
Elemente der Mathematik 81 (2026), 176–178
DOI 10.4171/EM/579

© 2026 Swiss Mathematical Society
Published by EMS Press

This work is licensed under a CC BY 4.0 license

Short note A note on integers represented by quadratic
norm forms

Bayarmagnai Gombodorj

Abstract. In this note, we revisit the classical question of which integers can be rep-
resented as norms of algebraic integers in a given Euclidean quadratic field. We present
a proof based on basic properties of finite groups.

Euclidean quadratic fields

Let d be a square-free integer not equal to 0 or 1. The ring of integers OK of the quadratic
field K D Q.

p
d/ consists of all elements of the form aC !b, where a; b 2 Z and

! D

´p
d if d � 2; 3 .mod 4/;

1C
p
d

2
if d � 1 .mod 4/:

We assume that K is Euclidean; that is, there exists a function �WOK n ¹0º ! N with the
property that, for any a; b 2 OK with b ¤ 0, there exist q; r 2 OK such that

a D bq C r with either r D 0 or �.r/ < �.b/:

It is known that there are only finitely many Euclidean quadratic fields with respect to the
norm � D NK=Q. These are the fields K D Q.

p
d/ with

d 2 ¹�11;�7;�3;�2;�1; 2; 3; 5; 6; 7; 11; 13; 17; 19; 21; 29; 33; 37; 41; 57; 73º:

In fact, there are no further Euclidean quadratic fields with d < 0 (see, e.g., Alaca–
Williams [1]). On the other hand, for d > 0, it remains unknown whether there are in-
finitely many Euclidean quadratic fields. Note that the field Q.

p
69/ is not Euclidean with

respect to the norm map, but is Euclidean (see Clark [2]).

Integers represented by the norm map

The study of integers represented by quadratic forms is a classical and fascinating topic in
number theory. One of the most famous examples is Fermat’s two squares theorem: every
prime p of the form 4nC 1 can be written as a sum of two squares. A modern presentation
of Euler’s proof consists of two steps which are called reciprocity step and descent step.
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• Reciprocity step. If p � 1 .mod 4/, then p divides a2C b2 for some coprime a; b 2 Z.
• Descent step. If p divides n2 C 1, then p can be written in the form a2 C b2.
In this note, we provide a proof of the descent step for the norm NK=Q over a Euclidean
quadratic field K, derived primarily from the basic properties of finite groups.

Theorem 1. Let n � 2 be an integer coprime to NK=Q.!/. If there exists an integer r 2 Z
such that NK=Q.r C !/ � 0 .mod n/, then n can be written as the absolute value of the
norm of some algebraic integer ˛ 2 OK .

A classical proof, based on Lagrange’s theory of reduced forms, can be found in
Cox [3]. Note that the reciprocity step follows directly from Gauss’s law of quadratic
reciprocity.

Proof of Theorem 1. Let G denote the additive group .OK ;C/ and let N̨ denote the algeb-
raic conjugate of ˛ 2 OK . For a fixed ˛ 2 G, we consider two subgroups of G defined
by

G˛ D ¹˛z j z 2 OKº and ˛Z D ¹n˛ j n 2 Zº:

Claim 1. Let ˛ D aC b! be an algebraic integer in OK such that ab ¤ 0. If a and b are
coprime, then the quotient group G=G˛ is cyclic of order jNK=Q.˛/j.

Proof. Set N D jNK=Q.˛/j and fix integers u; v such that auC bv D 1. Then

˛.v � u N!/ � ! 2 Z;

so each coset ofG˛ inG is of the formmCG˛ for somem 2Z. Moreover, sinceN 2G˛ ,
we may assume that 0 � m < N . Thus

jG=G˛j D ŒG W G˛� � N: (1)

Denote by n˛ the order of the element 1CG˛ 2 G=G˛ . Then n˛ D ˛.x C y N!/ for some
x; y 2 Z. Multiplying by N̨ , we obtain n˛a D xNK=Q.˛/ and n˛b D yNK=Q.˛/, and
therefore .xuC yv/NK=Q.˛/ D n˛ . By (1), this implies that n˛ D N , and hence G=G˛
is a cyclic group generated by 1CG˛ .

Set 
 D r C !, and let H denote the subgroup nZC 
Z of G.

Claim 2. The quotient group G=H is isomorphic to the cyclic group Z=nZ.

Proof. We have j! CH D �jr CH for all j 2 Z. Hence each coset of H in G is of
the form mCH for some m 2 Z. Since n 2 H , we may assume that 0 � m < n; hence
ŒG W H� � n.

Set N D jNK=Q.
/j. By Claim 1, we have an isomorphism G=G
 Š Z=NZ. Com-
posing the natural projection G ! G=G
 with the homomorphism Z=NZ! Z=nZ, we
obtain a surjective homomorphism

'WG ! Z=nZ:

Then G=Ker.'/ Š Z=nZ by the First Isomorphism Theorem. Since 
 , n 2 Ker.'/, we
have H � Ker.'/, and hence jG=H j � n. Consequently, we have jG=H j D n, and thus
Ker.'/ D H .
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We have 
!; n! 2 H since 
! CNK=Q.
/ 2 
Z and n! D 
nC n.�r/. Therefore,
if ı 2 H , then ı! 2 H , and hence Gı � H . Now choose a nonzero element ı 2 H such
that �.ı/ is minimal. If H ¤ Gı , let z1 2 H nGı . The division property of � then yields
an element z2 2 G such that �.z1 � ız2/ < �.ı/. This contradicts the minimality of �.ı/
since z1 � ız2 ¤ 0 and z1 � ız2 2 H . Thus H D Gı .

As n andNK=Q.!/ are coprime, it follows that r and n are coprime. Hence 1C!c 2H
for some c 2 Z. Writing ı D aC b! with a; b 2 Z, we see that a and b are coprime since
1C !c 2 Gı . Combining Claims 1 and 2, we conclude that

n D jG=Gı j D jNK=Q.ı/j;

completing the proof of Theorem 1.

Remark 1. Every Euclidean number field has class number one (i.e., OK is a PID), but the
converse statement is false. For example, the fields Q.

p
�d/ with d D 19, 43, 67 and 163

have class number one but are not Euclidean (see, e.g., Lemmermeyer [4]). Moreover, in
the proof above, the Euclidean function � is used only to deduce that H D Gı for some
ı 2 H . Therefore, the same argument applies to any number field of class number one,
since 
!; n! 2 H ensures that H is an ideal of OK .
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