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A convergence result for the derivation of front
propagation in nonlocal phase field models

Stefania Patrizi and Mary Vaughan

Abstract. We prove that the mean curvature of a smooth surface in R”, n > 2, arises as the limit of a
sequence of functions that are intrinsically related to the difference between an - and 1-dimensional
fractional Laplacian of a phase transition. Depending on the order of the fractional Laplace operator,
we recover the fractional mean curvature or the classical mean curvature of the surface. Moreover,
we show that this is an essential ingredient for deriving the evolution of fronts in fractional reaction-
diffusion equations such as those for atomic dislocations in crystals.

1. Introduction

In this paper, we prove that the fractional mean curvature and classical mean curvature
of a smooth surface in R”, n > 2, arises as the e-limit of a sequence of functions a.(x),
e > 0 (see (1.7)). These functions a, appear in the study of nonlocal reaction-diffusion
equations from an interaction between an n-dimensional and a 1-dimensional fractional
Laplacian of a phase transition ¢, and thus play a key role in deriving the evolution of
interfaces in nonlocal phase field models, see Section 1.1. The convergence result was
first observed by Imbert and Souganidis in their 2009 unpublished preprint [14]. Since it is
foundational for further study on fractional reaction-diffusion equations, we meticulously
prove convergence to the mean curvature using a different approach than in [14].

Before presenting the main result, we describe the setting of the problem mathemat-
ically. Let Q2 be a connected set in R”, n > 2, with smooth boundary T" := 9. Let
d = d(x) be the signed distance function associated to 2 given by

d) = {d(x,F) ifx € Q, an

—d(x,T") otherwise.

For p > 0, define the neighborhood Q, of I" by

0, ={x eR" : |d(x)| < p}.
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We assume there is some p > 0 such that
d is smooth in Q»,; in particular, |Vd| = 1in Q2. 1.2)

Remark 1.1. In what follows, one can replace d by any Lipschitz function d such that
d =d in O, and d is smooth in Q5.

Let 0 < s < 1 be fixed throughout the paper. We consider the fractional mean curvature
of order 2s of the surface I' as developed in [13]. Towards this end, define the singular
measure

dz

|Z|n+23 ’

v(dz) =
and set
k[x,d]=v({z:d(x +z)>d(x),Vd(x)-z <0}) —v({z :d(x + z) <d(x),Vd(x)-z > 0}).

By (1.2), k[x, d] is finite in Q, precisely when s € (0, %), see [13, Lemma 1], and it is
the fractional mean curvature at x € I'. When s € [%, 1), we instead consider the classical
mean curvature of the surface I'; see, for instance, [11]. Let us simply recall that, since I
is smooth, the mean curvature at x € I' is well defined and is given by —Ad(x)/(n — 1).

Forn >1,let I} = —cp s(—A)* denote, up to a constant, the fractional Laplacian of order
2s in R". Specifically, the operator .I;) is a nonlocal integro-differential operator given by
s dy "

Tou(x) =P.V. (u(x—{—y)—u(x))"nm, x e R”, (1.3)
R~ y

where P. V. indicates that the integral is taken in the principal value sense. Assume that
W is a double-well potential satisfying

W e C*P(R) for some 0 < B < 1,
W) = W() =0,
Wu) >0 for any u € (0, 1), (1.4)

W) = W'(1) =0,
W"(0) = W"(1) > 0.

The phase transition ¢ : R — (0, 1) is then the unique solution to
Iil¢] = W'(9) inR,
$>0 inR, (1.5
$(—00) =0, ¢(+00) =1, ¢(0) =1,

where .I] denotes the nonlocal operator in (1.3) with n = 1. See Section 2 for more on ¢.
Define next the function a, = a.(§€; x) by

%@mr5/(@@+d“+”*”@ﬁ—¢@+vamm0—%%; (1.6)
R” & |Z|
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where (£,x) € R x R" and d is in (1.1). Roughly speaking, one may view a, as a nonlocal
operator acting on ¢ = ¢(§).

Lemma 1.2. Forall x € Q, it holds that

oo “x) = 22022 [0 - ratio (22,
& & &

where Cy, s > 0 is given in (3.1).

The lemma is proven in Section 3. The corresponding function a, = a.(x) is given by

_ 1 .
Gox) = — A as(E: X)P(E)dE, (L.7)
where x € R” and
g2 if s € (0, %),
ne =\ &|lng| ifs =1, (1.8)
e ifs € (% 1).

Our main result is the following.

Theorem 1.3. Let @ C R”, n > 2, be a connected set with smooth boundary ' = 0.
Let d = d(x) be as in (1.1) and assume there is some p > 0 such that (1.2) holds. Then,

kl[x,d] ifse(()7%)7
1 ot _ gn—2 .
slgf(l)ag(x) = %\n_llAd(x) ifs =1,
n—2 .
e S Ad(x) ifse ),

uniformly in Q, where, for s € (%, 1), the constant c. > 0 is given explicitly by

n+2s[ [*q"2((n—1)—¢*) :|[ (@& +w) —9()? }
.= d dwdé |.
i 2 [/0 (1+¢)"5" /R R Jw[1+2s wdt
(1.9)

Remark 1.4. For n = 1, a@.(x) = 0. Indeed, the one-dimensional setting corresponds to
Q = (xg, 00) for some x¢ € R. Note that I" = {x¢}, and the signed distance function is
precisely d(x) = x — x¢. Therefore, a.(§; x) = 0, and consequently, a.(x) = 0.

As addressed above, Theorem 1.3 was first observed by Imbert and Souganidis, see
[14, Lemma 10] for s € (0, %) and [14, Lemma 4] for s € [% 1). While the general ideas
of the proof are explained in [14], we found that certain aspects of their proof require
further clarification and additional rigor. The critical case s = % is particularly delicate
and needs more attention. We give our own proof to complement their work and lay the
groundwork for continued study on important physical models, such as those outlined
below in Section 1.1 for dislocations in crystalline structures.
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The proof of Theorem 1.3, especially for the critical case s = 2 , 1s somewhat technical,
but we feel it is more direct than in [14]. Indeed, there are several advantages to our
approach. First, we carefully decompose the domain of integration in (1.7) to expose the
pieces that contribute to the mean curvature in the limit. Then, unlike in [14], we use
the known asymptotic behavior of the phase transition ¢ and its derivatives at £o0o (see
Lemma 2.1) to carefully obtain precise error estimates. Kindly note that the asymptotic
behavior (as well as existence and uniqueness) of the phase transition in [14, equation
(13)] is assumed and differs from our setting, see (2.1).
We remark that the local counterpart of Theorem 1.3 corresponding to s = 1 is trivial.
In light of Lemma 1.2, one formally computes

ng[ (d())}( ) — ¢(d(x)) (d( ))Ad(x) forx € 0,

and then defines a,(£; x) := e (§) Ad(x). Defining a@,(x) accordingly with 7, = &, we
trivially recover a.(x) = Ad(x). We refer the reader to [2—4,7] for related problems.

1.1. Application to nonlocal phase field models

We now show how Theorem 1.3 is crucial for mathematical analysis of nonlocal phase
field problems. Let us briefly describe the evolutionary problem and present some formal
computations.

Consider a connected set 2o C R”, n > 2, with smooth boundary Ty = 9. Let
do = do(x) denote the signed distance function to Ty (recall (1.1)) and assume there is
some p > 0 such that (1.2) holds for dy. Let u® = u®(¢, x) denote the solution to the
fractional Allen—Cahn equation

ed;uf = i(szsfj [uf] — W' (u®)) in (0, 00) x R" (1.10)

&

with 7, defined in (1.8) and initial condition
d
uS(O,x):¢>( O(X)) on R, (1.11)
&

where ¢ solves (1.5) and W= C, s W for an explicit constant C,, s > 0 (given in (3.1)).
Notice that if W satisfies (1.4), then so does w.

When n = 2 and s = % the PDE (1.10) is a rescaled version of the evolutionary
Peierls—Nabarro model for atomic dislocations in crystalline structures, see [22, Section
1.2] and for the original model [17, 18,23]. For the one-dimensional version of (1.10), we
also refer to [8—10, 12, 20] and references therein. The set I'g is understood as the initial
dislocation curve in the crystal, and the parameter ¢ > 0 represents the scaling between
the microscopic scale and the mesoscopic scale. We send ¢ — 0 in (1.10) to describe the
evolution (I';) ;>0 of the dislocation curve I'g at the larger length scale. Indeed, as ¢ — 0,
the function u® approaches a piecewise function with plateaus corresponding to the global
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minima of W (i.e., 0 and 1) and whose jump set at time ¢ is I';. Here, we formally derive
the evolution of (I';);>o using Theorem 1.3.

Heuristically, let (€2;);>0 denote the evolution of the set £2¢ according to (1.10), and
assume that the boundaries I'; = 92, are smooth. Let d = d(t, x) denote the signed
distance function to 2; and assume that (1.2) holds in

Q2p = {(t,x) e [0, T] xR : |d(t, x)| < 2p}
for some 7' > 0. The formal ansatz for deriving the evolution of the fronts (I';)¢[o,77] is

d(t,x))

&

ub(t, x) >~ ¢(
Plugging the ansatz into the equation, the left-hand side of (1.10) gives

edus(t,x) = ¢;(@)a,d(z,x).

Regarding the right-hand side, we find, for (¢, x) € Q,,

P LW = 0 = 2 13 o( L) oo - e (o L))

_ 2 [¢(d(r,.))](x) B Cn,sIf[cﬁ](d(ts’x))

&

(d(t,x) )
:aé’ at7x )
&

where the last line follows from Lemma 1.2. Note that a, = a.(§;¢, x) in (1.6) here
depends on ¢ though d(¢, x).

Freeze a point (¢, x) € Q,. Let § = d(¢, x)/e and assume separation of scales. That is,
assume that & and (¢, x) are unrelated. Then, multiplying the PDE in (1.10) by ¢(£) and
integrating over £ € R gives

/ (edu)p(E)dE = / (25 IS ) — W/ (u)) b6 dE.
R R

From the above computations and (1.7), this yields
. 1 _
() [ I9©OPds = — [ ax(eir0de = a0,

Therefore, by Theorem 1.3, we conclude that, in O,

klx.d(t,)] ifse€(0,3).

-1
~ j 2 a =
3,d(1, x) ~ [ /R [6(&)] ds} et x) = o { Ad(t.x)  ifse[3.1)
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for a constant ;. > 0 depending on n and s. This formally shows that the forming inter-
phases as ¢ — 0, (I'y);¢[0,7], move according to either their fractional or classical mean
curvature.

Of course, these are formal computations that need to be rigorously checked. We refer
the reader to [22] for complete heuristics and a study of (1.10) in the case s = % There, our
initial configuration is a superposition of functions of the form (1.11) which corresponds
to a finite collection of dislocations, and we show using Theorem 1.3 that they move
independently and according to their mean curvature. The cases s € (0, %) and s € (% 1)
will be treated separately in future work. Problem (1.10) was previously studied in [14] for
any s € (0, 1), for the case of one dislocation curve (i.e., for the initial condition (1.11)),
and under the additional assumption of the existence of certain correctors, see Assumption
3 there.

The stationary problem was studied in [1, 24] where they prove that the fractional
Allen—Cahn energy, with the same scaling as in (1.8), I"-converges to the 2s-fractional
perimeter functional when s € (0, %) and classical perimeter functional when s € [%, 1).
The local problem in which (1.10) is instead driven by the usual Laplacian A was studied
by Modica-Mortola [15] for the stationary problem and Chen [7] for the evolutionary
problem.

1.2. Organization of the paper

The rest of the paper is organized as follows. First, in Section 2, we review some properties
of the phase transition ¢. Preliminaries on a, and the proof of Lemma 1.2 are presented in
Section 3. Section 4 contains preliminaries for the proof of Theorem 1.3 when s € [%, 1).
We prove Theorem 1.3 for s = %, S € (%, 1),and s € (0, %), respectively, in Sections 5, 6,
and 7.

1.3. Notations

In the paper, we will denote by C > 0 any universal constant depending only on the
dimension n, s, and W.

Denote by S” the unit sphere in R**! and #" the n-dimensional Hausdorff measure.

Given a function ¥ = u(x), defined on a set A, we write u = O(¢) if there is C > 0
such that |u(x)| < Ceforall x € A, and we write u = 0,(1) if limg_,o u(x) = 0, uniformly
inx € A.

For a set A, we denote by 14 the characteristic function of the set A.

2. The phase transition ¢

In this section, we present background and preliminary results on the phase transition ¢.
Let H (&) denote the Heavyside function.
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Lemma 2.1. There is a unique solution ¢ € C>P(R) of (1.5), with B as in (1.4). More-
over, there exists a constant C > 0 and k > 2s (only depending on s) such that

C
46 ~ HE) + 5o iy | < o Jor 6121 @
and . c c
W =9 = |$|2—x+1’ lp(§)l < |§|2—S+1 Jor [§] = 1. (22)
Ifs € (%, 1), then
1 @E+1)—9©)?
1= E/JR . NEES dtd§ < oo. 2.3)

Proof. The existence of a unique solution of (1.5) is proven in [6] for s = % and in [5, 19]
for any s € (0, 1) together with (2.3) when s > 1. Estimate (2.1) is proven in [12] for s = 1
and in [8] and [9], respectively, when s € (0, %) and s € (%, 1). Finally, estimates (2.2) are

shown in [5,16,19,21]. n
We will use several times that, by (2.1),if M > 1,
M

/_ | BENE = GO0 = $=M) = 1+ OM ) (2.4)

and
. M .
/ $E)dE =1 / $E)dE = O(M™), 2.5)
{lE|>M} -M

3. The function a. and fractional Laplacians of ¢

Here, we present some preliminaries on a, and prove Lemma 1.2.

We will use the following lemma throughout the paper without reference. The proof
is a standard computation in polar coordinates.
Lemma 3.1. There exist C1, Co > 0 such that for any R > 0,

d d C
/ s = QIR and [ e = o
{lzI<Ry || (z1>Ry |2|"T>* R

Accordingly, by the regularity of ¢ and d, the integral in (1.6) is well defined for

x € Qp

d —d
f ‘gﬁ(é n (x +e2) (x)) — $(E + Vd(x) - 2)| —orse
R & |z|

§C|:/ ld(x + ez) —d(x) — Vd(x) - (ez)| dz +/‘ dz }
{lzI<1} {lzI>1} |2

P |Z|n+2s |n+2s

dz dz
ch s|z|2—+/ —}sc.
Qzi<ty 12" Sz 2P0

dz




S. Patrizi and M. Vaughan 8

We will need the next result that allows us to view one-dimensional fractional Lapla-
cians of functions defined over R equivalently as n-dimensional fractional Laplacians.

Lemma 3.2. Foravector e € R" and a function v € C 1 (R), let ve(x) = v(e-x) : R" —

R. Then,
I vel(x) = |e** Cp s Ii[v](e - x),
where
Chs :/ ﬁdy. 3.1
R ([P + )5
Consequently,

d
|€|23Cn,s»[§[v]($) =P.V. /]Rn (U(E +e- Z) - v(g))wt%7 E € R

Proof. The case e = 0 is trivial. Therefore, let us assume e # 0 and let ¢ := |e| > 0. Begin
by writing

I,i[ve](x):P.V/ (v(e-x+e-z)—v(e- X))| |i+2s

By rotation, it is enough to prove the result for e = ce;. Observe for x = (x1, x’) €
R x R"~1 that

I8 [vee, 1(x) = P.V. / (v(ex +CZI)_U(C-x1))| |,,+25

=P. V./R(v(cxl +cz1) — v(cxl))(/Rnl mdz’)dzl.

Since
/ I S / ;dz/
Rr—1 |(21,Z/)|n+zs Rr—1 (|Z/| +22)n+25
Z;/ ;|1|”*ldy=$
|Zl|n+2s Rn-1 (|y| )n+2s |ZI|1+2s
we have

I [vce,](x) = Cus P. V. /(v(cxl +czl)—v(cx1))| ‘Tfizs

d
=c*Cy4P.V. f(U(Cxl +z1) —U(Cxl))| |1241r25

= B Cp s I5[v](cey - x). [

We are now ready to prove Lemma 1.2.
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Proof of Lemma 1.2. First, we write a; = a.(d(x)/¢e; x) as

ag = P.V./n (¢(M) —¢(@)) Mﬁzs
—P.V./n (¢(M+Vd( ) ) ¢(@))|Z|i%-

Since e =Vd(x) is well defined when |d(x)| <p and a unit vector, by applying Lemma 3.2
to the second integral in the right-hand side of (3.2) and a change of variables in the first
integral, we obtain

s D)y (HN) B (40)
a, =¢eP.V. /Rn (¢( - ¢ e = Co s I1(4]
:gzws[ (‘“’)]( )—cnmw»](d(x)) .

4. Preliminaries for s € [%, 1)

(3.2)

We give preliminaries for the proof Theorem 1.3 when s € [% 1).

4.1. Mean curvature

Assume that d in (1.1) satisfies (1.2). Then, in Q,, the eigenvalues of D?d(x) are

—Ki .
Ailx)=——+—, i=1,....n—1, X,(x)=0;
0= e ()
see, for example, [11, Lemma 14.17]. Moreover, since |Vd| = 1 in Q,, we have the
equation D2d(x)Vd(x) = 0 from which we see that Vd(x) is an eigenvector, with norm
1, for D?d(x) with associated eigenvalue A, (x) = 0.
Let us denote

15 _
AG) =5 Y Mk ¥ = O i) €RTL
i=1

Note, for x € Q, that

/ A0)do = = ZA/ 02do = — Zx 157 2|_1|Sn 2'Ad() 4.1)
gn—2 n—1 n—1 '

i=1

4.2. Change of variables in a.

In light of (4.1), we write the following lemma for a, as an integral in terms of polar coor-
dinates which exposes A(f), 8 € S"~2. This will set the stage for proving Theorem 1.3
when s € [%, 1).
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Lemmad4.1. Lets € [%, 1) andr € (0, %) be fixed. Then, for all (t,x) € Qpand0 <& <r,

28 28
Gt x) = 0( ¢ )+ e / G(E)$(E)dE,
R

rzsns e
where
G(§)
(" dp ’ p tp dt
=, ot [t [ (o4 Fae s pbie.tm) =05+ F))
with
b(0.t,r) = A(0) + O(r(1 +1%)). 4.2)

2s

Remark 4.2. Notice if s € (0, %), then O(rng) = O(r%) is ineffectual for r small.

Proof. LetT = (vy,...,v,) be an orthogonal matrix whose columns are a set of orthonor-
mal eigenvectors vy, ..., v, for the eigenvalues Aq, ..., A, with v, = Vd(x). We make
the change of variables ez = Ty to write

n d
e = [ (064 e+ 1 —a0) e+ 2)) 0

&

where y = (y’, y,) with y’ € R?~!. Then, we split a; as follows, for0 < & < r,

gs(g;x)zf ()+/ ¢-)
{1y’ L,Iynl<r} {1y |=r}U{lynl>r}

Since 0 < ¢ < 1, we have that

. d
(¢(g L@+ Ty) - d(x))) ~¢(&+ y—)) |y|ny+2s

&

st

/{Iy’>r}U{|yn|>r}

28
= 282S/ Cr{)—j—Zs = Ci .
(yl>r} [yl red

Therefore,
2s

aein) = 0 55 ) + 2600, 43
r

where

1 Vn ) dy
G(§) = +—dx+Ty)—d®) ) —d(6 + 22) ) —2s.
©) /{ e (¢(s L+ Ty) <x)>) $(5+77) )

Now, if |yn|,|y’| < r,then x + Ty € Q3, and by construction of T and the regularity of
d, we have

dx+Ty)—d(x)=Vd(x)-Ty + %Dzd(x)Ty Ty + O(r|y|?)

= yn + AQ) + O(r|y|?).
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Consequently,

1 dy
GE) = + - +4A0")+ 0 2 ) + )_
© /{ly/|,|yn<r} (¢(g .V )+ 0P (g ) Iy 2

Next, we make the further change of variable ¢t = y, /|y’| to write

£) :/ d_y// _dym
Qy't<ry Y172 Joy1<n e

(|y i 1)
« (¢(g + é(y” + AQ) + 0(’|Y|2))) - ¢<S + Y_:))

_/‘ dy’ / dt
tyt<ry I Sy (12 4 1)"5°

(oo 212 eviow s ) {20

Finally, using polar coordinates y’ = p@ with p > 0 and § € S"~2, we write

G(E) = / e fs . /W} s I)M

x (6(e+ L+ pa®) + pora + ) - p( + L)),

With (4.3) and recalling that [ $(§)dE = 1, this completes the proof. |

5. Proof of Theorem 1.3 for s =

N[ =

Throughout this section, assume that s = %

Fix r € (0,2) and let 0 < ¢ < r. By Lemma 4.1, we have

Ga(x) = 0( : )+ ﬁ [ c@den 5.1)
R

rllng|

where

G() = / / dG/ o(&+ (z + pb(®.1,1)) — (£ + %))ﬁ

By the regularity of ¢ and recalling (4.2), we see that

4 d
psnsz/ o5+ L0+ pb(e.1.r)) ¢ (sﬁ;”))m'

<_/ dp/ d@/ |A(9)+0(r(1+t2))|( LS—/ dp=C
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and also

& dp p tp dt
/ — /S d /{kw) (#(6+ L0+ po@.rp) - (s + ;))m’
— 2
= / dpfsn 2d9 /1<|,|<r}(1 +rt )|[|n+1
_/ [/ dr +r/ :|
{le|>1} |t|n+l {1<lt|<Z} 7]

—/ (1+rInr—rlnp)dp < (1 + r|lngl).
€ Jo

| /\

| /\

Together with (5.1), we have

Go(x) = 0(#) +00)+ e / 1©)dE)dE, (5.2)
r|Ine|

where

1) = f / d@/ o6+ L0+ pb0.0.r)) —o(¢ + %’))#

Heuristics. We will prove that one of the main contributions comes from values of p
1
between ¢2 and r and values of ¢ such that, for A(6) > 0,

—pA0) <t <0, (5.3)

and for A(0) < 0,
0<t<—pA(). (5.4)

Indeed, by (2.1), if A(f) > 0, for points ¢ as in (5.3), the integrand function in 7(£) is

close to 1, and thus,
0
—12) / dt
—pA(6)

|1n8|/ Egb(é)/% dl; /—(:;A(e)(m " |In s|/ 54)(5)/
=g Jp 590 [, 5 =5

see (5.12) below. Similarly, if A(6) < 0, for points ¢ as in (5.4) the integrand function is

close to —1 and
1 . T dp [~PA®) _A®)
[n(e)] fL s [, ?/o (oddt ===

The other main contribution comes from values of p between ¢ and e2 and values of ¢
between —1 and 1. Indeed, we will show that

Ihielédw@)/:%%/_j('“) A(H)/ w(g)/“ dp A_7

see (5.20) and (5.21) below.

~ N\»—‘
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To formally prove the estimates above, we start by splitting 7(£) as

r 1 r
1(5):/ d—’;/ dG/ (---)dt+/ d—ﬁ/ dG/ (-+-)dt
e D7 Jsn—2 -1 e P” Jsn2 {1<lt|<Z} (5.5)

=:11(§) + L2(8).

and then estimate ﬁ Jr $E1(E)dE and ﬁ [ $(E)(E)dE separately.

Step 1. Estimating i [ ¢(6)11(§)d§. We will show that

1 .
M/Rd’@)“@)ds = /Sn_zA(Q)dQ—l—og(l)—i—or(l), (5.6)

where 0.(1) depends on the parameter r.
Note that if |¢| < 1, then for some Cy > 0,

|b(8,r.t) — AB)| < Cor. (5.7)
Let r and § be such that |
Cor <8 < 3 (5.8)
We write
he- | s+ | aoc-)+ [ doc-)
S"=21{A(60)> 38} S1=2A{A(0)<—38} S"=2n{|A(6)|<38)
= 1{(§) + I2(§) + 17 (§).
5.9
Beginning with 7] (§), we further split, for R > 1 to be chosen,
r 1
ne- [ ao [ dp [ o
S1=2A{A(6)> 38} (Re)Z —1
(Re)3 1
+/ d@/ dp/ (-+-)dt
Sn—2N{A(0)>38} ) -1
=: J1(§) + J2(8). (5.10)

In what follows, we will use several times without reference that, recalling (5.7)
and (5.8), if A(0) > 38 and |t| < 1, then b(0,¢,r) > 0 and by the monotonicity of ¢,

d)(é + g(t + pb(@,z,r))) —¢>(E + t?p) > 0.

Step 1a. Estimating u:_s| Jo #(&)J1(§)dE. We will show that

1
|Ineg

1

/R¢($)J1(E)d€ = EAn—zﬂ{A(9)>38}

A(0)dO + 0s(1) + OS) + O(r). (5.11)



S. Patrizi and M. Vaughan 14

Begin by writing

r

dp 1
Jl(s)=/ a6 l—zf (-o)dt
S"—2N{A(0)>38} (Re)2 p Sp

r d §p
+ / 6 / 2
Sn=2N{A(0)>38} (Re)2 P° J-6p

r d —op
/ ao | 2L (--)dt
SP20{A(0)>38)} (Re)Z P* J—p(a®)—26)

+

r 4y [PA©)-28)
+ / ao| 2L / (--)dt
Sn=2N{A(0)>38} (Re)2 P° J—p(A(6)+28)
T d —p(A(6)+28)
+ / deé . —12) (---)dt
S1=21{A(6)>38} (Re)2 P~ J-1

=t 1) + TEE) + IFE) + I ) + TP ).

Notice that p(A(8) + 26) < 1 for p < r and r small enough.
The main contribution in J; (§) comes from J;(§). Indeed, we first show that

1

|Ing|

. 1
/ gb(é)]f(é)dé = 5/ AB)dO + 0.(1) + O@6) + O(r). (5.12)
R Sn=2M{A(6)>38}
Notice that, for R > 2 and § as in (5.8), if
n—2 1 R§
0eS" N{A0)>38}, (Re)2<p<r, —p(AB)—28)<t<-ps |§< -

then 5p2 5
t R
s+ L <e-T <R <
£ € 2
and, recalling (5.7),
5p2 RS

E+ L0+ pb0.0.1) = 6+ 26+ pA©) — pCor) =+ L= =6+ RS = =

&

Consequently, by (2.1),
t
o+ 2+ po.nrn) - e+ L)

- H(é n f(r +pb(9,t,r))) _ H(s + %p)

1 1 1
* O(s I +pb(9,r,r)>) * 0(5 T %’) = O(ﬁ)
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Therefore,

/ (&)} (E)dE
R

RS

g rodp [0 1 di
T s 3 Ly () e

— &S sm20(A@©)>38)  J(Re)2 P* J-p(a®)-26) RS ) ) (12 4+1)"

. r dp —ép
+/ ds¢(g)/ ao | —2/ (---)dt.
{|§|>¥} Sn—2N{A(0)>35} (Re)2 P —p(A(0)—26)
(5.13)

The main contribution in ﬁ Ir ¢'>(§)J13(f;‘)a’ & comes from the integral of 1 in (5.13).
Indeed, since |f| < p(A(0) — 28) < Cr implies

1

—— =1+ 0(),
2 +1)"
we can write
1 / dp [P dt
|Inel Jsn2nia@)>351  JRe)d P? J-pa@-28) (12 + 1)"s
1 r 1
=1+ 0()) do . —zp(A(Q) —38)dp

[Ine| Jsn2n(4(6)>38) (Re)2 D
1 1
Inr — ElnR— Elns

— (14 0(r) /
|Ing| S—2A{A(6)>35}

(A(6) — 38)d6

1

S 2 /S"ZH{A(H)>38)

With this and recalling (2.4), we infer that

A(0)dO + 0.(1) + O(8) + O(r).

RS
1 R T dp (7P dt
1—/ , dE0(©) d ) —2/ — T
|Inel J_&s sn2n{A@®)>38}  J(Re)2 P J-pa@)-28) (12 4+ 1)z
1

2 /sn—Zm{A(e)>38}

Next, we look at the error terms in (5.13). First, note that

A(6)dO + 0s(1) + O(S) + O(r) + O(Rig). (5.14)

1 T dp [ dt
de 1 _Z/ n+1
IIne| Jsnz2nia@=387 JrRe)z P* J-pa@—28) 12+ 1)"7
1 r 1
< do . — P(A(0) —38)dp
|Inel Jsn-2n(a0)>38} (Re)Z P

1 1
< 1 dQ/r 1gl_p< lnr—ilnR—Elns
[Ine| Jsn—2nga6)>35} (Re)? P

|Ing|
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With this, we estimate

. T dp ! di
a [ ao [ o(45) e
|Inel J_&s sn-2n{40)=38) JRe)T P* J-pa@)-280 \RS/) (12 + 1)"%

= O(Ra’)

(5.15)
and similarly, using that
0<gp <1
and using (2.5),
< ag [ a6
Inel Jyg > 28y Sn-2n(A(0)>365)
r d —8p
X[ p/ ( )dl
R6)2 p? p(A(0)—268)
/ do
|1n5| |$|>R'3} S1=2N{A(8)>38}
x / "odp / ~br dt
(Re)s P* Jpa@)-28) (12 + 1)"3
1
< o(ﬁ). (5.16)
Choosing
R=4§72 (5.17)
from (5.13), (5.14), (5.15), and (5.16), estimate (5.12) follows.
We next show that
o 9@k @de = 00) tork = 1.2.4.5. 5.18)
ne
First, using that 0 < ¢ < 1, we get
r dp Sp
0= [ p@sieds <2 [ dsie [ o[ B[
Sn—2N{A(0)>38} Ra)2 p?
< 2/ dgq's(g)/ . —’2’25
R (Re)2 P
< Cé|lng|,

from which it follows that (5.18) holds for k = 2. The estimate for k = 4 is similar.
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Regarding (5.18) for k = 5, we use (5.7) and the monotonicity of ¢ to estimate
r dp —p(A(6)+26)

0 5/ do =
Sn—2N{A(0)>38} (Re)2 D™ J-1
rod
< / ao | 2L
S7—2N{A(0)>35} (Re)2 D

—p(A(B)+28) 2
x/ ! {qs(g + PP 40+ Cor)) (s + tp)}dt
-1 & &

r dp —p(A(0)+26)

(--)dt

| ao [
Sr—2N{A(0)>38} (Re)2 P

1
x / ¢'>(g L e s Cor)) PRAO) + Cor) .
0 & &

e
C r 1
< —[ dG/ . dp/ dt
& Jsn2n(4(6)>38} (Re)?2 0

e
x/ ra [ (g+ rP—Z(A(9)+C0r)):|£dt
1 & p

r dp 1 p2
L ¢l E+ —[—A0) — 26 + t(A(O) + Cor)]
N 20{A(9)>35} (Re)z P Jo &

dt

=C

2
—¢(S - f ¥ tp?(A(O) + Cor))}dt

Now, if
1 RS
AO) =0, (Re)2<p=<r, 0=<t=I, |€|<—

and § as in (5.8), then

2 2 R R
e+ D@ 25+ w40 + Conj <6~ L < B0 gy BT

and for r and ¢ sufficiently small,

2wy +on=e-L <K

£ 2

Recalling (5.17), by (2.1), we get

o(&+ L AB) - 25 + £(A®) + C _P P 40y + Cor)) = €8
. o)l ). ¢|§ — 2 + 7 (A(0) + Cor) | = C8.

The computations above yield

R

RS ] r dp —p(A(0)+25)
OS/Rﬁ dép(§) d@[ —fl (---)dt < Cé|lneg|.
2

Sn-2n{A(6)>38} (Re)2 D?
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On the other hand, estimating as above and by (2.5) and (5.17),

. rodp [PAO+29)
0 S/ dé¢>(€)/ ao [ (o)t
e SP2N{A(0)>38} (Re)z P? )
. r dp 1
<C dEg(®) ao | L | dr<csime
HHEE S sn=2 Re)z P Jo

Together, we arrive at (5.18) for k = 5. Similar computations yield (5.18) for k =
Combining (5.12) and (5.18), we obtain (5.11).

Step 1b. Estimating ﬁ Jr & (&) J2(§)dE. We will show that

1

|Ing|

[ den@as =3 [ A6+ 0(1) + 06) + ().
R Sn—2N{A(0)>38}

We first write

1
(Re)2 d 1
Jz(s>=[ def D"y
S"—2N{A(9)>38} & p 8%

1
(Re)2 d 5§t
+ / do / LT
SP=2N{A(6)>368} & p -8

1
(Re)2 d -85
+ / do / LA T
Sn=2N{A()>368} & pPeJ-
=3 () + I3 () + J5(§).

Here, the main contribution comes from J21 and J23. Indeed, we will show that

1
|Ing|

. 1
1 d — _
/R b7 ©ds = /S -

A(0)dO + o.(1) + O(r) + O()
and

1 N |
. Je_ 1 8 |
[Inél /RME)JZ (Erie 4 /sn—Zn{A(9)>38} A0)df +0:(1) + O(r) + 0()

Beginning with J3, we split, for Ry > K > 4 to be chosen,

R08 -5
ie= [ ao [ [
S"—2N{A(0)>38} € p -1

(Re)? -K

d £
+ / 6 L e
Sn—2N{A(6)>368} Roe P Ja

1
(Re)2 d —5£
p r

' (---)dt.

[S]

—i—/ do
S1=2N{A(0)>38} Ree D7 J-k

£
P

18

1.

(5.19)

(5.20)

(5.21)

(5.22)
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Regarding the bounds of integration over 7, note that K % <1if K < Rpand p > Rpe.
For the first integral on the right-hand side of (5.22), we estimate

R(]é‘
05[ d@/ d_’;
S"—2N{A(9)>38} e P
—5%
x/ {qs(s + 20+ pb(e,z,r))) —¢(g n 2)}%
-1 ¢ e )2+

Roe d -5 2 C Roe
< c/ d@/ —’;/ TP 0,1, r)dr < —/ dp < CRy.
Sr=2N{A(6)>368} £ P J- & &€ Je

It follows that

1 . Roe gy 8% CR
0< /dgqs(g)/ dG/ —’;/ "Coydr < 220 (5.03)
|Ing| Jr Sn=20{A(6)>38} e D2 J [Ineg

For the second integral in (5.22), by (5.7) and the monotonicity of ¢, we have

1
(Re)2 g
0< / do / &L
Sn=2N{A(0)>38} Roe p

_K£
X/ p{¢(E+£(l+pb(9,t,r)))—¢(,§:+2)}Lﬂ+l
! ¢ e)) @2+ 1)

(Re)? dp

<

/ do >
S"—2N{A(6)>368} Roe p

—K: 2
<[ {¢>(s+’£+”—(f1<9)+cor>) —¢(s+’ﬁ)}Lﬁl
1 £ & £ 2+

(Re)% dp (K%

<

/ do >
Sn=2N{A()>368} Roe P J-

1 2 2
x / gﬁ(s + L P 40+ Cor))p—(A(G) + Cor)dt
0 & & &

1
(Re)2 1 -K£ 2
S av [ e | P3r|:¢(§+p—t+rp—(A(9)+Cor))]£dt
0 -1 & £ p

dt

& Jgn—2 Roe
1
(Re)z g
—C / do P
Sn—2 Roe p

&

1 2 2
x/ {¢($—K+rp—(A(9)+C0r))—¢(§—p —i—rp—(A(@)—i—COr))}dt.
0 £ &

If
K
Ros<p<(Re)?, 0<t<I, HEE
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then we have that, for some C > 1,

2
E-K+c@) + Cor) = -5 + CR.

Nis

2
K ~
s—§+r%(A(9)+c0r) =5 —Ro+CR.

Let Rg and K be such that
4 <4CR = K < Ry. (5.24)
Then,
K
E— K+ t—(A(G) + Cor), S— =+ ‘L' (A(@) + Cor) < 7

and by (2.1),

NIQ

2 2
¢(g _K+ tp?(A(G) n cor)),qs(s _2 t—(A(G) + Cor))

This implies that, for |§| < K/2,

(Res)2 2
[ aof {as(s — K2 (A0) + cor))
Sn—2 Roe &
2
—¢(s _ f n %(A(G) + cor))}df

c (R dp _ Cllng|
<— < :
K R06‘ p K

The computations above yield

% (Rs)% d C

. p |1n5|
o= [ dsio [ d dp [ yar <
-X Sn-2n{A(6)>35} Ros P~ J-1 K

On the other hand, estimating as above but using that 0 < ¢ < 1 and (2.5), we obtain

1
(Re)2 —K%

: d

o< [ s [ o [ [

{51> %y Sn=2N{A(6)>38} Roe

- oL el
scf L ashe [ o[ [Nars ol
{l&]> %} Roe
‘We conclude that

R} g, K2 c

14

1 .
< o [ @@ [ ao [ BT a <€ sas)
|Ine| Jr SP=2n{A(0)>35) Roe P*Jo1 K’
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We next estimate the third term on the right-hand side of (5.22). We first notice that, if
1] < K% < land p > Rye, then

! =140 K
(12 S Ro )’

Ro = K?; (5.26)

We set

then,
1
(Re)2 4
/ df =
Sn—2N{A(6)>38} Roe V4

-5 p tp dt
o oo B o) —o(s+ 2

p

(RS)2 d 8L
/ 6 wd ”( (14 O(K~Y)dt.
Sn=2N{A(0)>368} Roe V4 -K£

Using again (5.7) and the monotonicity of ¢, we get

1

(Re)2 d —5£ ¢

/ 40 L2 {qs(s + 20+ pb(@,t,r))) —¢(g + ﬁ)}dz
S7=2N{A(6)>368} Roe pP°J-kKkz & &

P

1
(Re)2 4
< / 6 f L
Sn=2N{A(6)>38} Roe p

_8£ 2
x/ ’ {d)(é—i—z—i-p—(A(H)—i—Cor)) (§+ tp)}dt
—K% & &

1
(Re)2 d —§£&
/ df 21
S"=2N{A(0)>368} Roe P -k

dt
1 X tp p2 p2
(RE)2 dp /-
dt

- /:S‘”ZO{A(G)>35} Roe

-5
X / 8,|:¢(§' + ;p + tp?(A(G) + Cor))i|(A(9) + Cor)dt

—K£
KP

(Re) 3
gy 2 [
S"*ZH{A(9)>38} Rose

_s5&
x / ! 8,|:¢(§ + ;p + tp?(A(G) + Cor))}A(Q)dt + O(r|Ine]).

£
p
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Similarly,

(Rs)2 d —5£ ¢
/ a0 —’;/ ’ { (s + —(r + pb(6.1, r))) (g + ﬁ)}dr
Sn=2N{A()>368} Roe p K2 &

(RE)2
-, wf, Tl
Sn—2N{A(0)>38} Roe

_85
x / Bz[qb(é + 2 tp—(A(G) - Cor))]A(e)dz + O(r|Ing)).
Kt e &

p

For the main terms in the integrals above, we write

(RS)2 d
/ dOA(6) i / dt
Sn—2N{A(0)>35} Roe

_§&
x/ p8,|:¢(§+£+rp—(A(9):I:C0r)):|dt
K& & &

p

1
(Re)z g
/ dOA(6) o
Sn—2N{A(0)>38} Roe p

1 2 2
x / {qs(s 54 z%(A(e) + Cor)) —¢(g K+ rp?(A(Q) + Cor))}dr
0

(Re)?

d
/ d0A(6) {¢<s—8> o(& - K>+0( )} L
Sn=2N{A(0)>38} Roe P

As above, we find that

. (k92 d
/ £ () / d6A(6) ot — K <
R Sn=2A{A(6)>38} Roe p K

Moreover, regarding the error term,

1
. (Re)2 d 2
/ £ () / d6A(6) @ P
R Sn=2N{A4(0)>368)} Roe p €

The main contribution comes from the following integral:

(Re)?

) d
/ £ (E) / d6A() o)L
R S7n=2N{A(6)>368} Roe p

_ RS 4
- / £ (E) [ d6A(6) [ $©L + 0@ ne)
R Sn—2N{A(0)>38} Roe p
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(R? g,
/ __(¢ (£))dE dOA(9) W + O(8|Inegl)

2d§ SP2A{A(6)>35} Roe

1 1

( [Ing| + = lnR In Ro)/ A(0)dO + O(|In¢g)),
2 Sn-2n{A(6)>35}
where we used that ¢(co) = 1 and ¢(—o0) = 0. Putting it all together, we get

1 : R2 gy 8%
[ asoo [ ao [T
|Inel Jr SP20{A(8)>38} Roe  P?J-k:

1

4 /snzn(A(a)>38}

A0)dO + 0.(1) + O(r) + O(K™Y) + 0(6). (5.27)

Recalling (5.17), (5.24), and (5.26), from (5.23), (5.25), and (5.27), we get (5.21).
We now check that the estimate for J21 in (5.20) holds. For Ry, K as in (5.24) and

(5.26), we write
Roé‘ d 1
R = ao [ L[ o
Sn=2N{A(6)>38} e P £

+ / db L Ta
S"2N{A(9)>38} Roe P 8£
(RS)2 d
+ / do —]2’ ( dt. (5.28)
S1=2N{A(6)>38} Ros p

Similar computations as for the estimates (5.23) and (5.25) yield

Roe R
< f dEd(®) / df / 4 e = SR (59
|1 S1=2{A(6)>38) 52 |1ﬂ€|

and

1 . Re)E 4 C
0< —/ dgqs(g)/ do p/ (-)dt < =. (530
|Ing| Jr Sn2A{A(0)>35} Roe K

The second term on the right-hand side of (5.28) is similar to (5.27). Indeed, as above,

1
(R)T g, (K%
/ 46 _IZ ()t
sn2n(a©)>38)  JrRee  P? Jse

(Re)2 2

d
d0A(9) / BE+K) —¢E+6 L
)4

/S"—Zr‘\{A(é))>38}
+ O(R) + O(K™|In¢g|) + O(r|Ing)). (5.31)
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By (2.1), for £] < £,
1

Therefore,

K (Rs)%d

2 .
[ dE(®) d L ar
-£ S"=2N{A(6)>38} Ros  P7 Js%

£ (Re)? 1 dp
= / dé’sﬁ(%‘)/ doA(0) {1-¢) + 0K )+ 00)}—
-X Sn=2N{A(8)>36} Roe 4
+ O(R) + O(K7Y1In¢))) + O(r|Ing|)
(Re)Z 4
/ dE{p(E) — ——(¢(€)) } doA(0) 717

2dé§ SP2A{A(6)>35} Roe

+ O(K~'|Ing]) + 0| Ing|) + O(R) + O(r|Ins|)
ol EY o K 2K 2(_5))}
|:¢(2) ¢( 2) 2(¢ (2) ¢ 2 /S”—ZO{A(0)>38}d9A(9)

(Re)2 dp
x / L 4+ O(K Y ne|) + O@|ne|) + O(R) + O(r|Inel).
Roe

Since, again by (2.1),

we get

% . (Ra)2 dp
[ e [ o R
-£ Sn=2n{A(6)>35} Ree D" Jse
1
1 (Re)2 g
= (— + O(K_l))/ dOA(6) a
2 S"2N{A(8)>358} Roe
+ O(K Y Ing)) + O@|Ing]) + O(R) + O(r|In¢l)
(Re)% dp

/ dOA(6)
2 Jsn-2n{4(6)>38} Ree P

+ O(K | Inel) + O@|Inel) + O(R) + O(r|Ine|)

1 1
( |Ing| + InR—1In RO) / A(0)do
Sn=2N{A(0)>35}

+ O(K™'In 8|) + O(8|Inegl) + O(R) + O(r|Ing)).

1
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On the other hand, by (2.5) and (5.31), we get

, (Re)Z
[ aze [ a0 [T
HH{E= S S1=2N{A(0)>38} Roe P~ Js<
X (RS)% d
= / déqb(é)[/ dOA(0) {9+ K) -9+ 8)}—p
{lg1>%} Sn=2n{A(6)>38} Roe p

+ O(R) + O(K~'[Ing]) + O(r| ln8|):|
< Cline| /{ g, $6E = 0K ne).

The previous two estimates give

1
i . RS gy (KS
/ dE(E) / a6 DA yar
[Ine| Jr SP2A{A(6)>35} Roe P Jse
1

4 /S"2ﬂ{A(9)>38}

From (5.28), (5.29), (5.30), (5.32), and recalling (5.17), (5.24), and (5.26), we get (5.20).
Lastly, we will show that

A0)dO + 0,(1) + O(r) + O(K™Y) + 0(8). (5.32)

/ $(&)I2(E)dE = 0(6). (5.33)

|Ing|

Indeed,

1
(Re)2 4
0< J2(§) = / do / <L
Sn—2N{A(6)>38} e p

5
<[ {¢(s e +pb(9,r,r>)) —¢(s + tﬁ)}L
8 & € 2+1)2

14

(Rs)l d 2
< c/ dQ/ =d p—b(e, r,t)dt
Sn—2N{A(0)>38} 85 &

C (Re)2
<= d@/ §Edp < C8|nel,
& Jsn—2n{A(6)>38) p

|o»

from which we obtain (5.33).
Therefore, combining (5.20), (5.21), and (5.33), we have (5.19).

Completion of Step 1. Recall (5.9) and (5.10). With (5.11) and (5.19), we can finally
write

/ dEV](E)dE = fsn—zm{A(e)>38} A0)dO + o.(1) + O(8) + O(r). (5.34)

|In e
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In the same way, we obtain

/ HEI2E)dE
R

[Ineg

= / A(0)dO + 0s(1) + O(8) + O(r). (5.35)
Sn—2N{A(0)<—368}

Finally, let us show that
1 .
—/ P(E) 17 (E)dE = 0s(1) + 05(1) + O(r). (5.36)
|Ine| Jr

If one of the eigenvalues A; is different than zero, then H"~2({0 € S"2|A(9) = 0}) =
0. In particular, " 2({0 € S"72||A(0)| < 38}) = 05(1). Therefore, integrating in ¢ as

before,
. rd
fC/dS¢(E)/ def @
R Sn—2N{|A(0)|<368} &

< C|lng| df = |Ineglos(1),
Sn=2N{| A(0)|<38}

‘ [ deriea
R

which implies (5.36).
Ifinstead, A; =Oforalli =1,...,n —1,then A(§) = 0and S"2 N {|4(0)| < 38} =
S7=2_In this case, we write, for § and R as in (5.8) and (5.17),

r d —28p r d 28p
136 =/ a| 2L (---)dt+/ ag | L ar
Sn—2 (Re)2 P7 J—1 Nt (Re)2 P™ J—26p

r d (Ra)2 d
+/ 6 L ( )dt+/ d@/ L (---)dt
Sn—2 Rs)2 p? 28p Sn—2 -1

(Re)2 d (Re)2
+/ d@/ = ( )dt+/ d@/ d” ( )t
Sn— -2 -8 Sn— -2 87

As for the estimates of fR (ﬁ(%’)(]ll (&) + JE(E) + JP(§))dE (recall (5.18)),

1 . r dp —28p
d db — <)dt = 0(06),
“ng'[R s¢(s)/sn_2 /(Mé [ ear = 0w

. r d 28p
/ G / a0 [ LA ar =00
R sn—2

(Re)z P~ J—-26p

[Ineg|

and

i T [N =
[azi@ [ a0 L[ coa=ow.

|In e (Re)2 P? Jasp
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As for the estimates of [ (i)(é)(]zl (&) + JZ(E) + J3(£))dE (recall (5.20), (5.21) and
(5.33)),

|Ing| /d&b(é)/ def(RS)z 4 p(---)dt

= Zfs | AO)d0 +0:(1) + O(r) + 0() = 0:(1) + O(r) + O(),

— [azier [ ao | o @[ ar=o00)

|Ineg

and

= 4_1/ A(0)dO 4 0.(1) + O(r) + O(8) = 0.,(1) + O(r) + O(6).
Sn
Estimate (5.36) then follows.

From (5.34), (5.35) and (5.36), and recalling (5.8), we choose § = Cyr to finally
get (5.6).

Step 2. Estimating ﬁ fR qi(‘;‘)l 2(8)d&. We will show that

1 .
o [ b@nedE = o0.0). (5.37)
[Inel Jr
Recalling (4.2), we see that for |¢| > 1, there is C; > 0 such that
AB) — Cirt? < b(6,t,r) < A(B) + Cyrit>.

Then, for C; as above and R > 2, to be determined, by the monotonicity of ¢,

r dp
I e do
2(§) 5/6 2 /;,,,2
2
y / {¢(s + 2 ) + clrﬂ)) —¢(€ + z)}L
{r]>1} & e eJ) @2 +1)>
[ dp/ d@/ )dt
Ssn—2 {|t|>—F—— «/T
"d
+/ _;27/ d(,/ (-)dt = 1} (§) + I3 (6).
e P Jsn—2 {1<‘t|<2\/+ﬁ}
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We first estimate
NGES / L. / ar
2 sn—2 ‘t|>2«/W} |z|n+1
r n n r dp n
< C/ (rR)2 p22dp < C(rR)if £ < C@rR)2|Ing|,
3 e P

so that

1 ; n
o L den @ < con’t. 5:39)
Next, let us estimate [p ¢(£)I2(€)dE. If

Itlp P

1
——, 0<p<r<l1, 1<|t|€———, R>2, 0<71<1,
fl==F-L. 0s<psr 1= 5 ke .
and R, r are such that
1
AO)| < — 5.39
AOIErT (539)

then

Hp -2 25 2

£+ i rp—z(A(G) + Cirt?)| >
e B ! 4Re 4Re — 2Re’

v

Therefore, by (2.2), for some t € (0, 1),
t 2 t
p(e+ L+ Lo+ crt) - p(s+2)

2 2
= q’s(g + %p + rp?(A(G) + Clrtz))p—(A(O) + Cyrt?)

C
< —( +rt?) < C(1 + rt?)R?,
€+ 2 + T2 (A(0) + Crr)? €

from which we find that

/ dp/ / dl
sn—2 {1<|t|<2«/W} (t2 1)

Itlp L

A 2
<[, bl (s+’;”+%(A(e)+c1rz2))—¢(s+t§)}ds

_&+Rs
1+ rt?
< CR% /d$¢(§)[ d@/ / |:|rn:1 di
{1<|t|< \/7}
dp 1
< CR?¢ / / + Dydr < CR2(1 4 r|ne)).
{1<lt]< } Itl"+1 |t]

NG
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Consequently,
|his| / % /sn—z 0 /{1<|z|< L} (12 + 1)* /|g|<’l’ 2 ®
2J/iRCrp
{ (§+Z£+—(A(9)+C1rt )) (s+ )}dg
< CRz(ﬁ + r) (5.40)

Next, again by (2.2), for |t| > 1, R > 2 and for some 71, 75 € (—1, 1),

/Vf L<ll<tet gy PE)ds
(o ) o 2)
o) o))

Therefore,

d dt .
/ p= [s zde /1<z|< } (12 (he—p <jgj<lile+ . >¢(E)
'\/; &
t
x {¢(§+§+?(A(9)+C1rt2)) (s+ )}dg
1+ re2 .
<c[ m;EQ/’@p d(e)ds
Sn-2 =1 "t p? e Jlle_p qjg<liey 2y

C ’dp/ dt <C|ln,9|
_R | .

< —= =
t>1 |t|n+l R

Consequently,
d dt .
|lng|/ p/ / 2 + 1) /mp ltlp ?®)
sn=2 {1<t]< JW> (24 1) 2 Jlle_p <g<lizg py
2
clo(s+ 2+ Lo + i) - o+ ) e < T
e e R
(5.41)

Finally, if

lt]p D
=t O0spsrn lslfs e
£l = Re =pP=7 1 2JrRC;p
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and (5.39) holds true, then

2 2 2
s L Do + )|z el - 2 Dae) - Do
£ £ £ £ £ 2Re
and as before, by (2.2),
2
o(e+ T4 @ + ) —o(e+2) < Ot
Therefore,
1)
/ /Sn 2 /{1<|t< JW} (2 + 1)* f|g|>|tp+ oltS
X {qs(g + 2y —(A(9) + Clrtz)) (s + )}dg
1+ rt?
< CR / /1<|t|< T |e]n+1 o 4 = CRA A+ rlne).
d dt .
|ln8|/ o /;n 2 /1 241 w llp 4 p ()
{1<lr|<; Tc Y2+ 1) 2 JuE=tE+ £
{qb(é + tp + —(A(e) + Cqrt )) —gb(é + tﬁ)}ds < CR2( : + r).
e [Ing|
(5.42)

1

From (5.40), (5.41), and (5.42), choosing R = r~3, we have that (5.39) holds true for r
small enough, and

1 .
T /R $EI2E)dE < 0,(1).
Together with (5.38), this gives
ﬁ /R $EL(EE < 0,(1).

The lower bound for [ (&) I,(£)d € is obtained in a similar way. Estimate (5.37) follows.

Conclusion. Recalling (5.5), we combine (5.6) and (5.37) to finally obtain

| A¢(5)I(§)dé=/;n_2A(0)d9 + 05(1) + 0,(1), (5.43)

where 0.(1) depends on the parameter r. From (5.2) and (5.43), we first send ¢ — 0 and
then r — 0 to arrive at

fim d, (x) = / A(6)d6,
e—>0 Ssn—2

uniformly in Q,. Recalling (4.1), this gives the desired result. ]
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6. Proof of Theorem 1.3 for s € (3,1)

Throughout this section, we assume that s € (%, 1).
Fix r € (0, £) and take 0 < ¢ < r. By Lemma 4.1, we have

2s—1
Ge(x) = 0(8r2s )+82S—‘ [ 6@ 6.1)

_ [T -

G§) = /(; p2stl /;n72 a6 /—; (12 + 1)n+22X
P &

x {¢(§ + 2+ pb(9,l,r))) —¢>($ + ?)}

We start by splitting G(§), for R > 0 to be chosen, as

Re dp » " dp »
G(g)_/0 —p2s+1 /Snizde _L(...)dt+/R8 —p2s+1 /SHdQ _i(...)dt

p

=:11(§) + 12(8), (6.2)
and estimate £257! [, ¢(E)11(£)d& and €271 [ ¢(€)12(€)d € separately.
Step 1. Estimating £25~1 [, ¢ (£)11(§)d&. We will show that

where

251 /qu'ﬁ(f)h (&)dE = cicz /Sniz A0)dO + 0s(1) + 0,(1), (6.3)

where c; > 0is defined in (2.3) and ¢, > 0 depends only on # and s and is to be determined.
Recalling (4.2), we write

Re d
ne= [l [ ao [* (e Lk pposn) o5+ 2)]

dt

n+2s

2 +1)2

/E 2”1[snz / (zz 1)

1
x / q’b(g + 20+ tpb(@,t,r)))—(A(@) + O0(r(1 +1?)))dr
0 & I

1 (R 4 » dt
eJo p=* Sn—2 -z 2+1)2

1
x[ (S+—(t+rpb(9 t, r)))dr

AT T M

X
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1 (R 4 »
=-/ %/ d@A(@/”—
€Jo P N . 1)

x/l( (s+ )+O(T?b(9,t,r)))dr

L 00 [* dp Soa
/ P I/Sn_zdf)/;m =1} (€) + E1()) + E2(8),

where we take

1 (R dp v pt dt
Ho=;[" o [ o [T o(e+ 2)
p

+1)
I ) dt
E© = [ a [Tons sty (6.4
e~ Jo -z t2+1):
and R ,
O(r) ¢ dp » dt
EZ(g) / 2S I/r (1‘2 1)n+22s—2' (65)
Integrating by parts in ¢, we have
I €)
1 (R 4 g dt
L ) ) e
2¢ )4 sn—2 - (2 +1)"3

%/Rs dp/ d@A(Q)/é [ ( ) ¢(S——)}—(I2 dlt)ntm
L (e ) oo 2 el

t==

S|

I (t2 1)
v e+ 2)+6-2)
t
X ([2 + 1)n+22s+2 dti| 12(%.) + E3('§)
where
Re
pe =" [T A8 [ deae)
’ pt t
—— ) )|——d
X/_; (¢(§+ 8) (E ))(rz H=E z
and

_ 1 (R dp 1 '
B6=3), 5 foro(es ) o= )i

(6.6)
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Note that the integrals above are well defined as
2 c ke 1-2s 2—-2s 125
T @I IE O] = — p'™dp < CR*5e!72%,
0

Therefore, integrating by parts with respect to &, we get

2s [Re q 7 t
" S/ ? / d9A(9)/p dt———r7
2 0 V4 s Sn—2 _; ([2 + 1) >

<[ é(&)(qs(s i ”—’) —¢(s - p—t))ds

R e e

_ n+t 25 [Re d_p 7 t

B 2 /0 p* /;n—z 404(6) /—; dat (2 4+ )3

< [o@(o(e+2) -d(s-2) )ae

Integrating by parts again in ¢, we find

N _ n+32s Re dp
| rr@ieae = =" [T [ avae) [ aeve)

X/E 3t|:¢(€+p_t)+¢(g_p_l)_2¢(§):| ln+2s+2 dt

-z B3 € 2+ 1) :
n+2s (% dp

==t [T [ deao) [ asece

o(s+ 2) w6 %) -200) s

[ reded -
R

_r
=y

—_ I
==

- (¢(s + ”;’) i ¢(s - ”{) —2¢>(5>)
d t
" E[m}h} = I+ Ea,
where
_ n+2s de—p
S fo P /S 404(6) fRds«zb(s)
» pt i p t
X /_; dt(¢(§ + ?) +¢(5_ ?) _2¢(§))E[m]
and

__n+2s Re dp
py= =22 [T [ d0a0) [ agoe)

x (¢(s ; "—’) +¢(s— ”—t) —w@)%
€ & (t2+1)" >

="

6.7)

—_r
1= P
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In F, we will make the change of variable w = pt/¢ int and then ¢ = p/(¢|w|) in p. In
this regard, it is helpful to first write

d t 1 12
EI:(IZ )n+23+2:| = e )n+2s+2 (n+2s+2)(tz+lw
1 Sw?
- (;_2211)2 + 1) T (;—zzw2 +1)ET
-2
_ ﬁ (n 425 + 2)((1_sz
n+2s+2|: 1 . n+2s+2 ]
1+ 252 (110"

Therefore, making the aforementioned change of variables,

n+2s (R dp i e
F=c¢ 3 /0 T3S /Sn_z d@A(@)/l;dgqs(s)/_g ;dw

1 (n+2s + 2)8—2211)2
X (¢(§ + w) + ¢($ + w) - 2¢(S))|:(ﬁw2 1)n+223+2 - (ﬁwZ 1)n+2s+4 ]
n+42s ol
LA /S d@A(Q)/ déd)(é)/;dw/ ® mes —
2 2
X (@ +w)+¢¢ —w)— 2¢(§))qn+2s+2|:(1 )n+22s+2 - (1”++ Z;nj—_zsﬂ ]

Y deA(e)/dw@/g LB+ W) +9(E —w) =29 (6)

|w|l+25
5 o 1 _ont2st2 |
0 q (1 )n+23+2 (1+ 2)n+2s+4 q

Note that, by estimate (2.2) for ¢ and Taylor’s theorem, for |w| < |£]/2,

2

w
1+ &2+

|9 +w) + o —w)—2¢()| =C

Thus,

[déqﬁ(é) |¢(§+w)+¢(1$+;w)—2¢($)|
R |w]

<c/ dEG(E) / wi™> +/ Ly
—aw —aw
=C (wl<msghiy T+ [€[25+ (fw|>mfehiry [w[1F2s

1 1
<C dé <C.
< /];@(1+|§|4S_1+1+|§|2s) § <
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Moreover, for any M > 1,

[t [ BET0LIE_ w20,
R {lw|>M}

lw|1+2s

:/;ng(...)+/{§|>M}d§(...)

M dw 1 1
=< C/ d / —+C/ ( + )d
-M : (w|>py [w]! T2 (el>my \ 1+ E[4=1 0 1 4[] ¢
C C

= M2s—1 + M2@2s—1)
C

< —.

- M2s—l

Therefore, for ¢; defined in (2.3), we have

1 CPE+w) +PE—w) —26()
-3 [z [ du

lw|1+2s

r
&

R RE 56+ w) + (& —w) — 26(E)
= /R ¢ () / o dw

w[1+2s
+ O(R™6=2)) 4 0<<§>2S—1)
- %/};/R (@ Twug;;ﬁ(é))zdwd@r O(R=6—D) + 0<<§>2s—1)

- vouh s of(5)).

Next, define c, by

Xl n4+2s+2 1
cpi=(n+2s [ — "dq. 6.8
2 ( ) o [(l+q2)n+22s+4 (l+q2)n+223+2}q q ( )

For |w| < R?, we have

W[ on42s42 1 .
nt2s+4 niastz |4 dq
o [(I+4¢%) 2 (I+4¢%) >

o0 n-+2s+2 1 . 1425
= - dg + O(R™ >
[) |:(1 + qz) n+223+4 (1 + qz)n+22s+2 :|q q ( )

1+2s)

=Cz+O(R_ 2
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The previous estimates imply that

1-2s71 + 28

Fe e [, a0a) [ aeoe

X/’” GE T W) T (E—w) ~20()
-R

d |w|l+25

R

Tw] n+2s+2 1 _

x / q” nt2s+4 n+2s+2 dq + e 23(06(1) + OR—I(]))
0 (I1+4¢%) > (1+4% >

1—257 + 28

=t [ aoae) [ asoe
LBE T W) 9~ w) ~2p(E)

|w|1+2s

d

X
\
]
D=

1
—R2

*© n—+2s+2 1 _
X/ q" INE=T== N =TS dq +é! zs(os(l) +og-1(1))
0 (I+4%) 2 (1+4%) >

= gl72s (clczf A0)dO + o0.(1) + oR—1(1)).
Sn—2
‘We conclude that
e271F = Clsz A(0)dO + 0.(1) + og-1(1). (6.
Sn—2

It remains to check the errors terms.

36

9)

Step 1a. Estimating £2°~! [, ¢ (§) E1(§)d & and €2~ [, ¢ (&) E2(§)d §. We will show

that
g1 / $EE1(E)dE = 0,(1) 6.1
R
and
g1 / $(E) E(E)dE = 0,(1). 6.1
R
Observe that

Re dp » dt Re dp dt 225 2-2s
2s5—1 2 n+2s—2 S 25—1 > nt25—2 = CR £ .
o 7 5 2+1) 2 o P R (12 + )75

First, recalling (6.4), we estimate

c (ke d : dt
|E1(E)| < 8_2 / R282 14 [ < CR4_4S82_2S,
0 —

2s5—1 n+2s—2 —
p

L(241) 2
so that (6.10) holds. Next, recalling (6.5), we have

TN E(§) = O(R> ™).

0)

Y



A convergence result for the derivation of front propagation in nonlocal phase field models 37

Choosing 1
R=r"", (6.12)

we arrive at (6.11).
Step 1b. Estimating e2*~1 [, E3(£)¢(£)d& and E4. We will show that
g2t /R Es®(E)ds = 0.(1) 6.13)

and
27 E, = 0,(1). (6.14)

First, recalling (6.6), we write

ms@r=c [ o(s+0) (e —)]ﬁ £l

Re n+2s
< C/ dp

rn+Zs 2s

= rn+2s/0 pndp

Re)"™ ! = 0,(1),

pnt2s (

which gives (6.13).
Next, by (2.1), for |§] > 2r/e, since H(§ £ %) = H(E),

pex?)- ¢<s)' o

Therefore, recalling (6.7), we have

8(n+2s)/ 1+2 /S d@A(O)A;dégb(s)

<[(e(5+5) -0@) + (o(:-7) —¢(§))]W

Re g n+2s+1 2 d
= CS/ les pn+23+1 |:/ ds +/ isj|
o pltEr —2zr (lg1>2y &1
Ce (R r Cen 1Rt
= m/ prodp = —— e = os(1).

which gives (6.14).

|E4] =

Completion of Step 1. Recall from above that

g25—1 [1;¢(§)1($)d$ = g2s—1 [F + E4 + /R‘P(S)[EI(S) + Ex(§) + E3(§')]d§':|

Combining this with (6.9), (6.10), (6.11), (6.12), (6.13), and (6.14) gives (6.3).
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Step 2. Estimating £25~! [ ¢(&)I2(£)d&. We will show that

P /Rq'sg)lz(g)dg = 0,(1). (6.15)

By the monotonicity of ¢ and recalling (4.2), we have

r dp
e < [ [ a0
’ P CL )_ ( fz)}L
<[oole T Sha ) oo )
/szs“ /snz [ L (12 4 1)”*”
1
x/ (§+t£+ Cp (1+t2)) (1 +1>dr
8 Re pzs I/S” 5 / (t2 1)n+25 2
1
X/ (E+—+TC (1+t2))dr

C
231/ d@[dr
SRP Sn—2

P tp Cp 5 e dt
= 1 .
x/_; 3 [¢($+ +r—— (1 +1 )):|p—|—2‘[Cp2l @1

I~

Using that p + 2tCp?t > p —2tCrp > p/2 > 0 for |t| < r/p and r small enough, we
integrate by parts to get

12(§)<C/ /S“def dt
x/_ at[¢>(é+?+ cp (Ht%)}#
= [ 57 fya

Cp? ) 1
X/o [ (‘E"‘ +TT(1+f))m i

Cp? t
( T (1+t2))—n+2sdt
3 € t2+1)

~ S

=

t=—

+@+%—D/

\7\‘

<c / D c(Rey s,
Re P
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Similarly, one can prove that
I2(§) = —C(Re)"> 7.

We conclude that
82S_112(E) — O(R_(zs_l)).

Recalling (6.12), the estimate (6.15) follows.
Conclusion. Recalling (6.2), we combine (6.3) and (6.15) to finally obtain

P [ $O0EE = aca [ A +o.) + 0000

where 0.(1) depends on the parameter r. From (6.1) and (6.16), we first send ¢ — 0 and

(6.16)

then r — 0 to arrive at
lim a.(x) = 6162/ A(0)do,
Sn—2

uniformly in Q,. Recalling (4.1), this gives the desired result with

Cyx = C1C3.

Lastly, we rewrite ¢, in (6.8) to show that ¢, can be written as (1.9). Since

1d 1 _ on+2s+2 forg > 0
q dq (1 + qz) n+22s+2 (1 )n+25+4 4
we can write
2 )/ I 1 1 J
cr=(n K - —— .
2 q dq (1 + 2)n+2s+2 (1 + 2) n+2s+2 q
Integrating by parts, we have
00 d 1 ] 00 1
n—1 n—2
— _ = n— 1 —d )
/0 q |:(1 2) E=TES dq /0 ( )4 1+ qz)n+22s+z q

so that
( +2)/°° (R Y — < d
Cr =\ S n—1)q T 2s — T35 q
2 o (1 +¢?) £25+2 (1 +¢2) ESTES)
n—2
_ (n=1)—¢*)
=(n +2S)/0 1+ 2)n+2x+2 dq.

Recalling (2.3), this gives (1.9) for ¢, = c1c3
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7. Proof of Theorem 1.3 for s € (0, %)

Throughout this section, we assume that s € (0, %)
In what follows we denote, as usual, y = ()’, y,) with y’ € R*~!. Moreover, we will
make the change of variable z = T'y where T is an orthonormal matrix such that

Vd(x) - (Ty) = yn. (7.1)
We start with some preliminary results.

Lemma 7.1. Lets € (0, %) Then, there exists C > 0 such that for all R, Tt > 0,

d ¢ 1o
[ Y < ORI (7.2)
{Iynl<z.lyal<Rly'2y [Y[*F2S

Proof. Making a change of variables in y’, we compute

/ dy  _ / dyn / dy’
(nl<elal<Rly Ry VP20 Jpi<ay Dnl" 42 Jgyio it &3y (25 4 1)5°

_/ dyn / dz'
(i<t 19011428 Jsp -3 R4y (1272 4+ 15

<[ dyn [ dz’'
= Sul<ay a2 Jgze iR dy 2002

R | D R .
{

1425
[ynl<t} |yn| 2

Lemma 7.2. Let s € (0, %). There exist tg, R > 0 such that forall t < 19, 0 <0 < 1t/2
and x € Q,,

dz y
f < —e (1)
{d(x+2)>d(x)—0, —t<Vd(x)z<—20} 121" 7 J{iyal<clyal <RIy} V17T
and

dz dy
n+2s = n+2s’ (7'4)
(d(x+2)<d(x)+0, 20<Vd(x)z<7} |Z] {Iynl<t.lyal<RIy'12} [V]

Proof. Since d € C?(Q2,) and Lipschitz continuous in R”, there exists C > 0 such that,
forall x € Q,and z € R”,
|d(x +2) —d(x) = Vd(x) - z| < Clz[?
so that
{z:d(x+2)>d(x)—0, -1 < Vd(x) -z < =20}
= {Z:d(x—}—Z)—d(x)—Vd(x)-Z >—0—-Vd(x)- -z
Vv .
o d(x)-z
2
C{z:|Vd(x)-z| <1.|Vd(x)-z| < C|z|*}.

>0, Vd(x)-z > —T}
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Then, performing the change of variables z = Ty with T as in (7.1), we get

/ dz <[ dz
(d(x+2)>d(x)—0, —r<Vd(x)z<—20} [ZI" T2 7 J(vd(x)z|<t,|Vd(x)z|<C|z2} 12["T25

_ / dy
Uynl<tlynl<Cy P+Iya2} V12

dy
= +2s5°
{ynl<z.lyal<C(y'R+zlyab} VI

Let 79 > 0 be such that 1 — Cty = 5, then for all T < 1o,

1
57
dy

|n+2s =

J G
{I7al<tlyal<C(y' PHelyab} 1Y

n+2s
/{m<r,yn|<c<|y'|2+royn|)} |yl

_ [ dy
{ynl<tlynl<Rly'2y [V7F25
where R = 2C. This proves (7.3). Estimate (7.4) follows with a similar argument. ]

The following well-known result, see [13, Lemma 1], is a consequence of Lemmas 7.1
and 7.2.

Proposition 7.3. Let s € (0, %) and x € Q. Then, the quantities

kTx,d] =v({z :d(x +z) > d(x), Vd(x)-z < 0}),
Kk [x,dl=v({z :d(x +z) <d(x), Vd(x)-z > 0})

are finite.

Let us proceed with the proof of Theorem 1.3. We begin by writing

ag(§;x) dix+z)—d(x) Vd(x)-z dz
S0 = [ (ofs TR ) g e T ))|z|”“s

/{d(x+z)>d(x), Vd(x)-z<0} {d(x+z)<d(x), Vd(x)-z>0}

{d(x+z)>d(x), Vd(x)-z>0} {d(x+z)<d(x), Vd(x)-z<0}
=: 11(§) + 12(8) + I3(5) + 14(§). (71.5)

Step 1: Estimating fR (i)()‘;‘)ll (§)d & and fR (ﬁ(&)lz(&)df;'. We will show that
tim [ 461161 = " x.d) @.6)
e—>0 Jp

and

lim /R $OLE)dE = —[x.d). .7)
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For § > 0, we write

[l(é‘):/ ( _|_/ ()

{d(x+2z)—d(x)>68, Vd(x)-z<—8} {d(x+2z)—d(x)>0, —§<Vd(x)-z<0}
{0<d(x+z)—d(x)<§, Vd(x)-z<—65}

=:J1(§) + J2(§) + J3(8). (7.8)

We first estimate [ $(£)J1(§)dE. Then, by (2.1), for |£| < §/(2¢) and z € R” such that
d(x +z)—d(x) > §and Vd(x) - z < —6, we have

(]5(%'4— w) _¢(§+ Vd(j)z)
_ H(uw) _H(g+ w<x>~z)

&
d(x +z) —d(x) ‘25) N 0(‘5 N Vd(z) .z

&

+ 0(‘3;' +

—2s 2s
€
Consequently, by (2.4),

% i dZ 825‘
b1 ©ds = [ +0(_).
/—iig S 1 S S {d(x+z)—d(x)>68, Vd(x)-z<—8} |Z|n+2s §2s

Moreover, by (2.5) and Proposition 7.3,

dz

) [, d@nea <2 aghe [ -
(lEl> £ (El> £ {d(x+2)—d(x)>0, Vd(x)-z<0} |Z]

82s
= 0(37)’

From the last two estimates, we infer that

. d 2s
/ ¢(E)J1(5)dE = / % + 0(%) +os(1). (7.9
R (d(x+2)—d(x)>0, Vd(x)-z<0} |Z] §

Next, by (7.3) with 0 = 0 and t = §, for § small enough, and by (7.2),

Adﬁ(é)b(é)dé = 0(57). (7.10)

Finally, by Proposition 7.3,

dz
]l{0<d(x+2)*d(x)<8}(z)_| ETESE

|h@n52/

{d(x+2z)—d(x)>0, Vd(x)-z<0}

/‘ dz
<2 —- =
(d(x+2)—d(x)>0, Vd(x)-z<0} |Z]"12S
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Since for x € Q,, the set {z : d(z) = d(x)} is a smooth surface, we have that
]l{0<d(x+z)—d(x)<8}(z) —-0 ae.asd — 0. (7.11)

Therefore, by the Dominated Convergence Theorem, J3(§) = 0s(1) and

/R $(E)13(E)dE = 05(1). (7.12)

From (7.8), (7.9), (7.10), and (7.12), letting first ¢ — 0 and then § — 0, (7.6) follows. The
limit in (7.7) can be proven with a similar argument.

Step 2: Estimating [, ¢ (§)I3(§)d& and [ ¢ (£)14(§)dE. We will show that

lim fR $(E)3(5)dE =0 (7.13)
and
lim /R P(E)1a(§)dE = 0. (7.14)

For § > 0, we write

ne = | o+ [ ()
{z:d(x+z)—d(x)>68, Vd(x)-z>268} {d(x+2z)—d(x)>0, 0<Vd(x)-z<26}

{0<d(x+2z)—d(x)<$8, Vd(x)-z>28}
=:J1(§) + J2(§) + J3(6). (7.15)

We first estimate [ (&) J1(E)dE. Then, by (2.1), for |&| < §/(2¢) and z € R” such that
d(x +z)—d(x) > §and Vd(x) - z > 24,

¢(§+ d(x+zz—d(x)) _¢(§+ Vd(:).z)
_ H(§+ d(x—l—zg)—d(x)) —H(E"i‘ Vd(;c).z)

—2s
)"‘0(‘5"‘ Vd(x) -z

d(x +z)—d(x)
e €

—2s 25
&
)=o)

Therefore, for |£| < §/(2¢) and performing the change of variables z = Ty with T as
in (7.1),

2s d 2s d 2s
nen=o() [ e =o(m) [, i =05
825 ) Jiva(x)z>28) |2|" T2 825 ) Jyi>28y 1y [* 2 §4s

which, together with (2.4), implies

. 2
[ denea: = 0(5—)

+0('s+
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Moreover, for all £ € R”,

2 1
el a=o(5)
1 (y|>26} |y|n+25 82s
so that, by (2.5),

&

28
h(E)J1(E)dE = O — ).
/($>‘“}¢(S) [(©)dE ((W)

2¢

From the last two estimates, we infer that

25
/R $(E)J1(E)dE = 0(57) (1.16)

Next, let us estimate [p $(€)J2(§)dE. By the monotonicity of ¢, making the change of
variables z = Ty with T as in (7.1), and then taking p = |y’|, t = y,/p, we estimate

. 2 .
ne < | (¢(g+ Vd() -z + Clz| )—¢(s+ vd() z)) i
{0<Vd(x)-z<28} & < |Z|
n C /2 5 ; d
Z/ (¢>(§+y +CUY'P +y )_¢(E+y_)) by
{0<yn <268} & & N
_ gen-2gn2y [T 9P fo( ( tp+Cp2(1+r2))
= H"*(S )/0 p1+23/0 ole+ -

o))t
€)1 +1?) 2

rod © d
Z/o pl—f.)m("“f, ) = O + @),

with r > § to be determined. For the first term above, we have

28

C (7 » dt L. tp + tCp%(1 + t?)
J) = —/ d 1—2s/ —/ ( + )dr
2 (E) e Jo pp o (1 + t2)n+22s—2 o ¢ S c

28
p

Cc [ _ dt
R
€ Jo 0o (1+1?) 2

! tp + tCp%(1 +t?) €
<), 8’[“5(“ ‘ )}p(wzrrcm‘“

0
r 4 1 23 201 4 ¢2
<c —f/ dr/pat[qﬁ(é-l-tp_'_TCp( +t))}dt,
o P 0 0 &
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where we used that p(1 +2t7Cp) > p/2if 0 <tp < 26 and § is small enough. Integrating
with respect to ¢, we obtain

d 1 § 2 52 2
oz [ 2 [ o 2O o

,
2
,
5c/ LANCHE
o P

We also estimate ]
28

® dp P Cs
2 —
Jz(S)SC/r m/o dt—M'

Choosing r = r(8) such that r = 0g(1) and §/r! 25 = 04(1), we obtain

J2(§) < 05(1).

The lower bound can be proven with a similar argument. We conclude that

Aé@h@ﬂéz%ﬂ) 7.17)

Finally, for 7y as in Lemma 7.2 and § < to/2, from (7.4) and (7.2),

d
Ih@NSZ/ B

(0<d(x+2)—d(x)<8, Vd(x)-z>28} |2

dz
=2/ Lio<d(x+2)-d(x)<8)(2) =5~
(d(x+2)—d(x)<8, Vd(x)-z>28} (0=dlet2)=d() <0} = 25

dz dz

52/ _z_ / ___c
(d(x+2)—d(x)<8, 28<Vd(x)z<to} 1Z[" T2 (Vd(x)z>1) |2]MF2S

Recalling (7.11), we see that by the Dominated Convergence Theorem, J3(§) = 05(1) and

Aé@h@ﬂé=wﬂ) (7.18)

From (7.15), (7.16), (7.17) and (7.18), letting first ¢ — 0 and then § — 0, (7.13) fol-
lows. The limit in (7.7) can be proven with a similar argument.

Conclusion. Recalling (7.5), we combine (7.6), (7.7), (7.13), and (7.14) to complete the
proof. ]
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