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Critical local well-posedness of the nonlinear Schrodinger
equation on the torus

Beomjong Kwak and Soonsik Kwon

Abstract. In this paper, we study the local well-posedness of nonlinear Schrodinger equations on
tori T4 at the critical regularity. We focus on cases where the nonlinearity |u|?u is nonalgebraic
with small a > 0. We prove the local well-posedness for a wide range covering the mass-supercritical
regime. Moreover, we supplementarily investigate the regularity of the solution map. In pursuit of
lowering a, we prove a bilinear estimate for the Schrédinger operator on tori T4, which enhances
previously known multilinear estimates. We design a function space adapted to the new bilinear
estimate and a package of Strichartz estimates, which is not based on conventional atomic spaces.

1. Introduction

1.1. Statement of the problem and main results

The subject of this paper is the critical local well-posedness and ill-posedness of the
Cauchy problem for the nonlinear Schrédinger equation (NLS) on periodic spaces T¢,

{iu, + Au = £|ulu =: N(u), (NLS)

u(0) = ug € H5(T?),

where u: R x T4 — C.

The nonlinearity |u|%u is of a single-power type for a > 0. When « is an even integer,
the nonlinearity |u|%u is algebraic. Otherwise, |u|%u is said to be nonalgebraic. In this
work, we are particularly interested in the case of nonalgebraic nonlinearity, especially
when a is small. At a glance, for small nonalgebraic a, one can observe that the regular-
ity of solutions has certain restrictions and anticipate that the solution map is less regular.
However, it turns out that there is a genuine difficulty: the nonlinear term |u|*u is not suffi-
ciently decomposable. For instance, if one tries to take a paraproduct decomposition, there
is not enough summability from existing technology. In this work, we investigate these
issues and overcome them by introducing new function spaces and bilinear estimates. For
the negative direction, we also study limitations on the regularity of the solution map.
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In view of scaling considerations, the critical Sobolev regularity is

=S = - — —. 1.1
$i=8e =5 = (L.1)
Since we consider only the critical local problem in H *¢ (Td ), we simply denote s = s,.
We say (NLS) is mass-critical if s = 0 and energy-critical if s = 1.

Firstly, we state our main theorem, the critical local well-posedness of a wide range of
NLS on T¥?.

Theorem 1.1. Let a > % (or equivalently, s > 0). Assume s < 1 + a. Then (NLS) is

locally well posed in the critical Soboley space H*(T%).

For a technical statement of Theorem 1.1, see Proposition 4.6. Theorem 1.1 extends
many existing results on the critical local well-posedness and covers a new regime of
small a. This covers a wide range of the mass-supercritical regime s > 0. In particular,
this includes all energy-critical cases, for which the result is new for dimensions d > 5.
The restriction s < 1 + a arises from the fact that |u|*u does not have regularities higher
than 1 4 a for smooth functions u in general.

Next we consider the regularity of the solution map. In Theorem 1.1, we know only
that the flow map is continuous from H*(T4) to C°([0, T]; H*(T¢)). Yet, for a narrower
range of a, we show the Lipschitz regularity of the flow map.

Theorem 1.2. Assume that

4
a>max{g,l} and s <a.

Then (NLS) is locally Lipschitz well posed in H*(T4).

On the other hand, if a is even lower, one expects the solution map to be less regular.
As a negative result, we show that when a is smaller than 1, the solution map fails to be
locally Lipschitz continuous. More precisely, we have the failure of «-Holder continuity.

Theorem 1.3. Assume

1
O<a<l1l and 0<s<1+4+ —. (1.2)
a

Then the solution map fails to be locally a-Holder continuous in HS (T ?) for each a > a.

More explicitly, there is no radius ¢ > 0 and time T > 0 such that for every ug, vo €
H*(T?Y with |uo|gs. |vollzs < & the corresponding solutions u and v to (NLS) satisfy
lu = vllcomsqo,r1xTdy < U0 — vollFs-

Remark 1.4. Our proof does not rely on number-theoretic arguments on frequencies.
Thus, the proof works for irrational tori T¢ = R?/(6,Z x --- x 647) with any 8; > 0.
For simplicity, in this paper, we assume our domain is the square torus T4 =R? /(27 Z)?.
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Remark 1.5. In Theorem 1.1, one can derive the exponent restriction by using (1.1).
Whend <7,s <1+ a is void, so it holds true for any a > %. When d > 8, there is an

uncovered band:
d—2—+d?>—4d —28

- <a<

d 4
or

d—2++d?>—4d —28
a > .

4

Remark 1.6. In Theorem 1.2, the restriction on exponents for the Lipschitz continuity for
each dimension is as follows:

4
d<4 a>g, s >0,
1
d=5) a>1l, s>
d+~d?-32 d+~d?-32
(d=>6) a> 1 , 8> 1 .

In particular, we note that the energy-critical case (s = 1) is Lipschitz well posed when
d < 5.Ford = 3,4, the LWP was previously proved via a contraction mapping [10, 15].

Remark 1.7. In Theorem 1.3, the range of exponents of (1.2) for each dimension is as
follows:

d
(d=<8 ax<l, s<5—2,
6 d 2
> _ — —
(d=>9) a<d_2, s<6+3.

In particular, we note that the energy-critical case (s = 1) fails to be Lipschitz well-posed
when d > 7. However, when d = 6 (¢ = 1), Lipschitz continuity of the solution map is
inconclusive.

1.2. Previous works

Bourgain [6] obtained a range of scale-invariant Strichartz estimates on square tori with a
certain amount of loss of regularity, and also X spaces were first introduced. He used
these to obtain several local and small data global well-posedness results for subcritical
NLS on tori. The atomic spaces U? and V? have been successfully used as a tool for
constructing function spaces adapted to critical dispersive equations. The U? and V?
spaces were developed for the Schrodinger operator in [3, 16] and many others. Based on
atomic structures, the critical function spaces X* and Y* for NLS on (partially) periodic
domains were introduced in [11] and [10].

Based on the development of function spaces, several local and global well-posedness
results of NLS on periodic domains were shown for algebraic cases. In [11], using the
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X°¢ spaces and multilinear Strichartz estimates, Herr, Tataru, and Tzvetkov obtained the
local well-posedness and small data global well-posedness of the energy-critical NLS
in H'(R? x T?) and H'(R3 x T) with arbitrary torus parts T™ (including irrational
tori). In [10], the same authors showed the local well-posedness and small data global
well-posedness of the energy-critical NLS in H ' (T 3) for rational tori. In [22], the author
developed scaling-critical multilinear Strichartz estimates and proved results for a larger
range of exponent a. In [8], new scaling-critical Strichartz estimates on irrational tori were
proved. As an application, they proved the critical local well-posedness of NLS in several
regimes of algebraic nonlinearities. This result was further enhanced in [20].

Afterward, Bourgain and Demeter [7] established a Strichartz estimate with an arbi-
trarily small loss of scale and regularity on general irrational tori as an application of
their celebrated £2-decoupling result. For rational tori, this result can be strengthened to a
scale-invariant version by the argument in [6]. For irrational tori, the corresponding scale-
invariant Strichartz estimate was shown in [15]. As an application of this, they obtained
the local well-posedness and small data global well-posedness result for energy-critical
NLS on T3 and T*.

The large data global well-posedness of the energy-critical defocusing NLS in
H'(T3) was shown in [12]. In [13], the same result was shown in H ' (R x T 3). For focus-
ing equations, the large data global well-posedness of the energy-critical focusing NLS in
H'(T*) was shown in [23]. The aforementioned well-posedness works for algebraic non-
linearities using multilinear estimates and is based on contraction mapping arguments.

When |u|?u is nonalgebraic, Lee [18] proved the well-posedness of H®-critical NLS
in H* (T3) for a > 2 (or equivalently, s > 1/2). One main new ingredient of [18] was
the Bony linearization [5] for nonalgebraic nonlinearities. When a nonlinearity f(u) has
sufficient regularity, one takes a paraproduct decomposition of f(u) in terms of uy and
df(u<p). For given f:C — C and u: T¢ — C, we write

f) =Y f(P<yu)— f(P<yjou)

NeaN

1
> / Pnud; f(P<yjou + 0Pyu) dO
0

Ne2N

1
+ / Pnuds f(P<yjau + 6Pyu) db.
0

Lee [18] used a contraction mapping argument based on previously known multilinear
estimates [10, 15] and the Bony linearization. The condition a > 2 was required for triple
iterations of Bony linearizations.

1.3. A new estimate, a function space Z*, and proofs of the main results

The main difficulty of our well-posedness results, Theorems 1.1 and 1.2, lies in the previ-
ously unresolved regime a < 2. Here we investigate the limitations of existing techniques
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for lower a, which stems from the linear level, and introduce our new main ingredients to
overcome them: a bilinear Strichartz estimate and a function space Z*.

To date, critical Strichartz estimates have been established on pure tori T¢ only with
a loss of regularity. To compensate for the regularity loss, multilinear estimates have been
used. On R¥, for dyadic frequencies N > R, we have the bilinear estimate

. . d—1 1
|PNe A PR MY IlL2 @xray SN2 R72 (]2 ¥ lIL2- (1.3)

We do not expect an estimate like (1.3) on Td, even with a finite time cutoff. Indeed, a
trivial choice ¥ = 1 gives a simple counterexample for (1.3) on T<. Still, the following
version of the bilinear estimate was previously known:

Proposition ([10, 15]). For d > 3, when N1 > N, there exists § > 0 such that

=2 (N 1\¢
13, uPN, vl L2 (1x7ay S1 N, (Fl + Fz) [ullyollvllyo. (1.4)
A key strength of (1.4) is the decay factor § > 0. The first proof of (1.4) used spacetime
almost orthogonalities, requiring both # and v to be free evolutions, and was applicable to
algebraic nonlinearities. A weaker version with § = 0 allows a simpler proof by partition-
ing the frequency domain Z<¢ into congruent cubes. When a > 2, such a weaker estimate
is sufficient for the local well-posedness by paraproduct decompositions (see [15, 18]).
The decay factor § > 0, however, becomes crucial when a < 2. Decomposing the
nonlinear term |¢|%u into a product of a linear part and the rest, say, of the form

[ulu=ux A= Z Pyu x PRrA,
N,Re2N

all frequency sizes of A contribute critically if one uses a bilinear estimate without decay
on a high-low product. Since H*(T%) is £2-based, we expect A to lie in any £'-based
critical Besov space only if a > 2, otherwise causing a logarithmic loss in the summation.

We extend (1.4) to general Sobolev regularities through a new approach. For nice
functions u and A, and dyadic numbers N = R, we show

21+ Pac- PrAllgzoy = Iullzo(N/RY7 + RPDRYAL 3y (1)
ro

ro.ro

where Z° and (Z°)' are the new function space of this paper and its spacetime dual norm,
respectively, and o1, g, ro, and 6 denote the exponents defined in (3.24) and Lemma 3.9.
(See (3.25) for the precise form of (1.5).) While (1.4) in [10] was shown by estimating
almost orthogonalities on the Fourier side, we detect the decay factor o; > 0 for (1.5)
based on the Galilean structure and spacetime Besov regularities of the Schrodinger oper-
ator.

Relying crucially on (1.5), the proof of Theorem 1.1 proceeds as follows: In view of
Theorem 1.3, the solution map is not Lipschitz continuous for small @, so we do not use
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a contraction mapping argument. Instead, we separately show the existence of solutions,
a decay of high-frequency pieces, and a contraction-type estimate in a space of lower reg-
ularity. Using Bony linearizations and (1.5), we construct an a priori bound on a solution
for a short time and show the local existence by taking a weak limit. For the continuity of
the solution map, we further obtain extra a priori decay on the high-frequency part of a
solution. Then the problem reduces to showing a bootstrapping estimate of the difference
between two solutions, which follows immediately from (1.5).

For initial data with large H® norms, we face an obstacle in the choice of function
spaces. Earlier works on the critical well-posedness of NLS on T4 ([8, 10, 15, 20, 22])
used atomic-based norms X* and Y*. The estimates used in the proof of Theorem 1.1
could also be shown in terms of YS. However, if one uses an atomic-based norm such as
YS, the norm of a free evolution does not shrink sufficiently on any short time interval,
making the bootstrapping inequalities not obvious for large initial data.

For the regime a > 2, earlier authors resolved the issue by estimating the high-
quency portion of u separately. More precisely, they showed bootstrap bounds on
| P>nu|ly1 for N > 1 by paraproduct decompositions on the nonlinear term N (). Such
decompositions require a certain regularity of N (1) (or equivalently, a high power a).

We construct a new function space Z° on R x T¢ adapted to conventional linear
estimates, the bilinear Strichartz estimate (1.5), and the desired norm-shrinking property.
More precisely, the Z* space has the following favorable properties:

(1) Boundedness of the retarded dual Schrodinger propagator from (Z°)’
to Z%, (3.11);

(2) Strichartz embeddings into Sobolev spaces, (3.14) and (3.15);

(3) Shrinking of the norm to zero as we give shorter time cutoffs;
foru € Z*%, || xpo,rtl|zs — 0as T — 0, (3.13).

Based on this new Z* space, the proof of Theorem 1.1 works consistently for arbitrarily
large initial data.

The proof of Theorem 1.2 is similar to that of Theorem 1.1 at the level of functional
estimates. For the Lipschitz regularity of the solution map, we use a contraction mapping
argument in Theorem 1.2. Although a conventional contraction argument is used, the main
difficulty of Theorem 1.1 that requires (1.5) and Z* spaces is still present for the regime
1 < a < 2, and the machinery built for Theorem 1.1 is thoroughly used.

The negative counterpart of Theorem 1.2 is addressed in Theorem 1.3 by constructing
an explicit counterexample. In particular, Theorem 1.3 shows that the main assumption
a > 1 of Theorem 1.2, which is crucially required for a difference form for a contraction
inequality, is indeed almost sharp. A key observation for the construction is an oscillating
behavior of the frequency-localized Schrodinger kernel 28y on T, (6.2). We show that
the L2 and L norms of /2§y are comparable on a large set of times ¢, which implies
that e!*28x mostly tends to oscillate rather than concentrate.

The rest of the paper is organized as follows: In Section 2 we provide preliminary
materials, such as notation, Strichartz estimates, and atomic spaces. In Section 3 we define
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the function space Z° and show related bilinear estimates. In Section 4 we provide the
proof of Theorem 1.1. In Section 5 we show Theorem 1.2. In Section 6 we prove Theo-
rem [.3.

2. Preliminaries

2.1. Notation

We denote A < B if A < CB for some constant C.
Given a set E C R¥ or T4, we denote by y £ the sharp cutoff function of E.

Fourier truncations. We handle functions of spacetime variables f (¢, x) and f(x) for
x € T4 and ¢ € R. We denote the Fourier transform (or the Fourier series) of f with
respect to the associated variables x, ¢, and (¢, x) by Fx f, F; f, and F; x f, respec-
tively. For simplicity, we also denote the spatial Fourier transform by f and the spacetime
Fourier transform by f .

We use frequency truncation operators. For spatial frequencies, we use sharp cutoffs.
For time frequencies, we use smooth cutoffs. We denote by Pc the spatial frequency
cutoff projection for a given set C C Z%; that is, Pc is the Fourier multiplier operator
associated with the characteristic function y¢. For most cases, we use the Littlewood—
Paley projection. We denote the set of natural numbers by N = {0} U Z and dyadic
numbers by 2N. For a dyadic number N € 2N, we denote the Littlewood—Paley operators
by

PsN = P[—N,N]d and PN = PsN — PsN/Zv
where we set P<j/, := 0. In particular, the cutoff P; = P<; contains the zero frequency
mode. For simplicity, we denote uy = Pyu and u<y = P<yu for u: T - C.
For time Fourier projections, we use the superscript ¢; PL, is a smooth time Lit-

tlewood—Paley operator. Let ¢: R — [0, co) be a smooth even bump function such that
¢l(=1,11 = 1 and supp(p) C [—}—(1), %]. For a dyadic number N € 2N, we denote by
¢N:R — [0, 00) the function gy (1) = ¢(t/N). We denote by P’ the Fourier multi-
plier operator induced by ¢y . -

In Section 6 we will use a smooth cutoff for the spatial frequency truncation operator
on T. For a dyadic number N € 2N, we denote by P-n the smooth Littlewood—Paley
operator on T, i.e., P<xy denotes the Fourier multiplier operator induced by ¢ . We also

denote by 6y = P 6 the function on T defined as 37;1901\/.

Paraproducts. We use paraproduct decompositions on spatial frequencies. Given func-
tions u and v defined on either T¢ or R x T¢, we denote their paraproducts by

7w (u,v) = Z upyvy and w<(u,v):= Z UMUN,
M>32N N>32M
where the summations are made over dyadic numbers. Similarly, we also use the notation
7>, v) = ZMZ%GN upy vy and < (u,v) ;= ZNE%M UMUN.
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Interpolations. We use various function spaces for functions defined on T% or R x T¢,
such as L”-based spaces, atomic spaces, and the spaces X® and Y* generated from the
atomic spaces. Each space is a Banach space and we denote the norm of a Banach space
B by || /s

We denote by B’ the dual of B with respect to the inner product (u, v) := f Uv over
the domain T¢ or R x T¥.

A finite collection of Banach spaces (Bj, ..., By) is said to be an interpolation tuple
if By, ..., B, can be embedded simultaneously in a Hausdorff topological vector space.
For an interpolation tuple (By, ..., B,), we define the intersection and the sum of Banach
spaces ()j—; Bj and )_7_, B; by the norms

Il 5, = max ul,

and
Il g =, inf Sl
uJ-EBj J
respectively.

We use conventional notation for interpolation spaces. Let 6 € (0, 1) and let (By, B1)
be an interpolation couple. The complex interpolation space between By and B; of expo-
nent @ is denoted by [Byg, B1]g.

Given g € [1, 0o], the real interpolation space between By and B of exponent 6 and
parameter ¢ is denoted by (By, B1)g,q. (For more details, see, for example, [4].)

2.2. Function spaces

Here we collect well-known facts regarding function spaces.
Given ¢ € [1,00] and a Banach space E defined on T<, the mixed norm LYE = LIE

is defined as
1/q
hlos == (/Ruu(z)ug dt) .

We omit the subscript ¢ for simplicity of notation.
More generally, for m € N, we denote by W4 E the norm

m
lellwmaz := Y 1197 ullLok.
j=0

Given p € (1,00) and s € R, we denote by H%?(T?) the (fractional regularity)
Sobolev space given by the norm | f||gsr = ||fx_1(f(§) (V) Lr(ray, where (£)
denotes /1 + |£|2.

Given s € R, p,q € [1, oc], and a Banach space E defined on T¢, we define the
(vector-valued) Besov space B, ,E = (B} ;):Ex as the dyadic summation of time
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frequency cutoffs,

1/q
lullzg, = :=( 3 NqsnvaunipE) + I PLyullLoE.

NeaN

More generally, for a spacetime Banach space F of functions defined on R x T4, we
denote by ££.. F the norm

1/q
lullgs, :=( 3 NqsnP;vuan) + 1 PLyul .
Ne2N

In particular, the time Besov space B, , E is norm equivalent to L LPE.
For spatial frequencies, we use the notation £¢ for Banach spaces on both T¢ and
R x T4, For Banach spaces E and F defined on T4 and R x T¢ , respectively, we define

g g = ( >

1/q
N“nuNn‘g) T s le
Ne2N

and
1/q
ligri= (X Nl ) "+ sl
Ne2N
Unlike the Besov space notation, both £¢ and £{., can be applied to a spacetime function
space, so we use a subscript t to distinguish them. When s = 0, we omit the subscripts
from £¢ and Zg;r, denoting them by ¢4 and ¢%, respectively.
Proposition 2.1 ([1]). We have the following embedding relations:
(1) Fors € (0,1) and p € (1, 00), we have

» » |u(x) —u(y)|>1’ d(x,y)
~ . 2.1
Iy ray ~ ke + [ () S @

Similarly, for a Banach space E on T?, we have

u(t1) —u(@)||E\2d(t1,12)
Ik, ~ Wl + | ) e

oo E EPE T Jrxr [t1 — 2] lt1 — 2]

(2) Fors € Rand p € [2,00), we have

Il gy ,cvay < Nullps.eeray < Nullps ,ra)- (2.3)

When p € (1, 2], the opposite embedding relation holds.

Proof. Estimate (2.2) is introduced, for example, in [1, equation (5.8)]. Estimates (2.1)
and (2.3) are known properties for RY; (2.1)is a special case of [1, equation (5.8)], and
for (2.3), see, for example, [4, Theorem 6.4.4]. These results can be shown similarly on
T4 via the Littlewood—Paley theory on T¢. ]
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The proposition below provides facts for function-valued Besov spaces regarding
embeddings, Bernstein inequalities, and interpolations.

Proposition 2.2 ([1,2, 19]). In this proposition, we denote by sg the number sg = (1 —
0)so + Os1, where the numbers soy and s| are given in each corresponding statement and
0 € (0, 1) is an arbitrary number. Similarly, we denote by pg and qg the numbers such

1 _1-6 , 6 1 _16 6 L
that 2= 20 T o and 7 o T respectively.

Let E and E;, j = 0,1 be Banach spaces on T4, For a spacetime function f:R x
T4 — C, we have the following embedding relations:

e Forl < p<ooandm € N, we have

IfBgce S | flwmee <\ fBpE- (24

e Forl<p<p<ooandl <g < oo, we have
I fllLrae SN S llgys-ieg- (2.5)
20

e Forl<p<p<ooand M € 2N, we have

|Piy fllLre < MYP7YP|PL Fllsg. (2.6)

e Forl<p<p<oo l=<q<=<oo ands €R, wehave

I flBy,E < ||f||B;;1/ﬁ—1/pE- 2.7
e For p,q € (1,00) and s € R, assuming further that E' is separable, we have

1/ g2y ~ 1f B3, 5 (28)

* Forpe|l,00),qo,q1,n € [1,00], and sp, s1 € R such that sg # s1, we have

||f||(Bso E qu E)gy ”f”B;?nE' (2.9

0,40

e For py, p1 €[1,00), qo,q1 € [1,00], s0,51 € R, and an interpolation couple (Ey, E1),
we have

1SN i85 oo Eo, B3ty 110 ~ WS B30 10 - (2.10)

Proof. Estimate (2.4) is given in [2, equation (3.6)]; (2.5) is given in [19, Lemma 2.4 (1)];
(2.6) and (2.7) are direct consequences of (2.5); and (2.8) is given in [1, equation (5.22)]. In
[1, Lemma 5.1], it is shown that B;j 7 E are retracts of Efl (L? E) with a common retraction,
which implies (2.10) and (2.9) (see, for example, [4, Sections 6.4, 5.6]). [

Proposition 2.3. Let E;, j = 1,2, 3 be Banach spaces on T¢ satisfying the inequality

‘/ fehdx
Td

S I lle gl e 7]l Es- 2.11)
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Lets; € R, p; € (1,00), g; € [1,00], j = 1,2, 3 be exponents satisfying the inequalities

1
s1+82+53>0, sp+s53>0, — >ysq,

p1
and the scaling conditions
1 1 1 1 1 1
—+ —+—=s1+t+s2+s3+1 and —+—+—=1.
pr P2 P3 91 492 43

We have the estimate

2

L<M=<N

t . t . t < s s s
| LS P Pihaxdi Sy, g8 sg e Wl e 212

Proof. Since s, is of the lowest frequency and sy + s2 + s3 > 0, by increasing s; and
decreasing s, + s3, we may assume s; > 0 in advance.

Similarly, since the frequencies M and N are comparable and i + ﬁ =5+ 53+
s1+1— ﬁ > 55 + 53 > 0, by perturbing s, and s3 keeping s, + 53 fixed, we may assume
é > s, > 0 and % > 53 > 0 in advance.

Foreach j = 1,2, 3, by plj > s; > 0 and (2.5), we have the embedding B;j:,qu s

LPi-4 E, where p; is the exponent % = i — sj. By scaling conditions, we have % +
J J

% + % = qll + qiz + q% = 1, which implies (2.12). ]
As a particular consequence, we have product rules for time Besov spaces.

Corollary 2.4. Let E;, j = 1,2,3 be Banach spaces satisfying (2.11). Let s; € R, p; €

(1,00), qj € [1,00], j =1,2,3 be parameters such that s + s, + 53 > 0, pij > §;,

b+ =sit st Lad -+ -+ =1

2
(1) Assume sy + s > 0, s1 + 53 > 0, and s, + s3 > 0. Then we have
- <
luv ”Bp/:?q/s E} ~ flu ||B;{s‘11 E; ||U||B;§’q2 Ey (2.13)
(2) Assume s1 + 5o > 0 and s, + s3 > 0. Then we have
- <
It v)lg e, g S el 100 (2.14)

Proof. Estimates (2.13) and (2.14) are direct consequences of (2.12) and dualities. For
(2.13), the high-frequency terms can be either (u, v), (4, 7<(u, v)), or (v, t<(u, v)),
so we assume all of s; + 55 > 0, 51 + 53 > 0, and s, + s3 > 0. For (2.14), the high-
frequency terms can be either (u, v) or (v, m<(u, v)), so we require only 51 + s, > 0 and
S2 + 853 > 0. n

Proposition 2.2, (2.13), and (2.14) can be shown similarly on (scalar-valued) Besov
spaces on T¢, unless they are L'- or L%-based. This can be done via estimates on
Littlewood—Paley convolution kernels on T¥.
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Next we state the fractional chain rule for Holder continuous functions.

Lemma 2.5. Let F € C%*(C), a € (0,1). Let s € (0,a), 0 > 0, and p, p1, p2 € (1,00)
be exponents satisfying % = ﬁ + é and (o — %)pl > 1. We have

(O PP 1 e 1

(2.15)
Proof In [21], (2.15) is proved for o < 1. For o > 1, we choose & € (3, 1) and let p; :=
(e _;) p1and py = % - %. Since ¢ < 1, by complex interpolation, we have

s
IF@)|msr S ||u||L(an el 55,
s
S M P T * o
s s_ s
~ Hu”L(D‘—*)Pl ' ||u||Z( 0%)1,1 ” ”;Ig P>
5
oS S 1 A "

A similar result on higher Holder regularities can be deduced.

Lemma 2.6. Letx > 1 and m € Z. Let F:C — C be the function F(z) := |z|*™"z™.
Let s € [0,a) and p, p1, p2 € (1,00) be exponents satisfying % = "‘p;ll + ﬁ. Then, for
u: T4 — C, we have

IFE@)mse < Nullga lullzsrz. (2.16)

Proof. We use an induction on «. First, we focus on the case of 1 <« <2. When0 <s <1,
(2.16) is the well-known fractional chain rule. Assume 1 < s < «. Define numbers ¢, r,

~ s_sl __=l__ 1=l_l i
re(l,oo)asq— + T =7 and > q,whereweuseds<oz.Us1ng
1 _ ati-2  1-

T p pz’

derivatives, we have

IVE@)lgs-1.p = IVt - 32 F () + V- 92 F () || grs-1.0
S IVl gs=1p: (1102 F ) |- + [0z F ()| 2r)
+ IVullza (102 F ()l grs—17 + 1102 F ()| grs—17)

; o1l el amiost oL
< uelzsre o+ el o el - Nl ™ Nl i

< ||”||Lp1 [t || 502,
which implies
IF@) e < IF@llLe + IVE @) ms-10 < lullo! lullzse.

Now we fix an integer N > 2 and assume that (2.16) holds when o < N. We claim that
(2.16) holds for@ < N + 1 as well.
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Define the numbers g, r, qk, Fr,0<k<l|s]—las= =

qk
s—1-k 1+k 1
nd =— = —— —~—:——~— hV
aqu p1 +p2’rk p qk We have

IV(F @) || zs-1.0 = IVt - 92 F(u) + Ve - 95 F (u) || 1.0
Ls]—1
S D0 VUl g1t (102 F @) | e + 1102 F )| i)
k=0
ls]—1
+ Y IVl grag (192 F )| grom1-x + 102 F @) s-1-k.7,)
k=0

< lullgo Nullgs-en.

where we used complex interpolations to bound norms of Vu, and used (2.15) and the
induction hypothesis to bound norms of d, F (1) and 9z F (u).
It follows that

IF@)zsr S NF@ILr + IVF@)as-10 < (g 1l moe,
which finishes the proof by induction on N. ]

Next we propose a Sobolev—Slobodeckij version of the fractional Holder inequality.

Lemma 2.7. Fixs € (0,1), p € (1,00), « € (0,1), and F € C**(C). Foru € B ,(T%),
we have

1P, oy Sl oy 2.17)

Proof. The proof naturally follows from the Holder continuity of F':

IF)|Z&  ~ | F)|”®, + /d d(|F(”(x))—F(u(y))l)p/a d(x,y)

Bsa’ Lple |x_y|so¢ |x—y|d

- () ()l .
s, + [, R ) e S,

We also have a spacetime version of the fractional chain rule for Besov spaces.

Lemma 2.8. Let 5o, 51 > 0 be exponents satisfying 2so + s1 < 1. Fix p € (1,00),« €
(0, 1), and a function F € CO’“(C). Foru:R x T¢ — C, we have
Soo s < o
”F(u)”B (/) p/Oth} /e ” ||Lszs0+slnBs0+s1/2Lp' (218)
Proof. From the assumptions sg, 51 > 0, 0 < 259 + 57 < 1, and « € (0, 1), we have
50, 81, S0, $1&, 259 + 51,50 + 51/2 € (0, 1). Thus, (2.1), (2.2), and (2.17) are applica-
ble to each Besov space in (2.18).
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By (2.2), we have

IIF(u)IIBsoa g1 SIFW)|ppapne
p/a,p/a”p/a,p/a plo.p/o
pla
/ 1) = FadG G g o\
+
RxR |t — s|%0P |t —s]
=I+1

We estimate I using (2.17):
L= NF@ e S 05 gy S I, sy
To estimate II, we further decompose II using (2.1):

LIS ”F(”)”B;(/)Zp/ame

1 1
Nyt
RxR |[f —8[%0P Jpaya |x — y[51P

| F(u)(t, x) — F(u)(s,x) — FQ)(t, ) + Fu)(s, y)[?/®

d(x,y) d(t,s))"‘/”
|x =yl |t — ]
=1l + 1Ip.

We estimate 114 using an argument similar to (2.17):

I

IE@Olgsoe  posa < Nl 15 < NtllZsg 1512
Byp

LP

We estimate I 5. For variables #g,7; € R and xg, x; € T¢, let cj = lu(ty, xo) —u(t;, x1)|
and d; := |u(tp, x;) — u(t1, x;)|. Then we have

| F(u)(to, X0) — F(u)(to, x1) — F(u)(t1,x0) + Fu)(tr,x1)|"/*
< min{max{cy, ¢1 }, max{dy, d1 }}

= max min{c;,d,;}. (2.19)
i,je{0,1}

By (2.19) and the symmetry of (x, y) and (z, s) in integrals, we have

e = [ [P0 = Fan = P + Fs )

d(x,y) d(t,s)
) |x _y|s1p+d ' |l _S|S0P+1

/ / min{u(z. x) — us. ). [u(t x) — u(t, y))?
RxR JTdxTd

dix.y) _d(t.s)
x =y st
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d(x, d(t,
5/ lu(t, x) —u(t, y)|? - (x.y) - (z,5) 1
Jt=s|z|x—y|? |x — y[siptd |t — g[sopt
d(x,y) d(t,s)
+ u(t,x) —u(s, x)|? - .
/It—sslx—yz lutt, x) s, x| |x — y|s1ptd |t — g|sop+1
d(x,y)
< _ . .
N/R/de lu(t, x) —u(t, y)| oy [GasnrTd dt

d(t,s)
— P > .
+ /Td /l;xR Ju(t, x) —u(s. x)| |t _s|(so+s1/2)17+1 dx

<// (|M(f,x)—u(t,y)|)P‘ d(x,y) . dt
~ r Jraxra N |x — y[?otst |x —y|4

lu(t, x) —u(s, x)|\? d(t,s)
cdx -
o f O ) 5

S l?, gy + s,

which finishes the proof of (2.18). [

Remark 2.9. The parameter 2 in (2.18) is replaceable. Indeed, for every A > 0, we
h F s sie < o by th t. Thy

can show || (u)||3pt/>a’p/a3p}u’p/u < ”u”LPij,P*”mB;?;SI/*Lp y the same argument. The

choice A = 2 is for the scaling of the Schrodinger operator.

2.3. Schrodinger operators, Strichartz estimates, and atomic spaces

We collect Strichartz estimates for linear Schrodinger operators on tori, properties of the
atomic spaces, and Galilean invariance properties.

Schrodinger operators. For a function ¢: T? — C and ¢ € R, we denote by e!’2¢ the
function such that

Bg(E) = e G(E).
For a function f:R x T4 — C, we denote the retarded Schrodinger operator KT by

t

Kt @) := / eI £(5) ds.
—00
Strichartz estimates and atomic spaces. The following are the kernel estimate and the
L7 ,-Strichartz estimate for the Schrodinger operator on T, first shown in [6]:

Proposition 2.10 ([6, Lemma 3.18]). On T, for dyadic N € 2N and coprime integers |

1 1
and m such that1 <l <m <Nand|t—ﬁ| <N we have

N

88 (1, %) < —
Jm(1+ Nt - Lji72)

(2.20)
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Proposition 2.11 ([6, equation (2.2)]). On the domain [0, T] x T, where T > 0, for any
function f € L?’/; + L'L2, we have

+ <
1K™ Flls ooz ST p1o- (221)

The following is a scale-invariant Strichartz estimate for general tori, which is a main
ingredient of the proof of Theorem 1.1. This was first shown for rational tori in [7]. For
general tori, a subcritical version was first shown in [7] and was sharpened to the critical
scale in [15].

Proposition 2.12 ([6,7,15]). Fix p € (242 o0). Let o = 4 — <42, Fix a finite interval
I C R. For N € 2N we have

||PN€itAf||L{X(1de) Spt I/ Lo (T ay- (2.22)

Next we recall the definition of atomic spaces U” and V?. Although we will not
directly use U?, VP-structures to construct the function spaces for the well-posedness,
we will still use their embedding properties. Here we collect facts relevant to them. For a
general theory, we refer to [9, 10, 17].

Definition 2.13 (Atomic spaces, [10]). Let H be a separable Hilbert space. Let Z be the
collection of finite nondecreasing sequences {7 }f:() in (—o0,00]. For 1 < p < o0, we call
a:R — H aUP-atomif a can be expressed as a = Zle Xt y.t2) Pk Zle lwcllfy = 1.
We define U? H as the space of all functions u: R — H that can be represented as u =
Zjo-il Ajaj, where a; is a U”-atom for each j € N and {A;} € £! is a complex-valued
sequence, equipped with the norm

lullyr s = inf{3"72, |4 cu =332, Aja;, A; € C, a; : UP-atom}.

We define V? H as the space of all functions u: R — H with ||u|yrg < oo, where the
norm is defined as

K
ol == sup > llute) — ulte—) 1%
ek o€z =1

where the convention u(oc0) = 0 is used. Then we define V;¥ H as the subspace of V? H
of right-continuous functions u: R — H satisfying lim;_,_oc () = 0. For simplicity of
notation, we omit H in UPH, VP H, V;’ H when H ~ C. Based on this, we define the
spaces UYH, VY H, VAP’ICH as the images by the map u > e¢'"2u of UPH,VP?H, VL H,
respectively.

We define Y as the space of u: R x T? — C such that #i(n) lies in V2 for each n € Z4
and

lullys := 3 > e Fu@ @z < oo,
neZzd
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While the space Y* is defined on the full domain R x T, since Strichartz estimates
such as (2.22) depend on the size of a time interval, we often need to restrict the space to
a finite interval. Given a time interval /, the Y* space corresponding to I, Y*(7), is the
restriction of the Y* space to the domain / x T¢.

In particular, in the proof of Theorem 1.1, we will always consider Y * and all the other
solution spaces localized on a short time interval containing O to avoid any issue with the
interval size.

The space Y is used in [10, 15, 18]. Some well-known properties of such atomic
spaces are the following propositions:

Proposition 2.14 ([10]). Fix s € R. Fix a finite time interval I and the corresponding Y *
space. We have the following:

(1) Let A and B be disjoint subsets of Z.¢. We have
| Paupull3s = | Paull3s + || Ppull3s (E?-structure).
(2) Forgq > 2, we have
URH® —Y® <V H® < U{H* < L®H"

Proposition 2.15 (Strichartz estimates). Fix a finite time interval I and the corresponding
Y*S space. Fix p € (@, o). Leto = % — %. Denote the diameter of a set S C 7.4

by diam(S). We have the following estimates:
e Let C C Z% be a square cube. We have the estimate

lxr PeullLr, <p.r (diam(C))7 || Pcullyo. (2.23)

* Fors € R and a function f:1 x T C, we have

IKF fllys <o llfllr-sy- (2.24)

Estimate (2.23) is a consequence of (2.22) used, for example, in [15]. It is obtained
using the atomic structure and the Galilean invariance of the ¥ ° norm.
Estimate (2.24) is a version of the U? — V2 dual estimate; see [10].!

Galilean transforms. We denote the Galilean transform with a shift & € Z¢ by I £:S'(R x
T4) — §'(R x T4), where §' denotes the set of tempered distributions, which maps
u:RxT4 - Cto

Tsu(t, x) = eI ETIER (¢ x 21,

We collect some elementary properties of the Galilean transforms. In particular, the
Y 9 norm is invariant under the Galilean transforms.

'In other literature, such as [10, 15, 18], (2.24) is obtained from the duality between X and Y*. Since
XS — Y*, we still have (2.24).
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Proposition 2.16. Foru € S'(R x T¢) and &, 1 € Z%, we have the following:

o ({0 +A)gu = Ie(i0; + A)u.

e Ielhyu=Igqyu

e Foreach set C C Zd, we have Pc¢lzu = I¢ Pcu.

e The Y° norm is invariant under the Galilean transforms, i.e., |u|yo = || I¢u| yo.

»  The spacetime Fourier transform of Ieu can be written as

Teu(r,n) = i(t +2n - £ — |E7n = §).

3. Z°® spaces

In this section we introduce our main function spaces Z° = Z*(R x T¢) for the local
well-posedness theorem. We fix a sufficiently small number o > 0 and the corresponding
parameter p, depending only on d and s:

d+2
o=o0(d,s) <1 and p:=djL , 3.
E—O'

where o has to approach 0 as d — oo or s — 0. For example, it suffices to choose o =
10_10101010d+1/s
3.1. Strichartz estimates

In this subsection we prove that the ¥'© norm is stronger than certain time Besov spaces.
For this, we start with a lemma that helps estimate time Besov norms of U 7 -atoms.

Lemma 3.1. Let E be a Banach space on T?. Let ¢ € (1, 00) and a € (0, %). Given a
finite collection of disjoint intervals Iy, ..., I, C R and functions fi,..., fa € BJ | E,

we have
n n 1/q
S San (LWl e) (2
]=

Jj=1
Here, xj is the sharp cutoff of 1. We emphasize that (3.2) is independent of the choice of
{1}

Proof. Letr = 11‘; Since the [; are disjoint, we have
q
n 1/r
(Xustie)
L'E i=1
n 1/r
3 (Z”fj”%glE) : (3.3)
j=1 '

B o E

n

ijxlj

J=1

n
= foxl/

0
Br,oo
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For each j, let <pj(-k) be an approximation of the sharp cutoff yy,, i.., <pj( ) = = x1; * $x,

where we set ¢y as ¢x (1) = k¢ (kt) with ¢ € C2°(R) chosen as a fixed function such that
Jg ¢ dt = 1. Then we have ||8t<p( )||L1 + ||g0(k)||Loo <1.
For each j, we have

(|9 (fﬂP] Nz < 19: £ - €0, Mg + 145 - 3:% Nie
(k
<10 filli gl e + 11fi I e 1900 N1

S Ifilwie

Thus, by (2.4), we have

Zf} (k)

Foreach M € ZN, we have

ij (k)

n n
<D Whilwiae £ D01 fls 5
TE o j=1

loo

iy Zf] "

Taking M — oo, we have Z?:l fixr € BII’OOE and

n
H P;M Z Jix
j=1

= lim ’
k—o00

n
S Ils
ji=1

1,00 15

i X1

n
< 1 filg e (3.4)
j=1

1,00

Since r = ;:‘;‘l implies (1 — é) /(1 — %) = 1 — o, by a complex interpolation between
(3.3) and (3.4), we have (3.2). ]

The next lemma presents a Strichartz estimate in time Besov spaces. In the proof of
the next lemma, we will use a real interpolation technique, which is also used in many
contexts, e.g., [14]. We will first show the estimate with the spacetime frequency domain
restricted to a fixed support. Such an estimate gives information only on Besov spaces
of parameter 0o, i.e., By .. We will improve that estimate by using (2.9) with perturbed
choices of exponents. This kind of technique will be frequently used in later proofs.

Let y:R — [0 00) be a smooth even bump function such that ¥|_; ;3 = 1 and

Supp(l/f) - [_ 10° 10

Lemma 3.2. Leto and p be asin (3.1). Fixa € (0, %). Let B =0 + 2a. Forevery N € 2N
and f € L'L?, we have

IWK* fwllse,Le Saw NPISlLiL2, (3.5)

where fxy = Py f.
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Proof. Letu = K fi. We first claim that for @ € (0, %) and M € 2N, we have

1Py (Ww)llzrLe S MTENTF2 fliL12. (3.6)

Once we have (3.6), we plug in o € (0, @) and o1 € («, %) to obtain
N PINTRS N2 fllpig2, j =0,1. (3.7)

Applying a real interpolation of parameter 1 to (3.7) gives (3.5) for a € (0, %).
Now we prove the claim (3.6). When M ~ N2, (3.6) is merely (2.22). From now, we
assume M ~ N2. With this assumption, we have

|7 + §[°] ~ max{M, N?}.

Since (id; + A)u = fw, we have (id; + A) P}, (Yu) = Pi,(Vfn + iy,u). Thus, we
have

|Ph e, S M2 NGCTR) PL )2,

FuaPiy (W + i)

1
T+ |E|2 L2¢2

N —maX{M N7 1Pa (W fw + i)z,
My NG
_MUTeNTETY .
max(M. N2} VN + iveullpiz2

SMTENTT f Lo

1 1_1
M NYCTP) oy aot2d 1
W = M N since the SC&]CS matCh as 2(1 — ;) +

2

d3-3)-2=4-42=6="20+ (@0 +2d)and—a € (—5,0) C (-5, 1— 7). =

Here we have

Now we transfer Lemma 3.2 to an estimate regarding Y °.

Lemma 3.3. Let o, p, a, and B be as in Lemma 3.2. For u € Y°, we have
1/2
(Z v iunlyr) =10l mg,ir < lulyo. G
Ne2N

Proof. Let & € (0, 5). By (3.2) and (3.5), for {ix}f_, € Z, N € 2N, and {¢¢}K_, in
L2(T?), we have

K
HwPN Yy tip]  Spa NI el
=1

17,°°L
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In other words, we have
lve™ fullpgrr Spa NP

for every U? L?-atom f = Zle Bj * Altj—1.t)» 1€ Zle lo; ||I"j2 = 1. Using the embed-
ding Y% < UZL?, we have

[VunlBgrLr < N2 Jlunlyo

for u € Y°. Then, by the real interpolation argument used in Lemma 3.2, we arrive at
lyunlipe r < N8 |luy|lyo, which implies (3.8) due to Y° = £2Y°. "

3.2. Definition of Z° spaces

We now introduce a function space for the well-posedness problem. In the introduction,
we explained a limitation of the conventional candidate, the Y* space. Large data a priori
bounds were obtained in [10, 15, 18] using an argument that works only when the nonlin-
earity M (u) is either algebraic or sufficiently regular, i.e., a > 2.

Here we overcome this difficulty by introducing a new function space Z*. We hope
to keep bringing up the favorable embedding properties of the Y* space. Still, using an
L?-structure for the time variable, we make the Z* norm shrink to zero as the length of
the time interval goes to zero.

Indeed, we look for Z* weaker than Y*, i.e., Z* <= Y5. While the embedding Z* <«
Y$ makes the retarded estimate K+: (Z ™) — Z* immediate, it also makes the bilinear
estimate based on Z°* stronger than that based on Y*. Thus we focus on the structure of
the norm we use in our proof of the main bilinear estimate.

In Section 3.3 we will prove our bilinear estimate using the identity

/ vinA dx dt :/ Iev- Tzw - JgAdx di (3.9)
RxT4d RxT4d

forv,w,A:R x T4 — C and IS 74, where Je denotes the shear effect J A(¢, x) :=
A(t, x — 2t§). To prove the bilinear estimate, we will partition the spatial frequency
domain into congruent cubes C C 74, then apply (3.9) to each C with the shift £ that
translates the center of C to the origin. Combining spacetime regularities of v, w, A: R x
T4 — C and the shear effect Je will give an extra gain of decay that we mentioned in
the introduction. To use the Galilean structure, frequency partitioning, and time Besov
regularity, we are motivated to consider a norm of the form

max R7P| 1y P<rlrkullse, o | 2 ezay

where « and 8 are some scaling-critical exponents.
Inspired by this observation, we design a new space Z*%.
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Definition 3.4. Let o and p be as in (3.1). We define Z° = Z*(R x T¢) as a Banach
space given by the norm

lullzs = max |[[Yunlrorr g, e
q€lp, 5]

max max RP P_srIgiu 3.10
+ aefo, 5 —o]ll Re2M H IV P<srlriun ” aL? le(kezd) 2(Ne2Ny’ ( )
R<8N
where scaling conditions d; = % -0 — % and B = 0 + 2« are imposed.

Similarly, Z° is defined as (3.10) with s replaced by 0.

Remark 3.5. As seen in (3.5), the scaling conditions 8 = 0 4+ 2« and p = d+2 make
§-

the embedding Y < €2 ; By | L? scaling invariant with the scale of C°L?. For the same
reason, Z* and Z° spaces have scales identical to those of ¥ and Y °, respectively.

In view of complex interpolations, ||u||zs is equivalent to (3.10) with ¢ and « at the
endpoints of the intervals.

We collect elementary properties of the space Z*.
Lemma 3.6. We have the following properties:
» For a finite interval I C R, we have the embedding
(2% =(Z75) - @Y ys o zs = 022z°. (3.11)
e For a finite interval I C R, we have
- xrllzs < llullzs. (3.12)

This estimate is uniform in the choice of I.

e Foru € Z*, we have

lim |lu- xpo,77llzs = 0. (3.13)
T—0+t
e Letqg € |p, %] and r be parameters such that % + d; = % — 0. We have
IVullLags—or < IYullLapsse S MVl parr < llullzs. (3.14)

e Leta e [o,%—a] and B = o + 20. We have
Wullge, psp < Wl ge, 1o < Ml (3.15)

Similar properties hold with s replaced by 0.

Proof. In (3.11) we show that Z% is weaker than Y*. In (3.15) we bring the Strichartz
estimate (3.8) to Z°. Most importantly, in (3.13), we show that the Z° norm of a free
evolution converges to 0 as the time cutoff shrinks.
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(1) We show
Y — Z°. (3.16)

Once we have (3.16), by duality and (2.24), (3.11) follows.
We decompose the equation for Z* as follows:

fillze = aelp 1] [vunlizar |z, ovear)
‘o
i=g-g-3
+ max max R~P P_grIpiu
aclo, L —o]ll Rea™ [ Psklrittn g o |aeezay (2(Ne2N)
p=o+20 R=8N
=I141IL

We bound I first. We fix ¢ € [p, %] and r € (2, 00) satisfying % + % = % — 0. Since the
spacetime norms L L2, EEGL“’L(I/Z_"M)_I, 2 LPLP 2 LIL", and Y° have the
same scale, a complex interpolation between ||1/’“”£2_0L°°L(1/2*0/d)‘1 < [Yullp2poeorz S
[ullyo and [[Yullpz_prrr < llullyo gives [|Yullz_pqpr < [lullyo. Therefore, we have

I= max, Myunllzarrllez_,veany S lullzyo = llullys.
€lp.+

d_d

—d_5_2
Fr=270 q

To bound II, we fix o € [o, % —o]and R € 2N, Let B = 2 + 0. By (3.8) and the
Galilean invariance of the Y° norm, we have
R_ﬂ ” ||WP58R IRkuN ”Bg,le ”Ez(keZd) < ” | P58R IRkun|lyo ”gz(kezd)
S W Rk P_gy1—sr s r1a Un llyo ||€2(keZd)
< W P-_gis1-sr gricn llyo ||ez(kezd)
S luwllyo.
which implies II < ||u||yo immediately.

(2) In fact, the stability under time cutoffs holds true for any time Besov space. We prove
a more general statement: For any Banach space E on T¢, « € (0, %), qgell,o], f €
Bg’ qE , and any interval / C R, we have

I fx1lBg,E Sepa IL.f |BE, E- (3.17)

Once we have (3.17), (3.12) follows directly.
For o € (0,) and oy € (v, %), by (3.2) we have

1 xS WSl o 7 =01 (3.18)

Thus, applying a real interpolation of parameter ¢ to (3.18) gives (3.17).
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(3) We claim that for N, R € 2N, « € [o, % — o),k € Z?, andu € Z°, we have
lim || P<srIRiun - X[o,71llB2, L2 = O. (3.19)
T—0+ P

Once we have (3.19), since we can deduce by (3.17) that

max | sup |[yun - xorilzorr | o vear
qe{p.t} "Telo,1] £ s(Ne2N)
d_d_g >
r 2 q
+ max | max R7P| sup |YP<srlriun - xjo.71ll5e. Lr )
ae{o,;—o} ! Re2N ”Te[O,l] = [0,TTIB; ng(keZ) 2WweN)
— R<8N
B=0+2a
< 00,

by the dominated convergence theorem, it follows that

lim |ju -
T_)0+|| X[O,T]”zs

= lim max lYun - xro.m1llLerr
im, [ Xl
d_d_,_2
r 2 q

£2_s(Ne2N)

+ lim max

max R_ﬁ “ ||1//P§8R1RkuN * X[0,T] ”BO‘ILP ”(Z(kEZd)

T—0+ ae{a,%fo} Re2N s 2(Ne2N)
B=0+2a R=8N
= max lim [[Yupn - xpo,m1llLaLr || 2 N
q€{p. 1} HT—>0+ (.71 bio(NE2T)
f=4-s-3
+ max max R7P| lim |y P<srlgiun - xjo.r1lBe. Lo
aE{o,%—a} Re2N HT—>0+”1/I - o, ]”B”’IL ”Zz(keZd) 2(Ne2N)
B=0+2a
=0.

Now we show the claim (3.19). Let f = P<grlrrun. Choose oy € («, %). Since
[ullzs < oo, we have || || g+, , < 00. By (3.17), for a dyadic number M € 2N we have
D,1
sup ||P£M(f'X[o,T])||BgILP SMO* sup |If - xo1ll g+ p
Telo,1] ' Telo,1] .1
S MO Sl g
As a consequence, we have (3.19).

(4) Sinceq,r € (2,00), applying £2_, LIL" < L9142 L" = L4 B;,7 to (3.10), we have
(3.14).

(5) Now, since p > 2, we have Bg,zB;,_zﬂ = 0 LT 4L < 0360 JL7LY =
6 gla LTLY =€ _gBy,LP. Thus, we have

[Vulge s < Wl mg 20 < INPIUP<svunlag, olgovenr < Iz ®
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3.3. Bilinear estimates

In this subsection we prove the main bilinear estimate (3.25), as introduced in (1.5). To
obtain the decay in (3.25), we use the identity for functions f,g, A:R x T4 — C:

/ fgAdxdt =/ Ie f - Ieg - JeAdx dt, (3.20)
RxT49 RxT4
where
JeA(t, x) = A(t, x — 2t§).
We first estimate Jg A in Besov spaces.

Lemma 3.7. For a dyadic number N € 2N, an integer point k € 7.4 \ {0, and a function
1

Ae Bf’lLl, we have

d

2

I InvkAnll -y SN
B,, L2

THNTE KOy (3.21)
BI,IL1

Proof. We choose a coordinate vector e; such that k = k - e; ~ |k|. Let k' = k — ke;j.
Since Jyr A(z,£) = A(t + 2Nk - £, &), for a dyadic number M € 2N, we have

_1
IR EEEDD /R (051 e Tk Ply An) (2. )P d t

2,2 {-‘GZd

£ Y [0 TPl A @+ 2Nk £ P dr

(t)"%|A(t + 2Nk -£,8)[*dt

A
]
—

fe[-N.NJ —2Nk-E+[-10M,10M]

_1 ~
< Z M(Nk - §) 4'||A||%f;°eg°
ge[-N,N]4
_1 ~
< Z Z M(NK'-£" 4+ Nkn) 4'||A||ig°e§°
£ e[—N,N]4—1 ne[~N,N]

— 11
S MNTH A+ k| TEN )| AN7,
—1 —1 —1
SMNITZ(NTZ 4 k[THAN7,

Taking a square root, summing over M € 2N, and applying the triangle inequality, we
obtain (3.21), finishing the proof. |

Meanwhile, for 1 < r < g < oo, we have the embedding

11 (3.22)

dl_1
1IneAN 520 S IINkANDLs, = IANILg, S NCTONA] )y

r,r

Interpolating between (3.21) and (3.22), we have the following lemma.
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Lemma 3.8. Let Q2 be the open tetrahedron whose vertices are (%, 1, %), (0,1,0), (1,1,0),
1 1 .. .

and (0,0, 0). Let g, r, and p be parameters such that (5’ +»p) lies in Q. For a dyadic

number N € 2N, an integer point k € Z2 \ {0}, and a function A:R x T4 — C, we have

_ _ dl_1y_
1IveAN gz, L0 Sarp (N7 + N CCTOZ2004] 4oy (323)
We choose 071, ..., 04 > 0 satisfying
0K01 K0 K003 Koy K 1. (3.24)
101001+1/s
For example, if we choose 0 = 10-10" for (3.1), we can choose the o; as
d+1/s s
o = 10710, = om0 o3 = 1071077 5 — 10=d- s,

1 _ 2403 1 _ 2+403+03
Lemma 3.9. Let gy, ro, and? be1 the exponents such that T dra e T dvz o and

u,veZ% and frequencies N, R € 2N such that

0= q%) + % —2. ForAe Brfo,r_o%Bfo,oo’
N > 32R, we have

/ quNﬁARdxdt
RxT4

S llullzollvllzo (N/R)™ + RZHR ARl 10 (3.25)
o 40 Lo

7070
Proof. For simplicity of notation, we denote r = r¢ and ¢ = ¢o in this proof. Let «
and S be the parameters satisfying ‘11 + 01 + 2(% —a)=1and 8 = 20 + 0. Since

foTd V2unvpr AR dx dt is zero whenever M > 4N or M < %N, (3.25) follows once
we have for M ~ N the estimate

/1; a wzuNWAR dx dt
x

S llullzollvll zo ((N/R)™" + R_ZU‘)RGIIARIIBI !

rr

Due to (3.20), we have

/ vzﬁAdxdtz/ Igiv - Igpw - Jrr Adx dt
RxT4 RxT49

forv,w:R x T4 — C and k € Z%. We have

/ dwzuNmARdxdt
RxT

Z / 1//21/!]\/‘P(_R,R]d_szUMARdxdt
kezd RxT4d

> / V2 P_sr srid—2RUN - PR R1d—2RKVM AR dx d1
kezd TRXT!
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=|> A« VIR Pls g sR1—2RKUN * VI2RK PR K14 2R VM J2RK AR dX dt
kezd ' BXT

E / VP<sr2RkUN - Y P(_g g1 2R VM J2RK AR dX d1|.
RxT4
kezd

Using 0 < 01 < @, é + o1 + 2(% —a) = 1, and (2.13), we continue to estimate:

< D IWP<srlarkun e, Lo ¥ P<sr ok vm |2, 10 I /2rK AR 21 Lo/ -
kezd

Again, using (1, r,ol) € Q, d( + —1)—201 =60 —28, (p/2) > ¢, (3.23), and
Bernstein estlmates we estimate

S Z ”WPSSRIZRkuN”B;"zLP”WPEgRlszvM”Bg’sz
kezd 1,2 1y
€ -Rd(r+1’ 1) 201(|k|—01 +R—201)||AR” :

Bl L
< Y RPIPsrloriunpe, 1o R7P [V P<srIarivM || B2, L0
(kT + R RO AR oy

B ILr

’

S lunlizollvsllzo ((N/RY™H + R721) - R9||AR||B1 .
where the last inequality holds since P<grI>rrtn is nonzero only if |k| = N/R. This
finishes the proof of (3.25). [

Lemma 3.10. Let qo, 1o, and 0 be defined in Lemma 3.9. For A € B,r(?,roqo Breo 0o and
u € Z° we have

STl Al g, (3.26)
"0’0 Bro,oo

/ V2 ul?Adx dt
RxT4

Proof. Again, we denote r = rp and ¢ = g in this proof. We decompose the left-hand
side of (3.26) into

/ V2 ulPAdx dt| < V2u -7 (i, A) dx dt
RxTd

RxTd

+ / Viu - (i1, A)dx dt|.
RxT4

We first estimate | [, a V2u - < (i1, A) dx dt|. This is simply estimated using the Besov

product rule (2.14) on T¢ and the embeddmg property of Z¢ (3.15). Let a and ,B be the

exponents such that <+ 2( —a)=1land ,3 =2& +0.Since & € [0 < —o]and 2,3 <0,

we have

/ Viu - (i1, A)dx dt
RxT4

2 2
Sl o glAl L < lulzollAll -

1 1
T q po Bl 9 [%
P27 p2 rr r,00 r,r r,00
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The main part of the proof is to estimate | [, a V2u - = (i1, A) dx dt|. Since
foTd V2up - s (itpg, AR) dx dt is zero whenever the dyadic frequencies N, M > R
are not comparable, by (3.25), we have

/ dw u-m-(u,Ar)dx dt| <
RxT

Z ||uN||zo((N/R)_01 + R 201)
N=16R

RO AR| 11
B,

r,r

Writing A = ) pe,n Ar, We have

[ ey drdi] 5 Y Ju Bo(N/RY + R 4]

Re2N
N>16R

2
< lulgolAll oy,
r,r r,00

_1
B/, Bl
.

which yields the estimate of | [, 4 V2u - s (i1, A) dx dt|. L]
As a consequence, we have the main estimate of this section.

Proposition 3.11. Let m € Z. Let ¥1: R — R be a C5° bump function satisfying
Vlsupp(y) = 1. Then, foru € Z* and v € Z°, we have

0™ - Y fu|* " u™ [l zoy < IvllzollullZs. (3.27)

where v* denotes either v or v.

1+04 = 1 _
d+2° F 2q0

+ , respectively, where g, g, and 6 are the exponents defined in

Proof. In this proof we use exponents 7, ¢, and 1 defined as % =
_d

and n = 5 —
Lemma 3.9.

First, we claim thatforu € Z%and 4 € B§ =B ., we have

2r0

[ Aulzz, < Tl zo Al o - (3.28)
Since ¢ > % - %, n > 6,and % < %, by (2.13), we have
<
1A% B ”A”BE,BZ,' (3.29)

By (3.26) and (3.29), we have [ y?uu|A|* dx dt < |lul|? 0||A||2

(3.28).
Next we claim that for m € Z, we have

0 which implies
r 7 r 7

I yu|®/>~ "W gt gy S |4/ (3.30)
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Once we have (3.30), by (3.28), we obtain (3.27) as the following dual form:

‘/ Yilu|*"u™ v wdx dt
RxTd
< a/2—m m, * X aj2
< v lyul w0 gz - Iy lyulPwlls
S w2 )™ (| e o 1]l e gn I0lzolwll 2o
rror,r r,ror,r
< | %s il zolw]l zo.

Since (2.18) holds only for functions of Holder regularities C%%, « € (0, 1), we first

decompose the exponent a/2 into ay, ..., ax € (0, 1) satisfying
ai+---+ax =a/2 (3.31)
and a; > o4 for j = 1,..., k. We partition |Yu|*/27™ (yu)™ into a product of k terms
of the form
k
[yl 2= ()™ = T lyul® ™™ (pu)™, (3.32)
j=1

where the m; € Z are certain integers, then estimate each term using (2.18).

Choose so >0 satisfying 04 Ld,a;,m; S0 <<d a ,m] 1. Let r and s be the exponents
satisfying (£ —so) = + —{and 2(+ —3$) =1 — %

Since s — 0 > 259 + sy and r € [p, 1] by (3 14) and (2.7), we have

[l ez < Nz, (333)

Choose o = %—%—i—so +s1/2and B =2« + 0. Since o € [0,%—0],0{ > 50 + 851/2,
and s — B8 > 0, by (3.15), (2.5), and (2.7), we have

[l grosonrzy, S 1Vl gy pros S oz (3.34)

Applying (2.13) and (2.18) to (3.32), since r > 2,50 -a; > ¢{ > 0,and s; -a; > n > 0, by
(3.33) and (3.34), we have

|/~ "W gt g S 1‘[|||vfu|”f ()™ ||, g
r ST

-1 laj “rlaj.r/a;

< al2
” llf ”L,BZSO-HI mBs0+s1/2Lr

2
< Jul%?,

which is just (3.30) and finishes the proof. ]
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4. Local well-posedness of (NLS)

In this section we prove Theorem 1.1, the local well-posedness of (NLS). We construct
solutions in the Z* space introduced in Section 3. Based on the key estimate, Proposi-
tion 3.11, we first prove the main nonlinear estimate (Lemma 4.4). On the way, we handle
nonalgebraic nonlinear terms using the Bony linearization. Since we construct solutions
by weak limits, we provide a separate argument for the continuous dependence. For this
purpose, we use an enhanced form of nonlinear estimate (see (4.7)).

Fix a C§°-function vy such that ¥ |sppcy,) = 1 and ¥ = 1 on some open interval
containing 0.

4.1. Nonlinear estimates

In this subsection we propose some estimates on /1N (1), where u: R x T4 — C. To
handle the nonalgebraicity of N (1), we use a paraproduct technique known as the Bony
linearization method. We decompose N (1) as a sum of

FY = N (uzy) = N (u<ny2)

over N € 2N, then estimate FII{v = PxF¥ interms of N, K € 2N, (We use the conven-
tional notation <1/, = 0.) Here, the following Bony linearization formula given in [18]
is used:

1 1
FN = uN/ 3N (u<n/z + Ouy) do + Lm/ Az N (u<n/z + Oun)do.  (4.1)
0 0

For simplicity of notation, we denote by AV:R x T4 — C2, N e 2N the function

1 1
AN = (/ BZN(MSN/z-F@uN)d@,/ 35N(M5N/2+QMN)d9)
0 0

and denote by u x A foru:R x T¢ — C and A = (A1, A2): R x T4 — C2 the function
uxA:=uA +uA,.

With this notation, (4.1) can be rewritten as F¥ = uy x AV.
The bilinear estimate (3.27) is transferred to the following estimate of F }(V :

Lemma 4.1. For N, K € 2N, we have
11 F lz-sy S lulls (K/NY - Jun | zs. 4.2)

Proof. 1t suffices to show |y FV l(zoy < llunllzollu|%s by frequency localization. By
(3.27), we have

1 FN | (zoy = llun x Y1 AN || (zoy

1
< / lun X Y10z N (u<n/2 + Oun), 0z N (u<n;2 + Oun))ll(zoy d6
0
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1
< / il zolusnyz + Ounll%: d6
0
< vl zo el %s.
which finishes the proof. ]

On the other hand, the fractional Holder inequalities give the following estimate:

Lemma 4.2. Let & > 0 and v > 0 be the exponentsv =1+a —s —oy and p = (1 —
i—‘l’)(v +0)+ i—?(—s + 0). For N, K € 2N satisfying 4N < K, we have

11 FR llz=sy S (N/K N7 usw | zs+v lull%s. (4.3)

Proof. We will estimate Px(uy x AN) = F II(V in two ways: (i) applying (2.15) to AV,
M e 2N to estimate F I’(V ; (i1) applying (2.16) to F II(V directly. Then we will interpolate
between (i) and (ii) to obtain (4.3).

Let g and r be the parameters satisfying % =

p1 be the parameters satisfying PL’l — % -4 = a(% =%)

nd 4 — 1 =g(l -2
(i) Since o7 < a(s —o) and 0 < s — o, by either (2.15) or (2.16), for M € 2N, we have

N
lun x AN,

r

N
SlunlerllApll (2 —1)—
L 7”1
SN uy [ls-or - MTOAN] o1y
H 4
SNTHOM O uy || gs-or 1l §ro-onr-
Thus, we have

N N
IEX N < 3 IPkGun x AN, o

Me2N
N
< Z lun x Aprll, o,
M~K
S (N/K) T2 K™% uy || s-or [[ul| oo
S (N/K)STORTS ™M ON T oy || grs-otor ||| Ys—or - 4.4)

(i) Since s + v < 1+ a, by (2.16), we have

LR 0 S K=V FY

||Lp(’) ||Hs+v,p6

S K™ s el gy
L %o

5 K_S_UNU ||MSN ||Hs—o+v,r ||M ||aHs—g,r
S (N/K)' TP KSYONTY u<n || rs—otvr ||| Gs—our- 4.5)
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We interpolate between (4.4) and (4.5). Interpolating between (4.4) and (4.5) with expo-
nent 20 /01, we have

IFR N0 S (N/KY KON usn | s-osor |4 oo

Multiplying cutoffs and applying L7 " norms to both sides, and using lqﬂ = #,

Y u<nlpams—o+vr < Nusnllzs+v, and [Yu<nllLams—or < llu<n| zs, we have
N —5— —
la R Ny S (VK KN e 700 [l
which implies (4.3) due to (3.14). ]

In the rest of this section, for K, M, N € 2N, we denote

N . N

Bx = V1 Fg ||%z—s)u

am = |un]|%s,

ag = llulZs = > am.
Me2N

In terms of o and ,3% , (4.2) and (4.3) can be rewritten as

BY <ad(K/N)* -ay
and

BR S ad(N/K)**- Y (L/N)*ar, 4N <K,
L<N

respectively.
Combining (4.2) and (4.3), we obtain the following inequality:

Corollary 4.3. There exists eg = €o(d, s,a) > 0 (e.g., &g = min{s, u,2v}/2) such that,
for each K € 2N,

2 N K-
(NgN \/@) Sag.NgNmax{?,N} oozN. 4.6)

Proof. Let p and v be the exponents defined in Lemma 4.2. Since )y . g 1a(N/K)™ +
D N<K /a(K/N)™" < 1, by the Cauchy—Schwarz inequality, we have

( 3 \/@)25 S W/KYPBE+ > (K/NYBY

Ne2N N>K/4 N=<K/4

saa-( S (K/NYay+ Y (N/K* Z(L/N)zvaL)

N>K/4 N<K/4 L<N
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swé‘z-( Y (K/NYay+ ) (L/K)mi"{“’z"}—aL)

N>K/4 L<K/4
N Ky—¢o
< aa ‘ {_s _} )
Ne2N
which is (4.6).
Here, it suffices to choose g9 = min{s, u, 2v}/2. |

Now we present the main inequality for the nonlinear term N (u).

Lemma 4.4. Let ¢g be as in Corollary 4.3. Fix e1 < €o. Let {yn}yeaN be a sequence of
positive numbers such that 1 < 1;2—NN <1+ &1. We have

Y vnlvi PN N @IEg—sy S ulF Y yallun (3. 4.7

NeaN Nea2N

In particular, plugging in yy = 1 gives
1N @)l z=sy < llull 5. 4.38)

A standard nonlinear estimate for constructing a solution is (4.8). We need an
enhanced form, (4.7), for showing the continuous dependence of the solution map.

Proof of Lemma 4.4. The proof follows easily from (4.6). We have

7\ N K-
> J’K( > \/,31() Sag- Y max{f’ﬁ} VKON
Ke2N Ne2N K,Ne2N
Sag- D ynaw. 4.9)
NeaN
Since [|Y1 Pk Nul|(z-sy < Y year v/ BY, (4.9) implies (4.7). n

Remark 4.5. Due to the embedding between Y and Z°, (3.11), (4.8) also implies the
nonlinear estimate in Y5 space:

1N @)l r-sy < llullyte. (4.10)

Although Y* < Z*%, we expect the proof of (4.8) to be almost at the same level as that of
(4.10). This is because, in designing Z*, we incorporated structures of Y* required for the
nonlinear estimate, such as the Galilean invariance, the frequency £2-basedness, and the
Besov Strichartz estimates. We recall that the main benefit of working in the Z* space is
that |[u - x[o,77]|zs shrinks as T — 0, (3.13).
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4.2. Proof of Theorem 1.1

In this subsection we finish the proof of Theorem 1.1. We restate it in a more precise
technical form in the following proposition:

Proposition 4.6. Let a > % and s < 1+ a. Fix ug € H®. There exist an open interval
I = I(ug) > 0and R = R(ug) > 0 such that for every ug € H* with |[ug — ug|lgs < R,
there exists a unique solution ®(ug) :=u € CO(I; HS)NYS to

{iut—i-Au:N(u)-X], @.11)

u(0) = uo,

and the solution map ®:{ug € H* | |ug —ug|lgs < R} — C°(I; H®) N Y* is continuous.
In Proposition 4.6, I depends on ug to guarantee the smallness of [|eitA
for which our Z* space plays a crucial role.

uo - xrllzs,

Proof of Proposition 4.6. We use nonlinear estimates based on Z*. Using the embedding
Y*® < Z° we can show that the constructed solution lies in Y* as well.

Construction. First, we show that such a map ® exists. We construct such a solution
u = ®(up) by taking a weak limit of approximate solutions bounded in Y*.

By (3.13), there exists an interval I > 0 such that ||e”A1@ - x1 |l zs is sufficiently small
and 1|7 = 1. Choose R <y,,7 1. For A > 0, we denote

P Pyt + (A= [AD Py, A =1,
A o= -
= AP<q, 0<A<l,

where | 4| denotes the greatest integer n < A.
Fix A > 0. Forug € H*, letu = u®) be the strong solution of the following equation:

iy + Au = P_pp(N)- xr),
u(0) = uy.

Let v = u — e'*®uy. By (4.8), (3.12), and (3.11), we have a bootstrap bound on ||v| zs:

lvllzs < vllys S MY1N - xDllw-sy S 11N @ xDllz-sy

< - x5 < (lollzs + e uo - xrllzs)' . (4.12)

Assume [|uo — uo||gs < R. Since [[v™]|zs is continuous on A with [|v®]|zs = 0 and
”eitA itA

uo - xrllizs < e Cuo - xrllzs + lluo — uollms <1,

we have sup - [v®||zs < 1and so SUP)LZ()”U('U lys < 1.By (3.14), (3.15), and (4.12),

we have
sup|yu®|

A
B . gs=30 1 24+9/@=25) < supllu( )||Ys < 00.
A>0 p.27p,2 1,x

A>0
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Since 0 > 0,5 — 30 > 0, and (2d + 4)/(d — 2s) > 1 + a, the embedding Bg’zB;’_zz"’ N
ij TH/d=28) L};" is compact on the space of functions supported on I x T¢. Thus,
we have a sequence {A,} increasing to co such that u*») converges to a function
in Ltlja(l x T4). Letu € Y* be the Duhamel solution of iu; + Au = N ). y; €
(Z7*), u(0) = ug. Since u> is a weak solution to (4.11), we have P<yu = PSNu(oo)
almost everywhere for every N € 2N. Hence u = u(® ¢ L,I’J;“(I x T?) holds almost
everywhere and so u € Y is a solution to (4.11), u(0) = ug. Furthermore, for each ¢y € I,
by (3.13), we have continuity in time:
limsup|[u(t1) — u(to) | s < limsup||N (u(t + 20)) - X[o.11—to1llzs)

t1—>1 11—ty

< limsup||u(t + 20) * X[0,t,—10] ||1Z4s_a =0.
11—ty
Therefore, we obtained a strong solution ¥ € C°H* N Y* to (4.11). We emphasize the
estimate
e xrllze < lleBug - xrllze + Ivllzs < 1. (4.13)

Estimate (4.13) will be used to show the continuity of the solution map .

Uniqueness. Next we check that such a solution u € C°H*® N Y is unique. Let u, v €
COH* N Y* be two solutions to (NLS) with u(0) = v(0) € H*. We show that u = v holds
on a sufficiently small interval I; C I. Using (3.13), we freely shrink an open interval
I, C I containing O such that |ju - yz, || zs, |[v- xr,llzs < L.

Letw = (v —u)- x1,- By (3.27), we have

[wllzo < (N () = N @) xr llzoy

1
< wl-(w/ DN (i g1, + 6w 11,) dB
0

1
+w/ N (u- g1, +0w-)(11)d9)
0

(zoy
1

< ||w||zo/ e 2+ 0w - g1, 1% d6
0

S lwlizo(u - xnllZs + v - xn 1 Z0)-
Thus, we have |w||zo = 0, which implies ¥ = v on I;.

Continuous dependence. So far, we have constructed the solution map ®: {ug € H* |
luo — uollas < R} — COH* N'Y*, whose image is in a small neighborhood of 0 in Z*
when localized on /. Now we prove the continuity of the solution map ®. For simplicity
of notation, we show the continuity only at ug. The only information we use about ug is
(4.13), thus the continuity of ® on a small neighborhood of #¢ can be shown by the same
argument. For this purpose, we show that

lim sup lim sup sup || PNy @(uo)|lys =0
No—>oo  §—0 |luo—ugllgs<8
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and
P_n® is Lipschitz forany N € 2N,

Fix & > 0. There exist Ny € 2N and a positive sequence {yy} satisfying the condition
of (4.7), D NeaN VN||U_0N||§1s < &%, and yy = 1 for every N > Np. (Such a choice is
possible since one can choose yx close to 0 for arbitrarily many N.) Fix § < eNy . For
luo —uollmgs < 8,by (4.7), u = ®(uyp) satisfies

S ovnlunlys £ >0 yaluonlzes + Y ynIPNN @) - x1lFz—sy

NeaN Ne2N NeaN

2 2
S lhwo —uollFrs + D ywlluoy s
NeaN

ol xS D ywlluw - el (4.14)
Ne2N

Since |[un - x1l1%s < lun |35, by (4.14) and (4.13), we have

lusnolFs < D yalunlys S 6%+ % (4.15)
Ne2N
Letu = ®(up) and w = u — u. By (3.27), we have

lw — e (uo — uo) | yo
SN () — N @) xrllzoy

1
< wl-(w/ DN - g1+ Ow- y1)do
0

1
“rw/ 32:/\/(2')(14-911)-)(1)619)
0

o
1
<lullzo [ g+ 6 il d
0
S lwllyo(llu - xrllZs + llu - xrll%s)-
Since [lu - x7[1%s. lu- x11%s < 1, we have
[wllyo < lluo — uollr2.
which implies
P —uw)l3s S Ng¥lluo —uoll7. < Ng*8° 4.16
[ P<no(u —w)llys < No*lluo —uoll7. < Ny°8”. (4.16)

Combining (4.15) and (4.16), we have
[®(uo) — P(uo)llys = [u —ullys < e,

finishing the proof of Proposition 4.6. ]
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S. Proof of Theorem 1.2

In this section we prove Theorem 1.2. Throughout this section we fix exponents d, a, and
s such that
0<s<a and 1 <a.

Note that % < a is equivalent to 0 < s.
The proof of Theorem 1.2 follows from a nonlinear estimate of the difference between
solutions:

Lemma 5.1. Foru,v € Z%, we have
10N () v + Y10z N W) - 0l z—sy < [ullZsvlzs. (5.1

We first show that Lemma 5.1 implies Theorem 1.2. Fix ug € H*. Let / and R > 0
be defined in Proposition 4.6, chosen to be small enough so that (4.13) also holds. For
ug, vo € H* satistying [lug — ugllzs, [vo — uollgs < R,letw = v —u and wo = vy — uo.
We have

1
lwllys < lwolzre +/ 1@+ 0w) - w + 3N (u + Ow) - B) - 11l (z-sy dO
0

S llwollzrs 4+ sup [[(w + 0w) - xrliZslw- xrllzs.
0€l0,1]

This implies |w|ys < ||wol|gs, which completes the proof of Theorem 1.2.

Lemma 5.1 is based on modifications of (3.27), (4.2), (4.3), and (4.6), allowing one
linear term of u to be replaced by that of another function v. To handle the difference
form, we apply fractional Holder inequalities to the linearization form d, N u - v. Here we
require s < a instead of s < 1 + a. To mimick the proof of (3.27), we require that at least
one factor in (3.31), say ay, is equal to 1/2. For this, we need a > 1.

Proof of Lemma 5.1. We show the dual form of (5.1) regarding 9, N (1) - v:
'/ Y10 N W) v B dxde| S g ol 2wl 2. (52)

The conjugate term d; N (1) - ¥ can be dealt with similarly.
For N € 2N, we denote by GN:RxT? — Cand BYN:R x T — C?2 the functions

GV = 0z N (u<n) — azdv(“sN/z)

and
1 1
BN .= (/ D2z N (U<n/z + euN)de,/ D2z N (U<n/z + euN)de).
0 0

With this notation, we have GV = u N X BY For N = 1, we use the conventional notation
U<1/2 = 0.
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We estimate the terms

‘/wlazﬂ(u)-v-wdxdt

<

> [wlazdv(u) Vs /g - WL dx dt

Le2N

Z / Y10, N (u) — ;N (u<r/16)) - V<L/16 - WL dX dt

Le2N

> [ o N e verp- L d di

Le2N
=14+ 114+ 1II

+

+

separately.

(1) Estimate of 1. Denoteby K, L, M,N € oN dyadic numbers. By (3.27), we have

'/ U0, N ) - v L dx | < % ol 20l L .

which implies

IfZ

L,Me2N
L<8M

Y10, N (u) - vy - wr dx dt

Slulls - Y (L/MY [lomllzs welz-s

L.Me2N
L<8M

S ullZsvlizs lwl z-s. (5.3)

(2) Estimate of 11. Since a/2 > 1/2, mimicking the proof of (3.27) with the choice a; =
1/2 gives the estimate

‘/ Yi(uy x BY) - vepe - wp dx dt| < |lull % lun |l zolv<r isll zs |we || zo-

This implies

Yi(un x BN) - vop 16 0 dx dt

I < Z

L,Ne2N
L<8N
—1
< ullzs vllzs - E (L/N) lun |l zsllwe |l z—
L,Ne2N
L<8N

< ullZsllvlizsllwlz—. (5.4)



Critical local well-posedness of the nonlinear Schrodinger equation on the torus 39

(3) Estimate of 111 To estimate III, we estimate | | U1GN . V<116 - WL dx dt| assuming
L > 16N. Let q, r, po, and p; be the parameters defined in the proof of (4.3). Choose
i >0andv > 0asthe exponentsv =a —s —oyand u = (1 — fr—‘f)(v +0)+ i—‘:(—s +0)
(recall that 0 < 071 < 11n (3.24)).

(i) Since o7 < min{(a — 1)(s —0),s — o}, by either (2.15) or (2.16), for M € 2N we
have

N
[un < Biy) - v<rsi6ll,
S luwller - Iosepslmer - 1Bl o gsger
SNT S+“||uN||Hsfw-||vsL/16||Hw- M= Byl o GrFeg
P
SNTHIM T uw lgsor - vsppelms-or - lulftor.

Since N < L/16, we have

1PL(GY -v<rpio)ll, 5,

> 1 PL((un x Byyp) - v<r/16)
Me2N

< ) IPL(w x Bip) - v<rio)l, o
M~L

<(N/L)~ s+o p —s— ‘”+‘7||uN||HS or ||U<L/16||Hs or ||u||Hs or

S (N/L)HLT PN uan || gs-otor - lv<pislms—or - ullftar. (5.5)

(i) Since s + v < a, by (2.16), we have
1PL(G" -v<r/16)],
SLTTGY et ostpeler
Py

S L7V usn lpser - )0 Nv<risllas—or

a(—ff
Po

SLTTUN usn IIHs—o+vr Nullfstor - lv<r sl ms—or
S(N/L)Y TP LS TONT uan || gs—otvr - [ull%stor - |lv<ri6llms—or. — (5.6)

Interpolating between (5.5) and (5.6) with the exponent 2¢/0, we have

I PL(GN - veri6)|l L0
S (N/LYPLT N |luwy | gs-o+vr - ullfstor - lv<r sl ms—or.

Multiplying cutoffs and applying L7 " norms to both sides, then using (3.14), we have

11 PLGY - v<rpi6)llz-sy S (N/LY*N ™" Jusy | zs+o lull%s o]l zs.
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Since Yy 116(N/L)* < 1, by the Cauchy-Schwarz inequality, we have

Z /PL(%GN'USL/M)

L,Ne2N
L>16N

2
< Z ( Z ||W1PL(GN'ng/16)||(z—s)f)

Le2N “N<L/16

2
<2 X (LN ez )

Le2N “N<L/16

2

(Zfs)/

2a—-2 2 -2 2
SHlZE200%s D D (VLN Jusn[Zon
Le2N N<L/16

SlZE2vl%e D D0 Y (N/LMK /N [luk s

Le2N N<L/16 K<N

SIulZE 2ol Y (K/L)™™2 ug )|,

K,Le2N
L>16K

2 2
S lullZ vl Zs.

which implies

I < S lullZslvllzsllwliz-s. (5.7)

> [ 6N vespe-mrava

L,Ne2N
L>16N

Combining (5.3), (5.4), and (5.7), we have (5.2), finishing the proof of Lemma 5.1. [

6. Proof of Theorem 1.3

In this section we prove the Holder ill-posedness of (NLS), Theorem 1.3. For the proof, we
construct an explicit counterexample. Although Theorem 1.3 is stated on T ¢, the counter-
example we construct relies on one spatial variable x;. Hence, we perform the construc-
tion on T. Indeed, by considering initial data uy € H*(T?) of the form ug(x1, ..., xg) =
up1(x1), up1 € H*(T), one can deduce the result in Theorem 1.3 from that with the
domain replaced by T'. Here, s and a are no longer related, i.e., we do not require (1.1) in
the rest of this section.
Reducing to the one-dimensional problem, we show the following statement:

Proposition 6.1. Assume 0 <a < 1and0 < s <1+ 1. The solution map to

{iut + Uxx = N(u),

6.1)
u(0) =ug € H5(T),

is not locally a-Hélder continuous in H* (T) for each o > a.
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The proof of Proposition 6.1 does not depend on the sign of the nonlinearity. For
simplicity, we assume that N (u) is defocusing, i.e., N (1) = |u|%u.

We construct an explicit pair of initial data u o, 23,0 € H*(T) which contradicts the
Holder continuity in Proposition 6.1. Denoting by u, u; € C°H*([0, T] x T) the solu-
tions to (6.1) and letting w = u,; — u;, we expand Py d,w(7,0), N > 1 in a Duhamel
form, expecting that [Py dxw(7,0)| exceeds the bound required by such a Hélder assump-
tion.

In the Duhamel expansion, we have a term of u, d,u, and w (6.12), which is nonoscil-
lating if we plug dyuy = dxuzy = Ce'C~T)A§y and positive reals 1y, ury, w = A.
Inspired by this observation, we choose the initial data u, o and u,y ¢ as functions such
that ﬁ Jpurodx = A, % Jpuan0dx =22, and dxuj 9 = dxuzp o = B TA5y. The
parameters A and 6 are chosen as constants such that u and u,) are small perturbations
of free evolutions and (6.12) dominates the rest in the expansion of Py d,w (T, 0).

To avoid a small set of irregular high peaks of u generating a large error, we partition
the set [0, 7] x T¢ into E U E€, where E is the set of points (¢, x) at which Up — e”Au,,,o
and 0 (u, — e'! Ay p,0) are both small for p = A, 2A. The Duhamel integral is estimated
on E and E€ separately.

Before proving Proposition 6.1, we show a preliminary fact on the Schrodinger kernel
e"88y, N € 2N on T. The following lemma states that for each dyadic N € 2N the L2
norm and the L norm of e/*24§y are comparable on a large set of times ¢:

Lemma 6.2. For T > 0, there exists a constant C depending only on T such that for
every dyadic N € 2N, we have the estimate

m({t € [0.T] | e"*nllL= < CVN}) 27 1, 6.2)
where m(-) denotes the (Lebesgue) measure of a set.

Proof. Let 4 be the collection of coprime integer pairs (/, m) such that {V—O <m < N and
0< % < T. Let I be the collection of intervals (% — ﬁ % + ﬁ), (I,m) € A. Denote
by 7 the union T = (J; <7 I
Once we have m(7") Z 1 1, we have (6.2). Fort € 7, by the kernel estimate (2.20), we
have ||e/*28x |0 < C~/N for some universal constant C = C(T'), which implies (6.2).
We show the estimate m(7) =7 1. For two pairs of coprime integers (/1,m) and

(I3, m53), we have

‘ll lz‘z‘llmz—lzml - 1
2

mq m mimy T mimy

Thus, no more than 100 members of I can intersect at a common point. Since the length
1
N2
> re, ,% < 1, the number of such points is indeed comparable to N 2, finishing the proof

of (6.2). .

of each interval in I is comparable to we are done once we have #4 > N2. Since

Since e/*2§y is localized on frequencies comparable to N, (6.2) indicates an
oscillating behavior of e!*28y for such times ¢. As a particular consequence, we have
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lei*A8n (¢, x)] =7 +/N on alarge set of points (¢, x) € [0, T] x T, which is stated in the
following corollary:

Corollary 6.3. For T > 0, there exists a constant € > 0 depending only on T such that
for every dyadic N € 2N, we have the estimate

m({(t,x) € [0.T] x T | |28y (x)| = ev/N}) 27 1. (6.3)

Proof. Foreach t € [0, T] such that ||e!?28x ||zoc ~ VN ~ [|e*28x |12, [ 28n (x)] =
+/ N is attained on a set of points x € T of measure comparable to 1. Thus, (6.2) implies
(6.3). (]

Using (6.3), we prove Proposition 6.1 as follows:

Proof of Proposition 6.1. Since Proposition 6.1 is stronger with lower o, we may assume
0 <o —a <4, 1in advance.
Fix T > 0. We use the Wirtinger derivatives with the convention u”u” := |u|?¥ for
y € R.
Fix a number g <457 1. Let N € 2N be a large dyadic number. Let A, k, 1 < 1 be
the numbers
A = N_m"“’l s
k=MA%%.N9, 6.4)
t=N7°,

where o and o; are the numbers chosen in (3.24).
For p € [A,2A], et u, o € H°°(T) be the unique function such that

l_ .
dxUpo =kN2%e iTAg

and
1

2 ) UpodX = p.
Denote by u; and u,; the solutions to (6.1) on [0, T'] with initial data u; o and u5; o,
respectively. For p € (A,2A), denote by u,: [0, T] x T — C the function u, = MA—_’)M 2+
%um. We also denote w = uy) — uy.

First, we collect some estimates on ©; and u,). Forp=Aand p =2A,by0<s <1+
Landa <o, wehave |upollz2 SKN™ + A~ Aand [lupollgr SkN'™ + A ~ kN5

Thus, a contraction mapping argument using (2.21) gives

lupllcorznrars < llupollze < A, (6.5)
lup — e upollcorenrars < luplliie, < AT, (6.6)

lupllcomnrawia < lupollgr < kN, (6.7)
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and
lup =™ upolicomnamwa < luplfagslupllzsmws S A%NT (6.8)
If Proposition 6.1 were false on [0, T'], since
luaollas, luzsollas Sk +24 L1,
we would have
Py dxw(T, 0 S N3 wllcoms S N2 uzao —unollfps S AN,
Thus, showing the following leads to a contradiction
[Py dxw(T,0)] 3> AYN32~, (6.9)
Since w(0) = A and
({0 + xx)w = N(uzp) — N(uyn),
we have
iPycw(T,0) :/ elC=DIA§N 3 (N (uap) — N (uy)) dx dt
[0,T]xT
= /EM(A + B)dxdt
b [ TGy 0N (u22) = 05 1)) dx .
where £ C [0, T] x T is the set of (¢, x) € [0, T] x T such that for p = 1,24
‘ﬁ_l‘ < ¢, (6.10)
6.11)

|0xu, — KN 25l =DAg | < e N1

are satisfied, and the terms 4 and B denote

1 [*asa a_q a a a_
A:X/ S+ 1)z azw +ugag  w)deu,dp

[
- == UpU
AL, \2\2 PP

S w dp.

1 (2?4 a_a a
B:x/ (E—l—l)u;u;axw—kzup upj

We show the following claims:

and

> AN, (6.12)

e’(’ DASNyBdxdt| < /\“Ni_s (6.13)

/ eit=DA§ A dx dt
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and

/ elt=DAF (D N (Uny) — 0x N (uy)) dx dt| < ACNITS, (6.14)
Once we have (6.12), (6.13), and (6.14), we have (6.9) immediately, finishing the proof.
(1) Proof of (6.12). For p = A and p = 2A, by (6.6), we have

itA itA
lup — plipsrs S llePupo —pllpars + lup — e upollpars
5 K.N—S +Al+a S Al+a,

which implies

Al+a

4
m({(t,x) € [0.T1xT | [up,— p| > e0p}) < ( ) ~ A4 (6.15)

gop

Similarly, by (6.8), we have
1951y — kN3 5 DA 1 ars < AS%NS,

which implies

a 1—s
m({(t,x) € [0, T) x T | 951, — kN5 CDASN | > N1 < (%)4
/\4a
-~ (16

Combining (6.15) and (6.16), since ¢t < 1, we have

4a

m(E€) < i

For (¢,x) € E, by (6.10) and (6.11), we have

- 2
Re[el (- DAgy A] > %AaKN%—slei(z—T)ASle

— 100A% kN 15| !C=DAg .

Since m(E€) <« 1, by (6.3), we have
/ le!C=DAs N 12 dx dt ~ N.
E
Thus, by ¢ < 1, we have

> A9N37S > \9N3—S,

[ elt=T)A§ N Adx dt
E
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(2) Proof of (6.13). By (6.5) and (6.8), we have

f e —D)A§N B dx dt| < N*|Bl|pi 2
E

1
SN2 sup Jugllpep+lloxwlzeps
pelA,22]

2

A

N% sup ||up||“L4L4||w —keitA1||L4wl,4
PE[A,2A]

< A24NITS L JENITS,

(3) Proof of (6.14). For p = A and p = 2\, we have

/ et t=DASN G (N (up)) dx di| < m(EC)% et C=TIAS N Oy (N (up)) | fa/3 473
Ec¢

1 i(f—
Sm(E)3 |88y | papalluplfapsluplpowa
<m(E®)3 - N2A9%N ™S
5 AZ“L_IKN%_S < )LaN%_S.

Combining (6.12), (6.13), and (6.14), we have (6.9), which finishes the proof. ]

Appendix

The following is a list of parameters used in Sections 3 and 6, rewritten in terms of the o;:

Relation First appearance
—d_2
NES Ed_ 7 (1.1)
1 _ 5—0
b= G.1)
KM KMmKom Ko K1 (3.24)
1 2+
w = dis Lemma 3.9
% = ZJF;% Lemma 3.9
0——+——2—03+;f2 Lemma 3.9
p=t Proof of Proposition 3.11
¢ = % - ﬁ = 04;_132/2 Proof of Proposition 3.11
n= % - 2‘170 + % = dL_ﬂ(u + d+—203 Proof of Proposition 3.11
A = N T-as2 101 (6.4)
K = oa—a NO' (6.4)

(6.4)

2>J
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