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Free-boundary monotonicity for almost-minimizers of the
relative perimeter

Gian Paolo Leonardi and Giacomo Vianello

Abstract. Let £ C Q be a local almost-minimizer of the relative perimeter in the open set  C R”.
We prove a free-boundary monotonicity inequality for E at a point x € 92, under a geometric
property called “visibility”, that €2 is required to satisfy in a neighborhood of x. Incidentally, the
visibility property is satisfied by a considerably large class of Lipschitz and possibly non-smooth
domains. Then, we prove the existence of the density of the relative perimeter of E at x, as well as
the fact that any blow-up of E at x is necessarily a perimeter-minimizing cone within the tangent
cone to £ at x.

1. Introduction

Consider an open set  C R” with Lipschitz boundary, and fix xo € 9€2. The main goal of
this work is to prove a free-boundary monotonicity inequality for a local almost-minimizer
E C Q of the relative perimeter at the boundary point xo, under a suitable geometric
property of €2 near xo, which we call “visibility”.

Monotonicity inequalities are key tools in the regularity theory for minimizers and
almost-minimizers of the area functional. In the prototypical setting of E being a local
perimeter minimizer near 0 € €2 (or even just a critical point of the perimeter functional)
and given 0 < r; < ry such that the ball B,, of radius r, and center 0 is contained in €2, it
is known that

&vE) P(E;Br) P(E;By)
/(B I
rn r

where P(E; B;) is the perimeter of E in B,, # n—1 is the Hausdorff (n — 1)-dimensional
measure in R”, 9* E is the reduced boundary of E, and vg is the weak interior normal
defined for #"~1-almost every x € 0*E.

The first, fundamental consequences of an inequality like (1.1) are:

(1) the monotonicity of the renormalized perimeter r +— %ﬁlf’), which turns out to

be a non-decreasing function admitting a finite limit as r — 0 (denoted as 6 (0),
the perimeter density of E at 0);
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(ii) the fact that if a perimeter minimizer has a constant renormalized perimeter, then
the left-hand side of (1.1) vanishes for all 0 < r; < r;, and consequently, E coin-
cides up to null sets with a cone with vertex at the origin.

These two facts allow the application of the monotonicity formula in several steps of
the proof of the C "*-regularity of the reduced boundary 9* E, as well as in the analysis of
the singular set dF \ 0* E. After the pioneering work of De Giorgi [10] on the partial reg-
ularity of local perimeter minimizers, the internal regularity theory has been successfully
extended to (rectifiable) sets of varying topological type [26], area-minimizing integral
currents [4, 11-13, 17], and varifolds [1, 3]. In the codimension-1 case, in particular, the
dimension of the singular set is sharply estimated as < n — 8, after the work of Bombieri—
De Giorgi—Giusti [8] combined with a dimension-reduction argument due to Federer [29].
In these works, monotonicity formulas arise in specific but substantially equivalent forms,
through proofs based either on comparison with cones or by testing the first variation of
area with suitable radially symmetric vector fields.

A key feature of regularity theory is its stability under perturbations that, at small
scales, have a higher order of infinitesimality than area. This has led to the extension
of the regularity theory to wider classes of almost-minimizers including, for instance,
minimizers of isoperimetric or prescribed mean curvature problems (see, e.g., [7, 19,25,
28,30]).

Coming to the boundary properties of almost-minimizers, we record regularity results
proved for integral currents minimizing parametric elliptic integrals and k-varifolds with
mean curvature in L? for p > k, assuming C % regularity of their boundary [2,9, 14].
In the free-boundary case, regularity results have been proved for area-minimizing cur-
rents and varifolds when the domain € is either of class C?2 [20-23] or, more recently,
a local C?2-deformation of a wedge-type polyhedral cone [15]. In these cases, monoton-
icity properties of the renormalized area are shown by testing with locally constructed,
almost-radial vector fields that are smooth and tangent to 9€2.

The background motivation of this paper is the study of the free-boundary proper-
ties and regularity of perimeter almost-minimizers when the boundary of the domain 2
is Lipschitz but not necessarily smooth. We aim to consider 2 that might not be locally
of class C1* or coincide with a smooth deformation of a polyhedral wedge (as assumed
in [15]). Carrying over the full regularity program in such a general setting seems particu-
larly challenging. For this reason, in this paper, we focus on the monotonicity property as
a preliminary step towards the extension of the free-boundary regularity results mentioned
so far.

1.1. Description of the main definitions and results

Let Q C R” be an open set with Lipschitz boundary and £ C 2 be a measurable set. In
what follows, E will be called a local almost-minimizer of the relative perimeter in €2 if
for any x € Q, there exists 7 > 0 such that for any 0 < r < r, and any measurable F C Q
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with FAE CC B,(x), one has
P(E:B,(x) N Q) < P(F: B,(x) N Q) + |FAE|"" ya(E: x.r),

for a suitable function Yo (E; x, 7) such that lim,_, o+ ¥o(E; x,7) = 0. Of course, when
the error term | FAE| = Yq(E; x, r) vanishes, we have a local perimeter minimizer. We
conveniently introduce the following classical notation: given a function f € BV;o.(R),'
we define the minimality gap of f in A as

Wa(f:4) =|Df(QNA)|—inf{|Dg|(2N A): g € BVoc(Q), spt(g — [) CC 4}

and, when f = 1g, we set Vq(E; A) := Wq(1g; A). If E is an almost-minimizer and
x € Q, it is immediate to check that W (E; B,(x)) < r" 'y (E; x, r). The two main
applications of Theorem 5.2 (our general monotonicity inequality) are Corollary 5.3 and
Theorem 6.1. For them, we will need to assume that the minimality gap on balls centered
at 0 € 92 decays to O suitably fast as » — 0T, which is expressed through the following
summability property:

R . R .
/ Mdp:/ Mdp<+oo. (1.2)
0 p" 0 P
Several notions of almost-minimality are available in the literature. Among those where
the minimality error is in additive form, like ours, we mention the well-known A-mini-
mality [5, 24], where the minimality error is estimated by A|FAFE| for some A > 0,
which is a special case of our definition. We also remark that the definition of almost-
minimality given by Tamanini in [31]° is slightly more general than ours, even though
we take direct inspiration from it. The reason why we are forced to consider a slightly
stronger almost-minimality is that, in the boundary case, it seems impossible to use the
monotonicity inequality to prove lower-density estimates for the perimeter and the volume
of E at x € 92, as it happens for the interior case. On the other hand, a local almost-
minimizer in our sense turns out to fulfill volume and perimeter density estimates directly
(see Lemma 3.8). We point out that these estimates are crucially used in the proof of
Theorem 6.1.

The key assumption needed for the proof of our monotonicity formula is the afore-
mentioned visibility property, which we now briefly describe. Let 2 C R” be an open set
with Lipschitz boundary such that 0 € 92 and in graphical form around 0 with respect
to the variables x’ = (xy, ..., X,—1), so that  is locally the epigraph of some Lipschitz
function of x’. We say that 2 satisfies the visibility property at 0 if there exist R > 0 and

'Here we mean that f € LL _(£2) and has bounded variation in N A, for any bounded set 4 C R”.

loc

2In Tamanini’s definition, the term [FAE|"7" is replaced by r"~!.
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a function v € C([0, R)) such that
(VD) v(0) =v'(0) =0and 0 < v’ <271;
(V2) The function
Yo(r) :=r~1 sup _v(s) + v/(s)
s

O<s<r
is summable on (0, R);

(V3) forall 0 < r < R, the segment joining the point V, = (0,...,0,—v(r)) with a
point x belonging to 2 N B, does not intersect 2.

The visibility property allows us to construct a quasi-conical competitor for a local almost-
minimizer of the relative perimeter in €2, which is a key step in the proof of our mono-
tonicity inequality. It is worth observing that this property guarantees the existence of
the tangent cone to 2 at O (Proposition 4.5). The visibility property at O is satisfied, for
instance, by cones with vertex at O (with the trivial choice v = 0), by C LB open sets and
also by convex sets suitably approximated by their tangent cone at 0; one can also easily
construct examples of Lipschitz domains that do not satisfy the property (see Section 4.4
for more details). Another consequence of the visibility property is the existence of a foli-
ation of a neighborhood of 0 by spheres with varying centers, which correspond to the
level sets of a function ¢ of class C!, that is, such that ¢~!(r) = 9B, (V,). Moreover,
by (V1) and (V2) one can show that ¢ is C L_close to the function |x| (see Lemma 4.9).

In our main result, Theorem 5.2, we establish the following monotonicity inequality
for f € BVjoc(£2), under the visibility property:

(o, , #wallaony

|V (x)] o,
52(/9004’”” o)1 dlDfl)[Mf(rz)—uf(r1)+/r p Vo (f; By(Vy))dp

1

+ G(f;rl,rz)]. (1.3)

Here, 0 < ry < ry are sufficiently small, A, ,, = B, (V;,) \ By, (V;,), vy represents the
Radon-Nikodym derivative of Df with respect to its total variation |Df|,

_ IDfIQ N B, (V7))
l’l’f(r) - rn_l ’

and G( f';r1,rp) is an error term whose precise expression is given in (5.1), which depends
on the properties of the boundary of €2, and goes to 0 when r, — 0 as soon as

pur(r) < C forall r > 0 small enough and for some C > 0. (1.4)

Inequality (1.3) has important consequences when f = 1g and E is a local almost-mini-
mizer of the relative perimeter in 2 satisfying the assumption in (1.2). Indeed, in this



Free-boundary monotonicity for almost-minimizers of the relative perimeter 5

case, the abovementioned density estimates guarantee that (1.4) holds. We then infer that
the function

/O "p‘,,l Wa(f: Bo(Vo))dp + G(f:0.7)

is infinitesimal as r — 0. Consequently, the density ratio /s (r) is almost-monotone, and
hence it admits a finite limit O£ (0) as r — 07 (see Corollary 5.3).

Finally, the left-hand side of (1.3) can be interpreted as an approximate conical devi-
ation term, since it is as small as E is close to being a cone with vertex at O (at least when
¢(x) = |x|, i.e., if the visibility property at O is satisfied with v = 0). This observation is
exploited in the proof of Theorem 6.1, where we show that any blow-up sequence of an
almost-minimizer of the relative perimeter in €2 admits a subsequence that converges to a
minimizing cone in the tangent cone to €2 at 0.

2. Preliminaries

Letn e N,n>2. Fori =1,...,n, we denote by e¢; the i-th vector of the standard
basis of R”. Given x, y € R”, their Euclidean product is (x, y) := >/, x; y;, while the
Euclidean norm of x is |x| := +/{x, x). When needed, we will write x = (x/, x;,), where
x' = (x1,...,%s_1) € R?71. We let B,(x) be the open ball of radius r > 0 centered at
x € R", and we set B, := B,(0). Similarly, we let B, (x) be the (n — 1)-dimensional
open ball with center x” and radius . We denote by either £"(E) or |E| the Lebesgue
measure of £ C R”, and we set w, := £"(Bj). Given a measurable set A C R”, we set

ENB
AW = {xeR": lim ﬂ:

r—0+ wu "

z} forall0 <7 <1.

Given two non-empty, bounded subsets A, B C R”, we denote by disty (A, B) the Haus-
dorff distance between A and B, that is,

disty (A, B) = max{sup dist(x, B), sup dist(y,A)}, 2.1
yE€B

x€eA

where dist(x, Z) := inf,cz |x — z|. Note that the Hausdorff distance becomes a proper
distance function when restricted to compact sets (see [27]).

Given 2 C R”" open and a vector-valued Radon measure 1 = (i1, ..., tup) on 2,
we denote by |u| its total variation. Let u = (uy,...,up) : @ — R” be summable with
respect to |u|. Then u - u denotes the Radon measure defined by

P
u-/L(E)::/u-d,u:Z/uqduq.
E —17E

It can be proved (see [6, Proposition 1.23]) that

lu-pul = |ul-p.
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Given a Lipschitz map g : R" — R?, we denote by Lip(g) its Lipschitz constant, and
we denote by Lip(R") the space of Lipschitz real-valued functions. We record for future
reference the following, elementary fact:

Lemma 2.1. Let { f;}jen C Lip(R") be such that sup;; Lip(f;) < oo. Assume further
that f;(x) — f(x) forall x € R". Then f; — f locally uniformly on R".

Given f € L} (Q), we define

loc

D1@ = swp{ [ f(divpx) v g € CLURR, [$lumeey = 1}

We denote by BV(R) the space of functions f € L!(2) with the property that | Df |(S2)
< oo. In other words, a function f € L'(Q2) belongs to BV(R) if and only if its dis-
tributional gradient Df is represented by a R”-valued Radon measure with finite total
variation.

When E is a measurable set, we define the perimeter of E in 2 as

P(E: Q) := |D1g|(),

where 1g is the characteristic function of E. We say that E has finite perimeter in 2
provided P(E; 2) < 4o0. In what follows, we will often use the following notation:
given another open set A C R”, we define

Pqo(E; A) = P(E; AN Q),

with the short form Pq(E) := Pq(E; A) whenever A contains 2. We call Pg the relative
perimeter in 2, and Pq(E; A) the relative perimeter of E in 2 restricted to A.

For the specific purposes of this paper, it is convenient to define BV}, (£2) as the space
of functions f € L1 () such that f € BV(Q N A) for all open, bounded sets 4 C R”".
We remark that f € BVj,.(€2) implies that f has locally bounded variation in €2, but the
converse does not necessarily hold.

Letnow f € BVjo(2). As a consequence of [24, Corollary 5.11] we can consider the

density of Df with respect to | Df| defined by

b () = fim DB
T o+ [DfI(Br(x))

and satistying Df = vy - |Df| and |vr(x)| = 1 for | Df|-almost every x € Q. When E
has locally finite perimeter in €2, we set Vg = vy,.

Next we recall some well-known facts concerning the total variation functional, BV
functions, and sets of locally finite perimeter. For further details, the reader can consult,
for example, [16, 18,24].

for |Df|-a.e. x € R",

Theorem 2.2 (Lower semicontinuity). Let f, fj € L
in L (). Then

loc

(R2) for j € N be such that f; — f

|DfI(R) = lirr},ianijl(Q).
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BV functions can be approximated by smooth functions in a suitable sense.

Theorem 2.3 (Approximation). Let Q C R” be open and f € BV(S2). Then there exists
a sequence { fj}jen € C*®(Q) N BV (2) such that

Ifi = Fllr@y = 0, DS |() — |DFI(€2). (22)

Moreover, provided (2.2) holds, we also have Df; —* Df, that is, for all ¢ € C2°(R";R"),

/Rn(b.de,-—>/Rn¢.dDﬁ as j — oo.

Remark 2.4. [f property (2.2) holds, we say that the sequence f; strictly converges to f
(see [6, Definition 3.14]). Thus Theorem 2.3 tells us in particular that C*°(2) N BV () is
dense in BV (S2) with respect to the strict convergence. Moreover, the sequence { fj}jen
can be chosen in such a way that the following extra property is satisfied (see [18, Re-
mark 1.18]):

lim p_N/ |f; — fldx =0 forall N >0, xo € 9%, j € N. (2.3)
QNB,(x0)

p—0t

Theorem 2.5 (Compactness). Let Q@ C R” be an open, bounded set with Lipschitz bound-
ary, let C > 0 be a fixed constant, and for j € N let f; € BV () be such that

I fillBv) == I fillLiy + |Dfi1(2) < C  forevery j.

Then there exists f € BV (R2) and a subsequence f;, of f; such that

I fie = fllLr@) — O.

Theorem 2.6 (Coarea for BV functions). Let Q@ C R” be open and f € LY (Q). For
t eR, let
Er={xeQ: f(x)>1t}.

Then the following statements hold:

1) if f € BV(R), then E, has finite perimeter for almost everyt € R, t — P(E;; Q)
is measurable, and

DFI() :/RP(Et;sz)dr;

(ii) conversely, if f € LY (Q), t = P(E;;Q), and
/ P(E;;Q)dt < +o0,
R

then f € BV(RQ2).
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Theorem 2.7 (Coarea for Lipschitz functions). If ¢ € Lip(R"*), E C R” is a Borel set,
and f : R" — [0, 00) is a Borel function, then

/15f|V¢|=ALn{¢=t}fd%"—ldt,

where K"~ denotes the (n — 1)-dimensional Hausdorff measure in R”.

We will also need the following well-known result, for which proof can be found
in [24]:

Theorem 2.8 (Area Formula). Let M C R” be a locally H¥-rectifiable set and f : R"
— R™ be a Lipschitz continuous function, with 1 < k < m. Then

i) for J* _almost all x € M, the restriction of f tox + TyM, where Ty M is the
approximated tangent space to M at x, is differentiable at x and we denote by
dM f.: TeM — R™ its differential;

(i) the identity

/ HOM N {f = y)dH*(y) = / M fd gek (2.4)
Rm M

holds, where JM f(x) := \/det(dM f* o dM f.) and d™ f} denotes the adjoint
of dM f.

We continue by introducing the notion of trace of a BV function on a Lipschitz bound-
ary.

Theorem 2.9. Let Q@ C R” be an open set with Lipschitz boundary and denote by vg the
unit, inner normal vector defined ™ '-almost everywhere on 0. Then there exists a
unique linear and bounded inner trace operator

Trt (-, 0Q) : BV(Q) — LY, #" 1),

such that, for all f € BV (),

lim ITrt (£, 0Q)(x) — f(¥)|dy =0 for H" 1-ae x € Q. 2.5)
r—=>0t JB, (x)nQ

Moreover, for all f € BV(Q) and ¢ € CL(R™,R"), the following Gauss—Green formula
holds:

/ fdivpdx = —(¢-Df)Q —/ (p.va) Trt (f,0Q)dF" L.
Q 0

The function Tr* ( £, Q) is called the inner trace of f on Q. Formula (2.5) ensures
in particular that

TrH (£, 0Q)(x) = lim ][ f(y)dy for H#" lae x €dQ. (2.6)
r—=>0% JB,(x)NQ
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Remark 2.10. Under the assumptions of Theorem 2.9, the operator Trt (-, Q) is also
continuous with respect to the strict convergence in 2 (see [18, Theorem 2.11] or [6,
Theorem 3.88]). Moreover, by (2.3) and (2.6), we have that the sequence { fj};en of The-
orem 2.3 satisfies

Tt (£, 092 (x) = Tr (£, 09) ()]

lim ][ £ dy — lim F(y)dy
r—0% JB,.(x)NQ r—0% JB,.(x)nQ

< lim QIfj(y)—f(y)ldyZO

r—0% JB,(x)Nn

for " L-almost every x € dS2. In other words, Trt (f;,082) = Trt (f,0Q) K"~ '-almost
everywhere on 02, for all j.

Let Q, Q' C R” open sets with Lipschitz boundary, such that @ C €’. For any f
€ BV(Q'), we can also consider a trace of f on dQ computed with respect to Q" \ Q. We
thus set

T (f,0R) :=TrH (£, 0(Q\ Q)L Q.
The function Tr™ (£, Q) € L1 (0Q; #" 1) is called the outer trace of f on 9.

Lemma 2.11. Let Q, Q' C R” be open sets. In addition, let Q be bounded and have
Lipschitz boundary, and assume that Q@ CC Q'. For all f € BV(R'), we have

IDf1(3Q) = [ITr" (£ 9) — Tr™ (f.02) |11 pasen—1).- 2.7

Lemma 2.12. Fix an open set A C R" and a Lipschitz function ¢ : A — R of class C1,
such that |V (x)| > 0 forall x € A. Set A, = ¢~ (—o0,r). Then for all f € BV(A), for
*-almost every r € R, and H"'-almost every x € 04, N A, we have

) = Trr(f,84,)(x) = Tr™ (£, 84,)(x). (2.8)
Proof. We observe that, for almost every r € R,
Trt (£, 04,) = Tr (f, 04,), H" '-ae.on 94, N A. (2.9)

Indeed, for the proof of (2.9) we can combine (2.7) with |Df|(dA, N A) = O for almost
every r € R, which in turn comes from the fact that | Df | is a finite measure and dA4, N
dAg N A = @ whenever r # 5. Let x € A be a Lebesgue point for f. Then x € dA, if and
only if r = ¢(x). Thanks to the smoothness of d4, N A (a consequence of the Implicit
Function Theorem), we have

1
|4, (VBy(x)] = 5 p" +0(p") as p— 0%,
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and consequently,

f(x) = lim o f(y)dy
p—>0% Wn P JB,(x)
. 1
—tim ([ goave [ ro)ay)
p—0t Wy P ArNBy(x) By(x)\A,
T — fordy+ 5 —— fd
= lim -~ ————— dy + z ———— y)dy
p—0t 2 |Ar N Bp(x)| Ja,nB,x) 2 |Bp(x) \ Ar| JB,(o0\4,

ST AN + 5 T (A () = TE(f 04, ().

Since the set of Lebesgue points for f coincides with A up to a £”-negligible set, by
Theorem 2.7 we obtain that the first equality in (2.8) is verified for £!-almost every r € R
and #"~-almost every x € 94, N A, which together with (2.9) concludes the proof. m

Proposition 2.13. Under the assumptions of Lemma 2.12, we take f, f; € BV(A) for
Jj € N such that

IS5 = fllrcy = 0. [Df;1(A) — [DfI(A).

Then, for almost every 0 < r < 1, we have

Tr( f. 04,) := TrT (f,04,) = Tr (1. 04,), (2.10)
Tr(f;, 04,) := Trt(f;,04,) = Tr (f;,04,) forall j > 1, 2.11)

and
|Dfil(Ar) = |DfI(Ar),  |ITe(fj.0Ar) = Tr(f, 04,)||L1(94,) = O, (2.12)

and hence, in particular, f; strictly converges to f on A,.

Proof. Thanks to Lemma 2.12, the two identities (2.10) and (2.11) hold for almost every
0 < r < 1. In particular, for such r, we deduce that |Df|(0A4,) = 0, hence |Df|(4,)
= |Df|(A;). Moreover, by Theorem 2.2, we have

liminf|D;[(4r) = |Df[(Ar) = |Df|(Ar) = IDfI(A) = |DfI(A\ 4y)
=jli)rg10|Df,-|(A)—|Df|(A\A_,)
> limsup | Df;|(A) — | Dfj|(A\ 4r)

Jj—>o0o

= limsup | Df;|(4,) > limsup [ Df;|(4,),

J—>0o0 J]—>00

which proves that
[DF1(4) = lim D |(4).
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Since || f; — fllz1(4y — O, we have in particular || f; — f'lz1(4,) — 0, and thus { f; };>1
strictly converges to f in A,. Finally, (2.12) holds because, as observed in Remark 2.10,
the inner trace operator is continuous with respect to the strict convergence. ]

Let E C 2 be a set of locally finite perimeter in 2. We define the reduced boundary
of E, denoted by 0* E, as the set of those points x € Q2 such that |D1g (B, (x))| > 0, for
all r > 0, and there exists a unit vector vg (x) such that

vE() = lim 21EBCD)
r—0+ [D1g (B, (x)|

Clearly, we have that vg (x) = v, (x) for | D1g|-almost every x € Q; therefore, the peri-
meter measure | D1g| is concentrated on the reduced boundary 0* E.

Theorem 2.14 (De Giorgi—Federer’s Structure Theorem). Let E C R” be a set of locally
finite perimeter. Then

|D1g| = #" 'L 0*E, Dlg =vg K" 'L 3*E,

and the following Gauss—Green Formula holds:
/ Vo dx = pvedH"', V¢ e CLRM).
E *E

Moreover, 0*E is countably (n — 1)-rectifiable, that is, there exist countably many C'
hypersurfaces M; C R" and a Borel set F with "~ '(F) = 0 such that

EcCFuUlJM,.
Jj=1

Finally, * E c EV? and 3"~ '(R" \ (E@ U ED U §*E)) = 0.

2.1. A local extension result

From now on, we assume that 2 C R” is an open set with Lipschitz boundary. We fix
p > 0 such that, up to an isometry, there exists a Lipschitz function w : B;, — R and a
constant m > 0, with w(0) = 0 and m > ||| (py). satisfying the following property: if
we set Cpm = Bl’) x (—m,m), we have

QNCpsm ={x=(x".xn) €R": X" € B, 0(x) < x, < 3m}. (2.13)

We aim to prove that, under this assumption, any measurable set £ C Q with 1g €
BVioe(2)* can be extended to a locally finite perimeter set £ in Q U €, , in such a
waythat ENQ =FENQ, P(E;02N%€,,,) =0,and P(E;S(B)) <C P(E;B),forall

3We recall that in this paper f € BVio.(Q2) means f € BV(A) forall A C Q open and bounded.
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Borel sets B C €, \ 2 and for some constant C > 0 depending on the dimension 7 and
the function w. In what follows, we will denote by 7 E the approximate tangent space
to 0*E at x.*

Set €, = B, x R and define the map S : €, — €, as

S(x) := (', 20(x") — xp). (2.14)

Note that S satisfies $2(x) = x for all x. Moreover, elementary computations show that

Lip(S) < v/3 + 6 Lip(w)2. (2.15)
Given E C Q2 measurable with 1g € BV,.(R2), we define EcQu €, as
E=EU(S,(E)\ Q). (2.16)

where S,(E) = S(E N'€,). Clearly, we have ENQ = E N Q. Further properties of E
are stated in the next lemma.

Lemma 2.15. Let E C Q be a measurable set with 1g € BVoc(2). Then, for almost all
x € 0*E, S restricted to x + Ty E is differentiable at x, and we denote by d£ S, : T, E
— R” its differential. Moreover, if E is the set defined in (2.16), we have

P(E;dQN€,) =0 (2.17)
and, for all Borel sets B C S(€pm N ),
P(E;B) = P(S,(E);B) = / JES(x)dH" 1 (x) < C P(E;S(B)), (2.18)
*ENS(B)
where and C = Lip(S)* L.

Proof. Owing to Theorem 2.14, we know that 0* E is countably (n — 1)-rectifiable. Then
the fact that S|, g is differentiable at J¢"~!-almost every x € 9* E follows immediately
from Theorem 2.8(i).

Now, we prove (2.17) in the following way: thanks to Lemma 2.11, we only need to
check that, for J"~!-almost every x € dQ N €, ,, we have

Trt (15, 0Q)(x) = Tr (15, 99)(x),

that is,
Trt (1. 02)(x) = Tr* (Ls,(z). O(R" \ 2))(x). (2.19)

The proof of (2.19) goes as follows. We employ the characterization of the trace as a limit
of averages: for "~ !-almost every x € 92, we have

. |EN B(x) N
Tt (1, 02)(x) = lim =70
Cle 0 = I Ty Nl

“4The approximate tangent space Ty E is given by the orthogonal complement of vg (x).
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and
|S,o(E) N B (x) \ Q|

|Br(x) \ 2|

Then we combine this characterization with a consequence of (2.5)—namely, that the
trace of a BV characteristic function coincides with a characteristic function "~ !-almost
everywhere on 9€2, to infer that we only need to show the equivalence

Tt (Ls, ), OR™ \ 2)() = lim

Trr (1, 02)(x) =0 &  Trt(ls,g). IR" \ Q))(x) = 0.
One of the two required implications (the other can be discussed similarly) is
Trt (g, 0Q)(x) =0 = Tr+(lsp(E), I(R™\ 2))(x) = 0.
This implication can be restated as
IENB,(x)NQ=00") = [Sy(E)NB(x)\Q=0(") asr—0". (2.20)

Up to taking r > 0 small enough, we have B, (x) C €, ., and hence, setting L = Lip(S)
we get
1Sp(E) N By (x)\ 2] < |S(E N S(B,(x)) N Q)| < L"|E N BL,(x) N €|
= L"(L"r") = o(r") asr — 0T,
which proves the implication in (2.20) and concludes the proof of (2.17).
Finally, for the proof of (2.18), it is enough to show that

H"LO*S(E)AS(D*E)) = 0. (2.21)
Indeed, if (2.21) holds, Theorem 2.14 ensures that
P(S(E); B) = #" 1 (0*S(E)N B) = #" 1(S(0*E) N B) = #¥" 1(S(0*E N S(B))),

thus (2.18) is an immediate consequence of the Area Formula for rectifiable sets given
in (2.4). Let us demonstrate (2.21). Again by Theorem 2.14, it suffices to prove that

S(E)® = S(E®), S(E)D =SED).

Let us prove the first of the previous identities, as the proof of the other one is obtained
by observing that (R” \ E)® = EM Let 0 <8 < p,and x € 2 N (B;)_S x R). Set
L = Lip(S) as before, then by construction, for any 0 < r < §, S(B,(S(x))) C Brr(x),
and thus the Area Formula (see (2.4)) yields

1S(E) 0 B(SC] = [ JSdx < LB @22)
ENB:(S(x))

Since r is arbitrary and S~! = S, it is easy to check that, thanks to (2.22), if x € E© then

S(x) € S(E)©®, which proves the inclusion S(E©@) c S(E)©®. The reverse inclusion is

proved in a completely analogous way. The proof of the lemma is then achieved thanks

t0 (2.15). »
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3. Almost minimality

Here we introduce the almost-minimality for the relative perimeter, which is needed in the
proofs of the free-boundary monotonicity results shown in Section 5. As a consequence
of our definition, we show some properties of the minimality gap function, which will be
needed later on, and (boundary) density estimates for the volume and the perimeter of an
almost-minimizer.

Definition 3.1 (Almost-minimality). Given Q C R” open and E C Q measurable, we
say that E is a local almost-minimizer of Pq if. for any x € Q there exists ry > 0 such
that, for any 0 < r < ry and any measurable F C Q with FAE CC By(x), one has

n—1
Po(E; Br(x)) < Pa(F; By (x)) + |[FAE| ™ Yyo(E:x,r), (3.1
for a suitable function Yy (E; x, r) such that lim,_,og+ Yo (E; x,r) = 0. If additionally
Yo(E;r) :=sup ¥o(E;x,r) >0 asr — ot,
xeQ
then we say that E is an almost-minimizer of Pgq.

We note that if Yo (E; x,r) = 0, then E is a minimizer of Pg in B,(x). In particular,
if yo(E;x,r)=0forallx € Qandr > 0, then E isa (global) minimizer of Pg. We shall
later discuss suitable summability properties of the function r — ¥ ((E; x, r), which are
required in the proof of the monotonicity formula.

It is worth recalling that, among the various notions of almost-minimality for sets
of locally finite perimeter that can be found in the literature, the one expressed by (3.1)
can be understood as a generalization of the well-known A-minimality property [5, 24];
however, it is slightly more restrictive than the notion considered by Tamanini in [31]
(however, we point out that Tamanini’s work is focused on internal regularity theory). For
more completeness, we recall that a set E is a A-minimizer of Pg if, for any x € Q,
there exists r, > 0 such that, for any 0 < r < r, and any measurable subset F' of 2 with
FAE CC B,(x), one has

Pq(E: B,(x)) < Pa(F; By(x)) + A|FAE].
It is then clear that a A-minimizer satisfies (3.1) with
Vo (E:x,r) = Arol/m".
For better study of almost-minimizers, it is convenient to introduce the notion of minim-
ality gap.

Definition 3.2. Let Q, A C R” be open sets and [ € BVio.(2). The minimality gap of f
in A relative to Q2 is

Wo(f:4) = [DF(QN A)| —inf{|Dg|(R N A) : g € BVioc(Q). sptlg — ) CC A}.

When f = 1g, for some measurable subset £ C R”, we write Wq(E; A) in place
of Yo (1g; A).



Free-boundary monotonicity for almost-minimizers of the relative perimeter 15
3.1. Some estimates for the minimality gap
Lemma 3.3. Ler 2, A C R” be open sets and E C Q2 be such that 1g € BVjoc(2). Then
Wo(E: A) = Po(E: A) —inf{Po(F; A) : 15 € BVioc(Q), FAE CC A}.
Proof. Let us define

I =inf{|Dg|(2 N A) : g € BVioc(R2), spt(g — 1g) CC A4},
I, = inf{Pa(F; A) : 15 € BVioe(Q), FAE CC A}.

It suffices to show that I; = I,. For sure, I; < I, because we can take g = 1F in the
definition of I;. Fix now ¢ > 0, and let g € BV],(£2) be such that spt(g —1g) CC A and

IDgl(QNA) < I +e. (3.2)

Fort € R, let us set
Gtz{er:g(x)>t}.

We observe that, foreach 0 < ¢ < 1, G; \ spt(g — 1g) = E \ spt(g — 1), and so
G;AE Cspt(g —1g) CC A. 3.3

We can now exploit Theorem 2.6 and (3.3) to infer that

1
IDgl(@ N A) = / Pa(Ge; A)dt = [ Pa(Gy: A)dt = I, (3.4)
R 0

By (3.2) and (3.4), we deduce that T; < I, < I; + ¢ and then, since ¢ > 0 is arbitrary,
we get I; = I, and complete the proof of the lemma. |

Remark 3.4. The minimality gap of a local almost-minimizer E satisfies the estimate

_1
Wq(E: By (X)) <wy "r" 'Wo(E;x,r)

forall x € Q, 0 < r < ry, where Yq(E; x,r) is the function appearing in (3.1). This
means that Vo (E; B, (x)) = o(r"™1) as r — 0. However, we anticipate here that the
monotonicity formula proved in Section 5 will require a slightly stronger assumption
on Yo (E; x,r), namely, that r~" o (E; x, r) is summable on (0, ry). We notice that this
kind of hypothesis is somehow well known in the context of regularity theory (see [31]).

Lemma 3.5. Let 2, A, A C R” be open sets and f € BVioo(RQ). If A CC A', then
Yo (f;4) < VYo(f;4).
Proof. Letus fix ¢ > 0 and take g € B Vjo.(£2) such that

spt(g — f) CC A and [Df|(R2NA)—|Dg|(RNA)=Vo(f:4)—e
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Of course, g also satisfies spt(g — f) CC A’, hence we get

Wa(f:4") = [Df|(Q@NA) —|Dg|(2 N A)
= |DfI(Q N A) +|Df|(Q N (A"\ 4)) — | Dg|(2 N A)
— DI N (A"\ 4))
=[Df(©2 N A) - [Dg|(RNA) = Vo(f:4)—e.

Since ¢ is arbitrary, we conclude the proof. ]

We now prove two key results. The first one is the lower semicontinuity property of
the minimality gap for uniform sequences of local almost-minimizers. An extra, technical
difficulty arising in the proof is that the tangent cone to the domain may not locally contain
the dilations of the domain itself, since we are in the boundary case. This requires us to
suitably extend a competitor from the tangent cone €2 to the rescaled domains of the
form t~1Q, t — 0% via Lemma 2.15. The second is an upper bound for the difference
between the minimality gaps of two BV}, functions.

In what follows, we will say that 2; — €2 locally in Hausdorff distance if there exist
ro,m, L > 0, with ro < m, and L-Lipschitz functions w;, w : B;o — (—m, m) providing
local graphical representations of dS2;, 02, respectively, as in (2.13), such that ; — @
uniformly in By .

Lemma 3.6. For j € N, we let Qj, Q2 C R" be open sets with uniformly Lipschitz bound-
ary, such that 0 € 0Q2 and Qj — Q locally in Hausdorff distance. Let E;, E be sets of
locally finite perimeter, such that E; C Qj, E C Q, and Ej — E in L'(By,). Finally, we
assume that E; satisfies (3.1) for all 0 < r < rog and x = 0, and that moreover we have

lim sup ¥q; (E;;0,r) = 0.
r—0t

Then, E satisfies (3.1) for all 0 < r < ro, with y@(E;0,r) = sup; Yo, (E;;0,r), and

liminf Wo, (Ej; Br,) > Wa(E; Bry). (3.5)
J

Moreover, if Wq; (Ej; Br,) — 0 as j — oo, then for almost all 0 < r < ro we have

lim Pg; (Ej; By) = Po(E; By) foralmostallr > 0. 3.6)

Proof. Letus fix e > 0. Let F' C Q be such that FAE CC B, and

By Lemma 2.12, for all j > 1, for almost every 0 < r < ro and H" 1 ae. x € 0B,
we have

1g,(x) = Tr*(E;,0B,)(x) and 1g(x) = Tr*(E,0B,)(x), (3.8)
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where Tr* (A,0B,) := Tr* (14,0B;). By the Ll -convergence of E; to E, we can choose

loc
r < ro with the above property and the additional

Pqo(E; By) = Pa(E; Br,) — ¢, (3.9)
then take j. large enough, such that
FAE CC By, (3.10)

/a l1g; —1gld X" ' <& for j > j. (3.11)

r

Let us fix § > 0, define
Us :={x =" xp) €Cm: o(x") =8 < xp <w(x)},

and assume § so small that
H"LOB, NUs) < ¢ (3.12)

and
Pq(E; By) < P(E; B, N (2 + 8ep)) + ¢. (3.13)

Owing to the uniform convergence of w; to w, we can select js > 1 such that [|w; —
®|loo < 8 forall j > js, then for those j we define

A =Q;NQNB,, Bj:=(Q;\Q)NBAB,,
and observe that B; C Us. Now we set
Fj == (FNQ;NB,)U(E;jN(By, \ Br)), (3.14)

where F = F U (S(F)\ ) and S is the symmetry through 92 defined in (2.14) (with
o = ro). Thanks to (3.10), we have F; C Q; and F; AE; CC By, which means that F;
is a competitor for E; in the definition of \IJQj (Ej, Br,). Moreover, by (3.14), (3.11),
and (3.12), we have

+/ [1g; —1g|ld X"~ + H"~' (0B, N Us)
aBrﬁQjﬂQ
< Pq,(Fj: By) + Pq,(E;: By, \ By) + 2. (3.15)
Let us compute P(F;; B, N ;). By Lemma 2.15, P(f; 02 N€y.m) = 0, hence
Pq,(Fj; By) = P(F; Aj) + P(S(F); By). (3.16)
Again by Lemma 2.15, up to possibly taking a smaller §, we have

P(S(F): Bj) = P(F:Bj) < P(F:Us) <=. (3.17)
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Putting together (3.15), (3.16), and (3.17), and taking into account (3.8), we obtain
Vo, (Ej; Bry) = Pq;(Ej: Br,) — P, (Fj: Br,) = P, (Ej: By) — P(F: A4;) — 3¢
> Pq;(Ej; By) — Po(F; By)) — 3. (3.18)
Now, since for all j > j; we have |[w; — w|l < 8, we infer that
B, N (R +de,) C B, NQ;.
This inclusion combined with (3.18) and (3.13) gives
Vo, (Ej; Bry) = P(Ej; By N (2 + den)) — P(F; Bry N Q2) — 3e, (3.19)

so that taking the liminf as j — oo in (3.19), and using the lower semicontinuity of the
perimeter, (3.13), (3.9), and (3.7), we find

liminf Wo, (E;j; By,) = liminf P(E;; B, N (Q + 8ey)) — Pa(F; By,) — 3¢
J ’ J

> P(E; B, N (Q + ben)) — Pa(F; By,) — 3¢

> Po(E; By) — Pa(F; By,) — 4

> Pa(E; Bry) — Pa(F: By,) — 56 = Yo (E:; By,) — 6¢.
Then, the arbitrary choice of ¢ implies (3.5). Now, the fact that E satisfies (3.1) with
Yq(E;0,r) as in the statement can be proved with the same argument used to show (3.5),
also taking into account that |E; AF;| — |EAF| as j — oo. Finally, to prove (3.6) we

consider the sequence F; defined as before, but now with F = E. Choosing & > 0 arbit-
rarily, for j large enough we obtain as before

quj (Ej’ Br()) > PQj (Ej’ Bro) - PQ]' (}71’ Bro) Z PQ](Eja Br) - PQ(Ev Br) - 38»
which gives the desired conclusion. ]

Lemma 3.7. Let Q, A C R” be open sets, with 02 Lipschitz and A bounded, of class C2,
and such that " 1(0A N dQ) = 0. Let f.g € BVio.(RQ), then

[Wa (/. 4) — Wa(z. A)| < [IDFI(R N 4) ~ | Dgl(@ N 4)
+ T (fo.04) = T (0. 04) L1y, (3:20)
where fo, go denote the zero-extensions of f and g respectively on A \ Q.
Proof. Given ¢ > 0, there exists i € BVj(2) with spt(h — f) CC A, such that
Wo(f4) < IDFIAN Q) ~ [DAIANQ) +¢

< |[DFIANQ) — [Dgl(AN Q)| + ¥alg, A) + |DA(AN Q)
— |Dh|(AN Q) + &, (3.21
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where /i € B WMoc (€2) will be suitably chosen, so that in particular spt(}; — g) CC A. For the
definition of &, we claim that it is possible to construct a sequence A% of inner parallel
sets of A that converge to A, for which |Dfy|(0A®) = | Dgo|(34®)) = 0 and, moreover,

lim/ |Tr+(f0—go,3A(k))|dJ€"_l=[ ITr (fo — o, 0A) | dFH"™L.  (3.22)
k Joak) 94

For the proof of (3.22) we argue as follows. Since A is of class C?2, there exists § > 0
such that, for all 0 < ¢ < §, the map ¢, (x) = x + tv4(x) is a diffeomorphism of class C'!
between dA and the boundary dA; of the inner parallel set A; = {x € A : dist(x,dA4) > ¢}.
Now, we consider two sequences fy,;, go,; of smooth approximations of fy, g on A4, with
traces T (fo,j, 04) = Tr" (fo, dA) and Tr* (go, ;, 04) = TrT (go, dA), respectively (see
Remark 2.10). By inspecting the proof of Anzellotti-Giaquinta’s approximation theorem,
it is not restrictive to ask that the sequences fy,;, go,; also satisfy

1
/ (1fo. = fol + I80.; = gD dx = 7. (3.23)
A\Aq

for all j and for k > §~!. We note that the tangential Jacobian of {; satisfies J¢&;(x) =
1 4+ O(¢); hence, the area formula gives

| 1o )= o013 )
0A;

= (1+0(@) /BA | fo.5 (§:(x)) — g0, (& (X)) d H" ! (x). (3.24)
As t — 0% we have ¢;(x) — x uniformly. Therefore, by following the same Cauchy-
sequence argument as in the classical construction of the trace (see, e.g., [16]), the com-

positions fp, j ({;(x)) and go,; ({;(x)) can be shown to converge in L1 (dA) to some lim-
its fo,; and go, j, respectively. Hence, (3.24) implies
t—0t+ J3

lim | fo.; (%) = o (M dH" () :/ | fo,5 () = §o,j (x)| d 3"~ (x). (3.25)
Ar 94

At the same time, if we choose a vector field § € C1(R”; R") and set either u; = fo,; or
uj = go,;j, by the Gauss—Green Theorem we obtain

/ (ujdivE + Vu; - &) dx = —/ uj £-vq, dI"!
At 8Al
=-(+ 0(t))/ uj (G () £ (x)) - va(x) d K" (x);
04
hence, taking the limit as t — 0% gives

/(ujdivé—l—Vuj -E)dx :—/ 0jE-vadH" !,
A 94
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which means that ﬁ), ; and g, ; coincide, respectively, with TrT ( fo, 4) and Tr (go, 9A)
up to H"!-null sets and for all j, by the uniqueness of the trace. We can thus re-
write (3.25) as

lim . | fo.; (7) = 8o (NI dH" ™ (v)

t—0t+ Jy
- /a T (o = g0, 0)(0)| 7710, (3.26)

To get (3.22) from (3.26), we must choose A%) appropriately. To this aim, we apply the
coarea formula to the integral in (3.23) and average the resulting inequality, deducing the
existence of 0 < f < 1/k such that for all j,

1
[ oy =T, 2490 + g0 = Trteo,04©) D a7 < L. G2
A
where we have set 4®) = Ay, . By the triangle inequality and (3.27), we obtain

- - 1
[ o= g4 arer < [ g - gogld e 4
9AK) 94k

which gives (3.22) at once from (3.26).
Now we observe that |Dfp|(0A%)) = | Dgo|(dA%)) = 0 because the inner and outer
traces of fp and g¢ on A% coincide; hence, we can define

h= 400 + 81\ gt
Note that spt(h — g) CC A and, if k is large enough, spt(h — f) cC A®, so that
IDRI(A N Q) < [Dh(A% N Q) + [Dgol(4\ AD)
+ fw) I Tr( fo — go. 0A®)) | d Je" .
By choosing k large enough, we obtain |Dgo|(4 \ A®) < ¢, and thus
|IDR|(AN ) — |Dh|(ANK) < /BA ITr (fo — g0, 0A) | d H" ™! +&. (3.28)
By combining (3.21) and (3.28), we get
Va(f.4) < [DFI(ANQ) — |Dgl(AN Q)| + Yalg. 4)
+ /BA Tt (fo — go. 0A)| d F" " + 2e.
Since ¢ is arbitrary, we conclude
Wo(f, A) —Va(g, A) < | DfI(ANQ) - |Dg|(AN Q)|
+ [ 10 G = o0l et

and, by exchanging the role of f and g in the argument above, we obtain (3.20). ]
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3.2. Density estimates

In this subsection we establish perimeter and volume density estimates for almost-mini-
mizers at a point either in € or on 9€2.

Lemma 3.8. Let Q C R”" be an open set with a Lipschitz boundary. Let E be an almost-
minimizer in Q, and let x € Q. Assume that Po(E; By (x)) > 0 for all r > 0. Then, there
exist constants C > 1, ro > 0, depending on 2, E and x, such that

C "l < Po(E; By (x)) < Cr* 1, (3.29)
min (|E N B, (x) N Q|, [(B,(x)NQ)\ E]) > C'r", (3.30)

forall0 <r <ry.

Proof. Up to a translation, we assume that x = 0. We start proving (3.30). Given r > 0
we set
m(r):=|B,NQNE|, wulr):=|B-NQ\E|

Both m and p are non-decreasing, and thus differentiable for almost all r > 0. By [24,
Example 13.3], for almost all » > 0, we have

m'(r)y=H""YENIB,NQ), 1'(r)=H""0BNQ\E).

Now, up to an isometry, and for r¢ sufficiently small and L > 1 sufficiently large, if we set
OLr = B;O x (—Lrg, Lro) and 2 ,, := 2 N O r, we have that Q. ,, is connected
and has a Lipschitz boundary. Hence, it supports a relative isoperimetric inequality of
the form

n—1
P(F;QpLs) = Co min{|F N QL ol 12170 \ F|} ", (3.31)
From (3.31) and the fact that B, CC QL ,, forall 0 < r < ro, we infer that
n—1
m'(r) + Pa(E; B;) = P(E N By; QL ) = Comin{m(r), n(r)} ™ . (3.32)
and
n—1
W(r) + Pa(E: By) = P(By \ E:QLz,) = Comin{m(r). u(r)} (3.33)

for almost all 0 < 7 < rg. Set 0 < ¢ < r and define the competitor

_JEUBNQ ifm(r) > p(@),
"T\E \ B, N Q otherwise.

We note that in the first case F;AE = B; N Q \ E, while in the second case F;AE =
B; N Q2 N E. In any case, we have F;AE CC B, N 2. Thus, by the almost-minimality
of E in €2, and for almost all 0 < ¢ < r, we infer that either

Po(E: By) < Pa(Fy:By) + pu() "+ v (r)
< Po(E; B, \B) + H#"'(0B, N Q\ E) + u()' " y(r), (334
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or

P(E: B,) < Pa(Fi; By) +m(t) " y(r)
< Po(E:B, \ By) + #" Y0B, NQNE) +m(r) = v(r), (3.35)

where ¥ (r) := Y¥q(E; 0, r). Taking the limit as ¢ /' r in (3.34) and (3.35), and us-
ing (3.32), we deduce that, if m(r) > u(r), then for almost all 0 < r < ro we have

n—1 n—1
20 (r) + plr) m yr(r) = Cop(r) v,
while otherwise, by (3.33), we have
2m'(r) + m(r) "% Y (r) = Com(r)'" .

Therefore, calling s(r) := min{m(r), u(r)} and owing to the infinitesimality of ¥ (r) as
r — 0, we obtain

!/
) s
s(r) =
for 0 < r < rg and for some explicit constant C > 0 depending on Cy. Integrating this
inequality on the interval (0, r), we obtain (3.30). Then, the first inequality in (3.29) fol-
lows from (3.30) and (3.32). Finally, the second inequality in (3.29) follows from the
observation that, taking the limit as ¢  r in (3.34) and possibly redefining 7 and C, we
have

Po(E;B,) < # 0B, NQ\ E)+ u(r) = y(r) < Cr ™,

forevery 0 < r < ry. |

4. The visibility property

In this section, we introduce the visibility property and its main consequences. In what
follows, 2 C R” denotes an open set with Lipschitz boundary such that 0 € €2 and 02
is a graph in a neighborhood of 0, as in (2.13). For notational convenience, we will only
consider the visibility property at 0, but of course, we could equally define the property at
a generic point of 9€2.

Definition 4.1. We say that Q2 satisfies the visibility property provided there exists T > 0
and a function u € C'([0, T))> such that

(VD) u(0) =u'(0) =0and0 <u’ <271;

SBy u € C1([0, T)) we mean that u € C1(0, T') and there exist finite limits of u(¢) and u’(¢) as t — 0.
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(V2) The function

Yul(t) = it sup @ + u’(s)

0<s<t
is summable on (0, T),

(V3) forall0 <t < T, the segment joining the point Uy = —u(t) e, with a point x
belonging to 02 N B, does not intersect 2.

Remark 4.2. We note that (V1) and (V2) imply that u(t) = o(t) and
tyu(t) -0 4.1

ast — 0. Moreover, since by (V1) we have 0 < u(t) < t, we infer that

u(r)

0< <t! — =n.

2 ¢

Therefore, the summability of y,, implies that of t ~2u(t).

In the following proposition, we rewrite the assumption (V3) in the form of a property
involving the functions w(x") and u(¢). This will be particularly useful when checking
the visibility property for relevant classes of domains (see the examples at the end of the
section).

Proposition 4.3. The set 2 satisfies property (V3) in Definition 4.1 if and only if, for any
v € 0B} and for all 0 <t < T, the slope m(s) of the line connecting U, with (s, w(sv)),
given by
w(sv) + u(r)

p )

m(s) =
is non-increasing as a function of s, for s > 0 such that s> + w(sv)? < t2.

Proof. Let us assume that (V3) holds, and set w, (s) = w(sv) for more simplicity. By con-
tradiction, let 51 < s, be such that s? + w,(s;)® < 2, for i = 1, 2, and m,(s1)
< m¢(s2). By the definition of m;, we have

@y(s1) +ut) _ oy(s2) +ult)
S1 82 '

and so equivalently,
s
@u(51) < (@v(s2) +u(t) —u(0).

This implies that the point
s
X = (slv, S—l(a),,(sz) + u(t)) - u(t))
2

is internal to 2 and lies on the segment connecting (s2v, @, (s2)). This contradicts (V3).
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Conversely, let us suppose that 71, (s) is non-increasing in s, for s > 0 such that s +
wy(5)? < t2. Set P(s) = (sv, w,(s)), then, arguing by contradiction, assume that s, > 0
is such that 52 + w, (s2)? < 2 and there exists A € (0, 1) with the property

(1 — MU, + AP(s2) = (hs2, Au(t) + 0y (s2)) — u(t)) € Q.

Then w, (As3) < A(u(t) + wy(s2)) — u(t). By continuity, for all § > 0 there exists Ag
€ (A, 1) such that

As(u(t) + wy(s52)) —u(t) =8 < wy(Ass2) < As(u(r) + wy(s2)) —u@).  (4.2)

Since the segment [U,, P(s2)] is compactly contained in By, by (4.2), we can pick § > 0
small enough and a correspondent Ag such that

P(MAss2) € By. (4.3)
Let s; = Ags>. We observe that (4.3) and (4.2) imply
m(s1) < me(s2), s7+ wy(s1)? <12,
and this contradicts our hypothesis. This completes the proof of the proposition. ]
Corollary 4.4. Assume that w satisfies
(x',Vo(x")) < w(x") +u(|x'|) forae x' € B, 4.4)

where u : (0, T) — R is a non-decreasing function satisfying properties (V1) and (V2).
Then Q2 satisfies the visibility property.

Proof. Since w is Lipschitz, the function m, defined in the statement of Proposition 4.3
is almost everywhere differentiable, thus m;, is non-increasing if and only if m/}(s) < 0 at
almost every s. We observe that

O4(s)  @uls) +u0)

1) —
() = s 52
thus m/, < 0 if and only if
swl(8) < wy(s) + u(?). 4.5)
The hypothesis in (4.4) implies that
swl(s) < wy(s) + u(s) foralmostall0 <s < T. (4.6)

Hence, if s > 0 is such that s2 + w, (s)2 < 12, then s < ¢, and by (4.6), since u is non-
decreasing, we obtain
sl () < wy(s) + u(r),

which is precisely (4.5). Consequently, (V3) is verified thanks to Proposition 4.3. ]
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4.1. Existence of the tangent cone

An important consequence of the visibility property is the existence of the tangent cone
to 2 at 0.

Proposition 4.5. Letr Q C R” satisfy the visibility property. Then there exists the tangent
cone to Q at 0, denoted by Q. More precisely, if we set Qg 1= s~'Q for s > 0, we obtain

lim_distye(Qs N Br. Q0 N Br) =0 forall R > 0. .7
s—0

Proof. Letus fix v € 0B}, and let
wy(s) = w(sv), s>0,

where o is the function realizing (2.13). Let s > 0 be a point where w, is differentiable
and let t = /52 + w,(s)2. By (V3) in Definition 4.1, we deduce that the slope of the line
connecting (s, wy (s)) with U; needs to be bounded below by ), (s), that is,

wy(s) + u(t)
E—

We set L = /1 + Lip(w)? and observe that 7 < Ls. Since u is non-decreasing by (V1),
we infer

wy(s) <

wy(s) + u(Ls)

wy(s) < .

hence, we get

(PO ) _ o) _ulls) _ull) s

s s s2 7§27 (Ls)?

We integrate (4.8) between s; < s, thanks to (V2) (see Remark 4.2), and obtain

52 Ls;
wy(52) _ wy(s1) < Lz/ u(LSZ) ds = L/ ﬂj)dl.
82 51 S1 (LS) Ls t

Thus, we conclude that the function

wy(s) LS u@)

s

is monotonically non-increasing in s and bounded by Lip(w) + L fOLS t~2u(t) dt, for
0 < s < L™IT. Therefore, there exists

Ls
t
Do) = tim 2% — jim ‘“”—(s)—L/ ﬂz)dzel&.
s—>0t  § s—>0t S 0 t
Let us define
|x'| DY, w(0) ifx’ #0,
wo(x') = ]
0 if x’ =0.
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The function wg is 1-homogeneous, and therefore the set
Qo = {x e R" : x, > wp(x')}
is a cone with vertex at 0. Now, for all s > 0, we set

w(sx') e

222 ifx #0
ws(x") = s ’
o) {o if x' = 0.

It is immediate to observe that w;(0) = 0 and, setting 1 = s|x'|,

[ / /
M x| > X D, @(0) = wo(x') ass — 07,

ws(x /) =
']

Since {ws}s>0 is a one-parameter family of locally equibounded and equi-Lipschitz func-
tions that pointwisely converge to wg as s — 07, we can apply Lemma 2.1 to conclude
that this convergence is locally uniform. This easily implies the Hausdorff convergence
stated in (4.7). [

Remark 4.6. We note that for the proof of Proposition 4.5, hypothesis (V2) of Defini-
tion 4.1 can be replaced by the weaker hypothesis of summability of t “2u(t) on (0, T).
We also observe that, if Q2 is convex, then the existence of the tangent cone Qy is always
granted, even though (V2) may not be satisfied.

4.2. An off-centric visibility property

The next lemma shows that the assumption (V3) in Definition 4.1 can be replaced by an
equivalent assumption, where off-centric balls are taken instead of balls centered at 0. This
off-centric visibility property will be useful later on.

Lemma 4.7. The following properties are equivalent:
(1) <2 satisfies the visibility property;
(ii) There exist R > 0 and a function v € C'(0, R) satisfying properties (V1), (V2)
of Definition 4.1, and
(V3’) For all 0 < r < R, any segment joining the point V, = —v(r) e, with a
point x belonging to 32 N B (V) does not intersect 2.
Proof. We prove that (i) implies (ii). Let z(#) = ¢ — u(¢) where u is as in Definition 4.1.
We can find 0 < T’ < T such that z(¢) is an increasing C! diffeomorphism of the inter-
val (0, T’) with the property
-t =<z(t)=<t.
St=z() =
Let R = z(T”). Then we can consider the inverse z~! of z in (0, R), which is an increasing

diffeomorphism such that
r<z'(ry<2r 4.9)
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Setting U; = —u(t)ey, it follows that B;_,)(U;) C B; forall 0 <t < T, and thus (V3)
holds for all points x € 02 N B;_y(1)(U;). We then have that

Br(Uz—l(r)) C Bz—l(r) forany 0 <r < R.

Any line segment joining x € 32 N B,-1(,) with U;-1(,) does not intersect £2; hence, the
same property holds for any x € 9Q N B, (U,-1()). Let

v(r) =u(z"'(r)), 0<r<R.

It is clear that (V3’) holds. By (4.9), up to possibly reducing the value of R, (V2) and
v/ < 271 follow. Since both u and z~! are non-decreasing, v is non-decreasing, and
thus (V1) is also satisfied. A completely analogous argument shows that (ii) implies (i),
and the proof is concluded. ]

For all 0 < r < R, we define
Cr={Ve+t(z=V,):z2€0B.(V;) NQ, 1 > 0}. (4.10)
The set €, is an open cone with vertex at V..

Lemma 4.8. Assume that Q satisfies the (off-centric) visibility property. Then, for all
0 < r < R, the cone €, contains Q2 N B, (V).
Proof. By contradiction, let x € (2 N B, (V;))\ €,.Forall0 < <r,let
x—V,
X =Ve+t ——,
t r |X — Vr|

and note that x = x;, for a suitable 0 < ¢y < r. Itis clear that x, ¢ €, otherwise x;, would
belong to €, for all # > 0, which contradicts our assumption. We can then select a value
s € (2o, 7] such that x; € d€2. This leads to a contradiction with the visibility because the
segment joining V; and x5 € B, (V;) N 02 contains x;, = x € Q. L]

4.3. Foliation by off-centric spheres

Let us consider the family of off-centric balls B,(V;), with V,, = —v(r)e,, for 0 < r
< R. By the Implicit Function Theorem, we can easily show the existence of a smooth
function ¢, such that dB,(V;) is the r-level set of ¢. This means that the punctured ball
Br(VR) \ {0} is foliated by the spheres dB;(Vy) = ¢~ !(s) for 0 < s < R.

Lemma 4.9. There exists a function ¢ € C1(Br(Vg) \ {0}) such that0 < ¢ < R and
0B, (V;) = ¢~ '(r) forany0 <r <R.

In particular, for any x € Br(Vg) \ {0}, we have

V¢(x) _ X — V¢(x)
Vo)l [x = Vol

4.11)
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and

x| 1~ $(x)

Proof. If v(r) is identically 0, then there is nothing to prove because ¢(x) = |x| in this
case. We then suppose v # 0. Let us start by proving the existence of the function ¢.
We observe that, for any x € Bgr(VR), there exists a unique r = ry € [0, R) such that
x € 0B, (V;). Indeed, if x = 0, we can take r = 0. Otherwise, let F' : (Br(VR) \ {0}) x
(0, R) — R be the function defined by

Vo) — 2| <4 \/”@(x)) v (p(x)). (4.12)

F(x,r) = |x = V,|> = r2. (4.13)
It is immediate to observe that F' is continuous. Moreover,
F(x,0)=|x|>>0 and F(x,R) <0 forallx e Br(Vg)\ {0}.

Hence, we can find r € (0, R) such that F(x,r) = 0, that is, such that x € dB,(V;). Let
us show the uniqueness. Indeed, if 7, 7’ € (0, R) have the property that

x € 0B, (V) N 3By (V).

then we get
! I 1 /
r=rl=lx=Vel=lx = Vol < [Vr = V| = [0(r) —v()] = S [r =7,

and thus we must have r = r’. Now we can define ¢(x) = ry. Let us show that ¢ €
€1(Br(R) \ {0}). To do so, we note that ¢ is implicitly defined by

F(x,¢(x)) =0,
where F is the function defined in (4.13). Easy computations give
0, F(x,r) = =2r + 20'(r)(x, + v(r)).
Therefore, if we assume F(x,r) = O (that is, x € B,(V;)) we obtain
0, F(x,r) = =2r +20'(r)(xn +v(r)) <2r + |xp + v()| < —r,

where the first inequality follows from the assumption 0 < v’ < 2~1 while the second
inequality follows from

|y + ()| = {x =Vr,en)| <|x=Vi|=r.

By the Implicit Function Theorem, we deduce that ¢ € €1 (Br(Vg) \ {0}). Identity (4.11)
is a consequence of the fact that, if ¢ (x) = r, then the vector V¢ (x) is orthogonal to the
level set B, (V,) = ¢~ 1(r) at x.
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Let us now prove (4.12). We first observe that, if ¢ (x) = r > 0, then

0 F(x,r) x + v(r)ey
Vo) = _8rF(x,r) T =v'(r)(x, +v(r))’ .19

Then (4.14) yields

2 |x + ve,|? X + vey, X
\Y = 1— <—’ _>
X r—v'(x, +v r—v'(x, +v) |x
P00 - =0+ 02 Con + 1)
_ x+ve,)? X Fven —v(xa +v)
(r —v'(xy +v))? (r = v'(xn +v))|x|

_ ] r? # x ] = v G 4 )% =200 = V' (o + ) [ — v+ v)]
B IxX|(r = v'(xn + v))?

S R
|x| (1 _ v’(xn+v))2
r r

1+ (1 _ v/(x;l‘-‘rv)) _9 \)rc| (1 _ v’(x,;-‘rv))(l _ % x,,;‘,—v)
= , (4.15)

2
I ,( n )
( v (xp+v )

where the short forms v = v(r) and v’ = v’(r) have been used. Next we observe that
x| —r| = |x — |x — V;||, and hence

r—u(r) <l|x| <r+ov(). (4.16)

Exploiting (4.16) in (4.15) and recalling that v’(r) < 1/2 and |x,, + v(r)| < r, we get

)2 2.2 (1 - rifjgr))(l - v’(r))(] - M)

Vo(x) — ] < e
58(1—(1 v(r)) (l—v(r))) < 16<v (r)+ﬂ)
and this concludes the proof. ]

4.4. Some examples

We note that there are examples of sets with Lipschitz boundary that do not satisfy the
visibility property at 0, for instance, the epigraph of the function

{x2 sin(|x|™') ifx #0,
0

otherwise.

w(x) =

Indeed, one can easily check that at x; = m for k € N we have w(xx) = 0 and
'(xx) = 1, and hence any visibility function u for which (V3) holds must satisfy
u(xx) > xg, which contradicts both (V1) and (V2) (see Remark 4.2).
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In the following, we exhibit some examples of domains for which the visibility holds.
We recall that w, (s) = w(sv) fors > 0.

Example 4.10 (Lipschitz cones and outer star-shaped sets). Let 2 be either a cone with
respect to 0, or such that its complement R™ \ Q is locally star-shaped with respect to 0.
It is immediate to check that 2 satisfies the visibility property with visibility function
u(t) =0.

Example 4.11 (C'#-sets). Let Q have C'“# boundary and assume 0 € 3Q. We show
that 2 satisfies the visibility property. Up to a rotation we can assume that 2 admits a
representation as in (2.13) with w € C1P (B;)). By Corollary 4.4, it is enough to show
that w satisfies (4.4). Since Vo is B-Holder, we have

(", Vo(x)) = (x", Vo(0)) + u(|x']). (4.17)
where u(t) = C t' 18 for some C > 0. Set »(x") := w(x') — (Vw(0), x') and note that &
is CY8, %(0) = 0, Vo (0) = 0, and

lo(x") = (x, Vo (0))] < Jnax IVa(y)|x'| < (V@(0)| + C|x[#)]x'|
= C |x/|'*8. (4.18)
Putting together (4.17) and (4.18), we finally get
(x',Vo(x")) < w(x") +u(|x')) forae x' € B,

which is precisely (4.4). Since trivially u is non-decreasing and satisfies (V2), by Corol-
lary 4.4 we infer that 2 satisfies the visibility property.

Example 4.12 (Convex sets satisfying (V2)). Let Q be a convex set with 0 € Q2. For
§>0let Qs =5 1Q and Qo := oo Q5. The set Qg is the tangent cone to Q at 0. Let

s>0

u(r) :=distg (2 N By, Q0 N B;), (4.19)

and assume that u(r) satisfies (V2). We observe that u is non-decreasing in r. Let us prove
that Q2 satisfies the visibility property. As before, we assume that 2 admits a graphical
representation as in (2.13) with the further property that o : Bl’) — R is convex. Using the
notations introduced in the proof of Proposition 4.5, by the convexity of w, we can define

W[D*, 0(0) ifx’ #0,

wo(x) = 4
0 ifx' =0,

and deduce that
Qo = {x eR":x, > a)o(x’)}.

By the definition of u given in (4.19), we have

|l —wollpeo(pry < Culr) for some C > 0. (4.20)
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Owing to Corollary 4.4, the visibility property can be proved by showing that (4.4) holds.
Thanks to the convexity of w, for all v € 0B i, we have
+ 2 — 2
D w(0) < a)(% ) i fim 22F) =02 0 <s<p @21

o—>0t o

Moreover, for all 0 < o < s/2, by (4.20) and the convexity of w,, we have

(/24 0) —wy(s/2) _ on(s) —an(s/2) _ on(s)  wv(s/2)

o - s/2 s s/2
wy (5) wy(s/2)
s s/2

=2

— 2D} w(0) + Df w(0) — + D w(0)

= % (@v(5) = wo(sv) + wo(sv/2) — i (5/2)) + D (0)

Dfw(0) +C ) for some C > 0. (4.22)
N

IA

Putting together (4.21) and (4.22), we obtain

s+ ~ u(s)
Pl ol (y )| =5
This suffices for us to conclude. In fact, if X" € B, \ {0} is such that o is differentiable

at x', setting s = |x'|, v := x'/|xX'|, for some C > 0 we achieve

(X', Vo (x)) = (sv, Vo(sv)) = sw,(s) < s DFw(0) + C u(s)
< w(sv) + Cu(s) = o(x') + C u(|x')).

Since w is convex, it is differentiable almost everywhere in B, and so (4.4) is verified.
Moreover, u is non-decreasing and satisfies (V2) by our assumption, and thus we con-
clude.

Example 4.13. Fori € N, let y; = 27" and y; = 27" 4+ 47, We observe that y; 4 <
Vi+1 < yi. We define P; = (i, ¥:i), Qi = (i, yi) and consider the polygonal curve
formed by the segments P; Q;11, Qi+1Piy1 foralli > 0. It is immediate to observe that
this curve coincides with the graph of the function w : [0, 1] — R defined by w(0) = 0 and

9—(i+1) 4 4—G+D € (yis1. Vi ,
o(y) = lf)’ (J:z+1 Vi+1] 4.23)
ajy —b; ify € (Ji+1, il
where
1+ 3.9—G+1) 3 4=i 4 p=Git1)
Y= TG 0 VT T sy

Let Q@ C R? be an open set such that

QN((—-L 1) xR)={x = (y.2) e R*: z > o(|y])}.
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Figure 1. The graph of w(y) “bounces” between the graphs of y and y + y2.

Let us show that Q2 satisfies the visibility condition at 0. Owing to Corollary 4.4, it suffices
to show the existence of a non-decreasing function u : (0, 1) — R satisfying (V1), (V2)
and such that

yo'(y) <w(y) +u(y) forae yec(0,1). (4.24)
By (4.23), for everyi € N, we have
0 iy € Yit1, yi+1l,

') = -
e {aiy ify € (Vi1 yil-

Thus, in order to verify (4.24), it suffices to choose a function u = u(y) greater or equal
than the function

— O ify € Witr. Visl
u(y) = , -
bi ify € (Ji+1, il

We look for a > 0 such that
ua(y) = ay?® = (). (4.25)
To obtain (4.25), it suffices to impose that
ug(yit1) = 05)7,-24.1 > b;.

It is immediate to observe that

\

Wi, > %2—2", bi <4-27%

Hence, if. for instance, we take o = 16, (4.25) holds. Since the function u(y) = 16 y?
fulfills (V1) and (V2), we conclude that 2 satisfies the visibility condition at 0.
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5. Free-boundary monotonicity

The present section is devoted to showing a free-boundary monotonicity property for local
almost-minimizers of Pg at a point xo € 92 satisfying the visibility property up to an
isometry (hence, from now on, we will directly assume x¢ = 0). Following the notation
of the previous section, given 0 < r; < r, < R, we recall that V,, = —v(r)e, and define

'A’rl,rz = Br;(Vrz) \ Brl(Vrl) = ¢_l(rl, 2),

where ¢ (x) is the function defined in Lemma 4.9. We also conveniently introduce some
further notation. Given f € BV,.(2) and 0 < r; < rp, we set

|Df (2 N B (V)

wr(r) = e
and
pn—1
G(rin = [ 2 [ vgl-1d|Dside
r1 1Y QNB,(V,)
1
4 / (V| — 1) d|Df|
r2 QmBrz(Vrz
1
- ,,_1/ (V6| — 1 d|Df|. 5.1)
}"1 QmBrl(Vrl)

In the next proposition, we combine the visibility property with an upper bound on piz (r)
and obtain the finiteness of lim,—.o G(f; p, 7).

Proposition 5.1. Let Q C R” satisfy the visibility property as in Definition 4.1, and let
f € BVioc(R2). Assume that jur(r) < C for some constant C > 0 and for all r € (0, R).
Then for r € (0, R), the limit

n—1
pn
1
+ == (IVel =1 d|Df]
r QNB (V)

Gfiry = limG(ipr = [(TZE [ (vgl-nainsidp

exists and is finite.

Proof. By (4.12), for all x € B,(V),), we have

YO0D 4 g <4 sup 22 1 wr)
o (x) 0<r<p r

19| — 1] < ws(x)_i(fq
]

= dpyy(p),
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where y, is the function defined in the visibility property (V2). Then, using the upper
bound on s, for 0 < p < r < R we obtain

)pl—n/ (Vo] — 1) d|Df|| < 4Cpyy(p).
Qan(Vp)

Thanks to the summability of y, (see property (V2) of the visibility property) and to (4.1),
from the last inequality we easily get the proof of the proposition. ]

Our monotonicity formula will then follow from the general inequality proved in the
next theorem.

Theorem 5.2 (Monotonicity inequality). Let Q2 C R” satisfy the visibility property, and
let f € BVioc(2). Then, for R > 0 small enough, for almost every 0 < r; < r, < R, we
have

(f,., ¢t 5oaior)’

o[ g ) s 02 - s )

Ny, PO

g
+/ np_n Ya(f; Bo(Vp))dp + G(f; Vl,rz)], (5.2)

1

where vy is such that Df = vy |Df|.

Proof. We start by assuming f € BV(Q) N CY(Q). Forall 0 <r < R and x € G,
N B, (V;), where €, is defined in (4.10), we let

x =V,

|x — Vr| )

Yr(x) =V, +r

Standard computations yield

DY, (x) =r| DGx=Vy) + (x = Vo) @ Vi = V| ']

1
|x — V5l
. r [ x—=V x—V,]
|x — Vi [x = Vi |x — Vi '

(5.3)
We define

gr(x) = f(Yr(x)) forallxeC,,
and then the “off-centric conical competitor” is

gr(x) ifx € € N B (Vy),

Jr) = {f(x) itx e Q\ B.(V,).



Free-boundary monotonicity for almost-minimizers of the relative perimeter 35

By definition, f, coincides with f in € \ B,(V;), and hence we infer
Yo (f; Br(Vy) = |DfI(S2 0 By (V7)) — [Dfr[(82 N Br (V7). (5.4)
Then, by (5.4), we deduce that
|IDfI(2 N By (Vr)) = Wa(f: Br(Vr)) < |Df|(Q N By (V7)) =< |Df|(€r N Br (V7))

— [ ¥eldx, (55)
C,NB,(Vr)

Let us now compute the gradient of g,. By (5.3), setting

x -V

vr(x) = - . Y=Y (x),

lx = V2l

we obtain
Ver(x) = DY, -V (V) = —— V f(¥,)" ",
lx — V5|

where V (Y, r)"’(")l denotes the projection of V f(Y;) onto the hyperplane

v (x)t = {y € R": (vr(x),y) = 0}.

Going on with the computations, we obtain

Vertol = ; IV =V f (), v, (x))2
X — Vr|
_ r (VL(Yr), v (x))?
A 'Vf(y’)'\/l BTV AT

Consequently, we get

! r (VI(Y;),v,)? —1
Vg |dx=/ / Dy r) J1 = LU VT G gene1 g,
/@,mB,(V,) ' o Je,naB,(v,) P ’ IV f(Yr)I?

T rp\n2 / (VS Vr>2 n—1
= - d \% l——+—-d¥#
[o <r> P @,ﬂBB,(Vr)| /1 IV fI?

=L vslase
n—1 Uanag, v,
1 V fiv.)?
__ / m d(}(n—l}. (5.6)
2 Janss, v,y IV fI
Combining (5.5) and (5.6), we get
r (Vfivr)?

- —d%n—l
2(n = 1) Janos, v, IVSI

/ IV fldgen f IV fldx + Yo (f: Bo(V). (5.T)
QNIB, (Vy)

QNB-(Vr)

<
“n—1
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Multiplying both sides of (5.7) by (n — 1)r~" and observing that r = ¢(y) for any
y € 0B, (V;), we get

1 Vo2 1
- 2 dyn!
2 /sznaB,(V,)< f |V¢|> IV flent

<

1 _ n—1
< — / [V fldar + f |V fldx
r QNB, (V) QNB, (V)

rn

+ nr;nl Yo (f: Br(V;))

d 1
= G [, o 197 1901d)
n—1 n—1
_ / IV £10V9) - Ddx + L wa (£ B4, (58)
r QNB- (V)

r

+

Let us now integrate (5.8) between 0 < r; < r, < R. We then achieve

1

Vo) ¢ Vg0
— \V/ ,
2 /m”n( 10 sl 7wl

1
<

1
\% \% dx — \% \% d

= /szn3,2<v,z>| S V(x)|dx e /m . IV f(x)|V(x)|dx

2n—1

\Y \Y —1)dxd

[ VIVl - Ddxdr
+/ Ly (f1 B, (.

r

(5.9)
r
By Holder’s Inequality, we get

([ 1970950000 )’

=([ . Lv(f)(nx_)l IV ()ldx)

. Vo(x) \, Vo(x)|dx
</szmr1,r2<vf(x)’ IV¢(X)I) IVf(X)|¢(X)”‘1>'

(5.10)
Putting together (5.9) and (5.10), we obtain

([, sl (], kg

1 1
(o [ sl [ s
2 QNBry (Vr,) r QNB, (Vr))

1
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r _ 1
+ / np—n Yo (f:Bp(V,))dp + G(f: rl,rz)), (5.11)

1

where G(f;ry,r2) is as in (5.1). This proves (5.2) for all £ € BV() N C1(Q).
Letnow f € BV(2). We can select a sequence f; € BV(Q) N C1(Q) such that

Ifi = flo@ = 0. IDAIQ) = DFI®). D =Df inQ. (512
In particular, by the continuity of the trace with respect to the strict convergence, we have
ITe™ (£, 92) = Tet (f, 02) [ L1 o2, 5en-1) — 0. (5.13)

Let us consider the extensions

fi(x) ifxeQ,
0 ifx e R"\ Q,

f(x) ifx e Q,

fo’j(x)z{ 0 ifxeR"\Q.

Jo(x) = {

We observe that, by (5.12) and (5.13),

I fo,; — follLi@ny = 0, |Dfo,;|(R") — [Dfol|(R").
By Proposition 2.13, for almost all 0 < r < R,

|Df0,j [(Br(V})) = |Dfol(Br (V7).

" n (5.14)
ITr™ (fo,j. 0B (V) — Tr™ (fo, 9B (Vi) |l L1 0B, (v,)) —> Os
and in particular, owing to (5.13),
|Df]|(§2 N Br(Vr)) = |DfO,j|(Q N Br(Vr)) - |Df0|(Q N Br(Vr))
= |DfI(Q N B, (V;)). (5.15)

Now (5.14) and (5.15) allow us to apply Lemma 3.7, and we deduce that
Wa(fj: B-(V;) —WYa(f:B-(V;))| =0, asj— oo

for almost all 0 < r < R. This implies that

r2 _1 r _1
/ o Val: B Vy)dp / o Valf: ByVy)dp.

1

Finally, to conclude that the right-hand side of (5.11) for f = f;, passes to the limit as
Jj — oo, giving precisely the right-hand side of (5.2), it suffices to show that the terms

/ ¢! d|Dfjl. / (IV¢l-1)d|Df|. / (IVol-1)d|Df;|
QA ry QNBy (Vi) QNBr, (Vr,)
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converge as j — 0o to

/ '~ d|Df). / (V|- 1 d|Df|. / (V|- 1)d|Df|.
QNAr, QNB,, (Vi) QNB,

2 (Vry)

respectively. To see this, it suffices to construct a suitable partition of each domain, for
instance, using portions of circular annuli whose boundaries are negligible for |Df|
and |Df;| for all j > 1, to uniformly approximate each integrand by simple functions
(up to removing a small neighborhood of 0 in the case of the last two integrals). About the
left-hand side of (5.11), we observe that (5.12) implies

Dfi > Df in QN Ay,
Now, for f smooth, the left-hand side of (5.2) and the left-hand side of (5.11) coincide.
Moreover, we have
/Q W\ ¢ () (v (x), V()| d|Df|(x) = [¢' "V - Dfi (2 N Ary r,).
n r1.r2

In particular, (5.12) implies that

¢'""V¢ - Df; = ¢'""V¢ - DF,

and well-known properties of the weak-star convergence of Radon measures (see [24])
ensure that

[#'7"V - DR N A, ) < minf§! "V - DA N Ary ).

This implies (5.2) and concludes the proof of the theorem. ]

The next corollary, a first important consequence of Theorem 5.2, states the monoton-
icity of a suitable function of the radius r, which is defined by three terms: the renormal-
ized perimeter u g (), the integral of a renormalized minimality gap Vo (E; B, (V;)), and
the visibility error G(E, r). In particular, when E is an almost-minimizer, the infinitesim-
ality of the second and third terms implies that pg (r) is “almost-increasing”, and hence
that it admits a finite limit as » — 0. This limit represents the perimeter density of E at 0;
see Remark 5.4 below.

Corollary 5.3 (Boundary monotonicity for almost-minimizers). Let Q C R” satisfy the
visibility property. Let E C Q2 be a local almost-minimizer such that Pq(E, B,) > 0 for
allr > 0 and

R
/ o "Wal(E; By(Vy)) dp < +o0.
0

Then, using the same notation introduced at the beginning of the section, we can find
R’ > 0 such that the function

r—=ue(r)+@n-—1) /r p "Wa(E; By(V,))dp + G(E:T)
0
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is non-decreasing on (0, R"). Moreover, the terms fOr p "Wa(E; B,(V,))dpand G(E;r)
are infinitesimal as r — 0, and hence in particular, g (r) is “almost-monotone” and the
limit
O (0) ;== lim wg(r)
r—>0+t

exists and is finite.

Proof of Corollary 5.3. By Lemma 3.8 and the fact that B, (V) C B4y, We can find
constants C, R > 0 such that

|Df|(Q N Br(Vr)) < |Df|(Q N Br+v(r))
rr—1 —  (r+ov(r)rl

n—1
<1+v(r)) <(C forall0<r < R.
r

By combining Proposition 5.1 with (4.12) and the previous bound, up to redefining the
constants C, R > 0, we obtain

|G(E;r)| < C(/(;r v (p) dp + ryv(r)) forall0 <r < R. (5.16)

Finally, the proof of the corollary follows directly from Theorem 5.2 and from the obser-
vation that the right-hand side of (5.16) is infinitesimal as r — 0. [

Remark 5.4. It is easy to check that, under the assumptions of Corollary 5.3, one has

3 lim
r—0t

Po(E; B,
i) s 0

Indeed, this is an immediate consequence of the inclusions
Br—v(r)(Vr) C B C Br+v(r)(Vr)

combined with v(r) = o(r) asr — 0.

6. Blow-up limits of almost-minimizers are cones

We now apply Theorem 5.2 and prove that any blow-up limit of a local almost-mini-
mizer E of Pg is a perimeter-minimizing cone.

Theorem 6.1. Let Q2 C R” satisfy the visibility property. Let E C Q be a local almost-
minimizer in 2 such that

dr < 0.

/R Va(E: By)
0 rm

Fix a decreasing sequence t; — 0 and set E,; = tj_lE. Then, up to subsequences, Ey;
converges to Ey C Qq in L]

1oc R™). Moreover, Eqg is a non-trivial cone minimizing the
relative perimeter in 2.
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Proof. Set E; = E;; and Q; = €, for more simplicity. Then by the upper density estim-
ate on the relative perimeter of £ (Lemma 3.8) coupled with analogous estimates satisfied
by  Lipschitz, we can find a constant C > 0 such that, for every fixed R > 0,

P(E;;: Br) < P(Q;: BRr) + Pq,;(E;: Br)
= /7" (P(Q; Bry,) + Pa(E; Bry;)) < CR™™.

By the compactness property of sequences of sets with uniformly bounded relative peri-
meter the ball Bg, we conclude that there exists a not relabeled subsequence E; and a
set Eq of finite perimeter in Bg, such that E; — Ej in LI(BR) as j — oo. The fact that
Eo C Qo up to null sets is immediate, since E; C ; for all j, and the sequence 2;
converges to the tangent cone Qg locally in Hausdorff distance (and hence, in L} (R"))
thanks to Proposition 4.5. Up to a standard diagonal argument we can assume that the
I .(R™). Moreover, by the lower-density estimates
on the volume of E we also deduce that E can be neither the empty set, nor the whole ¢
up to null sets (that is, E¢ is non-trivial).
By the scaling properties of the perimeter, for any fixed R > 0 we have

subsequence E; converges to Eg in L

1 1—1 _
Vo, (Ey: Br) = o Ya(E: Byr) Swp " R "Wa(E;0,t;R) — 0;
J

therefore, we can apply Lemma 3.6 and deduce that

Wo, (Eo; Br) < liminf W, (Ey; Br) =0
J

for all R > 0 and, also owing to Corollary 5.3,

Pay(Eo: Br) = lim Po,, (Ey; Br) = lim t}7"Po(E: B;r N Q) = R"0£(0).

Thus, Ej is a minimizer for the relative perimeter in the cone €2 such that

P(Eo; BR N Qo)

o1 =0 (0) forall R > 0.

Now, the monotonicity inequality (5.2) written for f = 1g, and Q = Qo takes the form

(/ [(vE, (x). x)| d|D1E|(x))2
QN(B,\B,) x|

=([ (X[ d| D15, (1))
Qoﬂ(Brz\Brl)

. (PQ()(EOa Brz) . PQQ(EO;BH)) -0

n—1 n—1
a1

Ty

for almost all 0 < r; < r,. The only possibility is then that (vg,(x), x) = 0 at F"~1-
almost every x € 0* Ey. By [24, Proposition 28.8], we infer that Ey is a cone with vertex
at the origin, up to negligible sets, and the proof is concluded. ]
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