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Global well-posedness for the derivative nonlinear
Schrödinger equation in L2.R/

Received May 8, 2022; revised September 7, 2023

Abstract. We prove that the derivative nonlinear Schrödinger equation in one space dimension is
globally well-posed on the line in L2.R/, which is the scaling-critical space for this equation.
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1. Introduction

The derivative nonlinear Schrödinger equation

i@tq C q
00
C i.jqj2q/0 D 0 (DNLS)

describes the evolution of a complex-valued field q defined on the line R. Here and below,
primes indicate spatial derivatives.

Physical applications of (DNLS) are reviewed briefly in Section 1.4 below. There, we
also discuss certain well-documented changes of variables that convert (DNLS) to other
evolutions of interest in the physical sciences.

One of the most basic questions we should ask of any model is whether it is well-
posed: Do solutions exist? Are they unique? Do they depend continuously on the initial
data? Without such properties, it is unclear whether the model is capable of making exper-
imentally falsifiable predictions. The well-posedness question also forms an important
benchmark in our understanding of an equation. Gaps between well- and ill-posedness
results leave open the possibility that there are basic physical processes—instabilities
and/or stabilizing mechanisms—that remain undiscovered.

The principal goal of this paper is to show that (DNLS) is globally well-posed
in L2.R/:

Theorem 1.1. The (DNLS) evolution is globally well-posed in L2.R/. More precisely,
there is a jointly continuous map ˆ W R � L2.R/! L2.R/ that agrees with the data-to-
solution map when restricted to Schwartz-class initial data.

It is not wanton abstraction to define the data-to-solution map as an extension from
Schwartz-class initial data; indeed, this is the textbook approach to defining the Four-
ier transform on L2.R/ and is widespread in nonlinear PDE. The heart of the matter
is to prove key metric properties that allow one to extend the mapping to general ele-
ments of L2 and then to ensure that the extension retains the many good properties of its
Schwartz-class restriction.

A relatively small fraction of this paper would suffice to show thatL2-precompact sets
of Schwartz initial data are mapped under the flow to Ct .Œ�T; T �IL2.R//-precompact
sets of orbits. (Here T > 0 must be finite, but is otherwise arbitrary.) This would be a
new result and it trivially yields the existence of solutions; however, it goes no way to
justifying uniqueness, nor continuous dependence on the initial data. This thinking helps
us appreciate the uniqueness statement embedded in Theorem 1.1: no matter how we
approximate an L2 initial data by a sequence of Schwartz initial data, the corresponding
trajectories will converge and they will converge to the same limit! In particular, our
solutions have the group property.

Theorem 1.1 implicitly asserts that Schwartz initial data lead to global unique solu-
tions. This is true. While uniqueness of smooth solutions is easily verified via the Grön-
wall inequality, the existence of global solutions for large Schwartz-class initial data is,
in fact, a very recent result! (See the discussion in Section 1.1.) Although the existence of
such solutions is not a prerequisite for our methods, building on this result leads to a much
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clearer exposition. Moreover, without the triumphs of these authors, which we celebrate
in Section 1.1, we would not have had the courage to pursue the results of this paper.

Next, we wish to discuss why Theorem 1.1 considers initial data in L2.R/. There are
several reasons that make L2.R/ a natural space in which to study (DNLS). First, the
L2 norm is conserved by the flow; indeed, we have the microscopic conservation law

@t jqj
2
C @x

�
2 Im.q0 Nq/C 3

2
jqj4

�
D 0: (1.1)

Second, it is a scale-invariant space: if q.t; x/ is a smooth solution to (DNLS), then so too
is

q�.t; x/ WD
p
� q.�2t; �x/ (1.2)

for every � > 0. Notice that this transformation does not affect the L2 norm of the initial
data (nor indeed at any later time).

Long-standing physical intuition dictates that dispersive equations will be ill-posed
below the scaling-critical regularity. For the case of (DNLS), this is justified by the
self-similar solutions constructed in [10, 31]. Beyond proving that well-posedness fails
inH s.R/ with s < 0, these solutions even show that it fails in weak-L2, which is a scale-
invariant space!

It is a matter of some pride for us that we are able to treat (DNLS) in the most natural
scale-invariant space. It is only quite recently that global-in-time solutions could be con-
structed for large data in scaling-critical spaces for any kind of dispersive PDE. Moreover,
we are dealing with a focusing nonlinearity (e.g. soliton solutions abound). Many focus-
ing dispersive equations do not admit large-data global solutions; it is typical for wave
collapse to occur above a certain threshold size (as measured in scaling-critical spaces).

There is an obvious scapegoat here: (DNLS) is completely integrable [25]. However,
scaling-critical well-posedness does not seem to be the norm for such models: it fails
for KdV, NLS, and mKdV! The phenomenology of (DNLS) becomes even more curi-
ous when we endeavor to find a quantitative expression of the continuous dependence
of the solution on its initial data. As discussed below, we know that when s < 1=2, the
data-to-solution map cannot be uniformly continuous on any neighborhood of the origin
in H s.R/. This is quite different from the behavior of the mass- or energy-critical NLS,
for example, where the data-to-solution map is real-analytic (cf. [28]).

It is perhaps better to compare (DNLS) to other models with derivative nonlinear-
ity. For the notoriously difficult two-dimensional wave maps equation, for example,
Tataru [49] proved that the data-to-solution map (defined on scaling-critical balls) is
Lipschitz in lower regularity norms. We will show in Proposition 1.12 that this fails for
(DNLS)—again (DNLS) appears less continuous! Complete integrability, it seems, is not
a stern parent that keeps its flows safe and orderly; rather it is permissive and allows its
solutions to become quite wild before issuing the rebuke of ill-posedness.

Earlier we singled out the H s.R/ family of spaces in our discussion of well- and ill-
posedness. Already the natural prerequisite that the linear Schrödinger equation be well-
posed is quite restrictive; this precludes the consideration of Lp-based Sobolev spaces
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with p ¤ 2. As we will see below, H s.R/ spaces are both the most natural and most
studied classes of initial data; indeed, they arise from the consideration of conservation
laws for (DNLS). Building on Theorem 1.1, we will prove the following:

Corollary 1.2. (DNLS) is globally well-posed in H s.R/ for every s � 0.

Prior work in this direction is discussed at length in the next subsection. It is evident
that Theorem 1.1 guarantees the existence and uniqueness of solutions for data in H s

with s � 0. That such solutions remain bounded in H s is known as persistence of reg-
ularity and may be deduced as a consequence of conservation laws. To complete the
proof of well-posedness, one must upgrade continuous dependence from the L2 metric
to the H s metric. As demonstrated in several prior works of the authors [5, 18, 27, 29],
this is easily done if one can verify that H s-equicontinuous sets of initial data lead to
H s-equicontinuous ensembles of orbits.

Definition 1.3. A subset Q of H s.R/ is H s.R/-equicontinuous if for every " > 0 there
is a ı > 0 such that

sup
q2Q

sup
jyj<ı

kq.x C y/ � q.x/kH sx < ":

This definition extends naturally to any translation-invariant Banach space of func-
tions on any group. For bounded continuous functions on Rd , one recovers the notion
of equicontinuity familiar from the Arzelà–Ascoli Theorem. Indeed, this more general
notion of equicontinuity was introduced precisely to formulate the analogous compact-
ness theorem in Lp.Rd / spaces; see [42].

We will also need the second key requirement for compactness, albeit only in the L2

setting:

Definition 1.4. We say that Q � L2.R/ is tight if

lim sup
R!1

sup
q2Q

Z
jxj�R

jq.x/j2 dx D 0:

The transportation of L2 norm is expressed by (1.1). As is characteristic of dispersive
equations, we see that the flux of the conserved quantity involves more derivatives than
the conserved quantity itself. While this is an obstacle in our path to proving tightness, it is
also the key property of microscopic conservation laws that provides for local smoothing
estimates.

To formulate local smoothing estimates, we must first agree on how to localize the
solution in space. We will do this through the Schwartz-class function

 .x/ WD

q
sech

�
x
99

�
and its translates  �.x/ WD  .x � �/: (1.3)

There is nothing terribly special about this choice. The fact that it has slow exponential
decay (relative to unit scale) is quite convenient; beyond this, it is merely the case that
this choice has served us well in the prior work [18].
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Theorem 1.5 (Local smoothing). Let Q � �.R/ be both L2-bounded and equicontinu-
ous. For each T > 0, solutions q.t/ to (DNLS) with initial data q.0/ 2 Q satisfy

sup
�2R

Z T

�T

k 12� q.t/k
2
H1=2

dt .T;Q kq.0/k2L2 : (1.4)

Corollary 1.6. The solutions constructed in Theorem 1.1 are distributional solutions;
indeed, the data-to-solution map is continuous as a mapping of L2.R/ into L3loc.R �R/.

The first striking thing about Theorem 1.5 is the fact that the estimate is only claimed
for equicontinuous sets, not balls. This is of necessity, as we will show in Proposition 1.11,
and reiterates the nonperturbative nature of our analysis.

Other than proving Corollary 1.6, Theorem 1.5 will play no role in the analysis. It
is not strong enough! For example, it is not sufficient to prove tightness. For that pur-
pose, we will need the stronger estimate (4.2) expressed in terms of our local smoothing
spaces X1=2� introduced in Section 2.3. In essence, these spaces capture the local smooth-
ing norm living at frequencies j�j � �. In this way, (4.2) expresses that there is little local
smoothing norm at high frequencies and consequently, little transportation of theL2 norm
by the high frequencies.

1.1. Prior work

Local well-posedness of (DNLS) was first proved in H s.R/ for s > 3=2 via energy
methods in [50, 51]. Subsequently, this was improved to s � 1=2 by Takaoka [45] via
contraction mapping in X s;b spaces. The solution so constructed is a real-analytic func-
tion of the initial data.

As explained in [46, Section 7], the results of [45] show that the data-to-solution map
cannot be real-analytic (or even C 3) onH s.R/ for any s < 1=2. Indeed, by analyzing the
family of solitons reviewed in Section 1.3, it was shown in [4] that the data-to-solution
map cannot even be uniformly continuous (on bounded sets) in H s.R/ for s < 1=2.

Contraction mapping arguments have also been applied in other function spaces.
Local well-posedness of (DNLS) in certain Fourier–Lebesgue and modulation spaces was
shown in [13] and [14], respectively. In both cases, the spaces are based on s � 1=2 num-
ber of derivatives. It is noted in [14] that if fewer derivatives are used, the data-to-solution
map cannot be smooth.

We discussed earlier how this irregularity of the data-to-solution map challenges the
naivest notions of complete integrability. It also has profound implications in terms of
methods. For a generation now, work on well-posedness problems for dispersive PDE has
been dominated by contraction mapping arguments in increasingly sophisticated spaces,
employing ever subtler harmonic analysis tools. By their very nature, solutions built by
contraction mapping will be real-analytic functions of their initial data. The poor regular-
ity of the data-to-solution map in the setting of Theorem 1.1 is a strong signal that very
different methods will be needed.

Let us turn now to the question of global well-posedness. The standing paradigm here
is to extend local-in-time results by employing exact (or approximate) conservation laws.
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As a completely integrable system, (DNLS) has a multitude of exact conservation laws.
The most basic three are

M.q/ WD

Z
jq.x/j2 dx; (1.5)

H.q/ WD �1
2

Z
Œi.q Nq0 � Nqq0/C jqj4� dx; (1.6)

H2.q/ WD

Z �
jq0j2 C 3

4
i jqj2.q Nq0 � Nqq0/C 1

2
jqj6

�
dx: (1.7)

The functionalH.q/will be called the Hamiltonian since it generates the (DNLS) dynam-
ics in concert with the Poisson structure

¹F;Gº WD

Z �
ıF
ıq

�
ıG
ı Nq

�0
C

ıF
ı Nq

�
ıG
ıq

�0�
dx: (1.8)

The problem with these conservation laws is that they are not coercive for large initial
data, specifically, when M.q/ is large. It was observed in [19] that coercivity does hold
if M.q/ < 2� , which was used to obtain global well-posedness in H 1.R/ under this
restriction. The subsequent works [7, 8, 37, 46] ultimately led to H s-well-posedness for
s � 1=2 under the M.q/ < 2� restriction.

Later, Wu showed that the 2� barrier was illusory and that a priori bounds could be
obtained under the weaker restrictionM.q/ < 4� ; see [55,56] and [11]. GlobalH s-well-
posedness for s � 1=2 and M.q/ < 4� was then shown in [15].

The 4� barrier is certainly not illusory: Algebraic solitons (see (1.26)) are explicit
solutions of (DNLS) with M.q/ D 4� , but for which all other polynomial conservation
laws vanish. Applying the symmetry (1.2) to these algebraic solitons, we see that the
polynomial conservation laws alone cannot provide the kind of control that is needed; see
the discussion surrounding (1.27). Because of such obstructions, the behavior of large-
data solutions to (DNLS) was for a long time a terra incognita.

The first definitive evidence that large data do not blow up was provided via the inverse
scattering approach; see [21–23,34,35,40,41,44]. Among these works, we wish to single
out [22] as not only constructing solutions (without any spectral hypotheses), but also
proving continuous dependence on the initial data. Concretely, they proved that (DNLS)
is globally well-posed inH 2;2.R/D ¹f 2H 2 W x2f 2 L2º. Combined with the local-in-
time arguments in [19], this result shows that (DNLS) is globally well-posed in Schwartz
space.

Strong spatial decay requirements are a prerequisite for the inverse scattering
approach as we understand it today. Currently, there is no satisfactory theory of forward
nor inverse scattering in any H s.R/ space (not only for (DNLS), but also for KdV, NLS,
and mKdV). On the other hand, one of the major strengths of the inverse scattering method
is its ability to describe the long-time behavior of solutions. Indeed, a soliton resolution
result for generic data in H 2;2.R/ was proved in [20]; see also [21, 36].

The large-data impasse in Sobolev spaces was dramatically broken by Bahouri and
Perelman in the recent paper [3]. By synthesizing the existing well-posedness theory with
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an in-depth analysis of the transmission coefficient, they proved that (DNLS) is globally
well-posed in H 1=2.R/.

For what follows, it is more convenient to discuss the reciprocal of the transmission
coefficient and to define this quantity, a.kIq/, via a Fredholm determinant. For � > 0, we
first define

ƒ.�I q/ WD .� � @/�1=2q.� C @/�1=2 and �.�I q/ WD .� C @/�1=2 Nq.� � @/�1=2;

(1.9)

which extend to � < 0 via ƒ.��I q/ D ��.�I Nq/. By Lemma 2.5 below (reproduced
from [30]), both ƒ and � are Hilbert–Schmidt operators; thus we may define

a.i�I q/ WD detŒ1 � i�ƒ��: (1.10)

This expression originates from a perturbation determinant based on the Lax pair for
(DNLS) discovered in [25]. In particular, it is conserved under the (DNLS) flow; see [32]
for a proof of this.

It follows from (1.10) that k 7! a.kI q/ extends to a holomorphic function in both the
upper and lower half-planes. While this extension was essential for [3] and the paper [17]
that we will discuss shortly, we will not need this here and so restrict our attention to the
case where k D i� is purely imaginary.

The central problem overcome by [3] was the ineffectual nature of the conservation
laws attendant to (DNLS); however, this solution did not provide new conservation laws
with which to fill the void. In particular, [3] does not provide a priori control on lower
regularity norms, nor the means to address the question of equicontinuity in such spaces.

Using the ideas of [3] as a jumping-off point, the paper [17] shows that (DNLS) does
preserve L2-equicontinuity. Note that this assertion takes the form of an a priori bound
on Schwartz-class solutions since solutions were not known to exist for merely L2 initial
data. In fact (and this will be important for us), the paper [17] shows that this equicontinu-
ity property is enjoyed by any flow preserving the perturbation determinant (1.10) and so
by the entire (DNLS) hierarchy:

Theorem 1.7 ([17]). Let Q � �.R/ be L2-bounded and equicontinuous. Then

Q� D
®
q 2 �.R/ W a.kI q/ � a.kI Qq/ for some Qq 2 Q

¯
(1.11)

is also L2-bounded and equicontinuous.

A key motivation for addressing the equicontinuity question in [17] is that it unlocks
a large number of tools in the study of (DNLS); it was this realization that lead [27] to the
explicit formulation of this equicontinuity problem.

The first tools unlocked by the equicontinuity property are low-regularity conservation
laws, specifically conservation laws at the level of H s for 0 < s < 1=2. Such laws were
first derived in [32] following the approach of [30]; however, they were only applicable
to small solutions. The realm of applicability was first raised to M.q/ < 4� in [27] by
proving equicontinuity in that regime and then to arbitrarily large solutions in [17].
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Equicontinuity also unlocks higher regularity conservation laws for large data. In [27],
L2-equicontinuity and the conservation of H2.q/ are shown to provide global H 1.R/
bounds. In [2], the result of [17] is used as the base step of an inductive argument to cover
H s.R/ spaces for all s � 1=2. This brings closure to the question of coercive conser-
vation laws: we now know that H s-bounded sets of Schwartz-class initial data lead to
H s-bounded solutions for all s � 0.

To prove local smoothing, we need microscopic conservation laws such as (1.1), rather
than mere conserved quantities. Note that (1.1) itself is useless for this purpose because
the current is not coercive. Already for the proof of (1.4), we need scaling-critical coercive
microscopic conservation laws and the full proof of well-posedness will require even more
subtle estimates.

Just such microscopic conservation laws were worked out in [47] and will be recapit-
ulated in Proposition 3.5. The structure of these laws closely resembles those of the
NLS/mKdV hierarchy presented in [18]. There is a good reason for this: the Kaup–Newell
Lax operator for (DNLS) can be written as

L.�I q/ WD

�
1 0

0 �1

� �
� � @

p
�q

i
p
� Nq � C @

�
; (1.12)

which closely resembles the AKNS–ZS Lax operator of the NLS/mKdV hierarchy. We
will only discuss this operator for � 2 R. Throughout this paper,

p
� D i

p
j�j when � < 0:

There is one more prior result that we wish to discuss, namely, global well-posedness
in H 1=6.R/. This was first shown in [27] for initial data satisfying M.q/ < 4� , a restric-
tion that was removed in [17]. This result was shown using the first-generation method of
commuting flows introduced in [29] and reviewed below.

1.2. Description of the method

The principal problem we must address in order to prove Theorem 1.1 is this: given T > 0
and an L2-convergent sequence qn.0/ of Schwartz initial data, show that the correspond-
ing (Schwartz-class) solutions qn.t/ converge in L2.R/ uniformly for jt j � T .

Given the breakdown of uniform continuity of the data-to-solution map (on bounded
sets) and the further instabilities highlighted in Proposition 1.12, it is difficult to conceive
of a method of controlling differences of solutions in terms of their initial data. It was
to address this specific challenge that the method of commuting flows was introduced
in [29].

To explain the method of commuting flows, let us imagine that we wish to prove
well-posedness of the flow generated by a Hamiltonian H in L2; in our case, H is given
in (1.6). Central to the method is the construction of a one-parameter family of Hamilto-
nians H� whose flows satisfy the following three properties:

(1) they commute with the H flow,
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(2) they are well-posed in the target well-posedness space L2,

(3) they converge to the H flow as � !1.

Let us temporarily take for granted the existence of the family of Hamiltonians H�
satisfying these properties. Their construction for (DNLS) is quite involved and will be
discussed shortly. Demonstrating that they satisfy the three properties requires almost the
entire bulk of this paper.

Property (1), namely commutativity of the flows, can be expressed as

etJrH ı esJrH� D esJrH� ı etJrH D eJrŒtHCsH� � for any s; t 2 R,

where we adopt the exponential notation for the flow of a vector field and write Jr for
the symplectic gradient. The relevance of this relation to demonstrating that a sequence of
(Schwartz) solutions qn.t/ is Cauchy in C.Œ�T; T �IL2/ may be best understood via the
following identity:

qn.t/ � qm.t/ D Œe
tJrH�qn.0/ � e

tJrH�qm.0/�

C ŒetJr.H�H�/ � Id� ı etJrH�qn.0/

� ŒetJr.H�H�/ � Id� ı etJrH�qm.0/: (1.13)

Property (2) is well-posedness of the H� flows. This implies that the first term on the
right-hand side of (1.13) converges to zero as n; m! 1 for each fixed �. In order to
prove that the sequence qn.t/ is Cauchy in C.Œ�T; T �IL2/, it remains to show that

lim sup
�!1

sup
n

sup
jt j�T

kŒetJr.H�H�/ � Id� ı etJrH�qn.0/kL2 D 0: (1.14)

We will refer to the flow generated by the Hamiltonian H �H� as the difference flow.
Relation (1.14) embodies the statement that as � !1, the difference flow converges to
the identity. This is a quantitative interpretation of property (3).

In implementing the method of commuting flows, we have come to regard properties
(1) and (2) as selection criteria for the H� Hamiltonians, leaving property (3) as the key
analytical difficulty that must be faced.

In our experience, (1.14) has always proved to be a very difficult problem. First, we
must acknowledge that the difference flow inherits all the strong instabilities of the ori-
ginal flow. As the H� flow is typically a diffeomorphism, it cannot undo these problems.
The one big advance, however, is that we no longer need to control differences of solu-
tions: qn and qm are now completely decoupled. This is partially offset by the fact that
the initial data for the difference flow is not qn.0/, but rather etJrH�qn.0/ where t varies
over Œ�T; T �. As a result, we will need to show that the difference flow converges to the
identity uniformly across sets of initial data about which we know very little.

As in previous works, we will exploit that ¹etJrH�qn.0/ W n 2 N; jt j � T º inher-
its equicontinuity from the precompact set ¹qn.0/º. This follows from Theorem 1.7 and
the fact that the H� flows constructed below conserve a.i�I q/. Refracted through this
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perspective, property (3) becomes the following assertion:

lim sup
�!1

sup
q2Q

sup
jt j�T

kŒetJr.H�H�/ � Id�.q/kL2 D 0 (1.15)

for any L2-bounded and equicontinuous set Q � �.R/.
It is natural to seek to prove (1.15) by estimating the difference-flow vector field, that

is, the time derivative under this flow. As a prerequisite, one needs to be able to make
sense of the nonlinearity appearing therein—this includes the nonlinearity under the H
flow, which for (DNLS) is .jqj2q/0.

The method of commuting flows was applied to (DNLS) in [27], treating initial data
inH 1=6. Conservation laws were used to bound the resulting solution in L1t H

1=6, which
allowed the authors to prove (1.15) with L2 replaced by H�4. The lost derivatives were
then recovered using equicontinuity, specifically, the general statement that if a sequence
qn converges in H � and is equicontinuous in H s for s > � , then it converges in H s . The
relevance ofH 1=6 is that it embeds into L3 and this allows us to interpret the nonlinearity
.jqj2q/0 as an element of L1t H

� for any � < �3=2.
Already in the first application of the method of commuting flows in [29], which was

for KdV in H�1, it was not possible to estimate the difference-flow vector field directly.
To address this problem, the authors introduced a gauge transformation (a diffeomorphic
change of unknown), whose difference-flow dynamics they could estimate pointwise in
time (albeit with a sizable loss of derivatives, which were then recovered using equicon-
tinuity).

One advantage of this first-generation method of commuting flows, where the dif-
ference flow (with or without a gauge) is estimated pointwise in time, is that it works
equally well for problems posed both on the line and on the circle. However, there are
models (such as NLS and mKdV) where the threshold regularities for well-posedness
are different in the two geometries. The treatment of these equations in [18] necessitated
the introduction of a second-generation method of commuting flows, based on new local
smoothing and tightness estimates.

The job of local smoothing estimates is to make sense of the vector field as a space-
time distribution in instances where this cannot be done pointwise in time. As the central
problem is to control the difference flow by estimating the size of the corresponding vector
field, one must develop local smoothing estimates for this flow. This is almost paradoxical:
local smoothing is an expression of high-frequency transport; however, our ultimate goal
is to demonstrate that the difference flow converges to the identity. The demonstration
of sufficiently strong smoothing estimates for the (DNLS) difference flow (see Proposi-
tion 6.1) requires a vast amount of work; we will return to this topic after the Hamiltonians
H� have been introduced.

Using local smoothing, we will only be able to prove convergence of the difference
flow to the identity locally in space (cf. Theorem 7.1). The role of the second new ingredi-
ent, tightness, is to overcome this limitation. As both radiation and solitons move under
the (DNLS) flow, establishing tightness is challenging. For (DNLS) this is accomplished
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in Proposition 5.1 below and relies on the subtle control of the high-frequency transport-
ation provided by (4.2).

1.2.1. TheH� flows and their properties. To introduce the HamiltoniansH� for (DNLS),
we return to the perturbation determinant (1.10), or rather, to the closely related quantity

A.�I q/ WD � sgn.�/ logŒa.i�I q/� D � sgn.�/ log detŒ1 � i�ƒ��: (1.16)

As discussed above, a.i�I q/ is conserved by the (DNLS) flow. This guarantees that both
the real and imaginary parts of the (complex) functional A.�I q/ Poisson commute with
the (DNLS) Hamiltonian H.q/.

The inclusion of sgn.�/ in (1.16) ensures that A.�Iq/ has the same asymptotic expan-
sion as � !˙1. This expansion shows that A.�I q/ encodes all the polynomial conser-
vation laws of (DNLS); it begins

A.�I q/ D i
2
M.q/C 1

4�
H.q/ � i

8�2
H2.q/CO

�
1
�3

�
(1.17)

for q 2 �.R/. Rearranging this formula leads one to believe that

H�.q/ WD 4� ReA.�I q/ (1.18)

is a good approximation for the (DNLS) HamiltonianH.q/, at least as �!1. Moreover,
the Poisson commutativity of ReA.�Iq/ andH.q/ noted above guarantees thatH� andH
also commute. This is the sought-after property (1) from our overview of the method of
commuting flows.

The preceding discussion has been predicated on the nonvanishing of a.i�Iq/, so that
one may safely take the logarithm in (1.16). This issue is discussed in [27], where it is
shown that A.�I q/ is well-defined provided � is sufficiently large; however, (by neces-
sity) the restriction on � is not dictated solely by the size of q, but also by its frequency
distribution.

Informed by the many computations ahead of us, in this paper we adopt the expedient
of using (1.2) to rescale solutions q so that we may impose a single restriction on �,
namely, j�j � 1. The goal of the rescaling is to makebq.�/ small at frequencies j�j � 1;
such smallness is conveniently expressed through the following notion:

Definition 1.8. Fix 0 < � < 1=2. Given ı > 0, we say that Q � �.R/ is ı-good if it is
L2-bounded, L2-equicontinuous, and it satisfies

sup
q2Q

Z
j�j2� j Oq.�/j2

.4C �2/�
d� � ı2: (1.19)

Although the parameter � could be frozen once and for all, say � D 1=4, we believe
that retaining the symbol � makes it easier to check our computations.

As reviewed in Section 3, the series (1.16) converges uniformly on all ı-good sets
(once ı is small enough). Local well-posedness of the H� flow for ı-good sets of initial
data follows from Picard’s Theorem because the corresponding vector field is Lipschitz.



B. Harrop-Griffiths, R. Killip, M. Ntekoume, M. Vişan 12

Moreover, these solutions remain Schwartz-class and conserve A.~I q/ for all j~j � 1.
These assertions were shown in [27, Section 5].

In order to construct a global-in-time H� flow, we must ensure that orbits remain ı-
good as time progresses. This is accomplished by combining the fact that the H� flow
preserves a.i~I q/ together with the following consequence of Theorem 1.7:

Corollary 1.9. Let Q � �.R/ be an L2-bounded and equicontinuous set. Given ı > 0,
there exists � D �.Q; ı/ such that the set

Q�
� D ¹

p
� q.�x/ 2 �.R/ W a.i~I q/ � a.i~I Qq/ for some Qq 2 Qº is ı-good.

Before turning to the difficult topic of analyzing the difference flow, let us pause to
summarize the preceding discussion as a theorem. In particular, this theorem encapsulates
properties (1) and (2) of the H� flows.

Theorem 1.10. There exists ı0 > 0 sufficiently small such that for any 0 < ı � ı0 and
L2-bounded and equicontinuous set Q � �.R/, the H� flow is globally well-posed on
the set Q�

� in the L2 topology, where �.Q; ı/ is chosen according to Corollary 1.9. In
particular, solutions remain Schwartz-class and in the set Q�

� . Moreover, the (DNLS)
flow also preserves the set Q�

� and commutes with the H� flow.

All the assertions made here about the H� flow were proved in [27] contingent on the
question of equicontinuity that was subsequently resolved in [17]. As discussed earlier,
the existence of global Schwartz-class solutions to (DNLS) follows from [19, 22]. That
such (DNLS) solutions conserve the transmission coefficients is a classical result.

1.2.2. Analysis of the difference flow. This occupies the bulk of this paper and requires
many new insights.

To understand the difference flow, we must first give the explicit form of this evolution.
This relies on the functional derivatives of H� , which are easily deduced from those of
A.�I q/ given in (3.5).

The functions g12.x/ and g21.x/ appearing in (3.5) are the two off-diagonal entries of
the Green’s function corresponding to the Lax operator (1.12) evaluated on the diagonal
x D y. Together with a third component 
.x/, these functions will be recurrent charac-
ters in our story and Section 3 is devoted to a detailed elaboration of their algebraic and
analytic properties.

Combining the functional derivatives with the Poisson structure (1.8), we find an
explicit formula for the difference flow evolution:

i d
dt
q D �q00 � i.jqj2q/0 C 2�Œ

p
�g012.�/ �

p
��g012.��/�: (1.20)

The goal of this section is to explain how to prove (1.15) for the difference flow given
by (1.20).

Unlike all other terms, the nonlinearity .jqj2q/0 appearing on the right-hand side of
(1.20) does not make sense pointwise in time for q 2 CtL2 and so we are immedi-
ately tasked with finding a remedy. Despite strenuous efforts, we were unable to find a
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gauge transformation that would allow us to estimate the resulting difference-flow vector
field pointwise in time. Based on previous successes with the diagonal Green’s function
[18, 29], it is natural to imagine that this might be a satisfactory gauge. This idea is refuted
by (3.28), as explained there. Therefore, we are forced to adopt the second-generation
method of commuting flows.

As discussed earlier, the characteristic features of the second-generation method are
the use of local smoothing estimates to control the difference flow and the resulting neces-
sity of showing that compact sets of initial data lead to tight ensembles of orbits under the
(DNLS) flow, over bounded time intervals. The proof of the tightness statement relies on
refined local smoothing estimates for the (DNLS) flow.

Local smoothing estimates are a direct expression of the dispersive nature of an equa-
tion: high frequencies travel rapidly and so spend little time in any fixed spacetime region.
As such, they originate from the linear/dispersive part of the equation.

As discussed in [48], there are two standard ways for proving local smoothing estim-
ates for a linear equation: via spacetime Fourier transforms and via monotonicity identit-
ies. When the nonlinearity may be treated perturbatively, local smoothing estimates can
be transferred directly from the underlying linear flow to the full nonlinear equation. Cor-
respondingly, it matters little what method one uses for establishing the linear estimates.
In the nonperturbative regime considered in this paper, we have no choice but to pursue
an approach based on monotonicity identities for the full nonlinear flow.

All monotonicity-type identities we know originate from microscopic conservation
laws of the form

@t�Crx � E| D 0: (1.21)

In one spatial dimension for example, this implies

@t

Z
tanh.x/�.t; x/ dx D

Z
sech2.x/j.t; x/ dx: (1.22)

In the rare event that one can find such a law with j � 0, (1.21) constitutes true
monotonicity. It is more reflective of actual practice however to find a coercive term j1 in
the current and then integrate (1.22) to obtainZ T

�T

Z
sech2.x/j1.t; x/ dx dt � 2 sup

jt j�T

ˇ̌̌̌Z
tanh.x/�.t; x/ dx

ˇ̌̌̌
C

Z T

�T

Z
sech2.x/Œj1 � j �.t; x/ dx dt: (1.23)

The utility of this inequality rests on finding a suitable microscopic conservation law.
First, one must find a density � whose integral can be controlled uniformly in time.
Second, one must be able to identify a coercive part j1 of the current that controls the
sought-after local smoothing norm. Third, one must be able to control the contribution of
j1 � j .
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For our analysis we need two one-parameter families of microscopic conservation
laws, one for (DNLS) and one for the difference flow (1.20). These can be found in Pro-
position 3.5, with the density given in (3.27). Local smoothing for (DNLS) is proved in
Proposition 4.1 and for the difference flow in Proposition 6.1.

The first task is to estimate the integral of the density � in (3.27) uniformly in time.
This is achieved in Lemma 4.2. The complicated structure of this density makes this a
nontrivial task. Moreover, to prove tightness of orbits under the (DNLS) flow we need the
refined local smoothing estimate (4.2), which requires us to prove that the contribution of
� converges to zero in the high-frequency regime. The analysis of � in Lemma 4.2 relies
on the detailed study of the diagonal Green’s functions carried out in Section 3.

Our second task is to identify a coercive part in the currents appearing in Proposi-
tion 3.5. In our analysis, the quadratic terms j Œ2�DNLS and j Œ2�diff of the currents will play the
role of j1 in (1.23). Although these are not sign definite, we are able to demonstrate the
requisite coercivity up to acceptable errors. For the treatment of j Œ2�DNLS, see the discussion
surrounding (4.32). Extracting coercivity from j

Œ2�
diff requires considerable regrouping and

the estimation of many error terms and commutators; see the treatment of (6.40).
The third and most difficult part of obtaining local smoothing estimates is controlling

the remainder of the current j1 � j . In defocusing problems, the most dangerous parts
of j1 � j typically have a favorable sign. When the problem treated is subcritical, the
second term on RHS(1.23) can be controlled by interpolating between LHS(1.23) and a
priori conservation laws. A small data hypothesis can also provide the smallness needed
to bound the contribution of j1 � j by a small fraction of LHS(1.23). The problem studied
here has none of these favorable features. In fact, any of these features would yield local
smoothing estimates that depend only on the norm of the initial data; this is ruled out by
Proposition 1.11.

In our case, the remainder j1 � j comprises the quartic and higher order terms j Œ�4�DNLS

and j Œ�4�diff . There is an enormous number of contributions that need to be controlled.
Moreover, these cannot be estimated directly using the L2 norm of q since they involve
both derivatives and higher powers of q. Instead, we endeavor to control these contribu-
tions using local smoothing and a bootstrap argument.

As we are dealing with a large-data scaling-critical problem, there is no easy source
of smallness for closing the bootstrap. This is one of the key analytical challenges we
must overcome in this article. The subcriticality of the models treated in [18] expressed
itself through the appearance of negative powers of the large parameter �, which provided
the requisite smallness. For (DNLS), we are forced to simultaneously exhibit two copies
of the local smoothing norm (to be bootstrapped) and a third factor encoding equicon-
tinuity (the source of smallness) for every single error term. To achieve this, we must
identify and exploit many subtle hidden cancellations in the flow—see, for example, the
carefully curated decompositions of j Œ�4�DNLS and j Œ�4�diff appearing in (4.27) and in the proof
of Lemma 6.3, respectively.

The analysis of these error terms relies on a large body of work built up in the pre-
ceding sections of the paper. In Section 2 we introduce the norms used to quantify both
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equicontinuity and local smoothing. We also need to introduce and analyze a Banach
algebra B of bounded multiplication operators on our equicontinuity spaces. This section
also contains a suite of basic nonlinear estimates used later in the paper.

Much of Section 3 is devoted to proving estimates on the diagonal Green’s functions.
These arise in several places in our analysis: not only are they an integral part of the
microscopic conservation laws, but they also appear in (1.20) because they encode the
functional derivatives of A.�I q/. The culmination of Section 3 is the estimation of the
diagonal Green’s functions and key nonlinear combinations thereof in the equicontinuity
and the local smoothing spaces. We also elucidate the structure of these functions in terms
of a new class of paraproducts introduced in this section; see, for example, Lemma 3.11
and Proposition 3.12.

A second class of paraproducts which incorporates the localizing weights intrinsic
to local smoothing estimates is introduced in Section 4. A key feature of our analysis
is demonstrating that one may distribute these localizing weights to all entries in these
paraproducts. This is important since any one of the input functions in a paraproduct may
be the highest frequency term and so will need to be estimated in the local smoothing
norm. The culmination of Section 4 is the proof of the local smoothing estimates for the
(DNLS) flow stated in Proposition 4.1.

Tightness of orbits for solutions to (DNLS) is proved in Section 5. This argument is
quite short because of the strength of the estimate (4.2) proved in Section 4.

Section 6 contains a proof of local smoothing for the difference flow (1.20). It is the
most demanding part of the paper and relies on all the analysis that precedes it. Indeed,
the needs of this section dictated much of the prior development.

Section 7 combines all that precedes it to prove convergence of the difference flow
to the identity, locally in space. Finally, a short Section 8 deduces all the main theorems
from these prerequisites.

1.3. The soliton menace

In this subsection we present the family of soliton solutions to (DNLS) and use them to
exhibit some of the instabilities of this equation.

For each value of � 2 .0; �=2/, the function

q0.xI �/ WD
p
2 sin.2�/

Œcos.�/ cosh.x/ � i sin.�/ sinh.x/�3

Œcos2.�/ cosh2.x/C sin2.�/ sinh2.x/�2
e�ix cot.2�/

provides initial data for a soliton solution to (DNLS). In understanding the shape of this
function, it is useful to note that the central factor can be written as Z3=jZj4 with Z D
cos.�/ cosh.x/� i sin.�/ sinh.x/ D cosh.x � i�/. The soliton with this initial data takes
the form

q.t; xI �/ D q0.x C 2 cot.2�/t I �/eit cosec2.2�/: (1.24)

Further solitons can be obtained by translation, phase rotation, and scaling.
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The � ! 0 limit of this solution exists and is identically zero. Indeed

kq0k
2
L2
D 8�: (1.25)

In the form we have presented, the � ! �=2 limit does not exist. However, by rescaling
in accordance with (1.2), a limit can be recovered, namely, the algebraic soliton

q.t; x/ D qa.x � t /e
it=4 with initial data qa.x/ D

2.1 � ix/

.1C ix/2
eix=2: (1.26)

This solution embodies a key obstruction to coercivity of the polynomial conservation
laws. Indeed, whileM.qa/D 4� all other polynomial conserved quantities vanish. These
properties also hold for all rescalings (1.2) of qa. However,

kqa;�kH s !1 as �!1 (1.27)

for any s > 0.
To see that qa also witnesses an obstruction to using the perturbation determinant

(1.10) to prove equicontinuity we note that a.i�Iqa;�/� 1 for all � > 0. However, ¹qa;� W
� > 0º is not an equicontinuous family.

Let us now turn our attention to the soliton with � D �=4, which simplifies to

qs.t; x/ D
2eit Œcosh.x/ � i sinh.x/�3

Œcosh2.x/C sinh2.x/�
2
: (1.28)

The subscript s appearing here emphasizes that this is a stationary soliton. (While it
does oscillate in time, it does not propagate through space.) This property makes it the
archenemy of local smoothing and Strichartz estimate. In particular, our next proposition
shows that inequality (1.4) does not hold for sets Q that are merely L2-bounded. This
further emphasizes the nonperturbative nature of the (DNLS) flow in the L2 topology.

Proposition 1.11. Local smoothing and Strichartz norms cannot be controlled solely by
the L2 norm of the initial data. Concretely, there is a sequence of solutions qn to (DNLS)
satisfying M.qn/ � 2� butZ 1

�1

ksech12.x/qn.t; x/k2
H
1=2
x

dt !1 and
Z 1

�1

Z
R
jqn.t; x/j

6 dx dt !1

as n!1.

Proof. We choose the qn to be rescalings of qs according to (1.2) and observe that
M.qs;�/ � 2� butZ 1

�1

ksech12.x/qs;�.t; x/k2
H
1=2
x

dt � � and
Z 1

�1

Z
R
jqs;�.t; x/j

6 dx dt � �2:

As the last topic of this section, we demonstrate another instability inherent to
(DNLS). Concretely, we will show that it is not possible to prove uniqueness of solutions
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via Grönwall’s inequality in lower regularity spaces. This is a widely successful unique-
ness technique and a key ingredient in constructing solutions via compactness/uniqueness
arguments; the Grönwall inequality yields Lipschitz dependence in H s of the data-to-
solution map. However, our next proposition shows failure of Lipschitz dependence, no
matter how negative one chooses s.

Proposition 1.12. Fix s � 0. There are times tn ! 0 and pairs of solutions qn and Qqn to
(DNLS) such that

kqnkL2 C kQqnkL2 ! 0 but
kqn.tn/ � Qqn.tn/kH s

kqn.0/ � Qqn.0/kH s
!1: (1.29)

Proof. We choose qn and Qqn to be distinct rescalings of the soliton solution (1.24) with
parameter �n. We first choose �n ! 0 to ensure that their L2 norms converge to zero;
see (1.25).

The key idea to exploit is the fact that qn and Qqn travel at different speeds. To ensure
that their separation at time tn diverges, we require that

j�n � Q�nj cot.2�n/tn !1 yet tn ! 0 as n!1: (1.30)

In order to compute the overall size of the norms at the times 0 and tn, it is convenient
to compute the Fourier transform of a soliton exactly. The key identity is this:Z

cosh.x � i�/
cosh2.x C i�/

e�i�x dx D
�e���

cosh
�
�
2
�
� Œcos.2�/ � � sin.2�/�; (1.31)

which follows by a simple residue computation. It follows from this that Oq0.�/ has a
simple zero at the origin, yielding three cases: s < �3=2, s D �3=2, and s > �3=2.

In the regime where (1.30) and j�n � Q�nj � �n both hold, elementary (but lengthy)
computations show

�n

j�n�Q�nj
kqn.0/ � Qqn.0/kH s.R/ . kqn.0/kH s.R/ � kqn.tn/ � Qqn.tn/kH s :

With this information it is not difficult to choose the necessary parameters.

1.4. Equivalent models and their physical origins

Let us begin by noting that (DNLS) does not admit a focusing/defocusing dichotomy:
the sign of the nonlinearity can be reversed by simply replacing x 7! �x. Likewise, the
relative coupling of the three terms in (DNLS) can be freely adjusted by rescaling the
space and time variables.

To the best of our knowledge, (DNLS) first appears in the literature as a model for the
propagation of large-wavelength Alfvén waves in plasma. For a further discussion of this
scenario, including how this effective model informs our understanding of the stability of
such Alfvén waves, see [26, 39, 43, 53].
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It is easily seen that (DNLS) does not inherit the Galilean symmetry of the linear
Schrödinger equation. Indeed, if q solves (DNLS), then

v.t; x/ D eikx�ik
2tq.t; x � 2kt/ (1.32)

solves

i@tv C v
00
C i.jvj2v/0 C kjvj2v D 0: (1.33)

Here k 2 R is fixed but arbitrary.
This computation indicates that the traditional cubic nonlinear Schrödinger equations

(both focusing and defocusing) are ‘embedded’ inside (DNLS) in the limit of large modu-
lation. While we know of no mathematical work on this embedding, we will describe two
physical systems which speak to this phenomenology.

The combined nonlinearities of (1.33) arise naturally in nonlinear optics. While neg-
ligible in many experimental scenarios, the derivative nonlinearity becomes physically
important in the propagation of short pulses (cf. [1, 52]).

One early application of the cubic nonlinear Schrödinger equation was to modeling
amplitude modulations of Alfvén waves, with the unknown function describing devi-
ations from a plane wave. (In our earlier discussion of (DNLS) as model of Alfvén waves,
q describes the entire amplitude of the wave, not fluctuations.) One of the key assump-
tions in deriving this model is that the characteristic length of the modulations far exceeds
the carrier wavelength. As argued in [38], the combined nonlinearities of (1.33) allow one
to extend the realm of applicability of this effective model to include cases where these
two length scales are almost comparable.

As part of a search for completely integrable PDE, a different form of derivative non-
linear Schrödinger equation was uncovered in [6], namely,

i@tq C q
00
C i jqj2q0 D 0: (1.34)

It was subsequently discovered (see e.g. [54]) that this model can be obtained from
(DNLS) via a change of variables. The change of variables in question takes the following
form:

w.t; x/ D q.t; x/ei�ˆ with ˆ.t; x/ D

Z x

�1

jq.t; y/j2 dy (1.35)

and � 2 R fixed. With a little work, we find that w satisfies

iwt C w
00
D 2i.� � 1/jwj2w0 C i.2� � 1/w2 Nw0 � 1

2
�.2� � 1/jwj4w: (1.36)

When � D 1=2, we recover (1.34). When � D 1, we obtain the Gerdjikov–Ivanov form of
derivative NLS; see [12].

The more general nonlinearity presented in (1.36), as well as that arising by fur-
ther incorporating the Galilei transformation (1.32), appears naturally in the study of the
Benjamin–Feir instability in the theory of water waves; see [9, 24, 33].
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It is easy to see that both changes of variables, (1.33) and (1.35), are real-analytic
diffeomorphisms on L2.R/; indeed, they are diffeomorphisms onH s.R/ for every s � 0.
Thus Theorem 1.1 guarantees the following:

Corollary 1.13. The evolutions (1.33) and (1.36) are globally well-posed in L2.R/.

When we look at (1.36), it seems all the more surprising that large data GWP holds,
since it fails for the focusing quintic nonlinear Schrödinger equation!

2. Preliminaries

Throughout, we will use scaling-homogeneous Littlewood–Paley decompositions with
frequency parameters N 2 2Z. Concretely, choosing a smooth, nonnegative function '
supported on j�j � 2 with '.�/ D 1 for j�j � 1, we define P�N as the Fourier multiplier
with symbol '.�=N / and then PN D P�N � P�N=2. Observe that

1 D
X
N22Z

PN :

Such decompositions will be ubiquitous and we often adopt the more compact notations
fN D PNf , f�N D P�Nf , and f>N D Œ1 � P�N �f .

As a similar expedient, we often write Fourier multipliers under their arguments. For
example, for � > 0,

q
p
4�2�@2

WD .4�2 � @2/�1=2q and q
2�˙@

WD .2� ˙ @/�1q:

For s 2 R and j�j � 1 we define the Sobolev space H s
� as the completion of �.R/

with respect to the norm

kqk2H s�
WD

Z
.4�2 C �2/sj Oq.�/j2 d�;

and write H s D H s
1 .

Associated to the localizing function  � defined in (1.3), we haveZ
R
 .x � �/24 d� D 512

7
and so f .x/ D 7

512

Z
R
f .x/ �.x/

24 d�: (2.1)

2.1. Equicontinuity spaces

To quantify the equicontinuity, for �; s 2 R and j�j � 1 we define

kqk2E�s;�
WD j�j2.s��/



j@j�q

2
H�s�
D

Z
j�j2.s��/j�j2�

.4�2C�2/s
j Oq.�/j2 d�; (2.2)

and take E�s D E
�
s;1.



B. Harrop-Griffiths, R. Killip, M. Ntekoume, M. Vişan 20

We write B for the space of bounded functions that belong to the homogeneous Besov
space PB1=22;1. We equip this space with the norm

kf kB WD kf kL1 C sup
N22Z

N 1=2
kfN kL2 :

This space is an algebra; see Lemma 2.3 below. Moreover, by Lemma 2.4, multiplication
by functions in B defines a bounded operator on our equicontinuity spaces.

Our next lemma shows how the spaces E��;� allow us to track the equicontinuity prop-
erties of orbits.

Lemma 2.1. Let Q � L2 be bounded and equicontinuous. For � > 0 we have

lim
�!1

sup
q2Q

kqkE��;� D 0: (2.3)

Proof. The claim follows from the estimate

kqkE��;� . kq�N kE��;� C kq>N kE��;� . .N=�/�kqkL2 C kq>N kL2 ;

by choosing the frequency N 2 2Z appropriately.

Lemma 2.2. For s > � > 0, ˇ 2 R, and � � 1,Z 1
�

kqk2
E
�Cˇ
s;~

~2ˇ d~
~
� �2ˇkqk2

E
�Cˇ
�;�

: (2.4)

Further, if � � 2 and I� D Œ1; �=2� [ Œ2�;1/ thenZ
I�

kqk2
E
�Cˇ
s;~

~2ˇ d~
~
� kqk2

E
�Cˇ
�

: (2.5)

Proof. Decomposing into Littlewood–Paley pieces,Z 1
�

kqk2
E
�Cˇ
s;~

~2ˇ d~
~
�

X
N

Z 1
�

N2.�Cˇ/~2.s��/

.~CN/2s
d~
~
kqN k

2
L2

�

X
N

N2.�Cˇ/

.�CN/2�
kqN k

2
L2
� �2ˇkqk2

E
�Cˇ
�;�

:

In order to integrate in ~ one considers separately the cases N � � and N > �, breaking
the integral into the regions Œ�; N � and ŒN;1/ in the latter case. The estimate (2.5) is
proved similarly.

Lemma 2.3. For 0 � � < 1=2 and ~ � 1 we have the estimates

kfgkB . kf kBkgkB ; (2.6)

kf kB . ~�1=2Œ~kf kE�
2�;~
C kf 0kE�

2�;~
�; (2.7)

kf kB . kf kL1 C kf 0kL1 : (2.8)
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Proof. To verify (2.6), we employ the basic decomposition

PN .fg/ D PN

h
f�Ng.N C f.Ng�N C

X
M>2N

fMgM

i
: (2.9)

From Bernstein’s and Hölder’s inequalities, we see that

k.fg/N kL2 . kf�N kL2kg.N kL1Ckf.N kL1kg�N kL2C
X

M>2N

N 1=2
kfMkL2kgMkL2

. N�1=2kf kBkgkB ;

from which (2.6) follows easily.
The estimate (2.7) follows from Bernstein’s inequality:

kf kB . ~�
X
N�j~j

N 1=2��
kfN kE�

2�;~
C ~��

X
N>j~j

N ��1=2
kf 0N kE�2�;~

. RHS(2.7):

Turning now to (2.8), we recall that the convolution kernel associated to PN is
a Schwartz function which integrates to zero. Indeed, it can be written in the form
NK 0.Nx/ for some Schwartz function K. Integrating by parts, we find

N 1=2
kfN kL2 � N

1=2





Z K
�
N.x � y/

�
f 0.y/ dy






L2x

� kKkL2kf
0
kL1

. kf 0kL1 :

Lemma 2.4. Let 0� � < 1=2, 0� s < � C 1=2, and j~j; � � 1. Then we have the estimate

j~j kf kE�s;~ C kf
0
kE�s;~ � k.2~ � @/f kE�s;~ (2.10)

and the product estimates

kfgkE�s;� . kf kE�s;�kgkB ; (2.11)

kfgkE�s;� . j~j�1=2kf kE�s;� Œj~j kgkE�2�;~ C kg
0
kE�

2�;~
�: (2.12)

In particular, if �0 2 � we have the localization estimate

k�f kE�s;� .� kf kE�s;� : (2.13)

Proof. The estimate (2.10) follows from

k.2~ � @/f k2E�s;~
D 4j~j2kf k2E�s;~

C kf 0k2E�s;~
:

For the product estimate (2.11), we have

kfgk2E�s;�
�

X
N

�2.s��/N2�

.�CN/2s
kPN .fg/k

2
L2
:
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Decomposing as in (2.9) and using the Hölder and Bernstein inequalities, we estimate

kfgk2E�s;�
.
X
N

�2.s��/N2�

.�CN/2s
kfN k

2
L2
kg�N k

2
L1

C

X
N

�2.s��/N2�

.�CN/2s

h X
M�N

M 1=2
kfMkL2

i2
kgN k

2
L2

C

X
N

�2.s��/N2�

.�CN/2s

h X
M>2N

N 1=2
kfMkL2kg�MkL2

i2
:

The first summand is easily seen to be acceptable. To estimate the second summand,
we first sum in N and then apply Schur’s test:X

N

�2.s��/N2�

.�CN/2s

h X
M�N

M 1=2
kfMkL2

i2
kgN k

2
L2

. kgk2B
X

M1�M2�N

�2.s��/N2�M
1=2
1

M
1=2
2

N.�CN/2s
kfM1kL2kfM2kL2

. kgk2B
X

M1�M2

M
1=2��
1

.�CM1/
s

M
1=2��
2

.�CM2/s
kfM1kE�s;�kfM2kE�s;�

. kf k2E�s;�kgk
2
B :

Arguing similarly, we estimate the remaining summand byX
N

�2.s��/N2�

.�CN/2s

h X
M>2N

N 1=2
kfMkL2kg�MkL2

i2
. kgk2B

X
N<M1�M2

�2.s��/N2�C1M
�1=2
1

M
�1=2
2

.�CN/2s
kfM1kL2kfM2kL2

. kgk2B
X

M1�M2

M
�C1=2
1

.�CM2/
s

M
�C1=2
2

.�CM1/s
kfM1kE�s;�kfM2kE�s;�

. kf k2E�s;�kgk
2
B :

The estimate (2.12) follows as a corollary of (2.11) and (2.7). The localization estimate
(2.13) follows from (2.11) and (2.8).

2.2. Operator estimates

We begin with the basic Hilbert–Schmidt bound for the operators ƒ.q/ and �.q/ intro-
duced in (1.9). This estimate appeared already in [30, Lemma 4.1]:

Lemma 2.5 ([30]). For q 2 L2 and � > 0 we have

kƒk2I2 D k�k
2
I2
�

Z
R

log
�
4C �2

�2

�
j Oq.�/j2p
4�2C�2

d� . ��1kqk2
L2
; (2.14)
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Using this lemma as our basic tool, we obtain the following basic estimates when
q 2 L2 is frequency localized.

Lemma 2.6 (Operator estimates). For j�j � 1, 0 � � < 1=2, and 0 � s < � C 1=2 we
have

kƒ.qN /kI2 D k�.qN /kI2 �

q
1

j�jCN
log
�
4C N2

�2

�
kqN kL2 ; (2.15)

kƒ.qN /kop D k�.qN /kop .
p
N

j�jCN

q
log
�
4C N2

�2

�
kqN kL2 ; (2.16)X

M�N

kƒ.fM /kop . N
j�jCN

log3=2
�
4C N2

�2

�
sup
M22Z

M�1=2kfMkL2 ; (2.17)X
M�N

kƒ.fM /kop . j�j�1=2N1=2��

.j�jCN/1=2��
kf kE�s;� ; (2.18)X

M�N

kƒ.fM /kop . N1=2�� .1CN/s

j�j1=2C��s.j�jCN/1=2Cs��
kf kE�s : (2.19)

Proof. The estimate (2.15) follows immediately from Lemma 2.5. The estimate (2.16)
follows from (2.15) for N > � and the Bernstein inequality:

kƒ.qN /kop . 1
j�j
kqN kL1 .

p
N
j�j
kqN kL2 (2.20)

for N � �.
Claim (2.17) follows from (2.16):X

M�N

kƒ.fM /kop .
X
M�N

M
j�jCM

log1=2
�
4C M2

�2

�
M�1=2kfMkL2

. N
j�jCN

log3=2
�
4C N2

�2

�
sup
M22Z

M�1=2kfMkL2 ;

as does (2.18):X
M�N

kƒ.fM /kop .
X
M�N

M1=2

j�jCM
log1=2

�
4C M2

�2

�
kfMkL2 . j�j�1=2N1=2��

.j�jCN/1=2��
kf kE�s;�

and (2.19):X
M�N

kƒ.fM /kop .
X
M�N

M1=2�� .1CM/s

j�jCM
log1=2

�
4C M2

�2

�
kfMkE�s . RHS(2.19):

Corollary 2.7. For q 2 L2 and 0 � � < 1=2,
p
�kƒ.q/kop . kqkE��;� uniformly for � � 1: (2.21)

In particular, if Q is a bounded and equicontinuous subset of L2 then

lim
�!1

sup
q2Q

p
�kƒ.q/kop D 0: (2.22)
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Proof. Using (2.18) and Lemma 2.5, we may bound
p
�kƒ.q/kop .

p
�
X
M��

kƒ.qM /kop C
p
� kƒ.q>�/kop

. kqkE��;� C kq>�kL2 . kqkE��;� ;

which settles (2.21). Lemma 2.1 then yields (2.22).

Lemma 2.8. For 0 � � < 1=2 and � � 1 we have

kƒ. 3�qI �/k
8
I8

. ��5


  3�qp

4�2�@2



2
H3=2
kqk6E��

: (2.23)

Proof. Decomposing into Littlewood–Paley pieces, applying (2.19) and (2.13) at low fre-
quency, and (2.15) at high frequency, we have

LHS(2.23) D jtr¹ƒ. 3�qI �/
8
ºj

.
X

N1�N2�����N8

kƒ.PN1. 
3
�q//kI2kƒ.PN2. 

3
�q//kI2

8Y
jD3

kƒ.PNj . 
3
�q//kop

.
X

N1�N2

N3�6�
1

.1CN1/
6�

�3.1CN1/3.�CN1/2
log
�
4C

N2
1

�2

�

PN1 . 3�q/p
4�2�@2




H3=2



PN2 . 3�q/p
4�2�@2




H3=2
kqk6E��

. RHS(2.23):

The fact thatN1�N2 must hold is most evident by computing the trace (which is unitarily
invariant) in Fourier variables.

2.3. Local smoothing spaces

To control the local smoothing property, for s; h 2 R and j�j � 1 we define

kqk2F s� .h/
WD

Z 

  12� q
p
4�2�@2



2
H sC1

e�
1
200 jh��j d�; (2.24)

kqk2Xs�
WD sup

h2R

Z 1

�1

kq.t/k2F s� .h/
dt: (2.25)

As before, when � D 1 we denote F s.h/ D F s1 .h/ and X s D X s1 .
We note that as a consequence of Lemma 2.10 below, we obtain an alternative char-

acterization of X s� that is closer to that used in [18]; see Remark 2.11. The additional
complexity apparent in (2.24) is necessitated by the scaling criticality of the problem.

Multiplicative commutators are an essential tool for repositioning the spatial loc-
alization factors within the paraproducts appearing in our analysis of local smoothing
estimates. The next lemma, which extends [18, Lemma 2.8], is our basic workhorse in
this task:
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Lemma 2.9. For j~j; j�j � 1, s; � 2R, 1 < p <1, r 2 Z, and integer j`j � 24, all fixed,
we have the following, uniformly for � 2 R and q 2 �.R/:

k.2˙ @/s.2� C @/� `�.~ � @/
rqkLp � k.2˙ @/

s.2� C @/� .~ � @/r `�qkLp : (2.26)

If both s; � 2 Z then (2.26) also holds for p 2 ¹1;1º.

Proof. The Mikhlin multiplier theorem shows that the choice of ˙ signs is immaterial
and we shall restrict attention to theC case.

Both inequalities can be treated simultaneously through a slightly larger family of
estimates involving two parameters �; � 2 Z. Specifically, adopting the notation

W D .2C @/s.2� C @/� .~ � @/�

it suffices to show that for each pair �; � 2 Z,

kW `.~ � @/� �`.~ � @/��W �1qkLp . kqkLp :

(In fact, just the two cases .�; �/ D .r; 0/ and .�; �/ D .�r; r/ are truly needed.)
When 1 < p < 1, complex interpolation allows us to restrict attention to the case

where s; � 2 Z, which we do in what follows.
The next step is to perform additive commutations, moving each positive power of a

differential operator toward its inverse, one factor at a time. Proceeding in this fashion
until all positive powers of said differential operators are exhausted leaves a very concrete
(but combinatorially very messy) finite linear combination of products of operators from
the following list:

 �`.@m `/;  `.@m �`/; .2C @/�1; .2� C @/�1; .~ � @/�1;  `.~ � @/�1 �`;

where m is any integer satisfying 0 � m � j� j C jsj C j�j C j� j. In this way, we see that
the proof will be complete if we can show that any operator on the list is Lp-bounded for
every 1 � p � 1.

Boundedness of the first two operators in the list is trivial given our choice of  .
The boundedness of the remaining operators can be deduced from their explicit kernels.
Indeed,  `.~ � @/�1 �` has kernel

K.x; y/ D  .x/` .y/�`e~.x�y/1x<y ; which satisfies jK.x; y/j .` e�
1
2~jx�yj:

Thus Lp-boundedness follows from Schur’s test.

As we are dealing with a nonlinear equation, one needs to understand how to estimate
products in our local smoothing spaces. Due to the low regularity of the objects we are
treating in this paper, each term in the product must itself satisfy local smoothing estimates
in order for the product to be bounded. This dictates the structure of our basic product
estimates below.
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Lemma 2.10. If 0 � � < 1=2, j~j; � � 1, h 2 R, 1 � ` � 12 is an integer, and �0 2 �

then
j~j kqk

F
1=2
� .h/

C kqk
F
3=2
� .h/

� k.2~ � @/qk
F
1=2
� .h/

(2.27)

and we have the product estimates

kfgk
F
1=2
� .h/

. j~j�1=2
�
kf k

F
1=2
� .h/

k.2~ � @/gkE�
2�;~
Ckf kE�

2�;~
k.2~ � @/gk

F
1=2
� .h/

�
;

(2.28)

kfgk
F
3=2
� .h/

. j~j�1=2
�
kf k

F
3=2
� .h/

k.2~ � @/gkE�
2�;~
Ck.2~ � @/f kE�

2�;~
kgk

F
3=2
� .h/

�
:

(2.29)

We also have the localization estimatesZ 

  `�qp
4�2�@2



2
H3=2

e�
1
200 jh��j d� . kqk2

F
1=2
� .h/

; (2.30)

k�qk
F
1=2
� .h/

.� kqkF 1=2� .h/
: (2.31)

Proof. For (2.27), we first use Lemma 2.9 to obtain

k.2~ � @/qk2
F
1=2
� .h/

�

Z 

.2~ � @/  12� q
p
4�2�@2



2
H3=2

e�
1
200 jh��j d�

� 4j~j2
Z 

  12� q

p
4�2�@2



2
H3=2

e�
1
200 jh��j d�C

Z 

�  12� q
p
4�2�@2

�0

2
H3=2

e�
1
200 jh��j d�

� j~j2kqk2
F
1=2
� .h/

C kqk
F
3=2
� .h/

:

Using space-translation invariance, it suffices to prove (2.30) for h D 0. If ` D 12,
the claim follows from the definition. Otherwise, define T�;� WL2 ! L2 to have integral
kernel

.4C�2/3=4

.4�2C�2/1=2
2
 `� 

12
� .� � �/

.4�2C�2/1=2

.4C�2/3=4
;

and apply Schur’s test to bound

kT�;�kop . kh�i5=22 `� 12� .�/kL1
�

. k `� 
12
� kH7=2 . e�

1
200 j���j:

We then apply (2.1) to obtainZ 

  `�qp
4�2�@2



2
H3=2

e�
1
200 j�j d�

.
• 

  `� 24�1qp

4�2�@2




H3=2



  `� 24�2qp
4�2�@2




H3=2

e�
1
200 j�j d�1 d�2 d�

.
•
kT�;�1kopkT�;�2kop



  12�1
q

p
4�2�@2




H3=2



  12�2
q

p
4�2�@2




H3=2

e�
1
200 j�j d�1 d�2 d�

.
•

e�
j�1jCj�2j

400 e�
j���1jCj���2j

400



  12�1
q

p
4�2�@2




H3=2



  12�2
q

p
4�2�@2




H3=2

d�1 d�2 d�

. kqk2
F
1=2
� .0/

:
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In the last step we first integrated in � and then used L2-boundedness of the resulting
convolution operator.

Turning next to the product estimates (2.28) and (2.29), we take s 2 ¹1=2;3=2º,�2R,
and use (2.9) to estimate

 1p

4�2�@2
. 12� fg/



2
H sC1

.
X
N

.1CN/2sC2

.�CN/2
kP�N . 

6
�f /k

2
L2
kP.N . 

6
�g/k

2
L1

C

X
N

.1CN/2sC2

.�CN/2
kP.N . 

6
�f /k

2
L1kP�N . 

6
�g/k

2
L2

C

X
N

.1CN/2sC2

.�CN/2

h X
M>2N

N 1=2
kPM . 

6
�f /kL2kP�M . 

6
�g/kL2

i2
:

Recalling (2.7), (2.10), and (2.13), we bound the first summand byX
N

.1CN/2sC2

.�CN/2
kPN . 

6
�f /k

2
L2
kP.N . 

6
�g/k

2
L1

. j~j�1


  6�fp

4�2�@2



2
H sC1

Œj~j k 6�gkE�2�;~ C k. 
6
�g/
0
kE�

2�;~
�2

. j~j�1


  6�fp

4�2�@2



2
H sC1

k.2~ � @/gk2E�
2�;~

:

For (2.29), we bound the second summand in a symmetric fashion, reversing the roles
of f; g. For (2.28), we instead apply Schur’s test with (2.10), (2.13), and (2.26) to boundX
N

.1CN/3

.�CN/2

h X
M.N

M 1=2
kPM . 

6
�f /kL2

i2
kPN . 

6
�g/k

2
L2

.


 .2~�@/. 6�g/p

4�2�@2



2
H3=2

�

X
M1�M2

.~CM1/
2�M

1=2��
1

M
1=2��
2

j~j2� .~CM2/2�2�
kPM1. 

6
�f /kE�2�;~kPM2. 

6
�f /kE�2�;~

. j~j�1


 6�.2~�@/gp

4�2�@2



2
H3=2
kf k2E�

2�;~
:

The third summand is again bounded using Schur’s test, (2.7), (2.10), and (2.13):X
N

.1CN/2sC2

.�CN/2

h X
M>2N

N 1=2
kPM . 

6
�f /kL2



P�MgkL2i2
. kgk2B

X
M1�M2

.1CM1/
sC1.�CM2/M

1=2
1

.1CM2/sC1.�CM1/M
1=2
2



PM1 . 6�f /p
4�2�@2




H sC1



PM2 . 6�f /p
4�2�@2




H sC1

. j~j�1


  6�fp

4�2�@2



2
H sC1

k.2~ � @/gk2E�
2�;~

:

The estimates (2.28), (2.29) then follow from (2.30).
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Applying Schur’s test in Fourier variables, we find

sup
�



 h@i3=2
p
4�2�@2

� 6�

p
4�2�@2

h@i3=2




op .� 1:

In this way, we see that 

  12� �q
p
4�2�@2




H3=2

.�


  6�qp

4�2�@2




H3=2

;

and consequently (2.31) follows from (2.30).

Remark 2.11. As a consequence of the proof of Lemma 2.10, we note that

kqk2
X
1=2
�

� sup
�2R



  12� q
p
4�2�@2



2
L2tH

3=2 : (2.32)

Indeed, the inequality

kqk2
X
1=2
�

. sup
�2R



  12� q
p
4�2�@2



2
L2tH

3=2

follows immediately from the definition. For the converse inequality, we argue as in
(2.30): in view of (2.1),

  12� q
p
4�2�@2



2
L2tH

3=2

.
“
kT�;�1kopkT�;�2kop



  12�1
q

p
4�2�@2




L2tH

3=2



  12�2
q

p
4�2�@2




L2tH

3=2 d�1 d�2

. kqk2
L2tF

1=2
� .h/

:

3. Green’s functions and microscopic conservation laws

By the Green’s function, we mean the integral kernel associated to the inverse of the Lax
operator presented in (1.12). It is not a given that this operator is invertible; we will rely
on the subtle interplay between the spectral parameter � and the equicontinuity proper-
ties of q. This same issue was discussed in the introduction in connection with making
sense of A.�I q/. Indeed, it formed the central rationale for introducing the notion of a
ı-good subset of L2.R/; see Definition 1.8. Let us begin our discussion by revisiting the
construction of A.�I q/.

We subsequently take 0 < � < 1=2 to be fixed. IfQ is a ı-good subset of L2.R/, then
Corollary 2.7 shows that

j�j1=2


ƒ.qI �/

op . kqkE�� � ı uniformly for j�j � 1 and q 2 Q. (3.1)

As shown in [27, Lemma 5.1], it follows that if ı is sufficiently small then

A.�I q/ D � sgn.�/ log detŒ1 � i�.� � @/�1q.� C @/�1 Nq� D sgn.�/
X
`�1

1
`

tr¹.i�ƒ�/`º
(3.2)

defines a real-analytic function of � and q. Moreover, the domain of this function includes
all j�j � 1 and an L2 neigborhood of Q.
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It is important to define A.�I q/ in such a neighborhood of Q (rather than just on Q)
to ensure that the functional derivatives are well defined. We find thatZ �

ıA
ıq
f C ıA

ı Nq
Nf
�
dx D sgn.�/

X
m�0

tr
®�
i�ƒ.q/�.q/

�m
i�Œƒ.f /�.q/Cƒ.q/�.f /�

¯
:

(3.3)

As Lemma 2.5 and (3.1) show, this series defines a bounded linear functional of f 2 L2

and correspondingly the functional derivatives exist as L2 functions.
Duality also gives an efficient way to introduce the functions 
.�I q/, g12.�I q/, and

g21.�I q/ that will be of central importance in what follows: for a; b; c 2 L2,Z
Œg21 b C g12 c C 
 a� dx D sgn.�/ tr

®�
a b
c �a

��
L�1 � L�10

�¯
: (3.4)

Here L0 denotes the Lax operator (1.12) with q � 0.
Lemma 2.5 and (3.1) guarantee that a Neumann expansion of the right-hand side of

(3.4) yields a convergent series for all a; b; c 2 L2.R/. On comparing these series with
those of (3.3), we find

ıA
ı Nq
D i
p
� g12 and ıA

ıq
D �
p
� g21: (3.5)

It is evident from (3.4) that g12, g21, and 
 are closely connected with the matrix
Green’s function evaluated on the diagonal (i.e. at the coincidence of the two spatial
points). For the continuity needed to make sense of this directly, see see [18, Proposi-
tion 3.1].

For simplicity of exposition, the discussion above only constructed g12, g21, and 
 as
L2 functions. By estimating more carefully (as was done in [27]), one finds that the series
defining g12, g21, and 
 converge in H 1 to real-analytic functions of q; moreover, these
functions are Schwartz whenever q 2 � .

Direct computations also reveal certain basic identities among these functions; see
[18] or [47]. Concretely, we have

g12.�/ D �g21.��/; 
.�/ D 
.��/; A.�/ D �A.��/; (3.6)

as well as

g012 D 2�g12 � �
1=2q.
 C 1/; (3.7)

g021 D �2�g21 � i�
1=2
Nq.
 C 1/; (3.8)


 0 D 2�1=2.qg21 C i Nqg12/: (3.9)

Lastly, we have the quadratic identity

2g12g21 C
1
2

2 C 
 D 0; (3.10)

which can be proved by differentiating the left-hand side and applying (3.7)–(3.9).
Using these relations, we may write

g12 D
p
�

2��@

�
q.
 C 1/

�
; g21 D

�i
p
�

2�C@

�
Nq.
 C 1/

�
; 
 D �4g12g21

2C

;

g12
2C

D

p
�

2.2��@/

�
q C 4i Nq

�
g12
2C


�2�
; g21

2C

D

�i
p
�

2.2�C@/

�
Nq � 4iq

�
g21
2C


�2�
:

(3.11)
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While it is very elementary to check these last two identities, it is much less obvious that
they are key to efficiently treating a lot of what follows.

To prove our theorems, we require bounds for these functions in the B , E, and F
spaces introduced in Section 2. We start with the following:

Lemma 3.1. For ı sufficiently small and Q � � a ı-good set, the following estimates
hold uniformly for q 2 Q and j�j � 1:

k
.�I q/kB . kqk2E�
2�;�
� ı2; (3.12)

kg12.�I q/kB C kg21.�I q/kB . kqkE�
2�;�

; (3.13)

 g12.�Iq/
2C
.�Iq/




B
C


 g21.�Iq/
2C
.�Iq/




B

. kqkE�
2�;�

: (3.14)

Proof. To prove (3.12), we argue by duality. To this end, we test against functions f
satisfying supM22Z M�1=2kfMkL2 � 1 and employ

hf; 
.�I q/i D sgn.�/
X
`�1

.i�/` tr
®
Œ.� � @/�1q.� C @/�1 Nq�`.� � @/�1 Nf

¯
C sgn.�/

X
`�1

.i�/` tr
®
Œ.� C @/�1 Nq.� � @/�1q�`.� C @/�1 Nf

¯
:

Let us first observe that by (2.18) and (1.19), there exists C � 1 such that

sup
N22Z

j�j1=2
X
M�N

kƒ.qM /kop � Cı;

uniformly in j�j � 1. Note also that by Lemma 2.6 and our assumptions on f ,X
M�N

kƒ.fM /kop . N
j�jCN

log3=2
�
4C N2

�2

�
; kƒ.fN /kI2 .

q
N
j�jCN

log
�
4C N2

�2

�
:

Decomposing into Littlewood–Paley pieces, using that the two highest frequencies
must be comparable, together with Lemma 2.6 and the preceding estimates, we find thatˇ̌

.i�/` tr
®
Œ.� � @/�1q.� C @/�1 Nq�`.� � @/�1 Nf

¯ˇ̌
. .Cı/2.`�1/

X
N1�N2

j�jN1
j�jCN1

log3=2
�
4C

N2
1

�2

�
kƒ.qN1/kI2kƒ.qN2/kI2

C .Cı/2.`�1/
X

N1�N2�N3

j�j kƒ.qN1/kI2kƒ.fN2/kI2kƒ.qN3/kop

. .Cı/2.`�1/
X

N1�N2

j�jN1
.j�jCN1/2

log5=2
�
4C

N2
1

j�j2

�
kqN1kL2kqN2kL2

C .Cı/2.`�1/
X

N1�N2

j�j1=2N1��
1

.j�jCN1/3=2��
log
�
4C

N2
1

j�j2

�
kqN1kL2kqkE�2�;�

. .Cı/2.`�1/kqk2E�
2�;�

:

Choosing ı sufficiently small, we may sum in ` � 1 and so deduce (3.12).
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Further reducing ı if necessary, the estimates (3.12) and (2.6) allow us to sum the
geometric series and so obtain 

 1

2C





B

. 1: (3.15)

Regarding (3.13), we use (2.7), (2.10), (3.11), and (2.11) to obtain

kg12kB . j�j�1=2k.2� � @/g12kE�
2�;�

. Œ1C k
kB �kqkE�
2�;�

:

The bound (3.13) then follows from (3.12) and (3.6).
The estimate (3.14) follows directly from (3.13), (3.15), and (2.6).

Lemma 3.2. For ı sufficiently small and Q � � a ı-good set, the following estimates
hold uniformly for q 2 Q and j~j; � � 1:

j~j kg12.~/kE�s;� C kg
0
12.~/kE�s;� . j~j1=2kqkE�s;� ; (3.16)

j~j k
.~/kE�s;� C k

0.~/kE�s;� . j~j1=2kqkE�s;�kqkE�2�;~ ; (3.17)

j~j


 g12.~/
2C
.~/




E�s;�
C


� g12
2C


�0
.~/



E�s;�

. j~j1=2kqkE�s;� : (3.18)

Moreover, in view of (3.6), g21 also satisfies the estimates (3.16) and (3.18).

Proof. In view of (3.7), (2.11) and (3.12),

k.2~ � @/g12kE�s;� . j~j1=2kq.1C 
/kE�s;� . j~j1=2kqkE�s;� Œ1C k
kB �

. j~j1=2kqkE�s;� :

The estimate (3.16) then follows from (2.10).
Recalling �
 D 4g12g21

2C

from (3.11), the estimates (3.16) and (3.14) show that

j~j k
.~/kE�s;� . j~j kg12.~/kE�s;�


 g21.~/
2C
.~/




B

. j~j1=2kqkE�s;�kqkE�2�;~ :

To complete the proof of (3.17), we complement this with the estimate

k
 0.~/kE�s;� . j~j1=2kqkE�
2�;~
kqkE�s;� ;

for which we employed (3.9), (2.12), and (3.16).
Using (2.11), the fact that B is an algebra, and the estimates (3.14)–(3.17) and (1.19),

we obtain

.2~ � @/ g12
2C





E�s;�

. k.2~ � @/g12kE�s;�


 1
2C





B
C k
 0kE�s;�



 g12
.2C
/2




B

. j~j1=2kqkE�s;� .1C kqk
2
E�
2�;~

/

. j~j1=2kqkE�s;� :

The estimate (3.18) now follows from (2.10).
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Lemma 3.3. For ı sufficiently small and Q � � a ı-good set, the following estimates
hold uniformly for q 2 Q, j~j; � � 1, and h 2 R:

j~j kg12.~/kF 1=2� .h/
C kg12.~/kF 3=2� .h/

. j~j1=2kqk
F
1=2
� .h/

; (3.19)

j~j k
.~/k
F
1=2
� .h/

C k
.~/k
F
3=2
� .h/

. j~j1=2kqk
F
1=2
� .h/

kqkE�
2�;~

; (3.20)

j~j


 g12.~/
2C
.~/




F
1=2
� .h/

C


 g12.~/
2C
.~/




F
3=2
� .h/

. j~j1=2kqk
F
1=2
� .h/

: (3.21)

Proof. Using the quadratic identity (3.10) together with (2.27)–(2.29), followed by (3.16)
and (3.17), we get

j~j k
.~/k
F
1=2
� .h/

C k
.~/k
F
3=2
� .h/

. j~j�1=2k.2~ � @/
kE�
2�;~
k.2~ � @/
k

F
1=2
� .h/

C j~j�1=2 max
˙~

Œj~j kg12kE�
2�;�
C kg012kE�2�;� �max

˙~
Œj~j kg12kF 1=2� .h/

C kg12kF 3=2� .h/
�

. kqk2E�
2�;~
k.2~ � @/
k

F
1=2
� .h/

C kqkE�
2�;~

max
˙~

Œj~j kg12kF 1=2� .h/
C kg12kF 3=2� .h/

�:

Using (1.19) we deduce

k.2~ � @/
k
F
1=2
� .h/

. kqkE�
2�;~

max
˙~

Œj~j kg12kF 1=2� .h/
C kg12kF 3=2� .h/

� (3.22)

and so (3.20) will follow from (3.19).
From (3.22) and (3.7) together with (2.27), (2.28), and (3.17), we obtain

max
˙~

Œj~j kg12kF 1=2� .h/
C kg12kF 3=2� .h/

�

. j~j1=2kq.1C 
/k
F
1=2
� .h/

. j~j1=2kqk
F
1=2
� .h/

C kqk
F
1=2
� .h/

k.2~ � @/
kE�
2�;~
C kqkE�

2�;~
k.2~ � @/
k

F
1=2
� .h/

. j~j1=2kqk
F
1=2
� .h/

.1C kqk2E�
2�;~

/C kqk2E�
2�;~

max
˙~

Œj~j kg12kF 1=2� .h/
C kg12kF 3=2� .h/

�:

The estimate (3.19) then follows from (1.19).
It remains to prove (3.21). As a preliminary, let us pause to observe that

.2~ � @/
�
g12
2C


�2
D

2g12
2C

� .~ � @/ g12

2C

:

Using (2.11), (3.14), and (3.18), we get

.2~ � @/� g12
2C


�2


E�
2�;~

.


 g12
2C





B



.~ � @/ g12
2C





E�
2�;~

. j~j1=2kqk2E�
2�;~

; (3.23)

while by (2.28) and (3.18),

.2~ � @/� g12
2C


�2


F
1=2
�

. j~j�1=2


.2~ � @/ g12

2C





E�
2�;~



.2~ � @/ g12
2C





F
1=2
�

. kqkE�
2�;~



.2~ � @/ g12
2C





F
1=2
�
: (3.24)
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Using (2.27) together with (3.11) followed by (2.28), (3.23), and (3.24) we obtain

LHS(3.21) .


.2~ � @/ g12

2C





F
1=2
�

. j~j1=2kqk
F
1=2
�
Ckqk

F
1=2
�



.2~ � @/� g12
2C


�2


E�
2�;~

CkqkE�
2�;~



.2~ � @/� g12
2C


�2


F
1=2
�

. j~j1=2kqk
F
1=2
�
Œ1Ckqk2E�

2�;~
�Ckqk2E�

2�;~



.2~ � @/ g12
2C





F
1=2
�
:

Using (1.19), we may absorb the second term on the right-hand side above into the left-
hand side, thus settling (3.21).

A consequence of Lemmas 3.2 and 3.3 is the following:

Corollary 3.4. Fix ı sufficiently small and let Q � � be a ı-good set. All functions f
from the following list .and so finite linear combinations thereof /:

q; Nq;

2~˙@p
~
g12.~/;

2~˙@p
~
g21.~/;

2~˙@p
~

g12.~/
2C
.~/

; 2~˙@p
~

g21.~/
2C
.~/

;

2�˙@p
�
g12.�/;

2�˙@p
�
g21.�/;

2�˙@p
�

g12.�/
2C
.�/

; 2�˙@p
�

g21.�/
2C
.�/

;

(3.25)

satisfy the estimates

kf kL2 . kqkL2 ; kf kE�2�;~ . kqkE�
2�;~

; kf kE�� . kqkE�� ;

kf kF 1=2.h/ . kqkF 1=2.h/; kf kF 1=2� .h/
. kqk

F
1=2
� .h/

(3.26)

uniformly for q 2 Q, j~j; j�j � 1, and h 2 R.

As we discussed in the introduction, multi-parameter local smoothing estimates are
essential for our analysis. As we are in the nonperturbative regime, the only reasonable
approach to proving such estimates is via monotonicity identities. In all examples that we
are aware of, such monotonicity identities stem from a proper understanding of conserved
densities and their corresponding currents. This line of thinking leads inevitably to the
problem of finding a microscopic representation for the conservation of A.~I q/.

It is invariably easy to find microscopic representations for conserved quantities that
are polynomial in the underlying field (and its derivatives), such as the mass or energy.
However, even in these simple cases there is no universal algorithm for finding such
microscopic laws; indeed, this is an ill-posed problem—the corresponding cohomology
class does not have a unique representative.

When the conserved quantity in question is more complex, discovering a microscopic
representation becomes truly challenging. All the more so when we need our represent-
ative to be coercive, if it is to be useful. This is the case for A.~I q/, which is defined as
the logarithm of a Fredholm determinant or as an infinite series of traces; see (3.2). Struc-
turally, each of these traces is a paraproduct in q. Nevertheless, just such a microscopic
representation was presented in [47] based on the density

�.~I q/ WD q �
ig21.~I q/

p
~.2C 
.~I q//

C Nq �
g12.~I q/

p
~.2C 
.~I q//

: (3.27)
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In finding (3.27), the authors of [47] were very much guided by the analogous form
for the AKNS–ZS hierarchy discovered in [18]. The analogue for KdV was found in [29],
although this is of little assistance. Indeed, these few examples would lead one to believe
that the answer will always be a rational function of matrix elements of the diagonal
Green’s function; this notion is refuted in [16].

Once these densities have been discovered, it is not fundamentally difficult to derive
the corresponding current (though it may require considerable labor) because the time
derivative of the Green’s function may be deduced from the Lax pair representation of the
flow. For example, under the (DNLS) flow,

i d
dt
g12 D �Œ4~

2
� 2i~jqj2�g12 C Œ2~

3=2q C i~1=2jqj2q C ~1=2q0�.1C 
/

D �g0012 � i.2jqj
2g012 C iq

2g021/:
(3.28)

We include this to illustrate the point made in the introduction that (unlike for NLS and
mKdV) this change of variables alone does not allow us to treat q 2 L2. Concretely, we
note that for q 2 L2 one cannot make sense of the term jqj2q appearing in the former
expression as a distribution. This cannot be remedied by the other terms because they are
distributions!

The following proposition gives the currents associated to the density (3.27) and was
proved in [47]:

Proposition 3.5. Let Q � � be ı-good for ı sufficiently small. Under the (DNLS) flow,
we have @t�.~/C @xjDNLS.~/ D 0 for all j~j � 1, where

jDNLS D .jqj
2
� 2i~/�C

q0g21 C i Nq
0g12

p
~.2C 
/

C i jqj2

D
1p
~

g21
2C

� .2~ C @C i jqj2/q � ip

~

g12
2C

� .2~ � @C i jqj2/ Nq C i jqj2: (3.29)

Likewise, for � � 1, @t�.~/C @xjdiff.~; �/ D 0 under the H �H� flow. Here,

jdiff.~; �/ D
1p
~

�
g21
2C


�
.~/
�
.2~ C @C i jqj2/q � 2�5=2

�
g12.�/
��~

�
ig12.��/
�C~

��
�

ip
~

�
g12
2C


�
.~/
�
.2~ � @C i jqj2/ Nq � 2�5=2

�
g21.��/
�C~

C
ig21.�/
��~

��
C i jqj2 � �2

��~

.�/C �2

�C~

.��/: (3.30)

In our application of the microscopic conservation laws to the proof of local smooth-
ing, we require a detailed understanding of the structure of the lower order terms (in
powers of q) of the currents. To this end, we adopt the notation from [18] of using square
brackets to identify specific terms in power series expansions:

g
Œ2`C1�
12 .�/ D sgn.�/�1=2.i�/`hıx ; Œ.� � @/�1q.� C @/�1 Nq�`.� � @/�1q.� C @/�1ıxi

so that

g
Œ�2`C1�
12 .�/ D

1X
mD`

g
Œ2mC1�
12 .�/; g12.�/ D

1X
`D0

g
Œ2`C1�
12 .�/: (3.31)
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The terms gŒ2`C1�21 and 
 Œ2`� admit correspondingly simple definitions; however, we will

also use this notation on more complicated analytic functions of q such as
�
g12
2C


�Œ2`C1�,
�Œ2`�, and j Œ2`�DNLS.

Using (3.11), we can derive the following explicit expressions:

g
Œ1�
12 D

p
�q

2��@
; g

Œ1�
21 D

�i
p
� Nq

2�C@
; 
 Œ2� D 2i� q

2��@
�
Nq

2�C@
; (3.32)

g
Œ3�
12 D

2i�3=2

2��@

�
q � q

2��@
�
Nq

2�C@

�
; g

Œ3�
21 D

2�3=2

2�C@

�
Nq � q

2��@
�
Nq

2�C@

�
; (3.33)

as well as

1p
�

�
g12
2C


�Œ�3�
D

2i
2��@

�
Nq
�
g12
2C


�2�
; (3.34)

1p
�

�
g21
2C


�Œ�3�
D

�2
2�C@

�
q
�
g21
2C


�2�
: (3.35)

To represent our expansions for higher order terms in a concise form, we introduce a
space of paraproducts. We begin by introducing a generating set of operators:

G WD ¹Idº [
®
2~
2~˙@

W j~j � 1
¯
: (3.36)

One may regard the elements of G as letters in an alphabet. We then define the set G ?

to be the set of (finite) words built from the alphabet G . Specifically, elements in G ? are
finite products of the form

L1 : : : Ln where Li 2 G : (3.37)

Note that each factor Li may have a different parameter ~i .

Example 3.6. For all j~j � 1, the operator

4~2

4~2�@2
D

2~
2~�@

2~
2~C@

2 G ?

is a word over the alphabet G .

We say that the paraproduct m belongs to the class S.1/ if it admits a representation
as a finite linear combination of paraproducts mi satisfying

mi Œf � D Tif where Ti 2 G ?:

We will frequently consider families of paraproducts depending continuously on one
or more parameters. For example, all the paraproducts in Proposition 3.12 depend continu-
ously on the parameter ~. When this is the case, we will say such a family is in S.1/ only
if the coefficients in this linear combination are uniformly bounded in the parameter(s).

Example 3.7. For all j~j � 1, the operators

@
2~C@

D Id � 2~
2~C@

and 2~�@
2~C@

D 2 2~
2~C@

� Id

are elements of S.1/.
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For n � 2, we inductively define S.n/ as linear combinations of paraproducts that
admit the representation

mŒf1; : : : ; fn� D T
h JY
jD1

mj Œf�.nj�1C1/; : : : ; f�.nj /�
i
; (3.38)

where 0D n0 < � � � < nJ D n are integers,mj 2 S.nj � nj�1/, T 2 G ?, and � 2Sn is a
permutation. The product appearing in (3.38) is a pointwise product of functions (and not
a composition of operators). As in the case nD 1, we require the coefficients in the linear
combination to be uniformly bounded in any parameters.

This definition is clearly symmetric, in the sense that wheneverm 2 S.n/ and � 2Sn

we have
mŒf�.1/; : : : ; f�.n/� 2 S.n/: (3.39)

Further, by induction on n, our definition is consistent with interior products, in the sense
that if 2 � k � n, m1 2 S.k/, and m2 2 S.nC 1 � k/ then

m1
�
f1; : : : ; fk�1; m2Œfk ; : : : ; fn�

�
2 S.n/: (3.40)

We illustrate our paraproduct classes with an example motivated by (3.33):

Example 3.8. For all j~j � 1, the paraproduct

mŒf1; f2; f3� D
8~3

2~�@

�
f1

f2
2~�@

f3
2~C@

�
is an element of S.3/ that can be expressed in the form (3.38) with � D Id,

T D 2~
2~�@

; m1Œf1� D f1; m2Œf2� D
2~
2~�@

f2; m3Œf3� D
2~
2~C@

f3:

While paraproducts are often regarded as multilinear objects, our use of them here
is closer to that of a polynomial in a single variable, namely, q. More accurately, our
paraproducts will solely be populated by the objects appearing in the list presented in
Corollary 3.4. Moreover, in estimating these paraproducts, we will only be employing
the information (3.26) about these objects. With these considerations in mind, we will
frequently employ the expedient of writing paraproducts as mŒf; : : : ; f �. Similarly, if an
expression involves paraproductsm1; : : : ;mk 2 S.n/, we simply denote each paraproduct
by m as in, e.g., (3.47) below.

We demonstrate this notation with two examples from the proof of Proposition 3.12
below:

Example 3.9. If j~j � 1 the paraproduct

mŒf1; f2; f3� D 4~
2 f1
2~C@

f2
2~C@

f3 D
2~
2~C@

f1 �
2~
2~C@

f2 � f3

is an element of S.3/. We may then write

8i~3

2~�@

�
q

4~2�@2

ˇ̌
q0

4~2�@2

ˇ̌2�
D

2i~
2~�@

m
�

q
2~�@

; q0

2~�@
; Nq0

4~2�@2

�
D

2i~
2~�@

m
�
f

2~�@
; f 0

2~�@
; f 0

4~2�@2

�
; (3.41)

where each f represents either q or Nq, which are both elements of the list (3.25).
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One should observe that using the definition of S.3/, the expression (3.41) could be
further simplified to read

m1
�
f

2~�@
; f; f 0

4~2�@2

�
or even .2~/�2m2Œf; f; f �

with m1; m2 2 S.3/. However, we will need the additional structure appearing in (3.41)
when we apply Proposition 3.12.

Example 3.10. If j~j � 1 then, recalling Example 3.7, the paraproduct

mŒf1; f2; f3� D 2i
�
2~�@
2~C@

f1
�
f2f3

is again an element of S.3/. From (3.32), we then have

1
2~�@

�

 Œ2�.~/ q00

4~2�@2

�
D

2i~
2~�@

�
Nq

2~C@
q

2~�@
q00

4~2�@2

�
D

~
2~�@

m
�
Nq

2~�@
; q
2~�@

; q00

4~2�@2

�
D

~
2~�@

m
�
f

2~�@
; f
2~�@

; f 00

4~2�@2

�
; (3.42)

where each f represents an element of the list (3.25).

Just as in the case of (3.41), one could further simplify (3.42) to read

m1
�
f

2~�@
; f
2~�@

; f
�

or .2~/�2m2Œf; f; f �

with m1; m2 2 S.3/. The additional structure in (3.42) will be exploited later.
As a first application of our paraproducts we have the following:

Lemma 3.11. For ` � 1 and j~j � 1 we have the representations

1p
~
g
Œ2`C1�
12 .~/ D ~

2~�@
m
�
f; : : : ; f„ ƒ‚ …

`

; f
2~�@

; : : : ; f
2~�@„ ƒ‚ …

`C1

�
; (3.43)

1p
~
g
Œ�2`C1�
12 .~/ D ~

2~�@
m
�
f; : : : ; f„ ƒ‚ …

`

; f
2~�@

; : : : ; f
2~�@„ ƒ‚ …

`C1

�
; (3.44)

1p
~

�
g21
2C


�Œ2`C1�
.~/ D ~

2~C@
m
�
f; : : : ; f„ ƒ‚ …

`

; f
2~�@

; : : : ; f
2~�@„ ƒ‚ …

`C1

�
; (3.45)

1p
~

�
g21
2C


�Œ�2`C1�
.~/ D ~

2~C@
m
�
f; : : : ; f„ ƒ‚ …

`

; f
2~�@

; : : : ; f
2~�@„ ƒ‚ …

`C1

�
; (3.46)

where each m is in S.2` C 1/ and each f represents an element from the list (3.25).
Similar representations hold for g21 and g12

2C

.

Proof. We prove all four identities simultaneously by strong induction on `.
When `D 1, the identity (3.43) follows from (3.33). Using (3.11) and (3.32), we may

write
1p
~

�
g21
2C


�Œ3�
.~/ D ~

2.2~C@/

�
q � Nq

2~C@
�
Nq

2~C@

�
;
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which gives (3.45) when ` D 1. Using (3.11) we may also write

1p
~
g
Œ�3�
12 .~/ D � 4~

2~�@

�
q � 1

2~�@

�
2~�@p
~
g12

�
�

1
2~C@

�
2~C@p
~

g21
2C


��
;

1p
~

�
g21
2C


�Œ�3�
.~/ D � 2~

2~C@

�
q � 1

2~C@

�
2~C@p
~

g21
2C


�
�

1
2~C@

�
2~C@p
~

g21
2C


��
I

the identities (3.44) and (3.46) for ` D 1 then follow from Corollary 3.4.
Now assume that (3.43)–(3.46) are true for all 0 � `0 � ` � 1. Using (3.11) we see

that

1p
~
g
Œ2`C1�
12 .~/ D �

`�1X
nD0

4~
2~�@

�
q 1p

~
g
Œ2nC1�
12

1p
~

�
g21
2C


�Œ2.`�1�n/C1��
;

1p
~
g
Œ�2`C1�
12 .~/ D �

`�2X
nD0

4~
2~�@

�
q 1p

~
g
Œ2nC1�
12

1p
~

�
g21
2C


�Œ�2.`�1�n/C1��
�

4~
2~�@

�
q 1p

~
g
Œ�2`�1�
12

1p
~

�
g21
2C


��
;

1p
~

�
g21
2C


�Œ2`C1�
.~/ D �

`�1X
nD0

2~
2~C@

�
q 1p

~

�
g21
2C


�Œ2nC1� 1p
~

�
g21
2C


�Œ2.`�1�n/C1��
;

1p
~

�
g21
2C


�Œ�2`C1�
.~/ D �

`�2X
nD0

2~
2~C@

�
q 1p

~

�
g12
2C


�Œ2nC1� 1p
~

�
g21
2C


�Œ�2.`�1�n/C1��
�

2~
2~�@

�
q 1p

~

�
g21
2C


�Œ�2`�1� 1p
~

�
g21
2C


��
;

and hence (3.43) through (3.46) follow from the inductive hypothesis, (3.39), and (3.40).

As a second application, we have the following:

Proposition 3.12. Denote u D q

4~2�@2
. Then we have the representations

1p
~
g
Œ3�
12 .~/ D 16i~

4
juj2uC 24i~3juj2u0 C ~

2~�@
m
�
f

2~�@
; f
2~�@

; f 00

4~2�@2

�
C

~
2~�@

m
�
f

2~�@
; f 0

2~�@
; f 0

4~2�@2

�
D 16i~4juj2uC 24i~3juj2u0 C 8i~2juj2u00

C 8i~2ju0j2uC 12i~2.u0/2 NuC 1
2~�@

m
�
f

2~�@
; f 0

2~�@
; f 00

4~2�@2

�
C

@
2~�@

m
�
f

2~�@
; f
2~�@

; f 00

4~2�@2

�
C

@
2~�@

m
�
f

2~�@
; f 0

2~�@
; f 0

4~2�@2

�
; (3.47)


 Œ4�.~/ D �96~6juj4 � 96~5juj2
�
u0 Nu � u Nu0

�
Cm

�
f

2~�@
; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
Cm

�
f; f
2~�@

; f
2~�@

; f 00

4~2�@2

�
; (3.48)

1p
~
g
Œ5�
12 .~/ D �192~

7
juj4u � 480~6juj4u0 C 1

2~�@
m
�
f; f
2~�@

; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
C

1
2~�@

m
�
f; f; f

2~�@
; f
2~�@

; f 00

4~2�@2

�
; (3.49)
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 Œ6�.~/ D �1280i~9juj6 Cm
�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
; (3.50)

1p
~
g
Œ7�
12 .~/ D �2560i~

10
juj6uC 1

2~�@
m
�
f; f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
: (3.51)

Further, we have the representations

1p
~

�
g21
2C


�Œ3�
.~/ D 4~4juj2 NuC ~

2~C@
m
�
f

2~�@
; f
2~�@

; f 0

2~�@

�
D 4~4juj2 Nu � 8~3juj2 Nu0 � 2~3 Nu2u0 C 1

2~C@
m
�
f; f
2~�@

; f 00

4~2�@2

�
C

1
2~C@

m
�
f

2~�@
; f 0

2~�@
; f 0

2~�@

�
D 4~4juj2 Nu � 8~3juj2 Nu0 � 2~3 Nu2u0 C 4~2juj2 Nu00

C 6~2ju0j2 NuC 5~2. Nu0/2uC 1
2~C@

m
�
f

2~�@
; f 0

2~�@
; f 00

4~2�@2

�
C

@
2~C@

m
�
f

2~�@
; f
2~�@

; f 00

4~2�@2

�
C

@
2~C@

m
�
f

2~�@
; f 0

2~�@
; f 0

4~2�@2

�
;

(3.52)
1p
~

�
g21
2C


�Œ5�
.~/ D 32i~7juj4 NuC ~

2~C@
m
�
f; f
2~�@

; f
2~�@

; f
2~�@

; f 0

2~�@

�
D 32i~7juj4 Nu � 128i~6juj4 Nu0 � 48i~6juj2 Nu2u0

C
1

2~C@
m
�
f; f; f

2~�@
; f
2~�@

; f 00

4~2�@2

�
C

1
2~C@

m
�
f; f
2~�@

; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
; (3.53)

1p
~

�
g21
2C


�Œ7�
.~/ D �320~10juj6 NuC 1

2~C@
m
�
f; f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
: (3.54)

Throughout, the paraproduct m lies in S.n/ for an appropriate integer n, each f
represents an element from the list (3.25), and identical expressions hold with ~ replaced
by �~.

Proof. Using (3.32), we derive the identity


 Œ2� D 8i~3juj2 C 4i~2.u0 Nu � u Nu0/ � 2i~ju0j2: (3.55)

To obtain the first expansion for 1p
~
g
Œ3�
12 .~/ in (3.47), we use (3.11) to write

1p
~
g
Œ3�
12 D

4~2

2~�@
Œu
 Œ2�� � 1

2~�@
Œu00
 Œ2��

D
32i~5

2~�@
Œjuj2u�C 16i~4

2~�@
Œ.u0 Nu � u Nu0/u� � 8i~3

2~�@
Œju0j2u� � 1

2~�@
Œ
 Œ2�u00�:

Recalling Examples 3.9 and 3.10, the last two summands are of the form

2~i
2~�@

m
�
f

2~�@
; f 0

2~�@
; f 0

4~2�@2

�
C

~
2~�@

m
�
f

2~�@
; f
2~�@

; f 00

4~2�@2

�
(3.56)

and so acceptable.
For the remaining summands we first use

1
2~�@

D
1
2~
C

1
2~

@
2~�@

(3.57)
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to write

16i~4

2~�@
Œ.u0 Nu � u Nu0/u� D 8i~3.u0 Nu � u Nu0/uC 8i~3@

2~�@
Œ.u0 Nu � u Nu0/u�;

where we note that the second summand is of the form (3.56) and so acceptable. Expand-
ing further, we have

1
2~�@

D
1
2~
C

@
4~2
C

1
4~2

@2

2~�@
; (3.58)

which we apply to get

32i~5

2~�@
Œjuj2u� D 16i~4juj2uC 16i~3juj2u0 C 8i~3u2 Nu0 C 8i~3@2

2~�@
Œjuj2u�;

where the final summand is again of the form (3.56). This completes the proof of the first
expansion recorded in (3.47).

We now turn to the second expression for 1p
~
g
Œ3�
12 .~/ in (3.47). We again use (3.11) to

write

1p
~
g
Œ3�
12 D

32i~5

2~�@
Œjuj2u�C 16i~4

2~�@
Œ.u0 Nu � u Nu0/u� � 8i~3

2~�@
Œju0j2uC juj2u00�

�
1

2~�@
Œ.
 Œ2� � 8i~3juj2/u00�:

By (3.55), the final summand is seen to be of the form 1
2~�@

mŒ f
2~�@

; f 0

2~�@
; f 00

4~2�@2
�, and

so acceptable. We then use (3.57) to write

�
8i~3

2~�@
Œju0j2uC juj2u00� D �4i~2Œju0j2uC juj2u00� � 4i~2@

2~�@
Œju0j2uC juj2u00�

and note that the final summand is of the form

@
2~�@

m
�
f

2~�@
; f
2~�@

; f 00

4~2�@2

�
C

@
2~�@

m
�
f

2~�@
; f 0

2~�@
; f 0

4~2�@2

�
; (3.59)

and so acceptable. Applying (3.58), we similarly have

16i~4

2~�@
Œ.u0 Nu � u Nu0/u� D 8i~3Œ.u0 Nu � u Nu0/u�C 4i~2Œ.u0 Nu � u Nu0/u�0

C
4i~2@2

2~�@
Œ.u0 Nu � u Nu0/u�;

where the final summand is again of the form (3.59). Expanding even further, we have

1
2~�@

D
1
2~
C

@
4~2
C

@2

8~3
C

1
8~3

@3

2~�@
;

which we apply to the remaining term to get

32i~5

2~�@
Œjuj2u�s D 16i~4juj2uC 8i~3Œjuj2u�0 C 4i~2Œjuj2u�00 C 4i~2@3

2~�@
Œjuj2u�:

The final term is once again of the form (3.59) and so acceptable. Combining these expres-
sions, one obtains the second expansion recorded in (3.47).

Turning next to 
 Œ4�, we use (3.10) to write


 Œ4� D �1
2
Œ
 Œ2��2 � 2g

Œ3�
12g

Œ1�
21 � 2g

Œ1�
12g

Œ3�
21 :
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For the first summand, we use (3.55) to express

�
1
2
Œ
 Œ2��2 D 32~6juj4 C 32~5juj2.u0 Nu � u Nu0/Cm

�
f

2~�@
; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
:

For the second summand, we use (3.47) and (3.32) to write

�2g
Œ3�
12 g

Œ1�
21 D �32~

5
juj2u Nq

2~C@
� 48~4juj2u0 Nq

2~C@

Cm
�
f

2~�@
; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
Cm

�
f; f
2~�@

; f
2~�@

; f 00

4~2�@2

�
:

Writing
Nq

2~C@
D 2~ Nu � Nu0 (3.60)

in the first two terms on the right-hand side, we obtain

�2g
Œ3�
12 g

Œ1�
21 D �64~

6
juj4 C 32~5juj2u Nu0 � 96~5juj2u0 Nu

Cm
�
f

2~�@
; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
Cm

�
f; f
2~�@

; f
2~�@

; f 00

4~2�@2

�
:

Thus, using (3.6) we also have

�2g
Œ1�
12 g

Œ3�
21 D �64~

6
juj4 � 32~5juj2 Nuu0 C 96~5juj2 Nu0u

Cm
�
f

2~�@
; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
Cm

�
f; f
2~�@

; f
2~�@

; f 00

4~2�@2

�
:

Combining these expressions gives us (3.48).
Next, consider (3.49). Using (3.11) and then applying (3.48), we find

1p
~
g
Œ5�
12 D

1
2~�@

Œ
 Œ4� q�

D
1

2~�@
Œ�96~6juj4q � 96~5juj2.u0 Nu � u Nu0/q�

C
1

2~�@
m
�
f; f
2~�@

; f
2~�@

; f 0

2~�@
; f 0

2~�@

�
C

1
2~�@

m
�
f; f; f

2~�@
; f
2~�@

; f 00

4~2�@2

�
:

For the first term, we employ (3.58) to write

�
96~6

2~�@
Œjuj4q� D �192~7juj4u � 96~6.juj4u/0 � 96~6@2

2~�@
Œjuj4u�C 96~6

2~�@
Œjuj4 u00�;

where the third and fourth terms are seen to be acceptable. Similarly, for the remaining
term we apply (3.57) to get

�
96~5

2~�@
Œjuj2.u0 Nu � u Nu0/ q� D �192~6juj2.u0 Nu � u Nu0/u � 192~6@

2~�@
Œjuj2.u0 Nu � u Nu0/u�

C
96~5

2~�@
Œjuj2.u0 Nu � u Nu0/u00�;

where the second and third summands are similarly acceptable. This completes the proof
of (3.49).

For 
 Œ6�, we again use the quadratic identity (3.10) to write


 Œ6� D �
 Œ2�
 Œ4� � 2g
Œ5�
12g

Œ1�
21 � 2g

Œ3�
12g

Œ3�
21 � 2g

Œ1�
12g

Œ5�
21 :
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For the first term, we use (3.48) and (3.32) followed by (3.55) to obtain

�
 Œ2�
 Œ4� D 96~6juj4 
 Œ2� Cm
�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
D 768i~9juj6 Cm

�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
:

Next, applying (3.49) and (3.32) followed by (3.60), we have

�2g
Œ5�
12g

Œ1�
21 D �384i~

8
juj4u Nq

2~C@
Cm

�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
D �768i~9juj6 Cm

�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
:

Another application of (3.6) then gives us

�2g
Œ1�
12g

Œ5�
21 D �768i~

9
juj6 Cm

�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
:

For the remaining term, we use the first expansion in (3.47), (3.6), and (3.33) to
express

�2g
Œ3�
12g

Œ3�
21 D �16i~

9=2
juj2ug

Œ3�
21 � 16~

9=2
juj2 Nug

Œ3�
12 Cm

�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
D �512i~9juj6 Cm

�
f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
:

Combining all of these expressions gives us (3.50).
Using (3.11) and (3.50), we may write

1p
~
g
Œ7�
12 D

1
2~�@

Œ
 Œ6� q�

D
1

2~�@
Œ�1280i~9juj6q�C 1

2~�@
m
h
f; f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

i
D �2560i~10juj6uC 1

2~�@
m
h
f; f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

i
;

which settles (3.51).
Using (3.11), (3.32), and (3.60) we may write

1p
~

�
g21
2C


�Œ3�
D

~
2.2~C@/

�
q
�
Nq

2~C@

�2�
D

2~3

2~C@

�
u
�
Nq

2~C@

�2�
�

~
2.2~C@/

�
u00
�
Nq

2~C@

�2�
D

8~5

2~C@
Œjuj2 Nu� � 8~4

2~C@
Œjuj2 Nu0�C 2~3

2~C@
Œu. Nu0/2� � ~

2.2~C@/

�
u00
�
Nq

2~C@

�2�
;

from which the first expansion in (3.52) follows easily using

1
2~C@

D
1
2~
�

@
2~.2~C@/

:

To obtain the second expression in (3.52), we expand even further:

1p
~

�
g21
2C


�Œ3�
D

8~5

2~C@
Œjuj2 Nu� � 8~4

2~C@
Œjuj2 Nu0�C 2~3

2~C@
Œu. Nu0/2� � 2~3

2~C@
Œ Nu2u00�

C
1

2~C@
m
�
f

2~�@
; f 0

2~�@
; f 00

4~2�@2

�
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and use
1

2~C@
D

1
2~
�

@
4~2
C

@2

4~2.2~C@/

for the first summand and
1

2~C@
D

1
2~
�

@
2~.2~C@/

for the second summand. The last expression in (3.52) is derived by expanding 1
2~C@

one
further degree for each summand.

For (3.53) we again use (3.11), (3.32), and (3.60) to obtain

1p
~

�
g21
2C


�Œ5�
D

2i~
2~C@

�
q Nq
2~C@

1p
~

�
g21
2C


�Œ3��
D

8i~3

2~C@

�
u Nq
2~C@

1p
~

�
g21
2C


�Œ3��
�

2i~
2~C@

�
u00 Nq

2~C@
1p
~

�
g21
2C


�Œ3��
D

16i~4

2~C@

�
juj2 1p

~

�
g21
2C


�Œ3��
�

8i~3

2~C@

�
u Nu0 1p

~

�
g21
2C


�Œ3��
�

2i~
2~C@

�
u00 Nq

2~C@
1p
~

�
g21
2C


�Œ3��
:

We then expand 1
2~C@

and use (3.52) and to obtain (3.53).
Similarly, for (3.54) we use (3.52) and (3.53) to write

1p
~

�
g21
2C


�Œ7�
D

2i~
2~C@

�
q Nq
2~C@

1p
~

�
g21
2C


�Œ5��
�

2~
2~C@

�
q
�
1p
~

�
g21
2C


�Œ3��2�
D �

64~8

2~C@

�
q Nq
2~C@
juj4 Nu

�
�

32~9

2~C@
Œqjuj4 Nu2�

C
1

2~C@
m
�
f; f; f; f

2~�@
; f
2~�@

; f
2~�@

; f 0

2~�@

�
;

to which we apply (3.60).

4. Local smoothing for the DNLS

In this section we prove local smoothing for Schwartz solutions of (DNLS):

Proposition 4.1 (Local smoothing for the DNLS). Let Q � � be an L2-bounded and
equicontinuous set such that

Q� D ¹e
tJrHq W jt j � 1 and q 2 Qº

is a ı-good set for a sufficiently small ı. Then the local smoothing estimate

kqkX1=2 . kq.0/kL2 (4.1)

holds uniformly for q.0/ 2 Q.
Further, equicontinuity holds in the local smoothing topology, in the sense that

lim
�!1

sup
q.0/2Q

kqk
X
1=2
�
D 0: (4.2)
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We remind the reader that Corollary 1.9 guarantees that for any L2-bounded and
equicontinuous set Q, there is a uniform rescaling such that the corresponding Q� is
ı-good. For the remainder of this section, we fix Q� � � satisfying the hypotheses of
Proposition 4.1.

Our proof of Proposition 4.1 rests on the microscopic conservation law presented in
Proposition 3.5. Taking

��.x/ D

Z x

0

 �.y/
24 dy; (4.3)

and integrating by parts, we obtain

Im
Z 1

�1

Z
jDNLS.~I q.t// 

24
� dx dt D Im

Z
�.~I q.t//�� dx

ˇ̌̌̌tD1
tD�1

: (4.4)

To bound the right-hand side of this expression, we use the following:

Lemma 4.2 (Estimate for �). The following estimates hold uniformly for q 2Q�, �;~�1,
and � 2 R:ˇ̌̌̌Z

Im �.~I q/ �� dx

ˇ̌̌̌
. ~�1kqk2E�

2�;~
Œ1C kqk2

L2
�; (4.5)Z 1

�

Z ˇ̌̌̌
Im
Z
�.~I q/�� dx

ˇ̌̌̌
e�

1
200 jh��j d�d~ . kqk2E��;� Œ1C kqk

2
L2
�: (4.6)

Proof. A computation yields

Im
Z
�Œ2�.~I q/�� dx D

1
2i

Z
Nq ��

q0

4~2�@2
dx � 1

2i

Z
q��

Nq0

4~2�@2
dx;

so using (2.13) we getˇ̌̌̌
Im
Z
�Œ2�.~I q/�� dx

ˇ̌̌̌
� ~�1k��qkE1=2

1;~

kqk
E
1=2
1;~

. ~�1kqk2E�
2�;~

:

Turning to the higher order terms, we use (3.34) and (3.35) to write

�Œ�4�.~I q/ D q � �2i
2~C@

�
q
�
g21
2C


�2�
C Nq � 2i

2~�@

�
Nq
�
g12
2C


�2�
:

Thus, by (3.14) and the fact that k 1
2~˙@
kop . ~�1, we obtainˇ̌̌̌

Im
Z
�Œ�4�.~I q/�� dx

ˇ̌̌̌
. ~�1k��qkL2kqkL2

�

 g12
2C




2
L1
C


 g21
2C




2
L1

�
. ~�1kqk2

L2
kqk2E�

2�;~
;

which completes the proof of (4.5).
The estimate (4.6) follows from (4.5) and Lemma 2.2.

Turning to the left-hand side of (4.4), the main challenge is to control the remainder
terms j Œ�4�DNLS. To do so, we need to distribute the exponential weight  24� across the argu-
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ments of paraproducts in S.n/. To accomplish this, we introduce a modified space of
paraproducts, Sloc.n/, which involve a spatial parameter � 2 R. While this construction
will aid our proof of Proposition 4.1, its true value will only become clear when we turn
to the significantly more involved problem of obtaining local smoothing estimates for the
difference flow in Section 6.

We define an extended set of generators

Gloc D G [ ¹S˙1 `�S
�1 �`� ;  `�S

˙1 �`� S�1 W j`j � 24 is an integer and S 2 G ?º;

(4.7)

which are�-dependent operators. Recall that the set G was defined in (3.36) and generates
the set G ? of finite words over the alphabet G , as in (3.37). We similarly take G ?loc to be
the set of words over the alphabet Gloc.

Example 4.3. If j~j � 1 and j`j � 24 is an integer then

 `�
2~
2~C@

 �`� D
�
 `�

2~
2~C@

 �`�
2~C@
2~

�
2~
2~C@

2 G ?loc:

Paralleling the construction of S.n/, we say that a paraproduct m is in Sloc.1/ if it
admits a representation as a finite linear combination of elements of G ?loc.

For n � 2, we inductively define Sloc.n/ as finite linear combinations of paraproducts
that admit the representation

mŒf1; : : : ; fn� D T
h JY
jD1

mj Œf�.nj�1C1/; : : : ; f�.nj /�
i
; (4.8)

where 0 D n0 < � � � < nJ D n are integers,mj 2 Sloc.nj � nj�1/, T 2 G ?loc, and � 2 Sn.
On both sides of (4.8), all paraproducts are evaluated at a common value of �. This will
be the standing convention whenever we combine paraproducts in Sloc.n/.

As in the case of S.n/, we require all coefficients in these linear combinations to be
uniformly bounded in any parameters.

Example 4.4. Recall from Example 3.8 that for j~j � 1, the paraproduct

mŒf1; f2; f3� D
8~3

2~�@

�
f1

f2
2~�@

f3
2~C@

�
is in S.3/. We may write

 24� mŒf1; f2; f3� D zmŒ 
8
�f1;  

8
�f2;  

8
�f3�;

where zm 2 Sloc.3/ has representation

zmŒf1; f2; f3� D  
24
�

8~3

2~�@

�
 �8� f1 �

 �8� f2
2~�@

�
 �8� f3
2~C@

�
;

which can be expressed as in (4.8) with � D Id, T D  24�
2~
2~�@

 �24� ,

m1Œf1� D f1; m2Œf2� D  
8
�

2~
2~�@

. �8� f2/; m3Œf3� D  
8
�

2~
2~C@

. �8� f3/:

Example 4.4 demonstrates one of the key motivations for the introduction of this
class of paraproducts; this is codified in property (i) of Lemma 4.6. It is mandated by
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the necessity of employing local smoothing estimates on each and every argument of our
paraproducts.

We first record a result which will be used in the proof of Lemma 4.6.

Lemma 4.5. If T 2 G ?loc, then the conjugated operators

2C@
2
T 2
2C@

; 2�@
2
T 2
2�@

; 2
2C@

T 2C@
2

and 2
2�@

T 2�@
2

(4.9)

belong to Sloc.1/.

Proof. By definition, any T 2 G ?loc may be written as a finite product of the generators Gloc.
As conjugating a product is equivalent to conjugating each factor, it suffices to verify the
claim in the case T 2 Gloc.

The elements of Gloc come in five kinds. The easiest case to deal with is T 2 G because
then T commutes with 2 ˙ @ and all four operators in (4.9) are equal to T . In what
follows, we will treat the first two operators in (4.9) for each of the four remaining kinds
of generators in Gloc. The remaining two operators in (4.9) may be treated in a parallel
manner.

To unify our treatment of the first two operators in (4.9), we will show that

2�C@
2�

T 2�
2�C@

is a linear combination of words in G ?loc (4.10)

for any j�j� 1whenever T DS˙1 `�S
�1 �`� or T D `�S

˙1 �`� S�1 with S 2G ?n¹Idº
and j`j � 24.

If T D S�1 `�S 
�`
� , we write

2�C@
2�

T 2�
2�C@

D
��
S 2�
2�C@

��1
 `�
�
S 2�
2�C@

�
 �`�

��
 `�

2�C@
2�

 �`�
2�
2�C@

�
2 G �loc:

Similarly, if T D  `�S
�1 �`� S we may write

2�C@
2�

T 2�
2�C@

D
�
2�C@
2�

 `�
2�
2�C@

 �`�
��
 `�
�
S 2�
2�C@

��1
 �`�

�
S 2�
2�C@

��
2 G �loc:

Next we consider the case T D S `�S
�1 �`� . By the definition of G ?, we may write

S D 2~
2~C@

zS or S D 2~
2~�@

zS for some j~j � 1 and zS 2 G ?. We present the details in the
case S D 2~

2~C@
zS ; the remaining case can be treated analogously.

Using the identity
2�C@
2�

2~
2~C@

D
2~
2~C@

C
~
�

@
2~C@

and the symmetric identity with ~ $ �, we may express

2�C@
2�

S `�S
�1 2�

2�C@
D S `�S

�1 2�
2�C@

C
~
�

@
2~C@

zS `�
zS�1 2~C@

2~
2�
2�C@

D S `�S
�1 2�

2�C@
C

~
�

@
2~C@

zS `�
zS�1

�
2�
2�C@

C
�
~

@
2�C@

�
D S `�S

�1 2�
2�C@

C
�
2�C@
2�

2~
2~C@

�
2~
2~C@

�
zS `�
zS�1 2�

2�C@

C
@

2~C@
zS `�
zS�1 @

2�C@

D S `�S
�1 2�

2�C@
C

2�C@
2�

2~
2~C@

zS `�
zS�1 2�

2�C@

�
2~
2~C@

zS `�
zS�1 2�

2�C@
C

@
2~C@

zS `�
zS�1 @

2�C@
: (4.11)



Global well-posedness for the derivative nonlinear Schrödinger equation in L2.R/ 47

We then apply (4.11) to get

2�C@
2�

T 2�
2�C@

D
�
2�C@
2�

S `�S
�1 2�

2�C@

��
2�C@
2�

 �`�
2�
2�C@

�
D T 2�

2�C@
C

2~
2~C@

�
2�C@
2�
zT 2�
2�C@

�
�

2~
2~C@

zT 2�
2�C@

C
@

2~C@
zT
�
 `�

@
2~C@

 �`�
��
 `�

2�C@
2�

 �`�
2�
2�C@

�
; (4.12)

where zT D zS `� zS
�1 �`� 2 G ?loc. By using Examples 3.7 and 4.3, we see that

@
2~C@

D Id � 2~
2~C@

and  `�
@

2~C@
 �`� D Id �

�
 `�

2~
2~C@

 �`�
2~C@
2~

�
2~
2~C@

(4.13)

are linear combinations of words in G ?loc. Consequently, (4.12) shows that if 2�C@
2�
zT 2�
2�C@

is a linear combination of words in G ?loc then so is 2�C@
2�

T 2�
2�C@

. In this case, (4.10) follows
by induction on the minimal number of letters required to spell S as in the sense (3.37).
The base case corresponds to taking zT D Id.

Finally, we consider the case T D  `�S 
�`
� S�1. Arguing as in the previous case and

using (4.11) (with ` replaced by �`), we get

2�C@
2�

T 2�
2�C@

D
�
2�C@
2�

 `�
2�
2�C@

��
2�C@
2�

S �`� S�1 2�
2�C@

�
D
�
2�C@
2�

 `�
2�
2�C@

 �`�
�
T 2�
2�C@

C
�
2�C@
2�

 `�
2~
2~C@

 �`�
2�
2�C@

�
2�C@
2�
zT 2�
2�C@

�
�
2�C@
2�

 `�
2�
2�C@

 �`�
��
 `�

2~
2~C@

 �`�
2~C@
2~

�
2~
2~C@

zT 2�
2�C@

C
�
2�C@
2�

 `�
2�
2�C@

 �`�
��
 `�

@
2~C@

 �`�
�
zT @
2�C@

;

where zT D  `� zS 
�`
�
zS�1 2 G ?loc. Using (4.13) and observing that

2�C@
2�

 `�
2~
2~C@

 �`�
2�
2�C@

D
2~
2~C@

�
2�C@
2�

2~C@
2~

 `�
2~
2~C@

2�
2�C@

 �`�
��
 `�

2�C@
2�

 �`�
2�
2�C@

�
is a word over the alphabet Gloc, we again see that whenever 2�C@

2�
zT 2�
2�C@

is a linear com-
bination of words in G ?loc, so is 2�C@

2�
T 2�
2�C@

. The proof of (4.10) in this case is completed
by inducting on the minimal number of letters required to spell S .

Lemma 4.6 (Properties of Sloc.n/).

(i) (Distribution of exponential weights) If m 2 S.n/ then for any nonnegative
`0; : : : ; `n with `0 C � � � C `n D 24 we have

mŒf1; : : : ; fn� 
24
� D  

`0
� m1Œ 

`1
� f1; : : : ;  

`n
� fn�;

mŒf1; : : : ; fn 
24
� � D  

`0
� m2Œ 

`1
� f1; : : : ;  

`n
� fn�;

where mj 2 Sloc.n/.

(ii) (Symmetry) If m 2 Sloc.n/ and � 2 Sn then

mŒf�.1/; : : : ; f�.n/� 2 Sloc.n/:

(iii) (Interior products) If 2 � k � n, m1 2 Sloc.k/, and m2 2 Sloc.nC 1 � k/ then

m1
�
f1; : : : ; fk�1; m2Œfk ; : : : ; fn�

�
2 Sloc.n/:



B. Harrop-Griffiths, R. Killip, M. Ntekoume, M. Vişan 48

(iv) (Leibniz rule) If n � 2 and m 2 Sloc.n/ then

mŒf 01 ; : : : ; fn�1; fn� D @m1Œf1; : : : ; fn�Cm2Œf1; .2 � @/f2; f3; : : : ; fn�

C � � � CmnŒf1; : : : ; fn�1; .2 � @/fn�; (4.14)

where m1; : : : ; mn 2 Sloc.n/.

(v) (Hölder’s inequality) If m 2 Sloc.n/ and 1 � p; pj � 1 with 1=p D 1=p1 C

� � � C 1=pn then

kmŒf1; : : : ; fn�kLp .
nY

jD1

kfj kLpj ; (4.15)

uniformly in �.

Proof. Part (ii) is an immediate consequence of the definition. Part (iii) follows from an
easy induction in k.

We turn now to the proof of part (i), which we prove by induction on n. We will
prove the very slightly stronger statement that for all m 2 S.n/, and nonnegative integers
`0; : : : ; `n with `0 C � � � C `n D ` � 24 we may find zm 2 Sloc.n/ such that

mŒf1; : : : ; fn� 
`
� D  

`0
� zmŒ 

`1
� f1; : : : ;  

`n
� fn�: (4.16)

For the base case of (4.16) we write m 2 S.1/ as a linear combination

mŒf � D

nX
iD1

ciTif;

where ci 2 C and Ti 2 G ?. In this case, (4.16) follows from writing

mŒf � `� D  
`0
�

nX
iD1

ci . 
`1
� Ti 

�`1
� /Œ `1� f � D  

`0
� zmŒ 

`1
� f �

and noting that  `1� Ti 
�`1
� D Œ 

`1
� Ti 

�`1
� T �1i �Ti 2 G ?loc.

For the inductive step, we fix N � 2 and assume that (4.16) is true for all 1 � n �
N � 1. We recall that elements of S.N / are linear combinations of paraproducts with the
representation

mŒf1; : : : ; fN � D T
h JY
jD1

mj Œf�.nj�1C1/; : : : ; f�.nj /�
i
;

where 0 D n0 < � � � < nJ D N ,mj 2 S.nj � nj�1/, T 2 G ?, and � 2 SN . Without loss
of generality, we assume � D Id. Applying the inductive hypothesis we write

mŒf1; : : : ; fN � 
`
� D  

`0
� . 

`�`0
� Ti 

`0�`
� /

h
 `�`0�

JY
jD1

mj Œfnj�1C1; : : : ; fnj �
i

D  `0�
zT
h JY
jD1

zmj Œ 
`nj�1C1
� fnj�1C1; : : : ;  

`nj
� fnj �

i
;
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where zT D  `�`0� T 
`0�`
� 2 G ?loc and zmj 2 Sloc.nj � nj�1/. From (4.8), it is then clear

that zm 2 Sloc.N /. The proof of the inductive step is completed by considering linear
combinations of paraproducts of this form.

We now turn to part (iv), which is also proved by induction on n. All the requisite
ideas can be understood most transparently from the treatment of the base case n D 2.

Given a word T 2 G ?loc, we express

2
2�@

T @ D 2
2C@

T 2C@
2

2C@
2�@
�

2
2�@

T 2�@
2
; (4.17)

@T 2
2�@
D

2C@
2
T 2
2C@

2C@
2�@
�
2�@
2
T 2
2�@

: (4.18)

By Example 3.7 (with ~ D �1) the operator 2C@
2�@

is a linear combination of words in G ?.
Combining this with Lemma 4.5, we see that both LHS(4.17) and LHS(4.18) are linear
combinations of words in G ?loc.

For the base step n D 2, it suffices to consider m 2 Sloc.2/ that can be expressed as

mŒf1; f2� D T
�
h1Œf1� � h2Œf2�

�
;

where T 2 G ?loc and h1; h2 2 Sloc.1/. We define the paraproducts k1; k2 via

k1Œf � D
1
2�@

h1Œf
0�; k2Œf � D @h2

�
f
2�@

�
:

By (4.17) and (4.18) we see that k1; k2 2 Sloc.1/. We also define

`Œf � D h2
�
2
2�@

f
�

and have ` 2 Sloc.1/ by definition.
We then compute

mŒf 01 ; f2� D T
�
.2� @/k1Œf1� � h2Œf2�

�
D T .2� @/

�
k1Œf1� � h2Œf2�

�
CT

�
k1Œf1� � @h2Œf2�

�
D .2� @/S

�
k1Œf1� � h2Œf2�

�
CT

�
k1Œf1� � k2Œ.2� @/f2�

�
D�@S

�
k1Œf1� � h2Œf2�

�„ ƒ‚ …
D@m1Œf1;f2�

CS
�
k1Œf1� � `Œ.2� @/f2�

�
CT

�
k1Œf1� � k2Œ.2� @/f2�

�„ ƒ‚ …
Dm2Œf1;.2�@/f2�

;

where S D 2
2�@

T 2�@
2
2 G ?loc by (4.10) and m1; m2 2 Sloc.2/ by definition.

To prove part (v), we first apply Lemma 2.9 to see that every element of G ?loc is
bounded on Lp whenever 1 � p �1. The claim follows from a final induction on n.

To state our paraproduct estimates for (DNLS), it will once again be convenient to
employ the convention that if m 2 Sloc.n/ and f1; : : : ; fn satisfy the estimates (3.26),
then we denote the expression mŒf1; : : : ; fn� by mŒf; : : : ; f �. Moreover, if an expression
involves several paraproducts m1; : : : ; mk 2 Sloc.n/, then we denote each paraproduct
by m.

With this convention in hand, we turn to our paraproduct estimates for (DNLS):
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Lemma 4.7. Let m 2 Sloc.4/ and f satisfy (3.26). Then the following estimates hold
uniformly for h 2 R and j~j � 1:Z ˇ̌̌̌Z

m
�
 6�f; 

6
�f;

 6�f

2~�@
; 2�@
2~�@

. 6�f /
�
dx

ˇ̌̌̌
e�

1
200 jh��j d�

C

Z ˇ̌̌̌Z
m
�
 6�f; 

6
�f; 

6
�f;

2�@
4~2�@2

. 6�f /
�
dx

ˇ̌̌̌
e�

1
200 jh��j d�

. j~j�1kqk2
F 1=2.h/

kqk2E�
2�;~

: (4.19)

Further, if m 2 Sloc.6/ then uniformly for h 2 R and j~j � 1,Z ˇ̌̌̌Z
m
�
 4�f; 

4
�f; 

4
�f; 

4
�f;

 4�f

2~�@
;
 4�f

2~�@

�
dx

ˇ̌̌̌
e�

1
200 jh��j d�

. j~j�1kqk2
F 1=2.h/

kqk2E��
kqk2E�

2�;~
: (4.20)

Proof. To prove these estimates, we decompose each f into Littlewood–Paley pieces and
estimate the two highest frequencies in L2 with a view to employ (2.30). To estimate the
remaining lower frequency pieces, we rely on the following lemma.

Lemma 4.8. For any f satisfying (3.26), we have

k. `�f /N kL1 . N 1=2�� .1CN/�kqkE�� ; (4.21)

k. `�f /N kL1 . j~j��N 1=2�� .j~j CN/2�kqkE�
2�;~

; (4.22)

uniformly for 0 � ` � 12 and N 2 2Z. In particular,X
M�N

1
j~jCM

k. `�f /MkL1 . N1=2�� .1CN/�

j~j1=2.j~jCN/1=2
kqkE�� ; (4.23)X

M�N

1
j~jCM

k. `�f /MkL1 . N1=2

j~j1=2.j~jCN/1=2
kqkE�

2�;~
: (4.24)

Proof. The bounds (4.21) and (4.22) follow easily from Bernstein’s inequality, (2.13),
and (3.26). To obtain the last two bounds, one considers separately the contribution from
M � j~j and M > j~j.

We start by considering (4.20). By decomposing into Littlewood–Paley pieces and
employing Lemma 4.8, we findZ
m
�
 4�f; 

4
�f; 

4
�f; 

4
�f;

 4�f

2~�@
;
 4�f

2~�@

�
dx

.
X
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1
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2Y
jD1

kPNj . 
4
�f /kL2

6Y
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kPNj . 
4
�f /kL1

.
X
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j~j�1N2�4�
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.1CN2/
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.j~jCN2/1�2�
kPN1. 

4
�f /kL2kPN2. 

4
�f /kL2kqk

2
E��
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2�;~

. j~j�1k 4�f k
2
H1=2
kqk2E��

kqk2E�
2�;~

:

In view of (2.30) and (3.26), this contribution is acceptable.
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Next we consider the first term on LHS(4.19). Decomposing into Littlewood–Paley
pieces once again, we have

m
�
 6�f; 

6
�f;

 6�f

2~�@
; 2�@
2~�@

. 6�f /
�

D

X
M1;M2;M3;M4
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�
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6
�f /; PM2. 

6
�f /;

PM3 . 
6
�f /

2~�@
; 2�@
2~�@

PM4. 
6
�f /

�
:

To continue, we split the sum into two pieces: the first where M4 < maxMj and the
second where M4 D maxMj .

For the first summand, we apply (4.15) to estimate the terms with the two highest
frequencies in L2 and the remaining terms in L1. We then apply Bernstein’s inequality
followed by (4.24) to the N4-term and (4.22) to the N3-term to estimateX
M1;M2;M3;M4
M4<maxMj

ˇ̌̌̌Z
m
�
PM1. 

6
�f /; PM2. 

6
�f /;
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6
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; 2�@
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6
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.
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6
�f /kL2

4Y
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6
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6
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:

Note that the frequency parameters Nj represent a permutation of the parameters Mj
so as to account for the largest contribution. Integrating with respect to the measure
e�

1
200 jh��j d� and applying (2.30) and (3.26), we obtain an acceptable contribution.
For the second summand, we first use (4.14) to redistribute the derivative:X
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6
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6
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6
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PM4 . 
6
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;
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where each mj is in Sloc.4/. We then proceed as in the first case to estimate each term by

X
N1�N2�N3�N4

.1CN2/
.j~jCN1/.j~jCN4/

2Y
jD1

kPNj . 
6
�f /kL2

4Y
jD3

kPNj . 
6
�f /kL1

.
X

N1�N2

.1CN2/
2��

j~j�C1=2.j~jCN1/.j~jCN2/1=2�2�
kPN1. 

6
�f /kL2kPN2. 

6
�f /kL2kqk

2
E�
2�;~

. j~j�1k 6�f k
2
H1=2
kqk2E�

2�;~
;

which is seen to be acceptable after an application of (2.30) and (3.26).
Applying a parallel argument, the second term on LHS(4.19) can be bounded by

X
N1�N2�N3�N4

.1CN2/
.j~jCN2/.j~jCN4/

2Y
jD1

kPNj . 
6
�f /kL2

4Y
jD3

kPNj . 
6
�f /kL1 ;

which is acceptable, as demonstrated above. This completes the proof of (4.19).

Combining Proposition 3.12 and Lemma 4.7, we have the following:

Lemma 4.9. The following estimate holds uniformly for q 2 Q�, h 2 R, and ~ � 1:Z ˇ̌̌̌
Im
Z
j
Œ�4�
DNLS.~/ 

24
� dx

ˇ̌̌̌
e�

1
200 jh��j d� . j~j�1kqk2
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In particular, in view of Lemma 2.2,Z 1
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Z 1
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Z
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:

(4.26)

Proof. Using (3.29) and (3.6), we may write
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Using (3.46), we may integrate by parts to obtainZ
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where m 2 Sloc.4/. We then apply (4.19) to obtainZ ˇ̌̌̌Z
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Similarly, from (3.46) we haveZ
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where m 2 Sloc.6/. Recalling (3.32) and (3.60) we obtainZ �
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where m 2 Sloc.4/ and we recall that u D q

4~2�@2
. Applying (4.19) and (4.20) then gives
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Another application of (3.46) gives usZ
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where m 2 Sloc.6/. Further, from (3.52) we haveZ �p
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where m 2 Sloc.4/. Once again we use (4.19) and (4.20) to boundZ ˇ̌̌̌Z �p
~
�
g21
2C


�Œ�3�
.~/ � 4~5juj2 Nu

�
q 24� dx

ˇ̌̌̌
e�

1
200 jh��j d�

. j~j�1kqk2
F 1=2.h/

kqk2E�
2�;~

:

In particular,Z ˇ̌̌̌Z �p
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The estimate (4.25) then follows from combining (4.28) through (4.30).

Proof of Proposition 4.1. Combining the identity (4.4) with Lemmas 4.2 and 4.9 we findZ 1
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It remains to consider the quadratic terms in jDNLS. A computation yields
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We may then integrate by parts to obtain
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Integrating in ~ over Œ�;1/, using (2.4) and then (4.31) we get
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we then get
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To prove (4.1) we first take � D 1 and use (1.19) to absorb the first term on the right-
hand side of (4.33) into the left-hand side, and then invoke the conservation of the L2

norm. The estimate (4.2) follows from using (4.1) in (4.33) and then applying (2.3).

5. Tightness

The goal of this section is to show that the family of orbits emanating from anL2-precom-
pact set of Schwartz initial data remains tight, at least for times t 2 Œ�1; 1�. We begin by
constructing a suitable function �R for localizing to the spatial region jxj � R for given
R � 100. For such R, we first define

�R.x/ D
1
R

Z
R�j�j�2R

sgn.�/ �.x/24 d�:
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Note that �R is odd and vanishes at x D 0. We then define

�R.x/ D

Z x

0

�R.y/ dy;

which is even and everywhere positive. Indeed

�R.x/ & 1 uniformly for jxj � 2R � 200:

In view of this property of �R, a bounded subset Q � L2 is tight in L2 ifZ
�R.x/jq.x/j

2 dx ! 0 as R!1, uniformly for q 2 Q.

Proposition 5.1 (Tightness for (DNLS)). SupposeQ� � is anL2-bounded and equicon-
tinuous set for which

Q� D ¹e
tJrHq W jt j � 1 and q 2 Qº

is ı-good for some sufficiently small ı. If Q is also tight, then so too is Q�.

Proof. From the microscopic conservation law (1.1) we obtain
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Our goal is to deduce the tightness ofQ� from that ofQ by estimating the right-hand side
above in L1.Œ�1; 1�I dt/ and showing that it converges to zero as R!1.

For the first term on RHS(5.1) we haveZ 1
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where the second inequality follows from decomposing into frequencies� � and> �. For
the second term on RHS(5.1), we apply the Gagliardo–Nirenberg inequality to bound
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In this way we deduce that
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By Fubini, (2.1), and (2.32) we then have
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which can be made arbitrarily small by first choosing � large and applying (4.2), and then
choosing R large.
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6. Local smoothing for the difference flow

In this section we prove local smoothing for Schwartz solutions of the difference flow.

Proposition 6.1 (Local smoothing for the difference flow). LetQ � � be anL2-bounded
and equicontinuous set such that

Q� D ¹q.t I �/ D e
tJr.H�H�/q W t 2 R; q 2 Q; and � � 2º

is a ı-good set for a sufficiently small ı > 0. Then the local smoothing estimate

kqk
X
1=2
�

. kq.0/kL2 (6.1)

holds uniformly for � � 2 and q.0/ 2 Q.

Our proof will mirror that of Proposition 4.1. Once again, we take 0 < � < 1=2 and
Q� as in the hypothesis of Proposition 6.1. Taking �� to be defined as in (4.3) and using
Propostion 3.5, we integrate by parts to obtain
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Once again, our main challenge will be to estimate the remainder terms j Œ�4�diff . To this
end, we start with the following collection of paraproduct estimates, where we use the
shorthand d�h D e�

1
200 jh��j d�:

Lemma 6.2. The following paraproduct estimates hold uniformly for q 2 Q�, h 2 R,
j~j; j�j � 1, and functions f that are admissible in the sense of (3.26):
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Proof. For all of the ensuing estimates, we follow the argument of Lemma 4.7:

(1) Decompose into Littlewood–Paley pieces.

(2) If derivatives fall at high frequency, integrate by parts using (4.14).

(3) Estimate the two highest frequency terms in L2 and the remaining terms in L1 using
(4.15).

(4) Estimate the low frequency terms using Lemma 4.8.

(5) Bound the highest two frequency terms using (2.30).
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We illustrate this in detail with the first term on LHS(6.3). By decomposing into
Littlewood–Paley pieces, we considerX
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We now decompose the sum into three parts.
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where we note that the Mj have been permuted in the first inequality to account for the
largest contribution. This is acceptable after integrating with respect to e�

1
200 jh��j d� and

applying (2.30).
The second summand is whereM3 �M4 D maxMj . Here, we use (4.14) to integrate

by parts and then proceed as for the first summand to obtainX
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which is again acceptable.
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The final summand, where M4 < M3 D maxMj , is estimated in a similar way, using
(4.14) to obtain a contribution of
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which is again acceptable, as before.
The remaining terms on LHS(6.3) are estimated similarly. In each case, their contri-

bution is bounded by
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For (6.4), we proceed similarly, to obtain a bound of
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For the estimate (6.5) we argue as before to obtain a bound of
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which is once again acceptable.
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The sextic terms are estimated similarly. For (6.6), after integrating by parts we obtain
a bound ofX
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which is acceptable.
Similarly, we may bound LHS(6.7) by
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For (6.8), after integrating by parts we may bound each term by
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which is again acceptable.
Turning to (6.9), our basic technique gives us a bound ofX
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Turning next to the octic estimates, we may bound LHS(6.10) by
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Again applying our basic technique to (6.12), we obtain a bound of
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Finally, (6.13) again follows the argument of (6.9), (6.11), estimating the low fre-
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This completes the proof of the lemma.

Combining Propositions 3.12 and Lemma 6.2, we obtain the following:
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Proof. From (3.32), we have
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:

We now proceed to use Proposition 3.12 and Lemma 6.2 to remove the leading order
terms from each line as follows:
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where m 2 Sloc.8/, which we bound using (6.10). Similarly, we use (3.53) to writeZ �p
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where each m is in Sloc.4/, and then apply (6.3). Combining these estimates and using
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where m 2 Sloc.6/. Using the second expression on RHS(3.52) we get
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where each m is in Sloc.4/. Again applying (6.10), (6.6), (6.3), respectively, and using
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where m 2 Sloc.4/, and can then apply (6.6). Finally, using that
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For the remaining terms, first use (3.50) to writeZ
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where m 2 Sloc.6/. As a consequence, if we introduce
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It remains to extract the leading order terms from (6.21). We first use (3.11) and (3.46)
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where each m is in Sloc.4/. This is estimated using (6.5). Also using (3.47) we haveZ �
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where each m 2 Sloc.6/. A final application of (6.8) and (1.19) gives us the estimateZ ˇ̌̌̌Z
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form 2 S.4/ andm 2 S.6/, respectively. As a consequence, we may apply (6.5) and (6.8)
to obtainZ ˇ̌̌̌Z

(6.34) 24� dx

ˇ̌̌̌
e�

1
200 jh��j d� . j~j�1kqk2

F
1=2
� .h/

kqk2E�
2�;~

; (6.35)

We now collect the leading order terms from our above estimates into quartic and
sextic contributions, as follows:
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Combining the estimates (6.23)–(6.27), (6.29), (6.30), (6.33), (6.35) gives usZ ˇ̌̌̌
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To estimate J1, we write
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where each m is in S.4/. Applying (6.3)–(6.5) we then haveZ ˇ̌̌̌Z �
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For the remaining term in J1, we compute that
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Collecting these bounds gives usZ ˇ̌̌̌Z
J1 

24
� dx

ˇ̌̌̌
e�

1
200 jh��j d�

. kqk2
F
1=2
� .h/

�
j~j�1kqk2E�

2�;~
C

�
�2C~2

kqk2E��

�
: (6.37)



B. Harrop-Griffiths, R. Killip, M. Ntekoume, M. Vişan 72

Finally, we consider J2. Arguing as for J1 we have
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where each m is in S.6/. Applying (6.6)–(6.8) gives usZ ˇ̌̌̌Z �
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For the remaining term we compute that
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(6.38)

The estimate (6.14) now follows from combining (6.36)–(6.38).

Proof of Proposition 6.1. Recall (6.2). Using Lemma 4.2 and (2.4), we estimateˇ̌̌̌Z
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Integrating by parts and then applying (2.13) we may bound the contribution of the last
three summands as follows:ˇ̌̌̌Z ®
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Combining these estimates gives us
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Collecting (6.39), (6.41), (6.14), and using (2.5), we haveZ 
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we then get
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Using (1.19) to absorb the first term on the right-hand side into the left-hand side, (6.1)
then follows from the conservation of the L2 norm.

7. Convergence of the difference flow

Our main goal in this section is to prove that as �!1, the flow determined by the differ-
ence of the HamiltoniansH diff

� DH �H� converges to the identity, locally in spacetime,
uniformly over L2-bounded and equicontinuous sets.
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Theorem 7.1 (Difference flow converges to the identity). Let Q � �.R/ be an L2-
bounded and equicontinuous set such that
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A quick computation reveals that

i d
dt
. 12� e

tJrH diff
� q/ D  12� ŒF�.e

tJrH diff
� q/�0

where

F�.q/ D �q
0
� i jqj2q C 2�Œ

p
�g12.�/ �

p
��g12.��/�:

Thus, (7.1) will follow from

lim
�!1

sup
q2Q�

sup
�2R
k 12� F�.q/kL1t .Œ�1;1�IH

�4
x / D 0: (7.2)

Employing (3.32) and (3.47), we decompose
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where f satisfies (3.26) and each paraproduct m lies in S.3/.
The contribution of the linear term is easily estimated via
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which converges to 0 as � !1, uniformly for all q 2 Q� and all � 2 R, in view of the
conservation of the L2 norm.

To estimate the contribution of the cubic and higher order terms in F�.q/, we rely on
the consequences of the local smoothing estimates proved in Proposition 6.1. To simplify
our bounds, we introduce
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and note that L2 conservation and Proposition 6.1 yield

ketJrH
diff
� qkDNLS� . kqkL2 (7.3)

uniformly for � � 2 and q 2 Q.

Lemma 7.2 (Local smoothing estimates). For f satisfying (3.26), we have
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Proof. Decomposing into low and high frequencies and using Bernstein’s inequality for
frequencies � �2=3, and Proposition 6.1 for frequencies > �2=3, we may bound
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A parallel argument yields 
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Using this latter bound, Sobolev embedding, and interpolation, we obtain
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which settles (7.4).
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We now turn to the proof of (7.6). By the Bernstein inequality and Lemma 2.6,
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Employing this estimate and Lemma 2.5, we may bound
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The estimate (7.6) now follows by interpolation between this bound and

kƒ. �q/kI2 . ��1=2kqkL2 :

This completes the proof of the lemma.

Returning to the contribution of the cubic terms in F�.q/ to LHS(7.2), we employ
Lemmas 4.6 and 7.2 as well as (2.32) to estimate
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In view of (7.3), the contribution of these cubic terms is acceptable.
To estimate the contribution of the quintic and higher order terms in F�.q/, we argue

by duality. To this end, fix w 2 H 4
x . Using Lemma 2.9 and (7.6), we estimateZ 1
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where we used Corollary 2.7 combined with the fact that Q� is ı-good in order to sum
in ` � 2. By (7.3) and equicontinuity, the contribution of these terms to LHS(7.2) is also
acceptable.
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8. Proofs of the main theorems

All the main difficulties have already been addressed in previous sections, albeit under
the assumption that the solutions remain in a ı-good set for some universally small ı and
only for the time interval Œ�1; 1�. In this section, we put all the pieces together and show
how to circumvent these illusory restrictions.

Proof of Theorem 1.1. The fundamental question to settle is this: Given an L2-Cauchy
sequence of initial data qn.0/ 2 � and a Cauchy sequence of times tn 2 R, show that their
evolutions qn.tn/ under (DNLS) form an L2-Cauchy sequence.

Evidently, the set ¹qn.0/º is L2-precompact. Thus by Corollary 1.9, there is a uniform
rescaling parameter � so that not only are the rescaled initial data ı-good, but so are their
evolutions under (DNLS) as well as any other dynamics preservingA.~Iq/. This rescaling
does not meaningfully alter our original ambition—we just replace the original sequences
of solutions and times by their rescaled values (for which we reuse the original names).

It suffices to treat the case where jtnj � 1, because larger values can be treated by
iterating the argument. For example, if tn ! 3=2, then we first run the argument with
tn � 1 and then use qn.1/, which we now know to be convergent, as initial data to extend
up to the chosen tn ! 3=2.

Assuming now that jtnj � 1, Theorem 1.7 guarantees that ¹qn.tn/º is equicontinu-
ous and Proposition 5.1 guarantees that it is tight. Thus every subsequence has an L2-
convergent subsequence; we just need to verify that all such subsequential limits agree.
For this purpose, it suffices to test against some fixed w 2 C1c .R/.

It is at this moment that we employ the commutativity of (DNLS) and the H� flows.
Using (1.13), our task is reduced to verifying the following two claims:

sup
��1

lim sup
m;n!1

jhw; etnJrH�qn.0/ � e
tmJrH�qm.0/ij D 0; (8.1)

lim sup
�!1

sup
q02Q�

sup
jt j�1

jhw; ŒetJr.H�H�/ � Id�.q0/ij D 0; (8.2)

where Q� is defined via (1.11) with the choice Q D ¹qn.0/ W n 2 Nº.
The first of these two claims follows from the L2-well-posedness of the H� flow

shown already in [27, Corollary 5.4]. The second was addressed by Theorem 7.1.

Proof of Corollary 1.2. Recall that local well-posedness for s � 1=2 was already proved
by Takaoka [45]. This result is rendered global by the a priori bounds shown in [2, 3].

Consider now 0 � s < 1=2. Evidently, the existence of solutions follows immedi-
ately from Theorem 1.1, as does continuous dependence in the L2 metric. Continuous
dependence in theH s metric follows from this andH s-equicontinuity, which was shown
in [27, Theorem 5.6] contingent on the equicontinuity conjecture that was subsequently
resolved in [17].

Proof of Theorem 1.5. By Corollary 1.9, there is a uniform rescaling of the set of initial
dataQ so that not only are the rescaled initial data ı-good, but so are their entire (DNLS)
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evolutions. This allows us to invoke (4.1) from Proposition 4.1 to obtain the local smooth-
ing estimate (over any unit time interval) for the rescaled solutions. The estimate (1.4) for
the unrescaled solutions follows by a simple covering argument. Naturally the resulting
constant depends on the rescaling parameter; however, this is dictated solely by Q.

Proof of Corollary 1.6. Given initial data q.0/ 2 L2, we choose Schwartz-class initial
data qn.0/ that converge to it in L2. By Theorem 1.1, the solutions qn.t/ converge to q.t/
in C.Œ�T; T �IL2.R//. To deduce that q.t/ is a distributional solution, we need another
form of convergence to handle the nonlinearity. This can be obtained with the aid of
Theorem 1.5 and a Gagliardo–Nirenberg inequality:

k 8Œqn � q�k
3

L3t;x
. kqn � qkL1t L2x ¹k 

12qnk
2

L
2
tH

1=2
x

Ck 12qk2
L
2
tH

1=2
x

º! 0 as n!1:

Here all norms are taken over the spacetime slab Œ�T; T � �R.
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[11] Fukaya, N., Hayashi, M., Inui, T.: A sufficient condition for global existence of solutions to a
generalized derivative nonlinear Schrödinger equation. Anal. PDE 10, 1149–1167 (2017)
Zbl 1371.35271 MR 3668587

[12] Gerdzhikov, V. S., Ivanov, M. I.: A quadratic pencil of general type and nonlinear evolution
equations. II. Hierarchies of Hamiltonian structures. Bulgar. J. Phys. 10, 130–143 (1983)
MR 0712197

[13] Grünrock, A.: Bi- and trilinear Schrödinger estimates in one space dimension with applica-
tions to cubic NLS and DNLS. Int. Math. Res. Notices 2005, 2525–2558 Zbl 1088.35063
MR 2181058

[14] Guo, S., Ren, X., Wang, B.: Local well-posedness for the derivative nonlinear Schrödinger
equation with L2-subcritical data. Discrete Contin. Dynam. Systems 41, 4207–4253 (2021)
Zbl 1470.35331 MR 4256461

[15] Guo, Z., Wu, Y.: Global well-posedness for the derivative nonlinear Schrödinger equation in
H
1
2 .R/. Discrete Contin. Dynam. Systems 37, 257–264 (2017) Zbl 1359.35181

MR 3583477
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