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Abstract. In this paper we settle Iwaniec and Sbordone’s 1994 conjecture concerning very weak
solutions to the p-Laplace equation. Namely, on the one hand we show that distributional solutions
of the p-Laplace equation in WL for p # 2 and r > max {1, p — 1} are classical weak solutions if
their weak derivatives belong to certain cones. On the other hand, we construct via convex integration
non-energetic distributional solutions if this cone condition is not met, thus disproving Iwaniec and
Sbordone’s conjecture in general.
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1. Introduction

The p-Laplace equation
Apu = div(|Du|’">Du) =0 inQ, (1.1)

which formally corresponds to the Euler—Lagrange equation of the energy

/ |Dul|? dx,
Q

is one of the most well studied problems in the calculus of variations. The classical
regularity theory has been developed in a series of papers of N. N. Ural’tseva [43], K. Uhlen-
beck [42], and L. C. Evans [14] for p > 2, and of J. L. Lewis [29] and P. Tolksdorf [41]
for p > 1 (see also [10, 11]). To mention some of the milestones obtained for p-laplacian-
type problems, without pretending to be exhaustive, we may cite the counterexamples to
regularity of vectorial problems, the Harnack inequality, the partial regularity theory for
vectorial problems, the estimates of the singular set, and Calderén—Zygmund theory (see
[8,12,13,28,31-33,38,39] and the references cited therein). The results for the p-Laplace
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equation have become a paradigm to attack several more complex problems, including
the associated parabolic equation, fractional versions of the same equation, functionals
with variable exponent p(x), double phase functionals, free boundary problems involving
p-energies, to mention but a few.

Given a bounded open set 2 C R”, every distributional solution of the Laplace equation

Au =0 1in Q

is known by Weyl’s Lemma to be a classical, and therefore also analytic, solution. For
the p-Laplace equation (1.1) an analogous result was conjectured by T. Iwaniec and
C. Sbordone [26] (see also [31, Section 9]). Indeed, they conjectured that distributional
solutions of the p-Laplace equation in W for p # 2 and r > max {1, p — 1} (notice
that for such solutions one can give the natural distributional meaning to the equation)
are of finite energy and hence belong, in the interior of the domain, to C** for some
o > 0, according to the classical regularity theory . This conjecture has been proven true
when r is sufficiently close to p, namely for p —§ < r < p for some § which depends
only on n and p. This result was first obtained in [26] via a quantitative version of the
Hodge decomposition theorem, previously introduced by Iwaniec [23] in the context of
quasiregular mappings (see also [24, 25]). A different approach was then followed by
Lewis [30], based on a quantitative version of the Lipschitz truncation.

Our first main result, which is the content of Section 2, gives a positive answer to the
conjecture of [26], under the additional condition (1.3).

Theorem 1.1. Let p > 1, Q be an open and bounded subset of R™ and f € L'(Q).
Suppose u € W1max{Lr=1}(Q) solves

div(|Du|?~?Du) = f (1.2)

in the weak sense on Q2 and, for all 1 < i < n, there exist constants ; € {1,—1}, L; € R
such that
o;0;u>1L; a.e inQ. (1.3)

Thenu € Wléc’p () and for all open Q' compactly contained in Q there exists a constant

C > 0 depending on n, R, and d(2', 0Q), where R > 0 is such that Q@ C Bg(0), for
which

/Q/ |Dul? () dx < C(ILf @y + 1DuNZ 2 o) U@y +1(La o L)) (14)

Unexpectedly, Theorem 1.1 shows a connection, at least when n = 2, with the field
of elliptic estimates by compensation. Roughly speaking, these are estimates on vector
fields v € L!(R™, R") satisfying some underdetermined system of linear PDEs, A (v) = 0
in the sense of distributions, which is compensated by the fact that v satisfies nonlinear
inclusion constraints, v(x) € K C R” (see [19]). This classical line of research has led to
striking achievements in the last few years; see [2, 9] and references therein.
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Iwaniec and Sbordone’s conjecture has a similar flavor to the well understood problem
for elliptic equations
div(A(x)Du(x)) =0 in Q (1.5)

with Al < A < Al. For every ¢ € (1,2) and n > 2, J. Serrin [36] provided a striking
example of an equation of the form (1.5) which has an unbounded solution u € W14,
Hence, such a solution cannot belong to W 1-2(Q) in view of the results of E. De Giorgi
and J. Nash. However, in this context subsequent results [1, 4, 20, 27] showed that the
situation is completely different as long as suitable continuity of A is assumed: in this case,
every W1 solution is necessarily of finite energy, namely W !-2(Q), and the regularity
theory applies. These results do not provide any clear intuition on the problem we are
considering for the p-laplacian, for two main reasons: first, because the freedom in the
choice of A is missing in our context, and secondly because it is not clear how to interpret
the positive results about the continuous coefficients.

Our second main result, which occupies the rest of the article, shows the sharpness of
assumption (1.3) (see (1.6)), and provides a negative answer to the above-stated conjecture
in its full generality.

Theorem 1.2. Let Q C R? be a ball. For every p € (1,00), p # 2, there exists € = &(p) > 0
and a continuous u € W1P~1%8(Q) such that u is affine on 3L,

5
<dyu < 1 a.e. on 2, (1.6)

W

div(|Du|?~2Du) =0 (1.7)

in the sense of distributions, but for all open B C Q,
/ |Du|? dx = oc. (1.8)
B

For fixed o € (0, 1), one can even construct u € C%(R2); see [3, Lemma 2.1] for
details. In order not to add further technical details to the construction, we will content
ourselves with proving Theorem 1.2. The method we employ to show Theorem 1.2 is
convex integration. Specifically, we are going to use the staircase laminate construction,
which, to the best of our knowledge, was introduced by D. Faraco [15]. Since then, this type
of construction has been used in several contexts [3, 5, 6, 16—18], and is tailored to tackle
problems in which concentration phenomena appear. Similar techniques were developed
to find counterexamples in which oscillation phenomena are the issue. Namely, while the
staircase laminate construction deals, roughly speaking, with finding maps which are in
some W17 space but no better, similar methods can be used, for instance, to find maps
which are Lipschitz and not C Lon any open set; see for instance [7,22,35,37,40]. Instead
of outlining our proof here, we defer the discussion to Section 3, where the structure of the
part of the paper devoted to the construction of the counterexample will be explained in
detail.
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2. When are very weak solutions classical solutions?

This section is devoted to the proof of Theorem 1.1, which confirms Iwaniec and Sbordone’s
conjecture under the additional condition that each component of Du has a one-sided,
uniform bound (1.3).

Proof of Theorem 1.1. Fix compactly contained open sets
QcQ"cQ"cq
with
d(Q,0Q) <2d(Q"”,9RQ). 2.1
Consider a radial and positive smooth mollification kernel p, with support in B.(0) for
each ¢ > 0, and define the convolution of u with pg,
ug(x) ;= (u x ps)(x) forevery x € Q".

This is well defined as long as ¢ < d(2", Q). Observe that (1.3) still holds for u,.
Let ¢y € C2°(2”) be such that ¢ (x) € [0, 1] forx € Q, ¥ = 1 on Q' and

[ DY || Loo(@) < cd(R,0Q)7".

We test the weak form of (1.2) with the test function u ¥ to obtain

P=2(1\3. . _
> [ 1Dulr 20 ey ) dx = [ fue

i=1

which is equivalent to

n n
Z/ | Du|P~20;ud;ucy dx + Z/ | Du|P~20;ud;ucy dx
im1 QN{|Du|<1} im1 Q

N{|Du|>1}
- /Q (¥ + guedr,  (2.2)

where
n
g = —Z |Du|1’_28,~uaiw.
i=1
Notice that the artificial splitting of Q into 2 N {|Du| < 1} and Q N {|Du| > 1} is
necessary for the subsequent argument since, if p < 2, one may have |Du|?~2 ¢ L1(Q).
The first term on the left-hand side of (2.2) converges since d;u; — 0;u in L1(Q") as
e —0:

n

lim Z/ | Du|P~20;ud;us dx :/ | Du|Py dx. (2.3)
QN{|Du|<1}

=0 Qn{|Dul<1}
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Finally, we exploit (1.3) by writing

Z/ | Du|P~28;ud;u ¥ dx
Q

= Jantpulz1y

n
= Z/ | Du|P~2(0;u — 07 Li)(diue — 0 Li)y dx
QN{|Du|>1}
n
+ZO’,'L,'/ |Du|p_2(8,-us+8iu—0,-L,-)1pdx.
= Qn(IDul>1)

Using our choice of @ N {|Du| > 1} and Du € L™ {Lr=1}(Q), the last summand con-
verges to

ZaiLi/ |Du|P~2(20;u — 0; L)V dx.
Q

i=1 N{|Du|>1}

Moreover, by (1.3), we can use Fatou’s Lemma to bound from below the first summand.
Thus, we find

/ |Du|pdx§/ |Du|Py dx
Q'N{|Dul|>1} QN{|Du|>1}
< hmmfZ/ |DulP20;udiusy dx.  (2.4)
QN{|Dul|>1}

We now estimate the right-hand side of (2.2). Let R > 0 be such that 2 C Bg(0). Using
the definition of g, we find a constant C’ = C’(R, d(2’, 92)) such that for all ¢ > 0,

£ L@ lluellLoo @y + C’ ||DM||Lp 1@ llHellLoe @ (2.5)

/ (¥ + s dx| <

We claim the existence of a constant C = C(n, R, d(Q’, 9Q)) such that for all 0 < ¢ <
d(Q"”,09Q),
luellLoo@ry < Clluell i@y + CI(Ly, ..., La)l. (2.6)

Indeed, we define

L:=(o1L1,...,0,Ly), u.=u;—(L,x),

&

and we show that
gl ooy < Cllugllpr @ 2.7

which yields (2.6) for a possibly larger constant C. The advantage now is that for all
x € Q" and all ¢ < d(Q",09), by (1.3),

g; 8,u; > 0.
We consider the set

S = {h = (1, ha) s 0yhy = 0, Vi, max [hy| < (", asz)/z}.
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Notice that its volume |S| = 27"d(22”, 9Q)" is bounded from below by 47"d(2’, 9Q2)".
For every zg € Q" and h € S, we estimate u,(zo — h) < u}(zo) < u%(zo + h). Integrating
on S we obtain

/ u,(zo —h)dh < |Shi(z) < / u,(zo + h) dh,
S S

which yields (2.6). We now make use of (2.6) in (2.5) to write, for C possibly larger than
the C and C’ above,

lim sup / (fY + gusdx
&0 Q
< CULS L@y + 1D, s o) (i sup e 1@y + (L L))
<CUlf Nz + ||D“||£;11(Q))(||u||u(sz) +[(L1,...,Ly)]). (2.8)
Hence by letting ¢ — 0 in (2.2) and combining the lower bound for the left-hand side
(2.3)—(2.4) and the upper bound for the right-hand side (2.8), we obtain (1.4). ]

Before ending this section, we wish to record a connection between our Theorem 1.1
and the compensation results appearing in the very recent paper [19]. A first observation
in this regard, which will also be at the basis of the next sections, is to rewrite (1.7) as a
differential inclusion, namely to translate the differential problem (1.7) to that of finding a
solution w € WH1(Q,R?) to

Dw(x) € K forae. x €, 2.9)

for some suitable set K C R2*2, The set we will consider is

* y
= rx,y eRy. 2.10
’ {(K"’Y)l"_zy —I(x,y)lp‘zx) hre } (2.10)

The equivalence between (1.7) and (2.9) is achieved once we interpret (1.7) in the equiva-
lent form:

1
0 = div(|Du|?"2Du) = curl(|Du|?~2JDu), where J = (_01 0)

A simple application of Poincaré’s Lemma then yields the following equivalence.
Proposition 2.1. Ler Q C R2 be convex and u € W™ {LP=1}(Q) Then
div(|Du|?~2Du) = 0

in the sense of distributions if and only if there exists v € W11(Q) such that w := (u,v) €
WLH(Q,R?) solves
Dwe K, ae inQ. (2.11)

__a
Moreover, for all ¢ > max {1, p — 1}, u € WY4(Q) if and only if w € Wb net.0=13 | and
there exist positive constants ¢1 < ¢, such that

crllullwray < llwll < c2llullwraq)- (2.12)

q
Wl'max{l.p—l} (Q’RZ)
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We will sketch how a slightly simplified version of Theorem 1.1 for n = 2 can be
deduced from [19, Corollary 4.5]. This states that if

_ _ f(an(x) an(x) 0o (2 Tp2X2
A= Ax) = (am(x) azz(x)) € C®(R?, R??)

withay; > 0, azy < 0 everywhere on R?, then

—/ det(A4) < [lcurl A1[|p1(w2)llcurl A2 |1 (r2), (2.13)
R2

where A; denotes the i-th row of A. Let us define the convex sets

Y = {A = (a“ alz) tair, a1z, a21 >0, axn < 0}

az1  dazp
ailz diz
CXZ{AZ( )2611120,612250.
az1 dzn

Suppose now that we are given u € W L {L.r=1(Q) satisfying (1.2) for £ = 0 and (1.3)
withoy =02 =1, L} = L, = 0. Assumption (1.3) implies that Dw € Y C X, but in order
to apply [19, Corollary 4.5] we need to mollify and localize w. Consider Q' C Q" C Q and
a cut-off function ¢ € C£°(R”) as in the proof above, and define w, := w * p,. Finally,
let

Ae ==Y Dw * pe = D(Ywe) —we ® DY

We still have A.(x) € Y for all x € R?, and we estimate

C

] (2.12)
limsup [lcurl Ag|[11(R2y <
e—>01

for some C = C(Q", ||D“||21:;x{<11’,1;_—11}}(9)) > 0, Therefore, we can employ (2.13) to write

—/ det(4,)dx < C. (2.14)
Q

Moreover A, € Y implies det(A4,) < 0 in Q. Thus we can use Fatou’s Lemma to conclude
from (2.14) that

—/ Y2 det(Dw)dx < C.
Q

As Dw € K, we have det(Dw) = —|Du|? a.e. in Q. This gives an alternative proof of
Theorem 1.1 in dimension n = 2.
3. Convex integration: outline of the strategy of the proof of Theorem 1.2

The first step in this type of convex integration is to rewrite (1.7) as a differential inclusion
as in Proposition 2.1. In order to find nontrivial solutions w to (2.9), we can exploit Faraco’s
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staircase laminates. Given an open domain w C R2, two distinct R2*2 matrices B, C with
det(B—C) =0and A € (0, 1), it is possible for all £ > 0 to construct a highly oscillatory
Lipschitz and piecewise affine map f, which coincides with any given affine map with
gradient A = AB 4 (1 — 1)C on dw, and such that

Df. € B.(B)U B,(C) a.e.onw 3.1

with a precise estimate on the set of points where Df, € B¢(B) in terms of A; see
Lemma 4.1. The measure © = Aép + (1 — A)dc is called a laminate. By splitting B
in another rank-one direction, one obtains a probability measure supported on three (or
four) points, which is called a laminate of finite order (of order 2). For every laminate of
finite order, one can construct a nontrivial family of maps as f, above; see Definition 4.2
and Lemma 4.3.

A staircase laminate is an element u, of a sequence of laminates of finite order which
is constructed in the following way. Start from a point A; € R?*2, First A; is split into
two points, By and Eq, with By € K, and E an auxiliary point, again split into C; := A,
and D € K,. This yields

M1 = A31831 +AE1AA28A2 +AE1AD1801~

Now the error term A, is again split with the same rule through points B, € K, D, € K,
and a new error term C, := A3z, which allows us to define u,. Inductively, one finds p,,.
In our specific problem, we need j, to fulfill

/]RZ><2 1 X' dpn (X) < o0, /sz2 | X757 dpn (X) = oo, (3.2)

and
un({A4y}) =0 asn — oo. 3.3

Conditions (3.2) yield the desired integrability of the solution, while (3.3) tells us that the
measure [Loo := limy, [, is supported precisely on K. Unfortunately, as we shall see, this
discussion needs some additions to yield an exact solution to the differential inclusion at
hand, but it is helpful to understand whether such a laminate can be found in a simpler
subset of K, for instance K, N diag(2), where diag(2) denotes the space of 2 x 2 diagonal
matrices.
We have
Kpﬂdiag(2)={(x o ):x,yeR}.
0 —|x|P2x

Identify diagonal matrices with points (x, y) of R2, so that for instance every point of
K, N diag(2) is described by the graph (x, —|x|?~2x). Notice that in the space of diagonal
matrices rank-one lines are precisely the horizontal and vertical lines. Take a sequence of
points A; := (x;, y;) with

Xi+1>Xx; >0, yiy1 >y >0, VieN,
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to be chosen later. We start by splitting A; into a vertical direction until we reach a point
B € K, Ndiag(2), and the auxiliary point £;. Then E; is split horizontally so that it lies
in the segment with endpoints A, and D; € K, N diag(2). This defines 111. Next, given
Az = (x3, y3), we reiterate the reasoning starting from (x,, y,). By direct computation,
one sees that the first condition in (3.2) and condition (3.3) are then equivalent to finding
a suitable sequence {(x;, yi)}ieNn as above with x;, y; — 0o as i — oo such that the
following holds, for some small ¢ > O:

) " Xk—1 +y]1/(p—1) . »
tim |Cen, ya)|"*e T ] o Vet + X Ok X)) < oo
e k=1 Xkt Vg

Notice that for p = 2 this is impossible, which reflects the validity of Weyl’s Lemma. It
turns out that the choice x; = ai?, y; = i2(?~D for a suitable positive a that depends
on p yields the previous property, and one can directly check that this choice also yields
the second condition of (3.2). The parameter a is chosen so that a certain function G, (a)
enjoys particular properties; see Section 5.1. Other sequences x; and y; are probably
correct, for instance x; and y; could be chosen to be of exponential growth, as long as
they contain this multiplicative parameter a. In our work, the careful choice is exploited in
Proposition 6.2, which in turn yields the crucial final estimates of Lemma 9.3.

As already mentioned, finding only one staircase laminate is, in general, not enough to
find an exact solution to (2.9). This is due to the fact that the maps constructed through
laminates introduce errors in their gradient distribution; see (3.1). This is the reason why
one considers in-approximations of the set K, using the terminology of [35], originally
due to M. Gromov. Namely, one needs to find a sequence of open sets U,, which converge
in a suitable sense (see Lemma 7.2) to K, with the additional property that every point
of U, is the barycenter of a laminate of finite order with suitable integrability properties,
supported in U, +1. The fact that these sets are open allows one to absorb the errors made
by property (3.1). Once one has a sequence of Lipschitz maps f, with Df,, € U, a.e. which
in addition converge strongly in W11 to a map f, it is possible to conclude that Df € K, P
a.e. The (subsequential) pointwise convergence of the gradients is crucial and is necessary
to exploit the convergence of {U, } to K),. It is usually achieved with a mollification trick;
see Proposition 9.13 and the proof of Theorem 9.4.

We will not use the term in-approximation in this paper, but our whole effort is precisely
based on finding these open sets. The idea is to consider a family of staircase laminates
with initial point P € Q C R?*2, with Q open. In this case, one obtains endpoints of these
laminates of finite order A;, B;, C;, D;, A;j+1 = C;, which depend on P. The definition of
these quantities is in Section 5. As above, B; (P) € K, and D;(P) € K, forall P € Q, but
we will actually need to consider staircase laminates with endpoints lying on the segments
connecting A;, B; and C;, D;, which do not reach exactly B; and D;; see the definition of
the maps CD{-‘, , 0of (5.16)—(5.17). This is necessary in order to deal with the errors of (3.1).
The definition of the laminates and the necessary quantitative estimates are the content of
Section 8. In order to find these open sets, we need to prove the openness of the mappings
A; and de, ;- This is the most technical part of the paper, and occupies Section 6.
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Once the openness is shown, we will finally be able to prove the existence of a
solution to (2.11) in Section 9. To deduce that the solution w we construct has the required
degeneracy property

/ |Dw|% dx =00 (34
B

for all nonempty, open B C 2, we will show that our construction yields w non-C! on
any open set, and we will deduce (3.4) from regularity results concerning the p-Laplace
equation. This is based on Lemma 7.1, which, together with the aforementioned Lemma 7.2,
constitutes Section 7.

4. Laminates of finite order

In this section we introduce elementary splittings and laminates of finite order. We say that
A, B € R**2 are rank-one connected if

rank(4 — B) = 1.

Furthermore, we will denote by [A4, B] the segment connecting A, B € R2*2 and we will
call it a rank-one segment if rank(A — B) = 1. In that case, B — A is a rank-one direction
and the line containing [A, B] is a rank-one line. We have the following (see for instance
[3, Lemma 2.1]).

Lemma 4.1. Let A, B,C € R?>*? withrank(B —C) = 1 and A = AB + (1 — 1)C for
some X € [0,1]. Let also Q C R? be a fixed open domain and b € R2. Then for every
& > 0, one can find a Lipschitz piecewise affine map f; : @ — R? such that

(D) fe(x) = fo(x) = Ax + b on 9Q and || fe — folloo < &;

(2) Dfe(x) € B(B) U B+(C);

(3) Kx € Q2: Dfs(x) € Be(B)} = AlR2] and [{x € Q : Dfs(x) € Be(C)} = (1 —A)[<2.
Denote by & (U) the space of probability measures with support in U C R?*2,

Definition 4.2. Let v, u € £(U), U C R?*2 open. Let v = ZlN:l Ai84,. We say that u
can be obtained from v via elementary splitting if for some i € {1,..., N}, there exist
B,C € U and A € [0, 1] such that for some s € (0, 1),

rank(B—-C) =1, [B,C]CcU, A;=sB+(1-5s)C,

and
M=V + AL (=04, + 55 + (1 —5)dc).

A measure v = ) ;_, 4;84, € P(U) is called a laminate of finite order if there exist a
finite number of measures vy, ..., v, € L (U) such that

vi =6x, V=V

and v; 41 can be obtained from v; via elementary splitting for every j € {1,..., N —1}.
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Using the definition of elementary splitting to iterate Lemma 4.1 as in [35, Lemma 3.2],
one can prove the following.

Lemma 4.3. Let Q@ C R? be an open domain. Let U C R?*? be an open set and let
v=>Y"7_,24:84; € P(U) be alaminate of finite order with barycenter A € R**?2, i.e.

A:/ X dv(X).
R2x2

Then for any b € R? and & > 0, the map fo(x) := Ax + b admits on Q an approximation
by piecewise affine, equi-Lipschitz maps f, € W1(Q, R?) with the following properties:

(1) fe(x) =Ax+bondQand || foe — Ax —b|leo < &
(2) Dfe(x) € U; Be(A));
(3) |{x € Q: Dfe(x) € Bc(Ai)}| = Ai|2| foralli.

5. Definition of the main quantities

5.1. Choice of the sequences and coordinates

For any a > 0, consider the following sequence, which is increasing in i:
xi =ai>+xg, yi =i2® VD 4y Vi>o0. (5.1)

Here a, x¢ and yo will be used as coordinates in our construction. Together with these, we
will need a fourth parameter w € R, as will be clear in the next subsection. The space of
parameters is, for any p > 1,

3 3 3
oo =< (2)+(3) ()

The parameter ¢ > 0 will be chosen small if p > 2 and large if p < 2. Instead of fixing ¢
here, we will update it in various technical results of the next sections. We introduce a
function that will be crucial in the following:

a

Gpla) = m-l'(l’—l)

We start introducing conditions on c: in particular, we claim that the inequality

. 52

T (5.2)
max{l, p — 1} < Gp(a) <max{l,p—1} +1/2 foreverya € [c,2c] (5.3)

holds for ¢ sufficiently small if p > 2 and for ¢ sufficiently large if 1 < p < 2.

5.1.1. The case p > 2. The (right) derivative of ¢ = G,(c) at 0 is 1. Hence, G, (c) is

strictly increasing in a neighborhood of 0, and since G,(0) = p — 1, for ¢ sufficiently
small we have

p—1<Gylc) 2 Gpla) £ Gp(2c) < p—1/2, Va € |c,2c]. 5.4)
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5.1.2. The case 1 < p <2. We have lim._,o G,(c) = 1 and for all ¢ sufficiently large,
Gp(c) is decreasing. Indeed,

26,00 (- 12—
J— )= — — — F—
dc P T cxnz VT ety
p—2 p—1 1 2
= - 17)
(P71 +1)2\cP2(c + 1)?
Asl < p<?2, limcﬁw(% —(p—1)?) = —(p — 1)?> < 0. Thus, we can take ¢
sufficiently large that
1 <Gp(2c) < Gpla) < Gp(c) <3/2, Va € lc,2c]. (5.5)

Remark 5.1. The function G,(a) behaves very differently for p = 2 and p # 2. The
strict inequalities in (5.3) are the key to the convergence of some quantities in Section 9.
If p = 2 instead, then G, (a) = 1 for all a and our strategy fails, as expected in view of
Weyl’s Lemma recalled in the introduction.

5.2. Parametrization of the laminates

Let p € (1, 00) be fixed and recall that

— X y ‘
= {(I(x,y)lp‘zy —I(x,y)lp‘zx) e R}'

We denote points of Q(c) by P, but we will almost always drop the dependence of the
functions x;, y;, v;, z;, etc., on P. For readability, we also introduce the functions

hw (x) = [(x, w)P 2w, gw(x) = [(x, )P 2x.
The counterexample is built in an inductive way. As explained in Section 3, given

Xi—1 w

Zi—1  Yi—1

ary = ( ) wzo

we need to split it into points B;, D;, C; = A; 1 where B;, D; € K, and A; 1 is the
next step of the iteration. Here, {x; } and {y;} are the sequences of functions introduced in
Section 5.1, while z; cannot be chosen, and will instead be built during the construction of
the laminates. We start by considering

A;(P) = (X"‘l W ) (5.6)

Zi—1  JYi—1

(o )

for some suitable m,n € R, and call the endpoints B; and E;. We require that B; € K,

Split it into the rank-one direction



Non-classical solutions of the p-Laplace equation 13

and E; has (2, 2) component equal to y;. Simple computations show that then B; and E;
are

o Xi—1 w ) L Xi—1 w
Bi(P) = (hw(xil) _gw(xil)) <Kp Ei(P)= ( v; yi)’ 57

where
Vit gw(xi-1) - Vi — Vi1
=L towhim -2
Yyt gw(xio) Yi-1 + guw(xi-1)
In particular, we can write

o (xi—1). (5-8)

A; =Ag;Bi + Ag, E;

with

__Yi—Yia ap = it + 8w (xi—1)
yi + guw(xi-1)’ ' yi +guw(xi-1)

We further split E; into the rank-one direction

m 0
n 0

for suitable m’, n’ € R, in order to reach the endpoints

AB (5.9)

i

. — 4. _ (X w A o &) w
C,(P)—Al+1(P)—(Zi yi), D;(P):= (hw(g,;l(y,-)) yl_)er. (5.10)

We have E; = Ac,;C; + Ap, D; for

. —1(y. Ly
Ac; = L‘g:’f(y’)’ .= % (5.11)
xi + 85" (i) Xi + &5 (i)
As above, z; is defined by the requirements C; (P) = A;+1(P) and D;(P) € Kj:
xi + e (i [ ~
a(py= S ts O NN ), s

Xic1 + g5 (i) Xi1 + g5 (1)

Notice, though, that we have the freedom of choosing z¢, which we will fix as a function
zg = zo(P) in Section 6.1.

Remark 5.2. By construction, the probability measure
v = Ap;(P)8B;(P) + AE;(P)AD; (P)SDi(P) + AE:(PYAC;(PYSci(P)

is a laminate of finite order for all P € Q(c) (see Definition 4.2). This fact will be exploited
in Section 8.

To conclude, we introduce maps that will be useful in our constructions. For ¢ € [0, 1]
and P € Q(c), define

@/, (a, X0, y0,w) := A;i(P) + tAg,(P)(Bi(P) — E;(P)) € R®?, (5.13)
@7, (a, x0. yo.w) := E;(P) + tAc;(P)(Di(P) — C;(P)) € R¥?. (5.14)
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Notice that for ¢ € (0, 1) the maps CD}t and <I>l.2 , interpolate between the known maps

@} o(P)=A4;(P), @}o(P)=Ei(P), @ (P)=Bi(P), ®},=Di(P). (5.15)

More explicitly, we rewrite (5.13)—(5.14) as

!, (a, x0, Yo, w) := ( il v )
LTI\ zicy F+ t(hw (Xic1) — Zic1) Vi1 —t(ie1 + Gw(Xic1)))

(5.16)

Xio1 — (g5 (i) + xi—1) w)_ (5.17)

@2 a, xo, , W) = —
(@ X0, yo. w) (Ui‘l‘l(hw(gwl(yi))_vi) Ji

6. Openness of the mappings

The goal of this section is to show that the maps A4; and CID{." , are well-defined, continuous
and open. These properties will be shown in Proposition 6.2.

6.1. Explicit formula for z;

For all i > 1, define

Si(P) = ll_[ X+ 8" (V) Yo+ gw(xe—1)

, 6.1)
o X1+ 85 (0) Vet + gw(Xe)
and forall £ > 1,
H¢(P):= H}(P) + H}(P)
xe + 85" () Ye— Ve Xg— Xg—1 .
= hy(xg—1) + ———————hw(gy, V).
X1+ 83000 Yeor + gulren) U T xe ggte) U0V
6.2)
We can use formulas (5.8), (5.12) to find that
Xi + gy (1) ( yi + gw(xi-1) Yi = Vi1 )
Zj P = Zj— ——I’l Xi—
P =15 g ) \ici 4+ gwic) T it + gw(xio1) wli-1)
Xi — Xj—1 -1
ol ).
o 2 o) w(&y (Vi)

Using this formula recursively, we find an expression for z; (P):

X+ 82 k) vk + gw(xk—1)
Xi—1 + 80 (V&) Yk—1 + 8w (Xk—1)

z(P) = Si(P)zo— Y _Hy(P) []
(=1 k={+1

B " Hy(P) ( He(P))
= S5;(P)zo — Si(P) ) =S;(P)(z0—) :
(P)zo ( )e=1 S.(P) (P)| 2o L S.(P)
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Notice that we work with the convention

[[rc=1 (6.3)
k=r

if r > s and {p, }» is any sequence. We choose

>\ Hy(P)
Zg = Z()(P) = E .
= Su(P)

This yields

o Hy(P)
zi(P) = Si(P) .
Zl Se(P)

=i+

(6.4)

This choice requires showing the convergence of Y ;2 %, which will be proved in

Proposition 6.2 below, after having made some necessary estimates.

6.2. Sufficient conditions for the openness of the mappings

We are now interested in providing a sufficient condition to ensure that the mappings
Ajt1, CDf.‘J are open forallk = 1,2,¢ € [0,1) and i > I for I large to be fixed later. To
do so, we wish to use the invariance of domain theorem (see [21, Theorem 2B.3]) that tells
us that we only need to check that the above maps are continuous injections. Continuity is
immediate for most of the components of the above maps, and it is only non-trivial for z;
and v;. It will be shown for z; in Proposition 6.2, and from this and (5.8) it readily follows
for v; too. We only need to verify injectivity. The estimates we need to show in order to
prove well-posedness and continuity of z; and the injectivity of the aforementioned maps
will be given in this section.

Lemma 6.1. Let Q(c) = (c,2¢) x (2,2) x (3.2) x (3. 2) with ¢ such that Proposi-
tion 6.2 (a) holds. If 1 < p # 2 and if for some I > 2 and all i > I, the limit

zi(P 4+ s(1,—i2,0,0)) — z; (P)

N

(0gqz; — izaxozi)(P) ;= lim
s—>0

exists, is continuous on Q(c) and
0a2i(P) —i%0x,zi(P) >0, VP € Q(c), (6.5)

then, foralli > 1,k =1,2andt €[0,1), Aj+1 and (Dﬁl,t are injective mappings and
hence Aj+1(Q(c)) and CD{-‘HJ(Q(C)) are open sets.

Proof. By the above discussion, we only need to show the injectivity of the three mappings
at hand.

Ajy1 is injective: Let Pj = (a’,x],yJ, w/) for j = 1,2, and suppose that for some
l. z 1,

Ai+1(P1) = Air1(P2). (6.6)
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We need to show that P; = P,. From (5.6), we immediately see that yé = y% and w! = w?.

Furthermore, from the equality
xi(P1) = xi(P2)

we infer
ali? + xy = a%i* + x5, ie. xp—x3=—i*(a' —a?). 6.7)

Now consider the segment

o(s) := (al,x(l),yé,w) —+—s(a2 —al,x(z) —xé,0,0)
= (al,xé,yé,w) + (@ —ab)s(1,—i2,0,0).

As Q(c) is convex, (o (s), yo, w) € Q(c) forall s € [0, 1]. Moreover, by assumption (6.5),
t + z;(o(t)) is a C! function. By (6.6), we can write

1
0=2z;(Py)—zi(Pp) = /0 %zi(a(t)) dt
= (a? —al)/l[aazz'(a(l)) —i?8xy2i (0 (1))] d1.
0

Assumption (6.5) shows a!

the proof.

= a?. Through (6.7) we also infer x} = x2, which concludes

dDil 41, isinjective: Fix1 € [0, 1). Assume with the same notation as above that <I>t.1 +1.:(P1)
= (ID}HJ(PZ). Then by (5.16) we easily infer w! = w? and

ali? + x} = a%i% + x2.

Moreover, since ¢ # 1, equating the (2, 2) components of @},,(Pl) and <I>i1,t(P2), we also
find y} = 2. Since x;(P1) = x;(P2) and w! = w?, the (2, 1) component now gives
(again since t # 1)

zi(P1) = zi (P2),

and we can conclude as in the previous case using (6.5).

<I>l-2 1. I8 injective: Fixt € [0, 1). Assume with the same notation as above that <I>t.2 11.:(P1)
= d>i2+1’t(P2). Then from (5.17) we easily infer w! = w? and y} = y2. With these
observations, and the fact that ¢ # 1, equality of the (1, 1) components yields once again

ali* + xy = a%i* + x§,
and equality of the (2, 1) components yields
Vit1(P1) = vit1(P2). (6.8)

Combining these facts with (5.8), we easily see that (6.8) is equivalent to z; (P1) = z; (P2)
and once again we conclude analogously to the first case. ]
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6.3. Computation of the derivatives of z;

From Lemma 6.1, we know that we need to compute the first order derivatives of z;. In
particular, let

8i = 0g — %0y,
Since - . R
H}(P) + H}(P)
Z(P)=5:(P) », — ¢

t=it+1 Se(P)

and it is easy to see that

Si(P)(H}(P)+ H}(P))
S¢(P)

is a smooth mapping, our aim is to estimate from above and below

5 (Si(P)He(P) ) 5 (s i(P)

o o )+ 2P

Si(P)
3, (P)S i(H} (P) 4+ H}(P)). (6.9)

Repeatedly using the fact that

N
Sil_[figi Hft IZ(f 18fz g lgl)
i=1

i=1

we get

+ g5" (vo) Ye— Ye-1
3-H1P=5-(” w h x_)
' z( ) ' Xe—1+gEI(J’£) Ye—1 + gw(xe—1) wl¥e-1)

_ Hl(P)( Sixg  dixg— hy (xe—1)8ixe—1 gy (Xe=1)8ixe—1 )
¢ e+ 80 o) xXe—1+ g5 (o) hw (x¢—1) Vi1 + gw(X¢—1)
8i(xg — x¢—1) 8ixg_1(x¢ — xg—1)
ZHII(P)( -1 = — -1 1 1—1
Xe+8u (Vo) (xe+ 85" (o)) (xe—1 + &' (ve)
h;u(xl—l)‘sixé—l _ g;u(xl—l)gixé—l )
haw(Xg—1) Yi—1 + gw(xe—1)
=: H} (P)p} . (6.10)
and
5 H2(P) = si(&hw(g;% )))
¢ Xe—1 + &' (o) &
8; — X 8; Xg—
=Hf(P)( (xe —xe—1) xe_1l )
Xg—Xg—1 Xe—1 + &' (o)

=: H}(P)p},. (6.11)
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Similarly, we get

5-(Si(P)) _ 8_( ﬁ X1 + 85" O8) Yies +gw(xk1>)
"\ Se(P) l Xk + &' k) Yk + 8w (xk—1)
L

k=i+1
S; [_ 8ixr i 8ixr—1
\Y] e Xr + gal(yr) Xr—1 + gzzl(yr)

_ g:u(xr—l)gixr—l g:u(xr—l)gixr—l i|
Yr +gw(xr71) Yr—1 +gw(xr71)

Si o 8i(xr — xr—1) (xr — xr—1)8iXr—1
2 [ xr + 8" (Or) - (r—1 + &' ))(xXr + g3 ()
r — Yr—l)g:y (xr—l)Sixr—l i|
(yr + gw(xr—l))(yr—l + gw(xr—l))
S;

=: 5,0 (6.12)

r=i+1

Overall, with the newly defined pil o pi2 ¢» 0i ¢ introduced in (6.10)—(6.12), we obtain

o0
S.
Sizi= ) 5, lneHe + Hi ply + HZo ) (6.13)
L=i+1

6.4. Asymptotic behavior of the terms composing §; z;

Let us start by estimating o; ¢ (see (6.12)). Throughout this section, we will make a list of
claims concerning the asymptotics of the terms involved. We start by claiming that

_8i (xr - xr—l) ~ 2 l (AS m 1)
X+ g5 (r) a+1r’ yp-
Xr — Xr—1 1 2a
~ — , (Asymp. 2)
Gt + 80 ) + 8" 00) 7 @+ 172 yme
_ _ / _ 12 -1 2. ,p—2
r—yr l)gw(xr 1) L (p )-a (Asymp. 3)

r + guwxr—1)(r—1 + gu(xr-1)) r3 (14ar~1)2 "~
Let us explain the notation we used in the previous lines. Given two sequences {a; };>1
and {b; } ;> of functions defined on Q(c), the symbol a; ~ b; means
aj(P)
bj(P)

sup
PeQ(c)

1'—)0 as j — oo.

The proofs of (Asymp. 1)—(Asymp. 3), as well as of the following asymptotic estimates,
are easy and similar to each other. Therefore, let us only show (Asymp. 1). Using the
definition

(g r), WP 280 (vr) = yr = 27D 4 yq,
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we see that
L Jo ‘(gzzl(yr) g) " gy )
r2(p—1) 2 2 2
which shows that
& () ~ 1. (6.14)

We can now prove (Asymp. 1) with the help of (6.14):

§i(xy —xr—1) r@a+1) r2—(r—1)2 a+1

g o) 2 atxor24r72g. () 2r

Q—-rHa+1
©2(a+ xor2 +r72g51 (1))
Estimates (Asymp. 1)—(Asymp. 3) imply that if we define

L

~ 2 1 (r=1)%2-i2 2a (r—12—i%22(p—1)%aP™2
Oi¢ = Z - -+ -
a+1r r3 (a +1)2 r3 (14 apP~1)2

r=i+1
and we fix ¢ = eg(c) > 0, thenif I = I(c, ¢) € N is sufficiently large and i > I, then for
all P € Q(c),

14

~ r—1)2-i2
01,e(P) = Gie(P)| < Ce ) [r r—] <Ce Z = (6.15)

r=i+1 r= z+1

Here and below, C = C(c) > 0 is a constant depending solely on ¢ > 0 (and on p, which
is fixed). This constant may change from line to line, but we will always denote it with the
same letter. We can further simplify (6.15) and 6; ¢. Indeed, by integral comparison, one
can see that, forall > i + 1 and @ > 0,

! 1 ¢ < ! (6.16)
__n .
k i+1/)| i+

<1
T+ Dt

14

6.17)

Lo
ket |G+ D e

Furthermore, letting

- 2 14
Ojq = ———In{ -
’ a+1 i+1

L i2/1 1 2a 2(p_1)2ap_2
+[ln(i+1)+5(€_2_(i+1)2)M(a+1)z + (1T ari) ] (6.18)

and using (6.16)—(6.17), we see that if [ is sufficiently large, (6.15) becomes, for all
PeQ(c)andi > 1,

|0i,e(P) = 0i,¢(P)] = |07,0(P) = 6, (P)| + 16i,¢(P) — Gie(P)]

L 1 {
§C|:81n(l,+l)+lfj|§C5|:ln(l,+1)+l]. (6.19)
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Let us now turn to H 41 and H 62:

x¢ + 8t (Vo) Ve — Ye—1

H}(P) = hw(xX¢—1)
¢ (P) Xe—1 + &  (e) Ye—1 + guw(xe—1) wlFe
2D LaP202(0=2)y,
1+apP1¢
=: I:IZI(P), (Asymp. 4)
X — Xg—1 _
HF(P)= ——————hy(gy," (¢
¢ (P) e F 200 w(&w (Vo))
L2l pea,,
a+1/¢
=: H}(P). (Asymp. 5)
Hence
|H}(P) — H}(P)| + |H}(P) — H}(P)| < Cef?=271 (6.20)

for all £ > i 4 1 provided i > I. Define also ['_Ig = 1':I€1 + I-_Iez. We now turn to pil,e
and pl.z’ ;- Similarly to the previous terms, we can compute the asymptotic behavior of each
of the summands in the definition of pl.ly o piz, ¢» given in (6.10), (6.11). We introduce the
functions

o2 2a(-12-i?)  (p=2)(E—1)%—i?)
Pie = T Fa)y @+ 1)203 al?
(- Da?=2 (L —1)* —i?
(1 +aP™1) 02 '
N I (s
Pt = " T+a 02 '

in which every summand is given by the asymptotic behavior of the corresponding term of
,oi1 ¢, and ,oi2 ¢~ Then choosing I possibly larger, if i > I then for all P € Q(c),

(€—1)%—i2

e P) = AP + 52 P) = 2Py = o1+ 20 ) < e o2

6.5. Asymptotic behavior of S; /S

We claim that for all p € (1,00) \ {2}, if ¢ satisfies (5.4)—(5.5), then for all ¢ > O there
exists I = I(g, ) such that

Si(P) (L N\
Sg(P)(H—l) B

sup <e foralll—1>i>1. (6.22)

PeQ(c)

For all p € (1, 00), we let

i+ 1)2Gp(a)

Sie = Sigla):= ( (6.23)
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Fix ¢ > 0. For £ > i + 1, we have

¢ _
E_Z(P) _ l—[ Xk—1 + &' k) Yi—1 + gw (Xr—1)

iy T &K Vit gw (k1)

— pXhmit1 MG g5 R —In(xk+85" (1))
% eZ£ =i+ 10Ox—1+8w ek —1))—In(yx +8w gk —1))] (6.24)

Using a first order Taylor expansion and the concavity of the logarithm, we see that

Xk—1 — Xk Xg—1 — Xk

el X (625
X + &5 (x) (6:25)

— " <In(xg—1 + &' (k) —In(xx + g5 (k) <
Xi—1+ &' (k) Phow v

We claim that the first and last terms on (6.25) are both —%% up to lower order correc-
tions, namely
Xp—1— X 2a 1 Xp—1— X 2a 1 C
Lt e Tl = pirmntiz-ny
Xe—1+ 8 (k) at+lk Xko1 Fgptn) a4 1 k| T ktmin{12(-1)}

(6.26)

We estimate the first term on the left-hand side of (6.26); the second term can be treated
similarly or by comparing it with the first term. First, by the implicit function theorem, the
function w > g,'(y) is C! and

wg,' ()
w2+ (p— D(gx ()

Therefore, for all P € Q(c), by (6.14),
g0’ k) — g6 ()| < C/k>, Vk=1. (6.27)

Since g5 1(y) = y/@=1 for all y € R*, as follows from the definition of g, (x), we
estimate

dw(gy' (1) =—(p—2)

Yw,y e R.

0o - - —pl/(p-1)
25 x) — k2 = (K2P7D 4 yo)V/ =D _ p 21

1/(p-1) .
< {yo if p > 2,

6.28
Ck*C=nr) if p <2. (0.28)

Hence, foralli + 1 < k < £ we write

Xp—1 — Xk 2a 1
ot T
-xk—1+gu) (yk) a+1k
_ | G2+ D@+ Dk + 2a(k — 1)? + 2x0 + 2g,," (%)
(k-1 + &' (i) (@ + Dk
< gI73ak + k4 2a + 2x0] + 218y, (k) — 80 k)| + 21gg " () — K|

(k-1 + &' (7)) (@ + Dk
k + fmax{0,2(2—p)} C

3 = J 1+min{1,2(p—1D)}’

<C
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This proves the estimate of the first term in our claim (6.26). With (6.26) at hand we obtain

4

3 s+ 00 o+ 50+ (5 )

L

3 (ln<xk_1 g ) — Ine + g3 () +
k=i+1

_2@: 2a 24 (i+]
~ @+ Dk "a+1 ¢

(6.26),(6.16) C C ©I17 C
< E - —+ < - .
k1+m1n{1,2(p—1)} i+1 — (l + 1)m1n{1,2(p—1)}

<

2a
(a + l)k)‘

(6.29)

k=i+1

Analogously, we can prove that

14

k;_l[ln(Yk—l + gw(xXk-1)) — In(Vk + guw (xe—1))] + (p — l)aP—12_|_ 1 ln(i —Z 1)‘

C

= (l + 1)min{1,2(p—1)} . (630)

Estimates (6.29)—(6.30) combined with (6.24) and the definition of G,(a) (see (5.2)),
prove (6.22).

6.6. Estimates of §;z;

We now use our previous asymptotic estimates to bound §;z; in (6.13). We will observe
that the closeness estimates (6.19)—(6.22) of 0; ¢ and 6; ¢, S;/S¢ and S; ¢, Hli and Hé,
pl.’:e and ‘ﬁl{e enable us to neglect the contributions of o; ¢ — 0; ¢, g—; — §,~,g, Hli — I-_Ié,
pi] ¢ /3[.] ¢ in the computation of §;z; in (6.13). Indeed, these estimates imply that the
growth of o; ¢4 is the same as the growth of &; ¢, and similarly for the other quantities. We
have

loj,¢ Hy + Helpil,e + Hezpiz,z] — [61,¢ He + I:Iglﬁil,e + 1:1[2151-2,@]
= (00 —Gi,0He + H} (o} ¢ — pig) + H (07 g — i g) + Gie(He — Hy)
+ (Hy = H)pjy + (H = H)BY.

Thus, by the triangle inequality, (6.19)—(6.21) yield, uniformly in P € Q(c),

loicHe + H p} g + Hi p7 ) — [Gi e He + HY b}y + HZ 74

‘
< Cs(l + ln(i " 1))62(1’_2)_1. (6.31)
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We notice moreover, using the definitions of &; ¢, H ¢ and p; ¢, that

|5i,21:1£ + 1:15115,'1,5 + 1:1[2,5,25| = |5i,41:1£| + |1:Izll5i1,e + I:Izzﬁlzﬂ

?
< C(l + ln(i - 1))62(1’_2)_1. (6.32)

Similarly, exploiting (6.22) and (6.31)—(6.32), we can estimate, uniformly in P € Q(c),

S. - - - —n_
’S_;[UMHE + Hglpil,z + Hezpiz,z] — SiloieHe + Helpil,e + szpiz,e]

. ¢
< CSSi’g(l + ln(, - 1))£2(P—2)—1. (6.33)

1

We now need to divide into the cases p > 2 and 1 < p < 2. We will show that for all
¢ sufficiently small if p > 2, and ¢ sufficiently large if p < 2, and for a possibly larger 7,

o0
S; 2(p—2)—
( > S—’(a,-,@Hg + H}p}, +H5pﬁl))(P) > C/j2r=2)-1 (6.34)
L=i+1
foralli + 1 > I, for a positive constant C’ > 0. Before dividing into the two cases, we

use integral comparison to find that, for alli > 2 and a € [c, 2¢], with ¢ chosen such that
(5.4)—(5.5) hold,

i Si eln( ¢ )52(1:—2)—1 G s
Ly .
L=i+1 i+1 4(Gp(a)_p+2)2

<2In(i + 1)(i 4 1)2@=271

(6.35)

i 5 i? i\ 2(p-2)1
RANCEN N

=i+
2 ! — 1 . 2p-2)
[ (2 p) ch(a) 2(2_ p) + 2(;17(1) 2:|(l +1) p

<10( + 1)2@=271 (6.36)

i S eez(p—z)—1 (L—1)2—i?
) 2
L=i+1 )
_ [ 1 _ ! i|(l~ + 1)2(11—2)
22—p)+2Gpa) 22—p)+2Gy(a)+2

<10 + )P~ (6.37)

The case p > 2: According to (5.3), (6.17), (6.33) and (6.35), to show (6.34) it is sufficient
to prove
o0
> SiuGieHe + HLpy + HEPE)(P) = C'i2P72) (6.38)
{=i+1
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We see that there exists a constant L > 0 (which may change from line to line), independent
of ¢ once we choose for instance ¢ < 1, such that forall £ > i + 1> 2and P € Q(c),

N ‘ I
|HGi0|(P) < cm“‘{l’p_Z}L(l + ln(i — 1))62(1’_2)_1. (6.39)

On the other hand, if 7 = mingy ‘12% > 0, then

- - 2w )
1=1 2-2 2(p—2)—1 in{1,p—1,2(p—2)} p2(p—2)—1
(H}p},+ HIp7)(P) > ﬁg (p=2)-1 _ J ~min{l,p—1,2(p=2)} p2(p-2)
> (m — L™ iL2(p=2)h) p2(p=2)—1 (6.40)

Combining (6.17), (6.35), (6.39), (6.40) with (5.3) we can estimate, for all P € Q(c),

o0
> SiuGigHe + HLply + HZ 7o) (P)
{=i+1
' > (Lym — Ly(c™n1:2(0-2) | cmin{Lp=2}yyj | 1)2(-2)

for some constants L;(p), L2(p) > 0. If ¢ and ¢ of (6.33) are chosen sufficiently small,
the last inequality implies (6.38) and hence (6.34).

The case 1 < p <2: We wish to show that for all ¢ sufficiently large there exists a constant
C’ = C’(c) > Osuchthatforall P € Q(c) andalli > I = I(c),
o0
> aSiGigHe+ HYply + HZp)(P) = Cli2P72). (6.41)
(=i+1

This would show, since a € (c, 2¢), that

o0
S /(5 s H 71> 72 = C' e
>° Sie@ieHe+ HEply + H25)(P) = -i°772.
L=i+1
As above, by (5.3), (6.33) and (6.35), the latter would imply (6.34), once & of (6.33) is

chosen small enough in terms of % To show (6.41), we denote by gx(a), for k € N,
continuous functions g : R — R such that for all a sufficiently large,

@] = 5

for some constant L > 0. With this notation, we rewrite foralla e RT, £ >i +1> 1,

_ a2 i2 i2 i 14 i? i?
= o e~ o) @) + e E - )

and

_ 2aw
= ——

=7 1gZ(P—2)—1 + g3(a)f2(p_2)_l.
a
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Therefore,

_ 2a3w i2 i?
5. Hy) = p2=-2)-1| 2 _
QO = T ) 2 Gt

14 i? i? 2(p—2)—1
+ (gs(a)ln(l_ n 1) + gﬁ(a)[z—2 B 1)2i|)5 . (6.42)

The term a(H [1 ,51.1 ¢ T H [2 ,51.2 ¢) is more complicated, but it admits a similar representation:

2aw 2(0-2-1 _ 2a%w 2(0-2)-1 =12 —i?
a+1 (a+1)? L2
1)2 — 2
02 '

a(H}p},+ H}p7y) =
E _
+ 26(@PP D 4 (g7(a) + Lgs(a)) 2222 (6.43)

Now we can exploit (6.17), (6.42), (6.43), (6.36), (6.37), and the definition of S_i,g in (6.23)
to write

o0
> aSi6i0He(P) = fil@w(i + 1)*P7 + Ry i(a, w)
L=i+1
_ 1 B 1 2a3w (120
22—p)+2+2Gp(a) 22—p)+2Gy(a)](1+a)d
+ Rl,i (aa w)7
and
w —_ —_ —_
> a8 (H}pl, + HF 57 )(P)
{=i+1
= fHr@wi +1)*P? + fi@wi + 1)*P? + Ry i (a. w)
B [ 1 ]Zaw(i +1)2(r—2)
22— p) +2Gp(a) a+1
2 ; 2(p—2)
B 1 B 1 2a*w(i + 1) + Ry(a.w),
2Q2—-p)+2Gy(a) 22—p)+2+4+2Gp(a) (a+1)2 ’

Here, Rj;(a,w) forall j =1,2andi € N are continuous functions with the property that

k(i + 1)2(7=2
ap—1

|R1i(a, w)| + [Rz,i(a, w)| < .
foralli e N,w € (%, %) and a > 0 sufficiently large, and for a positive constant k depend-
ing solely on p once c is chosen large enough. Notice that R3;(a, w) := R, ;(a, w) +
R> i (a, w) enjoys the same bounds. As w € (% %), in order to show (6.41), it is sufficient
to prove that

liminf[fi(a) + f2(a) + f3(a)] > 0.
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A direct computation that exploits limg oo Gp(a) = 1 (see (5.2)) shows that
22-p)
22-p+H22-p)+2)

which is positive for all p < 2. This concludes the proof of (6.41).
We collect the results we just obtained in the following proposition.

Jim [/1(a) + fa(a) + f3(@)] =

Proposition 6.2. Let p € (1,00) \ {2} and S;, Hy, p},, 014 be defined in (6.1), (6.2),
(6.10), (6.11), (6.12) respectively. Recall that Q(c) = (c,2¢) x (3,2) x (3,2) x (2, 2).
Then for all ¢ > 0 sufficiently small if p > 2 and ¢ > 0 sufficiently large if p < 2, there

exists I = I(c) € N such that foralli > I:

(a) The convergence of the series Z?’;l I;f((;,’)) is uniform in Q(c). In particular,

[e.]

P> z(P)=Si(P) )

{=i+1

is well-defined for all P € Q(c) and continuous on Q(c).
(b) suppcoy |z;(P)| < Ci2P=2 foralli > 1, and for some positive C > 0;

H¢(P)
S¢(P)

(c) The convergence of the series Y o, SLZ[Hin,e + +H(1p,~1,4 + ngpiz,(] is uniform in

Q(c). In particular,

(0azi —i%0x02i)(P)
exists at all points P € Q(c), is continuous, and is represented precisely by
(0azi —i%0xyzi)(P) = Y S—;[Hwi,e + Hiply+ HZp7 ).
{=1
(d) Forall P € Q(c),
(0azi —i%0x2i)(P) > 0.

In particular, the assumptions of Lemma 6.1 hold true and the mappings ®! ., ®2 ., A;

R
are open forallt € [0,1)andi > I.
Proof. We see from (6.20) that
max_|Hy(P)| < C£2@~271, (6.44)

PeQ(c)

Having chosen ¢ such that (5.3) hold, for all P = (a, x9, yo, w) € Q(c) we estimate

S; (P) (6.22),(6.44) i +1\26r@ o
—Hy(P < C 2(p-2)-1
sepy )= G
. 2max{1,p—1}
(52) C(l + l) gZ(p—z)—l
- {

for all £ > i 4 1. Through (6.4) and (6.17), we conclude that z; is well-defined and
continuous for all i > 0, which is (a), and that it enjoys property (b). Finally, (c) readily
follows from (6.32)—(6.33), (6.22) and (6.17), (6.35), and (d) is the content of (6.34). =
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In what follows, ¢ is chosen so that (5.4)—(5.5) and Proposition 6.2 hold, and will be
considered a fixed parameter.

7. Some further properties of ® lk ,and 4;

As in the previous section, the domain of the maps we will consider is Q(c), where ¢ > 0
is fixed by (5.4)—(5.5) and Proposition 6.2. We also let I = I(c) be the index for which
the conclusion of the aforementioned proposition holds. This index will be made (possibly)
larger in the next lemma, but will still be denoted by /. Denote, as before, points of Q(c)
by P.

Lemma 7.1. There exists 0 < to = to(c) < 1 such that if t € [ty, 1], the sets
@ (0(), @},,(0(c), Ain(O(c))

are pairwise disjoint for all i1,15,i3 > I, where I = I(c) may be larger than the one of
Proposition 6.2.

Proof. We first show the following auxiliary statements. There exist k > 0, I € N and
0 <1tp < lsuchthatforalli > I,¢ € [tp, 1] and P = (a, xo, Yo, w) € Q(c),

@}, (x0. Yo, z0. w) C {()ZC .l;)) ER¥ x>k, y< —k}, (7.1
2 Xow 2x2

(I)i,t(xovyo,zo,w)c {(Z y) eR fo—k,ka}, (7.2)
Ai(a, xq, yo,w) C {()ZC 1;)) Eszzlxzk,ka}- (7.3)

Proof of (7.1). We only need to show that y;_1 — #(y;—1 + gw(xj—1)) is (uniformly)
negative for all P € Q(c) if ¢y is sufficiently close to 1 and i > I. Indeed, the fact that
P +— x;_1(P) is (uniformly) positive is an immediate consequence of the definition. We
have

Yi—t —t(Yi—1 + guw(xi-1))
= (1=0)((@ = 1D*P™D + yo) —tl(ali — 1)* + xo. w)|?>(ali — 1)* + xo).
If we divide the above by i 2= andleti — oo, we obtain, uniformly in P € Q(c),
(1—1t)—aP s,

and we can estimate
A—t)—a? "t <A —t)y—cP 1.

Therefore, if ¢y is sufficiently close to 1, we see that (7.1) holds for I large.
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Proof of (7.2). Analogously to the proof of (7.1), we find that y; is always positive, and
hence we shall only prove that x;—; — (g, (vi) + xi—1) is (uniformly) negative for all
P € Q(c) if tg is sufficiently close to 1 and i > I. To do so, we write

Xic1 — (gt (i) — Xi—1) = (1 = t)x;—1 — gy (i)

Recalling (6.14), we divide the above by i? and we let i — oo to obtain, uniformly in

P € 0(0),
1-ta—t<(1—-1)2c—t.

Therefore, if ¢y is sufficiently close to 1, (7.2) holds for 7 large and uniformly in P € Q(c).

Proof of (7.3). This is immediate, since {x;}, {y;} are uniformly positive by their defini-
tion.

Clearly, (7.1)—(7.3) imply that
®!,(0(c)) N@?,(0(c)) = 0,
D}, (0(c) NA;(0(c) =0, @7,(0(c) N A;(Q(c) =9

provided i, j > I,t € [ty, 1], I is large enough and ¢y is close enough to 1. To conclude
the proof of the lemma, we now claim that if [ is sufficiently large, then foralli > j > I,

xi(x0) > x;(xg) + 1. yi(yo) > yj(yg) + 1. Vi > j =1, ¥xo.y0.x0.y9 € (3.3)
(7.4)

Using the definitions of ®F | it is easy to see that (7.4) implies that for all k = 1,2,

1,t°
i>j>1Tandt € [to.1],

d(PF,(0(0)). @%,(0(0)) = 1. d(4:(0(c)). 4;(0(0))) > 1., (7.5)
which yields the claim.
We only need to show (7.4). We can estimate
ai’> —aj*>2aj(i —j) = 2aj >2al, Vi>j>1I.
Thus, recalling that x¢, x;, € (%, % ,
xi(x0) — xj(xg) = a(i* — j*) + xo — xg > 2al —1/2>2¢l —1/2.

If I = I(c) > 0 is sufficiently large, we see that the first part of (7.4) holds. To show
the second part, i.e. the analogous estimate for y;, we repeat the same proof with small
modifications. ]

We end this section with one last technical lemma. First, define, fork = 1,2,i,qg > 1

e 1—to
and 75 :=1— 7

Ul =9, (0() and U7 = 4i(Q(c)).
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The reason to update 7; — 1 is that, as ¢ — oo, we wish the sets Ul.kq7 to converge to
subsets of K, in a sense that is made rigorous in the next lemma. Recall that / € N isa
sufficiently large index so that Proposition 6.2 holds together with Lemma 7.1. Finally, for

n >1set
I+n—1 I+n—1

Va 1= U Ui{]+n—1 U U Ui%1+n—1 U U - (7.6)
i=I i=I
Notice that by Lemma 6.1 and Proposition 6.2, each of the above sets is open and, by
Lemma 7.1, the union defining V;, is disjoint, for alln > I + 1. We will still need to update
the value of / in some of the next results. We modify the definition of V}, accordingly.

Lemma 7.2. Let Z, € Vy for all n > 1. Suppose that a subsequence {Zy, }; converges
to Z. Then

zelJoL,@@ul o2 @@) L i ul]bie) E k,.
i=I i=I i=1I i=I
(1.7)

Proof. Denote by Bg(0) C R2*? the ball of radius R centered at 0 € R?*2. Since

inf x;(P)— oo and inf y;(P) — o0
PeQ(c) PeQ(c)

asi — 0o, we see that given any R > 0,
Ai(Q()) N Br(0) = 8. ®f,(Q(c) N Br(0) = 0 (7.8)

forallt > tg,k =1,2andi > I = I(R) > 1. Since {an }; is convergent, it is bounded,
and from Z,,j € Vn/. for all j, and (7.8), we infer

N N
Zn, e | JUL, v JU2, Vo Viz,
i=I i=1

for some large J, N, the latter independent of j. Now, for either k = 1 or k = 2,
we can select a (nonrelabeled) subsequence of {Z,; } with the property that, for some
ioe{l,....,N},

Z, e UE

ig,n;*

Let k = 1 for simplicity; otherwise the proof is analogous. By definition of Ui’[‘) o We find

a sequence P; = (aj,xé, y({, w;) € Q(c) such that, forall j € N,

Zn; = Py, (P)).

Up to passing to a subsequence, the limit lim; P; = P € O(c) exists. Now observe that the
map ([0, 1] x @(c)) > (t,a,xo, Y0, W) — CDﬁ)’t(xo,yo,zo, w) is continuous fork = 1,2 on
m. This can be inferred from the definitions (5.16)—(5.17), the continuity of z;, proved
in Propositions 6.2, and (5.8). The continuity implies that Z = CIDI-IO,1 (P) and concludes

the proof. ]
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8. Properties of the laminates

The aim of this section is to build the laminates that will be used in the proof of the
inductive proposition of Section 9. In what follows, c is a fixed parameter that has been
chosen in (5.4)—(5.5) and Proposition 6.2. Moreover,

1—1p

y=1-—;

for all ¢ € N, for ¢y of Lemma 7.1. Finally, we denote by I = I(c) € N the index for
which Proposition 6.2 and Lemma 7.1 hold, for all i > I. We will update this index a few
more times in this section, and this will fix I for the last section.

Lemma 8.1. Leti,q > 1. Forall M € Q(c), the matrix (Dil,tq (M) belongs to the rank-one

segment [®! (M), A;(M)]:

i,t, g+1
1 g (M) = //«l,qcbil,zq_,,_l (M) + p2,qA4i(M)

with

t

Pig=—— and pag=1-—1.

lg+1 lg+1

Proof. By the definitions, we immediately see that det(®} M) — A;(M)) = 0. There-
Litg4+1

fore [(Di,tq+1 (M), A;(M)] is a rank-one segment. Using (5.13), we compute

1,41 g (M) + p2gAi (M)

= ti(Ai(M) + tg+12E; () (Bi (M) — Ej(M))) + %A (M)
a+1 -~

= Ai(M) + t4Ag; () (Bi (M) — E;(M))
=@, (M). n
Lemma 8.2. Leti,q > 1. Forall M € Q(c), the matrix <I>i ta (M) belongs to the rank-one
segment [®7 (M) Ci;(M)]:

®F, (M) = pl,(M)DF, (M) + 1 ,(M)C;(M) @.1)
with

(tg+1 —tg)Ac; ()
Ap; (M) + tg+1Ae; (m)

Ap; (M) + tghc; (M)
Ap; ) + tg+1Ac; ()

i, (M) = and i}, (M) =

Furthermore, if I is sufficiently large, there exists a dimensional constant C > 0 such that
forallg>1,i > 1and M € Q(c),

C C
1- % = pigM) <1 and 0<pi,(M)< TR (8.2)
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Proof. All the assertions can be checked by direct computation. First, using the definitions,
we see that det(CIDiZJqJrl (M) — C;(M)) = 0. Therefore, [CDI.ZJH] (M), C;(M)] is arank-one
segment. Moreover, using (5.14), one directly checks (8.1). We only need to show (8.2).
The first estimate follows from the second and the fact that /,Lil’ .t /Li 4 = 1. Recall that

tg=1- 12_;‘) < 1. To show the second estimate of (8.2), we simply write

AC(M) lg+1 — Ig 1—1¢
0 < Ui g(M) = (tg+1 —1g) : < = .
v ! A, ) + tg+1rc; ) fg+1 fq+129%1
Since limy s f; = 1, we conclude the validity of (8.2). [

Proposition 8.3. Let g > j, — 2, j» > j1 > 2. Let moreover P € Q(c). Then Aj, (P) is
the barycenter of a laminate of finite order vj, j, 4(P) with

J2—1 J2—1
spt(vj,. g (P)) € | UL, U | U2, VU3 (8.3)
k=j1 k=j1
Furthermore,
0 < V)i o (PYUY). (8.4)

The proof of the previous proposition is inductive. We record the base case separately.

Lemma84. Leti > 1+ 1,q > I, and P € Q(c). Then A; (P) is the barycenter of the
laminate of finite order

vig(P):= A}’q(P)é’q,’;.tq P T A;{Q(P)aq)l_zjq(m + A7, (P)oa, (P

where

AB-(P)

Al (P) = ! , (8.3)

e AB;(P) t lghE (P)

14AE; (P) AD;(P)

A7, (P) = e ' : (8.6)

e AB;(P) t lghE;(P) lghc;(P) + AD;(P)
l4AE; (P tghc;(p

AB,(P) + tgAE;(P) lghci(P) + AD;(p)

Furthermore, independently of P, if I is large enough, there exist positive constants C
and k1 < ko such that

k k

— S A (P = (8.8)

k k

S S (P) = (8.9)
O < A'Zq(P) S eC/iVe—2min{Gp(c),G,,(2c)}/i’ (810)

where y = 1+ min{1,2(p — 1)}.
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Proof. From 44, (p) we pass to v; 4(P) via two consecutive elementary splittings, in the
sense of Definition 4.2. These splittings were already mentioned when introducing the
maps under consideration (see Remark 5.2). First, we split A; (P) into a rank-one segment
with direction B; (P) — E; (P). The segment has endpoints E;(P) and <I>l-1,tq (P). Then we
split again 8, (p) into a rank-one segment with direction C;(P) — D; (P), with endpoints
Ci(P) = Aj+1(P) and CI>l-2Jq (P). Weights (8.5)—(8.7) are obtained via direct computation.

We now turn to the proof of (8.8)—(8.10). First, we notice thatas 7, = 1 — 12_%, tg — las
q — oo. Therefore, if I is sufficiently large,
1/2<t, <1
Furthermore, as Ag, (py + A, (p) = 1, it follows that
1> A, (p) +t4AE () = 1qg > 1/2. (8.11)
Analogously,
1> ADi(P) + [qACi(P) >t; > 1/2. (8.12)

Combining these estimates, we find the first bounds
kiAg,(py < A} ,(P) < kadp, (p).
kiAg;(PyAD;(P) < A7 4(P) < ka2AE,(P)AD, (P)-
Using the notation of Section 5, it is easy to see that

2(p—1) 1 a 1
e~ e AR~ o

whence (8.8)—(8.9) follow.
We now turn to the proof of (8.10). The bound from below is immediate. Moreover, by
(8.11)—(8.12),

Vi1 + &w(Xi—1) Xi—1 + g," (i)
Vi +gw(Xi-)  Xi + gt (i)
We need to show that, for y = 1 + min{1,2(p — 1)}, some C > 0 and large i,

0 <A}, (P) < Ag;(yAcycp) =

Yie1 + &w(xi—1) Xi—1 + g, (i) < o€/ y=2min{Gp(©).Gp(20)}/i
Vi+gwxi-1)  xi+gupt(vi) T

This was already proved in Section 6.5, and we sketch the estimate for the convenience
of the reader. We only treat the estimate of Ac;(p), the proof of the other term being
analogous. Write

Xi1 4 8w i) _ inGri—i-+ei! 0i)-nGri+ei 00)
xXi +8&5' (i)
Now use (6.25) to estimate
Xi—1 — Xi

In(xi-1 + &' () = In(xi + g, () < —— — .
(xXi—1 + &y (V) —In(x; + &, (i) xi + 85 (i)
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Estimate (6.26) gives

— — . 2 1
enGi1+gy O —nGxi+gy! 00)) < (C/1Y =TT

A similar proof yields

yl 1+gw(xz 1) <€C/l _12_;5;1,)1}*’.
Vi + guw(xi-1)
Combining the last two inequalities, we find, for all P € Q(c),

. (5.4),(5.5)
=<

0 < A?,q(P) < ¢C1i7 y=2Gp(@)/i oC/17 o=2min{Gp().Gp2e)} /i

Proof of Proposition 8.3. The construction is inductive. If j, = j; + 1, then we set

Vi ,.iz,q(P) =V a(P),

where v;, 4 was introduced in Lemma 8.4. If j, > j; + 1, then vj, ;, 4(P) is obtained
in j» — j1 > 2 steps. First, u! := v;, ,(P). By definition, ;1! contains a Dirac delta at
Cj, (P) = Aj,+1(P) with weight )L]3.1 ’q (P). Now Aj, +1(P) is again the barycenter of
Vi, +1,4(P) of Lemma 8.4. Hence we set

p? =t — xtha’AhH(P) + A2 vii+1.4(P).

If j, — j; = 2, we stop. Otherwise, we continue iteratively, defining for k € {2, ...,
j2 - jl}’
k—2
/’L (l_[A’j]—‘,-rq(P))SAle,_k_l(P)J’_(l—[A’]3'l+r,q(P))vj1+k—1,q(P)' (813)
r=0

Finally, the required laminate is v;, j, 4(P) := w/2771. By construction, v;, j, 4(P) is
a laminate of finite order. The fact that the barycenter of v;, ;, 4(P) is A;, (P) and
(8.3) also follow by construction. By Lemma 7.1, all the sets Uk1 Ukzq7 and U]i for

k € {ji1,...,j» — 1} are pairwise disjoint. Therefore,
P12 (x m)
Vinina(PYUR) = ( [l 2y 4rq(P))Via1,a (PY(UR) .

We combine Lemmas 8.1-8.2 and Proposition 8.3 to prove the last two propositions of
this section.

Proposition 8.5. Let g > j, —2 and j, > ji. There exists a sufficiently large I € N such
that if j1 > I, then there exists a universal constant C > 0 such that the following holds.
Forall P € Q(c), ® 1t (P) is the barycenter of a laminate of finite order v 11 s q(P)

with
J2—1 Jj2—1

SPLV, g (P)) C U ngt1Y U ig+1

i=ji i=j1
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and the following estimates hold:

C
1 1
Virsna (P)Wjp g 1) 2 1= 55, (8.14)
J2—1 Ja—1 C
1 1
vjl,jz,q(P)( U Ui g+1 Y U Uz q+1 uu ) =< R (8.15)
i=j1+1 i=j1
Viy jog(PIUR) > 0. (8.16)

Proof. Combining Lemma 8.1 with Proposition 8.3, we define the laminate of finite order

t t
P)=— (1= ), P).
11 J2 q( )= tg+1 /1 fq+1(P) ( lgt1 itgzg+1(P)

We check as in Lemma 8.1 that <1>11-] ta (P) is the barycenter of v}l Jond (P). It is immediate

to see that
Jj2—1 Jja—1

3
Spt( Vil jas q(P)) - U llq+1 U itg41 U sz'
i=Ji i=Ji

Recall that the union is disjoint if 7 is sufficiently large by Lemma 7.1. We now come to
the required estimates. First,

lq lq 1 Iq
]laJqu(P)( Jl,q+1) — t (1 T )vjlaj254+1(P)(Uj],q+1) zZ—.
fg+1 q+1

Ig+1
Since g > j, —2andt; =1 — 2,50 , we find a constant C > 0 such that
t
W, C
lg+1 272

It also follows that

Jj2—1 Jo—1

C
1
vjl,jz,q(P)< U 11 g+1 Y U g+ YU ) = 272
i=j1+1 i=J
Finally, (8.16) follows from (8.4). This finishes the proof. [

Proposition 8.6. Let g > jo» — 2 and j, > j1 + 1. There exists a sufficiently large I € N
such that if j1 > I, then there exists a universal constant C > 0 such that the follow-

ing holds. For all P € Q(c), ®% ., (P) is the barycenter of a laminate of finite order

11 Iq
V7 og (P) with
Jj2—1 ja—1
SPt( J1:J25 q(P)) C U q+1 U U i,q+1 uu
i=j1+1 i=J
and the following estimates hold:
C
Vi g (PIUS, g) 21— o= (8.17)

272’
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Jj2—1 Ja—1

C
2 1 2 3
e U Ul U UZnuvl) =55 @19
i=j1+1 i=j1+1
2 3
Vir.jz.g (P)(Uj) > 0. (8.19)

Proof. The proof is analogous to the one of Proposition 8.5, and is based on a combination
of Lemma 8.2 and Proposition 8.3. We omit the details. ]

9. The inductive proposition and conclusion

This section is devoted to the proof of Theorem 1.2. As in every convex integration-type
argument, the construction of the exact solution is inductive. Let 2 C R? be any convex,
bounded and open domain. Define countably many families of sets

Fn = {Ql,n’ cees QN,,,n}

with the following properties:

o foralln, {Q;,}; are pairwise disjoint, open sets, whose union is 2 up to a set of zero
measure;

o forevery j € {1,..., Nyy1}, if Qjntr1 N Qxyn # 0 for some k(j) € {1,..., Ny},
then Qj,n+1 C Qk(j),n;

o diam(2;,) <1/nforall j e {1,...,N,} andn € N.

At the end we fixed of Section 6 the parameter ¢ so that (5.4)—(5.5) and Proposition 6.2

hold. Consequently, we let I be an index for which Propositions 6.2, 8.5, 8.6 and Lemmas

7.1, 8.2, 8.4 hold, and ¢ is fixed by Lemma 7.1. Furthermore, let as usual Q(c) be the

open set of parameters of our constructions, whose points are denoted by P. Further, we

will always denote
y =14+ min{l,2(p — 1)}. ©.1)

The inductive construction will be formalized in Proposition 9.1, and we illustrate here
its first step. Start with any affine map wy = M x on 2, where M € A;(Q(c)), say
M = Aj;(P) with P € Q(c). We write Ay (P) for the barycenter of the laminate of finite
order vy 7 (P) of Lemma 8.4. In every subset Q; ; € ¥7, use Proposition 4.3 to find a
piecewise affine Lipschitz map w; with the following properties:

(1) wy = Mx on 0Q;
(2) lwr —wollpeo@r2) < 1/2;
3) Dwy € V7 ae;
(4) the following estimates hold for all j € {1,..., Ny}:
@ k1lQj71/1 < {x € Qg s Dwi(x) € Up )] < ka| Q1 1/15
(0) ki|Qr1/1 < [x € Q1 : Dwi(x) € U} < ka1 /1
(©) 0<{x €Qjr:Dwi(x) e Up  } < eC/17 g=2min{Gp(©).Gp N/ Q. /).
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Notice that (3)—(4) are consequences of the openness of V;, U 11, U 12 ;and U, 13 1 We can
now move on to the inductive proposition. Recall that

I+n—1 I+n—-1
— 1 2 3
V= U Ui,1+n—1 U U Ui,1+n—1 U U1+n'
i=I i=1

In the proof, we will consider the usual positive and radial mollifier p € CS°(By), and its
associated mollification kernel ps.

Proposition 9.1. Letn > 1. Suppose we are given piecewise affine, Lipschitz maps wy :
Q — R2 forq € {1,...,n}, and positive decreasing numbers 81, . . ., 8, with 8, < 27"
enjoying the following properties:
(1) wg = Mx on 9Q;
) llwg * ps, — wgllwri(rzrzy <279 forallq € {1,...,n};
3) lwg+1 — U)q||Loo(R2,R2) <8;279 forallqg €{1,...,n—1};
4) Dwg eV, forallq €{1,...,n}.
Then there exist a piecewise affine, Lipschitz map wy41 and a number 0 < 6,41 <
min {8,, 271} with the following properties:
(1) wpr1 = Mx on 02;
(il) lwnt1 * ps,py — War1llwiawerzy <2771
(i) [|wpt1 — wnllpoo@2,r2) < 827" 7Y
(iv) Dwpt1 € Vit1s
) fork =1,2,i €{0,...,n—1}and j € {1,..., Ny+1},

(o k
(1 - 2—n)|{x € Qjnt1:Dwn € Uryy 1y}l

<l{xe Qi1 Dwyyr € U1k+,‘,1+n}|
k Cn
<Hx € Qjnt1:Dwn € Uryy gy}l + 2_n|Qj,n+l|, 9.2)

ki 3 k
7|{X € Qj,n-i—l :Dw, € U1+n}| < |{X € Qj,n—i—l : Dwn+1 € U1+n,1+n}|

ko Cn
< —Hx € Qjnir s Dwn € UM+ S |Qnial, - 93)
0< |{x (S Qj,n+1 : Dw,,+1 (S] U13+n+1}|
—2min{Gp(c).Gp(2c)} Cn
< eC/ﬂye I+n |{x S Qj,n+1 . Dwn S UI3+n}| + 2_n|Qle+1|' (94)

Notice that in the previous statement, in order to write quantities like

[Wn+1 * 05,41 — Wat1llwi1 w2 R2),

we assume to have extended all maps w, as wy = M x outside 2. By (1) and (i), this
extension preserves the Lipschitzianity of those maps, hence we are allowed to do so.
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Proof of Proposition 9.1. Let Q' C Qj 41 C Qk(j),» be an open set where w, is affine,
ie. w,(x) = Sx + b for some S € V, and b € R2. By Lemma 7.1, V}, is a disjoint union,
hence there are only three cases: either

I+n—1
Se | Ul 9.5)
i=1
I+n—1
Se |J Uliny. or (9.6)
i=1
SeUp,,. 9.7)
Assume (9.5) holds, so S € UIIJH.’H_n_1 for some i € {0,...,n — 1}. By definition, there

exists P € Q(c) such that
=i 0, (P).

We can then use the laminate V11+i,1+n+1,1+n—1 (P) of Proposition 8.5 combined with
Proposition 4.3 to find a Lipschitz and piecewise affine map f with the following proper-
ties:

o flagr = wnlser;

e almost everywhere on €2/,

I+n I+n
Df € U UJ'1=1+" U U U1%1+n UUI3+n+1
j=I+i j=I+i
with
(1—2(:—")|Q’| <HxeQ :Df €Ul 1l <191, (9.8)
I+n I+n C
fre:infe U UV U Ul Ukl = 5190 09
j=I+i+1 j=I+i

0<|{xeQ :Df €eUpp,1}; (9.10)

o || f —wnlLoo@y < 8,271

On such a set Q’, we replace wy, |q’ by f. Analogously, if (9.6) holds, i.e. S € U12+i,I+n—1
for some i € {0,...,n — 1}, then, by definition, S = ®%+i,t1+n—1 (P) for some P € Q(c),
and we can then use the laminate v12+i,1+n+1,1+n_1(P) of Proposition 8.6 combined
with Proposition 4.3 to find a Lipschitz and piecewise affine map g with the following

properties:
o glag = walaar;
e almost everywhere on €2/,

I+n I+n

1 2 3
Dg € U Uf=1+” U U U]'J-i-n U U1+n+l
j=I+i+1 j=I+i
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with
C / /. 2 /
1—27 Q| < {x € Q' : Dg e Ul rin)l < 19), 9.11)
I+n I+n C
freipge U Ulrwu U Ul Uln)] = 5191 ©12)
j=I+i+1 j=I+i+1
0<|{xeQ :DgeUp, 1} (9.13)

o ||lg — wnllLeo(@y < 8,277
On such a set Q', we replace wy|q/ by g. Finally, in the third case, (9.7), we have

S = A7+, (P) for some P € Q(c). We use Lemma 8.4 combined with Proposition 4.3 to
find a Lipschitz and piecewise affine map & with the following properties:

o hlper = walser;
e almost everywhere on €,

1 2 3
Dhe Uiy 4nYUitnron Y Uitnm

with

k k
71|sz’| <{xeQ :DheUl, il < 72|sz/|, (9.14)

k k
71|sz’| <HxeQ :DheUl, il < 72|s2’|, (9.15)

—2min{Gp(c).Gp(2¢c)}
I+

0<|xeQ :DhelUp, ) <ee 1] (9.16)

o |h—wpllpooy < 8x27"7 1
Finally, for a set Q' of this type, we replace wy|q’ by 4. These replacements precisely give
Wy +1- Notice that in all of the above estimates the quantities 2", n and ¢€/"” should have
been 2"t +1 4+ I + 1 and e€/U+M” but, since they are all comparable, we can simply
reabsorb the errors in making these substitutions inside the constants C, k1, k».

By construction, (i), (iii) and (iv) hold. The existence of 8,1 as in (ii) is guaranteed
by the Lipschitzianity of w, ;. We can now show the estimates asserted in (v). Let first
i€{0,....n—1}and j € {1,..., Ny+1}. Then

C ) ©38) .
(1 - —)I{x € Qi1 Dwn € Uy ran i 2 1k € Qpir : Dings € Uy ra)

2n

(9.8),(9.9),9.12) .
= Kx € Qjns1: Dwn € Upyy pypni}l

i—1
C
+ Jn X € Qjngr: Dwn € Ut 14n-11
(=0

i—1
C
+ Z 2—n|{x € Qint1: Dwn € UPy fypy)l
=0
Cn

< Kx € Qjnt1: Dwy € Uty 14n i}l + S |1l
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With analogous computations, for the same ranges of i and j, we find

C ©. ll)
. 2
(1 — 2—)|{x S Qj n+l - Dwn S UI-H I+n— 1}| |{x € Qj,n+1 . Dwn+1 € UI+i,I+n}|
(9.11),(9.9),(9.12) Cn
. 2
= X €Qjnt1:Dwp €Upy; ip iyt + 2—,,|Qj,n+1|~
We still need to write the estimates for i = n:
kq 1
7|{x € Qjnt1:Dwy, € U1+n}| |{X € Qjnt1: Dwnt1 € Upyyy r4n )l
(9.14), (99) 9.12) k2 3 Cn
= —|{x € Qjnt1: Dwy € Up 3 + 2—,,|Qj,n+1|,
and
kl 1 5
—|{x € Qjnt1: Dwy € U1+n}| |{x € Qjnt1: Dwyyg € U1+n,1+n}|
(9.15), (99) 9.12) k2 3 Cn
< 2 € Qiner: Dwn € Ul + | |
Finally,

(9.10),(9.13),(9.16) 5
0 < Hx € Qjnt1: Dwpyr € Uy}

(9.16),(9.9),(9.12) —2min{Gp(c).Gp(20)}
< - I+n

Cn
e/, [{x € Qjnt1: Dw, € U1+n}|+ 1Qn41]-

This concludes the proof of the inductive proposition. ]

We now show that the sequence {w,} is equibounded in W 1-1+¢(Q, R?) for some
e=-¢(p)>0.

Proposition 9.2. The sequence {w,} is equibounded in W11¢(Q, R?).
We first show the following.

Lemma 9.3. There exists a constant C = C(p) > 0 such that the following estimates hold
foralln > 1and0 <i <n—1:

{x € Q: Dw, € UP,,}| < Cn2min{Gr(©).GrQo)} (9.17)
{x € Q: Dwy € Ul iy} < Cim2mintGr(@.Gp@aI-L (9.18)
[{x € Q: Dwy € Upy; fyn_y}] < Ci2mintGr(.Gp2a}-1 (9.19)

Proof. Sum inequality (9.4) over j € {1,..., Ny4+1} to find

y —2min{Gp(c).Gp(2c)}
{x € Q:Dwpy € Uy, ) <eC/W e Tin  |{x €Q:Dw, € UP,,}

Cn
+2—n.
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Now we can apply this relation recursively to discover that, for alln € N

{x € Q: Dw, € U, }|

n—1
—2min{Gp(c).Gp(2c)}
<C (1_[ QCIV = =
(=1 j=L{+1

Z( 1_[ I —2m.n<Gp(c) Gp<2c>}) ? )

In the previous expression, we have used the convention introduced in (6.3). Using (6.16)
we can estimate

n—1

—2min{Gp(c).Gp(2c)} . — .
l—[ e% _ E—me{G,,(c),Gp(zc)}z;;} T < Cp~2min{Gp(e).Gp20)}
(=1

On the other hand, y > 1 by (9.1). Therefore, [[;_; eI s uniformly bounded in n.
Concerning the second summand, we start by estimating, forall £ + 1 <n — 1

—2min{Gp(c).Gp(2c)} . n—1  —2min{Gp(c).Gp2c)}
1—[ oCliY IO GOPEAL | 550, €l (Yl OOl

j=L{+1
2min{G,(c),Gp(2¢)}
“’%6) Ce—2min{Gp(©).Gp @G <C IT+t+1 e
I +n—-1
Thus,
n—1 n—1
S T << —2min(Gp(c).Gp (21} EE
{=1j=L+1 2
1 2min{Gp(c),Gp(2c)} n—1 2 min{G(c),Gp(2¢)} V4
<C I ¢ 1)2min{Gp(c).Gp(2¢)}
(1) PRUEER

l
=1 2
< Cn—2 min{Gp(c),Gp (2c)},

which concludes the proof of (9.17).
Using (9.17) and (9.3), for k = 1,2 and all n € N we have

. c
{x € Q: Dwy € Uk y it} < Cp72min{Gr@Gpeei=1 L 22 (g 9

Through (9.2) and a simple inductive reasoning, we also find, foralln > 1and 0 <i <
n—1,

Cn
[{x € Q: Dwpq € UI-H I+ntl S {x € Q: Dw, € UI+z I+n—1H + =7 o
9.20)

< C(l+ ) 2min{G,(c),Gp(2¢)}— 1+C Z £ <C(l + ) 2min{Gp(c),Gp(2c)}— 1
= l+1
This concludes the proof.
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Proof of Proposition 9.2. Let Q, :={x € Q: Dw, € U13+n}’ Slen ={xeQ:Dw, €

Ull+i,1+n—l}’ len ={xeQ:Dw,¢€ U12+i,1+n_1}, fori € {0,...,n — 1}. Notice that,
by definition,
sup{[M|: M € UI+1 T4n—1) = sufz |q>1+t Al n— (P
E C
sup{|M| M e UI+z I+n— 1} = Ssup |q>1+t A tn— 1(P)|
PeQ(c)
sup{[M|: M € Up\,} = sup |Ar4n(P)].
PeQ(o)

Thus we can estimate, for any g € [1, 00),

n

”Dwn”qu(Q,RZ) Z sup |q>1+1t1+n I(P)|q|Q
l_lPeQ(c

+Z sup | DF ;. (PIIRZ, I+ sup [Ar4a(P)7|Qu].
i—1P€0(0) Peg(o)
(9.21)

Recall that by Proposition 6.2 (b),

sup |zi(P)| < Ci?P™? v >1.
PeQ(c)

Through (5.8), we see that also

sup |v;(P)| < Ci2P72 | vi>1.
PeQ(c)

Using the definitions of CIJilt and CI>i2 , and the previous estimates, we can bound

sup |q>1+l 1 +1(P)l < Clmax{Z 2(p— 1)}
PeQ(c)

sup |®F 1, (P)] < Cim22(7D),
PeQ(c)

SUp [ Az g1 (P)] < Crmen 20700,
Peg(o)

Combining these with the estimates of Lemma 9.3, we can continue (9.21) as

” Dwn ”ZQ(Q,RZ)

n
< C Ziqmax (2,2(p—1)}l~—2min {Gp(c),Gp(2c)}—1 + C pnd max {2,2(p—l)}n—2 min {G,,(c),Gp(Zc)}.
i=1

Our choices (5.4) and (5.5) imply (5.3), which yields precisely

max {1, p — 1} —min{G,(c), G,(2¢c)} < 0.
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Therefore, for some g > 1, we also have
gmax{l, p — 1} —min{G,(c), G,(2¢c)} <0,
which proves the present proposition. ]
We are finally in a position to prove Theorem 1.2, which we restate here.

Theorem 9.4. Let @ C R? be a ball. For every p € (1,00), p # 2, there exists ¢ = £(p) > 0
and a continuous w € WHP~1%8(Q) such that u is affine on 9L,

5
<dyu < 7 a.e.on 2, (9.22)

W

div(|Du|?~2Du) =0 (9.23)

in the sense of distributions, but for all open B C €2,
/ |Dul? dx = oc. (9.24)
B

Proof. Let {wy} be the sequence constructed in Proposition 9.1. By (iii), the limit wee =
lim,, o0 Wy, exists in the L>®°(R2, R?) topology. Since every wj, is continuous, so is Weo.
By Proposition 9.2, Wy is also the weak limit of w, in W11T¢(Q, R?). We shall now
prove that the convergence is strong. This is a crucial but standard point of this type of
constructions (see [34, Theorem 5.3]). Indeed, using the notation of Proposition 9.1, for
all n we have

[Dwp — Dwoollp1 = [[Dwp — Dwp * ps, It + [ DWoo — DWoo * ps,, |21
+ |Dweo * ps,, — Dwy * ps,, || 1
By our choice of §, (see Proposition 4.3 (ii)) and the fact that Dwy, € WL+ the first

two summands on the right-hand side converge to 0. Concerning the third, we can employ
standard estimates on mollification to bound

C
[Dweo * 5, — Dwn * ps, |1 < 8_||woo Wp[Loe = — Z llwj+1 = wjll e
n

(HI)CZMJ 1<(:sz1

We infer the strong convergence of Dw, to Dws,. Hence a subsequence of {Dw,}
converges pointwise a.e. Through Proposition 9.1 (iv) and Lemma 7.2, we deduce that for
almost all x € Q,

Dweo(x) € Kp.

Proposition 2.1 tells us that if wee = (wl,, w2), then u := w has the right integrability
and fulfills (9.23). We now turn to (9.22), which is straightforward: by definition of V, it

follows that if
X = (Xll Xlz) cv,
X21 X222
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for some 7, then % < X2 < %. Since by Proposition 4.3 (iv) we have, a.e. on €2,
Dw, €V,, Vn,

it follows that if w, = (w], w?2) then a.e. on L,

3
Z < ayu

=

E )]

1
n
Therefore, ws, enjoys the same property.

We shall now show (9.24). In order to do so, we show that Dwy is (essentially)
discontinuous on any open subset B C 2. We claim this is enough to deduce (9.24).
Indeed, suppose for contradiction that Du € L? (') for some open Q' C . Then since
u solves (9.23), we see that it is a weak solution of the p-Laplace equation, and by the
classical regularity theory for that equation, Du is continuous in ’, and hence so0 is D Woo,
which would result in a contradiction.

Thus, we conclude the proof of the present theorem by showing the above discontinuity.
Fix B C Q open. Since

sup{diam(2;,n) : 2jn € Fu} < 1/n,
J

we find ng and jo € {1, ..., Ny, } such that Qj, ,, C B. Recall that, by Lemma 7.2 and
the pointwise convergence of a subsequence of {Dwj, },,

Do € | ) Bi(Q(e)) U | Di(Q(c)).

izl i>1
Our aim is to show that
‘{x € Qo - Dwos(x) € B,-(Q(c))}‘ >0, (9.25)
i>1
Hx € Qyng : Dwoo(x) € | Di(Q(c))}‘ > 0. (9.26)
i>1

Since, by Lemma 7.1, (J;»; Bi(Q(c)) N U;»7 Di(Q(c)) = ¥, this would prove that
Dwe is not continuous in B. We claim that, in order to prove (9.25)—(9.26), it is sufficient
to show that there exists a constant ¢g = ¢o(jo, n¢) > 0 such that for all k = 1,2 and

n = no,
I+n—1

‘{x € Qjono - Dwyp(x) € U U,-]f,+n_1}‘ > ¢o. (9.27)
i=I

Indeed, let Q% := {x € Qjy.no : Dwa(x) € U;Z} " UK, ,,,_ ). 1 (9.27) holds, then

J

d(Dwn(x>,U Bi(Q(e))) dx = /S2 ] d(Dwn<x>,U Bi(0(e))) dx = c'co.
i=1 n i=1

J0-10
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where in the last inequality we have used the fact that

n—1 I+n—1
d(M, U Bi(Q(C))> >c' >0, VMe U Ut sn—1>
i=I i=I

as can be easily seen by properties (7.1)—(7.2). By the strong convergence Dw, — Dwx
in L1(R), it follows that

J

and we deduce (9.26). Analogously, one infers (9.25) from (9.27) for k = 1.

Hence, we only need to prove (9.27). Pick any n > ny. Recall that we chose the
partitions {€2; ,} with the property that for every j € {1,..., Npg1},if Qjn41 N Qi(yon
# @ for some k(j) € {1,..., Nu}, then Q; n41 C Qg(j),». Therefore, we can sum over a
suitable subset of indices j € {1,..., N,} to rewrite, foralln > ng + 2,i = ng + 1 and
k = 1,2, the bounds from below of (9.2)—(9.4) as

d(Dwoo(x), L=JI Bi(Q(c))) dx > c'co >0,

Jono

C k
(1 — 2_'!)|{x € Qjong - Dwn € Ury o1 14n-1)]

< {x € Qjong : Dwn1 € U1k+n0+1,1+n}|s (9.28)
k1
—I{x € Qg.ng 1 Dy € Ul < 1x € Qgng : Dwnt1 € Uf L, rontl, (9.29)
0 < [{x € Qjono : Dwn—1 € Up 1} (9.30)

We use (9.28) inductively to find that if n > ngy + 3, then

n—1
C
. k
1_[ (1 - E)HX € Qjong : DWnot2 € Upy o1, 14n9+1)]
i=no+2

< [{x € Qo : Dwn € Uf i1 sim1}l. 93D

We also have

930)  kq 3
< +1 Kx € Qjong : DWng+1 € U1+no+1}|
(9.29) P
< Kx € Qjong : DWno+2 € Urppgt1,14m+11 - (9.32)
Since
e C
IT (1-5)>o
21
i=nop+2
from (9.31)—(9.32) we infer (9.27), and we conclude the proof of the theorem. [
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