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Time-periodic solutions of completely resonant
Klein–Gordon equations on S3

Massimiliano Berti, Beatrice Langella, and Diego Silimbani

Abstract. We prove existence and multiplicity of Cantor families of small-amplitude time-periodic
solutions of completely resonant Klein–Gordon equations on the sphere S3 with quadratic, cubic,
and quintic nonlinearity, regarded as toy models in general relativity. The solutions are obtained by a
variational Lyapunov–Schmidt decomposition, which reduces the problem to the search of mountain
pass critical points of a restricted Euler–Lagrange action functional. Compactness properties of
its gradient are obtained by Strichartz-type estimates for the solutions of the linear Klein–Gordon
equation on S3.

1. Introduction

Motivated by the stability problem of anti–de Sitter space-time (AdS), the goal of this
paper is to prove existence and multiplicity of Cantor families of time-periodic solutions
of nonlinear Klein–Gordon equations of the form

.�@t t C�S3 � 1/� D

´
j�jp�1� if p is odd, p � 3;

�p if p is even;
(1.1)

where �WR�S3!C and�S3 is the Laplace–Beltrami operator on the three-dimensional
sphere S3. For p D 3, time-periodic solutions of (1.1) have very recently been constructed
by Chatzikaleas and Smulevici [22]. A mathematical point of interest of Theorems 1.2 and
1.4 below is that, jointly with [21, 22], they are the only existence results of time-periodic
solutions for completely resonant Hamiltonian PDEs on a manifold of dimension higher
than 1. Their proof is based on a novel combination of variational methods and Strichartz-
type estimates for free solutions of the Klein–Gordon equation on S3, which we find of
theoretical interest in itself and not available anywhere else in the literature. The Strichartz
estimates, which are sharper than the Sobolev embeddings, allow one to gain compactness
of the gradient of the action functional and smoothness of the critical points.

Let us first briefly outline the physical framework connecting (1.1) with the stability
problem of AdS space-time. AdS is the maximally symmetric solution to the vacuum
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Einstein equations Ric.g/ D �ƒg with negative cosmological constant ƒ. Unlike de
Sitter or Minkowski space-time, its stability properties are nowadays still poorly under-
stood. In particular, the stability of AdS depends on the conformal boundary conditions.
While, for instance, it is expected that under dissipative boundary conditions AdS is
stable, see [31], it has been conjectured, by Dafermos–Holzegel [25] and by Anderson
[2], that AdS is unstable under fully reflective boundary conditions. The latter insta-
bility conjecture is supported by the numerical investigations of Bizoń–Rostworowski
[16] for the spherically symmetric Einstein-massless-scalar field equations, suggesting
that AdS is unstable, against the formation of black holes under arbitrarily small pertur-
bations. Such a phenomenon has been rigorously proven in the works [35, 36] for the
Einstein-massless-Vlasov system with spherical symmetry: they prove the existence of
a one-parameter family of initial data lying arbitrarily close to AdS whose time evolu-
tion gives rise to a black-hole region. Notwithstanding, the work [16] also suggests the
existence of small initial data leading to stable solutions in the Einstein-massless-scalar
field equation, confirmed later by Maliborski–Rostworowski [34], who constructed formal
time-periodic solutions, supported by numerical evidence. The same existence conjecture
of time-periodic solutions – called geons – has also been extended to the vacuum Einstein
equations in [26, 27].

The nonlinear wave equation (1.1) with p D 3 has been introduced in [15, 16, 34]
as a toy model of spherically symmetric Einstein-massless-scalar field equations close
to the AdS solution. Chatzikaleas [20] constructed formal power series expansions of
small-amplitude time-periodic solutions of (1.1) in the spherically symmetric case, which
reduces to the one-dimensional wave equation with singular nonlinearity

�@t tuC @xxu D
u3

sin2.x/
; u.t; 0/ D u.t; �/ D 0; x 2 .0; �/:

The absence of secular terms in the power series expansions is obtained using the method
of Maliborski–Rostworowski [34], developed for the Einstein–Klein–Gordon equation.
However, the presence of small divisors prevents the convergence of such power series.
This difficulty looks analogous to the convergence problem of “Linstedt series” of quasi-
periodic solutions in celestial mechanics, devised since Poincaré [37], and successfully
overcome during the last century by the celebrated KAM theory. The first rigorous exis-
tence result of time-periodic solutions of (1.1) for p D 3 with strongly Diophantine fre-
quencies ! is given in the very recent paper [22]. Such work constructs solutions of the
following form:

• spherically symmetric functions, namely �.t; x/ D u.t; cos.x//, x 2 .0; �/; see Defi-
nition 1.1 below;

• plane waves in Hopf coordinates, namely �.t; �; �1; �2/D u.t; �/ei�1�1ei�2�2 , see Def-
inition 1.3, up to restricting to values of the momenta�1D�2 2 ¹1; : : : ;5º, or�1D�2
large enough.
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The results in [22] rely on an abstract theorem by Bambusi–Paleari [3], which uses a Lya-
punov–Schmidt approach and whose main assumption is the existence of a nondegenerate
zero of the “resonant system”. For a physics-oriented perspective of the status of resonant
system approximations of nonlinear dynamics of AdS space-times we refer to [28].

The goal of this paper is to prove existence and multiplicity of periodic solutions of
(1.1), for more general values of the nonlinearity degree p and of the momenta �1, �2.
More precisely, for

• p D 2 and p D 5, we find real-valued spherically symmetric solutions; see Theorem
1.2;

• pD 3, we find complex plane waves in Hopf coordinates for any value of the momenta
�1; �2 2 Z; see Theorem 1.4.

These generalizations require new methods, since the verification of the existence of a
nondegenerate zero of the associated resonant system seems unapproachable, if even true.
In this work we combine variational methods of mountain pass type, inspired by the works
of Berti and Bolle [5–7] for one-dimensional semilinear wave equations, with Strichartz-
type estimates for the linear Klein–Gordon equation on S3.

We now rigorously present our results.

1.1. Main results

Small amplitude time-periodic solutions of (1.1) bifurcate from suitable solutions of the
linear Klein–Gordon equation

�@t tv C�S3v � v D 0: (1.2)

Since the eigenvalues of ��S3 C 1 are ¹j 2; j 2 N�º, where N� WD ¹1; 2; 3; : : :º, all the
solutions of (1.2) are 2�-periodic in time, i.e. have frequency ! D 1. For this reason
(1.1) is called a completely resonant equation and a major difficulty of the problem is to
determine from which free solutions v of (1.2) periodic solutions of the nonlinear Klein–
Gordon equation (1.1) branch off.

We look for time-periodic solutions of (1.1) with strongly Diophantine frequency
! � 1 belonging to the Cantor set

�
 WD
®
! 2 Œ1

2
; 2� W j!` � j j � 


`
8` 2 N�; j 2 N; ` ¤ j

¯
: (1.3)

For 
 2 .0; 
0/ and 
0 small enough, the set �
 is uncountable, with zero measure, and
accumulates to ! D 1, as proved in [3].

We look for time-periodic solutions of (1.1) taking values in Sobolev spaces H s.S3;
d�/ of scalar functions �WS3 ! C with s > 3

2
, where

H s.S3; d�/ WD
®
� 2 L2.S3; d�/ W .��S3 C 1/

s
2� 2 L2.S3; d�/

¯
; s 2 R; (1.4)

and d� denotes the standard Lebesgue measure on the sphere. Each H s.S3; d�/ is a
Hilbert space endowed with the complex scalar product h�1; �2iH s.S3;d�/ WD h.��S3 C

1/s�1; �2iL2.S3;d�/.
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For any s > 3
2

the spaces H s.S3; d�/ continuously embed into L1.S3/ and form an
algebra with respect to the product of functions. We also recall the continuous embedding
of the Sobolev spaces

H s.S3; d�/ ,! Lp.S3; d�/; p � p�.s; 3/ WD
6

3 � 2s
; (1.5)

with compact embedding for p < p�.s; 3/. In particular, H s.S3; d�/ ,! L6.S3; d�/ for
any s � 1, with compact embedding if s > 1, and H s.S3; d�/ ,! L4.S3; d�/ for any
s � 3

4
, with compact embedding if s > 3

4
.

Our first existence result concerns spherically symmetric solutions, according to the
following definition.

Definition 1.1 (Spherically symmetric functions). Consider on S3 coordinates

.x; �; '/ 2 .0; �/ � .0; �/ � .0; 2�/;

.x; �; '/ 7! .cos.x/; sin.x/ cos.�/; sin.x/ sin.�/ cos.'/; sin.x/ sin.�/ sin.'//:
(1.6)

We say that �WS3 ! C is spherically symmetric if

�.x; �; '/ D u.x/˝ 1�;' 8.x; �; '/ 2 .0; �/ � .0; �/ � .0; 2�/; uW .0; �/! C;

where 1�;' is the function identically equal to 1 for any .�; '/. By (1.6), u has to be of
the form u.x/ D U.cos.x//, for some U W .�1; 1/! C. We say that �WR � S3 ! C is
spherically symmetric if �.t; �/ is spherically symmetric for any t 2 R.

Our first result is the following:

Theorem 1.2 (Spherically symmetric solutions). Let p D 2 or p D 5. Fix 
 2 .0; 
0/ and
d 2 .0; 1

4
/. For any n 2 N, r > 1

2
, and s > 3

2
, there exist "0 WD "0.n; r; s; d; 
/ > 0 and

C WD C.n; r; s; d/ > 0 such that for any " belonging to

E WD
®
" 2 .0; "0/ W !" 2 �


¯
; !2" WD 1C &"; & WD

´
�1 if p D 2;

1 if p D 5;
(1.7)

with�
 defined in (1.3), there exist n different real-valued, nonzero, T"-periodic solutions

¹�.1/" .t; x/; : : : ; �.n/" .t; x/º

of equation (1.1) with frequency !" WD 2�
T"

, even in time and with spherical symmetry. They
are of the following form:

(i) There exist n different 2�-periodic, even in time, nonzero solutions ¹v.1/" .t;x/; : : : ;

v
.n/
" .t; x/º of the linear equation (1.2), spherically symmetric, with size

C�1"
1
q � kv.k/" kH r .Œ0;2��;H s.S3;d�// � C"

1
q�d

; q WD

´
2 if p D 2;

4 if p D 5;
(1.8)
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such that, as "! 0,

k�.k/" � v
.k/
" .!"�; �/kH r .Œ0;T"�;H s.S3;d�//

D o.kv.k/" .!"�; �/kH r .Œ0;T"�;H s.S3;d�///: (1.9)

(ii) Each �.k/" has minimal period Tk;" WD T"
mk

, where ¹mkºnkD1 is an increasing se-
quence of positive integers. Correspondingly, the functions ¹v.1/" ; : : : ; v

.n/
" º have

minimal periods Tk WD 2�
mk

.

We point out that Theorem 1.2 also holds in the case p D 3. This is actually the result
in [22]. In this case the v.j /" are close to the “one-mode” functions

"
1
2 v.j /; v.j / WD �j cos..j C 1/t/ej .x/; ej .x/ WD

sin..j C 1/x/
sin.x/

; (1.10)

for suitable �j 2R n ¹0º. Note that the ej are the spherically symmetric functions ej .x/D
Uj .cos.x//, where Uj WR! R are Chebyshev polynomials of the second kind. The func-
tions v.j / in (1.10) are actually solutions of the “zeroth-order bifurcation equation”, also
called the “resonant system” in [22],

.��S3 C 1/v �…V .v
3/ D 0; (1.11)

where …V is the L2-projector on the infinite-dimensional linear space V formed by the
solutions of (1.2) (see definitions (3.7), (3.11) below). The name “resonant system” refers
to the fact that (1.11) is restricted on the space V of solutions of equation (1.2), which are
the superposition of harmonics with the same frequency in space and in time.

On the other hand, for p D 5 the functions v.j /" in (1.8) are not close to “one modes”
as in (1.10). Actually, the v.j /" are close to functions of the form "

1
4 v.j /, where v.j / are

nonzero solutions of the equation

.��S3 C 1/v �…V .v
5/ D 0; (1.12)

which does not possess one-mode solutions. We actually prove the existence of nontrivial
solutions of (1.12), exploiting that it is the Euler–Lagrange equation of the action func-
tional

1

2
kvk2

L2.Tt ;H1.S3;d�// �
1

6

Z
Tt�S3

v6.t; z/ dt d�.z/; T WD Tt WD R=.2�Z/; (1.13)

which, thanks to the time-space Strichartz-type estimates proved in Section 4, admits
mountain pass critical points of class C1. Strichartz estimates are required to imply
compactness properties of the action functional, which are not a consequence of Sobolev
embeddings (1.5) on S3; see Remark 4.6.

The case p D 2 is degenerate, since …V .v
2/ D 0 (see Lemma 4.4), and the v.j /" are

close to functions of the form "
1
2 v.j /, where v.j / are nonzero solutions of the equation

.��S3 C 1/v C…V .vL�11 .v
2// D 0; L1 WD �@t t C�S3 � 1: (1.14)
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It turns out that equation (1.14) admits mountain pass critical points as well. Further com-
ments are postponed until after Theorem 1.4.

In the case p D 3we have new existence results of periodic Hopf plane wave solutions
of (1.1) for any value of the momenta .�1; �2/, which we now define (the use of these
coordinates was first suggested in [28]):

Definition 1.3 (Hopf plane waves). Consider on S3 Hopf coordinates

.�; �1; �2/ 2
�
0;
�

2

�
� T � T ;

.�; �1; �2/ 7! .sin.�/ cos.�1/; sin.�/ sin.�1/; cos.�/ cos.�2/; cos.�/ sin.�2//:

Given .�1; �2/ 2 Z2, we say that �W S3 ! C is a Hopf plane wave with momentum
.�1; �2/ if

�.�; �1; �2/D u.�/e
i�1�1ei�2�2 8.�; �1; �2/2

�
0;
�

2

�
�T �T ; uW

�
0;
�

2

�
!R: (1.15)

We say that �WR � S3 ! C is a Hopf plane wave with momentum .�1; �2/ if �.t; �/ is a
Hopf plane wave with momentum .�1; �2/ for any t 2 R.

The following result extends [22], which holds for�1D�2 either equal to ¹1;2;3;4;5º
or large enough:

Theorem 1.4 (Hopf plane waves). Let p D 3. Fix 
 2 .0; 
0/ and d 2 .0; 1
2
/. For any

n 2N, r > 1
2

, s > 3
2

, and any .�1; �2/ 2 Z2, there exist "0 WD "0.n; r; s;d; 
;�1; �2/ > 0
and C WD C.n; r; s; d; �1; �2/ > 0 such that for any " belonging to the set

E WD
®
" 2 .0; "0/ W !" 2 �


¯
; !2" WD 1C "; (1.16)

there exist n different nonzero, T"-periodic Hopf wave solutions (see (1.15)),®
�.1/" ; : : : ; �.n/"

¯
WD
®
�.1/";�1;�2 ; : : : ; �

.n/
";�1;�2

¯
of equation (1.1), with frequency !" WD 2�

T"
, even in time. They are of the following form:

(i) There exist n different 2�-periodic nonzero Hopf wave solutions ¹v.1/";�1;�2 ; : : : ;
v
.n/
";�1;�2º of the linear equation (1.2), with size

C�1"
1
2 � kv.k/";�1;�2kH r .Œ0;2��;H s.S3;d�// � C"

1
2�d; (1.17)

such that �.k/";�1;�2 D v
.j /
";�1;�2 C o.v

.k/
";�1;�2/ as in (1.9).

(ii) Each �.k/";�1;�2 has minimal period Tk;" WD T"
mk

, where ¹mkºnkD1 is an increasing
sequence of positive integers, and each v.k/";�1;�2 has minimal period Tk WD 2�

mk
.

It is proved in [22] that for any�1,�2 there exist one-mode Hopf plane wave solutions
of the resonant system (1.11), of the form

"
1
2 v.j /; v.j / WD �j cos.!.�1;�2/j t /e.�1;�2/j .�/ei�1�1ei�2�2 ; �j 2 R n ¹0º; (1.18)
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where e.�1;�2/j are eigenfunctions of��S3 C 1 with eigenvalues !.�1;�2/j WD 2j C j�1j C

j�2j C 1. However, the proof that they are nondegenerate is obtained only for �1 D �2
and either �1 2 ¹0; : : : ; 5º or �1 large enough, with explicit computations performed with
Mathematica code. The proof of the more general Theorem 1.4 is obtained exploiting
variational methods.

We make the following comments, common to both Theorems 1.2 and 1.4:

• (Regularity and multiplicity) If r > 5
2

and s > 7
2

the solutions ¹�.j /" º of (1.1) proved
in Theorems 1.2 and 1.4 are classical. Actually, the smoother we require the solutions
to be in time and in space (i.e. the larger r , s are), the smaller "0.r; s; n/ has to be.
Analogously, the larger the number of solutions n, the smaller "0.r; s; n/ has to be.

• (Minimal periods) The solutions �.k/" of (1.1) whose existence is stated in Theorems
1.2, 1.4 are geometrically distinct, having different minimal time periods T"

mk
, as stated

in each item (ii).

• (Increasing norms) The functions v.k/" turn out to have increasing norms in k D
1; : : : ; n, although, for simplicity, we have stated estimates (1.8) and (1.17) uniformly
in k. We point out that the factor "�d in the upper bounds in (1.8), (1.17) (where d is
arbitrarily small) is actually present only for r > 1

2
, s > 3

2
, and not in the low norm

case r C s D 1. In such a case we have kv.k/" kH r .Œ0;T"�;H s.S3;d�// � "
1
q . See more

comments in Section 1.2.

• (Critical exponent) The restrictions on the exponents p � 5 and p ¤ 4 are not techni-
cal. In the critical case p D 5, the functional

GpC1.v/ WD
1

p C 1

Z
T�S3

vpC1.t; z/ dt d�.z/

associated to the nonlinearity is finite for any v in the space L2.Tt ; H 1.S3; d�//
(which appears in (1.13)) only by Sobolev embedding H 1.S3; d�/ ,! L6.S3; d�/.
However, it follows to have compact gradient by the Strichartz estimates in Proposition
4.5 (see Remark 4.6). For the supercritical exponents p � 7, the functional GpC1.v/

is not expected to be well defined for any v in L2.Tt ; H 1.S3; d�//. If p D 4, then
G5.v/ � 0, as well as for all even values of p. Then the leading term in the action
functional of the corresponding resonant system turns out to have degree 8, which is
supercritical.

As already mentioned, Theorems 1.2 and 1.4 are inspired by the variational approach
of [4–7], developed for one-dimensional semilinear completely resonant wave equations
�@t tu C @xxu D up C � � �, with Dirichlet boundary conditions. Major difficulties with
respect to these works arise because of the three-dimensional manifold S3. This becomes
evident for instance in the search of spherically symmetric solutions of (1.1), which
reduces to solving the wave equation

�@t tuC @xxu D
up

sinp�1.x/
; x 2 .0; �/; u.t; 0/ D u.t; �/ D 0; (1.19)
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which has a singular nonlinearity at x D 0; � . Before explaining the main difficulties and
ideas of our proof, we present a few related results.

Related literature. The first existence results of 2�-periodic solutions for completely
resonant wave equations @t tu� @xxuD jujp�2u, p > 2, have been proved by Rabinowitz
starting with [40], via global variational methods. These techniques, as well as those in
[18, 19], enable one to find periodic orbits with rational frequency, the reason being that
other periods give rise to a small denominator problem.

Independently of these global results, the local bifurcation theory of periodic and
quasi-periodic solutions was initiated for nonresonant one-dimensional Klein–Gordon
equations by Wayne [41], Kuksin [32], Craig–Wayne [24], Pöschel [38], Chierchia–You
[23], with KAM methods. For semilinear Klein–Gordon equations on Td with convo-
lution potentials, the first result is due to Bourgain [17], later extended by [9, 10] for
multiplicative potentials. Bifurcation for periodic and quasi-periodic solutions of nonres-
onant Klein–Gordon equations was obtained in [12, 14] for Lie groups and homogeneous
manifolds, in [11] for Zoll manifolds, and in [30] for the sphere Sd . These results do not
cover the completely resonant case (1.1), where all the linear frequencies of oscillations
are integers.

The first existence results of Cantor families of small-amplitude time-periodic solu-
tions of one-dimensional completely resonant wave equations�@t tuC @xxuD up , pD 3,
was proved in [33] under periodic boundary conditions and in [3] for Dirichlet boundary
conditions, for frequencies belonging to the zero measure set (1.3). The latter result was
then generalized in [5, 6] to arbitrary exponents p, using variational methods. Existence
of periodic solutions for a set of frequencies ! � 1 of density 1 was proved in [7, 8] via
Nash–Moser implicit function techniques, and in [29] via trees resummation arguments.
Existence of time-quasi-periodic solutions with two frequencies of completely resonant
nonlinear wave equations on the circle were obtained in [39] and [13].

For completely resonant wave equations, or even more general Hamiltonian PDEs in
dimension higher than 1, not much is known about time-periodic solutions besides the
aforementioned paper [22] and the present work.

1.2. Ideas of proof

In order to look for bifurcation of small-amplitude time-periodic solutions of (1.1) with
frequency ! � 1, a natural approach is to implement a Lyapunov–Schmidt decomposition
in the spirit of [5–7] for one-dimensional semilinear wave equations. Major difficulties
arise due to the higher dimension of the space domain, here the sphere S3, as we now
explain. After a time rescaling, we look for 2�-periodic in time real solutions u.t; z/ of
�!2@t tuC�S3u � u D u

p . By splitting

u D v C w; v WD …V u; w WD …W u; …W WD 1 �…V ;

where V is the kernel of the operator �@t t C�S3 � 1 (namely the space of solutions of
the free Klein–Gordon equation (1.2)) and …V the corresponding orthogonal projector, it
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amounts to the system

.!2 � 1/.��S3 C 1/v D …V ..v C w/
p/; (Bif. eq)

.�!2@t t C�S3 � 1/w D …W ..v C w/
p/: (Range eq)

For any! 2�
 the operator L! WD�!
2@t t C�S3 � 1 is invertible on the rangeW WDV ?

and, for any fixed v 2 V small enough (in some suitable norm), one may first solve the
range equation, obtaining w D w.v/ D o.v/, by a contraction argument. Here, in order to
control the nonlinearity .v C w/p , it is natural to close the contraction in Sobolev spaces

H r
t H

s
z WD H

r .Tt ;H
s.S3; d�//; r >

1

2
; s >

3

2
;

which are an algebra with respect to the product of functions, and where L�1! jW is
bounded. This requires taking v small enough inH r

t H
s
z as well, which amounts, for func-

tions in the kernel V , to requiring that

kvkVrCs
t;z
� 1; V rCs

t;z WD L
2.Tt ;H

rCs.S3; d�// \ V; r C s > 2: (1.20)

On the other hand, one needs then to solve the bifurcation equation (Bif. eq) with w D
w.v/. As observed in [5,6], this turns out to be the Euler–Lagrange equation of the reduced
action functional

ˆ.v/ WD
.!2 � 1/

2
kvk2

V1
t;z
�

1

p C 1

Z
T�S3

.v C w.v//pC1 dt d�: (1.21)

A serious problem which arises is thus the following:

Problem: The natural space to find mountain pass critical points for the functional
ˆ in (1.21) is (a small ball in) the space V1

t;z (modeled with anH 1-norm), associ-
ated to its quadratic part. This is clearly in contradiction with solving (Range eq)
on the much smaller domain ¹kvkV2C

t;z
� 1º1 in (1.20). How do we fill this regu-

larity gap?

We remark that the previous difficulty does not disappear when restricting to search
solutions which depend on only one space variable, as spherically symmetric functions
or Hopf waves. This is evident for instance in the spherically symmetric case, where the
reduced equation (1.19) has a singular nonlinearity. If p D 3, this issue is overcome (cf.
[22]) noting that the functional ˆ in (1.21) possesses nondegenerate critical points of the
explicit form v D "

1
2 .vC � � � /, where v is a one-mode function as in (1.10), which belong

to ¹kvkVrCs
t;z
� 1º for any r C s > 2.

1Here, if a 2 R, by aC we mean a number greater than a.
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We now describe our strategy. For simplicity, we focus on the case p D 5 and we
restrict on spherically symmetric functions. The seminal idea is to note that, neglecting
w.v/, the functional ˆ.v/ in (1.21) is a perturbation of the “resonant system” functional

ˆ0.v/ WD
"

2
kvk2

V1
t;z
� GpC1.v/;

GpC1.v/ WD
1

p C 1

Z
T�S3

vpC1 dt d�; " WD !2 � 1 > 0:
(1.22)

The Strichartz estimate (4.10) implies that G6 is well defined on V1
t;z and its gradient

rV1
t;z

G6 is a bounded map from V s
t;z to V1

t;z for any s > 5
6

, thus compact on V1
t;z . Thus

ˆ0 possesses a mountain pass critical point v 2 V1
t;z (see [1]), which by homogeneity has

the form v D "
1
4 v, where v solves the rescaled equation v D .��S3 C 1/�1…V v

5. Such
a v is not a one-mode function, but it is C1 by the following bootstrap argument. By the
Strichartz estimate (4.10), one has

kvk
V
7
6�ı

t;z

D k…V v
5
k

V
�. 56Cı/

t;z

D sup

h2V
5
6Cı

t;z

khk
V

5
6Cı

t;z

�1

ˇ̌̌̌Z
T�S3

v5h dt d�

ˇ̌̌̌
� Cıkvk

5

V
5
6Cı

t;z

:

Then, to further increase the regularity of v, we observe that the Strichartz estimate (4.11)
implies

kvk
V2Cı0

t;z
D k…V v

5
k

Vı0
t;z
D sup

h2V1t;z
khk

V�ı
0

t;z
�1

ˇ̌̌̌Z
T�S3

v5h dt d�

ˇ̌̌̌
� Cıkvk

5

V1Cı0

t;z

:

Iterating this procedure with increasing values of ı0, one deduces that v is in C1.
In order to adapt the previous arguments to deal with the whole functionalˆ in (1.21),

we split the bifurcation equation into low and high frequencies. For any N 2 N (to be
determined later large enough) the bifurcation equation is equivalent to the system

".��S3 C 1/v1 D …V�N ..v1 C v2 C w/
p/; (1.23)

".��S3 C 1/v2 D …V>N ..v1 C v2 C w/
p/; (1.24)

where

v.t; z/ D
X
j2N

vj cos.!j t /ej .z/; v D v1 C v2; v1 WD …V�N v; v2 WD …>N v;

!j WD j C 1 are the frequencies associated to the eigenfunctions ej defined in (1.10), and
…�N , resp. …>N , is the projector on the time-space Fourier frequencies smaller than N ,
resp. > N .

Then we solve both the high-frequency bifurcation equation (1.24) and the range equa-
tion (Range eq) arguing by contraction:
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• In Section 5 we solve first the high-frequency bifurcation equation (1.24) for v2 in a
small ball of V2C

t;z , for any kv1kV1
t;z
� R"

1
4 and kwk

H
1
2C

t H
3
2C
z

. "
5
4N 5C. Here we use

the Strichartz-type estimates (4.10)–(4.11).

• In Section 6 we solve the range equation (Range eq) forw in a small ball ofH
1
2C

t H
3
2C

z .
We exploit algebra properties since v2 2 V2C

t;z �H
1
2C

t H
3
2C

z and v1 belongs to a finite-
dimensional space.

• In Section 7 we solve the finite-dimensional bifurcation equation (1.23), which has
a variational structure, applying mountain pass arguments and finding a critical point
v1 satisfying kv1kV1

t;z
� R"

1
4 . Finally, in Section 8 we prove multiplicity of critical

points, distinguished by their minimal period. In Section 9 we prove their higher reg-
ularity, where kv1kVs

t;z
is estimated by kv1kV1

t;z
N s�1 for any s � 1.

In all these points, we use smallness conditions of the form 
�1N �"� 1, for � > 0. Then
for technical simplicity we take N D "�

1
ˇ , with ˇ arbitrarily large.

In the case p D 3 we follow an analogous variational procedure. Remark that in this
case the “resonant system” functional (1.22) possesses one-mode Hopf plane wave solu-
tions for any value of the momenta .�1;�2/2Z�Z, but in general their nondegeneracy is
not known, except for the particular values considered in [22]. This is because for�1¤�2
an explicit formula for the product between the eigenfunctions ¹e.�1;�2/j ºj in (1.18) is not
available. Then we split our equation (1.1) into the range equation (Range eq) and the
high and low bifurcation equations (1.24), (1.23). We solve the low-frequency bifurcation
equation (1.23) using duality arguments, the Hölder inequality, and the Sobolev embed-
ding (1.5), without Strichartz-type estimates.

In the degenerate case p D 2, one has …V .v
2/ D 0 and the leading nonlinear term

in the bifurcation equations (1.23)–(1.24) turns out to be the cubic term …V .vL�1! v
2/.

The Strichartz-type estimates (4.22)–(4.23) are used to solve the high-frequency equation
(1.24), avoiding the need to prove whether L�1! jW is bounded on Lq.Tt ; Lq.S3; d�//
spaces.

Notation. We denote by N WD ¹0; 1; 2; : : :º the set of integer numbers and N� WD
¹1; 2; : : :º. Given a 2 R, we denote hai WD max¹1; jajº. Given a; b real-valued functions,
a . b means that there exists C > 0 such that a � Cb. If C depends on parameters
˛1; : : : ; ˛r , we write a .˛1;:::;˛r b. If a . b and b . a, we write a � b.

2. Functional setting

We describe the Laplace–Beltrami operator in spherical and Hopf coordinates, we describe
its spectrum and eigenfunctions, and we define the Sobolev space of spherically symmetric
functions and Hopf plane waves.
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2.1. Functions with spherical symmetry

According to Definition 1.1, in spherical coordinates the metric tensor is represented with
respect to the basis of the tangent space ¹ @

@x
; @
@�
; @
@'
º as

g.x; �; '/ D

0@1 0 0

0 sin2.x/ 0

0 0 sin2.x/ sin2.�/

1A :
Hence the volume form is d� D sin2.x/ sin.�/dx d� d', and the Laplace–Beltrami oper-
ator reads

�S3 D @
2
x C 2

cos.x/
sin.x/

@x C
1

sin2.x/
@2� C

cos.�/
sin2.x/ sin.�/

@� C
1

sin2.x/ sin2.�/
@2' : (2.1)

For convenience, we introduce the normalized measures

µ� WD
1

2�2
d�; µx WD

2

�
dx; µ� WD

1

2
d�; µ' WD

1

2�
d';

chosen in such a way that the measure of the sphere S3 is 1. We denote Lp.S3; µ�/ WD
Lp.S3/.

The Laplace–Beltrami operator (2.1) leaves invariant the subspace of spherically sym-
metric functions (cf. Definition 1.1), acting as

�S3.u˝ 1�;'/ D .�
ss
S3u/˝ 1�;' ; �ss

S3 WD @
2
x C 2

cos.x/
sin.x/

@x :

As a consequence, the subspaces of spherically symmetric functions inH s.S3; µ�/ coin-
cide with

H s
x WD

®
u 2 L2.Œ0; ��; sin2.x/ µx/ W .��ss

S3 C 1/
s
2u 2 L2.Œ0; ��; sin2.x/ µx/

¯
; (2.2)

equipped with inner product

hu1; u2iH s
x
WD h.��ss

S3 C 1/su1; u2iL2.Œ0;��;sin2.x/ µx/;

in the sense that u 2 H s
x if and only if u˝ 1�;' 2 H s.S3; µ�/, with

kukH s
x
D ku˝ 1�;'kH s.S3;µ�/ 8u 2 H s

x : (2.3)

We now exhibit a basis of eigenfunctions and eigenvalues for the operator �ss
S3

; see [22]:

Lemma 2.1 (Spectral decomposition of �ss
S3

). The set of functions ¹enºn2N defined by

en.x/ WD
sin..nC 1/x/

sin.x/
8n 2 N; (2.4)

is an orthonormal basis for H0
x of eigenfunctions of ��ss

S3
C 1, with eigenvalues

!2n; !n WD nC 1 8n 2 N:
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As a consequence, the Sobolev spaces H s
x in (2.2) are spectrally characterized as

H s
x D

®
u.x/ D

P
j2N uj ej .x/ W kuk

2
H s
x
WD
P
j2N juj j

2!2sj <1
¯
; (2.5)

where uj WD hu; ej iH0
x

are the Fourier coefficients with respect to the basis ¹ej º, with
scalar product hu; viH s

x
D
P
j2N uj vj!

2s
j .

The eigenfunctions ¹enºn2N satisfy the following product rule: for any integer n � m,

en.x/em.x/ D

mX
kD0

en�mC2k.x/: (2.6)

We shall use property (2.6) to prove the Strichartz-type Propositions 4.5 and 4.12. It can
also be used to prove that the spaces H s

x with s > 3
2

enjoy the algebra property.

2.2. Hopf symmetry

According to Definition 1.3, in Hopf coordinates the metric tensor is represented with
respect to the basis of the tangent space ¹ @

@�
; @
@�1
; @
@�2
º as

g.�; �1; �2/ D

0@1 0 0

0 sin2.�/ 0

0 0 cos2.�/

1A :
Hence the volume form is d� D 1

2
sin.2�/ d�d�1 d�2 and the Laplace–Beltrami operator

reads

�S3 D @
2
� C 2

cos.2�/
sin.2�/

@� C
1

sin2.�/
@2�1 C

1

cos2.�/
@2�2 : (2.7)

We introduce the normalized measure

µ� WD
1

2�2
d�; µ� WD d�; µ �1 WD

1

2�
d�1; µ �2 WD

1

2�
d�2; (2.8)

so that the measure of the sphere S3 is 1.
Representing a function � in Hopf coordinates (see Definition 1.3) and expanding in

Fourier series with respect to the variables �1, �2, we have

�.�; �1; �2/ D
X

�1;�22Z

O��1;�2.�/e
i�1�1ei�2�2 :

In these coordinates, the Laplace–Beltrami operator (2.7) reads

�S3�.�; �1; �2/ D
X

�1;�22Z

ei�1�1ei�2�2��1;�2
O��1;�2.�/

with

��1;�2 WD @
2
� C 2

cos.2�/
sin.2�/

@� �
�21

sin2.�/
�

�22
cos2.�/

: (2.9)
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As a consequence, the space of Hopf plane waves is left invariant by �S3 and recalling
(2.7), (2.8), the subspaces of Hopf plane waves in H s.S3; µ�/ coincide with

H s
� WD

®
u 2L2..0; �

2
/; sin.2�/d�/ W .���1;�2 C 1/

s
2u 2L2..0; �

2
/; sin.2�/d�/

¯
(2.10)

for any s 2 R, equipped with inner product

hu1; u2iH s
�
D h.���1;�2 C 1/su1; u2iL2..0; �2 /;sin.2�/ d�/;

in the sense that u.�/ 2H s
� if and only if u.�/ei�1�1ei�2�2 2 H s.S3; µ�/ (cf. (1.4)), with

ku.�/kH s
�
D ku.�/ei�1�1ei�2�2kH s.S3;µ�/: (2.11)

We now exhibit a basis of eigenfunctions and eigenvalues of ���1;�2 ; see [22, Section
3.2].

Lemma 2.2 (Spectral decomposition of ��1;�2 ). There exists an L2-orthonormal basis
of eigenfunctions ¹e.�1;�2/j ºj2N of ���1;�2 C 1, with eigenvalues .!.�1;�2/j /2, where

!
.�1;�2/
j WD 2j C 1C j�1j C j�2j; j 2 N:

The e.�1;�2/j are the real functions

e
.�1;�2/
j .�/DN

.j�1j;j�2j/
j .1� cos.2�//

j�1 j
2 .1C cos.2�//

j�2 j
2 P

.j�1j;j�2j/
j .cos.2�//; (2.12)

where ¹P .j�1j;j�2j/j ºj2N are the Jacobi polynomials and N .j�1j;j�2j/
j are suitable normal-

ization constants.

By Lemma 2.2, the Sobolev spaces H s
� in (2.10) are spectrally characterized as

H s
� WD

®
u.�/ WD

P
j2N uj e

.�1;�2/
j .�/ W kuk2

H s
�
WD
P
j2N juj j

2.!
.�1;�2/
j /2s <1

¯
; (2.13)

where uj WD hu; e
.�1;�2/
j iH0

�
are the Fourier coefficients of u with respect to the basis

¹e
.�1;�2/
j ºj2N equipped with scalar product hu; viH s

�
D
P
j2N uj vj .!

.�1;�2/
j /2s .

2.3. Sobolev spaces in time-space

Since equation (1.1) is time reversible, we look for functions which are even in time. For
this reason, we consider the Sobolev spaces of time-periodic even real functions

H r
t H s

z WD
®
u.t; z/ D

P
`;j2N u`;j cos.`t/ej .z/ W

kuk2H r
t H s

z
WD
P
`2Nh`i

2r
P
j2N !

2s
j ju`;j j

2 <1
¯
; (2.14)

taking values in

H s
z WD

´
H s
x defined in (2.5) for spherically symmetric functions;

H s
� defined in (2.13) for Hopf plane waves:

(2.15)
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In (2.14) the ¹ej ºj2N are respectively the eigenfunctions of ��ss
S3
� 1 and ���1;�2 C 1,

namely

ej WD

´
ej as in (2.4) for spherically symmetric functions;

e
.�1;�2/
j as in Lemma 2.2 for Hopf plane waves;

corresponding to the eigenvalues ¹!2j ºj2N , where

!j WD

´
j C 1 for spherically symmetric functions;

2j C 1C j�1j C j�2j for Hopf plane waves;
(2.16)

and u`;j are the time-space Fourier coefficients of u,

u`;j WD

8̂̂̂<̂
ˆ̂:
Z

T
cos.`t/hu.t; �/; ej iH0

x
µt for spherically symmetric

functions;Z
T

cos.`t/hu.t; �/; e.�1;�2/j .�/iH0
�
µt for Hopf plane waves;

where
µt WD

1

�
dt: (2.17)

For any r > 1
2

and for any s 2 R the spaceH r
t H s

z is embedded continuously into L1.Tt ;
H s
z /, with

kukL1.Tt ;H s
z / � CrkukH r

t H s
z
; (2.18)

for some Cr > 0. Moreover, since the spaces H s
z for s > 3

2
are an algebra, also the spaces

H r
t H s

z are an algebra for any r > 1
2

and s > 3
2

: there exists a constant Cs;r > 0 such that

ku1u2kH r
t H s

z
� Cs;rku1kH r

t H s
z
ku2kH r

t H s
z
: (2.19)

Lemma 2.3. There exists C > 0 such that for any u.1/; u.2/; u.3/; u.4/ 2 L1.Tt ;H
3
4
� /,ˇ̌̌̌Z

T

Z �
2

0

u.1/u.2/u.3/u.4/ sin.2�/ d� µt
ˇ̌̌̌
� C

4Y
lD1

ku.l/k
L1.Tt ;H

3
4
� /
: (2.20)

For any u.1/; u.2/; u.3/ 2 L1.Tt ;H1
� /, and any u.4/ 2 L1.Tt ;H0

� /,ˇ̌̌̌Z
T

Z �
2

0

u.1/u.2/u.3/u.4/ sin.2�/ d� µt
ˇ̌̌̌

� C

� 3Y
lD1

ku.l/kL1.Tt ;H1
� /

�
ku.4/kL1.Tt ;H0

� /
: (2.21)
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Proof. Let U .1/ WD u.1/ei�1�1Ci�2�2 , U .2/ WD u.2/e�i�1�1�i�2�2 , U .3/ WD u.3/ei�1�1Ci�2�2 ,
U .4/ WD u.4/e�i�1�1�i�2�2 . Recalling the definition of µ� , µ �1, µ �2 in (2.8), one hasZ

T

Z �
2

0

4Y
lD1

u.l/.t; �/ sin.2�/ d� µt D
Z

T

Z
S3

4Y
lD1

U .l/.t; z/ µ�.z/ µ t:

Then applying at any time t the generalized Hölder inequality with p1 D p2 D p3 D p4 D
4 for functions on S3, and the Sobolev embedding H

3
4 .S3; µ�/ ,! L4.S3; µ�/ we getˇ̌̌̌Z

T

Z �
2

0

4Y
lD1

u.l/.t; �/ sin.2�/ d� µt
ˇ̌̌̌
�

Z
T

4Y
lD1

kU .l/.t; �/kL4.S3;µ�/ µt

.
Z

T

4Y
lD1

kU .l/.t; �/k
H

3
4 .S3;µ�/

µt:

Then (2.20) follows because

kU .l/.t; �/k
H

3
4 .S3/

D ku.l/.t/k
H

3
4
�

by (2.11). The bound (2.21) follows by similarly applying the generalized Hölder inequal-
ity with p1 D p2 D p3 D 6, and p4 D 2 for functions on S3, using the embedding
H 1.S3; µ�/ ,! L6.S3; µ�/ and (2.11).

3. Variational Lyapunov–Schmidt decomposition

We look for time-periodic solutions of (1.1) with time frequency ! close to 1, via a
Lyapunov–Schmidt decomposition. More specifically, we look for a 2�

!
-time-periodic

real-valued spherically symmetric solution u.t; x/ of (1.1) which solves

�!2@t tu.t; x/C .�
ss
S3 � 1/u.t; x/ D up.t; x/;

.t; x/ 2 T � .0; �/; @xu.t; 0/ D @xu.t; 2�/ D 0:
(3.1)

We consider the cases p D 2; 5 only, because the case p D 3 is covered in [22].
If p D 3 we look for a 2�

!
-time-periodic Hopf plane wave solution �.t; �; �1; �2/ D

u.t; �/ei�1�1ei�2�2 of (1.1), with u.t; �/ real. The function u.t; �/ solves

�!2@t tu.t; �/C .��1;�2 � 1/u.t; �/ D u3.t; �/;

.t; �/ 2 T �
�
0;
�

2

�
; @�u.t; 0/ D @�u

�
t;
�

2

�
D 0;

(3.2)

with ��1;�2 defined in (2.9). Both equations in (3.1) and (3.2) are of the form

L!u D u
p; L! WD �!

2@t t � A; (3.3)
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where A denotes the unbounded, self-adjoint, positive operator

A WD

´
��ss

S3
C 1 for spherically symmetric functions;

���1;�2 C 1 for Hopf waves:
(3.4)

Equation (3.3) admits a variational formulation. It is the formal Euler–Lagrange equation
of the action functional

‰.u/ WD
1

2

Z
T
hL!u.t/; u.t/iH0

z
µt � GpC1.u/; (3.5)

with

GpC1.u/ WD

8̂̂̂<̂
ˆ̂:

1

p C 1

Z
T

Z �

0

upC1.t; x/ sin2.x/ µx µt in spherically sym. case;

1

p C 1

Z
T

Z �
2

0

upC1.t; �/ sin.2�/ d� µt for Hopf plane waves:
(3.6)

We shall exploit the variational structure of (3.3) in Section 7, after a suitable finite-
dimensional reduction. We perform a Lyapunov–Schmidt decomposition of equation (3.3).
We define

V WD ker.�@t t � A/

D
®
u.t; z/ D

P
j;`2N u`;j cos.`t/ej .z/ W u`;j D 0 8` ¤ !j

¯
D
®
v.t; z/ D

P
j2N vj cos.!j t /ej .z/

¯
; (3.7)

W WD Rg.�@t t � A/

D
®
u.t; z/ D

P
j;`2N u`;j cos.`t/ej .z/ W u`;j D 0 8` D !j

¯
: (3.8)

Note that W D V ? in any H r
t H s

z .
We decompose the space V into low and high frequencies: given N 2 N, we define

V1 WD V�N WD
®
v.t; z/ D

P
0�!j�N

vj cos.!j t /ej .z/
¯
; (3.9)

V2 WD V>N WD
®
v.t; z/ D

P
!j>N

vj cos.!j t /ej .z/
¯
: (3.10)

We denote by …V , …W , …V�N � …V1 , …V>N � …V2 , the orthogonal projectors on V ,
W , V1, V2 respectively, so that any u can be decomposed as

u D v C w; v WD …V u D
X
j2N

u!j ;j cos.!j t /ej 2 V; w WD …W u 2 W;

u D v1 C v2 C w; v1 WD …V1u 2 V1; v2 WD …V2u 2 V2; w WD …W u 2 W:

(3.11)

We then observe that a function u satisfies (3.3) if and only if it is a solution of the system

.!2 � 1/Av1 �…V1.v1 C v2 C w/
p
D 0; (3.12)

.!2 � 1/Av2 �…V2.v1 C v2 C w/
p
D 0; (3.13)

L!w �…W .v1 C v2 C w/
p
D 0: (3.14)
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We shall solve equation (3.13) for v2 by a contraction argument in Section 5. Then in Sec-
tion 6 we shall solve the range equation (3.14), arguing again by a contraction argument
and using the following lemma.

Lemma 3.1. Assume ! 2 �
 with �
 defined in (1.3). Then the linear operator L!

defined in (3.3) is invertible on W , with

kL�1! kB.W\H r
t H s

z IW\H
r
t H s

z / �
2



8r; s 2 R:

Furthermore, if ! D 1, one has kL�11 kB.W\H r
t H s

z IW\H
r
t H s

z / � 1.

Proof. Let w.t; z/ D
P
`;j;`¤!j

w`;j cos.`t/ej .z/. Then

L�1! w.t; z/ D
X
`¤!j

w`;j

!2`2 � !2j
cos.`t/ej .z/: (3.15)

Then it is sufficient to observe that, if ! 2 �
 , then

8` ¤ !j ; j!
2`2 � !2j j �




2
; (3.16)

because for any ` and j such that ` ¤ !j and ` ¤ 0, one has

j.!`C !j /.!` � !j /j � j!`j



j`j
�



2
:

Finally, if ! D 1, the estimate immediately follows observing that j`2 � !2j j � 1, for any
` ¤ !j .

4. Properties of functions in V

In this section we prove some properties of functions in the kernel V which will be used to
solve system (3.12)–(3.14). Given s 2 R, we shall denote V s

t;z WD V \H
0
t H s

z , equipped
with norm

kvk2Vs
t;z
WD

X
j2N

jvj j
2!2sj : (4.1)

Furthermore, we denote V1t;z WD
T
s�0 V s

t;z and k � kLp.Tt ;E/ WD .
R

T k � k
p
E µt/

1
p .

Lemma 4.1. Let r; r 0; s; s0 2 R such that r C s D r 0 C s0. Then for any v 2 V ,

kvkH r
t H s

z
D kvk

H r 0
t H s0

z
D kvkL2.Tt ;H rCs

z /; (4.2)

kvk2
H0
t H s

z
D kv.0; �/k2H s

z
D kvk2L1.Tt ;H s

z /
D kvk2Vs

t;z
: (4.3)
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Proof. In order to prove (4.2) it is sufficient to observe that

kvk2H r
t H s

z
D





X
j2N

vj cos.!j t /ej .z/




2
H r
t H s

z

D

X
j2N

jvj j
2!2rj !

2s
j D

X
j2N

jvj j
2!

2.rCs/
j :

The identities (4.3) follow because, for any t 2 T ,

kv.t; �/k2H s
z
D





X
j2N

vj cos.!j t /ej .z/




2

H s
z

D

X
j2N

jvj j
2
j cos.!j t /j2!2sj ;

with k � kH s
z

defined according to (2.15) and since jcos.�/j � 1.

By (4.3) and the algebra property of the spaces H s
z , for any v.1/; v.2/ 2V s

t;z and s > 3
2

,

kv.1/v.2/kVs
t;z

.s kv.1/kVs
t;z
kv.2/kVs

t;z
:

For any s < s0 the following smoothing properties hold (cf. (3.9), (3.10)): for any v 2 V ,

k…V1vkVs0
t;z
� N s0�s

kvkVs
t;z
; k…V2vkVs

t;z
� N�.s

0�s/
kvk

Vs0
t;z
: (4.4)

Since Aej .z/ D !2j ej .z/ for any j (see Lemmas 2.1 and 2.2) and recalling (4.1) it holds
that

kA�1vkVs�2
t;z
� kvkVs

t;z
8v 2 V s

t;z : (4.5)

We shall also use that by Lemma 4.1 and the Sobolev embedding (1.5), for any v 2 V s
t;x

one has
kvkLpt;x

.p kvkH s
t;x
; p �

6

3 � 2s
; (4.6)

with Lpt;x WD L
p.Tt ; Lp..0; �/; sin2.x/ µx//.

Lemma 4.2. For any u 2 L2.Tt ;H s
z / it holds that k…V ukVs

t;z
� kukH0

t H s
z
. The same

holds if …V is replaced by …V1 or …V2 .

Proof. By Lemma 4.1 we have k…V uk
2
Vs
t;z
D k…V uk

2
H0
t H s

z
� kuk2

H0
t H s

z
.

Lemma 4.3. Let s > 3
2

, r > 1
2

, and q 2 N. Then there exists a positive constant C D
C.s; r; q/ such that for any j < q and any v.1/; : : : ; v.j / 2 V s

t;z , u.jC1/; : : : ;u.q/ 2H r
t H s

z ,

k…V .v
.1/
� � � v.j /u.jC1/ � � �u.q//kVs

t;z

� C

� jY
lD1

kv.l/kVs
t;z

�� qY
lDjC1

ku.l/kH r
t H s

z

�
: (4.7)

The same statement holds if …V is replaced by …V1 or …V2 .

Proof. Estimate (4.7) follows from Lemma 4.2, since kukH0
t H s

z
. kukL1t H s

z
, (2.19), and

(2.18).
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Lemma 4.4. For any q 2 N odd and any v.1/; : : : ; v.q/ 2 V one hasZ
T

Z �

0

v.1/.t; x/ � � � v.q/.t; x/ sin2.x/ µx µt D 0: (4.8)

In particular, if n is even then …V .v
.1/ � � � v.n// D 0 for any v.1/; : : : ; v.n/ 2 V .

Proof. In the integral in (4.8), performing the change of variables .t; x/ 7! .t 0; x0/, with
t WD t 0 C � , x WD � � x0, one has v.l/.t C �; � � x/ D �v.l/.t; x/ and, thus, since q is
odd,

	 WD

Z
T

Z �

0

v.1/.t; x/ � � � v.q/.t; x/ sin2.x/ µx µt

D

Z
T

Z �

0

v.1/.t 0 C �; � � x0/ � � � v.q/.t 0 C �; � � x0/ sin2.� � x0/ µx0 µt 0

D

Z
T

Z �

0

.�1/qv.1/.t 0; x0/ � � � v.q/.t 0; x0/ sin2.x0/ µx0 µt 0 D �	;

namely 	 D 0.

4.1. Strichartz-type estimates for p D 5

The aim of this section is to prove a set of Strichartz-type estimates for solutions of (1.2)
in the case of spherical symmetry. We shall use the following duality property: for any
s 2 R,

kvkVs
t;x
D sup

h2V1t;x
khkV�st;x

�1

Z
T

Z �

0

v.t; x/h.t; x/ sin2.x/ µx µt: (4.9)

Proposition 4.5 (Generalized Strichartz-type estimates). The following estimates hold:

(1) For any ı > 0 there exists a constant Cı > 0 such that, for any v.1/; : : : ; v.6/ 2

V
5
6Cı

t;x ,ˇ̌̌̌Z
T

Z �

0

v.1/.t; x/ � � � v.6/.t; x/ sin2.x/ µx µt
ˇ̌̌̌
� Cı

6Y
nD1

kv.n/k
V
5
6Cı

t;x

: (4.10)

(2) For any ı > 0 there exists a constant Cı > 0 such that, for any v.1/; : : : ; v.5/ 2
V1Cı
t;x and v.6/ 2 V1

t;x ,ˇ̌̌̌Z
T

Z �

0

v.1/.t; x/ � � � v.6/.t; x/ sin2.x/ µx µt
ˇ̌̌̌

� Cı

� 5Y
nD1

kv.n/k
V1Cı
t;x

�
kv.6/k

V�ıt;x
: (4.11)
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Remark 4.6. From (4.10) the functional G6.v/ WD
1
6

R
T

R �
0
v6 sin2.x/ µx µt is well

defined on V1
t;x with compact gradient.

Remark 4.7. By (4.10) with v.1/ D � � � D v.6/ DW v, using (4.3) and (2.3), any solution
v of the Cauchy problem @t tv C .��S3 C 1/v D 0, @tv.0; �/ D 0, v.0; �/ D v0 2 H

5
6Cı
x ,

satisfies the Strichartz estimate kvkL6.Tt�S3;µt µ�/ .ı kvk
V
5
6Cı

t;x

D kv0k
H

5
6Cı
x

.

Proposition 4.5 enables us to deduce the following:

Lemma 4.8. For any ı > 0 there existsCı >0 such that for any v.1/; v.2/; v.3/; v.4/; v.5/ 2
V1C2ı
t;x ,

k…V2.v
.1/v.2/v.3/v.4/v.5//k

V2ı
t;x
� Cı

5Y
nD1

kv.n/k
V1C2ı
t;x

:

Proof. By (4.9) we have

k…V2.v
.1/v.2/v.3/v.4/v.5//k

V2ı
t;x
D sup

h2V2
khk

V�2ıt;x
�1

Z
T

Z �

0

…V2

� 5Y
nD1

v.n/
�
h sin2.x/ µx µt

.ı sup
h2V2

khk
V�2ıt;x

�1

5Y
nD1

kv.n/k
V1C2ı
t;x
khk

V�2ıt;x

.ı
5Y
nD1

kv.n/k
V1C2ı
t;x

;

where in the second passage we have used Proposition 4.5 (2).

The rest of this section is devoted to the proof of Proposition 4.5. We use the following
definition.

Definition 4.9. Given j1; j2; j3; j4; j5; j6 2 N, we define jmin1 ; : : : ; jmin6 2 N by the
property that ¹j1; : : : ; j6º D ¹jmin1 ; : : : ; jmin6º, and

min¹j1; : : : ; j6º DW jmin WD jmin1 � jmin2 � jmin3 � � � � � jmin6 WD max¹j1; : : : ; j6º:

Furthermore, we denote by ı.a D b/ WD ıa;b for any a; b 2 N, the Kronecker delta.
The following lemma is a direct computation, recalling (2.17):

Lemma 4.10 (Integral in time). Given E! WD .!j1 ; !j2 ; !j3 ; !j4 ; !j5 ; !j6/ 2 N6
� and E� 2

¹˙1º6, Z
T

6Y
kD1

cos.!jk t / µ t D 2
�5

X
E�2¹˙1º6

ı.E� � E! D 0/:
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The next lemma exploits properties of the eigenfunctions ¹enºn2N of ��ss
S3
C 1,

defined in (2.4).

Lemma 4.11 (Integral in space). For any j1; j2; j3; j4; j5; j6 2 N; the integral

	j1;:::;j6 WD

Z �

0

ej1.x/ � � � ej6.x/ sin2.x/ µx (4.12)

satisfies
0 � 	j1;:::;j6 � !jmin!jmin2

!jmin3
: (4.13)

Proof. With no loss of generality, we suppose that j1 � j2 � � � � � j6. By the product rule
(2.6),

ej1ej4 D

j1X
kD0

ej4�j1C2k ; ej3ej5 D

j3X
lD0

ej5�j3C2l ;

and

ej1ej4ej2 D

j1X
kD0

min¹j2;j4�j1C2kºX
hD0

ejj2�.j4�j1C2k/jC2h;

ej3ej5ej6 D

j3X
lD0

min¹j6;j5�j3C2lºX
mD0

ejj6�.j5�j3C2l/jC2m:

Since by Lemma 2.1 the ¹ej ºj2N are orthonormal on L2.Œ0; ��; sin2.x/ µx/, one has

	j1;:::;j6 D

Z �

0

ej1.x/ � � � ej6.x/ sin2.x/ µx

D

j1X
kD0

min¹j2;j4�j1C2kºX
hD0

j3X
lD0

min¹j6;j5�j3C2lºX
mD0

ı.jj2 � .j4 � j1 C 2k/j C 2h

D jj6 � .j5 � j3 C 2l/j C 2m/: (4.14)

Now, for each fixed value of j1; : : : ; j6, k, h, and l , there is at most one value of m
such that ı.jj2 � .j4 � j1 C 2k/j C 2h D jj6 � .j5 � j3 C 2l/j C 2m/ ¤ 0: Moreover,
the sum over k runs over j1C 1D !j1 elements, the sum over h runs over� j2C 1D !j2
elements, and the sum over l runs over � j3 C 1 D !j3 elements. This proves that the
integral (4.14) satisfies 	j1;:::;j6 � !j1!j2!j3 . Also, the lower bound 	j1;:::;j6 � 0 directly
follows because (4.14) is the sum of nonnegative integers.

We now prove Proposition 4.5.

Proof of Proposition 4.5 (1). We show that for any v 2 V andN 2N, the function vN WD
…V�N v, satisfies Z

T

Z �

0

v6N .t; x/ sin2.x/ µx µt .ı kvN k6
V
5
6Cı

t;x

: (4.15)
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Then (4.10) follows since, using the generalized Hölder inequality with p1 D � � � D

p6 D
1
6

, Fatou’s lemma, and the fact that v.n/N ! v.n/ in V
5
6Cı

t;x and, up to subsequence,
v
.n/
N .t; x/! v.n/.t; x/ a.e.,ˇ̌̌̌Z

T

Z �

0

6Y
nD1

v.n/.t; x/ sin2.x/ µx µt
ˇ̌̌̌
�

6Y
nD1

kv.n/kL6t;x

� lim inf
N!1

6Y
nD1

kv
.n/
N kL6t;x

(4.15)
.ı lim

N!1

6Y
nD1

kv
.n/
N k

V
5
6Cı

t;x

.ı
6Y
nD1

kv.n/k
V
5
6Cı

t;x

: (4.16)

We now prove (4.15). By Lemma 4.10 and recalling (4.12), one has

	 WD

Z
T

Z �

0

v6N .t; x/ sin2.x/ µx µt

D

Z
T

Z �

0

X
j1;:::;j62N
jk�N8k

6Y
kD1

vjk cos.!jk t /ejk .x/ sin2.x/ µx µt

D 2�5
X

�1;:::;�62¹˙1º

X
j1;:::;j62N
jk�N8k

ı.�1!j1 C � � � C �6!j6 D 0/vj1 � � � vj6	j1;:::;j6 (4.17)

(4.13)
.

X
�1;:::;�62¹˙1º

X
j1�����j6�N

�1!j1C���C�6!j6D0

jvj1 � � � vj6 j!j1!j2!j3 ; (4.18)

by the symmetry of (4.17) with respect to j1; : : : ; j6. Since !j1 � � � � � !j6 , one has

!j1 � !
5
6

j1
!
1
6

j2
, !j2 � !

4
6

j2
!
2
6

j3
, and !j3 � !

1
3

j4
!
1
3

j5
!
1
3

j6
, thus

!j1!j2!j3 � !
1
3

j1
!
1
3

j2
!
1
3

j3
!
1
3

j4
!
5
6

j5
!
5
6

j6
: (4.19)

Moreover, recalling !j D j C 1, the sum in (4.18) is restricted to

j6 D �
�1
6 .�1!j1 C � � � C �5!j5/ � 1 DW f .�1; : : : ; �6; j1; : : : ; j5/ DW f .E�; O|/;

where we set E� WD .�1; : : : ; �6/ and O| WD .j1; : : : ; j5/. By (4.18), (4.19), and the Cauchy–
Schwarz inequality, one has

	 .
X

j1�N;:::;j4�N
�1;:::;�62¹˙1º

jvj1 � � � vj4 j!
1
3

j1
� � �!

1
3

j4

X
j5�N s.t.
f .E�; O|/�N

jvj5 j!
5
6

j5
jvf .E�; O|/j!

5
6

f .E�; O|/

.
X

j1�N;:::;j4�N
�1;:::;�62¹˙1º

jvj1 j!
1
3

j1
� � � jvj4 j!

1
3

j4

� X
j5�N

jvj5 j
2!

5
62

j5

� 1
2
� X
j5Wf .E�; O|/�N

jvf .E�; O|/j
2!

5
62

f .E�; O|/

� 1
2

. kvN k2
V
5
6
t;x

�X
j�N

jvj j!
1
3

j

�4
.ı kvN k6

V
5
6Cı

t;x

;
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where in the last passage we have used the Cauchy–Schwarz inequality to bound

X
j�N

jvj j!
1
3

j �

�X
j�N

jvj j
2!

2. 56Cı/

j

� 1
2
�X
j�N

!
�.1C2ı/
j

� 1
2

.ı kvN k
V
5
6Cı

t;x

:

This proves (4.15).

Proof of Proposition 4.5 (2). We are going to show that, for any nD 1; : : : ; 6 and N 2N,
the functions v.n/N WD …�N v

.n/ satisfyˇ̌̌̌Z
T

Z �

0

v
.1/
N .t; x/� � �v

.6/
N .t; x/ sin2.x/ µx µt

ˇ̌̌̌
.ı

5Y
nD1

kv
.n/
N kV1Cı

t;x
kv
.6/
N kV�ıt;x

: (4.20)

This implies (4.11). Indeed, v.n/N ! v.n/ in V1
t;x and, by (4.6), in L6t;x and a.e. for any

n D 1; : : : ; 6. Then passing to the limit one obtains (4.11).
We now prove (4.20). By Lemma 4.10 and recalling (4.12), one has

	N WD

ˇ̌̌̌Z
T

Z �

0

v
.1/
N .t; x/ : : : v

.6/
N .t; x/ sin2.x/ µx µt

ˇ̌̌̌
�

X
�1;:::;�62¹˙1º

X
j1�N;:::;j6�N

�1!j1C���C�j!j6D0

jv
.1/
j1
� � � v

.6/
j6
j	j1;:::;j6

(4.13)
.

X
�1;:::;�62¹˙1º

X
j1�����j5�N
j6Df .E�; O|/�N

jv
.1/
j1
j � � � jv

.5/
j5
j jv

.6/
j6
j!j1!j2!j6 ; (4.21)

by the symmetry of (4.21) in j1; : : : ; j5. Since !j6 D �
�1
6 .�1!j1 C � � � C �5!j5/ � 5!j5

and
!j6 � 5

1Cı!�ıj6 !
1Cı
j5

; !j1!j2 � !
1
2

j1
!
1
2

j2
!
1
2

j3
!
1
2

j4
;

by (4.21) and using Cauchy–Schwarz, we have

	N .ı
X

�1;:::;�62¹˙1º

X
j1�����j5�N
j6Df .E�; O|/�N

jv
.1/
j1
j � � � jv

.5/
j5
jjv

.6/
j6
j!

1
2

j1
� � �!

1
2

j4
!1Cıj5

!�ıf.E�; O|/

.ı
X

j1�N;:::;j4�N
�1;:::;�62¹˙1º

jv
.1/
j1
j!

1
2

j1
� � � jv

.4/
j4
j!

1
2

j4

X
j5�N s.t.
f.E�; O|/�N

jv
.5/
j5
j!1Cıj5

jv
.6/

f .E�; O|/
j!�ı
f .E�; O|/

.ı
X

j1�N;:::;j4�N

jv
.1/
j1
j!1Cıj1

!
�. 12Cı/

j1
� � � jv

.4/
j4
j!1Cıj4

!
�. 12Cı/

j4
kv
.5/
N kV1Cı

t;x
kv
.6/
N kV�ıt;x

.ı kv.1/N kV1Cı
t;x

: : : kv
.4/
N kV1Cı

t;x
kv
.5/
N kV1Cı

t;x
kv
.6/
N kV�ıt;x

proving (4.20).
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4.2. Strichartz-type estimates for p D 2

The following result will play a central role in studying (1.1) in the case p D 2:

Proposition 4.12 (Generalized Strichartz-type estimates). For any ı > 0 there exists Cı >
0 such that the following hold:

(1) For any v.1/; : : : ; v.4/ 2 V
1
2Cı

t;x ,ˇ̌̌̌Z
T

Z �

0

v.1/v.2/L�1! .v
.3/v.4// sin2.x/ µx µt

ˇ̌̌̌
� Cı


�1

4Y
nD1

kv.n/k
V
1
2Cı

t;x

: (4.22)

(2) For any v.1/; : : : ; v.4/ 2 V \ V
2
3Cı

t;x , for any l D 1; : : : ; 4,ˇ̌̌̌Z
T

Z �

0

v.1/v.2/L�1! .v
.3/v.4// sin2.x/ µx µt

ˇ̌̌̌
� Cı


�1

4Y
nD1
n¤l

kv.n/k
V
2
3Cı

t;x

kv.l/k
V�ıt;x

: (4.23)

Furthermore, if ! D 1, estimates (4.22) and (4.23) hold with the factor 
�1 on the right-
hand side replaced by 1.

Note that, due to Lemma 4.4, one has v.3/v.4/ 2W , thus L�1! .v
.3/v.4// is well defined.

The rest of this section is devoted to the proof of Proposition 4.12.

Lemma 4.13 (Integral in space). For any j1; j2; j3; j4 2 N; the integral

	j1;:::;j4 WD

Z �

0

ej1.x/ � � � ej4.x/ sin2.x/ µx

satisfies 0 � 	j1;:::;j4 � !jmin .

Proof. With no loss of generality, we suppose that j1 � j2 � j3 � j4. By the product rule
(2.6) one has

ej1ej2ej3ej4 D

j1X
kD0

j3X
hD0

ej2�j1C2kej4�j3C2h: (4.24)

Thus, since by Lemma 2.1 the ¹ej ºj2N are orthonormal on L2.Œ0; ��; sin2.x/ µx/, one
has

	j1;:::;j4 D

j1X
kD0

j3X
hD0

ı.j2 � j1 C 2k D j4 � j3 C 2h/: (4.25)

Now for each fixed j1, j2, j3, j4, k there is at most one value of h such that j2 � j1C 2kD
j4 � j3 D 2h. Moreover, the sum over k runs over j1 C 1 D !1 elements. This proves
	j1j2j3j4 � !j1 . The lower bound 	j1j2j3j4 � 0 directly follows because (4.25) is the sum
of nonnegative integers.
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Proof of Proposition 4.12 (1). For any v 2 V and N 2 N� we have vN WD …V�N v. We
are going to show thatZ

T

Z �

0

v4N .t; x/ sin2.x/ µx µt .ı kvN k4
V
1
2Cı

t;x

: (4.26)

Then estimate (4.22) follows. Indeed, by (4.26), one has, arguing as for (4.16),

kvkL4t;x
.ı kvk

V
1
2Cı

t;x

: (4.27)

Furthermore, for any ! 2 �
 , using the Cauchy–Schwarz inequality and Lemma 3.1,
we getˇ̌̌̌Z

T

Z �

0

v.1/v.2/L�1! .v
.3/v.4// sin2.x/ µx µt

ˇ̌̌̌
� kv.1/v.2/kL2t;x

kL�1! .v
.3/v.4//kL2t;x

� 2
�1
4Y
nD1

kv.n/kL4t;x

(4.27)
� Cı


�1

4Y
nD1

kv.n/k
V
1
2Cı

t;x

;

proving (4.22). If ! D 1 the thesis follows since, by Lemma 3.1, kL�11 kB.H0
t;x ;H

0
t;x/
� 1.

We now prove (4.26). Arguing as for (4.18), we have

	N WD

Z
T

Z �

0

v4N .t; x/ sin2.x/ µx µt

.
X

�1;:::;�42¹˙1º

X
j1�����j4�N

�1!j1C���C�4!j4D0

jvj1 � � � vj4 j	j1;:::;j4 : (4.28)

By Lemma 4.13 and estimating 	j1;:::;j4 � !j1 � !
1
2

j3
!
1
2

j4
, and defining

j4 D �
�1
4 .�1!j1 C � � � C �3!j3/ � 1 DW g.�1; : : : ; �4; j1; : : : ; j3/ DW g.E�; O|/;

we have, using the Cauchy–Schwarz inequality and (4.28),

	N .
X

j1;j2�N
�1;:::;�42¹˙1º

jvj1 j jvj2 j
X
j3�N

g.E�; O|/�N

jvj3 j jvg.E�; O|/j!
1
2

j3
!
1
2

g.E�; O|/

.
X
j1�N

jvj1 j!
1
2Cı

j1
!
�. 12Cı/

j1

X
j2�N

jvj2 j!
1
2Cı

j2
!
�. 12Cı/

j2

� X
j3�N

jvj3 j
2!j3

� 1
2

�

� X
j3�N s.t.
g.E�; O|/�N

jvg.E�; O|/j
2!g.E�; O|/

� 1
2

.ı kvN k2
V
1
2Cı

t;x

kvN k
2

V
1
2
t;x

;

which gives (4.26).
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Proof of Proposition 4.12 (2). Defining v.k/N WD…�N v
.k/, N 2N, first we prove that one

has ˇ̌̌̌Z
T

Z �

0

v
.1/
N v

.2/
N L�1! .v

.3/
N v

.4/
N / sin2.x/ µx µt

ˇ̌̌̌
.ı

1



kv.1/k

V
2
3Cı

t;x

kv.2/k
V
2
3Cı

t;x

kv.3/k
V
2
3Cı

t;x

kv.4/k
V�ıt;x

; (4.29)

with the factor 
�1 in (4.29) replaced by 1 if ! D 1. Once that (4.29) has been proved, (2)

follows by the following claim: for any v.1/; v.2/; v.3/; v.4/ 2 V
1
2Cı

t;x it holds that

v
.1/
N v

.2/
N

L2t;x
��! v.1/v.2/; L�1! .v

.3/
N v

.4/
N /

L2t;x
��! L�1! .v

.3/v.4//; as N !1; (4.30)

so that v.1/N v
.2/
N L�1! .v

.3/
N v

.4/
N / converges to v.1/v.2/L�1! .v

.3/v.4// in L1. Claim (4.30) fol-
lows because

kv
.1/
N v

.2/
N � v

.1/v.2/kL2t;x

� kv
.1/
N � v

.1/
kL4t;x
kv
.2/
N kL4t;x

C kv.2/ � v
.2/
N kL4t;x

kv.1/kL4t;x
(4.27)
.ı kv.1/N � v

.1/
k

V
1
2Cı

t;x

kv
.2/
N k

V
1
2Cı

t;x

C kv.2/ � v
.2/
N k

V
1
2Cı

t;x

kv.1/k
V
1
2Cı

t;x

! 0

as N ! 1. Similarly, L�1! v
.3/
N v

.4/
N ! L�1! .v

.3/v.4// in L2t;x using Lemma 3.1 also.
Moreover, (4.23) for a general index l follows by self-adjointness of L�1! .

The first step in the proof of (4.29) is the following:

Lemma 4.14. We haveˇ̌̌̌Z
T

Z �

0

v
.1/
N v

.2/
N L�1! .v

.3/
N v

.4/
N / sin2.x/ µx µt

ˇ̌̌̌
.

´

�1J if ! ¤ 1;

J if ! D 1;

J WD
X

�;� 0;�1;�22¹˙1º

X
j1;j2;j3�N

jv
.1/
j1
v
.2/
j2
v
.3/
j3
v
.4/

h.E�; O|/
j!min¹j1;j2;j3;h.E�; O|/º;

(4.31)

with
h.E�; O|/ WD �� 0�2�1!j1 � �

0�2�1�!j2 � �
0!j3 � 1;

E� WD .�; � 0; �1; �2/; O| WD .j1; j2; j3/:
(4.32)

Proof. By (2.6) and Lemma 3.1, we computeZ
T

Z �

0

v
.1/
N v

.2/
N L�1! .v

.3/
N v

.4/
N /

D

X
�;� 02¹˙1º

X
j1�N;:::;j4�N

v
.1/
j1
v
.2/
j2
v
.3/
j3
v
.4/
j4
A
.�;� 0/
j1;j2;j3;j4

; (4.33)
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where A.�;�
0/

j1;j2;j3;j4
, �; � 0 2 ¹�1; 1º, are equal to

min¹j1;j2ºX
hD0

min¹j3;j4ºX
kD0

Z
T

cos..!j1 C �!j2/t/ cos..!j3 C �
0!j4/t/

4.!2.!j3 C �
0!j4/

2 � !2
jj4�j3jC2k

/
µ t

�

Z �

0

ejj4�j3jC2kejj2�j1jC2h sin2.x/ µx:

Using ! 2 �
 and (3.16), we have the lower bound

j!2.!j3 C �
0!j4/

2
� .!jj4�j3jC2k/

2
j �




2
: (4.34)

Moreover, Z
T

cos.˛1t / cos.˛2t / µ t D
1

2

X
�1D˙1
�2D˙1

ı.�1˛1 C �2˛2/;

thus A.�;�
0/

j1;j2;j3;j4
¤ 0 only if �1.!j1 C �!j2/C �2.!j3 C �

0!j4/ D 0, which gives j4 D
h.E�; O|/ with E�; O| and h.E�; O|/ as in (4.32). Furthermore, by orthogonality of ¹ej ºj as in
Lemma 2.1, by (4.24) and by Lemma 4.13, one has

min¹j1;j2ºX
hD0

min¹j3;j4ºX
kD0

ˇ̌̌̌Z �

0

ejj4�j3jC2kejj2�j1jC2h sin2.x/ µx
ˇ̌̌̌
D 	j1;j2;j3;j4

� !min¹j1;j2;j3;j4º: (4.35)

Note that, if ! D 1, the factor 
�1 in (4.34) can be replaced by 1. Thus, combining (4.33),
(4.34), and (4.35), one gets (4.31).

The sum J in (4.31), using its symmetry in the indexes j1, j2, j3, is bounded by

J .
X
E�2¹˙1º4

X
j1�j2�j3�N
h.E�; O|/�N

jv
.1/
j1
v
.2/
j2
v
.3/
j3
j jv

.4/

h.E�; O|/
j!jmin : (4.36)

Since !h.E�; O|/ � 4!j3 ,

!jmin � !
1
6

j1
!
1
6

j2
!
2
3

j3
.ı !

1
6

j1
!
1
6

j2
!
2
3Cı

j3
!�ı
h.E�; O|/

: (4.37)

Then, using the Cauchy–Schwarz inequality, (4.36), and (4.37), one has

J .ı
X
E�2¹˙1º4

X
j1�N;j2�N

jv
.1/
j1
v
.2/
j2
j!

1
6

j1
!
1
6

j2

X
j3�N s.t.
h.E�; O|/�N

jv
.3/
j3
j!

2
3Cı

j3
jv
.4/

h.E�; O|/
j!�ı
h.E�; O|/

.ı kv.1/N k
V
2
3Cı

t;x

kv
.2/
N k

V
2
3Cı

t;x

kv
.3/
N k

V
2
3Cı

t;x

kv
.4/
N kV�ıt;x

;

from which (4.29) follows.
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5. Solution of the v2 equation

In this section we solve equation (3.13) for the high-frequency components v2 in the
kernel. We argue separately for the cases p D 5;p D 3, and for the degenerate case p D 2.
Given �1 2 .0; 1/, �2 2 .0; 1/, �3 2 .0; 1/, we define

D�1 WD
®
v1 2 V1 W kv1kV1

t;z
� �1

¯
; (5.1)

and for some ı > 0,

DV2
�2
WD
®
v2 2 V2 \ V2C2ı

t;z W kv2kV2C2ı
t;z
� �2

¯
; (5.2)

DW
�3
WD
®
w 2 H

1
2Cı

t H
3
2Cı
z \W W kwk

H
1
2Cı

t H
3
2Cı
z

� �3
¯
: (5.3)

In the sequel, ı will always denote a positive small constant.

5.1. Case p D 5

For any R > 0, ı > 0, and 
 2 .0; 
0/, let

�1 WD "
1
4R; �2 WD c2N 10ıR5"

1
4 ; �3 WD c3
�1N 5C10ıR5"

5
4 ; N WD "

� 1
ˇ ; (5.4)

where " D !2 � 1 > 0 according to (1.7), c2; c3 > 0, and ˇ > 1.

Proposition 5.1 (Solution of the v2 equation for p D 5). For any ı 2 .0; 1
8
/, R > 0,

and 
 2 .0; 
0/, let �1, �2, �3, N be as in (5.20). There exist c2 WD c2.ı/ > 0, ˇı > 1,
� WD �.ı/ > 0, �ı;R > 0, and C1;ı ; C2;ı > 0 such that, for any ˇ > ˇı and any " > 0 such
that

"N �
�1 � �ı;R; (5.5)

there exists a C 1 function v2WD�1 �DW
�3
! V2 \ V2C2ı

t;x , .v1; w/ 7! v2.v1; w/; where
D�1 and DW

�3
are defined as in (5.1) and (5.3), satisfying v2.0; 0/ D 0, and

kv2.v1; w/kV2C2ı
t;x
� �2; (5.6)

k@v1v2.v1; w/kB.V1\V1
t;x ;V

2C2ı
t;x /

� C1;ıN
10ıR4; (5.7)

k@wv2.v1; w/k
B.W\H

1
2Cı

t H
3
2Cı
x ;V2C2ı

t;x /
� C2;ıN

1
2C5ıR4; (5.8)

such that v2.v1; w/ solves

".��ss
S3 C 1/v2.v1; w/ �…V2

�
.v1 C v2.v1; w/C w/

5
�
D 0: (5.9)

In the rest of this section we prove Proposition 5.1. For any .v1; w/ 2D�1 �DW
�3

, we
look for a solution of (5.9) as a fixed point of the map

v2 7! Tv1;w.v2/ WD "
�1A�1…V2.v1 C v2 C w/

5; (5.10)

where, according to (3.4), we set A WD ��ss
S3
C 1. The next lemma is based on the

Strichartz estimates of Section 4.
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Lemma 5.2 (Contraction). Let � � 11
2
C 5ı. There exist Cı > 0 and �ı;R > 0 such that,

if (5.5) holds, the map Tv1;w maps DV2
�2 into itself, with

kTv1;w.v2/� Tv1;w.v
0
2/kV2C2ı

t;x
�CıR

4N�1C8ıkv2 � v
0
2kV2C2ı

t;x
8v2; v

0
2 2DV2

�2
: (5.11)

As a consequence, for any .v1; w/ 2 D�1 �DW
�3

there exists a unique v2.v1; w/ 2 DV2
�2

solving (5.9) and such that v2.0; 0/ D 0.

Proof. We write Tv1;w.v2/ D "�1A�1…V2

P
j1Cj2Cj3D5

cj1j2j3v
j1
1 v

j2
2 w

j3 . We estimate
the terms where w does not appear using the Strichartz-type estimate in Lemma 4.8, and
the terms with w using algebra property (2.19). If j3 D 0, by (4.5), (4.4), and Lemma 4.8,
for any j1, j2 one has

kA�1…V2.v
j1
1 v

j2
2 /kV2C2ı

t;x
.ı .N 2ı

kv1kV1
t;x
/j1.N�1kv2kV2C2ı

t;x
/j2

.ı .N 2ı�1/
j1.N�1�2/

j2 ; (5.12)

for any kv1kV1
t;x
� �1 and kv2kV2C2ı

t;x
� �2. Recalling the definitions of �1, �2, N in (5.4),

one then gets N�1�2 � N 2ı�1 and thus for any j1 C j2 D 5,

kA�1…V2.v
j1
1 v

j2
2 /kV2C2ı

t;x
.ı N 10ı�51: (5.13)

On the other hand, if j3 ¤ 0, by estimates (4.5), (4.4), and Lemma 4.3 one has

kA�1…V2.v
j1
1 v

j2
2 w

j3/k
V2C2ı
t;x

.ı N�
3
2Cı.N

1
2Cıkv1kV1

t;x
/j1.N�

1
2�ıkv2kV2C2ı

t;x
/j2kwk

j3

H
1
2Cı

t H
3
2Cı
x

.ı N�
3
2Cı.N

1
2Cı�1/

j1.�2N
� 12�ı/j2�

j3
3 ; (5.14)

for any kv1kV1
t;x
� �1, kv2kV2C2ı

t;x
� �2, and kwk

H
1
2Cı

t H
3
2Cı
x

� �3. Assuming (5.5) with

� D 11
2
C 5ı and �ı;R small enough, one has �3 � N

1
2Cı�1 and N�

1
2�ı�2 � N

1
2Cı�1,

and recalling j3 � 1, one gets

kA�1…V2.v
j1
1 v

j2
2 w

j3/k
V2C2ı
t;x

.ı N
1
2C5ı�41�3 .ı N 10ı�51: (5.15)

Thus, combining (5.13) and (5.15), there exists a constant Cı > 0 such that we have

kTv1;w.v2/kV2C2ı
t;x
� Cı"

�1N 10ı�51
(5.4)
D CıN

10ıR5"
1
4 < c2N 10ıR5"

1
4 D �2;

provided c2 > Cı . Thus Tv1;w maps DV2
�2 into itself. We now prove that it is a contraction.

For any h2 2 V2C2ı
t;x \ V2, we have

@v2Tv1;w.v2/Œh2� D 5"
�1A�1…V2..v1 C v2 C w/

4h2/

D 5"�1
X

j1Cj2Cj3D4

cj1j2j3A
�1…V2.v

j1
1 v

j2
2 w

j3h2/: (5.16)



Time-periodic solutions of completely resonant Klein–Gordon equations on S3 31

If j3 D 0, we argue as in (5.12) to get

kA�1…V2.v
j1
1 v

j2
2 h2/kV2C2ı

t;x

.ı .N 2ı�1/
j1.N�1�2/

j2N�1kh2kV2C2ı
t;x

.ı N�1C8ı�41kh2kV2C2ı
t;x

; (5.17)

whereas if j3 ¤ 0 we argue as in (5.14) to get

kA�1…V2.v
j1
1 v

j2
2 w

j3h2/kV2C2ı
t;x

.ı N�2.�1N
1
2Cı/j1.�2N

� 12�ı/j2�
j3
3 kh2kV2C2ı

t;x

.ı N�
1
2C3ı�31�3kh2kV2C2ı

t;x

.ı N�1C8ı�41kh2kV2C2ı
t;x

: (5.18)

Thus, by (5.16), (5.17), and (5.18), and since �1 D "
1
4R, we deduce

k@v2Tv1;w.v2/Œh2�kV2C2ı
t;x
� Cı"

�1N�1C8ı"R4kh2kV2C2ı
t;x

D CıR
4N�1C8ıkh2kV2C2ı

t;x
; (5.19)

from which (5.11) follows. Thus Tv1;w is a contraction on DV2
�2 .

Lemma 5.3 (Differentiability of v2). The function v2.v1; w/ is differentiable in v1, w,
and it satisfies estimates (5.7), (5.8).

Proof. By (5.19), the operator 1 � @v2Tv1;w.v2/ is invertible on V2C2ı
t;x , with operator

norm bounded by 2. Furthermore, arguing as for (5.12) and (5.14), one obtains

k@v1Tv1;w.v2/Œh1�kV2C2ı
t;x

.ı N 10ıR4kh1kV1
t;x
;

k@wTv1;w.v2/Œh3�kV2C2ı
t;x

.ı "�1N
1
2C5ı�41kh3k

H
1
2Cı

t H
3
2Cı
x

.ı N
1
2C5ıR4kh3k

H
1
2Cı

t H
3
2Cı
x

:

Then @v1v2.v1; w/ D .1 � @v2Tv1;w.v2//
�1@v1Tv1;w.v2/ satisfies (5.7) and, in addition,

@wv2.v1; w/ D .1 � @v2Tv1;w.v2//
�1@wTv1;w.v2/ satisfies (5.8).

5.2. Case p D 3

For any R > 0, ı > 0, and 
 2 .0; 
0/, let

�1 WD "
1
2R; �2 WD c2R3N 4ı"

1
2 ; �3 WD c3
�1N 3C6ıR3"

3
2 ; N WD "

� 1
ˇ ; (5.20)

where we recall that " D !2 � 1 > 0, according to (1.16), ˇ > 1, and c2; c3 > 0.
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Proposition 5.4 (Solution of the v2 equation for p D 3). For any ı 2 .0; 1
8
/, R > 0, and


 2 .0;
0/, let �1, �2, �3,N as in (5.20). There exist c2 WD c2.ı/> 0, ˇı >1, � WD �.ı/> 1,
�ı;R > 0, and C1;ı ; C2;ı > 0 such that, for any ˇ > ˇı and any " such that

"N �
�1 � �ı;R; (5.21)

there exists a C 1 function v2WD�1 �DW
�3
! V2 \ V2C2ı

t;� , .v1; w/ 7! v2.v1; w/, where
D�1 and DW

�3
are defined as in (5.1) and (5.3), satisfying v2.0; 0/ D 0 and

kv2.v1; w/kV2C2ı
t;�
� �2; (5.22)

k@v1v2.v1; w/kB.V1\V1
t;� ;V

2C2ı
t;� /

� C1;ıR
2N 4ı ; (5.23)

k@wv2.v1; w/k
B.W\H

1
2Cı

t H
3
2Cı
� ;V2C2ı

t;� /
� C2;ıR

2N�
1
2C3ı ; (5.24)

such that v2.v1; w/ solves

"Av2.v1; w/ �…V2..v1 C v2.v1; w/C w/
3/ D 0; (5.25)

where A WD ���1;�2 C 1 according to (3.4).

We now prove Proposition 5.4. We define the map

v2 7! Tv1;w.v2/ WD "
�1A�1…V2..v1 C v2 C w/

3/ (5.26)

and show that it is a contraction.

Lemma 5.5 (Contraction for p D 3). Let � � 5
2
C 5ı. There exist �ı;R > 0 and Cı > 0

such that, if (5.21) holds, then Tv1;w defined as in (5.26) maps DV2
�2 into itself, with

kTv1;w.v2/ � Tv1;w.v
0
2/kV2C2ı

t;�
� CıR

2N�1kv2 � v
0
2kV2C2ı

t;�
8v2; v

0
2 2 DV2

�2
: (5.27)

As a consequence, for any .v1;w/ 2D�1 �DW
�3

there exists a unique solution v2.v1;w/ 2
DV2
�2 satisfying (5.25) and v2.0; 0/ D 0.

Proof. We start expanding Tv1;w.v2/ D "�1
P
j1Cj2Cj3D3

cj1;j2;j3A
�1…V2.v

j1
1 v

j2
2 w

j3/.
By (4.4) and Lemma 4.3, one has

kA�1…V2.v
j1
1 v

j2
2 w

j3/k
V2C2ı
t;�
� N�

3
2Cık…V2.v

j1
1 v

j2
2 w

j3/k
V
3
2Cı

t;�

.ı N�
3
2Cı.N

1
2Cı�1/

j1.N�
1
2�ı�2/

j2�
j3
3

for any v1 2D�1 , v2 2DV2
�2 , w 2DW

�3
. By (5.20) and the smallness assumption (5.21), if

� � 5
2
C 5ı one has N�

1
2�ı�2 � N

1
2Cı�1 and �3 � N

1
2Cı�1. Then recalling j1 C j2 C

j3 D 3, there exists Cı > 0 such that

kTv1;w.v2/kV2C2ı
t;�
� Cı"

�1N 4ı�31 D Cı"
1
2N 4ıR3 � c2"

1
2N 4ıR3 D �2;
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provided c2 � Cı . Thus Tv1;w maps DV2
�2 into itself. We now prove that it is a contraction.

One has

@v2Tv1;w.v2/Œh2� D 3A
�1…V2..v1 C v2 C w/

2h2/ 8h2 2 V2C2ı
t;� \ V2:

Applying Lemma 4.3, (4.4), using (5.20) and the smallness condition (5.21), one obtains

kA�1…V2.v
j1
1 v

j2
2 w

j3h2/kV2C2ı
t;�

� N�
3
2Cı.N

1
2Cı�1/

j1.N�
1
2�ı�2/

j2�
j3
3 N

� 12�ıkh2kV2C2ı
t;�

.ı N�1C2ı�21kh2kV2C2ı
t;�

.ı N�1C2ı"R2;

using that j1 C j2 C j3 D 2. Thus

k@v2Tv1;w.v2/Œh2�kV2Cı
t;x

.ı N�1C2ıR2kh2kV2C2ı
t;�

;

which is (5.27).

Differentiability of the function v2.v1; w/ with estimates (5.23) and (5.24) follows
similarly.

5.3. Case p D 2

For any ı > 0, R > 0, and 
 2 .0; 
0/, let

�1 WD R"
1
2 ; �2 WD c2
�1R3"

1
2 ; �3 WD c3
�2"

p
"R3N b;

b WD 3C 6ı; N WD "
� 1
ˇ ;

(5.28)

where " > 0 is defined by (1.7), namely !2D 1� ", c2;c3 > 0, and ˇ > 1. Since equations
(3.12)–(3.14) for p D 2 are degenerate, in the sense that…V2.v1 C v2/

2 D 0, we perform
the translation

w D L�1! .v1 C v2/
2
C zw: (5.29)

We then rewrite (3.13), (3.14) in terms of v1; v2; zw, and since …V .v1 C v2/
2 D 0 by

Lemma 4.4, we obtain

�"Av2 D …V2

�
2.v1 C v2/.L

�1
! .v1 C v2/

2
C zw/C .L�1! .v1 C v2/

2
C zw/2

�
; (5.30)

L! zw D …W

�
2.v1 C v2/.L

�1
! .v1 C v2/

2
C zw/C .L�1! .v1 C v2/

2
C zw/2

�
: (5.31)

Proposition 5.6 (Solution of the v2 equation for p D 2). For any ı 2 .0; 1
10
/, R > 0,

and 
 2 .0; 
0/, let �1, �2, �3, N be as in (5.28). There exist c2 WD c2.ı/ > 0, ˇı > 1,
b WD b.ı/ > 0, �ı;R > 0, and C1;ı ; C2;ı > 0 such that, for any ˇ > ˇı and any " > 0 such
that ! 2 �
 and

N�b
�1 � �ı;R; N WD "
� 1
ˇ ; (5.32)



M. Berti, B. Langella, and D. Silimbani 34

there exists a C 1 function v2WD�1 �DW
�3
! V2 \ V2C2ı

t;x , .v1; zw/ 7! v2.v1; zw/, where
D�1 and DW

�3
are defined as in (5.1) and (5.3), satisfying v2.0; 0/ D 0 and

kv2.v1; zw/kV2C2ı
t;x
� �2; (5.33)

k@v1v2.v1; zw/kB.V1\V1
t;x ;V

2C2ı
t;x /

� C1;ı

�1R2; (5.34)

k@ zwv2.v1; zw/k
B.W\H

1
2Cı

t H
3
2Cı
x ;V2C2ı

t;x /
� C2;ı"

� 12N�1C2ıR; (5.35)

such that v2.v1; zw/ solves equation (5.30).

We now prove Proposition 5.6. For any .v1; zw/ 2 D�1 �DW
�3

we look for a solution
of (5.30) as a fixed point of the map which to v2 associates

Tv1; zw.v2/ WD �"
�1A�1…V2

�
2.v1 C v2/.L

�1
! .v1 C v2/

2
C zw/

C .L�1! .v1 C v2/
2
C zw/2

�
(5.36)

with A D ��ss
S3
C 1 as in (3.4). We shall use the following technical lemma:

Lemma 5.7. Let �1 and �2 be as in (5.28). There exists �R;c2 > 0 such that, ifN�1�2ı
�1

< �R;c2 , then for any s 2 Œ0; 2C 2ı�, any v1 2 D�1 and v2 2 DV2
�2 , one has

kv1kVs
t;x
� Nmax¹0;s�1º�1; kv2kVs

t;x
� Nmax¹0;s�1º�1:

Proof. The estimate on kv1kVs
t;x

follows from (4.4). For any s 2 Œ0; 2C 2ı� and v2 2DV2
�2 ,

by (4.4) and (5.28) one has

kv2kVs
t;x
� N�2�2ıCskv2kV2C2ı

t;x

� N�2�2ıCs�2 D N
�2�2ıCsc2
�1R2�1 � Nmax¹0;s�1º�1;

since �2 � 2ı C s � max¹0; s � 1º � 1 � 2ı and N�1�2ı
�1 < .c2R2/�1 DW �R;c2 .

The next lemma is based on the Strichartz-type estimates of Proposition 4.12:

Lemma 5.8 (Contraction). There exist bı 2 .0; 1/, �ı;R > 0, and Cı > 0 such that, if
(5.32) holds with b � bı , then for any v1 2 D�1 and zw 2 DW

�3
, Tv1; zw defined in (5.36)

maps DV2
�2 into itself, with

kTv1; zw.v2/ � Tv1; zw.v
0
2/kV2C2ı

t;x

� Cı

�1R2N�

4
3 kv2 � v

0
2kV2C2ı

t;x
8v2; v

0
2 2 DV2

�2
: (5.37)

As a consequence, for any .v1; zw/ 2 D�1 �DW
�3

there exists a unique v2.v1; zw/ solving
(5.30), satisfying v2.0; 0/ D 0.
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Proof. We expand Tv1; zw.v2/ in (5.36) as Tv1; zw.v2/ D T1 C T2 C T3 C T4 C T5, with

T1 WD �2"
�1A�1…V2..v1 C v2/L

�1
! .v1 C v2/

2/;

T2 WD �2"
�1A�1…V2..v1 C v2/ zw/;

T3 WD �"
�1A�1…V2

�
.L�1! .v1 C v2/

2/2
�
;

T4 WD �"
�1A�1…V2 zw

2;

T5 WD �2"
�1A�1…V2. zwL�1! .v1 C v2/

2/;

and we estimate each term separately. First, T1 is estimated using Proposition 4.12 (2),
which gives

kT1kV2C2ı
t;x
� 2"�1k…V2..v1 C v2/L

�1
! .v1 C v2/

2/k
V2ı
t;x

D 2"�1 sup
h22V2\V�2ıt;x

kh2kV�2ıt;x
�1

ˇ̌̌̌Z
T

Z �

0

.v1 C v2/h2L
�1
! .v1 C v2/

2 sin2.x/ µx µt
ˇ̌̌̌

.ı "�1
�1kv1 C v2k3
V
2
3C2ı

t;x

.ı "�1
�1.kv1k
V
2
3C2ı

t;x

C kv2k
V
2
3C2ı

t;x

/3: (5.38)

Then T2 is estimated using (4.4), and Lemma 4.3: one has

kT2kV2C2ı
t;x
� "�1k…V2.v1 C v2/ zwkV2ı

t;x
.ı "�1N�

3
2Cık…V2.v1 C v2/ zwk

V
3
2Cı

t;x

.ı "�1N�
3
2Cı.kv1k

V
3
2Cı

t;x

C kv2k
V
3
2Cı

t;x

/k zwk
H

1
2Cı

t H
3
2Cı
x

: (5.39)

Next, T3 and T5 are estimated using (2.19), (4.4), (4.3), (2.18), and Lemma 3.1, which
gives

kT3kV2C2ı
t;x

.ı "�1


…V2

�
.L�1! .v1 C v2/

2/2
�



V2ı
t;x

.ı "�1N�
3
2Cık.L�1! .v1 C v2/

2/2k
H

1
2Cı

t H
3
2Cı
x

.ı 
�2"�1N�
3
2Cı.kv1kV2C2ı

t;x
C kv2kV2C2ı

t;x
/4; (5.40)

and

kT5kV2C2ı
t;x

.ı "�1N�
3
2Cık…V2. zwL�1! .v1 C v2/

2/k
V
3
2Cı

t;x

.ı 
�1"�1N�
3
2Cık zwk

H
1
2Cı

t H
3
2Cı
x

.kv1kV2C2ı
t;x
C kv2kV2C2ı

t;x
/2: (5.41)

Finally, T4 is estimated using algebra property (2.19):

kT4kV2C2ı
t;x

.ı "�1k…V2 zw
2
k

V2ı
t;x

.ı "�1N�
3
2Cık zwk2

H
1
2Cı

t H
3
2Cı
x

: (5.42)
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Then, by Lemma 5.7, recalling the definitions of �1, �2, �3 as in (5.28) and combining
(5.38), (5.39), (5.40), (5.42), (5.41), there exists a positive constant Cı such that

kTv1; zw.v2/kV2C2ı
t;x
� Cı.


�1
p
"R3 C c3
�2"N�1C2ıCbR4 C 
�2"N

5
2C9ıR4

C c23

�4R6N�

3
2CıC2b"2 C c3
�3"

p
"R5N

1
2C5ıCb/

� 2Cı

�1
p
"R3 � 
�1c2

p
"R3 D �2;

provided (5.32) holds for some b 2 .0; 1/ and �R;ı small enough and c2 � 2Cı . We
now prove that Tv1; zw is a contraction. We actually prove that @v2Tv1; zw 2 B.V2 \ V2C2ı

t;x ;

V2C2ı
t;x /. Indeed, one has @v2Tv1; zw Œh2� D D1Œh2�CD2Œh2�CD3Œh2�CD4Œh2�, with

D1Œh2� WD �2"
�1A�1…V2.h2L

�1
! .v1 C v2/

2/;

D2Œh2� WD �2"
�1A�1…V2.h2 zw/;

D3Œh2� WD �4"
�1A�1…V2

�
.v1 C v2/L

�1
! ..v1 C v2/h2/

�
;

D4Œh2� WD �4"
�1A�1…V2

�
.L�1! .v1 C v2/

2
C zw/L�1! ..v1 C v2/h2/

�
:

We proceed by estimating all terms separately. By Proposition 4.12 (2), by Lemma 5.7,
and using the definitions of the parameters �1, �2, �3, one has

kD1Œh2�kV2C2ı
t;x

.ı "�1k…V2.h2L
�1
! .v1 C v2/

2/k
V2ı
t;x

.ı 
�1"�1kh2k
V
2
3C2ı

t;x

kv1 C v2k
2

V
2
3C2ı

t;x

.ı 
�1"�1N�
4
3 kh2kV2C2ı

t;x
kv1 C v2k

2

V
2
3C2ı

t;x

.ı 
�1"�1�21N
� 43 kh2kV2C2ı

t;x
.ı 
�1R2N�

4
3 kh2kV2C2ı

t;x
: (5.43)

The estimate of D3Œh2� is the same, and gives

kD3Œh2�kV2C2ı
t;x

.ı 
�1R2N�
4
3 kh2kV2C2ı

t;x
: (5.44)

The estimate of D2Œh2� is analogous to the estimate of T2, and yields

kD2Œh2�kV2C2ı
t;x

.ı "�1N�
3
2Cıkh2k

V
3
2Cı

t;x

k zwk
H

1
2Cı

t H
3
2Cı
x

.ı "�1N�2kh2kV2C2ı
t;x

�3 .ı c3
�2R3
p
"N�2Cbkh2kV2C2ı

t;x
: (5.45)

We finally estimate D4Œh2� using algebra property (2.19) and Lemma 3.1. One gets

kD4Œh2�kV2C2ı
t;x

.ı N�
3
2Cı"�1



…V2

�
.L�1! .v1 C v2/

2
C zw/L�1! ..v1 C v2/h2/

�


V
3
2Cı

t;x
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.ı N�
3
2Cı"�1kL�1! .v1 C v2/

2
k
H

1
2Cı

t H
3
2Cı
x

kL�1! ..v1 C v2/h2/k
H

1
2Cı

t H
3
2Cı
x

CN�
3
2Cı"�1k zwk

H
1
2Cı

t H
3
2Cı
x

kL�1! ..v1 C v2/h2/k
H

1
2Cı

t H
3
2Cı
x

.ı N�
3
2Cı
�2"�1.kv1 C v2k

2

V2C2ı
t;x

C k zwk
H

1
2CıH

3
2Cı
x

/kv1 C v2kV2C2ı
t;x
kh2kV2C2ı

t;x
:

Then using Lemma 5.7 and the definitions of parameters �1, �2, �3 as in (5.28) one has

kD4Œh2�kV2C2ı
t;x

.ı N�
3
2Cı
�2"�1."R2N 2.1C2ı/

C c3
�2R3"
3
2N b/R

p
"N 1C2ı

kh2kV2C2ı
t;x

.ı 
�2R3N 3.1C2ı/� 32Cı
p
"kh2kV2C2ı

t;x
: (5.46)

Thus, combining (5.43), (5.45), (5.44), (5.46) and assuming (5.32), one gets

k@v2Tv1; zw.v2/Œh2�kV2C2ı
t;x

.ı 
�1R2N�
4
3 kh2kV2C2ı

t;x
;

which implies (5.37) and that Tv1; zw is a contraction. Finally, since

T0;0 D "
�1A�1…V2

�
2v2L

�1
! .v

2
2/C .L

�1
! .v

2
2//

2
�

vanishes at v2 D 0, we also have v2.0; 0/ D 0.

Finally, with analogous arguments to those in the proof of Lemma 5.8, one obtains
differentiability of v2.v1; zw/ with respect to v1 and zw with estimates (5.34), (5.35).

6. Solution of the range equation

In this section we solve the range equation (3.14) in the algebra spaces H
1
2Cı

t H
3
2Cı
z ,

where v2 D v2.v1; w/ is the solution of (3.13); namely we find w such that

L!w �…W .v1 C v2.v1; w/C w/
p
D 0: (6.1)

6.1. Cases p D 5 and p D 3

Proposition 6.1 (Solution of the range equation for pD 5). For any ı 2 .0; 1
8
/, 
 2 .0;
0/,

and R > 0, let �1, �2, �3, N be as in (5.4). There exist ˇı > 0, c3 WD c3.ı/ > 0, � WD
�.ı/ > 0, �ı;R > 0, and Cı > 0 such that, for any ˇ > ˇı and any " > 0 such that ! 2�


and (5.5) holds, there exists a C 1 function wWD�1 ! W \H
1
2Cı

t H
3
2Cı
x , v1 7! w.v1/,

satisfying w.0/ D 0,

kwk
H

1
2Cı

t H
3
2Cı
x

� �3; (6.2)

kdv1w.v1/k
B.V1\V1

t;x ;H
1
2Cı

t H
3
2Cı
x /

� Cı

�1N 5C10ı"R4; (6.3)

which solves equation (6.1).
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We are going to prove that the map

Tv1 Ww 7! L�1! …W

�
.v1 C v2.v1; w/C w/

5
�

(6.4)

is a contraction, with v2.v1; w/ as in Proposition 5.1.

Lemma 6.2 (Contraction). Assume the smallness condition (5.5) holds with � � 9
2
C 9ı.

The map Tv1 in (6.4) maps DW
�3

into itself, and there exists Cı > 0 such that

kTv1.w/ � Tv1.w
0/k
H

1
2Cı

t H
3
2Cı
x

� Cı

�1N

9
2C13ıR8kw � w0k

H
1
2Cı

t H
3
2Cı
x

8w;w0 2 DW
�3
: (6.5)

As a consequence, for any v1 2D�1 there exists a unique w.v1/ 2DW
�3

solving (6.1), and
such that w.0/ D 0.

Proof. For brevity, we denote v2.v1; w/ D v2. By (6.4), Lemma 3.1, algebra property
(2.19), (4.4), and Lemma 4.1, we have

kTv1.w/k
H

1
2Cı

t H
3
2Cı
x

. 
�1
X

j1Cj2Cj3D5

k…W .v
j1
1 v

j2
2 w

j3/k
H

1
2Cı

t H
3
2Cı
x

.ı 
�1
X

j1Cj2Cj3D5

.N 1C2ı
kv1kV1

t;x
/j1kv2k

j2

V2C2ı
t;x

kwk
j3

H
1
2Cı

t H
3
2Cı
x

.ı 
�1
X

j1Cj2Cj3D5

.N 1C2ı�1/
j1�

j2
2 �

j3
3 : (6.6)

Then by the smallness assumption (5.5), we have �2 �N 1C2ı�1 and �3 �N 1C2ı�1, thus
by (6.6) there exists a constant Cı > 0 such that

kTv1.w/k
H

1
2Cı

t H
3
2Cı
x

� Cı

�1N 5C10ı"

5
4R5 < c3
�1N 5C10ı"

5
4R5 D �3;

provided c3 > Cı . This proves that Tv1 maps DW
�3

into itself. We now prove (6.5). Let

h3 2 H
1
2Cı

t H
3
2Cı
x ; then arguing as to obtain (6.6), and using estimate (5.8), we obtain

k@wTv1.w/Œh3�k
H

1
2Cı

t H
3
2Cı
x

D 5kL�1! …W ..v1 C v2 C w/
4.h3 C @wv2Œh3�//k

H
1
2Cı

t H
3
2Cı
x

. 
�1
X

j1Cj2Cj3D4

k…W .v
j1
1 v

j2
2 w

j3.h3 C @wv2Œh3�//k
H

1
2Cı

t H
3
2Cı
x

.ı 
�1
X

j1Cj2Cj3D4

.N 1C2ı�1/
j1�

j2
2 �

j3
3 .1CN

1
2C5ıR4/kh3k

H
1
2Cı

t H
3
2Cı
x

.ı 
�1
X

j1Cj2Cj3D4

N
9
2C13ıR8"kh3k

H
1
2Cı

t H
3
2Cı
x

; (6.7)
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where we have used �2 � N 1C2ı�1 and �3 � N 1C2ı�1. Estimate (6.7) then gives (6.5).
Then the map Tv1 is a contraction, and since v2.0; 0/ D 0 by Proposition 5.1, we have
w.0/ D 0.

Lemma 6.3 (Differentiability of w.v1/). The function w.v1/ is differentiable in v1 and
(6.3) holds.

Proof. Due to (6.7) and the smallness condition (5.5), one has that Œ1 � @wTv1.w/�
�1 is a

bounded operator onto H
1
2Cı

t H
3
2Cı
x , with norm bounded by 2. For brevity let us denote

v2.v1; w.v1// D v2 and w.v1/ D w. Then for any h1 2 V1, by Lemma 3.1, (2.19), (5.4),
smallness condition (5.5), and estimate (5.8), one has

k@v1Tv1.w/Œh1�k
H

1
2Cı

t H
3
2Cı
x

D 5kL�1! …W ..v1 C v2 C w/
4.h1 C @v1v2Œh1�//k

H
1
2Cı

t H
3
2Cı
x

. 
�1
X

j1Cj2Cj3D4

k…W .v
j1
1 v

j2
2 w

j3.h1 C @v1v2Œh1�//k
H

1
2Cı

t H
3
2Cı
x

.ı 
�1
X

j1Cj2Cj3D4

.N 1C2ı�1/
j1�

j2
2 �

j3
3 .N

1C2ı
CN 10ıR4/kh1kV1

t;x

.ı 
�1N 5C10ı"R4kh1kV1
t;x
:

This gives (6.3).

If p D 3, the proof of the existence of a solution w of (6.1) follows arguing as in the
case p D 5.

Proposition 6.4 (Solution of the range equation for pD 3). For any ı 2 .0; 1
8
/, 
 2 .0;
0/,

and R > 0, let �1, �2, �3, N be as in (5.20). There exist ˇı > 0, c3 WD c3.ı/ > 0, � WD
�.ı/ > 0, �R;ı > 0, and Cı > 0 such that, for any ˇ > ˇı and any " > 0 such that ! 2�


and (5.21) holds, there exists a C 1 function wWD�1 ! W \H
1
2Cı

t H
3
2Cı
� , v1 7! w.v1/,

satisfying w.0/ D 0,

kwk
H

1
2Cı

t H
3
2Cı
�

� �3; kdv1w.v1/k
B.V1\V1

t;� ;H
1
2Cı

t H
3
2Cı
� /

� Cı"

�1N 3C6ıR2;

which solves (6.1).

6.2. Case p D 2

Here we solve equation (5.31) with v2 D v2.v1; zw/, which reads

L! zw D …W

�
2.v1 C v2.v1; zw//

�
L�1! .v1 C v2.v1; zw//

2
C zw

��
C…W

�
L�1! .v1 C v2.v1; zw//

2
C zw

�2
; (6.8)

where v2.v1; zw/ is the function in Proposition 5.6.
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Proposition 6.5 (Solution of the range equation for pD 2). For any ı 2 .0; 1
8
/, 
 2 .0;
0/,

and R > 0, assume that �1, �2, �3, N are as in (5.28) and satisfy the assumptions of
Proposition 5.6. There exist c3 WD c3.ı/ > 0, ˇı > 0, b WD b.ı/ > 0, �ı;R > 0, and Cı > 0
such that, for any ˇ > ˇı and any " > 0 such that ! 2 �
 and (5.32) holds, there exists a
C 1 function zwWD�1 !W \H

1
2Cı

t H
3
2Cı
x , v1 7! zw.v1/, where D�1 is defined as in (5.1),

satisfying zw.0/ D 0, and

k zw.v1/k
H

1
2Cı

t H
3
2Cı
x

� �3;

kdv1 zw.v1/k
B.V1\V1

t;x ;H
1
2Cı

t H
3
2Cı
x /

� Cı

�2N 3.1C2ı/"R2; (6.9)

which solves equation (6.8).

We show that the map

zw 7! Tv1. zw/ WD L�1! …W

�
2.v1 C v2.v1; zw//

�
L�1! .v1 C v2.v1; zw//

2
C zw

��
CL�1! …W

��
L�1! .v1 C v2.v1; zw//

2
C zw

�2� (6.10)

is a contraction.

Lemma 6.6 (Contraction). The function Tv1 defined in (6.10) maps DW
�3

into itself, with

kTv1. zw/ � Tv1. zw
0/k
H

1
2Cı

t H
3
2Cı
x

� Cı

�2
p
"N 1C6ıR3k zw � zw0k

H
1
2Cı

t H
3
2Cı
x

8 zw; zw0 2 DW
�3
; (6.11)

for some Cı > 0. As a consequence, for any v1 2D�1 there exists a unique zw.v1/ solving
(6.8) and such that zw.0/ D 0.

Proof. We denote v2 WD v2.v1; zw/. By (2.19), Lemmas 3.1, 4.1, and 5.7, (5.28), and the
smallness condition (5.32), one has

L�1!

�
…W .2.v1 C v2/L

�1
! .v1 C v2/

2/
�


H

1
2Cı

t H
3
2Cı
x

.ı 
�2kv1 C v2k3
V2C2ı
t;x

.ı 
�2"
p
"N 3.1C2ı/R3;

kL�1! …W .2.v1 C v2/ zw/k
H

1
2Cı

t H
3
2Cı
x

.ı 
�1N 1C2ı�1�3

.ı 
�3N 4C8ı"2R4;

L�1! …W

�
.L�1! .v1 C v2/

2
C zw/2

�


H

1
2Cı

t H
3
2Cı
x

.ı 
�1.
�1.N 1C2ı�1/
2
C �3/

2

.ı 
�3"2R4N 4.1C2ı/:

Therefore, there exists a constant Cı > 0 such that

kTv1. zw/k
H

1
2Cı

t H
3
2Cı
x

� Cı

�2"
p
"N 3.1C2ı/R3 < �3;
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where the last inequality holds taking c3 D c3.ı/ > Cı in the definition of �3 (see (5.28)).
We now show that Tv1 is a contraction. We have that @ zwTv1. zw/Œh3� D F1Œh3�C F2Œh3�C

F3Œh3�, with

F1Œh3� WD L�1! …W Œ2@ zwv2Œh3�.L
�1
! .v1 C v2/

2
C zw/�;

F2Œh3� WD L�1! …W

�
2.v1 C v2/

�
2L�1! ..v1 C v2/@ zwv2Œh3�/C h3

��
;

F3Œh3� WD 2L
�1
! …W

�
.L�1! .v1 C v2/

2
C zw/

�
2L�1! ..v1 C v2/@ zwv2Œh3�/C h3

��
:

By Lemma 3.1, algebra property (2.19), Lemmas 5.7 and 4.1, estimate (5.35), (5.28), and
the smallness condition (5.32), one gets

kF1Œh3�k
H

1
2Cı

t H
3
2Cı
x

.ı 
�1k@ zwv2Œh3�kV2C2ı
t;x

.
�1kv1 C v2k
2

V2C2ı
t;x

C k zwk
H

1
2Cı

t H
3
2Cı
x

/

.ı 
�2"
1
2N 1C6ıR3kh3k

H
1
2Cı

t H
3
2Cı
x

:

Similarly F2 and F3 satisfy the estimates

kF2Œh3�k
H

1
2Cı

t H
3
2Cı
x

.ı 
�2N 1C6ıR3"
1
2 kh3k

H
1
2Cı

t H
3
2Cı
x

;

kF3Œh3�k
H

1
2Cı

t H
3
2Cı
x

.ı 
�3N 2C8ıR4"kh3k
H

1
2Cı

t H
3
2Cı
x

:

Combining the estimates on F1, F2, F3 and assuming that condition (5.32) holds for
suitable parameters b and �R;ı , one gets

k@ zwTv1. zw/Œh3�k
H

1
2Cı

t H
3
2Cı
x

.ı 
�2
p
"N 1C6ıR3kh3k

H
1
2Cı

t H
3
2Cı
x

;

which gives (6.11). Thus Tv1 is a contraction.

The proof of (6.9) follows by similar arguments, using Lemma 3.1, algebra property
(2.19), Lemma 5.7, estimate (5.34), (5.28), and the smallness condition (5.32).

7. Solution of the bifurcation equation

In this section we solve

.!2 � 1/Av1 �…V1.v1 C v2.v1/C w.v1//p D 0;

v2.v1/ WD

´
v2.v1; w.v1// if p D 3, p D 5;

v2.v1; zw.v1// if p D 2;

(7.1)

where

• if p D 5, v2.v1; w.v1// is the solution of (3.13), whose existence has been proved in
Proposition 5.1 (resp. in Proposition 5.4 if p D 3), and w.v1/ is the solution of (6.1),
whose existence has been proved in Proposition 6.1 (resp. in Proposition 6.4 if p D 3);
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• if p D 2, v2.v1; zw.v1// is the solution of (5.30) as in Proposition 5.6, zw.v1/ is the
solution of (5.31), as in Proposition 6.5, and (cf. (5.29))

w.v1/ WD L�1! .v1 C v2.v1//2 C zw.v1/: (7.2)

Throughout this section, we suppose that �1, �2, �3, N , and " satisfy the hypotheses of
Sections 5 and 6.

7.1. Restricted Euler–Lagrange functional

We start by observing that (7.1) has a variational structure.

Lemma 7.1. Equation (7.1) is the Euler–Lagrange equation of the restricted action func-
tional

M‰WD�1 ! R; v1 7! M‰.v1/ WD ‰.v1 C v2.v1/C w.v1//; (7.3)

where ‰ is the action functional defined in (3.5). In particular, u D v1 C v2.v1/Cw.v1/
solves equation (7.1) if and only if v1 is a critical point of M‰:

Proof. We prove the result for p D 5 for definiteness. In view of (3.5)–(3.6), the fact
that �@t tv1 D Av1, and v2 WD v2.v1/ 2 V2C2ı

t;x , resp. w WD w.v1/ 2H
1
2Cı

t H
3
2Cı
x , solves

equation (5.9), resp. (6.1), one has

M‰.v1/ D
!2 � 1

2
kv1k

2
V1
t;z
C
1

2

Z
T

Z �

0

v2.v1/…V2.v1 C v2 C w/5 sin2.x/ µx µt

C
1

2

Z
T

Z �

0

w…W .v1 C v2 C w/5 sin2.x/ µx µt

�
1

6

Z
T

Z �

0

.v1 C v2 C w/6 sin2.x/ µx µt;

and by (2.19) the functions v2…V2.v1 C v2 C w/5, w…W .v1 C v2 C w/5, and .v1 C
v2 C w/6 are in H

1
2Cı

t H
3
2Cı
x � L2t;x � L

1
t;x . Thus M‰ is well posed and differentiable

since by Propositions 5.1 and 6.1 also dv1v2Œh1� and dv1wŒh1� are inH
1
2Cı

t H
3
2Cı
x for any

h1 2 V1. Differentiating equations (5.9) and (6.1), we get

d M‰.v1/Œh1� D hL!v1; h1iL2t;x
C
1

2

Z
T

Z �

0

dv2Œh1�L!v2 sin2.x/ µx µt

C
1

2

Z
T

Z �

0

v2L!.dv2Œh1�/ sin2.x/ µx µt

C
1

2

Z
T

Z �

0

dwŒh1�L!w sin2.x/ µx µt

C
1

2

Z
T

Z �

0

wL!.dwŒh1�/ sin2.x/ µx µt
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�

Z
T

Z �

0

.v1 C v2 C w/5.h1 C dv2Œh�C dwŒh�/ sin2.x/ µx µt

D hL!v1; h1iL2t;x
�

Z
T

Z �

0

…V1.v1 C v2 C w/5h1 sin2.x/ µx µt;

so that d M‰.v1/Œh1� D 0 if and only if v1 solves (7.1).

By Lemma 7.1, the following result ensures the existence of one solution of equations
(3.1)–(3.2).

Theorem 7.2 (Existence of one critical point). Let ı 2 .0; 1
100
/. Then the following hold:

Case p D 5; p D 3: There exist R0 > 1, �ı;R > 0, � WD �.ı/ > 1, and ˇı > 1 such that,
if R > R0, (5.5) holds, ˇ > ˇı , �1, �2, �3, N are as in (5.4) if p D 5 and in (5.20) if
p D 3, and ! > 1, ! 2 �
 , then the functional M‰ defined in (7.3) admits a critical point
v
.1/
1 2 D�1 with norm

kv
.1/
1 kV1

t;z
�

´
"
1
4 if p D 5;

"
1
2 if p D 3:

(7.4)

Case pD 2: There existR0 > 1, �ı;R > 0, b WD b.ı/ > 1, and ˇı > 1 such that, ifR>R0,
(5.32) holds, ˇ >ˇı , �1, �2, �3,N are as in (5.28), and ! < 1, ! 2�
 , then the functional
M‰ defined in (7.3) admits a critical point v.1/1 2D�1 with norm kv.1/1 kV1

t;x
� "

1
2 as "! 0.

In order to prove Theorem 7.2 we first provide a suitable decomposition of the func-
tional M‰, using Lemma 7.1. We argue separately for the cases p D 5, p D 3 and for the
degenerate case p D 2.

Lemma 7.3 ( M‰ for p D 5, p D 3). The functional M‰ defined in (7.3) has the form

M‰.v1/ D
"

2
kv1k

2
V1
t;z
� GpC1.v1/CRpC1.v1/ 8v1 2 D�1 ; (7.5)

where GpC1 is defined in (3.6), RpC1.0/ D 0, and

dRpC1.v1/Œv1�

D

8̂̂<̂
:̂
�

Z
T

Z �

0

�
.v1 C v2.v1/C w.v1//5 � v51

�
sin2.x/ µx µt if p D 5;

�

Z
T

Z �
2

0

�
.v1 C v2.v1/C w.v1//3 � v31

�
sin.2�/ d� µt if p D 3:

(7.6)

If p D 5 the functions v2.v1/ and w.v1/ satisfy

kv2.v1/kV2C2ı
t;x

.ı N 10ıR4kv1kV1
t;x
;

kw.v1/k
H

1
2Cı

t H
3
2Cı
x

.ı "
�1N 5C10ıR4kv1kV1
t;z
;

(7.7)
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whereas if p D 3,

kv2.v1/kV2C2ı
t;�

.ı N 4ıR2kv1kV1
t;�
;

kw.v1/k
H

1
2Cı

t H
3
2Cı
�

.ı "
�1N 3C6ıR2kv1kV1
t;�
:

(7.8)

Here, estimates (7.7), (7.8) follow by Propositions 5.1, 6.1, 5.4, 6.4.
The case p D 2 is different since Lemma 4.4 implies that

R
T

R �
0
v31 sin2.x/ µx µt D 0

identically vanishes. We perform a different decomposition.

Lemma 7.4 ( M‰ in the case p D 2). For any v1 2 D�1 one has

M‰.v1/ D �
"

2
kv1k

2
V1
t;x
� MG4.v1/C MR4.v1/; (7.9)

MG4.v1/ WD
1

2

Z
T

Z �

0

v21L�11 v
2
1 sin2.x/ µx µt; (7.10)

with MR4.0/ D 0 and

d MR4.v1/Œv1� D 2

Z
T

Z �

0

v21.L
�1
1 �L�1! /v

2
1 sin2.x/ µx µt

�

Z
T

Z �

0

.2v1v2.v1/w.v1/C w.v1/2v1/ sin2.x/ µx µt

� 2

Z
T

Z �

0

v21.w.v1/ �L�1! v
2
1/ sin2.x/ µx µt: (7.11)

We prove Theorem 7.2 as an application of the following abstract result, which is a
particular case of [6, Theorem 2.3]:

Theorem 7.5 (Abstract mountain pass theorem). Let E be a finite-dimensional Hilbert
space equipped with scalar product h�; �i and norm k � k2 D h�; �i. Let 	WB�1 � E ! R be
a C 1 functional defined on the ball B�1 WD ¹v 2 E W kvk < �1º for some �1 > 0, of the
form

	.v/ D
"

2
kvk2 � G .v/CR.v/;

where G 2 C 1.E;R/ is a nonzero homogeneous functional of degree p C 1, p > 1, and
R 2 C 1.B�1 ;R/ satisfies R.0/ D 0. Define

mC.G / WD sup
v¤0

G .v/

kvkpC1
; m�.G / WD inf

v¤0

G .v/

kvkpC1
;

m.G / WD

´
mC.G / if mC.G / > 0;

�m�.G / if m�.G / < 0;

and suppose " > 0 (resp. " < 0) if mC.G / > 0 (resp. m�.G / < 0).
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Then there exists a positive constant C , depending on p only, such that, if

˛.R/ WD sup
v2B�1n¹0º

jdR.v/Œv�j

kvkpC1
� Cm.G /;

�
j"j

m.G /

� 1
p�1
� C�1; (7.12)

the functional 	 has a critical point v 2 B�1 on a critical level

c WD
p � 1

2
m.G /

�
j"j

.p C 1/m.G /

�.pC1/=.p�1/�
1CO

�˛.R/
m.G /

��
:

Moreover,

v D
�
1CO

�˛.R/
m.G /

���
j"j

.p C 1/m.G /

�1=.p�1/
y; (7.13)

for some y 2 E with kyk D 1 and G .y/ D mC.G /CO.˛.R// (resp., G .y/ D m�.G /C

O.˛.R//).

We shall apply Theorem 7.5 to M‰ in (7.3) with E D .V1; h�; �iV1
t;z
/.

7.2. Cases p D 5 and p D 3

We first consider the case p D 5. Since the functional G6 in (3.6) is positive, we have
m.G6/ D m

C.G6/.

Lemma 7.6 (Estimate of m.G6/). There exists C > 0, independent of N , such that

5

48
� m.G6/ � C: (7.14)

Proof. By Proposition 4.5 (1) with ıD 1
6

, one has G .v1/. kv1k6V1
t;x

, which givesm.G6/�

C for some C > 0. We now estimate m.G6/ from below. We observe that, letting Lv1.t; x/
WD cos.t/e0.x/ D cos.t/, then Lv1 2 V1, and by (4.1) we have k Lv1k2V1

t;x
D 1: One has

G6. Lv1/ D
1

6

Z
T

cos6.t/ µ t
Z �

0

sin2.x/ µx D
5

48
;

since
R

T cos6.t/ µ t D 5
8

, and estimate (7.14) is proved.

We now prove properties of the functional R6 defined in Lemma 7.3.

Lemma 7.7 (Estimate of ˛.R6/). There exists Cı > 0 such that ˛.R6/� CıN
� 76C9ıR4.

Proof. We set v2 WD v2.v1/ and w WD w.v1/. By (7.6), one has

jdR6.v1/Œv1�j .
X

j1Cj2D5
j2�1

ˇ̌̌̌Z
T

Z �

0

v
j1C1
1 vj22 sin2.x/ µx µt

ˇ̌̌̌

C

X
j1Cj2Cj3D5

j3�1

ˇ̌̌̌Z
T

Z �

0

v
j1C1
1 vj22 w

j3 sin2.x/ µx µt
ˇ̌̌̌
:
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Using (4.10) for the first term one has, for any j1, j2 with j1 C j2 D 5 and j2 � 1,ˇ̌̌̌Z
T

Z �

0

v
j1C1
1 vj22 sin2.x/ µx µt

ˇ̌̌̌
.ı kv1kj1C1

V
5
6Cı

t;x

kv2k
j2

V
5
6Cı

t;x

(4.4)
.ı N�.

7
6Cı/j2kv1k

j1C1

V1
t;x
kv2k

j2

V2C2ı
t;x

(7.7)
.ı N�.

7
6Cı/j2.N 10ıR4/j2kv1k

6
V1
t;x

.ı N�
7
6C9ıR4kv1k

6
V1
t;x
; (7.15)

since N�
7
6C9ıR4 < 1, due to the smallness condition in (5.5). The second term is esti-

mated using Lemma 4.3 and, recalling j1 C j2 C j3 D 5, j3 � 1, one obtainsˇ̌̌̌Z
T

Z �

0

…V1.v
j1
1 vj22 w

j3/v1 sin2.x/ µx µt
ˇ̌̌̌

.ı k…V1.v
j1
1 vj22 w

j3/kV0
t;x
kv1kV0

t;x

.ı kv1kj1
V
3
2Cı

t;x

kv2k
j2

V
3
2Cı

t;x

kwk
j3

H
1
2Cı

t H
3
2Cı
x

kv1kV1
t;x

(4.4)
.ı N j1.

1
2Cı/kv1k

j1C1

V1
t;x
kv2k

j2

V2C2ı
t;x

kwk
j3

H
1
2Cı

t H
3
2Cı
x

(7.7);(5.5)
.ı N 4. 12Cı/C5C10ıR4
�1"kv1k

6
V1
t;x
; (7.16)

which is .ıN�
7
6C9ıR4kv1k

6
V1
t;x

, using the smallness condition (5.5) again. Estimates

(7.15) and (7.16) imply jdR6.v1/Œv1�j.ı N�
7
6C9ıR4kv1k

6
V1
t;x

, which gives the thesis.

Proof of Theorem 7.2 for p D 5. We now verify that the two conditions in (7.12) are sat-
isfied. Let C be the positive constant defined in Theorem 7.5: by (7.14) and Lemma 7.7,

˛.R6/

m.G6/
�
CıN

� 76C9ıR4

5
48

� C ; (7.17)

provided N
7
6�9ı �

48CıR
4

5C
. Furthermore, by (7.14), one has

� "

m.G6/

� 1
4
� "

1
4

�48
5

� 1
4
� C�1

(5.4)
D CR"

1
4 ;

providedR� .48
5
/
1
4C�1. Then Theorem 7.5 ensures the existence of a critical point v.1/1 2

V1. Finally, (7.14), (7.17), and N WD "�
1
ˇ imply ˛.R6/

m.G6/
D o.1/ as "! 0. Then equation

(7.13) of Theorem 7.5 implies kv.1/1 kV1
t;x
� "

1
4 as "! 0.
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We now consider the case p D 3. Since G4 defined in (3.6) is positive, we have
m.G4/ D m

C.G4/.

Lemma 7.8 (Estimate ofm.G4/). There exist CC > 0 and C��1;�2 > 0, independent ofN ,
such that

C��1;�2 � m.G4/ � C
C: (7.18)

Proof. By (2.20) and by Lemma 4.1, for any v1 2 V1 one has

G4.v1/ D
1

4

Z
T

Z �
2

0

v41 sin.2�/ d� µt . kv1k4V1
t;�
;

which gives the upper bound in (7.18). The lower bound follows since there exists Lv1
such that G4. Lv1/ > 0. For example, Lv1.t; �/ WD cos.!0t /e0.�/, with e0 D e

.�1;�2/
0 as in

(2.12).

We now estimate the functional R4 defined in Lemma 7.3:

Lemma 7.9 (Estimate of ˛.R4/). There exists Cı > 0 such that ˛.R4/� CıN
� 54C2ıR2.

Proof. We set v2 WD v2.v1/ and w WD w.v1/. By (7.6), one has

jdR4.v1/Œv1�j .
X

j1Cj2D3
j2�1

ˇ̌̌̌Z
T

Z �
2

0

v
j1C1
1 vj22 sin.2�/ d� µt

ˇ̌̌̌

C

X
j1Cj2Cj3D3

j3�1

ˇ̌̌̌Z
T

Z �
2

0

v
j1C1
1 vj22 w

j3 sin.2�/ d� µt
ˇ̌̌̌
;

and we estimate the two terms separately. Using Lemmas 2.3 and 4.1, (4.4), (7.8), and
(5.21), and recalling j1 C j2 D 3, j2 � 1, for the first term one hasˇ̌̌̌Z

T

Z �
2

0

v
j1C1
1 vj22 sin.2�/ d� µt

ˇ̌̌̌
.ı N .� 54C2ı/j2R2j2kv1k

4
V1
t;�

.ı N�
5
4C2ıR2kv1k

4
V1
t;�
: (7.19)

For the second term, using Lemma 4.3, (4.4), (7.8), (5.21) and recalling j1 C j2 C j3 D 3
and j3 � 1, one obtainsˇ̌̌̌Z

T

Z �
2

0

…V1.v
j1
1 vj22 w

j3/v1 sin.2�/ d� µt
ˇ̌̌̌

.ı "
�1R2N 4C8ı
kv1k

4
V1
t;�

.ı N�
5
4C2ıR2kv1k

4
V1
t;�
: (7.20)

Combining estimates (7.19) and (7.20), one then gets Lemma 7.9.
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Proof of Theorem 7.2 for p D 3. By (7.18) and Lemma 7.9, one has

˛.R4/

m.G4/
�
CıN

� 54C2ıR2

C��1;�2
� C ;

with C the constant whose existence is stated in Theorem 7.2, provided (5.21) holds with
�R;ı small enough. By (7.18) one observes that� "

m.G4/

� 1
2
� "

1
2 .C��1;�2/

� 12 � C�1
(5.20)
D CR"

1
2 ;

provided R � .C��1;�2/
� 12C�1. Then the existence of a critical point v.1/1 2 V1

t;� such that

kv
.1/
1 kV1

t;�
� "

1
2 as "! 0 follows.

7.3. Case p D 2

In the next lemma we show that MG4 in (7.10) also assumes negative values. Thusm. MG4/D
�m�. MG4/.

Lemma 7.10 (Estimate of m. MG4/). There exists C > 0, independent of N , such that

5

24
� m. MG4/ � C: (7.21)

Proof. By Proposition 4.12 (1) with ı D 1
2

, for any v1 2 V1 one has

� MG4.v1/ �
1

2

ˇ̌̌̌Z
T

Z �

0

v21L�11 v
2
1 sin2.x/ µx µt

ˇ̌̌̌
� Ckv1k

4
V1
t;x
;

for some C > 0, which gives the second inequality in (7.21). We now prove the first
inequality in (7.21). Let Nv1.t; x/ WD cos.t/e0.x/ D cos.t/, with e0 D 1 by (2.4). Then
Nv1 2 V1 and k Nv1kV1

t;x
D 1. We now compute MG4. Nv/. Recalling (3.15), one hasZ

T

Z �

0

Nv21L�11 Nv
2
1 sin2.x/ µx µt

D

Z
T

Z �

0

�1
2

cos.2t/C
1

2

��1
6

cos.2t/ �
1

2

�
sin2.x/ µx µt D �

5

12
;

thus

m. MG4/ D � inf
v12V1n¹0º

MG4.v1/

kv1k
4
V1
t;x

� � MG4. Nv/ >
5

24
:

We now estimate ˛. MR4/ where MR4 is defined in (7.11). We use the following auxiliary
lemmas.
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Lemma 7.11. There exists Cı > 0 such that

kv2.v1/kV2C2ı
t;x

.ı 
�1R2kv1kV1
t;x
; (7.22)

kw.v1/k
H

1
2Cı

t H
3
2Cı
x

� Cı

�1N 2.1C2ı/

p
"Rkv1kV1

t;x
; (7.23)

k zw.v1/k
H

1
2Cı

t H
3
2Cı
x

� Cı

�2RN 3.1C2ı/

p
"kv1k

2
V1
t;x
: (7.24)

Proof. By the chain rule we have

dv1v2.v1/Œh1� D .@v1v2/.v1; zw.v1//Œh1�C .@wv2/.v1; zw.v1//Œ@v1 zw.v1/Œh1��;

hence (7.22) follows by (5.34), (5.35), (6.9), and (5.32) and recalling that v2.0/ D 0.
Concerning w.v1/, we have w.0/ D 0 since v2.0; 0/ D 0 and zw.0/ D 0. For any

h1 2 V1, by algebra property (2.19), by Lemmas 3.1 and 5.7, (7.22), (6.9), (5.28), and
(5.32) one has

kdv1w.v1/Œh1�k
H

1
2Cı

t H
3
2Cı
x

� k2L�1! ..v1 C v2/.h1 C dv1v2Œh1�//k
H

1
2Cı

t H
3
2Cı
x

C kdv1 zwŒh1�k
H

1
2Cı

t H
3
2Cı
x

.ı 
�1N 1C2ı�1.N
1C2ı

C 
�1R2/kh1kV1
t;x
C 
�2N 3.1C2ı/"R2kh1kV1

t;x

.ı 
�1N 2.1C2ı/R
p
"kh1kV1

t;x
;

which implies (7.23), since w.0/ D 0.
We now prove (7.24). First we observe that, by (6.8), zw.v1/ satisfies

zw.v1/ D L�1! …W .2.v1 C v2/w C w2/ D L�1! …W ..v1 C v2 C w/2 � .v1 C v2/2/:

Then by algebra property (2.19) and Lemma 3.1 we have

k zw.v1/k
H

1
2Cı

t H
3
2Cı
x

.ı 
�1
X

j1Cj2Cj3D2
j3�1

.N .1C2ı/
kv1kV1

t;x
/j1kv2.v1/k

j2

V2C2ı
t;x

kw.v1/k
j3

H
1
2Cı

t H
3
2Cı
x

:

Now (7.24) follows by (7.22) and (7.23).

Lemma 7.12. Assume ! 2 �
 . For any w 2 W \H rC1
t H s

x , r; s 2 R, one has

k.L�1! �L�11 /wkH r
t H s

x
� 2
�1"kwkH rC1

t H s
x
: (7.25)

Proof. By (3.15) we have

.L�1! �L�11 /w.t; x/ D
X

`¤!j ;`¤0

w`;j

� 1

!2`2 � !2j
�

1

`2 � !2j

�
cos.`t/ej .x/; (7.26)
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and ˇ̌̌ 1

!2`2 � !2j
�

1

`2 � !2j

ˇ̌̌
D

ˇ̌̌ `2.1 � !2/

.!2`2 � !2j /.`
2 � !2j /

ˇ̌̌
�
j`j2"

j`j 

2

D
2j`j"



; (7.27)

using (3.16) and j`2 � !2j j � j`C !j j � j`j. Combining (7.26) and (7.27), one deduces
(7.25).

We now exhibit an upper bound for ˛. MR4/.

Lemma 7.13 (Estimate of ˛. MR4/ ). There exists Cı > 0 such that

˛. MR4/ � Cı

�2N�

3
2�ıR2:

Proof. For brevity, we denote v2 WD v2.v1/,w WDw.v1/, zw WD zw.v1/. By (7.11) and (7.2),
we have d MR4.v1/Œv1� D A.v1/C B.v1/C C.v1/CD.v1/, where

A.v1/ WD �2

Z
T

Z �

0

…V1..v1 C v2/ zw/v1 sin2.x/ µx µt;

B.v1/ WD �2

Z
T

Z �

0

v21L�1! .2v1v2 C v22/ sin2.x/ µx µt„ ƒ‚ …
WDB1.v1/

�2

Z
T

Z �

0

v1v2L�1! .v1 C v2/2 sin2.x/ µx µt„ ƒ‚ …
WDB2.v1/

;

C.v1/ WD �

Z
T

Z �

0

w2v1 sin2.x/ µx µt;

D.v1/ WD 2

Z
T

Z �

0

v21.L
�1
1 �L�1! /v

2
1 sin2.x/ µx µt:

Estimate of A.v1/. By the Cauchy–Schwarz inequality, Lemmas 4.3 and 7.11, (4.4), and
(5.32), we estimate

jA.v1/j � 2k…V1..v1 C v2/ zw/kV0
t;x
kv1kV0

t;x

.ı .N
1
2Cıkv1kV1

t;x
CN�

1
2�ıkv2kV2C2ı

t;x
/k zwk

H
1
2Cı

t H
3
2Cı
x

kv1kV1
t;x

.ı 
�2RN
7
2C7ı
p
"kv1k

4
V1
t;x
: (7.28)

Estimate of B.v1/. We claim that

jB.v1/j .ı 
�2N�
3
2�ıR2kv1k

4
V1
t;x
: (7.29)
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By Proposition 4.12, (4.4), (7.22), and (5.32),

jB1.v1/j .ı 
�1kv1k2V1
t;x
N�

3
2�ıkv2kV2C2ı

t;x
.kv1kV1

t;x
CN�

3
2�ıkv2kV2C2ı

t;x
/

.ı 
�2N�
3
2�ıR2kv1k

4
V1
t;x
:

Similarly, one gets jB2.v1/j .ı 
�2N�
3
2�ıR2kv1k

4
V1
t;x

.

Estimate of C.v1/. Recalling (7.2) and using (2.19), Lemmas 3.1 and 7.11, (5.28), and
(5.32) results in

jC.v1/j .ı 
�2N 4.1C2ı/
kv1k

5
V1
t;x

.ı 
�2
p
"RN 4.1C2ı/

kv1k
4
V1
t;x
: (7.30)

Estimate of D.v1/. Using (4.27), Lemma 7.12, and (2.19), one has

jD.v1/j . kv21kV0
t;x
k.L�1! �L�11 /v

2
1kV0

t;x
.ı kv1k2

V
3
2Cı

t;x

"
�1kv21kH1
t H0

x

.ı "
�1kv1k2
V
3
2Cı

t;x

kv21k
H1
t H

3
2Cı
x

.ı "
�1kv1k2
V
3
2Cı

t;x

kv1k
2

V
5
2Cı

t;x

.ı "
�1N 2. 32Cı/C2.
1
2Cı/kv1k

4
V1
t;x

.ı 
�1"N 4C4ı
kv1k

4
V1
t;x
: (7.31)

Combining estimates (7.28), (7.29), (7.30), and (7.31), one gets ˛. MR4/.ı 
�3N�
3
2�ıR2.

Proof of Theorem 7.2 for p D 2. We verify conditions (7.12). Let C be the positive con-
stant defined in Theorem 7.5: by Lemmas 7.10 and 7.13, one has

˛. MR4/

m. MG4/
�
Cı


�2N�
3
2�ıR2

5
24

� C ;

provided Cı
�2N�
3
2�ıR2 �

5C

24
; which is satisfied due to (5.32). Furthermore,�

j"j

m. MG4/

� 1
2
�

�24"
5

� 1
2
� C�1

(5.28)
D CR"

1
2 ;

which is satisfied provided R � R0 WD C�1.24
5
/
1
2 . Finally, kv.1/1 kV1

t;x
� "

1
2 by (7.13)

of Theorem 7.5 and from the fact that m. MG4/ is uniformly bounded in N , as stated in
Lemma 7.10.

8. Multiplicity of solutions

In this section we prove multiplicity of solutions.
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Theorem 8.1 (Multiplicity of solutions with different minimal periods). For any p D
2; 3; 5, there exists a sequence of integers ¹nkºk2N with n0 WD 1 and nkC1 > nk for any k
such that the following holds. For any ı 2 .0; 1

100
/ and k� 2 N�, there exist Rk� > 0 and

�k�;ı;R > 0 such that, if R, ", N are as in the assumptions of Theorem 7.2 and R � Rk� ,
and if (5.5) holds with �ı;R WD �k�;ı;R in the case p D 5 (respectively (5.21) and (5.32)
in the cases p D 3 and p D 2), there exist 2�-periodic distinct solutions u.1/; : : : ; u.k�/

of the form

u.k/ WD v
.k/
1 C v2.v

.k/
1 /C w.v

.k/
1 / of

´
(3.1) if p D 5, p D 2;

(3.2) if p D 3;
(8.1)

with minimal period

Tk 2
° 2�

nk � 1
; : : : ;

2�

nk�1

±
; k D 1; : : : ; k�:

The following estimates hold:

kv
.k/
1 kV1

t;z
� "

1
q ; q WD

´
4 if p D 5;

2 if p D 2, p D 3;

and
kv
.k/
1 kV1

t;z
� �1; kv2.v

.k/
1 /k

V2C2ı
t;z
� �2;

kw.v
.k/
1 /k

H
1
2Cı

t H
3
2Cı
z

�

´
�3 if p D 3, p D 5;

Cı

�1N 2.1C2ı/"R2 if p D 2;

with �1, �2, �3 defined in (5.4) if p D 5, respectively in (5.20) if p D 3 and in (5.28) if
p D 2.

The remaining part of this section is devoted to proving Theorem 8.1. Since the depen-
dence of the spaces V1, V2 on the parameter N plays a significant role, in this section we
denote them respectively by V�N , V>N . We regard equations (3.1), (3.2) on the space of
2�
n -time-periodic functions

Xn WD
®
u.t; z/ D

P
`2N

P
j2N u`;j cos.n`t/ej .z/

¯
:

We define the restrictions to Xn of the kernel and range subspaces V , W , V�N , V>N
defined in (3.7), (3.8), (3.9), (3.10):

Vn WD V \Xn; Wn WD W \Xn; V�N;n WD V�N \Xn; V>N;n WD V>N \Xn:

We note that for any n 2 N� the space Xn is left invariant by both the spatial operator A
defined in (3.4) and L! defined in (3.3).
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Lemma 8.2 (Kernel on 2�
n -periodic functions). A function v 2 Vn if and only if

v D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

X
`2N�

v` cos.n`t/en`�1.x/ if p D 5, p D 2;X
`2N�;`��
n`�� is even

v` cos.n`t/e.�1;�2/n`��
2

.�/ if p D 3; (8.2)

where � WD j�1j C j�2j C 1.

Proof. If pD 2 or pD 5, the thesis follows by (2.16) and by (3.7). If pD 3, it is sufficient
to observe that, by (2.16), !j D 2j C �, thus ` D 2j C � for some j 2 N� if and only if
` � � is an even positive number. Thus one has v 2 V if and only if

v.t; �/ D
X

`2N;`��
`�� is even

v` cos.`t/e `��
2

.�/;

and (8.2) follows restricting to the indexes ` such that ` D n`0 for some `0 2 N�.

Remark 8.3. In the case p D 3, if � is odd, then Vn D ¹0º for any n even, and Vn ¤ ¹0º

if and only if n belongs to

Z.�1;�2/ WD

´
N� if � is even

odd integers if � is odd:

Lemma 8.4. For any s < s0 and any v 2 Vn, one has kvkVs
t;z
� kvk

Vs0
t;z

ns�s
0

.

Proof. One has

kvk2Vs
t;z
D

X
`2N

jv`j
2.n`/2s D n2s

X
`2N

jv`j
2`2s � n2s

X
`2N

jv`j
2`2s

0

D n2.s�s
0/
kvk2

Vs0
t;z

:

We look for 2�n -periodic solutions of (3.12)–(3.14). The Lyapunov–Schmidt decom-
position defined in Sections 5 and 6 preserves the spaces of 2�n -periodic functions:

Lemma 8.5. Given n 2 N�; let ı, �1, �2, �3, ", N � n and R be as in the assumptions
of Propositions 5.1, 6.1 if p D 5, resp. Propositions 5.4, 6.4 if p D 3, and Propositions
5.6 and 6.5 if p D 2. For any v1 2 V�N;n \D�1 let v2.v1/ and w.v1/ be the solutions to
(3.13) and (3.14); then v2.v1/ 2 V>N;n and w.v1/ 2 Wn.

Proof. The functions v2 and w are respectively obtained as the fixed point of the con-
tractions Tv1;w.v1/ and Tv1 ; defined in (5.10) and (6.4) in the case p D 5 (the cases
p D 3, p D 2 are analogous). Then the lemma follows by observing that, for any v1 2
V�N;n \D�1 and w 2 Wn \DW

�3
, the operator Tv1;w maps V>N;n into itself, and that for

any v1 2 V�N;n \D�1 , the operator Tv1 maps Wn into itself.
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In order to find 2�
n -periodic solutions of (7.1), we look for critical points of

M‰n WD M‰jV�N;n\D�1
:

We recall that M‰ has expansion (7.5) in the cases pD 5, pD 3 and (7.9) in the case pD 2.

Proposition 8.6 (Critical point with minimal period). For any n 2 N� if p D 2 or p D 5,
resp. n 2 Z.�1;�2/ if p D 3, define

˛n.R/ WD ˛.RjV�N;n\D�1
/; mn.G / WD m.G jV�N;n\D�1

/; (8.3)

where

G WD

´
GpC1 defined in (3.6) if p D 5, p D 3;
MG4 defined in (7.10) if p D 2;

R WD

´
RpC1 as in (7.5) if p D 5, p D 3;
MR4 as in (7.9) if p D 2;

and m.�/ and ˛.�/ are defined in Theorem 7.5. Suppose that there exist ˇ 2 .0; 1/ and
m0 > 0 such that for any m > m0,

sup
v12V�N;nmn¹0º

G .v1/

kv1k
q

V1
t;z

�ˇ sup
v12V�N;nn¹0º

G .v1/

kv1k
q

V1
t;z

; q WD

´
pC1 if p D 3, p D 5;

4 if p D 2:
(8.4)

Then there exist positive constants C and C1 WD C1.ˇ/ such that, if

˛n.R/ � C1mn.G /;
�
j"j

mn.G /

� 1
q�2
� C�1; (8.5)

the functional M‰ has a critical point v.n/1 with minimal period Tn 2 ¹
2�
m0n ; : : : ;

2�
n º, satisfy-

ing
kv
.n/
1 kV1

t;z
� "

1
q�2 :

Furthermore, v.n/1 is also a critical point of M‰.

Proof. By Theorem 7.5 and (8.5), M‰n admits a critical point v.n/1 2 V�N;n which is pro-
portional to a point y.n/ satisfying

ky.n/kV1
t;z
D 1; G .y.n// D mn.G /C r

.n/; r .n/ D O.˛n.R//: (8.6)

We note that, since r .n/ D O.˛n.R//; provided ˛n.R/
mn.G /

< C with C D C.ˇ/ small enough,
one has .1 � ˇ/mn.G / > jr

.n/j, which by (8.6) gives

G .y.n// D mn.G /C r
.n/
� mn.G / � jr

.n/
j > ˇmn.G /:
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Combining the latter inequality with hypothesis (8.4), one gets

G .y.n//

ky.n/k
q

V1
t;z

> ˇmn.G / � sup
v12V�N;nmn¹0º

G .v1/

kv1k
q

V1
t;z

;

thus for any m > m0 one has that y.n/ belongs to V�N;n � V but y.n/ does not belong to
V�N;mn, namely y.n/ has minimal period � 2�

m0n . Since v.n/1 and y.n/ are proportional, the

same holds for v.n/1 . It remains to prove that v.n/1 is also a critical point for the functional M‰.
To fix ideas, we prove the result for p D 5. The cases p D 3, p D 2 follow analogously.
By Lemma 7.1, a point v1 2 D�1 is critical for M‰ if and only ifZ

T

Z �

0

�
Av1 C…V�N .v1 C v2.v1/C w.v1//5

�
h sin2.x/ µx µt D 0 8h 2 V�N : (8.7)

Since v.n/1 is critical for M‰n, one already has that (8.7) holds for h 2 V�N;n, thus it remains
to prove it for h 2 V�N \ V ?�N;n. Then we observe that, by Lemma 8.5, v2.v

.n/
1 / 2 V>N;n

and w.v.n/1 / 2 Wn, since v.n/1 2 V�N;n. Thus Av.n/1 C…V�N .v
.n/
1 C v2.v

.n/
1 /C w.v

.n/
1 //5

belongs to V�N;n, namely it is orthogonal to any h 2 V�N \ V ?�N;n;which gives the thesis.

Theorem 8.1 follows from an iterative application of Lemma 8.5 and Proposition 8.6.
In the next sections we verify the assumptions (8.4), arguing separately for the cases pD 5,
p D 3, p D 2.

8.1. Cases p D 5 and p D 3

We start with p D 5 and we prove lower and upper bounds for mn.G6/ defined in (8.3).

Lemma 8.7 (Estimate of mn.G6/). For any ı > 0 there exists Cı > 0 and for any n 2 N�
there exists �n > 0 such that

�n � mn.G6/ � Cın�1C6ı : (8.8)

Proof. We take vn D cos.nt /en�1.x/; then kvnkV1
t;x
D n. One has

G6.vn/ D
1

6

Z
T

cos6.nt / µ t
Z �

0

e6n�1.x/ sin2.x/ µx DW ˛n > 0;

and the lower bound in (8.8) follows setting �n WD
˛n
n6 . The upper bound follows because

for any v 2 Vn, by Proposition 4.5 and Lemma 8.4 we have

G6.v/ .ı kvk6
V
5
6Cı

t;x

.ı n�1C6ıkvk6
V1
t;x
:
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Proof of Theorem 8.1 for p D 5. By Lemma 8.7 with ı D 1
12

, there exist C > 0, �n > 0

such that

sup
v2Vnmn¹0º

G6.v/

kvk6
V1
t;�

�
C

.nm/
1
2

�
1

2
�n �

1

2
mn.G6/;

provided m� m0.n/ WD 1
n .

C
2�n
/2. This proves that for any n;m2N there exists m0D m0.n/2

N such that, if m > m0.n/ and N � n, one has

sup
v2Vmnn¹0º

G6.v/

kvk6
V1
t;�

�
1

2
sup

v12V�N;nn¹0º

G6.v1/

kv1k
6
V1
t;�

;

namely (8.4) is satisfied. We then define n0 WD 1, nkC1 WD m0.nk/nk C 1 and we apply
Proposition 8.6 with n D nk for any k D 1; : : : ; k�. In particular, assumptions (8.5)
hold for any nk , observing that ˛nk .R6/ � ˛.R6/ .ı N�

7
6C9ıR4 by Lemma 7.7 and

mnk .G6/ � �n by Lemma 8.7, and assuming that R � Rk� D maxk.�nkC/
�1 and N .ı

infk.R4�nk /
1=. 76�9ı/, which is ensured by (5.5). Thus by Proposition 8.6 the functional M‰

admits a critical point v.k/1 WD v
.nk/
1 with minimal period Tnk 2 ¹

2�
m0.nk/nk

; : : : ; 2�nk
º. Finally,

by Lemma 8.5, u.k/ WD v.k/1 C v2.v
.k/
1 /C w.v

.k/
1 / has the same minimal period Tnk .

Remark 8.8. With careful estimates onm.G6/ one can obtain nkC1 D 3nk C 1 for any k.

For p D 3, defining mn.G4/ as in (8.3), we prove the following:

Lemma 8.9 (Estimate of mn.G4/). There exists C > 0 and for any n 2 Z.�1;�2/ there
exists �n WD �n.�1; �2/ > 0 such that

�n � mn.G4/ � Cn�1: (8.9)

Proof. We take vn.t; �/ D cos.n�t/e .n�1/�
2

.�/. Then kvnk
4
V1
t;�
D n4�4 and

G4.vn/ D
1

4

Z
T

cos4.n�t/ µ t
Z �

2

0

�
e
.�1;�2/
n`��
2

.�/
�4 sin.2�/ d� WD ˛n > 0:

Then the lower bound in (8.9) follows with �n.�1; �2/ WD
˛n

n4�4 . For the upper bound we
observe that, by Lemmas 2.3 and 4.1, for any n 2 Z.�1;�2/ and v 2 Vn there exists C > 0

such that

G4.v/ D
1

4

Z
T

Z �
2

0

v4.t; �/ sin.2�/ d� µt �
C

4
kvk4

V
3
4
t;�

�
C

4
n�1kvk4

V1
t;�
;

by Lemma 8.4.

Proof of Theorem 8.1 for p D 3. By Lemma 8.9 there exist C > 0 and �n WD �n.�1; �2/

such that

sup
v2Vnmn¹0º

G4.v/

kvk4
V1
t;�

�
C

4nm
�
1

2
�n �

1

2
mn.G4/;
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provided m � m0.n/ WD b C
2n�n
c C 1. Then for any n; m 2 N there exists m0 D m0.n/ 2 N

such that, if m > m0 and N � n, one has

sup
v2Vmnn¹0º

G4.v/

kvk4
V1
t;�

�
1

2
sup

v12V�N;nn¹0º

G4.v1/

kv1k
4
V1
t;�

I

namely for any n there exists m0.n/ 2N� such that (8.4) is satisfied for any m > m0.n/. We
then define n0 WD 1, nkC1 WD m0.nk�1/nk C 1 and Theorem 8.1 follows by Proposition
8.6, with n D nk for any k D 1; : : : ; k�.

8.2. Case p D 2

Lemma 8.10 (Estimate of mn. MG4/). For any ı > 0 there exist Cı ; � > 0 and n > 0 such
that for any n � n and N � n,

�

n4
� mn. MG4/ WD � inf

v12V�N;nn¹0º

MG4.v1/

kv1k
4
V1
t;x

�
Cı

n2�4ı
: (8.10)

Proof. Let Nvn WD cos.nt /en�1.x/. We compute MG4. Nvn/. By (7.10), (2.6), using (3.15) and
Lemma 2.1, one has

MG4. Nvn/ D
1

8

�
1

4n

n�1X
kD0

1

2nC 2k C 1
C

1

8n

n�1X
kD0

1

2n � 2k � 1
�

n�1X
kD0

2

.2k C 1/2

�
DW

1

8
.S1.n/C S2.n/C S3.n//:

One has

S1.n/C S2.n/C S3.n/ �
1

8n
C

ln.n/
n
� 2 � �1

if n � n large enough. Thus we conclude that

mn. MG4/ D � inf
v12V�N;nn¹0º

MG4.v1/

kv1k
4
V1
t;x

� �

MG4. Nvn/

k Nvnk
4
V1
t;x

&
1

n4
:

This proves the lower bound in (8.10). To prove the upper bound we observe that by
Proposition 4.12 and Lemma 8.4, for any v 2 Vn n ¹0º,

� MG4.v/ � j MG4.v/j D
1

2

ˇ̌̌̌Z
T

Z �

0

v2L�11 v
2 sin2.x/µx µt

ˇ̌̌̌
.ı kvk4

V
1
2Cı

t;x

.ı n�2�4ıkvk4
V1
t;x
:

Then the second estimate in (8.10) follows since

� inf
v2Vnn¹0º

MG4.v/

kvk4
V1
t;x

D sup
v2Vnn¹0º

�
�

MG4.v/

kvk4
V1
t;x

�
:

This completes the proof.
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Proof of Theorem 8.1 for p D 2. By Lemma 8.10 with ı D 1
8

there exists n 2N such that
for any n � n there exist C > 0 and �n > 0 such that

sup
v2Vnmn¹0º

MG4.v/

kvk4
V1
t;�

�
C

.nm/
3
2

�
1

2
�n �

1

2
mn. MG4/;

provided m � m0.n/, with m0.n/ such that

C

n
3
2 m0.n/

3
2

�
1

2
�n:

Then for any n� n and m 2N there exists m0 D m0.n/ 2N such that, if m> m0 andN � n,
one has

sup
v2Vmnn¹0º

G4.v/

kvk4
V1
t;�

�
1

2
sup

v2V�N;nn¹0º

G4.v/

kvk4
V1
t;�

I

namely for any n � n there exists m0.n/ 2 N� such that (8.4) is satisfied with ˇ D 1
2

for
any m > m0.n/. We then define n0 WD 1, n1 WD m0.n/C nC 1, nkC1 WD m0.nk�1/nk C 1,
and Theorem 8.1 follows by Proposition 8.6 with n D nk for any k D 1; : : : ; k�.

9. Strong solutions

In this section we prove higher regularity of the solutions found in Theorem 8.1.

Theorem 9.1 (Regularity). Let R, ", N as in the assumptions of Theorem 8.1 and for any
k� 2 N� let ¹u.k/ºk�

kD1
be the functions in (8.1). Then for any r > 1

2
, s > 3

2
, there exist

�r;s;k�;R > 0, �r;s > 0, Ar;s > 0 and Br;s > 0 such that we have the following:

Cases p D 3; 5: If 
�1"N �r;s � �r;s;k�;R, each solution u.k/ in (8.1) belongs to H r
t H s

z

and

kv
.k/
1 kVrCs

t;z
� C1;R;r;s;k�"

1
p�1N rCs�1; kv2.v

.k/
1 /kVrCs

t;z
� C2;R;r;s;k�"

1
p�1N Ar;s ;

kw.v
.k/
1 /kH r

t H s
z
� C3;R;r;s;k�


�1"
p
p�1N Br;s ;

(9.1)

for some positive constants Cl;R;r;s;k� , l D 1; 2; 3.

Case p D 2: If 
�2"N �r;s � �r;s;k�;R, each solution u.k/ in (8.1) belongs to H r
t H s

x and

kv
.k/
1 kVrCs

t;x
� C1;R;r;s;k�"

1
2N rCs�1; kv2.v

.k/
1 /kVrCs

t;x
� C2;R;r;s;k�"

1
2N Ar;s ;

kw.v
.k/
1 /kH r

t H s
x
� C3;R;r;s;k�"N

Br;s

for some positive constants Cl;R;r;s;k� , l D 1; 2; 3.

Theorem 9.1 immediately implies Theorems 1.2 and 1.4. Let us prove Theorem 1.2.
Theorem 1.4 follows in analogous way.



Time-periodic solutions of completely resonant Klein–Gordon equations on S3 59

Proof of Theorem 1.2. We prove it for p D 5; the case p D 2 follows similarly. Let n,
r , s, and d be as in the assumptions of Theorem 1.2. For any k D 1; : : : ; k� D n define
�
.k/
" .t; x/ WD u.k/.!"t; x/, v

.k/
" WD v

.k/
1 C v2.v

.k/
1 /, for any k D 1; : : : ; n: Then, recalling

that N WD "�
1
ˇ (see (5.4)), it is sufficient to choose ˇ WD ˇ.r; s; d/ > 1 such that

"
1
4Nmax¹rCs�1;Ar;sº WD "

1
4�

max¹rCs�1;Ar;s º
ˇr;s;d � "

1
4�d; (9.2)

and the upper bound in (1.8), (1.9) follows from (9.1). As a consequence of (9.2), (9.1),
and (7.4), one has "

1
4 . kv.k/" kH r

t H s
z

. " 14Nmax¹rCs�1;Ar;sº . " 14�d; proving (1.8) and (1.9).

Theorem 9.1 is a consequence of the iterative application of the following two lemmas.

Lemma 9.2 (Regularity bootstrap for v2). Let r > 1
2

and s > 3
2

. Assume that v1 2 D�1 ,
v2 WD v2.v1; w.v1//, and w WD w.v1/ satisfy

kv1kVs
t;z
� Q�1; kv2kVs

t;z
� Q�2; (9.3)

kwkH r
t H s

z
� max¹ Q�1; Q�2º: (9.4)

Then v2 belongs to V sC2
t;z and

kv2kVsC2
t;z

.r;s

´
"�1 max¹ Q�1; Q�2ºp if p D 3, p D 5;

"�1 max¹ Q�1; Q�2ºkwkH r
t H s

x
if p D 2:

(9.5)

Proof. For the cases p D 5; 3, since v2 solves (5.9), resp. (5.25), (4.5), Lemma 4.3, (9.3),
we get

kv2kVsC2
t;z

.s;r "�1
X

j1Cj2Cj3Dp

Q�
j1
1 Q�

j2
2 kwk

j3
H r
t H s

x

(9.4)
.s;r "�1 max¹ Q�1; Q�2ºp;

which gives (9.5). If p D 2 then v2 D "�1A�1…V2..2.v1 C v2/C w/w/ (cf. (5.30)) and
estimate (9.5) follows similarly.

Lemma 9.3 (Regularity bootstrap for w). Let � > 1
2

, � > 3
2

. There exists K�;�;p > 0,
depending only on p and on the algebra constant C�;� in (2.19), such that, if v1 2 D�1

and v2.v1/ defined in (7.1) satisfy


�1 max¹kv1kV�C�
t;z

; kv2.v1/kV�C�
t;z
º
p�1 < K�;�;p; (9.6)

then

(1) if p D 5, resp. p D 3, then the solution w.v1/ of (6.1) found in Proposition 6.1
(resp. Proposition 6.4) belongs to H�

t H
�
z and

kw.v1/kH�
t H

�
z
� K�1�;�;p


�1 max¹kv1kV�C�
t;z

; kv2.v1/kV�C�
t;z
º
p
I (9.7)
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(2) if p D 2 then the function w.v1/ D zw.v1/CL�1! .v1 C v2.v1//2, where zw.v1/ is
the solution of (6.8), found in Proposition 6.5 belongs to H�

t H
�
x and

kw.v1/kH�
t H

�
x
�

1

2K�;�;2

�1 max¹kv1kV�C�

t;x
; kv2.v1/kV�C�

t;x
º
2: (9.8)

Proof. For brevity we denote v2 WD v2.v1/ and w WD w.v1/. Let p D 3; 5.

Step 1: The sequence . xwk/k2N defined by xw0 WD 0 and xwkC1 WD L�1! …W ..v1 C v2 C

xwk/
p/ has limit limk!1 xwk D w in H

1
2Cı

t H
3
2Cı
z . In fact, arguing as in Lemma 6.2, the

map xw 7! L�1! …W ..v1 C v2 C xw/p/ is a contraction on DW
�3

. Hence it admits a unique

fixed point yw D limk!1 xwk inH
1
2Cı

t H
3
2Cı
z satisfying the equation yw DL�1! …W ..v1C

v2 C yw/p/, which is (6.1). It implies that w D yw D limk!1 xwk .

Step 2: For any k 2 N each xwk satisfies (9.7). We proceed by induction. Clearly xw0 D 0
satisfies (9.7). Now assume that xwk�1 satisfies (9.7). By Lemma 3.1 and (2.19), there
exists C�;�;p > 0 such that

kL�1! …W .v1 C v2 C xw/pkH�
t H

�
z

� 
�1C�;�;p max¹kv1kV�C�
t;z

; kv2kV�C�
t;z

; kwkH�
t H

�
z
º
p: (9.9)

Then take K�;�;p WD C�;�;p�1 in (9.6). By (9.9), the fact that xwk�1 satisfies (9.7),

k xwkkH�
t H

�
z

� 
�1C�;�;p max¹kv1kV�C�
t;z

; kv2kV�C�
t;z

; k xwk�1kH�
t H

�
z
º
p

� 
�1C�;�;p max
®
kv1kV�C�

t;z
; kv2kV�C�

t;z
; K�1�;�;p


�1 max¹kv1kV�C�
t;z

; kv2kV�C�
t;z
º
p
¯p

(9.6)
� 
�1K�1�;�;p max¹kv1kV�C�

t;z
; kv2kV�C�

t;z
º
p:

Step 3: Proof of (9.7). By Step 2, the bounded sequence ¹ xwkºk2N converges up to subse-
quences to a weak limit xw 2 H�

t H
�
z satisfying

k xwkH�
t H

�
z
� K�1�;�;p


�1 max¹kv1kV�C�
t;z

; kv2kV�C�
t;z
º
p:

SinceH�
t H

�
z is compactly embedded intoH

1
2Cı

t H
3
2Cı
z for ı > 0 small enough, and using

Step 1, we deduce that xw D w. This proves that w satisfies (9.7).

We now consider the case p D 2.

Step 1: The sequence . {wk/k2N defined by {w0 WD 0 and

{wkC1 WD T .v1; v2; {wk/ WD L�1! …W

�
2.v1 C v2/.L�1! .v1 C v2/2 C {wk/

�
CL�1! …W

�
.L�1! .v1 C v2/2 C {wk/2

�
; (9.10)

has limit limk!1 {wk D zw in H
1
2Cı

t H
3
2Cı
x . Arguing as in Lemma 6.6, the map {w 7!

T .v1; v2; {w/ is a contraction on DW
�3

, thus it admits a unique fixed point in DW
�3

which
solves (6.8) and therefore it coincides with zw.
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Step 2: For any k 2 N the function {wk satisfies

k {wkkH�
t H

�
x
�
1

4
K�2�;�;2


�2 max¹kv1kV�C�
t;x

; kv2.v1/kV�C�
t;x
º
3: (9.11)

We proceed by induction. Clearly {w0 satisfies (9.11). Then suppose {wk satisfies (9.11).
Let C�;�;2 be the algebra constant in (2.19) and take K�;�;2 WD 1

32C�;�;2
. By Lemma 3.1,

(2.19), and (9.3),

kL�1! .v1 C v2/2kH�
t H

�
x
� 8
�1C�;�;2 max¹kv1kV�C�

t;x
; kv2kV�C�

t;x
º
2: (9.12)

For any k 2N we define wk WDL�1! .v1C v2/2C {wk . By (9.10), Lemma 3.1, (2.19), and
(4.4) one has

k {wkC1kH�
t H

�
x

� 2
�1C�;�;2kwkkH�
t H

�
x
.4max¹kv1kV�C�

t;x
; kv2kV�C�

t;x
º C kwkkH�

t H
�
x
/: (9.13)

By (9.12), the inductive assumption, assumption (9.6), and K�;�;2 D 1
32C�;�;2

we have

kwkkH�
t H

�
x
� 8
�1C�;�;2 max¹kv1kV�C�

t;x
; kv2kV�C�

t;x
º
2

C
1

4
K�2�;�;2


�2 max¹kv1kV�C�
t;x

; kv2kV�C�
t;x
º
3

� 16
�1C�;�;2 max¹kv1kV�C�
t;x

; kv2kV�C�
t;x
º
2 (9.14)

D
1

2
max¹kv1kV�C�

t;x
; kv2kV�C�

t;x
º: (9.15)

Then, by (9.13), (9.14), (9.15), one gets

k {wkC1kH�
t H

�
x
�
1

4
K�2�;�;2


�2 max¹kv1kV�C�
t;x

; kv2kV�C�
t;x
º
3;

proving the claim.

By Steps 1 and 2 we conclude, as in the cases p D 3; 5, that zw satisfies (9.11). Finally,
(9.12), (9.11) for zw and assumption (9.6) and K�;�;2 D 1

32C�;�;2
imply (9.8).

We start by proving Theorem 9.1 in the cases p D 5, p D 3. Given ı 2 .0; 1
100
/,

r0 WD
1
2
C ı, and s0 WD 3

2
C ı, define for all l � 0 the quantities

�0 WD s0 WD
3

2
C ı; �lC1 WD �l C

3

2
� ı; (9.16)

˛0 WD

´
10ı if p D 5;

4ı if p D 3;
a0 WD ˛0; (9.17)

˛lC1 WD pmax¹�l � 1; alº; alC1 WD ˛lC1 �
1

2
� ı; (9.18)
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b0 WD

´
5C 11ı if p D 5;

3C 7ı if p D 3;
blC1 WD pmax¹�l C 1; ˛lC1º; (9.19)

�l WD max
®
bl �max¹�l � 1; alº; .p � 1/max¹�l C 1; ˛lC1º

¯
: (9.20)

Lemma 9.4 (Iterative regularity bootstrap). Let p D 3; 5 and v.1/1 2 D�1 as in Theorem
7.2. For any l � 0 and ı 2 .0; 1

100
/ there exists �R;ı;l > 0 such that, if ", R, N are as

in Theorem 7.2 and 0 < 
�1"N �l � �R;ı;l , then for any �l � r0 and �l � s0 such that
�l C �l D �l C 2, the function u D v.1/1 C v2.v

.1/
1 /C w.v

.1/
1 / belongs to H�l

t H
�l
z and

kv
.1/
1 kV

�lC2

t;z

� R"
1
p�1N �lC1; kv2.v

.1/
1 /k

V
�lC2

t;z

.R;ı;l "
1
p�1N ˛lC1 ;

kw.v
.1/
1 /k

H
�l
t H

�l
z

.R;ı;l 
�1"
p
p�1N blC1 :

(9.21)

Proof. By (4.4), v1 2 D�1 and (5.4), (5.20), we have the first estimate in (9.21) for any l .
We denote v1 WD v

.1/
1 , v2 WD v2.v

.1/
1 /, w WD w.v.1/1 /. The proof of the second and third

inequalities in (9.21) proceeds by induction.

Initialization. If l D 0, by (9.16), Theorem 7.2, (4.4), the definitions of �1, �2, �3 in (5.4),
(5.20), (9.17), (9.19), for N large enough we have

kv1kV�0
t;z
� N �0�1�1 D N

�0�1R"
1
p�1 ; kv2kV�0

t;z
� �2 D c2.ı/Rp"

1
p�1N a0 ;

kwk
H
r0
t H

�0
z
� �3 � 


�1Rp"
p
p�1N b0 :

(9.22)

Claim 1: kv2kV�0C2
t;z

.R;ı "
1
p�1N ˛1 . We apply Lemma 9.2 with s Ý �0, r Ý r0, Q�1 Ý

N �0�1�1, Q�2 Ý �2. By (9.22), taking 
�1"N �0 .R;ı 1 with �0 defined in (9.20), one
deduces (9.3), (9.4). Thus the claim follows by (9.5), recalling that ˛1 � p.�0 � 1/ by
(9.18).

Claim 2: For any �0 C �0 D �0 C 2, with �0 � r0 and �0 � s0, the function w satisfies
(9.21) for l D 0. We apply Lemma 9.3. Assumption (9.6) is satisfied since, by (4.4), (5.4),
(5.20), and Claim 1, one has


�1 max¹kv1kV�0C2
t;z

; kv2kV�0C2
t;z
º
p�1 .R 
�1"N .p�1/max¹�0C1;˛1º

(9.20)
.R 
�1"N �0 ;

hence

�1 max¹kv1kV�0C2

t;z
; kv2kV�0C2

t;z
º
p�1
� inf
�02Œr0;�0C2�
�2Œs0;�0C2�

K�0;�0;p;

provided 
�1"N �0 is small enough. Thus by (9.7), (4.4), v1 2 D�1 , and Claim 1 one gets

kwk
H
�0
t H

�0
z

.R;ı 
�1 max¹"
1
p�1N �0C1; "

1
p�1N ˛1º

p
(9.19)
.R;ı 
�1"

p
p�1N b1 ;

which is the second estimate in (9.21) for l D 0.



Time-periodic solutions of completely resonant Klein–Gordon equations on S3 63

Induction. We now assume that (9.21) holds for l � 1 and we prove it for l .

Claim l1: kv2k
V
�lC2

t;z

.R;ı;l "
1
p�1N ˛lC1 . Assuming 
�1"N �l .R;ı;l 1, choosing �l�1 D

r0 and �l�1 D �l�1C 2� �l�1 D �l , by the induction hypothesis and using (4.4), (9.16),
(9.18) we have

kv1kV
�l
t;z
� R"

1
p�1N �l�1; kv2kV�l

t;z
.R;ı;l "

1
p�1N al ;

kwk
H
r0
t H

�l
z

.R;ı;l 
�1"
p
p�1N bl :

(9.23)

We apply Lemma 9.2 with s D �l , Q�1 D R"
1
p�1N �l�1, and Q�2 &R;ı;l "

1
p�1N al . Then by

(9.23) assumptions (9.3) and (9.4) are satisfied, taking 
�1"N �l .R;ı;l 1, with �l given
by (9.20). Thus (9.5) and (9.18) imply the claim.

Claim l2: For any �l C �l D �l C 2 with �l � r0 and �l � s0, the function w satisfies
(9.21). We apply Lemma 9.3 with �D �l and �D�l . Indeed, since 
�1"N �l .R;ı;l 1 by
(9.20), and using (5.4), (5.20), and Claim l1, assumption (9.6) of Lemma 9.3 is satisfied,
and thus by (9.7), kwk

H
�l
t H

�l
z

.R;ı;l 
�1"
p
p�1N blC1 . This concludes the inductive step.

The proof of Theorem 9.1 for pD 2 follows with similar arguments: given ı 2 .0; 1
100
/,

r0 �
1
2
C ı, define for any l � 0 the quantities

�0 WD s0 WD
3

2
C ı; �lC1 WD �l C

3

2
� ı;

˛0 WD 0; a0 WD 0; b0 WD 2C 5ı;

˛lC1 WD bl Cmax¹�l � 1; alº C 1; alC1 WD ˛lC1 �
1

2
� ı;

blC1 WD 2max¹�l C 1; ˛lC1º;

�l WD 2max¹bl �max¹�l � 1; alº;max¹�l C 1; ˛lC1ºº:

Then one proves the following:

Lemma 9.5 (Iterative regularity bootstrap). Let p D 2 and v.1/1 2 D�1 as in Theorem
7.2. For any l � 0 and ı 2 .0; 1

100
/ there exists �R;ı;l > 0 such that, if ", R, N are as

in Theorem 7.2 and 0 < 
�2"N �l � �R;ı;l , then for any �l � r0 and �l � s0 such that
�l C �l D �l C 2, the function u D v.1/1 C v2.v

.1/
1 /C w.v

.1/
1 / belongs to H�l

t H
�l
x and

kv
.1/
1 kV

�lC2

t;x

� R"
1
2N �lC1; kv2.v

.1/
1 /k

V
�lC2

t;x

.R;ı;l "
1
2N ˛lC1 ;

kw.v
.1/
1 /k

H
�l
t H

�l
x

.R;ı;l 
�1"N blC1 :
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