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Corona algebras and strongly self-absorbing C�-dynamics

Xiuyuan Li, Matteo Pagliero, and Gábor Szabó

Abstract. This article concerns the structure of C�-algebraic group actions induced on corona alge-
bras from a given � -unital C�-dynamical system over a locally compact groupG. We prove that such
actions satisfy the so-called dynamical folding property, which generalizes a fundamental property
observed for corona algebras in works of Manuilov–Thomsen and Phillips–Weaver. We then focus
on corona actions induced from G-C�-dynamics that are assumed to absorb a given strongly self-
absorbing and unitarily regular G-action 
 . It is proved that these corona actions are 
 -saturated,
which is a stronger property than being separably 
 -stable. Conversely, if one assumes that the
underlying C�-dynamics absorbs the trivial action on the compact operators, then 
 -saturation of
the corona action is equivalent to the original action being 
 -absorbing. These results are a dynam-
ical version of recent work by Farah and the third-named author.

Introduction

This article is a continued deep dive into the structural properties of corona algebras asso-
ciated to C�-algebras with various absorption properties [3, 4]. Recall that the corona
algebra of a C�-algebra A is defined to be the quotient Q.A/DM.A/=A of the multiplier
algebra, which generalizes the construction of the Stone–Čech boundary for topological
spaces. Strongly self-absorbing C�-algebras and the algebras tensorially absorbing them
[24] play a crucial role in the structure and classification theory of C�-algebras. In a sim-
ilar vein, given a second-countable locally compact group G, the notion of a strongly
self-absorbing G-action was introduced and studied for a similar purpose [18, 20, 21].
Even in the special case of a trivial G-action on a strongly self-absorbing C�-algebra D ,
it can be instructive to study the notion of equivariant D-stability for group actions on
C�-algebras. This and similar properties have already been exploited in various dynami-
cal classification results as an intermediate technical step [5, 11, 12, 14, 17, 19, 22].

As was observed by Farah [3] and then subsequently refined together with the last-
named author [4] for C�-algebras, absorption of a strongly self-absorbing C�-algebra can
often be detected at the level of the corona. Given how most of the theory of strongly
self-absorbing C�-algebras has some dynamical analog, this begs the question whether a
similar behavior can be observed for group actions induced on corona algebras. This arti-
cle aims to present just such a dynamical analog of the aforementioned recent C�-algebraic
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results. To formulate these, we begin by introducing a dynamical generalization of
“D-saturation”. Recall that a unital C�-algebra A is said to be D-saturated if for every
separable C�-subalgebra C � A, there exists a unital embedding D ,! A whose image
commutes with C . When A is equipped with an algebraic action ˛ W G Õ A, and G acts
onD via a continuous action 
 , we say that ˛ is 
 -saturated when the analogous property
holds with respect to equivariant embeddings; we refer to Definition 3.1 for the precise
statement. Our main result in its abridged form can be summarized as follows. For the full
version, which holds in a more general setting, see Theorem 3.3 and Corollary 4.2.

Theorem A. Let ˛ W GÕ A be an action on a separable non-unital C�-algebra, 
 W GÕ
D a strongly self-absorbing, unitarily regular action, and equip Q.A/ with the algebraic
action induced by ˛. If ˛ is 
 -absorbing, then .Q.A/; ˛/ is 
 -saturated. Furthermore, if
˛ tensorially absorbs the trivial action on the compact operators K , then the converse
holds as well.

The “furthermore” part in the above theorem is the comparably straightforward aspect
of the main result deduced in the last section, since it can be obtained rather easily from
the results and techniques that were introduced recently in [4]. The rest of the statement,
however, is proved via a careful dynamical extension of the ideas behind the proof of [4,
Theorem A]. At least for actions of compact groups, this generalization is mostly technical
in nature and can be achieved via the similar conceptual steps and extra bookkeeping.
This was accomplished in the first-named author’s master’s thesis [9], which this article
extends. We would like to stress, however, that some new conceptual steps are needed in
the proof of the statement for general C�-dynamics, in particular to cover arbitrary actions
of groups G that are non-compact. This stems from the added difficulty that one may only
identify G-actions modulo cocycle conjugacy for such groups in various contexts, which
cannot be improved to genuine conjugacy in general.

In order to overcome this technical difficulty, we prove and make use of the so-called
dynamical folding property for G-actions induced on corona algebras; see Definition 2.3
for the details. In somewhat oversimplified terms, a (not necessarily continuous) action
˛ W G Õ A on a C�-algebra has the dynamical folding property if a given equivariant
embedding .D0; ı/! .A; ˛/ of a separable system can be extended to an embedding of
a surrounding system .D; ı/ � .D0; ı/ if and only if D can be embedded in this way
into the C�-algebra of continuous paths with values in A. Without the dynamics (i.e., with
GD¹1º), this property has been observed for corona algebras by Manuilov–Thomsen [10]
and Phillips–Weaver [15]; the term “folding” is directly inspired by a comment about this
property made in the latter article. This proved instrumental in Manuilov and Thomsen’s
proof that theE-theory of any C�-algebra pair .A;B/ can be obtained as theKK-group of
the associated pair .C0.R/˝ A;Q.B ˝K//. Here we prove the following result, which
is Theorem 2.9 in the main body of the article.

Theorem B. Let ˛ W G Õ A be an action on a � -unital C�-algebra. Then .Q.A/; ˛/ has
the dynamical folding property.
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While itself of independent interest, Theorem B is used in the proof of Theorem A.
As was mentioned above, when one aims to prove Theorem A for a group G that is not
necessarily compact, one can generalize most of the steps from the C�-algebraic proof, but
ultimately one faces a cocycle obstruction in carrying out the last part of the proof. Due to
the specific context here, the theory of strongly self-absorbing actions can be used to see
that this cocycle obstruction can be at least asymptotically trivialized with a continuous
path of unitaries. As a result of the dynamical folding property, this allows us to genuinely
trivialize the given cocycle obstruction in the corona and hence we can obtain Theorem A.

Apart from the application to our main result, the dynamical folding property has
another immediate consequence. In the context of Theorem A, we show that all equiv-
ariant unital embeddings .D ; 
/! .Q.A/; ˛/ are mutually G-unitarily equivalent, i.e.,
conjugates of each other via unitaries in Q.A/ that are fixed by ˛; see Corollary 3.5.

1. Preliminaries on strongly self-absorbing actions
In this section, we recall the necessary background material on strongly self-absorbing
C�-dynamical systems.

Notation 1.1. Throughout the article G denotes a second-countable, locally compact
group. We will often (but not always) assume that an action ˛ W G Õ A of G on a C�-
algebra is point-norm continuous. If it is not clear from the context, we will explicitly say
that ˛ is continuous to avoid confusion, or call it an algebraic action when we want to
stress that continuity is not assumed. Given an action ˛ W G Õ A (continuous or not), we
denote by A˛ � A the fixed point algebra. Given an inclusion A � B of C�-algebras, we
will use the notation

B \ A0 D ¹x 2 B j xa D ax for all a 2 Aº

and
B \ A? D ¹x 2 B j xa D ax D 0 for all a 2 Aº:

The work in this article appeals to the categorical framework of [23] in some instances.
In this context, the appropriate notion of isomorphism between actions is defined as fol-
lows.

Definition 1.2. Let ˛ W G Õ A and ˇ W G Õ B be actions on C�-algebras. A cocycle
conjugacy from ˛ to ˇ is a pair .'; u/ consisting of an isomorphism ' W A ! B and
a strictly continuous map u W G ! U.M.B// such that ugh D ugˇg.uh/, i.e., u is a
ˇ-cocycle, and ' ı ˛g D Ad.ug/ ı ˇg ı ' for all g; h 2 G.

If ug D 1 for all g 2 G, ' is an equivariant isomorphism, or in other words, a conju-
gacy. Whenever there exists a (cocycle) conjugacy between ˛ and ˇ, one says that they
are (cocycle) conjugate.

Strongly self-absorbing actions are the dynamical analog of strongly self-absorbing
C�-algebras (see [24]). We recall their definition from [23, Definition 5.3], which (as per
a comment therein) replaces [20, Definition 3.1].
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Definition 1.3 (see [23, Definition 5.3]). Let D be a separable, unital C�-algebra equipped
with an action 
 W G Õ D . One says that 
 is strongly self-absorbing if there exist a
cocycle conjugacy .';u/ from 
 to 
 ˝ 
 and a sequence of unitaries un 2 U.D ˝D/

such that

lim
n!1



'.d/ � Ad.un/.d ˝ 1D/


 D 0; lim

n!1
max
g2K




ug � un.
 ˝ 
/g.un/

�


 D 0

for all d 2 D and every compact subset K � G.

Notation 1.4. Suppose we are given a strongly self-absorbing action 
 as above. A con-
tinuous action ˛ W G Õ A on any C�-algebra is called 
 -absorbing, or 
 -stable, if ˛ is
cocycle conjugate to ˛ ˝ 
 . In the special case where 
 D idD , the trivial action on a
strongly self-absorbing C�-algebra D , we say that ˛ is equivariantly D-stable.

An action is strongly self-absorbing precisely when it is semi-strongly self-absorbing
in the sense of [20, Definition 4.1]. One can conclude the following as a consequence of
[20, Remark 1.11, Theorem 4.7].

Theorem 1.5. Let ˛ W GÕA be an action on a separable C�-algebra, and 
 W GÕD

a strongly self-absorbing action on a separable unital C�-algebra. The following are
equivalent:

(i) ˛ is 
 -absorbing,

(ii) there exists a sequence of unital �-homomorphisms 'n W D !M.A/ such that

• kŒ'n.d/; a�k
n!1
����! 0 for all a 2 A and d 2 D , and

• ˛g.'n.d// � 'n.
g.d//
n!1
����! 0 uniformly on compact subsets of G in the

strict topology for all d 2 D ,

(iii) there exists an equivariant unital �-homomorphisms

' W D !
�
M.A/1 \ A

0
�
=
�
M.A/1 \ A

?
�
:

Next we recall the concept of unitary regularity. It may be viewed as a dynamical
analog of the assumption on a (unital) C�-algebra A that the quotient group U.A/=U0.A/

is abelian.1 This is automatic forK1-injective C�-algebras, for instance, which includes all
strongly self-absorbing C�-algebras or C�-algebras absorbing them by a result of Winter
[25].

Definition 1.6 (See [21, Definition 2.17]). Let 
 W G Õ D be an action on a unital C�-
algebra. One says that 
 is unitarily regular if for every compact subsetK �G and " > 0,
there exists ı > 0 such that, whenever u1; u2 2 U.D/ satisfy

max
jD1;2

max
g2K




g.uj / � uj

 � ı;
there exists a norm-continuous path of unitaries .wt /t2Œ0;1� � U.D/ such that

max
g2K

max
t2Œ0;1�




g.wt / � wt

 � "; w0 D 1; w1 D u1u2u�1u
�
2 :

1Here, U0.A/ denotes the connected component of the unit.



Corona algebras and strongly self-absorbing C�-dynamics 5

We stress that unitary regularity is a relatively mild condition; in fact it is currently
unknown if strongly self-absorbing actions can fail this property. Note that by [21, Propo-
sition 2.19], all equivariantly Z-absorbing actions on unital C�-algebras are unitarily
regular, which covers many examples.

It turns out that for strongly self-absorbing actions, unitary regularity can be charac-
terized by a tensorial absorption property using the following auxiliary object.

Definition 1.7. Given a unital C�-algebra D, let us define

D.2/
D
®
f 2 C

�
Œ0; 1�;D ˝max D

�
j f .0/ 2 D ˝ 1; f .1/ 2 1˝D

¯
:

Consider c.p.c. order zero maps �i W D ! D.2/ for i D 0; 1 given by

�i .d/.t/ D

´
.1 � t /.d ˝ 1/ i D 0;

t.1˝ d/ i D 1

for all t 2 Œ0; 1� and d 2 D.

Remark 1.8. Let D be a unital C�-algebra. As a consequence of [7, Lemma 5.2] and
[26] (see also [6, Lemma 6.6]), D.2/ and the c.p.c. order zero maps �0 and �1 satisfy the
following universal property. For every unital C�-algebra B and c.p.c. order zero maps
�i W D! B for i D 0; 1 with commuting ranges and such that �0.1/C �1.1/ D 1, there
exists a unique unital �-homomorphism ' WD.2/! B such that ' ı �i D �i for i D 0; 1.

As a result, if 
 WGÕD is an action, it follows that there exists a well-defined contin-
uous action 
 .2/ WGÕD.2/ induced by 
 via the identity 
 .2/g ı �i D �i ı 
g for all g 2G
and i D 0; 1. Note that 
 .2/ is the restriction of the action on C.Œ0; 1�;D˝max D/ that acts
fiberwise by 
 ˝ 
 . Moreover, it follows that the G-C�-algebra .D.2/; 
 .2// has the fol-
lowing universal property. Whenever .B; ˇ/ is a unital G-C�-algebra, and �i W D ! B

for i D 0; 1 are equivariant c.p.c. order zero maps with commuting ranges and such
that �0.1/C �1.1/ D 1, then there exists a unique unital equivariant �-homomorphism
' W .D.2/; 
 .2//! .B; ˇ/ such that ' ı �i D �i for i D 0; 1.

We are ready to recall from [21] the characterization of strongly self-absorbing actions
that are additionally unitarily regular, in terms of a property of the C�-dynamical system
.D.2/; 
 .2//.

Theorem 1.9 (See [21, Theorem 5.9]). Let 
 WGÕD be a strongly self-absorbing action
on a separable unital C�-algebra. Then 
 is unitarily regular if and only if 
 .2/ is 
 -
absorbing.

The path algebra associated to a C�-algebra is somewhat reminiscent of the (well-
known) sequence algebra, and one may think of it as a continuous version of the latter.
This object will play a central role throughout the article.

Definition 1.10. Let A be a C�-algebra. Denote by Cb.Œ0;1/; A/ the C�-algebra of
bounded continuous functions from Œ0;1/ toA and by C0.Œ0;1/;A/ its ideal of functions
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vanishing at infinity. We denote by

Ac D Cb
�
Œ0;1/; A

�
=C0

�
Œ0;1/; A

�
the path algebra of A.2 Note that A can be naturally identified with the C�-subalgebra of
constant paths in Ac. When we need to make this embedding explicit, we use the nota-
tion �c. We moreover call by �c the quotient map Cb.Œ0;1/; A/! Ac.

Remark 1.11. Let � 2 Aut.A/ be an automorphism of a C�-algebra. Then, by sending
each f 2 Cb.Œ0;1/; A/ to the function � ı f 2 Cb.Œ0;1/; A/, one obtains an automor-
phism �b of Cb.Œ0;1/; A/. This induces an automorphism �c of Ac because � ı f van-
ishes at infinity when f does. The resulting assignments Aut.A/! Aut.Cb.Œ0;1/; A//
and Aut.A/ ! Aut.Ac/ are clearly both multiplicative. Moreover, if C � Ac is a �c-
invariant C�-subalgebra, then �c restricts to an automorphism of Ac \ C

0 as well. Note
that if A is unital, any inner automorphism of A induces the identity map on Ac \ A

0.

Definition 1.12. Let ˛ W G Õ A be an algebraic action on a C�-algebra. Then we denote
by A˛ the subset of A containing all elements a on which ˛ is continuous, i.e.,

A˛ D
®
a 2 A j

�
g 7! ˛g.a/

�
is continuous

¯
:

This is a C�-subalgebra of A, which we refer to as the (˛-)continuous part of A.

Definition 1.13. Let ˛ W G Õ A be an action on a C�-algebra. In light of the above, ˛
induces algebraic G-actions ˛b on Cb.Œ0;1/; A/ and ˛c on Ac. In general these actions
may fail to be continuous. However, they restrict to continuous actions on their respective
continuous parts, which we denote by

Cb;˛
�
Œ0;1/; A

�
WD
�
Cb
�
Œ0;1/; A

��
˛b

and Ac;˛ WD .Ac/˛c :

Note that as a C�-subalgebra of Ac, Ac;˛ agrees with Cb;˛.Œ0;1/; A/=C0.Œ0;1/; A/

thanks to [2, Theorem 2].

Proposition 1.14. Let ˛ W G Õ A be an action on a separable, unital C�-algebra, and

 W G Õ D a strongly self-absorbing, unitarily regular action on a separable, unital C�-
algebra. The following are equivalent:

(i) There exists an equivariant unital embedding .D ; 
/ ,! .Ac;˛ \ A
0; ˛c/.

(ii) ˛ is 
 -absorbing.

(iii) There exists a cocycle conjugacy

.';u/ W .A; ˛/! .A˝D ; ˛ ˝ 
/

and a continuous path of unitarieswt W Œ0;1/!U.A˝D/withw0D1 such that

0 D lim
t!1



'.x/ � wt .x ˝ 1/w�t


Cmax

g2K




ug � wt .˛g ˝ 
g/.wt /

�




for all x 2 A and every compact set K � G.

2Note that the path algebra does not have a commonly agreed upon notation in the literature.
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Proof. (i))(ii): As Ac \ A
0 maps equivariantly into A1 \ A0 by restricting functions to

N � Œ0;1/, this is a consequence of [20, Theorem 4.7].
(ii))(iii): In order to prove this implication, one follows the argument towards [18,

Theorem 3.2] word for word. Said theorem was stated with a formally weaker conclusion,
but one obtains the statement of (iii) via the same argument. In its proof, one verifies that
the equivariant embedding

1D ˝ idA W .A; ˛/! .D ˝ A; 
 ˝ ˛/

satisfies the conditions stated in [18, Proposition 3.1], which are identical to the ones stated
in the later article [23, Proposition 4.3]. The conclusion of the latter yields that 1D ˝ idA
is asymptotically unitarily equivalent to a cocycle conjugacy, which is condition (iii).

(iii))(i): Let the cocycle conjugacy .';u/ and the mapw be given as in the statement.
Define a point-norm continuous path .ˆt /t2Œ0;1/ of unital embeddings D ! A given by

ˆt WD '
�1
ı Ad.wt / ı .1˝ idD/:

Firstly, note that we have for all a 2 A and d 2 D that

lim
t!1



Œˆt .d/; a�

D lim
t!1



�ˆt .d/; '�1�wt .a˝ 1/w�t
��

D lim

t!1



Œ1˝ d; a˝ 1�


D 0:

Secondly, observe that

˛g
�
ˆt .d/

�
D ˛g ı '

�1
ı Ad.wt /.1˝ d/

D .' ı ˛g�1/
�1
ı Ad.wt /.1˝ d/

D
�
Ad.ug�1/ ı .˛ ˝ 
/g�1 ı '

��1
ı Ad.wt /.1˝ d/

D '�1 ı .˛ ˝ 
/g ı Ad.u�
g�1
wt /.1˝ d/

D '�1 ı Ad
�
ug.˛ ˝ 
/g.wt /

��
1˝ 
g.d/

�
for any g 2 G and d 2 D . Using the cocycle condition above, one may infer that

lim
t!1

max
g2K



wt � ug.˛ ˝ 
/g.wt /

 D 0
for every compact subset K � G, and thus that the path .ˆt /t2Œ0;1/ is asymptotically
equivariant, i.e.,

lim
t!1

max
g2K



ˆt�
g.d/� � ˛g�ˆt .d/�

 D 0
for all d 2 D and every compact subset K � G. It follows from the previous two obser-
vations that .ˆt /t2Œ0;1/ induces a well-defined equivariant unital embedding

ˆ W .D ; 
/! .Ac;˛ \ A
0; ˛c/:

This finishes the proof.
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The following notion is a straightforward generalization of [16, Definition 1.4].

Definition 1.15. Let A be a C�-algebra with a continuous action ˛ W GÕ A. Let 
 W GÕ
D be a strongly self-absorbing action. We say that ˛ is separably 
 -stable if for every
separable C�-subalgebra C � A, there exists a separable ˛-invariant C�-algebra B � A
containing C and such that .˛ � B/ is 
 -stable.

Note that any 
 -stable action on a separable C�-algebra is trivially seen to be separably

 -stable. There are many more straightforward observations one could make about this
notion in analogy to [4, Section 1], but we shall omit them, as they are not particularly
relevant for the remainder of this article.

We end this section by recalling a well-known result of Kasparov about the existence
of quasi-central approximate units that are compatible with a group action.

Lemma 1.16 (see [8, Lemma 1.4]). Let ˇ WGÕB be an action on a � -unital C�-algebra.
Then for any separable C�-subalgebra D �M.B/, there exists a countable, increasing
approximate unit of positive contractions hn 2 B satisfying hn D hnhnC1 for all n � 1
and

lim
n!1



Œhn; d �

 D 0; d 2 D;

and
lim
n!1

max
g2K



hn � ˇg.hn/

 D 0; K � G compact:

2. The dynamical folding property

It is known from [15, Proposition 1.4] that the corona algebra Q.A/ of any � -unital C�-
algebra A has the folding property (see Definition 2.2). The goal of this section is to show
that ifA is equipped with aG-action ˛, then Q.A/ equipped with the (algebraic)G-action
induced by ˛ satisfies a dynamical generalization of the folding property introduced in
Definition 2.3.

Let us first recall that an action on A induces an action on its corona algebra.

Remark 2.1. Let A be a C�-algebra equipped with an action ˛ W G Õ A. Then ˛ induces
an algebraic action on the multiplier algebra of A, which we denote again by ˛, given by

˛g.x/ � a D ˛g
�
x � ˛�1g .a/

�
for all g 2 G; x 2M.A/ and a 2 A:

Consequently, one obtains a quotient action induced by ˛ on the corona algebra Q.A/ D

M.A/=A. We denote this algebraic action by ˛ as well.

Definition 2.2. Let A be a C�-algebra. One says that A has the folding property if for
every separable C�-algebraB , C�-subalgebraB0 �B , and �-homomorphism WB!Ac

with  .B0/ � A, there exists a �-homomorphism ' W B ! A such that ' �B0D  �B0 ,
and ker' D ker .
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We note that the last condition about the kernels was not explicitly recorded in the
context of corona algebras in [15], but it can be observed as an outcome of the proof.
Since we are about to generalize this property further and hence reprove it anyway, we
shall not explain this in greater detail here.

One can summarize the folding property by saying that for each diagram as below,
where the square commutes, there exists a map ' with same kernel as  that makes the
upper-left triangle commute.

B0 A

B Ac:

 �B0

�c'

 

The following is a dynamical generalization of the folding property.

Definition 2.3. Let A be a C�-algebra with an algebraic action ˛ WGÕ A.3 One says that
.A; ˛/ (or ˛) has the dynamical folding property if the following statement holds. Let B
be a separable C�-algebra and B0;D � B C�-subalgebras such thatD is equipped with a
continuous action ı W G Õ D. If  W B ! Ac is a �-homomorphism such that

•  .B0/ � A, and

•  �D is ı-to-˛c equivariant with range in .A˛/c,

then there exists a �-homomorphism ' W B ! A such that

• ' �B0D  �B0 ,

• ' �D is ı-to-˛ equivariant, and

• ker' D ker .

One can once again summarize the above definition by saying that ' fits in the follow-
ing diagram with commuting squares and equivariant restriction  �D , in such a way that
the upper-left triangle commutes, ' �D is equivariant, and ker' D ker .

B0 A

B Ac

D .A˛/c:

 �B0

�c
'

 

 �D

We shall now collect a few technical prerequisites to prove the main result of this section.
The following result by Michael [13, Proposition 7.2] is a generalization of the Bartle–
Graves selection theorem [1, Theorem 4].

3Recall that the C�-subalgebra of A containing every element on which the action ˛ is continuous is
denoted by A˛ .
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Theorem 2.4 (see [13, Proposition 7.2]). Let X and Y be complex Banach spaces, and
q W X ! Y a linear and continuous surjection. Then, for any M > 1, there exists a (not
necessarily linear) continuous map � W Y ! X such that

(i) q ı � D idY ,

(ii) k�.y/k �M � inf¹kxk j x 2 q�1.y/º for all y 2 Y ,

(iii) �.�y/ D ��.y/ for all � 2 C and y 2 Y .

In order to apply Michael’s result in an efficient manner for our purposes, we restrict
ourselves to the case where X and Y are C�-algebras. Under this assumption, q nec-
essarily behaves like a quotient map, and therefore (ii) amounts exactly to the condition
k�.y/k �Mkyk for all y 2 Y . We are now ready to present an application of Theorem 2.4
that will play a crucial role in the main result of this section. We remark that its proof is
inspired by that of [15, Lemma 1.2].

Corollary 2.5. Let q WB!Q be a surjective �-homomorphism of C�-algebras. Suppose,
moreover, that B0 � B and Q0 � Q are C�-subalgebras that satisfy q.B0/ D Q0. Then,
for each M > 1, there exists a (not necessarily linear) continuous map � W Q! B such
that

(i) q ı � D idQ,

(ii) �.Q0/ � B0,

(iii) k�.y/k � 5M � kyk for every y 2 Q,

(iv) �.�y/ D ��.y/ for every � 2 C and for every y 2 Q.

Proof. Fix M > 1 and 1 < m1 < M , and then set m2 WD M=m1 > 1, which satisfies
m1 �m2 DM .

First of all, we apply Theorem 2.4 to q �B0 W B0 ! Q0, and obtain a continuous map
�0 W Q0 ! B0 such that

• .q �B0/ ı �0 D idQ0 ,

• k�0.y/k � m1 � kyk for all y 2 Q0,

• �0.�y/ D ��0.y/ for all y 2 Q0 and � 2 C.

Below, we argue that one can extend �0 to a right-inverse of q with the desired properties.
We proceed by defining, as in [15, Lemma 1.2], a retraction q0 W Q ! Q0, namely,

a continuous function q0 W Q! Q0 such that q0 �Q0D idQ0 . By applying Theorem 2.4
to the (Banach space) quotient map p W Q ! Q=Q0, we may find a continuous map
�0 W Q=Q0 ! Q such that

• p ı �0 D idQ=Q0 ,

• k�0.p.y//k � m2 � kyk for all y 2 Q,

• �0.�p.y// D ��0.p.y// for all y 2 Q and � 2 C.
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Then, the continuous map q0 W Q! Q0 given by

q0.y/ D y � �0
�
p.y/

�
for all y 2 Q, is the desired retraction. Note that kq0.y/k � 2m2 � kyk for all y 2 Q.

We apply once more Theorem 2.4, this time to q W B ! Q, and obtain a continuous
map � W Q! B such that

• q ı � D idQ,

• k�.y/k � m1 � kyk for all y 2 Q,

• �.�y/ D ��.y/ for all y 2 Q and � 2 C.

Now, the continuous function � W Q! B defined by

�.y/ D �
�
y � q0.y/

�
C �0

�
q0.y/

�
for all y 2 Q, is the desired right-inverse of q. We check that all conditions are satisfied.
First of all, note that

q
�
�.y/

�
D q

�
�
�
y � q0.y/

��
C q

�
�0
�
q0.y/

��
D y � q0.y/C q0.y/ D y

for all y 2 Q, which establishes Condition (i). Since we know that q0 W Q ! Q0 is a
retraction, then � �Q0D �0, and Condition (ii) follows immediately. In order to check that
Condition (iii) holds, note that

�.y/

 � 

��y � q0.y/�

C 

�0�q0.y/�



� m1
�

y � q0.y/

C 

q0.y/

�

� m1
�
kyk C 2



q0.y/

�
� m1

�
kyk C 4m2kyk

�
� 5Mkyk

for all y 2 Y . Finally, since all maps involved preserve multiplication by scalars, � satisfies
condition (iv).

Definition 2.6. Let A and B be C�-algebras, and .�t /t2Œ0;1/ a path of maps from A to B .
Then .�t /t2Œ0;1/ is said to be equicontinuous if for every a 2 A and " > 0, there exists
ı > 0 such that k�t .a/ � �t .b/k � " for all t 2 Œ0;1/ and b 2 A with ka � bk � ı.

Lemma 2.7. Let A be a � -unital C�-algebra. Let .fn/n2N be a sequence of pairwise
commuting positive contractions in A with

P
n2N f

2
n D 1 strictly and such that fkf` D 0

whenever jk � `j � 2. Let Y � N be any subset. Then:

(i) For every bounded sequence .an/n in M.A/, the series
P
n2Y fnanfn converges

strictly in M.A/. The map ‰Y W `1.N;M.A//!M.A/ given by

‰Y
�
.an/n

�
D

X
n2Y

fnanfn

is completely positive and contractive. Furthermore, ‰Y .c0.N;M.A/// � A.
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(ii) Suppose that �2Aut.A/ is an automorphism such that
P1
nD1k�.fn/�fnk<1.

Then one has
�
�
‰Y

�
.an/n

��
�‰Y

��
�.an/

�
n

�
2 A

for every .an/n 2 `1.N;M.A//.

Proof. (i) is a direct consequence of [10, Lemma 3.1].
For (ii), observe that every n � 1 that

�.fnanfn/ � fn�.an/fn

D �.fnanfn/ � fn�.anfn/C fn�.anfn/ � fn�.an/fn

D
�
�.fn/ � fn

�
�.anfn/C fn�.an/

�
�.fn/ � fn

�
:

By assumption, we get

X
n2Y



�.fnanfn/ � fn�.an/fn

 � 2

.an/n

 � 1X
nD1



�.fn/ � fn

 <1
and we may conclude that

�
�
‰Y

�
.an/n

��
�‰Y

��
�.an/

�
n

�
D

X
n2Y

�.fnanfn/ �
X
n2Y

fn�.an/fn 2 A:

The following fact is well known and follows from a standard argument if one approx-
imates the square root function on the unit interval with polynomial functions.

Lemma 2.8. For every " > 0, there exists a constant ı > 0 with the following property.
Let A be any C�-algebra, a 2 A a positive contraction.

(i) If x 2 A is any contraction with kŒx; a�k < ı, then kŒx;
p
a�k < ".

(ii) If ˛2Aut.A/ is an automorphism with ka� ˛.a/k<ı, then k
p
a � ˛.

p
a/k<".

The following is the main result of this section and represents a dynamical generaliza-
tion of [15, Proposition 1.4].

Theorem 2.9. Let ˛ WGÕA be an action on a � -unital C�-algebra, and equip Q.A/with
the algebraic action induced by ˛. Then .Q.A/; ˛/ has the dynamical folding property.

Proof. Fix a separable C�-algebra B with C�-subalgebras B0; D � B such that D is
equipped with a continuous G-action ı. Let  W B ! Q.A/c be a �-homomorphism such
that  .B0/ � Q.A/, and  �D is equivariant with range in .Q.A/˛/c.

Consider the quotient map ! WM.A/! Q.A/, and note that !.M.A/˛/ D Q.A/˛ .
By Corollary 2.5 (applied with M D 2), there exists a (not necessarily linear) continuous
map � W Q.A/!M.A/ such that

• ! ı � D idQ.A/,

• �.Q.A/˛/ �M.A/˛ ,
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• k�.y/k � 10kyk for all y 2 Q.A/,

• �.�y/ D ��.y/ for all � 2 C and y 2 Q.A/.

The map

!� W Cb
�
Œ0;1/;M.A/

�
! Cb

�
Œ0;1/;Q.A/

�
; !�.f /.t/ D !

�
f .t/

�
is surjective, and one can see that the continuous map given by

�� W Cb
�
Œ0;1/;Q.A/

�
! Cb

�
Œ0;1/;M.A/

�
; ��.h/.t/ D �

�
h.t/

�
enjoys the following properties,

• !� ı �� D idCb.Œ0;1/;Q.A//,

• ��.Cb.Œ0;1/;Q.A/˛// � Cb.Œ0;1/;M.A/˛/,

• k��.h/k � 10khk for all h 2 Cb.Œ0;1/;Q.A//,

• ��.�h/ D ���.h/ for all � 2 C and h 2 Cb.Œ0;1/;Q.A//.

The quotient map �c W Cb.Œ0;1/;Q.A//!Q.A/c is of course surjective. Moreover, after
identifying .Q.A/˛/c as a C�-subalgebra of Q.A/c, we have that

�c

�
Cb
�
Œ0;1/;Q.A/˛

��
D
�
Q.A/˛

�
c
:

Using Corollary 2.5 again, we get a continuous map �c WQ.A/c! Cb.Œ0;1/;Q.A// such
that

• �c ı �c D idQ.A/c ,

• �c..Q.A/˛/c/ � Cb.Œ0;1/;Q.A/˛/,

• k�c.y/k � 10kyk for all y 2 Q.A/c,

• �c.�y/ D ��c.y/ for all � 2 C and y 2 Q.A/c.

Hence, we may define an equicontinuous bounded map

� W Œ0;1/ � B !M.A/; .t; b/ 7! �t .b/ WD �
�
�c

�
 .b/

�
.t/
�
;

satisfying the following properties,

(i) ! ı �t .b/ D �c. .b//.t/ for all b 2 B and t 2 Œ0;1/,

(ii) Œt 7! �t .d/� 2 Cb.Œ0;1/;M.A/˛/ for all d 2 D,

(iii) �t .�b/ D ��t .b/ for all t 2 Œ0;1/, � 2 C and b 2 B .

From conditions (i) and (ii) one derives a key property of the path of maps .�t /t . We know
that ! ı �t is an asymptotic �-homomorphism fromB to Q.A/ in the sense that it becomes
approximately linear, �-preserving, and multiplicative as t !1. It is also asymptotically
equivariant with respect to ı and ˛ when restricted to D � B . Since  .B0/ is in the
constant part of Q.A/c, we may furthermore conclude that

lim
t!1

! ı �t .b/ D  .b/; b 2 B0: (2.1)
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For the rest of the proof, we choose an increasing sequence of compact subsets Kn � G
such that

S
nKn D G and an increasing sequence of finite sets Fn � B such that F WDS

n Fn is dense in B , F \ B0 is dense in B0, and F \D is dense in D.
We proceed to find an unbounded increasing sequence .tn/n in Œ0;1/ such that for all

a 2B , the difference between �tn.a/ and �tnC1.a/ converges to zero as n!1. (Although
this resembles [10, Lemma 3.3], we write out the proof for the reader’s convenience.) For
every element a 2 B , the function t 7! �t .a/ is continuous. Hence, for every n 2 N, one
may find a finite increasing sequence .s.n/i /

kn
iD0� Œn;nC 1�with s.n/0 D n and s.n/

kn
D nC 1,

such that
max
a2Fn

max
s;t2Œs

.n/
i ;s

.n/
iC1�



�s.a/ � �t .a/

 � 2�n:
Set rn WD

Pn�1
jD0 kj for n�1, and r0D0. Define an increasing sequence .ti /i2N by concate-

nating the finite sequences above, i.e., by setting t0 WD 0, and tiCrn WD s
.n/
i 2 Œn; nC 1�

for 0 < i � kn and n 2 N. By construction, one has that

lim
n!1

max
a2Fn

max
rn�`�rnC1

max
s;t2Œt`;t`C1�



�s.a/ � �t .a/

 D 0: (2.2)

By equicontinuity of .�t /t we may conclude that the condition holds for any a 2 B . To
simplify notation, we denote �t`.a/ by �`.a/ for every ` � 1.

We consider the increasing sequence of norm-compact subsets of M.A/ given by

Cn WD
®
�
�
 .b/

�
j b 2 Fn \ B0

¯
[
®
�`.a/ j 0 � ` � nC 1; a 2 Fn

¯
[
®
�`.a/ � �

�
 .b/

�
j 0 � ` � n; a 2 Fn

¯
[
®
�`.a/�`.b/ � �`.ab/ j 0 � ` � n; a; b 2 Fn

¯
[
®
�`.a/C ��`.b/ � �`.aC �b/ j 0 � ` � n; a; b 2 Fn; � 2 C; j�j � n

¯
[
®
�`.a/

�
� �`.a

�/ j 0 � ` � n; a 2 Fn
¯

[
®
˛g
�
�`.d/

�
� �`

�
ıg.d/

�
j 0 � ` � n; d 2 D \ Fn; g 2 Kn

¯
:

We remark that compactness of the last component in the definition of Cn follows from
the fact that �`.d/ is an ˛-continuous element of M.A/ by condition (ii) for all ` � 1 and
d 2 D.

By Lemma 1.16 there exists an approximate unit .en/n2N of A such that e0 D 0, and
enC1en D en, and

lim
n!1

�
max
g2Kn



˛g.en/ � en

C max
x2Cn



Œen; x�

� D 0: (2.3)

Let x 2 M.A/ be any element. Given that .en/n is an increasing approximate unit, we
have 

!.x/

 D lim

n!1



.1 � en/1=2x

 D lim
n!1

lim
m!1



.em � en/1=2x

:
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In particular, after passing to a subsequence of .en/n, we may ensure that

lim
n!1

max
x2Cn

ˇ̌

.1 � en�2/1=2x

 � 

!.x/

ˇ̌ D 0 (2.4)

and
lim
n!1

inf
m�n

max
x2Cn

ˇ̌

!.x/

 � 

.em � en�1/1=2x

ˇ̌ D 0: (2.5)

Note that arbitrary subsequences of .en/n still satisfy conditions (2.3), (2.4) and (2.5). For
every n � 1, we apply Lemma 2.8 and find a constant ın satisfying the condition stated
there for 2�n in place of ". We may assume ınC1 � ın � 2�n for all n. After passing to a
subsequence of .en/n again, we may assume for all n � 1 that

max
g2Kn



˛g.en/ � en

 � ınC1=2
and 

Œen; x�

 � ın

2
�
1C kxk

� ; x 2 Cn:

We shall denote e0 D e�1 D 0 and set fn D .en � en�1/
1=2 for all n � 0. Due to the

equation enenC1 D en and the choice of ın, we observe the following properties:

(1) fmfn D 0 if jm � nj � 2,

(2) max`�nC1 kŒfn; �`.a/�k � 2�n � 100kak4 for all n � 1 and a 2 Fn,

(3) kŒfn; �. .b//�k � 2�n � 10kbk for all n � 1 and b 2 Fn \ B0,

(4) maxg2Kn k˛g.fn/ � fnk � 2
�n for all n � 1,

(5)
P1
nD1 f

2
n D 1 strictly,

(6) fn.f 2n�1 C f
2
n C f

2
nC1/ D fn for all n � 1.

We shall now apply Lemma 2.7 to this choice of the sequence .fn/n. Since .! ı �t /t is
approximately �-homomorphic on B and equivariant on D as t !1, we can conclude
with Lemma 2.7 and condition (2.4) (using fn D fn.1 � en�2/1=2) that

(7)
P1
nD1 fn.�n.a/�n.b/ � �n.ab//fn 2 A for all a; b 2 B ,

(8)
P1
nD1 fn.�n.a/C ��n.b/ � �n.aC �b//fn 2 A for all a; b 2 B and � 2 C,

(9)
P1
nD1 fn.�n.a/

� � �n.a
�//fn 2 A for all a 2 B ,

(10)
P1
nD1 fn.˛g.�n.d// � �n.ıg.d///fn 2 A for all g 2 G and d 2 D.

Let ˆ W B !M.A/ be the map given by

ˆ.b/ D

1X
nD1

fn�n.b/fn; b 2 B;

4Here the constant 100 comes the fact that the composition of � with �c increases the norm of an
element in Q.A/ by a factor of at most 10 � 10.
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and denote by ' D ! ı ˆ W B ! Q.A/ its composition with the quotient map onto the
corona algebra. We show that ' is a �-homomorphism with ' �B0D  �B0 and such that
' �D is equivariant. We prove this by verifying that ˆ has these properties modulo A.
Since ˆ is continuous (as a composition of continuous maps), it suffices to prove these
properties on dense subsets of B , B0 and D, respectively. We start with multiplicativity.
We shall use the notation a � b to say that two elements a; b 2M.A/ agree modulo A.
We have for every a; b 2 F

ˆ.a/ˆ.b/ D

� 1X
nD1

fn�n.a/fn

�� 1X
nD1

fn�n.b/fn

�
(1)
D

1X
nD1

fn�n.a/fn

� nC1X
jDn�1

fj�j .b/fj

�
(2)
�

1X
nD1

fn
�
�n.a/�n�1.b/f

2
n�1 C �n.a/�n.b/f

2
n C �n.a/�nC1.b/f

2
nC1

�
fn:

If we consider condition (2.2) with Lemma 2.7, we conclude

ˆ.a/ˆ.b/ �

1X
nD1

fn�n.a/�n.b/
�
f 2n�1 C f

2
n C f

2
nC1

�
fn

(6)
�

1X
nD1

fn�n.a/�n.b/fn

(7)
�

1X
nD1

fn�n.ab/fn D ˆ.ab/:

We proceed analogously to show that ˆ is linear and �-preserving modulo A. For all
a; b 2 B and � 2 C we have

ˆ.aC �b/ �ˆ.a/ � �ˆ.b/ D

1X
nD1

fn
�
�n.aC �b/ � �n.a/ � ��n.b/

�
fn

(8)
� 0

and

ˆ.a�/ �ˆ.a/� D

1X
nD1

fn
�
�n.a

�/ � �n.a/
�
�
fn

(9)
� 0:

Let b 2 B0 \ F . We estimate

lim sup
n!1



.1 � en�2/1=2��n.b/ � �� .b/��

 (2.4)
� lim sup

n!1



!��n.b/ � �� .b/��

 (2.1)
D 0:

Using Lemma 2.7 again, we observe that

ˆ.b/ D

1X
nD1

fn�n.b/fn
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D

1X
nD1

fn�
�
 .b/

�
fn C

1X
nD1

fn
�
�n.b/ � �

�
 .b/

��
fn

(6)
D

1X
nD1

fn�
�
 .b/

�
fn C

1X
nD1

fn.1 � en�2/1=2
�
�n.b/ � �

�
 .b/

��
fn

�

1X
nD1

fn�
�
 .b/

�
fn

(3)
�

1X
nD1

f 2n �
�
 .b/

� (5)
D �

�
 .b/

�
:

This proves that  .b/ D '.b/ for all b 2 F \ B0 and hence also for all b 2 B0 by conti-
nuity. Finally, let us show that ˆ �D is equivariant modulo A. Let d 2D \ F and g 2 G.
Using Lemma 2.7 and condition (4), we compute

ˆ
�
ıg.d/

�
� ˛g

�
ˆ.d/

�
D

1X
nD1

fn�n
�
ıg.d/

�
fn � ˛g

�X
n

fn�n.d/fn

�

�

1X
nD1

fn�n
�
ıg.d/

�
fn �

1X
nD1

fn˛g
�
�n.d/

�
fn

D

1X
nD1

fn
�
�n
�
ıg.d/

�
� ˛g

�
�n.d/

��
fn

(10)
� 0:

Thus, we have established that ' is a �-homomorphism that is equivariant when restricted
to D and equal to  when restricted to B0.

Let us now check that ker ' D ker  . It follows from the fact that a right inverse
obtained from Corollary 2.5 necessarily maps zero to zero that ker � ker '. For the
opposite inclusion, choose b 2 ker '. Firstly, we point out as a direct consequence of
the above chain of computations (used to verify that ' is a �-homomorphism) that 0 D
'.b�b/ is represented by the multiplier

P1
kD1 fk�k.b/�k.b/

�fk , hence the series defines
an element in A. Thus

fn�n.b/�n.b/�fn

 � 



.1 � en�2/� 1X

kD1

fk�k.b/�k.b/
�fk

�
.1 � en�2/





 n!1
����! 0:

Thus kfn�n.b/k
n!1
����! 0. If we apply (2.5), we get for every a 2 F that

lim sup
n!1



fn�n.a/

 D lim sup
n!1



!��n.a/�

:
By equicontinuity and the fact that F is dense in B , this equation persists for all a2B .
We may therefore conclude k!.�n.b//k

n!1
����! 0. Given condition (2.2), this implies

k!.�t .b//k
t!1
���! 0 or equivalently �c. .b// 2 C0.Œ0;1/;Q.A//. Therefore, we have

that
 .b/ D �c

�
�c

�
 .b/

��
D 0;

and hence that ker' D ker .
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Notation 2.10. Let ˛ W G Õ A be an algebraic action on a C�-algebra. Given a C�-
subalgebra C � A, we write

A \˛ C
0
WD A \

� [
g2G

˛g.C /
�0
:

This is clearly the largest ˛-invariant C�-subalgebra of A \ C 0.

Before we move on to the next section, we make a technical observation that is needed
therein, which we obtain as a consequence of the dynamical folding property.

Lemma 2.11. Let ˛ W G Õ A be an algebraic action with the dynamical folding prop-
erty. Let C � A be a separable C�-subalgebra and ı W G Õ D a continuous action on
a separable C�-algebra. Suppose that ';  W .D; ı/! .A \˛ C

0; ˛/ are two equivari-
ant �-homomorphisms that are asymptotically G-unitarily equivalent, i.e., there exists a
norm-continuous path w W Œ0;1/! U.1C .A \˛ C 0/˛/ with

 .d/ D lim
t!1

wt'.d/w
�
t ; lim

t!1
max
g2K



wt � ˛g.wt /

 D 0
for all d 2 D and every compact set K � G. Then ' and  are G-unitarily equivalent,
i.e., there exists a unitary u 2 U.1C .A \˛ C 0/˛/ such that  D Ad.u/ ı '.

Proof. The given unitary path induces a unitary element

xw 2 1C
�
.A \˛ C

0/˛
�˛c

c
� 1C

��
.A˛/c

�˛c
\ C 0

�
such that  D Ad. xw/ ı ' when viewed as equivariant �-homomorphisms from D to
.A˛/c \ C

0. We shall apply the dynamical folding property with the choice

B0 D C�
�
'.D/ [  .D/ [ C

�
;

the algebra C�. xw � 1/ in place of D equipped with the trivial G-action, and B the C�-
algebra generated by these two sets. This yields a �-homomorphism � W B ! A satisfying
� ı ' D ', � ı  D  and �.c/ D c for all c 2 C . The element u D 1C �. xw � 1/ then
defines a unitary in 1CA˛ because � is equivariant on C�. xw � 1/. Moreover, u commutes
with C because � is the identity map on C . Next, we have that

Ad.u/ ı ' D � ı
�
Ad. xw/ ı '/ D � ı  D  :

Since A˛ \ C 0 D .A \˛ C 0/˛ , the element u satisfies the desired property.

3. Absorption properties

In this section we prove the main result of the article, Theorem 3.3, which generalizes
[4, Theorem 2.5] to the dynamical setting. The following generalizesD-saturation, which
we have recalled in the introduction, to the dynamical setting.
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Definition 3.1. Let ˛ W G Õ A be an algebraic action on a unital C�-algebra, and 
 W
G Õ D an action on a separable unital C�-algebra. We say that .A; ˛/ is 
 -saturated if
for every separable C�-subalgebra C � A, there exists an equivariant unital embedding
.D; 
/! .A \˛ C

0; ˛/.

The next proposition represents one of the main technical steps towards the proof of
the main result. In a special case, it was originally obtained in the first-named author’s
master’s thesis [9].

Proposition 3.2. Let ˛ W G Õ A be an action on a � -unital, non-unital C�-algebra and

 WGÕD a strongly self-absorbing action. Suppose that ˛ is separably 
 -stable. Then for
every separable C�-subalgebra C �Q.A/, there exists an equivariant unital �-homomor-
phism

.D.2/; 
 .2//!
�
Q.A/ \˛ C

0; ˛
�
:

Proof. Fix a separable C�-subalgebra C �Q.A/. Due to [4, Lemma 2.4] and the fact that
˛ is separably 
 -stable, there exists a separable nondegenerate ˛-invariant C�-subalgebra
A1 �A such that .˛ �A1/ is 
 -stable and under the canonical embedding Q.A1/�Q.A/,
we have C � Q.A1/. Considering what the claim says, it suffices to prove it for .A1; ˛/
in place of .A; ˛/. In other words, we may assume without loss of generality that A is
separable and that ˛ is 
 -stable.

In order to find a �-homomorphism as in the claim, we shall appeal to the universal
property of .D.2/; 
 .2// as specified in Remark 1.8. In other words, we want to find two
equivariant c.p.c. order zero maps �0; �1 W .D ; 
/! .Q.A/ \˛ C

0; ˛/ with commuting
ranges such that �0.1/C �1.1/ D 1.

Pick a sequence .cn/n�1 in the unit ball of M.A/ whose image under the quotient
map ! W M.A/! Q.A/ is dense in the unit ball of C � Q.A/. Also fix an increasing
sequence of finite subsets Fn of the unit ball of D with dense union F WD

S
n Fn, and an

increasing sequence of compact subsets Kn � G whose union is G. For every n � 1, we
apply Lemma 2.8 and find a constant ın > 0 such that for any positive contraction a 2 A
one has the following two implications:

• If kŒa; x�k < ın for some contraction x 2 A, then kŒ
p
a; x�k < 2�n.

• If k˛.a/� ak < ın for some automorphism ˛ 2 Aut.A/, then k˛.
p
a/�
p
ak < 2�n.

We may assume that ınC1 � ın � 2�n for all n. By Lemma 1.16 there exists an increasing
approximate unit .en/n�1 of A such that enC1en D en for all n � 1, and

max
`�nC1



Œc`; en�

C max
g2KnC1



˛g.en/ � en

 < ınC1

2
for all n � 1:

Let us define e�1 D e0 WD 0 and fn D .en � en�1/
1=2 for all n � 0. With the triangle

inequality, it follows that

max
`�n



Œc`; en � en�1�

C max
g2Kn



˛g.en � en�1/ � .en � en�1/


< max

`�n



Œc`; en�

C max
g2Kn



˛g.en/ � en

C ın

2
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� max
`�nC1



Œc`; en�

C max
g2KnC1



˛g.en/ � en

C ın

2

<
ınC1

2
C
ın

2
� ın

for all n � 0. Note that .en � en�1/ is a positive contraction. Due to our choice of the
constants ın, this condition implies that

(a) kŒfn; c`�k < 2�n for all ` � n and n � 1,

(b) maxg2Kn k˛g.fn/ � fnk < 2
�n for all n � 1.

Moreover, we have by construction that

(c) fmfn D 0 if jm � nj � 2,

(d)
P1
nD1 f

2
n D 1 strictly.

Due to Theorem 1.5 we may find a sequence of unital �-homomorphisms 'n WD!M.A/

such that

(e) maxd2Fn kŒ'n.d/; fm�k � 2
�n for all m � nC 1 and n � 1,

(f) maxd2Fn kŒ'n.d/; fnc`�k � 2
�n for all ` � n and n � 1,

(g) maxd;d 02Fn kŒ'n.d/; f`'`.d
0/f`�k � 2

�n for all ` < n and n � 1,

(h) maxd2Fn maxg2Kn kfn.˛g.'n.d// � 'n.
g.d///fnk � 2
�n for all n � 1.

Define two maps ‰0; ‰1 W D !M.A/ given by

‰i .d/ D

1X
nD0

f2nCi'2nCi .d/f2nCi ; d 2 D ; i D 0; 1:

By Lemma 2.7, we know that‰0 and‰1 are c.p.c. maps. The formula‰0.1/C‰1.1/D 1
evidently holds by construction due to condition (d). As before, we shall use the notation
a� b to say that two elements a;b 2M.A/ agree moduloA. For every g 2G and d 2D ,
Lemma 2.7 furthermore implies with condition (b) that

˛g
�
‰i .d/

�
�

1X
nD0

f2nCi˛g.'2nCi .d//f2nCi ; i D 0; 1:

We may therefore infer with condition (h) that

˛g
�
‰i .d/

�
� ‰i

�

g.d/

�
for all g 2 G; d 2 F and i D 0; 1:

Since F is dense in the unit ball of D , we conclude that ˛g.‰i .d// � ‰i .
g.d// holds
for all g 2 G and d 2 D . In other words, the c.p.c. maps given by

�i D ! ı‰i W D ! Q.A/; i D 0; 1;

are equivariant with respect to 
 and ˛. To show that the maps�i have range in Q.A/\C 0,
pick d 2 Fn for some n � 1. Note that for all j � n,

fn'n.d/fncj
(f)
D2�n f

2
n cj'n.d/

(a)
D21�n cjf

2
n 'n.d/

(e)
D2�n cjfn'n.d/fn:
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Thus, kŒfn'n.d/fn; cj �k � 22�n for j � n and d 2 Fn, which implies that Œ‰i .d/; cj � 2A
for all j � 1 and d 2 F , where i D 0; 1. Since F and .!.cn//n are dense in the unit ball
of D and C , respectively, it follows for every d 2 D and c 2 C that Œ‰i .d/; c� 2 A, and
therefore �i .D/ � Q.A/\ C 0 for i D 0; 1. Since we have already shown that �0 and �1
are equivariant, this yields �i .D/ � Q.A/ \˛ C

0 for i D 0; 1.
In order to show that the ranges of �0 and �1 commute, let us choose d; d 0 2 Fn. We

note that

fnC1'nC1.d
0/fnC1 � fn'n.d/fn

(e)
D2�.nC1/ f

2
nC1'nC1.d

0/fn'n.d/fn

(g)
D2�.nC1/ f

2
nC1fn'n.d/fn'nC1.d

0/

(e)
D21�n fn'n.d/fnf

2
nC1'nC1.d

0/

(e)
D2�.nC1/ fn'n.d/fnfnC1'nC1.d

0/fnC1:

In particular, this implies that

�fnC1'nC1.d 0/fnC1; fn'n.d/fn�

 � 22�n:
By using condition (c), we then have that

�
‰0.d/;‰1.d

0/
�
D

� 1X
nD0

f2n'2n.d/f2n;

1X
nD0

f2nC1'2nC1.d
0/f2nC1

�
D

1X
nD0

�
f2n'2n.d/f2n; f2nC1'2nC1.d

0/f2nC1
�

C

1X
nD1

�
f2n'2n.d/f2n; f2n�1'2n�1.d

0/f2n�1
�
:

The estimate above implies that these define norm-convergent series in A and thus�
‰0.d/;‰1.d

0/
�
2 A for every d; d 0 2 F:

Since F was dense in the unit ball of D , the same holds for d; d 0 2 D , and hence �0 and
�1 have commuting ranges.

To see that �0 and �1 are order zero maps, we use once again condition (c) to see that,
for i D 0; 1 and for all d; d 0 2 D ,

‰i .d/‰i .d
0/ D

1X
nD0

f2nCi'2nCi .d/f
2
2nCi'2nCi .d

0/f2nCi :

If d; d 0 2 Fn for some n � 1, then

f2nCi'2nCi .d/f
2
2nCi'2nCi .d

0/f2nCi
(e)
D21�.2nCi/ f2nCi'2nCi .dd

0/f 32nCi :
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We may conclude that
‰i .d/‰i .d

0/ � ‰i .ab/‰i .1/

for all d;d 02F , and hence also for all d;d 02D . To summarize, �0 and �1 are equivariant
c.p.c. order zero maps with commuting ranges such that �0.1/C �1.1/ D 1, and thus the
universal property recalled in Remark 1.8 yields an equivariant unital �-homomorphism
.D.2/; 
 .2//! Q.A/ \˛ C

0.

We are now ready to prove the main theorem of this article.

Theorem 3.3. Let ˛ W G Õ A be an action on a � -unital, non-unital C�-algebra, and

 W G Õ D a strongly self-absorbing, unitarily regular action. If ˛ is separably 
 -stable,
then .Q.A/; ˛/ is 
 -saturated.

Proof. Let C � Q.A/ be a separable C�-subalgebra. By Proposition 3.2, there exists an
equivariant unital �-homomorphism

� W .D.2/; 
 .2//!
�
Q.A/ \˛ C

0; ˛
�
:

It extends to an equivariant unital �-homomorphism

�c W D
.2/
c !

�
Q.A/˛

�
c

with
�
�c.D

.2//; C
�
D 0

that sends a representative function f W Œ0;1/! D.2/ of an element in D
.2/
c to

� ı f 2 Cb
�
Œ0;1/;Q.A/˛ \ C

0
�
:

This is well defined because whenever f .t/
t!1
���! 0 one gets �.f .t//

t!1
���! 0. Since the

strongly self-absorbing action 
 is assumed to be unitarily regular, 
 .2/ is 
 -absorbing by
Theorem 1.9. By Proposition 1.14 there exists an equivariant unital embedding

� W .D ; 
/ ,! .D
.2/

c;
 .2/
; 
 .2/c /:

The resulting composition  D �c ı � is a unital equivariant �-homomorphism from
.D ; 
/ to .Q.A/˛/c with Œ .D/; C � D 0. We want to appeal to the dynamical folding
property via Theorem 2.9. We make the choice D D  .D/ with action induced from 
 ,
we choose B0 D C�.C; 1/, and B D C�.B0 [D/ � Q.A/c. This allows us to find a �-
homomorphism ' W B ! Q.A/ such that '.b/ D b for all b 2 B0 and ' ı  defines an
equivariant �-homomorphism from .D ; 
/ to .Q.A/; ˛/. Since  .1D/ D 1Q.A/ 2 B0, it
follows that ' ı  is unital. Since C � B0 and Œ .D/; C � D 0, it follows that also Œ.' ı
 /.D/; C � D 0. In other words, we have found an equivariant unital �-homomorphism
from .D ; 
/ to .Q.A/ \˛ C 0; ˛/.

We would like to end this section by pointing out that the main result also leads to a
uniqueness theorem that generalizes the one observed in [3, Theorem E]. We shall deduce
this as a consequence of a more general formal observation.
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Theorem 3.4. Let A be a unital C�-algebra and ˛ W G Õ A an algebraic action with the
dynamical folding property. Suppose that 
 WGÕD is a strongly self-absorbing, unitarily
regular action such that ˛ is 
 -saturated. Let C � A be a separable C�-subalgebra. Then
all equivariant unital �-homomorphisms from .D ; 
/ to .A \˛ C 0; ˛/ are mutually G-
unitarily equivalent.

Proof. Fix C � A as in the statement. We first note that due to the assumption, there
must exist an equivariant unital �-homomorphism from .D ; 
/ to .A \˛ C 0; ˛/ to begin
with. Let  1 and  2 be two arbitrary ones. Consider E D C�. 1.D/ [  2.D//, which
is a separable ˛-invariant C�-subalgebra of A. Using that ˛ is 
 -saturated, we find a third
equivariant unital �-homomorphism  3 W .D ; 
/! .A\˛ .C [E/

0; ˛/. By the universal
property of the tensor product, we obtain two equivariant unital �-homomorphisms

�1; �2 W .D ˝D ; 
 ˝ 
/! .A \˛ C
0; ˛/

defined by �1.a ˝ b/ D  1.a/ 3.b/ and �2.a ˝ b/ D  2.a/ 3.b/ for all a; b 2 D . In
other words, we have

 1 D �1 ı .idD ˝ 1/;  2 D �2 ı .idD ˝ 1/;  3 D �1 ı .1˝ idD/ D �2 ı .1˝ idD/:

As 
 is strongly self-absorbing and unitarily regular, it follows from [21, Theorem 3.15]
that the two equivariant unital embeddings

idD ˝ 1; 1˝ idD W .D ; 
/! .D ˝D ; 
 ˝ 
/

are asymptotically G-unitarily equivalent. This immediately implies with the above equa-
tions (via transitivity) that  1 and  2 are asymptotically G-unitarily equivalent as maps
into A \˛ C 0. The claim thus follows from Lemma 2.11.

Corollary 3.5. Let A be a � -unital, non-unital C�-algebra and ˛ W G Õ A an action.
We consider the induced algebraic action ˛ W G Õ Q.A/. Suppose that 
 W G Õ D is a
strongly self-absorbing, unitarily regular action such that ˛ is separably 
 -stable. LetC �
Q.A/ be any separable C�-subalgebra. Then all equivariant unital �-homomorphisms
from .D ; 
/ to .Q.A/ \˛ C 0; ˛/ are mutually G-unitarily equivalent.

Proof. Combine Theorems 2.9, 3.3 and 3.4.

4. Concluding remarks
We would like to point out that our main result has a partial converse that follows from
the results in [4], which we shall summarize and recall below.

Theorem 4.1. Suppose that A is a nonzero C�-algebra with an action ˛ W G Õ A. We
equip K ˝ A with the action ˛s WD idK ˝ ˛. Denote by � WM.K ˝ A/! Q.K ˝ A/

the (equivariant) quotient map. Then there exist

(1) a unital equivariant �-embedding ‚WQ.c0.A//! Q.K ˝ A/ with ‚.M.A// D

�.1˝M.A//, where M.A/ is identified with its isomorphic image inside Q.c0.A//

D `1.M.A//=c0.A/ under the diagonal embedding,



X. Li, M. Pagliero, and G. Szabó 24

(2) an equivariant u.c.p. map ‰ W Q.K ˝ A/! Q.c0.A// with ‰ ı‚ D id,

(3) a separable unital C�-subalgebraC of �.M.K/˝1/\‚.Q.c0.A///
0 (and hence

of Q.K ˝ A/˛
s
),

such that after composing with the quotient map Q.c0.A//!M.A/1, the restriction

x‰ W Q.K ˝ A/ \ C 0 !M.A/1

is an equivariant �-homomorphism.

Proof. This follows directly from [4, Theorem 4.4] and the construction of the involved
maps in [4, Definition 4.2], which automatically makes all these maps equivariant.

Corollary 4.2. Let ˛ W G Õ A be an action on a separable C�-algebra. Let 
 W G Õ D

be a strongly self-absorbing action. If the algebraic action induced by ˛s WD idK ˝ ˛ on
Q.K ˝ A/ is 
 -saturated, then ˛ is 
 -stable.

Proof. Let C � Q.K ˝ A/˛
s

be a separable C�-subalgebra as in the conclusion of The-
orem 4.1. Consider the resulting equivariant �-homomorphism

x‰ W Q.K ˝ A/ \ C 0 !M.A/1:

Notice that by construction, one has x‰.1K ˝ a/D a for all a 2M.A/. Since we assumed
that Q.K ˝ A/ with the induced action is 
 -saturated, it follows that there exists a unital
equivariant �-homomorphism D !Q.K ˝A/\ .C [ .1˝A//0. The composition with
x‰ yields a unital equivariant �-homomorphism D !M.A/1 \ A

0. If we compose this
with the quotient map onto .M.A/1 \A

0/=.M.A/1 \A
?/, then we see that the criterion

in Theorem 1.5 is fulfilled. Hence ˛ is 
 -absorbing.

Remark 4.3. If one were to work out the technical proofs to suitably generalize [4,
Proposition 1.7, Corollary 1.10] to the dynamical context, then Corollary 4.2 would also
generalize in a straightforward way. Namely we would not have to assume that A is sepa-
rable and the conclusion would yield that ˛ is separably 
 -stable. Since we are currently
not aware of any interesting applications of this more general observation, we shall not
work out its proof here, but nevertheless wish to point out how to get there if it should be
of interest to the reader in their own work.
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