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['-Unitaries, Dilation and a Natural Example

by

Tirthankar BHATTACHARYYA and Haripada SAU

Abstract

This note constructs an explicit normal boundary dilation for a commuting pair (S, P)
of bounded operators with the symmetrized bidisk

I'={(z1+ 22, 2122) : |21], | 22| < 1}

as a spectral set. Such explicit dilations have hitherto been constructed only in the unit
disk [11], the unit bidisk [3] and in the tetrablock [6]. The dilation is minimal and unique
under a suitable condition. This paper also contains a natural example of a I'-isometry.
We compute its associated fundamental operator.
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81. Introduction

This section contains the background and the statements of two main results.
In 1951, von Neumann proved the inequality

IF (DI < supf{[f(2)] : [2] <1},

where T is a Hilbert space contraction and f is a polynomial. A proof, different
from that of von Neumann, emerged when Sz.-Nagy proved his dilation theorem:
Every contraction T can be dilated to a unitary U, i.e., if T acts on H, then there
is a Hilbert space K D H and a unitary U on IC such that

T = PyU" 3.
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Indeed, the proof of von Neumann’s inequality then is

IF DN = 1P f (D)l < [1FU) e < sup{[f(2)] = [2] <1}

because f(U) is a normal operator with o(f(U)) = {f(z) : z € o(U)} C {f(2) :
|z| = 1}.

It has long been a theme of research whether the converse direction is possible.
This means that one chooses a compact subset K of the plane or of C? for d > 1,
considers a d-tuple T = (T1,Ts,...,T;) of commuting bounded operators that
satisfies

IF (D < supflf(2)] : z € K}
for all rational functions f with poles off K and tries to see if there is a commuting
tuple of bounded normal operators N = (N7, Na, ..., Ng) with o(N)C bK, the
distinguished boundary of K, such that

J(L) = Py f(N)|n-

The tuple N is then called a normal boundary dilation. An explicit construction
of such an N has succeeded, apart from in the disk [11], only in the bidisk [3],
although the existence of a dilation is abstractly known for an annulus [1].

The (closed) symmetrized bidisk

I'={(21 + 22, 2122) : |21], 22| < 1}

is polynomially convex. Then, by the Oka—Weil theorem, a polynomial dilation is
the same as a rational dilation. In other words,

lel...T(?d :PHlel-~-N§d\H

for k1,...,kq > 0.

Consider the class A(T") of functions continuous in I' and holomorphic in the
interior of I'. A boundary of I' (with respect to A(T")) is a subset on which every
function in A(T") attains its maximum modulus. It is known that there is a smallest
one among such boundaries. This particular smallest one is called the distinguished
boundary of the symmetrized bidisk and is denoted by bI'. It is well known that
bI is the symmetrization of the torus, i.e., bI' = {(21 + 22,2122) : |21| = 1 = |22|}.

Definition 1. A T-contraction is a commuting pair of bounded operators (.S, P)
on a Hilbert space H such that the set T' is a spectral set for (S, P), i.e.,

1£(S, P)Il < sup{[f(s,p)| : (s,p) € T},

for any polynomial f in two variables.
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Definition 2. A T-unitary (R,U) is a commuting pair of bounded normal op-
erators on a Hilbert space H such that o(R,U) C bI' (this is automatically a
I'-contraction).

Definition 3. A I'-isometry is the restriction of a I'-unitary to a joint invariant
subspace.

The work of the first author and other co-authors showed in [4] that given a
I'-contraction (S, P), there exists a unique operator F' € B(Dp) with numerical
radius no greater than 1 that satisfies the fundamental equation

(1.1) S— S*P = DpFDp,

where Dp = (I — P*P)/? is the defect operator of the contraction P and Dp =
Ran Dp (the second component of a I-contraction is always a contraction). This
operator F' is called the fundamental operator of the T'-contraction (S, P). Our
first major result is the construction of a I'-unitary dilation of a I'-contraction
explicitly. Let F be the fundamental operator of a T'-contraction (S, P) on H. The
I-isometry, discovered in [4], that dilates (S, P) is described below. The space is
H=H @DpPBDp®---, which is the same as the minimal isometric dilation space
of the contraction P. In fact, the second component V' of the I'-isometric dilation
(Tr,V) is the minimal isometric dilation of P. So

P10 O O--
Dp|0 0 O --
V= 01|l 0O0--
010 I 0O--
The first component Tr is
S 0 0 0--
F*Dp |F 0 0 --
0O [F*F 0 --
0 0 F* F --

The I'-unitary dilation is obtained by extending the I'-isometry above. Note that by
Definition 3, every I'-isometry is the restriction of a I'-unitary to a joint invariant
subspace. So the existence of a T-unitary dilation of (S, P) is guaranteed the
moment one produces a I'-isometric dilation. We construct it below.
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The defining criterion of a I'-contraction implies that the adjoint pair (S*, P*)
is also a I'-contraction. Consider its fundamental operator G € B(Dp-), where
Dp. = (I—PP*)'/? is the defect operator and Dp- = Ran Dp. is its defect space.
This G satisfies
(1.2) S* — SP* = Dp+GDp-.

Just as the I'-isometric dilation acts on the space of minimal isometric dilation
of P, it turns out that the I'-unitary dilation acts on the space of minimal unitary

dilation of P. For brevity, let us denote Dp- ©Dp- @--- by [?(Dp~). Note that the
isometry V above has a natural unitary extension U on H @ (?(Dp-). In operator

7. ¢
0 Y

with respect to the decomposition H @& (2(Dp-), where the operators X’ : [2(Dp-)
—H(=H®DpdDp@®---) and Y’ : [>(Dp~) — [*(Dp-) are given by

matrix form it is

Dp- 0 0 --- 0710
_P* 00 .- 00 I
0O 0 0--- and 00 0 ., respectively.

On the same space, the I'-unitary dilation acts. Its first component R is the fol-

(5 3)

with respect to the decomposition ﬁ@lQ(Dp* ), where the operators X : [?(Dp«) —
H and Y : 1*(Dp+) — [>(Dp~) are given by

lowing extension of T:

Dp-G 0 0 --- G G 0 0---
-P*G 0 0 --- 0o G G 0 ---
0 00 - and 0o o0 ¢ G-.-|- respectively.

Theorem 4. The pair (R,U) is a T'-unitary dilation of (S, P).

Note the similarity of the construction to Schéffer’s construction in [11] of
the unitary dilation of a contraction. The crucial inputs are F' and G in the con-
struction of R. After we completed this work, we came to know that Pal [9] has
independently proved the theorem above.
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In the case of any dilation, uniqueness is a natural question, i.e., given T =
(T, T, ..., Ty) acting on H and a dilation N = (N7, N, ..., Ng) acting on K D H,
is it true that any other dilation, say N’ = (N1, N3, ..., N}) on K’ D H is unitarily
equivalent to N? The answer is yes when the compact set K =D = {2z € C: |z| <
1} and the number d of co-ordinates of T is 1 under a certain natural condition
called minimality. If T is a contraction, N is a unitary dilation and the space K is
minimal, i.e.,

K={N"h:he&HandneZ}

then any other minimal unitary dilation of T is unitarily equivalent to N. The I'-
unitary dilation constructed above is minimal. Moreover, it is unique in the sense
described in the theorem below.

Theorem 5 (Uniqueness). Let (S, P) be a I'-contraction on a Hilbert space H and
(R,U), as defined above, be the T-unitary dilation of (S, P).

(i) If (R,U) is another T-unitary dilation of (S, P), then R = R.

(ii) If (R,U), on some Hilbert space K containing H, is another T'-unitary dila-
tion of (S, P), where U is a minimal unitary dilation of P, then (R,U) is
unitarily equivalent to (R,U).

This theorem is special because when K = D x D, then the corresponding
minimality condition does not yield unitary equivalence; see [8].

The last section of this paper, i.e., Section 5, has concrete examples of funda-
mental operators. Fundamental operators are of utmost importance in the study
of I'-contractions, as is clear from the discussion above and also from abundant
use of fundamental operators in the literature. A few notable mentions of the uses
of the fundamental operator are [5, Prop. 4.3 and Thm. 4.4] and [10, Thm. 3.5].
Computing the fundamental operator of a given I'-contraction is usually difficult.
In Section 5, we explicitly compute the fundamental operators of three natural
examples. These examples originate from function theory on the bidisk, which has
been a rich source of examples of I'-contractions; see [4].

82. Elementary results on I'-contractions

This section contains certain preliminary results on I'-contractions. Just as
(2.1) PDp = Dp+P
and its adjoint equation

(2.2) DpP* = P*Dp-.
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have been known since the time of Sz.-Nagy and Foias, we have a crucial operator
equality in the case of a I'-contraction (5, P) that relates S, P and the fundamental
operator F. It is

(2.3) DpS = FDp+ F*DpP.

The adjoint form of this equality involves the I'-contraction (S*, P*) and its fun-
damental operator G. It is

(2.4) Dp.S* = GDp- + G*Dp. P*.

The next lemma gives a relation between the fundamental operators of the two
I-contractions (S, P) and (S*, P*). This can be found in [5, Prop. 2.3]. Hence we
omit the proof.

Lemma 6. Let (S, P) be a I'-contraction and F, G are fundamental operators of
(S, P) and (S*, P*) respectively. Then

(2.5) P*G = F*P*|p,..

Remark 7. If one applies Lemma 6 for the I'-contraction (S*, P*) in place of
(S, P), then the result is PF' = G*P|p,..

The next two lemmas give new relations between the fundamental operators
of I'-contractions (S, P) and (S*, P*).

Lemma 8. Let (S, P) be a I'-contraction on a Hilbert space H. If F and G are
fundamental operators of (S, P) and (S*, P*) respectively, then

(2.6) (SDp — Dp-GP)|p, = DpF.
Proof. Note that the LHS and the RHS of (2.6) are operators from Dp to H:

(SDp — Dp-GP)Dph = S(I — P*P)h — Dp-GPDph
= Sh — SP*Ph — (Dp-GDp-)Ph
— Sh— SP*Ph — S*Ph+ SP*Ph
= Sh— S*Ph=DpFDph forall h € H.

Since Dp = Ran Dp and the operators are bounded, we are done. O

Remark 9. If one applies Lemma 8 for the I'-contraction (S*, P*) in place of
(S, P), then the result is S*Dp« — DpFP* = Dp«G.



SYMMETRIZED BIDISK 267

Lemma 10. Let F and G be the fundamental operators of (S, P) and (S*, P*)
respectively. Then

(2.7) (F*DpDp+« — FP*)|p,. = DpDp+G — P*G™.
Proof. Note that the LHS and the RHS of (2.7) are operators from Dp« to Dp:

(F*DpDp. — FP*)Dp.h = F*Dp(I — PP*)h — FP*Dp-h
— F*Dph — F*DpPP*h — FDpP*h  [using (2.2)]
= F*Dph — (F*DpP + FDp)P"h
= (F*Dp — DpSP*)h [using (2.3)]
= (DpS* — P*G*Dp~)h — DpSP*h [using (2.6)]
= Dp(S* — SP*)h— P*G*Dp~h
= DpDp.GDp.h — P*G*Dp-h
= (DpDp-G — P*G*)Dp-h

for all h € H. Since Dp- = Ran Dp~ and the operators are bounded, we are
done. O

8§3. I'-unitary dilation of a I'-contraction: Proof of Theorem 4

The starting point of the proof of Theorem 4 is the pair (T%, V) on H =Hpl2 (Dp),
where

TF(hEB(ao,al,ag,...)) = (ShEB(F*Dph+Fa0,F*a0+Fa1,F*a1—|—Fa2,...))

and
V(h@® (ag,a1,as,...)) = (Ph® (Dph,ag,a1,as,...)).

We know from [4] that this pair is a I-isometric dilation for (S, P). So the job
reduces to finding an explicit I-unitary extension of (Tr, V). For that, it is natural
to consider the minimal unitary extension U of V on K = H&I2(Dp-). The explicit
form of U due to Schéffer [11] is given in Section 1. Schéffer proved that U is the
minimal unitary dilation of P.

We shall first prove that (R,U) on K, defined in Section 1, is a I-unitary.
To be able to do that, we need a tractable characterization of a I'-unitary. This
can be found in [4]: the fourth part of Theorem 2.5 there tells us that a pair of
commuting operators (R,U) defined on a Hilbert space H is a I'-unitary if and
only if U is unitary and (R,U) is a I'-contraction. So, for our particular (R,U),
we shall show that
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(i) RU =UR and
i) |f(R, Ol < Iflloo,r, for every polynomial f in two variables.

To show that R = (17 ) and U = (‘0/ )Sf,l) commute, we shall have to show
YY =YY and XY' +TpX' = X'Y + VX.

Commutativity of Y and Y’ can be verified by direct computation, but per-
haps a more elegant way to see it is to note that the space on which these oper-
ators act is unitarily equivalent to the space of Dp«-valued Hardy space on the
disk. Under conjugation by the same unitary, Y’ becomes the backward shift and
Y becomes the adjoint of multiplication by the operator-valued function G + G*z
(a so-called co-analytic Toeplitz operator). Thus they commute.

For all (ag,ay,as,...) € I>(Dp+) we have

(XYI + TFXI)(G,(), ai,as, ... )
= X(al,ag,ag, . ) + TF(DP*CLO D (7P*(10,07O, e ))
= (Dp«Gay & (—P*Gal,(), 0,... ))
+ (SDprag ® (F*DpDp+ — FP*)ag,—F*P*ap,0,0,...))
= (SDp+ag + Dp-Gay)
@ (F*DpDp+ — FP*)ag — P*Gay, —F*P*ay,0,0,...)

and

(X'Y + VX)(ag,a1,az,...)
= X'(G*ap + Ga1,G*a; + Gaz,G*as + Gag, .. .)
+ V(Dp-Gag ® (—P*Gayp,0,0,...))
= ((Dp+G*ap + Dp+Gay) ® (—P*G*ap — P*Gay,0,0,...))
+ (PDp+Gag ® (DpDp+Gag, —P*Gay, 0,0, ...))
= ((Dp+G* + PDp-G)ag + Dp-Gay)
® ((DpDp~G — P*G*)ag — P*Gay, —P*Gay,0,0,...).
The lemmas of the previous section will now be useful. By Lemmas 10 and 6
and equation (2.4), it follows that XY’ + Tp X' = X'Y + VX. Thus the proof of
commutativity is complete.

We now prove that R is a normal operator. What we first prove is that R =
R*U, because this will imply that R is a normal operator. Establishing the equality
R = R*U is equivalent to showing the following equalities:

(a) Y =Y*Y' 4+ X*X';
(b) X*V =0;
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(¢) X =T} X'; and
(d) Tp =TV
From the definitions of X and Y, it is easy to check that
X*(h D (ao,al,ag, e )) == (G*Dp*h - G*Pao, .. )
and
Y*(ao,a17a27 .. ) = (Gao, G*ag + Ga1,G* a1 + Gas, . .. )
Thus
(Y*YI + X*X’)(ao,al,ag, . )
= Y*(al,ag,ag, .. ) —|—X*(Dp*a0 D (—P*ao,0,0, ce ))
= (Gal, G*ay + Gao, G*as + Gag, .. )
—|—(G*(I—PP*)a0+G*PP*a0,O,O,...)

= (G*ao + Gal, G*a1 + Gag, G*ag + Gag, .. ) = Y(ao, ai,ag,. .. ),

which establishes (a). To prove (b), we use equation (2.1) and see that
X*V(h ©® (ao,al,ag, . )) = X*(Ph ($5) (Dph,ao,al,az, . ))
= ((G*Dp-P — G*PDp)h,0,0,0,...) = 0.
To prove (c), we use Remark 9 and Lemma 6 to get
T}X’(ao,al,a2, .. ) = T;(DP*CLO %) (—P*ao, O, O, e ))
= (S*Dp*ao — DPFP*G()) D (—F*P*70,0, .. )
= X(ao,al,ag, cen )

Since (Tr,V) is a I-isometry, (d) holds, by [4, Thm. 2.14].

Now we proceed to show that (R,U) satisfies the von Neumann inequality.
For any polynomial f in two variables we have

FTe, V) 2 )

f(R, U) = ( 0 f(Y, Y/)

where (Tp,V) and (Y,Y') = (Mg4g+2, M.)* are I'-contractions and Z; is an
operator depending on f. We have by [7, Lem. 1] that

o(f(R,U)) Co(f(Tr,V))Ua(f(Y,Y")),
which gives

r(f(R,U)) < max{r(f(Tp,V)),r(f(Y;Y")} < max{[|f(Tp, V)|, /(Y. Y")[[}
< lloor
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Since R is a normal operator, so is f(R,U) and hence r(f(R,U)) = || f(R,U)|.
This completes the proof of part (ii). Hence (R, U) is a I'-unitary.

To complete the proof of Theorem 4, we need to show that (R,U) dilates
(S, P). This is trivial because (R,U) is the extension of (T, V'), which is a co-
extension of (S, P). O

8§4. Minimality and uniqueness
In this section we prove Theorem 5. First we remark that the dilation is minimal.

Remark 11 (Minimality). Minimality of a commuting normal boundary dila-
tion N = (N1, Na,...,Ng) on a space K of a commuting tuple (11,75, ...,Ty)
of bounded operators on a space H means that the space I is no bigger than the
closure of the span of the following set:

(Nf*Ny2 . NEa NNt NHap b€ H, where kgl € Nfor i = 1,2, ..., d}.

Note that the space IC has to be at least this big. In our construction, the space
is just the minimal unitary dilation space of P (which is unique up to unitary
equivalence). It is a bit of a surprise that one can find the T-unitary dilation of
(S, P) on the same space, while one would have normally expected the dilation
space to be bigger. Since no dilation of (S, P) can take place on a space smaller
than the minimal unitary dilation space of P (because the dilation has to dilate P
as well), our construction of T'-unitary dilation is minimal. Indeed, post facto we
know from our dilation that

span{R"™* R*™?U"h : h € H,m1,ms € N and n € Z}
=span{U"h : h € H and n € Z}.
Note the absence of R on the right-hand side.

We now prove a weaker version of the uniqueness theorem and then we use it
to prove the main result.

Lemma 12. Suppose (S, P) is a T'-contraction on a Hilbert space H and (R,U)
is the above T-unitary dilation of (S, P). If (R,U) is another T -unitary dilation of
(S, P) such that R is an extension of Tr, then R = R.

Proof. Suppose (R,U) is another T-unitary dilation of (S, P), such that R is an

extension of Tr. Since R is an extension of Tr, R is of the form (TOF )}f) with

respect to the decomposition K = Hea 12(Dp-). Since U = (‘g })f,/) is unitary and

RU = UR, we have, from easy matrix calculations,

(4.1) Y*Y' + X"*X' =1, X"V =0
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and
(4.2) YY' =YY, XY'4+TpX =X'Y+VX.

Also since (R, U) is a T-unitary, we have R = R*U and that gives X = T5X'.
So

X(ao,al,ag, .. ) = T;X'(ao,al,ag, .. )
= T;‘(Dp*a,o D (—P*ao,O, 07 ce ))
= (S*Dp+ag — DpFP*ag) ® (—F*P*ay,0,0,...)
= (Dp~Gag & (—F*P~ay,0,0,...)) [by Remark 9]
= X(ao,al,ag, . )
Now to find Y, we proceed as follows: From the second equation of (4.2) we have
XY +VX =XY' +TpX'
= X"X'Y + X"VX = X"*XY' + X"*TpX' |multiplying X"* from left]
=T -Y"Y)Y = X"XY' + X"TpX' [using (4.1) ]
SY(I-Y*Y)=Y"X*'X' + X"T:X'. (%)
Note that (I — Y"*Y”) is the orthogonal projection of I2(Dp~) onto the first com-
ponent. Let © = (ag,ay, az,...) be in [*(Dp+). From () we get
Y*(ao, 0, 0, ‘e ) = Y’*X*X’(ao,al,ag, ‘e ) + X/*T;X/(ao, ai,ag, ... )
Thus

Y™ X*X'(ag, a1, a0,...) + X*TEX (ag, a1, az, . ..)
=Y X*(Dp-ap @ (—P*ay,0,0,...)) + X" Ti(Dp-ag & (—P*ag,0,0,...))
= Y"*((Dp-S — PF*Dp)Dp-ag + PFP*ay,0,0,...)
+ X"™((S*Dp« — DpFP*)ag ® (—F*P*ay,0,0,...))
= (0,(Dp-S — PF*Dp)Dp-ag + PFP*ay,0,0,...)
+ (Dp«(S*Dp+ — DpFP*)ag + PF*P*ay,0,0,...)
— (Dp+(S*Dp- — DpFP*)ag + PF*P*ag,
(Dp+S — PF*Dp)Dp-ag + PFP*ay,0,0,...).

Let us denote the operator (Dp+«(S*Dp+» — DpFP*) + PF*P*)|p,. by C.
Then we have Y*(ag,0,0,...) = (Cag,C*ap,0,0,...). Note that C is an operator
from Dp« to Dp~. We shall show that C' = G, where G is the fundamental operator
of the T'-contraction (S*, P*). The following computation establishes that.
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For h,h’ in H, we have

(CDp-h, Dp-h')
= ((Dp+(S*Dp« — DpFP*) + PF*P*)Dp-h, Dp-h')
= (Dp-S*(I — PP*)h — Dp-(DpFDp)P*h + PF*P*Dp.h, Dp- 1)
— (Dp-S*h — Dp-S*PP*h — Dp-SP*h + Dp.S*PP*h+ PF*P*Dp-h,
Dp-1')
= (Dp-S*h — Dp«SP*h+ PF*P*Dp.h, Dp- 1)
= (Dp-(S* — SP*)h+ PF*P*Dp+h, Dp-1')
= (D%.GDp-h+ PF*P*Dp.h, Dp- 1)
= ((I = PP*)GDp-h,Dp-}) + (F*P*Dp.h, P*Dp. 1)
= (GDp+h, Dp<h') — (P*GDpsh, P*Dp-h') + (F*P*Dp.h, P*Dp.h')
= (GDp+h, Dp-h') — (F*P*Dp+h, Dp-h') + (F*P*Dp-h, P*Dp. 1)
= (GDp+h, Dp-1').

Hence C = G and hence for every a in Dp-,
Y*(a,0,0,0,...) = (Ga,G*a,0,0,...).

We want to compute the action of Y* on an arbitrary vector. Now using the
first equation of (4.2), we have for every n > 0,

n times
Y*(0,...,0,a,0,...) = Y*Y"*"(a,0,0,0,...)
=Y""Y*(a,0,0,0,...)

n times

_ 1T * _ — *
=Y""(Ga,G*a,0,0,...)=(0,...,0,Ga,G"a,0,0,...).

Therefore for an arbitrary element (ag, a1, as,...) € I*(Dp«), we have

Y*(ap,a1,az,...)
=Y"((a0,0,0,...) +(0,a1,0,...) + (0,0,a,...) +--)
= (Gaop,G"ao,0,0,...) + (0,Ga1,G"aq,0,0,...)
+ (0,0, Gas, G*as,0,0,...) +
= (Gag,G*ag + Ga1,G*a1 + Gag, .. .).
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For (ag,ay,as,...) and (bg, by, ba,...) in *(Dp+), we have

((ag,a1,asg,...), Y*(bo, b, by, . .. )
= {(ag, a1, as,...), (Gby, G*bg + Gby,G*by + Gba, ...))
= (ap, Gby) + (a1, G"by + Gb1) + (a2, G*by + Gba) + - - -
= (G"ap + Gay,bo) + (G* a1 + Gag, by) + (G*az + Gag,ba) + - -
= ((G*ap + Gay,G" a1 + Gaz,G*as + Gas, ...), (bo, b1,ba,...)).

Hence, by definition of the adjoint of an operator, we have

Y(a07a17a2,. . ) = (G*a0+Ga1,G*a1+Ga2,G’*a2+Ga3, .. ) == Y(ao,al,az,. . .),

for every (ag, a1, az,...) € I>(Dp+). Therefore R = R. Hence the proof is complete.
O

Note that when we write the operator U with respect to the decomposition
I2(Dp) ® H @ I2(Dp~) then this is of the form

Ui Uy Us
0 P U |,
0 0 Us

where Uy, Us, Uz, Uy and Uy are defined as

U1(a(),a1,a2, .. ) = (O,Cbo,al, . ..), Ug(h) = (Dph70,07 . ..),
U3(b07b07b27. . .) - (7P*b0,0,07. . .)7 U4(b0’b17b27 .. .) - DP*bO,
Us(bo, b1, ba,...) = (b1,b2,b3,...)

for all h € H, (ag,a1,as,...) € 1>(Dp) and (bg, bo, bz, ...) € I>(Dp~). Note that
this is the Schéffer minimal unitary dilation of the contraction P as in [11] (it can
also be found in [12, Sect. 5, Chap. 1].

Lemma 13. Let (R,U) on K be a dilation of (S, P) on H, where P is a contrac-
tion on H, and U on K is the Schiffer minimal unitary dilation of P. Then R
admits a matrixz representation of the form

*
*

*
0
0

S U *

*

with respect to the decomposition K = 1>(Dp) ® H & I>(Dp+).
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Proof. Let R = (Rp){ ;- with respect to K = [*(Dp) @ H @ [*(Dp-). Call
H = 12(Dp) & H. Since U is minimal we have K = Vo U™H and H =

Voo _oU™H = \/°_, V™H, where V is the minimal isometry dilation of P. Note
that

PyR(U™h) = SP™h =SPyU™h for all h € H and m > 0.

Therefore we have Py R|; = SPy|gz or equivalently S* = Py R*|y. This shows
that R21 =0.
Call N'=H @ [?(Dp-), then note that N' = /.2, U*"H. We have

PyR*(U*™h) = S*P*"h = S*PyU*™h for all h € H and m > 0.

This and a similar argument to above give us S = PgR|3. Therefore R3z = 0.
So far, we have shown that R admits a matrix representation of the form

Rii Ria Ris
0 S R23 )
R31 0 Rss

with respect to the decomposition K = 1?(Dp) @ H @ [>(Dp+). To show that
R13 = 0 we proceed as follows:
From the commutativity of R with U we get, by an easy matrix calculation,

(43) R31U1 = U5R31 and R31U2 - 0,

(equating the 31st and 32nd entries of RU and U R respectively). By the definition
of Uy, we have RanUs = Ran(I — U UY). Therefore Rg1(I — U1Uy) = 0, which
with the first equation of (4.3) gives Rg1 = UsR31U;, which gives after the nth
iteration R3; = UZ R31U{"™. Now since U;™ goes to 0 strongly as n — co, we have
that R3; = 0. This completes the proof of the lemma. O

Now we are ready to prove Theorem 5, the main result of this section.

Proof of part (i). Since (R,U) is a dilation of (S, P), by Lemma 13 we have R of

the form
T R
0 Ra

with respect to the decomposition Hao 12(Dp~), where T : H — H is of the form

Ty Tho
0 S



SYMMETRIZED BIDISK 275

with respect to the decomposition [2(Dp) @ H. Since (T, V) on H is the restriction
of the T-contraction (R,U) to # and V is an isometry, we have (T, V) is a I-
isometry. Also note that T*|3 = S* and V*|yy = P*. So (T,V) is a I'-isometric
dilation of (S, P). Also note that V' is the Schéffer minimal isometric dilation of P.
Now it follows from [4, Thm. 4.3(2)] that T = T, where Tp is as in Theorem 4.
Therefore R is an extension of Tr. Now the proof follows from Lemma 12. O

Proof of part (ii). Since U is a minimal unitary dilation of P, there exists a unitary
operator W : K — K such that WUW* = U and Wh = h for all h € H.
This shows that (WRW?*, WUW*) is another I-unitary dilation of (S, P). But
WUW* = U. Hence by part (i) we have (WRW*, WUW*) = (R, U). Hence the
proof is complete. O

Remark 14. As in the case of Ando’s dilation of a commuting pair of contrac-
tions, a minimal I-unitary dilation of a I'-contraction need not be unique (up to
unitary equivalence). In this section, we constructed a particular I'-unitary dila-
tion which is the most obvious one because it acts on the minimal unitary dilation
space of the contraction P. Moreover, if the I'-unitary dilation space is no bigger
than the minimal unitary dilation space of the contraction P, then the I'-unitary
dilation is unique up to unitary equivalence.

§5. Examples of fundamental operators
§5.1. Hardy space of the bidisk

Consider the Hilbert space
H?*(D?) = {f :D? = C: f(z1,22) = Doy > izo 0223
with 3575 327 lag|* < OO}
with the inner product <Z;°j:0 aij 2z, D ii—obij?i z§> = > oo aijhij. Note that
the operator pair (M., y.,, M.,.,) on H?(D?) is a I-isometry, since it is the re-
striction of the T-unitary (M., .,, M., .,) on L*(T?), where T denotes the unit
circle. For brevity, we call the pair (M, .,, M,,.,) on H?(D?) by (S, P). In this

section, we shall first find the fundamental operator of (S*, P*).
Note that every element f € H?(D?) can be expressed in the matrix form

oo Qp1 Qo2 --.-
a1 @11 a2 ...

oo
((aij))i,jzo = asp Aa21 A2 ... |7
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where the (ij)th entry in the matrix denotes the coefficient of zizJ in f(z1,zp) =

PR D aij7iz}. We shall write the matrix form instead of writing the series.

In this notation,

(5:1) S(((aij);j=0 ) = (a-1); + aig—n) and P(((ai));5-0 ) = (ai-1)G-1)

with the convention that a;; is zero if either i or j is negative.

Lemma 15. The adjoints of the operators S and P are as follows:

app Go1 @02 --- ajp +ao1 a1 +aog2 a2+ ao3 ...
g aipp ai; a2 ... a0+ a1 ag1 +aiz2 agz+aiz ...
azp @21 G22 ... | " | azotaz asr +aze aze+ass ...
and
ago Aol @o2 - -- a11 Q12 @13 ...
ayp aix; @iz ... G21 Q22 @23 ...
pP* =
a0 QA21 Qg9 ... azp Aasz azz ...
Proof. This is a matter of straightforward inner product computation. O

Lemma 16. The defect space of P* in matriz form is

The defect space in
operator for P* is

Dp-

ao1

the function form is span{l,zi,z) :

apo
aio
a0

ap2 ...

0

ao1
ail
azi

ap2 ...
a2 ...
aso ...

oo o
Haool” + ) laos I + Y lajol” < o0
j=1 j=1

ao1

i,j > 1}. The defect

ap ...

Proof. Since P is an isometry, Dp~ is a projection onto Range(P)*+ = H?(D?) ©
Range(P). The rest follows from the formula for P in (5.1). O
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Definition 17. Define B : Dp« — Dp+ by

oo Qo1 aop2 --- aip + ao1 ao2 ao3 ---
aio O O N aso 0 0
(52) B a0 0 0o ...\~ aso 0 0

for all ajo, aoj € (C, 7=0,1,2,... with |a00\2 + E;il |Cl0j|2 =+ zjoil |aj0|2 < Q0.
Lemma 18. The operator B as defined in Definition 17 is the fundamental oper-
ator of (S*, P*).

Proof. To show that B is the fundamental operator of (S*, P*), we shall show that
B satisfies the fundamental equation S* — SP* = Dp-BDp«. Using Lemma 15,
we get

apo Gap1 Qo2 ---
aip ai11 a2 ...

S* — Sp*
( ) a0 G21 22 ...
app Go1 aop2 --- air a2 aiz ...
S* aip a11 a1 ... S ag1 G22 23 ...
- az az1 a ... | azr asz ass ...

aio +ao1 a1+ apz aiz +aps ...
a0+ @11 a1 +aiz ass+aiz ...
azo + @21 as1 +aze asz +ass ...

0 ail a2 a3
a1l Q1 +aiz a2 +aiz a3 +tayg ...
— | a21 asz1 +ag aszx+ags asz+azy ...
a3l Q41 +azz G42 +a33 a43 +asg -

aio +@or G@o2 aop3 ---
aso 0 0
- aso 0 0
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Using Lemma 16 and Definition 17, we get

appo aopi1 aop2 --- apo Go1 ap2 ---
Do.BD aijp ai; ai2 ... Do.B aio 0 0
P P azp QAa21 A22 ... - &P a20 0 0
ajp +aop1 ap2 Go3 --- aip +ao1 Qo2 aop3 ---
a0 0 0o ... a0 0 0
= DP* aso 0 0o ... = aso 0 0
Hence the proof is complete. O

Now we shall consider two subspaces of the Hilbert space H?(ID?). The first
one consists of all symmetric functions in H?(D?), i.e.,

Hy ={f € H*(D?) : f(21,22) = f(22,21)},
and the second one consists of all antisymmetric functions in H?(D?), i.e.,
H_={f e H*(D?): f(z1,22) = —f(22,21)}.

It can be checked that H*(D?) = H, & H_. Since both H; and H_ are in-
variant under the pair (M, 1.,, M., .,), the spaces H, and H_ are reducing for
(M, 425, M, »,). It can be easily checked from the definition of a I'-contraction that
a restriction of a I'-contraction to an invariant subspace is again a I'-contraction.
So (M 42,, M., .,)|n, and (M, 4.,,M.,.,)|n_ are I'-contractions. Since restric-
tion of an isometry to an invariant subspace is again an isometry, M. .,|n, and
M., .,|_ are isometries. Hence by [4, Thm. 2.14(2)], the pairs (M, 4.,, M., .,)|#,
and (M, 42,, M, »,)|m_ are T-isometries. For brevity, we shall use the notation
(S4,Py) and (S_, P_) for the pairs (M, 4.,, M., .,)|g,. and (M., 4.,, M. .,)|H_
respectively. We shall find their fundamental operators.

85.2. Symmetric case

Every element f € Hy has the form f(z1,22) = 33772272, ai; 712, where a;; € C
and a;; = a;; for all i, j > 0. So we can write f in the matrix form

apgp Qo1 Qo2 ---
ap; Qi1 a2 ...
Qo2 Q12 a2 ...
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In what follows, we shall exhibit the fundamental operator of the I'-isometry
(S4, P1). The results are collected and stated in two lemmas without proof because
the proofs are similar to what we did above.

Lemma 19. The adjoints of S and Py are

agp Qo1 Qg2 --- 2a01 a11 +ag2 a2 +aez ...
. apy @11 A1 ... a1 + ap2 2a12 agzs +aiz ...
| a2 a2 asz ... | T | a2+ ap3 a2+ as 2a93
and
ago  ap1  @p2 - -- ail aiz @13 ...
apr a1l @12 ... ai2 Qg 23 ...
P =
+ age Q12 a9 ... a13 Qg3 as3 ...

The defect space of Py in matriz form is

apgp Qapir Qo2 ...
agpl 0 0
Dp- =

o0
+ a2 0 0 iaoJ‘E(C,jZOwith|a00\2+22|a0j‘2<oo

j=1

The defect space in function form is Span{zi + z% : i > 0}. The defect operator is

apo Qo1 Qo2 - -- appo api1r Qo2 ---.
D app Qi1 aiz ... apil 0 0
Py age Q12 Q22 ... | age 0 0

Definition 20. Define B :Dpi — Dpi by

oo Qo1 Qo2 .- 2(101 ap2 Qo3 - .-
apl 0 0o ... ap2 0 0
(53) B+ ap2 0 0o ...|~ aps 0 0

for all apj € (C, 7=>0 with |CL00|2 + 22;.;1 |a0j|2 < 0.
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Lemma 21. The operator By defined on Dpl is the fundamental operator of
(8%, P1)-
85.3. Antisymmetric case

Every element f € H_ has the form f(z1,22) = 372 2272 aij7i 2}, where a;; € C

and a;; = —a;; for all 4,5 > 0. So we can write f in the matrix form
0 aopl ap2 ...
— apl 0 a2 ...
—ag2 —az O

Lemma 22. The adjoints of S_ and P_ are

0 ap1 age ... 0 ag2 a1z +apz ...
— apl 0 aig ... — ap2 0 a3
S* =
- —ae —a2 O ... —a12 —apz —ai3 0
and
0 aopl ap2 ... 0 ai2 ais ...
— ap1 0 aig ... — 12 0 ass ...
P =
—ap2 — a2 0o ... —ais — ags3 0

The defect space of P* in matrix form is

0 apr @2 ---
—ap1 0 0 ... e
Dp- = L4y 0 0 ... |ras€Ci=Twith2) Jagl* < oo

j=1

The defect space in function form is Span{zi — 2 : i > 1} and the defect operator
18
0 apr G2 .- 0 apr Qg2 ---
— ap1 0 aiz ... —agr O 0
Dp- —ag2 —ai2 0 ...| 7| —agx O O
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Definition 23. Define B_ : Dpx — Dp« by

0 aplr Qap2 ... 0 ap2 4aps - ..
— apl 0 0 ... — ap2 0 0

(54) B- —aop2 0 0o ...|~ —aop3 0 0

for all ag; € C, j > 1 with 22;’;1 |aoj|2 < 00.
Lemma 24. B_ is the fundamental operator of (S*, P*).

§5.4. Explicit unitary equivalence

The three spaces H?(D?), H, and H_ described above provide us with examples of
I'-isometries. The respective operator pairs (S, P), (S, Py) and (S_, P_) are pure
I-isometries. Agler and Young in [2, Thm. 3.2] proved that any pure I'-isometry
is unitarily equivalent to (M., M,) on HZ(D) for some Hilbert space £. Moreover,
¢ is linear. It was shown later in [5, Thm. 3.1] that £ can be taken to be Dp-
and ¢(z) = B* + Bz, where B € B(Dp~) is the fundamental operator of the
I-coisometry (S*, P*). In the final theorem of this paper, we explicitly find the
unitary operators that implement unitary equivalence for the pure I'-isometries
(S, P), (S4,Py) and (S_, P_).

Theorem 25. The three unitary operators are described separately below.
(a) The unitary operator U : H*(D?*) — Hz, (D) that satisfies U*Mp-1.pU = S
and U*M,U = P is Uf(z) = Dp-(I — 2P*)"1f.
(b) The unitary operator Uy : Hy — H%P* (D) that satisfies
+
UIMB:_+ZB+U+ :S+ and UiMZUJr :P+

is simply the restriction of the U above to H .
(¢) The unitary operator U_ : H_ — H%P* (D) that satisfies

UMp4,5. U_=5S_ and U*M,U_=P_
is the restriction of U to H_.

Proof. (a) First note that the function z — Dp~(I — zP*)~! f is a holomorphic
function on D, for every f € H?(D?). Its Taylor series expansion is
Dp.(I —zP*)71f

= Dp-(I+ 2P* + 2P +...)f
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=Dpef+2Dp-P*f + 2°Dp- P**f + - -+

(5.5)
apo api1 ap2 --- a1 a2 ais... a22 A23 A24 ...
aio 0 0 ... a1 0 0 ... 9 as2 0 0 ...
“law 0 0 ... T%lass 0 0...[T% law 0 o ... [T

To see that U is an isometry, we do a norm computation:
* *2
WUfl% oy = IDp-flB,. +Dp-P*flp,. + |Dp-P*"flp,. + -
3,. O
=|IfII* - n11_>1r010||P*”fH2 = || fIl3r2pey  [since P is pure].

From equation (5.5) it is easy to see that U is onto H3 . (D). Therefore U is
unitary.
We now show that U*M,U = P:

apo apir aop2 -- - app apir aop2 - -- ail aiz 4ais...
0 aijp a1 aig--.. . aio 0 0 ... 9 any 0 0 ...
U"M.U aso Qg1 @22 ... | u ? ao 0 0 ... +z az; 0 0 ...

99 G23 A24 ...

3 as2 0 0 ...
+z aq2 0 0 +-
0 O 0 O
apo @o1 @o2 - - -
0 app api1 aop2---
aip ail a12-..
=10 a0 a1 az...| =
a2p az1 G22 ...
0 a0 Q21 a22...

From the definition of B (Definition 17), one can easily find that for all ajo,
ao; € C,7=0,1,2,... with |Cl,00|2 + Z;il |aoj|2 + Z]Oi]_ ‘Cl]‘0|2 < 00,

app Qo1 ap2 ---. 0 apo Qo1 ---
. aio 0 0 ... apo 0 0
(56) B aso 0 0 ...|~ aio 0 0
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To show that U*Mp«,pU = S, we first calculate Mp-,,pU. Now

Qoo Gap1 Qo2 .-
a1 a11 a2 ...

MBUrZBU as0 a21 29 ...
app aop1r aop2 --- aix a2 ais ...
aio 0 0 ... asy 0 0
:MB*+BZ a20 0 0 ... +z asi 0 0
Q22 Q23 Aa24 ...
9 asg 0 0
+z 49 0 0 +
oo Qp1 Qo2 .- a11 Q@12 ai1g ...
aio 0 0o ... a21 0 0
= MB* a0 0 0 ... +z asy 0 0
G22 Aa23 Q24 ...
9 aso 0 0
+z a4 0 0 + -
aopo Qaoi1 aop2 --- a1 a12 413 ...
aio 0 0o ... 9 a1 0 0
+ MB z aso 0 0 ... Tz asi 0 0
Q22 Q23 A24 ...
3 asg 0 0
T2 aw 00 +
0 apo api1 --- 0 a1 a2 ...
apo 0 0 ... a1 0 0

= aio 0 0 ... +z a921 0 0

283



284
0 ag9 a23 ...
9 a29 0 0
+z as2 0 0 +o
aio + ao1 a@o2 aop3 --- a1 + a2 a1z aiq ...
a0 0 0 ... 9 asi 0 0
17 aso 0 0 ... +z aq1 0 0
azg +ag3 a4 Qg5 ...
3 a42 0 0
+z as2 0 0 -
0 apy aor ... aio+apr a1 +ag2 aiz+aps ...
agp O 0 a0 + a1 0 0
=l ao 0 0 T2 as + an 0 0
a1 +ai2 a2 +aiz a3+ aig ...
9 as1 + a2 0 0
+z aq1 + aso 0 0 +--
Therefore
apo G@o1 Qg2 - --
U*M U aip ai11 a2 ...
B*+Bz a0 G21 22 ...
0 ago ao1 aip+ap1 a1 +ag2 aiz+aps ...
apo 0 0 ag0 + aqq 0 0
_ *
=U aww 0 0 T2 ag0+an 0 0
a21 + a2 a2 +aiz a3+ aiq ..
, | @31 + a92 0 0
+ 2z + -

a41 + asz 0 0

T. BHATTACHARYYA AND H. SAU
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(5.7)
0 aoo ao1 ap2 a et
00 Qo1 Qo2 - - -
ago @10 + apr ai1 +ap2 @iz +ap3 ...
a1 a11 a2 ...
= | a0 azo+ai1 a1 +ai2 ax+aiz...| =9

azp a1 a2 ...
az0 azo +as1 asi +asze asz +ass ...

Therefore S = U*Mp-« p.U. Surjectivity of U|y, and U|g_ can be easily checked.
The rest of the argument is as above. O
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