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Hydrodynamic limit for the non-cutoff
Boltzmann equation

Chuqi Cao and Kleber Carrapatoso

Abstract. This work deals with the non-cutoff Boltzmann equation for all types of potentials, in
both the torus T3 and in the whole space R3, under the incompressible Navier–Stokes scaling.
We first establish the well-posedness and decay of global mild solutions to this rescaled Boltz-
mann equation in a perturbative framework, that is, for solutions close to the Maxwellian, obtaining
in particular integrated-in-time regularization estimates. We then combine these estimates with
spectral-type estimates in order to obtain the strong convergence of solutions to the non-cutoff Boltz-
mann equation towards the incompressible Navier–Stokes–Fourier system.
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1. Introduction

Since Hilbert [50], an important problem in kinetic theory concerns the rigorous link
between different scales of description of a gas. More precisely, one is interested in passing
rigorously from a mesoscopic description of a gas, modeled by the kinetic Boltzmann
equation, towards a macroscopic description, modeled by Euler or Navier–Stokes fluid
equations, through a suitable scaling limit. We are interested in this paper in the conver-
gence of solutions to the Boltzmann equation towards the incompressible Navier–Stokes
equation, and we refer to the book [67] and the references therein to a detailed description
of this type of problem, as well as to different scalings and fluid limit equations.

Mathematics Subject Classification 2020: 35Q20 (primary); 35Q30, 82C40, 76P05 (secondary).
Keywords: Boltzmann equation, non-cutoff potentials, large-time behavior, incompressible
Navier–Stokes equation, hydrodynamic limit.
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We introduce in Section 1.1 below the (rescaled) Boltzmann equation, and then in
Section 1.2 we describe the incompressible Navier–Stokes–Fourier system, which is the
expected limit. We finally present our main results in Section 2.

1.1. The Boltzmann equation

The Boltzmann equation is a fundamental model in kinetic theory that describes the evol-
ution of a rarefied gas out of equilibrium by taking into account binary collisions between
particles. More precisely, it describes the evolution in time of the unknown F.t; x; v/ � 0
which represents the density of particles that at time t � 0 and position x 2 �x D T3

or �x D R3 move with velocity v 2 R3. It was introduced by Maxwell [63] and Boltz-
mann [15] and reads

@tF C v � rxF D
1

"
Q.F; F /; (1.1)

which is complemented with initial data FjtD0 D F0 and where " 2 .0; 1� is the Knudsen
number, which corresponds to the ratio between the mean-free path and the macroscopic
length scale.

The Boltzmann collision operator Q is a bilinear operator acting only on the velocity
variable v 2 R3, which means that collisions are local in space, and it is given by

Q.G;F /.v/ D

Z
R3

Z
S2
B.v � v�; �/.G

0
�F
0
�G�F / d� dv�; (1.2)

where here and below we use the standard shorthand notation F D F.v/, G� D G.v�/,
F 0 D F.v0/, and G0� D G.v

0
�/, and where the pre- and post-collision velocities .v0; v0�/

and .v; v�/ are related through

v0 D
v C v�

2
C
jv � v�j

2
� and v0� D

v C v�

2
�
jv � v�j

2
�;

where � 2 S2. The above formula is one possible parametrization of the set of solutions
of an elastic collision with the physical laws of conservation (momentum and energy)

v C v� D v
0
C v0� and jvj2 C jv�j

2
D jv0j2 C jv0�j

2:

The function B.v � v�; �/ appearing in (1.2), called the collision kernel, is supposed to be
non-negative and to depend only on the relative velocity jv � v�j and the deviation angle
� through cos � ´ v�v�

jv�v�j
� � . As is customary, we may suppose without loss of generality

that � 2 Œ0; �=2�, for otherwise B can be replaced by its symmetrized form.
In this paper we shall consider the case of non-cutoff potentials that we describe now.

The collision kernel B takes the form

B.v � v�; �/ D jv � v�j

b.cos �/;

for some non-negative function b, called the angular kernel, and some parameter 
 2
.�3; 1�. We assume that the angular kernel b is a locally smooth implicit function which



Hydrodynamic limit for the non-cutoff Boltzmann equation 3

is not locally integrable, more precisely that it satisfies

K��1�2s � sin � b.cos �/ �K�1��1�2s with 0 < s < 1;

for some constant K > 0. Moreover, the parameters satisfy the condition

max
°
�3;�

3

2
� 2s

±
< 
 � 1; 0 < s < 1; 
 C 2s > �1: (1.3)

We shall consider in this paper the full range of parameters 
 and s satisfying (1.3), and
we classify them into two cases: When 
 C 2s � 0 we speak of hard potentials, and when

 C 2s < 0 of soft potentials. We also mention that cutoff kernels correspond to the case
in which we remove the singularity of the angular kernel b and assume that b is integrable.

Remark 1.1. When particles interact via a repulsive inverse-power law potential �.r/ D
r�.p�1/ with p > 2, then it holds (see [25, 63]) that 
 D p�5

p�1
and s D 1

p�1
. It is easy to

check that 
 C 4s D 1 which means the above assumption is satisfied for the full range of
the inverse-power law model.

Formally, if F is a solution to equation (1.1) with the initial data F0, then it enjoys the
conservation of mass, momentum, and the energy, that is,

d
dt

Z
�x�R3

F.t; x; v/'.v/ dv dx D 0; '.v/ D 1; v; jvj2;

which is a consequence of the collision invariants of the Boltzmann operatorZ
R3
Q.F; F /.v/'.v/ dv D 0; '.v/ D 1; v; jvj2: (1.4)

Moreover, the Boltzmann H-theorem asserts on the one hand that the entropy

H.F / D

Z
�x�R3

F logF dv dx

is non-increasing in time. Indeed, at least formally, since .x � y/.log x � log y/ is non-
negative, we have the following inequality for the entropy dissipation D.f /:

D.f / D �
d
dt
H.F / D �

Z
�x�R3

Q.F; F / dv dx

D
1

4

Z
�x�R3�R3�S2

B.v � v�; �/.F
0F 0� � F�F / log

�F 0F 0�
FF�

�
d� dv� dv dx � 0:

On the other hand, the second part of the H-theorem asserts that local equilibria of the
Boltzmann equation are local Maxwellian distributions in velocity, more precisely that

D.F / D 0 , Q.F;F / D 0 , F.t; x; v/ D
�.t; x/

.2��.t; x//3=2
exp

�
�
jv � u.t; x/j2

2�.t; x/

�
;
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with �.t; x/ > 0, u.t; x/ 2 R3, and �.t; x/ > 0. In what follows, we denote by � D �.v/
the global Maxwellian

� D .2�/�3=2e�jvj
2=2:

Observing that the effects of collisions are enhanced when taking a small parameter
" 2 .0; 1�, one can expect from the above H-theorem that, at least formally, in the limit
"! 0 the solution F approaches a local Maxwellian equilibrium. One therefore considers,
see for instance in [12], a rescaling of the solution F of (1.1) in which an additional
dilatation of the macroscopic timescale has been performed in order to be able to reach
the Navier–Stokes equation in the limit. This procedure gives us the following rescaled
Boltzmann equation for the new unknown F " D F ".t; x; v/:

@tF
"
C
1

"
v � rxF

"
D

1

"2
Q.F "; F "/; (1.5)

with initial data F "
jtD0
D F "0 .

In the torus case �x D T3 (normalized as jT3j D 1), we shall always assume, thanks
to the conservation laws, that the initial datum F "0 satisfies the normalizationZ

T3

Z
R3
F "0 .x; v/Œ1; v; jvj

2� dv dx D Œ1; 0; 3�; (1.6)

that is, the initial data F "0 has the same mass, momentum, and energy as �, and the Max-
wellian � is the unique global equilibrium to (1.5).

In order to relate the above rescaled Boltzmann equation (1.5) to the expected incom-
pressible Navier–Stokes–Fourier system (described below in (1.13)) in the limit "! 0,
we are going to work with the perturbation f " defined by

F " D �C "
p
�f "; (1.7)

which then satisfies the equation

@tf
"
C
1

"
v � rxf

"
D

1

"2
Lf " C

1

"
�.f "; f "/; (1.8)

with initial data f "0 D
F "0��

"
p
�

, and where we denote

�.f; g/ D ��1=2Q.
p
�f;
p
�g/

and
Lf D �.

p
�; f /C �.f;

p
�/: (1.9)

We can already remark that thanks to the collision invariants in (1.4), we haveZ
R3
�.f; f /Œ1; v; jvj2�

p
� dv D 0: (1.10)
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In the case of the torus �x D T3, we observe from (1.6) that f "0 satisfiesZ
T3

Z
R3
f "0 .x; v/Œ1; v; jvj

2�
p
�.v/ dv dx D 0; (1.11)

and from the conservation laws recalled above that, for all t � 0,Z
T3

Z
R3
f ".t; x; v/Œ1; v; jvj2�

p
�.v/ dv dx D 0: (1.12)

1.2. The Navier–Stokes–Fourier system

We recall the Navier–Stokes–Fourier system associated with the Boussinesq equation
which is written 8̂̂̂̂

<̂
ˆ̂̂:
@tuC u � rxuCrxp � �1�xu D 0;

@t� C u � rx� � �2�x� D 0;

divxu D 0;

rx.�C �/ D 0;

(1.13)

with positive viscosity coefficients �1; �2 > 0. In this system, the temperature � D
�.t; x/WRC ��x ! R of the fluid, the density � D �.t; x/WRC ��x ! R of the fluid,
and the pressure pD p.t;x/WRC ��x!R of the fluid are scalar unknowns, whereas the
velocity uD u.t; x/WRC ��x! R3 of the fluid is an unknown vector field. The pressure
p can actually be eliminated from the equation by applying to the first equation in (1.13)
the Leray projector P onto the space of divergence-free vector fields. In other words, for
u we have

@tu � �1�xu D QNS.u; u/;

where the bilinear operator QNS is defined by

QNS.v; u/ D �
1

2
P .div.v ˝ u/C div.u˝ v//;

div.v ˝ u/j ´
3X
kD1

@k.v
juk/ D div.vju/;

(1.14)

and the Leray projector P on divergence-free vector fields is as follows, for 1� j � 3 and
all � 2 �0

�
:

Fx.Pf /
j .�/ D Fx.f

j /.�/�
1

j�j2

3X
kD1

�j �kFx.f
k/.�/ D

3X
kD1

.ıj;k � 1/
�j �k

j�j2
Fx.f

k/.�/;

where Fx denotes the Fourier transform in the spatial variable x 2 �x ; see for instance
[10, Section 5.1].
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We therefore consider the system8̂̂̂̂
<̂
ˆ̂̂:
@tu � �1�xu D QNS.u; u/;

@t� C u � rx� � �2�x� D 0;

divxu D 0;

rx.�C �/ D 0;

(1.15)

for the unknown .�; u; �/, which is complemented with initial data .�0; u0; �0/ that we
shall always suppose to verify

divxu0 D 0; rx.�0 C �0/ D 0: (1.16)

In the case of the torus �x D T3, we suppose moreover that the initial data is mean-free,
namely Z

T3
�0.x/ dx D

Z
T3
u0.x/ dx D

Z
T3
�0.x/ dx D 0;

which then implies that the associated solution .�; u; �/ also is mean-free for all t � 0:Z
T3
�.t; x/ dx D

Z
T3
u.t; x/ dx D

Z
T3
�.t; x/ dx D 0: (1.17)

2. Main results

Our main result establishes a strong convergence in the hydrodynamic limit from solu-
tions to the rescaled Boltzmann equation (1.8) towards a solution to the incompressible
Navier–Stokes–Fourier equation (1.15) (see Theorem 2.3). In order to do so, we first need
to provide a well-posedness theory for the Boltzmann equation (1.8) (see Theorem 2.1),
as well as a well-posedness theory for the incompressible Navier–Stokes–Fourier equa-
tion (1.15) (see Theorem 2.2), in such a way that the functional frameworks are compatible
for being able to compare solutions and then to tackle the hydrodynamic limit problem.

Before stating our results we introduce some notation. Given a function f D f .x; v/
we denote by Of .�; v/ D Fx.f .�; v//.�/ the Fourier transform in the space variable, for
� 2 �0

�
D Z3 (if �x D T3) or �0

�
D R3 (if �x D R3), more precisely

Of .�; v/ D
1

.2�/3=2

Z
�x

e�ix��f .x; v/ dx:

In particular, we observe that if f satisfies (1.8), then for all � 2 �0
�
, its Fourier transform

in space Of ".�/ satisfies the equation

@t Of
".�/ D

1

"2
.L � i"v � �/ Of ".�/C

1

"
y�.f "; f "/.�/;
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where
y�.f; g/.�/ D

X
�2Z3

�. Of .� � �/; Og.�// if �x D T3;

or
y�.f; g/.�/ D

Z
R3
�. Of .� � �/; Og.�// d� if �x D R3:

For functions f D f .x; v/ we write the micro-macro decomposition

f D P?f C Pf; P? D I � P;

where P is the orthogonal projection onto Ker.L/ D ¹
p
�; v
p
�; jvj2

p
�º given by

Pf .x; v/ D
°
�Œf �.x/C uŒf �.x/ � v C �Œf �.x/

.jvj2 � 3/

2

±
p
�.v/; (2.1)

where
�Œf �.x/ D

Z
R3
f .x; v/

p
�.v/ dv;

uŒf �.x/ D

Z
R3
f .x; v/v

p
�.v/ dv;

�Œf �.x/ D

Z
R3
f .x; v/

.jvj2 � 3/

3

p
�.v/ dv:

(2.2)

The function P?f is called the microscopic part of f , whereas Pf is the macroscopic
part of f .

We now introduce the functional spaces we work with. For every ` � 0 we denote by
L2v.hvi

`/ the weighted Lebesgue space associated to the inner product

hf; giL2v.hvi`/´ hhvi
`f; hvi`giL2v D

Z
R3
fghvi2` dv;

and the norm
kf kL2v.hvi`/´ khvi

`f kL2v ;

whereL2v DL
2.R3v/ is the standard Lebesgue space. We denote byH s;�

v the Sobolev-type
space associated to the dissipation of the linearized operatorL defined in [4] (see also [44]
for the definition of a different but equivalent anisotropic norm); more precisely we denote

kf kH s;�
v .hvi`/´ khvi

`f kH s;�
v
;

where

kf k2
H
s;�
v
´

Z
R3

Z
R3

Z
S2
b.cos �/jv � v�j
�.v�/Œf .v0/ � f .v/�2 d� dv� dv

C

Z
R3

Z
R3

Z
S2
b.cos �/jv�v�j
f .v�/2Œ

p
�.v0/�

p
�.v/�2 d� dv� dv; (2.3)
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which verifies (see [4, 44])

khvi
=2Csf kL2v.hvi`/ C khvi

=2f kH s

v .hvi`/
. kf kH s;�

v .hvi`/ . khvi
=2Csf kH s
v .hvi`/

:

We also define the space .H s;�
v /0 as the dual space of H s;�

v endowed with the norm

kf k.H s;�
v /0 ´ sup

k�k
H
s;�
v
�1

hf; �i:

For functions depending on space and velocity variables, we shall also use a variant of
the quantity k � kH s;�

v .hvi`/ defined above in (2.3) that also depends on the spatial variable.
More precisely, for f D f .x; v/ we define the quantity

kf k2
H
s;��
v .hvi`/

´ kP?f k2
H
s;�
v .hvi`/

C ka.Dx/Pf k2L2v ; (2.4)

where a.Dx/ is the Fourier multiplier a.�/ D j�j
h�i

, which gives, in the Fourier variable,

k Of .�/k2
H
s;��
v .hvi`/

D kP? Of .�/k2
H
s;�
v .hvi`/

C
j�j2

h�i2
kP Of .�/k2

L2v
:

Finally, given a functional space X in the variables .t; �; v/, we shall denote by F �1x .X/

the Fourier-based space defined as

F �1x .X/´
®
f D f .t; x; v/

ˇ̌
Of 2 X

¯
:

Hereafter, in order to deal with the torus case�x D T3 and the whole space case�x DR3

simultaneously, we denote Lp
�
D `p.Z3/ in the torus case and Lp

�
D Lp.R3/ in the whole

space case; moreover, we abuse notation and write

Z
�0
�

�.�/ d� ´

8̂̂<̂
:̂
X
�2Z3

�.�/ if �0� D Z3;Z
R3
�.�/ d� if �0� D R3:

In particular, we shall consider below functional spaces of the type F �1x .L
p

�
L1t L

2
v.hvi

`//

and F �1x .L
p

�
L2tH

s;�
v .hvi`// (or F �1x .L

p

�
L2tH

s;��
v .hvi`//) and the respective norms, for

f D f .t; x; v/,

k Of kLp
�
L1t L

2
v.hvi`/

´

�Z
�0
�

sup
t�0

k Of .t; �; �/k
p

L2v.hvi`/
d�
�1=p

for p 2 Œ1;C1/

and

k Of kLp
�
L2tH

s;�
v .hvi`/´

�Z
�0
�

²Z 1
0

k Of .t; �; �/k2
H
s;�
v .hvi`/

dt
³p=2

d�
�1=p

for p 2 Œ1;C1/;

with the usual modification for p D C1.
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2.1. Well-posedness for the rescaled Boltzmann equation

Our first result concerns the global well-posedness, regularization, and decay for equation
(1.8) for small initial data.

Theorem 2.1 (Global well-posedness and decay for the Boltzmann equation). Let ` D 0
in the hard potentials case 
 C 2s � 0, and ` � 0 in the soft potentials case 
 C 2s < 0.
There is �0 > 0 small enough such that for all " 2 .0; 1� the following holds:

.1/ Torus case �x D T3: For any initial data f "0 2 F �1x .L1
�
L2v.hvi

`// satisfying (1.12)

and k Of "0 kL1
�
L2v.hvi`/

� �0, there exists a unique global mild solution

f " 2 F �1x .L1�L
1
t L

2
v.hvi

`/ \ L1�L
2
tH

s;�
v .hvi`//

to (1.8) satisfying (1.12) and the energy estimate

k Of "kL1
�
L1t L

2
v.hvi`/

C
1

"
kP? Of "kL1

�
L2tH

s;�
v .hvi`/ C kP Of

"
kL1

�
L2tL

2
v

. k Of "0 kL1
�
L2v.hvi`/

: (2.5)

Moreover, we have the following decay estimates: In the hard potentials case 
 C 2s�
0, there exists � > 0 such that

ke� Of "kL1
�
L1t L

2
v
C
1

"
ke�P? Of "kL1

�
L2tH

s;�
v
C ke�P Of "kL1

�
L2tL

2
v

. k Of "0 kL1
�
L2v.hvi`/

; (2.6)

where we denote e�W t 7! e�t . In the soft potentials case 
 C 2s < 0, if ` > 0 then for any
0 < ! < `

j
C2sj
there holds

kp! Of "kL1
�
L1t L

2
v
C
1

"
kp!P? Of "kL1

�
L2tH

s;�
v
C kp!P Of "kL1

�
L2tL

2
v

. k Of "0 kL1
�
L2v.hvi`/

; (2.7)

where we denote p! W t 7! .1C t /! .

.2/ Whole space case �x D R3: Let p 2 .3=2;1�. Then for any initial data f "0 2
F �1x .L1

�
L2v.hvi

`/\L
p

�
L2v.hvi

`// satisfying k Of "0 kL1
�
L2v.hvi`/

Ck Of "0 kLp
�
L2v.hvi`/

� �0, there
exists a unique global mild solution

f " 2 F �1x .L1�L
1
t L

2
v.hvi

`/ \ L1�L
2
tH

s;��
v .hvi`//

\ F �1x .L
p

�
L1t L

2
v.hvi

`/ \ L
p

�
L2tH

s;��
v .hvi`//

to (1.8) satisfying the energy estimate

k Of "kL1
�
L1t L

2
v.hvi`/

C
1

"
kP? Of "kL1

�
L2tH

s;�
v .hvi`/ C




 j�j
h�i

P Of "




L1
�
L2tL

2
v

C k Of "kLp
�
L1t L

2
v.hvi`/

C
1

"
kP? Of "kLp

�
L2tH

s;�
v .hvi`/ C




 j�j
h�i

P Of "




L
p
�
L2tL

2
v

. k Of "0 kL1
�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

: (2.8)
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Moreover, we have the following decay estimates: In the hard potentials case 
 C 2s�
0, for any 0 < # < 3

2
.1 � 1

p
/ there holds

kp# Of "kL1
�
L1t L

2
v
C
1

"
kp#P? Of "kL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P Of "





L1
�
L2tL

2
v

. k Of "0 kL1
�
L2v
C k Of "0 kLp

�
L2v
; (2.9)

where we denote p# W t 7! .1 C t /# . In the soft potentials case 
 C 2s < 0, if 0 < # <
3
2
.1 � 1

p
/ and ` > #j
 C 2sj there holds

kp# Of "kL1
�
L1t L

2
v
C
1

"
kp#P? Of "kL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P Of "





L1
�
L2tL

2
v

. k Of "0 kL1
�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

: (2.10)

Remark 2.1. We make below a few comments concerning our result:

(i) We observe that in the soft potentials case 
 C 2s < 0 we can take ` D 0 for the
well-posedness result. We only need a well-posedness theory with ` > 0 in order
to obtain the decay estimates ((2.7) and (2.10)).

(ii) We observe that the functional spaces are different when working on the
torus or on the whole space. In the torus we have a solution in the space
F �1x .L1

�
L2tH

s;�
v .hvi`//, whereas in the whole space the solution belongs to

F �1x .L1
�
L2tH

s;��
v .hvi`//, with, clearly, k � kH s;��

v .hvi`/ � k � kH s;�
v .hvi`/. This

comes from the hypocoercive-type estimate for the linearized operator (see Pro-
position 3.1).

(iii) Another difference between the torus and the whole space appears when dealing
with low frequencies j�j < 1. When working on the torus, the only low fre-
quency is � D 0, which is controlled thanks to the conservation laws. On the
other hand, in the whole space, the gain estimate for the linearized operator in
F �1x .L1

�
L2tH

s;��
v .hvi`// is not enough to control low frequencies in the non-

linear estimates. This is why we also need to work in F �1x .L
p

�
/-type spaces with

p 2 .3=2;1�.

The Cauchy theory and the large time behavior for the Boltzmann equation for " D 1
have been extensively studied. Concerning the theory for large data, we only mention the
global existence of renormalized solutions [32] for the cutoff Boltzmann equation, and
the global existence of renormalized solutions with defect measure [6] for the non-cutoff
Boltzmann equation.

We now give a very brief review for solutions to the Boltzmann equation in a per-
turbative framework, that is, for solutions near the Maxwellian. For the case of cutoff
potentials, we refer to the works [17, 43, 71–73], as well as the more recent [31, 74] for
global solutions in spaces of the form L1v H

N
x , and to [33, 47, 55, 62, 70] for solutions in
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HN
x;v or HN

x L
2
v . On the other hand, for the non-cutoff Boltzmann equation, we refer to

[44,45] in the torus case and to [2–4] in the whole space case, for the first global solutions
in spaces of the form HN

x;v by working with anisotropic norms (see (2.3)). The optimal
time-decay was obtained in [68] for the whole space, and recently [30] constructed global
solutions in the whole space.

All the above results concern solutions with Gaussian decay in velocity, that is, they
hold in functional spaces of the type HN

x;v for the perturbation f defined in (1.7), which
means that F � � 2 HN

x;v.�
�1=2/. By developing decay estimates on the resolvents and

semigroups of non-symmetric operators in Banach spaces, Gualdani–Mischler–Mouhot
[46] proved non-linear stability for the cutoff Boltzmann equation with hard potentials
in L1vL

1
x .hvi

k�1=2/, k > 2, that is, in spaces with polynomial decay in velocity (f 2
L1vL

1
x .hvi

k�1=2/ means F � � 2 L1vL
1
x .hvi

k/). In the same framework, the case of
non-cutoff hard potentials was treated in [7, 49], and that of non-cutoff soft potentials
in [22].

The aforementioned results were obtained in Sobolev-type spaces. Very recently,
Duan–Liu–Sakamoto–Strain [34] obtained the well-posedness of the Boltzmann equa-
tion in Fourier-based spaces L1

�
L1t L

2
x in the torus case, which was then extended to the

whole space case by Duan–Sakamoto–Ueda [35]; see also [23] for the whole space case
in polynomial weighted spaces. We also refer to the works [8,21] for recent results on the
well-posedness for non-cutoff Boltzmann using De Giorgi arguments.

In our paper, we establish uniform-in-" estimates for the rescaled non-cutoff Boltz-
mann equation (1.8). Our result in Theorem 2.1 is similar to those in [34, 35], but the
proof is quite different. Indeed, thanks to new integrated-in-time regularization estimates
(that is, estimates in F �1x .L1

�
L2tH

s;�
v / or F �1x .L1

�
L2tH

s;��
v /), we are able to prove the

well-posedness of (1.8) using a contraction fixed-point argument in a suitable functional
space that takes into account these regularization estimates, which is the main novelty
in Theorem 2.1. More precisely, we first investigate the semigroup U " associated to the
linearized operator 1

"2
.L � "v � rx/ appearing in (1.8). We provide boundedness and

integrated-in-time regularization estimates for U " (see Proposition 3.2), as well as for
its integral in time against a source

R t
0
U ".t � �/S.�/ d� (see Proposition 3.3). Together

with non-linear estimates for � (see Lemma 4.1), we are then able to take S equal to the
non-linear term �.f; f / and prove the global well-posedness of mild solutions of (1.8),
namely

f ".t/ D U ".t/f "0 C
1

"

Z t

0

U ".t � �/�.f ".�/; f ".�// d�;

by applying a contraction fixed-point argument. The decay estimate is then obtained
as a consequence of decay estimates for U " (see Propositions 3.4 and 3.8) and forR t
0
U ".t � �/S.�/ d� (see Propositions 3.5 and 3.9). It is important to notice that the fixed

point takes place in the space

F �1x .L1�L
1
t L

2
v.hvi

`/ \ L1�L
2
tH

s;�
v .hvi`//
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for the torus case, and in

F �1x .L1�L
1
t L

2
v.hvi

`/ \ L1�L
2
tH

s;��
v .hvi`//

\ F �1x .L
p

�
L1t L

2
v.hvi

`/ \ L
p

�
L2tH

s;��
v .hvi`//

for the whole space, that is, the integrated-in-time regularization appears in the functional
space.

It is worth mentioning that the integrated-in-time regularization estimates as well as
the estimates for

R t
0
U ".t � �/S.�/ d� are the key ingredient of our method. On the one

hand, they are the main novelty that allows us to apply a contraction fixed-point argument
as explained above. On the other hand, they are also crucial for establishing the strong
convergence in the proof of the hydrodynamic limit established below in Theorem 2.3.

2.2. Well-posedness for the Navier–Stokes–Fourier system

Our second result concerns the global well-posedness of the incompressible Navier–
Stokes–Fourier system (1.15) for small initial data.

Theorem 2.2 (Global well-posedness for the Navier–Stokes–Fourier system). There exists
�1 > 0 small enough such that the following holds:

.1/ Torus case �x D T3: For any initial data .�0; u0; �0/ 2 F �1x .L1
�
/ satisfying (1.17)

and k. O�0; Ou0; O�0/kL1
�
� �1, there exists a unique global mild solution

.�; u; �/ 2 F �1x .L1�L
1
t \ L

1
� .h�i/L

2
t /

to the Navier–Stokes–Fourier system (1.15) satisfying (1.17) and the energy estimate

k. O�; Ou; O�/kL1
�
L1t
C kh�i. O�; Ou; O�/kL1

�
L2t

. k. O�0; Ou0; O�0/kL1
�
:

.2/ Whole space case �x D R3: Let p 2 .3=2;1�. For any initial data .�0; u0; �0/ 2
F �1x .L1

�
\L

p

�
/ satisfying k. O�0; Ou0; O�0/kL1

�
Ck. O�0; Ou0; O�0/kLp

�
� �1, there exists a unique

global mild solution

.�; u; �/ 2 F �1x .L1�L
1
t \ L

1
� .j�j/L

2
t \ L

p

�
L1t \ L

p

�
.j�j/L2t /

to the Navier–Stokes–Fourier system (1.15) satisfying the energy estimate

k. O�; Ou; O�/kL1
�
L1t
C k j�j. O�; Ou; O�/kL1

�
L2t
C k. O�; Ou; O�/kLp

�
L1t
C k j�j. O�; Ou; O�/kLp

�
L2t

. k. O�0; Ou0; O�0/kL1
�
C k. O�0; Ou0; O�0/kLp

�
:

The incompressible Navier–Stokes equation, that is, the first equation in (1.15), pos-
sesses a vast literature, so we only mention a few works in the three-dimensional case
below, and we refer the reader to the monographs [10, 58] and the references therein for



Hydrodynamic limit for the non-cutoff Boltzmann equation 13

more details. On the one hand, global weak solutions for large initial data were obtained
in the pioneering work [59] (see also [51]). On the other hand, global mild solutions for
small initial data were obtained in [19,20,28,37,38,54] in different Lebesgue and Sobolev
spaces, and we refer again to the book [58] for results in Besov and Morrey spaces. We
mention in particular the work of Lei and Lin [57], where global mild solutions in the
whole space R3 were constructed in the Fourier-based space L1

�
.j�j�1/L1t .

Our results in Theorem 2.2 may not be completely new, but we do not have a refer-
ence for this precise functional setting (observe that the functional spaces in Theorem 2.2
correspond exactly to the same functional setting as in the global well-posedness for the
Boltzmann equation in Theorem 2.1). Therefore, and also for the sake of completeness,
we shall provide a complete proof of them in Section 5.

Our strategy for obtaining the global solution u for the incompressible Navier–Stokes
equation follows a standard fixed-point argument. As in the proof of Theorem 2.1, we
first obtain boundedness and integrated-in-time regularization estimates for the semigroup
V associated to the operator �1�x (see Proposition 5.1), as well as for its integral in
time against a source

R t
0
V.t � �/S.�/ d� (see Proposition 5.2). We then combine this

with estimates for the non-linear term QNS (see Lemma 5.3) to obtain, thanks to a fixed-
point argument, the global well-posedness of mild solutions of the first equation in (1.15),
namely

u.t/ D V.t/u0 C

Z t

0

V.t � �/QNS.u.�/; u.�// d�:

Once the solution u is constructed, we can obtain in a similar (and even easier) way the
well-posedness of mild solutions of the second equation in (1.15) for the temperature � .
Finally, we easily obtain the result for the density � thanks to the last equation in (1.15).

2.3. Hydrodynamic limit

Our third result regards the hydrodynamic limit of the rescaled Boltzmann equation, that
is, we are interested in the behavior of solutions .f "/"2.0;1� to (1.8) in the limit "! 0.

Let .�0; u0; �0/ be an initial data verifying (1.16) (and also (1.17) in the torus case)
and consider the associated global solution .�;u; �/ to the incompressible Navier–Stokes–
Fourier system (1.15) given by Theorem 2.2, where the viscosity coefficients �1; �2 > 0
are given as follows (see [12]): Let us introduce the two unique functions ˆ (which is a
matrix-valued function) and ‰ (which is a vector-valued function) orthogonal to KerL
such that

1
p
�
L.
p
�ˆ/ D

jvj2

3
I3�3 � v ˝ v;

1
p
�
L.
p
�‰/ D

5 � jvj2

2
vI

Then the viscosity coefficients are defined by

�1 D
1

10

Z
R3
L.
p
�ˆ/ˆ

p
� dv; �2 D

2

15

Z
R3
‰ � L.

p
�‰/
p
� dv:
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We define the initial kinetic distribution g0 2 KerL associated to .�0; u0; �0/ by

g0.x; v/ D Pg0.x; v/ D
h
�0.x/C u0.x/ � v C �0.x/

.jvj2 � 3/

2

i
p
�.v/; (2.11)

and we suppose that g0 is well prepared in the sense

rx � u0 D 0 and �0 C �0 D 0: (2.12)

We then consider the kinetic distribution g.t/ 2 KerL associated to .�.t/; u.t/; �.t// by

g.t; x; v/ D Pg.t; x; v/ D
h
�.t; x/C u.t; x/ � v C �.t; x/

.jvj2 � 3/

2

i
p
�.v/: (2.13)

Theorem 2.3 (Hydrodynamic limit). Let .f "0 /"2.0;1� satisfy the hypotheses of Theorem 2.1
and consider the associated global unique mild solution .f "/"2.0;1� to (1.8). Also let
.�0; u0; �0/ satisfy the hypotheses of Theorem 2.2 as well as (2.12), and consider the
associated global unique mild solution .�;u; �/ to (1.15). Finally, let g0 D Pg0 be defined
by (2.11) and g D Pg by (2.13). There exists 0 < �2 < min.�0; �1/ such that if

max.k Of "0 kL1
�
L2v
; k Og0kL1

�
L2v
/ � �2 in the case �x D T3;

max.k Of "0 kL1
�
L2v
C k Of "0 kLp

�
L2v
; k Og0kL1

�
L2v
C k Og0kLp

�
L2v
/ � �2 in the case �x D R3;

for all " 2 .0; 1� and
lim
"!0
k Of "0 � Og0kL1

�
L2v
D 0;

then there holds
lim
"!0
k Of " � OgkL1

�
L1t L

2
v
D 0: (2.14)

Remark 2.2. A few comments about the above result are in order:

(i) One can get a explicit rate of convergence in (2.14) if we suppose that the initial
data g0 has some additional regularity in x, namely a rate of "ı if the initial data
g0 satisfies kh�iı Og0kL1

�
L2v
<1 for ı 2 .0; 1�. We refer to (6.22) and (6.23) for a

quantitative version of this result.

(ii) Our methods can also be applied to the Landau equation with Coulomb potential,
and we obtain similar results to Theorem 2.1 and Theorem 2.3.

(iii) Our result concerns well-prepared data for the fluid equation, namely .�0; u0; �0/
associated to the initial kinetic distribution g0 satisfies (2.12). In the whole space,
fluid initial data that are not well prepared could be handled as in [39] by using
dispersive estimates. In the case of the torus, we refer to [52] who handle the
initial fluid layers for fluid initial data that are not well prepared.

Before giving some comments on the above result and its strategy, we start by provid-
ing a short overview of the existing literature on the problem of deriving incompressible
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Navier–Stokes fluid equations from the kinetic Boltzmann one, and we refer to the book
by Saint-Raymond [67] for a thorough presentation of the topic including other hydro-
dynamic limits. The first justifications of the link between kinetic and fluid equations
were formal and based on asymptotic expansions by Hilbert–Chapman–Cowling–Grad
(see [27, 42, 50]). The first rigorous convergence proofs based also on asymptotic expan-
sions were given by Caflisch [18] (see also [29, 56]). In those papers, the limit is justified
up to the first singular time for the fluid equation. Guo [48] has justified the limit towards
the Navier–Stokes equation and beyond in Hilbert’s expansion for the cutoff Boltzmann
and Landau equations.

In the framework of large data solutions, the weak convergence of global renormal-
ized solutions of the cutoff Boltzmann equation of [32] towards a global weak solution
to the fluid system were obtained in [11, 12, 40, 41, 60, 61, 67]. Moreover, for the case
of non-cutoff kernels, we refer to [9] who proved the hydrodynamic limit from global
renormalized solutions with defect measure of [6].

We now discuss results in the framework of perturbative solutions, that is, solutions
near the Maxwellian. Based on the spectral analysis of the linearized cutoff Boltzmann
operator performed in [26, 36, 65], some hydrodynamic results were obtained in [13,
39, 66]; see also [24] for the Landau equation. Moreover, for the non-cutoff Boltzmann
equation, we refer to [53], where the authors obtained a result of weak-� convergence
in L1t .H

2
x;v/ towards the fluid system by proving uniform-in-" estimates. To our know-

ledge, our paper is the first to prove a strong convergence towards the incompressible
Navier–Stokes–Fourier system for the non-cutoff Boltzmann equation. We also note here
that, compared to former hydrodynamical limit results, in our work we do not need any
derivative assumption on the initial data.

We now describe our strategy in order to obtain strong convergence results. Our
approach is inspired by the one used in [13] for the cutoff Boltzmann equation, which
was also used more recently in [16, 39] still for cutoff kernels and in [24] for the Landau
equation. Indeed, as in [24, 39], using the spectral analysis performed in [36, 75, 76], in
order to prove our main convergence result, we reformulate the fluid equation in a kinetic
fashion and we then study the equation satisfied by the difference between the kinetic and
the fluid solutions. More precisely, we denote the kinetic solution by

f ".t/ D U ".t/f "0 C‰
"Œf "; f "�.t/;

and we observe, thanks to [13], that the kinetic distribution g associated to the fluid solu-
tion .�; u; �/ through (2.13) satisfies

g.t/ D U.t/g0 C‰Œg; g�.t/;

where U is obtained as the limit of U ", and ‰ as the limit of ‰", when "! 0. The idea is
then to compute the norm of the difference f " � g by using convergence estimates from
U " to U (see Lemma 6.3) and from ‰" to ‰ (see Lemma 6.4), which are based on the
spectral study of [75,76], together with uniform-in-" estimates for the kinetic solution f "
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from Theorem 2.1. This was achieved in [39] for the cutoff Boltzmann equation by apply-
ing a fixed-point method; however, as explained in [24], this cannot be directly applied to
the non-cutoff Boltzmann and Landau equations due to the anisotropic loss of regularity
in the non-linear collision operator � . To overcome this difficulty for the Landau equation,
the authors in [24] proved new pointwise-in-time regularization estimates not only for the
semigroup U " but also for the solution to the non-linear rescaled kinetic equation, which
were then used to close the estimates and obtain a result of strong convergence.

In our work, we propose a new method in order to obtain strong convergence in the
hydrodynamic limit using only the integrated-in-time regularization estimates (as opposed
to pointwise-in-time regularization estimates as in [24]) for the semigroup U ", as well as
for

R t
0
U ".t � �/S.�/ d� . More precisely, the fixed-point argument in the space

F �1x .L1�L
1
t L

2
v \ L

1
�L

2
tH

s;�
v /

for the torus case, or in

F �1x .L1�L
1
t L

2
v \ L

1
�L

2
tH

s;��
v / \ F �1x .L

p

�
L1t L

2
v \ L

p

�
L2tH

s;��
v /

for the whole space, used for the global well-posedness in Theorem 2.1 above together
with the corresponding energy estimates are sufficient to estimate the F �1x .L1

�
L1t L

2
v/-

norm of the difference f " � g and obtain strong convergence.

2.4. Organization of the paper

In Section 3 we first establish basic properties for the rescaled linearized non-cutoff Boltz-
mann collision operator and then compute the basic estimates for the associated semi-
group. In Section 4 we prove the well-posedness for the rescaled non-cutoff Boltzmann
equation. We establish well-posedness for the Navier–Stokes–Fourier system in Section 5.
Finally, we obtain the hydrodynamical limit result in Section 6.

3. Linearized Boltzmann operator

It is well known, see for instance [64] and the references therein, that the linearized Boltz-
mann collision operatorL, defined in (1.9), satisfies the following coercive-type inequality

hLf; f iL2v � ��kP
?f k2

H
s;�
v
;

where we recall that P? D I � P and P is the orthogonal projection onto KerL given by
(2.1). For all " 2 .0; 1� and all � 2 �0

�
, we denote byƒ".�/ the Fourier transform in space

of the full linearized operator 1
"2
L � 1

"
v � rx , namely

ƒ".�/´
1

"2
.L � i"v � �/:
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We first gather dissipativity results for the operator ƒ".�/ obtained for instance in
[69], that we reformulate below as in [23] and inspired from [14, 24], in order to take into
account the different scales related to the parameter " 2 .0; 1�. For every � 2�0

�
we define

BŒf; g�.�/´
ı1i
h�i2

��Œ Of .�/� �MŒP? Og.�/�C
ı1i
h�i2

��Œ Og.�/� �MŒP? Of .�/�

C
ı2i
h�i2

.� ˝ uŒ Of .�/�/sym
W
®
‚ŒP? Og.�/�C �Œ Og.�/�I

¯
C

ı2i
h�i2

.� ˝ uŒ Og.�/�/sym
W
®
‚ŒP? Of .�/�C �Œ Of .�/�I

¯
C

ı3i
h�i2

��Œ Of .�/� � uŒ Og.�/�C
ı3i
h�i2

��Œ Og.�/� � uŒ Of .�/�;

with constants 0 < ı3 � ı2 � ı1 � 1, where I is the 3 � 3 identity matrix and the
moments M and ‚ are defined by

MŒf � D

Z
R3
f v.jvj2 � 5/

p
�.v/ dv; ‚Œf � D

Z
R3
f .v ˝ v � I /

p
�.v/ dv;

and where for vectors a; b 2 R3 and matrices A;B 2 R3�3, we denote

.a˝ b/sym
D
1

2
.aj bk C akbj /1�j;k�3; A W B D

3X
j;kD1

AjkBjk :

We then define the inner product hh�; �iiL2v on L2v (depending on �) by

hh Of .�/; Og.�/iiL2v ´ h
Of .�/; Og.�/iL2v C "BŒf; g�.�/; (3.1)

and the associated norm

jjj Of .�/jjj2
L2v
´ hh Of .�/; Of .�/iiL2v :

In a similar fashion, for any ` > 0, we define the inner product hh�; �iiL2v.hvi`/ on L2v.hvi
`/

(depending on �) by

hh Of .�/; Og.�/iiL2v.hvi`/´ h
Of .�/; Og.�/iL2v C ı0hP

? Of .�/;P? Og.�/iL2v.hvi`/
C "BŒf; g�.�/; (3.2)

with ı1 � ı0 � 1, and the associated norm

jjj Of .�/jjj2
L2v.hvi`/

´ hh Of .�/; Of .�/iiL2v.hvi`/:

It is important to notice the factor " in front of the last term on the right-hand side of (3.1)
and (3.2).

Arguing as in [69], the main difference being the factor " in the second term of (3.1)
and (3.2), we obtain the following dissipativity result.
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Proposition 3.1. We can choose 0 < ı3 � ı2 � ı1 � ı0 � 1 appropriately such that

(1) the new norm jjj � jjjL2v.hvi`/ is equivalent to the usual norm k � kL2v.hvi`/ onL2v.hvi
`/

with bounds that are independent of � and ";

(2) if �x D T3, for every f satisfying (1.12) we have, for all � 2 Z3,

Rehhƒ".�/ Of .�/; Of .�/iiL2v.hvi`/ � ��0
� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C kP Of .�/k2
L2v

�
;

for some constant �0 > 0;

(3) if �x D R3, for every f we have, for all � 2 R3,

Rehhƒ".�/ Of .�/; Of .�/iiL2v.hvi`/ � ��0
� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C
j�j2

h�i2
kP Of .�/k2

L2v

�
;

for some constant �0 > 0.

The aim of the remainder of this section is to obtain, using the dissipativity result of
Proposition 3.1, decay and regularization estimates for the semigroup associated to the
linearized operator yƒ". In the sequel we denote by

yU ".t; �/ D etƒ
".�/; (3.3)

the semigroup associated to ƒ".�/, and by

U ".t/ D F �1x
yU ".t/Fx ; (3.4)

the semigroup associated to 1
"2
.L � "v � rx/.

3.1. Boundedness and regularization estimates

We first provide boundedness and integrated-in-time regularization estimates for the semi-
group U " (see Proposition 3.2), as well as its integral in time against a source

R t
0
U ".t �

�/S.�/ d� (see Proposition 3.3). These are the key estimates we shall use later in order
to prove the well-posedness results for the rescaled Boltzmann equation (1.8) in The-
orem 2.1. They are also crucial for establishing the convergence of some of the terms in
the proof of the hydrodynamic limit in Theorem 2.3.

Proposition 3.2. Let ` � 0, " 2 .0; 1�, and p 2 Œ1;1�. Let Of0 2 L1�L
2
v.hvi

`/ and suppose
moreover that f0 verifies (1.12) in the torus case �x D T3. Then

k yU ".�/ Of0kLp
�
L1t L

2
v.hvi`/

C
1

"
kP? yU ".�/ Of0kLp

�
L2tH

s;�
v .hvi`/ C




 j�j
h�i

P yU ".�/ Of0




L
p
�
L2tL

2
v

. k Of0kLp
�
L2v.hvi`/

;

and, moreover, in the torus case, we also have that U ".t/f0 verifies (1.12) for all t � 0.



Hydrodynamic limit for the non-cutoff Boltzmann equation 19

Remark 3.1. Observe that, in the torus case �x D T3, one can replace the term
j�j
h�i

P yU ".�/ Of0 in the above estimate by P yU ".�/ Of0 since U ".t/f0 verifies (1.12).

Proof of Proposition 3.2. Let f .t/ D U ".t/f0 for all t � 0, which satisfies the equation

@tf D
1

"2
.L � "v � rx/f; fjtD0 D f0: (3.5)

We already observe that in the case of the torus, f .t/ verifies (1.12) thanks to the proper-
ties of L. Moreover, for all � 2 Z3 (if �x D T3) or all � 2 R3 (if �x D R3), the Fourier
transform in space Of satisfies

@t Of .�/ D ƒ
".�/ Of .�/; Of .�/jtD0 D Of0.�/: (3.6)

Using Proposition 3.1 we have, for all t � 0,

1

2

d
dt
jjj Of .�/jjj2

L2v.hvi`/
D Rehhƒ".�/ Of .�/; Of .�/iiL2v.hvi`/

� ��0

� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C
j�j2

h�i2
kP Of .�/k2

L2v

�
;

which implies, for all t � 0,

k Of .t; �/k2
L2v.hvi`/

C
1

"2

Z t

0

kP? Of .�; �/k2
H
s;�
v .hvi`/

d� C
Z t

0

j�j2

h�i2
kP Of .�; �/k2

L2v
d�

. k Of0.�/k2L2v.hvi`/;

where we have used that jjj Of .�/jjjL2v is equivalent to k Of .�/kL2v independently of � and ".
Taking the supremum in time and then taking the square root of previous estimate yields

k Of .�/kL1t L2v.hvi`/
C
1

"
kP? Of .�/kL2tH s;�

v .hvi`/ C




 j�j
h�i

P Of .�/




L2tL

2
v

. k Of0.�/kL2v ;

and we conclude by taking the Lp
�

norm.

Proposition 3.3. Let ` � 0, " 2 .0; 1�, and p 2 Œ1;1�. Let S D S.t; x; v/ verify PS D 0
and hvi` yS 2 Lp

�
L2t .H

s;�
v /0, and denote

gS .t/ D

Z t

0

U ".t � �/S.�/ d�:

Then

k OgSkLp
�
L1t L

2
v.hvi`/

C
1

"
kP? OgSkLp

�
L2tH

s;�
v .hvi`/ C




 j�j
h�i

P OgS




L
p
�
L2tL

2
v

. "khvi` ySkLp
�
L2t .H

s;�
v /0 :
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Remark 3.2. As in Remark 3.1, we observe that in the torus case �x D T3 one can
replace the term j�j

h�i
P OgS in the above estimate by P OgS .

Proof of Proposition 3.3. We first observe that gS satisfies the equation

@tgS D
1

"2
.L � "v � rx/gS C S; gjtD0 D 0; (3.7)

thus, for all for all � 2 Z3 (if �x D T3) or all � 2 R3 (if �x D R3),

@t OgS .�/ D ƒ
".�/ OgS .�/C yS.�/; Og.�/jtD0 D 0; (3.8)

that is, for all t � 0 ,

OgS .t; �/ D

Z t

0

yU ".t � �; �/ yS.�; �/ d�: (3.9)

We remark from (3.1) (if ` D 0) or (3.2) (if ` > 0) and the fact that PS D 0 that

hh yS.�/; OgS .�/iiL2v.hvi`/

D h yS.�/; OgS .�/iL2v C ı0hP
? yS.�/;P? OgS .�/iL2v.hvi`/ C "BŒS; gS �.�/

D h yS.�/;P? OgS .�/iL2v C ı0hP
? yS.�/;P? OgS .�/iL2v.hvi`/ C "BŒS; gS �.�/:

Using again that PS D 0, so that �ŒS� D uŒS� D �ŒS� D 0, we have

BŒS; gS �.�/ D
ı1i

1C j�j2
��Œ OgS .�/� �MŒP? yS.�/�

C
ı2i

1C j�j2
.� ˝ uŒ OgS .�/�/

sym
W ‚ŒP? yS.�/�;

therefore observing that for any polynomial p D p.v/ there holdsˇ̌̌̌Z
R3
yS.�/p.v/

p
�.v/ dv

ˇ̌̌̌
. k yS.�/k.H s;�

v /0 ;

we get

jBŒS; gS �.�/j . kP? yS.�/k.H s;�
v /0
j�j

h�i2
kP OgS .�/kL2v . kP? yS.�/k.H s;�

v /0
j�j

h�i
kP OgS .�/kL2v :

Moreover,
h yS.�/;P? OgS .�/iL2v . k yS.�/k.H s;�

v /0kP
?
OgS .�/kH s;�

v

and

h yS.�/;P? OgS .�/iL2v.hvi`/ D hhvi
` yS.�/; hvi`P? OgS .�/iL2v

. khvi` yS.�/k.H s;�
v /0khvi

`P? OgS .�/kH s;�
v
:



Hydrodynamic limit for the non-cutoff Boltzmann equation 21

Gathering previous estimates yields

hh yS.�/; OgS .�/iiL2v.hvi`/ . khvi` yS.�/k.H s;�
v /0

�
kP? OgS .�/kH s;�

v .hvi`/ C "
j�j

h�i
kP OgS .�/kL2v

�
:

Using Proposition 3.1 and arguing as in Proposition 3.2 we have, for all t � 0 and all
� 2 �0

�
,

1

2

d
dt
jjj OgS .�/jjj

2
L2v.hvi`/

� ��0

� 1
"2
kP? OgS .�/k2H s;�

v .hvi`/
C
j�j2

h�i2
kP OgS .�/k2L2v

�
C Ckhvi` yS.�/k.H s;�

v /0

�
kP? OgS .�/kH s;�

v .hvi`/ C "
j�j

h�i
kP OgS .�/kL2v

�
� �

�0

2

� 1
"2
kP? OgS .�/k2H s;�

v .hvi`/
C
j�j2

h�i2
kP OgS .�/k2L2v

�
C C"2khvi` yS.�/k2

.H
s;�
v /0

; (3.10)

where we have used Young’s inequality in the last line, which implies

k OgS .t; �/k
2
L2v.hvi`/

C
1

"2

Z t

0

kP? OgS .�; �/k2H s;�
v .hvi`/

d� C
Z t

0

j�j2

h�i2
kP OgS .�; �/k2L2v d�

. "2
Z t

0

khvi` yS.�; �/k2
.H

s;�
v /0

d�:

Taking the supremum in time and then taking the square root of the previous estimate
yields

k OgS .�/kL1t L2v.hvi`/
C
1

"
kP? OgS .�/kL2tH s;�

v .hvi`/ C




 j�j
h�i

P OgS .�/




L2tL

2
v

. "khvi` yS.�/kL2t .H
s;�
v /0 ;

and we conclude by taking the Lp
�

norm.

3.2. Decay estimates: Hard potentials in the torus

In this subsection we shall always assume 
 C 2s � 0 and �x D T3, and we shall obtain
decay estimates for the semigroup U " (see Proposition 3.4), as well as its integral in time
against a source

R t
0
U ".t � �/S.�/ d� (see Proposition 3.5). We recall that given any real

number � 2 R we denote e�W t 7! e�t .

Proposition 3.4. Let ` � 0 and " 2 .0; 1�. Let Of0 2 L1�L
2
v.hvi

`/. Then

ke� yU ".�/ Of0kL1
�
L1t L

2
v.hvi`/

C
1

"
ke�P? yU ".�/ Of0kL1

�
L2tH

s;�
v .hvi`/ C ke�P yU ".�/ Of0kL1

�
L2tL

2
v

. k Of0kL1
�
L2v.hvi`/

;

for some � > 0 (depending on �0 of Proposition 3.1).
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Proof. Let f .t/ D U ".t/f0 for all t � 0 which satisfies (3.5), so that Of .t; �/ D
yU ".t; �/ Of0.�/ satisfies (3.6) for all � 2 Z3. Using Proposition 3.1 we have, for all t � 0
and some �0 > 0,

1

2

d
dt
jjj Of .�/jjj2

L2v.hvi`/
� ��0

� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C kP Of .�/k2
L2v

�
;

which implies, since k � kH s;�
v .hvi`/ � khvi


=2Cs � kL2v.hvi`/
� k � kL2v.hvi`/

and the fact that

jjj Of .�/jjjL2v.hvi`/ is equivalent to k Of .�/kL2v.hvi`/ independently of � and ", that

1

2

d
dt
jjj Of .�/jjj2

L2v.hvi`/
� ��jjj Of .�/jjj2

L2v.hvi`/
� �

� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C kP Of .�/k2
L2v

�
;

for some positive constants �; � > 0 depending only on the implicit constants in Proposi-
tion 3.1 (1) and on �0 > 0 appearing in Proposition 3.1 (2). We therefore deduce

d
dt

®
e2�t jjj Of .�/jjj2

L2v.hvi`/

¯
� ��e2�t

� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C kP Of .�/k2
L2v

�
;

which implies, for all t � 0,

e2�tk Of .t; �/k2
L2v.hvi`/

C
1

"2

Z t

0

e2�skP? Of .�; �/k2
H
s;�
v .hvi`/

d� C
Z t

0

e2�skP Of .�; �/k2
L2v

d�

. k Of0.�/k2L2v.hvi`/;

where we have used again that jjj Of .�/jjjL2v.hvi`/ is equivalent to k Of .�/kL2v.hvi`/ independ-
ently of � and ". Taking the supremum in time and then taking the square root of the
previous estimate yields

ke� Of .�/kL1t L2v.hvi`/ C
1

"
ke�P? Of .�/kL2tH s;�

v .hvi`/ C ke�P Of .�/kL2tL2v . k Of0.�/kL2v.hvi`/;

and we conclude by taking the L1
�

norm.

Proposition 3.5. Let ` � 0 and " 2 .0; 1�. Let � > 0 be given in Proposition 3.4. Let
S D S.t; x; v/ verify PS D 0 and e�hvi` yS 2 L1�L

2
t .H

s;�
v /0, and denote

gS .t/ D

Z t

0

U ".t � �/S.�/ d�:

Then

ke� OgSkL1
�
L1t L

2
v.hvi`/

C
1

"
ke�P? OgSkL1

�
L2tH

s;�
v .hvi`/ C ke�P OgSkL1

�
L2tL

2
v

. "ke�hvi` ySkL1
�
L2t .H

s;�
v /0 :
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Proof. Recall that gS satisfies equation (3.7) and Og verifies (3.8) for all � 2 Z3, as well as
(3.9). Thanks to (3.10) and using that k � kH s;�

v .hvi`/ � khvi

=2Cs � kL2v.hvi`/

� k � kL2v.hvi`/

as in the proof of Proposition 3.4, we get for all t � 0,

1

2

d
dt
jjj OgS .�/jjj

2
L2v.hvi`/

� ��k OgS .�/k
2
L2v.hvi`/

� �
� 1
"2
kP? OgS .�/k2H s;�

v .hvi`/
CkP OgS .�/k2L2v

�
C C"2khvi` yS.�/k2

.H
s;�
v /0

;

for some constants �; �; C > 0. We therefore deduce

d
dt

®
e2�t jjj OgS .�/jjj

2
L2v.hvi`/

¯
� ��e2�t

� 1
"2
kP? OgS .�/k2H s;�

v .hvi`/
C kP OgS .�/k2L2v

�
C C"2e2�tkhvi` yS.�/k2

.H
s;�
v /0

;

which implies, for all t � 0,

e2�tk OgS .t; �/k
2
L2v.hvi`/

C
1

"2

Z t

0

e2�skP? OgS .�; �/k2H s;�
v .hvi`/

d�

C

Z t

0

e2�skP OgS .�; �/k2L2v d� . "2
Z t

0

e2�skhvi` yS.�; �/k2
.H

s;�
v /0

d�:

Taking the supremum in time and then taking the square root of the previous estimate
yields

ke� OgS .�/kL1t L2v.hvi`/ C
1

"
ke�P? OgS .�/kL2tH s;�

v .hvi`/ C ke�P OgS .�/kL2tL2v

. "ke�hvi` yS.�/kL2t .H s;�
v /0 ;

and we conclude by taking the L1
�

norm.

3.3. Decay estimates: Soft potentials in the torus

In this subsection we shall always assume 
 C 2s < 0 and �x D T3, and we shall obtain
decay estimates for the semigroup U " (see Proposition 3.6), as well as its integral in time
against a source

R t
0
U ".t � �/S.�/ d� (see Proposition 3.7). We recall that given any real

number ! 2 R we denote p! W t 7! .1C t /! .

Proposition 3.6. Let ` > 0, " 2 .0; 1�, and Of0 2L1�L
2
v.hvi

`/. Then for any 0 < ! < `
j
C2sj

we have

kp! yU ".�/ Of0kL1
�
L1t L

2
v
C
1

"
kp!P? yU ".�/ Of0kL1

�
L2tH

s;�
v
C kp!P. yU ".�/ Of0/kL1

�
L2tL

2
v

. k Of0kL1
�
L2v
C k yU ".�/ Of0kL1

�
L1t L

2
v.hvi`/

:
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Proof. Arguing as in the proof of Proposition 3.4, denoting f .t/ D U ".t/f0, and using
that k � kH s;� � khvi
=2Cs � kL2v , we obtain

1

2

d
dt
jjj Of .�/jjj2

L2v
� ��khvi
=2Cs Of .�/k2

L2v

� �
� 1
"2
kP? Of .�/k2

H
s;�
v
C kP Of .�/k2

L2v

�
; (3.11)

for some positive constants �; � > 0.
We now observe the following interpolation inequality: for any R > 0 there holds

jjj Of .�/jjj2
L2v

. hRij
C2sjkhvi
=2Cs Of .�/k2
L2v
C hRi�2`k Of .�/k2

L2v.hvi`/
: (3.12)

Therefore, coming back to (3.11) and choosing hRi D Œ.�=!/.1C t /�1=j
C2sj yields

1

2

d
dt
jjj Of .�/jjj2

L2v
� �!.1C t /�1jjj Of .�/jjj2

L2v
� �

� 1
"2
kP? Of .�/k2

H
s;�
v
C kP Of .�/k2

L2v

�
C C.1C t /

�1� 2`
j
C2sj k Of .�/k2

L2v.hvi`/
;

for some constant C > 0 (independent of � and "). Multiplying both sides by .1C t /2!

gives

1

2

d
dt

®
.1C t /2! jjj Of .�/jjj2

L2v

¯
� ��.1C t /2!

� 1
"2
kP? Of .�/k2

H
s;�
v
C kP Of .�/k2

L2v

�
C C.1C t /

2!�1� 2`
j
C2sj k Of .�/k2

L2v.hvi`/
:

Integrating the last estimate in time gives, for all t � 0,

.1C t /2!k Of .t; �/k2
L2v
C
1

"2

Z t

0

.1C �/2!kP? Of .�; �/k2
H
s;�
v

d�

C

Z t

0

.1C �/2!kP Of .�; �/k2
L2v

d�

. k Of0.�/k2L2v C sup
�2Œ0;t�

k Of .�; �/k2
L2v.hvi`/

Z t

0

.1C �/
2!�1� 2`

j
C2sj d�;

where we have used again that jjj � jjjL2v is equivalent to k � kL2v independently of � and ".

Observing that .1 C t /2!�1�
2`
j
C2sj is integrable since 0 < ! < `

j
C2sj
, we can take the

supremum in time in the last estimate and then its square root to obtain

kp! Of .�/kL1t L2v C
1

"
kp!P? Of .�/kL2tH s;�

v
C kp!P Of .s; �/kL2tL2v

. k Of0.�/kL2v C k Of .�/kL1t L2v.hvi`/;

and we conclude the proof by taking the L1
�

norm.
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Proposition 3.7. Let " 2 .0; 1�. Let S D S.t;x;v/ verify PS D 0 and p! yS 2L1�L
2
t .H

s;�
v /0

for some 0 < ! < `
j
C2sj

and ` > 0, and denote

gS .t/ D

Z t

0

U ".t � �/S.�/ d�:

Assume that OgS 2 L1�L
1
t L

2
v.hvi

`/. Then we have

kp! OgSkL1
�
L1t L

2
v
C
1

"
kp!P? OgSkL1

�
L2tH

s;�
v
C kp!P OgSkL1

�
L2tL

2
v

. "kp! ySkL1
�
L2t .H

s;�
v /0 C k OgSkL1

�
L1t L

2
v.hvi`/

:

Proof. Arguing as in the proof of Proposition 3.5, but now using that k � kH s;�.hvi`/ �

khvi
=2Cs � kL2v.hvi`/ as in Proposition 3.6, we have

1

2

d
dt
jjj OgS .�/jjj

2
L2v
� ��khvi
=2Cs OgS .�/k

2
L2v
� �

� 1
"2
kP? OgS .�/k2H s;�

v
C kP OgS .�/k2L2v

�
C C"2k yS.�/k2

.H
s;�
v /0

;

for some constants �; �; C > 0. Using the interpolation (3.12) as in the proof of Proposi-
tion 3.6, we obtain

1

2

d
dt
jjj OgS .�/jjj

2
L2v
� �!.1C t /�1jjj OgS .�/jjj

2
L2v
� �

� 1
"2
kP? OgS .�/k2H s;�

v
C kP OgS .�/k2L2v

�
C C"2k yS.�/k2

.H
s;�
v /0
C C.1C t /

�1� 2`
j
C2sj k OgS .�/k

2
L2v.hvi`/

;

for some constant C > 0 (independent of � and "). We can then conclude exactly as in the
proof of Proposition 3.6.

3.4. Decay estimates: Hard potentials in the whole space

In this subsection we shall always assume 
 C 2s � 0 and �x D R3, and we shall obtain
decay estimates for the semigroup U " (see Proposition 3.8), as well as its integral in time
against a source

R t
0
U ".t � �/S.�/ d� (see Proposition 3.9). We recall that given any real

number ! 2 R we denote p! W t 7! .1C t /! .

Proposition 3.8. Let ` � 0, " 2 .0; 1�, p 2 .3=2;1�, and 0 < # < 3
2
.1 � 1

p
/. Let Of0 2

L1
�
L2v.hvi

`/. Then

kp# yU ".�/ Of0kL1
�
L1t L

2
v.hvi`/

C
1

"
kp#P? yU ".�/ Of0kL1

�
L2tH

s;�
v .hvi`/

C




p#
j�j

h�i
P yU ".�/ Of0





L1
�
L2tL

2
v.hvi`/

. k Of0kL1
�
L2v.hvi`/

C k yU ".�/ Of0kLp
�
L1t L

2
v.hvi`/

:
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Proof. Let f .t/ D U ".t/f0 for all t � 0 which satisfies (3.5), so that Of .t; �/ D
yU ".t; �/ Of .�/ satisfies (3.6) for all � 2 R3. Using Proposition 3.1 we have, for all t � 0
and some �0 > 0,

1

2

d
dt
jjj Of .�/jjj2

L2v.hvi`/
� ��0

� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C
j�j2

h�i2
kP Of .�/k2

L2v

�
;

and we already observe that, using k � kH s;�
v .hvi`/ � khvi


=2Cs � kL2v.hvi`/
� k � kL2v.hvi`/

and
" 2 .0; 1�,

1

"2
kP? Of .�/k2

H
s;�
v .hvi`/

C
j�j2

h�i2
kP Of .�/k2

L2v
&
j�j2

h�i2
jjj Of .�/jjj2

L2v.hvi`/
;

where we have used that jjj Of .�/jjjL2v.hvi`/ is equivalent to k Of .�/kL2v.hvi`/ independently of
� and ". Therefore, it follows that

1

2

d
dt
jjj Of .�/jjj2

L2v.hvi`/
� �2�

j�j2

h�i2
jjj Of .�/jjj2

L2v.hvi`/

� �
� 1
"2
kP? Of .�/k2

H
s;�
v .hvi`/

C
j�j2

h�i2
kP Of .�/k2

L2v

�
; (3.13)

for some constants �; � > 0. We now split our analysis into two cases: high frequencies
j�j � 1 and low frequencies j�j < 1.

For high frequencies j�j � 1 we remark that j�j
2

h�i2
�

1
2

; hence we obtain

1

2

d
dt

1j�j�1jjj Of .�/jjj2L2v.hvi`/ � ��1j�j�1jjj Of .�/jjj2L2v.hvi`/

�
�

2

� 1
"2

1j�j�1kP? Of .�/k2H s;�
v .hvi`/

C 1j�j�1kP Of .�/k2L2v

�
:

Arguing as in the proof of Proposition 3.4 we hence deduce

1j�j�1ke� Of .�/kL1t L2v.hvi`/ C
1

"
1j�j�1ke�P? Of .�/kL2tH s;�

v .hvi`/ C 1j�j�1ke�P Of .�/kL2tL2v

. 1j�j�1k Of0.�/kL2v.hvi`/: (3.14)

We now investigate the case of low frequencies j�j< 1. We denote by p0 the conjugate
exponent of p, that is, 1=pC 1=p0D 1, with the convention p0D 1 if pD1, and consider
a real number r verifying 1Cp0=3< r < 1C 1=.2#/, which we observe is possible thanks
to the conditions on p and # . Remarking that j�j2 � 2j�j2=h�i2 if j�j < 1, by Young’s
inequality we get the following: for any ı > 0 there is Cı > 0 such that, for all j�j < 1 and
t � 0, we have

1 � ı.1C t /
j�j2

h�i2
C Cı.1C t /

� 1
r�1 j�j�

2
r�1 : (3.15)
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We therefore obtain, coming back to (3.13) and choosing ı > 0 appropriately,

1

2

d
dt

1j�j<1jjj Of .�/jjj2L2v.hvi`/ � ��
� 1
"2

1j�j<1kP? Of .�/k2H s;�
v .hvi`/

C 1j�j<1
j�j2

h�i2
kP Of .�/k2

L2v

�
� #.1C t /�11j�j<1jjj Of .�/jjj2L2v.hvi`/
C C.1C t /�1�

1
r�1 j�j�

2
r�1 1j�j<1k Of .�/k2L2v.hvi`/;

for some constant C > 0. Multiplying both sides by .1C t /2# gives

1

2

d
dt

®
.1C t /2#1j�j<1jjj Of .�/jjj2L2v.hvi`/

¯
� ��.1C t /2#

� 1
"2

1j�j<1kP? Of .�/k2H s;�
v .hvi`/

C 1j�j<1
j�j2

h�i2
kP Of .�/k2

L2v

�
C C.1C t /2#�1�

1
r�1 j�j�

2
r�1 1j�j<1k Of .�/k2L2v.hvi`/:

Integrating in time implies, for all t � 0,

.1C t /2#1j�j<1k Of .t; �/k2L2v.hvi`/ C
1

"2

Z t

0

.1C �/2#1j�j<1kP? Of .�; �/k2H s;�
v .hvi`/

d�

C

Z t

0

.1C �/2#1j�j<1
j�j2

h�i2
kP Of .�; �/k2

L2v
d�

. 1j�j<1k Of0.�/k2L2v.hvi`/ C 1j�j<1j�j�
2
r�1 k Of .�/k2

L1t L
2
v.hvi`/

;

where we have used that .1C t /2#�1�
1
r�1 is integrable since r < 1C 1=.2#/. We now

take the supremum in time and finally the square root of the resulting estimate, which
gives

1j�j<1kp# Of .�/kL1t L2v.hvi`/ C
1

"
1j�j<1kp#P? Of .�/kL2tH s;�

v .hvi`/

C 1j�j<1



p#
j�j

h�i
P Of .�/





L2tL

2
v

. 1j�j<1k Of0.�/kL2v.hvi`/ C 1j�j<1j�j�
1
r�1 k Of .�/kL1t L2v.hvi`/

: (3.16)

Gathering the estimate for high frequencies (3.14) together with the one for low fre-
quencies (3.16), it follows that

kp# Of .�/kL1t L2v.hvi`/ C
1

"
kp#P? Of .�/kL2tH s;�

v .hvi`/ C




p#
j�j

h�i
P Of .�/





L2tL

2
v

. k Of0.�/kL2v.hvi`/ C 1j�j<1j�j�
1
r�1 k Of .�/kL1t L2v.hvi`/

:

Taking the L1
�

norm above, we use Hölder’s inequality to obtainZ
R3

1j�j<1j�j�
1
r�1 k Of .�/kL1t L2v.hvi`/

d� .
�Z

R3
1j�j<1j�j�

p0

r�1 d�
�1=p0

k Of kLp
�
L1t L

2
v.hvi`/

. k Of kLp
�
L1t L

2
v.hvi`/

;
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since r > 1C p0=3, which implies

kp# Of kL1
�
L1t L

2
v.hvi`/

C
1

"
kp#P? Of kL1

�
L2tH

s;�
v .hvi`/ C




p#
j�j

h�i
P Of





L1
�
L2tL

2
v

. k Of0kL1
�
L2v.hvi`/

C k Of kLp
�
L1t L

2
v.hvi`/

;

and concludes the proof.

Proposition 3.9. Let ` � 0, " 2 .0; 1�, p 2 .3=2;1�, and 0 < # < 3
2
.1 � 1

p
/. Let S D

S.t; x; v/ verify PS D 0 and p#hvi` yS 2 L1�L
2
t .H

s;�
v /0, and denote

gS .t/ D

Z t

0

U ".t � �/S.�/ d�:

Assume that OgS 2 L
p

�
L1t L

2
v.hvi

`/. Then

kp# OgSkL1
�
L1t L

2
v.hvi`/

C
1

"
kp#P? OgSkL1

�
L2tH

s;�
v .hvi`/ C




p#
j�j

h�i
P OgS





L1
�
L2tL

2
v

. "kp#hvi` ySkL1
�
L2t .H

s;�
v /0 C k OgSkLp

�
L1t L

2
v.hvi`/

:

Proof. Recalling that OgS satisfies (3.8), we can argue as for obtaining (3.13) to get

1

2

d
dt
jjj OgS .�/jjj

2
L2v.hvi`/

� �2�
j�j2

h�i2
jjj OgS .�/jjj

2
L2v.hvi`/

� �
� 1
"2
kP? OgS .�/k2H s;�

v .hvi`/
C
j�j2

h�i2
kP OgS .�/k2L2v

�
C C"2khvi` yS.�/k2

.H
s;�
v /0

;

for some constants �; �; C > 0. By separating the cases of high and low frequencies, we
can conclude exactly as in the proof of Proposition 3.8.

3.5. Decay estimates: Soft potentials in the whole space

In this subsection we shall always assume 
 C 2s < 0 and �x D R3, and we shall obtain
decay estimates for the semigroup U " (see Proposition 3.10), as well as its integral in time
against a source

R t
0
U ".t � �/S.�/ d� (see Proposition 3.11). We recall that given any real

number ! 2 R we denote p! W t 7! .1C t /! .

Proposition 3.10. Let " 2 .0; 1�, p 2 .3=2;1�, and 0 < # < 3
2
.1 � 1

p
/. Let

f0 2 F �1x .L1�L
2
v.hvi

`/ \ L
p

�
L2v/

with ` > #j
 C 2sj. Then we have

kp# yU ".�/ Of0kL1
�
L1t L

2
v
C
1

"
kp#P? yU ".�/ Of0kL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P. yU ".�/ Of0/





L1
�
L2tL

2
v

. k Of0kL1
�
L2v
C k yU ".�/ Of0kL1

�
L1t L

2
v.hvi`/

C k yU ".�/ Of0kLp
�
L1t L

2
v
:
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Proof. Arguing as in the proof of Proposition 3.8, denoting f .t/ D U ".t/f0, and using
that k � kH s;�.hvi`/ � khvi


=2Cs � kL2v.hvi`/
, we first obtain

1

2

d
dt
jjj Of .�/jjj2

L2v
� ��khvi
=2CsP? Of .�/k2

L2v
� �
j�j2

h�i2
kP Of .�/k2

L2v

� �
� 1
"2
kP? Of .�/k2

H
s;�
v
C
j�j2

h�i2
kP Of .�/k2

L2v

�
; (3.17)

for some positive constants �; � > 0. We now split the analysis into high frequencies and
low frequencies.

For high frequencies j�j � 1 we observe that j�j
2

h�i2
�

1
2

, which yields

1

2

d
dt

1j�j�1jjj Of .�/jjj2L2v � ��1j�j�1khvi
=2CsP? Of .�/k2L2v � �kP
Of .�/k2

L2v

� �
� 1
"2

1j�j�1kP? Of .�/k2H s;�
v
C 1j�j�1kP Of .�/k2L2v

�
� ��1j�j�1khvi
=2Cs Of .�/k2L2v

� �
� 1
"2

1j�j�1kP? Of .�/k2H s;�
v
C 1j�j�1kP Of .�/k2L2v

�
;

for some other constants �; � > 0. Thanks to the interpolation inequality (3.12) of the
proof of Proposition 3.6, we hence deduce

1

2

d
dt

1j�j�1jjj Of .�/jjj2L2v � �!.1C t /
�11j�j�1jjj Of .�/jjj2L2v

� �
� 1
"2

1j�j�1kP? Of .�/k2H s;�
v
C 1j�j�1kP Of .�/k2L2v

�
C C.1C t /

�1� 2`
j
C2sj k Of .�/k2

L2v.hvi`/
;

for any # <! < `
j
C2sj

and some constantC >0. With this inequality we can thus argue as
in the proof of Proposition 3.6, which gives, recalling that .1C t /2!�1�

2`
j
C2sj is integrable

since 0 < ! < `
j
C2sj

,

1j�j�1kp! Of .�/kL1t L2v C
1

"
1j�j�1kp!P? Of .�/kL2tH s;�

v
C 1j�j�1kp!P Of .�/kL2tL2v

. 1j�j�1k Of0.�/kL2v C 1j�j�1k Of .�/kL1t L2v.hvi`/: (3.18)

We now turn our attention to the low frequencies case j�j< 1 . First of all, from (3.17),
we use the interpolation inequality (3.12) of the proof of Proposition 3.6 to deduce

1

2

d
dt

1j�j<1jjj Of .�/jjj2L2v � �!.1C t /
�11j�j<1jjjP? Of .�/jjj2L2v � �1j�j<1

j�j2

h�i2
kP Of .�/k2

L2v

� �
� 1
"2

1j�j<1kP? Of .�/k2H s;�
v
C 1j�j<1

j�j2

h�i2
kP Of .�/k2

L2v

�
C C.1C t /

�1� 2`
j
C2sj 1j�j<1kP? Of .�/k2L2v.hvi`/;
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for any # < ! < `
j
C2sj

and some constant C > 0. As in the proof of Proposition 3.8,
we denote by p0 the conjugate exponent of p, and consider a real number r verifying
1C p0=3 < r < 1C 1=.2#/. Using inequality (3.15) we hence deduce

1

2

d
dt

1j�j<1jjj Of .�/jjj2L2v � �#.1C t /
�11j�j<1jjj Of .�/jjj2L2v

� �
� 1
"2

1j�j<1kP? Of .�/k2H s;�
v
C 1j�j<1

j�j2

h�i2
kP Of .�/k2

L2v

�
C C.1C t /

�1� 2`
j
C2sj 1j�j<1kP? Of .�/k2L2v.hvi`/

C C.1C t /�1�
1
r�1 j�j�

2
r�1 1j�j<1kP Of .�/k2L2v ;

for some constant C > 0. Multiplying both sides by .1C t /2# gives

1

2

d
dt

®
.1C t /2#1j�j<1jjj Of .�/jjj2L2v

¯
� ��.1C t /2#

� 1
"2

1j�j<1kP? Of .�/k2H s;�
v
C 1j�j<1

j�j2

h�i2
kP Of .�/k2

L2v

�
C C.1C t /

2#�1� 2`
j
C2sj 1j�j<1kP? Of .�/k2L2v.hvi`/

C C.1C t /2#�1�
1
r�1 j�j�

2
r�1 1j�j<1kP Of .�/k2L2v :

Integrating in time implies, for all t � 0,

.1C t /2#1j�j<1k Of .t; �/k2L2v C
1

"2

Z t

0

.1C �/2#1j�j<1kP? Of .�; �/k2H s;�
v

d�

C

Z t

0

.1C �/2#1j�j<1
j�j2

h�i2
kP Of .�; �/k2

L2v
d�

. 1j�j<1k Of0.�/k2L2v C 1j�j<1k Of .�/k2L1t L2v.hvi`/ C 1j�j<1j�j�
2
r�1 k Of .�/k2

L1t L
2
v
;

where we have used that .1 C t /2#�1�
2`
j
C2sj and .1 C t /2#�1�

1
r�1 are integrable since

0 < # < ! < `
j
C2sj

and r < 1C 1=.2#/, respectively. We can now take the supremum
in time and then the square root of the resulting estimate, which gives

1j�j<1kp# Of .�/kL1t L2v C
1

"
1j�j<1kp#P? Of .�/kL2tH s;�

v
C 1j�j<1




p#
j�j

h�i
P Of .�/





L2tL

2
v

. 1j�j<1k Of0.�/kL2v C 1j�j<1k Of .�/kL1t L2v.hvi`/ C 1j�j<1j�j�
1
r�1 k Of .�/kL1t L2v

: (3.19)

Gathering the estimate for high frequencies (3.18) together with the one for low fre-
quencies (3.19) and observing that # < !, it follows that

kp# Of .�/kL1t L2v.hvi`/ C
1

"
kp#P? Of .�/kL2tH s;�

v .hvi`/ C




p#
j�j

h�i
P Of .�/





L2tL

2
v

. k Of0.�/kL2v C k Of .�/kL1t L2v.hvi`/ C 1j�j<1j�j�
1
r�1 k Of .�/kL1t L2v

:
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Taking the L1
�

norm above, we use Hölder’s inequality to control the last term on the
right-hand side as in the proof of Proposition 3.8, to obtainZ

R3
1j�j<1j�j�

1
r�1 k Of .�/kL1t L2v.hvi`/

d� . k Of kLp
�
L1t L

2
v.hvi`/

;

since r > 1C p0=3, which implies

kp# Of kL1
�
L1t L

2
v.hvi`/

C
1

"
kp#P? Of kL1

�
L2tH

s;�
v .hvi`/ C




p#
j�j

h�i
P Of





L1
�
L2tL

2
v

. k Of0kL1
�
L2v
C k Of kL1

�
L1t L

2
v.hvi`/

C k Of kLp
�
L1t L

2
v.hvi`/

and concludes the proof.

Proposition 3.11. Let " 2 .0; 1�, p 2 .3=2;1�, and 0 < # < 3
2
.1� 1

p
/. Let S D S.t; x; v/

verify PS D 0 and p# yS 2 L1�L
2
t .H

s;�
v /0, and denote

gS .t/ D

Z t

0

U ".t � �/S.�/ d�:

Assume that gS 2 F �1x .L1
�
L2v.hvi

`/ \ L
p

�
L2v/ with ` > #j
 C 2sj. Then

kp# OgSkL1
�
L1t L

2
v
C
1

"
kp#P? OgSkL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P OgS





L1
�
L2tL

2
v

. "kp# ySkL1
�
L2t .H

s;�
v /0 C k OgSkL1

�
L1t L

2
v.hvi`/

C k OgSkLp
�
L1t L

2
v
:

Proof. Recalling that OgS satisfies (3.8), we can argue as for obtaining (3.17) to get

1

2

d
dt
jjj OgS .�/jjj

2
L2v
� ��khvi
=2CsP? OgS .�/k2L2v � �

j�j2

h�i2
kP OgS .�/k2L2v

� �
� 1
"2
kP? OgS .�/k2H s;�

v
C
j�j2

h�i2
kP OgS .�/k2L2v

�
C C"2k yS.�/k2

.H
s;�
v /0

;

for some constants �; �; C > 0. By separating the cases of high and low frequencies, we
can conclude exactly as in the proof of Proposition 3.10.

4. Well-posedness and regularization for the rescaled Boltzmann
equation

Consider the equation (1.8) that we rewrite here:8<:@tf " D
1

"2
.L � "v � rx/f

"
C
1

"
�.f "; f "/;

f "tD0 D f
"
0 :
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We shall consider mild solutions of (1.8), that is, we shall prove the well-posedness of a
solution f " to (1.8) in Duhamel’s form

f ".t/ D U ".t/f "0 C
1

"

Z t

0

U ".t � �/�.f ".�/; f ".�// d�: (4.1)

Taking the Fourier transform in space of (1.8), we have8<:@t Of ".�/ D ƒ".�/ Of ".�/C
1

"
y�.f "; f "/.�/;

Of ".�/tD0 D Of "0 .�/;

and by Duhamel’s formula,

Of ".t; �/ D yU ".t; �/ Of "0 .�/C
1

"

Z t

0

yU ".t � �; �/y�.f ".�/; f ".�//.�/ d�:

4.1. Non-linear estimates

We start by recalling some well-known trilinear estimates on the collision operator �
established in [1,5,44]. We start with estimates without velocity weight. From [5,44], for
the hard potentials case 
 C 2s � 0 there holds

jh�.f; g/; hiL2v j . kf kL2vkgkH s;�
v
khkH s;�

v
:

Moreover, from [1], for the soft potentials case 
 C 2s < 0 one has

jh�.f; g/; hiL2v j .
�
khvi
=2Csf kL2vkgkH

s;�
v
C kf kH s;�

v
khvi
=2CsgkL2v

�
khkH s;�

v

Cmin
®
khvi
=2Csf kL2vkgkL2v ; kf kL2vkhvi


=2CsgkL2v

¯
khkH s;�

v
: (4.2)

From these estimates we already obtain

k�.f; g/k.H s;�
v /0 D sup

k�k
H
s;�
v
�1

h�.f; g/; �iL2v

. khvi�.
=2Cs/�f kL2vkgkH s;�
v
C kf kH s;�

v
khvi�.
=2Cs/�gkL2v

Cmin
®
khvi�.
=2Cs/�f kL2vkgkL2v ; kf kL2vkhvi

�.
=2Cs/�gkL2v

¯
; (4.3)

where we denote a� D �min.�a; 0/, which holds for both hard and soft potentials.
For the soft potentials case, we shall also need estimates when adding velocity weight

hvi`. From (4.2) together with the commutator estimate of [1, Proposition 3.13], there
holds

jh�.f; g/; hiL2v.hvi`/j

.
�
khvi
=2Csf kL2vkgkH

s;�
v .hvi`/ C kf kH s;�

v
khvi
=2CsgkL2v.hvi`/

�
khkH s;�
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Cmin
®
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=2Csf kL2vkgkL2v.hvi`/; kf kL2vkhvi


=2CsgkL2v.hvi`/
¯
khkH s;�

v .hvi`/:
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Therefore, we also deduce

khvi`�.f; g/k.H s;�
v /0

D sup
k�k

H
s;�
v .hvi`/

�1

h�.f; g/; �iL2v.hvi`/
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=2CsgkL2v.hvi`/
¯
; (4.4)

for the soft potentials case.
Thanks to (4.3) we deduce our main non-linear estimate without weight.

Lemma 4.1. Let p 2 Œ1;1�. For any smooth enough functions f; g there holds
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;
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;

and

�4 D min
®
k Of kLp

�
L1t L

2
v
khvi�.
=2Cs/� OgkL1

�
L2tL

2
v
; k Of kLp

�
L2tL

2
v
khvi�.
=2Cs/� OgkL1

�
L1t L

2
v
;

k Of kL1
�
L1t L

2
v
khvi�.
=2Cs/� OgkLp

�
L2tL

2
v
; k Of kL1

�
L2tL

2
v
khvi�.
=2Cs/� OgkLp

�
L1t L

2
v

¯
:

Proof. Using (4.3) we write²Z 1
0

khvi`y�.f .t/; g.t//.�/k2
.H

s;�
v /0

dt
³1=2

. I1 C I2 Cmin¹I3; I4º

with

I1 D

²Z 1
0

�Z
�0�

khvi�.
=2Cs/�f .t; � � �/kL2vk Og.t; �/kH
s;�
v

d�
�2

dt
³1=2

;

I2 D

²Z 1
0

�Z
�0�

kf .t; � � �/kH s;�
v
khvi�.
=2Cs/� Og.t; �/kL2v d�

�2
dt
³1=2

;
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I3 D

²Z 1
0

�Z
�0�

khvi�.
=2Cs/�f .t; � � �/kL2vk Og.t; �/kL2v d�
�2

dt
³1=2

;

and

I4 D

²Z 1
0

�Z
�0�

kf .t; � � �/kL2vkhvi
�.
=2Cs/� Og.t; �/kL2v d�

�2
dt
³1=2

:

We now investigate the term I1. Thanks to the Minkowski and Hölder inequalities we
then obtain

I1 .
Z
�0�

�Z 1
0

khvi�.
=2Cs/� Of .t; � � �/k2
L2v
k Og.t; �/k2

H
s;�
v

dt
�1=2

d�

.
Z
�0�

khvi�.
=2Cs/� Of .� � �/kL1t L2v
k Og.�/kL2tH

s;�
v

d�:

Taking the Lp
�

norm in the above estimate and using Young’s inequality for convolution
we first obtain

I1 . khvi�.
=2Cs/� Of kLp
�
L1t L

2
v
k OgkL1

�
L2tH

s;�
v

and
I1 . khvi�.
=2Cs/� Of kL1

�
L1t L

2
v
k OgkLp

�
L2tH

s;�
v
:

Arguing exactly as above but exchanging the roles of f and g when performing Hölder’s
inequality, we also obtain

I1 . khvi�.
=2Cs/� Of kLp
�
L2tL

2
v
k OgkL1

�
L1t H

s;�
v

and
I1 . khvi�.
=2Cs/� Of kL1

�
L2tL

2
v
k OgkLp

�
L1t H

s;�
v
;

that is, I1 . �1.
The estimates for the other terms I2, I3, and I4 can be obtained exactly as for I1, so

we omit them.

Arguing exactly as in the proof of Lemma 4.1 but using the weighted estimate (4.4),
we also obtain the main weighted non-linear estimate for soft potentials below, the proof
of which we omit for simplicity.

Lemma 4.2. Let ` > 0, 
 C 2s < 0, and p 2 Œ1;1�. For any smooth enough functions
f , g there holds

khvi`y�.f; g/kLp
�
L2t .H

s;�
v /0 . z�1 C z�2 Cmin

®
z�3; z�4

¯
;

where

z�1Dmin
®
khvi
=2Cs Of kLp

�
L1t L

2
v
k OgkL1

�
L2tH

s;�
v .hvi`/; khvi


=2Cs Of kLp
�
L2tL

2
v
k OgkL1

�
L1t H

s;�
v .hvi`/;

khvi
=2Cs Of kL1
�
L1t L

2
v
k OgkLp

�
L2tH

s;�
v .hvi`/; khvi


=2Cs Of kL1
�
L2tL

2
v
k OgkLp

�
L1t H

s;�
v .hvi`/

¯
;
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z�2Dmin
®
k Of kLp

�
L1t H

s;�
v
khvi
=2Cs OgkL1

�
L2tL

2
v.hvi`/

; k Of kLp
�
L2tH

s;�
v
khvi
=2Cs OgkL1

�
L1t L

2
v.hvi`/

;

k Of kL1
�
L1t H

s;�
v
khvi
=2Cs OgkLp

�
L2tL

2
v.hvi`/

; k Of kL1
�
L2tH

s;�
v
khvi
=2Cs OgkLp

�
L1t L

2
v.hvi`/

¯
;

z�3Dmin
®
khvi
=2Cs Of kLp

�
L1t L

2
v
k OgkL1

�
L2tL

2
v.hvi`/

; khvi
=2Cs Of kLp
�
L2tL

2
v
k OgkL1

�
L1t L

2
v.hvi`/

;

khvi
=2Cs Of kL1
�
L1t L

2
v
k OgkLp

�
L2tL

2
v.hvi`/

; khvi
=2Cs Of kL1
�
L2tL

2
v
k OgkLp

�
L1t L

2
v.hvi`/

¯
;

and

z�4Dmin
®
k Of kLp

�
L1t L

2
v
khvi
=2Cs OgkL1

�
L2tL

2
v.hvi`/

; k Of kLp
�
L2tL

2
v
khvi
=2Cs OgkL1

�
L1t L

2
v.hvi`/

;

k Of kL1
�
L1t L

2
v
khvi
=2Cs OgkLp

�
L2tL

2
v.hvi`/

; k Of kL1
�
L2tL

2
v
khvi
=2Cs OgkLp

�
L1t L

2
v.hvi`/

¯
:

4.2. Proof of Theorem 2.1 (1)

We consider the torus case �x D T3.

4.2.1. Global existence. Let ` D 0 in the hard potentials case 
 C 2s � 0, and ` � 0 in
the soft potentials case 
 C 2s < 0. We define the space

X D
®
f 2 F �1x .L1�L

1
t L

2
v.hvi

`/ \ L1�L
2
tH

s;�
v .hvi`//

ˇ̌
f satisfies (1.12); kf kX <1

¯
with

kf kX´ k Of kL1
�
L1t L

2
v.hvi`/

C
1

"
kP? Of kL1

�
L2tH

s;�
v .hvi`/ C kP Of kL1

�
L2tL

2
v
:

Let f "0 2 F �1x .L1
�
L2v.hvi

`// verify

k Of "0 kL1
�
L2v
� �0;

and consider the map ˆWX! X, f " 7! ˆŒf "� defined by, for all t � 0,

ˆŒf "�.t/ D U ".t/f "0 C
1

"

Z t

0

U ".t � �/�.f ".�/; f ".�// d�; (4.5)

thus, for all � 2 Z3,

ŷ Œf "�.t; �/ D yU ".t; �/ Of "0 .�/C
1

"

Z t

0

yU ".t � �; �/y�.f ".�/; f ".�//.�/ d�: (4.6)

Thanks to Proposition 3.2 we deduce, for some constant C0 > 0 independent of ", that

kU ".�/f "0 kX � C0k
Of "0 kL1

�
L2v
:

Moreover, thanks to Proposition 3.3 and the fact that P�.f "; f "/ D 0 from (1.10), we
get, for some constant C1 > 0 independent of ",

1

"





Z t

0

U ".t � �/�.f ".�/; f ".�// d�





X

� C1khvi
`y�.f "; f "/kL1

�
L2t .H

s;�
v /0

� C1k Of
"
kL1

�
L1t L

2
v
k Of "kL1

�
L2tH

s;�
v .hvi`/

� C1kf
"
k
2
X;
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where we have used Lemma 4.1 or Lemma 4.2 in the second line together with

khvi�.
=2Cs/��kL2v . min¹k�kL2v ; k�kH s;�
v
º:

Gathering previous estimates yields

kˆŒf "�kX � C0k Of
"
0 kL1

�
L2v
C C1kf

"
k
2
X: (4.7)

Moreover, for f "; g" 2 X we first observe that

ˆŒf "�.t/ �ˆŒg"�.t/ D
1

"

Z t

0

U ".t � �/
®
�.f ".�/; f ".�// � �.g".�/; g".�//

¯
d�:

Introducing the symmetrized version �sym of � , namely

�sym.f; g/ D
1

2
�.f; g/C

1

2
�.g; f /; (4.8)

we remark that, arguing as from obtaining the collision invariants in (1.4), we have that
�sym.f; g/ also verifies (1.10), which means P�sym.f; g/ D 0. We therefore obtain

ˆŒf "�.t/ �ˆŒg"�.t/ D
1

"

Z t

0

U ".t � �/�sym.f
".�/; f ".�/ � g".�// d�

C
1

"

Z t

0

U ".t � �/�sym.g
".�/; f ".�/ � g".�// d�; (4.9)

with P�sym.f
"; f " � g"/ D 0 and P�sym.g

"; f " � g"/ D 0. Hence Proposition 3.3 and
Lemma 4.1 or Lemma 4.2 yield

kˆŒf "� �ˆŒg"�kX

. khvi`y�.f "; f " � g"/kL1
�
L2t .H

s;�
v /0 C khvi

`y�.f " � g"; f "/kL1
�
L2t .H

s;�
v /0

C khvi`y�.g"; f " � g"/kL1
�
L2t .H

s;�
v /0 C khvi

`y�.f " � g"; g"/kL1
�
L2t .H

s;�
v /0

. k Of "kL1
�
L1t L

2
v.hvi`/

k Of " � Og"kL1
�
L2tH

s;�
v .hvi`/

C k Of " � g"kL1
�
L1t L

2
v.hvi`/

k Of "kL1
�
L2tH

s;�
v .hvi`/

C k Og"kL1
�
L1t L

2
v.hvi`/

k Of " � Og"kL1
�
L2tH

s;�
v .hvi`/

C k Of " � g"kL1
�
L1t L

2
v.hvi`/

k Og"kL1
�
L2tH

s;�
v .hvi`/;

thus we get, for some constant C1 > 0 independent of ",

kˆŒf "� �ˆŒg"�kX � C1.kf
"
kX C kg

"
kX/kf

"
� g"kX: (4.10)

As a consequence of estimates (4.7)–(4.10) we can construct a global solution f " 2 X
to the equation (4.1) if �0 > 0 is small enough. Indeed, let BX.�/D ¹f 2 X j kf kX � �º

for � > 0 be the closed ball in X of radius �. Choose

� D 2C0�0 and �0 �
1

8C0C1
;
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and observe that �0 does not depend on ". Then for any f " 2 BX.�/ we have from (4.7)
that

kˆŒf "�kX � 2C0�0 D �;

and for any f "; g" 2 BX.�/ we have from (4.10) that

kˆŒf "� �ˆŒg"�kX � 4C0C1�0kf
"
� g"kX �

1

2
kf " � g"kX:

Thus ˆWBX.�/ ! BX.�/ is a contraction and therefore there is a unique f " 2 BX.�/

such that ˆŒf "� D f ", which is then a solution to (4.1). This completes the proof of
global existence in Theorem 2.1 (1) together with estimate (2.5).

4.2.2. Uniqueness. Consider two solutions

f "; g" 2 F �1x .L1�L
1
t L

2
v.hvi

`/ \ L1�L
2
tH

s;�
v .hvi`//

to (4.1) associated to the same initial data f "0 2 F �1x .L1
�
L2v.hvi

`// satisfying

k Of "0 kL1
�
L2v.hvi`/

� �0

with �0 > 0 small enough and

k Of "kL1
�
L1t L

2
v.hvi`/

C k Of "kL1
�
L2tH

s;�
v .hvi`/ . k Of "0 kL1

�
L2v.hvi`/

;

k Og"kL1
�
L1t L

2
v.hvi`/

C k Og"kL1
�
L2tH

s;�
v .hvi`/ . k Of "0 kL1

�
L2v.hvi`/

:

Arguing as in the existence proof above, we obtain

kf " � g"kL1
�
L1t L

2
v.hvi`/

C kf " � g"kL1
�
L2tH

s;�
v .hvi`/

. .kf "kL1
�
L1t L

2
v.hvi`/

C kg"kL1
�
L2tH

s;�
v .hvi`//

� .kf " � g"kL1
�
L1t L

2
v.hvi`/

C kf " � g"kL1
�
L2tH

s;�
v .hvi`//:

Using that kf "kL1
�
L1t L

2
v.hvi`/

C kg"kL1
�
L2tH

s;�
v .hvi`/ . �0 is small enough we conclude the

proof of uniqueness in Theorem 2.1 (1).

4.2.3. Decay for hard potentials. Let f " be the solution to (4.1) constructed in The-
orem 2.1 (1) associated to the initial data f "0 , and let � > 0 be given by Proposition 3.2.
Using Propositions 3.4 and 3.5 we obtain

ke� Of "kL1
�
L1t L

2
v
C
1

"
ke�P? Of "kL1

�
L2tH

s;�
v
C ke�P Of "kL1

�
L2tL

2
v

. k Of "0 kL1
�
L2v
C ke�y�.f "; f "/kL1

�
L2t .H

s;�
v /0 :

Thanks to Lemma 4.1 we have

ke�y�.f "; f "/kL1
�
L2t .H

s;�
v /0 . ke� Of "kL1

�
L1t L

2
v
k Of "kL1

�
L2tH

s;�
v
;
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therefore using that k Of "kL1
�
L2tH

s;�
v

. k Of "0 kL1
�
L2v

from the existence result in Theorem
2.1 (1), we obtain

ke� Of "kL1
�
L1t L

2
v
C
1

"
ke�P? Of "kL1

�
L2tH

s;�
v
C ke�P Of "kL1

�
L2tL

2
v

. k Of "0 kL1
�
L2v
C ke� Of "kL1

�
L1t L

2
v
k Of "kL1

�
L2tH

s;�
v

. k Of "0 kL1
�
L2v
C k Of "0 kL1

�
L2v
ke� Of "kL1

�
L1t L

2
v
:

Since k Of "0 kL1
�
L2v
� �0 is small enough, the last term on the right-hand side can be absorbed

into the left-hand side, which thus concludes the proof of the decay estimate (2.6) in
Theorem 2.1 (1).

4.2.4. Decay for soft potentials. Let f " be the solution to (4.1) constructed in The-
orem 2.1 (1) associated to the initial data f "0 with ` > 0, and let 0 < ! < `

j
C2sj
.

Using Propositions 3.6 and 3.7 we obtain

kp! Of "kL1
�
L1t L

2
v
C
1

"
kp!P? Of "kL1

�
L2tH

s;�
v
C kp!P Of "kL1

�
L2tL

2
v

. k Of "0 kL1
�
L2v
C k Of "kL1

�
L1t L

2
v.hvi`/

C kp! y�.f "; f "/kL1
�
L2t .H

s;�
v /0 ;

and from Lemma 4.1 we have

kp! y�.f "; f "/kL1
�
L2t .H

s;�
v /0 . kp! Of "kL1

�
L1t L

2
v
k Of "kL1

�
L2tH

s;�
v
:

Using that k Of "kL1
�
L1t L

2
v.hvi`/

Ck Of "kL1
�
L2tH

s;�
v

. k Of "0 kL1
�
L2v.hvi`/

from the existence result
in Theorem 2.1 (1), we deduce

kp! Of "kL1
�
L1t L

2
v
C
1

"
kp!P? Of "kL1

�
L2tH

s;�
v
C kp!P Of "kL1

�
L2tL

2
v

. k Of "0 kL1
�
L2v.hvi`/

C k Of "0 kL1
�
L2v.hvi`/

kp! Of "kL1
�
L1t L

2
v
:

Since k Of "0 kL1
�
L2v.hvi`/

� �0 is small enough, the last term on the right-hand side can be
absorbed into the left-hand side, which thus concludes the proof of the decay estimate (2.7)
in Theorem 2.1 (1).

4.3. Proof of Theorem 2.1 (2)

We consider the whole space case �x D R3.

4.3.1. Global existence. Let ` D 0 in the hard potentials case 
 C 1s � 0, and ` � 0 in
the soft potentials case 
 C 2s < 0. Recall that p 2 .3=2;1� and define the space

Y D
®
f 2 F �1x .L1�L

1
t L

2
v.hvi

`/ \ L1�L
2
tH

s;��
v .hvi`//

\ F �1x .L
p

�
L1t L

2
v.hvi

`/ \ L
p

�
L2tH

s;��
v .hvi`//

ˇ̌
kf kY <1

¯
;



Hydrodynamic limit for the non-cutoff Boltzmann equation 39

with, recalling that k � kH s;��
v

is defined in (2.4),

kf kY´ k Of kL1
�
L1t L

2
v.hvi`/

C
1

"
kP? Of kL1

�
L2tH

s;�
v .hvi`/ C




 j�j
h�i

P Of




L1
�
L2tL

2
v

C k Of kLp
�
L1t L

2
v.hvi`/

C
1

"
kP? Of kLp

�
L2tH

s;�
v .hvi`/ C




 j�j
h�i

P Of




L
p
�
L2tL

2
v

:

Let f "0 2 F �1x .L1
�
L2v.hvi

`/ \ L
p

�
L2v.hvi

`// verify

k Of "0 kL1
�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

� �0;

and consider the map ˆWY! Y, f " 7! ˆŒf "� given by (4.5), which in particular satisfies
(4.6) for all � 2 R3.

Thanks to Proposition 3.2 we deduce, for some constant C0 > 0 independent of ", that

kU ".�/f "0 kY � C0.k
Of "0 kL1

�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

/:

Moreover, thanks to Proposition 3.3 and the fact that P�.f "; f "/D 0 from (1.10), we get

1

"





Z t

0

U ".t � �/�.f ".�/; f ".�// d�





Y

. khvi`y�.f "; f "/kL1
�
L2t .H

s;�
v /0 C khvi

`y�.f "; f "/kLp
�
L2t .H

s;�
v /0

. .k Of "kL1
�
L1t L

2
v.hvi`/

C k Of "kLp
�
L1t L

2
v.hvi`/

/k Of "kL1
�
L2tH

s;�
v .hvi`/;

where we have used Lemma 4.1 or Lemma 4.2 in the second line together with

khvi�.
=2Cs/��kL2v . min¹k�kL2v ; k�kH s;�
v
º:

We now observe that, splitting Of " D P? Of " C P Of ", on the one hand we have

k Of "kL1
�
L2tH

s;�
v .hvi`/ . kP? Of "kL1

�
L2tH

s;�
v .hvi`/ C kP Of

"
kL1

�
L2tL

2
v
:

and on the other hand,

kP Of "kL1
�
L2tL

2
v

. k1j�j�1P Of "kL1
�
L2tL

2
v
C k1j�j<1P Of "kL1

�
L2tL

2
v

.



1j�j�1

j�j

h�i
P Of "





L1
�
L2tL

2
v

C




1j�j<1j�j�1
j�j

h�i
P Of "





L1
�
L2tL

2
v

.



 j�j
h�i

P Of "




L1
�
L2tL

2
v

C




 j�j
h�i

P Of "




L
p
�
L2tL

2
v

;

where we have used Hölder’s inequality in the last line, using that p > 3=2 so that
1j�j<1j�j�1 2 L

p0

�
. Putting together the two last estimates, we have

k Of "kL1
�
L2tH

s;�
v .hvi`/ . kP? Of "kL1

�
L2tH

s;�
v .hvi`/

C




 j�j
h�i

P Of "




L1
�
L2tL

2
v

C




 j�j
h�i

P Of "




L
p
�
L2tL

2
v

: (4.11)
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We hence deduce that there is some constant C1 > 0, independent of ", such that

1

"





Z t

0

U ".t � �/�.f ".�/; f ".�// d�





Y

� C1.k Of
"
kL1

�
L1t L

2
v.hvi`/

C k Of "kLp
�
L1t L

2
v.hvi`/

/

�

�
kP? Of "kL1

�
L2tH

s;�
v .hvi`/ C




 j�j
h�i

P Of "




L1
�
L2tL

2
v

C




 j�j
h�i

P Of "




L
p
�
L2tL

2
v

�
:

Therefore, gathering previous estimates, we obtain

kˆŒf "�kY � C0.k Of
"
0 kL1

�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

/C C1kf
"
k
2
Y: (4.12)

Moreover, for f "; g" 2 Y we first observe thatˆŒf "��ˆŒg"� satisfies (4.9). Therefore
we obtain, arguing as above, thanks to Proposition 3.3 together with P�sym.f

"; f " �

g"/ D 0 and P�sym.g
"; f " � g"/ D 0 and Lemmas 4.1 and 4.2, that

1

"





Z t

0

U ".t � �/�sym.f
".�/; f ".�/ � g".�// d�






Y

. khvi`y�.f "; f " � g"/kL1
�
L2t .H

s;�
v /0 C khvi

`y�.f "; f " � g"/kLp
�
L2t .H

s;�
v /0

C khvi`y�.f " � g"; f "/kL1
�
L2t .H

s;�
v /0 C khvi

`y�.f " � g"; f "/kLp
�
L2t .H

s;�
v /0

. k Of "kL1
�
L1t L

2
v.hvi`/

k Of " � Og"kL1
�
L2tH

s;�
v .hvi`/

C k Of "kLp
�
L1t L

2
v.hvi`/

k Of " � Og"kL1
�
L2tH

s;�
v .hvi`/

C k Of " � Og"kL1
�
L1t L

2
v.hvi`/

k Of "kL1
�
L2tH

s;�
v .hvi`/

C k Of " � Og"kLp
�
L1t L

2
v.hvi`/

k Of "kL1
�
L2tH

s;�
v .hvi`/;

and similarly

1

"





Z t

0

U ".t � �/�sym.g
".�/; f ".�/ � g".�// d�






Y

. khvi`y�.g"; f " � g"/kL1
�
L2t .H

s;�
v /0 C khvi

`y�.g"; f " � g"/kLp
�
L2t .H

s;�
v /0

C khvi`y�.f " � g"; g"/kL1
�
L2t .H

s;�
v /0 C khvi

`y�.f " � g"; g"/kLp
�
L2t .H

s;�
v /0

. k Og"kL1
�
L1t L

2
v.hvi`/

k Of " � Og"kL1
�
L2tH

s;�
v .hvi`/

C k Og"kLp
�
L1t L

2
v.hvi`/

k Of " � Og"kL1
�
L2tH

s;�
v .hvi`/

C k Of " � Og"kL1
�
L1t L

2
v.hvi`/

k Og"kL1
�
L2tH

s;�
v .hvi`/

C k Of " � Og"kLp
�
L1t L

2
v.hvi`/

k Og"kL1
�
L2tH

s;�
v .hvi`/:

Together with (4.11) for the terms in k � kL1
�
L2tH

s;�
v .hvi`/, this implies that, for some constant

C1 > 0 independent of ",

kˆŒf "� �ˆŒg"�kY � C1.kf kY C kgkY/kf � gkY: (4.13)
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As a consequence of estimates (4.12)–(4.13) we can construct a global solution f " 2 Y
to equation (4.1) if �0 > 0 is small enough by arguing as in Section 4.2.1. This completes
the proof of global existence in Theorem 2.1 (2), together with estimate (2.8).

4.3.2. Uniqueness. Using the above estimates, we can argue as in Section 4.2.2.

4.3.3. Decay for hard potentials. Let f " be the solution to (4.1) constructed in The-
orem 2.1 (2) associated to the initial data f "0 , and let 0 < # < 3

2
.1 � 1

p
/. Arguing as

above, using Propositions 3.8 and 3.9 we obtain

kp# Of "kL1
�
L1t L

2
v
C
1

"
kp#P? Of "kL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P Of "





L1
�
L2tL

2
v

. k Of "0 kL1
�
L2v
C k Of "kLp

�
L1t L

2
v
C kp# y�.f "; f "/kL1

�
L2t .H

s;�
v /0 :

Thanks to Lemma 4.1 we have

kp# y�.f "; f "/kL1
�
L2t .H

s;�
v /0 . kp# Of "kL1

�
L1t L

2
v
k Of "kL1

�
L2tH

s;�
v
;

and by (4.11) we have

k Of "kL1
�
L2tH

s;�
v

. kP? Of "kL1
�
L2tH

s;�
v
C




 j�j
h�i
yPf "





L1
�
L2tL

2
v

C




 j�j
h�i
yPf "





L
p
�
L2tL

2
v

. k Of "0 kL1
�
L2v
C k Of "0 kLp

�
L2v
;

where we have used the estimate of Theorem 2.1 (2) in the last line. Observing that we
also have k Of "kLp

�
L1t L

2
v

. k Of "0 kL1
�
L2v
C k Of "0 kLp

�
L2v

, it follows that

kp# Of "kL1
�
L1t L

2
v
C
1

"
kp#P? Of "kL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P Of "





L1
�
L2tL

2
v

. k Of "0 kL1
�
L2v
C k Of "0 kLp

�
L2v
C kp# Of "kL1

�
L1t L

2
v
.k Of "0 kL1

�
L2v
C k Of "0 kLp

�
L2v
/:

Since k Of "0 kL1
�
L2v
C k Of "0 kLp

�
L2v
� �0 is small enough, the last term on the right-hand side

can be absorbed into the left-hand side, which thus concludes the proof of the decay estim-
ate (2.9) in Theorem 2.1 (2).

4.3.4. Decay for soft potentials. Let 0 < # < 3
2
.1 � 1

p
/. Let f " be the solution to (4.1)

constructed in Theorem 2.1 (2) associated to the initial data f "0 with ` > #j
 C 2sj.
Arguing as above, using Propositions 3.10 and 3.11 we obtain

kp# Of "kL1
�
L1t L

2
v
C
1

"
kp#P? Of "kL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P Of "





L1
�
L2tL

2
v

. k Of "0 kL1
�
L2v
C k Of "kL1

�
L1t L

2
v.hvi`/

C k Of "kLp
�
L1t L

2
v
C kp# y�.f "; f "/kL1

�
L2t .H

s;�
v /0 :
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For the non-linear term above, we argue as in Section 4.3.3 so that

kp# y�.f "; f "/kL1
�
L2t .H

s;�
v /0

. kp# Of "kL1
�
L1t L

2
v

�
kP? Of "kL1

�
L2tH

s;�
v
C




 j�j
h�i
yPf "





L1
�
L2tL

2
v

C




 j�j
h�i
yPf "





L
p
�
L2tL

2
v

�
:

Therefore, using the estimate of Theorem 2.1 (2), we obtain

kp# Of "kL1
�
L1t L

2
v
C
1

"
kp#P? Of "kL1

�
L2tH

s;�
v
C




p#
j�j

h�i
P Of "





L1
�
L2tL

2
v

. k Of "0 kL1
�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

C kp# Of "kL1
�
L1t L

2
v
.k Of "0 kL1

�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

/:

Since k Of "0 kL1
�
L2v.hvi`/

C k Of "0 kLp
�
L2v.hvi`/

� �0 is small enough, the last term on the right-
hand side can be absorbed into the left-hand side, which thus concludes the proof of the
decay estimate (2.10) in Theorem 2.1 (2).

5. Well-posedness for the Navier–Stokes–Fourier system

We start by considering the incompressible Navier–Stokes equation, that is, the first equa-
tion in (1.15). We denote by V the semigroup associated to the operator �1�x , and we
also denote, for all t � 0 and � 2 �0

�
,

yV .t; �/ D Fx.V .t/F
�1
x /.�/ D e��1j�j

2t :

We shall obtain below boundedness and integrated-in-time regularization estimates for V ,
as well as for its integral in time against a source

R t
0
V.t � �/S.�/ d� .

Proposition 5.1. Let p 2 Œ1;1�. Let u0 2 F �1x .L
p

�
/ and suppose moreover that u0 is

mean-free in the torus case �x D T3. Then

k yV .�/ Ou0kLp
�
L1t
C k j�j yV .�/ Ou0kLp

�
L2t

. k Ou0kLp
�
;

and moreover V.t/u0 also is mean-free for all t � 0 in the torus case (that is, it satisfies
(1.17)).

Remark 5.1. Observe that, in the torus case �x D T3, one can replace j�j yV .�/ Ou0 in the
above estimate by h�i yV .�/ Ou0 since V.t/u0 is mean-free.

Proof of Proposition 5.1. Let u.t/ D V.t/u0, which satisfies

@tu D ��1�xu; ujtD0 D u0:



Hydrodynamic limit for the non-cutoff Boltzmann equation 43

We already observe that, in the torus case, the solution u.t/ is also mean-free, that is, it
satisfies (1.17). For all � 2 �0

�
we thus have

@t Ou.t; �/ D ��1j�j
2
Ou.t; �/; Ou.�/jtD0 D Ou0.�/;

thus for any t � 0 we have

j Ou.t; �/j2 C

Z t

0

j�j2j Ou.�; �/j2 d� . j Ou0.�/j2:

Taking the supremum in time and then taking the square root of the previous estimate
yields

k Ou.�/kL1t C k j�j Ou.�/kL2t
. j Ou0.�/j;

and we conclude the proof by taking the Lp
�

norm.

Proposition 5.2. Suppose p 2 Œ1;1�. Let S D S.t; �/ satisfy h�i�1 yS 2 Lp
�
L2t and (1.17)

in the torus case�x D T3, and j�j�1 yS 2Lp
�
L2t in the whole space case�x DR3. Denote

uS .t/ D

Z t

0

V.t � �/S.�/ d�:

Then in the torus case we have

k OuSkLp
�
L1t
C kh�i OuSkLp

�
L2t

. kh�i�1 ySkLp
�
L2t
;

and in the whole space case,

k OuSkLp
�
L1t
C k j�j OuSkLp

�
L2t

. k j�j�1 ySkLp
�
L2t
:

Proof. We first observe that uS satisfies

@tuS C �1�xuS D S; uS jtD0 D 0:

We only prove the whole space case, the case of the torus being similar by observing that
uS is mean-free, that is, it verifies (1.17).

For all � 2 R3 and all t � 0 we have

@t OuS .t; �/C �1j�j
2
OuS .t; �/ D yS.t; �/; 1uS .�/jtD0 D 0:

We can compute

@t
1

2
j OuS .t; �/j

2
C �1j�j

2
j OuS .�/j

2
� . yS.�/; OuS .�//;

which implies, for all t � 0,

j OuS .t; �/j
2
C

Z t

0

j�j2j OuS .�; �/j
2 d� .

Z t

0

j j�j�1S.�; �/j2 d�:

Taking the supremum in time, then taking the square root of the estimate, and taking the
LP
�

norm, the proof is thus finished.
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We now obtain bilinear estimates for the operator QNS defined in (1.14).

Lemma 5.3. Let p 2 Œ1;1�. Let u; v 2 F �1x .L1
�
L1t \ L

p

�
L1t /. Then

k j�j�1 yQNS.v; u/kLp
�
L2t

. kvkLp
�
L2t
kukL1

�
L1t

(5.1)

and also
k j�j�1 yQNS.v; u/kLp

�
L2t

. kvkLp
�
L1t
kukL1

�
L2t
: (5.2)

Proof. From the definition of QNS, we first observe that for all � 2 �0
�

and j 2 ¹1; 2; 3º
we have

yQNS.v; u/
j .�/ D �

1

2

3X
kD1

i�k

²
Fx.v

juk/.�/ �
1

j�j2

3X
lD1

�j �lFx.v
luk/.�/

³
�
1

2

3X
kD1

i�k

²
Fx.u

j vk/.�/ �
1

j�j2

3X
lD1

�j �lFx.u
lvk/.�/

³
:

We obtain
j yQNS.v; u/.�/j . j�j

Z
�0�

j Ov.�/j j Ou.� � �/j d�;

thus by Minkowski’s inequality and then Hölder’s inequality,

k j�j�1 yQNS.v; u/.�/kL2t
.
Z
�0�

�Z 1
0

j Ov.t; �/j2j Ou.t; � � �/j2 dt
�1=2

d�

.
Z
�0�

k Ov.�/kL2t
k Ou.� � �/kL1t d�:

We then conclude the proof of (5.1) by taking the Lp
�

norm above and applying Young’s
convolution inequality. The proof of (5.2) can be obtained in a similar way, by exchanging
the roles of u and v when applying Hölder’s inequality with respect to the time variable.

5.1. Global existence in the torus �x D T3

We shall construct mild solutions to the first equation in (1.15), namely

u.t/ D V.t/u0 C

Z t

0

V.t � �/QNS.u.�/; u.�// d�: (5.3)

We define the space

X D
®
u 2 F �1x .L1�L

1
t \ L

1
� .h�i/L

2
t /
ˇ̌
u satisfies (1.17); kukX <1

¯
;

with
kukX´ kOukL1

�
L1t
C kh�i OukL1

�
L2t
:
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Let u0 2 F �1x .L1
�
/ be mean-free and

k Ou0kL1
�
� �1:

Consider the map ˆWX! X, u 7! ˆŒu� defined by, for all t � 0 ,

ˆŒu�.t/ D V.t/u0 C

Z t

0

V.t � �/QNS.u.�/; u.�// d�: (5.4)

Thus, for all � 2 Z3,

ŷ Œu�.t; �/ D yV .t; �/ Ou0.�/C

Z t

0

yV .t � �; �/ yQNS.u.�/; u.�//.�/ d�: (5.5)

For the first term we have from Proposition 5.1 that

k yV .t; �/ Ou0.�/kX � C0k Ou0kL1
�
;

and by Proposition 5.2 we have



Z t

0

yV .t � �; �/ yQNS.u.�/; u.�//.�/ d�





X

. k j�j�1 yQNS.u; u/kL1
�
L2t

. k OukL1
�
L2t
k OukL1

�
L1t

. kh�i OukL1
�
L2t
k OukL1

�
L1t

. kuk2X;

where we have used Lemma 5.3. Thus we obtain

kˆŒu�kX . C0k Ou0kL1
�
C C1kuk

2
X:

Moreover, for u; v 2 X we can also compute, using Proposition 5.2 and Lemma 5.3 again,
that 



Z t

0

yV .t � �; �/ yQNS..u � v/.�/; v.�//.�/ d�





X

C





Z t

0

yV .t � �; �/ yQNS.u.�/; .u � v/.�//.�/ d�





X

. k j�j�1 yQNS.u � v; v/kL1
�
L2t
C k j�j�1 yQNS.u; u � v/kL1

�
L2t

. k Ou � OvkL1
�
L1t
k OvkL1

�
L2t
C k OukL1

�
L2t
k Ou � OvkL1

�
L1t
:

Therefore, there is C1 > 0 such that

kˆŒu� �ˆŒv�kX � C1.kukX C kvkX/ku � vkX:
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Gathering the two inequalities and arguing as in Sections 4.2.1 and 4.2.2, we can
construct a global unique solution u 2 X to the equation (5.3) if �1 > 0 is small enough,
which moreover satisfies

kukX . k Ou0kL1
�
:

Once u has been constructed, we can then argue in a similar and even simpler way in order
to construct a global unique mild solution � for the second equation in (1.15) if �1 > 0 is
small enough, namely

�.t/ D xV .t/�0 C

Z t

0

xV .t � �/
�
�divx.u.�/�.�//

�
d�;

where xV denotes the semigroup associated to the operator �2�x , and which satisfies
moreover

k�kX . k Ou0kL1
�
C k O�0kL1

�
:

We finally obtain the solution � by using the last equation in (1.15) and observing that we
consider mean-free solutions, so that O�.t; 0/ D O�.t; 0/ D 0. This completes the proof of
Theorem 2.2 (1).

5.2. Global existence in the whole space �x D R3

Similarly to before, we define the space, recalling that p 2 .3=2;C1�,

Y D
®
u 2 F �1x .L1�L

1
t \ L

1
� .j�j/L

2
t / \ F �1x .L

p

�
L1t \ L

p

�
.j�j/L2t /

ˇ̌
kukY <1

¯
;

with
kukY´ kOukL1

�
L1t
C k j�j OukL1

�
L2t
C k OukLp

�
L1t
C k j�j OukLp

�
L2t
:

Let u0 2 F �1x .L1
�
\ L

p

�
/ satisfy

k Ou0kL1
�
C k Ou0kLp

�
� �1;

and consider the map ˆWY! Y, u 7! ˆŒu� defined by (5.4), in particular (5.5) is verified
for all � 2 R3.

For the first term in (5.5) we have from Proposition 5.1 that

k yV .t; �/ Ou0.�/kY � C0.k Ou0kL1
�
C k Ou0kLp

�
/:

Furthermore, by Proposition 5.2 we have



Z t

0

yV .t � �; �/ yQNS.u.�/; u.�//.�/ d�





Y

. k j�j�1 yQNS.u; u/kL1
�
L2t
C k j�j�1 yQNS.u; u/kLp

�
L2t

. k OukL1
�
L2t
.k OukL1

�
L1t
C k OukLp

�
L1t
/;
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where we have used Lemma 5.3. We now observe that

k OukL1
�
L2t

. k1j�j�1 OukL1
�
L2t
C k1j�j<1 OukL1

�
L2t
;

and for the first term we easily have

k1j�j�1 OukL1
�
L2t

. k j�j OukL1
�
L2t
:

For the second term we use Hölder’s inequality to obtain

k1j�j<1 OukL1
�
L2t

. k1j�j<1j�j�1kLp0
�

k1j�j<1j�j OukLp
�
L2t

. k j�j OukLp
�
L2t
;

where we have used that k1j�j<1j�j�1kLp0
�

<1 since p > 3=2. Therefore, we get

k OukL1
�
L2t

. k j�j OukL1
�
L2t
C k j�j OukLp

�
L2t
: (5.6)

Gathering previous estimates, we have hence obtained

kˆŒu�kY � C0.k Ou0kL1
�
C k Ou0kLp

�
/C C1kuk

2
Y:

Moreover, for u; v 2 Y we can also compute, using Proposition 5.2 and Lemma 5.3 again,
that 



Z t

0

yV .t � �; �/ yQNS..u � v/.�/; v.�//.�/ d�





X

C





Z t

0

yV .t � �; �/ yQNS.u.�/; .u � v/.�//.�/ d�





X

. k j�j�1 yQNS.u � v; v/kL1
�
L2t
C k j�j�1 yQNS.u; u � v/kL1

�
L2t

C k j�j�1 yQNS.u � v; v/kLp
�
L2t
C k j�j�1 yQNS.u; u � v/kLp

�
L2t

. k Ou � OvkL1
�
L1t
k OvkL1

�
L2t
C k OukL1

�
L2t
k Ou � OvkL1

�
L1t

C k Ou � OvkLp
�
L1t
k OvkL1

�
L2t
C k OukL1

�
L2t
k Ou � OvkLp

�
L1t

. .k OukL1
�
L2t
C kOvkL1

�
L2t
/.k Ou � OvkL1

�
L1t
C k Ou � OvkLp

�
L1t
/:

Using inequality (5.6) we therefore get, for some constant C1 > 0,

kˆŒu� �ˆŒv�kY � C1.kukY C kvkY/ku � vkY:

Gathering these two inequalities together, the proof of Theorem 2.2 (2) is completed by
arguing as in Section 5.1 above.
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6. Hydrodynamic limit

Recalling that the semigroup U " is defined in (3.4), and also yU " in (3.3), we also define,
for all t � 0,

‰"Œf; g�.t/ D
1

"

Z t

0

U ".t � �/�sym.f .�/; g.�// d�; (6.1)

as well as its Fourier transform in space, for all � 2 �0
�
,

y‰"Œf; g�.t; �/ D
1

"

Z t

0

yU ".t � �; �/y�sym.f .�/; g.�//.�/ d�;

where we recall that �sym.f; g/ is the symmetrized version of �.f; g/ defined in (4.8).

6.1. Estimates on yU "

We denote that 0 � � � 1 is a fixed compactly supported function of B1 equal to 1 on B 1
2
,

where BR is the ball with radius R centered at 0.
Arguing as in [13, 39] but using the spectral estimates of [75, 76] for the non-cutoff

Boltzmann equation, we then have the following lemma.

Lemma 6.1. There exists � > 0 such that one can write

U ".t/ D

4X
jD1

U "j .t/C U
"#.t/;

with
yU "j .t; �/´

yUj

� t
"2
; "�

�
; yU "#.t; �/ D yU #

� t
"2
; "�

�
;

where we have the following properties:

.1/ For 1 � j � 4,

yUj .t; �/ D �
�
j�j

�

�
et�j .�/Pj .�/;

with �j satisfying
�j .�/ D i j̨ .�/ � ǰ j�j

2
C 
j .j�j/;

with
˛1 > 0; ˛2 < 0; ˛3 D ˛4 D 0; ǰ > 0;

and

j .j�j/ D O.j�j

3/; as � ! 0; 
j .�/ � ǰ j�j
2=2; 8j�j � �;

as well as

Pj .�/ D P
0
j

� �
j�j

�
C j�jP 1j

� �
j�j

�
C j�j2P 2j .�/;

with the P nj bounded linear operators on L2v with operator norms uniformly bounded for
j�j � �.
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.2/ We also have that the orthogonal projector P onto KerL satisfies

P D
4X

jD1

P 0j

� �
j�j

�
:

Moreover, P 0j .
�
j�j
/, P 1j .

�
j�j
/, and P 2j .�/ are bounded from L2v to L2v.hvi

l / uniformly in
j�j � � for all l � 0.

.3/ In the hard potentials case 
 C 2s � 0, for all t � 0 and all � 2 R3 there holds, for
any ` � 0,

k yU "#.t; �/ Of .�/kL2v.hvi`/ � Ce
��1

t

"2 k Of .�/kL2v.hvi`/; (6.2)

for any f satisfying moreover (1.11) in the torus case, where �1; C > 0 are independent
of t , �, ".

.4/ In the soft potential case 
 C 2s < 0, for all t � 0 and all � 2 R3 there holds, for any
k; ` � 0,

k yU "#.t; �/P? Of .�/kL2v.hvik/ � C
�
1C

t

"2

�� `
j
C2sj
k Of .�/kL2v.hvikC`/; (6.3)

for any f satisfying moreover (1.11) in the torus case, where C > 0 is independent of
t; �; ".

Proof. The proof is the same as in [24, Lemma 5.10]. For the soft potentials case, we need
to replace the use of [75, Theorem 3.2 and Remark 5.2] in the proof by [76, Theorem 1.1
and Section 4], in particular the decay estimate (6.3) comes from [76, Equation (2.46)]
and the fact that B0.�/P? D B.�/P?, where B0.�/ and B.�/ are defined in [76, Equa-
tion (1.18)] and satisfy B0.�/ D B.�/ � P.

Denoting

zPj

�
�;
�

j�j

�
´ P 1j

� �
j�j

�
C j�jP 2j .�/;

for 1 � j � 4, we can further split yU "j into four parts (one main part and three remainder
terms):

U "j D U
"
j0 C U

"#
j0 C U

"
j1 C U

"
j2; (6.4)

where

yU "j0.t; �/ D e
i j̨ j�j

t
"� ǰ t j�j

2

P 0j

� �
j�j

�
;

yU "#j0 .t; �/ D
�
�
�"j�j
�

�
� 1

�
ei j̨ j�j

t
"� ǰ t j�j

2

P 0j

� �
j�j

�
;

yU "j1.t; �/ D �
�"j�j
�

�
ei j̨ j�j

t
"� ǰ t j�j

2�
e
t

j ."j�j/

"2 � 1
�
P 0j

� �
j�j

�
;

yU "j2.t; �/ D �
�"j�j
�

�
ei j̨ j�j

t
"� ǰ t j�j

2

e
t

j ."j�j/

"2 "j�j zPj

�
"�;

�

j�j

�
:
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In particular, we observe that yU "30 and yU "40 are independent of ", so that we define

yU.t; �/´ yU "30.t; �/C
yU "40.t; �/; (6.5)

which is then independent of ". We finally define

U.t/ D F �1x
yU.t/Fx : (6.6)

We say that a function f D f .x; v/ 2 KerL is well prepared if

f .x; v/ D
°
�Œf �.x/C uŒf �.x/ � v C �Œf �.x/

.jvj2 � 3/

2

±
p
�.v/;

with
rx � uŒf � D 0 and �Œf �C �Œf � D 0;

where we recall that �Œf �, uŒf �, �Œf � are defined in (2.2)

Lemma 6.2 ([39, Proposition A.3]). We have that U.0/ is the projection on the subset of
KerL consisting of functions f that are well prepared. We also have

U.t/f D U.t/U.0/f; 8t � 0

and

rx � uŒf � D 0 and �Œf �C �Œf � D 0 ) P 0j

� �
j�j

�
f D 0; j D 1; 2:

The following lemma studies the limit of U ".t/ as " goes to 0.

Lemma 6.3. Let f D f .x; v/ 2 KerL be well prepared. Then we have

k. yU ".�/ � yU.�// Of kL1
�
L1t L

2
v

. k Of kL1
�
L2v

and
k. yU ".�/ � yU.�// Of kL1

�
L1t L

2
v

. "k j�j Of kL1
�
L2v
:

Proof. The proof follows the idea of [39, Lemma 3.5], which we shall adapt since we
work in different functional spaces.

First of all we observe that from the decomposition of U " in (6.4) we can write, for all
t � 0 and � 2 �0

�
,

yU ".t; �/ Of .�/ � yU.t; �/ Of .�/ D

4X
jD1

®
yU "#j0 .t; �/

Of .�/C yU "j1.t; �/
Of .�/C yU "j2.t; �/

Of .�/
¯

C

2X
jD1

yU "j0.t; �/
Of .�/C yU "#.t; �/ Of .�/;

and we shall estimate each term separately below.
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We first compute the term U "jm.t/f for j D 1; 2; 3; 4 and m D 1; 2. For the Uj1 term,
using Lemma 6.1 together with the inequality jea � 1j � jajejaj for any a 2 RC, we have

�
�"j�j
�

�
e� ǰ t j�j

2

je
t

j ."j�j/

"2 � 1j � �
�"j�j
�

�
e�

ǰ
2 t j�j

2

t "j�j3

. �
�"j�j
�

�
"j�j . min¹1; "j�jº: (6.7)

Then we can compute, for all t � 0 and � 2 R3,

k yU "j1.t; �/
Of .�/kL2v � �

�"j�j
�

�ˇ̌
ei j̨ j�j

t
"� ǰ t j�j

2 ˇ̌�
e
t

j ."j�j/

"2 � 1
�
kP 0j

� �
j�j

�
Of .�/kL2v

. min¹1; "j�jºk Of .�/kL2v :

For the yU "j2.t; �/ term we have

k yU "j2.t; �/
Of .�/kL2v � �

�"j�j
�

�ˇ̌
ei j̨ j�j

t
"� ǰ t j�j

2

e
t

j ."j�j/

"2
ˇ̌
"j�j




 zPj�"�; �
j�j

�
Of .�/





L2v

. min¹1; "j�jºk Of .�/kL2v :

For the term yU "#j0 .t; �/, using the fact thatˇ̌̌
�
�"j�j
�

�
� 1

ˇ̌̌
. min¹1; "j�jº; (6.8)

we have

k yU "#j0 .t; �/
Of .�/kL2v �

�
�
�"j�j
�

�
� 1

�ˇ̌
ei j̨ j�j

t
"� ǰ t j�j

2 ˇ̌


P 0j � �
j�j

�
Of .�/





L2v

. min¹1; "j�jºk Of .�/kL2v :

Taking the L1
�
L1t norm on both sides yields, for all j D 1; 2; 3; 4,

k yU "j1.�/
Of kL1

�
L1t L

2
v
C k yU "j2.�/

Of kL1
�
L1t L

2
v
C k yU "#j0 .�/

Of kL1
�
L1t L

2
v

. min¹k Of kL1
�
L2v
; "k j�j Of kL1

�
L2v
º:

By Lemma 6.2 we have, if f 2 KerL is a well-prepared data, that

U "10f C U
"
20f D 0:

Finally, we compute the term U "#.t; �/, noticing that (see [13, Proof of Lemma 6.2])

yU "#.t; �/ Of .�; v/ D yU ".t; �/ yU "#.0; �/ Of .�; v/

D yU ".t; �/

�
1 � �

�"j�j
�

� 4X
jD1

Pj ."�/

�
Of .�; v/:
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Since f belongs to KerL, we have

yU "#.t; �/ Of .�; v/ D yU ".t; �/

�
1 � �

�"j�j
�

�
� "j�j�

�"j�j
�

� 4X
jD1

zPj ."�/

�
Of .�; v/:

By Proposition 3.2 we deduce

k yU "#.�/ Of kL1
�
L1t L

2
v

.




�1 � ��"j�j� �

� "j�j�
�"j�j
�

� 4X
jD1

zPj ."�/

�
Of .�/






L1
�
L2v

. min¹k Of kL1
�
L2v
; "k j�j Of kL1

�
L2v
º;

thus the proof is finished by gathering together the two previous estimates.

6.2. Estimates on y‰"

In the spirit of the decomposition of the semigroupU ".t/ in (6.4), we can split the operator
‰".t/ defined in (6.1) in the following way.

Lemma 6.4. The following decomposition holds:

‰" D

4X
jD1

‰"j C‰
"#;

with
y‰"#Œf1; f2�.t; �/ WD

1

"

Z t

0

yU "#.t � �; �/y�sym.f1.�/; f2.�//.�/ d�;

and, for all 1 � j � 4,
‰"j D ‰

"
j0 C‰

"#
j0 C‰

"
j1 C‰

"
j2;

where

y‰"j0Œf1; f2�.t; �/ D

Z t

0

ei j̨ j�j
t��
" � ǰ .t��/j�j

2

j�jP 1j

� �
j�j

�
y�sym.f1.�/; f2.�//.�/ d�;

y‰"#j0Œf1; f2�.t; �/ D
�
�
�"j�j
�

�
� 1

� Z t

0

ei j̨ j�j
t��
" � ǰ .t��/j�j

2

j�jP 1j

� �
j�j

�
� y�sym.f1.�/; f2.�//.�/ d�;

y‰"j1Œf1; f2�.t; �/ D �
�"j�j
�

� Z t

0

ei j̨ j�j
t��
" � ǰ .t��/j�j

2�
e
.t��/


j ."j�j/

"2 � 1
�
j�jP 1j

� �
j�j

�
� y�sym.f1.�/; f2.�//.�/ d�;

y‰"j2Œf1; f2�.t; �/ D �
�"j�j
�

� Z t

0

ei j̨ j�j
t��
" � ǰ .t��/j�j

2

e
.t��/


j ."j�j/

"2 "j�j2P 2j ."�/

� y�sym.f1.�/; f2.�//.�/ d�:
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Similarly to above, we observe again that y‰"30 and y‰"40 are independent of ", so that
we define

y‰Œf; g�.t; �/´ y‰"30Œf; g�.t; �/C
y‰"40Œf; g�.t; �/; (6.9)

which is then independent of ". We finally define

‰Œf; g�.t/ D F �1x
y‰Œf; g�.t/Fx : (6.10)

We are now able to prove the following result on the convergence of ‰" towards ‰.

Lemma 6.5. Let .�0; u0; �0/ satisfy the hypotheses of Theorem 2.2 and consider the asso-
ciated global unique solution .�;u; �/ to (1.15). Also let g0 D g0.x; v/ 2 KerL be defined
by (2.11) and g D g.t; x; v/ 2 KerL by (2.13). Then we have the following properties:

(1) Torus case �x D T3: There holds

k‰"Œg; g� �‰Œg; g�kL1
�
L1t L

2
v

. "
�
k Og0k

2
L1
�
L2v
C k Og0k

3
L1
�
L2v

�
:

(2) Whole space case �x D R3: For any p 2 .3=2;1� there holds

k‰"Œg; g� �‰Œg; g�kL1
�
L1t L

2
v

. ".k Og0k
2
L1
�
L2v
C k Og0k

3
L1
�
L2v

C k Og0k
2
L
p
�
L2v
C k Og0k

3
L
p
�
L2v
/:

Proof. We adapt the proof of [39, Lemma 4.1] for the cutoff Boltzmann equation with
hard potentials. Thanks to the decomposition of ‰" in Lemma 6.4 we write, for all t � 0
and � 2 �0

�
,

y‰"Œg; g�.t; �/ � y‰Œg; g�.t; �/ D

4X
jD1

®
y‰"#j0Œg; g�.t; �/C

y‰"j1Œg; g�.t; �/C
y‰"j2Œg; g�.t; �/

¯
C

2X
jD1

y‰"j0Œg; g�.t; �/C
y‰"#Œg; g�.t; �/:

We remark that for the zero frequency � D 0 we have

y‰"Œg; g�.t; 0/ � y‰Œg; g�.t; 0/ D y‰"Œg; g�.t; 0/ D y‰"#Œg; g�.t; 0/:

We split the proof into several steps and estimate each term separately below.

Step 1. By Lemma 6.4 and (6.8), for the term y‰"#j0Œg; g� with j D 1; 2; 3; 4, for all t � 0
and all � 2 �0

�
n ¹0º we have

ky‰"#j0Œg; g�.t; �/kL2v

.
ˇ̌̌
�
�"j�j
�

�
� 1

ˇ̌̌ Z t

0

e� ǰ .t��/j�j
2

j�j



P 1j � �

j�j

�
y�.g.�/; g.�//.�/





L2v

d�

. "

Z t

0

e� ǰ .t��/j�j
2

j�j2ky�.g.�/; g.�//.�/kL2v d�

. "ky�.g; g/.�/kL1t L2v
:
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Similarly for the term y‰"j1Œg; g�, by Lemma 6.4 and (6.7) we have, for all j D 1; 2; 3; 4,

ky‰"j1Œg; g�.t; �/kL2v

. �
�"j�j
�

� Z t

0

e� ǰ .t��/j�j
2 ˇ̌
e
.t��/


j ."j�j/

"2 � 1
ˇ̌
j�j



P 1j � �

j�j

�
y�.g.�/; g.�//





L2v

d�

. "

Z t

0

e�
ǰ
4 .t��/j�j

2

j�j2ky�.g.�/; g.�//.�/kL2v d�

. "ky�.g; g/.�/kL1t L2v
:

Similarly for the term y‰"j2Œg; g�, by Lemma 6.4 we have, for all j D 1; 2; 3; 4,

ky‰"j2Œg; g�.t; �/kL2v

. �
�"j�j
�

� Z t

0

e� ǰ .t��/j�j
2 ˇ̌
e
.t��/


j ."j�j/

"2
ˇ̌
"j�j2kP 2j ."�/

y�.g.�/; g.�//kL2v d�

. "

Z t

0

e�
ǰ
4 .t��/j�j

2

j�j2ky�.g.�/; g.�//.�/kL2v d�

. "ky�.g; g/.�/kL1t L2v
:

Taking the L1
�
L1t norm on both sides we finally obtain, for all j D 1; 2; 3; 4,

ky‰"#j0Œg; g�kL1
�
L1t L

2
v
C ky‰"j1Œg; g�kL1

�
L1t L

2
v
C ky‰"j2Œg; g�kL1

�
L1t L

2
v

. "ky�.g; g/kL1
�
L1t L

2
v
:

Thanks to [69] and the fact that khvi`P�kHm
v

. kP�kL2v for all m; ` � 0, we have

k�.Pg1;Pg2/kL2v . kPg1kL2vkPg2kL2v I (6.11)

therefore arguing as in Lemma 4.1 it follows, for any p 2 Œ1;1� and ` � 0,

ky�.g; g/kLp
�
L1t L

2
v.hvi`/

. kgkL1
�
L1t L

2
v
kgkLp

�
L1t L

2
v
: (6.12)

We therefore obtain, for all j D 1; 2; 3; 4,

ky‰"#j0Œg; g�kL1
�
L1t L

2
v
C ky‰"j1Œg; g�kL1

�
L1t L

2
v
C ky‰"j2Œg; g�kL1

�
L1t L

2
v

. "kgk2
L1
�
L1t L

2
v
: (6.13)

Step 2. We now focus on the term y‰"j0Œg; g� with j D 1; 2, and recall that j̨ > 0 for
j D 1; 2. We denote

yHj .t; �; �/ D e
� ǰ .t��/j�j

2

j�jP 1j

� �
j�j

�
y�.g.�/; g.�//.�/;
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and thus, using integration by parts, for all t � 0 and all � 2 �0
�
n ¹0º we have

y‰"j0Œg; g�.t; �/

D

Z t

0

ei j̨ j�j
t��
" � ǰ .t��/j�j

2

j�jP 1j

� �
j�j

�
y�.g.�/; g.�//.�/ d�

D
"

i j̨ j�j

�Z t

0

ei j̨ j�j
t��
" @� yHj .t; �; �/ d� � yHj .t; t; �/C ei j̨ j�j

t
" yHj .t; 0; �/

�
D

"

i j̨

�Z t

0

ei j̨ j�j
t��
" ǰ j�j

2e� ǰ .t��/j�j
2

P 1j

� �
j�j

�
y�.g.�/; g.�//.�/ d�

�
C

"

i j̨

�Z t

0

ei j̨ j�j
t��
" e� ǰ .t��/j�j

2

P 1j

� �
j�j

�
@� y�.g.�/; g.�//.�/ d�

�
�

"

i j̨

P 1j

� �
j�j

�
y�.g.t/; g.t//.�/

C
"

i j̨

ei j̨ j�j
t
" e� ǰ t j�j

2

P 1j

� �
j�j

�
y�.g.0/; g.0//.�/

µ I1.t; �/C I2.t; �/C I3.t; �/C I4.t; �/: (6.14)

For the first term in (6.14) we have for all t � 0 and � 2 �0
�
, using Lemma 6.4,

kI1.t; �/kL2v . "

Z t

0
ǰ j�j

2e� ǰ .t��/j�j
2

ky�.g.�/; g.�//.�/kL2v d�

. "ky�.g; g/.�/kL1t L2v
:

Similarly, for the third term in (6.14) there holds

kI3.t; �/kL2v . "ky�.g.t/; g.t//.�/kL2v

. "ky�.g; g/.�/kL1t L2v
;

and for the fourth one

kI4.t; �/kL2v . "e� ǰ t j�j
2

ky�.g.0/; g.0//.�/kL2v

. "ky�.g; g/.�/kL1t L2v
:

This yields

kI1kL1
�
L1t L

2
v
C kI3kL1

�
L1t L

2
v
C kI4kL1

�
L1t L

2
v

. "ky�.g; g/kL1
�
L1t L

2
v

. "k Ogk2
L1
�
L1t L

2
v
; (6.15)

where we have used (6.12) in the last inequality.
For the second term in (6.14) we first write, for all t � 0 and � 2 �0

�
,

kI2.t; �/kL2v . "

Z t

0

e� ǰ .t��/j�j
2

k@� y�.g.�/; g.�//.�/kL2v d�:
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Since @� y�.g; g/ D y�.@�g; g/C y�.g; @�g/, from (6.11) we get

k@� y�.g.�/; g.�//.�/kL2v .
Z
�0�

k Og.�; � � �/kL2vk@� Og.�; �/kL2v d�:

Recalling that g is defined through .u; �; �/ in (2.13), a straightforward computation gives
that, since .u; �; �/ satisfies the Navier–Stokes–Fourier system (1.15), for all � � 0 and
all � 2 �0� we have

j@� Ou.�; �/j . j�j2j Ou.�; �/j C j�j
Z
�0
�

j Ou.�; � � �/j j Ou.�; �/j d�

and
j@� O�.�; �/j . j�j2j O�.�; �/j C j�j

Z
�0
�

j Ou.�; � � �/j j O�.�; �/j d�:

Therefore, we deduce

k@� Og.�; �/kL2v . j�j2k Og.�; �/kL2v C j�j
Z
�0
�

k Og.�; � � �/kL2vk Og.�; �/kL2v d�:

This implies

kI2.t; �/kL2v . "

Z t

0

e� ǰ .t��/j�j
2

Z
�0�

k Og.�; � � �/kL2v j�j
2
k Og.�; �/kL2v d� d�

C "

Z t

0

e� ǰ .t��/j�j
2

Z
�0�

k Og.�; � � �/kL2v j�j

�

Z
�0
�

k Og.�; � � �/kL2vk Og.�; �/kL2v d� d� d�

µ R1.t; �/CR2.t; �/:

For the term R1 we split the integral on � into two parts: the region 2j�j > j�j in which
we have j�j2 � 4j�j2, and the region 2j�j � j�j where we have j�� �j � j�j, which yields

R1.t; �/ . "

Z t

0

e� ǰ .t��/j�j
2

Z
�0�

1j�j<2j�jk Og.�; � � �/kL2v j�j
2
k Og.�; �/kL2v d� d�

C "

Z t

0

e� ǰ .t��/j�j
2

Z
�0�

1j�j�2j�jk Og.�; � � �/kL2v j�j
2
k Og.�; �/kL2v d� d�

. "

Z t

0

j�j2e� ǰ .t��/j�j
2

Z
�0�

k Og.�; � � �/kL2vk Og.�; �/kL2v d� d�

C "

Z t

0

e� ǰ .t��/j�j
2

Z
�0�

j� � �jk Og.�; � � �/kL2v j�jk Og.�; �/kL2v d� d�:
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Thanks to Hölder’s inequality in the time variable, it follows that

kR1.�/kL1t . "

Z
�0�

k Og.� � �/kL1t L2v
k Og.�/kL1t L2v

d�

C "

Z
�0�

j� � �j k Og.� � �/kL2tL2v
j�j k Og.�/kL2tL2v

d�:

Therefore, taking the L1
�

norm and using Young’s convolution inequality we obtain

kR1kL1
�
L1t

. "k Ogk2
L1
�
L1t L

2
v
C "k j�j Ogk2

L1
�
L2tL

2
v
: (6.16)

For the term R2 we write

kR2.�/kL1t

. " sup
t�0

Z t

0

j�je� ǰ .t��/j�j
2

j�j�1
Z
�0�

k Og.�; � � �/kL2v j�j

�

Z
�0
�

k Og.�; � � �/kL2vk Og.�; �/kL2v d� d� d�

. " sup
t�0

�Z t

0

j�j2e� ǰ .t��/j�j
2

d�
�1=2
j�j�1

�Z 1
0

G.�; �/2 d�
�1=2

;

where we denote

G.�; �/ D

Z
�0�

k Og.�; � � �/kL2vH.�; �/ d�;

H.�; �/ D j�j

Z
�0
�

k Og.�; � � �/kL2vk Og.�; �/kL2v d�:

By the Minkowski and Hölder inequalities,

kG.�/kL2t
.
Z
�0�

�Z 1
0

k Og.�; � � �/k2
L2v
jH.�; �/j2 d�

�1=2
d�

.
Z
�0�

k Og.� � �/kL1t L2v
kH.�/kL2t

d�:

Moreover,

H.�; �/ .
Z
�0
�

j� � �j k Og.�; � � �/kL2vk Og.�; �/kL2v d�

C

Z
�0
�

k Og.�; � � �/kL2v j�j k Og.�; �/kL2v d�:
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Thus again by the Minkowski and Hölder inequalities,

kH.�/kL2t
.
Z
�0
�

�Z 1
0

k j� � �j Og.�; � � �/k2
L2v
k Og.�; �/k2

L2v
d�
�1=2

d�

C

Z
�0
�

�Z 1
0

k Og.�; � � �/k2
L2v
k j�j Og.�; �/k2

L2v
d�
�1=2

d�

.
Z
�0
�

k Og.� � �/kL1t L2v
k j�j Og.s; �/kL2tL2v

d�:

Hence we get

kR2.�/kL1t . "j�j�1
Z
�0�

Z
�0
�

k Og.� � �/kL1t L2v
k Og.� � �/kL1t L2v

k j�j Og.�/kL2tL2v
d� d�:

Taking the L1
�

norm and distinguishing between high and low frequencies yields

k1j�j�1R2kL1
�
L1t

. "k Ogk2
L1
�
L1t L

2
v
k j�j OgkL1

�
L2tL

2
v
; (6.17)

and, in the whole space case �x D R3 and �0
�
D R3,

k1j�j<1R2kL1
�
L1t

. "k1j�j<1j�j�1kLp0
�





Z
�0�

Z
�0
�

k Og.� � �/kL1t L2v
k Og.� � �/kL1t L2v

� k j�j Og.�/kL2tL2v
d� d�






L
p
�

. "k OgkLp
�
L1t L

2
v
k OgkL1

�
L1t L

2
v
k j�j OgkL1

�
L2tL

2
v
; (6.18)

where we have used that 1j�j<1j�j�1 2 L
p0

�
since p > 3=2.

Step 3. It only remains to compute the term y‰"#, for which we first write, for all t � 0
and � 2 �0

�
,

ky‰"#Œg; g�.t; �/kL2v .
1

"

Z t

0

k yU "#.t � �; �/y�.g.�/; g.�//.�/kL2v d�:

In the hard potentials case 
 C 2s � 0, thanks to (6.2) we have, for all t � 0 and � 2 �0
�
,

ky‰"#Œg; g�.t; �/kL2v .
1

"

Z t

0

e
��1

.t��/

"2 ky�.g.�/; g.�//.�/kL2v d�

.
1

"
ky�.g; g/.�/kL1t L2v

Z t

0

e
��1

.t��/

"2 d�

. "ky�.g; g/.�/kL1t L2v
:
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For the soft potentials case 
 C 2s < 0, observing that Py�.g; g/ D 0 we fix ` > 0 such
that `

j
C2sj
> 1. Then we use (6.3) to obtain, for all t � 0 and � 2 �0

�
,

ky‰"#Œg; g�.t; �/kL2v .
1

"

Z t

0

�
1C

.t � �/

"2

�� `
j
C2sj
ky�.g.�/; g.�//.�/kL2v.hvi`/ d�

.
1

"
ky�.g; g/.�/kL1t L2v.hvi`/

Z t

0

�
1C

.t � �/

"2

�� `
j
C2sj

d�

. "ky�.g; g/.�/kL1t L2v.hvi`/
:

Taking the L1
�
L1t norm in the above estimates and using (6.12) yields, for both the

hard potentials and the soft potentials cases,

ky‰"#Œg; g�kL1
�
L1t L

2
v

. "k Ogk2
L1
�
L1t L

2
v
: (6.19)

Step 4: Conclusion. We conclude the proof by gathering estimates (6.13), (6.15), (6.16),
(6.17), (6.18), and (6.19) together with the bounds for g from Theorem 2.2.

6.3. Proof of Theorem 2.3

Let f ", for any " 2 .0; 1�, be the unique global mild solution to (1.8) associated to the
initial data f "0 constructed in Theorem 2.1.

Let g D Pg be the kinetic distribution defined by (2.13) through the unique global
mild solution .�; u; �/ to (1.15) associated to the initial data .�0; u0; �0/ constructed in
Theorem 2.2, and also denote g0 D Pg0 the initial kinetic distribution defined by (2.11)
through the initial data .�0; u0; �0/.

We know, from [13, 39] for instance, that g verifies the equation

g.t/ D U.t/g0 C‰Œg; g�.t/;

where we recall that U.t/ is defined in (6.6), and ‰.t/ in (6.10). Taking the Fourier trans-
form in x 2 �x , we then have

Og.t; �/ D yU.t; �/ Og0.�/C y‰Œg; g�.t; �/;

for all � 2 �0
�
, and where we recall that yU is defined in (6.5), and y‰ in (6.9).

We first observe that the difference f " � g satisfies

Of ".�/ � Og.�/

D yU ".t; �/ Of "0 .�/ �
yU.t; �/ Og0.�/C y‰

"Œf "; f "�.t; �/ � y‰Œg; g�.t; �/

D yU ".t; �/
®
Of "0 .�/ � Og0.�/

¯
C
®
yU ".t; �/ � yU.t; �/

¯
Og0.�/

C
®
y‰"Œg; g�.t; �/ � y‰Œg; g�.t; �/

¯
C
®
y‰"Œf "; f "�.t; �/ � y‰"Œg; g�.t; �/

¯
µ T1 C T2 C T3 C T4; (6.20)

and we estimate each one of these terms separately.



C. Cao and K. Carrapatoso 60

For the first term, from Lemma 6.1 we have

k yU ".�/¹ Of "0 � Og0ºkL1
�
L1t L

2
v

. k Of "0 � Og0kL1
�
L2v
:

Thanks to Lemma 6.3 and an interpolation argument, we obtain for the second term, for
any ı 2 Œ0; 1�,

k¹ yU ".�/ � yU.�/º Og0kL1
�
L1t L

2
v

. "ıkh�iı Og0kL1
�
L2v
:

For the third term we use Lemma 6.5, which yields

ky‰"Œg; g� � y‰Œg; g�kL1
�
L1t L

2
v

. ".k Og0k
2
L1
�
L2v
C k Og0k

3
L1
�
L2v
/

in the case �x D T3, and

ky‰"Œg; g� � y‰Œg; g�kL1
�
L1t L

2
v

. ".k Og0k
2
L1
�
L2v
C k Og0k

3
L1
�
L2v
C k Og0k

2
L
p
�
L2v
C k Og0k

3
L
p
�
L2v
/

in the case �x D R3.
For the fourth term T4, we first decompose f " D P?f " C Pf " and use that g D Pg

to write

T4 D y‰
"Œf "; f "�.t; �/ � y‰"Œg; g�.t; �/

D y‰"ŒP?f ";P?f "�.t; �/C 2y‰"ŒPf ";P?f "�.t; �/

C y‰"ŒPf ";P.f " � g/�.t; �/C y‰"ŒPg;P.f " � g/�.t; �/:

Thanks to Proposition 3.3 and Lemma 4.1 we have

ky‰"ŒP?f ";P?f "�kL1
�
L1t L

2
v

. ky�ŒP?f ";P?f "�kL1
�
L2t .H

s;�
v /0

. kP? Of "kL1
�
L1t L

2
v
kP? Of "kL1

�
L2tH

s;�
v
;

and, moreover,

ky‰"ŒPf ";P?f "�kL1
�
L1t L

2
v

. ky�ŒPf ";P?f "�kL1
�
L2t .H

s;�
v /0 Ck

y�ŒP?f ";Pf "�kL1
�
L2t .H

s;�
v /0

. kP Of "kL1
�
L1t L

2
v
kP? Of "kL1

�
L2tH

s;�
v
;

where we have used that kP�kH s;�
v

. kP�kL2v and khvi�.
=2Cs/��kL2v . min¹k�kL2v ;
k�kH s;�

v
º. This implies

ky‰"ŒP?f ";P?f "�kL1
�
L1t L

2
v
C 2ky‰"ŒPf ";P?f "�kL1

�
L1t L

2
v

. k Of "kL1
�
L1t L

2
v
kP? Of "kL1

�
L2tH

s;�
v
: (6.21)

Therefore, using the bounds of Theorem 2.1, we deduce from (6.21) that

ky‰"ŒP?f ";P?f "�kL1
�
L1t L

2
v
C 2ky‰"ŒPf ";P?f "�kL1

�
L1t L

2
v

. "k Of "0 k
2
L1
�
L2v
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in the case �x D T3, and

ky‰"ŒP?f ";P?f "�kL1
�
L1t L

2
v
C 2ky‰"ŒPf ";P?f "�kL1

�
L1t L

2
v

. ".k Of "0 k
2
L1
�
L2v
C k Of "0 k

2
L
p
�
L2v
/

in the case �x D R3.
Furthermore, from Proposition 3.3 and Lemma 4.1, and also using that kP�kH s;�

v
.

kP�kL2v , we have

ky‰"ŒPf ";P.f " � g/�kL1
�
L1t L

2
v

. ky�.P.f " � g/;Pf "/kL1
�
L2t .H

s;�
v /0 C k

y�.Pf ";P.f " � g//kL1
�
L2t .H

s;�
v /0

. kP. Of " � Og/kL1
�
L1t L

2
v
kP Of "kL1

�
L2tL

2
v
;

and similarly

ky‰"ŒPg;P.f " � g/�kL1
�
L1t L

2
v

. ky�.Pg;P.f " � g//kL1
�
L2t .H

s;�
v /0 C k

y�.P.f " � g/;Pg/kL1
�
L2t .H

s;�
v /0

. kP. Of " � Og/kL1
�
L1t L

2
v
kP OgkL1

�
L2tL

2
v
:

In the case of the torus �x D T3, we can use the bounds of Theorem 2.1 (1) and The-
orem 2.2 (1) to obtain

ky‰"ŒPf ";P.f " � g/�kL1
�
L1t L

2
v
C ky‰"ŒPg;P.f " � g/�kL1

�
L1t L

2
v

. .k Of "0 kL1
�
L2v
C k Og0kL1

�
L2v
/k Of " � OgkL1

�
L1t L

2
v

. �2k Of
"
� OgkL1

�
L1t L

2
v
:

In the case of the whole space �x D R3, we first use (4.11) to write

kPf "kL1
�
L2tL

2
v

.



 j�j
h�i

Pf "




L1
�
L2tL

2
v

C




 j�j
h�i

Pf "




L
p
�
L2tL

2
v

;

and then we use the bounds of Theorem 2.1 (2) and Theorem 2.2 (2) to get

ky‰"ŒP.f " � g/;Pf "�kL1
�
L1t L

2
v
C ky‰"ŒPg;P.f " � g/�kL1

�
L1t L

2
v

. .k Of "0 kL1
�
L2v
C k Of "0 kLp

�
L2v
C k Og0kL1

�
L2v
C k Og0kLp

�
L2v
/k Of " � OgkL1

�
L1t L

2
v

. �2k Of
"
� OgkL1

�
L1t L

2
v
:

Gathering previous estimates and using that �2 > 0 is small enough, so that when tak-
ing the L1

�
L1t L

2
v norm of (6.20) the fourth and fifth terms on the right-hand side of (6.20)
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can be absorbed by the left-hand side, we deduce

k Of " � OgkL1
�
L1t L
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v

. k Of "0 � Og0kL1
�
L2v
C "ıkh�iı Og0kL1
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L2v
C k Og0k
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L1
�
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(6.22)

in the case �x D T3, and

k Of " � OgkL1
�
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2
v

. k Of "0 � Og0kL1
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C "ıkh�iı Og0kL1
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L2v

C ".k Og0k
2
L1
�
L2v
C k Og0k

3
L1
�
L2v
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L2v
C k Og0k

3
L
p
�
L2v
/

C ".k Of "0 k
2
L1
�
L2v
C k Of "0 k

2
L
p
�
L2v
/ (6.23)

in the case �x D R3. From these estimates, we first conclude that

lim
"!0
k Of " � OgkL1

�
L1t L

2
v
D 0;

assuming moreover that h�iı Og0 2 L1�L
2
v for some ı 2 .0; 1�. We can finally prove The-

orem 2.3, where we only assume Og0 2 L1�L
2
v , by using the previous convergence and

arguing by density as in [24]. This completes the proof of Theorem 2.3.
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