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Injective modules and amenable groups
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Abstract. We show that a locally compact group is amenable if and only if it admits a (non-zero)
injective Banach module that is reflexive as a Banach space.

Mathematics Subject Classification (2010). 43A07, 46H25, 18G05.

Keywords. Amenable groups, injective Banach modules, weak compactness.

1. Introduction

Let A be a Banach algebra. By a left A-module we shall always mean a Banach left A-
module satisfying kaxk � kak kxk whenever a 2 A and x 2 X , and a morphism of
left A-modules will be a bounded linear map commuting with the respective actions.
X is called injective, cf. [H], III.1.14, p. 136, if for any morphism � of left A-modules
admitting a bounded linear left inverse, `, and any morphism �0 from Y0 into X ,
there is a morphism � from Y into X satisfying �0 D � B �,

Y0

�0

��

� �� Y
` ��

�

���
�

�
�

Y0; ` B � D idY0
:

X

Let the essential part, Xe, of a left A-module X be defined as the closed linear hull
of the set of products ax, a 2 A, x 2 X . X is called non-zero if Xe ¤ 0, essential if
Xe D X , and reflexive if X is reflexive as a Banach space. In case X is reflexive and
A has a bounded two-sided approximate unit (of norm � c), there is an A-module
morphism (of norm � c) projecting X onto Xe. The Banach space dual, X�, of
X becomes a right A-module under the action defined by hx; x�ai D hax; x�i, for
x� 2 X�, a 2 A, and x 2 X .

Choosing a left invariant Haar measure on the locally compact group G we obtain
the Banach algebra L1.G/. It is well known that every essential left L1.G/-module
is a left G-module such that, for any x 2 X , the mapping s 7! sx is continuous
from G into X and ksxk D kxk, s 2 G, the respective actions being related by the
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formula ax D R
a.s/sx ds, for a 2 L1.G/ and x 2 X . This same formula defines

on any such left G-module an essential left L1.G/-action.
Letting G act by left translation on Lp.G/, 1 < p < 1, Lp.G/ becomes an

essential reflexive left L1.G/-module. H. G. Dales, M. Daws, H. L. Pham and
P. Ramsden recently showed the following theorem, [DDPR], Theorem 9.6.

Theorem ([DDPR]). Let G be a locally compact group, and 1 < p < 1. If the left
L1.G/-module Lp.G/ is injective, then G is amenable. �

Employing F. J. Yeadon’s method, [Y], for establishing the existence of a trace in
a finite von Neumann algebra, we show

Proposition. Let G be a locally compact group. If G admits a non-zero injective
Banach left L1.G/-module that is reflexive as a Banach space, then G is amenable.

Combining this with known results we obtain the following characterization of
compact and amenable groups, in good correspondence with Helemskii’s philosophy,
cf. e.g. [H], p. 262.

Corollary. Let G be a locally compact group.

a) If G admits a non-zero projective left L1.G/-module that is reflexive as a Banach
space, then G is compact; if, conversely, G is compact then every essential left
L1.G/-module is projective.

b) If G admits a non-zero flat left L1.G/-module that is reflexive as a Banach space,
then G is amenable; if, conversely, G is amenable then every left L1.G/-module
is flat.

These results are equally valid for uniformly bounded, left or right Banach L1.G/-
modules. For the notion of the injective tensor product, {̋ , of Banach spaces we refer
to the monograph of J. Cigler, V. Losert and P. Michor, [CLM]. The proof of the
Proposition starts immediately after this introduction.

2. The auxiliary module C bu.G/ {̋ X

The G-action on C bu.G/ {̋ X and the morphism � below were already considered by
P. Ramsden, [Ra], Chapter 5, p. 21; cf. also Chapter 9 of [DDPR].

2.1. Let G be a locally compact group, and X be an essential Banach left L1.G/-
module, with sx; s 2 G, x 2 X , denoting the corresponding G-action. We let G act
on the Banach space, C bu.G/, of uniformly continuous bounded functions on G by
left translation .Ls'/.t/ D '.s�1t /, s 2 G, ' 2 C bu.G/, so that the injective tensor
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product C bu.G/ {̋ X becomes a continuous isometric Banach left G-module under
the action s.' ˝ x/ D Ls' ˝ sx, s 2 G, ' ˝ x 2 C bu.G/ {̋ X .

The morphism � W X ! C bu.G/ {̋ X is defined by �x D 1G ˝ x, x 2 X ,
1G the function constant one on G, and for any s 2 G the bounded linear map
` W C bu.G/ {̋ X ! X , `.' ˝ x/ D '.s/x, ' 2 C bu.G/, x 2 X , is left inverse to �.

In case the essential left L1.G/-module X is injective, setting Y0 D X ,
Y D C bu.G/ {̋ X , and �0 D idX in the diagram on p. 1023 yields a morphism
� of L1.G/-modules left inverse to �,

X
��! C bu.G/ {̋ X

��! X:

Since � commutes also with the G-actions, the map � enjoys the following properties:

(i) � is linear and bounded;

(ii) �.Ls' ˝ sx/ D s�.' ˝ x/;

(iii) �.1G ˝ x/ D 1,

whenever s 2 G, ' 2 C bu.G/, and x 2 X .

2.2. Remark Instead of C bu.G/ we could also take L1.G/, Corollary 3.7 below
equally applying to it. By using the module C bu.G/ {̋ X , suggested by the referee,
however, we shall obtain: If an arbitrary topological group G admits a non-zero
relatively injective Banach left G-module X that is reflexive as a Banach space, then
G is amenable. For the relevant notions we refer to N. Monod’s Lecture Notes, [M],
Definition 4.1.2, p. 32, and the definition preceding 5.1.4, p. 46.

3. Weakly compact operators on C.K/ {̋ X

The formulation of the main lemma, (3.5) below, is due to the referee.

3.1. Let K be a compact Hausdorff space, and X be a Banach space. It is well
known that the dual space of the injective tensor product C.K/ {̋ X D C.K; X/ is
isometrically isomorphic to the Banach space, I.C.K/; X�/, of integral operators v

from C.K/ into X�, and that this again is isometrically isomorphic to the Banach
space, bvrca.B.K/; X�/, of regular countably additive vector measures m of bounded
variation on the Borel � -algebra, B.K/, of K with values in X�,

.C.K/ {̋ X/� D I.C.K/; X�/ D bvrca.B.K/; X�/;

the correspondence between v and m being given by m.A/ D Qv.cA/, A 2 B.K/,
where Qv W C.K/�� ! X� denotes the unique weak�-weak� continuous extension of v
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and cA the characteristic function of A. The variation, jmj, of m 2 bvrca.B.K/; X�/,
defined as

jmj.A/ D sup
X

km.Ai /k .A 2 B.K//;

the supremum being taken over all finite Borel partitions .Ai / of A, is a regular
finite positive Borel measure on K. Defining the norm of m 2 bvrca.B.K/; X�/

by kmk D jmj.K/, we have kmk D I.v/, the integral norm of v 2 I.C.K/; X�/

corresponding to m. – The theorems involved in this discussion are due to I. Singer,
[S]; cf. also VI.3.Theorem 3, p. 162, and VI.3.Theorem 12, p. 169, in [DU], and, in
particular, Satz 1 in Losert’s Thesis, [L], p. 7.

We shall need the following two lemmas.

3.2 Lemma ([Gro], Théorème 2). Let K be a compact Hausdorff space. A bounded
subset C of C.K/� is relatively weakly compact if and only if for every sequence
.An/ of pairwise disjoint open subsets of K we have

lim
n

�.An/ D 0

uniformly for � in C . �

3.3 Lemma. Let K be a compact Hausdorff space, and X be a Banach space. If D is
a relatively weakly compact subset of .C.K/ {̋ X/�, then the set, jDj, of variations
of its corresponding vector measures is relatively weakly compact in C.K/�.

Proof. Let D be a relatively weakly compact subset of .C.K/ {̋ X/�. Using the
identification in (3.1), we may assume D to be relatively weakly compact in
bvrca.B.K/; X�/; being a closed subspace of the Banach space bvca.B.K/; X�/

of all countably additive measures of bounded variation, it is relatively weakly com-
pact also there. Theorem 1.ii) in [B], p. 288, yields a finite positive measure � on B.K/

such that the set jDj D fjmj W m 2 Dg is �-equicontinuous. For any sequence .An/

of disjoint Borel subsets of K, lim �.An/ D 0 therefore implies lim jmj.An/ D 0

uniformly for m in D. The elements of the set jDj being all regular, its relative weak
compactness in C.K/� results now, for instance, from (3.2). �

3.4. Let X and Y be Banach spaces, and u W C.K/ {̋ X ! Y a bounded linear
map with adjoint u� W Y � ! .C.K/ {̋ X/� D I.C.K/; X�/. Any pair of elements
.x; y�/ in X � Y � defines an element ux;y� of C.K/� by

ux;y�.'/ D hu.' ˝ x/; y�i; ' 2 C.K/; x 2 X; y� 2 Y �:

Denoting by .u�y�/� W B.K/ ! X� the vector measure corresponding to
u�y� W C.K/ ! X�, we deduce from

ux;y�.'/ D h' ˝ x; u�y�i D hx; u�y�.'/i; ' 2 C.K/;
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that
ux;y�.A/ D hx; .u�y�/�.A/i; A 2 B.K/;

for all x 2 X , y� 2 Y �.

3.5 Lemma. Let K be a compact Hausdorff space, X and Y be Banach spaces, and
u be a weakly compact linear map from C.K/ {̋ X into Y . Then the set

fux;y� W kxk � 1; ky�k � 1g
is relatively weakly compact in C.K/�.

Proof. Let .An/ be a sequence of pairwise disjoint open subsets of K, and " > 0.
As u� W Y � ! .C.K/ {̋ X/� is equally weakly compact, the image, u�.OY �/, of
the unit ball of Y � is relatively weakly compact in .C.K/ {̋ X/�, and so is the set,
ju�.OY �/j, of variations of its corresponding vector measures in C.K/�, by (3.3).
Lemma (3.2) furnishes an index n0 such that

j.u�y�/�j .An/ � " .ky�k � 1; n � n0/;

implying, for all x 2 X and y� 2 Y � of norm � 1,

jux;y�.An/j D jhx; .u�y�/�.An/ij
� kxkk.u�y�/�.An/k
� j.u�y�/�j .An/

� " .n � n0/;

thus proving the assertion, again by (3.2). �

3.6. Each of the following conditions on X and Y assures the weak compactness
of any bounded linear map from C.K/ {̋ X into Y :

(a) X is arbitrary and Y reflexive;

(b) X� has the Radon–Nikodym property and Y is weakly sequentially complete,
cf. [G];

(c) X is a C �-algebra and Y is weakly sequentially complete, cf. [ADG], Theo-
rem 4.2, p. 449.

3.7 Corollary. Let G be a locally compact group, X a reflexive Banach space, and
u a bounded linear map from C bu.G/ {̋ X into X . Then the set

fux;x� W kxk � 1; kx�k � 1g
is relatively weakly compact in C bu.G/�.
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Proof. C bu.G/ being a commutative C �-algebra with unit, there exist a compact
Hausdorff space K and an isomorphism from C bu.G/ onto C.K/ so that (3.5) applies.

�

3.8 Remark (by the referee). In case X is reflexive (and therefore X and X� enjoy
the Radon–Nikodym property), one can deduce (3.5) directly from the vector-valued
version of Grothendieck’s criterion (3.2), as stated in the middle of p. 117 in [DU].

4. Proof of the Proposition

Let G be a locally compact group and X a non-zero injective left L1.G/-module,
reflexive as a Banach space. Since L1.G/ possesses bounded approximate units,
the essential part of X – being L1.G/-module complemented in X – is equally
injective, and reflexive, so that we may assume X from the outset to be essential
itself. Let then � W C bu.G/ {̋ X ! X be a map satisfying (2.1) (i), (ii), (iii). For
any fixed pair .x; x�/ 2 X � X�, hx; x�i D 1, the element �x;x� in C bu.G/�,
�x;x�.'/ D h�.' ˝ x/; x�i; ' 2 C bu.G/, enjoys the following two properties:

(iv) �x;x�.1G/ D 1;

(v) fL�
s �x;x� W s 2 Gg is relatively weakly compact in C bu.G/�.

(iv) follows immediately from (2.1.iii); to see (v), we use (2.1.ii) to compute, with
' 2 C bu.G/ and s 2 G,

L�
s �x;x�.'/ D �x;x�.Ls'/

D h �.Ls' ˝ x/; x�i
D h �.Ls' ˝ ss�1x/; x�i
D h s�.' ˝ s�1x/; x�i
D h �.' ˝ s�1x/; x�si
D �s�1x;x�s.'/ .s 2 G; ' 2 C bu.G//:

Since ks�1xk D kxk and kx�sk D kx�k, s 2 G, the assertion now follows from
(3.7).

It ensues that the closed convex hull, C , of fL�
s �x;x� W s 2 Gg is a weakly compact

convex subset of C bu.G/�. Being invariant under the group of linear isometries L�
s ,

s 2 G, Ryll-Nardzewski’s fixed point theorem yields an element M of C satisfying
L�

s M D M , s 2 G, and, in virtue of (iv), M.1G/ D 1. Decomposing M into its
selfadjoint parts and these into their positive ones, we obtain, possibly after rescaling,
a positive linear functional on C bu.G/, left invariant and taking the value one at the
constant function 1G , thus establishing the amenability of G; cf. [Gr], Theorem 2.2.1,
p. 26. �
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5. Proof of the Corollary

For the definition of projective and flat Banach modules over a Banach algebra we
refer to [H], III.1.14, p. 136, and [H], VII.1.2, p. 239, respectively. Rather than
reproducing them here, we note only that every projective module is flat, and that a
module X is flat if and only if its dual module, X�, is injective, cf. [H], VII.1.14,
p. 243.

5.1. Proof of Corollary a. Let X be a non-zero projective left L1.G/-module that
is reflexive as a Banach space. Since Xe is module-complemented in X , Xe is also
projective, and reflexive, so that G is compact, by [R1], 1.4, p. 316. (It is shown
there that a locally compact group is already compact, if it admits a non-zero essential
projective left L1.G/-module X whose dual Banach space, X�, is weakly sequentially
complete or norm separable.) The second statement is also proved there, [R1], 1.2,
p. 316. �

The second part of Corollary b is equally well known. In [H], VII.2.29, p. 257, it
is deduced from the vanishing of the Tor functor over an amenable algebra, or can be
seen, more directly, from B. E. Johnson’s original definition, [J], p. 60, as follows.

5.2 Lemma ([H]). Let A be an amenable Banach algebra. Then all Banach (left,
right, or bi-) modules over A are flat.

Proof. We shall show only that the dual right module, X�, of a left A-module X is
injective. Replacing X with X� in the diagram defining injectivity on p. 1023, and
taking � and �0 as morphisms of right A-modules, we consider �0 B` as element of the
Banach space, L.Y; X�/, of bounded linear maps from Y into X�. Turning it into an
A-bimodule by .aT /.y/ D T .ya/ and .Ta/.y/ D .Ty/a, for a 2 A, T 2 L.Y; X�/,
y 2 Y , we obtain a bounded linear map D W A ! L.Y; X�/, Da D a.�0 B `/ � .�0 B
`/a, a 2 A, whose values vanish on the closed submodule �Y0 of Y , thus defining
a new map, D0 W A ! L.Y=�Y0; X�/, by the formula .D0a/.�y/ D .Da/.y/,
a 2 A, y 2 Y , � denoting the canonical morphism from Y onto Y=�Y0. Endowing
the projective tensor product Y=�Y0 y̋ X with A-actions a.�y ˝ x/ D �y ˝ ax

and .�y ˝ x/a D �ya ˝ x, the Banach space L.Y=�Y0; X�/ D .Y=�Y0 y̋ X/�,
cf. [CLM], II.1.7, p. 54, becomes a dual A-bimodule and D0 a derivation so that,
by the amenability of A, D0a D aS � Sa, a 2 A, for some S 2 L.Y=�Y0; X�/.
Comparing with the definition of D0 yields

a.�0 B ` � S B �/ D .�0 B ` � S B �/a .a 2 A/;

such that � D �0 B ` � S B � is a morphism extending �0 along �. Hence X� is
injective and X flat. �
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5.3. Proof of Corollary b. Let X be a non-zero flat left L1.G/-module, reflexive
as a Banach space. Then X� is a non-zero injective right L1.G/-module and equally
reflexive, implying the amenability of G by the Proposition. If, conversely, the group
G is amenable, then the Banach algebra L1.G/ is amenable, [J], Theorem 2.5, p. 32,
so that every left L1.G/-module is flat by the lemma above. �

6. An open problem

Let M be a von Neumann algebra admitting a non-zero injective normal Banach left
module, reflexive as a Banach space. Does this entail the injectivity of M? Cf. [R2],
in particular Corollary 2.6, p. 2533.
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283–285. Zbl 0295.46057 MR 0341036

[Gr] F. P. Greenleaf, Invariant means on topological groups and their applications. Van
Nostrand Math. Stud. 16, Van Nostrand, Reinhold, New York 1969. Zbl 0174.19001
MR 0251549

[Gro] A. Grothendieck, Sur les applications linéaires faiblement compactes d’espaces du type
C.K/. Canad. J. Math. 5 (1953), 129–173. Zbl 0050.10902 MR 0058866

http://www.emis.de/MATH-item?0238.46058
http://www.ams.org/mathscinet-getitem?mr=0344898
http://www.emis.de/MATH-item?0276.28013
http://www.ams.org/mathscinet-getitem?mr=0341081
http://www.emis.de/MATH-item?0411.46044
http://www.ams.org/mathscinet-getitem?mr=0533819
http://www.emis.de/MATH-item?06113001
http://www.ams.org/mathscinet-getitem?mr=3000830
http://www.emis.de/MATH-item?0369.46039
http://www.ams.org/mathscinet-getitem?mr=0453964
http://www.emis.de/MATH-item?0295.46057
http://www.ams.org/mathscinet-getitem?mr=0341036
http://www.emis.de/MATH-item?0174.19001
http://www.ams.org/mathscinet-getitem?mr=0251549
http://www.emis.de/MATH-item?0050.10902
http://www.ams.org/mathscinet-getitem?mr=0058866


Vol. 88 (2013) Injective modules and amenable groups 1031

[H] A. Ya. Helemskii, The homology of Banach and topological algebras. Izdat. Moskov.
Gos. Univ., Moskva 1986; English transl. by Alan West, Math. Appl. (Soviet Ser.) 41
Kluwer, Dordrecht 1989. Zbl 0695.46033 MR 1093462

[J] B. E. Johnson, Cohomology in Banach algebras. Mém. Amer. Math. Soc. 127, Amer.
Math. Soc., Providence, RI, 1972. Zbl 0256.18014 MR 0374934

[L] V. Losert, Dualität von Funktoren und Operatorenideale. Dissertation, Phil. Fak. Uni-
versität Wien, 1975.

[M] N. Monod, Continuous bounded cohomology of locally compact groups. Lecture Notes
in Math. 1758, Springer, Berlin 2001. Zbl 0967.22006 MR 1840942

[R1] G. Racher, On the projectivity and flatness of some group modules. In Banach algebras
2009, Banach Center Publ. 91, Polish Acad. Sci. Inst. Math., Warsaw 2010, 315–325.
Zbl 1214.43005 MR 2777492

[R2] G. Racher, On injective von Neumann algebras. Proc. Amer. Math. Soc. 139 (2011),
2529–2541. Zbl 1226.46056 MR 2784818

[Ra] P. Ramsden, Multi-norms and modules over group algebras. Manuscript, 2 August
2009.

[S] I. Singer, Lineinye funktsionali na prostranstve nepreryvnykh otobrazhenii bikompakt-
nogo khausdorfogo prostranstva v prostranstvo Banakha (Linear functionals on the
space of continuous mappings of a compact Hausdorff space into a Banach space).
Rev. Math. Pures Appl. 2 (1957), 301–315 (in Russian). Zbl 0087.31601 MR 0096964

[Y] F. J. Yeadon, A new proof of the existence of a trace in a finite von Neumann algebra.
Bull. Amer. Math. Soc. 77 (1971), 257–260. Zbl 0241.46057 MR 0271748

Received April 22, 2011

Gerhard Racher, Universität Salzburg, Hellbrunner Str. 34, 5020 Salzburg, Austria
E-mail: Gerhard.Racher@sbg.ac.at

http://www.emis.de/MATH-item?0695.46033
http://www.ams.org/mathscinet-getitem?mr=1093462
http://www.emis.de/MATH-item?0256.18014
http://www.ams.org/mathscinet-getitem?mr=0374934
http://www.emis.de/MATH-item?0967.22006
http://www.ams.org/mathscinet-getitem?mr=1840942
http://www.emis.de/MATH-item?1214.43005
http://www.ams.org/mathscinet-getitem?mr=2777492
http://www.emis.de/MATH-item?1226.46056
http://www.ams.org/mathscinet-getitem?mr=2784818
http://www.emis.de/MATH-item?0087.31601
http://www.ams.org/mathscinet-getitem?mr=0096964
http://www.emis.de/MATH-item?0241.46057
http://www.ams.org/mathscinet-getitem?mr=0271748

	Introduction
	The auxiliary module  C^{bu}(G)  \check\otimes X
	Weakly compact operators on C(K) \check\otimes X
	Proof of the Proposition
	Proof of the Corollary
	An open problem
	References

