
Revista Matem�atica Iberoamericana

Vol� ��� N�
o
�� ����

Cauchy problem for semilinear

parabolic equations with

initial data in H
s

p �R
n

� spaces

Francis Ribaud

Abstract� We study local and global Cauchy problems for the Semi�
linear Parabolic Equations �tU � �U � P �D�F �U� with initial data
in fractional Sobolev spaces Hs

p�R
n�� In most of the studies on this

subject� the initial data U��x� belongs to Lebesgue spaces Lp�Rn� or
to supercritical fractional Sobolev spaces Hs

p�R
n� �s � n�p�� Our pur�

pose is to study the intermediate cases �namely for 	 � s � n�p�� We
give some mapping properties for functions with polynomial growth on
subcritical Hs

p�R
n� spaces and we show how to use them to solve the

local Cauchy problem for data with low regularity� We also give some
results about the global Cauchy problem for small initial data�

�� Introduction and results�

���� The evolution equation�

We study the Cauchy problem for the Semilinear Parabolic Equa�
tion

�
�

�
�tU ��U � P �D�F �U� � �t� x� � R

� � R
n �

U�	� x� � U��x� �

�
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where P �D� is a pseudodi�erential operator of order d � �	� 
� and
where F is a nonlinear function which behaves like jxj� or x jxj���

�� � 
�� The most classical examples of such evolution equations are
the semilinear heat equations

�tu��u � a u juj��� �

the Burgers viscous equations

�tu��u � a �x�juj
��

and the Navier�Stokes equation

�tu��u � P r�u� u� �

where P denotes the projector on the divergence free vector �eld �see
�Ca� for instance��

We look for mild solutions of �
�� i�e� for solutions of the integral
equation

�
� U�t� x� � et� U� �

Z t

�

e�t����P �D�F �U���� d� �

where et� is the heat kernel� As usual the fractional Sobolev spaces
and their homogeneous versions are de�ned by

Hs
p�R

n � � ff � S ��Rn� � �sf � Lpg

and
�Hs
p � ff � S ��Rn� � ��sf � Lpg �

where �s and ��s are the operators with symbols �s��� � �
 � j�j��s��

and ��s��� � j�js �these spaces are sometimes also denoted Lp�s�Rn ��
see �Me��� In the sequel we will say that Hs

p�R
n� is supercritical if

s � n�p� i�e� if the embedding Hs
p�R

n� 	� L��Rn� is veri�ed and� on
the contrary� we will say that Hs

p�R
n� is subcritical�

In the proofs of existence and uniqueness for �
�� there always exists
a tight connection between the regularity of the Cauchy�s data U� and
the properties of the nonlinear term P �D�F �U�� Thus� for F �x� � jxj��
Giga �Gi� proved existence and uniqueness for Equation �
� as long as
U� belongs to an Lp�Rn� for p large enough� When U� belongs to su�
percritical Hs

p�R
n� spaces� Taylor �Ta� proved existence and uniqueness
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for �
� under the assumptions F �	� � 	 and F � C �s	���R�� One of our
purpose is to study all the intermediate range of regularity� namely� to
solve �
� for initial data in Hs

p�R
n� with s in �	� n�p�� About this prob�

lem� partial results have been found by Henry �He� who proved that� if
s � 
� d and if F maps bounded sets from Hs

p�R
n� into bounded sets

in Lp�Rn �� then �
� is well posed� Let us remark that� in the examples
considered by these authors� the action of F on the functional space
of the initial data is well understood� This allows to obtain crucial
estimates on the nonlinear terms to solve �
�� in the �rst two cases
F � Lp �� Lp�� and F � Hs

p�R
n� �� Hs

p�R
n� is bounded and in the

third one� the hypothesis on F implies some similar properties�
In this paper our goal is to improve Henry�s results for the local

Cauchy problem and Giga�s results for the global Cauchy problem �for
small initial data�� We give the minimal regularity of U� �see Remark �
after Theorem 
�� about this�� measured on the scale of Hs

p�R
n� spaces�

which ensures both existence and uniqueness for �
�� So� for a �xed p
in �
����� we are looking for the smallest exponent of regularity such
that� for all U� in Hs

p�R
n� with s greater than this smallest exponent�

existence and uniqueness occur� In such a framework one of the most
important di�culty arises from the fact that the action of the nonlinear
function F on subcritical Hs

p�R
n� spaces is badly understood� So� to

solve �
� in subcritical Hs
p�R

n� spaces� we will need to prove some map�
ping properties on those spaces for functions with polynomial growth�
this will be realized using harmonic analysis and paradi�erential calcu�
lus techniques in Section ��

As an example� let us consider the nonlinear heat equations

��� �tU ��U � aU jU j��� � �t� x� � R
� � R

n 


When U�t� x� is a solution of ��� then� for each � � 	� the functions U�
de�ned by U��t� x� � ����d�������U���t� �x� are also solutions �here
d � 	� and� one can check that U and U� have the same norm in
L��R� � �Hs

p� if and only if

��� s � sc �
n

p
�


� d

�� 




Without further assumptions on the nonlinear term� this scaling ar�
gument suggests that� for all data in Hs

p�R
n �� there exists a unique

solution of ��� as long as s � sc� This also suggests that the �right
spaces� for the study of global existence are the spaces Hsc

p �Rn�� For
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instance� we show �see Theorem 
��� that� for all U��x� � H��R
�� one
can �nd a unique local solution of ��� as long as � � �
� �� and� fur�
thermore �see Theorem 
���� this solution is global as long as kU�kH� is
su�ciently small� This result improves Henry�s results because� using
his criterion� one can only prove existence and uniqueness in H��R
�
for � � �
� ���

In fact� we will show that this scaling argument is true for Equa�
tion �
� even if P �D� and F do not possess the exact homogeneity of
Equation ���� For these reasons we will say that Hs

p�R
n� is supercritical

�respectively critical� for �
� if s � sc �respectively if s � sc��
To avoid technical problems we will always assume that

��� s �
n

p
�
n

�

and that

��� s � 	 


Indeed� according to the Sobolev embedding theorem� if u � C��	� T ��
Hs
p� with s as in ��� and as in ��� then u � C��	� T �� L�p� with �p � ��

Hence� the term F �u� in �
� is well de�ned in D���	� T ��Rn�� On the
contrary� if ��� or ��� is not satis�ed� solutions in C��	� T �� Hs

p� cannot be
de�ned in a simple way� for instance� if u � C��	� T �� Hs

p� with s � 	�
then F �u� has no sense a priori� For the study of such cases� when
��� or ��� are not ful�lled� we refer to �Ri� where we show that �
�
can sometimes be solved using some smoothing properties of the heat
kernel�

���� Hypotheses on the nonlinear terms�

About the nonlinear terms P �D� and F �u� we will make the fol�
lowing assumptions�

H
� P �D� is a pseudodi�erential operator of degree d � �	� 
�
with constant coe�cients �and so P �D� is bounded from Hs�d

p �Rn�
to Hs

p�R
n� for all s � R and for all p � �
������

About F we will assume that

H
� there exists � � 
 such that�

i� s 	 n ��� 
���p���
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ii� F � R �� R veri�es jF �x�� F �y�j 	 C jx� yj�jxj��� � jyj����
or�

H�� there exists � � 
 such that�

i� n ��� 
���p�� � s � min f�n�p� 
� ��� 
���� n�pg�

ii� F � R �� R is ��� time di�erentiable� DjF �	� � 	 for j �
	� 
 
 
 � ��� � 
� D��	F �	� � 	 if � �� N � and jD��	F �x� � D��	F �y�j 	
C jx� yj����	

or�

H��

i� n�p � s�

ii� F � R �� R veri�es F �	� � 	 and F � C �s	���R��

Note that those assumptions on the nonlinear term F depend in a
crucial way of the smoothness of the initial data U��x�� Indeed� when
U��x� belongs to a supercritical Hs

p�R
n� space then� since we look for a

solution in C��	� T �� Hs
p�� we look for a bounded solution of �
�� Hence�

in H��� we do not need any assumptions on the asymptotic behavior of
F � we just need smoothness assumptions on F � On the contrary� when
U��x� belongs to a subcritical Hs

p�R
n � space� then U��x� is possibily

unbounded in a neighbourhood of some point x� and then we need
assumptions on the behavior of F at in�nity to �control� F �U��x��
near x��

Note also that� from the assumptions on F � we can easily deduce
from H��ii� the following properties for the intermediate derivatives of
F �

Lemma ���� If H��ii� holds then there exists a constant C such that�

��� jDjF �x��DjF �y�j 	 C jx� yj �jxj��j�� � jyj��j��� �

for all j � 	� 
 
 
 � ���� 
�

��� jDjF �x�j 	 C jxj��j �

for all j � 	� 
 
 
 � ����
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���� Statement of main results�

To solve �
� the main idea is to counterbalance the loss of smooth�
ness coming from the nonlinear terms by the smoothing e�ects of the
heat kernel� In the framework of Lp�Rn � spaces� according to H
� and
H older�s inequality� F � Lp �� Lp�� is continuous� If H�� holds there
is no loss of smoothness on the Hs

p�R
n � scale thanks to the following

Theorem �see �Me� or �Ta���

Theorem ���� Let p � �
����� If H�� is ful�lled then� for all u �
Hs
p�R

n�� F �u� belongs to Hs
p�R

n � and furthermore

kF �u�kHs
p
	 C �kukL�� kukHs

p



On the other hand� in the case of subcriticalHs
p�R

n� spaces� there is
no stability by composition with nonlinear functions� For instance� the
Hs
p�R

n� spaces are algebras if and only if s � n�p� For s � �
�
�p� n�p �
and p � �
���� one can also prove that the functional calculus is trivial
in Hs

p�R
n � �see G� Bourdaud �Bo� for instance�� if F maps Hs

p�R
n� into

itself for s in this range then f�x� � a x�
To measure the loss of smoothness on the Hs

p�R
n � scale coming

from the composition by F � we will prove the following Theorem in
Section ��

Theorem ���� Let p � �
���� and s such that

max
n
	�
n

p
�
n

�

o
� s �

n

p



Let s� de�ned by

�!� s� � s� ��� 
�
�n
p
� s
�



If H
� or H�� is ful�lled then� for all u � Hs
p�R

n�� F �u� belongs to

Hs�
p �Rn� and furthermore� there exists a constant C independent of u

such that

kF �u�kHs�
p
	 C kuk�Hs

p
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Remarks�


� Note that the condition s 	 n ���
���p�� in H
�i� is equivalent
to

�
	� s� 	 	 


In the same way� the conditions n ���
���p�� � s � �n�p�
����
���
in H��i� are equivalent to

�

� 	 � s� � �� 
 



� The hypothesis s � max f	� n�p � n��g ensures that F �u� is
well de�ned as an element of D��

�� The restriction s � �
�n�p����
��� in H��i� �i�e� s� � ��
�
comes from the lack of smoothness of F at x � 	� However� if F is C�

�F �x� � xm for instance�� then in H��i� we must only assume that

n ��� 
�

p�
� s �

n

p

to obtain Theorem 
���

�� The value of s� given by Theorem 
�
 is optimal� To see this we
have just to consider the example of u�x� � ��x�x�� and F �x� � jxj�

where � is a cut of function near 	�

�� In order to solve nonlinear Schr odinger equations� T� Colin �Co�
established a related result to Theorem 
�
 for the spaces Hs

p�R
n� 


Lz�Rn �� Recently another proof of Theorem 
�
 has been found by
T� Runst and W� Sickel in �RS�� First� using paraproduct techniques�
they prove Theorem 
�
 in the special case of polynomial functions�
Then� using a Taylor expantion of F and Poisson approximations of
u� they prove Theorem 
�
 in the general seeting of H��� Our proof
is in fact very di�erent� First� we use di�erent techniques �we only
use paradi�erential calculus� and� second� we do not need to distingue
between the polynomial case and the general case�

Using the nonlinear estimates given by Theorem 
�
 and the �xed
point Theorem� in Section 
 we prove the following result about the
local Cauchy problem�
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Theorem ���� Let p � �
����� Assume that ��� and ��� holds� and

that H
� or H�� or H�� is ful�lled�

a� For all initial data U� in Hs
p�R

n� with s � sc there exists a

unique maximal solution U�t� x� of �
� in C��	� Tm� � Hs
p� with

Tm � C kU�k
����

Hs
p

� where 
 �
s� sc



�

and� if Tm � ��� then

lim
t�Tm

kU�t� ��kHs
p
� �� 


b� Furthermore the following smoothing e�ects occur �

� U�t� x��et�U� � C��	� Tm� � Hs�	
p � for all � � ���
� 
 if s � n�p

and for all � � 
� d if s � n�p�

� If F is C��R� then�

U�t� x� � C����� Tm��Rn� �

for all � � 	�

c� Let us assume that s � 
 � d� Let U � C��	� T�� � H
s
p� and

V � C��	� T�� � H
s
p� be the maximal solutions for the respective initial

data U� and V�� Then�

kU � V kC����T ��Hs
p�
	 C�T � kU� � V�k

���
Hs
p



for all T � minfT�� T�g�

Remarks�


� Let us consider Equation ��� with U� � Hs
p�R

n �� If s � 
 � d
and if � � 
��
 � sp�n� then Henry�s results �He� give existence and
uniqueness of a solution in C��	� T � � Hs

p�� Theorem 
�� improves this
because one can consider larger values of � �see the example in Section

�
� and because the condition s � 
� d is not needed�


� Because of ��� we see that Lp�Rn� is supercritical for �
� if and
only if p � pc where pc is de�ned as

�

� pc �
n ��� 
�


� d
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So� for U� � Lp�Rn � with p � pc and p � � �to make sure that ���
and that ��� are ful�lled with s � 	�� there exists a unique solution
of �
� in C��	� T �� Lp�� this had ever been proved in �Gi�� However�
when U� � Hs

p�R
n � with Hs

p�R
n� 	� L�p for supercritical L�p�Rn � space�

Giga�s results give existence and uniqueness only in C��	� T � � L�p� but
nothing is said about the Hs

p�R
n� regularity of the solution� Theorem


�� answers precisely to this question�

�� If U� � Lp�Rn� with p � pc� phenomena of non�existence and
non�uniqueness may occur �see �We
� and �HW��� Note also that non
uniqueness could also occur in the space Hs�Rn� for subcritical value
of s� see Tayachi �T� for the nonlinear heat equations and Dix �Di� for
the nonlinear Burgers equations� Theorem 
�� shows that this could
occur only for subcritical Hs

p�R
n � spaces since it is su�cient to assume

that U� belongs to Hs
p�R

n� with s � sc to ensure both existence and
uniqueness� Thus� with no further assumptions than H
� or H�� on
the nonlinear terms� our results are optimal� However� for some more
speci�c nonlinear terms� one can sometimes prove that �
� is well posed
in some subcritical spaces� for instance for the nonlinear heat equa�
tions with the �good� sign and for the Burgers viscous equation with
nonlinear term in divergence form �see �EZ���

�� We mentioned earlier that the restrictions ��� and ��� are only
technical� Indeed� when U��x� � Hs

p�R
n� with 	 	 sc � s 	 n�p�n���

using Lq��	� T � � Lz� estimates for the heat kernel we can always solve
�
�� Also� when U��x� � Hs

p�R
n� with sc � s � 	 we can sometimes

solve �
�� this allows us to solve �
� with measures or distributions as
initial data� see �Ri��

In the critical case� we obtain existence of a solution but uniqueness
occurs �a priori� only in a subspace of C��	� T � � Hsc

p �� However� in this
case� we prove global existence for small initial data� We also prove
some time decay estimates for those solutions in various Lq�Rn� norms�

For the study of the global Cauchy problem� we will assume that

H
�� P �D� is a pseudodi�erential of order d � 
 with homogeneous
symbol P ����

and

H�� F �	� � 	 and there exists � � 
 such that�

jF �x�� F �y�j 	 C jx� yj �jxj��� � jyj���� 
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First� let us recall a useful result about the Cauchy problem for small
initial data in Lpc�Rn � which has been proved by F� Weissler �We
� for
the nonlinear heat equations� by T� Kato �Ka� for the Navier�Stokes
equations and by Y� Giga �Gi� for the general problem �
��

Theorem ���� Assume that H
�� and that H�� are ful�lled� Assume

furthermore that pc � 
� Let ��q� de�ned as

�
�� ��q� �
n




� 


pc
�




q

�



Then� there exists an absolute constant A such that� for all U��L
pc�Rn�

with kU�kLpc 	 A� there is a unique global solution U�t� x� of �
� such
that

�
�� t �� t
�q�kU�t� ��kLq � BC��	����� �

for all q and ��q� such that

�
�� pc 	 q � �� and 	 	 ��q� � ��� �

and such that

�
�� lim
t���

t
�q� kU�t� ��kLq � 	 �

for all q and ��q� such that

�
�� pc � q � �� � � � q and 	 � ��q� � ��� 


Remarks�


� Generally� the assumption pc � 
 is sharp� For the nonlinear
heat equations ��� with a � 	 the blow�up for non�negative C�

� �R
n�

initial data has been proved when pc 	 
 �see �Fu� and �We
���


� Note that uniqueness in BC�R� � Lpc� occurs only on the sub�
space de�ned by �
����
�� and �
����
��� if V �t� x� is a solution of �
�
in BC�R� � Lpc�� we do not know if V satis�es �
����
�� and �
����
��
or not�

�� Note that� from Theorem 
��� the asymptotic decay of U�t� x� in
Lq�Rn � norm is exactly the same as the asymptotic decay of et� U��x�
as long as the decay rate ��q� satis�es ��q� � ����
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�� Note also that� since pc � 
� there always exists a q� such that
�
�� holds� if � 	 pc this is obvious since ��pc� � 	 and if pc � �
one can check that for q � ��� � pc� then 	 � ���� � ��q� � ���pc� �
�
� d���
�� 	 ��

First� we will prove a slight improvement of the Giga�s result�

Lemma ���� Assume that kU�kLpc 	 A and let us consider U�t� x� the
Giga�s solution of �
�� Then�

�
�� kU�t� ��kLq 	 C t�
�q� kU�kLpc � for all q � �pc���� 


Remark� Note that� in the estimate �
��� there is no any restrictions
on the size of the decay rate ��q��

Then� using the Lemma 
�
� we will consider the case of initial
data with arbitrarily high norm in subcritical Lp�Rn� spaces and small
norm in the critical space Lpc�Rn��

Proposition ���� Let U� � Lpc�Rn�
Lp�Rn� with p 	 pc and assume

that kU�kLpc 	 A� Let us consider U�t� x� the global solution of �
�
given by Theorem 

�� Then�

U�t� x� � BC�R� � Lp� 
BC�R� � Lpc� ��
!�

kU�t� ��kLr 	 C t�n�����p���r� kU�kLp ��
	�

for all r � p and t � 	�

Remark� One more time we see that U�t� x� decay in Lr�Rn� with the
same rate than et� U��x� this� without any restriction on the decay rate�
For the Navier�Stokes equations� such a result has ever been proved in
�Ka� but only when n �
�p� 
�r��
 � 
�
 in �
	��

Using Proposition 
�
� in Section ��� we will prove the following
result on the global Cauchy problem for initial data in Hs

p�R
n� spaces�

Theorem ���� Assume that H
�� and H�� hold� Assume that pc � 

and that p ��pc �

��� pc�� Then�
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a� There exists an absolute constant A� such that� for all U� �
Hsc
p �Rn� with kU�kHsc

p
	 A�� there is a unique global solution U�t� x�

of �
� in C��	����� Hsc
p � which satis�es �
����
�� and �
����
��� Fur�

thermore U�t� x� satis�es the estimates �
!� and �
	��

b� Let U� � Hs
p�R

n� with s � sc� If kU�kHsc
p

	 A�� then the

local solution of �
� given by Theorem 

� belongs to BC�R� � Hs
p� and

satis�es the estimates �
!� and �
	��

Remarks�


� For data with an arbitrarily norm in Hsc
p �Rn � one can also prove

local existence and uniqueness in a subspace of C��	� T �� Hsc
p � de�ned

by a local version of �
����
�� and �
����
���


� There is no restriction on the size of kU�kHs
p
in Part b� of The�

orem 
��� we just assume that kU�kHsc
p �Rn� is small enough �the only

norm invariant by scaling��

�� For the Navier�Stokes equations� using Besov spaces of non�
positive order� one can also prove global existence under a weaker as�
sumption than the natural assumption kU�kHsc

p
	 A �for instance see

�GM�� �KM� or �Ca���

In Section 
 we will study the local Cauchy problem under the as�
sumptions of Theorem 
��� we prove existence� uniqueness and continu�
ous dependance with respect to the initial data� we also prove smooth�
ing e�ects for the solution of �
�� In Section � we study the global
Cauchy problem for small initial data in the critical space Lpc�Rn ��
for initial data in the space Lp�Rn� 
 Lpc�Rn� for subcritical Lp�Rn�
spaces and then� for initial data in the Sobolev spaces Hs

p�R
n�� we will

prove Lemma 
�
� Proposition 
�
 and Theorem 
��� Next� in Section
�� we will prove the nonlinear estimate of Theorem 
�
 which is the key
estimate to prove the Theorem 
���

�� The local Cauchy problem�

We �rst prove existence of a solution �Section 
�
� and then unique�
ness �Section 
�
�� In Section 
�� we study smoothing e�ects for �
� and�
in Section 
��� we study continuous dependence of the solutions with
respect to the initial data�
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���� Existence�

First we assume that Theorem 
�
 holds and that U� belongs to
subcritical Hs

p�R
n� spaces� In the sequel C will denote a non�negative

constant which may be changed from one line to another� We also forget
the time dependance of C since in this section we are only dealing with
a local problem� To simplify the notations we de�ne

L�u��t� x� �

Z t

�

e�t����P �D�F �u���� d� 


We introduce the exponent �p given by

�

�



�p
�




p
�

s

n
�

and by ���� ��� and since s � sc�

�

� �p � � and �p � pc 


We de�ne the spaces

�
�� Y � C��	� T � � Hs
p�

and

�
�� X � C��	� T � � L�p� 


Hence� by the Sobolev embedding Theorem� Y 	� X� Now� let us
consider the sequence of functions

�
�� u� � et� U��x� � uj�� � u� � L�uj� 


First we are going to prove that fujg converges strongly in X to a
limit U which veri�es �
� �this proof follows closely Giga�s proof but
we detail it for the reader�s convenience� and second� using the new
estimates given by Theorem 
�
� we will show that U belongs also to Y �
Let us recall the �Lp�Lq� and �Hs�	

p �Hs
p� estimates for the semigroup

e�� �see �Tr���
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Lemma ����

a� For all q � p and � � 	� there exists C such that

ke��fkLq 	 C ��n�����p���q� kfkLp 


b� For all � � 	 and � � �	� T �� there exists C�T � such that

ke��fkHs��
p

	 C�T � ��	�� kfkHs
p



c� For all � � 	 and � � 	� there exists C such that

ke��fk �Hs��
p

	 C ��	�� kfk �Hs
p



By Part a� of Lemma 
�


�
�� ku�kX 	 kU�kL�p 	 C kU�kHs
p



Let u and v in X then�

kL�u��t�� L�v��t�kL�p 	

Z t

�

��e�t����P �D� �F �u����� F �v�����
��
L�p d� 


Since we are working in the whole Euclidian space Rn � the operators
e�� and P �D� are some Fourier multipliers and so�

e�t����P �D� � P �D� e�t���� � e��t����� P �D� e��t����� 


Furthermore by H
�� P �D� � Hd
p �R

n� �� Lp�Rn � is bounded and so�
using Lemma 
�
�

ke�t���� P �D� �F �u����� F �v�����kL�p

	 C �t� ���d�� ke��t����� �F �u����� F �v�����kL�p

	 C �t� ���� kF �u����� F �v����kL�p�� �

�note that the �rst part of �

� is needed� where� by ����

�
�� � �
d



�
n




�� 


�p
� 
�

��� 
� �s� sc�



� 
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Using this last estimate and H older�s inequality� we obtain

kL�u��t�� L�v��t�kL�p

	 C

Z t

�

�t� ���� ku���� v���kL�p

�
ku���k���

L�p � kv���k���
L�p

�
d�

and� since � � 
�

�
�� kL�u�� L�v�kX 	 C T ��� ku� vkX
�
kuk���X � kvk���X

�



Furthermore L�	� � 	 and from �
�� and �
�� we deduce that

�
!�

���	��

kuj��kX 	 kU�kHs

p
� C T ���kujk�X �

kuj�� � ujkX 	 C T ���kuj � uj��kX

�
�
kujk���X � kuj��k���X

�



Then� a standard �xed point argument shows that� for

��	� T �
C

�
kU�k

������������
Hs
p

�

the sequence fujg converges strongly in X to a limit U which obviously
solves �
� since �p � � by �

��

Now� we must prove that this solution belongs also to Y � Let
u � Y � then�

kL�u��t�kHs
p
	

Z t

�

ke�t����P �D�F �u����kHs
p
d� 


As previously

ke�t����P �D�F �u����kHs
p
	 C �t� ���d�� ke��t�����F �u����kHs

p

	 C �t� ����d�s�s���� kF �u����kHs�
p




But now� using Theorem 
�
� we can bound the term kF �u����kHs�
p

by
C ku���k�Hs

p
and furthermore� thanks to �
�� and to ���� we obtain

ke�t����P �D�F �u����kHs
p
	 C �t� ���� ku���k�Hs

p
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This last inequality leads then to

kL�u��t�kHs
p
	 C

Z t

�

�t� ���� ku���k�Hs
p
d� 	 C T ��� kuk�Y

and so by �
���

��
� kuj��kY 	 kU�kHs
p
� C T ��� kujk�Y 


As previously� if T satis�es ��	�� thanks to ��
� we see that the kujkY
remain bounded and so� we can always extract a subsequence fujkg
which converges weakly�� to a limit �U � Y � Now the ujk converge to
U and converge to �U in D���	� T ��Rn� and so U agrees with �U � Thus
we have proved the existence of a solution in C��	� T �� Hs

p��
The estimate for Tm comes from ��	� which gives

Tm �
C

�
kU�k

����s�sc�
Hs
p




If Tm � ��� this explicit lower bound obviously allows us to show the
blow�up in Hs

p�R
n � norm �one can also prove the blow up in L�p�Rn�

when it holds in Hs
p�R

n���
If s � n�p� using Theorem 
�
 instead of Theorem 
�
� the same

proof gives existence under the hypothesis H���

��� Uniqueness�

Let U�t� x� � Y and V �t� x� � Y be two solutions for the same
initial data U� and let T � maxfTm�V �� Tm�U�g� Then� since U and
V solve �
��

kU � V kX � kL�U�� L�V �kX

and so� by �
���

kU � V kX 	 
T ��� CM��� kU � V kX �

where
M � sup

���T 	

fkU�t�kL�p � kV �t�kL�pg 


So� for T small enough�

kU � V kX 	





kU � V kX
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and so U � V on �	� T �� To conclude we just have to iterate this in
order to prove that Tm�U� � Tm�V � and that U � V on �	� Tm�U�� �

���� Smoothing e�ects�

Let U be a solution of �
�� Using Lemma 
�
 we easily see that

kU�t� x�� et�U�kHs��
p

	 C

Z t

�

�t� ���	�� kU��� ��k�Hs
p
d�

and so� for all � � 
� � � ��� 
�
�

kU�t� x�� et�U�kHs��
p

	 C T ����	 kUk�Y �

which gives the �rst part of Theorem 
���b�� If s � n�p� the proof is
the same using Theorem 
�
 instead of Theorem 
�
�

Now let us assume that F � C��R�� For all t � 	� et�U� is
C��Rn � and so U���
� �� � Hs�	

p �Rn�� Taking ��
 as initial time�
we just have to repeat this argument to prove that U���
 � ���� �� �
Hs��	
p �Rn� � � � �nally� U � C���� T � � C�� for each � � 	� Thus we have

proved the second part of Theorem 
���b��

���� Continuous dependence with respect to the data�

First we deal with continuity in X norm� Let U and V be two
solutions of �
� for the respective initial data U� and V�� Let

T � min fTm�U��� Tm�V��g

and
M � sup

t����T 	

fkU�t�kHs
p
� kV �t�kHs

p
g 


By �
���

kU � V kX 	 kU� � V�kL�p � C T ��� kU � V kX 
M��� 


Taking T � 	 T such that �C T ����M��� 	 
 then�

kU � V kC����T �� �L�p� 	 
 kU� � V�kL�p



�� F� Ribaud

and� if one can take T � � T � this ends the proof� On the contrary�
solving �
� for the initial data U�T �� and V �T ��� the uniqueness and
the uniform bound for U and V in X norm allow us to iterate this last
argument N times until N T � � T and thus

��
� kU � V kX 	 C�T � kU� � V�kL�p 	 C�T � kU� � V�kHs
p



Now let us assume that s� 	 	� i�e� that s 	 n ��� 
���p��� Then�

kU�t�� V �t�kHs
p

	 kU� � V�kHs
p
� C

Z t

�

�t� ���� kF �U����� F �V ����kHs�
p
d� 


Since s� 	 	 and ���p � 
�p�s��n� we can use the Sobolev embedding

L�p�� 	� Hs�
p �

which leads to

kU�t�� V �t�kHs
p

	 kU� � V�kHs
p
� C

Z t

�

�t� ���� kF �U����� F �V ����kL�p�� d�

	 kU� � V�kHs
p
� C T ��� kU � V kX

�
kUk���X � kV k���X

�
and� according to ��
� and to this last inequality� we obtain that

���� kU � V kY 	 C�T � kU� � V�kHs
p



To conclude we have to relax our assumption on s� Since U and V are
solutions of �
��

kU � V kY 	 kU� � V�kHs
p
� kL�U�� L�V �kY 


First� let us recall the following interpolation inequality�

Lemma ���� Let p � �
���� � � � R and s � R� Then� for all f �
Hs�	
p �Rn ��

kfk�Hs
p
	 C kfkHs��

p
kfkHs��

p



For a proof see �Tr��
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By Lemma 
�
 we see that

kL�U��t�� L�V ��t�kHs
p

	
�
kL�U��t��kHs��

p
� kL�V ��t�kHs��

p

����
kL�U��t�� L�V ��t�k

���

Hs��
p

Now since s � 
� d� one can choose � � ��� 
� �s� sc��
 such that

���� sc � s� � �
�� 


�

n

p



Using the smoothing e�ects� the �rst term of the left�hand side of the
last inequality can be bounded by

C�T � �kUkY � kV kY �
��� 	 C ��T �M �

and� using ����� since �s� �� satis�es ����� we bound the second term
by

kU� � V�k
���

Hs��
p

� kU�t�� V �t�k
���

Hs��
p

	 C�T � kU� � V�k
���

Hs��
p

	 C�T �kU� � V�k
���
Y 


Combining this two inequalities we obtain that

kU � V kY 	 C�T � kU� � V�k
���
Y

and the proof of Part c� is completed�

�� The global Cauchy problem�

In this section we study the global Cauchy problem for small initial
data in Lpc�Rn�� First in Section ��
 we study the case of initial data
which belongs only to Lpc�Rn � and we prove Lemma 
�
� In Section ��

we study the global Cauchy problem for initial data in Lp�Rn �
Lpc�Rn�
when Lp�Rn� is subcritical for �
� and we prove the Proposition 
�
�
Then� in Section ���� we consider initial data in Hs

p�R
n � space and we

prove the Theorem 
���
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���� Initial data in Lpc�Rn ��

Let us consider U� � Lpc�Rn�� In �Gi� Giga proved that there
exists a non�negative absolute constant A such that� if kU�kLpc 	 A�
then there exists a unique global solution of �
� in BC�R� � Lpc� which
satis�es

t 
�� t
�q� kU�t� ��kLq � BC�R�� �

for all q and ��q� such that

pc 	 q � �� and 	 	 ��q� � ��� �

and which satis�es

lim
t���

t
�q� kU�t� ��kLq � 	 �

for all q and ��q� such that

pc � q � �� � � � q and 	 � ��q� � ��� 


First we are going to prove that� for pc 	 q � �� and 	 	 ��q� � ����

���� kU�t� ��kLq 	 C t�
�q� kU�kLpc �

which is a little more precise than the estimate

kU�t� ��kLq 	 C t�
�q� 


Second� we are going to relax the restriction ��q� � ��� in this estimate�
Indeed� when pc � n��
� the reader will check that the assumption
��q� � ��� is ful�lled for all q � �pc���� and so� the asymptotic
estimates ���� to� On the contrary� when pc � n��
� on must assume
that q � �pc� �
�pc � 
��n������ to be sure that ��q� � ��� holds� So�
when pc � n��
� the asymptotic estimates are proved only for q in the
range �pc� �
�pc � 
��n������ and we want to show that they holds for
all exponent q in �pc���� �

To prove Lemma 
�
 let us come back to the proof of Theorem 
��
given in �Gi�� In the critical case �when U� � Lpc�Rn��� to prove the
existence of a solution for �
�� one introduce� for pc � q � ��� � � q
and 	 � ��q� � ���� the Banach spaces

Xq � ff�t� x� � t 
�� t
�q� kf�t� x�kLq � BC�R��g
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and the space

Y � ff�t� x� � t 
�� kf�t� x�kLpc � BC�R��g 


Then� if we consider fujg the sequence of functions de�ned by �
��� we
have the estimate �see �Gi��

���� kuj��kXq
	 C� ku

�kXq
� C� ku

jk�Xq
�

where�
kf�t� x�kXq

� sup
t��

t
�q� kf�t� x�kLq 


Then� when kU�kLpc 	 A� using ���� and �
����
��� one can prove that
the fujg converge in Xq to U�t� x� the unique solution of �
� such that
�
����
�� is ful�lled �see �Gi� for a proof�� Furthermore� to prove that
U�t� x� belongs also to BC��	���� � Lpc�Rn��� one can easily check that
the nonlinear map L � Xq �� Y de�ned at the beginning of the Section

�
 satis�es

���� kL�U�kY 	 CkUk�Xq

as soon as pc � q � ��� � � q and as soon as 	 � ��q� � ����
Now let us come back to the proof of Lemma 
�
� By ����� it is

obvious that the sequence fujg stay in the ball B�	� 
C�ku
�kXq

� for the
Xq topology as soon as

C� �
C� ku
�kXq

�� 	 C� ku
�kXq

�

which holds for

ku�kXq
	
� 



�C���
� C�

��������



Now� by Lemma 
�
�

���� ku�kXq
	 C kU�kLpc

and so� for

kU�kLpc 	 A �



C

� 



�C���
� C�

��������
�
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there exists a global solution U�t� x� of �
� which belongs to the ball

B�	� 
C� ku
�kXq

� � B�	� 
C�C kU�kLpc � �

for the Xq topology� Thus the proof of Lemma 
�
 is completed for the
exponents q such that pc � q � ��� � � q and 	 � ��q� � ���� To
conclude in the special case of Lpc�Rn�� we have just to use this last
result and the estimate ����� Thus� if pc � � the proof is over� On the
contrary� if pc � �� we have just to interpolate the estimates in Lq�Rn�
norm and in Lpc�Rn� norm to end the proof�

Now we are going to prove that the asymptotic estimates

kU�t� ��kLq 	 C t�
�q� kU�kLpc

holds also when ��q� � ���� First� for U� such that kU�kLpc 	 A�
let us consider U�t� x� the Giga�s solution of �
� and let us consider q�
an exponent such that q� � pc and such that ��q�� � ��� �such a q�
always exists since pc � 
� see the Remark � after Theorem 
���� Next
let us consider the sequence fqig de�ned by

��!�
n




� 


qi
�




qi��

�
� � � ���

and note that fqig is increasing and that there exists ql such that
n��
 ql� � ����

Let us de�ne

I�qi� qi��� �

Z �

�

�
� s��d���n��������qi��� s��� ds 


Then� by ��!�� for all i � 	�

I�qi� qi��� � �� 


Now we pick t� � 	 and we consider V the solution of

��	�

�
V �t� x� � et�V� � L�V ��t� x� �

V �	� x� � V��x� � U�t�� x� 


First� by the previous result and since 	 � ��q�� � ���� it follows that

��
� V� � Lpc�Rn �
Lq��Rn � with kV�kLq� 	 C t�
�� kU�kLpc 
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Lemma ���� Let T � T �t�� such that

��
� 
�C� T ���d������pc�qo�I�q�� q�� kV�k
���
Lq� � 


then�

���� kV �t�kLq� 	 
C t�� kV�kLq� �

for all t � �	� T � �

Indeed� since V��x� � Lq��Rn � with q� � pc� using the proof of
Theorem 
�� we see that the sequence

v� � et�V� � vj���t� x� � v� � L�vj��t� x� �

converges strongly to V �t� x� in C��	� T �� Lq��� By Lemma 
�
� v� obvi�
ously satis�es ���� for all t � 	� Now� if vj satis�es ����� then

kvj���t�kLq� 	 C kV�kLq� t
��

� C

Z t

�

�t� ���d���n��������q�� kvj���k�Lq� d�

	 C kV�kLq� t
��

� C 
�C� kV�k
�
Lq�

Z t

�

�t� ���d���n��������q�� ���� d�

for all t � �	� T � � and so�

kvj���t�kLq�

	

C kV�kLq�

tn�����q����q��

�



� 
���C� kV�k

���
Lq� Iq��q� T

���d������pc�q��
�
�

for all t � �	� T � � Hence� if T satis�es ��
��

kvj���t� ��kLq� 	 
C t�� kV�kLq� 


So� by induction� ���� holds for all j and thus the Lemma is proved�

Using the uniqueness result in the supercritical case and ��	� we
see that

V �t� x� � U�t� t�� x�
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and so� by Lemma ��
�

kU�t� t��kLq� 	 
C t�� kU�t��kLq� �

for each t � �	� T �t��� where T �t�� satis�es ��
�� Now� we claim that
there exists an absolute constant A� such that� when kU�kLpc 	 A��
one can always take T �t�� � t��
 in the previous inequality� Indeed by
Lemma ��
 we have only to make sure that


� C�
� t�



����d������pc�q��
kV�k

���
Lq� I�q�� q�� � 
 �

which� combined with ��
�� leads to


�C�
� t�



����d������pc�q���n����������pc���q��
kU�k

���
Lpc I�q�� q�� � 


and� since


� d




�

�

pc
q�

�
�
n��� 
�




� 


pc
�




q�

�
� 	

it is su�cient to make sure that


� C� kU�k
���
Lpc I�q�� q�� � 
 


Thus� when U� is small enough in Lpc�Rn�� ��
� holds for each t� � 	
and so ���U�� t�




����
Lq�

	 
C t��� t
�n�����pc���q��
� kU�kLpc

and� since t� is arbitrary�

kU�t�kLq� 	 
C t�n�����pc���q�� kU�kLpc �

for all t � 	� Now� since I�qi� qi��� � �� and since we have prove the
required estimate for q� de�ned by ��!�� we have just to iterate this
proof to get the required estimate in Lq� norm
 
 
 Thus� for each qi� the
proof follows by induction� Now� if q � �qi� qi��� � we get the result by
interpolation� Thus we have proved that U�t� x�� the global solution of
�
�� satis�es

kU�t� x�kLq 	 C t�
�q� kU�kLpc �
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for all q � �pc���� �

���� Initial data in Lpc�Rn � 
 Lp�Rn��

Let p � pc� We consider now an initial data U� which belongs
to Lp�Rn� 
 Lpc�Rn�� we assume that kU�kLpc 	 A and we denote
by U�t� x� the Giga�s solution of �
� which belongs to BC�R� � Lpc�
and satis�es the estimates �
����
�� and �
����
��� Using the slight
improvement about the decay of the Lq�Rn� norms �estimates �
�� of
Lemma 
�
� that we previously proved� we are �rst going to show that
the Giga�s solution belongs to Lp�Rn� for all t �step one�� then we will
prove that U�t� x� belongs to BC�R� � Lp�Rn�� �step two� and next�
that U�t� x� satis�es the asymptotic estimates �
	� �step three��

Step one� Here we consider U��x� � Lp�Rn� 
 Lpc�Rn� and we want to
prove that�

���� kU�t�kLp 	 C�T � � for all T � 	 and t � �	� T � 


First let us assume that

���� max
n

�
pc
�

o
	 p � pc 


Then� since U�t� x� is a solution for �
�� for all T � 	 and t � �	� T �

kU�t�kLp 	 kU�kLp � kL�U��t�kLp

	 kU�kLp �

Z t

�

ke�t����P �D�F �U����kLp d�

	 kU�kLp �

Z t

�

jt� � j�d�� kF �U����kLp d�

	 kU�kLp �

Z t

�

jt� � j�d�� kU���k�Lp� d�

Now� by ����� p� � pc and so� using the estimates �
�� of the Lemma

�
� we obtain that

kU�t�kLp 	 kU�kLp �

Z t

�

jt� � j�d�� ���
�p�� kU�k
�
Lpc d�

	 kU�kLp � C�T � kU�k
�
Lpc
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since d � 
 and

	 � ��p�� � ��pc �� �

� d


�
	




�
�

for all pc�� � p � pc�
Thus� the estimate ���� is proved for all p which verify ���� and� if

pc � �� the proof is over�
Assume now that

���� max
n

�

pc
��

o
	 p �

pc
�




First� if U��x� � Lp 
 Lpc � then U��x� belongs to Lq�Rn� for all q �
�pc �

��� pc� and then� by the previous result� kU�t�kLq 	 C�T� U�� for
all q in the range �pc �

��� pc�� Second� since U�t� x� is a solution of �
�

kU�t�kLp 	 kU�kLp � kL�U��t�kLp

	 kU�kLp �

Z t

�

ke�t����P �D�F �U����kLp d�

	 kU�kLp �

Z t

�

jt� � j�d��kF �U����kLp d�

	 kU�kLp �

Z t

�

jt� � j�d�� kU���k�Lp� d� 


Next� we remark that d � 
 and that� by ����� p� belongs to the range
�pc �

��� pc� � Hence� by the previous result� we can use the bound

kU�t�kLp� 	 C�T� U�� �

which leads to
kU�t�kLp 	 kU�kLp � C�T� U��

and so� the estimate ���� holds for all p in the range �max f
� pc��
�g� pc��

Next� for p � �pc �
�n��� pc �

�n� � the proof of ���� follows easily by
induction�

Step two� In step one� we have proved that U�t� x� the Giga�s solution of
�
� belongs to Lp�Rn � for all t � 	 when U� belongs to L

p�Rn�
Lpc�Rn�
and when U� is small enough in Lpc�Rn�� Now� we are going to prove
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that U�t� x� belongs to BC�R� � Lp�� Let us consider T � 	 and t in
�	� T �� First� since U�t� x� is a mild solution of �
��

U�t� x� � et�U��x� � L�U��t� x� 


So� by Lemma 
�
�

kU�t�kLp 	 kU�kLp � kL�U��t�kLp

	 kU�kLp �

Z t

�

ke�t����P �D�F �U����kLp d�

	 kU�kLp � C

Z t

�

�t� ���
�q� kF �U����kLq d� �

where q is any exponent in �
� p� which will be �xed latter and where
��q� is de�ned by

���� ��q� �
d



�
n




�

q
�




p

�
�

Using H older�s inequality we get

kU�t�kLp 	 kU�kLp � C

Z t

�

�t� ���
�q� kU���kLqq� kU���k���
Lqq������

d� �

where 
�q��
�q� � 
 and furthermore� we choose q� such that q q� � p
to obtain

kU�t�kLp	kU�kLp�C kUkL�����T 	�Lp�

Z t

�

�t����
�q�kU���k���
Lqq������

d� 


Now if we choose q such that q � p with q � p then� since q q� � p�
q� � 
� Hence it follows that z � q q� �� � 
� � pc� Next� for z �
q q� ���
� � pc� by Lemma 
�
� we can bound U�t� x� in Lqq�������Rn�
norm by

kU�t� x�kLqq������ 	 C t�
�qq������� kU�kLpc

and so�

kU�t�kLp	C kU�kLp�kUkL�����T 	�Lp� kU�k
���
Lpc

Z t

�

�t����
�q���	�q� d� �
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where

���� ��q� � ��� 
� ��q q� ��� 
�� �






�

� d�

n

q q�

�



One can easily check that choosing q � p then q� is large enough to
makes sure that 	 � ��q� � 
 and that 	 � ��q� � 
 �since d � 
��
Furthermore ��q� � ��q� � 
 and so�

��!� kUkL�����T 	�Lp� 	 kU�kLp � C kUkL�����T 	�Lp� kU�k
���
Lpc 


Now� if kU�kLpc is small enough then


� C kU�k
���
Lpc �







and then� by ��!�� and since kUkL�����T ��Lp� � �� for all T � 	�

kUkL�����T 	�Lp� 	
kU�kLp


� C kU�k
���
Lpc

	 
 kU�kLp 


To conclude� we have just to remark that the right side of this estimate
do not depend of T � Thus� we have proved that U�t� x� the mild solution
of �
� belongs to BC�R� � Lp�Rn���

Step three� Now we have to prove the Lr�Rn� estimates �
	� of Theorem

��� They hold obviously for the term et�U� by Lemma 
�
� hence� we
just deal with the nonlinear term L�U�� First let us suppose that

��	� ��r� �
n




�

p
�




r

�
�


� d






Then�

kL�U��t�kLr 	

Z t

�

ke�t����P �D�F �U����kLr d�

	 C

Z t

�

�t� �����r�ke�t����P �D�F �U����kLp d�

	 C

Z t

�

�t� �����r��
�q� kU���kLqq� kU���k���
Lqq������

d� �
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where q � �
� p� � 
�q��
�q� � 
 and ��q� is given by ����� Now� taking
q q� � p with q � p then q� � 
 and q q� ��� 
� � pc and so� we using
the estimates of Lemma 
�
 we obtain

kL�U��t�kLr	C
�
sup
t�R�

kU�t�kLp
�
kU�k

���
Lpc

Z t

�

�t������r��
�q� ��	�q� d� �

where ��q� is given by ����� If ��	� holds then one can choose q� q� and
q� such that ��q� � 
� ��r� � ��q� � 
 and ��q� � ��q� � 
� and so�

kL�U��t�kLr 	 C t���r�
�
sup
t�R�

kU�t�kLp
�
kU�k

���
Lpc 


Then� since kU�t�kLp 	 C kU�kLp �by step two��

kL�U��t�kLr 	 C t���r� kU�k
���
Lpc kU�kLp 	 C t���r� kU�kLp �

which completes the proof�

Now� if ��	� is not ful�lled� we build a sequence frig de�ned by

r� � p �
n




� 


ri
�




ri��

�
� � � max

n �
� d�



� ���

o



And� if p � r� � r� � pc� since U�t� �� is bounded in Lp 
 Lpc � then
U�t� �� is also bounded in Lr for all r in �p� pc� and for each t � 	�

Now let t� � 	 and let W be the solution of

��
�

�
W �t� x� � et�V� � L�W ��t� x� �

W �	� x� � W��x� � U�t�� x� 


We have already proved that

��
� W� � Lpc�Rn� 
 Lr��Rn� with kW�kLr� 	 C t
���r��
� kU�kLpc

and furthermore W �t� �� is bounded in Lr��Rn� 
 Lpc�Rn�� So we just
have to iterate the previous proof to estimate W �t�� x� � U�
 t�� x� in
Lr��Rn � norm with respect to W��x� � U�t�� x� in Lr��Rn � norm to
obtain the required estimate and we can do this until ri 	 pc�

Now let us denote by I the �rst index such that rI � pc� We have
proved that

����

�
kU�t�kLpc 	 C �
 � t����pc� �

kU�t�kLrI 	 C t���rI� 




�
 F� Ribaud

and� to conclude� we just have to use the same proof as in Section ��

with the estimate ���� instead of the estimates ��
�� This end the proof
of the Proposition�

���� Initial data in Hs
p�R

n��

We give now the proof of Theorem 
��� Let us consider an initial
data U� such that kU�kHsc

p
	 A�� Then� by the Sobolev embedding

theorem� U� belongs to Lpc�Rn� 
 Lp�Rn� and� if A� is small enough�
then kU�kLpc 	 A� So� according to Theorem 
��� there exists a unique
global solution U�t� x� of �
� and this solution satis�es �
!� and �
	��
Hence� to prove that U belongs to BC�R� � Hsc

p �� we have only to check

that U remains bounded in the homogeneous space �Hsc
p �Rn� thanks to

the following well know inequality

kfkHs
p
	 C �kfkLp � kfk �Hs

p
� � for all s � 	 


Now since U is a solution of �
��

kU�t�k �Hsc
p
	 kU�k �Hsc

p
� kL�U��t�k �Hsc

p

	 kU�kHsc
p

�

Z t

�

ke�t����P �D�F �U����k �Hsc
p
d�

	 kU�kHsc
p

� C

Z t

�

�t� ����sc�d��� kF �U����kLp d�����

	 kU�kHsc
p

� C

Z t

�

�t� �����q� kF �U����kLq�� d�

	 kU�kHsc
p

� C

Z t

�

�t� �����q� kU���k�Lq d� �

where

���� ��q� �
sc � d



�
n




��
q
�




p

�
� q � �pc� p �� 


and where� in the third inequality� we used the hypothesis of homogene�
ity on P �D��
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Since p � pc��� one can check that sc � 
 � d� and so taking
q � p�� one can always choose q such that 	 � ��q� � 
� Then� for
this choice of q we obtain

kU�t�k �Hsc
p
	 kU�kHsc

p

� C
�
sup
R�

t
�q� kU�t�kLq
�� Z t

�

�t� �����q� ���
�q� d�

	 kU�kHsc
p

� C
�
sup
R�

t
�q� kU�t�kLq
��

�

since ��q� � ���q� � 
� But� by Lemma 
�
� we know that t
kU�t�kLq
remains bounded for all t � 	 and so U belongs to BC�R� � �Hsc

p �� Thus
we have proved that U belongs to BC�R� � Hsc

p ��

Now� let U� � Hs
p�R

n � such that kU�kHsc
p
	 A�� Then� according

to Part a� of Theorem 
�� and to Part a� of Theorem 
��� there exists a
unique solution of �
� in C��	� T � � Hs

p�
BC�R� � Hsc
p � and so� to prove

Part b� of Theorem 
��� we must show that blow up in Hs
p�R

n� norm
cannot occur� But� like in Part b� of Theorem 
��� one can easily show
that smoothing e�ects occur namely that

kU�t�� et�U�kHsc��
p

	 C kU�t�kHsc
p
�

this� as long as ��q� � � � 
� where ��q� is given by ����� Hence� if
blow up holds in Hsc�	

p �Rn� norm� it holds also in Hsc
p �Rn� norm� this

contradicts Part a� of Theorem 
��� Now� since s � sc is arbitrary� we
have just to iterate this proof to obtain the required result�

�� Composition on Hs
p�R

n � spaces�

���� Introduction�

In this section we prove the nonlinear estimate

kF �u�kHs�
p
	 C kuk�Hs

p

that we used in a crucial way in the proof of Theorem 
�� �our result
about local existence and uniqueness for Equation �
��� First we are
going to consider the case H
� �i�e� when s� 	 	�� Then� after recalling
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a few results about Littlewood�Paley analysis� we will prove Theorem

�� when H�� is ful�lled �	 � s� � �� 
��

���� The case s� 	 	�

Here� we suppose that max f	� n�p � n��g � s and that H
� is
ful�lled� i�e� that s� 	 	 and that jF �x�j 	 C jxj�� Now consider
u�x� � Hs

p�R
n �� Then� by the Sobolev embedding Theorem �s � 	 and

p ��
����� we have

���� Hs
p�R

n� 	� L���p�s�n����Rn� 


Now� since s � n�p�n�� we have �
�p�s�n��� � � and� on the other
hand� we have jF �x�j 	 Cjxj�� Thus� by ����

���� kF �u�kL���p��s���n��� 	 C kuk�
L���p�s�n�

�� 	 C kuk�Hs
p



Next� to conclude� we remark that




p
�
s�
n

�
�

p
�
s �

n

and then� since s� 	 	 and ���p � �s���n��� � 
� we can use the
Sobolev embedding

���� L���p��s���n����Rn� 	� Hs�
p �Rn� �

which� with the estimate ����� gives

kF �u�kHs�
p
	 C kuk�Hs

p

as we claim�

���� Littlewood	Paley analysis�

Let us �rst recall the Littlewood�Paley dyadic decomposition for a
tempered distribution� Let ��� be a non�negative radial test function
such that d������ � 
 for j�j 	 ��� and such that d������ � 	 for j�j � 
�
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Let �j�x� � 
nj ����

jx� and let us consider the partial sum operators

Sj associated with the �j and de�ned by

��!� Sj�f��x� � �j � f�x� 


Now de�ne ����x� � ����x� and �j�x� � �j�x�� �j���x� and� in the
same way as previously� consider the operators �j de�ned by

��	� �j�f��x� � Sj�f��x�� Sj���f��x� � �j � f�x� 


Thus�

��
� f � lim
j��

Sj�f� � ����f� �
�X
j
�

�j�f� 


More precisely one can prove the following result �see �Tr���

Proposition ���� The convergence in ��
� occurs in Hs
p�R

n� for all p
in �
��� and for all s in R� Furthermore� for all f in Hs

p�R
n ��

kfkHs
p
� k����f�kLp �

���� �X
j
�

�js j�j�f�j
�
�������

Lp



Now we give some classical Lemmas which will be of great use in
the sequel�

Lemma ��� �Bernstein�s inequalities�� Let p � �
����

a� If f has its spectrum in the ball B�	� r� then there exists a con�

stant C independent of f and r such that

k�sfkLp 	 C rs kfkLp � for all s � 	 


b� If f has its spectrum in the ring C�	� Ar�Br� � f� � Ar 	 j�j 	
B rg then there exists some constants C� and C� independent of f and

r such that

C� r
s kfkLp 	 k�sfkLp 	 C� r

s kfkLp � for all s � 	 
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For a proof see �AG�� The second Lemma describes the behavior of
Sj�u� and �j�u� in L��Rn � norm when u belongs to Hs

p�R
n� spaces�

Lemma ���� Let

��
� sn � s�
n

p



Then�

a� For all s in R� k�k�u�kL� 	 C 
�ksn kukHs
p
�

b� If s � n�p then� kSk�u�kL� 	 C 
�ksn kukHs
p
�

The proof is left to the reader �hint� use Bernstein�s inequalities��

Lemma ���� Let ffkg
�
k
� be a sequence of functions in S ��Rn� such

that

supp � "fk� � B�	� C 
k� 


Then there exists a constant C such that���� �X
j
�

�X
k
�

j�j�fk�j
�
�������

Lp
	 C

���� �X
k
�

jfkj
�
�������

Lp



For a proof see �Me��

���� The paracomposition formula�

To prove Theorem 
�
 we use the paracomposition technique �see
�Me�� �Ta�� �AG�� �Co�� 
 
 
 � which generalizes the paraproduct technique
introduced by J� M� Bony� We rewrite F �u� as the serie

F �u� � F �S��u�� � �F �S��u��� F �S��u��� � � � �

� �F �Sk���u��� F �Sk�u��� � � � �

and since F is C� at least

���� F �u� � F �S��u�� �
�X
k
�

�k�u�mk�u� �
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where

���� mk�u� �

Z �

�

F ��Sk�u� � t�k�u�� dt 


To relocate the mk�u� spectrums we introduce a second Littlewood�
Paley�s partition of unity

d���� �

A 
k

�
�

�X
p
�

b�� �

A 
k�p

�
� 


and so�

���� mk�u� � mk����u� �
�X
p
�

mk�p�u� �

where

����

��	�

mk����u� � F��

�
"���

� �

A 
k

��
� mk�u� �

mk�p�u� � F��
�
"���
� �

A 
k

��
� mk�u� 


So� by ���� and �����

���� F �u� � F �S��u�� �
�X
k
�

�k�u�mk����u� �
�X

k�p
�

�k�u�mk�p�u�

and we want to prove that each of those terms belongs to Hs�
p �Rn�

where s� � 	 is given by �!��
For the term F �S��u�� we refer to �Co� �one uses bounds on the

maximal function of F �S��U�� to get the proof��

������ The series
P�

k
��k�u�mk����u� belongs to Hs�
p �Rn��

We begin with the following Lemma�

Lemma ���� Under H���

kmk����u�kL� 	 C 
�ksn����� kuk���Hs
p

� for all k � N 
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Lemma ��� follows from Lemma ��
 since

kmk����u�kL� � kF��� "����� A
�� 
�k�� � mk�u�kL�

	 kF��� "����� A
�� 
�k��kL� kmk�u�kL�

	 C kmk�u�kL� 


Now jF ��x�j 	 Cjxj��� and so

jmk�u�j 	

Z �

�

C jSk�u� � t�k�u�j
��� dt

and the estimates of Lemma ��
 for Sk�u� and �k�u� in L��Rn� norm
lead to the proof�

To prove that the series belongs to Hs�
p �Rn� by Proposition ��
 it

is then su�cient to show that the function

��x� �
� �X
j
�

�js�
����j

� �X
k
�

�k�u�mk����u�
���������

belongs to Lp�Rn �� By construction the mk����u� spectrums are in the
balls B�	� A 
k� and the �k�u� spectrums are in the rings C�	� 
��A 
k�

A 
k�� Taking A � �	 �for instance� then the mk����u��k�u� spec�
trums are in some extended balls B�	� A�
k� and so� there exists an
integer N such that �j�mk����u��k�u�� � 	 for j � k � N since the
spectrums of �j and �k�u�mk����u� are disjointed� So�

����j

� �X
k
�

�k�u�mk����u�
�����

�
����j

� �X
k
j�N

�k�u�mk����u�
�����

	 C ��js�
� �X
k
j�N

�ks� j�j��k�u�mk����u��j
�
�

by Cauchy�Schwartz inequality applied to the sequences

f
�ks� �k�j�Ng and f
ks��k�u�mk����u��k�j�Ng
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�note that s� � 	 is needed�� Then by de�nition of ��x� we get

��x� 	 C
� �X
j
�

�X
k
�

j�j�

ks��k�u�mk����u��j

�
����

and� Lemma ��� applied to the sequence f
ks��k�u�mk����u�g leads
to

k��x�kLp 	
���� �X

k
�

�ks� j�k�u�mk����u�j
�
�������

Lp



Now� using Lemma ���

j�k�u�mk����u�j
� 	 kmk����u�k

�
L� j�k�u�j

�

	 C ��ksn����� kuk
������
Hs
p

j�k�u�j
�

and so�

k��x�kLp 	 C kuk���Hs
p

���� �X
k
�

�k�s��sn������ j�k�u�j
�
�������

Lp



But� s � s� � sn��� 
� and so

k��x�kLp 	 C kuk���Hs
p

���� �X
k
�

�ks j�k�u�j
�
�������

Lp
	 C kuk�Hs

p



Thus the series belongs to Hs�
p �Rn� and its norm is bounded

by C kuk�Hs
p
�

������ The series
P�

k
�

�P�
p
��k�u�mk�p�u�

�
belongs to Hs�

p �Rn��

For �xed p � 	 we de�ne

lp�x� �
�X
k
�

�k�u�mk�p�u� 


Taking the constant A large enough one can check that the
�k�u�mk�p�u� spectrums are in some rings f� � C� 


p�k	j�j	C� 

p�kg�

So� there exists an integer K �which does not depend of p� such that
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those rings are K to K disjointed� So we can use the Littlewood�Paley
analysis on the K partial sums lrp�x� de�ned by

���� lrp�x� �
X

k
rmod�K�

�k�u�mk�p�u� with r � f	� 
 
 
 � K � 
g

and� by Proposition ��
� we know that for all r in f	� 
 
 
 � K � 
g�

klrpkHs�
p
	 C

���� X
k
rmod�K�

��k�p�s� j�k�u�mk�p�u�j
�
�������

Lp



Let us assume that the following Lemma holds�

Lemma ���� Under H���

kmk�p�u�kL� 	 C 
������p 
�k�����sn kuk���Hs
p

� for all k � N 


Then by Lemma ����

klrpkHs�
p
	 C 
p�s�������� kuk���Hs

p

�
���� X

k
rmod�K�

�k�s��sn������ j�k�u�j
�
�������

Lp

	 C 
p�s�������� kuk���Hs
p

���� X
k
rmod�K�

�ks j�k�u�j
�
�������

Lp

	 C 
p�s�������� kuk�Hs
p



Thus� for s� � �� 
� the K series flrpgp�N are uniformly convergent in
Hs�
p �Rn� and furthermore� for r � f	� 
 
 
 � K � 
g�X

p

klrpkHs�
p
	 C kuk�Hs

p
�

which ends the proof of Theorem 
�
�

So� to conclude� we have just to prove Lemma ���� Let us de�ne

��!� � � �� 
 � N � 
 � where N � ��� and 
 � �	� 
� 
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and

��	� P t
k�x� � Sk�x� � t�k�x� 


By Lemma ��
 applied with p ���

��
� kmk�p�u�kL� 	 C 
��k�p�	 kmk�u�kC� �

where C	�Rn� denotes the H older space of order � endowed with the
norm

��
� khkC� � khkL� � � � �� kD	hkL� � if � � N �

and

���� khkC� � khkCN � sup
jx�yj��

jDNh�x��DNh�y�j

jx� yj�
� if � �� N

�for more details see �Tr� for instance��
So� by ��
��

kmk�p�u�kL� 	 C 
��k�p�	
�
kmk�u�kL� � � � �� kDNmk�u�kL�

� sup
jx�yj��

jDNmk�u��x��DNmk�u��y�j

jx� yj�

�

����

The bound of kmk�u�kL� is easy to establish� we have just to argue as
in the proof of Lemma ��� to get

���� kmk�u�kL� 	 C 
�ksn����� kuk���Hs
p




Next we must bound kDjmk�u�kL� for j � f
� 
 
 
 � Ng� Let � be
a multi�index such that � � �� � � � � � �n with total length j�j �
j��j� � � �� j�nj � j then�

�
mk�x� �

Z �

�

jX
q
�

X

������
q



Dq��F �P t
k�x�� �


�P t
k�x� � � ��


qP t
k�x� dt �

where the second sum is taken on all the decompositions of � � �� �
� � �� �q� By Lemma ��
 and Lemma ��
�

k�
iP t
k�x�kL� 	 C 
j
ijk kP t

k�x�kL� 	 C 
j
ijk 
�ksn kukHs
p
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and so�

k�
�P t
k�x� � � ��


qP t
k�x�kL�

	 C �
j
�jk 
�ksn kukHs
p
� � � � �
j
qjk 
�ksn kukHs

p
�

	 C 
k�j
�j�����j
qj� 
�kqsn kukqHs
p



Furthermore by Lemma 
�
 and Lemma ��


kDq��F �P t
k��x�kL� 	 C kSk�u� � t�k�u�k

��q��
L�

	 C 
�ksn�����q� kuk����qHs
p




And so� for �xed q���� Z �

�

X

������
q



Dq��F �P t
k�x�� �


�P t
k�x� � � ��


qP t
k�x� dt

���
L�

	 C 
�ksn�����q� kuk����qHs
p


k�j
�j�����j
qj� 
�kqsn kukqHs
p

	 C 
�ksn����� 
jk kuk
�����
Hs
p




Thus� for j � f
� 
 
 
 � Ng�

���� kDjmk�u�kL� 	 C 
�ksn����� 
kj kuk
�����
Hs
p




To conclude we must estimate

sup
jx�yj��

jD�N 	mk�u��x��D�N 	mk�u��y�j

jx� yj�



Let � be a multi�index of length N � Then�

�
mk�x� �

Z �

�

NX
q
�

X

������
q



Dq��F �P t
k�x�� �


�P t
k�x� � � ��


qP t
k�x� dt

and so� �
mk�x�� �
mk�y� � I�x� y� � J�x� y� where

I�x� y� �

Z �

�

NX
q
�

X

������
q



�Dq��F �P t
k�x���Dq��F �P t

k�y���

�
Y

i

�
iP t
k�x� dt
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and�

J�x� y� �

Z �

�

NX
q
�

X

������
q



Dq��F �P t
k�y��

�
�Y


i

�
iP t
k�x��

Y

i

�
iP t
k�y�

�
dt 


We deal �rst with the term I�x� y�� For q � f
� 
 
 
 � Ng and f�igi
������q
a decomposition of � we must estimate

Iqk � sup
jx�yj��

n 


jx� yj�

��� Z �

�

X

������
q



�DqF ��P t
k�x���DqF ��P t

k�y���

�
Y

i

�
iP t
k�x� dt

���o 

First suppose that q 	 N � 
� Then� by Lemmas ��
 and ��


����
��� qY
i
�

�
iP t
k�x�

���
L�

	 C 
kN 
�kqsn kukqHs
p



Next we must bound

sup
jx�yj��

jDq��F �P t
k��x��Dq��F �P t

k��y�j

jx� yj�



But� by Lemma 
�
� for q 	 N � 
�

jDq��F �x��Dq��F �y�j 	 C jx� yj �jxj��q�� � jyj��q���

and so

jDq��F �P t
k��x��Dq��F �P t

k��y�j

	 C jP t
k�x�� P t

k�y�j �jP
t
k�x�j

��q�� � jP t
k�y�j

��q��� 


But� by de�nition of the C��R� norm�

sup
jx�yj��

jP t
k�x�� P t

k�y�j

jx� yj�
	 C kP t

kkC�

	 C 
k� kP t
kkL�

	 C 
k� 
�ksn kukHs
p
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by Lemmas ��
 and ��
� Thus� for all x� y � R
n with jx� yj � 
�

jP t
k�x�� P t

k�y�j 	 C jx� yj� 
k� 
�ksn kukHs
p

and so

sup
jx�yj��

jDq��F �P t
k��x��Dq��F �P t

k��y�j

jx� yj�

	 C 
k� 
�ksn kukHs
p
kP t

kk
��q��
L�

and so� by Lemma ��
� for all q in f	� 
 
 
 � N � 
g�

����
sup

jx�yj��

jDq��F �P t
k��x��Dq��F �P t

k��y�j

jx� yj�

	 C 
k� 
�ksn���q��� kuk��q��Hs
p




Then� from ��!�� ���� and ����� we deduce that for all q in f	� 
 
 
 � N�
g�

��!� Iqk 	 C 
k����� 
�ksn����� kuk���Hs
p




Now we deal with the terms INk � By lemmas ��
 and ��
�

��	�
��� NY
i
�

�
iP t
k�x�

���
L�

	 C 
Nk 
�kNsn kukNHs
p



Now by H��
jDNF ��x��DNF ��y�j 	 C jx� yj�

and so

sup
t�����	

jDNF ��P t
k�x���DNF ��P t

k�y��j 	 C sup
t�����	

jP t
k�x�� P t

k�y�j
�

	 C sup
t�����	

jx� yj� krP k
t k

�
L�

	 C jx� yj� �
k 
�ksn kukHs
p
�� �

by Lemma ��
 and Lemma ��
� Combining these inequalities we get

��
� sup
jx�yj��

jP t
k�x�� P t

k�y�j

jx� yj�
	 C �
k 
�ksn kukHs

p
�� 
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Then� by ��	� and ��
�

INk 	 C �
k 
�ksn kukHs
p
�N�� �

which leads to

��
� INk 	 C 
�ksn����� 
k����� kuk���Hs
p




Now by ��!� and ��
��

���� sup
jx�yj��

jI�x� y�j

jx� yj�
	 C 
�ksn����� 
k����� kuk���Hs

p



Now we deal with the term J � It can be rewritten as

J�x� y� �
NX
q
�

X

������
q



qX
j
�

Z �

�

Dq��F �P t
k�y�� �


j�P t
k�x�� P t

k�y��

�
�Y
i�j

�
iP t
k�x�

��Y
i�j

�
iP t
k�y�

�
dt 


and we denote by Jq�
i�j each term of the sum and we estimate them
for all �xed triplet �q� �i� j�� As previously� by Lemma 
�


���� kDq��F �P t
k�y��kL� 	 C 
�ksn���q��� kuk��q��Hs

p



Now� let i �� j� then by Lemmas ��
 and ��
�

k�
ix P t
k�x�k 	 C 
j
ijk kP t

k�x�kL� 	 C 
j
ijk 
�ksn kukHs
p

and so

����

���Y
i�j

�
iP t
k�x�

Y
i�j

�
iP t
k�y�

���
L�

	 C 
k�
P

i��j j
ij� 
�k�q���sn kukq��Hs
p



By de�nition of the Cs�R� norm

sup
jx�yj��

�
j �P t
k�x�� P t

k�y��

jx� yj�
	 kP t

kkCj�j j��

	 C 
k�j
j j��� kP t
kkL�

	 C 
k�j
j j��� 
�ksn kukHs
p
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And so�

���� sup
jx�yj��

�
j �P t
k�x�� P t

k�y��

jx� yj�
	 C 
k�j
jj��� 
�ksn kukHs

p



Then by ����� ���� and ���� we get

sup
jx�yj��

jJ�x� y�j

jx� yj�
	 C 
�ksn���q��� kuk��q��Hs

p

k�j
j j��� 
�ksnkukHs

p

� 
k�
P

i��j j
ij� 
�k�q���sn kukq��Hs
p

	 C 
k�N��� 
�ksn����� kuk���Hs
p

and so� since N � 
 � �� 
�

���� sup
jx�yj��

jJ�x� y�j

jx� yj�
	 C 
k����� 
�ksn����� kuk���Hs

p



Thus by ���� and ����

���� sup
jx�yj��

���D�N 	mk�x��D�N 	mk�y�

�x� y��

��� 	 
�ksn����� 
k����� kuk���Hs
p




Now by ��!�� ��
�� ����� ���� and ���� we see that

kmk�pkL�

	 C 
��k�p�	
� NX
j
�


�ksn����� 
jk � 
�ksn����� 
k�����
�
kuk���Hs

p

	 C 
�p����� 
�ksn����� kuk���Hs
p

� NX
j
�


k�j������� � 

�



And for j � f	� 
 
 
 � Ng� j � �� 
 	 	 from which we deduce that

kmk�p�u�kL� 	 C 
�ksn����� 
�p����� kuk���Hs
p

�

which ends the proof of Lemma ����
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