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Almost complex structure on finite points from
bidirected graphs

Soumalya Joardar and Atibur Rahaman

Abstract. We show that there is an almost complex structure on a differential calculus on finite
points coming from a bidirected finite graph without multiple edges or loops. We concentrate on a
polygon as a concrete case. In particular, a ‘holomorphic structure on the exterior bundle’ built from
the polygon is studied. Also, a positive Hochschild 2-cocycle on the vertex set of the polygon, albeit
a trivial one, is shown to arise naturally from the almost complex structure.

1. Introduction

Despite much progress in noncommutative geometry over the past few decades, non-
commutative complex geometry is still believed to be in a relatively early phase of its
development. Unlike its classical counterpart in which there is a nice harmony between
the analytic and algebraic aspects of complex geometry, the notions in noncommutative
complex geometry are less settled. In [5], a possible approach to complex structure on
noncommutative geometry has been speculated in terms of a positive Hochschild cocycle
on an involutive algebra. There are many more ‘algebraic approaches’ to noncommuta-
tive complex geometry in the literature (for example, see [1, 8, 12–14, 16, 17]). In [6] it is
shown that the almost complex structure on the noncommutative torus in [16] defines a
positive Hochschild 2-cocycle, whereas in [12], the almost complex structure gives rise to
a twisted positive Hochschild 2-cocycle.

As noncommutative complex geometry is mostly in its early developmental phase,
awaiting analogues to classical theorems such as the Kodaira embedding theorem (see
[10, Section 5.3]) or Serre’s GAGA, it becomes imperative to construct new examples.
These examples will play a crucial role in testing any potential approach toward non-
commutative complex geometry. An almost complex structure on the quantum group
analogues of irreducible flag manifolds has been studied in [7–9]. In the past few years
the study of noncommutative complex geometry has gained some momentum. The reader
should see [3] for recent developments about KRahler structures on some noncommutative
complex manifolds. But so far the examples are mostly restricted to quantum analogues
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of flag manifolds or noncommutative tori. More recently, KRahler structures have been
discovered in the setting of holomorphic etále groupoid in [2]. In this context, from a
complementary viewpoint regarding examples, we explore an almost complex structure
on finite points. To be more precise, we study an almost complex structure on finitely
many points arising from bidirected finite graphs. We take an algebraic approach and in
particular, we follow the notion of an almost complex structure from [1] (or equivalently
[8, 12]). The �-differential calculi on finite points is well studied. For example, in [15], it
is shown that the category of first-order differential calculi is the same as the category of
directed finite graphs (without loops or multiple edges) on finitely many points. Further-
more, such differential calculi coming from directed graphs are inner and can be extended
via a ‘canonical prolongation procedure’ to obtain forms of all degrees. We take this as
our starting point and show in this paper that, under suitable conditions, the differential
calculus can be given an almost complex structure provided the graph is bidirected. The
idea is to define a C-linear map J on the first-order differential calculus using the bidirect-
edness and to subsequently extend it to the spaces of all forms. The integrability of such an
almost complex structure follows from the inner structure of the differential calculus com-
ing from bidirected graphs. Once an integrable almost complex structure is obtained, the
relevant complex geometric notions can be studied. We concentrate on a concrete model
in which the �-differential calculus comes from a bidirected n-gon and the resulting cal-
culus is of dimension 2. The spaces of one and two forms are shown to be free modules,
so that one can consider ‘holomorphic sections’ of the ‘exterior bundle’ with respect to a
natural choice of the holomorphic structure. The holomorphic sections form a ring under
the wedge product and this ring is shown to be isomorphic to the exterior algebraƒ�.C2/.
Moreover, we construct a positive Hochschild 2-cocycle on the underlying vertex set of the
polygon out of the almost complex structure, following the footsteps of noncommutative
2-tori in [6].

Notations and conventions: We use x̋ to denote the interior tensor product of two
bimodules. For a bimodule E , the n-fold interior tensor product of E is denoted by E

x̋n

and SpC stands for complex linear span.

2. Almost complex structure

In this section, we gather some foundational concepts and intricate constructions that
define almost complex structures on differential calculi.

Definition 2.1 ([11]). Let A be a �-algebra over the field of complex numbers C. Then
a �-differential calculus over A is a datum .��.A/; d;�/ where

(i) ��.A/ D
L
n�0�

n.A/ is a graded �-algebra such that ��.A/ is an A–A-
bimodule with �0.A/ D A;
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(ii) d W��.A/!��C1.A/ is a graded derivation, i.e., d is a C-linear map satisfying
the graded Leibniz rule

d.! ^ �/ D d! ^ �C .�1/deg.!/! ^ d�;

for ! 2 �n.A/; � 2 ��.A/ and d2 D 0;

(iii) for all ! 2 ��.A/, d.!�/ D .d!/�.

Remark 2.2. If ! 2 �n.A/, the degree of ! denoted above by deg.!/ is equal to n. We
have denoted the product of the graded algebra��.A/ by ^. With these notations, � is an
antilinear graded involution, meaning

.! ^ �/� D .�1/deg.!/deg.�/�� ^ !�:

Also, if deg.!/ D k, deg.�/ D l , then deg.! ^ �/ D k C l .

Definition 2.3. A �-differential calculus over a �-algebra A is said to be of dimension k
if �k.A/ ¤ 0, and �n.A/ D 0 for all n � k C 1.

Definition 2.4. A �-differential calculus of dimension k is said to be orientable if there
is an A–A-bimodule isomorphism between the bimodule of top forms �k.A/ and A.
A choice of such an isomorphism is called an orientation.

Definition 2.5 ([11, Definition 3.6.3]). A closed graded trace of dimension k on a differ-
ential calculus .��.A/; d;�/ is a C-linear map

R
W �k.A/! C such that

(i)
R

d! D 0 for all ! 2 �k�1;

(ii) for !1 2 �i .A/; !2 2 �j .A/ such that i C j D k,Z
.!1 ^ !2 � .�1/

ij!2 ^ !1/ D 0:

In this paper, we shall construct a �-differential calculus over a �-algebra A from an
‘inner first order’ �-differential calculus .�1.A/; d; �/ by a canonical prolongation pro-
cedure as in [18]. Recall that for an inner first-order �-differential calculus .�1.A/; d;�/,
�1.A/ is an A–A-bimodule such that d W A ! �1.A/ is a C-linear derivation, i.e.,
d.ab/D adbC dab for all a; b 2A, and d.!/� D d.!�/ for all ! 2�1.A/. The calculus
being inner means that there is an element � 2 �1.A/ such that da D Œ�; a� for all a 2A,
where Œ�; a� is defined by the formula Œ�; a� WD �:a � a:� using the bimodule structure
of �1.A/.

Let us discuss the canonical prolongation procedure as described in [18]. To that
end, let .�1.A/; d; �/ be an inner first-order �-differential calculus over a �-algebra A

and � W �1.A/ x̋ �1.A/! �1.A/ x̋ �1.A/ be a bimodule map such that � satisfies
the following braid relation on �1.A/ x̋3:

�12�23�12 D �23�12�23;
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where �23 D .id x̋ �/ and �12 D .� x̋ id/. Let n be a natural number with n � 2.
Any permutation p on n symbols can be written as product of nearest neighbor trans-
positions. Let p D tk1 � � � tkI.p/ where I.p/ is the number of inversions in the sequence
p.1/; p.2/; : : : ; p.n/ and ti’s are nearest neighbor transpositions as in [18, (3.20)].
For p, …p is defined as �k1�k2 � � � �kI.p/ . The bimodule maps �k are defined for
k D 1; 2; : : : ; n � 1 as in [18, (3.17)]. Then the antisymmetrization map An is defined as

An D
X
p2Sn

sgn.p/…p:

Clearly, An is a bimodule map as each …p is so. Then the bimodule of n-forms �n.A/ is
defined to be�1.A/ x̋n=Ker.An/. We shall denote by^ the map from�1.A/

x̋n to�n.A/
mapping an element ! 2 �1.A/ x̋n to its class Œ!� 2 �n.A/. Observe that the antisym-
metrization map does not depend on a particular representation of a permutation thanks to
the braid relation of � . Note that from [18, (3.25)], it can be deduced that if �n.A/ D 0
for some n D k, then �n.A/ D 0 for all n � k. We record the following lemma whose
proof is obvious.

Lemma 2.6. Let .�1.A/; d; �/ be an inner first-order �-differential calculus over a �-
algebra A. Then there is a well-defined antilinear graded involution � on�1.A/ x̋ �1.A/
given by .!1 x̋ !2/� D �!�2 x̋ !

�
1 .

We prove the following theorem, which says that in fact � can be extended to all forms
under a suitable condition. Note that this result differs slightly from [18, Theorem 3.4] and
the inner structure is not really needed to prove the result. Although we remark that for our
application purpose, we consider the bimodule map � such that �2 D id and therefore the
proof of the following theorem reduces to that of [18, Theorem 3.4] due to [18, (3.37)].
We decided to keep the general result nonetheless.

Theorem 2.7. Let ��.A/ WD
L
n�0�

n.A/ be the bimodule of forms of all degrees
obtained as a canonical prolongation with respect to a bimodule map � . If � on
�1.A/ x̋ �1.A/ as defined in Lemma 2.6 commutes with the bimodule map � , then the
involution � on �1.A/ extends to a graded antilinear involution on ��.A/.

Proof. Let n � 2. Following [18], for � D !1 x̋ � � � x̋ !n 2 �1.A/
x̋n, we define

�� WD .�1/
n.n�1/
2 !�n x̋ � � � x̋ !

�
1 :

As observed in [18], this is clearly an antilinear involution on �1.A/ x̋n. To show that the
above definition descends to�n.A/, we have to show that for � 2Ker.An/, �� 2Ker.An/.
In fact, we shall show that .An.��// D .An.�//�, proving the claim. We therefore take an
element � D !1 x̋ � � � x̋ !n and observe that for j < n,

�j.jC1/.�
�/ D .�1/

n.n�1/
2 �j.jC1/.!

�
n
x̋ � � � x̋ !�n�jC1 x̋ !

�
n�j
x̋ � � � x̋ !�1 /

D .�1/
n.n�1/
2 !�n x̋ � � � x̋ �.!

�
n�jC1

x̋ !�n�j / x̋ � � � x̋ !
�
1 ;



Almost complex structure on finite points from bidirected graphs 5

which is equal to

.�1/
n.n�1/
2 C1!�n x̋ � � � x̋ .�.!n�j x̋ !n�jC1//

� x̋ � � � x̋ !�1 ;

since, by assumption, � commutes with � on�1.A/ x̋ �1.A/. But by the definition of �,
the last expression is equal to

.�.n�j /.n�jC1/.!1 x̋ � � � x̋ !n//
�:

Therefore, for any j < n, �j.jC1/.��/ D .�.n�j /.n�jC1/.�//�. Now take any transposi-
tion p D .k l/ 2 Sn with k < l . Then .k l/ can be written as a product of neighboring
transpositions in the following way:

.k l/ D .k k C 1/.k C 1 k C 2/ � � � .l � 1 l/.l � 2 l � 1/ � � � .k k C 1/:

Hence, by definition of …p ,

…p.�
�/ D �k.kC1/�.kC1/.kC2/ � � � �.l�1/l�.l�2/.l�1/ � � � �k.kC1/.�

�/

D �k.kC1/�.kC1/.kC2/ � � � �.l�1/l�.l�2/.l�1/ � � �
�
�.n�k/.n�kC1/.�/

��
D
�
�.n�k/.n�kC1/�.n�k�1/.n�k/ � � � �.n�lC1/.n�l/ � � � �.n�k/.n�kC1/.�/

��
:

But �.n�k/.n�kC1/�.n�k�1/.n�k/ � � � �.n�lC1/.n�l/ � � � �.n�k/.n�kC1/ D …p0 , where p0 is
the transposition .n � k C 1 n � l C 1/. Now, with similar computation, one can show
that for any cycle p D .i1 i2 � � � ik/,

…p.�
�/ D .…p0.�//

�;

where p0 is the cycle .n� i1C 1 � � � n� ik C 1/. Writing down an arbitrary permutation as
a product of disjoint cycles, the association p• p0 between the cycles clearly extends to
a one-to-one onto correspondence between all permutations so that…p.��/D .…p0.�//�.
Moreover, clearly sgn.p/ D sgn.p0/. Therefore, for any � 2 �1.A/ x̋n,

An.�
�/ D

X
p2Sn

sgn.p/…p.��/

D

� X
p02Sn

sgn.p0/…p0.�/
��

D
�
An.�/

��
;

proving the theorem.

The following theorem completes the construction of the canonical prolongation pro-
cedure whose proof is a straightforward adaptation of [18, Theorem 4.1] and hence is
omitted.
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Theorem 2.8. Let .�1.A/; d; �/ be an inner first-order �-differential calculus over a
�-algebra A with daD Œ�;a� for all a2A for some � 2�1.A/. Let � W�1.A/ x̋ �1.A/!
�1.A/ x̋ �1.A/ be a bimodule map obeying the braid relation such that �.� x̋ �/ D
� x̋ � and � commutes with � on �1.A/ x̋ �1.A/. Then there is a unique C-linear
graded derivation dW��.A/! ��C1.A/ extending the derivation d W A! �1.A/. The
map d is given by the following formula for ! 2 �n.A/:

d! WD Œ�; !�grad D � ^ ! � .�1/
n! ^ �:

Moreover, .d!/� D d.!�/ for ! 2 ��.A/ making .��.A/; d;�/ a �-differential calculus
over A.

We shall now recall some generalities on an almost complex structure on a �-differential
calculus over a �-algebra. These general facts regarding an almost complex structure are
mostly taken from [1].

Definition 2.9. Let .��.A/;d;�/ be a �-differential calculus over a �-algebra A.An almost
complex structure on .��.A/; d; �/ is a degree zero derivation J W ��.A/ ! ��.A/

such that

(1) J is identically zero on A and hence an A–A-bimodule endomorphism of��.A/;

(2) J 2 D � Id on �1.A/; and

(3) J.!�/ D .J!/� for all ! 2 �1.A/.

Given an almost complex structure on a �-differential calculus, the bimodule of one-
forms has the following decomposition into eigenspaces of J :

�1.A/ D �1;0.A/˚�0;1.A/;

where�1;0.A/ WD ¹! 2�1.A/ W J.!/D i!º and�0;1 WD ¹! 2�1.A/ W J.!/D �i!º.
Here,�1;0.A/ and�0;1.A/ are again A–A-bimodules and called the bimodules of .1; 0/
and .0; 1/-forms respectively. More generally, one has the higher-dimensional analogues
of the .1;0/ and .0;1/-forms. For a fixed n, the bimodule�n.A/ has the following decom-
position into bimodules of .p;q/-forms for pC qD n, where p;q are nonnegative integers
[1, Section 2.5]:

�n.A/ D
M

pCqDn

�p;q.A/;

where �p;q.A/ WD ¹! 2 �n.A/ W J.!/ D i.p � q/!º. Moreover,

�p;q.A/ ^�p
0;q0.A/ � �pCp

0;qCq0.A/: (2.1)

Using the decomposition of �n.A/ into .p; q/-forms, one can define @ W �p;q.A/ !
�pC1;q.A/ and @ W �p;q.A/! �p;qC1.A/ in the following way.

For all nonnegative integers p;q, consider the projections �p;q W �pCq.A/! �p;q.A/

associated to the decomposition of �pCq.A/. Then @ W �p;q.A/ ! �pC1;q.A/ and
@ W �p;q.A/! �p;qC1.A/ are defined as

@ WD �pC1;q ı d; @ WD �p;qC1 ı d:
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Definition 2.10 (see [1, Definition 3.1]). An almost complex structure on a �-differential
calculus is said to be integrable if any of the equivalent conditions of the following
Lemma 2.11 holds.

Lemma 2.11 ([1, Lemma 3.2]). Let J be an almost complex structure on a �-differential
calculus .��.A/; d;�/. Then the following conditions are equivalent:

(1) @2 W A! �2.A/ is 0 as an operator.

(2) @
2
W A! �2.A/ is 0 as an operator.

(3) d.�1;0.A// � �2;0.A/˚�1;1.A/.

(4) d.�0;1.A// � �1;1.A/˚�0;2.A/.

Let J be a given integrable almost complex structure on a �-differential calculus
.��.A/; d;�/. Then, thanks to [1, Proposition 3.6], one can consider the following pth
Dolbeault complex for each nonnegative integer p:

0 �! �p;0.A/
@
�! �p;1.A/

@
�! �p;2.A/

@
�! � � �

The qth cohomology of the above sequence is called the .p; q/-Dolbeault cohomology
of A and is denoted by Hp;q

@
.A/.

2.12. Holomorphic modules

Definition 2.13 ([1]). Let .��.A/; d; �/ be a �-differential calculus with an integrable
almost complex structure J . A left @-operator on a left A-module E is a C-linear map
r W E ! �0;1.A/ x̋ E such that

r.a:e/ D @a x̋ e C ar.e/;

for all a 2 A; e 2 E .

For q � 1, one can define r W �0;q.A/ x̋ E ! �0;qC1 x̋ E by

r.! x̋ e/ WD @! x̋ e C .�1/q! ^ r.e/:

The holomorphic curvature is defined to be r
2
W E ! �0;2.A/ x̋ E .

Definition 2.14. Let .��.A/; d; �/ be a �-differential calculus with an integrable almost
complex structure J . A holomorphic structure on a left module E is a @-operator r on E

such that the holomorphic curvature r
2

vanishes.

With a holomorphic structure on a left module E , .E;r/ is called a holomorphic left
module. Given a holomorphic left module, one can consider the following complex:

0 �! E
r
��! �0;1.A/ x̋ E

r
��! �0;2.A/ x̋ E

r
��! � � �

The elements of the 0th cohomology groupH 0.E;r/ of the complex are the holomorphic
sections of the bundle represented by the module E .
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Remark 2.15. To call E the module of sections of a ‘noncommutative vector bundle’, one
generally adds the technical demand that E should be finitely generated and projective.
In our case, this technical condition will be satisfied as we shall study the holomorphic
sections of the modules that are free.

Recall that a left connection on a left A-module E is a C-linear mapr WE!�1.A/ x̋ E

such that
r.a:e/ D da x̋ e C a:r.e/:

Given a left connection the curvature is r2 W E!�2.A/ x̋ E . We can induce a holomor-
phic structure on a left module E from a left connection whose�0;2 curvature component
vanishes. More precisely, we state the following without proof.

Proposition 2.16 ([1]). Let .��.A/; d; �/ be a �-differential calculus with an integrable
almost complex structure and E be a left A-module having a left connection r. Then
the map

r WD .�0;1 ˝ id/ ı r W E ! �0;1.A/ x̋ E

is a left @-operator. Moreover, if the �0;2-component of r2 vanishes, then .E;r/ is a
holomorphic module.

Now we recall the notion of bimodule connections. Again, as before, in the following
.��; d;�/ is a �-differential calculus.

Definition 2.17 ([12]). A bimodule connection on an A-bimodule E with respect to a
bimodule isomorphism  W E x̋ �1.A/! �1.A/ x̋ E is a left connection r on E such
that the following twisted Leibniz rule is satisfied:

r.e:a/ D r.e/:aC  .e x̋ da/:

As noted in [12], the above definition applies to the differential calculus .�0;1.A/; @/
giving a notion of holomorphic bimodules. Given bimodule connections .r1; r2/ on
bimodules E;F with respect to bimodule isomorphisms  1; 2 respectively, one can con-
sider their tensor product bimodule connection r on the bimodule E x̋ F with respect to
the bimodule isomorphism . 1 x̋ id/ ı .id x̋  2/ given by (see [12])

r WD .r1 x̋ 1/C . 1 x̋ 1/.1 x̋ r2/:

Returning to our initial framework, in which we have an inner first-order �-differential
calculus .�1.A/; d;�/ over a �-algebra A, with the introduction of some additional data,
one can systematically construct a canonical prolongation of the first-order calculus to
obtain a �-differential calculus over A. If we have a map J on�1.A/, then under specific
conditions governing J , it becomes possible to equip the �-differential calculus with an
integrable complex structure that effectively ‘extends’ the structure on �1.A/. To see
this, let us first assume that there is an A–A-bimodule map J W �1.A/! �1.A/. We
then record the following lemma, whose proof is obvious.
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Lemma 2.18. The map J extends to a map from �1.A/ x̋ �1.A/ to �1.A/ x̋ �1.A/
given by the formula

J.!1 x̋ !2/ D J.!1/ x̋ !2 C !1 x̋ J.!2/: (2.2)

Now, we are ready to state and prove the theorem that gives us a condition governing J
so that J extends to a canonical prolongation giving an integrable complex structure.

Theorem 2.19. Let .��.A/; d; �/ be a �-differential calculus obtained as a canonical
prolongation of an inner first-order �-differential calculus .�1.A/; d; �/ corresponding
to a bimodule map � W �1.A/ x̋ �1.A/! �1.A/ x̋ �1.A/. Assume that there is an
A–A-bimodule map J W �1.A/! �1.A/ satisfying the following:

(1) J 2 D � Id; J.!�/ D .J!/�.

(2) The extension J W �1.A/ x̋ �1.A/! �1.A/ x̋ �1.A/ given by Lemma 2.18,
commutes with the bimodule map � .

Then J extends to a bimodule endomorphism on ��.A/, which is also a degree zero
derivation inducing an integrable almost complex structure on .��.A/; d;�/.

Proof. For any n, we define J W �1.A/ x̋n ! �1.A/
x̋n by

J.!1 x̋ !2 x̋ � � � x̋ !n/ WD

nX
kD1

!1 x̋ !2 x̋ � � � x̋ J.!k/ x̋ � � � x̋ !n:

Clearly, J is a well-defined degree zero derivation on �1.A/ x̋n. J will descend to a de-
gree zero derivation on�n.A/ if J preserves Ker.An/. We claim that for any neighboring
transposition .k kC 1/ 2 Sn, J

�
�k.kC1/.!1 x̋ � � � x̋ !n/

�
D �k.kC1/

�
J.!1 x̋ � � � x̋ !n/

�
.

We shall prove the claim for the transposition .1 2/. The claim for the other transpositions
can be proved similarly.

J
�
�12.!1 x̋ � � � x̋ !n/

�
D J

�
�.!1 x̋ !2/ x̋ !3 x̋ � � � x̋ !n

�
D J

�
�.!1 x̋ !2/

�
x̋ !3 x̋ � � � x̋ !n

C

nX
kD3

�.!1 x̋ !2/ x̋ !3 x̋ � � � x̋ J.!k/ x̋ � � � x̋ !n

D �12
�
J.!1 x̋ !2 x̋ � � � x̋ !n/

�
:

In the last equality, we have used the fact that J commutes with � on �1.A/ x̋ �1.A/.
Hence, from the definition of the antisymmetrization map, it is clear thatAn.J�/D J.An�/
for any � 2 �1.A/ x̋n, proving that J descends to a well-defined degree zero derivation
on �n.A/ for any n, inducing an almost complex structure on the �-differential calcu-
lus .��.A/; d; �/. To show that the structure is integrable, recall that the calculus is a
canonical prolongation of an inner first-order differential calculus and therefore for any
! 2 �1;0.A/, d! D � ^ ! C ! ^ � for some � 2 �1.A/. Hence by equation (2.1),
d! � �2;0.A/˚�1;1.A/. So by the equivalent condition (3) of Lemma 2.11, the almost
complex structure is integrable.
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Remark 2.20. The integrability condition is satisfied automatically as we are considering
an inner differential calculus.

2.21. Bidirected graphs

Given a finite set V , it is well known (see [4, 15]) that there is a one-to-one correspon-
dence between the differential structures of C.V / and directed graphs (without multiple
edges or loops) with V as the set of vertices. For us, a graph will always mean a graph
without multiple edges or loops. Given a directed graph over V , if one denotes the edge
set by E, then the vector space of functions on E becomes a C.V /–C.V /-bimodule with
the following bimodule structure.

Let x; y 2 V . The notation x ! y 2 E will mean that there is a directed edge from x

to y, with source being x (written as s.e/ D x) and target being y (written as t .e/ D y).
The function on E that takes the value 1 on x ! y and 0 on the rest of the edges will be
denoted by �x!y . Then clearly ¹�x!yºx!y2E forms a C-linear basis of C.E/. With these
notations, the left and right actions of C.V / on the basis elements of C.E/ are given by

f:�x!y D f .x/�x!y ; �x!y :f D �x!yf .y/;

for f 2 C.V /. There is a derivation d W C.V /! C.E/ given by [15]

df WD
X

x!y2E

.f .y/ � f .x//�x!y :

Thus, .C.E/;C.V /;d/ becomes a first-order differential calculus on C.V /. From now on,
we shall denote C.V / by A and C.E/ by �1.A/. Note that A is clearly a �-algebra with
pointwise complex conjugation. As observed in [15], this first-order differential calculus
is inner with df D Œ�; f � where � D

P
x!y2E �x!y .

To discuss an almost complex structure, we shall need our graphs to be bidirected.
So, from now on, we shall only consider bidirected graphs without multiple edges or
loops. Therefore, let .E; V / be a finite bidirected graph over the vertex set V . Then one
has the first-order differential calculus as discussed earlier. We can define an antilinear
involution on�1.A/making .�1.A/;d/ a first-order �-calculus. The antilinear involution
on the linear basis is given by

.�x!y/
�
WD ��y!x :

Observe that bidirectedness of the graph is used to define the involution. One can
easily see that .�1.A/; d; �/ is a first-order �-differential calculus over the �-algebra
A D C.V /. Now let us discuss a canonical prolongation of the calculus .�1.A/; d; �/.
To begin, note that the A–A-bimodule �1.A/ x̋ �1.A/ possesses a C-linear basis
¹�x!y x̋ �y!zºx!y;y!z2E . This follows from the obvious formula (see [15]):

�x!y x̋ �z!w D ıy;z�x!y x̋ �y!w :
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Now, to perform the canonical prolongation procedure to obtain a �-differential calcu-
lus .��.A/; d; �/, by Theorem 2.8, one needs a bimodule map � W �1.A/ x̋ �1.A/!
�1.A/ x̋ �1.A/ such that

(i) � satisfies the braid relation on �1.A/ x̋3;

(ii) �.� x̋ �/ D .� x̋ �/, where � D
P
x!y2E �x!y ;

(iii) � commutes with the �-map on �1.A/ x̋ �1.A/ as mentioned in Lemma 2.6.

As ¹�x!y x̋ �y!zºx!y;y!z2E is a linear basis for �1.A/ x̋ �1.A/, any bimodule
map � can be written as (see [15])

�.�x!y x̋ �y!z/ D
X
w

�x;y;zw �x!w x̋ �w!z ;

for some scalars �x;y;zw 2 C. Guided by [15], we say a bimodule map is of permutation
type if for fixed x; z 2 V such that there is at least one length-two path from x to z, the
matrix �x;�;z� is a permutation matrix. It is an easy observation (see [15]) that a bimodule
map � of permutation type satisfies �.� x̋ �/ D .� x̋ �/. In order to fulfill condition (iii)
above, i.e., to make � commute with �, we shall restrict our attention to the following
special class of bimodule maps.

Definition 2.22. Let .V;E/ be a finite, bidirected graph. Then we call a bimodule map �
of permutation type invariant under path reversal if for x; z 2 V such that x ¤ z, the
permutation matrix �x;�;z� is the same as the permutation matrix �z;�;x� .

Remark 2.23. Note that the assumption of bidirectedness is crucial for the above defini-
tion to make sense. The bidirectedness ensures that for x ¤ z, there is a length-two path
between x; z iff there is a length-two path between z; x obtained by reversing the arrows
of the paths.

In the following, .V; E/ is a finite, bidirected graph so that it has an inner first-order
�-differential calculus .�1.A/; d;�/.

Theorem 2.24. Let � W�1.A/ x̋ �1.A/!�1.A/ x̋ �1.A/ be a bimodule map of per-
mutation type that is invariant under path reversal and satisfies the braid relation on
�1.A/

x̋3. Then � commutes with the antilinear involution � as defined in Lemma 2.6.
Consequently, there is a canonical prolongation .��.A/; d; �/ of .�1.A/; d; �/ with
respect to � .

Proof. The calculus .�1.A/; d;�/ is inner with df D Œ�; f � where � D
P
x!y2E �x!y .

Since � is of permutation type, �.� x̋ �/D .� x̋ �/. By assumption, � satisfies the braid
relation. The proof will therefore be complete by Theorem 2.8 if � commutes with �
on �1.A/ x̋ �1.A/. As observed earlier, �1.A/ x̋ �1.A/ has a C-linear basis of the
form ¹�x!y x̋ �y!zºx!y;y!z2E . As the graph is bidirected, for each x 2 V there are
always basis elements of the form ¹�x!y x̋ �y!xºx!y2E . On such basis elements, by
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definition of �,

�.�x!y x̋ �y!x/
�
D ��.�x!y x̋ �y!x/ D ��x!z x̋ �z!x ;

for some z such that x! z 2 E, which is easily seen to be equal to .�.�x!y x̋ �y!x//�.
For the basis elements of the form �x!y x̋ �y!z where x ¤ z,

�.�x!y x̋ �y!z/
�
D ��.�z!y x̋ �y!x/ D ��z!y0 x̋ �y0!x :

On the other hand, as � is invariant under path reversal,

.�.�x!y x̋ �y!z//
�
D .�x!y0 x̋ �y0!z/

�
D ��z!y0 x̋ �y0!x :

Therefore, using C-linearity of � , .�.!//� D �.!�/ for all ! 2 �1.A/ x̋ �1.A/ com-
pleting the proof of the theorem.

From now on, given a bidirected finite graph .V; E/, we shall consider the above
�-differential calculus obtained as a canonical prolongation of the first-order �-differential
calculus .�1.A/; d; �/. This calculus is associated with the graph structure with respect
to a bimodule map � of permutation type, subject to the conditions of being invariant
under path reversal and satisfying the braid relation. Note that the choice of such � is
far from unique. We shall focus on the problem of defining an integrable almost complex
structure on such a �-differential calculus. To achieve this, let us begin with the first-order
�-differential calculus .�1.A/; d; �/ given by the graph structure. Our objective is to
define a bimodule map J W�1.A/!�1.A/ satisfying J 2 D� Id and J.!�/D .J.!//�.
To proceed, consider two adjacent vertices x; y 2 V . Given the bidirected nature of the
graph, there are two edges x ! y and y ! x. Define J by

J.�x!y/ D i�x!y ;

J.�y!x/ D �i�y!x :

Considering all adjacent vertices, we define J on all C-linear basis elements of �1.A/
and extend C-linearly to all of �1.A/. It is clear from the definition that J 2 D � Id and
J.!�/ D .J!/�.

Remark 2.25. Again, like the bimodule map � , the choice of J is far from unique.
However, the condition J.!�/ D .J!/� puts the restriction that if �x!y is in the i th
eigenspace, then �y!x must be in the �i th eigenspace of J . The point is that one always
has at least one choice of J on bidirected graphs.

This map J extends to a derivation from �1.A/ x̋ �1.A/ to �1.A/ x̋ �1.A/ by
Lemma 2.18. Therefore, if J commutes with � , then the differential calculus .��.A/;d;�/
being inner, J induces an integrable almost complex structure by Theorem 2.19. We shall
call such an integrable almost complex structure an integrable almost complex structure
coming from the graph .V; E/. We shall not pursue the general conditions on � or J so
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that J commutes with � . Instead, we shall consider the bidirected polygon on n-points as
a concrete case and discuss an integrable almost complex structure on it. We shall do it in
the next section. At this point, it is worth mentioning that the condition that J commutes
with � , puts some further restriction on the choice of J .

Before going to the next section, let us briefly discuss the holomorphic structure on the
trivial A–A-bimodule A.D C.V // with respect to an integrable almost complex structure
.��.A/; d; �; J / coming from a bidirected graph .V; E/. Recall that such a structure
in particular produces a first-order �-differential calculus .�0;1.A/; @; �/ and hence a
directed graph over V . We call it the holomorphic part of the original bidirected graph.
The map @ is itself a canonical bimodule @-operator on the bimodule A with respect
to the isomorphism  .� id/ W �0;1.A/ Š A x̋ �0;1.A/! �0;1.A/ x̋ A Š �0;1.A/.
As @

2
D 0, .A; @/ is a holomorphic bimodule.

Lemma 2.26. For a bidirected graph .V;E/, let .��.A/;d;�; J / be an integrable almost
complex structure coming from .V; E/. Then @ gives a unique bimodule holomorphic
structure to the trivial bimodule A. Moreover, if the holomorphic part is connected, then
H 0.A; @/ D C.

Proof. Let r be a bimodule @-operator on A. Then

ˆ � .r � @/ W A! �0;1.A/ x̋ A Š �0;1.A/

is an A–A-bimodule map. Therefore, for any x 2 V , ˆ.ıx/ D
P
k;l �k;l�k!l , for some

scalars �k;l where k ! l are the edges of the holomorphic part of the bidirected graph
.V;E/. Then for y ¤ x,

ˆ.ıxıy/ D ˆ.ıx/ıy D ˆ.ıyıx/ D ıyˆ.ıx/ D 0:

Butˆ.ıx/ıy D
P
kWk!y �k;y�k!y . Therefore, for any k such that there is an edge from k

to y, �k;y D 0. Similarly, using left A-linearity of ˆ, for any k such that there is an edge
from y to k, �y;k D 0. Varying over all y ¤ x in V , we conclude that �i;j D 0 if i or j
is different from x. As the graph does not have any loop, ˆ.ıx/ D 0. As x was arbitrary,
ˆ � 0, proving that r D @. The fact that H 0.A; @/ D C can be proved along the lines
of [15]. In fact, H 0.A; @/ is the C-linear span of the constant function 1.

3. A case study: Polygon on finite points

Let .V; E/ be an n-gon. We denote the vertices by integers 1; 2; : : : ; n. We consider it
as a bidirected graph. In the following, we shall construct a �-differential calculus over
the �-algebra C.V / and denote C.V / by A. The graph .V;E/ being bidirected, induces a
first-order �-differential calculus .�1.A/; d; �/. To construct the canonical prolongation,
we need a bimodule map � with suitable properties. Before constructing a canonical pro-
longation, let us clarify notations to be used throughout the rest of the paper. Whenever an
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1

2 3

4

n 5

6n� 1

1

2 3

4

n 5

6n� 1

Polygon on n-points Holomorphic part

arrow �! � represents a directed edge in the polygon, �; � are chosen from the additive
group Zn D ¹1;2; : : : ; nºwith n being the additive identity of Zn. For example, for �D 1,
�! �� 1 will represent the directed edge from vertex 1 to vertex n. Likewise for �D n,
�! �C 1 will represent the directed edge from vertex n to vertex 1. With this notation,
we start with the observation that �1.A/ has the following basis:

¹��!�C1; ��!��1º�D1;2;:::;n:

Now we shall construct the bimodule map � to perform a canonical prolongation of the
first-order �-differential calculus. Note that �1.A/ x̋ �1.A/ has a C-linear basis con-
sisting of elements of the following form for � D 1; 2; : : : ; n:

��!�C1 x̋ ��C1!�C2;

��!��1 x̋ ���1!��2;

��!�C1 x̋ ��C1!�;

��!��1 x̋ ���1!�:

(3.1)

We define � on the above basis elements by the following formulae and extend it
C-linearly to the whole of �1.A/ x̋ �1.A/:

�.��!�C1 x̋ ��C1!�/ D ��!��1 x̋ ���1!�;

�.��!��1 x̋ ���1!�/ D ��!�C1 x̋ ��C1!�;

and � acts trivially on the rest of the basis elements.

Lemma 3.1. � is a bimodule map of permutation type invariant under path reversal.
Moreover, � satisfies the braid relation on �1.A/ x̋3.

Proof. The fact that � is a bimodule map of permutation type invariant under path reversal
is easy to check. To check the braid relation, it is enough to check the relation on the
vector space basis elements of �1.A/ x̋3. A basis for �1.A/ x̋3 is given by the collection
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of length-three paths emitting from each vertex of the n-gon. One can list them down for
� D 1; : : : ; n:

��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C3;

��!��1 x̋ ���1!��2 x̋ ���2!��3;

��!�C1 x̋ ��C1!� x̋ ��!�C1;

��!��1 x̋ ���1!� x̋ ��!��1;

��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1;

��!��1 x̋ ���1!��2 x̋ ���2!��1;

��!�C1 x̋ ��C1!� x̋ ��!��1;

��!��1 x̋ ���1!� x̋ ��!�C1:

(3.2)

Note that ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C3 and ��!��1 x̋ ���1!��2 x̋ ���2!��3
remain invariant under both �12 and �23. Therefore, the braid relation is satisfied trivially
on such basis elements. As for other basis elements emitting from a vertex �, we shall
show that the braid relation is satisfied for the length-three paths between adjacent vertices
� and �C 1. The braid relations for the paths between the adjacent vertices � and � � 1
can be proved similarly.

�12.��!�C1 x̋ ��C1!� x̋ ��!�C1/ D ��!��1 x̋ ���1!� x̋ ��!�C1

�23�12.��!�C1 x̋ ��C1!� x̋ ��!�C1/ D ��!��1 x̋ ���1!� x̋ ��!�C1

�12�23�12.��!�C1 x̋ ��C1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!� x̋ ��!�C1:

On the other hand,

�23.��!�C1 x̋ ��C1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

�12�23.��!�C1 x̋ ��C1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

�23�12�23.��!�C1 x̋ ��C1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!� x̋ ��!�C1:

Therefore,

�23�12�23.��!�C1 x̋ ��C1!� x̋ ��!�C1/

D �12�23�12.��!�C1 x̋ ��C1!� x̋ ��!�C1/:

Similarly,

�12.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/ D ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

�23�12.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/ D ��!�C1 x̋ ��C1!� x̋ ��!�C1

�12�23�12.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/ D ��!��1 x̋ ���1!� x̋ ��!�C1

�23.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/ D ��!�C1 x̋ ��C1!� x̋ ��!�C1

�12�23.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/ D ��!��1 x̋ ���1!� x̋ ��!�C1

�23�12�23.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/ D ��!��1 x̋ ���1!� x̋ ��!�C1:
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Therefore,

�12�23�12.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/

D �23�12�23.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/:

And

�12.��!��1 x̋ ���1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!� x̋ ��!�C1

�23�12.��!��1 x̋ ���1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

�12�23�12.��!��1 x̋ ���1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

�23.��!��1 x̋ ���1!� x̋ ��!�C1/ D ��!��1 x̋ ���1!� x̋ ��!�C1

�12�23.��!��1 x̋ ���1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!� x̋ ��!�C1

�23�12�23.��!��1 x̋ ���1!� x̋ ��!�C1/ D ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1:

So

�12�23�12.��!��1 x̋ ���1!� x̋ ��!�C1/ D �23�12�23.��!��1 x̋ ���1!� x̋ ��!�C1/:

Therefore, the braid relation holds on the C-linear basis elements of �1.A/ x̋3. By obvi-
ous C-linearity of the maps �12; �23, the braid relation holds on �1.A/ x̋3.

Thanks to the above Lemma 3.1, by Theorem 2.24, we can construct the canonical pro-
longation of the first-order �-calculus with respect to � to obtain a �-differential calculus.

Theorem 3.2. The canonical prolongation of the first-order �-differential calculus on the
bidirected n-gon with respect to the bimodule map � is an orientable �-differential calcu-
lus of dimension 2. Moreover, �1.A/ and �2.A/ are both left and right parallelizable in
the sense of [15].

Proof. For the bimodule of 2-forms, observe that the antisymmetrization map A2 is
.� � Id/ on�1.A/ x̋ �1.A/. The first two types of the basis elements of�1.A/ x̋ �1.A/
as in formula (3.1) are fixed by � and therefore mapped to zero elements in the quotient
bimodule �2.A/. As for the rest of the basis elements, it follows from the definition
of � that .��!�C1 x̋ ��C1!� C ��!��1 x̋ ���1!�/ belong to the kernel of A2 for all
� D 1; : : : ; n and therefore ��!�C1 ^ ��C1!� D ���!��1 ^ ���1!� in �2.A/. So
�2.A/ has a C-linear basis ¹��!��1 ^ ���1!�º�D1;:::;n or ¹��!�C1 ^ ��C1!�º�D1;:::;n.

Now, to calculate �3.A/, let us write down the antisymmetrization map A3 on
�1.A/

x̋3 explicitly. To do this, we write all the elements in S3 as a product of neigh-
boring transpositions:

.1 2 3/ D .1 2/.2 3/; .1 3 2/ D .2 3/.1 2/; .1 3/ D .1 2/.2 3/.1 2/:
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Therefore, by definition,

A3 � IdC �12�23 C �23�12 � �12 � �23 � �12�23�12:

Recall the collection of basis elements of �1.A/ x̋3 emitting from a vertex � as given
in the proof of the Lemma 3.1. As observed there, the first two length-three paths in
formula (3.2) are invariant under both �12 and �23 and therefore belong to the kernel ofA3.
As for the rest of the paths, we prove that the length-three paths between the adjacent
vertices � and � C 1 belong to the kernel. The rest of the length-three paths between
adjacent vertices � and � � 1 can be shown to belong to the kernel of A3 similarly.
Borrowing the calculations from the proof of the Lemma 3.1, we have

A3.��!�C1 x̋ ��C1!� x̋ ��!�C1/

D .Id� �12 � �23 � �12�23�12 C �12�23 C �23�12/.��!�C1 x̋ ��C1!� x̋ ��!�C1/

D ��!�C1 x̋ ��C1!� x̋ ��!�C1 � ��!��1 x̋ ���1!� x̋ ��!�C1

� ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1 � ��!�C1 x̋ ��C1!� x̋ ��!�C1

C ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1 C ��!��1 x̋ ���1!� x̋ ��!�C1

D 0:

Similarly,

A3.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/

D .Id� �12 � �23 � �12�23�12C�12�23C�23�12/.��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1/

D ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1 � ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

� ��!�C1 x̋ ��C1!� x̋ ��!�C1 � ��!��1 x̋ ���1!� x̋ ��!�C1

C ��!��1 x̋ ���1!� x̋ ��!�C1 C ��!�C1 x̋ ��C1!� x̋ ��!�C1

D 0;

and

A3.��!��1 x̋ ���1!� x̋ ��!�C1/

D .Id� �12 � �23 � �12�23�12 C �12�23 C �23�12/.��!��1 x̋ ���1!� x̋ ��!�C1/

D ��!��1 x̋ ���1!� x̋ ��!�C1 � ��!�C1 x̋ ��C1!� x̋ ��!�C1

� ��!��1 x̋ ���1!� x̋ ��!�C1 � ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

C ��!�C1 x̋ ��C1!� x̋ ��!�C1 C ��!�C1 x̋ ��C1!�C2 x̋ ��C2!�C1

D 0:

Hence all basis elements of �1.A/ x̋3 are in the kernel of the antisymmetrization map A3
proving that �3.A/ D 0. By the remark before Lemma 2.6, �n.A/ D 0 for all n � 3.
This proves that the dimension of the calculus is 2.
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Moreover, �1.A/ is a free module of rank 2 (both as a left and a right module
over A). This follows from the fact that each vertex of the graph n-gon receives and emits
2 edges. In fact, following the argument as in [15],

®Pn
�D1 ��!�C1;

Pn
�D1 ��!��1

¯
is an A-linear basis both as a right and a left module. As for �2.A/, it is easy to
see that the right and left actions of the elements of A on �2.A/ coincide and that®Pn

�D1 ��!�C1^ ��C1!�
¯

is an A-linear basis both as a right and a left module. This
proves that �i .A/ are both left and right parallelizable for i D 1; 2 in the sense of [15].

Consider the map ˆ W A! �2.A/ given by

ˆ.f / D

nX
�D1

f .�/��!��1 ^ ���1!�:

Using the fact that the right and left actions of A on �2.A/ coincide, clearly ˆ is an
A–A-bimodule isomorphism proving that the calculus is orientable.

Remark 3.3. The isomorphism ˆ corresponds to the particular choice of the A-basis®Pn
�D1 ��!��1 ^ ���1!�

¯
of �2.A/. One could choose the bimodule isomorphism ˆ

with respect to the choice of the A-basis
®Pn

�D1 ��!�C1 ^ ��C1!�
¯

of �2.A/. That
amounts to choosing an ‘opposite orientation’. Our choice of orientation is driven by pos-
itivity of a certain Hochschild cocycle, which will be discussed in the last section.

We can define a state � on C.V / by �.f / WD
Pn
�D1

1
n
f .�/. Then, with this state at

our disposal, we have the following.

Lemma 3.4. Let .��.A/; d; �/ be the two-dimensional calculus in Theorem 3.2. Then
there is a closed graded trace of dimension 2 on .��.A/; d;�/ given byZ

! WD �.ˆ�1.!//;

where ˆ W A! �2.A/ is the bimodule isomorphism in Theorem 3.2.

Proof. To prove the equality
R

d! D 0 for all ! 2 �1.A/, by C-linearity of
R

and d,
it is enough to show that

R
d! D 0 where ! is a C-linear basis element of �1.A/.

For � D 1; : : : ; n,

d.��!�C1/ D ��!�C1 ^ � C � ^ ��!�C1

D ��!�C1 ^ ��C1!� C ��C1!� ^ ��!�C1

D ���!��1 ^ ���1!� C ��C1!� ^ ��!�C1:

Therefore, for �D 1; : : : ; n,ˆ�1.d��!�C1/D f 2A where f .�/D �1; f .�C 1/D 1
and f is zero on the rest of the vertices. Hence by definition,

R
d��!�C1 D 1

n
.1� 1/D 0.

Similarly, one can show that for the rest of the basis elements also
R

d! D 0.
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For the second condition of Definition 2.5, take!1;!2 2�1.A/. Then there are scalars
¹˛�; ˛

�; ˇ�; ˇ
�º�D1;:::;n such that

!1 D

nX
�D1

�
˛���!�C1 C ˛

���!��1
�
;

!2 D

nX
�D1

�
ˇ���!�C1 C ˇ

���!��1
�
:

Therefore,

!1 ^ !2 C !2 ^ !1 D

nX
�D1

�
˛�ˇ��1 � ˛�ˇ

�C1
�
��!��1 ^ ���1!�

C

nX
�D1

�
ˇ�˛��1 � ˇ�˛

�C1
�
��!��1 ^ ���1!�:

By the definition of
R

,Z
.!1 ^ !2 C !2 ^ !1/ D

nX
�D1

�
˛�ˇ��1 � ˛�ˇ

�C1
C ˇ�˛��1 � ˇ�˛

�C1
�
D 0:

This proves the second condition of Definition 2.5.

Now we shall discuss an almost complex structure on .��.A/;d;�/. We start by defin-
ing a bimodule map J W �1.A/! �1.A/ satisfying J 2 D � Id and J.!�/ D .J.!//�.
As usual, we define J on the basis elements of �1.A/ and extend it C-linearly:

J.��!�C1/ D i��!�C1; � D 1; 2; : : : ; n:

As we have already observed, compatibility of J with � fixes the �i th eigenspace of J ,
i.e., J is forced to be defined on the rest of the basis elements by the following:

J.��!��1/ D �i��!��1; � D 1; 2; : : : ; n:

With the above definition, it is trivial to check that J is a bimodule map; J 2 D � Id and
.J.!//� D J.!�/. Moreover, �1.A/ D �1;0.A/˚�0;1.A/, where

�1;0.A/ D SpC¹�1!2; �2!3; : : : ; �n!1º;

�0;1.A/ D SpC¹�1!n; �n!n�1; : : : ; �2!1º:

Now by Theorem 2.19, J will extend to .��.A/; d; �/ as a degree zero derivation defin-
ing an integrable complex structure if the extension of J on �1.A/ x̋ �1.A/ given by
formula (2.2), commutes with � .

Lemma 3.5. The extension of J on�1.A/ x̋ �1.A/ commutes with the bimodule map � .
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Proof. Again, as before, it is enough to prove commutation of J and � on the basis ele-
ments of �1.A/ x̋ �1.A/. The first two types of basis elements of �1.A/ x̋ �1.A/ in
formula (3.1) are in the eigenspaces of J corresponding to the eigenvalues ˙2i and are
fixed by � . The rest of the basis elements are in the eigenspace corresponding to the eigen-
value 0. The basis elements in the 0 eigenspace are again mapped to the basis elements in
the 0 eigenspace. This can easily be seen from the formula of � . Therefore, J commutes
with � .

We write down the easy-to-see formula for the bimodule maps �0;1 and �1;0 on the
C-linear basis elements of �1.A/, which will be used later:

�0;1.��!�C1/ D 0I �0;1.��!��1/ D ��!��1I

�1;0.��!�C1/ D ��!�C1I �1;0.��!��1/ D 0:
(3.3)

As�k.A/D 0 for k � 3, there are only .0; 1/, .1; 0/, .2; 0/, .0; 2/ and .1; 1/ forms. From
the proof of Lemma 3.5, it is easy to see that �2;0.A/ D 0 D �0;2.A/ and therefore
�2.A/ D �1;1.A/. We can consider the following Dolbeault complex

0 �! �1;0.A/
@
�! �1;1.A/

@
�! 0 (3.4)

to compute the Dolbeault cohomology vector spaces H 1;0

@
.A/ and H 1;1

@
.A/. The rest of

the Dolbeault cohomology spaces vanish trivially.

Lemma 3.6. The Dolbeault cohomology of the Dolbeault complex (3.4) is given by

H
1;0

@
.A/ D C D H 1;1

@
.A/; H

1;q

@
.A/ D 0 for all q � 2:

Proof. It is clear that H 1;0

@
.A/ D Ker.@/ and H 1;1

@
.A/ D �1;1.A/=Im.@/. A C-linear

basis of �1;0.A/ is given by ¹��!�C1º�D1;:::;n. By definition,

@.��!�C1/ D �
1;1.d��!�C1/

D �1;1.� ^ ��!�C1 C ��!�C1 ^ �/

D ��!�C1 ^ ��C1!� C ��C1!� ^ ��!�C1

D ��!�C1 ^ ��C1!� � ��C1!�C2 ^ ��C2!�C1:

Therefore, an element
Pn
�D1 ˛���!�C1 2 Ker.@/ .˛� 2 C/ implies that

nX
�D1

�
˛���!�C1 ^ ��C1!� � ˛���C1!�C2 ^ ��C2!�C1

�
D 0

)

nX
�D1

.˛� � ˛��1/��!�C1 ^ ��C1!� D 0:
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Hence, ˛� D ˛��1 for all � D 1; : : : ; n, i.e., ˛1 D ˛2 D � � � D ˛n. So

H
1;0

@
D SpC

° nX
�D1

��!�C1

±
Š C:

To determine H 1;1

@
.A/, note that by the rank nullity theorem applied to the linear

map @ W �1;0.A/ ! �1;1.A/, dimC.Im@/ D n � 1. As dimC�
1;1.A/ is equal to n, it

follows that dimC.H
1;1

@
.A// D 1 and hence H 1;1

@
.A/ Š C. The class of any one of

the basis elements ¹��!�C1 ^ ��C1!�ºn�D1 in H 1;1

@
.A/ gives a basis. The elements

¹��!�C1 ^ ��C1!�º
n
�D1 are cohomologous to each other, which is clear from the expres-

sion of ¹@.��!�C1/ºn�D1.

3.7. A Holomorphic structure on the exterior bundle

In this section, we will explore a holomorphic structure on the ‘exterior bundle’. This
‘bundle’ is obtained through the canonical prolongation of the first-order differential cal-
culus originating from a bidirected polygon structure with respect to the bimodule map �
of permutation type. First we shall induce a holomorphic structure on �1.A/ coming
from a bimodule connection r on �1.A/ with respect to the same bimodule isomor-
phism � W�1.A/ x̋ �1.A/!�1.A/ x̋ �1.A/ used in the prolongation procedure. Note
that since �0;2.A/ D 0, any such connection inherently induces a holomorphic structure
on �1.A/.

Lemma 3.8. The map � satisfies

.�1;0 x̋ id/ ı � ı .id x̋ �0;1/ D 0 D .�0;1 x̋ id/ ı � ı .id x̋ �1;0/

on �1.A/ x̋ �1.A/. In particular, � restricts to a bimodule isomorphism between
�1.A/ x̋ �0;1.A/ and �0;1.A/ x̋ �1.A/; � ı .id x̋ �0;1/ D .�0;1 x̋ id/ ı � on
�1.A/ x̋ �1.A/.

Proof. It suffices to show the identities on the C-linear basis elements of�1.A/ x̋ �1.A/.
Recalling the basis elements from the formula (3.1), we do the following calculations
using formulae (3.3).

.�1;0 x̋ id/ ı � ı .id x̋ �0;1/.��!�C1 x̋ ��C1!�/

D .�1;0 x̋ id/ ı �.��!�C1 x̋ ��C1!�/

D .�1;0 x̋ id/.��!��1 x̋ ���1!�/

D 0:
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..�1;0 x̋ id/ ı � ı .id x̋ �0;1//.��!�C1 x̋ ��C1!�C2/ is trivially zero. As for the other
basis elements,

.�1;0 x̋ id/ ı � ı .id x̋ �0;1/.��!��1 x̋ ���1!��2/

D .�1;0 x̋ id/ ı �.��!��1 x̋ ���1!��2/

D .�1;0 x̋ id/.��!��1 x̋ ���1!��2/

D 0:

Again ..�1;0 x̋ id/ ı � ı .id x̋ �0;1//.��!��1 x̋ ���1!�/ is trivially zero.

We denote the restriction of � on �1.A/ x̋ �0;1.A/ by � . Now we shall consider
a bimodule connection r on the bimodule �1.A/ with respect to the bimodule map �
used in the canonical prolongation and ˛ W �1.A/! �1.A/ x̋ �1.A/ as the zero map
as in [15]. Recall that the formula of such a bimodule connection on �1.A/ is given by

r.!/ WD � x̋ ! � �.! x̋ �/: (3.5)

Recalling that � D
P
�.��!�C1 C ��!��1/, it is easy to see from formula (3.5) that r

is given on the basis elements of �1.A/ by

r.��!�C1/ D ���1!� x̋ ��!�C1 C ��C1!� x̋ ��!�C1

� ��!��1 x̋ ���1!� � ��!�C1 x̋ ��C1!�C2I

r.��!��1/ D ��C1!� x̋ ��!��1 C ���1!� x̋ ��!��1

� ��!��1 x̋ ���1!��2 � ��!�C1 x̋ ��C1!�:

Remark 3.9. We do not compute the curvature r2 of the connection r here. But it can
be shown that r2 is nonzero. For example, a simple computation reveals that r2 acts on
a basis element ��!�C1 in the following way:

r
2.��!�C1/ D ���1!� ^ ��!��1 x̋ ���1!� C ��C1!� ^ ��!�C1 x̋ ��C1!�C2;

which is clearly nonzero.

As mentioned earlier, the above connection will induce a holomorphic structure on
�1.A/ since�0;2.A/D 0. Noting that for all�, �0;1.��!�C1/D 0 and �0;1.��!��1/D
��!��1, the corresponding @-operator r WD .�0;1 x̋ id/ ı r acts on the basis elements
of �1.A/ by the following formulae:

r.��!�C1/ D ��C1!� x̋ ��!�C1 � ��!��1 x̋ ���1!�I (3.6)

r.��!��1/ D ��C1!� x̋ ��!��1 � ��!��1 x̋ ���1!��2:
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Lemma 3.10. r is a bimodule @ operator on �1.A/ with respect to the bimodule iso-
morphism � , i.e., r is a left @-operator satisfying:

r.!:f / D r.!/:f C �.! x̋ @f /:

Proof. We shall only prove the twisted right Leibniz rule. The left Leibniz rule can be
similarly proved and will be left to the reader.

r.!:f / D .�0;1 x̋ id/ ı r.!:f /

D .�0;1 x̋ id/
�
r.!/:f C �.! x̋ df /

�
D
�
.�0;1 x̋ id/ ı r.!/

�
:f C .�0;1 x̋ id/ ı �.! x̋ df /

D
�
.�0;1 x̋ id/ ı r.!/

�
:f C � ı .id x̋ �0;1/.! x̋ df / (by Lemma 3.8)

D r.!/:f C �.! x̋ @f /:

Therefore, from the discussion after Definition 2.17, it follows thatr
.˝2/
WD .r x̋ 1/C

�12.1 x̋ r/ is again a bimodule @-operator with respect to the bimodule isomor-
phism �12�23 W �

1.A/ x̋ �1.A/ x̋ �0;1.A/! �0;1.A/ x̋ �1.A/ x̋ �1.A/, whereas
r.˝2/ WD .r x̋ 1/ C �12.1 x̋ r/ is a bimodule connection on �1.A/ x̋ �1.A/ with
respect to the bimodule isomorphism �12�23.

Lemma 3.11. The following equation holds.

r
.˝2/
D .�0;1 x̋ id x̋ id/ ı r.˝2/:

Proof. Indeed, using the definitions of the maps involved, we have

.�0;1 x̋ id x̋ id/ ı r.˝2/ D .�0;1 x̋ id x̋ id/..r x̋ 1/C �12.1 x̋ r//

D ..�0;1 x̋ id/ ı r/ x̋ idC �12.id x̋ �0;1 x̋ id/.1 x̋ r/

D r x̋ idC �12.id x̋ r/;

which is r
.˝2/

.

Proposition 3.12. r.˝2/descends to a well-defined left @-operator on the bimodule �2.A/.

Proof. We begin by recalling that for ! 2 �1.A/, r.!/ D � x̋ ! � �.! x̋ �/. Then
for !1; !2 2 �1.A/,

r
.˝2/.!1 x̋ !2/

D r.!1/ x̋ !2 C �12.!1 x̋ r.!2//

D .� x̋ !1 x̋ !2/ � �12.!1 x̋ � x̋ !2/C �12.!1 x̋ � x̋ !2/ � �12�23.!1 x̋ !2 x̋ �/

D � x̋ !1 x̋ !2 � �12�23.!1 x̋ !2 x̋ �/:
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Now for !1; !2 2�1.A/ such that �.!1 x̋ !2/D .!1 x̋ !2/, using Lemma 3.11 and the
braid relation of � , we get

�23r
.˝2/

.!1 x̋ !2/ D �23.�
0;1 x̋ id x̋ id/r.˝2/.!1 x̋ !2/

D .�0;1 x̋ id x̋ id/ �23.� x̋ !1 x̋ !2 � �12�23.!1 x̋ !2 x̋ �//

D .�0;1 x̋ id x̋ id/.� x̋ �.!1 x̋ !2/ � �23�12�23.!1 x̋ !2 x̋ �//

D .�0;1 x̋ id x̋ id/.� x̋ !1 x̋ !2 � �12�23�12.!1 x̋ !2 x̋ �//

D .�0;1 x̋ id x̋ id/.� x̋ !1 x̋ !2 � �12�23.!1 x̋ !2 x̋ �//;

which is equal to r
.˝2/

.!1 x̋ !2/. Therefore, r
.˝2/

descends to a well-defined C-linear
map from �2.A/ to �0;1.A/ x̋ �2.A/. We denote the descended map by r

.2/
that acts

on an element !1 ^ !2 2 �2.A/ by

r
.2/
.!1 ^ !2/ D .id x̋ ^/ ı r

.˝2/
.!1 x̋ !2/: (3.7)

To show that r
.2/

is again a left @-operator, we use the facts that .id x̋ ^/ is a bimodule
map, r

.˝2/
is a left @-operator on �1.A/ x̋ �1.A/ and do the following calculation

for a 2 A,

r
.2/
.a:!1 ^ !2/ D .id x̋ ^/ ı r

.˝2/
.a:!1 x̋ !2/

D .id x̋ ^/.ar
.˝2/

.!1 x̋ !2/C @a x̋ !1 x̋ !2/

D a.id x̋ ^/ ı r
.˝2/

.!1 x̋ !2/C @a x̋ !1 ^ !2

D ar
.2/
.!1 ^ !2/C @a x̋ !1 ^ !2:

Remark 3.13. Note that in the above we have not discussed the bimodule property
ofr

.2/
. It can be shown to be a bimodule @-operator with respect to a natural isomorphism

 W�2.A/ x̋ �0;1.A/!�0;1.A/ x̋ �2.A/. But as we are interested in the holomorphic
structure on the ‘exterior bundle’ and�n.A/D 0 for all n � 3, it suffices to consider r

.2/

as a left @-operator.

As observed earlier, with the almost complex structure J on the �-differential calculus
.��.A/; d; �/, �0;2.A/ D 0 and consequently for any left module E over A, any left
@-operator r induces a holomorphic structure canonically. Therefore, .�1.A/; r/ and
.�2.A/;r

.2/
/ are holomorphic modules. Next we shall compute the holomorphic sections

of the ‘bundles’ �1.A/ and �2.A/.

Proposition 3.14. We have the following isomorphisms:

H 0.�1.A/;r/ Š C ˚CI

H 0.�2.A/;r
.2/
/ Š C:
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Proof. Let ! D
P
�.˛

���!�C1C ˇ
���!��1/ 2Ker.r/ for some scalars ¹˛�; ˇ�ºn�D1.

Then by formulae (3.6), we getX
�

�
˛�.��C1!� x̋ ��!�C1 � ��!��1 x̋ ���1!�/

C ˇ�.��C1!� x̋ ��!��1 � ��!��1 x̋ ���1!��2/
�
D 0:

Therefore, comparing the coefficients, we get ˛1D ˛2D � � � D ˛n and ˇ1Dˇ2D � � � Dˇn

proving that H 0.�1.A/;r/ D SpC

®P
� ��!�C1;

P
� ��!��1

¯
.

To compute H 0.�2.A/;r
.2/
/, we derive the formulae for r

.2/
on the basis elements

of �2.A/. Recall that a C-linear basis for �2.A/ is given by ¹��!�C1 ^ ��C1!�ºn�D1.

r
.2/
.��!�C1 ^ ��C1!�/

D .id x̋ ^/
�
r.��!�C1/ x̋ ��C1!� C �12.��!�C1 x̋ r.��C1!�//

�
D .id x̋ ^/.��C1!� x̋ ��!�C1 x̋ ��C1!� � �12.��!�C1 x̋ ��C1!� x̋ ��!��1//

D .id x̋ ^/.��C1!� x̋ ��!�C1 x̋ ��C1!� � ��!��1 x̋ ���1!� x̋ ��!��1/

D .��C1!� x̋ ��!�C1 ^ ��C1!� � ��!��1 x̋ ���1!� ^ ��!��1/:

Therefore, for an element ! D
P
� ˛

���!�C1 ^ ��C1!� such that ! 2 Ker.r
.2/
/,

we haveX
�

˛�.��C1!� x̋ ��!�C1 ^ ��C1!� � ��!��1 x̋ ���1!� ^ ��!��1/ D 0:

Again comparing the coefficients like before, we obtain ˛1 D ˛2 D � � � D ˛n showing that
H 0.�2.A/;r

.2/
/ D SpC

®P
� ��!�C1 ^ ��C1!�

¯
, which proves the proposition.

From equation (3.7), it is clear that if !1; !2 2 Ker.r/, then !1 ^ !2 2 Ker.r
.2/
/.

As the holomorphic part of the polygon is connected, H 0.A; @/ D SpC¹1º. Therefore,
R WD H 0.A; @/ ˚ H 0.�1.A/;r/ ˚ H 0.�2.A/;r

.2/
/ is a unital ring with respect to

the wedge product with 1 2 H 0.A; @/ being the unit of the ring. We call R the ring of
‘holomorphic sections of the exterior bundle’.

Theorem 3.15. The ring R is isomorphic to the exterior algebra ^�.C2/.

Proof. Denoting
P
� ��!�C1;

P
� ��!��1 by X1; X2 respectively, we see that

H 0.�1.A/;r/ D SpC¹X1; X2º:

It is easy to verify that Xi ^ Xi D 0 for i D 1; 2 and X1 ^ X2 D �X2 ^ X1. Moreover,
H 0.�2.A/; r

.2/
/ D SpC¹X1 ^ X2º. Therefore, denoting the standard basis of C2 by

e1; e2 and mapping Xi to ei for i D 1; 2 and 1 to 1 2 C establishes the isomorphism
between R and ^�.C2/.
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3.16. A positive Hochschild 2-cocycle and all that

In this section, we shall show the existence of a positive Hochschild 2-cocycle on the
algebra of functions on n points arising from the integrable almost complex structure
.��.A/; d;�; J / corresponding to the polygon graph as discussed in the previous subsec-
tion. The results of this subsection resemble those of [12], although we do not consider
any twisted version of the cyclic or Hochschild cohomology. A few quick definitions are
in order. For generalities on Hochschild and cyclic cohomologies, the reader is referred to
[11, Chapter 3, Section 3.1].

Definition 3.17. Let .C �.A/; b/ be the Hochschild complex of A over the field of com-
plex numbers, i.e.,

C n.A/ WD Hom.A˝.nC1/;C/

b�.a0; a1; : : : ; anC1/ WD

nX
jD0

.�1/j�.a0; : : : ; ajajC1; : : : ; anC1/

C .�1/nC1�.anC1a0; a1; : : : ; an/:

An element � 2 C n.A/ is called a Hochschild n-cochain. An n-cochain � is said to be
cyclic if �.an; a0; : : : ; an�1/ D .�1/n�.a0; : : : ; an/.

Definition 3.18. A Hochschild 2n-cocycle on a �-algebra A is said to be positive if the
following pairing defines a positive sesquilinear form on A˝.nC1/:

ha0 ˝ � � � ˝ an; b0 ˝ � � � ˝ bni D �.b
�
0a0; a1; : : : ; an; b

�
n ; : : : ; b

�
1 /:

Recall the closed graded trace
R

of dimension 2 on the two-dimensional �-differential
calculus .��.A/;d;�/ from Lemma 3.4 where A is the �-algebra of functions on n-points.

Lemma 3.19. The following formula produces a positive Hochschild 2-cocycle on A:

�.f0; f1; f2/ WD

Z
f0@.f1/ ^ @.f2/:

Proof. The equality
R
f0@.f1/^ @.f2/f3 D

R
f3f0@.f1/^ @.f2/ follows easily from the

previously observed fact that the right and left actions of a function on the vertex set on
the bimodule �2.A/ coincide. Then, using the Leibniz rule for @ and @, � is shown to be
a 2-cocycle along the lines of [12, Proposition 5.2]. To show the positivity, we compute
�.f �0 f0; f1; f

�
1 / for f0; f1 2 A.Z

f �0 f0@.f1/ ^ @.f
�
1 /

D

Z
f0@.f1/ ^ .f0@.f1//

�

D �

Z nX
�D1

f0.�/.f1.�C 1/ � f1.�//��!�C1 ^

nX
�D1

f0.�/.f1.� C 1/ � f1.�//��C1!�
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D �

Z nX
�D1

jf0.�/j
2
jf1.�C 1/ � f1.�/j

2��!�C1 ^ ��C1!�

D

Z nX
�D1

jf0.�/j
2
jf1.�C 1/ � f1.�/j

2��!��1 ^ ���1!�

D
1

n

nX
�D1

jf0.�/j
2
jf1.�C 1/ � f1.�/j

2
� 0:

Recall that the closed graded trace
R

of dimension 2 gives rise to the cyclic 2-cocycle
on C.V / given by the formula (see [11])

�.f0; f1; f2/ D
1

2

Z
f0df1 ^ df2:

Unfortunately, this cocycle turns out to be a trivial one. We omit the proof of trivial-
ity of � . One can check directly by observing the action of � on the basis elements of
C.V � V � V / which is a finite-dimensional vector space. For example, for any ver-
tex �, �.ı� ˝ ı� ˝ ı�/ D 0. The nontrivial actions of � are on the basis elements of
type ı� ˝ ı��1 ˝ ı�. But then � D b� 0 for a cyclic 1-cycle � 0 that takes the value 1 on
the basis elements ¹ı� ˝ ı�C1ºn�D1, which renders � to be trivial.

Proposition 3.20. The cocycles � and � are cohomologous and consequently the positive
Hochschild 2-cocycle � is trivial.

Proof. We shall adopt the proof of [12, Proposition 5.4]. So we define a Hochschild
1-cochain  on C.V / by the following:

 .f0; f1/ D
1

2

Z
f0@@.f1/:

Then following the same calculation as in [12, Proposition 5.4], we have

b .f0; f1; f2/ D
1

2

Z �
f0f1@@.f2/ � f0@@.f1f2/C f0@@.f1/f2

�
:

On the other hand, using the fact that @.f1/ ^ @.f2/ D @.f1/ ^ @.f2/ D 0, we obtain

1

2

Z
f0df1 ^ df2 �

Z
f0@f1 ^ @f2 D

1

2

Z �
f0@f1 ^ @f2 � f0@f1 ^ @f2

�
:

Now, using the graded Leibniz rule for @ (see [1]), we get

�@@.f1f2/C f1@@.f2/C @@.f1/f2 D
�
f0@f1 ^ @f2 � f0@f1 ^ @f2

�
;

showing that

1

2

Z
f0df1 ^ df2 D

Z
f0@f1 ^ @f2 C

1

2

Z
f0
�
�@@.f1f2/C f1@@.f2/C @@.f1/f2

�
:

Therefore, .� � �/.f0; f1; f2/ D b .f0; f1; f2/ proving that � and � are cohomologous
cocycles. In particular, � is a trivial Hochschild 2-cocycle.
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4. Concluding remarks

We end the paper with the following remarks:

• In the particular example of a polygon, we have studied a holomorphic structure
induced by a bimodule connection on the module of one-forms. As observed in [15],
such bimodule connections are in one-one correspondence with a pair of bimod-
ule maps .�; ˛/ where � W �1.A/ x̋ �1.A/! �1.A/ x̋ �1.A/ and ˛ W �1.A/!
�1.A/ x̋ �1.A/. We have studied the bimodule connection with respect to .�; 0/
where � is the bimodule map giving the canonical prolongation. Keeping � fixed and
varying ˛, it will be interesting to study equivalence of different holomorphic struc-
tures coming from different ˛.

• We have not discussed any KRahler structures in this paper (see [3]). We hope to inves-
tigate KRahler structures and consequently relevant Hodge theory on bidirected graphs
in the near future.

Funding. The first author is supported by SERB MATRICS grant (MTR/2022/000515),
Government of India.
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