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On the Oscillatory Behaviour of Solutions
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Abstract. By using simple discrete inqualities sufficient conditions are provided for the solution {y,j of a difference equation of the form (-Ay) + qa+if(y+i) = r (n €
No; {a}, {q.}, {r} C JR; f : JR JR) to be oscillatory or to satisfy lim inf_.00 l y.I = 0.
Also two other results are established for all solutions of this equation to be oscillatory when
rn = 0 for all n E iN0.
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1. Introduction

The problem of oscillation and non-oscillation of solutions of difference equations has
received a great amount of attention in the last few years (see, e.g., [1 - 6, 9,11 - 15, 17 20, 22 - 31, 33 - 48, 51) and the references cited therein). It is interesting to study second
order non-linear difference equations because they are discrete analogues of differential
equations having physical applications as evidenced, i.e., by [7, 32, 49, 501.
In [3] Szmanda considered the difference equation
L(aLt,)

+ q ,f( yn)

=0

I

(E1)

is a continuous function such
that uf(u) > 0 for u 0 0 and the sequence {q,,} takes positive as well as negative , values
.
for sufficiently large n. He obtained the following
(n € 1N0 ; {a}, { y.}, { q n} C JR; f : JR — 11?) where

Theorem A: Let (a) be a non-decreasing sequence of positive reaLs and
n—i

limi>s(iq+qfl=oo

n^oo an

a=no
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where i > 0,
= max{q,0}

q = min{q,0}.

and

Then every bounded solution {y,,) of equation (E1 ) is either oscillatory or has the property urn in
= 0.

Hooker and Patula [13] considered the difference equation
L. 2 y_1 + qn y = 0

(E2)

(n € No; {q,,} C R; -y € 1R) and proved the following

Theorem B: Let {qn} C in be a positive sequence such that q > 0 for n N (1 <
N € N) and let y be a quotient of positive integers. Then the difference equation (E2)
is oscillatory if and only if
00

00

>Jnqn =oo incase 7>1

and

>nqn=oo incase 0<7<1.

Kulenovic and Budincevic [14] considered the difference equation
L(aiy) + q

if( y + i)

=0

(E3)

(n € No; {an },{qn } C JR;f : 1R -, iR) and they generalized some of the results of
Hooker and Patula [13].

In all the above results, the authors obtained conditions for the oscillation of all
solutions by assuming some sign condition on the sequence {qn } and only for the oscillation of bounded solutions no sign condition on that sequence is assumed. For details
one can refer to the recent monograph by Agarwal [1].
Here we consider the second order difference equation
L(aAy) + q +if( y +) =

(E)

(n € No; {a}, {qn} C .11?; F: JR - in) where the sequence {qn} is allowed to change
signs and we give sufficient conditions for any solution {y,,) of equation (E) to be
either csdllatory or to satisfy the condition IyI = 0. Two other results give
sufficient conditions for all solutions of equation (E) to be oscillatory in the case when
r. = 0 for all n. The results presented here differ in several aspects from those of other
authors due firstly to the fact that the sequence {qn} can change signs and secondly
to the fact that our results will cover also unbounded solutions. Examples illustrating
some of our results are also inserted. The results obtained here are motivated from
those of [8] and [16]. For general background on difference equations see [1, 10, 21].
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2. Some basic lemmas
Consider the difference equation
6(a. Ay.) + qntf(y1)

(1)

= rn

(n E iWo; {a}, {qn},{rn } C I?; f : 11? - JR) where an > 0 for all n E iW0 . By a solution
of equation (1) we mean a non-trivial sequence {y,,} C JR satisfying (1) for all n E Wa.
A solution {yn} of equation (1) is said to be oscillatori,, if it is neither essentially positive
nor essentially negative and it is said to be non-oscillatory otherwise.
The following conditions will be utilized as they are needed:
1/a=oo

(2)

uf(u)>O
for all uO
=
g(u,
v)(u
v)
1(u) - 1(v)
for u, v 54 0 (g a non-negative function)

(3)
(4)
(5)

I r nI< oo.

We let
Z0={no,no+1,...,a}
where a, no E No are such that no < a or a = oo. In the last case Z'0 is denoted by
Z, 0 . For convenience we assume empty sums to be zero and empty products to be one.
Also, to simplify notation we let w, = an Ly,, for any non-oscillatory solution {yn } of
equation (1).
In this section we present two lemmas which are interesting in their own right and
which will be used in the proofs of our main results given in Section 3.
Lemma 1: Let the function
K = K(n,s,y) : Zn o

X

Zn0

X

Jfl+ _, JR

be such that, for fixed n and 3, the function K(n,s,.) is non-decreasing. Let {P} C JR
be a given sequence and {y,}, {x} be sequences defined on n E Z,, 0 and satisfying, for
all nE Zn,,,
y ^! F,, + E K(n,s,y,)
Then x,,

y,,

and

Z n = F,, +

E K(n,s,x,).

(6)

for all n E Z,,0.

Proof: When n
such that

=

no, the result is obvious. Suppose there exists an integer t E Z,,0

Z+i > Y*+i
Then

and

z, <y, for all

3

t.

n—i

x

— Yi+i

which is a contradiction I

>(K(t+1,3,x.)_K(t+1,s,y8)) 50

a= n0
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Remark: The importance of the lemma is that once the discrete inequality in (6)
known, then a lower bound (x.) can be found by replacing the inequality by an
equation and solving the latter.
i8

The following lemma is a discrete analogue of [8: Lemma 2].
Lemma 2: Suppose that conditions (3) and (4) hold. Let {y,,} be a positive (negative) solution of difference equation (1) for n E Z < 0 , for some positive integer N1 such
that no N1 <a < oo. Let there exist N E Z 1 and a positive constant m such that
_
wN1

n-i
+

f(yN,) '=N,
for all ii

E

r,
)+
(+ - f(a+i)

n E

wg(y.,y,^i)

a=N, a.f(y.)f(y+)

>m

(7)

Z. Then

W" <-rnf(YN)
for all

N—i

or

W. -ml (yN)

Z.

Proof: Since
f( y n+i)

+ q n+i =

f(yn+1)'

we have

n-i
r, "
_____
WN1
_______
+
+
(qa+i - f(
=
f(y,)
y +))
f( y )
a=N,

W 2 g(y,,y8

_____
____

1)

aaf(y.)f(ya+i)

for all n E Z 1 . Thus from (7) we see that
wg(y3,y3+i)
Z a3f(y,)f(y3+i)

f(y,,)

(8)

for all n E Z. Since the sum in (8) is non-negative, we have GnfYn !^ 0 for all n E Z,.
If {yn) is positive, let u, = — anyn. Then (8) becomes
n-i
u,
Define

K(n,s,x)

mf(y) +

K
N

f( y n)g( ya, Y.+: )(ya)
U3.
f(ya)f(ya+i)

= f(yn)g(ya,ya+i)(-Lya)

E

Notice that, for each fixed n and s, the function K(n, s,.)
Lemma 1 applies with Pn = m f(y n), to obtain

Zr;x €
is non-decreasing. Hence

V. = n2f(y,,) + >K(n,s,va)
provided v. E lR for each s E Z' - Multiplying the last equation by l/f(y,) and then
applying the operator A we obtain
= 0 so that v = UN = m f( yN) for all n € Z.
Thus by Lemma 1, aLy ( - m f( y N) for all n E Z.
The proof for the case when { y n } is negative follows from a similar argument by
taking u, = anLyn and p = -mf(y) U
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3. Oscillatory and asymptotic behaviour
The first result is concerned with situations when the solutions of equation (1) are
bounded away from zero and it generalizes Theorem 2 in [44].
Theorem 1: Suppose that conditions (2) - (5) hold and that

q .+1 converges

(9)

a=n0

and

g(u,v)^!j>O for all u,v0.

(10)

Let {y,, } be a solution of the difference equation (1) such that urn inf,,.00
00

wg(y8 , y-i)

Ivn I > 0. Then

converges

(11)

fl-400

(12)

for all sufficiently large n,
wn

as

f(yn)

and

00 2

00

Wag(yi,yj+i)
,'
L
a8f(y,)f(y31)
+L
f(y,,)
-

-

13
f(y1)

for sufficiently large n.

Proof. There exist M I, M2 > 0 and an integer n 1 > no such that J Yn
If(yn)l m2 for n E Z,,,. This, together with (5) implies that
n

m 1 and

n

Y-

,,,

'I

jYa+1j

Y

a=n-

jYa+1j

(14)

:5 Tfl

for some m3 > 0 and all n E Z,, 1 . Now, suppose that (11) does not hold. Then, in view
of (9) there exist m > 0 and an integer n2 n i such that (7) hold for all n E Z,,.
If {y,j is positive for all n € Zn,, it follows from Lemma 2 and its proof that
Ly <0

and

anLyn ( —mf(y 3 ) for

fl

After summing we have
yn:5yn3_mf(yn2)>
a=n2

which in view of (2) contradicts the fact that y,,

> 0 for n € Zn 1 -

€

Zn2.
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A similar argument handles the case when {y,, } is negative for all n E Z,,,. Since
,, '\

+

wg(yn ,ynj )

______

anf(yn)f(yni) = f(yn+i) -

we have
Wk

f(yt)

'ç.

wa2k—i
g(y1 ,y.+ i )
w
r8
'.
a5f(y,)f(y,+i)
G (ya+i) _a+i)

From (9), (11), (14) and (15) we see that /3=
(15) we have

wk/f(yk)

(15)

exists so that from

wn
wg(y,,y..1)
(q*+1 = fl+
f(yn)
f(y+i)) •f.)f(v+i)
a=n

(16)

for n € Zn,. To show that (12) and (13) hold, we have to show that /3 = 0. Suppose
first that Yn > 0 for all n € Z,,,. If /3 < 0, then because of (10), (11) and (15) there
exists an integer N1 > n 1 such that
n—i

In—i

I

I>:
Ia=N, f( y ,+) - 6

and
I

a=Nj

and
2
w3gi
yj,y81
a=N1 a 3f(y3)f( y +j)

6

'7
or
fLoraunEL,N1.

From (16) we see that (7) holds on ZN, with N = Ni . But then, as argued above,
Lemma 2 and (2) contradict the assumption that y,, > 0 for all n E Z,, 1 . If 0 > 0, it
follows from (9), (11), (14) and (16) that w n/f( y n) - /9 as n - oo, so there exists an
integer N2 > n 1 such that W n/f(y n) 2 /3/2 for all n E Z N2 . We use (4) and (10) to
obtain
wng(yn,yn+i)
P!3
>
af(y+ 1 ) - 2a+p/3
Thus

00

n
im
,,. . 00L1

2
w1g(y,,y,1)
>l

an1 a.f(y)fQ

1)

/3 2
2(2a + 4fl) -

by condition (2), which contradicts (11). This completes the proof that 6 = 0 for the
case y,, >0 for all n € Z,, 1 . The proof of /3 = 0 for the case that y,, <0 for all n E Zn,
is similar and will be omitted I
Consider the difference equation
- _______
( - 1)
l)5hI+1
- ( n + 1)2
(n +

L 2y +

(n € IV).

(E4)
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It is easy to verify that all conditions of Theorem 1 are satisfyed for this equation. Hence
every non-oscillatory solution of this equation satisfies (11) - (13). One such solution is
{y,} = {n} satisfying the condition liminf. 00 l yni > 0.
Before stating our next theorem, we observe that if conditions (5) and (9) hold,
then
(n € Z0)

ho(n) = j( q a+i - ojr,I)

is well defined for every positive constant c (i.e. the above series converges) and ho(n) >
0 for all sufficiently large n. As long as the above series converges we can define
(ho (s))'
a, + Lho(s)

h i (n) = "

and

hm+i(n) =

(ho(s) + Lhm(s))2
a + L(ho(s) + Lhm(5))

for in € N, where L is a positive constant. Now in the next two theorems we need the
condition
(H) For every constant L > 0, there exists a positive integer M such that hm exists for
m = 1,2,. .. , M - 1 and hM does not exist.
Theorem 2: Suppose that conditions (2) - (5), (9) and (H) hold and, for any
o > 0, there exists 0`2 > 0 such that
9(u,v)^!c2

for

all

(17)

Then any solution {y,,) of the difference equation (1) is either oscillatory or satisfies
the condition liminf_ 00 I y I = 0.

Proof: Assume that the conclusion of the theorem is false. Then there is a nonoscillatory solution {yn} of equation (1) such that liminf_ 00 lYn I > 0. It then follows
from (4) that If()t '::^ d for some d> 0 and all n € Z,, 1 . From (13) and (14) we have
Wn

> h0 (n) +

f( y ) -

for all n € Z,

1

(18)

1—'a,f(y,)f(y,)

and from (12) we have
00

.

Li

for all n €
have

wg(y,,y,1)

Z,, 1 .

2
w9(y,,y,..1)
a,f(y,)f(y,j)

Thus from (17) we have w/f(y)

for n € Z 1 and some L

^! ho(n) ^

0 and using (17) we then

• Wg(y,yn1)
L(ho(n))2
>
a Yn Yn+1
012
an
>

0. If M = 1, then (19) and (20) imply that the series
h i (n) =

(ho(s))2

LSa, + Lho(s)
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converges which contradicts the non-existence of
(18) and (20) we have

h M( fl )

= h i (n). If M = 2, then from

00

wn
(ho( s))2
>ho(fl)+LI2 a , +Lho (s) = ho(n) + Lhi(n)
f( y n) a= n
from which it follows that
L(ho(s) + Lh i (n))2
a nf( yn)f( yn+i) - an + L(ho(n) + Lhi(n))
W ,g(yn,yn+i)

>

Thus in view of (19), a summation of the last inequality would give a contradiction to
the non-existence of h M( n ) = h2 (n). A similar argument provides a contradiction for
any integer M > 2 I
As an example of an equation satisfying the hypotheses of Theorem 2, consider
2

"+

1/n) 1 / 2 - 1\
(n + 1)1/2 )

((1 +

2
(1 + 1/n)1/2 - 1
- n(n+ 1)(n + 2) +
(n + 1)7/2

(n € .W) which has the non-oscillatory solution (y} = {1/n}. Here
Now
2
+ (1 + 1/n)312 - 1
irnj
(n + 1/2)3/2
- n(n + 1)(n + 2)

-q,+i

(E5)

=

° ETh Iral S 2/n3t2 and hence ho(n) ^! 0 for sufficiently large n. Since
(ho(s))2
>
a, + Lho(s) -

we have M

=

00

1/sh/2 - 2p/s3/2 )2
v'
1 + L/s'/2

a=n

=

C o s1/2(1/sh/2 - 2p/s3/2 )2
i/2 + L

= 00

1.

Our next two theorems are oscillation results for the case r = 0 (n E IN). Observe
that in this case the difference equation (1) becomes
anyn) + q --f( y +i)

=0

(21)

and ho(n) =
Theorem 3: Suppose that conditions (2) - (4), (9), (10) and (H) hold. Then all
solutions of the difference equation (21) are oscillatory.
Proof: Let {y.) be a non-oscillatory solution of equation (21). Then there exists
an integer n 1 no such that IL'nl > 0 for all n € Z,, 1 . Since (10) implies that f(u) is
strictly increasing for u 0 0, we have If(v)l > 0 for all ' n € Z 1 . It is easy to see that
Lemma 2 is valid for equation (21) with condition (7) replaced by
WN1
f(vN1)

n—i

+

> V.+i +

N—i W 2

g(y.,Y.+I)

a,f(y,)f(y,i)

>m.

Proceeding as in the proof of Theorem 1, we again obtain (11) since (13) obviously
holds. Using (15) with r,, = 0 for all n and continuing as in the proof of Theorem 1, we
again obtain (12) and (13) with r = 0 for all sufficiently large n. The remaining part
of the proof is similar to that of Theorem 2 and hence will be omitted 0
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• Remark: Notice that obtaining (11) - (13) in the proof of Theorem 3 extends
Theorem 2 of [43].
Theorem 3 implies that all solutions of the difference equation
/(1 + 1/n)' !2
- 1 ) (y.+, + y'
(n+1)'/2

(n€N)

(E6)

are oscillatory.
In the following theorem ho(n) = A(n) =
q4.1 need not be non-negative.
Theorem 4: Suppose that conditions (2) - (4), (9) and (11) hold. Further assume
(a + iA(n)) >
If the series

2'

00

=flo

0

(n € Z00 ).

where A(n)

a n + A(n)

(22)

= max{A(n),O}

diverges, then all solutions of the difference equation (21) are oscillatory.

Proof: Suppose that the difference equation (21) has a non-oscillatory s ;ion
{y,}. Then there exists an integer n 1 no such that l ynI > 0 for all n E Z,, 1 . Since
(10) implies that f(u) is strictly increasing for u i4 0, we have If( y )I > 0 for all n € Z,,1.
And hence, by Theorem 3, we have
Wn

> A(n)
f( yn) -

(n

( 24)

€ Z01 )

and condition (11) is fulfilled. Use (4), (10) and (24) to get
A(n)
Wng(yn,yn+i) >
a0 f(y01 ) - an + AA(n)

(n

E Z01 ).

(25)

Now from (24) and (25), we obtain
00

2
w,g(y,,y,.1)

>

-

s
+ 1,A(s)

(n € Z01)

which contradicts (19) U
Remark: When a n .= 1 for all n € IV, Theorem 4 reduces to Theorem 3 of [43].
Also Theorem 4 is a discrete analogue of Theorem 3 given in [16] butthe conditions
and the proof are Aifferent from the continuous case.
The following theorem is a discrete analogue of a result of Waltman [49] but the
proof is different from the continuous case...
•
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Theorem 5: In addition to conditions (2) the difference equation (1) satisfies the condition

a no

(4), assume that the sequence {qn} in

qn = oo.

(26)

Then every solution of the difference equation (21) is oscillatory.

Proof: Let to the contrary { y,, } be a non-oscillatory solution of equation (21) which
we may (and we do) assume to be positive on Z, 0 . In view of (26), condition (7) is
satisfied on Z,, 1 for some sufficiently large n 1 . Thus from Lemms 2 w < —mf(y 1 ) for
all n E Z, 1 which after summing yields y,, <1 — mf(y1)>.,,'1 1.. Thus in view
of condition (2), y'
,, — —co as n --+ 00 which contradicts the fact that y, > 0 for all
n € Z,, 1 . The proof for the case when the solution {yn } is negative is similar and hence
will be omitted U
The difference equation
L(nLyn) + 22 "'(qn + 3)y

=0

(n

E 11Y)

(E6)

satisfies all conditions of Theorem 5 and hence every solution of equation (E6 ) is oscillatory. One such solution is {y,,} =
Acknowledgement. The authors thank the reviewers for their many remarks,
suggestions and corrections that improved the content of this paper.

References
[1] Agarwal, R. P.: Difference Equations and Inequalities. New York: Marcel Decker 1992.
[2] Chen, S. and L. H. Erbe: Riccati techniques and discrete oscillations. J. Math. Anal
AppI. 142 (1989), 468 - 487.
[3] Chen, S. S., Yan, T. and H. J. Li: Oscillation criteria for second order difference equation.
Funk. Ekv. 34 (1991), 223 - 239.
[4) Chuanci, Q . , Kuruklis, S. A. and C. Ladas: Oscillations of linear autonomous systems of
difference equation. App!. Anal. 36 (1990), 51 - 63.
[5] Erbe, L. H. and B. C. Zhang: Oscillation of discrete analogues of delay equations. Duff.
Int. Equ. 2 (1989), 3000 - 309. smallskip
[6] Georgiou, D. A., Growe, E. A. and G. Ladas: Oscillations of neutral difference equations.
App!. Anal 33 (1989), 243 - 253.
[7] Geronimo, J. S., Smith, D. T. and W. K. B. Liouvil!e-Green: Analysis of second order
difference equations and applications. J. Appr. Theory 69 (1992), 269 - 301.
[8] Graef, J. R. and P. W. Spikes: On the oscillatory behaviour of solutions of second order
non-linear differential equations. Czech. Math. J. 36 (1986), 275 - 284.
[9] Gyori, I. and C. Ladas: Oscillatory Theory of Delay Differential Equations with Applications (Oxford Science Publications). Oxford: Clarendon Press 1991.

On the Oscillatory Behaviour of Solutions

357

[10] Gyori, I., Ladas, C. and P. N. Viahos: Global attracting in a delay difference equation.
Nonlin. Anal. 17 (1991), 473 - 479.
[11 1 Hartman, P.: Difference equations: 9?? Disconfugacyj 9??, principal solutions, Green's
functions, complete monotonicity. Trans. Amer. Math. Soc. 246 (1978), 1 - 30.
[12] Hooker, J. W. and W. T. Patula: A second order non-linear difference equation: oscillation

and asymptotic behaviour. J. Math. Anal. App!. 91(1983), 9- 29.

[13] Hooker, J. W. andW. T. Patula: Growth and oscillation properties of solutions of fourth
order linear difference equation. J. Austr. Math. Soc. 26 (1985), 310 - 328.
[14] Kulenovic, M. R. S. and ???. Budinevic: Asymptotic analysis of non-linear second order
difference equation. Anal. Sci. Univ. Iasi 30 (1984), 39 - 52.
[15] Kuruklis, S. A. and G. Ladas: Oscillations and global atractivity in a discrete delay logistic
model. Quart. Appl. Math. (to appear).
(16] Kwang, M. K. and J. S. W. Wong: An application of integral inequality -to second order
non-linear oscillation. J. Duff. Equ. 46 (1982), 63 - 77.
[17] Ladas, C.: Explicit conditions for the oscillation of difference equations. J. Math. Anal.

Apppl. 153 (1990), 276 - 287.
[18] Ladas, C.: Recent developments in the oscillation of delay difference equations. Lect.
Notes Pure App!. Math. 787 (1990), ??? pages from to ???.
[19] Ladas, C., Phi!os, Ch. C. and Y. C. Sficas: Sharp conditions for the oscillation of delay
difference equations. J. Appi. Math. Simu. 2 (1989), 101 - 111.
[20] Ladas, C., Philos, Ch. G. and Y. C: Sficas: Necessary and sufficient conditions for the
oscillation of difference equations. Liberta Math. 9 (1989), 121 - 125.
[21] Ladas, C. and C. Qian: Comparison results and linearized oscillations for higher order
difference equations. mt. J. Math. Sci. 15 (1992), 129 - 142.
(22] Lakshmikantham, V. and ??? Trigiante: Theory of Equations: Numerical Methods and
Applications. New York: Academic Press 1988.
[23] Lalli, B. S. and B. C. Zhang: On existence of positive solutions and bounded solutions for
neutral difference equations. J. Math. Anal. App!. 166 (1992), 272 - 287.
[24] Lalli, B. S. and B. C. Zhang: Oscillation of difference equations. CoIloq. Math. (to
appear).
[25] Lalli, B. S. and B. C. Zhang: Oscillation and comparison theorems for certain neutral
difference equations. J. Austr. Math. Soc. (to appear).
[26] Lalli, B. S., Zhang, B. G. and J. Z. Li: On the oscillation of solutions and existence of
positive solutions of neutral difference equations. J. Math. Anal. AppI. 158 (1991), 213233.
[27] McCarthy, P. J.: Note on oscillation of solutions of second order linear difference equations. Portugal Math. 18 (1959), 203 - 205.
[28] Median, R. and ??? Pinto: Asymptotic behaviour of solutions of second order non-linear

difference equations. Nonlin. Anal. 19 (1992), 187 .- 195.

[29] Patula, W. T.: Growth and oscillation properties of second order linear difference equa-

tions. SIAM J. Math. Anal. 10 (197 ???), 55 - 61.

[30] Patula, W. T.: Growth, oscillation and comparison theorems for second order linear dif-

ference equations. SIAM J. Math. Anal. 10 (1979), 1272 - 1279.
[31] Philos, Ch. C.: On oscillation of some difference equations.. Func. Ekv. 34 (1991), 157 172.

358

E. Thandapani and S. Pandian et. al.

[32] Philos, Ch. G.: Oscillations in certain difference equations. Util. Math. 39 (1991), 215 218.
[33] Philos, Ch. G.: Oscillations in a non-autonomous delay logistic difference equation. Proc.
Edin. Math. Soc. 35 (1992), 121 - 131.
[34) Popenda, J.: Oscillation and Non-oscillation theorems for second order difference equations. J. Math. Anal. AppI. 123 (1987), 34 - 38.
[35] Potts, R. B.: Exact solution of a difference approximation to Duffings equation. J. Austr.
Math. Soc. B 23 (1981), 64 - 79.
[36] Smith, B. and Taylor Jun., W. E.: Oscillation and non-oscillation theorems for some mixed
difference equations. mt. J. Math. Sci. 15 (1992), 537 - 542.
[37] Szmanda, B.: Note on the behaviour of solutions of a second order non-linear difference
equation. Atti Accad. Naz. Lincei, Rend. Cl. Sci. Fis. Mat. Nat. 69 (1980), 120 - 125.
[38] Szmanda, B.: Oscillation theorems for non-linear second order difference equations. J.

Math. Anal. AppI. 79 (1981), 90 - 95.
[39) Szmanda, B.: Oscillation criteria for non-linear second order difference equations. Ann.
Pol. Math. 43 (1983), 225 - 235.
[40] Szmanda, B.: Oscillatory behaviour of certain difference equations. Fasc. Math. 21

(1990), 65 - 78.
[41] Szafranski, Z. and B. Szmanda: Oscillatory behaviour of difference equations of second
order. J. Math. AppI. 150 (1990), 414 - 424.
[42] Szafranski, Z. and B. Szmanda: Oscillatory properties of solutions of some difference
systems. Rad. Mat. 6 (1990), 205 - 214.
[43] Thandapani, E.: Oscillatory behaviour of solutions of second order non-linear difference
equations. J. Math. Phys. Sci.25 (1991), 457 - 464.
[44] Thandapani, E.: Oscillation criteria for certain second order difference equation. Z. Anal.

Anw. 11(1992), 425 - 429.

[45] Thandapani, E.: Asymptotic and oscillatory behaviour of solutions of a second order nonlinear neutral delay difference equation. Riv. Mat. Univ. Parma (to appear).

[46] Thandapani, E., Gyory, I. and B. S. Lalli: An application of discrete inequality to second
order non-linear oscillation. J. Math. Anal. Appi. (to appear).
[47] Waltman, P.: An oscillation criteria for a nonlinear second order equation. J. Math.

Anal. AppI. 10 (1965), 439 - 441.
[48] Wang, Z. and J. Zu: Oscillation criteria for second order non-linear difference equation.
Func. Ekv. 34 (1991), 313 - 320.
[49] Weil, F.: Existence theorems for the difference equation
- 2y + yj
h2f(y).
Int. J. Math. Sci. 3 (1980), 69 - 77.
[50] Wilmott, P. A.: A note on the WKB method for difference equations. IMA J. AppI. Math.
34 (1985), 295 - 302.

[51] Yan, J. and C. Qian: Oscillation and comparison results for delay difference equations. J.

Math. Anal. AppI. 165 (1992), 346 - 360.

Received 22.03.1993; in revised form 07.12.1993

