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The character triple conjecture
for height zero characters and the prime 2

Damiano Rossi

Abstract. We prove that Späth’s character triple conjecture holds for every finite
group with respect to maximal defect characters at the prime 2. This is done by redu-
cing the maximal defect case of the conjecture to the so-called inductive Alperin–
McKay condition whose verification has recently been completed by Ruhstorfer for
the prime 2. As a consequence, we obtain the character triple conjecture for all
2-blocks with abelian defect groups by applying (one implication of) Brauer’s height
zero conjecture. We also obtain similar results for the block-free version of the char-
acter triple conjecture at any prime p.

Introduction

Based upon a large body of conjectural and computational evidence, the local-global prin-
ciple in the representation theory of finite groups asserts that, given a prime number p
dividing the order of a finite group G, the representation theory of G at the prime p is
largely determined by the p-local structure of the group. Here, the group G plays the role
of a global ambient, and is opposed to the p-local structure which captures the embedding
of the p-subgroups inside G. The questions arising in this context led to some of the most
important achievements in group representation theory of the past decades. Among others,
we mention the proof of Brauer’s height zero conjecture from the 1950s recently obtained
in [21].

The conjectural evidence mentioned above consists of a series of statements that
link different representation theoretic aspects of the group G to its p-local structure.
Apart from a few exceptions of a more structural flavour, all these statements can be
ultimately reduced to proving the so-called character triple conjecture for all quasi-simple
groups. The latter, introduced by Späth in [40], should be understood as the final result
of an investigation initiated by Dade during the 1990s that led to a sequence of increas-
ingly stronger conjectures [8–10]. While relating global and local information through
the notion of p-chains, an idea introduced by Robinson already in the 1980s and sub-
sequently exploited by Dade, Späth’s conjecture provides a way to control fundamental
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cohomological and Clifford theoretical conditions that arise when considering the repres-
entation theoretical compatibility of normal group embeddings. This is achieved through
the notion of G-block isomorphisms of character triples, hence the name of the conjec-
ture. Given the technical nature of the character triple conjecture, we refer the reader to
Section 1 for a precise definition.

The aim of this paper is to show that the character triple conjecture holds at the prime 2
for maximal defect characters. More precisely, we show that the conjecture holds for
every Brauer 2-block B with respect to the non-negative integer d D d.B/ as specified in
Remark 1.3.

Theorem A. The character triple conjecture holds for every Brauer 2-block B of a finite
group with respect to the non-negative integer d.B/.

As an immediate consequence of Theorem A, and using the if part of Brauer’s height
zero conjecture [15], we deduce that the character triple conjecture holds for all Brauer
2-blocks with abelian defect groups.

Corollary B. The character triple conjecture holds for every Brauer 2-block with abelian
defect groups.

The proofs of Theorem A and Corollary B rely on the verification of the inductive
Alperin–McKay condition introduced in Definition 7.2 of [39] for the prime 2, that was
recently completed by Ruhstorfer in [37]. In order to make use of this result, we prove
a reduction theorem that shows the maximal defect case of the character triple conjec-
ture can be reduced to the verification of the inductive Alperin–McKay condition for all
(covering groups of) non-abelian finite simple groups. In this paper, we will use the refor-
mulation of this condition given in Conjecture 1.5 below. We can then state our reduction
theorem as follows.

Theorem C. Let G be a finite group and p a prime number. If every covering group of
a non-abelian finite simple group involved in G satisfies the inductive Alperin–McKay
condition at the prime p, then the character triple conjecture holds for every Brauer
p-block B of the group G with respect to the non-negative integer d.B/.

While the above theorem appears to be new in nature, the reverse implication should
be expected (at least among the experts in this research area). In fact, as mentioned above,
the character triple conjecture implies most of the so-called local-global conjectures. The-
orem 4.1 below shows that the maximal defect case of the character triple conjecture
implies the inductive Alperin–McKay condition (as stated in Conjecture 1.5). As a con-
sequence, we deduce that these two statements are in fact logically equivalent.

The arguments used to prove the above results can be adapted to obtain analogous
block-free statements. In particular, using the solution of the McKay conjecture by Caba-
nes and Späth [7], we are able to show that the block-free form of the character triple
conjecture holds at any prime p for characters of degree coprime to p (see Theorem 5.3)
and for every finite group with a normal abelian Sylow p-subgroup (see Corollary 5.4).
This will follow from a reduction of the block-free form of the character triple conjecture
to the verification of the inductive McKay condition for (the universal covering group of)
non-abelian finite simple groups (see Theorem 5.1).



The character triple conjecture for height zero characters and the prime 2 3

The paper is organised as follows. In Section 1, we collect some background mater-
ial and state the character triple conjecture and the inductive Alperin–McKay condition.
Section 2 is devoted to the proof of Theorem C. This is then used in Section 3 in order
to obtain Theorem A and Corollary B. In Section 4, we prove Theorem 4.1, a converse to
Theorem C. We conclude by sketching the proofs of the block-free analogues of all these
results in Section 5

1. Preliminaries and notation

In this section, we collect some basic definitions and the statements of the conjectures
considered below. Throughout this paper, we freely use basic results from the represent-
ation theory of finite groups that can be found in standard texts such as [23, 24], but also
in the more recent [17, 18]. We denote by Irr.G/ the set of complex valued irreducible
characters of a finite group G. If G is a normal subgroup of a larger group A and � is an
irreducible character of G fixed by the conjugacy action of A, then we say that .A;G; �/
is a character triple. Character triples can be compared thanks to an equivalence rela-
tion known as G-block isomorphism and denoted by �G (see Definition 3.6 in [40]).
Roughly speaking if .H1;M1; #1/�G .H2;M2; #2/ are two G-block isomorphic char-
acter triples, then the behaviour of the characters ofH1 that lie above #1 is strictly related
to that of the characters of H2 that lie above #2. More precisely, in this case G induces
an isomorphism between the quotients H1=M1 and H2=M2 and, for every intermediate
subgroup M1 � J1 � H1 corresponding to M2 � J2 � H2, there is a bijection between
Irr.J1 j #1/ and Irr.J2 j #2/ preserving important character theoretic informations.

For every prime number p, the set Irr.G/ admits a partition into the so-called Brauer
p-blocks of G. Given a p-block B of G, we denote by Irr.B/ the set of irreducible char-
acters belonging to B . Conversely, given an irreducible character � of G, we denote by
bl.�/ the unique p-block containing �. We will often suppress the p from p-block and
simply refer to B as a block of G. Next, recall that for every � 2 Irr.G/, the degree �.1/
of � divides the order of G. We define the p-defect (or simply the defect) of � as the
non-negative integer d.�/ such that pd.�/ D jGjp=�.1/p and where for every n � 1 we
denote by np the largest power of p that divides n. If d is a fixed non-negative integer,
then Irrd .G/ is the set of irreducible characters of G of defect d while, for a block B ,
we denote by Irrd .B/ the intersection of Irrd .G/ and Irr.B/. Next, to each block B is
associated a G-conjugacy class of p-subgroups D of G called the defect groups of B . If
jDj D pm, then we call d.B/ WD m the defect of B . It is well known that d.B/ coincides
with the maximum d.�/ for � 2 Irr.B/. In particular, it follows that a character � is of
maximal defect in its block B if and only if it is of height zero. Here the height of � is
defined as ht.�/ WD d.B/ � d.�/ and for every h � 0 we denote by Irrh.B/ the set of
irreducible characters � belonging to B and with height ht.�/ D h.

In order to state the character triple conjecture, we need to introduce some more nota-
tion on p-chains. We refer here to [40] and [28]. Let Z be a normal p-subgroup of G
and denote by N.G;Z/ the set of p-chains of G starting with Z, that is the set of chains
� D ¹D0 D Z < D1 < � � � < Dn D D.�/º of p-subgroups Di of G and where D0 D Z
and we denote by D.�/ the final term of � . The length of � is the number j� j D n of
terms strictly containing Z. The reason for this convention stems from the fact that this
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definition of length coincides with the notion of dimension of � when viewed as a sim-
plex (see, for instance, Section 1.1 of [31]). We then obtain a partition of N.G; Z/ into
the sets N.G; Z/" of p-chains � satisfying .�1/j� j D " � 1, for " 2 ¹C;�º. Since Z is
normal in G, the group G acts by conjugation on N.G; Z/, by conjugating simultan-
eously each term of a p-chain � , and we denote by G� the stabiliser in G of the chain � ,
i.e., the intersection of the normalisers NG.Di / for each term Di of � . Recall that, for a
block b of a subgroupH ofG, we denote by bG the block ofG obtained via Brauer induc-
tion whenever it is defined Section 4 of [24]. The set of such characters is often denoted
by Irrd .B� /. We can now give the following definition.

Definition 1.1. Consider a block B of G, a non-negative integer d , and " 2 ¹C; �º.
Then Cd .B; Z/" is the set of pairs .�; #/ where � is a p-chain belonging to N.G; Z/"
and # is an irreducible character of the stabiliser G� with defect d.#/Dd and satisfying
bl.#/GDB .

Since the action of G fixes B and Z, the group G acts on Cd .B; Z/". We denote by
.�; #/ the G-orbit of .�; #/ 2 Cd .B;Z/" and by Cd .B;Z/"=G the corresponding set of
G-orbits. We can now state the character triple conjecture in the form introduced by Späth
in Conjecture 6.3 of [40].

Conjecture 1.2 (Character triple conjecture). Let G E A be finite groups, p a prime
number, and assume that Op.G/, the largest normal p-subgroup of G, is contained in the
centre of G. Then, for every p-block B of G with non-central defect groups and every
non-negative integer d , there exists an AB -equivariant bijection

� W Cd .B;Op.G//C=G ! Cd .B;Op.G//�=G

such that
.A�;# ; G� ; #/�G .A�;�; G�; �/

for every .�; #/ 2 Cd .B;Op.G//C and .�; �/ 2 �..�; #//.

Remark 1.3. We say that the character triple conjecture holds at the prime p for maximal
defect characters if Conjecture 1.2 holds at the prime p for every p-block B of a finite
group and with respect to d D d.B/.

Observe that the G-block isomorphism of character triples considered in the state-
ment above does not depend on the choice of representatives .�; #/ and .�; �/ in the
correspondingG-orbits thanks to Lemma 3.8(c) in [40]. Moreover, notice that the assump-
tion on Op.G/ is not restrictive. In fact, we could replace Op.G/ with any central p-
subgroup Z of G and consider blocks B with defect groups strictly containing Z (see
Conjecture 2.2 in [28]). However, in this case Z � Op.G/ and the result follows trivially
wheneverZ ¤ Op.G/ thanks to a well-known contractibility argument due to Quillen, see
Lemma 2.3 in [28]. In Section 2, we will consider the case where Z is not required to be
contained in the centre ofG. The equivalence of this latter form with Conjecture 1.2 above
is however not immediate to prove (this will appear in a future work of the author [34]).

Remark 1.4. In some of the arguments given in Section 2, it will be useful to consider
normal p-chains. A p-chain � is said to be normal if each termDi is normal in the largest
termD.�/. Proceeding as in the proof of Proposition 6.10 in [40], and following previous
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ideas introduced by Knörr and Robinson (see Proposition 3.3 in [16]), it follows that
when dealing with Conjecture 1.2 it is no loss of generality to assume that each p-chain
considered in the definition of Cd .B;Op.G//" is normal. For these reasons, we will keep
using normal p-chains throughout the rest of the paper without further reference. This
approach was also used in [28] without any comment.

We recall that Conjecture 1.2 implies Dade’s extended projective conjecture (see 4.10
in [10]), according to Proposition 6.4 in [40], and, as mentioned already in the introduc-
tion, that it should be understood as an analogue of the final Dade’s inductive conjecture,
see 5.8 in [10]. In fact, it was announced long ago that the latter would reduce to quasi-
simple groups, although a proof of this result has not yet appeared. Nevertheless, it was
shown in Theorem 1.3 of [40] that if the character triple conjecture holds for quasi-simple
groups, then the weaker Dade’s projective conjecture holds for every finite group. A final
reduction of the character triple conjecture to quasi-simple groups has recently been com-
pleted in [34]. Regarding the state of the art of the character triple conjecture, we refer
the reader to Section 9 of [40] for the case of sporadic groups, special linear groups of
degree 2, and blocks with cyclic defect groups, to [28] for the case of p-solvable groups,
and to the series of papers [29, 31–33] for the case of finite simple groups of Lie type in
non-defining characteristic.

Next, we consider the inductive Alperin–McKay condition. In its most popular form,
this condition is stated for simple groups and their covering groups (see Definition 7.2
in [39]). Nevertheless, this condition can be stated for every finite group. In this paper, we
consider the following form, in which the cohomological and Clifford theoretic require-
ments are reformulated in terms of G-block isomorphisms of character triples.

Conjecture 1.5 (Inductive Alperin–McKay condition). Let G E A be finite groups, p a
prime number, and consider a p-block B of G with defect group D and Brauer corres-
pondent b in NG.D/. Then there exists an NA.D/B -equivariant bijection

‚ W Irr0.B/! Irr0.b/

such that
.A# ; G; �/�G .NA.D/# ;NG.D/;‚.#//;

for every # 2 Irr0.B/.

Observe that the condition on character triples in Conjecture 1.5 could equivalently be
stated by using the relation �b considered in [41]. Moreover, we point out that, arguing
as in the proof of Proposition 6.8 in [40], it follows that the inductive Alperin–McKay
condition from Definition 4.12 in [41] holds for the universal covering group X of a non-
abelian simple group S if and only if Conjecture 1.5 holds for every quasi-simple group Y
covering S with respect to Y E Y Ì Aut.Y /. Then, Theorem C in [39] can be restated
by saying that if Conjecture 1.5 holds for every quasi-simple group, then the Alperin–
McKay conjecture holds for every finite group. Finally, a much stronger version of this
reduction theorem was obtained in Theorem 7.1 of [26], where the authors showed that
Conjecture 1.5 reduces to quasi-simple groups.
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2. Proof of Theorem C

In order to prove Theorem C, we need the following slightly stronger statement, in which
we allow the p-subgroup Z from Conjecture 1.2 to be non-central. Recall that a group S
is said to be involved inG if there exist subgroupsK EH � G such that S is isomorphic
to H=K.

Theorem 2.1. LetG be a finite group, consider a prime p, and suppose that the inductive
Alperin–McKay condition (as stated in Conjecture 1.5) holds at the prime p for every
covering group of a non-abelian finite simple group involved in G. Let G E A and let
U E G be a p-subgroup of order jU j D pm. Then, for every p-block B of G with defect
d WD d.B/ > m, there exists an NA.U /B -equivariant bijection

�B;U W C
d .B; U /C=G ! Cd .B; U /�=G

such that
.A�;# ; G� ; #/�G .A�;�; G�; �/

for every .�; #/ 2 Cd .B; U /C and .�; �/ 2 �B;U ..�; #//.

From now on, G is a group satisfying the assumption of Theorem 2.1 and we prove
the result by induction on the order of G. In particular, we assume that the result holds for
every choice of groups U 0 E G0 E A0 with jG0j < jGj. We proceed by proving a series of
intermediate results. In what follows, given a normal p-subgroup Q of a finite group H
and a collection B of p-blocks of H we define the set of pairs

Cf .B;Q/" D
a
b2B

Cf .b;Q/"

for any non-negative integer f and " 2 ¹C;�º.

Lemma 2.2. LetQ be a p-subgroup of G satisfyingU <Q<D for some defect groupD
of B , and denote by BQ the set of those p-blocks b of NG.Q/ satisfying bG D B and
d.b/ D d , where jDj D pd . Then there exists an NA.Q/B -equivariant bijection

�BQ;Q W C
d .BQ;Q/C=NG.Q/! Cd .BQ;Q/�=NG.Q/

such that
.NA.Q/&;' ;NG.Q/& ; '/�NG.Q/ .NA.Q/%; ;NG.Q/%;  /

for every .&; '/ 2 Cd .BQ; Q/C and .%;  / 2 �BQ;Q..&; '//, where we now denote by
.&; '/ the NG.Q/-orbit of .&; '/.

Proof. Without loss of generality, we may assume that U D Op.G/. For if it were not,
the argument used in the proof of Lemma 2.3 in [28] would give the bijection required in
Theorem 2.1. In particular, the assumptionU <Q implies that NG.Q/ <G, and therefore
the statement of Theorem 2.1 holds true for Q E NG.Q/ E NA.Q/ by the inductive
hypothesis. Then, if b is any block belonging toBQ and jQj D pl , the assumptionQ<D

implies that d D d.b/ > l , and we obtain an NA.Q/b-equivariant bijection

�b;Q W C
d .b;Q/C=NG.Q/! Cd .b;Q/�=NG.Q/
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such that

(2.1) .NA.Q/&;' ;NG.Q/& ; '/�NG.Q/ .NA.Q/%; ;NG.Q/%;  /

for every .&; '/ 2 Cd .b;Q/C and .%; / 2�b;Q..&; '//. Next, observe that NA.Q/B acts
by conjugation on the set of blocks BQ and choose an NA.Q/B -transversal � in BQ. For
each block b 2 � , notice that

NA.Q/b � NA.Q/B ;

and fix an NA.Q/b-transversal �C
b

in Cd .b; Q/C=NG.Q/. Since the bijection �b;Q is
NA.Q/b-equivariant, we deduce that the image ��

b
of �C

b
under the map �b;Q is an

NA.Q/b-transversal in Cd .b;Q/�=NG.Q/. It follows that, for any " 2 ¹�;Cº, the set

T "
D

a
b2�

�"b

is an NA.Q/B -transversal in Cd .BQ; Q/"=NG.Q/ and that the maps �b;Q, for b 2 � ,
induce a bijection between the transversals T C and T �. By setting

�BQ;Q
�
.&; '/x

�
WD .%;  /x

for every x 2 NA.Q/B and every .&; '/ 2 T C corresponding to .%;  / 2 T �, we obtain
an NA.Q/B -equivariant bijection �BQ;Q between the sets Cd .BQ; Q/C=NG.Q/ and
Cd .BQ; Q/�=NG.Q/. Furthermore, observe that the NG.Q/-isomorphism required in
the statement is the same as the one given in (2.1) by the bijections �b;Q. This completes
the proof.

Before proceeding to the next step, we introduce some further notation. For every
p-subgroup Q of G strictly containing U , we define the subset CdQ.B; U / consisting
of those pairs .�; #/ in Cd .B; U / such that the p-chain � satisfies � D ¹D0 D U <

D1 D Q < D2 < � � � < Dnº for some n � 1. In other words, CdQ.B; U / is the set of
pairs .�; #/ such that Q is the second term of the chain � . In this case, we also define
CdQ.B; U /" as the intersection of CdQ.B; U / with Cd .B; U /", for " 2 ¹C; �º. If we
denote by NA.U; Q/ the intersection NA.U / \ NA.Q/, then NA.U; Q/B acts by con-
jugation on the sets CdQ.B; U /". Using Lemma 2.2, we can construct a bijection between
the sets CdQ.U;B/".

Corollary 2.3. Let Q be a p-subgroup of G satisfying U < Q < D for some defect
groupD of B , and set d WD d.B/. Then there exists an NA.U;Q/B -equivariant bijection

‚Q W C
d
Q.B; U /C=NG.Q/! CdQ.B; U /�=NG.Q/

such that
.NA.Q/�;# ;NG.Q/� ; #/�NG.Q/ .NA.Q/�;�;NG.Q/�; �/

for every .�; #/2CdQ.B; U /C and .�; �/ 2 ‚Q..�; #//, where we now denote by .�; #/
the NG.Q/-orbit of .�; #/.
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Proof. First, observe that if � is a normal p-chain of G with second term Q, then each
term of � is contained in NG.Q/. It follows that, if we define �U to be the p-chain
obtained by removing U from � , then the assignment � 7! �U defines a bijection between
the set of normal p-chains ofG starting withU and with second termQ, and the set of nor-
mal p-chains of NG.Q/ starting with Q. Moreover, observe that j� j D j�U j C 1 and, by
assuming as we may that U D Op.G/, that NA.Q/� D NA.U /\NA.Q/�U D NA.Q/�U .
Then, we get a bijection

CdQ.B; U /! Cd .BQ;Q/

.�; #/ 7! .�U ; #/

that preserves the conjugacy action of NA.Q/B and maps CdQ.B; U /C to Cd .BQ; Q/�

and CdQ.B; U /� to Cd .BQ;Q/C.
Consider now the map�BQ;Q given by Lemma 2.2 and fix pairs .&;'/2Cd .BQ;Q/C

and .%;  / 2 �BQ;Q..&; '//. Write .&; '/ D .�U ; �/ and .%;  / D .�U ; #/ for .�; �/ 2
CdQ.B;U /� and .�;#/2CdQ.B;U /C. We then define the map‚Q by sending the NG.Q/-
orbit of the pair .�; #/ to the NG.Q/-orbit of .�; �/ constructed above. Notice that ‚Q is
NA.Q/B -equivariant since so is �BQ;Q. Moreover, observe that the NG.Q/-block iso-
morphism is an equivalence relation which is in particular reflexive. Then, since the
character triples .NA.Q/�;# ;NG.Q/� ; #/ and .NA.Q/�;�;NG.Q/�; �/ coincide, respect-
ively, with .NA.Q/%; ;NG.Q/%;  / and .NA.Q/&;' ;NG.Q/& ; '/, the NG.Q/-block iso-
morphism in the statement above coincides with that given by Lemma 2.2.

In the next proposition, whose statement will be used in the proof of Theorem 2.1,
we combine the bijections ‚Q for all p-subgroups Q belonging to a G-conjugacy class.
Given a p-subgroup Q satisfying U < Q, we denote by Q its G-orbit and by Cd

Q
.B; U /

the subset of Cd .B; U / consisting of those pairs .�; #/ such that the second term of the
p-chain � is G-conjugate to Q. Equivalently, Cd

Q
.B; U / is the set of all the pairs of

Cd .B;U / that are G-conjugate to some pair of CdQ.B;U /. Notice that GNA.U;Q/B -acts
on Cd

Q
.B; U / and denote by Cd

Q
.B; U /" the intersection of Cd

Q
.B; U / with Cd .B; U /".

Proposition 2.4. Let Q be a p-subgroup of G satisfying U < Q < D, for some defect
groupD of B , and denote byQ itsG-orbit. Then, for d WD d.B/, there is aGNA.U;Q/B -
equivariant bijection

(2.2) ‚Q W C
d

Q
.B; U /C=G ! Cd

Q
.B; U /�=G

such that
.A�;# ; G� ; #/�G .A�;�; G�; �/

for every .�; #/ 2 Cd
Q
.B; U /C and .�; �/ 2 ‚Q..�; #// where we now denote by .�; #/

the G-orbit of the pair .�; #/.

Proof. Throughout the proof we need to differentiate betweenG-orbits and NG.Q/-orbits
of pairs .�; #/. For this reason, we denote by OG.�; #/ and ONG.Q/.�; #/ the G-orbit and
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the NG.Q/-orbit of .�;#/, respectively. Suppose that .�;#/ belongs to Cd
Q
.B;U /C and fix

g 2G such that .�; #/g belongs to CdQ.B;U /C. If ‚Q is the map given by Corollary 2.3,
then choose .�; �/ in CdQ.B; U /� such that

ONG.Q/.�; �/ D ‚Q.ONG.Q/..�; #/
g//:

We define
‚Q.OG.�; #// WD OG.�; �/

and claim this is a well-definedGNA.U;Q/B -equivariant bijection between Cd
Q
.B;U/C=G

and Cd
Q
.B; U /�=G. First, suppose that h2G and .�; #/h belongs to CdQ.B; U /C. If D1

is the second term of the p-chain � , then it follows that Qg�1 D D1 D Qh�1 , so that
h�1g 2 NG.Q/, and hence

ONG.Q/..�; #/
h/ D ONG.Q/..�; #/

hh�1g/ D ONG.Q/..�; #/
g/:

In particular, we get

‚Q.ONG.Q/..�; #/
h// D ONG.Q/.�; �/:

This shows that the definition of ‚Q does not depend on the choice of the element g 2G
while it is clear that it does not depend on the choice of the representative .�; �/ in the
NG.Q/-orbit ‚Q.ONG.Q/.�; #/

g/. It also follows that the map ‚Q is G-equivariant. Let
now x 2 NA.U;Q/B . By the above argument, we can assume that the pair .�; #/ belongs
to CdQ.B; U /C. Then, since ‚Q is NA.U;Q/B -equivariant, we get

‚Q.ONG.Q/.�; #/
x/ D ‚Q.ONG.Q/.�; #//

x
D ONG.Q/.�; �/

x ;

from which we obtain
‚Q.OG.�; #/

x/ D OG.�; �/
x :

This proves our claim.
Next, we prove the condition on character triples. Keep .�; #/ and .�; �/ as before.

Recall that, up toG-conjugation, we may assume in the definition of‚Q thatQ coincides
with the second term of � and of �. Moreover, sinceG-block isomorphisms are compatible
with G-conjugation according to Lemma 3.8(c) in [40], this assumption is compatible
with the condition on character triples. Then, since the NG.Q/-orbits of .�; #/ and .�; �/
correspond under ‚Q, Corollary 2.3 yields

(2.3) .NA.Q/�;# ;NG.Q/� ; #/�NG.Q/ .NA.Q/�;�;NG.Q/�; �/:

Furthermore, since Q is a term of the p-chains � and �, we have that A� D NA.Q/� and
A� D NA.Q/�. We can then rewrite (2.3) as

(2.4) .A�;# ; G� ; #/�NG.Q/ .A�;�; G�; �/:

To conclude we need to show that the NG.Q/-block isomorphism (2.4) is actually a G-
block isomorphism. This is done by applying Lemma 2.11 in [28]. In fact, if D denotes a
defect group of the block of # in G� , then Q � Op.G� / � D and we get

CGA�;# .D/ � NGA�;# .Q/ D NG.Q/A�;# :
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A similar argument shows that

CGA�;�.P / � NG.Q/A�;�

for a defect groupP of the block of � inG�, hence verifying the hypothesis of Lemma 2.11
in [28]. The proof is now complete.

We now come to the final step of the proof of Theorem 2.1. Observe that this is the
step where we actually make use of the inductive Alperin–McKay condition.

Proof of Theorem 2.1. Recall that U is a normal p-subgroup of G of order jU j D pm

and let D be a defect group of the block B . By assumption, m < d D d.B/, and it fol-
lows from Theorem 4.8 in [24] that U < D. We claim that every pair .�; #/ 2 Cd .B; U /

is G-conjugate to a pair whose corresponding p-chain has all of its terms contained
in D. For this notice that, if b is a block of G� satisfying bG D B , then we can find a
defect group P of b and an element g 2G such that P � Dg according to Lemma 4.13
in [24]. Now, if D.�/ denotes the last term of � , then Theorem 4.8 in [24] implies that
D.�/�Op.G� /� P �Dg . By replacing .�;#/ with .�;#/g

�1
, we obtain a pair with the

properties required above. Thus, we can write � D ¹D0 D U < D1 < � � � < D.�/º with
D.�/ � D and observe that either j� j D 0, which leads to the p-chain �C D ¹D0 D U º,
or j� j � 1, in which case we can have either U < D1 < D or U < D1 D D, which leads
to the p-chain �� D ¹D0 D U < D1 D Dº.

Consider the set F of p-subgroups Q of G satisfying U < Qg < D for some g2G.
We denote by F =G the corresponding set of G-orbits and by Q the G-orbit of Q. If
Q 2 F =G and x 2 NA.U /B , then U <Qg <D for some g2G and U <Qgx <Dx . On
the other hand, since x stabilises the block B , we know thatDx is a defect group of B and
so there exists h2G such that Dxh D D. It follows that U < Qgxh < Dxh D D. Fur-
thermore, since G E NA.U /B , we can write gx D xg0 for some g0 2 G and we conclude
that U <Qxg 0h <D. This shows thatQx DQx belongs to F =G and therefore the group
NA.U /B acts by conjugation on F =G. Fix an NA.U /B -transversal � in F =G and observe
that, for every Q 2 � , Proposition 2.4 gives a GNA.U;Q/B -equivariant bijection

‚Q W C
d

Q
.B; U /C=G ! Cd

Q
.B; U /�=G

such that
.A�;# ; G� ; #/�G .A�;�; G�; �/

for every .�; #/ 2 Cd
Q
.B; U /C and .�; �/ 2 ‚Q..�; #//.

Hence, if we fix a GNA.U;Q/B -transversal T C
Q

in Cd
Q
.B;U /C=G, then the equivari-

ance properties of ‚Q imply that the image T �
Q

of T C
Q

under ‚Q is a GNA.U; Q/B -

transversal in Cd
Q
.B;U /�=G. If we now define Cd

F
.B;U /" to be the subset of Cd .B;U /"

consisting of those pairs .�; #/ such that the second term of � belongs to F , then we con-
clude from the above discussion that

T C
F
WD

a
Q2�

T C
Q

and T �F WD
a
Q2�

T �
Q
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are NA.U /B -transversals in Cd
F
.B;U /C=G and Cd

F
.B;U /�=G respectively. This follows

from the fact that, by a Frattini argument, GNA.U;Q/B coincides with the stabiliser of
the G-orbit Q under the action of NA.U /B . We can then define an NA.U /B -equivariant
bijection

�F W C
d
F .B; U /C=G ! CdF .B; U /�=G

by setting
�F

�
.�; #/x

�
WD .�; �/x

for every Q 2 � , every .�; #/ 2 T C
Q

corresponding to .�; �/ 2 T �
Q

via ‚Q, and every
x 2 NA.U /B . By the properties of the maps ‚Q, we get that the map �F satisfies the
required condition on character triples.

Following the first paragraph of the proof, observe that the set Cd .B; U /" can be
partitioned into the subsets Cd

F
.B; U /" and G", where we define G" as the set of those

pairs .�; #/ such that � is G-conjugate to �". Notice that GC is the set of pairs .�C; #/
with # 2 Irrd .G�C/ such that bl.#/G D B . Equivalently, since �C is G-invariant and
d D d.B/, the set GC consists of those pairs .�C; #/ where # is a character of p-height
zero in the block B . In particular, if �C

G
is an NA.U;D/B -transversal in Irr0.B/, then the

set T C
G

of G-orbits .�C; #/ with # 2 �C
G

is a GNA.U;D/B -transversal in GC=G. Next,
since by hypothesis the inductive Alperin–McKay condition (as stated in Conjecture 1.5)
holds for every covering group of a non-abelian finite simple group involved in G, we
can apply Theorem 7.1 in [26] with respect to G E NA.U /B to obtain an NA.U; D/B -
equivariant bijection

…B;D W Irr0.B/! Irr0.C /;

where C is the Brauer correspondent of B in NG.D/. Moreover, we have

(2.5) .NA.U /B;# ; G; #/�G .NA.U;D/B;�;NG.D/; �/

for every # 2 Irr0.B/ and � D …B;D.#/. Now the image ��
G

of �C
G

via the map …B;D is
an NA.U;D/B -transversal in the set Irr0.C /. Noticing that the set G� consists of pairs of
the form .��; �/

g for some � 2 Irr0.C / and g2G, we deduce that the set T �
G

of G-orbits
.��; �/ with � 2 ��

G
is a GNA.U;D/B -transversal in G�. A Frattini argument also shows

that NA.U /B D GNA.U;D/B . We can now define an NA.U /B -equivariant bijection

�G W GC=G ! G�=G

by defining
�G

�
.�C; #/

x
�
WD .��; �/

x

for every .�C; #/ 2 T C
G

corresponding to .��; �/ 2 T �
G

and every x 2 NA.U /B . The
G-block isomorphism of character triples (2.5) can be rewritten as

.A�C;# ; G�C ; #/�G .A��;�; G�� ; �/:

We can now construct a map � with the properties required above by defining it to
be �F and �G on the subsets Cd

F
.B; U /C=G and GC=G, respectively. This concludes

the proof.
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3. Proof of Theorem A and Corollary B

We now obtain Theorem A as a consequence of Theorem 2.1.

Proof of Theorem A. Notice first that the statement of Theorem 2.1 implies the char-
acter triple conjecture in the form introduced in Conjecture 6.3 of [40] if we assume
U � Z.G/. Furthermore, in this case it is no loss of generality to assume that U DOp.G/
according to Lema 2.3 in [28]. In order to apply Theorem 2.1, observe that the induct-
ive Alperin–McKay condition has been verified for the prime p D 2 with respect to
alternating simple groups (see [11] and Corollary 8.3(a) in [39]), Suzuki and Ree groups
(Theorem 1.1 in [20]), sporadic groups [1], groups of Lie type with exceptional Schur
multiplier (see [1] and Lemma 7.3 in[2]), groups of Lie type in characteristic 2 (Proposi-
tion 14.8 in [36]), classical groups of Lie type in odd characteristic (Corollary 8.1 in [2]),
and finally, exceptional groups of Lie type in odd characteristic (Theorem C in [37] and
Theorem C in [35]).

As claimed in the introduction, using Theorem A and the if part of Brauer’s height
zero conjecture, we can prove that the character triple conjecture holds for every 2-block
with abelian defect groups.

Proof of Corollary B. Let G E A be finite groups and U E G a 2-subgroup. Consider a
2-block B of G with abelian defect group D such that U < D, and write d WD d.B/. By
Theorem A, there exists a bijection Cd .B;U /C=G ! Cd .B;U /�=G, as required by the
character triple conjecture. So it remains to show that such a bijection can be constructed
by replacing d with any other non-negative integer, say 0 � f ¤ d . For this, consider a
pair .�; #/ 2 Cf .B;U /" so that # is an irreducible character of the stabiliserG� of defect
d.#/ D f and whose block satisfies bl.#/G D B . Observe that � ¤ �C WD ¹D0 D U º
and � ¤ �� WD ¹D0 D U < D1 D Dº. In fact, G�C D G, G�� D NG.D/ and, since D
is abelian, Brauer’s height zero conjecture (we actually only need the half proved in [15])
implies that Irr.B/ D Irrd .B/ and that Irr.b/ D Irrd .b/, where b is the Brauer corres-
pondent of B in NG.D/. In particular, the 2-chain � belongs to the set F defined in the
final step of the proof of Theorem 2.1. Now proceeding by induction on the order of G
and arguing as in Lemma 2.2, Corollary 2.3 and Proposition 2.4, it suffices to exhibit
an NA.Q/c-equivariant bijection Cf .c; Q/C=NG.Q/ ! Cf .c; Q/�=NG.Q/ inducing
NG.Q/-block isomorphisms for every U < Q < D and every block c of NG.Q/ satisfy-
ing cG D B . In other words, we need to show that the character triple conjecture holds for
the 2-block c of NG.Q/ with respect to f . This follows by induction since the condition
cG D B implies that c has abelian defect groups according to Lemma 4.13 in [24].

4. A converse to Theorem C

It was shown by Dade in [9] that the projective form of his conjecture implies the Alperin–
McKay conjecture. Later, Navarro proved (Theorem 9.27 in [25]) that the block-free
version of Dade’s ordinary conjecture implies the McKay Conjecture, while Kessar and
Linckelmann extended these results in [14] by proving that Dade’s ordinary conjecture
implies the Alperin–McKay conjecture. It is therefore natural to ask whether the character
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triple conjecture, which plays the role of an inductive condition for Dade’s projective con-
jecture, implies the inductive Alperin–McKay condition. In this section, we show that this
is the case and obtain the following result, which can be seen as a converse to Theorem C.

Theorem 4.1. If the character triple conjecture holds for height zero characters at the
prime p, then the inductive Alperin–McKay condition (in the generality considered in
Conjecture 1.5) holds at the prime p.

The structure of a minimal counterexample G to Conjecture 1.5 has been studied in
Section 7 of [26]. In particular, according to the argument used in the proof of Proposi-
tion 7.4 in [26], we know that Op.G/ is contained in the centre of G.

Lemma 4.2. Let G E A be a minimal counterexample to Conjecture 1.5 with respect to
jG W Z.G/j. Then Op.G/ � Z.G/.

Proof. By the choice of G, we know that Conjecture 1.5 holds for every group H such
that jH W Z.H/j< jG W Z.G/j. Now observe that in Section 7 of [26], the authors consider
a minimal counterexample G to their Theorem 7.1 (denoted by N there). Thus they have
that Conjecture 1.5 holds for every groupH with jH W Z.H/j< jG W Z.G/j, and addition-
ally that the inductive Alperin–McKay condition is satisfied for each covering group of a
simple group involved in G. However, the only place where the latter hypothesis is actu-
ally used is the proof of Proposition 7.7 in [26] (where they apply Corollary 6.3 in [26]). In
particular, the arguments of Lemma 7.3 and Proposition 7.4 in [26] apply to our minimal
counterexample G, and hence we may assume that Op.G/ � Z.G/.

Now, let G E A be a minimal counterexample as in Lemma 4.2, and consider a
block B of G for which Conjecture 1.5 fails to hold. If D is a defect group of B , then
Op.G/ < D, for if Op.G/ D D, then D is normal in G and Conjecture 1.5 follows trivi-
ally. Then, for every non-negative integer d , we can define the sets Cd0 .B;Op.G// and
Cd1 .B;Op.G// consisting of those pairs .�; #/ belonging to Cd .B;Op.G// and such
that � D ¹D0 D Op.G/º and � D ¹D0 D Op.G/ < D1º, with D1 a defect group of B ,
respectively. Moreover, set

JdC WDCd.B;Op.G//CnCd0 .B;Op.G// and Jd� WDCd.B;Op.G//�nCd1 .B;Op.G//:

For " 2 ¹C;�º, notice that G acts by conjugation on Jd" , and let Jd" =G denote the cor-
responding set of G-orbits. As usual, for any element .�; #/ 2 Jd" , we denote its G-orbit
by .�; #/.

Proposition 4.3. Let G E A be finite groups with G a minimal counterexample to Con-
jecture 1.5 with respect to jG W Z.G/j and consider a block B of G, with defect group D,
for which the result fails to hold. If d WD d.B/, then there exists an NA.D/B -equivariant
bijection

… W JdC=G ! Jd�=G

such that
.A�;# ; G� ; #/�G .A�;�; G�; �/;

for every .�; #/ 2 JdC and .�; �/ 2 …..�; #//.
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Proof. For " 2 ¹C;�º, define the set yJd" of p-chains � ofG that start with Op.G/ and for
which there exists a character # 2 Irr.G� / such that .�; #/ 2 Jd" . Denote by yJd" =G the
corresponding set of G-orbits and by � the G-orbit of � 2 yJd" . We claim that, if � 2 yJd"
has final term D.�/, then there exists g 2G such that

D.�/ � Dg
� G�

and Dg is a defect group of some block of G� . In fact, if .�; #/ 2 Jd" and Q is a defect
group of bl.#/, then D.�/ � Op.G� / � Q according to Theorem 4.8 in [24], while
Lemma 4.13 in [24] implies that there exists g 2G such that Q � Dg . Furthermore,
if f denotes the defect of the block bl.#/, then d � f by Theorem 4.6 in [24], and hence
we have

d � f � d.bl.#/G/ D d.B/ DW d:

This shows that Dg D Q � G� and thus D.�/ � Dg � G� as claimed.
Next, we define an NA.D/B -equivariant bijection

y… W yJdC=G !
yJd�=G

by sending the G-orbit of the p-chain � to the G-orbit of the p-chain � obtained by
deleting the final term D.�/ if D.�/ is a defect group of B . If D.�/ is not a defect group
of B , then the above discussion implies that there exists g 2G such that D.�/ < Dg

and Dg is a defect group of a block of the stabiliser G� . In this case, we define y… by
sending the G-orbit of � to the G-orbit of the p-chain � obtained by adding the term Dg

at the end of the p-chain � . Notice that the above definition does not depend on the choice
of Dg , but only on its G� -conjugacy class, nor on the representative � in � . Furthermore,
as Dg � G� , we deduce that the map sends normal p-chains to normal p-chains. To
conclude that y… is well defined we need to check that, for every � 2 y….�/, there exists
� 2 G� such that .�; �/ 2 Jd� . Without loss of generality, we may assume that � is the
p-chain obtained from � by adding D as a final term and that, if .�; #/ 2 JdC, the block
b WD bl.#/ has defect group D (otherwise we apply the same argument exchanging the
roles of � and �). Notice also that by the definition of the sets Jd" , since we are excluding
the p-chain ¹D0 D Op.G/º, we get G� < G because the last term of � properly contains
Op.G/. In particular, we deduce that

jG� W Z.G� /j < jG W Z.G/j;

and thus G� satisfies Conjecture 1.5 by the minimality of G. Then, if c is the Brauer
correspondent of bl.#/ in NG� .D/ D G�, then there exists an A�;b-equivariant bijection

…�;b W Irrd .b/! Irrd .c/

such that
.A�;# ; G� ; #/�G� .A�;# ; G�;…� .#//;

for every # 2 Irrd .b/. Noticing that CA�;# �G.D/�A�;# and applying Lemma 2.11 in [28],
we can use the above G� -block isomorphism of character triples to get

.A�;# ; G� ; #/�G .A�;# ; G�;…� .#//:
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In particular, for � WD…�;b.#/, we have .�;�/ 2 Jd� and so y… is well defined as explained
above. Observe that in the case where � is a p-chain with final term D.�/ a defect group
of B , and hence � is obtained by removing D.�/ from � , we can define c D bG� and
apply the inductive hypothesis to G� to obtain an A�;c-equivariant bijection

…�;c W Irrd .c/! Irrd .b/

inducing G�-block isomorphisms of character triples. In this case, we would define � WD
…�1�;c.#/ to obtain a pair .�;�/2Jd� . Finally, we use the bijections y…,…�;b , and…�1�;c con-
sidered above to define an NA.D/B -equivariant bijection…WJdC=G! Jd�=G as required
in the statement by sending theG-orbit of .�;#/ to theG-orbit of the pair .�;�/ construc-
ted above.

We can now prove Theorem 4.1.

Proof of Theorem 4.1. LetGEA be finite groups and assume thatG is a minimal counter-
example to Conjecture 1.5 with respect to jG W Z.G/j. Let B be a block of G with
defect group D and Brauer correspondent b in NG.D/ for which the result fails to hold.
By Lemma 4.2 and the discussion preceding it, we know that Op.G/ � Z.G/ and that
Op.G/ < D. Then, since we are assuming that the character triple conjecture holds for
the non-negative integer d D d.B/ at the prime p, we can find anAB -equivariant bijection

� W Cd .B;Op.G//C=G ! Cd .B;Op.G//�=G;

such that
.A�;# ; G� ; #/�G .G�;�; G�; �/;

for every .�; #/ 2 Cd .B;Op.G//C and .�; �/ 2 �..�; #//.
Consider now the sets Cd0 .B;Op.G// and Cd1 .B;Op.G// defined before Proposi-

tion 4.3, and notice that Cd0 .B;Op.G//=G is the set of G-orbits of pairs .�; #/ where
� D ¹D0 D Op.G/º and # 2 Irr0.B/, while Cd1 .B;Op.G//=G is the set of G-orbits of
pairs .�; �/ with � D ¹D0 D Op.G/ < D1 D Dº and � 2 Irr0.b/. Suppose that � maps
Cd0 .B;Op.G//=G onto Cd1 .B;Op.G//=G. If the G-orbit of .�; #/ is mapped to that of
.�; �/, then we write � WD ‚.#/ and obtain an NA.D/B -equivariant bijection

‚ W Irr0.B/! Irr0.b/

such that
.A# ; G; #/�G .NA.D/# ;NG.D/;‚.#//;

for every # 2 Irr0.B/, as required by Conjecture 1.5. This contradicts our choice ofG and
thus the image of Cd0 .B;Op.G//=G under � cannot coincide with Cd1 .B;Op.G//=G.
However, if … is the bijection given by Proposition 4.3, then we get

jCd0 .B;Op.G//=Gj D jC
d .B;Op.G//C=Gj � jJdC=Gj

D j�.Cd .B;Op.G//C=G/j � j….JdC=G/j

D jCd .B;Op.G//�=Gj � jJd�=Gj D jC
d
1 .B;Op.G//=Gj;
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and therefore there exists some element .�0; #0/ of Cd0 .B;Op.G// whose G-orbit is
mapped via � outside the set Cd1 .B;Op.G//=G. Now, we proceed as follows: since
�..�0; #0// belongs to Jd�=G, we can apply the inverse of the bijection … and define

.�1; #1/ WD …
�1
�
�
�
.�0; #0/

��
;

an element of JdC=G � Cd .B;Op.G//C=G. We can apply � to .�1; #1/. If �..�1; #1//
belongs to Cd1 .B;Op.G//=G, then we stop. Otherwise, as before, the element�..�1; #1//
belongs to Jd�=G and we define

.�2; #2/ WD …
�1
�
�
�
.�1; #1/

��
:

Proceeding this way, for i � 1, we define a sequence of elements of Cd .B;Op.G//C=G
by setting

.�i ; #i / WD …
�1
�
�
�
.�i�1; #i�1/

��
;

if �..�i�1; #i�1// is not in Cd1 .B;Op.G//=G. It is important to observe that, for every
i � 1, the pair .�i ; #i / does not belong to Cd0 .B;Op.G// and satisfies the condition

(4.1) .A�0 ; G�0 ; #0/�G .A�i ; G�i ; #i /:

Next, we claim that there is some integer n� 1 such that�..�n; #n//2Cd1 .B;Op.G//=G.
Assume for the sake of contradiction that this is not the case. Then the set

� WD
®
.…�1 ı�/i

�
.�0; #0/

� ˇ̌
i � 0

¯
� Cd .B;Op.G//C=G

is well defined and its image under � is contained in Jd�=G. If we apply …�1 to �.�/,
then we obtain a subset of � . Equivalently, the map …�1 ı� maps � to itself. Therefore,
since � is finite, we must have

…�1 ı�.�/ D � :

However, noticing that .�0; #0/ 2 � \ Cd0 .B;Op.G//=G and recalling, from elementary
set theory, that the image of the intersection of two sets under an injective map coincides
with the intersection of the images of such sets, we deduce that

j� j D j�.�/j D j�.�/ \ Jd�=Gj D
ˇ̌
…�1

�
�.�/ \ Jd�=G

�ˇ̌
D j…�1.�.�// \…�1.Jd�=G/j D j� \ JdC=Gj � j� j � 1;

a contradiction. This proves our claim, and therefore we can find some n � 1 such that
�..�n; #n// 2 Cd1 .B;Op.G//=G. Now, since Cd1 .B;Op.G// is NA.D/B -stable and both
� and … are NA.D/B -equivariant, the pairs .�0; #0/ and .�n; #n/ are not NA.D/B -
conjugate. Then, we can find an NA.D/B -transversal T in Cd .B;Op.G//C=G containing
.�0; #0/ and .�n; #n/. We define a new NA.D/B -equivariant bijection�0 between the sets
Cd .B;Op.G//C=G and Cd .B;Op.G//�=G by setting

�0
�
.�; #/x

�
WD

8̂<̂
:
�
�
.�; #/x

�
; if .�; #/ 2 T n

®
.�0; #0/; .�n; #n/

¯
;

�
�
.�n; #n/

x
�
; if .�; #/ D .�0; #0/;

�
�
.�0; #0/

x
�
; if .�; #/ D .�n; #n/;
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for every .�; #/ 2 T and x 2 NA.D/B . Using (4.1) and because �G is an equivalence
relation according to Lemma 3.8(a) in [40], we deduce that�0 satisfies the requirements of
the character triple conjecture. Moreover, since by construction .�n; #n/ is not in Cd0 .B/,
the definition of �0 coincides with that of � on the set Cd0 .B;Op.G//=G apart from the
value at our “bad” element .�0; #0/, which is now mapped to Cd1 .B;Op.G//=G under�0.
Arguing in this way, we can redefine the map � for all such bad elements in such a way
that the newly defined � maps Cd0 .B;Op.G//=G to Cd1 .B;Op.G//. As explained at the
beginning of the proof, this implies that Conjecture 1.5 holds for B . This contradicts our
choice of a minimal counterexample and the proof is now complete.

5. The block-free form of the character triple conjecture

In this section, we consider a block-free analogue of Theorem 2.1. For this purpose, given
a non-negative integer d and a normal p-subgroup U of G, we denote by Cd .G; U /" the
union of all sets Cd .B;U /" forB a block ofG and "2 ¹C;�º. Equivalently, Cd .G;U /" is
the set of pairs .�;#/where � is a p-chain ofG starting withU and satisfying .�1/j� jD"1,
and # is an irreducible character of the stabiliser G� with defect d.#/ D d . Moreover,
observe that by removing the condition (iv) of Remark 3.7 in [40] from the definition
of G-block isomorphism, we obtain a weaker isomorphism of character triples. This was
called G-central isomorphism in Definition 3.3.4 of [27], and will be denoted by�c

G .
With these definitions at hand, a block-free form of the character triple conjecture was
introduced in Conjecture 3.5.5 in [27]. The case of maximal defect characters, which in
this context coincide with characters of p0-degree, can then be deduced by assuming the
inductive McKay condition form [13]. Below we use a reformulation of this condition
in the spirit of Conjecture 1.5. We refer the reader to Conjecture A in [30] for a precise
statement.

Theorem 5.1. LetG be a finite group, consider a prime p, and suppose that the inductive
McKay condition (as stated in Conjecture A of [30]) holds at the prime p for the universal
covering group of every non-abelian finite simple group involved in G. Let G E A and
let U E G be a p-subgroup of order jU j < jGjp D pd . Then, there exists an NA.U /-
equivariant bijection

�U W C
d .G;U /C=G ! Cd .G;U /�=G

such that
.A�;# ; G� ; #/�

c
G .A�;�; G�; �/

for every .�; #/ 2 Cd .G;U /C and .�; �/ 2 �U ..�; #//.

Proof. By replacing the defect group D of B with a Sylow p-subgroup P of G in the
arguments used to prove Lemma 2.2, Corollary 2.3, and Proposition 2.4, we obtain, for
any U < Q < P , a GNA.U;Q/-equivariant bijection

‚Q W C
d

Q
.G;U /C=G ! Cd

Q
.G;U /�=G

such that
.A�;# ; G� ; #/�

c
G .A�;�; G�; �/
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for every .�; #/ 2 Cd
Q
.G; U /C and .�; �/ 2 ‚Q..�; #//. Then, as in the final step of the

proof of Theorem 2.1, we can combine the bijections‚Q to obtain an NA.U /-equivariant
bijection

�F W C
d
F .G;U /C=G ! CdF .G;U /�=G;

where F denotes the set of p-subgroupsQ of G such that U < Qg < P for some g 2G,
while Cd

F
.G; U /" is the set of pairs .�; #/ 2 Cd .G; U /" such that the second term of the

p-chain � belongs to F . To conclude, we define GC as the set of pairs .�C; #/ with
�C D ¹U º and # 2 Irrp0.G/, and the set G� of pairs .��; �/g with �� D ¹U < P º,
�2 Irrp0.NG.P // and g2G. To construct a bijection�G that inducesG-central isomorph-
isms of character triples between the sets GC=G and G�=G, we now use the hypothesis
that the inductive McKay condition holds for the universal covering group of every non-
abelian simple group involved in G and apply Theorem B in [30]. The bijection � is then
constructed using �F and �G .

Before proceeding further, we make a remark on the block-free form of Theorem 4.1.

Remark 5.2. By following the argument used in Section 4, while replacing everywhere
the defect groupD with a Sylow p-subgroupP and Lemma 4.2 with Corollary 4.3 in [30],
one could prove a block-free version of Theorem 4.1 and hence obtain a converse to The-
orem 5.1. More precisely, if the block-free version of the character triple conjecture holds
for every finite groupG at the prime p with respect to d WD logp.jGjp/, then the inductive
McKay condition (in the formulation given in Conjecture A of [30]) holds for every finite
group at the prime p.

While we can obtain the block-free form of the character triple conjecture for the
prime 2 and maximal defect characters as a consequence of Theorem A, the above result
can be used to handle the remaining odd primes p thanks to the solution of McKay’s
conjecture recently obtained by Cabanes and Späth [7].

Theorem 5.3. Let G be a finite group and write jGjp D pd . Then, the block-free form of
the character triple conjecture (Conjecture 3:5:5 in [27]) holds for G at the prime p and
with respect to the defect d .

Proof. By Theorem 5.1, it suffices to verify the inductive McKay condition for finite
simple groups with respect to the prime p. This has been verified for Suzuki and Ree
groups (Section 16-17 of [13]), alternating groups (Theorem 3.1 in [19]), groups of Lie
type with exceptional Schur multiplier (Theorem 4.1 in [19]), sporadic groups [19], groups
of Lie type in defining characteristic (Theorem 1.1 in [38]), and groups of Lie type in
non-defining characteristic unless of type D [3–6]. The remaining case of groups of Lie
type D in non-defining characteristic follows from Theorem 3.1 in [22] and [7] by applying
Theorem 2.4 in [6].

As a consequence of the above theorem, we obtain the block-free form of the character
triple conjecture for every prime p and every finite group G with normal abelian Sylow
p-subgroup.

Corollary 5.4. The block-free version of the character triple conjecture holds at the
prime p for every finite group with a normal abelian Sylow p-subgroup.
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Proof. LetG be a finite group with a normal abelian Sylow p-subgroupP andU a normal
p-subgroup ofG with jU j < jGjp DW pd . Then, applying Theorem 5.3, we get a bijection

�dU W C
d .G;U /C=G ! Cd .G;U /�=G

satisfying the requirements of the block-free form of the character triple conjecture. Next,
consider a non-negative integer f ¤ d . Since the sets Cd .G;U /" are empty for " 2 ¹C;�º
whenever f > d , we may assume that f < d . Now, as in the proof of Theorem 5.1, let F

be the set of all p-subgroups ofG such that U <Q <P and denote by C
f

F
.G;U /" the set

of pairs .�; #/ 2 Cf .G; U /" such that the second term of � belongs to F . By induction
on jG W Z.G/j, we may assume that the block-free form of the character triple conjecture
holds every group H with jH W Z.H/j < jG W Z.G/j with respect to every non-negative
integer f (unlike in the setting considered in the proof of Theorem 5.1, where induction
only yields the case f D d ). Thanks to this observation, and noticing that NG.Q/ has a
normal abelian Sylow p-subgroup for every p-subgroup Q of G, we can argue as in the
first part of the proof of Theorem 5.1 to obtain an NA.U /-equivariant bijection

�F W C
f

F
.G;U /C=G ! C

f

F
.G;U /�=G

inducing central isomorphisms of character triples. Therefore, to conclude it suffices to
construct an NA.U /-equivariant bijection between the G-orbits on

C0 WD Cf .G;U /C n C
f

F
.G;U /C

and those of
C1 WD Cd .G;U /� n C

f

F
.G;U /�

inducing central isomorphisms of character triples. We claim that C0 and C1 are empty.
First assume that .�; #/ 2 C0. In this case, � D ¹U º and # is a character of G� D G of
defect d.#/D f . Since G has a normal abelian Sylow p-subgroup, Theorem 6.15 in [12]
implies that all characters ofG have defect d > f . Therefore C0 must be empty. Similarly,
suppose that .�; #/ belongs to C1. Then � D ¹U < P º and # is an irreducible character
of G� D NG.P / with defect d.#/ D f . Once again, since f < d , Theorem 6.15 in [12]
yields a contradiction. Therefore C0 and C1 are empty and so the bijection �F satisfies
the requirements of the block-free form of the character triple conjecture with respect
to f . This completes the proof.

Acknowledgements. I want to thank Gunter Malle for providing useful comments on an
earlier version of this paper and the anonymous referees for their detailed and valuable
suggestions that helped improve the exposition.

Funding. Part of this work was carried out during a visit of the author to the Mathemat-
isches Forschungsinstitut Oberwolfach funded by a Leibniz Fellowship, Ref. 2310q. This
work is also supported by the Walter Benjamin Programme of the DFG, Project number
525464727.



D. Rossi 20

References

[1] Breuer, T.: Computations for some simple groups. httpW//www.math.rwth-aachen.de/~Thomas.
Breuer/ctblocks/doc/overview.html, visited 27 January 2025.

[2] Brough, J. and Ruhstorfer, L.: On the Alperin–McKay conjecture for 2-blocks of maximal
defect. J. Lond. Math. Soc. (2) 106 (2022), no. 2, 1580–1602. Zbl 1521.20022 MR 4477225

[3] Cabanes, M. and Späth, B.: Equivariance and extendibility in finite reductive groups with
connected center. Math. Z. 275 (2013), no. 3-4, 689–713. Zbl 1328.20019 MR 3127033

[4] Cabanes, M. and Späth, B.: Equivariant character correspondences and inductive McKay con-
dition for type A. J. Reine Angew. Math. 728 (2017), 153–194. Zbl 1456.20009
MR 3668994

[5] Cabanes, M. and Späth, B.: Inductive McKay condition for finite simple groups of type C.
Represent. Theory 21 (2017), 61–81. Zbl 1475.20022 MR 3662374

[6] Cabanes, M. and Späth, B.: Descent equalities and the inductive McKay condition for types B
and E. Adv. Math. 356 (2019), article no. 106820, 48 pp. Zbl 1480.20023 MR 4011025

[7] Cabanes, M. and Späth, B.: The McKay conjecture on character degrees. Preprint 2024,
arXiv:2410.20392v1.

[8] Dade, E. C.: Counting characters in blocks. I. Invent. Math. 109 (1992), no. 1, 187–210.
Zbl 0738.20011 MR 1168370

[9] Dade, E. C.: Counting characters in blocks. II. J. Reine Angew. Math. 448 (1994), 97–190.
Zbl 0790.20020 MR 1266748

[10] Dade, E. C.: Counting characters in blocks, 2.9. In Representation theory of finite groups
(Columbus, OH, 1995), pp. 45–59. Ohio State Univ. Math. Res. Inst. Publ. 6, de Gruyter,
Berlin, 1997. Zbl 0904.20004 MR 1611009

[11] Denoncin, D.: Inductive AM condition for the alternating groups in characteristic 2. J. Algebra
404 (2014), 1–17. Zbl 1320.20012 MR 3177884

[12] Isaacs, I. M.: Character theory of finite groups. Pure Appl. Math. 69, Academic Press, New
York-London, 1976. Zbl 0337.20005 MR 0460423

[13] Isaacs, I. M., Malle, G. and Navarro, G.: A reduction theorem for the McKay conjecture.
Invent. Math. 170 (2007), no. 1, 33–101. Zbl 1138.20010 MR 2336079

[14] Kessar, R. and Linckelmann, M.: Dade’s ordinary conjecture implies the Alperin–McKay con-
jecture. Arch. Math. (Basel) 112 (2019), no. 1, 19–25. Zbl 1441.20006 MR 3901898

[15] Kessar, R. and Malle, G.: Quasi-isolated blocks and Brauer’s height zero conjecture. Ann. of
Math. (2) 178 (2013), no. 1, 321–384. Zbl 1317.20006 MR 3043583

[16] Knörr, R. and Robinson, G. R.: Some remarks on a conjecture of Alperin. J. London Math.
Soc. (2) 39 (1989), no. 1, 48–60. Zbl 0672.20005 MR 0989918

[17] Linckelmann, M.: The block theory of finite group algebras. Vol. I. London Math. Soc. Stud.
Texts 91, Cambridge University Press, Cambridge, 2018. Zbl 1515.20015 MR 3821516

[18] Linckelmann, M.: The block theory of finite group algebras. Vol. II. London Math. Soc. Stud.
Texts 92, Cambridge University Press, Cambridge, 2018. Zbl 1515.20016 MR 3821517

[19] Malle, G.: The inductive McKay condition for simple groups not of Lie type. Comm. Algebra
36 (2008), no. 2, 455–463. Zbl 1153.20009 MR 2387535

http://www.math.rwth-aachen.de/~Thomas.Breuer/ctblocks/doc/overview.html
http://www.math.rwth-aachen.de/~Thomas.Breuer/ctblocks/doc/overview.html
https://doi.org/10.1112/jlms.12606
https://doi.org/10.1112/jlms.12606
https://zbmath.org/?q=an:1521.20022
https://mathscinet.ams.org/mathscinet-getitem?mr=4477225
https://doi.org/10.1007/s00209-013-1156-7
https://doi.org/10.1007/s00209-013-1156-7
https://zbmath.org/?q=an:1328.20019
https://mathscinet.ams.org/mathscinet-getitem?mr=3127033
https://doi.org/10.1515/crelle-2014-0104
https://doi.org/10.1515/crelle-2014-0104
https://zbmath.org/?q=an:1456.20009
https://mathscinet.ams.org/mathscinet-getitem?mr=3668994
https://doi.org/10.1090/ert/497
https://zbmath.org/?q=an:1475.20022
https://mathscinet.ams.org/mathscinet-getitem?mr=3662374
https://doi.org/10.1016/j.aim.2019.106820
https://doi.org/10.1016/j.aim.2019.106820
https://zbmath.org/?q=an:1480.20023
https://mathscinet.ams.org/mathscinet-getitem?mr=4011025
https://arxiv.org/abs/2410.20392v1
https://doi.org/10.1007/BF01232023
https://zbmath.org/?q=an:0738.20011
https://mathscinet.ams.org/mathscinet-getitem?mr=1168370
https://doi.org/10.1515/crll.1994.448.97
https://zbmath.org/?q=an:0790.20020
https://mathscinet.ams.org/mathscinet-getitem?mr=1266748
https://doi.org/10.1515/9783110806298.45
https://zbmath.org/?q=an:0904.20004
https://mathscinet.ams.org/mathscinet-getitem?mr=1611009
https://doi.org/10.1016/j.jalgebra.2014.01.032
https://zbmath.org/?q=an:1320.20012
https://mathscinet.ams.org/mathscinet-getitem?mr=3177884
https://zbmath.org/?q=an:0337.20005
https://mathscinet.ams.org/mathscinet-getitem?mr=0460423
https://doi.org/10.1007/s00222-007-0057-y
https://zbmath.org/?q=an:1138.20010
https://mathscinet.ams.org/mathscinet-getitem?mr=2336079
https://doi.org/10.1007/s00013-018-1230-9
https://doi.org/10.1007/s00013-018-1230-9
https://zbmath.org/?q=an:1441.20006
https://mathscinet.ams.org/mathscinet-getitem?mr=3901898
https://doi.org/10.4007/annals.2013.178.1.6
https://zbmath.org/?q=an:1317.20006
https://mathscinet.ams.org/mathscinet-getitem?mr=3043583
https://doi.org/10.1112/jlms/s2-39.1.48
https://zbmath.org/?q=an:0672.20005
https://mathscinet.ams.org/mathscinet-getitem?mr=0989918
https://doi.org/10.1017/9781108349321
https://zbmath.org/?q=an:1515.20015
https://mathscinet.ams.org/mathscinet-getitem?mr=3821516
https://doi.org/10.1017/9781108349307
https://zbmath.org/?q=an:1515.20016
https://mathscinet.ams.org/mathscinet-getitem?mr=3821517
https://doi.org/10.1080/00927870701716090
https://zbmath.org/?q=an:1153.20009
https://mathscinet.ams.org/mathscinet-getitem?mr=2387535


The character triple conjecture for height zero characters and the prime 2 21

[20] Malle, G.: On the inductive Alperin–McKay and Alperin weight conjecture for groups with
abelian Sylow subgroups. J. Algebra 397 (2014), 190–208. Zbl 1344.20011 MR 3119221

[21] Malle, G., Navarro, G., Schaeffer Fry, A. A. and Tiep, P. H.: Brauer’s height zero conjecture.
Ann. of Math. (2) 200 (2024), no. 2, 557–608. MR 4792070

[22] Malle, G. and Späth, B.: Characters of odd degree. Ann. of Math. (2) 184 (2016), no. 3, 869–
908. Zbl 1397.20016 MR 3549625

[23] Nagao, H. and Tsushima, Y.: Representations of finite groups. Academic Press, Boston, MA,
1989. Zbl 0673.20002 MR 0998775

[24] Navarro, G.: Characters and blocks of finite groups. London Math. Soc. Lecture Note Ser. 250,
Cambridge University Press, Cambridge, 1998. Zbl 0903.20004 MR 1632299

[25] Navarro, G.: Character theory and the McKay conjecture. Cambridge Stud. Adv. Math. 175,
Cambridge University Press, Cambridge, 2018. Zbl 1433.20001 MR 3753712

[26] Navarro, G. and Späth, B.: On Brauer’s height zero conjecture. J. Eur. Math. Soc. (JEMS) 16
(2014), no. 4, 695–747. Zbl 1353.20006 MR 3191974

[27] Rossi, D.: Character triple conjecture, towards the inductive condition for Dade’s conjecture
for groups of Lie type. Ph.D. Thesis, Bergische Universität Wuppertal, 2022.

[28] Rossi, D.: Character triple conjecture for p-solvable groups. J. Algebra 595 (2022), 165–193.
Zbl 1498.20028 MR 4357337

[29] Rossi, D.: Inductive local-global conditions and generalized Harish–Chandra theory. Preprint
2022, arXiv:2204.10301v3.

[30] Rossi, D.: The McKay conjecture and central isomorphic character triples. J. Algebra 618
(2023), 42–55. Zbl 1512.20031 MR 4524565

[31] Rossi, D.: The Brown complex in non-defining characteristic and applications. Preprint 2023,
arXiv:2303.13973v2.

[32] Rossi, D.: Counting conjectures and e-local structures in finite reductive groups. Adv. Math.
436 (2024), article no. 109403, 61 pp. Zbl 1535.20067 MR 4668718

[33] Rossi, D.: A local-global principle for unipotent characters. Forum Math. Sigma 12 (2024),
article no. e125, 29 pp. Zbl 07961534 MR 4840372

[34] Rossi, D.: A reduction theorem for the character triple conjecture. Preprint 2024, arXiv:
2402.10632v2.

[35] Ruhstorfer, L.: Jordan decomposition for the Alperin–McKay conjecture. Adv. Math. 394
(2022), article no. 108031, 30 pp. Zbl 1515.20071 MR 4355731

[36] Ruhstorfer, L.: Quasi-isolated blocks and the Alperin–McKay conjecture. Forum Math. Sigma
10 (2022), article no. e48, 43 pp. Zbl 1500.20002 MR 4446513

[37] Ruhstorfer, L.: The Alperin–McKay conjecture for the prime 2. To appear in Ann. of Math. (2).

[38] Späth, B.: Inductive McKay condition in defining characteristic. Bull. Lond. Math. Soc. 44
(2012), no. 3, 426–438. Zbl 1251.20020 MR 2966987

[39] Späth, B.: A reduction theorem for the Alperin–McKay conjecture. J. Reine Angew. Math. 680
(2013), 153–189. Zbl 1283.20006 MR 3100954

[40] Späth, B.: A reduction theorem for Dade’s projective conjecture. J. Eur. Math. Soc. (JEMS) 19
(2017), no. 4, 1071–1126. Zbl 1459.20005 MR 3626551

https://doi.org/10.1016/j.jalgebra.2013.09.013
https://doi.org/10.1016/j.jalgebra.2013.09.013
https://zbmath.org/?q=an:1344.20011
https://mathscinet.ams.org/mathscinet-getitem?mr=3119221
https://doi.org/10.4007/annals.2024.200.2.4
https://mathscinet.ams.org/mathscinet-getitem?mr=4792070
https://doi.org/10.4007/annals.2016.184.3.6
https://zbmath.org/?q=an:1397.20016
https://mathscinet.ams.org/mathscinet-getitem?mr=3549625
https://zbmath.org/?q=an:0673.20002
https://mathscinet.ams.org/mathscinet-getitem?mr=0998775
https://doi.org/10.1017/CBO9780511526015
https://zbmath.org/?q=an:0903.20004
https://mathscinet.ams.org/mathscinet-getitem?mr=1632299
https://doi.org/10.1017/9781108552790
https://zbmath.org/?q=an:1433.20001
https://mathscinet.ams.org/mathscinet-getitem?mr=3753712
https://doi.org/10.4171/JEMS/444
https://zbmath.org/?q=an:1353.20006
https://mathscinet.ams.org/mathscinet-getitem?mr=3191974
https://doi.org/10.1016/j.jalgebra.2021.12.018
https://zbmath.org/?q=an:1498.20028
https://mathscinet.ams.org/mathscinet-getitem?mr=4357337
https://arxiv.org/abs/2204.10301v3
https://doi.org/10.1016/j.jalgebra.2022.12.004
https://zbmath.org/?q=an:1512.20031
https://mathscinet.ams.org/mathscinet-getitem?mr=4524565
https://arxiv.org/abs/2303.13973v2
https://doi.org/10.1016/j.aim.2023.109403
https://zbmath.org/?q=an:1535.20067
https://mathscinet.ams.org/mathscinet-getitem?mr=4668718
https://doi.org/10.1017/fms.2024.78
https://zbmath.org/?q=an:07961534
https://mathscinet.ams.org/mathscinet-getitem?mr=4840372
https://arxiv.org/abs/2402.10632v2
https://doi.org/10.1016/j.aim.2021.108031
https://zbmath.org/?q=an:1515.20071
https://mathscinet.ams.org/mathscinet-getitem?mr=4355731
https://doi.org/10.1017/fms.2022.36
https://zbmath.org/?q=an:1500.20002
https://mathscinet.ams.org/mathscinet-getitem?mr=4446513
https://doi.org/10.1112/blms/bdr100
https://zbmath.org/?q=an:1251.20020
https://mathscinet.ams.org/mathscinet-getitem?mr=2966987
https://doi.org/10.1515/crelle.2012.035
https://zbmath.org/?q=an:1283.20006
https://mathscinet.ams.org/mathscinet-getitem?mr=3100954
https://doi.org/10.4171/JEMS/688
https://zbmath.org/?q=an:1459.20005
https://mathscinet.ams.org/mathscinet-getitem?mr=3626551


D. Rossi 22

[41] Späth, B.: Reduction theorems for some global-local conjectures. In Local representation the-
ory and simple groups, pp. 23–61. EMS Ser. Lect. Math., Eur. Math. Soc., Zürich, 2018.
Zbl 1430.20008 MR 3821137

Received July 22, 2024; revised December 3, 2024.

Damiano Rossi
FB Mathematik, RPTU Kaiserslautern–Landau
Postfach 3049, 67653 Kaiserslautern, Germany;
damiano.rossi@rptu.de, damiano.rossi.math@gmail.com

https://doi.org/10.4171/185-1/2
https://zbmath.org/?q=an:1430.20008
https://mathscinet.ams.org/mathscinet-getitem?mr=3821137
mailto:damiano.rossi@rptu.de
mailto:damiano.rossi.math@gmail.com

	Introduction
	1. Preliminaries and notation
	2. Proof of Theorem C
	3. Proof of Theorem A and Corollary B
	4. A converse to Theorem C
	5. The block-free form of the character triple conjecture
	References

