Interfaces and Free Boundaries 19 (2017), 571-590
DOI 10.4171/IFB/393

Varifold solutions of a sharp interface limit of a diffuse interface model
for tumor growth

STEFANO MELCHIONNA
University of Vienna, Faculty of Mathematics, Oskar-Morgenstern-Platz 1, 1090 Vienna, Austria

E-mail: stefano.melchionna@univie.ac.at

ELISABETTA RoccA

Dipartimento di Matematica, Universita degli Studi di Pavia and
IMATI-C.N.R., Via Ferrata 5, 27100 Pavia, Italy

E-mail: elisabetta.rocca@unipyv.it

[Received 14 June October 2016 and in revised form 21 April 2017]

We discuss the sharp interface limit of a diffuse interface model for a coupled Cahn—Hilliard—Darcy
system that models tumor growth when a certain parameter ¢ > 0, related to the interface thickness,
tends to zero. In particular, we prove that weak solutions to the related initial boundary value problem
tend to varifold solutions of a corresponding sharp interface model when € goes to zero.

2010 Mathematics Subject Classification: Primary: 35R35, 35Q92, 35K46; Secondary: 49J40,
92B05.

Keywords: Free boundary problems, diffuse interface models, sharp interface limit, Cahn—Hilliard
equation, Darcy law, tumor growth.

1. Introduction

The present contribution is devoted to the study of the relations between a diffuse and a sharp
interface Cahn—Hilliard—Darcy model for tumor growth.

The morphological evolution of a growing solid tumor is the result of the dynamics of a complex
system that includes many nonlinearly interacting factors, such as cell-cell and cell-matrix adhesion,
mechanical stress, cell motility and angiogenesis just to name a few. It is clear that mathematics
could make a huge contribution to many areas of experimental cancer investigation since there
is now a wealth of experimental data which requires systematic analysis. At the current stage of
cancer research, most of the mathematical models are built and developed from the following three
perspectives: discrete (microscopic), continuous (macroscopic), and hybrid (micro-macroscopic).
Numerous mathematical models have been developed to study various aspects of tumor progression
and this has been an area of intense research (see the recent reviews by Fasano et al. [12], Graziano
and Preziosi [16], Friedman et al. [14], Bellomo et al. [5], Cristini et al. [7], and Lowengrub et
al. [21]). The existing models can be classified into two main categories: continuum models and
discrete models. We concentrate on the former ones. This category can be subsequently split in two
basic types of models namely the (classical) sharp interface models, where the interface between the
fluids is modeled as a (sufficiently smooth) surface, and so-called diffuse interface models, where
the sharp interface is replaced by an interfacial region, where a suitable order parameter (¢ in what
follows) varies smoothly, but with a large gradient between two distinguished values.
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The necessity of dealing with multiple interacting constituents has led, in particular, to the
consideration of diffuse-interface models based on continuum mixture theory (see, for instance, [8]
and references therein). In the diffuse approach, sharp interfaces are replaced by narrow transition
layers that arise due to differential adhesive forces among the cell-species. The main advantages of
the diffuse interface formulation are:

— it eliminates the need to enforce complicated boundary conditions across the tumor/host tissue
and other species/species interfaces that would have to be satisfied if the interfaces were assumed
sharp, and

— it eliminates the need to explicitly track the position of interfaces, as is required in the sharp
interface framework.

Then, the natural question arises how diffuse and sharp interface models are related if a suitable
parameter ¢ > 0, which measures the width of the diffuse interface, tends to zero. There are already
some results on this question, which are based on formally matched-asymptotics calculations
(cf. the recent work by Garcke et. al. [15]), but so far there are very few mathematically rigorous
convergence results (cf. [25]). This is indeed the aim of the present contribution.

The mathematical technique we exploit here consists mainly in considering the known results
for Cahn—Hilliard equations by [6] and trying to extend them to the coupled Cahn-Hilliard—Darcy
system (first neglecting the nutrient) in the spirit of what Abels et al. (cf. [1] and also [3]) did for
a two-phase fluid model. The problem of dealing with a complete tumor-growth model coupling
Cahn—Hilliard equation for the tumor phase with a non-zero source, Darcy law for the velocity, and
a reaction-diffusion equation for the nutrient (cf., e.g., [10] or [15]) is still open.

Other techniques could also be investigated. For example, recently in [25] the authors exploited
Gamma convergence tools for Gradient Flows systems in order to prove the passage from diffuse
to sharp interfaces for a variant of a different tumor growth model proposed in [17] (cf. also [18])
where the velocity field is not considered and a coupled Cahn—Hilliard-Reaction-Diffusion system
is analyzed. It is worth mentioning that a Gamma-convergence approach cannot be applied to the
problem considered in this paper due to the lack of gradient structure of system under consideration.

The initial boundary value problem we are interested in here is indeed the following one:

09— A+ V- (ug) =0in 2 x (0, 00), (1.1)
uw=—cA¢p + éF’(q&) in 2 x (0, 00), (1.2)

u=—VP + uVé in 2 x (0, 00), (1.3)

V-u=0in £ x (0, c0), (1.4)

V-V =v-Vu=v-u=00n0ad82 x (0, 00), (1.5)

#(0) = ¢o, in £2, (1.6)

where £2 is a bounded subset of R with a smooth boundary 952, v denotes the outward unit normal
vector to 952, F is a double-well potential with minima in —1 and 1, e.g. F(r) = %(1 — r?)?,
and ¢ is a small positive parameter related to the interface thickness. Moreover, ¢g ¢ is a family of
approximating initial data which satisfy a well-preparedness condition (see below). The dynamics of
the phase variable ¢ (and of the chemical potential p) is regulated by the convective Cahn—Hilliard
equation (1.1)-(1.2). The velocity field u fulfills the Darcy’s law (1.3) (here P denotes a pressure)
including the so-called Korteweg term uVe.
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The PDE system we consider here (as well as some generalizations of it) has been already
studied from the point of view of existence of solutions, regularity, and long-time behavior in [22]
(cf. also [19] and [10] for more general models), while the formal expansion method for the sharp
interface limit has been recently performed in [15] again for a more complicated system, where also
the nutrient variable and chemotaxis effects have been taken into account.

The matched asymptotic expansion performed in [15] shows, formally, that system (1.1)—(1.6)
converges, for ¢ — 0, to the sharp-interface limit problem given by

¢ =1in 27, (1.7

¢ =—1in 27, (1.8)

2=V +u-n) = [V,u]ITf -non X, (1.9)
U =okonkX, (1.10)

(W% =0o0n 3, (1.11)
—Ap=0in 2T U Q¥ (1.12)
u=-vPinRTud, (1.13)
V-u=0in 2T UQH, (1.14)
[u]z-n:Oon X, (1.15)

(P15 =20k on X. (1.16)

Here tumor region 27 and the healthy region 2 are two open and disjoint subset of £2 separated
by a smooth interface X~ which moves with normal velocity V. Moreover, o is a constant related to

F(r)
2

to X pointing towards 27, and [ f ]IT1 denotes the jump of f from 27 to 2% across the interface
Y. As for the diffuse interface case we close the system with boundary and initial conditions

L 1 . . .
the potential givenby o = f—l dr, k is the mean curvature of X, n is the outward unit normal

v-u = 0onds2 x (0,00),
v-Vu =0o0n0ds2 x (0,00),
27(0) = 24,

where .Qg is the tumor region at the initial time t = 0.

Our goal is to prove the convergence rigorously. More precisely, in the rest of the paper we
address the following question: under which assumptions on the potential F' do weak solutions of
(1.1)—(1.6) converge to weak/generalized solutions of (1.7)—(1.16)? We show that if F satisfies
proper growth conditions at infinity, which are fulfilled in particular by the so-called standard
double-well potential F(r) = %(1 — r2)2, then the weak solutions of (1.1)—(1.6) converge to the
so-called varifold solutions of (1.7)—(1.16), which are defined in the spirit of [6] in Section 3.

The paper is organized as follows: in Section 2 we introduce some notation and preliminaries we
need in the rest of the paper. In Section 3 we state our assumptions on the data and the main result
of the paper together with the notion of solutions. Finally, in the last two Sections 4, 5 we prove
the main Theorem 4 by establishing suitable a-priori estimates (independent of ¢) on the solution to
(1.1)—(1.6) leading to the passage to the limit as ¢ — 0.
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2. Preliminaries and notation

In this section we fix the notation and recall some known facts about functions of bounded variation
and varifolds.

Given 2 C R? a bounded set with a smooth boundary, d, N € N, X a Banach space with
separable dual space X*, we use the following notations for these functional spaces.

e [P(£2) and L?(£2, X), for p € [1, 0o], denote the standard Lebesgue spaces for scalar and X
valued functions, respectively.

e Co(£22,RN) is the closure of compactly-supported continuous functions f : 2 — R¥, in the
supremum norm.

) Cé‘ (£2), k € NU {oo} is the set of k-times-differentiable compactly-supported functions.

o C¥(2), k € NU {oo} is the set of k-times-differentiable functions such that all derivatives have
a continuous extension on £2.

o Coan(2)={f €Cs°(2): V- f =0}and L2 (2) = Coain(52)

e L? (0,00; X) for p € [1,00) denotes the space of all measurable functions f : (0,00) — X
such that f € L?(0,t; X) forall t > 0.

e M(22:RV) for N € N, denotes the space of all finite R"Y-valued Radon measures. M(£2; R) =:
M(£2).

e BV(£2) is the space of functions of bounded variations.

o L0 (§2; X*) denotes the space of all functions f : 2 — X* that are weakly* measurable and
essentially bounded.

L2(2)

Given f € BV(£2) we denote by Df its distributional gradient and by |Df'| the Radon measure
generated by

|IDf|(A) = sup / fV-Ydx, forall Aopenin 2.
YeCo(4;R9):|Y|<1 /4

Moreover, one can show (cf., e.g., [13]) that there exists a | Df |-measurable unit vector valued
function n such that Df = n|Df |, |Df |-a.e.. We recall that

BV(R2) = {f € L'(R2) : Df € M(2:RY)}

and
I vy = 1f i) + 1P mr(2ma)y = 11/ 1) + |DFI(S2).

Let E be a setin £2. If the characteristic function y g belongs to BV (§2), then we say that E has finite
perimeter and we denote Dyg = ng|Dyg|. Note that, if dF is smooth, then n g is the unit inward
norm to dE . Moreover, we recall that there exists a separable Banach space X such that its dual space
coincide with BV (£2), (cf. [4]). As a consequence the space L%, (0,s5;BV(£2)) = (L'(0,s; X))"
is well defined.

Let now

P =S41/{v,—v}

be the set of unit normals of unoriented (d — 1)-dimensional hyperplanes in R?. A varifold V is a
Radon measure on §2 x P. We define the mass measure || V|| as the Radon measure on £2 given by

V] (4) = // dV(x, p) forall A openin £2.
AXP
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The first variation §V of a varifold V is the linear functional on CO1 (£2;: R?) defined by

(8V,Y) :=// VY :(I-p®p)dV(x,p) forallY e Cl(2;RY)
QxP

and its mean curvature vector H (wherever it exists) is a ||V ||-measurable vector-valued function
on §2 defined by

-V, Y)y={(VI.H - Y)= /Q Y(x)-H(x))d||V| (x) forallY e Col(.Q;Rd).

3. Assumptions and main results

In this section we introduce the main assumptions on the problem data and the statement of the main
results.

Let the potential F be such that F € C3(R), F(£1) = 0, and F(r) > 0if r # £1. Moreover,
let the constants co, Ce, > 0, p = 4 exist such that F”(r) = Ce,|r|?~2 for all r such that |r| =
1 — co. An example of potential F satisfying the above assumption is the classical double-well
potential F(r) = §(1 —r?).

REMARK 1 Note that the same conditions with p > 3 are assumed in [1], where the authors
consider the sharp interface limit of a Cahn-Hilliard equation coupled with a Navier-Stokes
equation, instead of the Darcy’s law (1.3), for the velocity field. Here we need stronger coercivity
assumptions on F as solutions u to the Darcy’s law (1.3) are, in general, less regular than solutions
to the Navier-Stokes equation.

We also assume uniform boundedness of the initial energy. More precisely, let ¢ . € H1(£2) N
L?(£2) be such that there exists a positive constant Ey satisfying

Ec(¢oe) < Eop, 3.1

where the energy functional E, is defined by

1 1
Eo(¢) = /ﬂ (e51V9P + —F(#)dx. (32)

Finally, we ask the initial tumor mass to be independent of &, namely

1

¢0,a = @

/ gbo,sdx = my € (—1, 1)
2

Before stating our main result, let us rigorously define solutions to system (1.1)—(1.6) and system
(1.7)—(1.16).

DEFINITION 2 (Weak solutions to (1.1)-(1.6)) We call (¢, ie, Us) a weak solution to system (1.1)—
(1.6) if these functions belong to the regularity class:

$s € CO([0,00); H'(£2)) N LY (0, 00; H*(£2)) N HL (0, 00; L*(£2)),

pe € L2 (0, 00; L*(£2)), Ve € L?(0,00; L*(R2)),

loc

us € L*(0,00; L3, (2)),
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and the following integral identities hold:

t
/ / (GedeV + dtts - Vi — Vity - Vi) drds = / $e (0 (1)dx — / boey(O)dr,  (3.3)
0 2 2 2

for all Yy € Cs°([0,7] x £2),¢ > 0, and

iEs(aﬁs) + / |V e|?dx + / [ug)?dx = 0, (3.4)
dr Q 2
where
e = —Ape + éF’(qﬁe) a.e.in 2 x [0, 00), (3.5)
Ug = —VP 4+ u:Voe ae. in 2 x [0, 00), (3.6)
v-V¢, = 0a.e. ondf2 x [0, 00), 3.7)
B = [ egaar = [ e3IV6. + L F@dx ac.in 0.0) (38)
Q o 2 )

DEFINITION 3 (Varifold solutions to (1.7)—(1.16)) Let Qg be a set of finite perimeter. Then,
(u, 27, ., V) is called a varifold solution to (1.7)—(1.16) if the following conditions are satisfied:

1. u € L?(0,00; L2(2)), u € L _(0,00; L%(£2)), Vir € L?(0, 00; L?(£2)).
2. 2T can be decomposed as 27 = U;50(27 x {t}), where 22T is a measurable subset of £2.
Furthermore,
xor € C ([0,00); L'(£2)) N L% (0, 00; BV(£2))
and |27 | = [ | forall t > 0.
3. V is a Radon measure on £2 x P x (0, 00) such that V = V*dt where V! is a Radon measure
on §2 x P for almost all ¢ € (0, 00). Moreover, for a.a. t € (0, 00), V! admits the representation

d
/QXP V(x, p)dVi(x, p) = ;/Qb,. ()Y (x, pl(x))dA! (x) (3.9)

forall y € C (Q X P), some Radon measure A’ on £2, and some A’-measurable functions bt,
pi with values in R and P respectively such that

d d
0<bhl<l, Zb{ =1, pr@pf =1 M-ae,
i=1 i=1
and
[Dxerl 1
AL T 207
4. Forevery t > 0 and every ¥ € C§°([0, ] x £2),

(3.10)

t
/ /[2)(9r8,1//—V,uV1//+2)(9ru~V1//]dxds:/ 2)(9r1//(t)dx—/ 2xor ¥ (0)dx.
o Jo y s Q ! Q 0 3.11)
(3.
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5. Foreveryt > 0 and every Y € CJ(2,R?),
—(DXQZT,MY) = /QXQITV-(MY)dx = %(SV’,Y). (3.12)
6. Forevery0 <t <1,

t t
M(Q)Jr/ /ﬂ|w|2dxds+/ /Q|u|2dxds <AY(R). (3.13)
T T

7. For every 1 > 0 and every ¢ € Cgy;,(£2), we have
t t
/ / updxds = / / 2updSds, (3.14)
0 JQ 0 JXg

Let us postpone some remarks and comments on the definition of solutions and state our main
result.

where ¥, = 9227 \ 992.

Theorem 4 (Sharp interface limit) Let the above assumptions be satisfied. Then, there exists a
sequence ¢ — 0 such that the following holds.

1. There exists 27 = U,;o(QtT x {t}) C 2 x [0, 00) such that
¢ > —1 + 201 a.e.in 2 x [0,00) and in C1_17([0,t); L?(82)) foranyt = 0. (3.15)
2. There exists u € L2, (0, 00, ; L2(£2)) such that Vi € L*(0, 00, ; L*(£2)) and
Ue — L weakly in L,zoc(O, o0, H1(2)).
3. There exists u € L?(0, 00; L3 (£2)) such that
us — u weakly in L*(0, 00; L3 (£2)).
4. There exist a Radon measure A and measures A;j, i,j € {1,...,d}, on 2 x [0, 00) such that

es(¢s)dxdt — A as a Radon measure 2 x [0, 00),

i.e., weakly star in M($2, R), (3.16)
€0x; Pedx,; Pedxdt — A;j as a measure on 2 % [0, 00),
fori,je{l,...,d}, (3.17)

where es(¢p.) denotes the energy density:
1 , 1
ee(¢e) = 5§|V¢8| + EF(¢8)

5. There exists a Radon measure V = V*'dt on 2 x P x[0, 00) such that (u, 2T , ., V) is a Varifold
solution of (1.7)—(1.16) in the sense of Definition 3, with dA*(x)dt = dA(x, 1) (where A! as in

(3.13)and A as in (3.16)) and with o = fjl \/ Fgr) dr. Moreover,

/0 (8VS,Y)ds :/0 /ﬂ VY :[dA(x. )T — (dAij(x.9)) 50 4] (3.18)

forall Y in C} (2 x [0,1]; R?) and for all t > 0.
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REMARK 5 Let us now comment on the notion of solutions introduced in Definition 2 and
Definition 3.

1. The weak formulation (3.3) is derived by testing (1.1) with some ¥ € C§°([0, #]x £2), integrating
by parts in time and space, and using the boundary and the initial conditions. We remark that, as
¢s € H'(0,1; L?(£2)), relation (3.3) can be equivalently rewritten as

/ (et + detts - Vi — Ve - Vi)dx = Oae.in (0.1). $o(0) = o.e.
2

2. The energy identity (3.2) can be formally obtained by testing equation (1.1) by @, and (1.2) by
d;¢e, comparing the two, integrating by parts (taking into account the boundary conditions) and
using (1.3).

3. As stated in Theorem 4, A’(£2) is the limit of the energy functional E¢(¢.(r)) as ¢ — 0.
The energy functional for the sharp interface problem is instead given by the interfacial energy:
20|y o T |(£2). A natural question is how the two relate. Modica and Mortola [24] and Sternberg [26]
proved that the functional E, converge to 20|xo7|(£2) in the Gamma-convergence sense with
respect to the topology of L!(£2). As a consequence of this result and of convergence (3.15), we
have that

A(R2) = lim Ee(¢e(t)) = lirgingg(¢s(t)) = 20107 |(82). (3.19)

A second approach to obtain inequality (3.19) is the following. Consider the relation

P /Q Ve |*dx = /9 ee(¢e)dx + /9 Eo (e )dx, (3.20)

where the discrepancy density &, is given by &(¢s) = /2 |Vpe|? — 1/eF (¢). We will prove
that the discrepancy measure is nonpositive in the limit ¢ — 0, namely f o (58(@58))Jr dx — 0 as
& — 0 (see Lemma 7). This yields, by passing to the limit as ¢ — 0 in (3.20), inequality (3.19).
Note that, in general, it is not possible to prove equality in (3.19) even in the simpler case u = 0,
(cf. Section 2.4 of [6]). For example, a strict inequality holds true in case the initial data develop a
so-called phantom interface, i.e.,

2| Dz |(2) = |D lim go.+(0)|(%2) < liminf | Do, |(52).

However, in the case ¥ = 0, under some additional assumptions, e.g., radial symmetry of the
solutions [6] or limit equipartition of the energy: [q (£§:(¢¢)) dx — 0 (which holds true if d < 3)
[20], it is possible to show equality in (3.19). Let us mention that the techniques used in [20] strongly
rely on the gradient-flow structure of equation (1.1)—(1.2) in the case ¥ = 0. Thus, it seems hard to
generalize that result to the system under consideration.

4. Using the definition of V' (3.9), we have that

d
dvi(x, p) = be(x)(?plg(x)dk’(x).

i=1
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Thus, by definition of mass measure of a varifold and as a consequence of the properties of b!, we
get

dv] &) = Z bE(x)dA! (x) = dA!(x).

i=1

Let H! denote the mean curvature vector of V’. Then, by definition, we have, for all ¥ €
Cg (2:RY),

v = (v o) = [ He v v o)

=/ 20mH(x)-Y(x)|Dygor|(x)dx, (3.21)
0 t

where
d|v &

= 3.22
20|D)(_Qtr|(x)dx (3-22)

Note that the two measures d H vt H (x) and |D Xar |(x)dx are absolutely continuous one with
respect to the other as a consequence of relation (3.10). Moreover, m = 1. Furthermore, using
formula (3.12), we have

—(8vh.Y) = —2/{2 Xor V- (uY)dx = 2/9 ungr - Y(x)| Dy or (x)dx

— /9 %ngtr Y [V (), (3.23)

where n or is the unit vector associated with D y or defined as in Section 2. Comparing (3.21) and
(3.23), we deduce

M _
—nor = oH.
Multiplying by nQT,as IthTI =1, we get

n
E:on_qtr-Hzok.

Here k :=n ol " H is the so-called generalized mean curvature. As m > 1, we have that

uw =maok = ok on X.

Thus, relation (1.10) is satisfied up to a multiplicative constant m > 1 (if m = 1, we get equation
(1.10)). We remark that, in general, it is not possible to show m = 1 even in the simpler case u = 0
(cf Section 2.4 of [6]). This is related to a possible gap between the limit of the energy and the
energy of the limit problem as already discussed above. Indeed, under some growth assumptions on
A!, it is possible to show that Af = || %4 H (cf. [6]). In this case, thanks to (3.22), we have

Al =20m|D)(_Qtr| 220|D)(9tr|, (3.24)

which is a quantitative version of inequality (3.19). In particular, this shows that, in the case A’ =
H Ve, .19) and relation m = 1 are equivalent.
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5. From (1.10) and (1.16), we easily deduce
[P1L =2uon 2. (3.25)

Equation (3.14) is obtained by multiplying equation (1.13) by some ¢ € Cgg;, (£2), integrating by
parts, and using (3.25), and the boundary conditions:

t t
/ / u-godxds:—/ / VP - pdxds
o Jeluel o Jeluel
t

t
:/ [P]Z'wdes=/ / 24 - @dSds.
0 X 0 X

6. Equation (3.12) together with (3.18) imply

/ 2xor V- (L)Y )dx = / VY @ [dA(x. )] — (dAij(x,1)) 5, ] foraa.z > 0.
2 ! Q

This relation can be obtained by passing to the limit ¢ — 0 in formula (5.2). Therefore, equation
(3.12) stands as a reformulation of identity (3.5) and of condition u, € 88% (here 88% denotes the
first variation of E;) in the limit ¢ — 0.

7. Inequality (3.13) has the meaning of energy dissipation inequality. It is obtained starting from
(4.1) and by passing to the liminf as ¢ — 0. We remark that equality does not hold in general.
Indeed, we have just weak convergence for V. and u,.

8. Note that, for all ¥ € C§°([0,1] x £2), we have fot Jorugn 0¥dxds = [or jom V(1)dx —
Jorugn V(0)dx and fé Jorugn s - V¥dxds = 0. Thus, the weak formulation of the diffuse
interface problem (3.3) is equivalent to

/0 /.QTU.QH {(¢8 + 1) 8”[[ + ((Ps + 1) Ug * V'(// — V,us . V'l/f}dXdS

= / (¢e(t) + 1)y (r)dx — / (¢o,c + 1)y (0)dx. (3.26)
RTuRH RTURH

By passing to the limit as ¢ — 0 and using the convergence results of Theorem 4, one gets the
weak formulation of the sharp interface problem (3.11). Moreover, equation (3.11) can be formally
deduced as follows. Test equation (1.12) with some ¥ € Cg°(([0,¢] x £2)), multiply (1.14) by
(—1 4+ 2y o), and take the sum getting

t
0= A —(—-142xpr)V- dxds.
[ty = 1+ 2000V s

By integrating by parts and using equation (1.9) and the boundary conditions on p and u, one
obtains

0= / / {(—V,u) Vi + (-1 +2)(9r)u'V1ﬁ}dxds
0o JRTueH
t
+/0 /E ([V,u]z -n—2u n) YdSds

¢ ¢
:/ / {(=V) V¥ + (-1 +2X9T)u.w}dxds+/ / (=2V)ydSds. (3.27)
0 JRTuRH 0 Jx
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Interpreting V' as the velocity describing the evolution of the interface X', we intuitively and formally
have

/ 2VydS = (=1 4+ 2y or)Ydx.
X RTuRHA

By (formally) integrating by parts this relation and substituting into (3.27) and using relations

Jorugn u-Vydx = Oandfé Jorugn 0:¥dxds = [or o V()dx— [or oum ¥(0)dx, we get
(3.11). This suggests that condition (3.11) encodes equations (1.9), (1.12), (1.14), and the boundary
conditions.

4. A priori estimates

In this section we derive some uniform-in-¢ estimates for solutions (ug, ¢, (Le) to system (1.1)-
(1.6). In what follows C will denote a positive constant independent of & which possibly varies even
within the same line.

Let (ue, P, i) be a solution to system (1.1)—(1.6). Integrating identity (3.4) over [z, ¢] and
recalling well preparedness of initial data (3.1),

t t
E¢(e(1)) +/ /Q|VM8|2dxds +/ /g lue|*dxds = E.(¢e(r)) < Ee(gpoe) <C.  (4.1)
T T
Thus, recalling the definition of the energy functional
1 5 1
Ee@s) = | (e51V9: + —F(9))dx,
7] 2 &
we have
1 2 1 ! 2 ! 2
e=|Ve(1)|"dx + = F (¢s(1)) + |V e | dxds + |ue| dxds < C. 4.2)
o 2 g T Je Tt J@

By using p-growth of F for large ¢ and positivity of F”(+1), we get that F(¢) = %(|¢| — 1) for
all ¢ € R. In particular, by using again p-growth of F, we deduce the estimates:

| Ve HLZ(O,oo;LZ(.Q)) <C, 4.3)
H”SHLZ(o,oo;LZ(Q)) <C, 4.4)
”81/2V¢8 ||L°°(O,oo;L2(.Q)) <C, 4.5)
/ |pe(t)|Pdx < C forall ¢t = 0, (4.6)
Q
/ (Ips ()| — l)zdx <eCforallt = 0. (4.7)
Q

Following [6], we define

]
W(p) = / 2F (r)dr, where F(r) = min {F(r), max F(z) + ”2}
1 z€[-1,1]
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and
we(x,t) = W(qﬁg(x,t)) for a.a. (x,1) € £2 x (0, 00).

Note that by definition F(r) = F(r) for all r € [-1,1]. By applying the Young inequality, we
easily estimate

[ 1vwdax = [ \2F@oIVsar < Ego < C. 48)
Q fos
In particular, the functions w, are uniformly bounded in L2 (0, co; W -1(£2)). We now prove that

<
Iwell e % 0,001y
[ pel

E

1 <
C 16 ([0,00); L2(£2))

To this aim let p € C°°(R?) be any fixed mollifier satisfying
0<p<linB;, p=0inRY\ By, / pdx = 1.
By
For any 19 > 0 and any 5 € (0, o], we define

ol (x, 1) = / oM@ (x —ny,t)dy forall x € 2,¢ = 0.
By

Here we have assumed that ¢, has been extended to a small neighborhood of §2 as follows: for any
x ¢ §2 such that dist(x, §2) < 5o, we define

¢8(S + nv(S),t) = ¢8(S - nv(S),t) forall S €0d2,nel0,n0],2=0
where v denotes the outward normal to 052. Note that, by standard properties of mollifiers, we have

H Vol(1) ||Lq(m <Cnp! ”d’a(t)HLq(.rz) <Cnp ' forall 1<gq<p. (4.9)

and

1920090 oy < [ [ [fete =) = i)y

< C/ / |w8(x —ny,t) — we(x, t)|dxdy
2 /B,
< Cn|Vwe®)| 1) < Cn- (4.10)
Here we have used inequality

c1lpr — d2| < IW(h1) — W(g2)| < c2lpr — da2l(1 + || + |21). (4.11)

for all ¢1, ¢p>» € R and some positive constant c¢1, ¢, which follows directly from the definition of
W. We fix 0 < © < t. Taking the difference of equation (3.3) at time ¢ and the same equation at
time t, and using a density argument

[ suowar = [ gucopar = [ t [ 600w = (Tne = g Viaras

:[/ﬂ(_(wa—ua@)w)dms
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forall Y € Hy (£2). Choosing ¥ = ¢ (1) — ¢¢ (t), as it is constant in time, we estimate
[ 6.0 = @) (6200 = g20)ax

-/ /9 (V1 (5) — e () (5)) (V1) — V! (1)) dxds

<([ [ 1vero-vorolaxas) ([ [ 190 -uorpeo] faxas)
T JR2 : Jo

1 ! 4
<Cl-p} sup ||V¢z(t)||L4(m(1+ [ 1o’y as
se(t,t) T L3(£2)

t
+ / |I¢s(s)”24(g) ||”8(s)“%,2(9)ds)
T

1 _ 4
< C =03 (14 19O 20 o122

Al

196 ()1 o 0,001 1) 220 sorr2(2)
<C(t—1)ig L. (4.12)

Here we used estimates (4.3), (4.4), (4.6) together with p > 4, and (4.9) for ¢ = 4. Let now
a, b, c,d be real number such thata = b + ¢ + d. Then,

1
a2=a(b+c+d)§ab+ac+adSab+§a2+cz+d2. (4.13)

Using (4.13) fora = ¢¢ (t) — ¢ (1), b = ¢ (1) = ¢¢ (v), ¢ = ¢ (1) — $¢ (1), and d = ¢ (v) —
¢d (1), and estimates (4.10)—(4.12), we deduce

[#6() = $e(D) |12y < 28t = B2 12 + 2[$(D) = 61 (D) 2
2 [ (960~ 4 (0) (020 - 42(0)ax
2
<C(p+t—t)ig™).
Choosing n = |t — ‘C|%, we get

Ipell .2 <C

C 16 ([0,00);L2(2))
and, recalling (4.11),
lwe (@) = we(@lL1 (@) < I:() = (D 72(0) (C + 16172 (g) + 16D 172(2))
<C(t—1)Ts,
which implies

[[well

| <
C 16 ([0,00); L1 (£2))
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Starting from the elliptic equation p, = —eA¢p, + %F(gbg), it is possible to derive uniform
estimates for . and for the discrepancy density

1
(o) = S|V =~ F (o).
&

Lemma 6 [6, Lemma 3.4] There exist positive constants C and &g such that for every t and
e € (0, &9) the following holds

el g1(2) < C (Es(t) + [IVie(®) |l L2(g2)) -

In particular, for every s > 0 there exists a positive constant C(s), such that || e (1) | L2 (0.5:02(2)) <
C(s).

Lemma 7 [6, Theorem 3.6] There exist a positive constant n9 € (0,1] and continuous
nondecreasing functions M1(n) and M1 (n) defined on [0, no) such that for all € € (0, m) and
allt > 0, we have

/0’ /ﬂ (Es(¢ps)) T dxds < n/ot E.(¢s)dxds + eM,(n) /Ot /9 || 2dxds.

In particular,

t
. + _
lim /0 /Q (Ee(¢)) "dxds = 0. (4.14)

5. Convergence

Starting from the above uniform estimates, we now deduce some convergence results.

Lemma 8 For every sequence ¢ — 0, there exists a (not relabeled) subsequence and a
nonincreasing function E, such that

E¢(¢s(t)) — E(1) forallt = 0.

Proof. Define E.(t) = E (¢:(t)). Note that E,(¢) is uniformly bounded as a consequence
of identity (4.1). Furthermore, the sequence E.(-) is uniformly continuous as a consequence
of monotonicity, of the energy identity (4.1), and of the uniform bounds of Vu, and u, in
L?(0,T;L?(£2)). Thus, the statement of the lemma follows by applying the Ascoli-Arzela
theorem. O

Lemma 9 For every sequence ¢ — 0, there exists a (not relabeled) subsequence and a set 2T C
£2 x [0, 00), such that

We = 20 o1 a.e. in §2 x [0, 00)and in c1 ([O,I]; Ll(.Q))for allt > 0,
¢ — —1 + 207 ace. in 2 x [0,00) and in C 7 ([0, 1]; L2(2)) for all t > 0,
We — p weakly in L? (O, o0; Hl(.Q)),

loc

us — u weakly in L*(0, 00; L3, (2)).
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Moreover,

/ |)(_Qtr — xorldx < Clt — t|% forany 0<7t<t,

Q T

|.Q,T| = |.Q(?| forany t =0, yor € L°°(O, oo;BV(.Q)) and
2O-|DX‘QIT|(Q) < E(@) < E(0).

1,1 :
Proof. As |[we| poo(o,00w1-1(2)) T ”wsucﬁ([o,oo);Ll(ﬂ)) < C and W' (£2) is compactly

embedded in L!(£2), there exists a (not relabeled) sequence ¢ — 0 such that
we — w ae. in 2 x [0, 00) and in C 17 ([0,7]; L (£2)) forall > 0,

for some limit w € C11*7([O, t]; L1(£2)) (cf. [23, Prop. 1.1.4] and [2, Thm 4.4]). Recalling the
definition of w, and estimate (4.11), we conclude that there exists ¢ € C 7 ([0, £]; L?(£2)) such that

¢e > pae.in2x[0,00) andin C17([0,1]; L2(82)) forall £ > 0.

As a consequence of estimate (4.7), we deduce

/ (Ips| — l)zdx < C/ F(¢e)dx < &C.
2 2

Thus, the limit ¢ takes values in {—1, 1}. In particular, there exists a set 27 C £2 x [0, co) such that

Hence, by definition of w, and continuity of F,we get

4 -
w = / 2F(r)dr =20ygot,
—1

where 0 = f_ll VEF(r)dr = f_ll 1F(r)dr. Here we used the fact that F(r) = F(r) for

r € [—1, 1], which directly follows from the definition of F. Let now R ={xe:(x,t)e 2T}
Then, for every 0 < 7 < ¢, we have

1
[ 1xar = rarlor = [ lxor = xorPax = im 5 [ o) - gu(o)Pas

1
< Clt —1]3.

As a consequence of the mass conservation

/ﬂqﬁg(t)dx = /ﬂqﬁodx = my|£2|,

we have

mo

1 +1
1= [ xapax=tim 3 [ @0 + Dax =" |2 = 2]
ko 8*)02 0 2
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Moreover, as a consequence of estimate (4.8), we have [Dwe(t)[(£2) = [Vwe@)ll 1) <
E¢(¢:(t)). Taking the liminf for ¢ — 0 and using the lower semicontinuity of the BV norm, we
conclude
20Dy o7 [(£2) < [Dw|(£2) < E(7).
Finally, convergences
e — p weakly in L,zoc(O, 00, ; Hl(.Q)),
us — u weakly in L2(0, oo; L*(£2))

follow directly from Lemma 6 and estimate (4.1) respectively. O

As a consequence of estimate (4.1) and (4.5), we have that convergences (3.16) and (3.17) hold
for some limit measures A and A;;. Thus, we proved the convergence results stated in Theorem 4.
We now construct the varifold V' and show that the limits u, u, A, and A;; solve the sharp-interface
problem.

We first note that, for any 0 < v < ¢, we have

/,t /g dA(x,s) = lim / /9 es(pe)dxds = / ' E(s)ds.

Moreover, A can be decomposed (in the sense of Radon measures) as follows
dA(x,1) = dAf (x)dt,

where A/ (2) = E(¢) for a.a. t € (0, 00). In particular, using relation (4.1) and the weak lower
semicontinuity of the norm, we obtain

M($2) = E(1) = lim Eq(1)
t t
s—liminf%/ / |V,u8|2dxds+/ / Iuslzdxds}—i-]im Eq(¢s(7))
e—0 T ko] T ko] e—>0

t t
< —/ / |Vu|>dxds —/ / lu|*dxds + E(1) = A"(2),
T JR2 T JR

which is equivalent to (3.13). Moreover, as a consequence of condition 20 |D Xar [(£2) < E(@)

obtained in Lemma 9, we deduce estimate (3.10). Next we study the relation between A;; and A. Let
Y,Z € C (2 x [0,¢];R?) and observe that

/ t L7 vo. 0 vp) - zavas < | t [ v izies@oasas + | t [ 1v1Zie@oaxes

Using Lemma 7, we have that

t
lim/ / Y [|Z . (¢e)dxds < O,
e—>0 Jo Jo

Hence, taking the limit for ¢ — 0, we get

t t
/ / Y- (d)kij(x,s))dxd -Z < / / Y || Z]|dA(x, s). 5.1
0 JQ 0 J
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Thus, A;; are absolutely continuous with respect of A in the sense of measures. Consequently, we
can define the Radon-Nikodin derivative of A;; with respect to A as a A-measurable function v;;
such that

dA;j(x,t) = vij(x,t)dA(x,t) A-ae.

From formula (5.1), it follows that

0< (vij)axa <1 A-ae.

and that
d
(Uij)dxd = Zci v @ Ui  A-a.e.
i=1
for some A-measurable functions ¢; and unit vectors v;, i = 1,...,d. Moreover, they satisfy

d d
0<¢ <1, Zcisl, Zvi®vi=1-

i=1 i=1

In order to construct the varifold V', we observe that, by multiplying equation

1

He = —eAPps + EF’(QSS)

with Y - V¢, for some ¥ € C!(£2; R¢) and integrating over 2, we get

] 4

Y Voeuedx = | Y- Voo - eAde + —F/(g0) )d

2 2 e
= —/ VY : (ee(¢pe) ] — eVee ® Vebe)dx + / s (Po)Y -vdS.  (5.2)
2 992

By passing to the limit for ¢ — 0 in relation (5.2), we obtain, forevery 7 > Oand ¥ € C/ (.Q; Rd),

d
2/9 )(_QtTV -(u@)Y)dx = /g VY : (I — Zci(x,t)vi(x,t) ® vi(x,t))d)kt(x)

i=1
d

= VY : b? 1 — i (X, ilX, d/\t
/g Z l(x)( vi(x,1) ® v (x t)) (x)

i=1

where the coefficients b} are given by

d
bl(x) = ci(x,1) + ﬁ(l —Zci(x,t)).

i=1
Note that

d
0<bi<l, Y bizl

i=1



588 S. MELCHIONNA AND E. ROCCA

Finally, we define p! € P by
Pl ={vi(x. 1), —vi(x, 1)},

V! asin (3.9),and V by
dV(x,t, p) = dV'(x, p)dt.

Moreover, by construction V satisfies conditions (3.12) and (3.18).

Relation (3.11) follows from (3.26) by passing to the limit ¢ — 0, and using the above
convergences.

We are only left to show relation (3.14). To this aim, let ¢ € Cgy,, (.Q; Rd). Then, by using
relation u, = —VP + u.Ve,, for every t > 0, we have

t t
/ / Ugpdxds = —/ / Ve - opedxds.
0 JR2 0 J2

The above convergence results allow us to pass to the limit for ¢ — 0 getting

t t
/ / updxds = —/ / V,LL'(/J(— 1+ ZXQT)d.de.
0 Jg2 0 Jg2 :

Integrating by parts the right-hand side, we obtain

t t
/ / uqodxds:/ / 2uedSds.
0o Jo 0 Jxg

This concludes the proof of Theorem 4.
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