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Anticyclotomic Iwasawa’s Main Conjecture for Hilbert modular
forms
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Abstract. Let F/QQ be atotally real extensionand f an Hilbert modular cusp form of level rt, with
trivial central character and parallel weight 2, which is an eigenform for the action of the Hecke
algebra. Fix a prime g | n of F of residual characteristic p. Let K/F be a quadratic totally
imaginary extension and Koo be the g-anticyclotomic Z ,-extension of K. The main result
of this paper, generalizing the analogous result [5] of Bertolini and Darmon, states that, under
suitable arithmetic assumptions and some technical restrictions, the characteristic power series
of the Pontryagin dual of the Selmer group attached to ( f, K,o0) divides the p-adic L-function
attached to (f, Koo ), thus proving one direction of the Anticyclotomic Main Conjecture for
Hilbert modular forms. Arithmetic applications are given.
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1. Introduction

Let F/Q be a totally real extension of degree d := [F : Q] and n a square-free
integral ideal of the ring of integers O of F. Let f € S,(n) be a Hilbert modular
cusp form for the [y(n) level structure with trivial central character and parallel
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weight 2. Let T, be the Hecke algebra generated over Z by the Hecke operators
acting on S, (u). Assume that f is a normalized eigenform for the action of T, and
denote by ¢y : Ty — Q the morphism corresponding to f. Let aq(f) := or(Ty)
(respectively, aq(f) := ¢r(Uy)) be the eigenvalue of the Hecke operator at prime
ideals g } u (respectively, g | n). Define

Ky := Q(aq(f).q a prime ideal of OF)

to be the field generated (over Q) by the eigenvalues of the Hecke algebra acting on
J and denote by Oy its ring of integers. Since the character of f is trivial, K¢ is
totally real by [44], Proposition 2.5.

Fix p > 5 a rational prime and assume for simplicity that p does not ramify in
F/Q and K¢ /Q. Fix an embedding ¢, : Q — @p. Denote by 7 the prime ideal of
Oy corresponding to ¢, and denote by Oy, the completion of O at 7.

Say that f is ordinary at a prime ideal p | p if there exists a root o, of the Hecke
polynomial at p such that ¢, («p) is a unit. In this paper we assume that f is ordinary
at all prime ideals p | p.

Suppose that there exists a prime ideal g | p such that g | n. Suppose that either
f is a newform or it comes from a newform of level n/gp which is ordinary at all
primes p dividing p via the procedure of p-stabilization. In the totally real case, see
Section 12.5.2 in [35] for this procedure; see also Nekovar [35] (Chapter 12), [36],
[37], Zhang [48], [49], [50], Cornut—Vatsal [9], [8], Howard [21] and Goren [16]
for references on recent developments and results on the arithmetic theory of Hilbert
modular forms.

Let K/ F be atotally imaginary quadratic extension. Assume that the discriminant
of K/F and pu are prime to each other. Then K determines a factorization

n= pn+n_

where a prime ideal q divides n™ if and only if q is split in K/ F while divides n~
if and only if it is inert in K/F. We also assume that the number of prime ideals
a C Of dividing n~ has the same parity as d = [F : Q]. Finally, if d is even, we
assume that n~ # OF.

Remark 1.1. The condition d even = n~ # (O is assumed to obtain the iso-
morphism (10). See Remark 7.15. For the case of d even and n~ = Op, see the
discussions and the results of [29] and [30].

As a consequence of the assumption on the parity of the number of ideals dividing
n—, the special value at 1 of the complex L-function Lg (f, x, s) of f over K twisted
by y is non zero for infinitely many ramified ring class characters y of conductor g™
(see [8], Theorem 1.4).
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Using the notion of Gross points it is possible to associate to f a p-adic L-function
Ly, »(f/K) relative to g and . This is an element of the Iwasawa algebra

A[p,n = (9f,rr |[G50°°]]7

where |
Gpoo = Gal(Kpoo /K) = 27727

is the Galois group of the anticyclotomic Z ,-extension Ko /K associated to . See
Section 2 for the definition of K, and Section 4 for the construction of L, » (f/K).
The p-adic L function L, (f/K) is characterized by its interpolation properties of
the complex L-functions Lk (f, x,s), where y is as above: see Section 4.4 for details.
On the other hand, there is a notion of Selmer group attached to f. Denote by

prnoe: Gp = Gal(F/F) — GL2(Of.r)

the 7 -adic Galois representation attached to f and define pf,,n := pfzoo (mod 7).
Denote by T ;o the G p-module associated to the representation ps,oo. Let

Vﬁﬂoo = Tﬁﬂoo ®0f'n Kﬁﬂ

(where Ky, := Frac(Oy,;)). Define finally Af oo := Vi oo/ Tfnoo and Afqn :=
Afqoo[m"] for all n > 1. The Selmer group

Selgoo (f/Kpoo) € H' (Koo, Afzoe)

is defined in Section 5 by imposing suitable local conditions on global cohomology
classes. Its Pontryagin dual SelY oo (f/Kpoo) is a finitely generated A, r-module.
Denote by

Charp,  (f/K) € Ap,x

the characteristic power series of Sel o (f// Kpoo). This element is well-defined only
up to units, while the ideal (Charp,,, (f/K)) of Ay generated by Char, - (f/K)
depends only on SelY oo (f/ Kpoo).

The Anticyclotomic Iwasawa Main Conjecture relates the ideals of A, , generated
by Ly »(f/K) and Chary, 5 (f/K)j; it can be stated as follows:

Conjecture 1.2 (Anticyclotomic Iwasawa’s Main Conjecture). The ideals of Ay
generated by L, - (f/K) and by Chary, - (f/K) are equal.

For any prime ideal ¢ € OF, choose
Gr, = Gal(Fq/Fy) € Gal(F/F)

a decomposition group and denote by [, its inertia subgroup. To state the main
result, suppose that the following technical conditions are verified:
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Assumption 1.3. (1) py,, is surjective.

(2) The morphism ¢y : Ty — O is surjective.

(3) Define my, to be kernel of the morphism Ty — Oy, /7 associated to f.
The completion T¢ of Ty, at my,, is isomorphic to Oy, (we say that f is mw-isolated
if this condition holds).

(4)Letq | nand g 4 p be a prime ideal. The maximal /f, -invariant submodule
of Ay oo is free of rank one over K¢, /O .

(5)If p = 5then [F({s5) : F] # 2, where {5 is a 5-th root of unity.

(6) The prime number p does not divide the class number #x of K and the index
[Og : Of] of OF in Ok. Further, p does not ramify in F" and K.

Remark 1.4. Some of the conditions in Assumption 1.3 could probably be relaxed.
In particular, (1) could be replaced by a less strong condition as in [38]. Condition
(2) also could be relaxed by using arguments in [39]. Condition (3) will be used in
Lemma 7.7 to control a certain Selmer group associated to the adjoint representation
of pf and to obtain the isomorphism (10). Condition (4) will be used in § 5.2 to
describe the local conditions at primes ¢ | 1, ¢  p appearing in the definition of
Selzoo(f/Kgpoe). In the case of a modular abelian variety A defined over F, whose
associated Hilbert modular formis f (in the sense of Definition 6.3), these conditions
will be compared in § 6.2 with the image of the local Kummer map at the primes
dividing n but not dividing p. Condition (5) is used in §7.3 to apply a result by
Fujiwara [15]. Finally, (6) could certainly be relaxed and is assumed mainly to get a
simpler description of the extension K< in Section 2 and, consequently, a simpler
construction of Ly, (f/K) in Section 4.

The main result, corresponding to Theorem 6.1, can be formulated under the
technical conditions in Assumption 1.3 as follows:

Theorem 1.5. Suppose that lThara’s Lemma for Shimura curves over totally real
fields, as stated in Assumption 7.18, holds. Then the characteristic power series
Chary, »(f/K) divides the p-adic L-function Ly (f/K).

Under our arithmetic assumptions, the p-adic L-function does not vanish identi-
cally by Theorem 1.4 of [8]: see Section 4.4. This shows that (see Corollary 6.2):

Corollary 1.6. Assumptions as in Theorem 1.5. Then Sel) oo (f/Kgpeo) is pseudo-
isomorphic to a torsion Ay, r-module.

Remark 1.7. Unlike the conditions in Assumption 1.3, [hara’s Lemma in the state-
ment of Theorem 1.5 seems to be considerably harder to remove. This is the most
substantial obstruction to an unconditional result. It consists in a version of Thara’s
Lemma for Shimura curves over totally real fields. It will be used in the proof of
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Lemma 7.20 below. If F = Q, the result we need is Theorem 2 in [12]. The re-
sults contained in [12] and successively refined in [13] are partially generalized to
the totally real case in [25]. However, [25] does not cover the full generalization of
[12], Theorem 2. In this paper we follow [15], which assumes the generalization of
Thara’s Lemma as an hypothesis in [15] (Hypothesis 5.9). Similar results for Hilbert
modular varieties hold thanks to [14]. For further discussions, see Remark 7.19.

The proof of the main result is a generalization of the methods in [5], where the
case of F = Q and Oy, = Z, is considered. In Section 7 the main steps of the
proof are recalled and the necessary technical adaptations are performed. Among
the difficulties arising in the totally real context is that we work with an Iwasawa
algebra isomorphic to a power series ring in several (not just one) variables. In
particular, we need to generalize the divisibility criterion in [5] (Proposition 3.1) to
this more general setting. The needed generalization is provided by Proposition 7.4,
which might be viewed as an algebraic result of independent interest in the context of
Iwasawa theory. An other technical difficulty arises from the fact that we deal with
normalized newforms f with arbitrary (non necessarily integers) Fourier coefficients
and we need to discuss the local conditions defining Selmer groups in order to relate
them to the usual description of Selmer groups via classical Kummer map when f is
associated to an abelian variety (in the sense of Definition 6.3). See § 6.2 for details.

Remark 1.8. If the above condition on the number of primes dividing n™ is not
satisfied (excluding from this discussion the case [F : Q] even and n = Of for
simplicity), then SelY (f// K poo) is not pseudo-isomorphic to a torsion A , -module
and the growth of Sely o0 ( f/ K00 ) is forced by the presence of Heegner points coming
from a Shimura curve parametrization of the abelian variety Ay associated to f (see
Remark 6.4 for details on Ay and its parametrization by the Jacobian variety of a
suitable Shimura curve). For precise statements and results in this case, see [1] (over
@), [21] and [36] (over totally real number fields).

Remark 1.9. Using the techniques announced by Skinner—Urban, it should be possi-
ble to prove the opposite divisibility L, (f/K) | Char, ,(f/K). Thus, combining
with Theorem 1.5, it may be possible to obtain a proof of Conjecture 1.2. An other
application of the methods of Skinner—Urban concerns the full p-adic L-function
(and not just its anticyclotomic part as in Conjecture 1.2). It should be possible to
prove that the p-adic L-function of the maximal Z ,-extension of K divides the char-
acteristic ideal of the Pontryagin dual of the 7-Selmer module attached to f and this
extension. If this were the case, one could combine such a result with Theorem 1.5
to prove the main conjecture for the full p-adic L-function and therefore for the cy-
clotomic p-adic L-function. Such a result would generalise work of Kato over Q
to the case of totally real fields. (Kato’s construction of an Euler system does not
generalize.)
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Theorem 1.5 can be used to study the arithmetic of abelian varieties of GL,-type.
The simplest case is that of an elliptic curve. Let A be an elliptic curve defined over F,
of conductor 11, without complex multiplication, which is ordinary at each prime ideal
p | p. Suppose also that 4 is modular in the sense that there exists a Hilbert modular
form f for the I'g(m)-structure, of parallel weight 2 and trivial central character,
such that the £-adic representation of A is isomorphic to the £-adic representation
associated to f', where £ is a rational prime. In this case, Oy = Z, m = p and
Ofx = Zp. Suppose finally that f satisfies all the above assumptions. Note in
particular that, since A does not have complex multiplication, there are only a finite
number of primes £ such that the Galois representation on the £-torsion points of 4 is
not surjective. Theorem 1.5 can be used to study the characteristic power series of the
Pontryagin dual Sel;C><D (A/Kgpoo) of the p-primary Selmer group Selpoo (A/ K poo)
of A over Koo, Theorem 1.5 and the non-vanishing of L, (f/K) established in
Theorem 1.4 of [8] show that SelgOo (A/Kpoo) is always pseudo-isomorphic to a
torsion Ay, p,-module. The first application, corresponding to Corollary 6.11, is the
following:

Corollary 1.10. Assumptions as in Theorem 1.5. Moreover, suppose [Fy, : Qp] = 1
andlet A/ F be a modular elliptic curve as above. Then A(K ,o0) is finitely generated.

For any Ay, p,-module M and any finite order character y: Gy — @, where
O is the ring of integers of a finite extension of @, extend y to a homomorphism,
denoted by the same symbol, y: Ay, , — O and set M* := M ®, O, the tensor
product being taken over A, , via y. Let Il joo (A/ K00 ) be the p-primary part of
the Shafarevich-Tate group of A over K. The second application, corresponding
to Corollary 6.9, is the following:

Corollary 1.11. Assumptions as in Theorem 1.5. Moreover, suppose [Fy, : Qp] = 1
andlet A/ F be amodular elliptic curve as above. If Lx (A, x,1) # 0, then A(K po0)X
and 1 poo (A/ Koo)X are finite.

Acknowledgements. The author thanks the referee for the careful reading of the
manuscript and for useful comments which led to some corrections and an improve-
ment of the exposition.

2. Anticyclotomic Z,-extensions

Let the assumptions and notations be fixed as in Section 1. In particular, recall that p
does not divide the class number of K and the index of O in Og. For any integral
ideal ¢ € Op, let

O, :=Of + cOg
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be the order of conductor ¢ in K and define the ring class field Ec / K of K of conductor
¢ to be the Galois extension of K such that the Artin map induces an isomorphism:

Gal(K./K) ~ Pic(0,) ~ K*/OXK*.

Denote by | * | the norm on ideals of O and set h. := #Pic(O.), so that hg := h(y)
is the class number of K. By the Dedekind formula:

hiclel Tgge (1= (£) a1 ™)
e = O ;]

: )]

where g denotes a prime ideal of O and (%) = 1 (respectively, —1, 0) if q is split

(respectively, inert, ramified) in K/ F. The extension K om / K is unramified outside
the places dividing g. Thanks to the fact that p does not ramify in K and does not
divide hx[Of : OF], it follows from (1), that [IZ@m : Epm—l] = |p| for all integers
m > 2 and that p ¢ [Ep : K]. Define Epoo = lirglzpm.

m

Definition 2.1. The g-anticyclotomic Z,-extension Kg,o0o/K is defined to be the
unique subfield Koo of Ko such that

Gopoo := Gal(Kpoo /K) = Z =],

The extension K00/ F is Galois and non abelian. More precisely, the quotient
Gal(K/ F) acts by conjugation on the normal subgroup Gal(K, / K') by the formula
0+ 10T = 0!, where 7 is the choice of a complex conjugation raising the non
trivial automorphism of Gal(K/F). For any integer m > 1, define the extension
Kom /K by requiring that

Gpm = Gal(Kpm /K) ~ (2] p"7)Fo Q]

It follows from the above assumptions on p that K= is the maximal p-power sub-
extension of K,m /K. Denote by A, » the Iwasawa algebra of Goo:

Ap,ﬂ = (Qf,n I[G[QOO]] = l(iLn(Qf,ﬂ[Gpm]
m

where the inverse limit is with respect to the canonical projection maps Gom —
Gom-1.

Remark 2.2. There are other definitions of ring class fields of conductor ¢ in the
literature. Nekovar [36], Section 2.6 (see also Zhang [50]), defines the ring class field
of conductor c to be the Galois extension K} corresponding via class field theory to
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K*/K X@g‘f *. On the other hand, [8] uses the definition given in this paper for
the ring class field K o, denoted K[P"] therein. However, note that the quotient
I?X/Kx(b\?ﬁx is isomorphic to Pic(O.)/Pic(OF), so, since p } hg, the maximal
Z p-extension contained in | J;2 ; K on is exactly the extension Koo in Definition 2.1.

3. CM points on quaternion algebras

This section is devoted to fixing the notation for CM-points on quaternion algebras.
Since we will need this notions both for totally definite quaternion algebras (in Sec-
tion 4) and for quaternion algebras which are split in exactly one archimedean place
(in Section 7.4), we will adopt a quite general view-point.

3.1. Optimal embeddings and CM-points. Let k denote a global or local field and
D/ k a quaternion algebra. Let O be an Eichler order of D. Let k’/ k be a quadratic
extension and denote by r an order in k’. Say that ¥ is an optimal embedding of r
into O if ¥ : kK’ < D is an injective homomorphism of k-algebras such that

Y(r) =y (K&)Nno.

Two optimal embeddings ¥; and v, of r into O are said to be equivalent if there
exists & € O such that ¥;(x) = a~ 'Y, (x)a for all x € r. The conductor of an
optimal embedding ¥ is the conductor of the order r. For more details, see [47],
Chapitre II, when k is a local field and [47], Chapitre III, when k is a global field.

Suppose now that k is a global field and, for any valuation v of k, let ky,, kJ,, 1y,
D, and O, denote the completions of k, k’, r, D and O, respectively, at v. In the
following, by an abuse of notation, we will identify v with the integral prime ideal of
k corresponding to it. Let d denote the discriminant of ¥’/ k, ¢ the conductor of the
quadratic order r, n the discriminant of the quaternion algebra D and m the level of
the Eichler order O, and assume that m is square-free, ¢ is prime to n and d is prime
to cmn. Suppose that if v | n then v is inert in k. Suppose also that if v | m and
v } ¢ (so ry is maximal) then v is split in &’/ k. This conditions ensure that the set of
optimal embeddings of r into O is non-empty: see [47], page 94.

Following [17] and [3], define

X (k') := D*\D* x Hom(k’, D)/ O*

where the action of b € D* and x € O* onapair (g, V) isb(g, ¥)x := (bgx, byb™1).
Say that a point (x,¥) € X(k') is a CM-point of conductor ¢ if ¥ is an optimal
embedding of 7 into Oy := xOx~' N D. Write CM(c) for the set of CM-points of
conductor ¢ in X (k).
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Fix an embedding ¥ : k’ < D which allows to view k’ as a subfield of D.
Following [8], the set CM(c) can also be described as follows. Define

Y(K') := ¥ (k')\D*/O*.

Say that a point x € Y (k') has conductor ¢ if k&’ N O, = r. The set CM(c) can
be identified with the set of points in Y (k’) of conductor ¢. To see this, note that
there is a map from the set of points in Y (k') of conductor ¢ to X (k') defined by
x + (x,v). This map is a bijection. Injectivity: Suppose (x1, w) = (x2, w)
Then there exists b € D* and x € O such that X1 = bx,x and ¥ = blﬂb

Since ¥ (k') is a maximal commutative subfield of D, it follows that b € ¥ (k' )
and so x; and x, represent the same element in ¥ (k)\ D*/O*. Surjectivity: Fix
(x,v¥) € X(k’) of conductor c. By the Skolem—Noether theorem, there existsb € D>
such that ¥ (k') = b= (k")b. It follows that b= (r)b = b~y (k)b N xOx~1,
so V¥ (r) =y (K)N bxé(bx)_l. Hence, (bx, 1) belongs to the image of the set of
points in CM of conductor c. Finally, note that (bx, ) = (x, b~ b)) = (x, ¥).

The Galois group

G(c) = Pic(r) = k' Jk"7*

acts on CM(c) by left translation: for every g € G(c) and (x,¥) € CM(c), the
action is given by x — (gx,¥). Equivalently, if x € Y(k’) has conductor ¢, the
Galois action is given by x +— gx.

3.2. The trace formula. Fix representatives g, = 1,..., g, of D*\D*/0* and
define O; = g; 9] gj_1 N D, so that O; = O. Note that the number of CM-points of
X (k') is equal to the number of non-equivalent optimal embeddings of r into one of
the Eichler orders O;. Write Emb(r, O;) for the set of equivalence classes of optimal
embeddings of r into O;.

For any place v of k, let m, be the number of non-equivalent local optimal
embeddings of r, into O,. Then m,, is finite and m, = 1 for those v which do not
divide mn. The following trace formula holds ([47], Chapitre III, Théoreme 5.11
and page 94):

h

ICM(e)| = ) [Emb(r, 0))| = h(r) [ ] mo., )

j=1 vlmn
where h(r) is the class number of r.
3.3. Orientations and Gross points. An orientation at v of a local optimal embed-

ding ¥ : ky — D, of r, into O, is the choice of an equivalence class of optimal
embeddings. This can be made precise as follows.
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Ifv | nmandv 4 c, then m, = 2. The choice of an orientation can be performed
as follows. For v | nm and v 4 ¢, define

Uy(r, 0) := Hom(ry, 0y)/ 0, .

The choice of an orientation o0, at the primes v | nm and v ¢ c is the choice of an
element in Uy (r, O). Say that a point (x, ) € CM(c) is oriented at a prime v | nm
and v } ¢ (with respect to the chosen orientation 0,) if x ! x and 0, define the
same element in U, (7, Q). For more details, see Section 2.1.1 in [48].

Let now v | m and v | ¢, so r, is not maximal. In this case too, m, = 2 (see
[47], page 94). The choice of an orientation can be performed as follows. The set of
maximal orders (respectively, Eichler orders of level v) of GL; (k) can be identified
with the set of vertices 'V, (respectively, unoriented edges &,) of the homogeneous
tree T, of degree |v|. Let vy (respectively, eg) denote the vertex (respectively, the
edge) corresponding to the maximal order GL;(ry) (respectively, the Eichler order
[o(v) € GL,(ry) of level v consisting of matrices which are upper triangular modulo
v). Say that a vertex v is even (respectively, odd) if its distance from vy is even
(respectively, odd) and define an orientation s, t: &, — 'V, by requiring that for any
edge e, 5(€) = Veyen and £(e) = voqq, Where e is the edge joining veye, and vyqg and
Veven and Voqq are even and odd, respectively.

Let (x,¥) € CM(c). Then ¢: k, — D, is an optimal embedding of r, into
O;. Fix an isomorphism ¢, : D, — Mj(ky). Then Oy can be identified with an
edge ep, = (s(eox), t(eox)) is such a way that O, is the intersection of the two
maximal orders represented by s(ep,) and 7(ep,). Finally, let r’ be the quadratic
order containing r of conductor ¢ /v. Say that (x, ¥) is oriented (with respect to the
chosen orientations s, ¢) if the v-component v, of ¥ is an optimal embedding of r,,
into the maximal order corresponding to s(ep,). Note that, in this case, ¥ must be
an optimal embedding of r, into the maximal order corresponding to #(eg, ).

Fix orientations 0, € Uy (r, O) for v | mn and v } ¢ and orientations s,7: &, —
V, forv | mand v | ¢. A Gross point of conductor ¢ is a CM-point (x, ¢r) € CM(c)
which is oriented at all v | mn.

4. p-adic L-functions

4.1. Modular forms on definite quaternion algebras. Let B/ F be the quaternion
algebra of discriminant n™~ which is ramified at all archimedean places. Fix an Eichler
order R C B of level pn™.

Let f € S>(un) be a Hilbert modular cuspform of parallel weight 2 and trivial
central character with respect to the ['g(n)-level structure. Let T, be the Hecke
algebra acting faithfully on S, (1) (see Section 3.1 in [48] for precise definitions).



Vol. 87 (2012)  Anticyclotomic Iwasawa’s Main Conjecture for Hilbert modular forms 313

Denote by SzB (ppn™) the C-vector space of functions
B*\B*/R* — C.

There is an action of the Hecke algebra Ty on SZB (pon™) defined as usual via double
cosets. The Jacquet—Langlands correspondence implies that (up to scaling) there is a
unique modular form 18 ¢ SZB (™) having the same eigenvalues as f under the
action of the Hecke algebra. If the Hecke eigenvalues on a Hilbert modular form f
are contained in a ring @, them f 2 can be normalized to take values in ©.

4.2. CM points on definite quaternion algebras. Since all primes dividing the
discriminant of B are inert in K, there exists an embedding K < B, so that K can
be regarded as a subfield of B via this fixed embedding ¥. Following the notation in
Section 3, define the set of CM-points by R to be

CMg := U(K)*\B*/R*
and say that a point x € CMp has conductor c if
U(K) N xRx7! = 0..

Denote by CMg(c) the set of CM points of conductor ¢. Following Section 3, the set
CMRg(c) can also be described as the set of points in

Xr(K) := B*\(B* x Hom(K, B))/R*

such that W is an optimal embedding of (. into the Eichler order B N xR*x71,
explicitly,
W(K)NxR*x™' = w(0O,).

Since all primes dividing n* are splitin K, CMg(p™) is non empty forallm > 1.
The group Gpm ~ K*/K X@;m acts on CMRg (™) by left translation, as described
in Section 3.

Fix a positive integer m. Choose orientations for the optimal embeddings of @ m
into R as in Section 3 for all primes g dividing n: this amounts to choose orientations
04 € Ug(Opm, R) for all primes g | n™n~ and an orientation s,7: &, — V,, at the
prime g. Let Gr(p™) denote the set of Gross points of conductor g™ with respect
to these orientations and define

Gr(p™) := Up=1 Gr(p™).

If P = (x,¥) € Gr(p™), then the local component ¥,,: K, — B, of ¥ is an
optimal embedding of the completion Opm , of Opm at g into xR, x 1, where Ry, is
the completion of R at p. Letep = (s (ep),t(e p)) € &, be the edge corresponding
to xRpx~! as described in Section 3. Say that a sequence (Py;)m>1 of points in
Gr(p™), with Py, € Gr(p™), is compatible if t(ep,,) = s(ep,, ) for all integers
m > 1.
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Remark 4.1. If P = (x, ¥) € Gr(p™) withm > 1, then the pair (x, W) also defines
a CM-point of conductor ™! in Xg,(K), where Ry D R is an Eichler order of B
of level n™ chosen is such a way that R, corresponds to s(ep).

4.3. Anticyclotomic p-adic L functions. Let 8 be the modular form on the
quaternion algebra B associated to f via the Jacquet—Langlands correspondence and
define the following map:

_ ~ ~ ~ ~ B
n: U (K)\B* R 25 B\ B*/R* L5 Oy,

where p is the canonical projection. Choose points x,, € CMg(€™) in such a way
that the sequence (), is compatible. The orientation s, ¢: &, — "V, being fixed
as above, the action of Uy, on an edge e € &, can be described as Uy, (e) = >, €,
where the sum is over all edges ¢’ such that s (¢’) = ¢ (e). The choice of the compatible
sequence of Gross points made before shows then that for m > 2,

> 1(gxm) = Up (1(xm-1)). 3)

geGul(E@m/Ime_] )
Define the theta elements form > 1:

Orm =Y 0" n(gxm)g € OprlGom].

geé@m

Denote by Vy41,m: (9f H[G mt+1] — (9f,,[G m] the homomorphisms induced by

the projection maps G e+l — Gpm By Equation (3), the elements 9fm verify the
following relation: ~ ~
Vin+1,m(Of,m) = Ofm—1.

Taking the inverse limit with respect to the projection maps vy, 41, yields an element

O :=1im 01 € Opx[Gpoe] 1= lim O [Gypm].

m m

The group ring Oy, ﬂépw] is endowed with a canonical involution x — x* defined
to be the extension by Oy, -linearity of the involution o > 0! of Goo. Define

Lox(f/K) = b70F € 07[Gpee].

Since éf is well defined up to multiplication by an element of 6pw, the definition
of Z@,n (f/K) is independent on the choice of the Gross points x,,. Set Kp,,, =
Ofx ﬂépmﬂ and denote by A: A p.n — A n the projection induced by the inclusion
Kpoo - Epw
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Definition 4.2. Define the anticyclotomic g-adic L-function attached to f and K to
be the element

Lp,n(f/K) = A(Zp,n(f/K)) €ANp .

Furthermore, define 0y, := /\(éﬁn) and 0 := A(éf), sothat L, - (f/K) = 9f9]’f
and 0 = lim 0.
s

4.4. Interpolation properties. Let y: G,00o — O be a ramified finite order char-
acter, where O is the ring of integers of a finite extension of QQ,. Extend y to an
homomorphism, denoted by the same symbol, y: O [[Gpoo]] — (. Zhang, gener-
alizing [17], proves in Theorem 1.3.2 of [49] the following interpolation formula:

L(fix.1)=C [P

where
L0 = x(Lox(f/K)) and C :=25dg, 2 (I fHII/ILfEID2

In the above formulas we use a fixed embedding Q p — C toview £(y) as a complex
number; furthermore, dg, r is the discriminant of K over F, the symbol || - || denotes
the L?-norm in SZB (") with respect to a suitable measure (defined in [49], Theo-
rem 1.3.2) on the idele ring B of B and, finally, f # is the quasi newform associated
to f defined in [49], §1.1. In particular, C # 0 and we obtain (see also Theorem 6.4
in [46]):

£(x) # Oifand only if Lg(f, x,1) # 0.

The arithmetic assumptions we are working with imply that the sign of the functional
equation of Lg(f, x,1) is +1 and, by [8], Theorem 1.4, that Lg(f, y,1) # 0 for
infinitely many characters y as above. Hence Zp,n( f/K) # 0. Since 65{,00 ~
Gpoo X Ap and Ay, is finite, it follows that Ly, - (f/K) # 0.

5. Selmer groups attached to Hilbert modular forms
5.1. Galois cohomology groups
5.1.1. Galois representations. Let Ty 0o bethe GF = Gal(Ii / F)-module, free of
rank 2 over O, associated to the representation ps oo : Gal(F/F) — GL2(Of,);
define Ky, := Frac(Oy,) and

Vf,n-oo = Tf’n-oo ®0f.rr Kf’”, Af’noo = Vﬂ”oo/Tﬂ”oo,

Tﬁnn = Tf’n-oo/n'nTﬂnoo; Aﬂnn = Af,,.[oo[n'n].
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As Of-modules, Af oo > (Kf.7/Of7)* while both Ty zn and Ay n are Oy /7"~
modules free of rank 2 and there is an isomorphism of G p-modules Ty zn >~ Afqn.
Furthermore,

Aﬁnoo:h_n)lAﬁ,,n and Tf’OOZLEle,nn

n n

with respect to the canonical maps.

5.1.2. Global cohomology groups. Let v denote a positive integer or co. Define
the following groups:

H' (Koo, Agzv) :=1im H' (Kgm, Agzv).

m

where the direct limit is with respect to the restriction maps, and

I:\Il(K@OO’ Tﬁ]‘[") = l(i_l’—nHl(Kpm’ Tf,JTU)’

m

where the inverse limit is with respect to the corestriction maps.

5.1.3. Local cohomology groups. Foreachprimeq C Of,let Kom g := Kom ®F
Fq = @y/|q Kpm,q» where the sum is over the prime ideals ¢’ | g of the ring
of integers Ok, of Kpm and Kgm 4 is the completion of Kpm at g’. For any

Gal(K /Kgm)-module M, define H'(Kgm g, M) := @41 H' (Kgm o, M). Then
define as above for v a positive integer or oo,

H'(Kpeo . Afv) o= lim H' (Kpm g, Af).

m

where the direct limit is with respect to the restriction maps, and

H' (Koo g, Trv) i= lim H' (K . Ty,

m

where the inverse limit is with respect to the corestriction maps.

5.2. Selmer groups. The definitions of Sel,» (f/Kgoc) and Selyoo (f/Kgo0) re-
quire the introduction of the following finite/singular and ordinary structures. For
any prime ideal g of O and any prime ideal q" of O K,,m above g, choose a decom-
position subgroup Gm,q C Gk, at ' and let Iy,q © Gp,q denote the inertia
subgroup.



Vol. 87 (2012)  Anticyclotomic Iwasawa’s Main Conjecture for Hilbert modular forms 317

5.2.1. Primes q { up. Let M denote Az yn or Tynn. Fix g € OF a prime ideal
such that g + np. The singular part of Hl(Kpm’q, M) is

(Kgm g, M) := @q s H'(I, m,q’ ,M)Gal(Kzo;" q’/K@m.a’),

smg

where the sum is over all prime ideals g’ of @ k,,m dividing g. The kernel of the residue
map dq: H'(Kgm g, M) — Hg, (Kom o, M) is the finite part of H'(Kgm o, M)

and is denoted by HJ (Kpm o, M). Define

Hyy (Koo g, Afn) 1= lim H, (Kpm g Afn),
m

(Kpoo a» Afn") = lim Hsmg(K&Jm,q’ Afn")

m

smg
where the direct limits are with respect to restriction maps, and

ﬁﬁln(Kp‘”,m Tfan) = lirE Hﬁln(Kp’",m T zn),

m

(K ,Q’Tfaﬂ") = h(_mHsling(KPm:Q’Tf,”n)’

m

smg

where the inverse limits are with respect to the corestriction maps. The cohomology
groups Hl (Koo g, Afnn)and Iflf}n (Kpoo,q, Tyxn) are the exact annihilators of each
other under the local Tate pairing (,)q (for a proof, see [34], Theorem 2.6). If
G = g1g2 is split in K/ F, the Frobenius element at g; topologically generates a
finite index subgroup in Gye<. Hence there are only a finite number of prime ideals
g’ of Koo over g and for each of them, Koo o/ is the unramified Z,-extension of
K. It follows that any unramified class of H!(Kgm o, Af.n) becomes trivial after
restriction to H (K o”.q» Af.zn) for r sufficiently large. Hence, if q is splitin K/ F,

HL (Kgpoo g, Agan) = 0and HY (Kpoo g, Trpn) =0,

slng

where the second assertion follows from the non-degeneracy of the local Tate pairing.
If q is inert in K/ F, then it splits completely in Koo (this observation is due to
Iwasawa [23]). It follows that, if g is inert in K/ F,

smg(K g Tfn”) = sling(va Tf’nn) ® A&),n
and
Hi (Kpoo g, Appn) = Hom(HY (Kq. Trnn) ® Mg, Krn/ Ofi)-

Remark 5.1. To explain the above definitions, let £ be a prime number, K/Qq a
finite extension and A/ K an abelian variety with good reduction. Let p # £ a prime
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and denote by Gk and Ik the absolute Galois group of K and its inertia subgroup,
respectively. Finally, let

K: A(K) — H'(K, A[p"])
denote the Kummer map, where 7 is a non-negative integer. Then
Im(x) = H'(Gx/Ix, Alp"]) = ker (H' (Gk. Alp"]) — H'(Ix. A[p")</'¥).
For a proof, see [34] (Chapter 1, Proposition 3.8) or Lemma 7 in [18].

5.2.2. Primes q | n and q } p. Fix a prime g } p which divides n. By Assump-
tion 1.3,

(@ . Irq
qunn = Afnqn = Kfn/(gfn

The ordinary part of the group H'(Kpm o, Af.nn) is defined to be the unramified
cohomology

Holrd(Kgmn,q’ Af,nn) = Hl(GK@m,q/IK@m'q A(Q)n)

Define
Hyy (Koo . Afn) 1= h_r)n Hoy(Kgm g Afn),
m

where the direct limit is with respect to the restriction maps. Note thatif ¢ | n™ and
G t p,then, by anargumentsimilar to that of Section 5.2.1, H(Kpoo g, Af.zn) = 0.

Remark 5.2. To explain the above definitions, let £ be a prime number, K/Qy a
finite extension and A/K an abelian variety with purely toric reduction. Suppose
that there exists an extension E/Q such that [E : Q] = dim(A4) and an embedding
O — End(A), where O is the ring of integers of E. Let p # £ a prime and p a
prime ideal of O of residual characteristic p. Denote by Gk and Ik the absolute
Galois group of K and its inertia subgroup, respectively. Suppose that the inertia
invariants A[p"]’% of A[p"] are one-dimensional over the field @ /p. Finally, let

ki A(K) — H'(K, A[p"])
denote the Kummer map, where 7 is a non-negative integer. Then
Im(x) = H'(Gk/Ix. Alp"]').

For a proof in the case n = 1, see Lemma 4, Lemma 6 and Section 3.3 in [18]. The
general case (n > 1) can be obtained by a direct generalization of the arguments used
in the case n = 1.
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5.2.3. Primes p | p. Letp | p be a prime ideal. Let Ir, C GFf, := Gal(Fy/ Fp)
denote the inertia subgroup. Since f is ordinary at p, there is an exact sequence of
I F,-modules

0— AP — Afmoo — AW . —0 (4)
such that the submodule A}T’;Oo and the quotient A},IJ)TOO are both isomorphic to

K7 /Ofx as groups and I F, acts on A}p;oo via the cyclotomic character
€p: Gal(F/F) — Aut(ppoo)

describing the action of Gal(F / F) on the group Wpoo of p-power roots of unity, and
acts trivially on A](}])r”. Let

Ao Hl(Kpm,p,A}?;m) — H' (Kgm p, Afzoo)

be the map of cohomology groups induced by the inclusion A}pioo C Afpoo. Define
the ordinary part HL (Kgm p, Afqgoo) of HY(Kgm p, Afpoc) to be the maximal
divisible subgroup of Im(Ay ,). Then define

Hyy(Kpoo . Apnoe) i= im Hoy (Kpm o, Af o),

m

where the direct limit is with respect to the restriction maps.

Remark 5.3. To justify the above definition, let A[p°] be the maximal p-divisible
group of A(K), where A /K is an ordinary abelian variety defined over a finite ex-
tension K of Q,. Let ¥ be the formal group over Ok attached to the Néron model
for A over Ok and define C := ¥ (1n)[p®°], where m is the maximal ideal of the al-
gebraic closure of K. Finally, define the map: A: H'(K,C) — HY(K, A[p*>])
induced by the inclusion C < A[p®°]. Then the image of the Kummer map
k: A(K) ® Qp/Z, — H' (K, A[p™)) is equal to the maximal divisible subgroup
(Im()k)) 4iv of Im(A). For proofs, see [7], Proposition 4.5. Moreover, if Ko/K is a
deeply ramified extension (see [7], Section 2, for definitions), then the image of the
Kummer map A(Koo) ® Qp/Z, — H' (Koo, A[p™]) coincides with the image of
A HY (Koo, C) = H' (Koo, A[p™]) by [7], Proposition 4.3.

Note that for each prime p’ of K00 over p, the extension Koo /Ky is deeply
ramified. The last lines of Remark 5.3 show that one could equivalently define
H} (Kpoo p, A poo) to be the image of

Apoot H' (Kpoo . AP) o) —> H' (Koo p. Afzo).
Define
Jf(p,m,n) = Holrd(Kpm,pa Af,noo) n Hl(KKv)map’ Af’”n)'
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For any subgroup # € H'(Kpm y, Afnn), use the isomorphism Agzn = Typn
to define a subgroup H* C H'(Kgm p, Tzn) such that J =~ J*. Then define
H} (Kgm y, Afzn) to be the maximal subgroup of H'(Kpom , Afnn) containing
J(p,m,n) and such that H} ((Kgpm p, Afnn)and HL (Kgm p, Afnn)* are the exact
annihilators of each other under the local Tate pairing at p. Finally, set

Hyy(Kpoo . Afpn) := 1im Hoy(Kigm . Agen).
m

where the direct limit is with respect to the restriction maps.

Remark 5.4. Let A[p"] be the p”-torsion of an abelian variety A/ K asin Remark 5.3.
The image of the Kummer map «: A(K)/p™ — H'(K, A[p"]) contains the sub-
group # := Im(1)gy N H'(K, A[p"]), where A is the map defined in Remark 5.3.
Since Im(k) is maximal isotropic for the local Tate pairing, then it coincides with the
maximal isotropic subgroup of H!(K, A[p"]) containing #.

5.2.4. Selmer groups. Let My n denote Az n or Ty n. For any prime g, let
resq: H'(Kgpoo, Mypn) —> H'(Kpooq, My pn)

denote the restriction map. For a prime g € O not dividing np, let d, denote the
residue map

dg: H'(Kpoo,q, Mpn) —> HY (Kpooq, Mynn)

1
sing(

and, by an abuse of notation, denote also by d, the map obtained by composing resq
with d4. If s € H' (Koo, My, n) satisfies d4(s) = 0, write vq (s) for the image of s
in Hﬁln(KKDoo, Mﬁﬂn)

Definition 5.5. The Selmer group Sely(f /Ko ) attached to f, n and Koo is the
group of elements s € H'(Kgoo, Afn) satisfying

(1) for primes q + np: resq(s) € H (Kpoo g, Afnn);

(2) for primes g | n~ and g } p: resq(s) € HL (Kpoo p, Afan);

(3) for primes g | n™ and g } p: resq(s) = 0;

(4) for primes p | p: resp(s) € HL(Kpoo p, Afn).

The Selmer group Sel ;oo ( f/Ko0) is defined to be the direct limit

Seloe (f/ Kgoe) = lim Seln ( £/ Koe)

n

with respect to the inclusion maps.
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Let s C OF be a square free ideal prime to n. The compactified Selmer
group H; (Kgpoo, Ty qn) attached to f,n and Koo is the groups of elements k €

H'(Kgoo, Tynn) such that
(resq(k),resq(s))g =0

forall s € Selzn(f/Kgpoo) and all g ¢+ s, where (, ) is the local Tate pairing. The
global reciprocity law of class field theory implies that for any s € Selyn (f/Kgpoo)
and any k € H!(Kgpoo, Tyqn),

Z(aq(’(), Uq(s)>q =0. (5)
als

In the above equation, by an abuse of notation, the symbol d, denotes the map obtained
from d4 by passing to the inverse limit.

6. Iwasawa’s Main Conjecture

6.1. The main result. Let
Seloo (f/ Kpoo) := Hom(Selyoo (f/Kpoo), Kfn /Ofnt)

be the Pontryagin dual of Selco (f/Kgpeo). Since Sell oo (f/Kpoo) has a structure
of finitely generated A, ,-module, there is an exact sequence:

0— M —> Selyoo(f/Kpo) — AL, . @iz Apn/(fi) — N —0, (6)

where f; # 0 and M and N are pseudo-null A, r-modules (for definitions of
pseudo-null A -modules, as well as for the notion of pseudo-isomorphism of

A »-modules, we refer to Section 7.1). Define the characteristic power series
of Sell oo (f/ Kpoo) to be:

0,ifr #0
[, fi. ifr =0.

The main result which will by proved in Section 7 is the following:

Char, (f/K) :=

Theorem 6.1. Suppose that the assumptions listed in the Introduction are satis-
fied. The characteristic power series Charg (f/K) of the Pontryagin dual
SelYoo (f/ Kgpoo) of Selgoo(f/Kgpoo) divides the p-adic L-function Ly, »(f/K).

Corollary 6.2. Suppose that the assumptions listed in the Introduction are satisfied.
Then Sel) o (f/ Kpoo) is pseudo-isomorphic to a torsion A g x-module.
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Proof. By Theorem 1.4 of [8], L, »(A/K) is not identically zero, and therefore
Chary, . (f/K) # 0. |

The proof of this result is based on a generalization of the argument in [5]. In
Section 7 a sketch of the argument with the necessary adaptations to the totally real
case will be presented.

6.2. Applications to modular abelian varieties

6.2.1. Modular abelian varieties. Let A/F be an abelian variety. Denote by
End(A) its endomorphism ring and define

E := Endg(A) = End(4) ®z Q.

Say that A is of GL;-type if E is a field such that [E : Q] = dim(A) and End(A) is
the ring of integers O g of E. For any ideal I € Of, denote by A[/] the I -torsion in
A, by A[I*°] the I -primary subgroup of A and by 77(A) the I -adic Tate module of
A. Finally, let

pa,1: Gal(F/F) — Aut(T;(A))

be the representation of Gal(F /F) on Ty (A).

Definition 6.3. Say that an abelian variety of GL,-type A/ F as above is modular if
there exists a cuspidal Hilbert modular form f of ' (1)-level for some idealnt € OF,
parallel weight 2, trivial central character, which is an eigenform for the Hecke algebra
Ty, such that E ~ K and the £-adic representation py4 ¢ of Gal(F / F) on the £-adic
Tate module 7;(A) of A is equivalent to the £-adic representation pr, attached to f,
where £ is a prime number.

Remark 6.4. Since n~ # OF when d is even, Shimura’s construction generalized
to this context (see [48], Theorem B and Section 3) shows that for f* as above there
is a modular abelian variety A/ F whose associated eigenform is f. Note that Def-
inition 6.3 applies also to the case of n~ = OF and d even, which however is not
considered in this paper. For results in this important case, see [29] and [30].

Assume that the abelian variety A/ F satisfies the following:

Assumption 6.5. (1) A/ F is a modular abelian variety in the sense of Definition 6.3.

(2) The modular form f associated to A by Definition 6.3 satisfies the assumptions
listed in the Introduction.

(3) A/ F has good reduction at all primes g } 1.
(4) A/ F has purely toric reduction at all primes g | n and g ¢ p.
(5) A/ F has ordinary reduction at all prime ideals p | p.
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Remark 6.6. If A is ordinary at p | p, then the associated Hilbert modular form is
also ordinary at p (see [16], Chapter 3, Section 6.2).

Let A/ F satisfy Assumption 6.5 above. Define the Selmer groups:
Selpn (A/Kgm) :=ker (H' (Kgm, A[x"]) — [ [ H' (Kgpm 4. A(Kgm o))
q

where the product is over all prime ideals q of Kpm,

Selun (4/ Kgoe) = lim Seln (4/ K pm)

m

where the direct limit is with respect to the restriction maps, and

Selos (4/ Kpoe) = lim Seln (4/ K goe)

n

where the direct limit is with respect to the maps induced by A[z"] € A[nx"T!].

Lemma 6.7. There are isomorphisms
Selyn (f/Kpoo) =~ Selzn(A/Kgpoe) and Selgoo (A Kpoo) = Selyoo(f/Kgpoo).
In particular, the characteristic power series of their Pontryagin duals are the same.

Proof. To show the first isomorphism it is necessary to compare the local conditions
used in the definition of Sel,» ( f/Kpoo) with the image of the local Kummer map

Ko+ A(Kpoo q)/ "> H (K poo o7, A["])

for all prime ideals ¢’ in the ring of integers of K,c0. The equality of the local
conditions follows from Remark 5.1 for primes ¢’ + u p, from Remark 5.2 for primes
a’ | n, ¢ 4 p and from Remark 5.4 for primes p | p. The second isomorphism
follows by taking the direct limit over #. O

6.2.2. Arithmetic applications of the mainresult. Let A/ F satisfy Assumption 6.5
above. Define the gp-adic L-function associated to A/K to be Ly, ,(A/K) :=
Ly, »(f/K). Then Theorem 6.1 and Corollary 6.2 can be restated as follows:

Theorem 6.8. The characteristic power series Char, » (A/K) of the Pontryagin dual
SelYoo (A/ K poo) of the mt-primary Selmer group Selzoo (A K poo) of A over K geo di-
vides the p-adic L-function Ly, »(A/K) of Aover K. Inparticular, Sel) o (A/ K po0)
is pseudo-isomorphic to a torsion A, -module.
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This result on the abelian variety A/F can be used to deduce the following
corollaries. Denote by Lx(A,s) and Lg(A, x,s) the complex L-function of A
over K and its twist by finite order characters y: G, — C*. For any charac-
ter y: Gooo — O, where O is the valuation ring of a finite extension of Q,,
denote by the same symbol y: Ay, » — O its extension. Choose an embedding
Q p — C such that y can also be considered as a complex-valued character. For any
Agp z-module M, let MX := M ®, Of. Finally, let Il ;o0 (A/Ko0) denote the
m-primary Tate—Shafarevich group of A/ Ko which is defined by the exactness of
the following sequence:

0 —> A(Kpoo) ® (Ex/OF 5) — Selyoo(A)Kgpoo) —> I zoo (4K poo) —> 0,

where E; and Of , are the completions of £ = Endg(A4) and O = End(A) at .

Corollary 6.9. Suppose that [Fy, : Qp] = 1. If Lk (A, x,1) # 0, then A(K o)X
and 1l ;o0 (A/ Koo)X are finite.

Proof. Inthis case the Iwasawa algebra A, 5 is isomorphic to a power series ring over
Oy, in one variable and all pseudo-null A, -modules are finite. By the interpolation
formula, y(Ly(f/K)) # 0. By Theorem 6.8, y(Chary (A4, K)) # 0. Hence
Selyoo (A/ Koo)X is finite and the result follows. O

Corollary 6.10. Suppose [F, : Q,] = 1 and the torsion subgroup A(Kpoo)iors Of
A(Kpoo) is finite. Then A(K o) is finitely generated.

Proof. As in the proof of Corollary 6.9, note that all pseudo-null A, »-modules
are finite. By Theorem 6.8, Sel) o (A4/Kpoo) is a torsion A, -module. The result
follows from the classification of torsion A, »-modules because A (K o0 )ors is finite.

O

Corollary 6.11. Suppose [Fy, : Qp] = 1 and A an elliptic curve. Then A(K) is
finitely generated.

Proof. By definition, A does not have complex multiplication, hence by [32], Propo-
sition 6.12 (ii), A(K oo )iors is finite and Corollary 6.10 applies. O

Remark 6.12. The finiteness of A(K e )iors for more general abelian varieties of
GL,-type is proved for example in [32], Proposition 6.12 (i), under the condition
that the Z ,-extension is the cyclotomic one. This explains the finiteness assumption
added in Corollary 6.10.
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7. The proof

7.1. The divisibility criterion. The argument of the proof of Theorem 6.1 is based
on the generalization of Proposition 3.1 in [5], which will be obtained in the next
Proposition 7.4. For its proof, we need two preliminary results which, for lack
of precise references, are stated in the following as Lemma 7.1, Lemma 7.2 and
Lemma 7.3.

Let A := R[Ty,...,T,] be a ring of formal power series in m > 1 variables,
where R is the ring of integers of a finite extension of @, and p is a prime number.
Choose an uniformizer w of R. Recall that the Noetherian integral domain A is
a UFD (see for example [42]), so every height one prime ideal of A is principal
(see for example [31], Theorem 20.1). A finitely generated A-module X is said to be
pseudo-null if its support Supp , (X) contains only prime ideals of height greater than
or equal to 2. Two A-modules X and Y are said to be pseudo-isomorphic if there
exist two pseudo-null A-modules A and B and an exact sequence of A-modules:

00— A—X—Y —B—0.

Let X be a finitely generated A-module. By Section 4.4, Théorémes 4, 5 in [6], X is
pseudo-isomorphic to a A-module of the form A” @;_, A/(g:), that is, there exists
an exact sequence of A-modules

0—A—X—>ANPi=1'A/(gi) — B—0, @)

where 7, s are non-negative integers, A, B are pseudo-null A-modules and g; € A.
By definition the characteristic power series Char p (X ) attached to the A-module X
is Charp (X) := ]_[f=1 gi if r = 0 and O otherwise. The characteristic power series
Char 4 (X) is well-defined only up to units in A; the characteristic ideal (Cha.r AX ))
of A that it generates is then well defined.

Lemma 7.1. Let F, G be elements of A. Then F divides G if and only if for all
morphisms ¢: A — O, where O is the ring of integers of a finite extension of Qp,
¢(F) divides ¢(G).

Proof. One direction is obvious. For the other direction, we prove the following
equivalent statement: If F' does not divide G, then there exists a homomorphism
¢: A — O, where O is the ring of integers of a finite extension of Q,, such that
¢ (F) does not divide ¢(G). The proof is by induction.

The case m = 1 is an easy consequence of the Weierstrass preparation theorem,
so we suppose the statement true for m — 1 and we prove it for m. For T := T;
and W := (Ta,...,Tp), write F = Y 2 ca,T" and G = ) ;2 b, T" where
an,by € R[W] forn =0,...,00.

If ag 4 bo, then, by the inductive hypothesis, there exists a homomorphism

¢: R[W] — O
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for some @ as above such that ¢(ag) + ¢(bg). Extend ¢ to a morphism, denoted by
the same letter ¢ : A — O, by setting ¢(T') := 0. Then ¢(F') does not divide ¢(G).
Hence, in the following suppose that ag | by.

If ag | bo, since F does not divide G, there are elements ¢, € R[W], n =
0,....,N —1land N > 1, such that b, = Y| aicy— forn = 0,...,N —1
and ag ¢ (bN — Z;N=1 a;c N_i). Hence, by the inductive hypothesis, we see that
there exists a morphism ¢: R[W] — O for some (O as above such that ¢(ag) 4
o(by — ZzN=1 aicy—;). Extend ¢ to a morphism, denoted by the same letter ¢ : A —
O[T], by setting ¢(T') := T. Hence, ¢(F) does not divide ¢(G) in O[T]. By the
inductive hypothesis, there exists ¢": O[T] — O’ such that ¢’ (¢(F)) does not divide
¢'(¢(G)). Defining ¢” := ¢’ 0o p: A — O’, yields ¢" (F) } ¢"(G). |

Lemma 7.2. Let I = (x1,...,x,) withn > 2 be an ideal of A such that I € P for
all prime ideals P of A of height one. Then I contains at least two elements without
common irreducible factors.

Proof. The proof is by induction on n. The case n = 2 is immediate, so we suppose
the result true for n — 1 and prove it for n. Denote by f the common greatest divisor
of the x; fori = 1,...,n—1 andwritexlf = x;/f fori = 1,...,n — 1. Then
J := (x},...,x,_,) is not contained in any prime ideal of A of height one, so, by
the inductive hypothesis, there are two elements g € J and & € J without common
irreducible factors. Then fg and fharein I and g, i do not have common irreducible
factors. Furthermore, any irreducible factor z of x,, may divide g or & (but not both
of them) and does not divide f (if it does, then I C (z), which contradicts our
assumption). Write x, = ks where an irreducible factor z of x,, divides k if and only
if z divides gh. Then any irreducible factor of s is prime to gh. If s is invertible,
then x,, and f(g + h) € I do not have irreducible common factors: any irreducible
factor of x, does not divide f and divides exactly one between g and /. Suppose s
is not invertible and write s = ]_[;=1 s;nj , where s; are irreducible and m; are non
negative integers. If s; | g + nh for some integer n # 0, thens; { g + (m + n)h
for all integers m # 0, except possibly those m such that p | m in the case when
(s;) = (w): indeed, if s; | g+ (m +n)h, then s; | mh and, since s; { h, s; | m, and
this is possible only if s; is a constant, hence (s;) = (@), so that p | m. It follows
that if @ 4} s, then s and g + mh do not have common irreducible factors for all
integers m except possibly a finite number of them, while if @ | s, then s and g + mh
do not have common irreducible factors for infinitely many integers m. Choose an
integer m # 0 such that s and g 4+ mh do not have common irreducible factors, with
the additional condition that p } m if @w | k. Note that there are infinitely many
integers m verifying these conditions, even if R = Z,: indeed, the condition p { m
is required only if @ | k, but in this case @ 4 s and there are only a finite number of
integers m such that s and g + mh have common irreducible factors. We claim that
Xxn and f(g+mh) € I do not have common irreducible factors. Indeed, let z | x,, be
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an irreducible factor, sothat z | k orz | s. If z | k then z } f and z divides exactly
oneof gand h. If z | h, then, sincez { g,z + g+mh. Ifz | g, then z } mh: indeed,
z } h and, since m # 0, the only case when z | m is that of (z) = (w) and p | m,
but our additional condition on m stipulates that p 4 m when @ | k. Since z | g and
z Y mh,then z 4 g + mh. Hence in any case if z | k then z } f(g + mh). If z | s,
then z = s; for some j, hence z t g + mh and since s; t f thens; { f(g + mh).
The claim follows, thus completing the proof. O

If X is afinitely generated A-module, denote by Fitt 5 (X ) (respectively, Anny (X))
its Fitting ideal (respectively, its annihilator ideal) over A.

Lemma 7.3. Let X be a finitely generated pseudo-null A-module. Then Fitt (X)
contains at least two elements with no common irreducible factors.

Proof. Recall that a prime ideal P of A belongs to the support Supp, (X) of X in A
if and only if the annihilator Ann (X) of X in A is contained in P (see for example
[31], page 26). Fix aprime ideal P of A of height 1. By the definition of a pseudo-null
submodule, P ¢ Supp, (X), so Annp(X) € P. Suppose that X is generated over
A by h elements. Then by [33], Appendix, 8 on page 325, Anna (X)” C Fittx (X),
hence, since P is a prime ideal, Fittp (X) € P for all prime ideals P of height 1.
The result follows from Lemma 7.2. O

Proposition 7.4. Let X be a finitely generated A-module and £ € A. Suppose that
(L) belongs to Fitte (X ®¢ O) for all homomorphisms ¢: A — O, where O is the
ring of integers of a finite extension of Qp. Then £ belongs to (Char AX ))

Proof. If X is not A-torsion, then Fitta (X) = 0. Since Fittg (X ®, ) is equal to
(p(Fitt AX )), it follows that ¢(£) = 0 for all ¢ as above and hence, by Lemma 7.1,
£ = 0. Assume in the following that X is a A-torsion module. Since B in the exact
sequence (7) is pseudo-null, by Lemma 7.3 there are at least two elements x; and x;
in Fitt 5 (B) without common irreducible factors. Tensoring the exact sequence (7)
with O yields

¢(x;)Fitto (X ®, O) S (¢(Charp (X)))

fori = 1,2. By assumption, go(CharA (X)) divides ¢(x; £) fori = 1,2 and hence,
by Lemma 7.1, Charp (X) divides x; £ for i = 1,2. Since x; and x, do not have
common irreducible factors, Char (X)) divides &£ and the result follows. O

7.2. Admissible primes. A prime ideal £ C O is said to be n-admissible if
(1) £ does not divide n p;
(2) Lisinertin K/ F;
(3) 7 does not divide |£|> — 1;
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(4) 7™ divides |£] + 1 +ag(f)or || + 1 —ae(f).

Let £ be an n-admissible prime. Then
Hgyo(Kg. Tran) = Opn /7" and  Hg (Kg. Tyan) ~ Opq /7"
To show this, note that, since Ty~ is unramified at £,
Hoo(Kp, Tpan) = Homgy (Ik,, Tyan).

Since £ } p, all homomorphisms above factor through the tame inertia subgroup.
The Frobenius Froby(K) of K at £ (where, by an abuse of notation, £ denotes the
unique prime of K above £) acts on Ik, by |£|> and on Ty..» it acts with eigenvalues
|€]* and 1 (which are distinct in Oy, /7™). Hence,

Hgpo(Kg. Tran) ~ Op /7"
For the finite cohomology, since T~ is unramified at £,
H} (Ky, Tyan) 2= Typn /(Frobg(K) — 1).

Hence, as above, HJ (Ky, Tr.nn) =~ Of,/n". Since £ is inert in K, it splits com-
pletely in Ky,o0. It follows that
A (Kgoo 0. Tan) = A n /7" Ap x. and -
HY (Kgoo g, Tran) ~ Mg o /7" A 1.
Proposition 7.5. Let s € H'(K, As) be a non-zero element. Then there exist
infinitely many admissible primes £ such that d¢(s) = 0 and v¢(s) # 0.

Proof. This is a direct generalization of Theorem 3.2 in [5]. A similar argument will
be given in Proposition 7.13. O

7.3. Rigid pairs. Let p = pr, denote the representation of Gr = Gal(F/F) on
the k := Oy /m-vector space Ar,. The k-vector space adp := Hom(Af,, Asx) is
endowed with an action of G by conjugation of endomorphisms. The G r-module
adp is called the adjoint representation of p. Denote by ad® p the k-subspace of trace-
zero endomorphisms in adp with the induced action of G . Define the following local
structures for the cohomology of ad®p:

Primes g { up: Define HJ (F,,ad%p) := H'! (GF,/IF,. ad®p) to be the unram-
ified cohomology.

Primes g | 1, @ 4 p: As in the previous case, define

H} (F4,ad%p) := H' (G, /IF,, (ad’p)'7a)
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to be the unramified cohomology.

Primes p | p: Let ad™ p denote the subspace Hom(A}?T, AJ((?;) of ad®p. Define

Hgo(Fp.ad®p) := ker (H'(Fy.ad°p) — H'(IF,.adp/adVp)).

1-admissible primes £: If £ is a 1-admissible prime, denote by ad® p the unique
one dimensional k-vector subspace of ad® p on which the absolute Frobenius Froby (F)
of F at £ acts with eigenvalue |£| (the existence of this subspace follows because the
Frobenius at £ acts on Ay, with eigenvalues £|{| and %1, so that the eigenvalues of
its action on ad®p are |€|, |¢|~! and 1, while its uniqueness follows because |£|? # 1
in k). Define
Hyy(Fy.ad’p) := H'(Fy.ad®p)

and HJ (Fy,ad%p) to be the kernel of the canonical map
H'(Fg.ad’p) — Hy(Fy,ad’p).

The group H'(Fy,ad®p) is two dimensional over k and there is a decomposition in
one-dimensional k-vector spaces:

H'(Fy.ad’p) = H{, (Fy.ad’p) & Hy(Fy.ad’p).

See for example Lemma 1 in Section 3 of [41] for details.

Let s be a square-free product of 1-admissible primes. Define the s-Selmer group
Sels(F, ad®p) attached to ad®p to be the k-vector space consisting of those classes
£ € H'(F,ad’p) such that

(1) for primes q t np: resq(§) € Hﬁln(Fq,adOp);

(2) for primes £ | s: resg(§) € Holrd(Fg,adop);

(3) for primes g | nand q 4 p: resq(§) € HL (Fq,ad%p);
(4) for primes p | p: resy(§) € HL, (Fy,ad%p);

Denote by R the minimal nearly ordinary universal deformation ring attached
to p with determinant the cyclotomic character. See [15], Section 3.8, for detailed
definitions. Let my, := ker (Tn — k) and denote by T the completion of Ty, at
my . Then R is isomorphic to Ty by Theorem 11.1 in [15].

Remark 7.6. The condition [F({s5) : F] # 2 when p = 5 in the Introduction is
required to apply [15].

Lemma 7.7. The modular form f is m-isolated if and only if Selg,. (F, ad®p) is
trivial.



330 M. Longo CMH

Proof. f is m-isolated if and only if Ty ~ Oy, and this condition is equivalent to
the isomorphism R =~ Oy,. Now R =~ Oy if and only if m/(, m?) = 0, and this
condition is equivalent to Selg . (F, ad’p) = 0 by [15], Proposition 3.35. a

Assume from now on that f is -isolated in the sense of Assumption 1.3.

If s is a (possibly empty) square free product of 1-admissible primes, let
Sels) (F, ad®p) be the group defined in the same way as Sels(F,ad’p) but with
no conditions imposed on the prime dividing s. Let Sel[g}(F, ad®p) denote the sub-
group of Sels(F,ad’p) consisting of classes which are trivial at the primes divid-
ing s. These notations can be combined: if 51, $,, $3 are pairwise coprime square-
free product of 1-admissible primes, define the group Sels (s,)[s3](F- ad®p) :=
Sels, (F, ad%p) N Sel(s,) (F, adp) N Selfs,(F, ad%p).

Let ad’p* := Hom(ad’p, k) be the dual representation of ad’p. Then de-
fine the dual Selmer group of Sels(F, ad®p) to be the subgroup Sels (F,ad®p*) of
H'(F,ad®p*) consisting of those elements € H'(F, ad®p*) such that

(resq (5), 1884 (f))g = 0

for all s € Sels(F,ad’p) and for all prime ideals q, where (, )¢ is the local Tate
pairing at g. Define as above the Selmer groups Sels (F,ad’p*), Sel(s)(F,ad’p*),
Selg)(F, ad®p*) and Sels, (s,)s5] (F, ad’ p*).

The groups Sel(s)(F, ad®p) and Sels) (F, ad®p*) are dual to each other, and the
same is true for Sels (F, ad®p) and Sel (F, ad®p*).

Lemma 7.8. Let { be an admissible prime for f. Then the groups Sel)(F, ad’p)
and Sel(g)(F,ad® p*) are one dimensional over k.

Proof. The groups Selg . (F, ad’p) and Selp . (F, ad’p*) have the same cardinality
by Theorem 2.19 in [10]. Furthermore, Selo,.(F, ad’p) = 0 by Lemma 7.7 because
f is m-isolated. Hence Selg,.(F,ad’p*) = 0. Since

#Sel() (F,ad’p) /#Sel(F, ad’p*) = #k

by Theorem 2.19in [10], it follows that Sel ) (F, ad®p) is one dimensional over k. Re-
placing ad®p by ad®p* and repeating the same argument shows that Sel) (F, ad®p*)
is one dimensional too. O

Lemma7.9. Let { be an admissible prime for f and suppose that Sely (F, ad®p) # 0.
Then Sely(F, ad%p) ~ k.

Proof. Thanks to the inclusion Sely(F,ad’p) C Sel)(F, ad®p), this is immediate
from Lemma 7.8. |
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Fix a pair of admissible primes £; # £,. Write
v, : Selg,)(F,ad’p) — H{ (Fy,,ad’p)

vz, Selge,)(F.ad’p*) — Hy, (Fy,.ad’p")

for the restriction maps at €.

Lemma 7.10. Suppose that Sely, (F,ad%p) # 0 and vy,, UZ‘Z are both non trivial.
Then Sely, ¢, (F,ad’p) = 0.

Proof. By Lemma 7.8, choose generators £ and £* of the one dimensional k-vector
spaces Selg,)(F, ad®p) and Sele,) (F, ad’p*). Note that

Selg, (F,ad’p) € Sel,y(F.ad’p) ~ k

and that Selg, (F,ad’p) # 0 by assumption. Therefore § € Sely, (F,ad’p) and
Selg, (F, ad®p) ~ k. Since Sely, (F, ad®p) and Sely, (F, ad®p*) have the same car-
dinality ([10], Theorem 2.19), £* € Sely, (F, ad®p*). By [10], Theorem 2.19,

#Sely, (1,) (F,ad’ p) /#Sely, (0,1 (F. ad’p*) = #k. ©)

Further note that Selg, [¢,](F,ad®p*) C Sely, (F,ad’p*) =~ k, and therefore, either
Sely, (o] (F,ad’p*) = 0 or Sely, ¢, (F,ad’p*) ~ k, generated by £*. In the second
case, £* € Sely, ¢,](F,ad’p*) implies that resy, (§*) = 0 in HJ (Fy,,ad’p*). The
assumption sz (§%) # 0 excludes this possibility, so Selg, [¢,](F,ad’0*) = 0. By
(9), Selg, ¢,)(F,ad’p) ~ k. The inclusion

Sely, (F,ad%p) C Selg, (¢,)(F.adp)

implies Sely, (¢, (F,ad’p) = Sely, (F,ad’p) and both of them are generated by &.
Finally, note that
Selg, ¢, (F,ad’p) € Selg, ¢, (F, ad’p),

so, as above, either Sely, ¢, (F, ad®p) is trivial or is one dimensional. In the second
case, it is isomorphic to Selg, (¢,) (F, ad®p) and hence also to Selg, (F, ad’p). So the
reduction of £ at £, should be both ordinary (it belongs to Selg, ¢, (F, ad®p)) and finite
(it belongs to Selg, ¢, (F, ad®p)), hence trivial. The assumption vg, (§) # 0 excludes
this possibility, so Sely, ¢, (F, ad®p) is trivial. |

Lemma 7.11. If Sel;, (F,ad’p) = 0, Sely, (F,ad’p) = 0 and vy, is the trivial map,
then Sely, ¢, (F,ad%p) = 0.

Proof. Since Sely, (F, ad®p) = 0, again by Theorem 2.19 in[10], Selg,ye, (F, ad’p)
is one dimensional. By Lemma 7.8, choose a generator £ of Sel,)(F,ad’p). Since
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V¢, (§) = 0, the restriction to Fy, of this class must be ordinary, and so § belongs to
Selg,ye, (F, ad’p). Hence, Selg,ye, (F, ad®p) is generated by £ and

Selg,)e, (F,ad’p) > Sel(,)(F,ad%p).
Note that if £ € Sely, (¢,)(F,ad’p), then also & € Sely, (F, ad’p). By assumption
Sely, (F, adop) =0,

so& & Sely, (¢, (F, ad®p). As£ € Sele,ye, (F, ad’p)and & ¢ Selg, () (F, ad®p), one
finds that Selg, ¢, (F, ad®p) is trivial because it is the intersection of Selg, (¢, (F, ad®p)
and Sel(g, )¢, (F,ad’p). O

Definition 7.12. A pair ({1, {,) of admissible primes is said to be a rigid pair if
Selg, ¢, (F,ad%p) is trivial.

Choose s € H' (K, Af.r), s # 0. Assume that s belongs to a specific eigenspace
for the complex conjugation 7, so that t(s) = §s with § = 1. Fix an integer
n and define M := K(Af,n). Let Mg/ M be the extension cut out by s, so that
Gal(M;/M) >~ Ay, vias. Set Gy := Gal(M /M).

Since f is w-isolated, Selg,)(F, ad®p) and Selg,)(F, ad®p*) are one dimensional
over k. Let & and £* be generators. The images & and £* of £ and £* in

H'(M,ad’p) = Hom(Gypr,ad%) and H'(M,ad’p*) = Hom(Gyy, ad’p*)

cut out extensions Mg and Mg« of M whose Galois groups are identified via £ and £*
with ad®p and ad® p* respectively (that is, Gal (M, g/ M) ~ ad®p and Gal(M, g /M) ~
ad®p*).

Denote by M ¢ ¢+ the compositum of M, Mg and Mg~«. Since the representations
Af oy, ad®p and ad®p* are pairwise non isomorphic and absolutely irreducible, we
have

Gal(My ¢ ¢+ /F) ~ (A x ad®p x ad®p*) x Gal(M/ F)
where the action of Gal(M/ F) on the normal subgroup (A, ad%p, ad®p*) is given
by

(v, w,w*) (¢!, T) = (ijv, TwT !, Tw*T™! det(7)).

Proposition 7.13. Let {1 be admissible such that Selg, (F, ad%p) # 0. Fix a non
trivial element s € H' (K, A f,7). For any n there exists infinitely many n-admissible
primes Ly such that 94, (s) = 0, vy, (s) # 0 and ({1, {2) is a rigid pair.

Proof. By Lemma 7.9, £ € Sely, (F,ad®p), so that §* € Sely, (F,ad’p*) too. The
Galois group Gal(Mj ¢ ¢+ / F) contains an element (v, w, w*, r, T') such that:
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(1) T acts on Ay,n» with eigenvalues § and A where A is an element of (O, /7)™
of order prime to p and # +1;

(2) v belongs to the unique line in Ay, where T acts by 6;
(3) w belongs to the unique line in ad®p fixed by T';
(4) w* belongs to the unique line in ad’p* fixed by T'.

Choose now £, t pnu and unramified in Mg ¢+ such that the Frobenius element
Frobyg, (M g ¢+ / F) of Gal(M; g ¢+ / F') at £5 verifies the relation

Froby, (Mg g+ /F) = (v,w,w*, 7, T).

We claim that £, has the desired properties. By the Chebotarev density theorem,
there are infinitely many such primes. Then £, has the desired properties. To show
that £, is n-admissible, note that the Frobenius element Froby, (K /F) of Gal(K/F)
at £, verifies the relation Froby,(K/F) = t, which implies that { is inert in K.
The congruences ay,(f) = 6 + A (mod n") and |{;| = A (mod 7") enjoyed by
the characteristic polynomial of Frobenius show ag, (f) = §(|{2] + 1) (mod 7).
Finally, since A # =1, it follows that |{;| # 41 (mod #"). Hence £, is an n-
admissible prime. Moreover, £, has the properties stated in the theorem. First, note
that d¢, (s) = 0. Indeed, if / is a prime ideal of Mj ¢ ¢« dividing {5, then

resy, (s) € ker (Hl(ng, Afn) — Hl(Ms,g,g*,l, Aﬁﬂ)) .

Since H'(Myg6+1, Apn) 2 H' (K Afz) 2 Hioo(Key, Az, it follows that
0¢,(s) = 0 (here Mg ¢+ is the completion of Mg g« at [). For the proof that
Vg, (s) # 0: Let [ be a prime ideal in M dividing £ and set ¢ := [M : F]. Denote by
Froby (M ¢ ¢+ / M) a Frobenius element of Gal(M; g ¢+/ M) at [. Note that

Frob(M ¢ ¢+ /M) = (v,w,w*, 7, T)° = (cv, cw, cw™, 1,1).

Let 5 be the image of s in Gal(M;/M ). Since c is even and prime to p by Property 1
of T,
5(Froby(M; g g+ /M)) = 5(cv) = c5(v) # 0

and resg, (s) # 0. So, vy, (s) # 0. Since

£ (Frobp(My g ¢+ /M)) = E(cw) = c£(w) # 0,
E* (Froby(My g ¢+ /M)) = E*(cw*) = cE*(w) # 0,

Lemma 7.10 implies Sely, ¢, (F,ad’p*) = 0, so ({1, £2) is arigid pair. |

Proposition 7.14. Let £y be admissible such that Sely, (F, ad’p) = 0. Fix a non
trivial element s € H'(K, A f.x). For any n there exists infinitely many n-admissible
primes L such that 3,(s) = 0, vg,(s) # 0 and either Sely,(F,ad’p) ~ k or
Sely, (F, ad®p) = 0 and (L1, () is a rigid pair.
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Proof. Choose a prime £, such that
Froby, (Mg ¢+ /F) = (v,0,0,7,T).

The same computations as in Proposition 7.13 show that £, is admissible and that
v, (s) # 0. Note that é(w) 0 and £*(w*) = 0. If Sely, (F,ad’p) = 0, by
Lemma7.11 Sely, ¢, (F,ad®p) is trivial, so (€1, £») is arigid pair. If Sel,, (F, ad’p) 75
0, then it is one-dimensional by Lemma 7.9.

7.4. Congruences between modular forms and the Euler system

7.4.1. Raising the level in one prime. Fix an n-admissible prime £. Let T, + ,—,
be the Hecke algebra acting on the space of modular forms which are new at n™£. It
is known that there exists a morphism fy: Ty + —y — Of /7" such that

(1) for primes q { nl: fi(Tq) = aq(f) (mod n™);
(2) for primes q | n: fy(Us) = aq(f) (mod 7™);
3) fe(Ug) = € (mod ™), where " divides |£] + 1 — eag(f).

This result follows from a generalization to the case n > 1 of [40]. For details, see
[30], Theorem 3.3.

7.4.2. The Euler system. Denote by X © the Shimura curve (defined over F) whose
complex points are given by

XOC) = 8\H* x B/ R*,

where #* := C — R, 8/F is a quaternion algebra of discriminant n~¢ which is
ramified in exactly one of the archimedean places and & < B is an Eichler order
of level pn*t. Let J® be the Jacobian variety (defined over F) associated to X ©.
Denote by 7,(J (Z)) the p-adic Tate module of J © and by &, the group of connected
components of the fiber at £ of the Néron model of J @ over Uk. Denote by Iy,
the kernel of the map f;. By [30], which generalizes the result of [29] to the present
situation, there exists a Hecke equivariant isomorphism of Gal(F / F)-modules:

v Tp(J©)/ Iy, = Tppn. (10)
Remark 7.15. It is not known if (10) is an isomorphism when the degree d of F over
Q is even and u~ = OF. For simplicity, we do not consider this case in the present
work.

Following Section 3, a Heegner point P, of conductor " is a CM-point of
conductor g™

X9 (K) := 8*\Hom(K, B) x 8%/ R*.
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Let o be the archimedean place where B is split and fix an isomorphism teo of B ®s R
with M, (R). Then 8 acts on #* by fractional linear transformations via s, and the
set Hom(K, B) can be embedded in #* by sending ¥ € Hom(K, B) to the fixed
point of W(K>) acting on #* whose imaginary part is positive. Hence, a CM-point
PeX Sff)(K ) of conductor ™ can be viewed as a point in X ©(C) and the theory
of complex multiplication shows that, in fact, P € X (z)(f om). Furthermore, the
Galois action on CM-points of conductor g™ described in Section 3 translates into
the usual Galois action of Gpm on X (ﬁ)(f om ). For more details, see Chapter 9 of
[45].

Recall the choice of orientations made in Section 4.2 and fix an orientation as
explained in Section 3 at the prime £. Define the set of Gross points Gr® ™)
in X;\f) with respect to these orientations. Write Py, = (x, V). Letep, =
(s (ep,,). t(epm)) € &, be the edge corresponding to x,, Ry, x,,! as described in Sec-
tion 3. Say that a sequence (P, )m>1 of points in Gr(e)(gg‘x’), with P,, € Gr® ™),
is compatible if t (ep,,) = s(ep,, ) for all integers m > 1. Choose a sequence of
compatible Heegner points (Pr;)m>1 With Py, € Gr® (p™m).

For the modular interpretation of Heegner points, which will not be recalled here,
we refer to Section 2 of [48].

Since Iy, is not Eisenstein, there is an isomorphism

JOKgm)) Is, — Pic(XO)(Kpm)/ Iy,
Denote by P,} the image of Py, in J “>(1€K9m) /Ir,. Define
m

* ._ ,—mp+
P, =a,"P,.

Since (Pp,)m>1 is compatible, itis easily seen that the points P,; are norm-compatible.
Their images under the Kummer map followed by the map induced by v

JORgm)) I, — H (K, Ty(J )/ Is,) — H (Kgm, Typn)

yield a sequence of cohomology classes, Ky, (£), which are compatible under core-
striction. Taking limit defines a class (£) € H'! (I?poo, T nn). Define finally the
class

K(0) € H (Kgoo, Trnn)

to be the corestriction of & (£) from Koo to Kgoo.
Lemma 7.16. «({) € HAel(Kpoo, Tfnn).

Proof. 1t is enough to observe, as in the beginning of Section 8 in [5], that k() is
constructed from a sequence of global points of X ®, soit belongs to the usual Selmer
group of J© relative to the Galois module T,(J ©y/1 .- For completeness, let us
provide some details on this proof. From the definition of Vil el (Koo, Trqn), we see
that it is enough to show that
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(1) resq/ (km(£)) € H (E@m,q/, T# xn) for primes g’ of Epm which do not divide
upl;

(2) resq/ (Km(€)) € HY (Kgpm g7, Tyzn) for primes ¢’ dividing n™ but not p;

T
(3) resy (km(£)) € Holrd(fpm,p/, T§,n) for primes p’ of Epm which divide p.
For (1), Remark 5.1 shows that the image of the Kummer map

J(Z)(Eso’",q’) - Hl(gsom,q” Jo ("D

is unramified; the result follows then taking quotient by Ir,. For (3), note that
the Kummer map J (6)(f@m,p/) - H 1(E@m,p/, Tt ,) factors through the maximal
ordinary abelian subvariety J©- of J©: the result follows then by Remark 5.4,
again taking quotients by Is,. For (2), the analogue of [5], Corollary 5.18 (see (22)
with the prime g’ replacing £,,), shows that if the quotient ®4 /Iy, of the group of
connected components @4 at g of J Opby I #, is trivial, thenresq (K, (£)) is unramified;
on the other hand, the vanishing of ®, / Iz, follows because f is ramified at q. Indeed,
if &, /17, # 0, thenthereis an Oy /7" -valued modular form of level nf/q which is
congruent to fy, and hence to f, modulo 77”; so the mod 7 representation associated
to f should be unramified at ¢, which is not the case. O

7.4.3. Raising the level in two primes. Choose distinct n-admissible primes £; and
{5 such that " divides both [£1]| + 1 —€1ag, (f) and [£2] + 1 — e2ay,(f), with €,
€ equal to £1. Let Ty, be the Hecke algebra acting on the Shimura curve X v,
Assume that f is ;r-isolated. The map arising from Kummer theory composed with
(10) yields a map

T K,/ Iy, — H' (Key, T,(J )/ Ip, ) — H' (K, Tyan)

whose image is equal to Hﬁln(ng, T xn) because both T, (J D) and T4 xn are un-
ramified at £,. For the same reason and the fact that £, } p, the map induced by
reduction modulo £,

J(él)(Kéz)/Ifgl N J(ll)(F@)/IfZI

is an isomorphism, where I 3 is the residue field of the ring of integers of Ky,. The

identification HJ, (K¢, Tfan) =~ Of, /7" and the inverse of the above map yield a
surjective map
T )/ Iy, — Opz /7" (11)

Let §p, € X (zl)(]Fé%) be the set of supersingular points of X ¢1) in characteristic £,

and let Div($g,) and Div°® (S¢,) be the set of formal divisors and the set of formal
degree zero divisors with Z-coefficients supported on Sg,. Let the Hecke algebra
Te, act on Div(Sy,) and Div®(S,) via Albanese functoriality (it makes no difference
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if the Picard functoriality were chosen: see the discussion in [5], Section 9). Since
I ¢, is not Eisenstein, there is an identification Div(S¢,)/ L fo, = Div(S,)/ L e
so there is a map

y:Div(Sg,) — Of /7",

Write T for the image of T € T¢, into T¢, /T ¢, » S0 that for primes g + nl; we

have_Y_"q = aq(f) (mod 7"), and for primes q | n we have l7q = aq(f) (mod ")
and Uy, = €; (mod 7).

Lemma 7.17. For x € Div(Sy,) the following relations hold:

(1) Forg t uly: y(Tyx) = Tay(x).
(2) Forq | ndy: y(Ugx) = l_]qy(x).
3) y(Te,x) = Topy(x).

(4) y(Frobg, (F)(x)) = e2y(x), where, as above, Froby(F) is the absolute Frobe-
nius of F at L.

Proof. The first two relations can be obtained from the identification between the
groups HL (K¢, Trnn) and Typn/ (Frob%z(F ) — 1). The last two relations follow
from Eichler—Shimura. For more details, see Lemma 9.1 in [5]. O

Before going on with the raising the level result, we state an analogue of Thara’s
Lemma in the context of Shimura curves over totally real fields. First recall the
setting of [22]: Define G, := SL(R)/{£1} and, for any prime q of F, G4 :=
{g € GLy(Fy) : valg(det(g)) = 0 (mod 2)}/F,*, where val, is the normalized
valuation of Fy. Letis: B* — Go and ig: B* — G4 be the injections. Let
OF[1/q] be the ring of g-integers of F and U C B any O r[1/g]-order. Define

Iy :={y € U:Np/r(y) = 1}/{£1},

where Ng/p: B — F is the norm map. Let f‘u be the pull-back of the group
GL2(0q)/O; under the map igq: 'y — Gq. Denote by Xy the Shimura curve
defined over a suitable abelian extension of ' whose complex points are

Xu(C) = ioo(Tu)\ K,

where J is the upper complex plane. Suppose that 'y is torsion-free. Denote by
Ju the Jacobian variety of Xq;. Let F 2, be the field with g>" elements, where g is
the residue characteristic of g and |q| = ¢" for a positive integer n. Let J3;(F,2n)
be the subgroup generated by the divisors supported on the supersingular points in
Ju (Iqun). Then by [22], Section 3, (G), there is a canonical isomorphism

Ju(Fy2n)/ I3 (Fy2n) =~ T3, (12)



338 M. Longo CMH

where, if G is a group, G® is the abelianization of G.

Let U C B* be acompact open subgroup and define Xyy — Spec(F'), where F’
is a suitable abelian extension of F, to be the Shimura curve whose complex points
are

t
Xy(C) = B\B* x H*/U ~ [ [ Xi(C). X;(C)=T;\X (13)
i=1
where I'; € B are suitable arithmetic subgroups. Write Jyy for the Jacobian va-
riety of Xy. Fix a prime g such that the q-component U of U is isomorphic to

GL,(OF,). Foranyi =1,...,¢,let [; denote the subgroup of norm-one elements
in I';[1/q]/OF%[1/q]. Assume that

all the groups [; are torsion free. (14)

Let J; denote the Jacobian variety of X; and set [:= ]_[§=1 L. IfJ *(IF42n ) denotes
the set of supersingular points in J(F,2x), then from (12)

Ju(Fpon)/ I (B on) =~ T (15)

By fixing an embedding of 8 into M»(Fy,), one obtains an action of T on the
Bruhat-Tits tree 74 of PGL,(Fg). Let vg be the vertex of 74 such that the stabilizer
F 0 0f V; 0 in F isthe i image of I'; in F Lete; o be the edge originating from v; ¢ and

such that the stabilizer Fei,o of ¢; o in F, is the image of the subgroup I‘{ of I'; obtained
as in (13) but with U N Up(a) replacing U. Here Uy(q) is defined by imposing that
its local components Uy (q)q satisfy the following conditions: Uy(q )4 is the standard
upper triangular subgroup I'g(q) of GL2(F5) and Up(q)qs = GL2(OF ¢) forq’ # g.
More explicitly,

t
Xunvow = [ [ X/, with X] = T)\X.
i=1

Write v; 1 for the target of e; o. The group f‘i acts on the tree Ts with the closed edge
attached to e; o as a fundamental region. Set Ty, := [/, T vior Doy = [Ticy Tu;
and f‘eo = ]_[f-=1 fem. Hence, taking the product over alli = 1,...,t of the exact
sequence in Proposition 13, Section II, 2.8 in [43] fori = 1, M =TF,, G = fi
yields

~ ~ ~ d ~
0 — Hom(I',F,) — Hom(I'y,,F,) @ Hom(I'y,,F,) — Hom(I,,F,).
Fori = 1,...,t there are natural injective maps as in [28], Section 1, Equation (3):

Vi Ji(C) — Hom(I;,S) and v}: J/(C) — Hom(T},S), (16)
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where S := {z € C : |z| = 1}. Hence in the above exact sequence the modules
appearing in the source and in the target of d correspond to the p-torsion of J; and
J{ respectively, where J/ is the Jacobian variety of X .

Suppose now that U is contained in some Eichler order of 8 of level r and let g
be a modular form with coefficients in a finite field I, of weight 2, level K and trivial
central character, which is an eigenform for the quotient T of the Hecke algebra of
level rn™ £ acting faithfully on Jy (recall that the discriminant of 8 is n™{). Let m,
be the kernel of the homomorphism T — [ associated to g.

Assumption 7.18. Let U be an open compact subgroup of B* such that (14) is
verified. If the residual Galois representation on GL, (IF) associated to g is irreducible
then Hom(I", F)[mg] = 0.

Remark 7.19. The technical condition in Assumption 7.18 is essential in the proof of
Lemma 7.20 below. It consists in a version of Ihara’s Lemma for Shimura curves over
totally real fields. Indeed, if F = Q, Assumption 7.18 holds thanks to Theorem 2
in [12] because under the above identifications the map d corresponds to the map ),
in that theorem. The result of Theorem 2 in [12] can be understood as an analogue
of Thara’s Lemma in the context of Shimura curves over Q. The results contained in
[12] and successively refined in [13] are partially generalized to the totally real case
in [25]. However, [25] does not cover the full generalization of Theorem 2 in [12].
It might be possible that the techniques in [25] and [26] can be used to prove some
results in the direction of an analogue of Theorem 2 in [12]. In this paper we follow
[15], which assumes a suitable generalization to totally real fields of Thara’s Lemma
as an hypothesis, although Assumption 7.18 is stated in a different form with respect
to [15], Hypothesis 5.9. Similar results for Hilbert modular varieties hold: see [14].

As a consequence of Assumption 7.18 we see that [ab /mg = 0. Let now R be
the ring of integers of a finite extension of Q and fix a maximal ideal v of R such
that R, /v ~ I, where R, is the completion of R at v. Suppose that g is a modular
form with coefficients in R, /v™ for some integer m > 1 of weight 2, level U and
trivial central character, which is an eigenform for the Hecke algebra T'; let I, denote
the kernel of the associated homomorphism T — R, /v and note that my is the
maximal ideal containing I, . If the above conditions on g are satisfied, [ /mg =0
and hence, by Nakayama’s Lemma, f‘ab/Ig = 0. By (15),

the canonical map Jqj;(IFj2n) —> Jy(F,2n)/ I, is surjective. 17

Suppose from now on that Assumption 7.18 is verified.

Lemma 7.20. The map Yy is surjective.
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Proof. Write X = X®D and J = J@, Let J SS(IFK%) be the set of supersingular
points in J (IFZ%), where IF(% is the quadratic extension of the residue field Fy of OF
at £5. Since the map (11) is surjective, it is enough to show that

the canonical map J Ss(IF@) —J (IFK%) /1 ¢, 1s surjective. (18)
Recall that X is the Shimura curve defined over F' whose complex points are
X(C) = 8*\B* x HE /R
Define X' to be the Shimura curve defined over F whose complex points are
X'(C) = B\B* x HE/ R,
where R’ C R is defined by requiring that, for a fixed isomorphism
lo: R®0r OFp = {(?5) € GL2(OF,p)lc =0 mod p},

R ®o, OF,, correspond to the elements which are congruent to (1 b) mod p,
while R’ @9, OF,q = R ®0, OFq if ¢ # . Since R’ C R, there is a canonical
projectionmap u: X’ — X and also, by Picard (respectively, Albanese) functoriality,
maps u*: J — J’ (respectively, us: J' — J), where J and J’ are theJacobian
varieties of X and X’ respectively. Write as above

X(C) = ]_[X (C) and X'(C)= ]_[ X}(C)

i=1

where X; = I\ and X ©C) = F’ \J for suitable arithmetic subgroups I'; and
F’ here s and ¢ are sultable 1ntegers such that # > s. The canonical projection
u X’ — X can be decomposed as ¢ projections X — Xy and if i(j1) = i(j2)
(that is, two projections have the same target), then F}l = I‘]’.z. For details, see
Section 3 in [20]. Write finally J; and J ]( for the Jacobian varieties of X; and X J/
respectively.

The subgroups f‘j’ of norm one elements in FJ’. [1/£5]/OF][1/£;] are torsion free
(see for example [19], Lemma 7.1, after noticing that p is not ramified in the extension
K/Q). Now view f;, asa mod 5" eigenform on X’ and write I}zl forits associated

ideal in the Hecke algebra Ty, acting faithfully on J'. Write m e, for the maximal
ideal containing I J/‘z . Since m fe, corresponds to an irreducible representation, it
follows from (17) that

the canonical map J /SS(F@) —J ,(F@)/ I}el is surjective. (19)

We need the generalization to this context of [28], which can be obtained as
follows. For any j = 1,...,t, let i(j) such that i(j(i)) = i, that is, u™ maps
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Ji(jy into Jj. An element x belongs to X; := ker (J;(;)(C) — J/(C)) if and
only if the kernel of the map ¥;(;)(x) associated to x as in (16) contains F;. Set
¥ := ker (J(C) — J'(C)). Using the fact that [N =T} ifi(j1) = i(j2), we get
an injection:
00— — @, Hom(I';/ T} ;. S).

The order of the group R* / R is prime to p, hence the same is true for the order
of (g7 R*g)/(g7 ' R*g) for any g € B*. Since the groups Fi/FJf(i) are contained
in (g_lﬁX 2)/(g7! R X g) for suitable elements g € B%, it follows the order of any
I/ F]’.( 0 is prime to p, so the same is true for X. Dualizing shows that the cokernel
of the map u,: J’ (IF(%) —J (F(%) has order prime to p. It follows that

the canonical map J' (IF@%) — J (Fe%) /I e, is surjective. (20)
Finally, combining (19) and (20) shows (18). O

Let B’/ F be the totally definite quaternion algebra of discriminant n™¢; £, and
R’ an Eichler order of B of level pu*. For any ring C, denote by S’ (pu*t, C) the
C-module of functions:
BX\B" /R — C.

This module is endowed with an action on the Hecke algebra Ty, ¢, .

Proposition 7.21. There exists g € SB "(put, 0 /") such that:
(1) for prime ideals g t nly1€y: T4(g) = aq(f)g (mod 7™);

(2) for prime ideals g | n: Ug(g) = aq(f)g (mod n™);

(3) Uy, g = €1g (mod n™) and Uy, g = €2g (mod 7).

Furthermore, if (£1,£5) is a rigid pair, then g can be lifted to a w-isolated form in
SZB,(KJII+) taking values in Of, .

Proof. Write Ty, (respectively, Ty, ¢,) for the quotient of the Hecke algebra Ty,
(respectively, Tye,¢,) acting on cusp forms of weight 2, trivial central character,
To(ndy) (respectively, I'g(11€1£5)) level structure and new at n™£;. Write

fgli T@l —> @ﬂn/ﬂn

for the modular form satisfying f¢, = f (mod m™). This form has the properties that

Ts(fe,) = aq(f)fe, (mod n”) forall q + nly, Us(fe,) = aq(f) fi, (mod ™)
forall q | wand U, (f,) = €1 f¢, (mod ™).

Let 8; € R be an Eichler order of level pnt{, and denote by X (£2:1) the
Shimura curve (over F') whose complex points are given by:

X @A) (C) = B\ B* x HE/RY.
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Recall from above the set S, € X (Zl)(]Fé%) of supersingular points of X ®1) in
characteristic £,. By [49], Section 5.4,

S¢, ~ B™\B"™/R™. (21)

It follows that the character group Xy, of X (2,60 at ¢, is identified with the module
Div® (S¢,). Furthermore, the action of Ty, ¢, on X, induced from the action on
Pic(X (62’41)) by Picard functoriality is compatible with the standard Albanese action
of Ty, ¢, via correspondences in the set of supersingular points. Therefore, y can also
be viewed as a Oy, /n"-valued modular form on B\ B'*/R’*. Denote by g this
modular form. Since vy is surjective by Lemma 7.20, the image of g is not contained
in any proper subgroup of Oy, /7".

To show that g has the desired properties, write 7." (with ¢  nl1£>) and U (with
q | nl1L,) for the Hecke operators in Ty, ¢, and T and U, for the Hecke operators in
T¢,. By Lemma 7.17, Tg = aq(f)g (mod n") and USg = aq(f)g (mod 7).
By Lemma 7.2 of [25], U;zx = Froby, (F)x for x € §¢,. Hence Lemma 7.17 yields
(U, 8)(x) = y(Froby, (F)x) = é2g(x).

For the final part of the statement: The modular form g yields a surjective mor-
phism ¢g: Ty, ¢, = Ofy/n"; if (£1,4£2) is a rigid pair, then Ty, ¢, >~ O, and
therefore ¢, lifts to characteristic zero. O

7.5. Explicit reciprocity laws. The two following theorems explore the relations
between the classes «(£) constructed in Section 7.4 and the gp-adic L-functions of
Section 4. Their proofs are similar to the proofs of the corresponding results [5],
Theorems 4.1 and 4.2. We will present a sketch of the arguments: for more details,
the reader is referred to [5]. See also Section 5.3 in [29] and Section 3.5 in [30],
where a result similar to that of Theorem 7.22 is proved.

Recall the maps d¢ and v, introduced in § 5.2. Thanks to the isomorphisms (8),
we find a decomposition

H(Kpoo g, Tran) = Hs}ng(Kpoo,e, Tpan) ® Hi (Kpoo g, Tran)-

In this decomposition the map d; corresponds to the projection to the first factor,
while the map vy, a priori only defined on the kernel of d¢, can be extended to a map

Uy . ﬁ(Kpoo’e, Tﬂnn) —> ﬁﬁln(Kpoo,e, Tﬁ”n)
(the projection to the second factor).
Theorem 7.22 (First Explicit Reciprocity Law). vg(k(£)) = 0 and the equality
de(x(£)) =0y (mod 7")
holds in [z\lsling(Kpoo,(, Trqn) = Np /7" Ay 5 up to multiplication by elements in

OF, and Gpoo.

T
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Proof. Denote by 9y the residue map
I:\Il(kvpoo, Tf,n”) —> I:\Is}ng(gpoo,f’ Tf’nn)

(these cohomology groups are defined for H! (Kpoo, Trxn) and Hsmg(K 0.0, Tfn)

by replacing Ko by Kpoo) In is enough to show that de ({P tm) = Qf mod 7"
(note the abuse of notation for the image of {P,; },, in H! (K 02, Trqn)).

Recall the notations of Section 6.2: Let B/ F be the quaternion algebra which is
ramified at all archimedean places and whose discriminant is Disc(B) = n™. Denote
by R C B an Eichler order of level pu™.

Recall that End(Py,) ~ Ogm, where End(Py,) is defined in [48], Section 2.1.1.
The Heegner point P, is described in Section 2.1.2 of [48] in terms of a certain
abelian variety A,, with additional structures. Let k denote as in [48], Section 2.2,
the residue field of the maximal unramified extension of Ok ¢. Denote by Am the
reduced abelian variety over k and by End(P,,) the endomorphism ring of Ay as
defined in [48], Section 2.3.3. Then, by [48], Section 2.3.3, End(Pm) ®z Q ~ B.
Tensoring by Q the map

End(P,,) —> End(P,,)

induced by reduction of endomorphisms yields an embedding ¥ : K <— B.

Let #; := Cy — Fy be the £-adic upper half plane, where Cy is the completion of
an algebraic closure of Fy. The C-points of the special fiber X [(e) at £ of the Shimura
curve X © can be described by using the Cerednik—Drinfeld theorem:

X{9(Co) = BB x )/ R[1 /€1,

where R[1/(] is the Eichler O r[1/{]-order of B of level pu™ and @ g [1/£] is the ring
of £-integers of F. Then the point Py, reduces to the point P, = (1,z) € X ée)(Kg),
where z is one of the two fixed points of ¥ (K>) acting on ;. The integrality
property of P, follows because, since £ is inert in K/ F, then it splits completely in
Koo

pLet V; and & are, respectively, the set of geometrically irreducible components
and the set of singular points, respectively, of X Z(Z). By [49], Lemma 5.4.4, the set
V¢ can be identified with Bj\l? X /R*, where B[ is the set of elements of B with

even order at . The reduction of P,, in the special fiber X ée) of X ée) belongs to a
single geometrically irreducible component: this is because, since £ is inert in K and
Opm ® Zy is maximal, ¥ (Opm @ Zy) is contained in a unique maximal order, hence
the action of ¥ (K>) on Vy; U &; has a unique fixed point which is a vertex. Denote
by r(Py,) the corresponding element in Bj\l? </ R*.

Fix a prime £ of I?poo dividing £ and set {,, := {s N Kpm. Note that the
different choices of £, are permuted by the multiplication by an element of épw,
and the same dependence holds for the definition of éf. Let ®y,, be the group of
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connected components of the fiber at £,, of the Néron model of J © over O Rom-

There is a specialization map 8, : J© (Kgom) — @, which fits into the following
commutative diagram:

JOKom)/ Iy, HY (K gm, Trpn) (22)

S

(Dém/IfZ - Hsling(gbﬂmszm ’ Tﬁ””)

where the bottom horizontal arrow is an isomorphism. The Heegner point P, satisfies,
by Section 2 of the Appendix in [4], the following relation:

8, (Pm) = wi(r(Pm)),
where wy : Z°[Vy] — ®; is the map arising from the exact sequence
0— Xy — X/ — P —0

connecting ®, with the character group X, of the maximal torus of the special fiber
of J Z(Z) and its Z-dual X’. Recall the identification of 'Vy with B;\ B*/R* and note

that the last double coset space can be identified with two copies of BX\E x/ R* by
sending a class [p] in Bex\l?x/ﬁx to the class [b] in the first copy of BX\ BX/R* if
the go-adic valuation of b is even and to the class of [b] of the second copy otherwise.
It follows that evaluation on Heegner points gives rise to an Hecke equivariant map:

BX\B\X/R\X — q>€m/~[f5 —> Hsling(KKom,fm’ Tf,ﬂn) ~ (Qf,,.,/nn

which, by multiplicity one, is equal to the modular form f 2 up to multiplication by
an element in (Of /7).

It follows from above that 54(Pm) = fB(r¢(Py)) mod n". The result follows
now from the definition of P, and 6y because the action of Gy on Gr® (™) is
compatible with the action of G, on Gr(g™) and, by our choice of the orientation
at g, the compatibility of the sequence { P, } translates into the compatibility of Gross
points. O

Theorem 7.23 (Second Explicit Reciprocity Law). Let £1 and £, be two n-admissible
primes. Let g be as in Proposition 7.21. The equality

ve, (K (£1)) = O

holds in ﬁﬁln(Kpoo’gz, Tian) = Np /" Ap x up to multiplication by elements in
OF, and Gpoo.
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Proof. Consider the sequence {P,,},, of Heegner points. Fix (as in the proof of
the above theorem) a prime {5 o of Epoo above £, and let £5 5, 1= £3,00 N E[Qm

Since ¢ is inert in K, the points Py, reduce modulo {5  to supersingular points
Py € X(el)(ng ), where [y, , is the residue field of K m at £y . Identify Fy,

with IFK% for all m. Then P, can be viewed as a point in 3¢,, and hence, by Equation
(21), P,, can be identified with an element in B’X\g’x/ﬁ’x.

Reduction modulo ¢5 ;, of endomorphism as in the proof of Theorem 7.22 yields
by extension of scalars an embedding ¢ : K — B’, which is independent of m. The

Galois action of G o on P, is compatible with the action of G s on P, via ¢.
Write

ég,m = a;m Z g(UFm) "0 € 0ﬂﬂ/”n[épm]’

0eGym
so that ég = li(_még,m € Opr/n" ﬂéoo]] The choice of ¢5  together with the
isomorphism H;lr:l(l(gz, Tran) = Ofn /" yields identifications:
HL (Kom gy, Tan) = Oz /7" [Gm),

H\ﬁln(ggam,b’ Tfnn) = Ofn /7" ﬂépoo]]’
where these cohomology groups are defined as in Section 5.2.1. By the definition
of y, the image of P in H) (Kgm ¢,, Tf.nn) corresponds to g » (mod 7") and
so the image of the compatible sequence {P,;} corresponds to ég. Define the class
k(£1) to be the image of {P,} in Hl(i%&,oo, Ty qn). It follows that vy, (K(£1)) €
ﬁﬁln(foojgz, Ty nn) is equal to ég (mod ="). Since x(¢1) is the corestriction of
k(£y) from Epm to Koo, the result follows. |

Corollary 7.24. The equality
Vg, (K(Zz)) = vy, (K(@l)) (mod 7™)

holds in Ay, 5 /7" Ao » up to multiplication by elements in (9}‘]1 and Ggoo.

Proof. Since the definition of g is symmetric in £; and £, this is obvious. |

7.6. The argument. The remaining part of the section is devoted to the proof of The-
orem 6.1. Keeping g fixed, denote Sel; oo (f/Kpoo) (respectively, Seln (f/Kpeo))
simply by Selr, o, (respectively, Sels,). By Proposition 7.4, it is enough to show that
@(6¢)? belongs to Fitte (Sel}/’oo ®y O) for all ¢ € Hom(A, @) where O is the ring of
integer of a finite extension of QQ,. For this, by [33], Appendix, 10 on 325, is enough
to show that

(p(Hf)2 belongs to Fittg (Sel}”n ®g O) for all integers n > 1. (23)
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Fix O and ¢ as above. Write v for an uniformizer of . Set

ty = ord, (¢(0r)).

If 9(67) = 0, then ¢(67)? belongs trivially to Fittg (Sel%n ®y Q) foralln > 1, so
assume @(6r) # 0. If Sel}foo ®g O is trivial, then its Fitting ideal is equal to O and,
again, ¢(67)? belongs trivially to Fitte (Sel}\{n ®y O) for all n > 1, so assume that
Fitte (Sel%n ®¢ @) # 0. The theorem is proved now by induction on #f.

7.6.1. Construction of k,(£). Let { be any (n + tr)-admissible prime and enlarge
{€} toa (n +tr)-admissible set S: such a set consists of s distinct (n + 7 )-admissible
primes such that the map

Self’n"_tf (K) - @ Hﬁln(Kf’ Aﬁnn—i-tf)
tesS

is injective (Proposition 7.5 shows that such a set exists). Denote by s the square-free
product of the primes in S and let

K(0) € H} (Koo, T, 1) HY (Koo, T, oty
be the cohomology class attached to £.
Proposition 7.25. The group I-AI; (Kgpoo, Trqn) is free of rank s over A 5 /7"
Proof. This statement can be proved by a direct generalization of Theorem 3.2 in [2]
as suggested in Proposition 3.3 in [5]. O

Let k4, () be the image of «({) in
M= H} (Kgoo, Ty i1y ) ®p O,

Note that, by Proposition 7.25, M is free of rank s over O, /7" */. By Theo-
rem 7.22,

1 :=ordy (ke (£)) = ord, (9¢(ky(£))) = ordy (¢(6r)). (24)

Choose an element K,({) € M such that v'%,(£) = k,(£). This element is well
defined modulo the v-torsion subgroup of M; to remove this ambiguity, denote by
k,(£) the image of Ky, (£) in H}(Kgpoo, Trpn) ®, O. The following properties of
K, (£) hold:

(1) ordy(x,(£)) = 0 (because ordy (ky (€)) =1 < tr);
(2) 04 (K(:,(E)) = 0 forall g  {u~ (because k({) € I-Alg1 (Kpoos Trnte,))s
(3) ve(ky,(€)) = 0 (by Theorem 7.22);
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4) 9, (K{p (£)) = ty —t (by Theorem 7.22 and formula (24));
(5) The element d; (K{/J (€)) belongs to the kernel of the homomorphism:

Ne: Hip(Kpoo g, Tran) ®p O —> Self, @, 0. (25)

To prove the last statement use the global reciprocity law of class field theory (5) as
follows (see more details in [5]), Lemma 4.6. Denote by /,, the kernel of ¢. First
note that it is enough to show that n¢(d¢k,,(£))(s) = 0 for all s € Sely,[/,]. Note
that, by the global reciprocity law of class field theory:

Z(aq(’zw(@)v S¢)g =0

N

for all s € Selfy+¢,[1y]. On the other hand, V'K, () = Ky (£) has trivial residue at
all the primes q # £ (it is finite at those primes) so the element d4 (K, (£)) annihi-
lates v Hl (Koo,q» Aﬁnn-l,-[f)[l(p], which contains HJ (Koo,q, Af.zn)[1,]). Hence,
if 5 belongs to Selr,[/,], then the terms in the above sum corresponding to primes
g # { are all zero. It follows that d¢(«,(¢)) annihilates the image of Sely,[/,] in

Hﬁln(Koo,@, A qn), so it belongs to the kernel of 7.

7.6.2. Caseof ¢ty = 0. This is the basis for the induction argument. First, recall the
following result.

Proposition 7.26. The natural map H' (K, As ) — H' (Koo, Afzn)[m] induced
by restriction is an isomorphism.

Proof. This result can be obtained as in Theorem 3.4 of [5] by analyzing the inflation-
restriction exact sequence

G m
0 — H'(Gal(Kgm/K), A, ") —> H' (K, Agzn) —> -+
G m
— HY (K, Apem) &/ 8 H2(Gal(K g/ K). Ay 28" )

where Gk is the absolute Galois group of K, and the exact sequence

G G
A7 — HY(K, Ag) —> H(K, Apn) — H'(K, Agzn) — H?(K, A7F)

induced by 0 — Ar, — Afgn X Afnn—1 — 0 and noticing that, since pf,5 is

G m .
surjective, A :;? = A?f = 0. For details, see [5], Theorem 3.4. O

Then we can state the basis of the inductive argument.

Proposition 7.27. Ifty = 0 then Sel}, = 0.
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Proof. To prove this, note that, for all n-admissible primes £, Theorem 7.22 implies
that I:\Isling (Kgpoo,p, Tran) ®y O is generated by d¢(ky(£)) (as @-module) and that the
map 17y in (25) is trivial. Assume now that Sele,n is not trivial. Then Nakayama’s
lemma implies that the group Sel\fn /m = (Sels,[m])" is not trivial, where m is the
maximal ideal of Ay, 5.

Letnow s € Sely,[m] be anon trivial element. Proposition 7.26 allows to consider
s as an element of (K, A #,7). Invoke Proposition 7.5 to choose an n-admissible
prime £ such that d¢(s) = 0 and vg(s) # 0. Then the non degeneracy of the local
Tate pairing implies that 7y is trivial, which is a contradiction. O

7.6.3. The minimality property. As a corollary of Proposition 7.25, note that
the corestriction map ﬁ; (Kpoo, Thzn)/m —> HY(K, Ty ) is injective.  (26)

Let now IT be the set of primes of O such that:
(1) £isn + tr-admissible;

(2) The number ¢ = ord, (k,(£)) is minimal among the set of (n + #)-admissible
primes.

By Proposition 7.5, TT # @.
Proposition 7.28. 1 < 1.

Proof. To prove this assertion, assume on the contrary that# > 7. Since by definition
t < tr,thent = tr for all (n + t)-admissible primes £. Use Proposition 7.26 to
choose a non trivial element in H'(K, A fx) N Selg, (recall that by assumption,
Sel\fn ®p O # 0, so Sels,[m] # 0). By Proposition 7.5, choose an (n + t7)-
admissible prime £ such that vg(s) # 0. Now by the Property 5 enjoyed by the
class k,,(£), it follows that ordy (d¢k,(€)) = 0, so that dgky,(£) is a generator of
ﬁs}ng(Koo’g, Trxn) ®y O. By Nakayama’s lemma again, the image of d (K(; (£)) in
Iflsling(Koo’g, Trqn)/m ®g O is not trivial. Use (26) to identify this last module with
H' (K, T»)®0; thenit follows that the natural image of 9 ([, (£)) in H' (K, Ty,)®
O is not trivial. By Property 5 enjoyed by the class «,,({) again, it follows that
¢ (K(’p (£)) is orthogonal to vy (s) with respect to the local Tate pairing, contradicting
the fact that d¢ (K(/p (£)) and v (s) are both supposed to be non trivial and the fact that the
Tate pairing is a perfect duality between one-dimensional ¢ /v-vector spaces. O

7.6.4. Rigid pairs with the minimality property. This step is devoted to the proof
that there exist primes £1, £, € I such that ({1, £5) is arigid pair. To prove this, start
by choosing any prime £; € IT and denote by s the image of «,({1) in

(A (Koo, Tyzn)/ 1) ® O/ (v),
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where m is the maximal ideal of A, . By (26), view s as a non-zero element in
HY(K,Tsz) ® O/(v). Note that d4(s) = O for all ¢ 4 £;u. By Propositions 7.13
and 7.14, choose an (n + f)-admissible prime £, such that 9, (s) = 0, vg,(s) # 0
and either ({1, £») is arigid pair or Sely, (F, adp) is one-dimensional. The following
relation holds:

1t = ordy (kg (£1)) < ordy (ke (£2)) < ordy(ve, (ke (£2))). (27)

The first inequality follows from the minimality property of ¢ using that £; € II
and that £, is an (n + fr)-admissible prime. By the choice of £, and Corol-
lary 7.24, it follows that ord, (v¢, (ky(£2))) = ordy(ve,(ky(£1))). Now note that
ordy (vg, (ky(€1))) > ordy(ky(£1)) and that the strict inequality holds if and only if
e, () = 0, so, since vy, (s) # 0, ord, (ve, (ky(£2))) = ord, (ke (£1)). Combining
this with the inequalities in formula (27) shows that

t = ord, iy (€1)) = ordy (kg (£2)). (28)

It follows that £, € TI. If (£1,4>) is not a rigid pair, then Sely, (F,ad’p) is one
dimensional (this is the case only if Selg, (F, ad®p) = 0). In this case, by Proposi-
tion 7.13, choose an (n + 7)-admissible prime £3 such that d¢,(s) = 0, v, (s) # 0
and ({5, £3) is a rigid pair. Repeat the argument above with £, replacing £ and £3
replacing £, to show that £3 € I1. In any case then, either ({1, £5) or ({2,£3) is a
rigid pair and the claim at the beginning of follows.

7.6.5. The congruence argument. Choose by the result explained in Subsec-
tion 7.6.4 a rigid pair ({1, £5) with £1, £, € I1. Note that, by Theorem 7.23,

t =ty = ord,(0g) (29)

(here g is the congruent modular form attached to (£1, £,) by Proposition 7.21). There
is an exact sequence of A-modules:

s
0 —> Sel/ , —> Sel, —> Sely; ,,; — 0, (30)

where Seljg, ¢,] € Sely, is defined by the condition that the restriction at the primes

{1 and £, must be trivial and Sel{1 & is the kernel of the surjection of duals. There is
an inclusion:

(Sel{ ()Y C Hiy(Kpoo b, Afan) @ Hily (Koo 1. Afon).

The dual of HZ (Kpoo ¢y, Afan) ® H{ (Kpoo gy, Afzn), by the non-degeneracy of
the local Tate pairing, is Hs}ng(Kb{,oo,g1 JAfn) ® Hslmg(l(@oox2 , As.gn), so the above
inclusion leads to a surjection:

N B (Koo gy Apn) @ HL (Koo gy, Afan) — Sel{lez.
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Recall that, since £; is n-admissible, I:\Isling(Kpoo,gl,Af,nn) ~ Agp g /n". Let nf
be the map induced by 7y after tensoring by @ via ¢. Then the domain of n}’i is
isomorphic to (9/¢(x™))?. By Property 5 above enjoyed by the classes Ky (£1)
and k,(£2), the kernel of n;pp contains (dg, k,(£1),0) and (0, dg, Ky, (€2)). The same
property combined with equations (28) and (29) yields
tr —tg = ordy (9, (k,(£1))) = ord, (I, (k, (£2))).

It follows that

v2(r=t2) belongs to the Fitting ideal of Sel{1 0 o 0. 31
Repeat now the argument with the modular form g: there is an exact sequence

00— Selfle2 — Selg,/, — Sel[vll,ez] — 0,

n

and a surjection
N+ Hin(Kpoo 0, Afn) & H,(Kgoo gy, Apan) —> Self .

Let n be the map induced by 7, after tensoring by O via ¢. By the global reciprocity
law of class field theory, the kernel of 1% contains the elements

(ve, (kg (£1)), Ve, (kg (1)) = (vg, (kg (€1)), 0),

(ve, (k6 (£2)), Ve, (i (€2))) = (0, ve, (i (£2))),
where the equalities follow from Property 3 above enjoyed by the classes K(/p (1) and
K, (£2). Note that ord, (ve,k,,(£1)) = ordy (v, Ky, (€2)) = tg —t = 0. From this it
follows that the module Seli’f1 0 is trivial. As a consequence, there is an isomorphism

Sely , ®p O —>Sely , 1 ® O. (32)

7.6.6. The inductive argument. Now assume that the theorem is true forall ¢" < ¢¢
and prove that it is true for /7. Recall that r = 7, < t7. Since ({1, {>) is a rigid
pair, the modular form g satisfies the assumptions in the theorem, so, by the inductive
hypothesis,

¢(0¢) belongs to the Fitting ideal of Selg,n ®e 0. (33)

Now use the theory of Fitting ideals:
V20— 20 —te) | 20
€ Fitto(Sel] , ®, 0)-Fitto(Sely , ®, @) by (31) and (33)
= Fitto (Sel; ,, ®, O) - Fitto(Sel}; 1, ® O) by (32)
C Fitto(Self, ®, O) by (30).

Since by definition ord(f) = i, it follows that ¢(6,)? € Fitto (Selv,n ®y O), thus
proving (23) and therefore Theorem 6.1.
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