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Embeddings of Danielewski surfaces in affine spaces

A. Dubouloz

Abstract. We construct explicit embeddings of Danielewski surfaces [4] in affine spaces. The
equations defining these embeddings are obtained from the 2 x 2 minors of a matrix attached
to a weighted rooted tree y. We characterize those surfaces S, with a trivial Makar-Limanov
invariant in terms of their associated trees. We prove that every Danielewski surface S with a
nontrivial Makar-Limanov invariant admits a closed embedding in an affine space A} in such a
way thatevery G, i-action on S extends to an action on A" defined by a triangular derivation. We
show that a Danielewski surface S with a trivial Makar-Limanov invariant and non-isomorphic
to a hypersurface with equation xz — P(y) = 0 in A]% admits nonconjugated algebraically
independent G, -actions.
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Introduction

A Danielewski surface over a field k of characteristic zero is an integral affine surface
S equipped with a morphism 7: S — A}( = Spec(k[x]) restricting to the trivial
line bundle over A,ﬁ \ {0} and such that the fiber 7! (0) is nonempty and reduced,
consisting of a disjoint union of affine lines A}(. For instance, a surface Sp, C
Spec(k[x, y, z]) with equation x"z — P(y) = 0, where P is a nonconstant polyno-
mial with deg(P) simple roots, is a Danielewski surface pr,: Sp, — Spec(k[x]).
Danielewski surfaces appear naturally as locally trivial fiber bundles p: S — X over
an affine line with a multiple origin (see e.g. [5]). More precisely, see [4], every
such bundle p is a principal homogeneous bundle under the action of a line bundle
p: L — X. These principal L-bundles are uniquely determined by data consisting
of an invertible sheaf .£ on X and a Cech 1-cocycle g with values in the dual £ of £
for a suitable covering U of X. In turn, the pair (L, g) is encoded in a combinatorial
datum consisting of a rooted tree with weighted edges, which we call a weighted tree
(see [4, Example 1.6 and Theorem 3.2] and 2.2 below). Here we use weighted trees in
a different way to construct embeddings of Danielewski surfaces into affine spaces.
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More precisely, starting with a suitable class of k-weighted trees y, we construct
explicit ideals of certain polynomial rings. In turn, these ideals define affine surfaces
S, which are naturally Danielewski surfaces over the affine line A,l.

The paper is divided as follows. In Section 1 we recall basic facts on weighted
trees. We associate to every fine k-weighted tree y = (I', w) (see Definition 1.3
below) a polynomial ring k[I"] and a collection of polynomials in k[I"] defined recur-
sively through the weight function w.

In Section 2, we review the construction of Danielewski surfaces as locally trivial
bundles over the affine line with an r-fold origin given in [4]. Then we associate
to every fine k-weighted tree y a closed affine subscheme S, = Spec(B)) of A,i X
Spec(k[I']), and we prove the following result (Theorem 2.9).

Theorem. For every fine k-weighted tree y, the scheme S, is a Danielewski surface
over A}C for the restriction of the projection pry : A}c x Spec(k[I']) — A,l{.

For instance, the surface corresponding to the following fine k-weighted tree

€11

/0 €32
€o 1 _1/0
y = 0<0—°< 1
-1 ~—e
e e4,2

€21
is the Bandman and Makar-Limanov surface [1] S C k[x][y, z, u] with equations
x2—y*—=1)=0, yu—z(z">—1)=0, xu—(*—-DE*-1)=0.

It is a Danielewski surface over X = Spec(k[x]) via the projection morphism
pr.: S — X.

Then we show that every embedded Danielewski surface S, as above comes
canonically equipped with actions of the additive group G, x which are the restrictions
to S, of certain G, x-actions on the ambient space A}( x Spec(k[I']) defined by explicit
locally nilpotent derivations 5), (see Proposition 2.15). In Section 3, we prove the
following result (Corollary 3.8).

Theorem. Every Danielewski surface m: S — X = A}{ is X-isomorphic to an
embedded Danielewski surface w,: S, = Spec(B,) — X for an appropriate fine
k-weighted tree y .

Moreover, we establish that every G, x-action on 7 : S, — X is induced by a
locally nilpotent derivation d,, as above. As a consequence of this description, we
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deduce that every Danielewski surface 7: § — X = A}c can be embedded in a
relative affine space Agl( in such a way that every G, x-action on S extends to an
action on Agl( (Corollary 3.11). This generalizes a result obtained by Makar-Limanov
([81, [9]) for the Danielewski hypersurfaces Sp , above.

The Makar-Limanov invariant [6] of an affine k-scheme X = Spec(B) is defined
as the sub-algebra ML(X) C B consisting of regular functions which are invariant
under all G, y-actions on X. If ML(X) = k, then we say that X has a trivial Makar-
Limanov invariant. For Danielewski surfaces with a nontrivial Makar-Limanov in-
variant, we prove the following result.

Theorem. Every Danielewski surface with a nontrivial Makar-Limanov invariant
can be embedded in an affine space AZ = Spec(k[xy, ..., xq]) in such a way that
every G r-action on S extends to an action on A,](V . Furthermore, every such action
is induced by a triangular locally nilpotent derivation of k[x1, ..., x4].

In Section 4, we study Danielewski surfaces with a trivial Makar-Limanov in-
variant, that is, Danielewski surfaces S which admits two nontrivial G, x-actions
with distinct general orbits. We obtain the following criterion which generalizes
Theorem 5.4 in [4].

Theorem. An embedded Danielewski surface m: S, = Spec(B,) — A}( defined
by a fine k-weighted tree y has a trivial Makar-Limanov invariant if and only if y
is a comb, i.e. a tree such that every element has at most one non-terminal direct
descendant (see Definition 4.1 below).

A comb rooted in eg.

We obtain the following description (see 4.7 below). For every Danielewski
surface S with a trivial Makar-Limanov invariant, there exists a collection of monic
polynomials Py, ..., P,—1 € k[t] with simplerootsa; ; € k*,i =0,...,h—1,j =
1,...,deg,(P;), such that § is isomorphic to the nonsingular surface Sp, . p, , C
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Spec(k[x][y_1, ..., yn—2][z]) defined by the equations

h—1
xz— }’hfZHPl()’lfl) =0,
1=0
h—1 i
it =y [ [ P =0, xyi—yia[[PGi-) =0, 0<i<h-2,

I=i+1 1=0
J
Vi—1Yj = YiYj-1 1_[ Pi(yi-1) =0, 0<i<j<h-2
I=i+1

On an affine surface S = Spec(B), two G, g-actions w1 and pp with associated
quotient fibrations wy: § — A}( and mp: S — A}{ respectively are said to be al-
gebraically independent if the general fibers of 71 and 7> do not coincide. In this
situation, we say that w1 and p, are conjugated if there exists an automorphism ¢ of
S sending the fibers of 71 onto the fibers of 2. This means equivalently that there
exists an automorphism ¢* of B such that Ker(d,) = ¢*(Ker(d;)), where 9; and 9,
denote the locally nilpotent derivations of B corresponding to the actions 1 and o
respectively. Daigle [2] established that all the G, -actions on a Danielewski surface
Sp.1 = {xz — P(y) = 0} are conjugated. From the explicit description above, we
obtain the following result (Theorem 4.12).

Theorem. Ifa Danielewski surface S non isomorphic to a surface Sp | admits two in-
dependent G, i-actions, then it admits two algebraically independent nonconjugated
Gy k-actions.

We also deduce the following characterization (Corollary 4.13) of the Danielewski
surfaces Sp 1, which generalizes the ones previously obtained by Bandman and
Makar-Limanov [1] and Daigle [2].

Theorem. Fora Danielewski surfacem: S — X = A}c with a trivial Makar-Limanov
invariant, the following are equivalent.

1) S admits a free G, x-action.

2) The canonical sheaf wgs of S is trivial.

3) S is isomorphic to a surface Sp,1 C Ai = Spec(k[x, y, z]) with the equation
xz — P(y) = 0 for a certain nonconstant polynomial P with deg(P) simple
roots.

4) All G, -actions on S are conjugated.
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1. Preliminaries

Weighted rooted trees. A posetisanonempty finite partially ordered set G = (G, <).
A totally ordered subset C C G is called a chain of length [(C) = Card(C) — 1.
A chain which is maximal for the inclusion is called a maximal chain. For every
e € G, welet

(teg={ecGe<e} and (le)g=1{ eN,e <e}.

<—
A subset ¢’e with two elements ¢’ < e such that (1 ') N (] e)g = {€’ < e}iscalled
an edge of G. We denote the set of all edges in G by E(G).

Definition 1.1. A (rooted) tree I' = (T, <) is a poset with a unique minimal element
eq called the root, and such that (| e)r is a chain for every e € I'. A subposet I’ C T’
which is tree for the induced ordering is called a subtree of I'. Given e € I, the
maximal (rooted) subtree of T rooted in e is the subtree I'(e) = (1 e)r.

1.2. An element e such that [(| e)r = m is said to be at level m. The maximal
elements e; = ¢; ,,;, where m; = [(] e;)r, of a tree I" are called the leaves of I". We
denote the set of those elements by L(I"). The maximal chains of I are the chains

Lo = €im)r ={eio=e0 <ei1 <--- <eim}, em€LT). (L)

We say that I" has height h(I') = max(m;). Anelementof I' \ L(I") is called a parent,
and we denote the set of those elements by P(I"). Given e € I'" \ {ep}, an element
of the chain Anc(e) = (| e) \ {e} is called an ancestor of e. The parent of e is the
maximal element Par(e) of Anc(e). More generally, the n-th ancestor of e is defined
recursively by Par’(e) = Par(Par"~!(e)) € Anc(e). Given two different elements
e, ¢ € T, the first common ancestor of e and €' is the maximal element Anc(e, ')
of the chain Anc(e) N Anc(e). If e is not a leaf of I', then the minimal elements of
(1 e)r \ {e} are called the children of e, and we denote the set of those elements by
Ch(e). The degree deg(e) of an element e is the number of its children.

Definition 1.3. Let I" be a tree. A fine weight function on I, with values in a field k,
e
is a function w: E(I") — k, which assigns an element a, , = w(e’e) € k to every

<«

edge ¢’e of T, in such a way that a,/ ,, # a. ., Whenever e; and e share the same
parent ¢’. A tree I' equipped with such a function w is referred to as a fine k-weighted
tree y = (I, w).

Definition 1.4. An morphism of fine k-weighted trees t: v’ = (I, w') — y =
(T, w) is an order-preserving map t: I’ — T satisfying the following properties.

a) The image of a maximal subchain of I'” is a maximal subchain of T".
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b) Forevery ¢/ € I/, ™! (z(¢')) is either ¢’ itself or a maximal subtree of I"'.

<~ <~ «—
¢) Foreveryedgee'eof I'' suchthatt(e) # t(e’), wehavew’(e’e) = w(t(e)t(e)).

Remark 1.5. A morphism of fine k-weighted trees maps the root e, of I'’ on the root
eoof 'andaleafe; , of I' atlevel m; onto aleaf ej (i) m;,, of I' atlevel mj() < m;.

Then b) guarantees that (e ,) = €j.min(m;).k) for every k = 0,..., m;

condition ¢) above makes sense.

, and so,

Genealogical matrix of a weighted tree. Here we associate to every fine k-weighted
tree y = (I, w) a matrix with coefficients in a polynomial ring k[I"].

Definition 1.6. Given a tree I" rooted in eg, we associate to every parent ¢ € P(I') a
symbol X,. If ¢/ € P(I') is the parent of a given e € P(I"), then we will sometimes
denote X as Xpar(.). Wealso extend this relationship between the X.’s by introducing
the symbol X, | = Xpar(ey)- Weletk[I'] = k[(Xe)eep()ufe_)] be the corresponding
polynomial ring in d(T") = Card(P(T")) + 1 variables.

For every element e € P(I") of a given fine k-weighted tree y = (I', w) rooted
in eg, we introduce below three polynomials F,(y), A.(y), G.(y) € k[I'], defined
<~ <~
recursively through the weight function w: E(T') — k, €'e — a,, = w(e'e).
Definition 1.7. For every ¢’ € P(I') and every subset J C Ch(e’) we let
Fl=Fi» =[] Xpate)—ae.e) €k[Xparer] C kIT.
ec(Ch(e)\J)

The polynomial F, := Few, is called the fatherhood polynomial of ¢'.
The ancestral polynomial A, = A.(y) of e € I is the polynomial defined
recursively by

A =1 and A, = Fll Apuce) € K[Xe_,. (Xe)ereane(Par(ery] C KITI.
The genealogical polynomial of e € P(I") with respect to ¢’ € Anc(e) is the polyno-
mial

Gee=Goo(y) =A AcFo € k[Xe_,, (Xor) e eAnc(enAncareryy] C kIT].
The polynomial G, = Gy, is simply referred to as the genealogical polynomial

of e.

Remark 1.8. Up to changing the variables, G, .(y) coincides with the genealogical
polynomial G.(y’) of e as an element of the maximal weighted subtree y(¢/) =
((1 €)r, wlr()) of y rooted in €', considered as a fine k-weighted tree disregarding
the inclusion y (¢/) < y.



Vol. 81 (2006) Embeddings of Danielewski surfaces in affine space 55

Definition 1.9. The genealogical matrix of a fine k-weighted tree y = (I", w) is the
matrix M(y) € Matyr)—1,2(k[I']) with the rows M, = (G., X.) € Maty 7 (k[T']),
e e P(I).

2. Danielewski surfaces defined by weighted trees

In [4], the author gives a method to construct a Danielewski surface 7 : S¥ — X over
X = Spec(k[x]) from the data consisting of a fine k-weighted tree y. Here we review
briefly this construction. Then we introduce a new procedure to associate to every
such tree y a second Danielewski surface 7 : S, — X, which comes embedded in a
relative affine space A? = X x Ag.

Notation 2.1. Throughout this section, we fix a field k of characteristic zero. We
let A = k[x], X = Spec(A) ~ Al, and we denote by X, ~ Spec(A,) the open
complement in X of the origin xo € A}(. We consider Danielewski surfaces over the
fixed base X. We denote by pry : Ak = Spec(A[X,._,]) — X the trivial line bundle
over X. The additive group scheme with base X is denoted by G, x = Spec(A[T]).

Abstract Danielewski surface defined by a fine k-weighted tree. Given a fine
k-weighted tree y = (I', w) of height & = h(I") with leaves e, ..., €n.m,, We
construct a Danielewski surface 7 : §¥ — X as follows. Using the maximal weighted
subchains

Vei,m,- = ei,m,-), w) = {ep = €0 <€1<-"<€m-1< ei,mi}ws i=1,...,n,
of y, we define a collection of polynomials

nm;—

0= {Oi = Z_,-:ol w(ei,jei,j+1)xj € k[x]}

i=1,...,n"

For every i # j, welet g;; = x " (0 — 0;) € Ax. These transition functions g;;
satisfy the cocycle relation gy = g;j + x" "™ gj; in A for every triple i # j # k.

22. We let 7: S¥ — X be the X-scheme obtained by gluing n copies S; =
Spec(A[T;]) of A% over X, by means of the A,-algebra isomorphisms

it AT = AJTYL Tre> gy +x™ ™ Ty, i#j i j=1,....n

Since y is a fine k-weighted tree, it follows from 2.8 in [4] that S is a Danielewski
surface 7: S¥ — X. The irreducible components of 71 (xp) are the curves C; =
7 Y xp) NS ~ Spec(k[T;]), i = 1,...,n. It comes equipped with a canonical
birational X-morphism ¢ : SV — Ai( = Spec(A[X,_,]) corresponding to the sec-
tion s, , € BY = I['(S¥, Ogr) with restrictions s,_,|s, = o; + x™T; € A[T;],
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i = 1,...,n. By Theorem 3.2 in [4], every Danielewski surface 7: § — X is
X-isomorphic to an abstract Danielewski surface w: S¥ — X obtained by this pro-
cedure.

2.3. A Danielewski surface w: § — X admits nontrivial actions of the additive
group scheme G, x. Indeed, since by definition S|y, is isomorphic to the trivial line
bundle Aﬁ(* = Spec(Ax[X._,]) over X, there exists r > 0 such that the A-derivation
x™0x,  extends toalocally nilpotent A-derivation d of I'(S, Oy), corresponding to a
nontrivial G, x-action on S. By Proposition 2.12 in [4], every nontrivial G, x-action
on a Danielewski surface S? is induced by the extension 9, , to BY of a locally
nilpotent A-derivation ax’”a;(L1 of BY ®4 Ay >~ Ax[X._,], where m > h(I") and
a € A\ {0}. We denote the corresponding G, x-actions on A}( and S7 by ¢, ,, and
tZ,m respectively. On the open subsets S; = Spec(A[T;]), tg,m coincides with the
twisted translation t, ,,—,; defined by the group co-action homomorphism

ATl — AlT, TI =~ AlTil ®a AIT], Ti—> Ti+ax™™T, i=1,...,n

The canonical morphism v : SV — Ag( is G, x-equivariant when S and A}( are
equipped with the G, x-actions ¢, ,, and ¢, respectively.

Example 2.4. The collection of polynomials o corresponding to the following fine
k-weighted tree y = (I', w) with leaves ey, 1, 2,1, €32, €42

€11

/’ ()
€o 1 e _—-.
Oé 0—e 11

—1 ~—~e

e €4,2

€21
iso = {1, =1, x, —x}. The associated transition functions g = {g;;}1<i<j<4 are

gn=gu=-2x"" gn=-gu=x"(x—1),

g3 =—gu=x""(x+1.
The gluing homomorphisms {7;;}1<; < <4 are given by

T ke, x IT;] — klx, x 1751,

gij+ 1, if @, j)e{(d,2),3, 4},
H

T
gij +xTj, if G, j) € {(1,3),(1,4),(2,3), (2, 4)}.
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The G, x-action t}l/’2 on w: SY — X is a non-free action which restricts on S; =
Spec(A[T;]) to the action

T, +xT, ifi=1,2,

T, +T, ifi=23,4.
Letting P(t) = 12 — 1 € k[t], we will see in Example 3.2 below that S¥ is X-

isomorphic to the Bandman and Makar-Limanov surface [1] S C Spec(k[x][y, z, u])
with equations

xz—yP(y)=0, yu—zP(i)=0, xu— P()P(z) =0,

T, —

and that t’l/ , coincides with the action on § induced by the triangular derivation

3.2 =x23y+x(3y*— 13, +Q2P(»)(3y*~1)z+2xy P(2))8, € Derg (k[x1ly, z, ul).

Embedded Danielewski surface defined by a fine k-weighted tree. Given a fine
k-weighted tree y = (I', w), we construct a Danielewski surface 7 : S, — X which

comes embedded in a relative affine space A‘;((F), where d(I') = Card(P(I")) + 1.
These surfaces are canonically equipped with the restrictions of certain actions of the
additive group G, x on the ambient space A?((F) , defined by explicit locally nilpotent
derivations.

2.5. Given a fine k-weighted tree y = (I', w), we let A[['] = A ®; k[['] =~
AlX._,, (Xe)eep)] (see Definition 1.6). We let 1\71(7/) € Matyr)2(A[T']) be the
matrix with the rows M, , = (x,1) and M, = (G.(y), X.), e € P(I'), ie

M(y) = (M,_,, M(y)), where M(y) € Matyr)—1,2(k[I"]) denotes the genealogical
matrix of y (Definition 1.9).

Definition 2.6. Given a fine k-weighted tree y = (I', w), we let I, C A[I'] be the

ideal generated by the simplified genealogical minors of M (y)
Ae’,e=Ae/,e()/)=A;1 det(Mpyr(ery, M) €A[T), (e, e)eP(I') x ({ e)r. (2.1)

We let B, = A[I']/1,, and we let w: S, = Spec(B,) — X be the corresponding

closed sub- X-scheme of the relative affine space A‘)i((r) = Spec(A[I']).

2.7. By construction, A, := Ay = xX, — G, € A[(Xe)ere(le)rUfe,)] for every

e € P(I'), whereas A, , = (XParz(e’) — apar(e’),e') Xe — Xpar(e)Ge' e fOr every pair

(e, e") € P(T') x (({ e)r \{eo}). As a consequence, for every tripleey < ¢’ < e <e
in P(I"), the following relations hold in A[I']:

Ae/Ae/,e = XPar(e’)Ae - APar(e’)Xea
XAy o= (Xparz(e/) — APar(¢'),e') Ae — Apar(e)Gel e 2.2)
(Xparz(e”) - aPar(e”),e”)Ae’,e = (Xparz(e/) - aPar(e/),e’)Ae”,e - Ae”,e’Ge/,e-
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2.8. If y = (I', w) is the trivial tree with just one element e, then the first projection
m: S, = Spec(k[x][X._,]) — X is a Danielewski surface. Similarly, if I" has
height 1, then G,, € k[X._,] is a monic polynomial with simple roots a., . =
w(éo_e) € k, e € Ch(eg). Therefore,

w: S, = Spec(A[l']/1,) = Spec(k[x][Xe_,, Xegl/xXey — Gog(Xe_)) — X

is a Danielewski surface, and the irreducible components of 7~ (xp) are the curves
C. =~ Spec(k[X,,]) with defining ideals I}, , = (I, Xe_| — @eey) C A[l'], € €
Ch(ep). More generally, we have the following result.

Theorem 2.9. Foreveryfine k-weightedtreey = (I', w) withleavesei p,, ..., enm,,
w: Sy — X is a Danielewski surface. Furthermore, the fiber 7V (x0) is the disjoint
union of the curves Ce,‘.m[ ~ Spec(k[Xel.,m[_fl 1) with defining ideals

Iy,e,-_mi =y, x, (Xe,',j_l _aei,j,e,;j_,_l)OSjgmi—l) CA[T], i=1,...,n.

The proof is divided as follows. In 2.10, Lemmas 2.11 and 2.12 below, we show
that S, is an integral scheme. Then, in Lemma 2.13, we describe explicitly the
irreducible components of 7~ (xo).

2.10. We firstobserve that S, restricts to the trivial line bundle A;(* = Spec(Ax[Xc._, ]
over X,. Indeed, the second relation of (2.2) guarantees that the ideal 1, A,[T"] of
Ax[T] = A[l'] ®4 Ay is generated by the polynomials x'Aa, = X, — x71G.,
e € P(I"). Since G, only involves the variables X,/, where ¢/ € Anc(e), we re-
cursively arrive at an A-algebra isomorphism A, [I"']/I, Ax[T'] >~ A,[X._,]. Thus
S, is a Danielewski surface with base (k[x], x) provided that x is not a zero divisor
in B, and that B, /x B, is isomorphic to a nonempty direct product of polynomial
rings in one variable over k. Indeed, the first condition guarantees that the canonical
map B, — B, @4 Ay >~ Ax[X._,]1is injective. In turn, this implies that B, is a
sub-domain of A,[X._,]. The second one means equivalently that the fiber 7~ (x0)
decomposes as a nonempty disjoint union of affine lines A}(.

To show that x is not a zero divisor in By, it suffices to find a covering of S,, by
principal affine open subsets ¥; = Spec(B;) such that x is not a zero divisor in B; for
everyi =1,...,n.

Lemma 2.11. Ify = (T, w) if a fine k-weighted tree with the leaves ey, . . ., e,, then
Sy is covered by the principal open subsets Y; = Spec(A[T'l[T]/(1,, A, T — 1)),
i=1,...,n.

Proof. For every e € P(I') the polynomials Fge/} € A[Xpar(e)], € € Ch(e) generate
the unit ideal of A[Xpa(e)] as y is a fine k-weighted tree. Therefore, there exist
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polynomials A, € A[T'], ¢’ € Ch(e), such that
Ae=Ac Y AFf = 3" A4,
¢’eCh(e) ¢’eCh(e)

It follows by induction that the image of A., = 1 in B, belongs to the ideal generated
by the images a; € B, of the ancestral polynomials A, of the leaves of I'. This means
equivalently that the open subsets Spec((By);) =~ Spec(A['|[T1/(,, Ae; T — 1))

cover S,. O
Lemma 2.12. For everyi = 1,...,n, Y; is an integral scheme.

Proof. Letus denote by ej = ¢; j, j =0, ..., m = m;, the elements of the maximal
subchain (| e; ,;)r of I' associated with the leaf ¢; ,,,,. Foreveryi =1,...,m — 2,

the polynomial A, divides A,,,. Similarly, for every e € P(I') \ (| e;), the first
common ancestor of e and e, is an element ¢;, i < m — 1, such that ¢/ = Ch(e;) N
(I e) # eit1, and so (X,,_, — a,, ) divides A,,. Therefore, these polynomials
become invertible in A[I"]4, . We claim that the ideal I, A[T']4, is generated by
the polynomials

S = Ayt Doy ==Xy —lepery) + Ap X Xe, i=1,...,m =2,

e e P\ ( em),
Anc(e, ep) = ¢;,
¢’ = Ch(e;) N ({ o)r.

-1
88,‘,6 = (Xe,-_l - aei,e’) Aei,e
-1
=X, — (Xei_l - aei,e’) Xei Gei,ea

Indeed, the second relation of (2.2) guarantees that the polynomials A,, where e €
P() \ (I em)r, can be expressed in A[[']4,, in terms of the J.;’s and &, ’s. In
turn, we deduce from the first and the third ones that all the polynomials A, .,
(e, e") € P(T') x (({ e)r \ {eo}) belong to the ideal of A[T']4,,, generated by the §,,’s
and the §,, .’s. Since the polynomials A., and G, . above only involve the variables
corresponding to the elementsin (| e;_2)r and (1 ¢)rN({ Anc(e))r respectively, we
conclude by induction that there exists a nonconstant polynomial P € A[X,, _,]such
that A[T']4,, /Iy All']a,, =~ A[X,,_,]1p. Since A is a domain and P is nonconstant,
it follows that (B, ), >~ A[X,,_,]p is a nonzero domain too. O

Summing up, we have established that for every fine k-weighted tree y,
m: S, — X isanintegral affine scheme restricting to the trivial bundle A}(* over X.
The following result completes the proof of Theorem 2.9.

Lemma 2.13. Forevery fine k-weightedtreey = (I', w) withleaves ey, ..., enm,,
the fiber w1 (xq) of m: S, — X is the disjoint union of the curves Cez,m,- ~
Spec(k[Xel.’ml_f1 1) with defining ideals

IVsei,mi = (Iya X, (Xei,j_l - aei,j,ei,j_*_l)OSjSmi—l) - A[F]a i = la s



60 A. Dubouloz CMH

Proof. We proceed by induction on the height & of I'. If & = 0 then S, =
Spec(A[X,_,]) and 7N (xg) ~ Spec(k[X._,]). Otherwise, if Ch(eg) # ¥ then, since
y is afine k-weighted tree, it follows that the polynomials X, | —ae ., ¢ € Ch(ep) are
pairwise relatively prime. Therefore 7 N xo) = Spec(A[I']/(x, I,,)) decomposes as
the disjoint union of curves D, = Spec(A[I']/(x, X.o_, —dey.es 1)), e € Ch(eg). We
let y(e) = (I'(e), wlr(e)) be the maximal fine k-weighted subtree of y rooted in e.
Clearly, the ideal (x, X,_, — dey,e, I,) coincides with the ideal I, C A[I'] generated
by x, X¢_, — de,,. and the polynomials

Geer(¥), ¢ € P(I'(e)),
Agr e (), (¢',e") € P(I'(e)) x (Ancre)(¢)),
e’ € P(I)\ ({eo} UP(T'(e))),

Se,e’ = (aeo,e - aE(),e”)Xe’ — XgoGe’e/(y)v {e,, — Ch(eo) n (\L 6/) ;é e.

By definition, we have A[I'(e)] = A[X._,, (Xo)eepm)] = Al[Xey, (Xe)erep)] as
eg ¢ I'(e). This choice of coordinates yields the identities

G (y(e)) = Ge,e/(y)’ e e P(I'(e)),
Gero(y(e)) = Gero(y), (¢,€") e P(I'(e)) x Ancr(y(e),

and we conclude that A[T"]/(x, Xe_, — aege, 1)) = A[T']/1. = A[T'(e)]/(x, I/ (e))-
This means equivalently that 7 ~! (x) is isomorphic to the disjoint union of the fibers
n)/_(le) (xo) of the corresponding surfaces 7y ) : Sy) — X, e € Ch(ep). Since the

fine k-weighted tree y (e) has height 4 — 1, it follows from our induction hypothesis
that these fibers are nonempty and reduced, consisting of disjoint unions of affine
lines A,i. So the same holds for 7 ~!(x¢). Finally, the precise description of the
irreducible components of 77! (x() follows easily by induction again. O

Remark 2.14. A Danielewski surface 7 : S, — X = A,i is a flat (or rather a smooth)
X-scheme. In general, the scheme 7 : S‘V — X with defining ideal fy generated only
by the polynomials A,, e € P(I"), is not flat over X. The above discussion together
with the second relation of (2.2) imply that §,, coincides with the flat limit over X
of the trivial family of affine lines S’y Ix, =~ Aﬁ(* defined by the equations A, = 0,

e € P(I'), in A‘;((*F) = Spec(A,[I']). This explains why the polynomials A, .,
(e, ) e P(T') x (4 e)r \ {eo}), should be added to the obvious ones A,, e € P(I'),
to define the surface S, .

The following result shows that the embedded Danielewski surface w: S, — X
defined by a fine k-weighted tree y = (I', w) admits nontrivial actions of the additive
group G, x, which come as the restrictions of certain G, y-actions on the ambient

space Agl((r) .
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Proposition 2.15. Let y = (I', w) be a fine k-weighted tree of height h > 0. Then,
foreverym > h and every a € A\ {0}, the derivation 9, 4, € Ders(A[T'], Ax[T'])
defined recursively by

E3}/,a,m = axmaXe_l +x_1 Z éy,a,m(Ge(V))aXe
eeP((I')

is a triangular derivation of A[I'] inducing a locally nilpotent A-derivation 0y 4 m
of By.

Proof. Tt suffices to prove the assertion for the derivation 8 = Oy, 1,n as 5%0,,,, =
ax™="3. For every e € P(l") at level i < h, the polynomial G, only involves
the variables Xo and X/, ¢’ € Anc(e) So we conclude recursively that é(Xe) €

x=ITALX, 1» (Xe)e’eAnc(e)]- Thus d restricts to a triangular A-derivation of A[T'].
By construction, J annihilates A, for every e € P(I'). Moreover, xa(Ae e) =
8(er 1) € I, for every pair (e, e) € (P(D)\ {eo}) x (4 e)r \ {eo}) by virtue of
(2.2). Thus 5(Aer,e) € I, as I, is a prime ideal which does not contain x. Hence
5(Iy) C I, and so, d induces a locally nilpotent A-derivation 9 of B, . O

Example 2.16. We consider the following fine k-weighted tree y = (I, w) with the
leaves 1,1, 2,1, €32, €42.

el,l

oéo—-<

\0 e42

€2,1

We have A[I'] = k[x][X,_,, X¢,. X,] and

— Xe \P(Xe ;) P(X._ ))P(X.
M) = (f o) P °)>,

where P(1) = t?> — 1 € k[t]. Therefore 7 : Sy — X is the surface with equations

XXeg = Xe  P(Xe ) = 0, Xe 1 Xey — Xeg P(Xey) = 0,
XX€1 - P(Xe_l)P(XeO) = 0

Letting y = X, ,,z = X,, and u = X,,, the locally nilpotent derivation 5);’172 €
Der 4 (A[I']) is simply the derivation 9 2 € Derg[(k[x][y. z, u]) of Example 2.4.
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3. Embeddings of Danielewski surfaces in affine spaces

In this section, we compare the two constructions of Danielewski surfaces by means
of fine k-weighted trees. We describe a certain class of morphisms of Danielewski
surfaces as the restrictions of suitable linear projections.

From abstract to embedded Danielewski surfaces. Here we prove the following
result.

Theorem 3.1. For every abstract Danielewski surface w: S¥ — X defined by a fine
k-weighted tree y = (I', w), there exists another fine weight function w: E(I') — k
on the tree I', and a closed embedding ¢: SV — ASI((F) inducing an isomorphism
between SY and the embedded Danielewski surface S; defined by the fine k-weighted
tree y = (I', w). Moreover, ¢ is equivariant when we equip SV and A(;((F) with the
Gu, x-actions corresponding to the locally nilpotent A-derivations 9, , € Dera(BY)
(see 2.3) and 5);,0,,,1 € Der4 (A[T']) (Proposition 2.15) respectively.

Example 3.2. We consider the abstract Danielewski surface 7: S¥ — X defined
by the fine k-weighted tree of Example 2.4. The canonical morphism v : §¥ —
A}( = Spec(k[x][X._,]) is given by the section s,_, € BY whose restrictions on the
canonical open subsets S; = Spec(k[x][7;]) are given by

=Dt s, ifi=1,2,
Serls, = (=)i*x +x2T;, ifi =3,4.
Letting C; = 7 Y xp)NS;,i =1,...,4,be the irreducible components of 7~ (x¢),
we see that s._, restricts to a coordinate function on every fiber o (y),y € Xy, and
is locally constant on 71 (xp) with the values 1, —1 and 0 on C;, C, and C3 U Cy4
respectively. Therefore, letting P(¢) = (z‘2 — 1) € k[¢], the section x_lse_1 P(s._,) €
BY @) klx, x~!] extends to a section Se, € BY whose restrictions on the S;’s are
given by
2T + 3x T + x*T7, ifi =1,
2T, — 3xT5 + x°T5, ifi =2,
—1 —xT3 4+ x2%&(x, T3), ifi =3,
1 — xTy +x264(x, Ty), ifi =4,

SeolSi =

for certain polynomials &3(x, ), £4(x,t) € k[x,t]. Thus s,, restricts to a coor-
dinate function on C; and C», and is constant on C3 and C4 with the values —1
and 1 respectively. Again, x_lP(seO) € By, ® klx, x~1] extends to a regular
function on S3 U S4 C SY which restricts to a coordinate function on C3 and Cjy.
Clearly, x ! P(s._,) P (s,,) extends to a section s,, € BY with the same property as
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P(se_)|lc; = —1,1 = 3,4. The A-algebra homomorphism A[X. |, X,,, X¢,] —
BY, X, > s, defines a closed embedding ¢ : S¥ — A3, inducing an X-isomorphism
between ¥ and the embedded Danielewski surface Sj; defined by the fine k-weighted
tree y = (I', w) of Example 2.16.

3.3. To prove Theorem 3.1, we proceed in a similar way as in the previous example.
More precisely, given an abstract Danielewski surface S¥ defined by a fine k-weighted
tree y = (I', w), we construct in 3.4 and Lemmas 3.5-3.7 below a fine weight function
w: E(I") — kon I and a collection of sections s, € BY, e € P(I') U {e_;}, which
define a closed embedding ¢ : SV — A‘)i((r) inducing an X-isomorphism ¢: SV =
S; between S and the embedded Danielewski surface defined by the tree y = (", w).

3.4. Given a fine k-weighted tree y = (I', w) with the leaves ey y,, ..., es.m,, W
denote by 7;: BY = I'(§Y, Osr) — A[T;] the localization homomorphisms cor-
responding to the canonical open covering of the abstract Danielewski surface SV
by the open subsets S; = Spec(A[T;]),i = 1,...,n. The canonical X-morphism
v SV — Ak = Spec(A[X,_,]) (2.2) corresponds to the section s,_, € BY such
that

mj
Ti(se ) =Y wijx/ € A[T;],
j=0
where
w - = JWeijeijrn), if0<j=m—1,
T if j =mj.

For every e € I', we let

Co= || @ 'eonsy=spec( [  SpectnD).
{ei,m; eL((Te)r)} {ei,m; eL((Te)r)}

If y has height 7 = O then I' is the trivial tree with one element {eg} and v : S¥ — Ak
is an isomorphism. Otherwise, if 4 > 1, then we have the following result.

Lemma 3.5. If h > 1 then there exists a fine weight function w: E(I') — k,

e'e — ay , defining a fine k-weighted tree y = (I', W), and a collection of sec-
tions (Se)eeP(T)Ufe_;} € BY with the following properties.

a) Foreverye; j € P('), s, ; = x_lGel.’j(f)(sL1 s Seqs Sej s -+ Sei i 1)
b) If Ch(e; ;) = {ei|, j+1,---, € j+1} thensel.’j_1 is constant on Cei,,,‘+1 c 7 (xg)
with the value de, ;. ¢;, ;,, €k, 1 =1,....r.

c) Foreveryleafe; m; of T', s, .., induces an coordinate function on C,;, == A}(.
R

€i,m;
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Proof. We construct the weight function w and the sections s, by induction as follows.
For every m = 0, ..., h, we denote by I'), the subtree of I" with the elements e € I"
at levels [ < m. At step m, we suppose that the weight function w,,: E(T';;,) —
k is constructed on I',,, as well as the sections s, for every e € I',,_, and we
define the sections s,, ¢ € I';,—1 \ [';;—2. Then we extend w,, to a weight function
W1 E(Cpy1) — k.

Step 0. Welets,_, € BY be the section corresponding to the canonical morphism
v SV — A;(. By definition, 7; (s._,) = w; 0+ x&; for acertain §; € A[T;] for every

i =1,...,n. Thus b) is satisfied provided that we define the weight function w; on
I'1\ {eo} by
dey,ei) = Wi(€oei1) = Se_ylc,,, = wipo €k

for every e; 1 € Ch(ep). Note that if ;1 = ¢; 1, then w; o = wj o as w; 0 # w;j,o
if and only if e is the first common ancestor of the leaves e; », and ej ;. Thus
y1 = (I'1, wy) is a fine k-weighted tree and we are done with Step 0.

Step 1. By construction, the rational section x‘lGeO()h)(sy,efl) € BY @4 Ay
extends to a section s,, of BY satisfying a). Since y is a fine k-weighted tree,
we deduce from Taylor’s Formula that for every i = 1, ..., n, there exists a pair
(ai1 = Fe{fi’l}(w,-’o), Bi.1) € k* x k depending only of the subchain (| ¢; 1)r, and a
polynomial &; 1 € A[T;] such that

Ti(Seg) = @i 1w 1 + Bi1 +x&i1 € A[Tq].

Thus, if e; 1 is a leaf of I' then w; 1 = T; and so ¢) is satisfied. Otherwise, if ¢; >
and ej 5 are children of ¢; ) then o; 1 = oy = ;1 and Bj1 = Bjr1 = Bi1 as
ej1 = ey = e;1, whereas w; | # wj 1 as y is a fine k-weighted tree. Thus
2 = (I'2, W) is a fine k-weighted tree for the weight function wy: E(I'2) — &
restricting to w; on I'y C I'; and such that

~ - .
ejy.en = W2(€51€i2) = Seplc,,, = (@iowi1 +Bi) €k, i=1,....n

By construction, b) is also satisfied. This completes Step 1.

Step m, m > 2. By induction hypothesis, y,, = (I'),, Wy,) is a fine k-weighted
tree, and the sections s, € BY, e € I',,_, satistying the hypothesis of Lemma 3.5
have been defined. So the formula

—1 ~
sei,m—l =X Gei,m—l (Vm)(se_l s Seqs Sei,la B Se,'.m_z)

makes sense and defines an element of BY ®4 A,. Similarly as in Step 1, we
deduce from Taylor’s Formula that for every j = 0, ..., m — 1 there exists a pair
(@i, j, Bij) € k* x k depending only on the subchain (| e; j)r, and a polynomial
€ j € A[T;] such that

Ti(Se; ;1) = Qe; jiye;; T X (@i jwij+1 + Bi.j) +x*& ; € ALT;].
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By applying Taylor’s Formula again, we conclude that there exists a pair (&; s, Bi.m) €
k* x k depending only on the subchain (|, e; ;,)r and a polynomial §; ,, € A[T;] such
that

Ti (Se,-,m,l) = 0 Wi m + Bim + xEim € A[T;].

Thus, if eim—1 € e]"mj) then e; ,—1 = €jm—1 and so Tj(sei,m—]) € A[T]] Oth-
erwise, for every index j such thate; ,,—1 & ({ €jm j)r, the first common ancestor
of ¢; ,,—1 and €j.m; is an element e; ; = ¢;; atlevel | < min(m — 2, m; — 1). Thus
(Xej —Etej,l,ej,m) divides the genealogical polynomial G, ,, _, (Vi) of €; 1. Since
Tj(Sej .y — dejy.eji1) € XALT}], we conclude that

XTj (Se,-,,,,_l) = Ge,-,m_l ()71’”)(1:] (Se_l)a Tj (se,-_o)a T (se[,1)7 e T (Se,-’m_z)) € XA[Tj]-

Thus 7;(se;,,_,) € A[T;] for every j = 1,...n, and hence, sy, ;,,_, € B”. If ¢;
is a leaf of I" then w; ;, = w; m; = T; by definition. Thus s, , _, satisfies a) and c).
Finally, the same argument as in Step 1 shows that y,,+1 = (I'+1, Win1) is a fine
k-weighted tree for the weight function wy,+1: E(I';;4+1) — k restricting to w,, on
Iy C Tiy+1 and such that

~ ~ «
Qe m.eimr1 = wm+1(ei,m€i,m+l) = Se; m—1 |C(e;7m+1) = (ai,mwi,m + ,Bi,m) €k,

whenever e; ,, is not a leaf of I'. This completes Step m as b) is satisfied by construc-
tion.

After h = h(I") steps, the above procedure stops, and we obtain a fine k-weighted
tree y = ¥, = (I', wy) and a collection of sections (s¢)ecp()ufe_;} € BY satisfying
conditions a), b) and c¢). This completes the proof. O

The following lemma implies the first assertion of Theorem 3.1.

Lemma 3.6. The X-morphism ¢ : S¥ — A‘;((F) induced by the A-algebra homomor-
phism¢*: A[l'] - BY, X, +> s., e € P(I'")U{e_1}, is a closed embedding inducing
an X -isomorphism ¢: S¥ = Sy

Proof. By construction, s,_, corresponds to the canonical birational morphism
v SV — Ai(, whence induces a X,-isomorphism S”|x, = Aﬁ(*. By b) of
Lemma 3.5, for every pair ¢; p,,, €;, m; of leaves of I" with first common ancestore € I,
the section spur(.) takes distinct constant values on Cei,mi and Cei’mj. Thus ¢ distin-
guishes the irreducible components of the fiber ~L(xp). Finally, ¢) of Lemma 3.5 im-
pliesthatforeveryi = 1,...,n,s,,, _, inducesacoordinate functionon C, ,, =~ A}C.

This proves that ¢ : §¥ — A’;((r) is an embedding. By construction, *(A.(y)) =0
in B” for every e € P(I'). Thus x£*(Ay (7)) = (*(xAy(y)) = 0 for every
(e, ) € (P(I") \ {eo}) x ((J e)r \ {eo}) by virtue of (2.2), and so, {*(A¢ (7)) =0

€im:
Lm;
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as BY is an integral A-algebra. This proves that the image of ¢ in contained in the
embedded Danielewski surface S;. It is clear by construction that the induced X-
morphism ¢: ¥ — S restricts to a bijection between the sets of closed points of
§7 and S respectively. So the result follows from Zariski’s Main Theorem as S is
smooth over k, whence, in particular, normal. O

The following result completes the proof of Theorem 3.1.

Lemma3.7. Foreverynontrivial G, x-actiont, 4 , (2.3) onan abstract Danielewski
surface w: §Y — X defined by a fine k-weighted tree y = (I, w), the closed

embedding ¢ : S7 — A‘;((F) in Lemma 3.6 is equivariant when we equip A(;((F) with

the G, x-action induced by the locally nilpotent A-derivation 5);76,7," € Der4 (A[T])
(Proposition 2.15).

Proof. By definition (see 2.3), the twisted translation £, 4 ,, on S” is induced by
the extension 9, ,, to BY of the locally nilpotent derivation 6, , = ax™ 8Xe,1 of
BY @4 Ay =~ Ay [X, ,], where m > h(I') and a € A\ {0}. By construction, for
every e € P(I'), we have s; = x " 'Go(7)(Se_,, Seg» - - - » SPar(e)) € BY C Ay[X. ]

and so,

0a,m (Se) = x! Z 8Xe/ Ge();)(seq ySegsr v s SPar(e))aa,m(se’) € BY®4Ay.
e¢’eAnc(e)Ufe_1}

In view of the definition of 5};’a,m € Dery (A[I']) (see Proposition 2.15), this means

precisely that the embedding ¢: SV — Agl((r) is equivariant when we equip SY

and Agl((r) with the actions corresponding to the locally nilpotent derivation 9, ,
and 95 ¢ - ad

Corollary 3.8. Every Danielewski surface w: S — X equipped with a nontriv-
ial G, x-action is equivariantly X -isomorphic to an embedded Danielewski surface
S, defined by a fine k-weighted tree y = (I', w), equipped with the G, x-action
corresponding to a suitable locally nilpotent derivation 9y 4 m € Dera(B,), where
m > h(l") anda € A\ {0}.

Proof. By Theorem 3.2 in [4], every Danielewski surface S is isomorphic to an
abstract Danielewski surface S” defined by a fine k-weighted tree . Moreover, by
Proposition 2.12 in loc. cit., every nontrivial G, x-action on S? coincides with a
twisted translation ¢, ; ,, for a suitable pair (m > h(I'),a € A\ {0}). So the result
follows from Theorem 3.1. U

Corollary 3.9. Every G, x-action on an embedded Danielewski surface S, defined
by a fine k-weighted tree y = (I', w) is induced by a locally nilpotent derivation
dy.a,m € Derg(By).
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Since the locally nilpotent derivations 9, 4, € Der4 (B, ) are induced by locally
nilpotent derivations 5,,,[,,,,, € Derg (A[I']), we obtain the following result.

Corollary 3.10. Every Danielewski surface w: S — X admits a closed embedding
{: S — A‘)i( into a relative affine space A%, whered > 1, suchthat every G, x-action
on S extends to an action on Agl(.

In particular, if the Makar-Limanov invariant of S is nontrivial, thenz : S — X is
a unique A'-fibration on S up to automorphisms of X. Therefore, the general orbits
of a G, -action on S coincide with the general fibers of 7. This leads to the following
result.

Corollary 3.11. Every Danielewski surface S with a nontrivial Makar-Limanov in-
variant admits a closed embedding into an affine space AZ in such a way that every
Gy k-action on S extends to an action on Ag.

Morphisms of Danielewski surfaces as linear projections. A morphism of Danie-
lewski surfaces is a birational X-morphism 8: S’ — §, restricting to an isomorphism
over X,. In other words, f is an affine modification [7] restricting to an isomorphism
over the complement of the support of the principal divisor 7 ! (xg) = div(x) C S.
Thus, letting S = Spec(B), there exists an ideal / C B containing a power x™ of x
such that S’ is isomorphic to the open subset Spec(B[11]/(1 — x™t)) of the spectrum
of the Rees algebra B[I¢]. In turn, this implies that S’ >~ Spec(B|[, ..., t]/J) for
a certain ideal J. In these coordinates, the morphism 8: S’ — S coincides with the
restriction to S’ of the projection pry: ArS‘H = Spec(B[t1,...,]) = S. Here we
give a more precise description of this situation.

3.12. To every morphism t: ¥y’ = (I'', w’) — y = ([, w) of fine k-weighted tree
(see Definition 1.4), we associate a morphism S;: § ¥ — S between the associated
abstract Danielewski surfaces in the following manner. We let o’ = {alf €AYzt
and o0 = {O‘j < A}jzl .....
y,and we let g’ = {glfj € Ay} and g = {g;; € Ay} be the corresponding transition
functions. We denote by S/ = Spec(A[T/]),i = 1,...,n’, and §; = Spec(A[T}]),
j =1, ..., n,the open subsets of the canonical coverings of § v and SY respectively.
By Remark 1.5, the image of a leaf ¢/ , of I'" by 7 is a leaf ¢;(j).m;;, of I' such

that m; > mj) and t(ej ;) = €j(i),mink,m;) for every k = 0,...,m;.

Since
e—— %
w(te Dr(e .. ) =w'(e e . ,)whenevert(e,,) # t(e. . ), we conclude that
i)t ky1)) = ik€ik+1 ik ik+1)>
there exists a collection 0" = {0" € A};—; ., suchthato/ = 0j() +x" 00/ € A

foreveryi =1,...,n’. Thenforeveryi =1, ..., n’, the A-algebra homomorphism

AlTjh] — A[T]1,  Tj > of +x"ioT
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defines a birational X -morphism ,Bg) : 87 — §j () restricting to an isomorphism over
X,. Since the transition functions satisfy the relation x™'~"® ¢!, = giu)ja) +
xMiO=Mi0 o/ + o forevery i,l = 1,...,n', it follows that these local morphisms

® glue to a morphism of Danielewski surfaces B : S¥ — S¥. By Proposition
3.8 and Corollary 3.9 in [4], for every morphism of Danielewski surfaces 8: S’ —
S, there exists X-isomorphisms ¢’: 8’ — S? and ¢: S — S for suitable fine
k-weighted trees y’ and y such that ¢ o 8 o (¢)~! is the morphism 8, induced by a
morphism of fine k-weighted tree 7: ' — .

3.13. Every morphism of fine k-weighted tree 7 : ' — y factors through a surjective
morphism t": ¥’ — 7(y’) followed by an injection t(y’) <> y. As a consequence,
every morphism of Danielewski surfaces factors through a quasi-surjective morphism
B Y > 5T e a morphism of Danielewski surfaces such that 8/~1(C) # @
for every irreducible component C of the fiber nt_()l//)(xo) c ST followed by the

open immersion of § @) in S as the complement of irreducible components of
T, (xp) € 87 corresponding to the leaves of I which are not in the image of .

3.14. Given a fine k-weighted tree y = (I", w), we consider the tree y = (I", w)

constructed in Lemma 3.5. For every edge e’(_e of I', the weight zI)(e’<_e) € kis
uniquely determined by the weights w of the edges of the subtree of I" with elements
(} Or UUe(je). Ch(e’). Therefore, every surjective morphism of fine k-weighted
trees 7: ' = (I', w') — y gives rise to a surjective morphism of fine k-weighted
trees 7: ¢’ = (I'', ') — y which restricts to the same morphism as 7 between the
underlying trees I and " of 7 and 7 respectively!. Since the subset ' = {¢/ €
I, t=1(z(¢")) = {¢’}} C I'"is a subtree of I'” isomorphic to I, we obtain that

A[l'] = AIT"1®4Al(X o) ereprarnaipry] = AIT1®AAL(Xe)erepryna@pay I-

Moreover, for every ¢ € P(I'”), the genealogical polynomial G, (y’) of €' is
an element of A[T'”] C A[Il''] which coincides with the genealogical polynomial
Gr()(7) € A[I'] of t(¢') via the isomorphism above. In turn, this implies that the
genealogical matrix (see Definition 1.9) M (7) of p is obtained from M (7’) by delet-
ing the rows corresponding to the elements in P(I'’) \ P(I'”’). By construction of the
embedding of SV into A;l((r) as the Danielewski surface S, we obtain the following
result.

Theorem 3.15. Let t: y' = (I'',w') — y = (I, w) be a surjective morphism
of fine k-weighted trees and let T: y' — ¥ be the morphism obtained above. Let

lActually, the functor y + y, T + T is an automorphism of the category 7. u‘) i of fine k-weighted trees
equipped with surjective morphisms.
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4 s s A‘;{(F/) and ¢: SV — A;l{(r) are the embeddings from Lemma 3.6 of sv'
and SY as the Danielewski surfaces Sy and Sj respectively. Then § o = pr//ro¢/,
where pri/r: Agl((r/) — Agl((r) is the projection induced by the inclusion A[I'] ~
A[T"] C A[T].

4. Danielewski surfaces with a trivial Makar-Limanov invariant

The Makar-Limanov [6] invariant of an affine variety V = Spec(B) over a field
k of characteristic zero is the sub-algebra ML(V) C B of regular functions on V
which are invariant under every G, x-action on V. A surface S has a trivial Makar-
Limanov invariant ML(S) = k if and only if it admits two nontrivial G, x-actions
with distinct general orbits. In view of the correspondence between nontrivial G k-
actions G, x x S — S on § and quotient Al-fibrations 7: § - X = S//Gq k. this
means in turn that $ has a trivial Makar-Limanov invariant if and only if it admits
two A!-fibrations with distinct general fibers. In this section, we characterize among
Danielewski surfaces the ones with a trivial Makar-Limanov invariant.

Danielewski surfaces defined by weighted combs

Definition 4.1. A nontrivial (oriented) comb of height h > 1 is a tree I' such that for
every e € P(I") of degree deg-(e) > 1, all but possibly one of the children of e are
leaves of I'. This means equivalently that the subtree Cr = P(I') = {ep < --- <
ep—1} of I' is a nonempty chain of length 4 — 1, called the dorsal chain of T.

A comb rooted in eg.

4.2. By Theorem 5.4 in [4], a Danielewski surface S defined over an algebraically
closed field k = k of characteristic zero has a trivial Makar-Limanov invariant if
and only if it is isomorphic to an abstract Danielewski surface SV defined by a fine
k-weighted comb. This result is based on a characterization of normal affine surfaces
S with a trivial Makar-Limanov invariant in terms on the boundary divisors of certain
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minimal completions S of S (see [3]). Unfortunately, no such criterion exists for a
normal affine surface defined over an arbitrary field k of characteristic zero. However,
the following result shows that the combinatorial characterization of Danielewski
surfaces with a trivial Makar-Limanov invariant remains valid in this more general
setting.

Theorem 4.3. A Danielewski surface S #* A, defined over a field k of character-
istic zero, has a trivial Makar-Limanov invariant if and only if it is isomorphic to
an abstract Danielewski surface SV defined by a fine k-weighted comb. If this is
the case, then there exist an integer h > 1 and a collection of monic polynomials
Py, ..., Py €klt]withsimple roots a; ; ek*i=0,...,h—1,j=1,...,deg,(P),

such that S is isomorphic to the surface Sp,, . p,_, C Spec(k[x][y—1, ..., yn—21[z])
defined by the equations
h—1
Xz — Yh—zl_[Pz(yl—l) =0,
=0
h—1 i
i1 —yivia [ [ Pi-n) =0, xyi —yia[ [Pn-1) =0, 0<i<h-2,

I=i+1 =0

J
Yi-1Yj — Yiyj—1 l_[ P(y-1)=0, 0<i<j<h-2.
I=i+1

4.4. The proof is given in 4.5-4.7 below. We first observe that the condition is
necessary. Indeed, suppose that the Makar-Limanov invariant of S is trivial. We
let y = (T, w) be a fine k-weighted tree such that § ~ §7, and we leti: k — k
be the injection of k in an algebraic closure k. Then the Danielewski surface S; =
S XSpec(k) Spec(lz) — X; = X XSpec(k) Spec(lg) is Xj-isomorphic to the abstract
I_)anielewski surface S7 Xgpec(k) Spec(lz) defined by the tree y considered a fine
k-weighted tree via the weight function i o w: E(I') — k. Since every nontrivial
Gy, k-action on S lifts to a nontrivial action of Ga’ i = Gax Xspeck) Spec(lz) on S,
we conclude that S} has a trivial Makar-Limanov invariant too. Thus the tree y is a
comb by virtue of Theorem 5.4 in [4].

4.5. Conversely, the same argument shows that if S is isomorphic to an abstract
Danielewski surface S” defined by a fine k-weighted comb y, then S has a trivial
Makar-Limanov invariant. Unfortunately, in general, there is no guarantee that a
given G, j-action on S} appears as the lifting of an action of G, x on S. Therefore,
to show that the condition is sufficient, we must proceed in a different way. We will
exploit the fact that S is isomorphic to an embedded surface S, defined by a fine
k-weighted comb y to construct two explicit A!-fibrations on § with distinct general
fibers.
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4.6. By construction, a Danielewski surface S is isomorphic to A}( if and only if it is
isomorphic to an abstract surface S¥ defined by a fine k-weighted chain y. In this case
it is also isomorphic to the surface Sy, defined by the trivial tree with one element
{eo}. More generally, it follows from Theorem 3.10 in [4] that every Danielewski
surface S # Aﬁ( isomorphic to an abstract Danielewski surface S defined by a fine
k-weighted comb y is also isomorphic to a surface S?° defined by a fine k-weighted
comb yg = (I', wo) of height 7 > 1, withdorsalchain Cr = {eg < e; < --- < ep—1},
satisfying the following properties:

a) The root e¢p of T" as at least two children.

b) Foreveryi =0,...,h —2, wo(éiei41) =0 € k.

¢) There exists e;, € Ch(ep,—1) such that wO(M) =0¢€k.

By definition, the restriction of the canonical morphism ¢ : S0 — Aﬁ( to an open
subset S; = Spec(A[T;]) corresponding to a leaf e; ,,, of I' at level m; > 1 is
induced by the section wy (m )x™i~14x™i T; . Thus, by applying the procedure
used in the proof of Lemma 3.5 to this comb yy, we obtain a fine k-weighted comb
10 = (I", wp) with the same underlying comb I'" as yq such that wo(m )=0¢€k
foreveryi =0,...,h — 1.

4.7. By construction of the tree §p, there exists monic polynomials Py, ..., P,_1 €
k[t], of degrees deg(P;) = degr(e;) — 1, with simple roots d, ., € k*, e € Ch(e;) \
{e;+1) respectively, such that Fe, (o) = X, , Pi(X,,_,) foreveryi =0,...,h — L.
Letting y_1 = Xe |, Yo = Xeg> -+ > Yh—2 = Xe, 5,2 = Xe¢,_,» we conclude that
the embedded Danielewski surface Sj) is X-isomorphic to the surface Sp,, ... p,_, of
Theorem 4.3. This shows that every abstract Danielewski surface SV % A}( defined
by a fine k-weighted comb y is X-isomorphic to a surface Sp,... p,_, C A];(H.
Thus, to complete the proof of Theorem 4.3, it suffices to show that a surface § =
SPpo..... P, = Spec(B) has a trivial Makar-Limanov invariant. A similar argument as
in 2.10 shows that B Q. k[z, 1 ~k[z, z‘l][yh_z]. This means equivalently that
the projection rp = pr, [s: § — Z = Spec(k[z]) inan Al-fibration restricting to the
trivial line bundle AIZ* = Spec(k[z, z7'[yn_2]) over Z,. Since the general fibers
of the two projections w1 = pr, |s: § — X = Spec(k[x]) and m2: § — Z do not
coincide, we conclude that S has a trivial Makar-Limanov invariant. This completes
the proof of Theorem 4.3.

Remark 4.8. The same argument as in the proof of Proposition 2.15 applied to the
fibration 7> shows that the locally nilpotent derivation " y,_, of B ®x(z1klz, 7~
k[z,z7 [ yr—2] extends to a locally nilpotent derivation of B, induced by a triangular
k[z]-derivation of k[z][yr—2, . . ., Y—1, x]. This proves that every Danielewski surface
S with a trivial Makar-Limanov invariant can be embedded in an affine space AZ in
such a way that at least two algebraically independent G, y-actions on S extend to
Gy, k-actions on Az.
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Nonconjugated G,-actions on a Danielewski surface. By a result of Daigle [2],
all the G, k-actions on a Danielewski surface Sp,;; = {xz — P(y)} are conjugated
under the action of the automorphism group Aut(Sp 1) of Sp 1.

4.9. This means that for every pair of nontrivial locally nilpotent derivations d; and
0y of B = T'(Sp,1,0Osp,), there exists a k-algebra automorphism ¢ of B such that
¢ (Ker(d1)) = Ker(d). This implies in particular that the fibers of corresponding
quotient Al-fibrations 71 : S P11 — A}( and mp: Sp.1 — A}( have the same scheme-
theoretic structures. By 4.7 above, a Danielewski surface S = Sp, . p,_, = Spec(B)
admits two A!-fibrations 71: S —> X = Spec(k[x]) and 7m2: S — Z = Spec(k[z]).
Moreover my restricts to the trivial line bundle over Z, = Spec(k|[z, z7 '], and a
similar argument as in Lemma 2.13 shows that the fiber (7, ! (0))req decomposes as
a disjoint union of curves isomorphic to the affine line A,l. However, we have the
following result.

Lemma 4.10. Ifh > 2, then s : S = Sp,,....p,_;, — Z is not a Danielewski surface
over Z.

Proof. Itsuffices to show that the intersection of the fiber 7, ! (0) with the complement
of the fiber 7 1(O) is a nonreduced scheme. By (2.2), the defining ideal I, of S\
nl_l 0) ~ A}(* in k[x, x [y_1, ..., yn_2l[z] is generated by the polynomials ¢; =
yi —x i ATl —oPii—1),i = 0,...,h —2andd = z — x 'y o[ 1/=g PL(yi—1)-
We conclude recursively that there exists a polynomial R € k[x, x~1[y_1] such that

d=z—x"y_1(Po(y-1)"R(y_1)
modulo ¢y, ..., cy—2. Since the polynomial Py is nonconstant (see 4.6),
(S\ 7' () N7y (0) = Spec (klx, x "1 [y—1. ..., ya—2. 21/ (s, 2))
~ Spec (k[x, x ' ly-11/x " y-1(Po(y-1))" R(y-1)))

is clearly nonreduced whenever 4 > 2. This completes the proof. O

4.11. The above result implies that if 7 > 2, then the degenerate fibers of 71 and 7>
have different scheme-theoretic structures. Therefore two G, x-actions on Sp,....p, ,
with associated quotient A!-fibrations 771 : § — X and 2: S — Z respectively can
not be conjugated in the sense of (4.9) above. This leads to the following result.

Theorem 4.12. A Danielewski surface S % Sp.1 with a trivial Makar-Limanov
invariant admits two algebraically independent nonconjugated G, i-actions.

As a consequence of this description, we obtain the following characterization of
ordinary Danielewski surfaces Sp 1.
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Corollary 4.13. Let m: S — X = Spec(k[x]), where k is an arbitrary field of
characteristic zero, be a Danielewski surface with a trivial Makar-Limanov invariant.
Then the following are equivalent.

a) S admits a free G4, x-action.

b) S isisomorphic to a surface Sp,1 = {xz— P(y) =0} in Al = Spec(k[x, y, z]),
where P is a nonconstant polynomial with deg P simple roots.

¢) The canonical sheaf wg is trivial.

d) All G, k-actions on S are conjugated.

Proof. The equivalence b)<>-d) follows from [2] and the above discussion. All the
other equivalences can be obtained in the same way as in Corollary 5.7 in [4]. O
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