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On Groups of Odd Order Admitting an Elementary 2-Group
of Automorphisms
KARISE G. OLIVEIRA (*) - PAVEL SHUMYATSKY (**) - CARMELA SICA (***)

ABSTRACT - Let G be a finite group of odd order with derived length k. We show that
if G is acted on by an elementary abelian group A of order 2n and CG (A) has
exponent e, then G has a normal series G  G0  T0  G1  T1    
 Gn  Tn  1 such that the quotients Gi =Ti have fk; e; ng-bounded exponent
and the quotients Ti =Gi1 are nilpotent of fk; e; ng-bounded class.
Dedicated to Professor Said Sidki on the occasion of his 70th birthday

1. Introduction
Let G be a group and A a group of automorphisms of G. The subgroup
of all elements of G fixed by A is usually denoted by CG (A). It is well-known
that very often the structure of CG (A) has strong influence over the
structure of the whole group G. The influence seems especially strong in
the case where G is a finite group of odd order and A is an elementary
abelian 2-group. It was shown in [5] that if G is a finite group of derived
length k on which an elementary abelian group A of order 2n acts fixedpoint-freely, then G has a normal series G  N0      Nn 1  Nn  1 all
of whose quotients are nilpotent and the class of Ni 1 =Ni is bounded with a
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function of k and i (see also [7] for a short proof of this result). In the
present paper we further exploit the techniques developed in [7]. One of
the obtained results is the following theorem.
THEOREM 1.1. Let G be a finite group of odd order and of derived
length k. Suppose that G admits an elementary abelian group A of automorphisms of order 2n such that CG (A) has exponent e. Then G has a
normal series
G  G0  T0  G1  T1      Gn  Tn  1
such that the quotients Gi =Ti have fk; e; ng-bounded exponent and the
quotients Ti =Gi1 are nilpotent of fk; e; ng-bounded class.
The other result deals with the situation where gc (CG (a)) has exponent
e for all automorphisms a 2 A# . Here A# denotes the set of non-trivial
elements of A and gi (H) stands for the i-th term of the lower central
series.
THEOREM 1.2. Let G be a finite group of odd order and of derived
length k. Suppose that a four-group A acts on G in such way that gc (CG (a))
has exponent e for all a 2 A# . Then G has a normal series
G  T4  T3  T2  T1  T0  1
such that the quotients T4 =T3 and T2 =T1 are nilpotent of fe; c; kg-bounded
class and the quotients T3 =T2 and T1 have fe; c; kg-bounded exponent.
Throughout the paper we say that a group G is nilpotent of class c
meaning that the class of G is at most c and we say that G has exponent e
meaning that the exponent of G divides e. The expression ``(a; b; . . . )bounded'' stands for ``bounded from above by a function depending only on
the parameters a, b, . . .''.

2. Auxiliary Results
The following lemmas are well-known (see for example Theorem 6.2.2,
Theorem 6.2.4 and Theorem 10.4.1 in [1]).
LEMMA 2.1. Let G be a finite group admitting a coprime group of automorphisms A. Then we have
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CG=N (A)  CG (A)N=N for any A-invariant normal subgroup N of G;
G  CG (A)[G; A];
[G; A]  [G; A; A];
If G is abelian, then G  CG (A)  [G; A].

LEMMA 2.2. Let G be a finite group admitting an abelian non-cyclic
coprime group of automorphisms A. Then G  hCG (a) j a 2 A# i.
LEMMA 2.3. Let G be a finite group of odd order admitting an automorphism a of order 2 such that G  [G; a]. Suppose that N is an a-invariant normal subgroup of G such that CN (a)  1. Then N  Z(G).
Our next lemma is immediate from [3, Lemma 2.6].
LEMMA 2.4. Let G be a finite group admitting a coprime group of automorphisms A. Suppose that G is generated by a family fHi j i 2 Ig of
normal A-invariant subgroups. Then
CG (A)  hCHi (A) j i 2 Ii:
LEMMA 2.5. Let G be a metabelian finite group of odd order admitting
an automorphism a of order 2 such that CG (a) has exponent e and
G  [G; a]. Then G0 has exponent e.
PROOF. Since G=G0 is abelian and G  [G; a], by Lemma 2.1
CG=G0 (a)  1 and so CG (a)  G0 . Let N be the normal closure of CG (a) in G.
Since G0 is abelian we conclude that N has exponent e. On the other hand,
G=N is abelian because a acts on G=N fixed-point-freely. Therefore G0  N
and the result follows.
p
PROPOSITION 2.6. Let G be a finite group of odd order and of derived
length k admitting an automorphism a of order 2 such that CG (a) has
exponent e and G  [G; a]. Then G0 has fe; kg-bounded exponent.
PROOF. In view of Lemma 2.5 the result is obvious if k  2. Suppose
that k  3 and let M  G(k 1) . By induction we conclude that G0 =M has
fe; kg-bounded exponent. Hence, it is enough to show that M has fe; kgbounded exponent. Working with the quotient G=hCM (a)G i we can simply
assume that CM (a)  1. Lemma 2.3 now shows that M  Z(G). Therefore
G(k 2) is nilpotent of class 2. Since G(k 2) =M has fe; kg-bounded exponent, it
follows that G(k 2) has fe; kg-bounded exponent [4, Theorem 2.5.2]. In
particular, M has fe; kg-bounded exponent.
p

232

Karise G. Oliveira - Pavel Shumyatsky - Carmela Sica

A well-known theorem of Hall says that if G is a soluble group of derived length k and all metabelian sections of G are nilpotent of class at most
c, then G is nilpotent of fk; cg-bounded class [2]. We will require the following related result obtained in [6]. We denote by f (g; c) the expression
c(c  1)
 c.
(g 1)
2
THEOREM 2.7. Let G be a group and N a nilpotent normal subgroup of
G of class g such that gc1 (G=N 0 ) has exponent e. Suppose that gc1 (G) is
soluble of derived length d. Then gf (g;c)1 (G) has finite fg; e; c; dg-bounded
exponent.
The next proposition was obtained in [7, Corollary 3.2]. It plays a crucial
role in the subsequent proofs.
PROPOSITION 2.8. There exists a number s  s(k; n) depending only on
k and n with the following property. Suppose that G is a finite group of odd
order that is soluble with derived length at most k. Assume that an
elementary group A of order 2n acts on G and let R be a normal AT
[G; a]. Then
invariant subgroup of G such that CR (A)  1. Set N 
a2A#
[R; N; . . . ; N ]  1.
|{z}
s

3. Main Results
PROPOSITION 3.1. Let G be a finite group of odd order and of derived
length k. Suppose that G admits an elementary abelian group of autoT
[G; a]
morphisms A of order 2n such that CG (A) has exponent e. Then
a2A#

is an extension of a group of fk; e; ng-bounded exponent by a nilpotent
group of fk; e; ng-bounded class.
PROOF.

Set N 

T
a2A#

[G; a] and use induction on the derived length of

N. If N is abelian, the result is trivial. Suppose that the derived length of N
is greater than or equal to 2 and let L be the metabelian term of the derived
series of N. Put M  L0 \ CG (A) and let D be the normal closure of M in G.
Since D is abelian with generators of order e, we see that D has exponent e.
Considering the quotient G=D we can simply suppose that CL0 (A)  1.
Proposition 2.8 shows that L0  Zs (L) and so L is nilpotent of class s  1. By
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induction, N=L0 is an extension of a group of fk; e; ng-bounded exponent by
a nilpotent group of fk; e; ng-bounded class, say c. Since the derived length
of gc1 (N) is at most k, by Theorem 2.7 we conclude that gf (s1;c)1 (N) has
fk; e; ng-bounded exponent, as required.
p
Given a group H and positive integers e and c, we denote by V (H) the
verbal subgroup of H corresponding to the group-word [x1 ; . . . ; xc ]e and by
W(H) the verbal subgroup of H corresponding to the group-word
3
[x1 ; . . . ; x3c 2 ]e .
LEMMA 3.2. Let G be a finite metabelian group of odd order admitting a
four-group of automorphisms A such that gc (CG (a)) has exponent e for all
a 2 A# . Then there exists a normal subgroup M of G such that CM (A)  1
and g3c 2 (G=M) has exponent e3 .
PROOF. For every a 2 A# put Ga  G0 CG (a). It is easy to see that
[Ga ; a]  [G0 ; a] is normal in Ga . Since Ga =[G0 ; a] is isomorphic to a quotient
of CG (a), it follows that V (Ga ) is contained in [G0 ; a]. Since G0 is abelian, by
Lemma 2.1 we have [G0 ; a] \ CG (a)  1. It follows that V (Ga ) \ CG (a)  1.
Q
V (Ga ), obviously M is a normal subgroup of G. By Lemma 2.4,
Let M 
a2A#

CM (A)  hCV (Ga ) (A) j a 2 A# i and so CM (A)  1. By Lemma 2.2 we have
G  hGa j a 2 A# i. Thus, G=M is product of three normal subgroups each
of which is an extension of a group of exponent e by a nilpotent group of class
c 1. Thus G=M is an extension of a group of exponent e3 by a nilpotent
group of class 3c 3.
p
LEMMA 3.3. Let G be a metabelian group such that gc (G=Z(G)) has
exponent e. Then gc1 (G) has exponent e.
PROOF. Let E  gc (G). Then E=(Z(G) \ E) has exponent e. For arbitrary elements x1 ; x2 ; . . . ; xc ; xc1 2 G we have
[x1 ; x2 ; . . . ; xc ] 2 E:
Therefore
[x1 ; x2 ; . . . ; xc ]e 2 Z(G) \ E;
whence
[[x1 ; x2 ; . . . ; xc ]e ; xc1 ]  1:
Since [x1 ; x2 ; . . . ; xc ] 2 G0 , which is a normal abelian subgroup of G, we
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obtain that
[x1 ; x2 ; . . . ; xc ; xc1 ]e  [[x1 ; x2 ; . . . ; xc ]e ; xc1 ]  1:
Hence, gc1 (G) has exponent e.

p

PROPOSITION 3.4. Let G be a finite group of odd order and of derived
length k admitting a four-group of automorphisms A such that gc (CG (a))
T
[G; a] is an extension of a group
has exponent e for all a 2 A# . Then
a2A#

of fe; c; kg-bounded exponent by a nilpotent group of fe; c; kg-bounded
class.
PROOF.

Let N 

T
a2A#

[G; a]. We use induction on the derived length of

N. If N is abelian the result is trivial. Suppose that the derived length of N is
greater than or equal to 2 and let L be the metabelian term of the derived
series of N. First we will show that L is an extension of a group of fe; c; kgbounded exponent by a nilpotent group of fe; c; kg-bounded class. By
Lemma 3.2 there exists a normal subgroup M of L such that CM (A)  1 and
g3c 2 (L=M) has exponent e3 . Thus W(L)  M and so W(L) \ CL (A)  1. If
W(L)  1, then g3c 2 (L) has exponent e3 . Suppose that W(L) 6 1. Since
W(L) \ CG (A)  1 it follows from Proposition 2.8 that there exists a bounded number s such that
[W(L); N; . . . ; N ]  1:
|{z}
s

Let t be the smallest number such that W(L)  Zt (N). We know that
t  s. It will be shown by induction on t that L is an extension of a group
of fe; c; kg-bounded exponent by a nilpotent group of fe; c; kg-bounded
class. For t  1 we have the inclusion W(L)  Z(N). In this case
L=(L \ Z(N)) is an extension of a group of exponent e3 by a nilpotent
group of class 3c 3. By Lemma 3.3 we deduce that g3c 1 (L) has exponent e3 , as required.
Suppose now that t  2 and the result is valid for t 1. Let
K  [W(L); N; . . . ; N ]. It is clear that K  Z(N). By induction it follows
|{z}
t 1

that L=K is an extension of a group of fe; c; kg-bounded exponent by a
nilpotent group of fe; c; kg-bounded class and by Lemma 3.3 also L is
an extension of a group of fe; c; kg-bounded exponent by a nilpotent
group of fe; c; kg-bounded class, say c1 . Put H  gc1 1 (L). So H has
fe; c; kg-bounded exponent. Passing to the quotient G=H we can simply
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assume that H  1. By induction on the derived length of N, we
deduce that N=L0 is an extension of a group of fe; c; kg-bounded
exponent by a nilpotent group of fe; c; kg-bounded class, say c2 . By
Theorem 2.7 we conclude that gf (c1 ;c2 )1 (N) has fe; c; kg-bounded
exponent, as required.
p
Now we are in a position to prove our main results.
PROOF OF THEOREM 1.1. If n  1, Proposition 2.6 guarantees that
[G; a]0 has fe; kg-bounded exponent and so
G  G0  [G; a]  T0  [G; a]0  G1  T1  1
is the required series. Suppose that n  2 and use induction on n. For every
normal A-invariant subgroup N of G the group A induces a group of automorphisms of G=N. In particular A induces a group of automorphisms Ba
of G=[G; a] for every a 2 A# with jBa j  2n 1 and CG=[G;a] (Ba ) of exponent e.
Let B be the elementary abelian group of order 2n 1 . We can define an
action of B on G=[G; a] as follows. For all a 2 A# we consider Ba as a
subgroup of B and we can write B  Ba  Da for a suitable subgroup Da of
B. For any b 2 B there exists a unique pair (b1 ; b2 ) 2 Ba  Da such that
b  b1 b2 . Then for any x 2 G=[G; a] we put xb  xb1 . This action is well
Q
G=[G; a], we have an
defined and CG=[G;a] (B) has exponent e. Let K 
a2A#

action of B on K that extends the action of B on every factor G=[G; a] and
CK (B) has exponent e.
By induction, K has a series of length 2(n 1) with the required
T
[G; a] is an extension
properties. By Proposition 3.1 the subgroup N 
a2A#

of a group of fk; e; ng-bounded exponent by a nilpotent group of fk; e; ngbounded class. Since G=N embeds in K the result follows.
p
PROOF OF THEOREM 1.2. Each factor G=[G; a] is isomorphic to a quotient of CG (a), so it is an extension of a group of exponent e by a nilpotent
Q
G=[G; a] is an extension of a group
group of class c 1. Therefore K 
a2A#
T
[G; a].
of exponent e3 by a nilpotent group of class 3c 3. Let N 
a2A#

Since G=N embeds in K, we conclude that g3c 2 (G=N) has exponent e3 .
Proposition 3.4 ensures that N is an extension of a group of fe; c; kgbounded exponent by a nilpotent group of fe; c; kg-bounded class. The
proof is complete.
p
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