := |s|2e−ϕ.
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If ϕ is in the class C2, i.e., it has continuous derivatives of order two, the curvature
form of the metric ϕ is the global form on X, locally expressed as ddcϕ which
represents the first Chern class c1(L) in real de Rham cohomology. One should
note that the notation ddcϕ is only symbolic: the form is not exact in general.
The curvature form of a smooth metric is said to be positive if the local Hermitian
matrix (ϕiȷ̄) = ( ∂2ϕ

∂zi∂z̄j
) is positive definite.

In general, the curvature ddcϕ is still well defined as a (1, 1)-current, since each
local weight ϕU is only required to be locally integrable. The curvature current
of a singular metric e−ϕ is said to be positive when the local weights ϕU are
plurisubharmonic (psh). We use the notation ωϕ and ddcϕ interchangeably for the
curvature form/current of the weight ϕ.

Given a positive measure µ on X and a weight ϕ on L, we obtain an L2-norm
on H0(X,Lk) defined by

∥s∥2kϕ,µ :=

∫︂
X

|s|2e−kϕ dµ.

The Bergman kernel of order k associated with (L, ϕ, µ) is defined for any x ∈ X

by
Kkϕ,µ(x) := sup

{︁
|s(x)|2 : s ∈ H0(X,Lk), ∥s∥kϕ,µ ≤ 1

}︁
.

Throughout the paper, the symbol C denotes a positive constant whose value may
vary from line to line.

§2.2. Bounded geometry on non-compact Kähler manifolds

We recall the definition of bounded geometry for Kähler manifolds (cf. [Kob84,
CY80, WY20]). Denote by BCn(0, r) the open ball centered at the origin 0 ∈ Cn

of radius r > 0 with respect to the Euclidean metric ωCn .

Definition 2.1. Suppose (X,ω) is an n-dimensional Kähler manifold. We say
that (X,ω) has bounded geometry of order k ∈ N if there exists 0 < r such that
for any p ∈ X there is a domain U in Cn and a holomorphic map ψ : U → X of
maximal rank everywhere, satisfying

(1) BCn(0, r) ⊂ U and ψ(0) = p,
(2) on U , there exists a constant c > 0 depending only on n, r such that

c−1ωCn ≤ ψ∗ω ≤ cωCn ,

(3) there is a constant Ak > 0 depending only on k such that

sup
x∈BCn (0,r)

⃓⃓⃓∂|α|+|β|giȷ̄(x)

∂zα∂z̄β

⃓⃓⃓
≤ Ak, ∀|α|+ |β| ≤ k,
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where giȷ̄ is the component of ψ∗ω on U in terms of natural coordinates (z1, . . . , zn),
and α, β are the multiple indices with |α| = α1 + · · ·+ αn.

The map ψ is called a quasi-coordinate map and the pair (U,ψ) is called a
quasi-coordinate chart of X.

We have the following normal coordinates for a Kähler manifold of bounded
geometry.

Lemma 2.2. Suppose (X,ω) is a Kähler manifold with bounded geometry of order
at least 5. Then there exists c > 0, Ak > 0, for k = 1, 2, . . . such that for any point
p ∈ X, there exist 0 < ε = ε(p) < r and a holomorphic map κ : BCn(0, ε) →
X which is biholomorphic on its image with κ(0) = p, κ∗ω = ddcφ satisfying
conditions (2), (3) in Definition 2.1, and φab̄(0) = δab, φab̄c(0) = φab̄c̄(0) = 0, and
φab̄c̄d̄(0) = φabcd̄(0) = 0.

Proof. For any p ∈ X, we fix a local quasi-coordinate chart (U,ψ) at p as in Def-
inition 2.1. By complex linear transformation we can assume that ψ∗ω = ddcϕ

on U with ϕiȷ̄(0) = δij . Since ψ is of maximal rank everywhere, there exists
0 < ε1 = ε1(p) < r such that ψ : B(0, ε1) → ψ(B(0, ε1)) ⊂ X is biholomorphic.
We can choose ε2 < ε1 depending on Aikℓ, B

i
mnp such that the holomorphic map˜︁ψ : B(0, ε2) → B(0, ε1), zi = ˜︁ψ(w)i = wi + Aikℓw

kwℓ + Bimnpw
mwnwp is biholo-

morphic on its image, where the coefficients Aikℓ, B
i
mnp will be chosen hereafter.

Now we have κ = ψ ◦ ˜︁ψ : B(0, ε2) → X is biholomorphic on its image, and the
pull-back metric κ∗ω = ddcφ satisfies

φab̄(w) = ϕab̄(
˜︁ψ(w)) + 2Aiakϕib̄w

k + 2Ajbℓϕaȷ̄w
ℓ + 3Biamnw

mwnϕib̄

+ 3Bjbpqϕaȷ̄w
pwq + 4AiakA

j
bℓϕiȷ̄w

kwℓ +O(|w|3).

Therefore, we have

φab̄c(0) = ϕab̄c(0) + 2Abac, φab̄c̄(0) = ϕab̄c̄ + 2Abac,

φab̄cd(0) = ϕab̄cd(0) + 6Bbacd + C,

where C only depends on Abac and ϕab̄c(0). By choosing Abac = − 1
2ϕab̄c(0) and then

Bbacd = − 1
6ϕab̄cd(0)−C, we obtain the local normal coordinates for any p ∈ X. In

particular, Aabc and Babcd are uniformly bounded for any p ∈ X by the definition of
bounded geometry. Since ε2 < ε1 depends only on Aabc and Babcd, we get the map
κ : B(0, ε2) → X as desired.
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§3. Uniform convergence of Tsuji’s iteration

§3.1. Asymptotic expansion of Bergman kernels

The asymptotic expansion of Bergman kernels (Theorem 3.1 below) in Ck-norms
for Kähler manifolds with bounded geometry was established in Ma–Marinescu
[MM07, Problem 6.1] (cf. also [MM15, Theorem 6]). In this section we provide
an alternative proof for the asymptotic expansion of Bergman kernels in C0-
norm, which will be used later. Our proof is inspired by Donaldson [Don09] and
Charles [Cha15] by using the Laplace approximation. We refer to [MM07, Sec-
tion 6] for general results on the asymptotic expansion of the Bergman kernel on
complete Kähler manifolds.

Theorem 3.1. Let (X,ωϕ) be a complete Kähler manifold of dimension n, where
ωϕ := ddcϕ > 0 is the curvature of a Hermitian metric h = e−ϕ on a line bundle L.
Suppose that (X,ωϕ) has bounded geometry of order ℓ ≥ 5. Then⃓⃓⃓

B
kϕ,ω

[n]
ϕ

−
(︂ k

2π

)︂n(︂
1 +

b1
2k

)︂⃓⃓⃓
C0

≤ Ckn−2,

where ω[n] := ωn/n!, b1 is the scalar curvature of ωϕ, C > 0 depending on
the bounded geometry of (X,ωϕ), and B

kϕ,ω
[n]
ϕ

= K
kϕ,ω

[n]
ϕ

(x)e−kϕ(x) denotes the
Bergman function associated to (kϕ, ω

[n]
ϕ ).

We will need the following Laplace approximation.

Lemma 3.2 ([Hör03, Theorem 7.7.5]). Let K ⊂ Rm be a compact set, U an open
neighborhood of K, and k a positive integer. If λ > 0, u ∈ C2k(K) and f ∈
C3k+1(U), f ≤ 0 in U , f ′(x0) = 0, f ′(x) ̸= 0 in K \ {x0}, detHf (x0) ̸= 0, then⃓⃓⃓⃓ ∫︂

u(x)eλf(x) dx−
( 2πλ )

m
2 eλf(x0)

(detHf (x0))
1
2

∑︂
j<k

λ−jLju

⃓⃓⃓⃓
≤ Cλ−k

∑︂
|α|≤2k

sup |Dαu|

for a constant C depending on ∥f∥C3k+1(U), where Hf denotes the Hessian matrix
of f ,

Lju =
∑︂
s−r=j

∑︂
2s≥3r

2−s⟨Hf (x0)
−1D,D⟩s(grx0

u)(x0)/r!s!,

with
gx0

(x) = f(x)− f(x0)−
1

2
⟨Hf (x0)(x− x0), x− x0⟩.

In particular, L0u = u(x0) and

L1u(x0) =
1

2

[︂
u
{︂
−fikℓfjrs

(︂1
4
f ijfkℓfrs +

1

6
f ijfksfrℓ

)︂
+

1

4
f ijfklfijkℓ

}︂
+ fsqfrpfsrqup − Tr(HuH

−1
f )

]︂
x=x0

.



An Iterative Construction of Complete Kähler–Einstein Metrics 639

Proof of Theorem 3.1. We will establish lower and upper bounds for the Bergman
kernel by adapting the method of peak sections for compact Kähler manifolds, as
developed in [Tia90] (see also [Rua98, Lu00, SW10]), and by using the Laplace
method as in [Don09, Cha15].

For any x0 ∈ X, we take (U, z = (z1, . . . , zn)) a normal coordinate chart as
in Lemma 2.2 centered at x0. Then L has a local holomorphic frame g defined on
U on which the function ψ = ϕ− log |g|2 = − log |g|2ϕ has minimum at x0 and

(3.1) ψ(z) =

n∑︂
j=1

|zj |2 +
∑︂

1≤i,j,m,ℓ≤n

1

2!2!
ϕiȷ̄mℓ̄z

iz̄jzmz̄ℓ +O(|z|5).

Here, for example, we can choose ai, bji, cℓmi, dpqrs such that log |g|2(z) = ϕ(0) +

aiz
i+bjiz

jzi+cℓmiz
mzℓzi+dpqrsz

pzqzrzs and use Taylor’s expansion to have (3.1).

Let η : [0,∞) → [0, 1] be a cutoff function satisfying η(t) = 1 for t ≤ 1/2,
η(t) = 0 for t ≥ 1, |η′(t)| ≤ 4, and |η′′(t)| ≤ 8. Define an Lk-valued (1, 0) form on
X:

α = ∂̄
[︂
η
(︂ k|z|2

(log k)2

)︂]︂
gk,

which vanishes outside Ak := {z | (log k)2/(2k) ≤ |z|2 ≤ (log k)2/k} ⊂ U . Let dV

denote the Lebesgue measure on the local chart (U, z). We define a weight function
χ, supported in U , by setting

χ = (n+ 2)η
(︂ k|z|2

2(log k)2

)︂
log

(︂ k|z|2

2(log k)2

)︂
for z ∈ U , and χ = 0 outside U . We observe that χ ∈ [−2(n + 2), 0] on Ak and
can be approximated by a decreasing sequence of smooth functions {χm}m∈N;
cf. [Tia90, pp. 104–105]. It follows from the bounded geometry property that for
k > 0 sufficiently large,

Ric(ωϕ) + kωϕ + ddcχm ≥ k

C
ωϕ,

for a uniform constant C > 0. On the other hand, there exists a constant C > 0

depending on n and the bounded geometry of (X,ωϕ),

(3.2) e−χ|α|2ωϕ
≤ C

⃓⃓⃓
η′
(︂ k|z|2

(log k)2

)︂⃓⃓⃓2 k2

(log k)4
ϕiȷ̄ziz̄j |g|2k ≤ C

k|g|2k

(log k)2
,

on Ak, otherwise α = 0. Since on Ak, we have e−kψ = (1−
∑︁n
j=1 |zj |2)k +O(|z|3)

as follows from the choice of coordinates (3.1), hence locally

e−kψωnϕ ≤
(︂
1− 1

2
|z|2

)︂k
n! dV,
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where dV = ( i2 )
n dz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n. It follows from (3.2) that∫︂

Ak

|α|2ωϕ
e−χ−kϕω

[n]
ϕ ≤ C

k

(log k)2

∫︂
Ak

|g|2ke−kϕω[n]
ϕ

= C
k

(log k)2

∫︂
Ak

e−kψω
[n]
ϕ

≤ C
k

(log k)2

(︂ (log k)2
k

)︂n(︂
1− (log k)2

k

)︂k
≤ C(log k)2n−2k1−n−(log k)/2 <∞,(3.3)

because (1 − (log k)2/k)k = ek log(1−(log k)2/k) ≤ e−(log k)2/2 = k−(log k)/2, where
C > 0 only depends on n and the bounded geometry of (X,ωϕ).

We apply Hörmander’s L2 estimate (see [Hör73, Chapter 4] or [Tia90, Propo-
sition 1.1]) with the weight χ: there exists a smooth section u of Lk on X such
that ∂̄u = α and ∫︂

X

|u|2e−kϕ−χω[n]
ϕ ≤ C

k

∫︂
X

|α|2ωϕ
e−kϕ−χω

[n]
ϕ

=
C

k

∫︂
Ak

|α|2ωϕ
e−kϕ−χω

[n]
ϕ

≤ C(log k)2n−2k− log k/2−n,

where the last inequality follows from (3.3). Because of the non-integrability of
e−χ at x0, one must have u(x0) = 0.

Since χ ≤ 0 we have∫︂
X

|u|2e−kϕω[n]
ϕ ≤

∫︂
X

|u|2e−kϕ−χω[n]
ϕ

≤ C(log k)2n−2k− log k/2−n.

It follows that f := ηgk − u is a holomorphic section of Lk, satisfying |f(x0)|2 =

ekϕ(0) since u(x0) = 0 and

∥f∥2kϕ =

∫︂
X

|f |2e−kϕω[n]
ϕ =

∫︂
Uk

|g|2ke−kϕω[n]
ϕ +O(k−n−2),

where Uk = {z : |z|2 ≤ (log k)2/k}. On Uk we have

ω
[n]
ϕ = (1 + ϕiȷ̄ℓℓ̄z

iz̄j + o(|z|3)) dV.
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Applying the Laplace approximation (Lemma 3.2) with u = 1+ϕiȷ̄ℓℓ̄z
iz̄j + o(|z|3)

and f = −ψ where ψ = − log |g|2ϕ, we have∫︂
Uk

|g|2ke−kϕω[n]
ϕ =

∫︂
Uk

e−kψω
[n]
ϕ

=

∫︂
Uk

e−kψ(1 + ϕiȷ̄ℓℓ̄z
iz̄j + o(|z|3)) dV

=
(︂2π
k

)︂n(︂
1 +

1

2k
ϕiı̄jȷ̄ +O(k−2)

)︂
=

(︂2π
k

)︂n(︂
1− 1

2k
Sωϕ

(0) +O(k−2)
)︂
,

where O(k−2) is dominated by C/k−2 on U with a uniform constant C depending
only on the bound of |Dαϕ| on U with |α| ≤ 7. Therefore,

K
kϕ,ω

[n]
ϕ

(x0) ≥
|f(x0)|2

∥f∥2kϕ
≥

(︂ k

2π

)︂n
ekϕ(0)

(︂
1 +

1

2k
Sωϕ

(0) +O(k−2)
)︂
,

hence we get a lower bound for K
kϕ,ω

[n]
ϕ

e−kϕ.

We look for an upper bound for K
kϕ,ω

[n]
ϕ

e−kϕ following the strategy in [Cha15].
It suffices to work on the coordinate chart (U, z) as above. Let f be a local holo-
morphic section of Lk on U . We claim that

|f(0)/gk(0)|2 ≤
∫︁
∆R

|f/gk|2e−kψ0ρ dV∫︁
∆R

e−kψ0ρ dV
,

where ∆R ⊂ U is a polydisc with radius R and

ψ0 = |zj |2 + ϕiȷ̄mℓ̄z
iz̄jzmz̄ℓ, ρ = 1 + ϕiȷ̄ℓℓ̄z

iz̄j .

Indeed, using polar coordinates, one knows that
∫︁
∆R

zmz̄ℓ dV = 0 if m ̸= ℓ. Hence,
for any multi-index α ∈ Nn we have that∫︂

∆R

e−kψ0zαρ dV = 0.

It follows that for any holomorphic function h : U → C,∫︂
∆R

|h|2e−kψ0ρ dV =

∫︂
∆R

(|h(0)|2 + |h− h(0)|2)e−kψ0ρ dV.

We thus apply this equality to the holomorphic function f/gk (since g has no zeros
in the polydisc ∆R of radius R for R > 0 sufficiently small) to obtain our claim.

Choosing R = k−2/3, we have

−kψ0 ≤ −kψ + Ck−7/3 and ρdV ≤ (1 + Ck−2)ω
[n]
ϕ ,
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hence ∫︂
∆R

|f/gk|2e−kψ0ρ dV ≤ (1 + Ck−2)

∫︂
∆R

|f/gk|2e−kψω[n]
ϕ

= (1 + Ck−2)

∫︂
∆R

|f |2e−kϕω[n]
ϕ .

Using the Laplace approximation again, we have∫︂
∆R

e−kψ0ρ dV =
(︂2π
k

)︂n(︂
1− 1

2k
Sωϕ

(0) +O(k−2)
)︂
.

Therefore, we get

|f(0)/gk(0)|2 ≤
∫︁
∆R

|f/gk|2e−kψ0ρ dV∫︁
∆R

e−kψ0ρ dV

=
(︂ k

2π

)︂n(︂
1 +

1

2k
Sωϕ

(0) +O(k−2)
)︂∫︂

∆R

|f |2e−kϕω[n]
ϕ .

Since |gk(0)|2 = ekϕ(0), we infer that

|f(0)|2 ≤ ekϕ(0)
(︂ k

2π

)︂n(︂
1 +

1

2k
Sωϕ

(0) +O(k−2)
)︂∫︂

∆R

|f |2e−kϕω[n]
ϕ ,

hence we get a upper bound for K
kϕ,ω

[n]
ϕ

e−kϕ.

§3.2. Convergence of Tsuji’s iteration

Recall that L→ X is a positively curved line bundle on X equipped with a smooth
Hermitian metric ϕL. Let Ω be a smooth volume form on X. For any Hermitian
metric ϕ on L, we denote µϕ = 1

n!e
ϕ−ϕLΩ, which is a well-defined positive measure

on X. We prove the following lemma, which is a variant version of [Ber09b, Lemma
3].

Lemma 3.3. Let ϕ∞ be the solution of

(ddcϕ∞)n = eϕ∞−ϕLΩ, ωϕ∞ = ddcϕ∞ > 0

such that (X,ωϕ∞) has bounded geometry of order ℓ ≥ 5. Suppose that C1, C2 are
two real numbers satisfying C1 ≤ ϕ− ϕ∞ ≤ C2. Then we have

βk(ϕ)− ϕ∞ ≥ k − 1

k
C1 − εk

and
βk(ϕ)− ϕ∞ ≤ k − 1

k
C2 + εk,
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where εk = c/k2 with c > 0 only depending on the bounded geometry of ϕ∞.
Moreover, if ωϕ∞ is a Kähler–Einstein metric with negative curvature, and dk is
defined in (1.4), then we can obtain εk = c/k3.

Proof. Since (ddcϕ∞)n = eϕ∞−ϕLΩ = n!µϕ∞ , using the first-order asymptotic of
Bergman kernels for the weight ϕ∞ (cf. Theorem 3.1), we have

Kkϕ∞,µϕ∞
e−kϕ∞ = K

kϕ∞,ω
[n]
ϕ∞
e−kϕ∞

=
(︂ k

2π

)︂n(︂
1 +O

(︂1
k

)︂)︂
.

By definition, dk = ( k2π )
n we have

(3.4) βk(ϕ∞) =
1

k
log(Kkϕ∞/dk) = ϕ∞ + εk,

where εk = O( 1
k2 ).

Similarly, if ω∞ is a Kähler–Einstein metric with Ric(ωϕ∞) = −ωϕ∞ , using the
second-order asymptotic behavior of Bergman kernels for the weight ϕ∞ (cf. The-
orem 3.1) we get

Kkϕ∞,µϕ∞
e−kϕ∞ = K

kϕ∞,ω
[n]
ϕ∞
e−kϕ∞

=
(︂ k

2π

)︂n(︂
1− n

2k
+O

(︂ 1

k2

)︂)︂
.

Therefore, for dk = ( k2π )
nmax{ 1

2 , (1−
n
2k )} and k > n, we have

(3.5) βk(ϕ∞) =
1

k
log(Kkϕ∞/dk) = ϕ∞ + εk,

where εk = O( 1
k3 ).

Next, it follows from the fact that ϕ − ϕ∞ ≥ C1 for some constant C1, the
extremal characterization of Bergman kernel implies that

(3.6) Kkϕ ≥ e(k−1)C1Kkϕ∞ .

Indeed, if we pick a section 0 ̸= σ ∈ H0(X,Lk) with
∫︁
X
|σ|2e−kϕ∞µϕ∞ < +∞ then

for any x ∈ X,

|σ(x)|2∫︁
X
|σ|2e−kϕ dµϕ

≥ e(k−1)C1
|σ(x)|2∫︁

X
|σ|2e−kϕ∞ dµϕ∞

.

Taking the supremum, we obtain the inequality (3.6). Therefore, combining with
(3.4) (resp. (3.5)) we have

βk(ϕ)− ϕ∞ ≥ k − 1

k
C1 − εk
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for some positive εk = O( 1
k2 ) (resp. εk = O( 1

k3 )). Similarly, we have

βk(ϕ)− ϕ∞ ≤ k − 1

k
C2 + εk

as required.

Proof of Theorems 1.1 and 1.3. We define by recurrence ϕk+1 := βk(ϕk). For any
k ≥ 1, denote by Ck the optimal constant such that

ϕk − ϕ∞ ≥ Ck.

Lemma 3.3 thus implies that

Ck+1 ≥ k − 1

k
Ck − εk.

Since εk is of order 1/k2, it follows that kCk+1 is uniformly bounded from below by
a quantity of order O(log k). Similarly, Lemma 3.3 yields a uniform upper bound
for k ˜︁Ck+1, where ˜︁Ck is the optimal constant such that

ϕk − ϕ∞ ≤ ˜︁Ck.
Since Ck ≤ ˜︁Ck by definition, we have Ck = O( log kk ) and ˜︁Ck = O( log kk ). Hence we
obtain the desired convergence rate log k

k .
By the same argument, we obtain the uniform convergence with rate 1

k when
ωϕ∞ is a Kähler–Einstein metric.

§4. Variation of Kähler–Einstein metrics

§4.1. Positivity of relative Bergman kernels

Setup 4.1. Let p : X → Y be a holomorphic surjective map from a Kähler mani-
fold X of dimension n+m to a complex manifold Y of dimension m. Let Y ◦ ⊂ Y

denote the set of points that are not critical values of p in Y and set X◦ = p−1(Y ◦).

If p : X → Y is in Setup 4.1, then the relative canonical bundle associated
with p is defined by KX/Y := KX − p∗(KY ). It follows from [Ber09a, BP08]
that we have an isomorphism between KXy

and (KX − p∗KY )|Xy
= KX/Y |Xy

for y ∈ Y ◦. Let t = (t1, . . . , tm) be local coordinates near a point in Y . Then
these local coordinates define a local (m, 0)-form dt = dt1 ∧ · · · ∧ dtm, which
trivializes KY . This trivialization induces a local section ũ of KX over Xy by
ũ = u ∧ p∗(dt) = u ∧ dt̃, where t̃j = tj ◦ p, j = 1, . . . ,m, are functions on X.
Conversely, any local section ũ of KX can be written as ũ = u ∧ dt̃ locally. Thus
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the restriction of u to the fiber Xy is well defined as a local section of KXy
, which

we call the trace of ũ and denote by τy(ũ). Then the isomorphism is given by

KXy
+ p∗(KY )|Xy

→ KX |Xy
,

u⊗ p∗ dt ↦→ u ∧ dt̃

with inverse map ũ ↦→ τy(u) ⊗ p∗(dt). Hence the induced isomorphism KXy
→

KX/Y |Xy
is given by u ↦→ u ∧ p∗(dt)/dt.

Let ω be a relative Kähler metric onX such that ωy := ω|Xy is a Kähler metric
on Xy for y ∈ Y ◦. Assume that L is a line bundle on X and hL = e−ϕL is a singular
Hermitian metric on L with positive curvature current. For each y ∈ Y ◦, we define
Ey := H0(Xy, (KXy

+ L|Xy
)⊗ I(ϕL|Xy

)). Here, I(ϕ) denotes the multiplier ideal
sheaf of holomorphic functions on X that are square integrable against e−ϕ. Then
the (singular) Hermitian metric ϕL on L induces a Hilbert norm ∥ · ∥y on Ey by

∥u∥2y :=

∫︂
Xy

cnu ∧ ūe−ϕL =

∫︂
Xy

|u|2ωe−ϕL dVXy,ω.

Let x ∈ X◦, and y = p(x). Let z1, . . . , zn+m be local coordinates for a neighborhood
V ⊂ X◦ of x and t1, . . . , tm local coordinates near y. For u ∈ H0(Xy,KXy +L|Xy ),
we define u′ by

u′ dz = u ∧ p∗ dt.

The fiberwise Bergman kernel K(x) of (KX/Y + L)|X◦ with respect to this norm
is defined by

K(x) = sup
u∈Ey,∥u∥2

y≤1

|u′(x)|2.

We remark that this concept of the Bergman kernel coincides with the classical one.
Thus, ϕX/Y (x) := logK(x) provides a Hermitian metric h = e−ϕX/Y on KX/Y .

We establish a pseudo-effectivity criterion for the relative adjoint line bundle
KX/Y +L by proving the log-plurisubharmonicity of the fiberwise Bergman kernel.
The only assumptions needed to obtain a non-trivial positively curved metric are
the positivity of L together with the existence of an L2 section of KX/Y +L. The
following theorem is a non-compact extension of [BP08, Theorem 0.1] (see also
[PT18, Theorem 4.1.1], [ZZ18, Theorem 1.3], [Cao17, Theorem 3.5], and [DWZZ24,
Theorem 1.4]).

Theorem 4.2. Let X be a weakly pseudoconvex Kähler manifold of dimension
n +m and Y a complex manifold of dimension m. Let p : X → Y be a surjective
holomorphic map. Let L be a line bundle on X equipped with a singular Hermitian
metric hL = e−ϕL satisfying
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• ddcϕL ≥ 0 in the sense of currents,
• H0(Xy0 , (KXy0

+ L|Xy0
)⊗ I(ϕL|Xy0

)) ̸= 0 for some y0 ∈ Y ◦.

Denote by KϕL
the relative Bergman kernel of (KX/Y + L)|X◦ . Then KϕL

has
positive curvature current and extends across X \ X◦ to a metric with positive
curvature current on all of X.

A consequence of Theorem 4.2 is the positivity of the relative Bergman kernel.

Corollary 4.3. Let X be weakly pseudoconvex Kähler manifold and Y a com-
plex manifold. Let p : X → Y be a surjective holomorphic map. Assume that
H0(Xy0 ,KXy0

) ̸= 0 for some y0 ∈ Y ◦. Then the relative pluricanonical line bun-
dle Kk

X/Y admits a metric with positive curvature current. Moreover, this metric
coincides with the fiberwise k-Bergman kernel metric on the fibers of p.

Proof. First, take L = OX with the constant metric. Then Theorem 4.2 shows
that ϕ(1)X/Y := logK defines a Hermitian metric on KX/Y with positive curvature
current. Applying Theorem 4.2 inductively with L = Kk

X/Y endowed with the Her-

mitian metric ϕ(k)X/Y for k = 1, 2, . . . , we obtain a new metric ϕ(k+1)
X/Y on Kk+1

X/Y with
positive curvature current, given by the logarithm of the corresponding Bergman
kernel.

The proof of Theorem 4.2 follows the same strategy as in the compact case,
cf. [BP08, PT18, ZZ18]. We provide a brief sketch for the reader’s convenience. We
will use the following version of the Ohsawa–Takegoshi extension theorem, which
can be deduced from [ZZ18, Theorem 1.1] (cf. also [Cao17, BL16, GZ15b, XZ24]).

Lemma 4.4. Let (X,ω) be a weakly pseudoconvex Kähler manifold. Let p : X →
∆r = {t : |t| < r} ⊂ C be a surjective holomorphic map. Suppose that X0 = p−1(0)

is a submanifold of codimension 1. Let L be a holomorphic line bundle on X

equipped with a (possibly singular) Hermitian metric ϕL satisfying ddcϕL ≥ 0.
Let u ∈ H0(X0,KX0

+ L|X0
) with

∫︁
X0

|u|2ωe−ϕL dVX0
< ∞. Then there exists

Ur ∈ H0(p−1(∆r),KX/Y + L) such that Ur|X0
= u ∧ p∗dt and

1

πr2

∫︂
p−1(∆r)

|Ur|2ωe−ϕL dVX,ω ≤
∫︂
X0

|u|2ωe−ϕL dVX0,ω.

Proof of Theorem 4.2. We follow the same argument as in the compact case (see
[BP08, PT18, ZZ18]). Recall that for any y ∈ Y ◦, setting ϕy = ϕL|Xy

, we define
the L2-norm on uy ∈ H0(Xy,KXy + L|Xy ) by

∥uy∥2 :=

∫︂
Xy

|uy|2ωe−ϕy dVXy,ω.
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Let (t, z) = (t1, . . . , tm, z1, . . . , zn) be local coordinates near a point x ∈ X. Set
y = p(x). The Bergman kernel of KXy

+ L|Xy
on Xy (y = y(t)) is defined by

(4.1) Kt(z) = sup
{︁
|u′y(z)|2 : uy ∈ H0(Xy,KXy

+ L|Xy
), ∥uy∥ ≤ 1

}︁
where uy = u′y(z) dz ⊗ e with e a local frame of L near x.

Remark that p : X◦ → Y ◦ is a holomorphic submersion. To show that
logKt(z) is psh with respect to (t, z), one needs to prove the subharmonicity of
logKt(z) along any complex line. Without loss of generality, we can assume that
Y ◦ = ∆R ⊂ C is a disc (m = 1).

The first property is the upper semicontinuity of logKt(z) with respect to
(t, z). Indeed, thanks to Demailly’s global regularization [Dem82, Section 9], we
can find an increasing sequence of smooth metrics (hε = e−ϕε)ε>0 on L, converging
to hL = e−ϕL in L1 and satisfying ddcϕε ≥ −λεω, ddcϕε ≥ −λεω, where (λε) is an
increasing family of continuous functions on X with λε ↘ 0 almost everywhere.
The corresponding Bergman kernels Kt,ε are continuous. Arguing as in [PT18,
Theorem 1.1], we obtain that logKt,ε(z) decreases to logKt(z) for (t, z) ∈ U as
ε↘ 0. This proves the desired upper semicontinuity.

We next show that logK satisfies the sub-mean inequality on every holomor-
phic disc in Y ◦, namely, for any t0 ∈ Y ◦,

logKt0(z) ≤
1

πr2

∫︂
∆r

logKt(z) idt ∧ dt̄

for some r ≪ 1 and ∆r = ∆(t0, r) ⊂ Y ◦. Fix u0 ∈ H0(Xt0 ,KXt0
+ L|Xt0

) such
that ∥u0∥ = 1 and K0(z) = |u′0(z)|2. By the Ohsawa–Takegoshi-type theorem
(Lemma 4.4), u0 can be extended to a holomorphic section U on the preimage of
∆r such that

1

πr2

∫︂
∆r

∫︂
Xt

|U ′(t, z)|2e−ϕL dVXt,ω idt ∧ dt̄ ≤ ∥u0∥2 = 1,

where we have used the Fubini theorem and U = U ′ dz ∧ p∗(dt)⊗ e. Since U(t, z)

is holomorphic in t, we can write

logKt0(z) = log |U ′(0, z)|2 ≤ 1

πr2

∫︂
∆r

log |U ′(t, z)|2 idt ∧ dt̄.

Using the extremal property of the Bergman kernel, the term on the right-hand
side is dominated by

1

πr2

∫︂
∆r

(︃
logKt(z) + log

∫︂
Xt

|U ′(t, z)|2e−ϕL dVXt,ω

)︃
idt ∧ dt̄.
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By Jensen’s inequality, we obtain

1

πr2

∫︂
∆r

log

∫︂
Xt

|U ′(t, z)|2e−ϕL dVXt,ω idt ∧ dt̄

≤ log

(︃
1

πr2

∫︂
∆r

∫︂
Xt

|U ′(t, z)|2e−ϕL dVXt,ω idt ∧ dt̄

)︃
≤ 0.

This tells us that logKt(z) is psh in the horizontal direction. On the other hand,
by the convexity of |u′t(z)| and the definition of logK, we deduce that logK(z)

is also psh in the fiberwise direction. Therefore, logK is psh on p−1(Y ◦) and, in
particular, the curvature of the induced singular Hermitian metric is positive on
p−1(Y ◦) in the sense of currents.

It remains to show that the curvature current of the induced Hermitian metric
above can be extended over the whole of X. It suffices to show that its local
potential is bounded from above near the singular fibers.

Fixing an open subset V ⊂ X, we define the function K on V ∩X◦ as (4.1).
The problem is equivalent to proving that K is uniformly bounded from above on
V ∩X◦. For any x ∈ V ∩X◦, there exists a section σ ∈ H0(Xp(x),KXp(x)

+L|Xp(x)
)

such that
K(x) = |σ′(z)|2,

∫︂
Xp(x)

|σ|2e−ϕp(x) dVXp(x),ω = 1,

where (t, z) are local coordinates near x and σ = σ′ dz ⊗ e. Using the Ohsawa–
Takegoshi extension theorem, we can find an extension σ̃ of σ on p−1(p(V )) such
that ∫︂

p−1(p(V ))

|σ̃|2e−ϕL dVX,ω ≤ CV ,

with CV > 0 only depending on V . It follows from the sub-mean value inequality
that |σ′(z)|2 is dominated by a constant only depending on CV . This completes
the proof.

§4.2. Plurisubharmonic variation of Kähler–Einstein metrics

This section is devoted to studying the plurisubharmonic variation of Kähler–
Einstein metrics on non-compact complex manifolds. The idea goes back to Tsuji
[Tsu10] and Schumacher [Sch12], who studied holomorphic families of canonically
polarized, compact Kähler manifolds using two different methods. Schumacher’s
method is based on a maximum principle, which moreover yields strict plurisub-
harmonicity when the family is not infinitesimally trivial. Tsuji’s approach shows
that Kähler–Einstein metrics can be obtained via an iteration scheme involving
suitably normalized pluricanonical sections, as explained in this paper. In [Tsu13],
Tsuji extended his method to families of Kähler–Einstein metrics on bounded
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pseudoconvex domains, using Berndtsson’s results [Ber09a, Ber06]. For alterna-
tive proofs of this result on strongly pseudoconvex domains based on Schumacher’s
method, see [Cho15b, Cho15a]. In this work, we follow Tsuji’s method to obtain
the following.

Theorem 4.5. Let p : X → Y be in Setup 4.1. Assume further that X is weakly
pseudoconvex, and

(i) for every y ∈ Y ◦, Xy admits a Kähler–Einstein metric ωKE,y with negative
Ricci curvature such that (Xy, ωKE,y) has bounded geometry of order ℓ ≥ 5,
locally uniformly in y, i.e., for any neighborhood U ⋐ Y ◦ the constants r, c,
Ak in Definition 2.1 depend only on U ,

(ii) KX/Y admits a singular Hermitian metric h0 = e−ϕ0 with positive curvature
current and for every y0 ∈ Y ◦, there exists a neighborhood U ⋐ Y ◦ of y0 such
that ∥ϕ0,y − ϕKE,y∥L∞(Xy) ≤ C(U) for all y ∈ U .

Then the Hermitian metric on (KX/Y )|X◦ induced by the fiberwise Kähler–Einstein
metrics is positively curved. Moreover, if we have the additional condition that

(iii) the Kähler–Einstein potentials (ϕKE,y)y∈Y ◦ are bounded from above near the
singular fibers,

then this metric extends canonically across X \X◦ to a positively curved metric.

Condition (ii) holds whenever one can compare the Bergman kernel of H0(Xy,

KXy
) with the Kähler–Einstein measure ωnKE,y. Indeed, in this case, the fiberwise

Bergman kernel for H0(Xy,KXy ) gives us a Hermitian metric ϕ0 on KX/Y which
satisfies (ii). The following corollary illustrates this using the comparison between
the Bergman kernel and the Kähler–Einstein measure in Greene–Wu [GW79].

Corollary 4.6. Let p : X → Y be in Setup 4.1. Assume further that X is weakly
pseudoconvex and that

(i) for every y0 ∈ Y ◦, there exist a neighborhood of y0, U ⋐ Y ◦ and 0 < AU < BU
such that for any y ∈ U , Xy admits a Kähler metric ωy whose holomorphic
sectional curvature belongs to (−BU ,−AU ),

(ii) Xy is simply connected.

Then the curvature current of the Hermitian metric on (KX/Y )|X◦ induced by the
Kähler–Einstein metrics on the fibers is positive.

Proof. It follows from [WY20, Corollary 7] that for any y ∈ U , the fiber Xy

admits a unique Kähler–Einstein metric with bounded geometry, uniformly equiv-
alent to ωy, with equivalence constants depending only on AU , BU , and dimXy.
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Moreover, by [GW79, p. 144, Theorem H (3)] the fiberwise Bergman kernel Ky
satisfies A1ω

n
y ≤ Ky ≤ A2ω

n
y for some positive constants A1, A2 depending only

on AU , BU , and dimXy. thus the fiberwise Bergman kernel defines a Hermitian
metric ϕ0 on KX/Y satisfying (ii) in Theorem 4.5.

Proof of Theorem 4.5. Fix y ∈ Y ◦. We first note that H0(Xy,K
k0+1
Xy

⊗I(k0ϕ|Xy
))

̸= 0 for some k0 > 0. By the Hörmander L2 estimate, there exists k0 > 0 depend-
ing only on the bounded geometry of (Xy, ωKE,y) such that H0(Xy,K

(k0+1)
Xy

⊗
I(k0ϕKE|Xy )) ̸= 0. By (ii) we have ∥ϕ0,y − ϕKE,y∥ ≤ C, hence H0(Xy,K

(k0+1)
Xy

⊗
I(k0ϕ|Xy

)) ̸= 0.
We now adapt the argument in [Tsu10]. Set Lk0 := Kk0

X/Y and hk0 = e
−ϕLk0

with ϕLk0
:= −k0ϕ0, which has positive curvature current. By iteration, at step

k ≥ k0, assume that Lk := Kk
X/Y |X◦ admits a Hermitian metric hk = e−kϕk with

ddcϕk ≥ 0. Define ϕk+1 := 1
k log(Kkϕk

/dk), where Kkϕk
is the Bergman kernel of

(KX/Y + Lk)|X◦ . On each fiber, set ϕk+1,y = βk(ϕk,y) = 1
k (logKkϕk,y

/dk). By
Theorem 3.1, ∥ϕk,y−ϕKE,y∥ ≤ C, hence H0(Xy, (KXy +Lk|Xy )⊗I(ϕLk

|Xy )) ̸= 0.
Applying Theorem 4.2, we conclude that ddcϕk+1 ≥ 0.

For any y0 ∈ Y ◦, choose U ⋐ Y ◦ containing y0. By the hypothesis and
Theorem 1.3, ∥ϕk,y′ − ϕKE,y′∥L∞(Xy′ ) ≤ C(U)/k for all y′ ∈ U , hence ∥ϕk −
ϕKE∥L∞(p−1(U)) ≤ C(U)/k. By locally uniform convergence, the limit ϕKE :=

limk ϕk defines a singular Hermitian metric on (KX/Y )|X◦ with positive curvature
current T := ddcϕKE.

§4.3. Families of Kähler–Einstein metrics
on bounded pseudoconvex domains

We recall some properties of pseudoconvex domains (cf. [CY80]). Let Ω be a
strongly pseudoconvex domain in Cn. Let ρ be a smooth defining function for
Ω, i.e., ρ ∈ C∞(Ω), Ω = {ρ < 0}, ∂ρ ̸= 0 on ∂Ω, and (ρiȷ̄) > 0 in Ω. We define
φΩ = −(n + 1) log(−ρ), which is a strictly plurisubharmonic function on Ω and
φΩ(z) → +∞ as z → ∂Ω. It follows from [CY80] that (Ω, ωφΩ

) is a complete
Kähler manifold, where ωφΩ

= ddcφΩ. Since

det((φΩ)iȷ̄) = (n+ 1)n
(︂
−1

ρ

)︂n+1

det(ρiȷ̄)(−ρ+ |dρ|2),

we have the Ricci curvature

Ric(ωφΩ
) = −(φΩ)iȷ̄ + ∂i∂ȷ̄F,

where F = − log[det(ρȷ̄i)(−ρ+ |dρ|2)] is smooth in Ω and bounded on Ω.
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It is explained in [CY80] that (Ω, ωφΩ
) has bounded geometry. The following

theorem is due to Cheng–Yau [CY80, MY83].

Theorem 4.7. There exists a unique complete Kähler–Einstein metric ωKE =

ddcϕKE with −(n+ 1) scalar curvature which solves

(ddcϕKE)
n = e(n+1)(ϕKE−ϕΩ)+FωnφΩ

,

and |∇k
φΩ

(ϕKE − φΩ)| ≤ Ck for any k ∈ N. Moreover, (Ω, ωKE) has bounded
geometry of any order.

Let p : D ⊂ Cn×Cm → B ⊂ Cm be the second projection where D is a strictly
pseudoconvex domain (with smooth boundary), and B is an open ball. Suppose
that for each t ∈ B, Dt := p−1(t) is bounded strongly pseudoconvex domain with
smooth boundary. It follows from [CY80, MY83] (cf. Theorem 4.7) that on each
slice Dt there exists a unique complete Kähler form ωϕt such that

Ric(ωϕt) = −(n+ 1)ωϕt .

Then we have the following corollary of Theorem 4.5.

Theorem 4.8. The metric ϕt induces a Hermitian metric on the relative line
bundle KD/B with positive curvature current.

The result was proved by Choi [Cho15b, Cho15a] using the boundary behavior
of the geodesic curvature, which satisfies a certain elliptic equation, and by Tsuji
[Tsu13] using his construction of Kähler–Einstein metrics.

Proof of Theorem 4.8. Let (z, t) ∈ Cn × Cm be the standard coordinates. We
denote by ρ the defining function of D which satisfies

• ρ ∈ C∞(D) and D = {(z, t) : ρ(z, t) < 0},
• ∂ρ ̸= 0 on ∂D,
• (ρiȷ̄(·, t)) > 0 in D.

This implies that φD(·, t) = − log(−ρ(·, t)) is a strictly smooth plurisubharmonic
function in Dt for each t ∈ B. Applying Theorem 4.5, it suffices to show that
∥ϕt − φDt

∥ ≤ C independent of t. Setting ut = ϕt − φD(·, t), it solves

det((φD)iȷ̄(·, t) + (ut)iȷ̄) = e(n+1)u+F det((φD)iȷ̄(·, t))

in Dt, where the function F is bounded on D (defined as above). Applying Theo-
rem 4.5, it suffices to show that ∥ut∥L∞(Dt) ≤ C uniformly in t. Indeed, it follows
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from the maximum principle [CY80, Proposition 4.1] that

sup
Dt

|ut| ≤
1

n+ 1
sup
Dt

|F | ≤ C

for a constant C > 0 uniformly in t. This finishes the proof.

§4.4. Families of Kähler–Einstein metrics with cusp singularities

Let p : X → Y be a holomorphic subjective proper map between compact Kähler
manifolds with relative dimension n, D =

∑︁ℓ
i=1Di a reduced divisor with simple

normal crossing support. Let X := X \D. Assume Y ◦ is the largest Zariski open
subset of Y such that if X

◦
:= p−1(Y ◦) then every fiber Xy := p−1({y}) is smooth,

Dy := D ∩Xy has simple normal crossing support. We denote X◦ = X
◦ \D.

Assume that KXy
+ Dy is ample for any y ∈ Y ◦. By the well-known result

of Kobayashi [Kob84] and Tian–Yau [TY87], building upon Cheng–Yau’s strat-
egy [CY80], for each fiber, there exists a (unique) complete Kähler metric ωy on
Xy := Xy \Dy with cusp singularities along Dy and Ric(ωy) = −ωy on Xy. The
metric ωy can be extended as a positive current on Xy, which satisfies

(4.2) Ric(ωy) = −ωy + [Dy]

in the sense of currents on Xy, where [Dy] is the integration current along Dy.
Then we will see in Theorem 4.11 below that a similar statement in Theorem

4.5 also holds in this setting, hence we get the following application.

Theorem 4.9. Assume the setup above; then the fiberwise cusp Kähler–Einstein
metrics ωy satisfying (4.2) can be glued to define a current T on X such that

(i) T is positive on X◦ = X
◦ \D,

(ii) T extends canonically across (X \X◦) ∪D to a closed positive current.

Proof. If one chooses a background Kähler metric ω on X then it induces a Her-
mitian metric hω

X/Y
= e−ϕω on KX/Y with curvature form Θhω (KX/Y ) = ddcϕω;

cf. [Pău17, Section 3.1]. Fix smooth Hermitian metrics hi = hDi
= e−ϕi on OX(Di)

with curvature form θDi = ddcϕi ∈ c1(Di). Denote θi,y =
∑︁
θDi|Xy

for every
generic point y ∈ Y ◦. Let si be a holomorphic section cutting out Di, and denote
|si|2 = |si|2hi

and |s|2 =
∏︁

|si|2. On each fiber Xy, we set ηy = Θhω (KXy
) +∑︁

θDi|Xy
being chosen to be Kähler (the restriction of Θhω (KX/Y ) +

∑︁
θDi

).
Equation (4.2) can be written as

(ηy + ddcφy)
n = |s|−2eφyωn,

where φy is the unknown function. By [BG14, Theorem 4.2] (see also [DV25, The-
orem 1.2]), there exists a unique φy ∈ E1(Xy, ηy), which is the space of functions
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with finite energy. We can glue the functions φy to obtain a function φ on X
◦
. We

will show that φ defines a Hermitian metric ϕKE := ϕω+
∑︁
i ϕi+φ on (KX/Y )|X◦ ,

with positive curvature current T = ddcϕKE, and ϕKE extends across X \X◦ to a
singular Hermitian metric with closed positive current by applying Theorem 4.11
below, which is a variant of Theorem 4.5.

It is convenient to work with the complete Kähler metric with Poincaré sin-
gularities ωP,y = ηy −

∑︁
i dd

c log(log |si|2)2 on Xy = Xy \ Dy (up to scaling
the Hermitian metrics on OX(Di)). It indeed defines a smooth Kähler metric with
Poincaré growth alongDy, having bounded geometry at any order onXy = Xy\Dy

as follows from [Gue14, Section 1] (cf. also [Kob84, Lemma 2]); all of these prop-
erties are satisfied uniformly in y. Setting ψy = φy +

∑︁
i log(log |si|2)2, we have

(ωP,y + ddcψy)
n = eψy+FωnP,y

where F = log(ωn/
∏︁
i |si|2 log |si|2ωnP) is known to be a bounded smooth function

on X \D; cf. [Gue14, Lemma 1.6] or [CG72, Proposition 2.1].
For any y0 ∈ Y ◦, take a neighborhood U ⋐ Y ◦ of y0. By the result of

Kobayashi [Kob84] and Tian–Yau [TY87], we have that ∥ψy∥L∞(Xy) ≤ C(U) for
all y ∈ U . Indeed, since the bisectional curvature of (Xy, ωP,y) is bounded below
by some constant depending on U for all y ∈ U (cf. [Gue14, Section 4]), the Yau
generalized maximum principle (see [CY80, Proposition 4.1]) yields

sup
Xy

|ψy| ≤ sup
Xy

|F | ≤ C(U)

for any y ∈ U because F is bounded on X \D.
Hence, for ϕ0 := ϕω +

∑︁
i ϕi −

∑︁
i log(log |si|2)2 and ϕKE = ϕω +

∑︁
i ϕi + φ,

we have

sup
Xy

|ϕKE,y − ϕ0,y| = sup
Xy

|ψy| ≤ C(U).

Also, the result of [Kob84, TY87] shows that the Kähler–Einstein metric ddcϕKE,y

= ηy + ddcφy is complete and has bounded geometry on Xy = Xy \Dy which is
locally uniform in y ∈ Y ◦.

With this setup, we apply Theorem 4.11 to ϕ0 = ϕω+
∑︁
i ϕi−

∑︁
i log(log |si|2)2

and (ϕKE,y)y∈Y ◦ , to obtain a Hermitian metric ϕKE = ϕω+
∑︁
i ϕi+φ on (KX/Y )|X0

which has a positive curvature current T = ddcϕKE on X◦. Moreover, we also
have that ϕKE is bounded from above near the singular fibers of p|X . This can be
proved following the same argument as in [Gue20a, Section 6], which is based on
the approach of Păun [Pău17, Section 3.3]. Therefore, we can extend T to X as a
positive current.
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We conclude the proof by showing that ϕ = ϕKE extends across Dreg, where
Dreg is the regular part of D, and hence across D, following [BG14, Lemma 3.7].
Fix x ∈ Dreg, and let (U, (z1, . . . , zn+m)) be local coordinates around x, where
dimCX = n + m. In these coordinates, we write D = (z1 · · · zℓ = 0). It suffices
to treat the case ℓ = 1, as the general case can be proven similarly. We have the
integral ∫︂

U\D

eϕ dV

|z1|2
≤ C

∫︂
0<|z1|<1

|zj |<1

idz1 ∧ dz̄1

|z1|2 log2(|z1|2)
∧
n+m⋀︂
j=2

idzj ∧ dz̄j <∞.

Suppose, by contradiction, that ϕ does not tend to −∞ near D. Then there exists
a sequence (zk) in U \D converging to D such that ϕ(zk) ≥ −C for some constant
C. Let ∆k denote the polydisc centered at zk with polyradius (rk, δ, . . . , δ) for
rk ↘ 0 and some fixed δ > 0, so that ∆k ⊂ U \D. It follows from the sub-mean
value inequality for ϕ at zk that

−C ≤ 1

Vol(∆k)

∫︂
∆k

ϕ dV.

Using Jensen’s inequality, we obtain

e−C(n) ≤
∫︂
∆k

eϕ dV

r2kδ
2n
,

and on ∆k, |z1| ≤ 2rk, hence

C ′ ≤
∫︂
∆k

eϕ dV

|z1|2

with C ′ = 1
4e

−Cδ2n. Since the measure of ∆k goes to zero as k → +∞ we infer
that

∫︁
U\D

eϕdV
|z1|2 is infinite, which is a contradiction.

To end the section, we establish an extension result of Ohsawa–Takegoshi type
for the family of quasi-projective manifolds, which ensures that the statements in
Theorems 4.2 and 4.5 hold in this case.

Lemma 4.10. Let (X,ω) be a Kähler manifold fibered over the disc ∆r = {t ∈
C : |t| < r} with r > 1, with compact fibers Xt. Let D be a reduced divisor with
simple normal crossing support in X not contained in X0. Let X = X \ D and
Xt = Xt \D. Let L be a holomorphic line bundle on X equipped with a singular
Hermitian metric e−ϕ with semipositive curvature. Let u ∈ H0(X0,KX0 + L|X0)

such that
∫︁
X0
u ∧ ūe−ϕ < ∞. Then there exists U ∈ H0(X,KX + L|X) such that
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U = u ∧ dt for t = 0 and

(4.3)
1

πr2

∫︂
X

U ∧ Ue−ϕ ≤
∫︂
X0

u ∧ ūe−ϕ.

Proof. The proof is almost identical to that of [Cao17, Theorem 1.3], so we will
be somewhat brief and focus on the differences. We observe that X = X \ D
admits a complete metric ωP with Poincaré singularity type; cf. [Kob84]. We take
a covering of X by finite open sets Vα biholomorphic to the polydisc in Cn. For
each α we fix local coordinates (t, z1α, . . . , z

n
α) such that X0 ∩ Vα = (t = 0) and

D ∩ Vα = (z1α · · · zℓα = 0), so that X ∩ Vα ≃ (∆∗)ℓ × ∆n+1−ℓ and X0 ∩ Vα ≃
(∆∗)ℓ×∆n−ℓ, where ∆ is the unit disc in C and ∆∗ = ∆ \ {0}. Locally on Uα, we
can write u = fα⊗eα, where fα is a holomorphic function on X0∩Vα. We write the
Hermitian metric h = e−ϕ = h0e

−φ for h0 a fixed smooth Hermitian metric and
a function φ on X. Thanks to Demailly’s approximation theorem, there exists an
increasing sequence {hk} = {h0e−φk} of metrics with analytic singularities with
curvature iΘhk

(L) ≥ −ω
k .

Step 1. We claim that there exists a smooth section ũ on KX+L|X such that
ũ|X0

= u, ∂̄ũ|X0
= 0, and for some σ > 0,∫︂

X

|∂̄ũ|2ωP,h0
e−(1+σ)φ

|t|2(log |t|)2
dVX,ωP

≤ C

∫︂
X0

|u|2ωP,h dVX0,ωP
.

Thanks to the strong openness [GZ15a], we can find σ > 0 such that∫︂
X0∩Vα

|u|2ωP,h0
e−(1+σ)φ dVX0,ωP

≤ 2

∫︂
X0∩Vα

|u|2ωP,h dVX0,ωP
.

We apply the usual version of the Ohsawa–Takegoshi theorem [Dem12, Theorem
13.6] with the weight e−(1+σ)φ, and we can find holomorphic sections f̃α of KX +

L|X on Uα extending u such that∫︂
Vα\D

|f̃α|2ωP,h0
e−(1+σ)φ

|t|2(log |t|)2
dVX,ωP

≤
∫︂
X0∩Vα

|u|2ωP,h dVX0,ωP
.

Let {χα} be a partition of unity subordinate to {Vα}. We can check ũ :=
∑︁
α χαf̃α

satisfies the claim.

Step 2. Set Ψ = log |t|2 and gm = ∂̄((1− b′m ◦Ψ)ũ), where bm is a C1 function
defined on R such that

bm(s) = s for s ≥ −m, b′′m(s) = 1{−m−1≤s≤−m}(s).
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We claim that there exists a sequence {am} ⊂ N tending to ∞, L-valued locally
L2-forms γm and βm such that

∂̄γm +
(︂ m
am

)︂ 1
2

βm = gm, lim
m→∞

m

am
= 0,

and for k ≥ am,

(4.4) lim
m→∞

∫︂
X

|γm|2ωP,ham
dVX,ωP ≤ πr2

∫︂
X0

|u|2ωP,h0
e−φk dVX0,ωP .

The proof of the claim follows line by line from that in [Cao17, p. 25]. We note here
that if φk has singularities along the analytic set Zk then X \ Zk = X \ (D ∪ Zk)
has a complete Kähler metric (cf. [Dem12, Lemma 12.9]), so we can apply the L2

existence theorem for solutions to the ∂̄-equation; cf. [Dem12, Proposition 13.4,
Remark 13.5], also [Cao17, Appendix]. While, in [Cao17], X is assumed to be
weakly pseudoconvex, so that X \Z is a complete Kähler manifold for an analytic
subset Z. The latter property is still true in our setting.

Step 3. Up to passing to a subsequence, we assume that ((1−b′m◦Ψ)ũ−γm)m
converges weakly to some U ∈ L2(X,KX + L|X)ωp,h0

. It suffices to verify that U
is holomorphic and satisfies (4.3). Since ∂̄((1 − b′m ◦ Ψ)ũ − γm) = (m/am)

1
2 βm

converges to zero and ∂̄ is a closed operator, it follows that F is holomorphic. The
inequality (4.3) follows immediately from (4.4) (cf. [Cao17, p. 26]).

It remains to check that U |X0∩Vα = u. We solve the ∂̄-equation on Vα \ D:
∂̄wm = βm and∫︂

Vα\D
|wm|2ωP,ham

dVX,ωP
≤ C

∫︂
Vα\D

|βm|2ωP,ham
dVX,ωP

≤ C1

for some uniform constant C1 > 0. Then

Um := (1− b′m ◦Ψ)ũ− γm −
(︂ m
am

)︂ 1
2

wm

is a holomorphic function on Vα \ D, and Um → U weakly. Since Um|X0∩Vα = u

we have U |X0∩Vα
= u.

Theorem 4.11. Theorems 4.2 and 4.5 hold in the case when X is a complex
manifold fibered over a complex manifold Y , with fiber Xy = Xy \D.

Proof. The statement in Theorem 4.2 for the family p : X = X \ D → Y fol-
lows immediately from the global regularization result and the Ohsawa–Takegoshi
theorem above.

We then argue as in Theorem 4.5 to obtain a sequence of singular Hermitian
metrics ϕk on Kk

X/Y |X◦ with positive curvature current Tk := ddcϕk. Since ϕk
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uniformly converges to ϕKE locally, we have ϕKE is locally plurisubharmonic on
X◦. Hence ϕKE defines a singular Hermitian metric on (KX/Y )|X◦ , with positive
curvature current T := ddcϕKE.
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