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Finite polynomial cohomology with coefficients
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Abstract – We introduce a theory of finite polynomial cohomology with coefficients in this
paper. We prove several basic properties and introduce an Abel–Jacobi map with coefficients.
As applications, we use this cohomology theory to study the arithmetic of compact Shimura
curves over Q and to simplify the proofs of the works of Darmon–Rotger and Bertolini–
Darmon–Prasanna.
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1. Introduction

In this paper we provide and study a theory of finite polynomial cohomology with
coefficients. Such a cohomology theory with trivial coefficient was first introduced
by Besser [4] for a proper smooth scheme. In what follows, in order to motivate our
study, we begin with a brief review of Besser’s work. An overview of the present paper
will be provided thereafter. In the end of this introduction, we discuss several further
research directions and possible applications of our theory.

1.1 – Besser’s finite polynomial cohomology and the p-adic Abel–Jacobi map

Fix a rational prime p and let K be a finite extension of Qp . Let OK be the ring of
integers ofK. LetX be a proper smooth scheme over OK of relative dimension d . Given
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m; n 2 Z, Besser defined a cohomology theory R�fp;m.X; n/, whose i th cohomology
group is denoted by H i

fp;m.X; n/. The novelties of this cohomology theory are the
following:

• One can view the theory of finite polynomial cohomology as a generalisation of
Coleman’s integration.

• One can use finite polynomial cohomology to understand the p-adic Abel–Jacobi
map explicitly.

Let us explain these in more detail.
From the definition of finite polynomial cohomology, one can easily deduce a

fundamental exact sequence

(1.1) 0!
H i�1

dR .XK/

F nH i�1
dR .XK/

ifp
�! H i

fp.X; n/
prfp
��! F nH i

dR.XK/! 0;

where H i
fp.X; n/ stands for H i

fp;i .X; n/, and F n stands for the nth filtration of the
de Rham cohomology groups. When i D n D 1, Besser explained in [4, Theorem
1.1] that, given ! 2 F 1H 1

dR.XK/, any of its lifts z! 2 H 1
fp.X; 1/ can be viewed as a

Coleman integration of !. In particular, for any x 2 X.OK/, the map x 7! x� z! 2

H 1
fp.Spec OK ; 1/ Š K is the evaluation at x of a Coleman integral F! of !. Hence

the finite polynomial cohomology can be viewed as a generalisation of Coleman’s
integration theory.

Let us turn our attention to the p-adic Abel–Jacobi map. We denote by Zi .X/ the
set of smooth irreducible closed subschemes of X of codimension i and let

Ai .X/´ the free abelian group generated by Zi .X/:

Besser constructed a cycle class map

�fpWA
i .X/! H 2i

fp .X; i/;

which, after composing with the projection prfpWH
2i
fp .X; i/! F iH 2i

dR.XK/, agrees
with the usual de Rham cycle class map. The p-adic Abel–Jacobi map is then defined
to be

AJWAi .X/0´ ker prfp ı �fp
�fp
�!

H 2i�1
dR .XK/

F iH 2i�1
dR .XK/

Š .F d�iC1H 2d�2iC1
dR .XK//

_;

where the last isomorphism is given by Poincaré duality. Besser then proved the
following theorem.
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Theorem 1.1.1 ([4, Theorem 1.2]). For anyZD
P
j njZj 2A

i .X/0, AJ.Z/ is the
functional onF d�iC1H 2d�2iC1

dR .XK/ such that, for any! 2 F d�iC1H 2d�2iC1
dR .XK/,

AJ.Z/.!/ D
Z
Z

! ´
X
j

nj trZj
��Zj
z!;

where

• z! 2 H 2d�2iC1
fp .X; d � i C 1/ is a lift of ! via the projection prfp;

• �Zj
WZj ,! X is the natural closed immersion;

• trZj
WH 2d�2iC1

fp .Zj ; d � i C 1/ŠH
2d�2i
dR .Zj;K/ŠK is the canonical isomorph-

ism induced from (1.1).

1.2 – An overview of the present paper

Immediately from the original construction, there are two natural questions:

• Is there a theory of finite polynomial cohomology for general varieties?

• Is there a theory of finite polynomial cohomology with non-trivial coefficients?

The former is studied by Besser–Loeffler–Zerbes [7] for varieties that are not required
to have good reduction, by using methods developed by Nekovář–Nizioł [35].

However, to the authors’ knowledge, there seems to be no literature on finite poly-
nomial cohomology with (non-trivial) coefficients. Note that there is an integration
theory for overconvergent F -isocrystals developed by Coleman [13]. Moreover, the
authors of [3, 15] did apply Coleman integration theory to certain non-trivial sheaves
on the modular curve, though they did not formalise a theory of finite polynomial
cohomology with coefficients. Instead, they worked with finite polynomial cohomology
(with trivial coefficient) of the Kuga–Sato variety over the modular curve. Nonetheless,
the methods in [3, 15] already use implicitly the idea of finite polynomial cohomology
with non-trivial coefficients. It is then reasonable to expect the existence of a theory of
finite polynomial cohomology with non-trivial coefficients.

The purpose of this paper is to initiate the study of finite polynomial cohomology
with non-trivial coefficients. The first question one encounters is what the eligible
coefficients are. Fortunately, Yamada [41] provides a suitable candidate. Indeed, given
a proper weak formal scheme X over OK such that its special fibre X0 is strictly
semistable and its dagger generic fibre is smooth over K, Yamada defined a cat-
egory Syn.X0;X;X/ of syntomic coefficients. Objects of this category are certain
overconvergent F -isocrystals that admit a filtration that satisfies Griffiths’s transvers-
ality. Then, given an object .E; ˆ; Fil�/ 2 Syn.X0;X;X/, n 2 Z, and a (suitable)
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polynomial P , we are able provide a definition of syntomic P -cohomology with coeffi-
cients in E, denoted by R�syn;P .X;E; n/.

Now suppose that there is a proper smooth scheme X over OK such that its $-
adic weak completion agrees with X (with trivial log structure). In this case, we are
able to provide a definition of finite polynomial cohomology groups H i

fp.X;E; n/ for
any .E; ˆ; Fil�/ 2 Syn.X0;X;X/ and any n 2 Z. We summarise some of their basic
properties in the following theorem.

Theorem 1.2.1 (Corollaries 4.1.12, 4.3.4 and Proposition 4.2.5). LetX be a proper
smooth scheme over OK of relative dimension d with $ -adic weak completion X. Let
.E; ˆ;Fil�/ 2 Syn.X0;X;X/.
(i) For any i 2 Z�0 and any n 2 Z, we have a fundamental short exact sequence as

in (1.1),

0!
H i�1

dR .X;E/

F nH i�1
dR .X;E/

ifp
�! H i

fp.X;E; n/
prfp
��! F nH i

dR.X;E/! 0:

(ii) There is a perfect pairing

H i
fp.X;E; n/ �H

2d�iC1
fp .X;E_; d � nC 1/! K:

(iii) For any irreducible closed subscheme �WZ ,! X which is smooth over OK and
of codimension i , we have a pushforward map

��WH
i
fp.Z; �

�E; n/! H
jC2i
fp .X;E; nC i/;

where Z is the dagger space associated with the $ -adic weak completion of Z.

The next question we asked is whether there exists an Abel–Jacobi map for finite
polynomial cohomology with coefficients. We first describe the relation between finite
polynomial cohomology with coefficients and Coleman’s integration of modules with
connections. After this is accomplished, we try to interpret the Abel–Jacobi map as
a certain kind of integration similar to the complex geometry case. An immediate
problem one encounters is which group should take the place of Ai .X/ when non-
trivial coefficients are involved. More precisely, to the authors’ knowledge, a notion
of “cycle class group with coefficients” does not exist. In this paper, we proposed a
candidate for this purpose:

Ai .X;E/´
M

Z2Zi .X/

H 0
dR.Z;E/:

We then consider a certain subgroup Ai .X;E/0 � Ai .X;E/, which is an analogue to
Ai .X/0.
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We have the following result.

Theorem 1.2.2 (Theorem 5.2.3). There exists a finite polynomial Abel–Jacobi
map for .E; ˆ;Fil�/,

AJfp D AJfp;EWA
i .X;E/0 ! .F d�iC1H 2d�2iC1

dR .X;E_//_

such that for any .�Z/Z 2 Ai .X;E/0 and any ! 2 F d�iC1H 2d�2iC1
dR .X;E_/,

AJfp..�Z/Z/.!/ D
X
Z

�Z
Z

!

�
.�Z/:

The theory of finite polynomial cohomology with coefficients has potential applica-
tions to the study of arithmetic of automorphic forms. In the final section of this paper,
we illustrate this by reproducing the formula in [15, Theorem 3.8] and the formula in
[3, Propositions 3.18 & 3.21] in the case of compact Shimura curves over Q. More pre-
cisely, let X be the compact Shimura curve over Q, parametrising false elliptic curves
of level away from p and let � WAuniv ! X be the universal false elliptic curve over
X . After fixing an idempotent " 2M2.Zp/ n ¹1; 0º, we consider ! ´ "���

1
Auniv=X

,
H´ "R1���

�

Auniv=X
and

!k ´ !˝k; Hk
´ SymkH:

The following theorem summarises the application in the direction of diagonal
cycles.

Theorem 1.2.3 (Theorem 6.3.5 and Corollary 6.3.7). Let .k; `;m/ 2 Z3 be such
that

• k C `Cm 2 2Z,

• 2 < k � ` � m and m < k C `,

• `Cm � k D 2t C 2 for some t 2 Z�0,

and write
r1´ k � 2; r2´ ` � 2; r3´ m � 2:

Then there exists a cycle �k;`;m2;2;2 2 A
2.X3; .Hr1 ˝Hr2 ˝Hr3/_/0, which is called

the diagonal cycle with coefficients in .Hr1 ˝Hr2 ˝Hr3/_, such that for any

� 2 H 1
dR.X;H

r1/;

!2 2 F
1H 1

dR.X;H
r2/ D H 0.X; !`/;

!3 2 F
1H 1

dR.X;H
r3/ D H 0.X; !m/;
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we have the formula

AJfp.�
k;`;m
2;2;2 /.�˝ !2 ˝ !3/ D h�; �.!2; !3/idR;

where �.!2; !3/ is an element in H 1
dR.X;H

r1.�t // whose definition only depends on
!2 and !3.

The following theorem summarises the direction of application to cycles attached
to isogenies.

Theorem 1.2.4 (Theorem 6.4.1). Let x D .A; i; ˛/ and y D .A0; i 0; ˛0/ be two
K-rational points on X and suppose there exists an isogeny 'W .A; i; ˛/! .A0; i 0; ˛0/.
For any r 2 Z>0, define the sheaf

Hr;r
´ Hr

˝ Symr"H 1
dR.A/

on X . Then, there exists a unique cycle �' 2 A1.X;Hr;r.r//0 such that for any
! 2 H 0.X; !rC2/ and any ˛ 2 Symr"H 1

dR.A/, we have

AJfp.�'/.! ˝ ˛/ D h'
�.F!.y//; ˛i;

where F! is the Coleman integral of the form ! and the pairing is the Poincaré pairing
on Symr"H 1

dR.A/.

We remark that the formulae we obtained in Theorems 1.2.3 and 1.2.4 can be linked
to special L-values as in [15] and [3] respectively. As our purpose is to demonstrate
how finite polynomial cohomology with coefficients can be used in practice, we do not
pursue such a relation in this paper.

1.3 – Some further remarks

Our theory of finite polynomial cohomology with coefficients leads to several further
questions that we would like to study in future projects. Let us briefly discuss them in
the following remarks.

A comparison conjecture. When the polynomial P D 1 � q�nT , where q is the car-
dinality of the residue field of OK , we follow the traditional terminology and call
R�syn.X;E; n/´ R�syn;1�q�nT .X;E; n/ the syntomic cohomology of X with coef-
ficients in E twisted by n. When the coefficient E is the trivial coefficient, it follows
from Fontaine–Messing [21] that there is a canonical quasi-isomorphism

��nR�syn.X; n/ ' ��nR�ét.XCp
;Qp.n//:
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Inspired by this classical result, we make the following conjecture.

Conjecture 1 (Syntomic–étale comparison with coefficients). There exists a
suitable subcategory of étale local systems on X, such that for any such étale local
system E,

• there exists an associated overconvergent F -isocrystal .E; ˆ/;

• for any n 2 Z, there exists a well-defined syntomic cohomology R�syn.X;E; n/;
and

• there is a canonical quasi-isomorphism

��nR�syn.X;E; n/ ' ��nR�ét.XCp
;E.n//:

We remark that, although we employed the category of syntomic coefficients intro-
duced in [41], we believe this category is too restrictive. More precisely, Yamada’s
syntomic coefficients required the sheaves to be unipotent. However, for applications to
the arithmetic of automorphic forms, we do not know whether the sheaves we encounter
are unipotent, but still with some nice properties. Therefore, we do not directly conjec-
ture a “syntomic étale local system” that corresponds to Yamada’s syntomic coefficients.
Instead, we formulate the above conjecture in a rather vague manner. But we hope that
it will be more useful for arithmetic applications.

A motivic expectation. Readers might feel that our candidate Ai .X;E/ of cycle class
group with coefficients is too ad hoc. However, when E D OX0=OK0

is the trivial
coefficient (i.e., the structure sheaf of the overconvergent site of the special fibre X0),
one can check that the classical p-adic Abel–Jacobi map factors as

AJWAi .X/0 ! Ai .X;OX0=OK0
/0 ! .F d�iC1H 2d�2iC1

dR .X//_:

This justifies the use of Ai .X;E/.
However, the classical cycle class group Ai .X/ is strongly linked to the theory of

motivic cohomology and algebraic K-theory, while it is not obvious that our cycle
class group Ai .X;E/ has such a link at first glance. Nevertheless, we still believe such
a link may exist as stated in the next conjecture.

Conjecture 2. There exists a suitable category of coefficients for the motivic
cohomology of X such that for any coefficient Emot in this category,

• there exists an associated overconvergent F -isocrystal .E; ˆ/;

• there exists a canonical map from the motivic cohomology of X with coefficients
in Emod to Ai .X;E/0, i.e., H i

mot.X;Emot/! Ai .X;E/0; and
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• there exists an Abel–Jacobi map

AJWH i
mot.X;Emot/! .F d�iC1H 2d�2iC1

dR .X;E_//_

such that it factors as

H i
mot.X;Emot/ .F d�iC1H 2d�2iC1

dR .X;E_//_

Ai .X;E/0:

AJ

AJfp

We remark that the relation between syntomic cohomology and motivic cohomology
without coefficients is directly established by Ertl–Nizioł in [17]. It is shown there
that such a link between syntomic cohomology and motivic cohomology is tightened
with the relation between syntomic cohomology and étale cohomology. It could be
possible that the method of Ertl–Nizioł is generalisable to the setting with non-trivial
coefficients and provides satisfactory answers to Conjectures 1 and 2 simultaneously.
We wish to come back to this in our future study.

Arithmetic applications. To the authors’ knowledge, there are at least two possible
directions for arithmetic applications:

(I) As mentioned above, we applied our theory to study the arithmetic of compact
Shimura curves over Q. However, the relation between the Abel–Jacobi map and
arithmetic has been wildly investigated for more general Shimura varieties. Note
that, without the theory of finite polynomial cohomology with coefficients, the
process of obtaining arithmetic information is quite indirect: often one starts with
a non-PEL-type Shimura variety, then one needs to use the Jacquet–Langlands
correspondence to move to a PEL-type Shimura variety and use “Liebermann’s
trick”. We believe that, with the theory of finite polynomial cohomology with
coefficients and with some mild modification if necessary, one should be able
to gain arithmetic information directly without bypassing the aforementioned
process.

(II) Besser–de Shalit [6] used techniques of finite polynomial cohomology to con-
struct L-invariants for p-adically uniformised varieties. When such a p-adically
uniformised variety is a Shimura variety, it is natural to ask whether the method of
Besser–de Shalit can be generalised to obtain L-invariants of automorphic forms
on this Shimura variety of higher weights. The first step to answer this question
is, of course, to introduce coefficients to the cohomology groups they study. We
hope that our work will shed some light in this direction and we wish to come
back to this question in our future study.
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Structure of the paper

In Sections 2 and 3, we recall some preliminaries of the rigid Hyodo–Kato theory
developed by Ertl–Yamada [18,41]. More precisely, we recall the definition of weak
formal schemes in Section 2.1 and their relation with dagger spaces in Section 2.2.
For the convenience of the readers, we briefly discuss the log structures that one can
put on weak formal schemes. Then we follow the strategy of [41] to introduce the
category of overconvergent F -isocrystals in Section 3.1 and the Hyodo–Kato theory
with coefficients in Section 3.2.

In Section 4 we provide a definition of syntomic P -cohomology with coefficients.
Our definition works not only for proper smooth weak formal schemes over OK , but
also for proper weak formal schemes over OK with strictly semistable reduction. This
definition is inspired by [7]. In Section 4.1 we prove some basic properties of this
cohomology theory. By applying the results of Ertl–Yamada [19], we discuss the
cup products and pushforward maps for syntomic P -cohomology with coefficients in
Section 4.2. In Section 4.3 we define the finite polynomial cohomology with coefficients
for a proper smooth scheme over OK .

In Section 5.1 we motivate the definition of the Abel–Jacobi map by explaining the
relation between the finite polynomial cohomology and Coleman’s integration, in the
case that X is a proper smooth curve over OK . Our Abel–Jacobi map with coefficients
is constructed in Section 5.2. For this construction, we assume that our weak formal
scheme is the weak formal completion of a proper smooth scheme X over OK . In
Section 5.3 we briefly discuss a possible direction for how the Abel–Jacobi maps can
be generalised to the case when X has semistable reduction. We remark here that such
a theory is far from satisfactory.

Finally, we apply our theory to study the arithmetic of compact Shimura curves over
Q in Section 6. We shall recall the definition and basic properties of compact Shimura
curves over Q in Section 6.2. The construction of the diagonal cycle �k;`;m2;2;2 and the
formula in Theorem 1.2.3 are provided in Section 6.3, while the construction of the
cycle �' and the formulae in Theorem 1.2.4 are shown in Section 6.4. Note that, as
mentioned above, we do not know whether the sheaves that appear in such arithmetic
applications are the coefficients introduced in [41]. Nevertheless, our theory can work
for more general coefficients that satisfy certain conditions. These conditions are stated
at the beginning of Section 6. In fact, the syntomic coefficients introduced in [41] and
Hk satisfy these conditions.
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Conventions and notation

Throughout this paper, we fix the following:

• Let p be a positive rational prime number and let K be a finite field extension of
Qp with ring of integers OK and residue field k. We let q´ #k and so q D pe for
some e 2 Z>0. We also fix a uniformiser $ 2 OK .

• We denote by K0 ´ W.k/Œ1=p� the maximal unramified field extension of Qp

inside K and write OK0
D W.k/ for its ring of integers.

• Choose once and forever an algebraic closure xK of K and denote by Cp the p-adic
completion of xK. We normalise the p-adic norm j � j on Cp so that jpj D 1=p.

• For any commutative square

A� B�

C � D�

˛




of complexes (of abelian groups), we write2664 A� B�

C � D�

˛




3775´ Cone.Cone.˛/Œ�1�! Cone.
/Œ�1�/Œ�1�;

where the map Cone.˛/Œ�1�! Cone.
/Œ�1� is induced from the vertical maps
from the square.

• In principle, symbols in Gothic font (e.g., X;Y;Z) stand for formal schemes or
weak formal schemes, symbols in calligraphic font (e.g., X;Y;Z) stand for rigid
analytic spaces or dagger spaces, and symbols in script font (e.g., O;F;E) stand for
sheaves (over various geometric objects).

2. Preliminaries I: Geometry

The purpose of this section is to recall some terminologies in algebraic geometry
that will play essential roles in this paper. More precisely, we recall the theory of weak
formal schemes in Section 2.1 by following [18, §1] and recall the notion of dagger
spaces in the language of adic spaces in Section 2.2 by following [40, §2]. Finally, we
briefly discuss log structures in Section 2.3. We claim no originality in this section.
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2.1 – Weak formal schemes

In this subsection we fix a noetherian ring R with an ideal I .

Definition 2.1.1. Let A be an R-algebra and let OA be the I -adic completion of A:

(i) The I -adic weak completion A� of A is the R-subalgebra of OA, consisting of
elements for the form

f D

1X
iD0

Pi .a1; : : : ; ar/;

where a1; : : : ; ar 2A andPi .T1; : : : ; Tr/ 2 I iRŒT1; : : : ; Tr �, such that there exists
a constant C > 0 satisfying

C.i C 1/ � degPi

for all i � 0.

(ii) We say A is weakly complete (resp., weakly complete finitely generated (wcfg)) if
A�DA (resp., there exists a surjectiveR-algebra morphismRŒX1; : : : ;Xn��!A).

Given a weakly complete R-algebra A, it is regarded naturally as a topological
R-algebra with respect to the I -adic topology. If A is wcfg, we also regard A as a
topological R-algebra with respect to the I -adic topology. Hence, the surjection

RŒX1; : : : ; Xn�
�
! A

is a continuous R-algebra morphism.

Definition 2.1.2 ([18, Definition 1.3]). A topological R-algebra A is said to
be pseudo-weakly complete finitely generated (pseudo-wcfg) if there exist an ideal of
definition J �A and a finite generating system a1; : : : ; am of J such that the morphism

RŒT1; : : : ; Tm�! A; Ti 7! ai

makes A an .I; T1; : : : ; Tm/-adically wcfg RŒT1; : : : ; Tm�-algebra. Pseudo-wcfg R-
algebras form a category whose morphisms are given by continuous R-algebra homo-
morphisms.

Unwinding this definition, given a pseudo-wcfg R-algebra A, there exist n 2 Z�0
and a surjective continuous RŒT1; : : : ; Tm�-algebra morphism

�WRŒT1; : : : ; Tm�ŒX1; : : : ; Xn�
�
! A;

where the weak completion is taken with respect to the .I; T1; : : : ; Tm/-adic topology.
We call such a � a representation of A. Note that, by [18, Corollary 1.5], the condition
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of being pseudo-wcfg is independent of the choice of the ideals of definition and the
choice of generating systems.

Our next goal is to globalise the aforementioned terminology. To this end, we have to
study localisations of pseudo-wcfg R-algebras, resembling the theory of schemes. Let
A be a pseudo-wcfgR-algebra with a representationRŒT1; : : : ; Tm�ŒX1; : : : ;Xn��!A.
For any f 2 A, define

A
�

f
´ the .I; T1; : : : ; Tm/-adic weak completion of Af :

According to [18, Proposition 1.19], A�
f

is independent of the choice of representations
�. Consequently, we can define the ringed space

SpwfA´ .SpecA=J;OSpwfA/;

where the structure sheaf OSpwfA is defined by

OSpwfAWSpec.A=J /f 7! A
�

f

for any f 2 A. Note that the underlying topological space SpecA=J is independent of
the choice of ideals of definition and so OSpwfA is well defined.

Definition 2.1.3 ([18, Definition 1.8]). A weak formal scheme X over R is a
ringed space which admits an open covering ¹U�º�2ƒ such that each U� is isomorphic
to SpwfA for some pseudo-wcfg R-algebra A. The category of weak formal schemes
over R is denoted by FSch�R.

Remark 2.1.4. From the construction, one sees that we have the following natural
functors:

(i) Let SchR=I be the category of schemes over R=I . Then, we have a functor

FSch�R ! SchR=I ; X 7! X0

locally given by

SpwfA D .SpecA=J;OSpwfA/ 7! SpecA=J:

(ii) Let FSchR be the category of formal schemes over R. Then we have a functor

FSch�R ! FSchR; X 7! yX

locally given by

SpwfA D .SpecA=J;OSpwfA/ 7! SpfA D .SpecA=J;OSpfA/;

where the structure sheaf OSpfA assigns each distinguished open subspace
Spec.A=J /f to the completion OAf of Af .
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Consequently, for any X 2 FSch�R, we shall refer to X0 as the associated scheme over
R=I and to yX as the associated formal scheme over R.

2.2 – Dagger spaces

In this subsection let F be an non-archimedean field of mixed characteristic .0; p/
with valuation ring OF . Let mF be the maximal ideal of OF and let $F 2 mF be a
pseudo-uniformiser of F that divides p. For any n 2 Z�0, define

F ŒX1; : : : ; Xn�
�
´ lim
�!
h

F h$
1=h
F X1; : : : ;$

1=h
F Xni

D
®P

.i1;:::;in/2Zn
�0
ai1;:::;inX

i1
1 � � �X

in
n 2 F ŒŒX1; : : : ; Xn�� W

lim jai1;:::;in jı
P
ij D 0 for some ı 2 R>1

¯
;

where, for any h 2 Z>1,

F h$
1=h
F X1; : : : ;$

1=h
F XniD

®P
.i1;:::;in/2Zn

�0
ai1;:::;inX

i1
1 � � �X

in
n 2F ŒŒX1; : : : ; Xn�� W

lim jai1;:::;in j j$F j
�1
h

P
ij D 0

¯
:

The algebra F ŒX1; : : : ; Xn�� is equipped with the topology given by the Gauß norm,
and the completion of F ŒX1; : : : ; Xn�� is the Tate algebra F hX1; : : : ; Xni.

More generally, a dagger algebra A is a topological F -algebra which is isomorphic
to F ŒX1; : : : ; Xn��=.f1; : : : ; fr/ for some n 2 Z�0 and some fi 2 F h$1=N

F X1; : : : ;

$
1=N
F Xni for some sufficiently large N . Note that, if OA denotes the completion of A,

then OA ' F hX1; : : : ; Xni=.f1; : : : ; fr/.
For any dagger algebra A over F , we define the topological space

jSpa�Aj ´ jSpa. OA; OAı/j;

where OAı is the ring of power bounded elements of OA. For any f1; : : : ; fn, g 2 A � OA,
we define the rational subspace

jSpa�AŒf1; : : : ; fn=g��j ´ ¹jfi j � jgj for all i D 1; : : : ; nº � jSpa�Aj:

By [23, Proposition 2.8], we see that rational subspaces in jSpa�Aj form a basis of the
topology. Consequently, we can consider the ringed space

Spa�A´ .jSpa�Aj;OSpa�A/;

where the structure sheaf OSpa�A is defined by

OSpa�AW jSpa�AŒf1; : : : ; fn=g��j 7!AŒf1; : : : ;fn=g�
�
´AŒX1; : : : ;Xn�

�=.gXi�fi /:
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Here,
AŒX1; : : : ; Xn�

�
´ A˝� F ŒX1; : : : ; Xn�

�

with the tensor product˝� in the category of dagger algebras overF (see [23, Paragraph
1.16]).

Definition 2.2.1. A dagger space X over F is a ringed space which admits an
open covering ¹U�º�2ƒ such that each U� is isomorphic to Spa�A for some dagger
algebra A over F . We denote by Rig�F the category of dagger spaces over F .

Remark 2.2.2. Let RigF be the category of rigid analytic spaces over F .1 Then,
from the construction, one sees that there is a natural functor

Rig�F ! RigF ; X 7! yX

locally given by
Spa�A 7! Spa. OA; OAı/:

Hence, for any dagger space X overF , we call yX the associated rigid analytic space.

As an analogue of the relationship between formal schemes and rigid analytic
spaces, one can also associate a dagger space over F to a weak formal scheme over OF .
This phenomenon was first established in [32]. We recall this construction by following
[18] for the notion of weak formal schemes introduced in the previous subsection.

Proposition 2.2.3 ([18, Proposition 1.29]). Let A be a pseudo-wcfg OF -algebra
with ideal of definition J and a generating system a1; : : : ; an 2 J . For any m 2 Z�0,
define

Am´ A

�
a
m1

1 � � � a
mn
n

p
W mi 2 Z�0;

X
mi D m

��
D

�
A

�
Xm1;:::;mn

W mi 2 Z�0;
X

mi D m

��
ı
.pXm1;:::;mn

� a
m1

1 � � � a
mn
n /

�ı
p-torsion:

(i) Each Am is wcfg over OF and is independent of the choice of a1; : : : ; an.

(1) In this article, we shall always view rigid analytic spaces as adic spaces.
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(ii) The wcfg OF -algebras Am form a projective system and define a dagger space

.SpwfA/� D
[
m�0

Spa�Am ˝OF
F

that is independent of the choice of J .

Thanks to the independence in the proposition above, we have a natural functor

FSch�
OF
! Rig�F ; X 7! X D X�;

locally given by
SpwfA 7! .SpwfA/�:

For any X 2 FSch�
OF

, we then call X D X� the associated dagger space or the dagger
generic fibre of X.

2.3 – Log structure

The purpose of this subsection is to briefly discuss how one can equip a weak
formal scheme with a log structure. In particular, we shall make precise the definition
of strictly semistable weak formal schemes. We encourage readers who are unfamiliar
with the language of log geometry to consult [26] for more details.

Let R be a noetherian ring with an ideal I . Let X be a weak formal scheme over
R with respect to the I -adic topology. Recall that a pre-log structure on X is a sheaf
of (commutative) monoids M on the étale site Xét of X together with a morphism of
sheaves of monoids

˛WM! OXét :

It is furthermore called a log structure if the induced morphism

˛W˛�1O�Xét
! O�Xét

is an isomorphism. Recall also that given a pre-log structure M on X, there is an
associated log structure Ma on X, constructed by the pushout diagram

˛�1O�Xét
OXét

M Ma:

˛

Finally, recall that a morphism of weak formal schemes with log structures is a pair

.f; f \/W .X;M/! .Y;N/;
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where f WX! Y is a morphism of weak formal schemes and f \W f �1N!M is a
morphism of sheaves of monoids. The morphism .f; f \/ is a strict open immersion
(resp., closed immersion, resp., exact closed immersion) if f is an open immersion
(resp., closed immersion, resp., closed immersion) and f \ is an isomorphism (resp.,
surjection, resp., isomorphism).2 To simplify the notation, we shall often drop the f \

in the definition.

Definition 2.3.1. Let X be a weak formal scheme with a log structure˛WM!OXét .
Let P be a monoid and we abuse the notation to denote the associated constant sheaf
of monoids on X again by P . A chart of X modelled on P is a morphism of sheaves of
monoids

� WP !M

such that the log structure associated with ˛ ı � is isomorphic to M.

The following example plays an essential role in this paper.

Example 2.3.2. LetR D OK with I D .$/. Let n 2 Z�0 and r � n, andconsider

X D Spwf OK ŒX1; : : : ; Xn�
�=.X1 � � �Xr �$/:

Then X can be equipped with a log structure given by the chart

Zn�0 ! OK ŒX1; : : : ; Xn�
�=.X1 � � �Xr �$/; .a1; : : : ; an/ 7! X

a1

1 � � �X
an
n :

In this case, the normal crossing divisor in X defined by XrC1 � � �Xn is called the
horizontal divisor of X. Finally, by letting O

logD$
K be the log weak formal scheme

Spwf OK with the log structure given by the chart

Z�0 ! OK ; 1 7! $;

one sees easily that X is a log weak formal scheme over O
logD$
K .

Definition 2.3.3. Let X be a log weak formal scheme over O
logD$
K . We say X is

strictly semistable if, Zariski locally, there is a strict smooth morphism

X! Spwf OK ŒX1; : : : ; Xn�
�=.X1 � � �Xr �$/

of log weak formal schemes over O
logD$
K . Moreover, the normal crossing divisor locally

generated by XrC1 � � �Xn is called the horizontal divisor of X.

(2) For other adjectives for morphisms of log weak formal schemes, e.g., smooth and étale
morphisms, we refer the readers to [18, §1.3].
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3. Preliminaries II: Hyodo–Kato theory

In this section we recall the theory of Hyodo–Kato cohomology with coefficients
by following [41]. To this end, we fix the following notation throughout this section:

• We denote by klogD0 the log scheme Spec k with log structure given by

Z�0 ! k; 1 7! 0:

• Recall OK0
´ W.k/. We similarly denote by O

logD0
K0

the log weak formal scheme
Spwf OK0

with log structure given by

Z�0 ! OK0
; 1 7! 0:

Moreover, we write O
logD;
K0

for the weak formal scheme Spwf OK0
with the trivial

log structure. Moreover, the Frobenius � on W.k/ induces natural Frobenii on
O

logD0
K0

and O
logD;
K0

, which are still denoted by �.

• As before, we write O
logD$
K for the log weak formal scheme Spwf OK with the log

structure given by
Z�0 ! OK ; 1 7! $:

• Let S be the log weak formal scheme Spwf OK0
ŒŒT �� with the log structure given by

Z�0 ! OK0
ŒŒT ��; 1 7! T:

Consequently, we have natural morphisms of fine weak formal schemes

O
logD0
K0

�0
��! S

�$
 �� O

logD$
K

given by
0 7!T 7! $:

Moreover, we extend the Frobenius � to S by setting �WT 7! T p . We denote by �

the dagger space associated with S; it is the open unit ball with the structure of a
dagger space.

• We fix a scheme X0 over k, which is assumed to be strictly semistable over klogD0,
i.e., Zariski locally, we have a strict smooth morphism

X0 ! Spec kŒX1; : : : ; Xn�=.X1 � � �Xr/

of log schemes over klogD0. Here, the log structure on the right-hand side is given
by the chart

Zn�0 ! kŒX1; : : : ; Xn�=.X1 � � �Xr/; .a1; : : : ; an/ 7! X
a1

1 � � �X
an
n :
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3.1 – Overconvergent F -isocrystals and rigid cohomology with coefficients

Our goal in this subsection is to define and study overconvergent F -isocrystals. We
follow the strategy in [41], introducing first the so-called log overconvergent site of X0.
The idea of such a site goes back to Le Stum [33] without log structure.

Definition 3.1.1 ([41, Definition 2.22]). Let T be either S, O
logD0
K0

, O
logD;
K0

or
O

logD$
K and so we have a natural homeomorphic exact closed immersion �WklogD0!T .

The log overconvergent site OC.X0=T / of X0 relative to T is defined as follows:

• An object in OC.X0=T / is a commutative diagram

Z Z

X0 klogD0 T ;

i

hk
�

hT

�

where

– i WZ ! Z is a homeomorphic exact closed immersion from a fine log scheme
Z over klogD0 into a log weak formal scheme Z that is flat over Zp;

– hk WZ ! klogD0 (resp., hT WZ! T ) is a morphism of schemes (resp., weak
formal schemes);

– � WZ ! X0 is a morphism of log schemes over klogD0.

We shall usually abbreviate such an object as a quintuple .Z;Z; i; h; �/.

• Morphisms in OC.X0=T / are the obvious ones.

• A cover in OC.X0=T / is a collection of morphisms ¹f�W .Z�;Z�; i�; h�; ��/!
.Z;Z; i; h; �/º�2ƒ such that

– the induced morphism Z� ! Z is strict;

– the induced family of morphisms on the generic dagger fibres ¹Z�! Zº�2ƒ is
an open cover for Z;

– the induced morphism Z� ! Z �Z Z� is an isomorphism for every �.

Remark 3.1.2. One can also consider the absolute log overconvergent site
OC.klogD0=T /, whose objects are just commutative diagrams

Z Z

klogD0 T

i

hk hT

�
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as in Definition 3.1.1 and whose morphisms and covers are defined similarly to above.
Hence, we can view X0 as a presheaf on OC.klogD0=T /, defined as

X0.Z;Z; i; h/ D

8̂̂̂<̂
ˆ̂:commutative diagrams

Z Z

X0 klogD0 T

i

hk
�

hT

�

9>>>=>>>; :
Consequently, we then can view OC.X0=T / as the sliced site of OC.klogD0=T / over
the presheaf X0.

Lemma 3.1.3. Let T be either S, O
logD0
K0

, O
logD;
K0

or O
logD$
K .

(i) The category of sheaves on OC.X0=T / is equivalent to the following category:

• Objects are collections of sheaves FZ D F.Z;Z;i;h;�/ on Z for each .Z;Z; i;
h; �/ 2 OC.X0=T / and morphisms

�f Wf
�1
� FZ0 ! FZ

for each morphism f W .Z;Z; i; h; �/! .Z0;Z0; i 0; h0; � 0/ satisfying the usual
cocycle condition and f is an isomorphism if Z is an open subset of Z0. Here,
f� is the morphism on the dagger generic fibres induced by f .

• Morphisms are compatible morphisms between collections of sheaves.

For each sheaf F on OC.X0=T /, we call FZ the realisation of F on Z.

(ii) The presheaf OX0=T on OC.X0=T / defined by

OX0=T W .Z;Z; i; h; �/ 7! OZ.Z/

is a sheaf. We then call OX0=T the structure sheaf on OC.X0=T /.

Proof. The first assertion follows from [33, Proposition 2.1.9] while the second
assertion follows from [33, Corollary 2.3.3].

Definition 3.1.4 ([41, Definitions 2.26, 2.27]). Let T be either S, O
logD0
K0

, O
logD;
K0

or O
logD$
K .

(i) A log overconvergent isocrystal on X0 over T is an OX0=T -module E such that,

• for any .Z;Z; i; h; �/ 2 OC.X0=T /, the realisation EZ is a coherent locally
free OZ-module; and

• for any morphismf W .Z;Z; i;h;�/! .Z0;Z0; i 0;h0; � 0/, the induced morphism

�f Wf
�
� WEZ ! EZ0

is an isomorphism.
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Log overconvergent isocrystals naturally form a category, which is denoted by
Isoc�.X0=T /.

(ii) When T ¤ O
logD$
K , a log overconvergent F -isocrystal on X0 over T is a pair

.E; ˆ/, where E 2 Isoc�.X0=T / and ˆW ��E
'
�! E is an isomorphism.3 Log

overconvergent F -isocrystals naturally form a category, which is denoted by
FIsoc�.X0=T /.

Lemma 3.1.5. Let T be either S, O
logD0
K0

, O
logD;
K0

or O
logD$
K . Then the category

Isoc�.X0=T / (resp., FIsoc�.X0=T /) admits internal Hom’s and tensor products,
denoted by Hom and ˝ respectively. In particular, given E 2 Isoc�.X0=T / (resp.,
.E; ˆ/ 2 FIsoc�.X0=T /), the dual E_ (resp., .E; ˆ/_) is well defined.

Proof. The constructions are given in [41, Definition 2.27].

Let T be either S, O
logD0
K0

, O
logD;
K0

or O
logD$
K and let E 2 Isoc�.X0=T / (resp.,

.E;ˆ/2FIsoc�.X0=T /when T ¤O
logD$
K ). Our next goal is to introduce the notion of

log rigid cohomology ofX0 relative to T with coefficients inE (resp. .E;ˆ/). To this end,
we fix a collection ¹.Z�;Z�; i�;h�; ��/º�2ƒ, where .Z�;Z�; i�;h�; ��/ 2OC.X0=T /
such that

• each Z� is of finite type over k,

• ¹��WZ� ! X0º�2ƒ is a Zariski open cover by strict open immersions, and

• every h�;T WZ� ! T is smooth.

When T ¤ O
logD$
K , we further fix a Frobenius lift '� on Z� which is compatible with

�. The existence of such a collection is guaranteed by [41, Proposition 2.33].
For any finite subset „ � ƒ, choose an exactification ([28, Proposition 4.10])

Z„´
\
�2„

Z�
i„
�! Z„ !

Y
�2„;T

Z�

of the diagonal embedding Z„ !
Q
�2„;T Z�. By letting h„;k WZ„ ! klogD0 and

h„;T WZ„ ! T be the structure morphisms and �„´
T
�2„ ��, we see that

.Z„;Z„; i„; h„; �„/ 2 OC.X0=T /:

Furthermore, if T ¤ O
logD$
K , the Frobenii '�’s induces a Frobenius '„ on Z„ by

'„´ .
Q
�2„ '�/jZ„

.

(3) Here, we abuse the notation, writing � for the endomorphism on Isoc�
.X0=T / induced

from the Frobenius on T and the absolute Frobenius on X0 (see [41, equation (2.36)]).
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The map h„;T WZ„!T induces a map on the generic fibre h„;T WZ„! T , where
Z„ and T are the dagger spaces associated with Z„ and T respectively. Let �log;�

Z„=T

be the complex of log differential forms of Z„ over T . We write

�
log;�
Z„;�

´ �
log;�
Z„=T

j�Z„ŒZ„
:

By [24, Lemma 1.2], we know that �log;�
Z„;�

is independent from the choice of exactific-
ation Z„.

For E 2 Isoc�.X0=T /, we have the realisation E„ on Z„. By [41, Corollary 2.27],
we know that E„ is equipped with an integrable connection

rWE„ ! E„ ˝�
log;�
Z„=T

:

Moreover, if .E; ˆ/ 2 FIsoc�.X0=T /, then ˆ induces a commutative diagram

'�„E„ '�„E„ ˝ '
�
„�

log;�
Z„=T

E„ E„ ˝�
log;�
Z„=T

:

'�
„
r

ˆ ˆ˝'„

r

In particular, by restricting to �Z„ŒZ„
, we can consider the complexR�.�Z„ŒZ„

:E„˝

�
log;�
Z„;�

/.
For any finite subsets „1 � „2 � ƒ, one has a natural map ı„2;„1

W �Z„2
ŒZ„2

!

�Z„1
ŒZ„1

, which induces ı�1„2;„1
.E„1

˝��Z„1
;�/! E„2

˝��Z„2
;� . Consequently,

after fixing an order onƒ, one obtains a simplicial dagger space �Z�ŒZ� and a complex
of sheaves E� ˝��Z�;� on �Z�ŒZ� . Consequently, ˆ induces a Frobenius action on the
complex R�.�Z�ŒZ� ;E� ˝�

log;�
Z�;�

/. We still denote by ˆ the induced operator.

Definition 3.1.6. Let T be either S, O
logD0
K0

, O
logD;
K0

or O
logD$
K and let E 2

Isoc�.X0=T /. The log rigid cohomology of X0 relative to T with coefficients in E is
defined to be the complex

R�rig.X0=T ;E/´ hocolimR�.�Z�ŒZ� ;E� ˝�
log;�
Z�;�

/;

where the homotopy colimit is taken over the category of hypercovers of X0 built from
the simplicial dagger spaces described above (see [39, Tag 01H1]).4

(4) Recall from Remark 3.1.2 that we can view X0 as a presheaf of the absolute log overcon-
vergent site OC.klogD0=T /. Then we can consider hypercovers of X0 in OC.klogD0=T / (see,
for example, [36, Definition 2.1]).

https://stacks.math.columbia.edu/tag/01H1


T.-H. Huang – J.-F. Wu 22

Remark 3.1.7. Similar notions apply to .E; ˆ/ 2 FIsoc�.X0=T / when T ¤

O
logD$
K . We leave the detailed definition to the readers.

Remark 3.1.8. Readers who are more familiar with the traditional definition of
rigid cohomology (introduced by Berthelot [2]) may wonder how to compare Berthelot’s
definition with the aforementioned definition. For this, we refer the readers to [23,
Theorem 5.1], [30, Remark 4.2.5] and [33, Corollary 3.6.8].

We conclude this subsection by giving the definition of log rigid cohomology with
compact supports by following [19]. To this end, recall that X0 is strictly semistable,
i.e., Zariski locally, we have a strictly smooth morphism

X0 ! Spec kŒX1; : : : ; Xn�=.X1 � � �Xr/

of log schemes over klogD0. Denote byD0 � X0 the horizontal divisor, locally defined
by XrC1 � � �Xn.

Let T be either S, O
logD0
K0

, O
logD;
K0

or O
logD$
K . Given .Z;Z; i; h; �/ 2 OC.X0=T /,

we define the sheaf OZ.�D0/ on Z to be the locally free OZ-module, locally generated
by i���XrC1 � � �Xn. This sheaf then induces a locally free OZ-module OZ.�D0/

on the dagger generic fibre Z of Z. Consequently, by Lemma 3.1.3, there is a sheaf
OX0=T .�D0/ on OC.X0=T / whose realisation on each .Z;Z; i; h; �/ is OZ.�D0/.5

Definition 3.1.9 ([19, Definition 3.3]). Assume that X0 is proper. Let T be
either S, O

logD0
K0

, O
logD;
K0

or O
logD$
K and let E 2 Isoc�.X0=T /. Denote by E.�D0/ the

tensor product E˝OX0=T
OX0=T .�D0/. Then the log rigid cohomology with compact

support of X0 relative to T with coefficients in E is defined to be the complex

R�rig;c.X0=T ;E/´ R�rig.X0=T ;E.�D0//:

Remark 3.1.10. When T ¤ O
logD$
K and .E; ˆ/ 2 FIsoc�.X0=T /, then the log

rigid cohomology with compact support of X0 relative to T with coefficients in .E; ˆ/
is defined in a similar manner. We, again, leave the detailed definition to the readers.

3.2 – Hyodo–Kato theory with coefficients

Following [41], to discuss Hyodo–Kato theory with coefficients, we have to restrict
the coefficients. This relies on the notion of residue maps, which we now recall from
[31, Definition 2.3.9].

(5) If MD0
is the sheaf of monoids defined by the horizontal divisor D0, then the sheaf

OX0=T.�D0/ is denoted by OX0=T.MD0
/. We chose our notation since it resembles notation

used in traditional algebraic geometry.
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Let E 2 Isoc�.X0=OlogD;
K0

/. For any .Z;Z; i; h; �/ 2 OC.X0=S/, we can regard
.Z;Z; i; h0; �/ 2 OC.X0=O

logD;
K0

/, where h0WZ
h
�! S! O

logD;
K0

. Zariski locally on Z,
we have a strictly smooth morphism

Z! Spwf OK0
ŒŒT ��ŒX1; : : : ; Xn�

�=.T �X1 � � �Xr/:

Let W be one of the Xi ’s and let DW � Z be the closed dagger subspace defined by
W . Denote by �1

Z=K0
the sheaf of differential one-forms on Z over K0. Then we have

coker
�
EZ˝

�
�1Z=K0

˚

� M
Xi¤W

OZ dlogXi
��
!EZ˝�

log;1
Z=K0

�
DEZ˝ODW

dlogW:

Hence, we have a map

EZ

r
�! EZ ˝�

log;1
Z=K0

! EZ ˝ ODW
dlogW;

which induces a map EZ ˝ ODW
! EZ ˝ ODW

dlogW . After identifying EZ ˝

ODW
dlogW with EZ ˝ ODW

, one obtains the residue map

ResW WEZ ˝ ODW
! EZ ˝ ODW

along DW .

Definition 3.2.1. Let E 2 Isoc�.X0=OlogD;
K0

/.

(i) We sayE has nilpotent residues, if for any .Z;Z; i;h; �/ 2OC.X0=S/, the residue
maps ResW on the realisationEZ are nilpotent. We denote by Isoc�.X0=OlogD;

K0
/nr

the full subcategory of overconvergent isocrystals having nilpotent residues.

(ii) Suppose E 2 Isoc�.X0=OlogD;
K0

/nr. We say .E; ˆ/ is unipotent if E is an iterated
extension of O

X0=O
logD;
K0

. We denote by FIsoc�.X0=OlogD;
K0

/unip the full subcat-

egory of unipotent overconvergent isocrystals.

(iii) If .E;ˆ/2FIsoc�.X0=OlogD;
K0

/, we say it has nilpotent residue (resp., is unipotent)
if E has nilpotent residue (resp., is unipotent). We let FIsoc�.X0=OlogD;

K0
/nr (resp.,

FIsoc�.X0=OlogD;
K0

/unip) be the full subcategory of overconvergent F -isocrystals
having nilpotent residues (resp., being unipotent).

Note that there is a commutative diagram

O
logD0
K0

S O
logD$
K

O
logD;
K0

:

0 7!T T 7!$
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Therefore, via base change, we have functors of overconvergent isocrystals

Isoc�.X0=OlogD0
K0

/ Isoc�.X0=S/ Isoc�.X0=OlogD$
K /

Isoc�.X0=OlogD;
K0

/:

In particular, for any E 2 Isoc�.X0=OlogD;
K0

/, we can view it as an overconvergent
isocrystal in Isoc�.X0=OlogD0

K0
/, Isoc�.X0=S/ or Isoc�.X0=OlogD$

K /. We shall abuse
the notation and still denote its images by E. Similar notation is also applied to over-
convergent F -isocrystals.

To define Hyodo–Kato cohomology with coefficients, we fix a collection

¹.Z�;Z�; i�; h�; ��/º�2ƒ

where .Z�;Z�; i�; h�; ��/ 2OC.X0=S/ as in Section 3.1. For any finite subset„�ƒ,
we can consider the Kim–Hain complex

�
log;�
Z„;�

Œu�naïve ´ �
log;�
Z„=�

j�Z„ŒZ„
Œu�;

generated by �log;�
Z„;�

and degree-0 elements uŒi� (for i 2 Z�0) such that

• uŒ0� D 1,

• uŒi� ^ uŒj � D .iCj /Š
iŠj Š

uŒiCj �,

• duŒiC1� D �.d logT /uŒi�.

We let�log;�
Z„;�

Œu�k be the subcomplex of�log;�
Z„;�

Œu�naïve, consisting of sections of�log;�
Z„;�

and uŒ0�, . . ., uŒk�.

Definition 3.2.2. Let E 2 Isoc�.X0=OlogD;
K0

/unip.

(i) The Hyodo–Kato cohomology of X0 with coefficients in E is defined to be the
complex

R�HK.X0;E/´ hocolim hocolimk R�.�Z�ŒZ� ;E� ˝�
log;�
Z�;�

Œu�k/:

(ii) SupposeX0 is proper. The Hyodo–Kato cohomology ofX0 with compact supports
and coefficients in .E; ˆ/ is defined to be the complex

R�HK;c.X0;E/´ R�HK.X0=O
logD0
K0

;E.D0//:

Remark 3.2.3. We again leave a similar definition for .E; ˆ/ 2 FIsoc�.X0=
O

logD;
K0

/unip to the readers.
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Let E 2 Isoc�.X0=OlogD;
K0

/. On both R�HK.X0;E/ and R�HK;c.X0;E/, there is a
monodromy operator N defined by

N.uŒi�/ D uŒi�1�:

Moreover, if .E; ˆ/ 2 FIsoc�.X0=OlogD;
K0

/, the complexes R�HK.X0; .E; ˆ// and
R�HK;c.X0; .E; ˆ// admit Frobenius actions induced by ˆ and

'.uŒi�/ D piuŒi�:

We again denote the Frobenius action on the complexes by ˆ. Therefore, one sees
immediately that

pˆN D Nˆ:

Our next goal is to briefly discuss the so-called Hyodo–Kato morphisms. To this
end, we assume from now on that there exists a proper flat log weak formal scheme
X over OK which is strictly semistable over O

logD$
K such that its dagger generic fibre

X and the associated scheme of X over k is X0. Zariski locally on X, there is a strict
smooth morphism

X! Spwf OK ŒX1; : : : ; Xn�
�=.X1 � � �Xr �$/:

We denote by D the horizontal divisor locally defined byXrC1 � � �Xn. Then D induces
the horizontal divisor D0 on X0 and the horizontal divisor D on X.

Let �WX0 ,!X be the canonical inclusion and lethk WX0! klogD0 andh
O

logD$

K

WX!

O
logD$
K be the structure morphisms. Then .X0;X; �; h; id/ 2 OC.X0=O

logD$
K /. For

any E 2 Isoc�.X0=OlogD;
K0

/, we see immediately from construction that

R�rig.X0=O
logD$
K ;E/ D R�log dR.X;E/

´ the log-de Rham cohomology of X with coefficients in E:

Moreover, since X is assumed to be proper smooth, we see that

R�rig;c.X0=O
logD$
K ;E/ D R�log dR;c.X;E/´ R�log dR.X;E.�D//:

Here, E.�D/ D E˝OX
OX.�D/ is indeed the subsheaf of E that vanishes at D .

Theorem 3.2.4. For any .E; ˆ/ 2 FIsoc�.X0=OlogD;
K0

/unip, we have the following
quasi-isomorphisms:

(i) The comparison quasi-isomorphisms

R�HK.X0; .E; ˆ//! R�rig.X0; .E; ˆ//; uŒi� 7!

´
1 if i D 0;
0 otherwise;

which are, moreover, compatible with the Frobenius structures on both sides;
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(ii) the Hyodo–Kato quasi-isomorphism

‰HKWR�HK.X0; .E; ˆ//˝K0
K ! R�log dR.X;E/I

(iii) the Hyodo–Kato quasi-isomorphism

‰HK;c WR�HK;c.X0; .E; ˆ//˝K0
K

! R�rig;c.X0=O
logD$
K ;E/ D R�log dR;c.X;E/:

Proof. The first assertion is [41, Theorem 4.8]. The second and the third quasi-
isomorphisms are given by a choice of p-adic logarithm and

‰HK; ‰HK;c Wu
Œi�
7!

.� log$/i

i Š
:

For the proof, see [41, Proposition 8.8] and [19, Corollary 3.8].

Remark 3.2.5. In a forthcoming work by K. Yamada, the condition on unipotence
will be weakened to a more general class of log overconvergent F -isocrystals.

Recall that the log de Rham complex R�log dR.X/ admits a filtration induced by

��i .0! OX ! �
log;1
X=K
! � � � /;

where ��i is the stupid truncation functor. Suppose G is a vector bundle on X with
integrable log connection. Assume that G admits a finite descending filtration Fili G.
Recall that such a filtration satisfies Griffiths’s transversality if and only if

r.Fili G/ � Fili�1 G˝�log;1
X=K

:

In this case, we have a filtration F nR�log dR.X;G/ on R�log dR.X;G/ ,

Filn.0! G
r
�! G˝�

log;1
X=K
! � � � /´ .0! Filn G

r
�! Filn�1 G˝�log;1

X=K
! � � � /:

Together with the Hyodo–Kato isomorphism, they inspire the following definition.

Definition 3.2.6 ([41, Definition 9.7]). The category of syntomic coefficients
Syn.X0;X;X/ is defined to be the category of triples .E; ˆ;Fil�/, where

• .E; ˆ/ 2 FIsoc�.X0=OlogD;
K0

/unip,

• Fil� is a filtration of E on X (i.e., after base change to OC.X0=O
logD$
K /) that

satisfies Griffiths’s transversality.

Morphisms are morphisms of overconvergent F -isocrystals that preserve the filtrations.
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Remark 3.2.7. Given .E; ˆ; Fil�/ 2 Syn.X0;X;X/, we define its dual .E_; ˆ_;
Fil_;�/ 2 Syn.X0;X;X/ as follows. By [41, Proposition 3.6], we know that we have
a dual .E_; ˆ_/ 2 FIsoc� .X0=OlogD;

K0
/unip with E_ D Hom.E;O

X0=O
logD;
K0

/. Hence,
on X, we have surjective morphisms

E_ ! .Fili E/_

for any i . Hence, we define

Fil_;�iC1 E_´ ker.E_ ! .Fili E/_/:

One can easily check that this filtration satisfies Griffiths’s transversality. Consequently,
.E_; ˆ_;Fil_;�/ 2 Syn.X0;X;X/.

4. Finite polynomial cohomology with coefficients

The theory of finite polynomial cohomology was first developed by Besser [4] and
generalised to general varieties in [7]. This theory resolves the problem that there is no
Poincaré duality on syntomic cohomology. The aim of this section is to generalise the
aforementioned works to a cohomology theory with coefficients.

Throughout this section, we resume the notation used in Sections 3 and 3.2. In
particular, we have a fixed proper weak formal scheme X over O

logD$
K , which is strictly

semistable, with a proper smooth dagger generic fibre X overK and strictly semistable
special fibre X0 over klogD0. We also recall the horizontal divisors D � X, D0 � X0
and D � X.

4.1 – Definitions and some basic properties

Following [4], consider

Poly´ the multiplicative monoid of all polynomials

P.X/ D

nY
iD1

.1 � ˛iT / 2 QŒT �

with constant term 1:

The following definition is inspired by [7].

Definition 4.1.1. Let .E; ˆ;Fil�/ 2 Syn.X0;X;X/.
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(i) Given P 2 Poly and n 2 Z, the syntomic P -cohomology of X with coefficients
in E twisted by n is defined to be

R�syn;P .X;E; n/

´

264 R�HK.X0; .E; ˆ//˝K0
K R�HK.X0; .E; ˆ//˝K0

K ˚ DR.X;E; n/

R�HK.X0; .E; ˆ//˝K0
K R�HK.X0; .E; ˆ//˝K0

K

.P.ˆe/˝id/˚.‰HK˝id/

N˝id .N˝id/˚0

P.qˆe/˝id

375 ;
where

DR.X;E; n/´ R�log dR.X;E/=F
nR�log dR.X;E/;

and recall that q D pe D #k. The i th cohomology group of R�syn;P .X;E; n/ is
then denoted by H i

syn;P .X;E; n/.

(ii) When P D 1 � q�nT , we write

R�syn.X;E; n/´ R�syn;1�q�nT .X;E; n/

and call it the syntomic cohomology of X with coefficients in E twisted by n. The
i th cohomology group of R�syn.X;E; n/ is then denoted by H i

syn.X;E; n/.

For any .E; ˆ;Fil�/ 2 Syn.X0;X;X/, the OX-module E.�D/ on X also admits
a filtration defined as

Fili E.�D/´ .Fili E/˝OX
OX.�D/:

By definition, this filtration onE.�D/ also satisfies Griffiths’s transversality. It then con-
sequently defines a filtrationF nR�log dR;c.X;E/ onR�c;log dR.X;E/. This observation
then leads to the following definition.

Definition 4.1.2. Let .E; ˆ;Fil�/ 2 Syn.X0;X;X/.
(i) Given P 2 Poly and n 2 Z, the compactly supported syntomic P -cohomology of

X with coefficients in E twisted by n is defined to be

R�syn;P;c.X;E; n/

´

264 R�HK;c.X0; .E; ˆ//˝K0
K R�HK;c.X0; .E; ˆ//˝K0

K ˚ DRc.X;E; n/

R�HK;c.X0; .E; ˆ//˝K0
K R�HK;c.X0; .E; ˆ//˝K0

K

.P.ˆe/˝id/˚.‰HK;c˝id/

N˝id .N˝id/˚0

P.qˆe/˝id

375 ;
where

DRc.X;E; n/´ R�log dR;c.X;E/=F
nR�log dR;c.X;E/:

The i th cohomology group ofR�syn;P;c.X;E; n/ is denoted byH i
syn;P;c.X;E; n/.
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(ii) When P D 1 � q�nT , we write

R�syn;c.X;E; n/´ R�syn;1�q�nT;c.X;E; n/

and call it the syntomic cohomology of X with coefficients in E twisted by n. The
i th cohomology of R�syn;c.X;E; n/ is then denoted by H i

syn.X;E; n/.

Notation 4.1.3. For complexes R�HK.X0; .E; ˆ//, R�log dR.X;E/, R�syn;P .X;

E; n/, . . . , etc., we drop the “E” in the notation if E is nothing but the structure sheaf.
Similar notation applies to their cohomology groups. Moreover, we shall often abuse
notation and write P.ˆe/ and N for P.ˆe/˝ id and N ˝ id on vector spaces overK.

Remark 4.1.4. The complexes DR.X; E; n/ (for various n) define the Hodge
filtration on H i

log dR.X;E/ as follows. The natural map

R�log dR.X;E/! DR.X;E; n/

induces natural maps on cohomology

H i
log dR.X;E/! H i .DR.X;E; n//:

We claim that this map is surjective. Observe that the surjectivity follows from the
degeneration of the (log) Hodge–de Rham spectral sequence at the E1-page, hence
we show such a degeneration. Note that E is unipotent, thus it sits inside a short exact
sequence 0! E0 ! E! E00 ! 0, where E0 and E00 are both unipotent. This short
exact sequence then gives rise to a distinguished triangle

R�log dR.X;E
0/! R�log dR.X;E/! R�log dR.X;E

00/:

One observes that if the (log) Hodge–de Rham spectral sequences for the left and
right complexes degenerate at the E1-pages, then the same holds for the middle term.
Therefore, one is reduced to showing this degeneration for lower-rank E’s. By induction,
it is then enough to show such a degeneration for the trivial coefficient. However, this
is [20, Theorem 3.2]. To conclude, we have the Hodge filtration defined by

F nH i
log dR.X;E/´ ker

�
H i

log dR.X;E/! H i .DR.X;E; n//
�
:

A similar discussion also applies to the compact support cohomology.

Proposition 4.1.5. Given .E; ˆ; Fil�/ 2 Syn.X0;X;X/ and two polynomials
P;Q 2 Poly, we have a natural morphism

R�syn;P .X;E; n/! R�syn;PQ.X;E; n/:
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In particular, if P is divided by 1 � q�nT , then there is a natural morphism

R�syn.X;E; n/! R�syn;P .X;E; n/:

Similar statements hold for the compactly supported version.

Proof. Observe that we have a commutative diagram

R�HK.X0; .E; ˆ//˝K0
K R�HK.X0; .E; ˆ//˝K0

K ˚ DR.X;E; n/

R�HK.X0; .E; ˆ//˝K0
K R�HK.X0; .E; ˆ//˝K0

K ˚ DR.X;E; n/

R�HK.X0; .E; ˆ//˝K0
K R�HK.X0; .E; ˆ//˝K0

K ˚ DR.X;E; n/

R�HK.X0; .E; ˆ//˝K0
K R�HK.X0; .E; ˆ//˝K0

K;

.PQ.ˆe/˝id/˚.‰HK˝id/

.P.ˆe/˝id/˚.‰HK˝id/

N˝id

Q.ˆe/˚id

P.qˆe/˝id
Q.qˆe/˚id

where the front face is the diagram defining R�syn;P .X;E; n/ while the back face is
the diagram defining R�syn;PQ.X;E; n/. The result then follows immediately.

To understand the syntomic P -cohomology better, we begin with some simplifica-
tion of notation. We let

C �´ Cone
�
R�HK.X0; .E; ˆ//˝K0

K ! R�HK.X0; .E; ˆ//˝K0
K

˚ DR.X;E; n/
�
Œ�1�;

D�´ Cone
�
R�HK.X0; .E; ˆ//˝K0

K ! R�HK.X0; .E; ˆ//˝K0
K
�
Œ�1�

be the mapping fibres of the horizontal rows in the definition of R�syn;P .X; E; n/.
Then, by definition, we have

R�syn;P .X;E; n/ D Cone.C �
˛
�! D�/Œ�1�;

where ˛ is the map induced by the vertical maps in the definitions of R�syn;P .X;E; n/

and R�syn;P;c.X;E; n/ respectively. Therefore, we have a long exact sequence

� � � ! H i�1.C �/
˛
�! H i�1.D�/

ˇ
�! H i

syn;P .X;E; n/


�! H i .C �/

˛
�! H i .D�/! � � � :

Proposition 4.1.6. Let .E; ˆ;Fil�/ 2 Syn.X0;X;X/ and P 2 Poly.

(i) A class in H i
syn;P .X;E; n/ is represented by a quintuple .x; y; z; u; v/ with

x 2 R� iHK.X0; .E; ˆ//˝K0
K; u 2 R� i�1HK .X0; .E; ˆ//˝K0

K;

y 2 R� i�1HK .X0; .E; ˆ//˝K0
K; v 2 R� i�2HK .X0; .E; ˆ//˝K0

K;

z 2 DRi�1.X;E; n/;
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such that

dHK ˝ id.x/ D 0;
P.ˆe/˝ id.x/C dHK ˝ id.y/ D 0;
‰HK ˝ id.x/C ddR.z/ 2 F

nR� ilog dR.X;E/;

N ˝ id.x/ � dHK ˝ id.u/ D 0;
N ˝ id.y/C P.qˆe/˝ id.u/C dHK ˝ id.v/ D 0:

Here, dHK and ddR are differentials of R�HK.X0; .E; ˆ// and R�log dR.X; E/

respectively.

(ii) We have a diagram

H i�1
HK .X0;.E;ˆ//

P.ˆe/D0;ND0˝K0
K

\F nH i�1
log dR.X;E/

0

H i�2
HK .X0;.E;ˆ//˝K0

K

imageNCimageP.qˆe/
B i

0 coker˛ H i
syn;P .X;E; n/ ker˛ 0

H i�1
HK .X0;.E;ˆ//

P.qˆe/D0˝K0
K

N
�H i�1

HK .X0;.E;ˆ//
P.ˆe/D0˝K0

K

\F nH i�1
log dR.X;E/

� H i
HK.X0;.E;ˆ//

P.ˆe/D0;ND0˝K0
K

\F nH i
log dR.X;E/

0
H i�1

HK .X0;.E;ˆ//˝K0
K

imageNCimageP.qˆe/

ˇ 


where the middle row and two vertical columns are all exact. Here,

B i ´

°
.x; y/ 2 H i�1

HK .X0; .E; ˆ//˝K0
K ˚

H i�1
log dR.X;E/

F nH i�1
log dR.X;E/

W Nx 2 imageP.qˆe/
±

®
.P.ˆe/x;‰HK.x// W x 2 H

i�1
HK .X0; .E; ˆ//

¯ :

(iii) Similar statements hold for the compactly supported version.

Proof. Unwinding the construction of mapping fibres, one sees that R� isyn;P .X;

E; n/ is equal to the direct sum

R� iHK.X0; .E; ˆ//˝K0
K ˚R� i�1HK .X0; .E; ˆ//˝K0

K ˚ DRi�1.X;E; n/
˚R� i�1HK .X0; .E; ˆ//˝K0

K ˚R� i�2HK .X0; .E; ˆ//˝K0
K;
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with differentials given by

dsyn;P D

0BBBBB@
dHK

�P.ˆe/ �dHK

�‰HK �ddR

N �dHK

N P.qˆe/ dHK

1CCCCCA :
When E is the trivial overconvergent F -isocrystal, this description is exact the one
discussed in [7, §2.4].

For (ii), by definition, we have a commutative diagram

� � � H i�1
HK .X0; .E; ˆ//˝K0

K
H i�1

HK .X0;.E;ˆ//˝K0
K

˚H i�1.DR.X;E;n//
H i .C �/ H i

HK.X0; .E; ˆ//˝K0
K

H i
HK.X0;.E;ˆ//˝K0

K

˚H i .DR.X;E;n//
� � �

� � � H i�1
HK .X0; .E; ˆ//˝K0

K H i�1
HK .X0; .E; ˆ//˝K0

K H i .D�/ H i
HK.X0; .E; ˆ//˝K0

K H i
HK.X0; .E; ˆ//˝K0

K � � � ;

N N˚0 ˛ N N˚0

where the horizontal rows are exact sequences. One then deduces a commutative
diagram

0

H i�1
HK .X0;.E;ˆ//˝K0

K˚
Hi�1

log dR.X;E/

F nHi�1
log dR.X;E/

¹P.ˆe/x;‰HK.x/Wx2H
i�1
HK .X0;.E;ˆ//º

H i .C �/ H i
HK.X0; .E; ˆ//

P.ˆe/D0 ˝K0
K \ F nH i

log dR.X;E/ 0

0
H i�1

HK .X0;.E;ˆ//˝K0
K

imageP.qˆe/
H i .D�/ H i

HK.X0; .E; ˆ//
P.qˆe/D0 ˝K0

K 0:

N˚0 ˛ N

The desired diagram can then be concluded directly by the snake lemma.

Corollary 4.1.7. Let .E;ˆ;Fil�/ 2 Syn.X0;X;X/ andP 2 Poly. For any n 2Z

and any i 2Z�0, there is a 3-step descending filtrationF �P DF
�
syn;P onH i

syn;P .X;E;n/

such that

F 0P =F
1
P D ker

�
H i

HK.X0; .E; ˆ//
P.ˆe/D0;ND0

\ F nH i
log dR.X;E/

!
H i�1

HK .X0; .E; ˆ//˝K0
K

imageN C imageP.qˆe/

�
;

F 2P =F
3
P D image

�H i�2
HK .X0; .E; ˆ//˝K0

K

imageN C imageP.qˆe/
! coker˛

ˇ
�! H i

syn;P .X;E; n/
�

and F 1P =F
2
P sits inside the short exact sequence

0!
H i�1

HK .X0; .E; ˆ//
P.qˆe/D0 ˝K0

K

N
�
H i�1

HK .X0; .E; ˆ//P.ˆ
e/D0 ˝K0

K \ F nH i�1
log dR.X;E/

�
! F 1P =F

2
P ! B i ! 0:
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It is similar for the compactly supported version, whose 3-step filtrations are denoted
by F �P;c D F

�
syn;P;c .

Proof. The filtrations are defined as follows:

F 1P ´ ker
�
H i

syn;P .X;E; n/


�! ker˛

! H i
HK.X0; .E; ˆ//

P.ˆe/D0;ND0
˝K0

K \ F nH i
log dR.X;E/

�
D 
�1.B i /;

F 2P ´ image
�H i�2

HK .X0; .E; ˆ//˝K0
K

imageN C imageP.qˆe/
! coker˛

ˇ
�! H i

syn;P .X;E; n/
�
;

F 3P ´ 0:

The description of the graded pieces then follows from straightforward computation.
We remark that it is an easy exercise in homological algebra to show that this

filtration agrees with the natural 3-step filtration on a mapping square.

Remark 4.1.8. When E is the trivial overconvergent F -isocrystal, it is not hard to
see that our filtration agrees with the 3-step filtration given by [7, Definition 2.3.3].

Corollary 4.1.9. We have the following:

(i) For any .E; ˆ; Fil�/ 2 Syn.X0;X;X/, P 2 Poly and any small enough n, we
have

H 0
syn;P .X;E; n/ Š H

0
HK.X0; .E; ˆ//

P.ˆe/D0;ND0
˝K0

K

and H 0
syn;P;c.X;E; n/ Š H

0
HK;c.X0; .E; ˆ//

P.ˆe/D0;ND0
˝K0

K:

(ii) Let d D dim X. Suppose the polynomial P satisfies the following conditions:

• P.qˆe/ acts invertibly on H 2d�1
HK;c .X0/;

• P.ˆe/ acts invertibly on H 2d
HK;c.X0/ ' K0.�d/.

Then
H 2dC1

syn;P;c.X; d C 1/ Š K:

Proof. Applying the diagram in Proposition 4.1.6 to i D 0, one easily obtains the
first assertion.

For the second statement, we again apply [7] for i D 2d C 1 and observe the
following:

• H 2d
HK;c.X0/ Š K0.�d/ with monodromy N D 0;
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• B2dC1D

®
.x;y/2K0.�d/˝K0

K˚
H2d

log dR;c.X/

F dC1H2d
log dR;c.X/

¯
¹.P.ˆe/x;‰HK.x//Wx2K0.�d/º

ŠK0.�d/˝K0
K under the map

.x; y/ 7! x � P.ˆe/y, due to the conditions on P and F dC1H 2d
log dR;c.X/ D 0;

• H 2dC1
HK;c .X0/

P.ˆe/D0;ND0 ˝K0
K \ F dC1H 2dC1

log dR;c.X/ D 0 by reason of degree;

• H2d�1
HK;c .X0/˝K0

K

imageNCimageP.qˆe/
D 0 due to the conditions on P ;

• H2d
HK;c.X0/

P.qˆe/D0˝K0
K

N.H2d
HK;c.X0/P.ˆe/D0˝K0

K\F dC1H2d
log dR;c.X//

D 0 due to the conditions on P .

Consequently, the diagram in Proposition 4.1.6 reduces to

B2dC1 Š K0.�d/˝K0
K

0 H 2dC1
syn;P;c.X; d C 1/ ker˛ 0

Š

and the result follows.

Now suppose further that X is smooth over OK with trivial log structure (and so
X0 and X are smooth over k and K, respectively, with trivial log structure). In this
situation,H i

HK DH
i
HK;c agrees with the (non-log) rigid cohomology (with monodromy

N D 0; see [41, Proposition 8.9]) andH i
log dR D H

i
log;dR;c agrees with the (non-log) de

Rham cohomology. To simplify the notation, we shall keep using H i
HK for the rigid

cohomology but H i
dR for the de Rham cohomology.

Since N D 0, the vertical maps in the mapping square in Definition 4.1.1 are zero.
Hence, instead of using the same definition, we make the following modifications in
this situation.

Definition 4.1.10. Let .E; ˆ;Fil�/ 2 Syn.X0;X;X/.
(i) Given P 2 Poly and n 2 Z, the syntomic P -cohomology of X with coefficients

in E twisted by n is defined to be

R�syn;P .X;E; n/´ Cone
�
R�HK.X0; .E; ˆ//˝K0

K

.P.ˆe/˝id/˚.‰HK˝id/
���������������! R�HK.X0; .E; ˆ//˝K0

˚ DR.X;E; n/
�
Œ�1�:

(ii) When P D 1 � qnT , we write

R�syn.X;E; n/´ R�syn;1�q�nT .X;E; n/

and call it the syntomic cohomology of X with coefficients in E twisted by n.
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Remark 4.1.11. If one uses Definition 4.1.1 in this situation, the resulting syntomic
P -cohomology will be a direct sum H i .C �/˚H i�1.D�/, which is not the same as
the cohomology given by Definition 4.1.10. This reflects the fact that admissible
filtered �-modules are not closed under extension in the category of admissible filtered
.�;N /-modules.

As a convention, when X is smooth over OK with trivial log structure, the syntomic
P -cohomology for X will always be referred as the one in Definition 4.1.10.

Corollary 4.1.12. Suppose X is smooth over OK with trivial log structure. Fix
i 2 Z�0 and let P 2 Poly. Then we have a short exact sequence

0 ��!
H i�1

dR .X;E/

P.ˆe/.F nH i�1
dR .X;E//

ifp
�! H i

syn;P .X;E; n/

prfp
��! H i

HK.X0; .E; ˆ//
P.ˆe/D0

˝K0
K \ F nH i

dR.X;E/! 0:

In particular, if Fil� D .E D Filr E � � � � � Fil` E � Fil`C1 E D 0/ for some r; ` 2 Z

with ` � r and d D dim X, then

H 0
syn;P .X;E; 0/ Š H

0
HK.X0; .E; ˆ//

P.ˆe/D0
˝K0

K

and
H 2d

dR .X;E/ Š H
2dC1
syn;P .X;E; `C d C 1/:

Proof. By definition, we see that there is a short exact sequence

0!
H i�1

HK .X0; .E; ˆ//˝K0
K ˚

H i�1
dR .X;E/

F nH i�1
dR .X;E/

¹.P.ˆe/x;‰HK.x//W x 2 H
i�1
HK .X0; .E; ˆ//º

! H i
syn;P .X;E; n/

! H i
HK.X0; .E; ˆ//

P.ˆe/D0
˝K0

K \ F nH i
dR.X;E/! 0:

The desired result then follows from the diagram in Proposition 4.1.6 and the isomorph-
ism

H i�1
HK .X0; .E; ˆ//˝K0

K ˚
H i�1

dR .X;E/

F nH i�1
dR .X;E/

¹.P.ˆe/x;‰HK.x//W x 2 H
i�1
HK .X0; .E; ˆ//º

!
H i�1

dR .X;E/

P.ˆe/.F nH i�1
dR .X;E//

;

.x; y/ 7! x � P.ˆe/y:

Note that when E is the trivial overconvergent F -isocrystal, the short exact sequence is
exactly the one in [4, Proposition 2.5].
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4.2 – Cup products and pushforward maps

Proposition 4.2.1. Let .E;ˆE;Fil�E/, .G;ˆG;Fil�G/2Syn.X0;X;X/,P;Q 2Poly
and n;m 2 Z. We have a natural map

R�syn;P .X;E; n/˝R�syn;Q;c.X;G; m/! R�syn;P�Q;c.X;E˝ G; nCm/:

Here, for P.X/ D
Q
i .1 � ˛iX/, Q.X/ D

Q
j .1 � ǰX/, we set P � Q.X/ DQ

i;j .1 � ˛i ǰX/.

Proof. Note that we have natural maps induced by tensor products

(4.1)

R�log dR.X;E/˝R�log dR;c.X;G/! R�log dR;c.X;E˝ G/;

R�HK.X0; .E; ˆE//˝R�HK;c.X0; .G; ˆG//

! R�HK;c.X0; .E˝ G; ˆE ˝ˆG//:

Note also that

.FiliE E˝�
log;s
X=K

/ � .FiljG G˝�
log;t
X=K

/! .FiliE E˝ FiljG G/˝�
log;sCt
X=K

,! .FiliCj E˝ G/˝�
log;sCt
X=K

;

..e ˝ !/; .f ˝ �// 7! .e ˝ f /˝ ! ^ �

induces a map

F nR�log dR.X;E/˝ F
mR�log dR;c.X;G/! F nCmR�log dR;c.X;E˝ G/

and so a map

DR.X;E; n/˝ DRc.X;G; m/! DRc.X;E˝ G; nCm/:

On the other hand, for any P;Q 2 Poly, we have a commutative diagram

R�HK.X0; .E; ˆE//˝R�HK;c.X0; .G; ˆG// R�HK;c.X0; .E˝ G; ˆE ˝ˆG//

R�HK.X0; .E; ˆE//˝R�HK;c.X0; .G; ˆG// R�HK;c.X0; .E˝ G; ˆE ˝ˆG//:

P.ˆe
E/ Q.ˆe

G/ P�Q..ˆE˝ˆG/
e/

This diagram is compatible with the monodromy operator N .
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These two observations give rise to the following commutative diagram:

(4.2)

R
�

H
K
;c
.X

0
;.
E
˝

G
;ˆ

E
˝
ˆ

G
//
˝
K

0
K

R
�

H
K

;c
.X

0
;.
E
˝
G
;ˆ

E
˝
ˆ

G
//
˝

K
0
K

˚
D

R
c
.X
;E
˝
G
;m
C
n
/

R
�

H
K
.X

0
;.
E
;ˆ

E
//
˝

K
0
K

˝
R
�

H
K

;c
.X

0
;.
G
;ˆ

G
//
˝

K
0
K

� R�
H

K
.X

0
;.
E
;ˆ

E
//
˝

K
0
K

˝
R
�

H
K

;c
.X

0
;.
G
;ˆ

G
//
˝

K
0
K

� ˚�
D

R
.X
;E
;n
/

˝
D

R
c
.X
;G
;m
/�

R
�

H
K
;c
.X

0
;.
E
˝

G
;ˆ

E
˝
ˆ

G
//
˝
K

0
K

R
�

H
K
;c
.X

0
;.
E
˝

G
;ˆ

E
˝
ˆ

G
//
˝
K

0
K

R
�

H
K
.X

0
;.
E
;ˆ

E
//
˝

K
0
K

˝
R
�

H
K

;c
.X

0
;.
G
;ˆ

G
//
˝

K
0
K

R
�

H
K
.X

0
;.
E
;ˆ

E
//
˝

K
0
K

˝
R
�

H
K

;c
.X

0
;.
G
;ˆ

G
//
˝

K
0
K
;

� P.
ˆ

e E
/˝

id
˝
Q
.ˆ

e G
/˝

id

� ˚�
‰

H
K
˝

id
˝
ˆ

H
K

;c
˝

id
�

.N
˝

id
/

˝
.N
˝

id
/

.P
.q
ˆ

e E
/˝

id
/˝
.Q
.q
ˆ

e G
/˝

id
/
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where

• the back face is the diagram defining R�syn;P�Q;c.X;E˝ G; nCm/,

• morphisms from the front face to the back face are the ones in the observations
above.

In particular, the observations above yield a morphism"
front face
of (4.2)

#
! R�syn;P�Q;c.X;E˝ G; nCm/:

Finally, observe that there is a natural projection

R�syn;P .X;E; n/˝R�syn;Q;c.X;G; m/!

"
front face
of (4.2)

#
:

The desired pairing is then given by the composition.

For any .E; ˆ;Fil�/ 2 Syn.X0;X;X/, the maps in (4.1) induce pairings

(4.3)
R�log dR.X;E/˝R�log dR;c.X;E

_/! R�log dR;c.X/;

R�HK.X0; .E; ˆ//˝R�HK;c.X0; .E
_; ˆ_//! R�HK;c.X0/;

which yield quasi-isomorphisms (see [19, §6])

(4.4)

R�log dR.X;E/ ' RHom.R�log dR;c.X;E
_/;K/Œ�2 dim X�

in D.ModK/;
R�HK.X0;.E;ˆ//'RHom.R�HK;c.X0;.E

_;ˆ_//;K0/Œ�2 dim X�.�dim X/

in D.ModK0
.';N //;

where D.ModK/ is the derived category of K-vector spaces, D.ModK0
.';N // is the

derived category of .';N /-modules overK06, and .� dim X/ is the Tate twist defined
by multiplying ' by pdim X .

Corollary 4.2.2. For any P;Q 2 Poly, there is a natural pairing

R�syn;P .X;E; n/˝R�syn;Q;c.X;E
_; m/! R�syn;P�Q;c.X; nCm/;

(6) By a “.';N /-module overK0” we mean aK0-vector space equipped with a '-semilinear
action � and a K0-linear endomorphism N such that N� D p�N .
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which is compatible with the pairings in (4.3) via the natural morphisms

R�syn;P .X;E; n/˝R�syn;Q;c.X;E
_; m/

! R�HK.X0; .E; ˆ//˝R�HK;c.X0; .E
_; ˆ_//;

R�dR.X;E/Œ�1�˝R�dR.X;E
_/Œ�1�

! R�syn;P .X;E; n/˝R�syn;Q;c.X;E
_; m/:

Proof. This is an immediate consequence of Proposition 4.2.1.

Remark 4.2.3. For P;Q 2 Poly chosen so that P �Q satisfies the conditions in
Corollary 4.1.9 (ii), we then have a pairing

H i
syn;P .X;E; n/ �H

2d�iC1
syn;Q;c .X;E

_;�nC d C 1/! H 2dC1
syn;P�Q;c.X; d C 1/ Š K;

where the last isomorphism is due to Corollary 4.1.9. However, we do not know whether
this pairing is perfect (compare with the case in Corollary 4.3.4). In fact, it seems to
the authors that it is too optimistic to expect this pairing to be perfect.

Our next task is to establish a proper pushforward map for syntomic P -cohomology
groups. In [4], such a map is constructed by using the perfect pairing on finite polynomial
cohomology groups. In our situation, we are not able to prove the pairing introduced
above is a perfect pairing. However, one may still establish a proper pushforward map
in our case by using the perfect pairings on Hyodo–Kato cohomology groups and
the perfect pairing on the de Rham cohomology groups. We begin with the following
lemma.

Lemma 4.2.4. Let X be a proper smooth dagger space over K with log structure
given by a normal crossing divisor. We write d D dim X. Let E be a unipotent vector
bundle on X with integrable connection. Moreover, assume E admits a filtration
Fil� that satisfies Griffiths’s transversality. Then, for any degree i , we have a natural
isomorphism

F nH i
log;dR.X;E

_/ Š

�
H 2d�i

log;dR;c.X;E
_/

F d�nC1H 2d�i
log dR;c.X;E

_/

�_
;

where the Hodge filtration onH 2d�i
log;dR;c.X;E

_/ is induced from the dual filtration Fil_;�

defined in Remark 3.2.7.

Proof. Recall the pairing

R�log dR.X;E/˝R�log dR;c.X;E
_/! R�log dR;c.X/
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is induced by the pairing

E˝�
log;s
X=K
� E_ ˝�

log;t
X=K
! �

log;sCt
X=K

; .f ˝ !; g ˝ �/ 7! hf; gi! ^ �;

where h�; �i is the natural pairing on E � E_.
Supposef ˝! is a section of FilnE˝�log;s

X=K
andg˝ � is a section ofE_˝�log;s

X=K
.

Then

hf; gi! ^ � D 0

, g is a section of Fil_;�iC1 E_ or ! ^ � D 0
, g is a section of Fil_;j E_ for some j � �i C 1 or ! ^ � D 0:

Consequently, writing F nR�log dR.X;E/ ,! R�log dR.X;E/ for the natural inclusion,
its dual projection R�log dR;c.X; E

_/ � R Hom.F nR�log dR.X; E/; K/Œ�2d� has
kernel

ker
�
R�log dR;c.X;E

_/ � RHom.F nR�log dR.X;E/;K/Œ�2d�
�

D F d�nC1R�log dR;c.X;E
_/:

In particular,

RHom.F nR�log dR.X;E/;K/Œ�2d� ' DRc.X;E_; d � nC 1/:

The assertion then follows from taking cohomology (Remark 4.1.4).

Proposition 4.2.5. Suppose Z is a flat strictly semistable weak formal scheme
over O

logD$
K , together with an exact closed immersion �WZ ,! X of codimension i . We

write Z0 for its special fibre and Z for its dagger generic fibre. Assume also that Z is
smooth over K. Let .E; ˆ;Fil�/ 2 Syn.X0;X;X/ be such that Fil� D .E D Filr E �
� � � � Fil` E � Fil`C1 E D 0/ for some r; ` 2 Z with ` � r . Then, for any P 2 Poly
and any j 2 Z�0, we have a pushforward map

��WH
j
syn;P .Z; �

�E; n/! H
jC2i
syn;P .X;E; nC i/:

Proof. The proof follows from the following three steps.

Step 1. We claim that there is a pushforward map

��WR�HK.Z0; .�
�E; ˆ//Œ2i �.i/! R�HK.X0; .E; ˆ//:

Consider the pullback map

��WR�HK;c.X0; .E
_; ˆ_//! R�HK;c.Z0; .�

�E_; ˆ_//:
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By Poincaré duality (4.4), this is the same as the pullback map

��WRHom.R�HK.X0; .E; ˆ//;K0/Œ�2d�.�d/

! RHom.R�HK.Z0; .�
�E; ˆ//;K0/Œ�2d C 2i�.�d C i/:

By applying RHom.�; K0/Œ2d �.d/, we then get

��WR�HK.Z0; .�
�E; ˆ//Œ2i �.i/! R�HK.X0; .E; ˆ//

as desired.

Step 2. We claim that there is a pushforward map

��WDR.Z; ��E; n/Œ2i �! DR.X;E; nC i/:

This pushforward map is obtained similarly. Indeed, consider the pullback map

��WFmR�log dR;c.X;E
_/! FmR�log dR;c.Z; �

�E_/

for any m 2 Z. By the proof of Lemma 4.2.4, we know that this is the same as

��WRHom.DR.X;E; d �mC 1/;K/Œ�2d�
! RHom.DR.Z; ��E; d � i �mC 1/;K/Œ�2d C 2i�:

By applying RHom.�; K/Œ2d �, one obtains

DR.Z; ��E; d � i �mC 1/Œ2i �! DR.X;E; d �mC 1/:

Since m is arbitrary, the desired pushforward map follows.

Step 3. Combining the previous steps and the definition of R�syn;P , one obtains a map

R�syn;P .Z; �
�E; n/Œ2i �! R�syn;P .X;E; nC i/:

The desired pushforward map then follows from taking cohomology groups.

4.3 – Finite polynomial cohomology

Let X be a proper smooth scheme over OK with trivial log structure, which is
of relative dimension d . We write X0 (resp., X, resp., X) for its special fibre (resp.,
$ -adic weak completion, resp., dagger generic fibre). For each i 2 Z�0, we define

Zi .X/´
®
Z W smooth irreducible closed subscheme of X of codimension i

¯
:

For each Z 2 Zi .X/, we again use similar notation and denote by Z0 (resp., Z, resp.,
Z) its special fibre (resp., $-adic weak completion, resp., dagger generic fibre). For
each such Z, we write �ZWZ ,! X for the induced closed immersion from Z to X.
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Lemma 4.3.1. Let .E; ˆ;Fil�/ 2 Syn.X0;X;X/ and we suppose furthermore that
.E; ˆ/ is a unipotent object in FIsoc�.X0=OK0

/, i.e., E is an iterated extension of the
trivial overconvergent F -isocrystal OX0=OK0

. Let i; j 2 Z�0 and letZ 2 Zi .X/. Then
the Frobenius action on H j

HK.Z0; .E; ˆ//´ H
j
HK.Z0; .�

�
ZE; �

�
Zˆ// has eigenvalues

of Weil weight j .

Proof. Due to the assumption on E, it suffices to show the statement for the trivial
coefficient. However, this is a result in [11].

Remark 4.3.2. Lemma 4.3.1 can easily be generalised, with little modification on
the Weil weight, to those .E;ˆ/ which are iterated extensions of OX0=OK0

.r/ (for some
fixed r 2 Z), where OX0=OK0

.r/ is the Tate twist of OX0=OK0
defined by multiplying

' by p�r . Such a purity statement breaks for general .E; ˆ/.

Let

Polyj ´ the submonoid of Poly, consisting of polynomials of weight j ;

i.e., those having roots ˛ with j˛jC D qj=2 for every embedding of ˛ in C:

For any Z 2 Zi .X/, any n 2 Z and any j 2 Z, we write

(4.5) H
j
fp.Z;E; n/´ lim

�!
P2Polyj

H
j
syn;P .Z; �

�
ZE; n/:

Then we have the following immediate corollary.

Corollary 4.3.3. Let .E; ˆ;Fil/ 2 Syn.X0;X;X/ be such that .E; ˆ/ is a uni-
potent object in FIsoc�.X0=OK0

/. For any Z 2 Zi .X/, any n 2 Z and any j 2 Z,
we have a short exact sequence

0!
H
j�1
dR .Z;E/

F nH
j�1
dR .Z;E/

ifp
�! H

j
fp.Z;E; n/

prfp
��! F nH

j
dR.Z;E/! 0:

Here, H j
dR.Z;E/´ H

j
dR.Z; �

�
ZE/.

Proof. By Corollary 4.1.12, we have a short exact sequence

0 ��!
H
j�1
dR .Z;E/

P.ˆe/.F nH
j�1
dR .Z;E//

ifp
�! H i

syn;P .Z;E; n/

prfp
��! H

j
HK.Z0; .E; ˆ//

P.ˆe/D0
˝K0

K \ F nH
j
dR.Z;E/! 0
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for P 2 Polyj . Note that P.ˆe/ gives an isomorphism

P.ˆe/W
H
j�1
dR .Z;E/

F nH
j�1
dR .Z;E/

!
H
j�1
dR .Z;E/

P.ˆe/.F nH
j�1
dR .Z;E//

:

Moreover, Lemma 4.3.1 implies that

H
j
HK.Z0; .E; ˆ//

P.ˆe/D0
˝K0

K \ F nH
j
dR.Z;E/ D F

nH
j
dR.Z;E/

when P runs through the cofinal set of polynomials divided by the characteristic
polynomial of ˆe . One then easily concludes the result.

Corollary 4.3.4. Let .E; ˆ; Fil�/ 2 Syn.X0;X;X/ be such that .E; ˆ/ is a
unipotent object in FIsoc�.X0=OK0

/. Then we have a perfect pairing

H i
fp.X;E; n/ �H

2d�iC1
fp .X;E_; d � nC 1/! K:

Proof. By Corollary 4.3.3, we have two short exact sequences

0!
H i�1

dR .X;E/

F nH i�1
dR .X;E/

! H i
fp.X;E; n/! F nH i

dR.X;E/! 0

and

0!
H 2d�i

dR .X;E_/

F d�nC1H 2d�i
dR .X;E_/

! H 2d�iC1
fp .X;E; n/

! F d�nC1H 2d�iC1
dR .X;E/! 0:

Taking dual to the latter short exact sequence gives rise to the short exact sequence

0! .F d�nC1H 2d�iC1
dR .X;E//_ ! .H 2d�iC1

fp .X;E; n//_

!

� H 2d�i
dR .X;E_/

F d�nC1H 2d�i
dR .X;E_/

�_
! 0:

However, by Lemma 4.2.4, we have a commutative diagram

0
H i�1

dR .X;E/

F nH i�1
dR .X;E/

H i
fp.X;E; n/ F nH i

dR.X;E/ 0

0 .F d�nC1H 2d�iC1
dR .X;E_//_ H 2d�iC1

fp .X;E_; d � nC 1/_
� H2d�i

dR .X;E_/

F d�nC1H2d�i
dR .X;E_/

�_
0;

Š
Š

which induces an isomorphism on the middle terms. The assertion then follows.
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5. The Abel–Jacobi map and p-adic integration

The main goal of this section is to provide a construction of the Abel–Jacobi map.
Following Besser’s strategy in [4], we first show that finite polynomial cohomology
with coefficients can be viewed as a generalisation of Coleman’s integration theory in
[13, Section 10] for modules with connections. Then we construct the Abel–Jacobi
map in Section 5.2. As mentioned in the introduction, the idea is that the Abel–Jacobi
map should admit an interpretation as a certain kind of integration. Since we wish
to utilise the Coleman integration theory, in the aforementioned discussions we shall
restrict ourselves to varieties with good reduction. In the final Section 5.3, we shall
briefly discuss the case for varieties with semistable reduction.

5.1 – A connection with Coleman’s p-adic integration

Suppose in this subsection that X is a proper smooth curve over OK with trivial log
structure. We also assume thatK D K0 for the convenience of the exposition. Suppose
moreover that .E; ˆ;Fil�/ 2 Syn.X0;X;X/ is of trivial filtration, i.e.,

Fili E D

´
E; i � 0;

0; i > 0:

For any affine open Y � X , we again similarly write Y0 (resp., Y, resp., Y) for
its special fibre (resp., $ -adic weak completion, resp., dagger generic fibre). For any
polynomial P 2 Poly, we similarly consider

R�syn;P .Y;E; n/´ Cone
�
R�HK.Y0=K; .E; ˆ//

P.ˆe/˚‰HK
��������! R�HK.Y0=K; .E; ˆ//

˚
R�dR.Y;E/

F nR�dR.Y;E/

�
Œ�1�:

Note that, since X is smooth over OK , we do not have the monodromy operator; also,
because of the assumption K D K0, the Hyodo–Kato map ‰HK is, in fact, the identity
map. Immediately from the construction, we see that there is a restriction map

R�syn;P .X;E; n/! R�syn;P .Y;E; n/; x 7! xjY :

Our main result of this subsection reads as follows.

Lemma 5.1.1. Let .E; ˆ;Fil�/ be as above. Then, for any affine open Y � X , we
have an isomorphism

H 1
syn;P .Y;E; 1/ Š

®
.f; !/ 2 E.Y/˚ .E.Y/˝OY.Y/ �

1
Y=K/ W rf D P.ˆ

e/!
¯
:
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Proof. By the assumption on the filtration of E and the construction, the complex
defining R�syn;P .Y;E; 1/ is given by

E.Y/
x 7!.�rx;P.ˆe/x;x/
��������������! .E.Y/˝OY.Y/ �

1
Y=K/˚ E.Y/˚ E.Y/

.x;y;z/7!P.ˆe/xCry
���������������! E.Y/˝OY.Y/ �

1
Y=K :

Therefore,

H 1
syn;P .Y;E; 1/

D

®
.x; y; z/ 2 .E.Y/˝OY.Y/ �

1
Y=K

/˚ E.Y/˚ E.Y/ W P.ˆe/x Cry D 0
¯®

.�rx; P.ˆe/x; x/ W x 2 E.Y/
¯ :

However, one observes that there is an isomorphism

H 1
syn;P .Y;E; 1/!

®
.f; !/ 2 E.Y/˚ E.Y/˝OY.Y/ �

1
Y=K W rf D !

¯
;

.x; y; z/ 7! .�x � rz; y � P.ˆe/z/;

and the assertion then follows.

To link our theory with Coleman integration, we have to introduce more terminology.
Let yX be the$ -adic completion of X, which is viewed as a rigid analytic space. Recall
that there is a specialisation map

spW j yXj ! jX0j;

locally given by

jSpa.A;Aı/j ! jSpecAı=$ j;
j � jx 7! px ´ ¹a 2 A

ı=$ W j Qajx < 1 for some Qa 2 Aı s.t. Qa � a mod $º:

Then, for any affine open U0 � X0, we define the tube

�U0Œ yX ´ the interior of sp�1.U0/:

Note that any affine open U0 � X0 is of the form U0 D X0 n ¹x1; : : : ; xtº, where xi
are points in X0. Thus,

�U0Œ yX D
yX n

� t[
jD1

D. Qxj ; 1/

�
;
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where Qxj 2 yX is a lift of xj and D. Qxj ; 1/ is the disc of radius 1 centred at Qxj , i.e.,
D. Qxj ; 1/ D�xj Œ yX . An open subset W � yX of the form

yX n

� t[
jD1

D. Qxj ; rj /

�
with 0 < rj < 1 is called a strict neighbourhood of �U0Œ yX (in yX).

Moreover, if we start withE 2 Isoc�.X0=OK/, then its$ -adic completion OE defines
a coherent sheaf on yX with integrable connection

OE
r
�! OE˝O yX

�1
yX=K

:

One sees immediately that there is a natural map

H i
dR.X;E/! H i

dR.
yX; OE/

given by the $-adic completion. However, since both spaces are finite-dimensional
K-vector spaces, this morphism is, in fact, an isomorphism.

Corollary 5.1.2. Let .E;ˆ;Fil�/ 2 Syn.X0;X;X/ be as above and let P 2 Poly
be a polynomial such that P.ˆe/ annihilates H 1

HK.X; .E; ˆ// and is an isomorphism
on H 0

HK.X; .E; ˆ//. So we have a projection

prfpWH
1
syn;P .X;E; 1/ � F 1H 1

dR.X;E/ D �.X;E˝OX
�1X=K/:

Then, for any ! 2 �.X;E˝OX
�1

X=K
/, a lift z! 2H 1

syn;P .X;E; 1/ of ! can be viewed
as a Coleman integral of ! in the following sense:

LetY0�X0 be an affine open subscheme. Then the pullback of z! inH 1
syn;P .�Y0Œ yX ;E;

1/ corresponds uniquely to a locally analytic section F! (see [13, §10]) of E over some
strict neighbourhood W of �Y0Œ yX such that rF! D !jW . Moreover, if z!0 is another
lift of ! that corresponds to the integral F 0! on W , then

F! � F
0
! 2 E.W/rD0:

Proof. By Lemma 5.1.1, we see that

z!jY D .f; !/ with rf D P.ˆe/!:

Then, by applying [13, Theorem 10.1], we have the desired F! .

Remark 5.1.3. Careful readers will find that there is a condition in [13, The-
orem 10.1] that E has regular singular annuli. We remark that, since we start with
.E; ˆ; Fil�/ 2 Syn.X0;X;X/, E is, in particular, unipotent. This then implies that
Coleman’s condition of E being regular singular is fulfilled.
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5.2 – The Abel–Jacobi map

Let X be a proper smooth scheme over OK with trivial log structure, which is of
relative dimension d . We fix .E; ˆ;Fil�/ 2 Syn.X0;X;X/ such that

• Fil� D .E D Fil0 E � � � � � Fil` E � Fil`C1 E D 0/;7

• .E; ˆ/ is a unipotent object in FIsoc�.X0=OK0
/.8

Consequently, for any i 2 Z�0, Z 2 Zi .X/, we have

H 0
fp.Z;E; 0/ Š H

0
dR.Z;E/:

We shall then always identify H 0
fp.Z;E; 0/ with H 0

dR.Z;E/ via this isomorphism.
Inspired by the classical definition of cycle class groups, we have the following

definition.

Definition 5.2.1. Let .E; ˆ;Fil/ be as above. Let i 2 Z�0. Then the (de Rham)
cycle class group of codimension i with respect to E is defined to be

Ai .X;E/´
M

Z2Zi .X/

H 0
dR.Z;E/:

An element in Ai .X;E/ will be written in the form .�Z/Z or
P
Z �Z �Z.

Note that, by applying Proposition 4.2.5, we have a pushforward map

�Z;�WH
0
fp.Z;E/! H 2i

fp .X;E; i/:

It then induces a morphism

�fpWA
i .X;E/! H 2i

fp .X;E; i/; .�Z/Z 7!
X

Z2Zi .X/

�Z;��Z :

Composing the map with the projection in the short exact sequence

0!
H 2i�1

dR .X;E/

F iH 2i�1
dR .X;E/

ifp
�! H 2i

fp .X;E; i/
prfp
��! F iH 2i

dR.X;E/! 0;

(7) The assumption on the filtration is unnecessary and can always be achieved by shifting
the filtration on E. We make this assumption to simplify the notation in later computations.

(8) This condition can be relaxed to those .E; ˆ/ that are a Tate twist of a unipotent object of
the category of overconvergentF -isocrystals. Consequently, the definition of the finite polynomial
cohomology will have to be slightly modified. See Remark 4.3.2.
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we obtain a morphism

prfp ı �fpWA
i .X;E/! F iH 2i

dR.X;E/; .�Z/Z 7!
X

Z2Zi .X/

prfp.�Z;��Z/:

Definition 5.2.2. Let .E;ˆ;Fil�/ and i be as above. A class .�Z/Z 2 Ai .X;E/ is
said to be null-homologous (or de Rham homologous to zero) if .�Z/Z 2 ker prfp ı �fp.
Consequently, we define

Ai .X;E/0´
®
.�Z/Z 2 A

i .X;E/ W .�Z/Z is null-homologous
¯
D ker prfp ı �fp:

Theorem 5.2.3. Let .E; ˆ; Fil�/ and i be as above. Then there exists a natural
morphism, the finite polynomial Abel–Jacobi map for .E; ˆ;Fil�/,

AJfp D AJfp;EWA
i .X;E/0 ! .F d�iC1H 2d�2iC1

dR .X;E_//_

such that for any .�Z/Z 2 Ai .X;E/0 and any ! 2 F d�iC1H 2d�2iC1
dR .X;E_/,

AJfp..�Z/Z/.!/ D

�Z
Z

!

�
.�Z/:

Here, �Z
Z

!

�
.�Z/´ h�

�
Z z!; �Zifp;

where z! is a lift of ! inH 2d�2iC1
fp .X;E_; d � i C 1/ and h�; �ifp is the pairing induced

by the perfect pairing in Corollary 4.3.4.

Proof. Observe that

�fp.A
i .X;E// � ker prfp D

H 2i�1
dR .X;E/

F iH 2i�1
dR .X;E/

:

However, the Poincaré duality for de Rham cohomologies implies that

H 2i�1
dR .X;E/

F iH 2i�1
dR .X;E/

Š .F d�iC1H 2d�2iC1
dR .X;E_//_:

Therefore, we arrive at the desired map

AJfpWA
i .X;E/0 !

H 2i�1
dR .X;E/

F iH 2i�1
dR .X;E/

Š .F d�iC1H 2d�2iC1
dR .X;E_//_:
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To show the formula, it is enough to look at oneZ 2Zi .X/ and any �Z 2H 0
dR.Z;E/.

For any ! 2 F d�iC1H 2d�2iC1
dR .X; E_/, we choose a lift z! 2 H 2d�2iC1

fp .X; E_;

d � i C 1/ via the short exact sequence

0!
H 2d�2i

dR .X;E_/

F d�iC1H 2d�2i
dR .X;E_/

! H 2d�2iC1
fp .X;E_; d � i C 1/

! F nH 2d�2iC1
dR .X;E_/! 0:

Then we have

AJfp.�Z �Z/.!/ D h�
�
Z z!; �Zifp;Z D hz!; �Z;��Zifp;X ;

where the first equation follows from the compatibility in Corollary 4.2.2, the second
equation follows from the definition of AJfp and the final equation follows from the
construction of the pushforward map.

Remark 5.2.4. Comparing the Abel–Jacobi map with coefficients with the classical
one (recalled in Section 1.1), one might find Ai .X;E/ a bit ad hoc. However, one can
check that the classical Abel–Jacobi map, in fact, factors as

AJWAi .X/0 ! Ai .X;OX0=OK0
/0 ! .F d�iC1H 2d�2iC1

dR .X//_:

One then sees that our construction actually agrees with the classical one when the
coefficient is trivial.

Remark 5.2.5. It is clear from Corollary 5.1.2 that the lift z! should be viewed
as a (generalised) “Coleman integral”. This justifies the notation

R
Z
! in Theorem

5.2.3.

5.3 – Towards a semistable theory

In this subsection we would like to discuss a direction how one could generalise the
finite polynomial Abel–Jacobi map to varieties with semistable reduction. Therefore,
we fix a proper scheme X over OK , which is of relative dimension d . We assume its
special fibre X0 is strictly semistable and its $ -adic weak formal completion X has a
proper smooth dagger generic fibre X.

For each i 2 Z�0, we define

Zi .X/´

8<:Z ,! X
exact closed immersion
of codimension i W

Z is strictly semistable over
O

logD$

K
, whose dagger generic

fibre Z is smooth overK

9=; :
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For each Z 2 Zi .X/, we similarly denote its special fibre (resp., $-adic weak
formal completion) by Z0 (resp., Z). Also, we write �ZWZ ,! X for the induced exact
closed immersion.

Let .E; ˆ; Fil�/ 2 Syn.X0;X;X/. We again assume Fil� D .E D Fil0 E � � � � �
Fil` E � Fil`C1 E D 0/ to simplify the notation in computation. Hence, by Corollary
4.1.9, we have

H 0
syn;P .Z;E; 0/ Š H

0
HK.Z0; .�

�
ZE; �

�
Zˆ//

P.ˆe/D0;ND0
˝K0

K

for any Z 2 Zi .X/ and any P 2 Poly.
From now on, we fix a P 2 Poly. We similarly consider the (Hyodo–Kato) cycle

class group of codimension i with respect to P and E, defined to be

Ai .X; P;E/´
M

Z2Zi .X/

H 0
HK.Z0; .�

�
ZE; �

�
Zˆ//

P.ˆe/D0;ND0
˝K0

K:

Then, via the pushforward map in Proposition 4.2.5, one obtains a map

�fpWA
i .X; P;E/! H 2i

syn;P .X;E; i/:

Recall from Proposition 4.1.6 that we have a natural map

%fpWH
2i
syn;P .X;E; i/! H 2i

HK.X0; .E; ˆ//
P.ˆe/D0;ND0

˝K0
K \ F iH i

log dR.X;E/:

Composing �fp with %fp, we define the null-homologous cycles to be elements in

Ai .X; P;E/0´ ker %fp ı �fp:

Consequently, by applying the 3-step filtration in Corollary 4.1.7, we can define the
syntomic P -Abel–Jacobi map ,

AJsyn;P WA
i .X; P;E/0

�fp
�! F 1P :

To understand AJsyn;P , suppose we can chooseQ 2 Poly such that P �Q satisfies
the conditions in Corollary 4.1.9 (ii). Then the pairing in Remark 4.2.3 yields a map

H 2i
syn;P .X;E; i/! .H 2d�2iC1

syn;Q;c .X;E_;�i C d C 1//_

for any m 2 Z. Therefore, for any ! 2 H 2d�2iC1
syn;Q;c .X;E_;�i C d C 1/ and for any

.�Z/Z 2 A
i .X; P;E/0, we have

(5.1) AJsyn;P ..�Z/Z/.!/ D
X

Z2Zi .X/

h�Z;��Z ; !i D
X

Z2Zi .X/

h�Z ; �
�
Z!i;

where the pairing h�; �i is the pairing in Remark 4.2.3.
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We finally remark that the formalism above is far from satisfactory for the following
reasons:

(i) Since we do not have a perfect pairing in this situation, equation (5.1) does not
uniquely determine the class AJsyn;P ..�Z/Z/.

(ii) In practice, the cohomology classes that we are interested in usually come from
the de Rham cohomology. However, we can only work out a formula for the
syntomic P -cohomology groups. Of course, if one could choose Q such that
Q.q�1ˆ_;e/ further acts isomorphically on H 2d�2i

HK;c .X;E_;�i C d C 1/, then
we have a surjection

H 2d�2iC1
syn;Q;c .X;E_;�i C d C 1/

� H 2d�2iC1
HK;c .X0; .E

_; ˆ_//Q.ˆ
_;e/D0;ND0

˝K0
K

\ F �iCdC1H 2d�2iC1
log dR;c .X;E_/:

Hence, for any

! 2 H 2d�2iC1
HK;c .X0; .E

_; ˆ_//Q.ˆ
_;e/D0;ND0

˝K0
K

\ F �iCdC1H 2d�2iC1
log dR;c .X;E_/;

one can choose a lift z! 2H 2d�2iC1
syn;Q;c .X;E_;�i C d C 1/. However, (5.1) suggests

that the resulting calculation will still depend on the choice of z!.

(iii) Finally, it would be more pleasant to have a theory that does not depend on the
choice of P and Q. However, unlike in the good reduction case, we do not have
a good control on the eigenvalues of the Frobenius actions on the cohomology
groups. To the authors’ knowledge, these eigenvalues could be pathological for
general coefficients. Even for certain nice enough coefficients, we still know little
about how one can control the Frobenius actions (see, for example, [41, Proposition
6.6]).

6. Applications

In this section we aim to carry out an arithmetic application of the previous theory.
More precisely, we would like to establish a relation between the finite polynomial
Abel–Jacobi map and the arithmetic of compact Shimura curves over Q. Our result is
inspired by the works of Darmon–Rotger [15] and Bertolini–Darmon–Prasanna [3].

To establish such an arithmetic application, one immediately encounters the problem
that, in the previous sections, we consider our coefficients in Syn.X0;X;X/, which
are required to be unipotent, while we do not know whether the sheaves that one often
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encounters in the theory of automorphic forms are unipotent. However, taking a closer
look at our theory, one finds that the condition of unipotence can be loosened once the
following conditions are satisfied.

Conditions. Suppose X0, X and X are as in Section 3. Let Syn].X0;X;X/ be
the category consisting of triples .E;Fil�;ˆ/, where E 2 Isoc�.X0=OlogD;

K0
/ , Fil� be a

filtration of E on X that satisfies Griffiths’s transversality and ˆ be a Frobenius action
on R�HK.X0;E/.9

• (HK-dR) There exists a morphism

‰HKWR�HK.X0;E/! R�dR.X;E/

such that, after base change to K, ‰HK ˝ id is a quasi-isomorphism.

• (Purity) Suppose moreover that there is a smooth schemeX over OK whose$ -adic
weak completion is X. Then there exists s 2 Z such that for every closed irreducible
smooth subscheme Z � X , the characteristic polynomial of ˆ on H i

HK.Z0;E/ is
of pure Weil weight s C i 2 Z. (If E is in fact unipotent, one only needs to check
this condition on X .)

Remark that the hypothesis (HK-dR) allows us to consider the diagram in Definition
4.1.1. Note also that (HK-dR) holds when X is smooth and K D K0 is an unramified
finite extension of Qp (by [41, Proposition 8.9]). On the other hand, the hypothesis
(Purity) allows us to consider

H
j
fp.Z;E; n/´ lim

�!
P2PolysCj

H
j
syn;P .Z;E; n/

as in (4.5). In this situation, the formalism in Section 5.2 immediately goes through.

6.1 – Heuristic on non-unipotent coefficients

As we have remarked above, in the following two applications (Sections 6.3 and 6.4),
we do not know whether our sheaves are unipotent. For these sheaves, the filtrations in
the targets of the associated Abel–Jacobi maps need to be modified. We here propose
suitable notation and explain the numbering of the filtrations.

(9) Here we relax the condition a little: we do not require a Frobenius action on the sheaf
level but only a Frobenius action on the complex. If we start with .E;ˆ/ 2 FIsoc�

.X0=X
logD;
K0

/,
then the condition is automatic.
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For simplicity, assumeX is a proper variety over Qp . IfX is of good reduction, then
its étale cohomology is crystalline. The p-adic Hodge theory provides a comparison
between étale cohomology and de Rham cohomology; the latter lies in the category of
filtered Frobenius modules (see for example [1] and the references therein).

To motivate our discussion for non-trivial coefficients, we begin with a brief sum-
mary for the trivial coefficient case. Recall, ifZ � X is a smooth irreducible subvariety
of codimension n, we have an isomorphism H 0

dR.Z/ Š Qp and the Gysin sequence

0! H 2n�1
dR .X/! H 2n�1

dR .X nZ/! H 2n
dR;Z.X/.�n/ Š H

0
dR.Z/.�n/

clX
��! H 2n

dR .X/! � � � :

Suppose nowZ D
P
ajZj 2 A

n.X/0. The condition of being cohomologically trivial
implies that the sum of images under clX , namely

P
aj clX .1Zj

/, is zero. Hence one
gets an extension

0! H 2n�1
dR .X/! D ! Qp.�n/! 0:

Let us now turn to non-trivial coefficients H. Inspired by the trivial coefficient case,
the question reduces to finding a trivial piece inH 0.Z;H/. This is not easy in general.
However, when the sheaf H comes from a universal object over X , one can modify the
method above. We shall briefly explain a simple case below.

Suppose we have a commutative diagram of smooth connected Qp-schemes with
good reductions

E EZ D

X Z;

�

where

• dimE D dE , dimX D 1 and dimZ D 0 ,

• � WE ! X is proper, smooth, and the square is given by pullback,

• D is of codimension n in E, hence of codimension n � 1 in EZ . Moreover, we
require that D 2 An.E/0. But D 2 An�1.EZ/ is not cohomologically trivial.10

Consider
H´ �Rs���

�
E=X

(10) Here, we abuse the notation, denoting by D both the cohomologically trivial cycle and
its support.
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for some s 2 Z and some idempotent � 2 QpŒAut.E=X/�. We shall also assume D
is stable under �, i.e., �D D D. Hence, one sees that H has pure weight s and so
H 1

dR.X;H/ is of pure weight s C 1. Moreover, note that we have the relative Leray
spectral sequence (see [29, (3.3.0)])

E
ij
2 ´ H i

dR.X;R
j���

�
E=X /) H

iCj
dR .E/:

This allows us to view H 1
dR.X;H/ as a piece of H sC1

dR .E/ (or, more precisely,
�H sC1

dR .E/).
Now, for each irreducible component D0 of the codimension n � 1 cycle D in EZ

gives a pushforward map

H 0
dR.D

0/.�nC 1/ Š Qp.�nC 1/! H 2n�2
dR .EZ/

of filtered Frobenius modules, which provides a piece of Qp. Moreover, by setting
E 0 D E nEZ , we have the Gysin sequence

� � � ! H 2n�3
dR .EZ/.�1/! H 2n�1

dR .E/! H 2n�1
dR .E 0/! H 2n�2

dR .EZ/.�1/

! H 2n
dR .E/! � � � :

To relate H 1
dR.X;H/ with H 2n�1

dR .E/, one sees it is inevitable that we need the
condition s D 2n � 2. In particular, s can only be even. Note that, by definition, we
have H 0

dR.Z;H/ ,! �H 2n�2
dR .EZ/. We shall assume that we can choose � so that

• it annihilates H j
dR.E/ for j ¤ 2n � 1; and

• it gives rise an isomorphism �H 2n�1
dR .E/ Š H 1

dR.X;H/ via the Leray spectral
sequence.

Consequently, one obtains a diagram

0 �H 2n�1
dR .E/ �H 2n�1

dR .E 0/ �H 2n�2
dR .EZ/.�1/ � � �

H 0
dR.Z;H/.�n/

Qp.�n/ H 0
dR.D/.�n/;

where the inclusion Qp.�n/ ,! H 0
dR.D/.�n/ is the unique line in H 0

dR.D/.�n/

determined by the coefficients of the decomposition D D
P
j cjD

0
j into irreducible

components. One then obtains an extension by pullback

0! H 1
dR.X;H/! F ! Qp.�n/! 0:
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Via the isomorphism ([3, Proposition 3.5])

Ext1ffm.Qp.�n/;H
1
dR.X;H// Š H

1
dR.X;H/=Filn;

one may further interpret the extension F as an Abel–Jacobi map similar to what we did
in Section 5.2. Here, the Ext-group is computed in the category of filtered Frobenius
modules over Qp .

Notice that the filtration number n D s
2
C codim.Z; X/ should be the “correct”

one. This formula holds in a more general picture, that is, for a sheaf H of pure weight
s D 2r , and a element � 2 Ai .X;H/0. The correct Abel–Jacobi map will send it to
H 2i�1

dR .X;H/=Fil
s
2Ci . One can then identify it as Filj Hm

dR.X;H
_/ under the correct

duality.

Remark 6.1.1. In some applications, the extension class relies heavily on the
fact that the sheaf H comes from a piece of the cohomology of a certain “universal”
geometric object and one can construct an idempotent � that kills unwanted degrees of
cohomology. This is the strategy appearing in [3, 15]. However, our approach suggests
that one may work directly with the sheaves themselves instead of going back and forth
between the universal geometric object and the sheaves.

In general, one does not know whether there should be any trivial piece (i.e., Qp-
line) in H 0

dR.Z;H/. But in case there is, we suggest this is the correct modification of
the filtration.

Remark 6.1.2. One notices that there is the even-ness condition on the sheaf, i.e.,
the weight s of H must be even. This phenomenon also appears in the applications
Sections 6.3 and 6.4 below (see also [3, 15]).

6.2 – Compact Shimura curves over Q

In this subsection we briefly recall the theory of compact Shimura curves over Q

as preparation for the next subsection. Our main references are [10, 16, 27] and readers
are encouraged to consult them for more detail discussions.

LetD be an indefinite non-split quaternion algebra over Q. We assume that p does
not divide the discriminant disc.D/ of D. In particular, D ˝Q Qp Š M2.Qp/. We
fix a maximal order OD � D and an isomorphism OD ˝Z Zp 'M2.Zp/. We further
denote by G the algebraic group over Z, whose R-points are given by

G.R/´ .OD ˝Z R/
�

for any ring R. We fix once and for all a neat compact open subgroup �p � G.yZp/
such that �p D

Q
`¤p �` with �` � G.Z`/ being compact open and det�p D yZp;�.

We set � ´ �pG.Zp/ D �p GL2.Zp/.
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By a false elliptic curve over a ZŒ1=disc.D/�-scheme S , we mean a pair .A; i/,
where A is an abelian surface over S and i WOD ,! EndS .A/. Note that on .A; i/, there
is a unique principal polarisation ([10, §1]). By the discussion in [10, §2], we know
that the functor

SchZp
! Sets;

S 7!
°
.A; i; ˛/ W

.A; i/ is a false elliptic curve over S ;
˛ is a �-level structure

±
= '

is representable by a smooth projective scheme over Zp of relative dimension 1. We
denote this curve by X . As usual, we write X0 for the special fibre of X over Fp,
X for the p-adic weak completion of X and X for the dagger space associated with X.
To be consistent with respect to our discussions above, we remark that X0, X and X

are equipped with the trivial log structure.
Let � WAuniv ! X be the universal false elliptic curve over X . We consider three

sheaves

z! ´ ���
1
Auniv=X ;

zH´ R1���
�

Auniv=X and z!�1´ R1��OAuniv

with a canonical exact sequence

(6.1) 0! z! ! zH! z!�1 ! 0

given by the Hodge–de Rham spectral sequence. We choose once and for all an idem-
potent " 2M2.Zp/ D OD as in [16, §4] (e.g., " D . 1 00 0 /) and define

! ´ "z!; H´ " zH and !�1´ "z!�1:

Lemma 6.2.1. The sheaves !, H and !�1 enjoy the following properties:

(i) We have !�1 Š !_ and ! Š !�1 ˝OX
�1
X=Zp

.

(ii) There exists an exact sequence

0! ! ! H! !�1 ! 0:

In particular, H is of locally free of rank 2 over X with a filtration

Fili H D

8̂̂<̂
:̂
H; i � 0;

!; i D 1;

0; i > 1:

(iii) The sheaf H is self-dual.
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(iv) There is an integrable connection

rWH! H˝OX
�1X=Zp

such that the filtration in (ii) satisfies Griffiths’s transversality.

Proof. The first assertion is nothing but [16, Lemma 7]. For the second assertion,
one applies " to the exact sequence (6.1). For (iii), note that zH is self-dual, with duality
coming from the principal polarisation on Auniv. Together with the fact that H is dual
to .1 � "/ zH and these two subsheaves are isomorphic to each other (see, for example,
[8, §1.4] or [9, §1]), we conclude (iii). Finally, (iv) follows from the fact that zH admits
an integrable connection, i.e., the Gauß–Manin connection, that satisfies Griffiths’s
transversality.

For any k 2 Z>0, we define

!k ´ !˝k and Hk
´ SymkH:

By Lemma 6.2.1, we see that

• Hk admits a filtration of length k, i.e.,

Hk
D Fil0Hk

� Fil1Hk
� � � � � FilkHk

� FilkC1Hk
D 0

with
Fili Hk=FiliC1Hk

Š !i ˝OX
.!�1/˝k�i I

• Hk admits an integrable connection which satisfies Griffiths’s transversality (with
respect to the filtration above).

A similar computation to [38, Theorem 2.7] shows that the Hodge filtration on
H 1

dR.XQp
;Hk/ is given by

F nH 1
dR.XQp

;Hk/ D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
H 1

dR.XQp
;Hk/; n � 0;

H 0.XQp
; !k ˝OXQp

�1XQp
/

D H 0.XQp
; !kC2/; n D 1; : : : ; k C 1;

0; n > k C 1;

where the equation H 0.XQp
; !k ˝OXQp

�1XQp
/ D H 0.XQp

; !kC2/ follows from
the Kodaira–Spencer isomorphism (see [27, Corollary 3.2]).

Lemma 6.2.2. Let k 2 Z>0. The sheaf Hk induces an object in Syn#
.X0;X;X/,

denoted by .Hk;Fil�; ˆ/, such that (HK-dR) is satisfied.
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Proof. Note first that Hk induces a locally free OX-module on X, which we still
denote by Hk . We now explain how Hk defines a sheaf on OC.X0=Zp/.

Observe first that X0 and X defines an object in OC.X0=Zp/ by

X0 X

X0 Spec Fp Spwf Zp;

where the vertical maps are the structure morphisms. We simply write .X0;X/ for this
object and let OC.X0=Zp/=.X0;X/ be the sliced site over .X0;X/. That is, objects in
OC.X0=Zp/=.X0;X/ are of the form

Z Z

X0 X

Spec Fp Spwf Zp:

fFp

hFp

i

fZp

hZp

The map fZp
induces a natural map on the dagger generic fibre f�WZ! X. Con-

sequently, we can consider the sheaf on OC.X0=Zp/=.X0;X/,

.Z;Z; i; h; �/ 7! f �� H
k.Z/;

which we still denote by Hk .
Observe next that the natural inclusion OC.X0=Zp/=.X0;X/ ! OC.X0=Zp/ is a

continuous functor and it consequently defines a morphism of ringed sites

 WOC.X0=Zp/! OC.X0=Zp/=.X0;X/:

We then obtain a sheaf  �Hk on OC.X0=Zp/. We shall again abuse the notation
and denote it by Hk . One easily checks that Hk is an overconvergent isocrystal. By
the discussion above, it is equipped with a natural filtration that satisfies Griffiths’s
transversality.

Now we explain the Frobenius action on R�HK.X0;H
k/. Note that we can use a

similar construction to above to make zH˝k into an overconvergent isocrystal and Hk

is a quotient of zH˝k . However, by [19, Propositions 5.2, 5.3, Remark 5.6], the over-
convergent cohomology of X0 with coefficients in zH˝k coincides with the crystalline
cohomology of X0 with coefficients in the crystalline realisation zH˝kcris defined by zH˝k

([19, Proposition 5.3]). On the other hand, zH is isomorphic to the relative crystalline
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cohomology of Auniv over X (see [37, Theorem 3.10]), thus zH˝kcris admits an induced
Frobenius action. By applying [12, Lemma 5.14], we conclude that the crystalline
realisation Hk

cris of Hk is a crystalline F -isocrystal. The desired Frobenius action on
R�HK.X0;H

k/ then follows from the comparison of cohomology

R�HK.X0;H
k/ ' R�cris.X0;H

k
cris/

mentioned above.
Finally, since .X0;X/ 2OC.X0=Zp/ then, as discussed in Section 3.2, the condition

(HK-dR) is satisfied.

Remark 6.2.3. In fact, one sees that the cohomology groups

H i
HK.X0; .H

k; ˆ//; H i
dR.X;H

k/; H i
dR.XQp

;Hk/

are all isomorphic to each other. Therefore, in what follows, we shall abuse notation
and denote all of them simply by H i

dR.X;H
k/. We also make no distinction between

X , XQp
and X by simply writing X when it causes no confusion.

Lemma 6.2.4. The eigenvalue of the Frobeniusˆ acting onH i
dR.X;H

k/ is of Weil
weight i C k. In particular, (Purity) is satisfied.

Proof. When k D 0, this is the case without coefficients and one just applies the
result of [11]. So, let us assume k > 0. Since k > 0, Hk has no non-trivial global
horizontal section ([25, Lemma VII.4]), and one only needs to consider H 1

dR.X;H
k/.

Note first that it is enough to show the claim for Symk zH since Hk is a direct
summand of Symk zH. Let

.Auniv/k ´ Auniv
�X � � � �X A

univ„ ƒ‚ …
k times

:

According to [25, §7.1] (see also [3, §2.1]), there is an idempotent �k 2QŒAut..Auniv/k=

X/� (constructed by averaging the actions of permutations and involutions) that yields

• H 1
dR.X;Symk zH/ Š �kH

kC1
dR ..Auniv/k/ canonically and

• �kH
j
dR..A

univ/k/ D 0 for all j ¤ k C 1.

This then implies that the Frobenius action onH 1
dR.X;Symk zH/ is of pure Weil weight

k C 1.
Finally, we have to know the Weil weight of H 0

dR.Z;Symk zH/ for all closed subs-
chemes Z � X . In our case, those Z’s are nothing but closed points. Given such a Z,
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let AZ be the false elliptic curve associated with Z given by the moduli interpretation
of X . Note that AZ D AunivjZ . In particular, we have

H 0
dR.Z;Symk zH/ Š SymkH 1

dR.AZ/;

on which the Frobenius action has pure Weil weight k.

6.3 – Diagonal cycles and a formula of Darmon–Rotger

Our goal in this subsection is to achieve the formula in [15, Theorem 3.8] in the
case of a compact Shimura curve over Q without the use of the Kuga–Sato variety.

Let .k; `;m/ 2 Z3 be such that

• k C `Cm 2 2Z,

• 2 < k � ` � m and m < k C `,

• `Cm � k D 2t C 2 for some t 2 Z�0.

We write

r1´ k � 2; r2´ ` � 2; r3´ m � 2; r ´
r1 C r2 C r3

2
:

Note that we have r2 C r3 � r1 � r3 � r2 and r � r1 D t .
We fix three elements

� 2 H 1
dR.X;H

r1/;

!2 2 H
0.X; !`/ D F r2C1H 1

dR.X;H
r2/;

!3 2 H
0.X; !m/ D F r3C1H 1

dR.X;H
r3/

and view
�˝ !1 ˝ !2 2 F

r2Cr3C2H 3
dR.X

3;Hr1 � Hr2 � Hr3/

by applying the Künneth formula. We recall the notation

Hr1 � Hr2 � Hr3 ´ ��1H
r1 ˝ ��2H

r2 ˝ ��3H
r3 ;

where �i WX3 ! X is the projection of the i th component.
On the other hand, by applying the short exact sequence in Corollary 4.3.3 and

noting that the projections prfp are isomorphisms in the three cases above, we obtain
the three corresponding elements in the finite polynomial cohomology

Q� 2 H 1
fp.X;H

r1 ; 0/;

z!2 2 H
1
fp.X;H

r2 ; r2 C 1/;

z!3 2 H
1
fp.X;H

r3 ; r3 C 1/:
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One further applies the cup product on finite polynomial cohomology and obtains

Q� [ z!2 [ z!3 2 H
3
fp.X;H

r1 ˝Hr2 ˝Hr3 ; r2 C r3 C 2/:

Lemma 6.3.1. As sheaves over X , we have a Frobenius-equivariant decomposition

Hr2 ˝Hr3 Š

r2M
jD0

Hr3Cr2�2j .�j /:

In particular, Hr1.�t / is a direct summand of Hr2 ˝Hr3 and we have a projection

prr1 WH
r2 ˝Hr3 ! Hr1.�t /:

Proof. The assertion follows from the fact that given a two-dimensional vector
space V over Qp , we have a decomposition

Symr2V ˝Qp
Symr3V Š

r2M
jD0

Symr3Cr2�2jV:

See, for example, [22, Exercise 11.11]. We note that we have twists in the statement so
that the decomposition is Frobenius equivariant.

Corollary 6.3.2. Over X , we have a Frobenius-equivariant decomposition

Hr1 ˝Hr2 ˝Hr3 Š Hr1 ˝

� r2M
jD0

Hr3Cr2�2j .�j /

�
:

Now consider the triple product X3. Fix a base point o 2 X and consider the
following embeddings of X into X3:

�123WX
�
�! X �X �X;

�12WX
�
�! X �X ! X �X � ¹oº ,! X �X �X;

�13WX
�
�! X �X ! X � ¹oº �X ,! X �X �X;

�23WX
�
�! X �X ! ¹oº �X �X ,! X �X �X;

�1WX �! X � ¹oº � ¹oº ,! X �X �X;

�2WX �! ¹oº �X � ¹oº ,! X �X �X;

�3WX �! ¹oº � ¹oº �X ,! X �X �X:
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We also consider the embeddings

�023WX
�
�! X �X;

�02WX �! X � ¹oº ,! X �X;

�03WX �! ¹oº �X ,! X �X;

which can be viewed as cutting off the first component of the maps �123, �12 and �13.
Now we let X123 ´ �123.X/ 2 Z

2.X3/. For any � 2 H 3
fp.X123;H

r1 � Hr2 �
Hr3 ; r2 C r3 C 2/, we write

� D

nX
iD1

�
.i/
1 ˝ �

.i/
2 ˝ �

.i/
3 ;

where � .i/j corresponds to the Hrj -component. Applying the perfect pairing

h�; �ifpWH
3
fp.X123;H

r1 � Hr2 � Hr3 ; r2 C r3 C 2/

�H 0
fp.X123; .H

r1 � Hr2 � Hr3/_.�r/; 0/! Qp;

we know that there exists a unique element

1X123
2 H 0

fp.X123; .H
r1 � Hr2 � Hr3/_.�r/; 0/

D H 0
dR.X123; .H

r1 � Hr2 � Hr3/_/.�r/

such that

h�; 1X123
ifp D

nX
iD1

h�
.i/
1 ; prr1.�

.i/
2 ˝ �

.i/
3 /ifp:

Definition 6.3.3. The diagonal cycle with coefficients in .Hr1 � Hr2 � Hr3/_

is defined to be

�
k;`;m
2;2;2 ´ 1X123

�X123 2 A
2.X3; .Hr1 � Hr2 � Hr3/_.�r//:

Lemma 6.3.4. The diagonal cycle �k;`;m2;2;2 is null-homologous.

Proof. Note that the sheaf Hrj has no non-trivial global horizontal sections unless
rj D 0 ([25, Lemma VII.4]). Thus, by applying Künneth decomposition, we see that
H 2

dR.X
3;Hr1 � Hr2 � Hr3/ D 0. This then implies the desired result.

Theorem 6.3.5. For �, !2, !3 as above, we have

AJfp.�
k;`;m
2;2;2 /.�˝ !2 ˝ !3/ D hQ�;  

�
23.!2 ˝ !3/

�
ifp;
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where

• Q� is a lift of � via the projection H 1
fp.X;H

r1 ; 0/! H 1
dR.X;H

r1/,

• .!2 ˝ !3/
� is a lift of !2 ˝ !3 via the projection H 2

fp.X
2;Hr2 � Hr3 ; r2 C

r3 C 2/ ! F r2Cr3C2H 2
dR.X

2;Hr2 � Hr3/ (alternatively, it can be written as
��2 z!2 [ �

�
3 z!3 where z!j 2 H 1

fp.X;H
rj ; 1/ is a lift of !j ),

•  �23WH
2
fp.X

2;Hr2 � Hr3 ; r2 C r3 C 2/! H 1
fp.X;H

r1.�t /; r2 C r3 C 2/ is the
map given by prr1 ı �

0�
23.

Here we use that the self-duality of Hr1 gives a pairing Hr1 ˝Hr1.�t /! OX .�r/.

Proof. By the definition of �k;`;m2;2;2 , we have

AJp.�k;`;m2;2;2 /.�˝ !2 ˝ !3/ D h�
�
123.�˝ !2 ˝ !3/

�; 1X123
ifp

D h��123.�
�
1 Q� [ �

�
2 �!2 [ ��3 �!3/; 1X123

ifp

D hQ�; prr1 ı �
0�
23.!2 ˝ !3/

�
ifp

D hQ�;  �23.!2 ˝ !3/
�
ifp

Remark 6.3.6. Readers might notice that our choice of the diagonal cycle �k;`;m2;2;2

only involves X123, which is simpler than the diagonal cycle

�2;2;2´ �
X

;¤I�¹1;2;3º

.�1/#I � �I .X/

considered in [3] for the case k D ` D m D 2.

Note that, because of Lemma 6.2.4, we can choose a polynomial P.T / 2 QŒT �

such that

• P.ˆ/.!2 ˝ !3/ D 0 2 H
2
dR.X

2;Hr2 � Hr3/ and

• P.ˆ/ acts invertibly on H 1
dR.X

2;Hr2 � Hr3/.

As a consequence, there exists a section �.P; !2; !3/ 2 H 0.X2; .Hr2 � Hr3/ ˝

�1
X2=Qp

/ such that
r�.P; !2; !3/ D P.ˆ/.!2 ˝ !3/

and it is well defined up to a horizontal section. Moreover, as P.ˆ/ acts isomorphically
on H 1

dR.X;H
r1.�t //, we may set

�.!2; !3/´ P.ˆ/�1 �23�.P; !2; !3/ 2 H
1
dR.X;H

r1.�t //:

Similarly to [15, Proposition 3.7], this element is independent of the choice of the
polynomial P .
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Corollary 6.3.7. With notation as above, we have

AJfp.�
k;`;m
2;2;2 /.�˝ !2 ˝ !3/ D h�; �.!2; !3/idR:

In particular,

AJfp.�
k;`;m
2;2;2 /.�˝ !2 ˝ !3/ D AJp.�k;`;m/.�˝ !2 ˝ !3/;

where AJp , the (p-adic) Abel-Jacobi map, and �k;`;m, the generalised Gross–Kudla–
Schoen cycle, are both defined similarly to [15] via Kuga–Sato varieties.

Proof. The proof is similar to that of [15, Theorem 3.8] (more precisely, the passage
after [15, Lemma 3.11]). We just translate it into the language of finite polynomial
cohomology with coefficients.

First, observe that the element .!2 ˝ !3/� can be represented by

.�.P; !2; !3/; !2 ˝ !3/ 2 H
2
syn;P .X

2;Hr2 � Hr3 ; 2/:

Now consider the following commutative diagram coming from the exact sequences in
Corollary 4.1.12:

0 H 1
dR.X

2;Hr2 � Hr3/ H 2
syn;P .X

2;Hr2 � Hr3 ; r2 C r3 C 2/ F r2Cr3C2H 2
dR.X

2;Hr2 � Hr3/ 0

0 H 1
dR.X;H

r1.�t // H 2
syn;P .X;H

r1.�t /; r2 C r3 C 2/ F r2Cr3C2H 2
dR.X;H

r1.�t // 0:

ifp

 �
23

prfp

 �
23

 �
23

ifp prfp

As F r2Cr3C2H 2
dR.X;H

r1.�t // D 0, the element  �23 lies inside the image of ifp.
Moreover, the map ifp is given by � 7! .P.ˆ/�;0/. Hence we see that �23.!2˝!3/

�D

ifp.�.!2; !3//.
Now the result follows from the compatibility of the Poincaré pairings and the maps

ifp and prfp (Corollary 4.2.2), which reads

h Q�;  �23.!2 ˝ !3/
�
ifp D hpr�1fp prfp. Q�/; ifp.�.!2; !3//ifp

D hpr�1fp .�/; ifp.�.!2; !3//ifp

D h�; �.!2; !3/idR:

Remark 6.3.8. Although the computations above are in the setting of compact
Shimura curves over Q, our strategy should directly apply to the setting of elliptic
modular curves (as in [15]) after taking care of the log structure on the compactified
modular curves defined by the cusps.
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Remark 6.3.9. Of course, by choosing �, !2 and !3 carefully and applying the
strategy in [15], one can deduce that the formula in Theorem 6.3.5 computes special
values of triple productL-functions associated with certain eigenforms. As the purpose
of this section is to indicate how the theory of finite polynomial cohomology with
coefficients can be applied in practice, we do not intend to link our formula with special
L-values in this paper.

6.4 – Cycles attached to isogenies and formulae of Bertolini–Darmon–Prasanna

In this subsection we establish a second application of finite polynomial cohomology
with coefficients in the spirit of [3]. To this end, we fix a finite extension K of Qp

and base change X to K. We abuse notation and still denote it by X . We also fix two
K-rational points x D .A; i;  / and y D .A0; i 0;  0/ in X.K/ such that there is an
isogeny 'W .A; i;  /! .A0; i 0;  0/. Finally, we fix an integer r 2 Z>0 and consider
the sheaf

Hr;r
´ Hr

˝ Symr"H 1
dR.A/:

Our result in this subsection is the following theorem.

Theorem 6.4.1. There is a unique cycle �' D � � y 2 A1.X;Hr;r.r//0 such that
for any ! 2 H 0.X; !rC2/ and any ˛ 2 Symr"H 1

dR.A/, we have

AJfp.�'/.! ˝ ˛/ D hF!.y/˝ ˛; �i D h'
�.F!.y//; ˛i:

Here,

(i) � is an element in Hr;r.r/.y/ that will be specified later;

(ii) F! is the Coleman integral of the form !;

(iii) the middle pairing is on Hr;r.y/ D Symr"H 1
dR.A

0/˝ Symr"H 1
dR.A/; and

(iv) the last pairing is on Symr"H 1
dR.A/.

In particular, we obtain the same formulae as in [3, Propositions 3.18 and 3.21].

Remark 6.4.2. We make the following remarks:

(i) Similarly to before, we haveH 2
dR.X;H

r;r/D 0, which implies thatA1.X;Hr;r.r//

D A1.X;Hr;r.r//0.

(ii) To be more precise, the pairing in Theorem 6.4.1 (iii) is between Hr;r.y/ and its
twist Hr;r.y/.r/.

Let ! and ˛ be as in the theorem. Recall that we have a short exact sequence

0!
H 0

dR.X;H
r;r/

F rC1H 0
dR.X;H

r;r/

ifp
�! H 1

fp.X;H
r;r ; r C 1/

prfp
��! F rC1H 1

dR.X;H
r;r/! 0:



T.-H. Huang – J.-F. Wu 66

Choose a lift .! ˝ ˛/� 2 H 1
fp.X;H

r;r ; r C 1/ of ! ˝ ˛ 2 F rC1H 1
dR.X;H

r;r/. Then,
for any � 2 H 0

fp.y;H
r;r.r/; 0/ D H 0

dR.y;H
r;r.r//, we have

AJfp.�/.! ˝ ˛/ D h.! ˝ ˛/
�; �y;��ifp;X D h�

�
y.! ˝ ˛/

�; �ifp;y ;

where �y Wy ,! X is the natural closed embedding. Note that ��y.! ˝ ˛/� D ��y z! ˝ ˛,
where z! 2 H 1

fp.X;H
r ; r C 1/ is a lift of !.

On the other hand, the short exact sequence

0!
H 0

dR.y;H
r/

F rC1H 0
dR.y;H

r/

ifp
�! H 1

fp.y;H
r ; r C 1/

prfp
��! F rC1H 1

dR.y;H
r/! 0

and the fact thatH 1
dR.y;H

r/D 0 imply there exists s! 2H 0
dR.y;H

r/ such that ifp.s!/D
��y z!. Hence, we have

AJfp.�/.! ˝ ˛/ D h�
�
y.! ˝ ˛/

�; �ifp;y

D h��y z! ˝ ˛; �ifp;y

D hifp.s!/˝ ˛; �ifp;y

D hs! ˝ ˛; �idR;y :(6.2)

Lemma 6.4.3. In Hr.y/, we have

s! D F!.y/;

where F! is the Coleman integral corresponding to !. Note that F! is unique since
Hr has no global horizontal section on X .

Proof. We first choose a polynomial P 2 Poly such thatH 1
syn;P .X;H

r ; r C 1/ D

H 1
fp.X;H

r ; r C 1/. Then we have the commutative diagram

0
H0

dR.X;H
r /

F rC1H0
dR.X;H

r /
H 1

syn;P .X;H
r ; r C 1/ F rC1H 1

dR.X;H
r/ 0

0
H0

dR.y;H
r /

F rC1H0
dR.y;H

r /
H 1

syn;P .y;H
r ; r C 1/ F rC1H 1

dR.y;H
r/ 0:

ifp

��y

prfp

��y ��y

ifp prfp

Note that H0
dR.X;H

r /

F rC1H0
dR.X;H

r /
and F rC1H 1

dR.y;H
r/ both vanish.

Let W be a strict neighbourhood of the rigid analytic space associated with an
affinoid inside X such that W contains the residue disc of y and all its Frobenius
translations. By Corollary 5.1.2, the restriction of z! to W is (uniquely) represented by
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an element of the form .G0; !/, where G0 2 H 0.W ;Hr/ is such that P.ˆ/! D rG0.
Hence we have P.ˆ/F! D G0.

The equation s! D F!.y/ is clear due to the construction of Coleman integration
([13, 14]) and that

ifpWH
0
dR.y;H

r/ D Hr.y/! H 1
syn;P .y;H

r ; r C 1/

is the map s 7! .P.ˆ/.s/; 0/.

Remark 6.4.4. We remark that the term .ˆF!/.y/ is not the naïve F!.�.y//,
where �WX ! X is the Frobenius. Rather, it is understood as the following explanation:

Since Hr is an overconvergent F -isocrystal, there is a Frobenius neighbourhood
W 0 � W (see [13, §10]) and a horizontal map ˆW ��Hr ! Hr jW 0 . This induces a
mapˆ from .Hr/�.y/ to .Hr/y , which may be thought as the “parallel transport along
the Frobenius” from �.y/ to y. Hence P.ˆ/.y/ takes value in Hr.y/.

Now we construct the desired cycle �' by specifying the coefficient � . Observe
that, since "H 1

dR.A/ is self-dual (up to a twist), we have a natural perfect pairing (see,
for example, [3, (1.1.14)])

Symr"H 1
dR.A/˝ Symr"H 1

dR.A/.r/! K; ˇ ˝ 
 7! hˇ; 
i:

This induces a perfect pairing between Symr"H 1
dR.A/˝ Symr"H 1

dR.A/.r/ and itself.
Hence, there is an element 1A 2 Symr"H 1

dR.A/˝ Symr"H 1
dR.A/.r/ such that

hˇ ˝ 
; 1Ai D hˇ; 
i:

Definition 6.4.5. The cycle attached to the isogeny ' is defined to be

�' ´ � � y 2 A1.X;Hr;r.r// D A1.X;Hr;r.r//0;

where � D '�1A and '� is the pushforward map

'�WH
r;r.x/ D Symr"H 1

dR.A/˝ Symr"H 1
dR.A/.r/

! Symr"H 1
dR.A

0/˝ Symr"H 1
dR.A/.r/ D Hr;r.r/.y/

induced by the isogeny 'W .A; i;  /! .A0; i 0;  0/.

Proof of Theorem 6.4.1. The proof now follows easily by combining (6.2),
Lemma 6.4.3 and the definition of �' .
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Remark 6.4.6. As before, our strategy can be directly applied to the setting of
elliptic modular curves as in [3] after taking care of the log structure on the compactified
modular curves. In this case, readers should be able to compare this to the proof of
[3, Proposition 3.21]. The pushforward of the fundamental class ŒAr � 2H 0

dR.A
r/ under

the map .'r ; idr/WA! Xr (notation as in [3]) corresponds to our element 1A.

Remark 6.4.7. Similarly to before, if we choose x and y to be Heegner points on
the Shimura curve (or modular curve), it is expected that the formula in Theorem 6.4.1
computes special values of the anti-cyclotomic p-adic L-functions as in [3]. Since we
only wanted to demonstrate the use of finite polynomial cohomology with coefficients
in practice, we do not intend to link our formula with special L-values.

Remark 6.4.8. As could be seen in the two applications, one advantage of using
the finite polynomial cohomology with coefficients is that our cycles are much simpler.
In particular, we can get rid of the idempotents used to define the cycles in [15] and
[3], which simplifies the computations.
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