
© 2024 European Mathematical Society
Published by EMS Press

J. Eur. Math. Soc. (Online first) DOI 10.4171/JEMS/1502

Kleber Carrapatoso · Jean Dolbeault · Frédéric Hérau ·
Stéphane Mischler · Clément Mouhot · Christian Schmeiser

Special macroscopic modes and hypocoercivity

Received June 22, 2022

Abstract. We study linear inhomogeneous kinetic equations with an external confining potential
and a collision operator admitting several local conservation laws (local density, momentum and
energy). We classify all special macroscopic modes (stationary solutions and time-periodic solu-
tions). We also prove the convergence of all solutions of the evolution equation to such non-trivial
modes, with a quantitative exponential rate. This is the first hypocoercivity result with multiple
special macroscopic modes with constructive estimates depending on the geometry of the potential.
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1. Introduction

Since the publication of Boltzmann’s paper [5] in 1876, the existence of time-periodic
steady states of the inhomogeneous Boltzmann equation in the whole Euclidean space is
known, in the presence of an external harmonic potential. As explained in [10, p. 147],
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“equilibrium is not necessarily achieved in an harmonic field. [...] [D]ensity, velocity and
temperature oscillate with the natural frequency of the field or with twice such a fre-
quency.” Beyond such remarks, the classification of the steady states according to the
symmetries of the domain or the symmetries of the external potential remained untouched
for more than a century, although some special solutions were known [10,44]. When sym-
metry partially or completely breaks, this turns out to be a difficult issue. With symmetry,
special modes have to be taken into account in some configurations and local collision
laws of the collision operator add significant difficulties to the understanding of the con-
vergence in asymptotic regimes in all cases, even if there is no particular symmetry.

Without external potential and for a bounded domain, the problem has been studied
in [12]. In the presence of a given external potential, the question has so far been open and
our first result is to classify all steady solutions for linear kinetic equations with collision
operators satisfying local conservation laws of physics. Even more difficult is the problem
of stability of (possibly time-periodic) steady states and the proof of convergence to such
states, with an exponential rate, for inhomogeneous kinetic equations. The question goes
back to the celebrated H -theorem of Boltzmann, but became quantitative only recently
with the theory of hypocoercivity. All results involving an external potential deal with
collision operators admitting only one collision invariant, up to a few attempts like [15,16]
which discard special modes, with nonconstructive methods. Our second result gives the
very first answer to the question of convergence rate in the whole space for an external
potential without any a priori symmetry, using an entirely new scheme made up of a
cascade of several hypocoercive estimates. Alternatively, we also propose a commutator
method in the spirit of [27, 46].

Even when the potential has no specific symmetry, which forbids the existence of
any special mode other than the standard stationary solution, the fact that the collision
operator admits several collision invariants is a source of difficulties: when the potential
is almost symmetric, convergence rates deteriorate and the geometric properties of the
potential have therefore to be taken into account. The notion of steady states, defined as
the set of attractors in large time asymptotics, is widely used in physics, and corresponds
in our case to minimizers of the mathematical entropy (that is, the physical entropy, up
to sign). In this paper we shall speak of special macroscopic modes in relation to special
symmetries of the potential.

1.1. Equation and assumptions

Consider the kinetic equation

@tf D L f WD T f C C f; f jtD0 D f0; (1.1)

for the unknown distribution function f D f .t;x;v/ depending on the time variable t � 0,
the position variable x 2Rd , and the velocity variable v 2Rd , where d � 1 is an arbitrary
dimension. The transport operator T is given by

T f WD �v � rxf Crx� � rvf
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with a stationary, position dependent potential � W Rd ! R. We assume that the linear
collision operator C acts only on the velocity variable v 2Rd , is self-adjoint in L2.��1/,
with weight given by the local Maxwellian function

8v 2 Rd ; �.v/ WD
e�jvj

2=2

.2�/d=2
; (1.2)

and has the .d C 2/-dimensional kernel of collision invariants given by

Ker C D Span ¹�; v1�; : : : ; vd�; jvj2�º; (H0)

corresponding to the local conservation of mass, momentum and energy. Here L2.��1/
is the subspace of L2loc.R

d ; dv/ consisting of the functions f such that

kf kL2.��1/ WD

�Z
Rd

jf j2

�.v/
dv
�1=2

is finite.
We assume that C satisfies the following spectral gap property (which is a quantitative

version of the spatially homogeneous linearized H -theorem)

�

Z
Rd
.C f .v//f .v/�.v/�1 dv � cC kf �…f k

2
L2.��1/ (H1)

for some constant cC > 0 and all f in the domain of C , where … denotes the L2.��1/-
orthogonal projection onto KerC . Moreover, we suppose that for any polynomial function
p W Rd ! R of degree at most 4, the function p� is in the domain of C and

C.p/ WD kC .p�/kL2.��1/ <1: (H2)

We provide examples of collision operators satisfying these conditions in Appendix C.1,
including the linearized Boltzmann and Landau operators.

Throughout the paper, we assume that the potential � W Rd ! R is such that �.x/ WD
e��.x/ is a centred probability density, i.e.,Z

Rd
�.x/ dx D 1 and

Z
Rd
x�.x/ dx D 0: (H3)

We also assume that � is of class C 2.Rd IR/, and for all " > 0, there exists a constant C"
such that

8x 2 Rd ; jr2x�.x/j � "jrx�.x/j
2
C C"; (H4)

where r2x � denotes the Hessian matrix of �. We further assume that the measure �.x/ dx
satisfies the Poincaré inequality with a constant cP > 0,

cP

Z
Rd
j' � h'ij2� dx �

Z
Rd
jrx'j

2� dx (H5)
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for all ' 2 L2.�/, where

h'i WD

Z
Rd
'� dx

is the average of '. Here L2.�/ is the subspace of L2loc.R
d ;dx/ consisting of the functions

' such that k'k2
L2.�/

D
R

Rd j'j
2� dx is finite.

We assume moment bounds on �, namelyZ
Rd
.jxj4 C j�j2 C jrx�j

4/� dx � C� (H6)

for some constant C� > 0. We also introduce the normalization

hr
2
x �i D

Z
Rd
r
2
x � � dx D Idd�d ; (H7)

where Idd�d is the identity matrix of size d . The assumption that hr2x �i is diagonal is
not a restriction since it can be obtained through a rotation in position space. Note that the
same rotation in velocity space leaves the kinetic equation invariant and all assumptions
made so far remain valid. The stronger assumption (H7) is made for notational simplicity,
and the general case is discussed in Appendix C.3.

The potential
�.x/ WD .1C ja
xj

2/
=2 �Z
 ;

with 
 > 1 and real normalization constants a
 , Z
 , satisfies (H3)–(H7). See
Appendix C.2 for other examples. No sign is assumed on f : one should think of f as
a real-valued fluctuation around the equilibrium in the nonlinear Boltzmann or Landau
equation (see Appendix C.1). Throughout this article we shall refer to (H1) and (H5) as
spectral gap properties, and to (H2) and (H6) as bounded moment properties. These are
the structural assumptions on C and � for our theory.

Finally, since we are concerned with large time asymptotic behaviour, we require that
the evolution equation (1.1) is well-posed, a condition which is satisfied by our standard
examples of application, and assume that

t 7! etL is a strongly continuous semigroup on L2.M�1/; (H8)

where M is the global Maxwellian equilibrium function given by

8.x; v/ 2 Rd �Rd ; M.x; v/ WD �.x/�.v/ D
e�

1
2 jvj

2��.x/

.2�/d=2
; (1.3)

and L2.M�1/ is the subspace of L2loc.R
d �Rd ;dx dv/ consisting of the functions f such

that

kf kL2.M�1/ WD

�“
Rd�Rd

jf j2

M
dx dv

�1=2
is finite.
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1.2. The main result

From now on, we assume the normalization conditions (H3)–(H7). The function M

defined by (1.3) is a stationary solution of (1.1) but it is not the unique attractor of the time-
dependent solutions of (1.1), even up to a mass normalization. Let us introduce a larger
class of steady states. Special macroscopic modes of (1.1) are the solutions F D F.t;x;v/
to the system

CF D 0; @tF D T F: (1.4)

Of course we see from (H0) that F D ˛M, ˛ 2 R, is a special macroscopic mode but we
also look for solutions to (1.4) that can be written as

F D
�
r.t; x/Cm.t; x/ � v C e.t; x/E.v/

�
M (1.5)

for some functions r , m and e with values respectively in R, Rd and R, with

E.v/ WD
jvj2 � d
p
2d

: (1.6)

The energy mode F D ˇHM, ˇ 2 R, is another stationary solution to (1.4) where H

defined by
H .x; v/ WD 1

2
.jvj2 � d/C �.x/ � h�i (1.7)

is the Hamiltonian energy associated with the characteristics of the transport equation
@tf D T f . As we shall see in Section 2.1, the linear combinations of global Max-
wellian equilibrium functions and energy modes are the only special macroscopic modes
for “generic potentials”. Other special macroscopic modes are available under additional
symmetry properties of � as observed by Boltzmann [5]. These modes deserve some
explanations.

The set of infinitesimal rotations compatible with � defined as

R� WD ¹x 7! Ax W A 2Mskew
d�d .R/ s.t. 8x 2 Rd ; rx�.x/ � Ax D 0º (1.8)

is identified with a subset of the space of skew-symmetric matrices

Mskew
d�d .R/ WD ¹A 2Md�d .R/ W

TA D �Aº:

In other words, A 2 R� if and only if � is invariant by the rotation group � 7! e�A, i.e.,

8.�; x/ 2 R �Rd ; �.e�Ax/ D �.x/:

The set R� gives rise to the set of rotation modes compatible with � defined by

R� WD ¹.x; v/ 7! .Ax � v/M.x; v/ W A 2 R�º:

Functions in R� are stationary solutions of (1.4) associated to all invariances of � under
rotation.
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There are also some time-periodic special macroscopic modes when � has harmonic
directions. Let us define

E� WD SpanRd .¹rx�.x/ � xºx2Rd /; d� WD dimE� : (1.9)

Notice that E� is a subspace of Rd and d� � d . Alternatively, we can characterize d� by

d� D dim SpanL2.�/.¹@xi�º
d
iD1 [ ¹xiº

d
iD1/ � d

and choose Cartesian coordinates .x1; : : : ; xd / such that @xi� D xi if and only if i 2
I� WD ¹d� C 1; : : : ; dº. We face three different cases.

B The case d� D d is called fully nonharmonic: E� D Rd and � has no harmonic direc-
tion and in that case, as we shall see below, there are no time-periodic solutions.

B In the case 1 � d� � d � 1, the potential is called partially harmonic. In the har-
monic coordinates xd�C1; : : : ; xd , we have @xi� D xi and we define harmonic directional
modes by

D� WD Span ¹.xi cos t � vi sin t /M; .xi sin t C vi cos t /M W i 2 I�º: (1.10)

Harmonic directional modes are also defined if d� D 0. By convention, we set D� WD ¹0º

if d� D d . All functions in D� are solutions to (1.4) which correspond to an inertia-driven
oscillation of period 1 of particles in a potential well along a direction inE?� . These modes
are independent of each other.

B In the case d� D 0, the potential is called fully harmonic and �.x/D 1
2
jxj2C d

2
log.2�/.

In addition to the harmonic directional modes, the set of harmonic pulsating modes

P� WD Span
®�
1
2
.jxj2 � jvj2/ cos.2t/ � x � v sin.2t/

�
M;�

1
2
.jxj2 � jvj2/ sin.2t/C x � v cos.2t/

�
M
¯

(1.11)

also consists of solutions to (1.4). By convention, we set P� D ¹0º if d� � 1. These mac-
roscopic modes correspond to a radially symmetric pulsation of period 1=2 of particles in
the potential well.

Summing up the above observations, we have obtained special macroscopic modes of
the form

F D ˛M C ˇHM C Ax � vM C Fdir C Fpul; (1.12)

where ˛, ˇ 2 R, .x 7! Ax/ 2 R� , Fdir 2 D� and Fpul 2 P� . With these definitions at
hand, we can now state the main result of this paper.

Theorem 1.1 (Special macroscopic modes and hypocoercivity). Assume that the poten-
tial � and the collision operator C satisfy assumptions (H0)–(H8). Then:

(1) All special macroscopic modes of (1.4) are given by (1.12), i.e., they are linear com-
binations of the Maxwellian, the energy mode, rotation modes compatible with �, and
harmonic directional or pulsating modes if allowed by �.
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(2) There are explicit constantsC > 0 and � > 0 such that, for any f 2C.RCIL2.M�1//
solving (1.1) with initial datum f0 2 L2.M�1/, there exists a unique special macro-
scopic mode F such that

8t � 0; kf .t/ � F.t/kL2.M�1/ � Ce
��t
kf0 � F.0/kL2.M�1/:

The constants in the decay estimate being explicit means that the proof is constructive
and provides a finite algorithm for computing C and �.

In the following, the norm and scalar product without subscript, k � k and h�; �i, refer
to the space L2.M/, so that

khk2 D

“
Rd�Rd

jhj2M dx dv D hh; hi: (1.13)

With h WD f=M, h0 WD f0=M and hk WD F=M, part (2) of Theorem 1.1 amounts to

8t � 0; kh.t/ � hk.t/k � Ce��tkh0 � h
k.0/k:

When considering functions of x only, the L2.�/-norm coincides with the L2.M/-norm.
We recall that h�i stands for the average with respect to � dx.

In Theorem 1.1, the constants C and � depend only on bounded moment constants,
spectral gap constants or explicitly computable quantities associated to � such as the
rigidity constant (to be defined later) which admits a quantitative estimate. Moreover, the
special macroscopic mode F can be explicitly computed in terms of the initial data f0
(see Section 2.2).

1.3. Framework, comments and methods

During the last two decades, new hypocoercive methods were developed for the study
of spatially inhomogeneous kinetic equations. Many linear or nonlinear models were
tackled, including Fokker–Planck, Boltzmann and Landau equations in various geomet-
ries, ranging from bounded domains to the whole Euclidean space, with or without confin-
ing potentials. The central issue is the trend to equilibrium for these equations, in the spirit
of Boltzmann’s celebrated H-theorem on the decay of the entropy, but with constructive
estimates which measure the rate of convergence towards asymptotic regimes described
by steady states. The set of steady states is not fully characterized by the entropy dissipa-
tion, but also depends on the transport operator and the geometric setting governed either
by boundary conditions or by properties of the potential. The goal of this paper is to make
the notion of steady states explicit by classifying all special macroscopic modes, and to
derive quantitative estimates on the rate of convergence, with explicit constants.

Let us give a brief account of the literature. In a series of papers [20–22] on Landau,
Boltzmann and Vlasov–Boltzmann equations in a periodic box, Y. Guo used micro-macro
methods inspired from Grad’s 13 moments method introduced in [17]. The approach
of [12] relies on the derivation of a suitable set of ordinary differential inequalities.
It provides an algebraic rate of convergence to equilibrium under strong smoothness
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assumptions on the solution. The study of linear inhomogeneous kinetic equations with
single conservation laws, such as the linear Boltzmann or Fokker–Planck equations, and
nonlinear equations in a nonlinear but perturbative regime, took advantage of various
ideas of the theory of hypoellipticity, for instance of [29], and gave rise to robust Hil-
bertian hypocoercive methods. T. Gallay coined the term hypocoercivity, by analogy
with hypoellipticity, when coercivity is degenerate in the ambient space but recovered
using commutators, in the context of convergence to steady states. Hypocoercivity is
well adapted to kinetic equations with general collision operators. We refer to the mem-
oir [46] by C. Villani for an overview of the initial developments of this theory and
to [13, 14, 26, 27, 36] for various other contributions in exponentially weighted spaces.
The theory of enlargement of spaces of [18] allows one to extend convergence rates to
larger, and physically more relevant, polynomially weighted spaces.

Usually, explicit and constructive estimates cannot be obtained via compactness argu-
ments. Such estimates are essential for applications in physics (typical time-scale for
relaxation) but also for a wide array of mathematical questions: range of validity of per-
turbation methods applied to nonlinear kinetic equations, conditions of convergence in
the study of diffusive or macroscopic limits, control of the limiting processes leading
to hydrodynamical equations when the Knudsen number tends to zero, control of the
range of parameters, time and length scales in the corresponding asymptotic regimes,
etc. Among the huge literature, we can refer for instance to [3, 45] and to [7, 23, 28] in
polynomially weighted spaces.

In this article, we focus on an important and old problem. We study kinetic equations
involving an external confining potential as well as several local conservation laws in the
collision process. The linear problem was solved for a fully harmonic potential in [15]
and under full asymmetry assumptions on the potential in [16], both with nonconstructive
arguments and for well-prepared initial data so that, in particular, there are no special mac-
roscopic modes beyond the Maxwellian stationary solution. Such an assumption destroys
the rich structure of special macroscopic modes and bypasses the nontrivial consequences
of the geometric properties of the potential for convergence rates. Our contribution is pre-
cisely the study of these consequences, which requires new methods, by classifying all
special macroscopic modes and proving hypocoercivity results with constructive conver-
gence rates in a natural Hilbertian structure. As in [15, 16], we restrict our analysis to the
linear framework and, for simplicity, to exponentially weighted spaces, but cover rather
general confining potentials and discuss the consequences of their geometric properties
in terms of symmetry, partial symmetry or lack of symmetry under rotations. On the one
hand, the extension of our results to polynomially weighted spaces in the spirit of [18] is
probably doable. On the other hand, nonlinear stability for Boltzmann and Landau equa-
tions with confining potentials, close to special macroscopic modes, presents additional
difficulties.

The special macroscopic modes other than the global Maxwellian stationary solutions
and the energy modes are consequences of the symmetries of the potential. Some of these
modes are known in the literature, although no systematic study seems to have been done.
From the point of view of mechanics, any function F.x; v/DG.H .x; v/;Ax � v/ is a sta-
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tionary solution of the transport equation whereAx � v is known as the angular momentum
generated byA 2Md�d .R/. The property that there is no other stationary solution, under
appropriate conditions, is known in astrophysics as Jeans’ theorem (usually considered
with a potential induced by a mean field coupling) and has to do with Noether’s the-
orem: see [4] and references therein. Of course the only profile G compatible with (H0)
is G.h; a/ D p.h; a/e�h, where p is a polynomial of order at most 2. Proving that any
stationary solution of (1.1) has to solve (1.4) is also known as a factorization result.

The existence of time-periodic steady states for the fully harmonic potential was
shown by Boltzmann [5] and is mentioned in some references: see for instance [6, 10,
19, 44]. In [19], time-periodic modes are called breathing modes. The consideration of
partially harmonic potentials and their corresponding harmonic directional modes seems
to be new. The fact that special macroscopic modes also exist for the nonlinear Boltzmann
equation is discussed in Appendix C.5.

Now let us review some of the tools which are used in our paper. To estimate the
convergence rate, a major difficulty is to quantify “how far” the potential � is from hav-
ing certain partial symmetries. Inspired by [11, 12], we use some Korn inequalities for
bounded domains which go back to [32,33] and adapt them to the Euclidean space, in the
presence of a confining potential [9]. A typical quantity involved in our approach is the
rigidity constant

cK WD min
²Z

Rd
jr�.x/ � Axj2�.x/ dx W

A 2 R?� such that
Z

Rd
jAxj2�.x/ dx D 1

³
> 0; (1.14)

where R?� is the orthogonal complement in L2.�/ of the set R� defined in (1.8). The
time-periodic special macroscopic modes in D� and P� , defined in (1.10) and (1.11)
respectively, are related to the (partial) harmonicity of � and another difficulty is to
quantify “how far” the potential � is from being (partially) harmonic. As for Korn type
inequalities, the analysis relies on the finite dimension of the space E� defined in (1.9).

The spectral gap assumptions (H1) in v and (H5) in x reflect the corresponding con-
fining properties respectively in velocity and space. The Poincaré inequality introduced
in (H5) is linked with the natural Hodge Laplacian associated to the geometry, sometimes
called the Witten Laplacian. Denote by r�x the adjoint of rx in L2.�/ acting on vector
fields ' W Rd ! Rd according to r�x � ' D .�rx Crx�/ � '. The Witten–Laplace oper-
ator r�x � rx is self-adjoint in L2.�/, with kernel spanned by constant functions and its
first nonzero eigenvalue determines the optimal Poincaré constant cP. The operator

� WD r�x � rx C 1 D ��x Crx� � rx C 1 (1.15)

is used in the zeroth order Poincaré inequality

cP;1k' � h'ik
2
� k��1=2rx'k

2;

which holds for some constant cP;1 > 0 under assumptions (H5) and (H4), in the spirit of
Poincaré–Lions inequalities studied in [9].
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We provide two proofs of Theorem 1.1. The first proof follows a micro-macro decom-
position as in [20–22] and [16]. Due to the lack of a priori symmetry assumptions and the
delicate interaction of local conservation laws corresponding to the collision invariants
with the potential, the complexity is significantly increased. There are also deep similar-
ities with the analysis of hyperbolic equations with damping studied in [24, 39, 40] after
the seminal paper [30] by S. Kawashima and Y. Shizuta. The second proof is given under
slightly more restrictive hypotheses, namely that the collision operator C is bounded and
� has bounded derivatives of order 2 and more. The method is based on commutator
estimates as in [27,36,46] in the spirit of the hypoellipticity theory of [29]. In practice, an
elegant triple cascade of commutators based on the equality Œrv; v � rx � D rx is needed
to control all macroscopic quantities.

The plan of the article is the following. In Section 2, we review all possible conser-
vation laws and their relations to the special macroscopic modes. Then we present the
so-called macroscopic equations associated to the evolution equation (1.1) and perform a
change of unknown in order to work in a simplified Hilbertian framework. In Section 3, we
classify all steady states of (1.1) and prove that they correspond to the special macroscopic
modes. At this stage, we already use entropy-dissipation arguments in order to prove that
factorization occurs and reduce the problem to (1.4). In Section 4, we prove the remain-
ing part of Theorem 1.1, that is, the hypocoercivity result, using the micro-macro method.
In Section 5 we give the second proof based on the commutator method. A number of
technical results are collected in two appendices. Appendix A collects some computa-
tions and intermediate lemmata needed in the proofs. For completeness, an extension to
weakly coercive collision operators is given in Appendix B. Appendix C is devoted to
examples and remarks, for instance on normalization, including a spectral interpretation
of Theorem 1.1, the extension of our special macroscopic modes to the fully nonlinear
Boltzmann equation, and various examples of collision operators and potentials.

2. Conservation laws and macroscopic equations

In this section we characterize the special macroscopic modes, as defined by (1.4), for
generic potentials. We also identify the global conservation laws and the macroscopic
equations associated to (1.1). From now on, we assume that (H6) holds. This assumption
is needed to justify the computations, which are given below only at a formal level, for
simplicity.

2.1. The equations for special macroscopic modes

We recall that by (1.5), any special macroscopic mode F can be written as

F D hkM; hk D r Cm � v C eE.v/:

By (1.4), we know that @tF D T F . By integrating in v the evolution equation against
1, v, v ˝ v and vE, we obtain macroscopic equations for the macroscopic quantities
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r D r.t; x/, m D m.t; x/ and e D e.t; x/:

@tr D r
�
x �m; (2.1a)

@tm D �rxr C

q
2
d
erx�; (2.1b)

@te D �

q
2
d
rx �m; (2.1c)

1p
2d
.@te/Idd�d D �rsym

x m; (2.1d)

0 D rxe; (2.1e)

where the symmetric gradient is defined by

8i; j D 1; : : : ; d; .rsym
x m/ij WD

1
2
.@jmi C @imj /: (2.2)

From (2.1e), we deduce that e does not depend on the space variable, and therefore

e D hei DW c (2.3)

is a function t 7! c.t/ depending on t only. We recall that the average is defined as h'i WDR
Rd '� dx. Then we see from (2.1d) that

c0p
2d

Idd�d D �rsym
x m: (2.4)

By the Schwarz lemma applied to m D .mk/dkD1, we have

.r2xmk/i;j D @
2
xixj

mk D @xi .r
symm/j;k C @xj .r

symm/i;k � @xk .r
symm/i;j (2.5)

for any i , j , k D 1; : : : ; d . By differentiating (2.4) with respect to xi , xj and xk , we get
r2xm D 0, so that in particular the skew-symmetric gradient, defined by

8i; j D 1; : : : ; d; .rskew
x m/ij WD

1
2
.@jmi � @imj /; (2.6)

is constant in the x-variable and equal to its average. Together with (2.4), using rxm D
rskew
x mCr

sym
x m, we deduce that

m.t; x/ D hrmix C hmi D A.t/x C b.t/ � 1p
2d
c0.t/x (2.7)

with A.t/ WD hrskew
x mi and b.t/ WD hmi. Taking (2.3) and (2.7) into account in (2.1b)

implies

rxr D �@tmC

q
2
d
erx� D �A

0x � b0 C 1p
2d
c00x C

q
2
d
cr�:

Taking the skew-symmetric gradient of this equation gives 0 D �A0. Hence A is a skew-
symmetric matrix which does not depend on t and

m.t; x/ D Ax C b.t/ � 1p
2d
c0.t/x: (2.8)
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Taking (2.3) and (2.8) into account, we can then take the primitive in space of (2.1b) and
immediately deduce that the macroscopic density satisfies

r.t; x/ D r0 � b
0.t/ � x C 1

2
p
2d
c00.t/�2.x/C

q
2
d
c.t/��.x/; (2.9)

where r0 is an integration constant and

�2.x/ WD jxj
2
� hjxj2i; (2.10)

��.x/ WD � � h�i: (2.11)

Integration against � shows that r0 D hr.t; �/i is in fact independent of t . Inserting the
expressions of r and m given by (2.8) and (2.9) into (2.1a) yields a differential equation
satisfied by A, b.t/ and c.t/:

Proposition 2.1. Assume that r , m and e solve (2.1). With the above notations, A.t/ WD
hrskew
x mi, b.t/ WD hmi and c.t/ WD hei solve

2��.x/Crx��x�dp
2d

c0 C �2.x/

2
p
2d
c000 � rx� � b � b

00
� x � rx� � Ax D 0: (2.12)

Equation (2.12) suggests, on the one hand, that (partial) harmonicity of the potential
� allows for nontrivial choices of b and c, as we shall indeed see later. On the other hand,
for a generic potential � in the sense that the functions 1, x, �, rx� � x, r�, jxj2 and
rx� � Ax (if A ¤ 0) are linearly independent, equation (2.12) implies that

c0 D 0; b D 0 and A D 0;

so that r D r0 C c
q
2
d
�� , m D 0, e D c, for two constants r0 and c 2 R. In other words,

we have
hk D r0 C

q
2
d
cH �

q
2
d
c.h�i � d=2/

if � is not a (partially) harmonic potential; any special macroscopic mode is thus a linear
combination of a Maxwellian function and an energy mode.

2.2. Global conservation laws

Consider a solution f 2 C.RCI L2.M�1// to (1.1) with initial datum f0 2 L2.M�1/.
Associated with the symmetries of the equation, there are local conservation laws which,
after integration on the phase space Rd �Rd , give rise to global conservation laws. These
laws allow us to identify the special macroscopic modes compatible with �, which, as we
shall see later, attract the solutions to the Cauchy problem.

The conservation of mass reads

d
dt

“
Rd�Rd

f .t; x; v/ dx dv D 0:

Hence ˛M is a solution to (1.4) with the same mass

˛ WD

“
Rd�Rd

f0 dx dv (2.13)
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as f . With H defined by (1.7), the conservation of energy amounts to

d
dt

“
Rd�Rd

H .x; v/f .t; x; v/ dx dv D 0:

The distribution function ˇHM with

ˇ WD

’
Rd�Rd Hf0 dx dv’

Rd�Rd H2M dx dv
(2.14)

is a solution to (1.4) with the same energy as the conserved energy of f . With f1 WDM

and fH WD HM=kHMkL2.M�1/, we have

˛M D hf0; f1iL2.M�1/f1 and ˇHM D hf0; fH iL2.M�1/fH :

Moreover, the global conservations of mass and energy read

8t � 0;

“
Rd�Rd

�
f .t; x; v/ � ˛M.x; v/

�
dx dv D 0;

8t � 0;

“
Rd�Rd

H .x; v/
�
f .t; x; v/ � ˇH .x; v/M.x; v/

�
dx dv D 0:

The transport operator can be written as T f D X � rx;vf D rx;v � .Xf /, where
X D .�v;rx�/ D .�rvH ;rxH / is a divergence free vector field, in the sense that

rx;v �X D 0: (2.15)

As a consequence, volume conservation in the phase space under the action of the flow
induces local mass conservation and the (2.15) symmetry gives rise to global mass con-
servation. Another symmetry is associated with the fact that H is conserved along the
characteristics of Newton’s equations Px D v and Pv D �rx�. This is reflected by Poisson
brackets: a stationary solution F satisfies

0 D ¹F;Hº WD rvH � rxF � rxH � rvF; (2.16)

but by replacing F by HF , it is also clear that

¹HF;Hº D H¹F;Hº C ¹H ;HºH D 0:

The underlying reason is that the transport dynamics involving a time-independent poten-
tial is invariant under translation in time, which gives rise to the global conservation
of energy. These considerations can be generalized. To any continuous group of trans-
formations which leaves T invariant, we can associate an infinitesimal transformation
G .x; v/ such that ¹G ;Hº D 0, and as a consequence, if f solves the transport equation
@tf D T f , then

d
dt

“
Rd�Rd

G .x; v/f .t; x; v/ dx dv D 0: (2.17)
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Additionally, if v 7! G .x; v/�.v/ is in the kernel of the collision operator C for any
x 2 Rd , then 
GM is a solution of (1.4), i.e., a special macroscopic mode, for any

 2 R. Then (2.17) holds for any solution f of (1.1) with initial datum f0 and there
is a unique 
 2 R such that“

Rd�Rd
G .x; v/

�
f0.x; v/ � 
G .x; v/M.x; v/

�
dx dv D 0:

More considerations on symmetries, local and global conservation laws, and Noether’s
theorem can be found in textbooks on classical mechanics like, for instance, [31,42]. The
case of rotational symmetries enters this framework:

When � is invariant under a rotation, stationary rotation modes appear. Let A 2 R�

be as defined in (1.8) and consider the rotation group .R� /�2R defined by R� WD e�A and
a point x0 2 Rd such that �.R� .x � x0/C x0/D �.x/ for any � 2 R. By differentiation
with respect to � , we get

8x 2 Rd ; .Ax C u/ � rx�.x/ D 0

with u D �Ax0. Integrating the above identity against .u � x/� yields u D 0 after integ-
ration by parts because �.x/ dx is centred according to assumption (H3). Rotation modes
compatible with � are therefore restricted to x0 D 0; see [9] for similar computations. As
a consequence, if we compute the Poisson bracket as defined in (2.16), we find that

¹G ;Hº D 0 if G .x; v/ D Ax � v;

and the conservation of the total angular momentum associated with this rotation reads

d
dt

“
Rd�Rd

.Ax � v/f .t; x; v/ dx dv D 0:

Given f0, let us identify the corresponding special macroscopic mode. Associated
with f0, we introduce the initial momentum

m0.x/ WD

�Z
Rd
vf0.x; v/ dv

�
e�.x/

and the infinitesimal rotation x 7!Ax WD P�m0.x/, where P� is the orthogonal projection
onto the vector space R� in L2.�/. We can then check that x 7! Ax belongs to R� and
thus the function (rotational mode compatible with �)

Frot.x; v/ WD .Ax � v/M (2.18)

belongs to R� , so that Frot is a solution to (1.4) with the same conserved total angular
momentum as f . Denoting by

mf .t; x/ WD

�Z
Rd
vf .t; x; v/ dv

�
e�.x/
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the momentum of f , the associated conservation law then reads

P�mf .t/ D P�m0 or equivalently P .mf �m0/ 2 R?� ; (2.19)

where P is the orthogonal projection onto the vector space of all infinitesimal rotations
R WD ¹x 7! Ax W A 2Mskew

d�d
.R/º, identified with Mskew

d�d
.R/, in L2.�/, and R?� is the

orthogonal of R� , seen as a subspace of R, for the scalar product induced by L2.�/. We
refer to Lemma A.1 in Appendix A.1 for a precise statement and a short proof.

If we denote by .Aj /j2J� D .x 7! Ajx/j2J� a basis of R� normalized by the condi-
tion kfrot;j kL2.M�1/ D 1 for any j 2 J� , where frot;j .x; v/ WD .Ajx � v/M.x; v/, then the
conservation of the total angular momentum implies, for all j 2 J� ,

8t � 0;

“
Rd�Rd

Œf .t; x; v/ � hf0; frot;j iL2.M�1/ frot;j .x; v/� dx dv D 0:

Now let us turn our attention to the time-periodic special macroscopic modes and
start with the harmonic directional modes, which appear when d� � d � 1. We choose a
coordinate system such that @xi� D xi for i 2 I� D ¹d� C 1; : : : ; dº. In that case, the
potential � is such that x 7! �.x/ � 1

2

P
i2I�

x2i depends only on .x1; : : : ; xd� / and for
any i 2 I� the harmonic directional modes, defined for all .t; x; v/ 2 RC �Rd �Rd by

fCdir;i .t; x; v/ WD .xi cos t C vi sin t /M.x; v/;

f�dir;i .t; x; v/ WD .vi cos t � xi sin t /M.x; v/;

solve (1.4). A direct computation of the solution of (1.1) with initial datum f0 2 L2.M�1/
shows that

d
dt

“
Rd�Rd

xif dx dv D
“

Rd�Rd
vif dx dv;

d
dt

“
Rd�Rd

vif dx dv D �
“

Rd�Rd
xif dx dv;

which implies that these two global quantities evolve as a harmonic oscillator with
period 1. For any i 2 I� , let us define


i WD

“
Rd�Rd

xif0 dx dv; N
i WD

“
Rd�Rd

vif0 dx dv:

The function

Fdir WD

dX
iDd�C1

.
i f
C

dir;i C N
i f
�
dir;i / (2.20)

solves (1.4) and belongs to D� as defined by (1.10). Moreover, f � Fdir satisfies the
following two global conservation laws: for any t � 0,“

Rd�Rd
xi
�
f .t; x; v/ � Fdir.t; x; v/

�
dx dv D 0;“

Rd�Rd
vi
�
f .t; x; v/ � Fdir.t; x; v/

�
dx dv D 0:
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When all coordinates are harmonic (d� D 0), then �.x/ D 1
2
jxj2 C d

2
log.2�/ due

to the normalization (H7), and the harmonic pulsating modes, defined for all .t; x; v/ 2
RC �Rd �Rd by

fCpul.t; x; v/ WD
1p
d

�
x � v cos.2t/C 1

2
.jxj2 � jvj2/ sin.2t/

�
M.x; v/;

f�pul.t; x; v/ WD
1p
d

�
1
2
.jxj2 � jvj2/ cos.2t/ � x � v sin.2t/

�
M.x; v/;

solve (1.4). A direct computation of the solution of (1.1) with initial datum f0 2 L2.M�1/
shows that

d
dt

“
Rd�Rd

.x � v/f dx dv D �2
“

Rd�Rd

1

2
.jxj2 � jvj2/f dx dv;

d
dt

“
Rd�Rd

1

2
.jxj2 � jvj2/f dx dv D 2

“
Rd�Rd

.x � v/f dx dv;

which implies that these two global quantities evolve as a harmonic oscillator with
period 1=2. With

ı WD
1
p
d

“
Rd�Rd

.x � v/f0 dx dv; Nı WD
1
p
d

“
Rd�Rd

1

2
.jxj2 � jvj2/f0 dx dv;

the function
Fpul WD ıf

C
pul C

Nıf�pul (2.21)

solves (1.4) and belongs to P� as defined by (1.11). Moreover, f � Fpul satisfies the
following two global conservation laws: for any t � 0,“

Rd�Rd
.x � v/

�
f .t; x; v/ � Fpul.t; x; v/

�
dx dv D 0;“

Rd�Rd

1

2
.jxj2 � jvj2/

�
f .t; x; v/ � Fpul.t; x; v/

�
dx dv D 0:

Let us consider the set of generators of all the above special macroscopic modes,

y� WD ¹f1; fH º [ ¹frot;j ºj2J� [ ¹f
˙
dir;iºi2I� ;˙ [ ¹f

˙
pulº˙:

We have the following orthogonality property.

Lemma 2.2. The functions in y� are orthonormal in L2.M/.

Proof. This follows from direct computation using standard properties of Hermite func-
tions.

As a straightforward consequence of Lemma 2.2, we obtain the following.

Corollary 2.3. Assume that f 2C.RCIL2.M�1// is a solution to (1.1) with initial datum
f0 2 L2.M�1/. With the above notations, for any f 2 y� and any t � 0, we have“

Rd�Rd

�
f .t/ � ˛M � ˇHM � Frot � Fdir.t/ � Fpul.t/

� f

M
dx dv D 0:
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2.3. A micro-macro decomposition

Let us consider a solution f 2 C.RCIL2.M�1// to (1.1). We get rid of the special mac-
roscopic modes built in (2.13), (2.14), (2.18), (2.20) and (2.21) and rewrite the evolution
problem in L2.M/ in terms of

h WD
f � ˛M � ˇHM � Frot � Fdir � Fpul

M
(2.22)

for all .t; x; v/, where only h, f , Fdir and Fpul depend on t . Then h satisfies

@th D Lh WD T hC Ch; hjtD0 D h0; (2.23)

with T defined as before by T h D rx� � rvh � v � rxh and the new collision operator

Ch WD ��1C .�h/; (2.24)

where � is defined in (1.2).
The operator C acts only on the velocity variable, is self-adjoint in L2.M/ (when

integrating in x, v) and L2.�/ (when integrating in v) and

Ker C D Span ¹1; v1; : : : ; vd ; jvj2º:

Let us consider the micro-macro decomposition

h D hk C h?; hk WD r Cm � v C eE.v/;

where hk is the L2.�/-orthogonal projection of h on Ker C and E defined by (1.6) is a
normalized Hermite polynomial of degree 2. In other words,

r.t; x/ WD

Z
Rd
h.t; x; v/�.v/ dv;

m.t; x/ WD

Z
Rd
vh.t; x; v/�.v/ dv;

e.t; x/ WD

Z
Rd

E.v/h.t; x; v/�.v/ dv

(2.25)

are the macroscopic quantities corresponding to the spatial density, the local flux and
thermal energy, while h? is the microscopic part. The definition (2.25) coincides with the
definition (1.5) used in Section 2.1 to define the special macroscopic modes.

With these notations, (H1) reads

�hCh; hi � cC kh
?
k
2:

According to Corollary 2.3, h has multiple global conservation laws.

Corollary 2.4. Assume that f 2C.RCIL2.M�1// is a solution to (1.1) with initial datum
f0 2 L2.M�1/. With h and .r;m; e/ respectively defined by (2.22)–(2.23) and (2.25), we
have the following properties:
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B Conservation of total mass and total energy:

hri D 0 and
q
d
2
hei C h�ri D 0: (2.26)

B Global conservation laws associated to rotational symmetries of �:

P�m D 0: (2.27)

This also means P .m/ 2 R?� as in (2.19).

B Global conservation laws corresponding to the harmonic directional modes:

8i 2 I� ; hrxi i D 0 and hmi i D 0: (2.28)

B In the fully harmonic case d� D 0, global conservation laws corresponding to the
harmonic pulsating modes:

hm � xi D 0 and
q
d
2
hei � h�ri D 0: (2.29)

2.4. The equations for macroscopic modes

We write the evolution equations for r , m and e defined in (2.25). In the mathematical
literature, such equations are sometimes called local conservation laws but as this might
introduce confusion with the local conservation laws of the collision operator, which we
call here collision invariants, and the global conservation laws studied in Section 2.2, we
shall simply refer to these equations as the equations for macroscopic modes or simply
the macroscopic equations.

Assume that h solves (2.23). For any Hermite polynomial p W Rd ! R considered
as a function of the velocity variable, we compute JpŒh� D

R
Rd ph� dv using standard

properties of Hermite functions:

JpŒh� D r

Z
Rd
p� dv Cm �

Z
Rd
vp� dv C e

Z
Rd

Ep� dv C JpŒh?�

and, using (2.23), we also get

@tJpŒh� D �rxr �

Z
Rd
vp� dv � rxm W

Z
Rd
v ˝ vp� dv Cm � rx�

Z
Rd
p� dv

� rxe �

Z
Rd
vEp� dv C

q
2
d
er� �

Z
Rd
vp� dv C

Z
Rd
.Lh?/p� dv:

Plugging in successively p D 1, v, E, v ˝ v � Idd�d and v.E �
q
2
d
/ we get

@tr D r
�
x �m; (2.30a)

@tm D �rxr C

q
2
d
r
�
xe Cr

�
x �EŒh

?�; (2.30b)

@te D �

q
2
d
rx �mCr

�
x �‚Œh

?�; (2.30c)
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@tEŒh� D �2r
sym
x mCEŒLh?�; (2.30d)

@t‚Œh� D �
�
1C 2

d

�
rxe C‚ŒLh

?�; (2.30e)

where rsym
x m is defined by (2.2) and the matrix-valued function EŒh� and the vector-

valued function ‚Œh� are higher order moments of h defined by

EŒh� WD

Z
Rd
.v ˝ v � Idd�d /h� dv D

q
2
d
eIdd�d CEŒh?�; (2.31a)

‚Œh� WD

Z
Rd
v
�
E.v/ �

q
2
d

�
h� dv D ‚Œh?�: (2.31b)

If f is a special macroscopic mode, then (2.30) is reduced to (2.1) because, in that case,
h? D 0 and ‚Œhk� D 0.

3. Classification of special macroscopic modes

In this section, we prove part (1) of Theorem 1.1. We write a . b if there is some positive
constant c such that a � bc and a ' b if and only if a . b . a. Throughout this section,
we assume that (H0)–(H8) hold, without further mention.

3.1. Statement and preliminary results

Theorem 1.1 (1) reads:

Proposition 3.1 (Special macroscopic modes). If f is a solution of (1.4), then h given
by (2.22) is zero.

We recall that f is a special macroscopic mode if and only if, by definition (1.4),
C f D 0 and @tf D T f . With the definitions of (2.13), (2.14), (2.18), (2.20) and (2.21),
the function

F WD f � ˛M � ˇHM � Frot � Fdir � Fpul

is also a special macroscopic mode and (1.5) implies that h defined in (2.22) satisfies
hD hk D r Cm � vC eE.v/. According to (2.23), h solves the transport equation @thD
T h because Ch D 0 (with C defined by (2.24)) and Section 2.1 proved that r , m and e
solve (2.1). Proposition 3.1 means that r D 0, m D 0, and e D 0. We split the proof into
several steps. To start, since 1, v and E.v/ are orthonormal Hermite polynomials, we have

khk2 D krk2 C kmk2 C kek2: (3.1)

Lemma 3.2. With the above notations, the function h as in Proposition 3.1 satisfies

d
dt
khk2 D 0:

Proof. This follows from Ch D 0, T � D �T and d
dt khk

2 D 2hh;T hi D 0.
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Collecting the results of Section 2.1 and using r0 D hri D 0, we get the following.

Lemma 3.3. Let h be as in Proposition 3.1. With the above notations, let A WD hrskew
x mi,

b.t/ WD hmi and c.t/ WD hei. Then

r.t; x/ D �x � b0.t/C �2.x/

2
p
2d
c00.t/C

q
2
d
��c.t/; (3.2a)

m.t; x/ D Ax C b.t/ � xp
2d
c0.t/; (3.2b)

e.t; x/ D c.t/; (3.2c)

where A is a constant skew-symmetric matrix, while b and c are respectively vector-
valued and scalar functions of t related by (2.12).

We recall that the functions �2 and �� are defined respectively by (2.10) and (2.11).
Equation (2.12) in Proposition 2.1 provides us with various estimates onA, b and c which
are collected in Sections 3.2–3.4 in order to prove Proposition 3.1 in Section 3.5.

3.2. Control of A

For any A 2Mskew
d�d

.R/, let us define

jAj2 WD

Z
Rd
jAxj2�.x/ dx:

The vector space Mskew
d�d

.R/ is of finite dimension, so all norms are equivalent to j � j.
This is also why the rigidity constant cK given by (1.14) is positive, which implies the
Korn-type inequality

8A 2 R?� ; krx� � Axk
2
� cKjAj

2: (3.3)

By multiplying (2.12) by xk for k D 1; : : : ; d , then integrating against �.x/ and per-
forming some integrations by part, using the fact that �.x/ dx is centred and that the terms
involving r� vanish, we obtain

1p
2d
h2�xic0 C 1

2
p
2d
hjxj2xic000 � hx ˝ xib00 D b: (3.4)

With the notation of (3.2), let us define

X WD 1p
2d
.2�� Crx� � x � d/c C

�2

2
p
2d
c00 � x � b0; (3.5)

Y WD

q
2
d
h�xic C 1

2
p
2d
hjxj2xic00 � hx ˝ xib0: (3.6)

Identities (2.12) and (3.4) yield

d
dt
.X � Y � rx�/ D rx� � Ax;

where, according to Lemma 3.3, the r.h.s. is independent of t . As a consequence, we have
the following estimate.
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Lemma 3.4. Let h be as in Proposition 3.1. The infinitesimal rotation matrix A of
Lemma 3.3 satisfies

�
d
dt
h.X � Y � rx�/;rx� � Axi D �krx� � Axk

2
� �cKjAj

2:

Proof. By the conservation law (2.27), we know that Ax D P .m/ 2 R?� , so that (3.3)
applies.

3.3. Control of b, b00, c0 and c000

Lemma 3.5. Let h be as in Proposition 3.1. The functions b and c defined in Lemma 3.3
are such that

jbj C jb00j C jc0j C jc000j . jAj: (3.7)

Proof. Multiplying (2.12) by rx� and integrating against �.x/, after integration by parts,
using the fact that � is centred and observing that the terms involving 2�� � d and c000

vanish, it follows that

b00 D �hr2x�ib C
1p
2d
hr

2
x�xic

0
CR1 D �b C

1p
2d
hr

2
x�xic

0
CR1 (3.8)

with R0 WD �rx� �Ax and R1 WD hR0rx�i D O.A/. By inserting (3.8) into (2.12), one
gets

‰1.x/c
0
C‰2.x/c

000
�ˆ.x/ � b D R2 (3.9)

with

ˆ.x/ WD rx� � hr
2
x�ix D rx� � x;

‰1.x/ WD
2��.x/Crx� � x � d

p
2d

� x �
hr2x�xi
p
2d

; ‰2.x/ WD
�2.x/

2
p
2d
;

and R2 WD R1 � x �R0. Let

M� WD hˆ˝ˆi 2M
sym
d�d

.R/; ˛i WD h‰iˆi 2 Rd (3.10)

with i D 1, 2. Multiplication of (3.9) by ˆ and integration against � yields

M�b D ˛1c
0
C ˛2c

000
CR3; (3.11)

where R3 WD �hR2ˆi D O.A/ thanks to the moment bounds on � deduced from (H6).
Inverting the matrixM� allows us to control b by c and c00, and rewrite (3.9) as an ordinary
differential equation for c, up to an error term of the order O.A/. If M� is not invertible,
a similar estimate can still be made after taking into account the global conservation laws
of Corollary 2.4.

We recall that E� is defined by (1.9). We distinguish three cases.

B Fully nonharmonic case .d� D d/. The matrix M� is invertible (see Lemma A.2 in
Appendix A) and (3.11) yields

b DM�1� .˛1c
0
C ˛2c

000
CR3/ (3.12)
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and hence, together with (3.9), it follows that

z‰1.x/c
0
C z‰2.x/c

000
D R4 (3.13)

with R4 WD R2 Cˆ.x/ �M�1� R3 and

z‰1.x/ WD ‰1.x/ �ˆ.x/ �M
�1
� ˛1; z‰2.x/ WD ‰2.x/ �ˆ.x/ �M

�1
� ˛2: (3.14)

From Lemma A.3 we know that Rank.z‰1; z‰2/D 2 and deduce from (3.13) that c0DO.A/

and c000 D O.A/. Using then (3.12) and (3.8), we also deduce b D O.A/ and b00 D O.A/,
and the proof is complete in this case.

B Partially harmonic case .1 � d� � d � 1/. Let ¹e1; : : : ; ed� ; ed�C1; : : : ; ed º be a basis
of Rd such that ¹e1; : : : ; ed� º generates E� . For any vector x 2 Rd , we shall write x D
. Ox; Lx/ with Ox 2 Rd� and Lx 2 Rd�d� . Similarly, we use the notation �.x/ D . O�.x/; L�.x//
for a vector field � WRd !Rd . In particular,ˆD . ŷ ; 0/ and also Lb D 0 so that b D . Ob; 0/
as a consequence of (2.28). Hence (3.9) becomes

‰1c
0
C‰2c

000
� ŷ � Ob D R2: (3.15)

The matrix M� defined in (3.10) is given by

M� D

�
yM� 0

0 0

�
;

where
yM� WD h ŷ ˝ ŷ i 2M

sym
d��d�

.R/: (3.16)

Following the same procedure as in the fully nonharmonic case, we obtain, after multi-
plication by ŷ and integration against �,

yM�
Ob D Ǫ1c

0
C Ǫ2c

000
C OR3 (3.17)

with OR3 WD�hR2 ŷ iDO.A/, Ǫ1 WD h‰1 ŷ i and Ǫ2 WD h‰2 ŷ i. The matrix yM� is invertible
(see Lemma A.2 in Appendix A) and (3.17) yields

Ob D yM�1� . Ǫ1c
0
C Ǫ2c

000
C OR3/: (3.18)

Hence, together with (3.15), it follows that

y‰1.x/c
0
C y‰2.x/c

000
D OR4

with OR4 WD R2 C ŷ .x/ � yM�1� OR3 D O.A/ and

y‰1.x/ WD ‰1.x/ � ŷ .x/ � yM
�1
� Ǫ1;

y‰2.x/ WD ‰2.x/ � ŷ .x/ � yM
�1
� Ǫ2: (3.19)

As in the full rank case, Rank.y‰1; y‰2/ D 2 according to Lemma A.3 and we deduce that
c0DO.A/ and c000DO.A/. From (3.18) and (3.8), we also get ObDO.A/ and Ob00DO.A/,
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and since Lb D 0 we eventually get b D O.A/ and b00 D O.A/, which completes the proof
of the partially harmonic case.

B Fully harmonic case .d� D 0/. We see from (3.2c) and (2.29) that heiD cD 0D c0D c00

and from (3.2b), (2.28) and (H3) that hmi D b D 0D b0 D b00, which completes the proof
of the fully harmonic case.

3.4. Control of b0, c00 and c

Lemma 3.6. Let h be as in Proposition 3.1. The functions b and c as defined in Lem-
ma 3.3 obey the differential inequalities

d
dt
h�b; b0i � �jb0j2 CO.jAj2/ and

d
dt
h�c0; c00i � �jc00j2 CO.jAj2/:

Proof. We write

d
dt
h�b; b0i D h�b0; b0i C h�b; b00i and

d
dt
h�c0; c00i D h�c00; c00i C h�c0; c000i

and notice that h�b; b00i D O.jAj2/ and h�c0; c000i D O.jAj2/ by (3.7).

Lemma 3.7. The function c as defined in Lemma 3.3 is such that

jcj . jb0j C jc00j and jc00j . jb0j C jcj: (3.20)

Proof. Multiplying (3.2a) by �� and integrating against �, we obtain

c
�q

2
d
h�2�i C

q
d
2

�
D hx��i � b

0
�
h�2��i

2
p
2d
c00

using hr�i D �
q
d
2
c and hri D 0 by (2.26), which completes the proof.

3.5. A Lyapunov function method

We define the Lyapunov function

F Œh� WD khk2 � "Ah.X � Y � rx�/;rx� � Axi � "bhb; b
0
i � "chc

0; c00i

for some positive constants "A, "b and "c to be chosen later.

Lemma 3.8. With the above notations, if h is as in Proposition 3.1, then

F Œh� ' khk2 (3.21)

for "A, "b and "c small enough.

Proof. From (3.1), we know that khk2 D krk2 C kmk2 C kek2 and it follows
from (3.2a–c) that

krk2 . jb0j2 C jcj2 C jc00j2; kmk2 ' jbj2 C jAj2 C jc0j2; kek2 D jcj2: (3.22)
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By Lemma 3.5, we obtain

kmk2 . jAj2; jhb; b0ij . jAj2 C jb0j2; jhc0; c00ij . jAj2 C jc00j2:

By Lemma 3.7, we know that jcj2 . jb0j2 C jc00j2 and obtain

krk2 . jb0j2 C jc00j2; kck2 . jb0j2 C jc00j2; kek2 . jb0j2 C jc00j2;
jh.X � Y � rx�/;rx� � Axij . jAj2 C jb0j2 C jc00j2:

Altogether we have the upper estimate

F Œh� . jAj2 C jb0j2 C jc00j2 (3.23)

and, using (3.20),
F Œh� . jAj2 C jb0j2 C jcj2:

Using (2.1b), we notice that

b0 D h@tmi D �hrxri D �hrrx�i � krk krx�k . krk (3.24)

performing one integration by parts and using the Cauchy–Schwarz inequality. It is then
clear that jAj2 . kmk2 and jcj2 D kek2, so that by (3.1),

F Œh� . krk2 C kmk2 C kek2 D khk2:

Then, using (3.22) again, we have the lower estimate

2F Œh� � khk2 & krk2 C .jbj2 C jAj2 C jc0j2/C jcj2

� 2"A.jAj
2
C jb0j2 C jc00j2/ � 2"b.jAj

2
C jb0j2/ � 2"c.jAj

2
C jc00j2/:

We know from (3.24) that jb0j2 . krk2 and, using (3.20), we also find that jc00j2 .
jb0j2 C jcj2 . krk2 C jAj2. As a consequence,

2F Œh� � khk2 � 0

if "A, "b and "c are chosen small enough, which completes the proof.

Lemma 3.9. With the above notations, if h is as in Proposition 3.1, then for some "A, "b
and "c small enough, there is a positive constant � such that

d
dt

F Œh� � ��F Œh�:

Proof. Using Lemma 3.4, Lemma 3.6 and (3.3), we have

�
d
dt

F Œh� D �"Akrx� � Axk
2
C "bjb

0
j
2
C "c jc

00
j
2
� ."b C "c/O.jAj

2/

� "0AjAj
2
C "bjb

0
j
2
C "c jc

00
j
2 & F Œh�;

by choosing "b and "c small enough compared to "A and using (3.23).
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Proof of Proposition 3.1. Let h0 D h.t D 0/. Thanks to Grönwall’s lemma and the equi-
valence (3.21), we deduce

8t � 0; kh.t/k2 . F Œh.t/� � e��tF Œh0� . e��tkh0k
2:

By Lemma 3.3, A is constant in time. Using for instance (3.22), we deduce from

jAj2 . lim
t!C1

kh.t/k2 D 0

that AD 0. By Lemma 3.5, we get b D 0 and c0 D 0 for any t � 0 so that c is independent
of t . Taking for instance (3.23) into account, we conclude that h D 0.

Completing the proof of Proposition 3.1 means that part (1) of Theorem 1.1 is estab-
lished.

4. Proof of hypocoercivity by the micro-macro method

In this section we prove part (2) of Theorem 1.1 on hypocoercivity using the micro-
macro decomposition of the solution as in Section 2.3. The proof of Proposition 3.1 is
our guideline for a new cascade of estimates, but the analysis is more complex due to the
presence of microscopic terms.

4.1. Statement

Theorem 1.1 (2) can be rewritten as follows.

Proposition 4.1. Let h be a solution to (2.22)–(2.23) in L2.M/ with initial datum h0.
There exist positive constants C and � such that

8t � 0; kh.t/k � Ce��tkh0k:

Here C and � depend only on bounded moment constants, spectral gap constants
or explicitly computable quantities associated to � such as the rigidity constant defined
in (1.14). We split h into a microscopic part h? and a macroscopic part hk such that

h D hk C h? D r Cm � v C eE.v/C h?;

where r , m and e defined by (2.25) evolve according to the macroscopic equations (2.30)
involving the matrix-valued function EŒh� and the vector-valued function ‚Œh� defined
by (2.31a) and (2.31b). By construction, we have

khk2 D krk2 C kmk2 C kek2 C kh?k2: (4.1)

Let deviations from averages, or space inhomogeneous terms, be defined by

rs WD r � hrxri � x �
1
2d
h�xri�2; (4.2a)

ms WD m � hr
skew
x mix � 1

d
hrx �mix � hmi; (4.2b)
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es WD e � hei; (4.2c)

w WD r �

q
2
d
hei�; (4.2d)

ws WD rs �

q
2
d
hei�s with �s WD �� �

1
2d
h�x�i�2: (4.2e)

We recall that �2.x/ WD jxj2 � hjxj2i and ��.x/ WD � � h�i were already defined in (2.10)
and (2.11), while rskew

x m comes from (2.6). In particular,

ws D w � hrxwix �
1
2d
h�wi�2 C

q
2
d
heih�i: (4.3)

After introducing some geometric tools in Section 4.2, we split the proof of Propos-
ition 4.1 by considering infinite-dimensional quantities in Section 4.3 and finite-dimen-
sional quantities in Section 4.4; in the latter case, the analysis closely follows the strategy
of Section 3. From now on, we assume that h is as in Proposition 4.1.

4.2. Witten–Hodge operator and Korn inequality: a toolbox

Here we collect several classical and less classical estimates that will be used to control the
macroscopic quantities. We refer to [9] for references and details of constructive proofs.
Assumptions (H3)–(H5) coincide with the hypotheses of [9, Section 1.2]. Let

br�e WD
p
1C jr�j2:

B The strong Poincaré inequality

8' 2 H1.�/;
Z

Rd
j' � h'ij2brx�e

2� dx .
Z

Rd
jrx'j

2� dx (4.4)

is proven in [9, Proposition 5].

B In order to work in L2.�/, we shall use the operator � introduced in (1.15) and con-
sidered as an operator acting on either scalar or vector-valued functions. As a consequence
of (4.4), we have the zeroth order strong Poincaré inequality (see [9, Proposition 8]),
according to which, for any ' 2 L2.�/,

k��1r2x'k C k�
�1.brx�erx'/k C k�

�1.brx�e
2'/k . k'k: (4.5)

B The following zeroth order Poincaré inequality, sometimes called the Poincaré–Lions
inequality,

8' 2 L2.�/; k' � h'ik . k��1=2rx'k . k' � h'ik (4.6)

is proven in [9, Proposition 5].

B The .�1/th order Poincaré–Lions inequality

8' 2 H�1.�/; k��1=2.' � h'i/k . k��1rx'k . k��1=2.' � h'i/k (4.7)
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is proven in [9, Lemma 10] together with its variant

8' 2 L2.�/; k' � h'ik . krx��1=2'k C k��1=2rx'k . k' � h'ik: (4.8)

B Another key estimate is the zeroth order Korn–Poincaré inequality: for any vector field
u W Rd ! Rd such that hui D 0 and hrskew

x ui D 0,

kuk . k��1=2rsym
x uk; (4.9)

which is established in [9, Theorem 4] using (2.5).

4.3. Control of infinite-dimensional quantities

We build an entropy function by assembling dissipative functionals for h? and the space
inhomogeneous terms defined in (4.2).

4.3.1. Control of h?. We first control the dissipation of the microscopic part.

Lemma 4.2. If h is a solution to (2.23) in L2.M/, then

d
dt
khk2 � �2cC kh

?
k
2: (4.10)

Proof. Since C� D C and T � D �T , we have

1

2

d
dt
khk2 D hCh; hi:

We conclude that (4.10) holds by the spectral gap assumption (H1) on C .

4.3.2. Control of es . Let es be as defined in (4.2c).

Lemma 4.3. There are positive constants �1 and C such that

d
dt
h��1rxe;‚Œh�i � ��1kesk

2
C Ckh?k khk: (4.11)

Proof. Recall that ‚Œh� D ‚Œh?� from (2.31b). We compute

d
dt
h��1rxe;‚Œh�i

D
˝
��1rxe;�

�
1C 2

d

�
rxe C‚ŒLh

?�
˛
C h��1rx.@te/;‚Œh�i

� �
1
2

�
1C 2

d

�
k��1=2rxek

2
C Ck��1=2‚ŒLh?�k2 C Ck��1rx.@te/k kh

?
k;

by using the Cauchy–Schwarz and Young inequalities. We deduce from (4.6) that

k��1=2rxek
2 & kesk2:

According to (4.6), (H2) and (H6), we have

k��1=2‚ŒLh?� . kh?k:
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It follows from (2.30c) that

��1rx.@te/ D �

q
2
d
��1rx.rx �m/C�

�1
rx.r

�
x �‚Œh

?�/;

so that k��1rx.@te/k . khk by (4.5). This completes the proof of (4.11).

4.3.3. Control of ms . Let rsym
x ms be as defined by (2.6) and (4.2b).

Lemma 4.4. There are positive constants �2 and C such that

d
dt

˝
��1rsym

x ms; EŒh� �

q
2
d
heiIdd�d

˛
� ��2kmsk

2
C C.kesk C kh

?
k/khk: (4.12)

Proof. From (4.2b) one has

r
sym
x m D rsym

x ms C
1
d
hrx �miIdd�d ;

and from (2.31a),

EŒh� �

q
2
d
heiIdd�d D

q
2
d
esIdd�d CEŒh?�:

Moreover, from (2.30c) one gets

d
dt
hei D �

q
2
d
hrx �mi:

As a consequence, from (2.30d) one obtains

d
dt

˝
��1rsym

x ms; EŒh� �

q
2
d
heiIdd�d

˛
D
˝
��1rsym

x ms;�2r
sym
x mCEŒLh?�C 2

d
hrx �miIdd�d

˛
C
˝
��1rsym

x .@tms/; EŒh� �

q
2
d
heiIdd�d

˛
D �2k��1=2rsym

x msk
2
C h��1=2rsym

x ms; �
�1=2EŒLh?�i

C
˝
��1rsym

x .@tms/;

q
2
d
esIdd�d CEŒh?�

˛
:

Using the Cauchy–Schwarz inequality, we deduce

d
dt

˝
��1rsym

x ms; EŒh� �

q
2
d
heiIdd�d

˛
� �k��1=2rsym

x msk
2
C Ck��1=2EŒLh?�k2

C Ck��1rsym
x .@tms/k



q 2
d
esIdd�d CEŒh?�



:
Using Korn’s inequality (4.9) and observing by (2.30b) that

k��1rsym
x .@tms/k D O.khk/ and k��1=2EŒLh?�k D O.kh?k/

from (4.5) and (4.8) as in the proof of Lemma 4.3, we prove (4.12).
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4.3.4. Control of ws . Let ws be as defined in (4.2e).

Lemma 4.5. There are positive constants �3 and C such that

d
dt
h��1rxws; msi � ��3kwsk

2
C Ckesk

2
C Ckh?k2 C Ckmsk khk (4.13)

and
d
dt
h���1@tws; wsi � �k�

�1=2@twsk
2
C Ckwsk khk: (4.14)

Proof. Observe that (2.30b), (4.2c) and (4.3) imply

@tm D �rxw C

q
2
d
r
�
xes Cr

�
x �EŒh

?�

D �rxws � hrxwi �
1
d
h�xwix C

q
2
d
r
�
xes Cr

�
x �EŒh

?�:

Integrating (2.30b) and using (4.2d), one gets

d
dt
hmi D �hrxri D �hrxwi

and

d
dt
hrx �mi D �h�xri C

q
2
d
he�x�i C hTr.EŒh?�r2x �/i

D �h�xwi C

q
2
d
hes�x�i C hTr.EŒh?�r2x �/i:

Finally, by differentiating (2.30b), one has

@trxm D �r
2
xr C

q
2
d
r
�
xrxe C

q
2
d
r
2
x�e Cr

�
x � .rx ˝EŒh

?�/CEŒh?�r2x �

and the integration of the skew-symmetric part yields

d
dt
hr

skew
x mi D h.EŒh?�r2x�/

skew
i: (4.15)

As a consequence of these identities and (4.2b), one gets

@tms D �rxws C

q
2
d

�
r
�
xes �

1
d
hes�x�ix

�
CmE ;

where mE WD r�x �EŒh
?� � h.EŒh?�r2x�/

skewix � 1
d
hTr.EŒh?�r2x�/ix. Hence

h��1rxws; @tmsi D �k�
�1=2
rxwsk

2
C k��1=2rxwskk�

�1=2mEk

C

q
2
d
k��1=2rxwsk



��1=2�r�xes � 1
d
hes�x�ix

�


Using the zeroth order Poincaré inequality (4.6) and (4.2c), we can estimate
k��1=2r�xesk by kesk. Up to a few integrations by parts, using (H4), (H6) and (H7),
we end up, for some constant C > 0, with

h��1rxws; @tmsi � �
1

2
k��1=2rxwsk

2
C C.kesk

2
C kh?k2/: (4.16)
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From the definitions (4.2a) and (4.2e), we have

@tws D @tr � hrx@tri � x �
1
2d
h�x@tri�2 �

q
2
d
h@tei�s;

so that, by (2.30a) and (2.30c),

@tws D r
�
xm � hrxr

�
x �mi � x �

1
2d
h�xr

�
x �mi�2 �

2
d
hrx �mi�s : (4.17)

Using (4.5) in order to estimate the first term, and performing several integrations by parts
and using the boundedness assumption (H6) on � in order to estimate the last three terms,
we obtain

k��1rx@twsk . kmk . khk: (4.18)

Inserting (4.16) and (4.18) in

d
dt
h��1rxws; msi D h�

�1
rx@tws; msi C h�

�1
rxws; @tmsi

completes the proof of (4.13).
In order to control the time-derivative of ws , we write

d
dt
h���1@tws; wsi D �k�

�1=2@twsk
2
� h��1@2ttws; wsi: (4.19)

Differentiating (4.17) with respect to t , we have

@2ttws D r
�
x � .@tm/ � hrxr

�
x � .@tm/i � x �

1
2d
h�xr

�
x � .@tm/i�2 �

2
d
hrx � .@tm/i�s;

where the first term is obtained by differentiating (2.30b) and amounts to

r
�
x .@tm/ D �r

�
x � rxw C

q
2
d
r
�
x � r

�
xes Cr

�
x � r

�
x �EŒh

?�;

using (4.2c) and (4.2d). Similar expressions hold for the next three terms. Arguing much
as for (4.18), we have

��1@2ttws D O.khk/:

Together with (4.19) this proves (4.14).

4.3.5. First Lyapunov functional. We end this section by introducing a first, partial Lya-
punov functional

F1Œh� WD khk
2
C "1h�

�1
rxe;‚Œh�i C "2

˝
��1rsym

x ms; EŒh� �

q
2
d
heiIdd�d

˛
C "3h�

�1
rxws; msi C "4h��

�1@tws; wsi; (4.20)

where
"1 D "; "2 D "

3=2; "3 D "
7=4; "4 D "

15=8: (4.21)

Let us define the dissipation functional

D1Œh� WD kh
?
k
2
C kesk

2
C kmsk

2
C kwsk

2
C k��1=2@twsk

2: (4.22)
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Lemma 4.6. There are positive constants �0, C0 and � such that for any " > 0 small
enough, we have

d
dt

F1Œh� � ��0kh
?
k
2
� "15=8�D1Œh�C "

2C0khk
2:

Proof. By collecting the results of Lemmata 4.2–4.5, we obtain

d
dt

F1Œh� � �2cC kh
?
k
2
� "1�1kesk

2
C "1Ckh

?
k khk

� "2�2kmsk
2
C "2C.kh

?
k C kesk/khk

� "3�3kwsk
2
C "3C.kesk

2
C kh?k2 C kmsk khk/

� "4k�
�1=2@twsk

2
C "4Ckwsk khk

for any "i 2 .0; 1/, i D 1; 2; 3; 4, up to renaming the generic constant C > 0. Using
Young’s inequality repeatedly, we have

"1Ckh
?
k khk � 1

2
cC kh

?
k
2
C "21

C2

2cC
khk2;

"2Ckh
?
k khk � 1

2
cC kh

?
k
2
C "22

C2

2cC
khk2;

"2Ckesk khk �
1
2
"1�1kesk

2
C

"2
2

"1

C2

2�1
khk2;

"3Ckmsk khk �
1
2
"2�2kmsk

2
C

"2
3

"2

C2

2�2
khk2;

"4Ckwsk khk �
1
2
"3�3kwsk

2
C

"2
4

"3

C2

2�3
khk2;

and therefore

d
dt

F1Œh� � �.cC � "3C/kh
?
k
2
� "1�1

�
1
2
�

"3
�1"1

C
�
kesk

2
�
1
2
"2�2kmsk

2

�
1
2
"3�3kwsk

2
� "4k�

�1=2@twsk
2

C
1
2
C 2
� "2
1

cC
C

"2
2

cC
C

"2
2

�1"1
C

"2
3

�2"2
C

"2
4

�3"3

�
khk2:

The choice �0 D 1
4

cC , � D min ¹ cC

4
; �1
4
; �2
2
; �3
2
; 1º and C0 D 1

2
C 2. 2cC

C
1
�1
C

1
�2
C

1
�3
/

with "i , i D 1; : : : ; 4; given by (4.21) and

0 < " < min ¹1; .4C=�1/�4=3; .2C=cC /
�4=7
º

completes the proof.

4.4. Control of finite-dimensional quantities

After estimating the decay of the deviations from averages defined by (4.2), let us consider
the time-dependent global scalar quantities hei, hrskew

x mi, hrx �mi, hmi, hrxri, h�xri.
We proceed as in the proof of Proposition 3.1. Let

A.t/ WD hrskew
x mi; b.t/ WD hmi; c.t/ WD hei; (4.23a)

z.t; x/ WD r.t; x/C b0.t/ � x � c00.t/ �2.x/
2
p
2d
� c.t/

q
2
d
��.x/: (4.23b)
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By comparison with (3.2a), we know that z D 0 if h corresponds to a special macroscopic
mode. We observe here that there is no reason for A.t/ to be the orthogonal projection of
m onto the infinitesimal rotation matrices or to be independent of t . We shall have to take
this fact into account later and remember that, according to (4.15),

A0.t/ D h.EŒh?�r2x�/
skew
i: (4.24)

4.4.1. The macroscopic equations. As defined by (2.25), the functions r , m and e can be
rewritten in the new variables as follows.

Lemma 4.7. With the previous notations, if h solves (2.22)–(2.23) in L2.M/, then

r.t; x/ D �b0.t/ � x C c00.t/ �2.x/
2
p
2d
C c.t/

q
2
d
��.x/C z.t; x/; (4.25a)

m.t; x/ D A.t/x C b.t/ � c0.t/ 1p
2d
x Cms.t; x/; (4.25b)

e.t; x/ D c.t/C es.t; x/; (4.25c)

where z obeys the bounds

kzk2 . kwsk2 C kesk2 C kh?k2; (4.26a)

k��1=2@tzk
2 . k��1=2@twsk2 C kmsk2 C kh?k2: (4.26b)

Proof. The expression (4.25a) follows from the definition of z in (4.23b), while (4.25c)
is just a rewriting of (4.2c). From (2.30c) one observes that

c0 D
d
dt
hei D �

q
2
d
hrx �mi; (4.27)

so that (4.25b) follows from the definition (4.2b) of ms .
From (2.30b) we have

b0 D
d
dt
hmi D �hrxri: (4.28)

Using (4.2a) and (4.2e), we write

r D ws C

q
2
d
hei�s C hrxri � x C

1
2d
h�xri�2

D ws C

q
2
d
c
�
�� �

1
2d
h�x�i�2

�
� b0 � x C 1

2d
h�xri�2:

From (4.25a), we deduce

z D ws C
1p
2d

�
1p
2d
h�xri �

1
2
c00 � 1

d
h�x�ic

�
�2: (4.29)

Finally, thanks to (4.27) and (2.30b), we compute

c00 D �

q
2
d
hrx � @tmi D

q
2
d
h�xri �

2
d
hrx � r

�
xei �

q
2
d
hrx � .r

�
x �EŒh

?�/i;

and thus obtain

c00 D

q
2
d
h�xri �

2
d
he��i �

q
2
d
hTr.EŒh?�r2x �/i: (4.30)
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By inserting (4.30) in (4.29), we obtain

z D ws C
1
2d
hEŒh?� W r2x �i�2 C

1

d
p
2d
hes�x�i�2;

from which (4.26a) follows. By differentiating z with respect to t , we get

@tz D @tws C
1
2d
h@tEŒh

?� W r2x �i�2 C
1

d
p
2d
h@tes�x�i�2:

By (2.30d) and (2.31a), we know that

@tEŒh� D �2r
sym
x mCEŒLh?� D

q
2
d
@teIdd�d C @tEŒh?�:

Moreover, we learn from (4.2b) and (4.27) that

r
sym
x m D rsym

x ms C
1
d
hrx �miIdd�d D rsym

x ms �
1p
2d
h@teiIdd�d ;

and so
@tEŒh

?� D �2rsym
x ms CEŒLh

?� �

q
2
d
@tesIdd�d :

Hence
@tz D @tws �

1
d
hr

sym
x ms W r

2
x �i�2 C

1
2d
hEŒLh?� W r2x �i�2

and estimate (4.26b) follows using integration by parts and (H6).

Using (4.25a) on the one hand, and (2.30a) combined with (4.25b) on the other hand,
we write

@tr D

q
2
d
��c
0
� x � b00 C �2

2
p
2d
c000 C @tz

D r
�
x �ms Crx� � Ax �

1p
2d
.rx� � x � d/c

0
Crx� � b:

We deduce a differential equation which is very similar to (2.12) up to additional terms
involving ms and z:

Proposition 4.8. The functions A, b, c, z and ms defined by (4.23) and (4.2b) solve

2��.x/Crx� � x � d
p
2d

c0 C
�2

2
p
2d
c000 � rx� � b � x � b

00
� rx� � Ax

D r
�
x �ms � @tz: (4.31)

4.4.2. Control of A. The counterpart of Section 3.2 goes as follows.

Lemma 4.9. There are positive constants �4 and C such that

�
d
dt
h.X � Y � rx�/;rx� � Axi � ��4jAj

2
C C.D1Œh�C Ckh

?
k khk/; (4.32)

whereX DX.b0; c; c00/, Y D Y.b0; c; c00/ and D1Œh� are defined respectively in (3.5), (3.6)
and (4.22).
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Proof. We argue as for Lemma 3.4. We multiply (4.31) by xk for k D 1; : : : ; d and
integrating, we getq

2
d
h��xic

0
C

1

2
p
2d
h�2xic

000
� b � hx ˝ xib00 D hmsi � hx@tzi: (4.33)

Using the definitions of X and Y , (4.31) and (4.33) yield

d
dt
.X � Y � rx�/ D rx� � Ax Cr

�
x �ms � hmsi � rx� � @tz C hx@tzi � rx�:

Using (4.23a) and (4.24), we obtain

d
dt
h�.X � Y � rx�/;rx� � Axi

D �krx� � Axk
2
� hr

�
x �ms;rx� � Axi C

˝
hmsi � rx�;rx� � Ax

˛
C h@tz;rx� � Axi �

˝
hx@tzi � rx�;rx� � Ax

˛
�
˝
X � Y � rx�;rx� � h.EŒh

?�r2x �/
skew
ix
˛
:

For the first term and thanks to the conservation law (2.27), we note that

R?� 3 P .m/ D Ax C P .ms/;

so that we can apply inequality (3.3) to x 7! Ax C P .ms/ to get

cKkAx C P .ms/k
2
� krx� � Ax Crx� � P .ms/k

2;

which yields
cKjAj

2
D cKkAxk

2
� 4krx� � Axk

2
C Ckmsk

2 (4.34)

for any C > 4C cK. In order to estimate the other terms, we use˝
X � Y � rx�;rx� � h.EŒh

?�r2x �/
skew
ix
˛

. k��1.X � Y � rx�/k k�.rx�x/k jh.EŒh?�r2x �/
skew
ij

. .jb0j C jcj C jc00j/kh?k;

and
hhmsi � rx�;rx� � Axi . kmsk krx� � Axk . kmsk jAj:

Thanks to the zeroth order Poincaré inequality (4.6), we also have

hr
�
x �ms;rx� � Axi D h�

�1=2.r�x �ms/;�
1=2.rx� � Ax/i . kmsk jAj;

as well as similar estimates for the terms in @tz and hx@tzi � rx�. Combining these estim-
ates with (4.34), we get

d
dt
h�.X � Y � rx�/;rx� � Axi

� �
1
4
cKjAj

2
C C.kmsk C k�

�1=2@tzk/jAj C .jb
0
j C jcj C jc00j/kh?k

for some �4 < 1
4
cK and C > 0 large enough. Young’s inequality and (4.26b) conclude the

proof of (4.32).
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4.4.3. Control of b, b0, b00 and c, c0, c00 and c000. It follows from three lemmata.

Lemma 4.10. The following estimate holds:

jbj C jb00j C jc0j C jc000j . jAj C k��1=2@twsk C kmsk C kh?k: (4.35)

Proof. Using (4.31), we can write

2��Crx��x�dp
2d

c0 C �2

2
p
2d
c000 � rx� � b � x � b

00
D R0

with R0 WD rx� � Ax C r�x �ms � @tz. Arguing as in the proof of Lemma 3.5 with this
new definition of R0, we find that (3.11) holds with

R3 WD �hR0 ẑ i; ẑ WD r� � x � h.r� � x/˝ xir�:

Observing that

R3 D �hrx� � Ax ẑ i � h
T.D ẑ /msi C h�

1=2 ẑ ; ��1=2@tzi

D O.jAj C kmsk C k�
�1=2@tzk/

and using (4.26b), we deduce (4.35) by reasoning as in the proof of Lemma 3.5.

With D1Œh� defined in (4.22), we obtain the counterpart of Lemma 3.6.

Lemma 4.11. There exists a constant C > 0 such that

d
dt
h�b; b0i � �jb0j2 C C jAj2 C CD1Œh�;

d
dt
h�c0; c00i � �jc00j2 C C jAj2 C CD1Œh�:

Lemma 4.12. The following estimates hold:

jcj . jb0j C jc00j C kwsk2 C kesk2 C kh?k2; (4.36)

krk . jb0j C jc00j C kwsk2 C kesk2 C kh?k2: (4.37)

Proof. According to (4.25a), we can write

r D

q
2
d
��c CR5; (4.38)

where R5 WD z � x � b0 C
�2

2
p
2d
c00 D O.jb0j C jc00j CD1Œh�/ because of (4.26a). Using

this expression in (2.26) and recalling that hei D c yieldsq
d
2
c
�
1C 2

d
h�2�i

�
D �h��R5i;

from which (4.36) follows. Coming back to (4.38), we establish (4.37).

4.4.4. Second Lyapunov functional. Let us introduce the Lyapunov function

F2Œh� WD F1Œh� � "5hX � Y � rx�;rx� � Axi � "6hb; b
0
i � "6hc

0; c00i (4.39)
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for some additional small parameters "5 and "6, and the associated dissipation functional

D2Œh� WD D1Œh�C jAj
2
C jb0j2 C jc00j2: (4.40)

Lemma 4.13. For any 0 < "6 < "5 < "4 < "3 < "2 < "1 with "1 small enough,

khk2 . F2Œh� . D2Œh� . khk2: (4.41)

Proof. We can control all quantities involved in the definitions of F2 and D2 by khk2.
Indeed, from (4.1) and (4.23a), we have

krk C kmk C kek C kh?k C jbj C jcj . khk (4.42)

and thus also kesk . kek C jcj . khk from (4.25c). Next, we observe from (4.27) that

jc0j D

q
2
d
jhm � r�ij . kmk � khk;

from (4.23a) that
jAj D jhmrskew

x �ij . kmk � khk;

and thus also kmsk . kmk C jAj C jbj C jc0j . khk from (4.25b). Similarly, we observe
from (4.28) that

jb0j D jhrrx�ij . krk � khk:

Coming back to the definition of ws and using (4.28), we get

ws D r �

q
2
d
c
�
�� �

1
2d
h�x�i�2

�
C b0 � x � 1

2d
hr.jr�j2 ���/i�2;

and deduce kwsk . krk C jcj C jb0j . khk. Similarly, from (4.30), we also have jc00j .
krk C kek C kh?k � khk. Summing up, we have proved

kesk C kmsk C kwsk C jAj C jc
0
j C jb0j C jc00j . khk: (4.43)

We finally have to control the terms k��1=2@twsk. From (4.2e), (4.2a) and (2.30), we
have

@tws D r
�
x �m � hrxr

�
x �mi � x �

1
2d
h�xr

�
x �mi�2 �

q
2
d
c0�s;

and after performing several integration by parts,

k��1=2@twsk . kmk C jc0j . khk: (4.44)

As a consequence of the estimates (4.42)–(4.44) and of the definition (4.39) of F2 (see
also (4.20)), we have ˇ̌

khk2 � F2Œh�
ˇ̌
� C"1khk

2:

This completes the proof of the first equivalence in (4.41). For the same reason, we have
D2Œh� . khk2. On the other hand, from (4.25a) and (4.36), we have

krk . jb0j C jc00j C jcj C kwsk C kesk C kh?k . jb0j C jc00j C kwsk C kesk C kh?k;
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and similarly, from (4.25b) and (4.35),

kmk . jAj C jbj C jc0j C kmsk . jAj C jc0j C kmsk C k��1=2@twsk C kh?k:

Combining the last two estimates, (4.1), (4.25c) and the definition (4.22) of D2, we
deduce the reverse inequality khk2 . D2Œh�, which completes the proof of the second
equivalence in (4.41).

4.5. Proof of Proposition 4.1

We differentiate the Lyapunov function F2Œh� with respect to t and use Lemmata 4.6, 4.9
and 4.11 to get

d
dt

F2Œh� � ��0kh
?
k
2
� "15=8�D1Œh�C "

2C0khk
2

� �4"5jAj
2
C C"5.D1Œh�C Ckh

?
k khk/

C "6.�jb
0
j
2
� jc00j2 C 2C jAj2 C 2CD1Œh�/:

Using Young’s inequality we have

"5C
2
kh?k khk � �0kh

?
k
2
C "25�

�1
0 C 4khk2

and we deduce for some new constants C1, C2, C3 > 0 that
d
dt

F2Œh� � �"
15=8�D1Œh�C "

2C0khk
2
� �4"5jAj

2
C C1."5 C "6/D1Œh�C C2"

2
5khk

2

� "6.jb
0
j
2
C jc00j2/C C3"6jAj

2:

As in the proof of Lemma 4.6, we choose appropriately the small parameters "i such that
the quantities "5, "6, "5="4 and "6="5 are small enough in terms of ". With "5 WD "61=32

and "6 WD "62=32, we obtain
d
dt

F2Œh� � �"
15=8.� � 2"1=32C1/D1Œh� � "

61=32.�4 � "
1=32C3/jAj

2

� "62=32.jb0j2 C jc00j2/C "2.C0 C C2"
29=16/khk2:

Choosing " > 0 small enough, the differential inequality simplifies to

d
dt

F2Œh� � �"
62=32D2Œh�C 5C"

2
khk2:

Because of the equivalences established in Lemma 4.13, there are constants K1; K2 > 0
such that

d
dt

F2Œh� � �"
62=32.K1 �K2"

2=32/F2Œh�:

Choosing " > 0 smaller if necessary, we obtain

d
dt

F2Œh� � ��F2Œh�

for some � > 0, which implies F2Œh.t/� � e
��tF2Œh0�. This completes the proof of Pro-

position 4.1, that is, of part (2) of Theorem 1.1, by using once again the equivalences of
Lemma 4.13.
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5. Proof of hypocoercivity by the commutator method

In this section we give an alternative proof of our main result in Theorem 1.1 using a
commutator method, under the additional hypotheses that

the linear collision operator C is bounded in L2.��1/; (H9)

kr2x�kL1.Rd / <1,
Z

Rd
x�.x/e��.x/ dx D 0: (H10)

Assumption (H9) means that the operator C as defined in (2.24) is bounded on L2.�/,
while (H10) means that the potential � has bounded second derivatives and is superlinear
at infinity. These assumptions are added merely to simplify the computations, but the
bound (H9) on the collision operator can be relaxed into just (H2) by using QAi WD…�Ai…
instead of the Ai ’s defined in (5.2) in Proposition 5.2 (where …h D hk is the orthogonal
projection on the macroscopic part), and the bound in (H10) can be relaxed into simply
jr2x�j. 1C jrx�j thanks to the additional weight brx�e in the Poincaré inequality (H5).
We include the commutator method because of its interesting algebraic properties and
potential applications to a larger class of equations. Then part (2) of Theorem 1.1 can be
rewritten as follows.

Proposition 5.1. Assume that (H0)–(H10) hold and let h be a solution to (2.22)–(2.23)
in L2.M/. Then there are explicit constants C > 0 and � > 0 such that

kh.t/k � Ce��tkh0k;

where C and � depend only on bounded moment constants, spectral gap constants or
explicitly computable quantities associated to � such as the rigidity constant defined
in (1.14).

While rx and rv map scalar functions to vector-valued functions, their adjoints in
L2.M/ are r�x D �rx � Crx� and r�v D �rv � Cv� and map vector-valued functions
back to scalar functions. The operators rx and rv commute but neither commutes with
its adjoint. We have

Œrv;T � D �rx ; Œrx ;T � D H�rv;

Œr�v ;T � D �r�x ; Œr�x ;T � D .H�rv/
�;

(5.1)

where ŒA; B� D AB � BA is the commutator and H� WD .@2xixj �/i;j .
In addition to � D r�x � rx C 1 defined in (1.15), we also introduce

� D r�v � rv C 1; ƒ D r�v � rv Cr
�
x � rx C 1:

These scalar operators also act, coordinatewise, on tensors.
From, e.g., [9] (see Sections 4.4–4.5) or [25, 27], these operators are self-adjoint in

L2.M/. As in Section 4, we construct a cascade of estimates.
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5.1. Cascade of infinite-dimensional correctors

The following three operators play the role of correctors:8̂̂<̂
:̂
A0 WD r

�
x ˝r

�
x ˝r

�
xƒ
�3=2
W ƒ�3=2rv ˝rx ˝rx ;

A1 WD r
�
x ˝r

�
v ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2rv ˝rv ˝rx ;

A2 WD r
�
v ˝r

�
v ˝r

�
x�
�1ƒ�1=2 W ƒ�1=2��1rv ˝rv ˝rv:

(5.2)

From [25, 27] or by standard pseudo-differential calculus arguments (see Lemma A.4),
A0; A1; A2 are bounded operators in L2.M/. Let RnŒV � be the space of real polynomials
in v of degree less than or equal to n 2 N. Then´

r
˝3
v .R2ŒV �/ D ¹0º; r

˝2
v .R1ŒV �/ D ¹0º; rv.R0ŒV �/ D ¹0º;

A2.R2ŒV �/ D ¹0º; A1.R1ŒV �/ D ¹0º; A0.R0ŒV �/ D ¹0º:

This means for instance that A2 acts at the level of the local energy without seeing
the local density and local momentum, in a descending cascade. Note that the simplest
“order 1” correctorA0 is inspired by the correctorr�xƒ

�1=2 Wƒ�1=2rv introduced in [27]
for Fokker–Planck type equations. We define macroscopic deviations from averages that
are slightly different from (4.2a)–(4.2c):

Qe WD e � hei;

Qm WD m � hrxmix � hmi;

Qr WD r � 1
2
hr
˝2
x ri W .x ˝ x � hx ˝ xi/ � hrxri � x � hri:

The core commutator estimates are the following:

Proposition 5.2. For all i 2 ¹0; 1; 2º, we have

d
dt
hAih; hi D �hƒih; hi C hBih; hi; (5.3)

where the Bi ’s are bounded operators that satisfy

hB0h; hi . khk.kh?k C kQek C k Qmk/;

hB1h; hi . khk.kh?k C kQek/;

hB2h; hi . khk kh?k;

and where the ƒi ’s are nonnegative self-adjoint operators that satisfy, for some C0, C1,
C2 > 0 and N�0, N�1, N�2 > 0

�hƒ0h; hi � �N�0kQrk
2
C C0.k Qmk C kQek C kh

?
k/khk;

�hƒ1h; hi � �N�1k Qmk
2
C C1.kQek C kh

?
k/khk;

�hƒ2h; hi � �N�2kQek
2
C C2kh

?
k khk:
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Proof. Since C is self-adjoint and T is skew-adjoint,

d
dt
hAih; hi D h.ŒAi ;T �C AiC C CAi /h; hi for i 2 ¹0; 1; 2º:

We can therefore write ŒAi ;T � C AiC C CAi DW Bi � ƒi , where, by using (5.1), we
have the following explicit formulas:

B0 WD A0C C CA0

Cr
�
x ˝r

�
x ˝r

�
x Œƒ

�3=2;T � W ƒ�3=2rv ˝rx ˝rx

Cr
�
x ˝r

�
x ˝r

�
xƒ
�3=2
W Œƒ�3=2;T �rv ˝rx ˝rx

Cr
�
x ˝r

�
x ˝r

�
xƒ
�3=2
W ƒ�3=2rv ˝rx ˝ .H�rv/

Cr
�
x ˝r

�
x ˝r

�
xƒ
�3=2
W ƒ�3=2rv ˝ .H�rv/˝rx

C .H�rv/
�
˝r

�
x ˝r

�
xƒ
�3=2
W ƒ�3=2rv ˝rx ˝rx

Cr
�
x ˝r

�
x ˝ .H�rv/

�ƒ�3=2 W ƒ�3=2rv ˝rx ˝rx

Cr
�
x ˝ .H�rv/

�
˝r

�
xƒ
�3=2
W ƒ�3=2rv ˝rx ˝rx ;

B1 WD A1C C CA1

Cr
�
x ˝r

�
v ˝r

�
x Œ�
�1=2ƒ�1;T � W ƒ�1��1=2rv ˝rv ˝rx

Cr
�
x ˝r

�
v ˝r

�
x�
�1=2ƒ�1 W Œƒ�1��1=2;T �rv ˝rv ˝rx

Cr
�
x ˝r

�
v ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2rv ˝rv ˝ .H�rv/

Cr
�
x ˝r

�
v ˝ .H�rv/

���1=2ƒ�1 W ƒ�1��1=2rv ˝rv ˝rx

� r
�
x ˝r

�
x ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2rv ˝rv ˝rx

C .H�rv/
�
˝r

�
v ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2rv ˝rv ˝rx ;

B2 WD A2C C CA2

Cr
�
v ˝r

�
v ˝r

�
x Œƒ

�1=2��1;T � W ��1ƒ�1=2rv ˝rv ˝rv

Cr
�
v ˝r

�
v ˝r

�
xƒ
�1=2��1 W Œ��1ƒ�1=2;T �rv ˝rv ˝rv

Cr
�
v ˝r

�
v ˝ .H�rv/

���1ƒ�1=2 W ƒ�1=2��1rv ˝rv ˝rv

� r
�
v ˝r

�
x ˝r

�
x�
�1ƒ�1=2 W ƒ�1=2��1rv ˝rv ˝rv;

� r
�
x ˝r

�
v ˝r

�
x�
�1ƒ�1=2 W ƒ�1=2��1 W rv ˝rv ˝rv;

and

ƒ0 WD r
�
x ˝r

�
x ˝r

�
xƒ
�3=2
W ƒ�3=2rx ˝rx ˝rx ;

ƒ1 WD r
�
x ˝r

�
v ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2rx ˝rv ˝rx

Cr
�
x ˝r

�
v ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2rv ˝rx ˝rx ;

ƒ2 WD r
�
v ˝r

�
v ˝r

�
x�
�1ƒ�1=2 W ƒ�1=2��1rx ˝rv ˝rv

Cr
�
v ˝r

�
v ˝r

�
x�
�1ƒ�1=2 W ƒ�1=2��1rv ˝rx ˝rv

Cr
�
v ˝r

�
v ˝r

�
x�
�1ƒ�1=2 W ƒ�1=2��1rv ˝rv ˝rx :
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The operators ƒi are nonnegative, self-adjoint (see Appendix A.3) and bounded (see
Lemma A.4 again).

Note that for all i 2 ¹0; 1; 2º,

jhAiCh; hij D jhAiCh
?; hij . kh?k khk;

jhCAih; hij D jhAih;Chij D jhAih;Ch
?
ij . khk kh?k;

because C is self-adjoint and bounded by (H9).
Now we deal with B2. Let us denote by B2;` the `-th line. As ƒ1=2�Œƒ�1=2��1;T �

is bounded by standard pseudo-differential calculus (see [25]),

b2;2 WD r
�
v ˝r

�
v ˝r

�
x Œƒ

�1=2��1;T �

is bounded and

jhB2;2h; hij D jhb2;2 W �
�1ƒ�1=2rv ˝rv ˝rvh; hij

D jhb2;2 W �
�1ƒ�1=2rv ˝rv ˝rvh

?; hij . khk kh?k

since the three derivatives in velocity on the right hand side cancel all macroscopic quant-
ities. The other lines are dealt with similarly, using the boundedness ofH� , and we deduce
jhB2h; hij . khk kh?k.

Now we deal with B1. We consider the second line B1;2. Thenƒ�1=2Œƒ�1��1=2;T �

is bounded by standard pseudo-differential calculus and so

b1;2 WD r
�
x ˝r

�
v ˝r

�
x Œƒ

�1��1=2;T �

is bounded. Thus

jhB1;2h; hij D jhb1;2 W �
�1=2ƒ�1rv ˝rv ˝rxh; hij

. jhb1;2 W ��1=2ƒ�1rv ˝rv ˝rx.eEC h?/; hij:

The macroscopic quantities r and m are cancelled since two derivatives in velocity are
involved. We then use rv ˝ rv ˝ rxeE D rxe ˝ Idd�d , and Appendix A.4 shows
(using � � 1 for the first inequality)

k��1rxek � k�
�1=2
rxek . kQek so jhB1;2h; hij . khk.kQek C kh?k/:

The other lines are similar and yield the same estimate.
We then deal with B0, and focus on the second line B0;2 again. The operator

b0;2 WD r
�
v ˝r

�
v ˝r

�
x Œƒ

�3=2;T �

is bounded arguing as before, and

jhB0;2h; hijDjhb0;2 W ƒ
�3=2
rv ˝rx ˝rxh; hij . khk.kQek C k Qmk C kh?k/: (5.4)

Indeed, a direct computation gives

��1ƒ�1=2rv ˝rx ˝rxh D �
�3=2
rx ˝rxmC Q�

�3=2
rx ˝rx ˝ .ve/
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with Q� WD r�xrx C 2. The factor 2 comes from the fact that for all ˛ 2 R,

ƒ˛.ve/ D .r�xrx Cr
�
vrv C 1/

˛.ve/ D .r�xrx C 1C 1/
˛.ve/

since v is an eigenfunction ofr�vrv with eigenvalue 1. To complete the proof of (5.4), it is
sufficient to notice that k��3=2r2x ek � k�

�1r2x ek. kQek and also that, by Appendix A.4,
k��3=2r2xmk � k�

�1r2xmk . k Qmk. The other lines in B0 are treated similarly again.
Now we deal with the main nonnegative terms hƒih; hi in (5.3). We first compute the

contribution of ƒ0, ƒ1 and ƒ2 acting respectively on r , m and e. Due to the number of
derivatives in velocity in the right hand side of the expressions giving the ƒi ’s, we have
ƒi .Ri�1ŒV �/ D ¹0º for i 2 ¹1; 2º and ƒi .Ri ŒV �/ � Ri ŒV � for i 2 ¹0; 1; 2º and

hƒ0r; ri D

“
Rd�Rd

j��3=2r3xr j
2M dx dv D

Z
Rd
j��3=2r3xr j

2� dx; (5.5)

hƒ1.m.x/ � v/; .m.x/ � v/i D

“
Rd�Rd

�
.��1@2xixkmj /.�

�1@2xixkmj /

C .��1@2xixkmj /.�
�1@2xj xkmi /

�
M dx dv

D 2

Z
Rd
j��1rxr

sym
x mj2� dx; (5.6)

hƒ2.e.x/E.v//; .e.x/E.v//i

D

“
Rd�Rd

�
.��1=2@xke/.@

2
vivj

E/.��1=2@xke/.@
2
vivj

E/

C .��1=2@xj e/.@
2
vivk

E/.��1=2@xke/.@
2
vivj

E/

C .��1=2@xi e/.@
2
vj vk

E/.��1=2@xke/.@
2
vivj

E/
�
M dx dv

D

Z
Rd

�
2.��1=2@xke/

2
C
2

d
.��1=2@xi e/

2
C
2

d
.��1=2@xj e/

2

�
� dx

D

�
4

d
C 2

�Z
Rd
j��1=2rxej

2� dx: (5.7)

Next we use the cascade of Poincaré inequalities of Lemma A.6. For the density r , this
implies that there is a constant x�0 > 0 such that

hƒ0r; ri D

Z
Rd
j��3=2r3xr j

2� dx

� 2x�0


r � hri � hrxri � x � 1

2
hr

2
x ri W .x ˝ x � hx ˝ xi/



2 D 2x�0kQrk2: (5.8)

Regarding the momentum m, one first observes that

j��1rxr
sym
x mj2 � 1

9
j��1r2xmj

2

thanks to the Schwarz lemma written as

8i; j; k 2 ¹1; : : : ; dº; @2ijmk D @i .r
symm/jk C @j .r

sym
x m/ik � @k.r

sym
x m/ij :
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Applied to (5.5)–(5.7), the cascade of Poincaré inequalities at order 2 stated in Lemma A.6
implies that there exists a constant x�1 such that

hƒ1.m � v/;m � vi �
2
9
k��1r2xmk

2

� 2x�1km � hmi � hrxmixk
2
D 2x�1k Qmk

2: (5.9)

Regarding the energy e, we use the standard Poincaré inequality in L2.�/ (the order 1
inequality of Lemma A.6) to get x�2 > 0 such that

hƒ2eE.v/; eE.v/i D
�
4
d
C 2

�
k��1=2rxek

2
� 2x�2ke � heik

2
D 2x�2kQek

2: (5.10)

With the above estimates in hand, we can investigate all terms appearing in hƒih; hi.
According to the number of velocity and space gradients in ƒ2, we get

hƒ2h; hi D
D
ƒ2.eE.v//; eE.v/

E
C hƒ2.eE.v//; h

?
i C hƒ2h

?; hi;

from which one deduces with (5.10) that

�hƒ2h; hi � �x�2kQek
2
CO.kh?k khk/:

Similarly for m, using in addition the fact that ƒ1 is self-adjoint and ƒ1.eE.v// D
ƒ1. QeE.v//, one has

hƒ1h; hi D hƒ1.m � v/;m � vi C hƒ1.m � v/; .e � hei/E.v/C h
?
i

C hƒ1..e � hei/E.v/C h
?/; hi;

which implies using (5.9) that

�hƒ1h; hi � �x�1k Qmk
2
CO.kQek khk/CO.kh?k khk/:

Finally, regarding the local density r , we get similarly

hƒ0h; hi D hƒ0r; ri

C hƒ0r; Qm � v C QeE.v/C h
?
i C hƒ0. Qm � v C QeE.v/C h

?/; hi

and it follows from (5.8) that

�hƒ0h; hi � �x�0kQrk
2
CO.k Qmk khk/CO.kQek khk/CO.kh?k khk/:

The proof of the proposition is complete.

We collect the previous estimates into a first partial Lyapunov inequality:

Lemma 5.3. Define the following norm:

khk2H1 WD khk
2
C "0hA0h; hi C "1hA1h; hi C "2hA2h; hi

for "0, "1, "2 > 0. Then for cC � "2 � "1 � "0, we have

1

2

d
dt
khk2H1 � �

cC

2
kh?k2 �

"2

2
N�2kzek

2
�
"1

2
x�1k zmk

2
� "0x�0kzrk

2
C �1khk

2

for some 0 < �1 � "0.
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Proof. Propositions 5.2 combined with Lemma 4.2 imply

1

2

d
dt
khk2H1 � �cC kh

?
k
2
� "2 N�2kzek

2
� "1x�1k zmk

2
� "0x�0kzrk

2

C C"2khk kh
?
k C C"1khk.kh

?
k C kzek/

C C"0khk.kh
?
k C k zmk C kzek/

for some constant C > 0. The statement then follows by repeated use of Young’s inequal-
ity for products.

In fact, the time derivatives of the local density, momentum and energy can also be
controlled as follows:8̂̂̂̂

<̂̂
ˆ̂̂̂:

d
dt
h@tzr;�

�1
zri � k��1=2@tzrk

2
�O.khk kzrk/;

d
dt
h@t zm;�

�1
zmi � k��1=2@t zmk

2
�O.khk k zmk/;

d
dt
h@tze;�

�1
zei � k��1=2@tzek

2
�O.khk kzek/:

(5.11)

This leads to the second improved partial Lyapunov inequality:

Lemma 5.4. Given 1� "2 � "02 � "1 � "01 � "0 � "00 � �1, the norm

khk2H2 WD khk
2
H1
� "02h@tze;�

�1
zei � "01h@t zm;�

�1
zmi � "00h@tzr;�

�1
zri

satisfies

1

2

d
dt
khk2H2 � �

cC

4
kh?k2 �

"2

4
N�2kzek

2
�
"1

4
x�1k zmk

2
�
"0

2
x�0kzrk

2

� "02
x�2k�

�1=2@tzek
2
� "01
x�1k�

�1=2@t zmk
2
� "00
x�0k�

�1=2@tzrk
2

C �2khk
2

for some 0 < �2 � "00.

Proof. This follows from (5.11) and

jh@tze;�
�1
zeij C jh@t zm;�

�1
zmij C jh@tzr;�

�1
zrij . khk2

and the fact that second order time derivatives of the macroscopic quantities can be con-
trolled by � (as in Section 4).

5.2. Cascade of finite-dimensional correctors

In view of Lemma 5.3, what remains to control is the finite-dimensional terms

hri; hrxmix C hmi and 1
2
hr
˝2
x ri W .x ˝ x � hx ˝ xi/ � hrxri � x � hri:
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5.2.1. Control of moments of the local momentum. We compute

d
dt
hvivjhi D 2h.r

sym
x m/ij i C h.T .vivj /C C.vivj //h

?
i;

which yields

d
dt

�
hvivjhi

d
dt
hvivjhi

�
� 2h.rsym

x m/i;j i
2
� jh.T .vivj /C C.vivj //h

?
i
2
j C hvivjhi

d2

dt2
hvivjhi

and 8̂̂<̂
:̂
hvivjhi

d
dt
hvivjhi . khk kh?k;ˇ̌˝�

T .vivj /C C.vivj /
�
h?
˛2 ˇ̌
C hvivjhi

d2

dt2
hvivjhi . khk kh?k:

For all i 2 ¹1; : : : ; dº define

 i .v/ WD 1C

q
d
2

�
1C 4

d

�
E.v/ �

q
d
2
jvi j

2E.v/;

which is orthogonal to 1, v, jvj2. We then compute

d
dt
h ihi D 4

˝
1
d
rx �m � @ximi

˛
C hŒT . i /C C. i /�h

?
i;

which yields

d
dt

�
h ihi

d
dt
h ihi

�
� 8

˝
1
d
rx �m � @ximi

˛2
� hŒT . i .v//C C. i .v//�h

?
i
2
C h ihi

d2

dt2
h ihi

and 8̂̂<̂
:̂
h ihi

d
dt
h ihi . khk2;

jhŒT . i .v//C C. i .v//�h
?
ij
2
C h ihi

d2

dt2
h ihi . khk kh?k:

We finally introduce the third norm

khk2H3 WD khk
2
H2
� "3

X
i¤j

hvivjhi
d
dt
hvivjhi � "3h ihi

d
dt
h ihi

� "03

X
i¤j

�
d
dt
.rsym
x m/i;j

�
h.rsym

x m/i;j i

� "03

�
d
dt

�
1
d
rx �m � @ximi

�� ˝
1
d
rx �m � @ximi

˛
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for 1� "3 � "03 � "2 � "02 � "1 � "01 � "0 � "00. Therefore, defining as in (4.2b)
and (4.2c) the space inhomogeneous terms

ms WD m � hr
skew
x mix � 1

d
hrx �mix � hmi and es WD Qe D e � hei;

we obtain

1

2

d
dt
khk2H3 � �

cC

8
kh?k2 �

"2

4
N�2kesk

2

�
"1

8
x�1k zmk

2
�
"1

8
x�1kmsk

2
�
"0

2
x�0kzrk

2

�
"02
2
x�2k�

�1=2@tzek
2

�
"01
2
x�1k�

�1=2@t zmk
2
�
"01
2
x�1k�

�1=2@tmsk
2

� "00
x�0k�

�1=2@tzrk
2
C �3khk

2

for another 0 < �3 � "00.

5.2.2. Control of moments of the local density and energy. We now control the difference
between the finite-dimensional quantities

r � 1
2
hr
˝2
x ri W .x ˝ x � hx ˝ xi/ � hrxri � x � hri

and

ws WD r �
1
2d
h�xri.jxj

2
� hjxj2/ � hrxri � x

�

q
2
d
hei
�
� � h�i � 1

2d
h�x�i.jxj

2
� hjxj2i

�
�

defined in (4.2e), which is made up of the two terms (using hri D 0)8̂̂<̂
:̂
I1 WD �

1

2

X
1�i;j�d

�
h@2xixj ri �

1
d
h�xriıij

�
.xixj � hxixj i/;

I2 WD

q
2
d
hei
�
� � h�i � 1

2d
h�x�i.jxj

2
� hjxj2i/

�
:

The first term is controlled by using

d
dt

�
h.rsym

x m/ij i �
1
d
hrx �miıij

�
D �

�
h@2xixj ri �

1
d
h�xriıij

�
C controlled terms

since the left hand side is already under control, and the second term is controlled by
observing that hei D hr�i due to the energy conservation, and

hr�i D hzr�i C 1
2
hr

2
xri W h.x ˝ x � hx ˝ xi/�i

provided that
R

Rd x�e
�� dx D 0, and r2xr D r

2
xzr , so finally

jheij D jhr�ij . kzrk:
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This allows us to define the final, fourth norm

khk2H4 WD khk
2
H3
C "w

d
dt

�
h.rsym

x m/ij i �
1
d
hrx �miıij

��
h@2xixj ri �

1
d
h�xriıij

�
� "0w

�
h@2xixj ri �

1
d
h�xriıij

� d
dt

�
h@2xixj ri �

1
d
h�xriıij

�
for 1� "3 � "03 � "2 � "02 � "1 � "01 � "0 � "00 � "w � "0w , with

1

2

d
dt
khk2H4 � �

cC

16
kh?k2 �

"2

8
N�2kesk

2
�
"w

2
kwsk

2

�
"1

8
x�1k zmk

2
�
"1

16
x�1kmsk

2
�
"0

2
x�0kzrk

2

�
"02
2
x�2k�

�1=2@tzek
2
�
"01
2
x�1k�

�1=2@t zmk
2

�
"01
2
x�1k�

�1=2@tmsk
2
� "00
x�0k�

�1=2@tzrk
2

� "0wk�
�1=2@twsk

2
C �4khk

2

for 0 < �4 � "0w . Denote by C4Œh� the seminorm of the controlled quantities

C4Œh� WD .kh
?
k
2
C kzek2 C k zmk2 C kmsk

2
C kzrk2 C kwsk

2
C k��1=2@tesk

2

C k��1=2@t zmk
2
C k��1=2@tmsk

2
C k��1=2@tzrk

2
C k��1=2@twsk

2/1=2

and adjust the constants to get, for some 0 < �� "� 1,

1

2

d
dt
khk2H4 � �"C4Œh�

2
C �khk2: (5.12)

5.3. Control of the remaining finite-dimensional quantities related to the special
macroscopic modes

The estimate (5.12) controls the same microscopic and macroscopic parts of the solution
as in Lemma 4.6 in the micro-macro method. The remaining finite-dimensional quantities
related to the special macroscopic modes can then be treated exactly as in Sections 4.4
and 4.5. This completes the proof of Proposition 5.1.

Appendix A. Some technical computations

A.1. Momentum conservation versus infinitesimal rotations

Here we prove (2.19) for a solution f 2 C.RCI L2.M�1// to (1.1) with initial datum
f0 2 L2.M�1/. With x 7! Ax WD P�m0.x/ and

m0.x/ WD e
�.x/

Z
Rd
vf0.x; v/ dv; mf .t; x/ WD e

�.x/

Z
Rd
vf .t; x; v/ dv;
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rf .t; x/ WD e
�.x/

Z
Rd
f .t; x; v/ dv; ef .t; x/ WD e

�.x/

Z
Rd

E.v/f .t; x; v/ dv;

let us define h? such that f D rf M Cmf � vM C ef EM C h?M.

Lemma A.1. With the above notations, we have P .mf �m0/ 2 R?� .

Proof. At t D 0, we have Pmf .0/ � Pm0 D 0. Let B 2R� . To prove that P .mf �m0/
is orthogonal to x 7! Bx, it is sufficient to prove that

8t � 0; hmf .t/ �m0; Bxi D 0:

By direct computation, we have

@tmf D �rxrf C

q
2
d
r
�
xef Cr

�
x �EŒh

?�;

where EŒh?� D
R

Rd .v ˝ v � Idd�d /h?� dv, and use it to compute

d
dt
hmf �m0; Bxi D h@tmf ; Bxi

D
˝
�rxrf C

q
2
d
r
�
xef Cr

�
x �E.h

?/; Bx
˛

D �hrf ;r
�
x � Bxi C

q
2
d
hef ;rx � Bxi C hEŒh

?� W r ˝ Bxi;

where the last line follows by integration by parts. The first term on the right hand side
vanishes because r�x � Bx D �rx � Bx C r� � Bx D 0 since B is skew-symmetric and
.x 7! Bx/ 2R� . The second term vanishes as well because rx � Bx D 0. Since EŒh?� W
r ˝ Bx D �EŒh?� W B D 0 because EŒh?� is symmetric and B is skew-symmetric,
the third term also vanishes. This proves that d

dt hm.t/ �m0; Bxi D 0 and completes the
proof.

A.2. Special macroscopic modes: invertibility and rank

We state and prove two results used in Section 3.3 and implicitly in Section 4.5. The first
result deals with the invertibility of the matricesM� and yM� defined respectively in (3.10)
and (3.16).

Lemma A.2. If d� D d , the matrix M� is invertible. If 1 � d� � d � 1, the matrix yM�

is invertible.

Proof. Assume that d� D d in (1.9). Let u 2Rd be such thatM�u D 0. ThenM�u � uD

hjˆ � uj2i D 0, which implies thatˆ.x/ � uD 0 for any x 2 Rd , hence uD 0. This means
that KerM� D ¹0º. The proof in the case d� � d � 1 follows exactly the same scheme.

The second result deals with the linear independence of the functions z‰1 and z‰2
defined in (3.14), and similarly for y‰1 and y‰2 defined in (3.19).

Lemma A.3. If d� D d , we have Rank.z‰1; z‰2/ D 2.
If 1 � d� � d � 1, we have Rank.y‰1; y‰2/ D 2.
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Proof. Assume that d� D d and argue by contradiction. Assume that z‰1 D �z‰2 for some
� 2 R�, that is, there are constants ˛, ˇ 2 Rd and 
 2 R such that

� C 1
2
rx� � x C ˛ � rx� D

�
4
jxj2 C ˇ � x C 
: (A.1)

We first look for quadratic solutions to (A.1) of the form �0 D x �M0xC b0 � xC c0 with
M0 2Md�d .R/, b0 2Rd and c0 2R. Plugging �0 into (A.1), one obtainsM0D

�
8

Idd�d ,
b0 D

2
3
.ˇ � �

4
˛/ and c0 D 
 � 2

3
˛ � .ˇ � �

4
˛/. Now let � be a solution to (A.1). Define

 0.x/ D �.x/ � �0.x/ and then  .y/ D  0.y � 2˛/, which hence satisfies

 .y/ � 1
2
ry .y/ � y D 0:

Let �.y/ D jyj2 .y/ so that ry�.y/ � y D 2jyj2. .y/ � 1
2
ry .y/ � y/ D 0 for any

y 2 Rd . In polar coordinates .r; �/, this implies that �.y/ D �.�/ and hence

8r > 0;  .r; �/ D
�.�/

r2
:

But  is by assumption continuous at the origin, so limr!0 .r; �/ is finite, which in turn
implies that  .r; �/ D 0. Finally, one gets � D �0. Thanks to the normalizations (H3)
and (H7), one gets �.x/ D 1

2
jxj2 C d

2
log.2�/ and, by definition (1.9), E� D ¹0º, which

contradicts the hypothesis d� D d . This completes the proof when d� D d . When d� �
d � 1, we argue similarly with y‰1 and y‰2.

A.3. Some computations for the commutator method

Here we prove the technical claims used in Section 5. The first result is concerned with
boundedness of the operators defined in Section 5.1 under Assumptions (H9) and (H10).

Lemma A.4. Assume that (H0)–(H10) hold. Then the operators ƒi , Ai and Bi , for
i 2 ¹1; : : : ; 3º, are bounded.

Proof. As a typical example, we focus on ƒ1 for which it is sufficient to show that
ƒ�1��1=2@xi @vj @vk is bounded in L2.M/. Adopting the point of view of [25, Proposi-
tion A.7], we first conjugate with M1=2 and only have to check that Q��1=2.@vk C vk=2/
and Qƒ�1.@xi C xi=2/.@vj C vj =2/ are bounded in L2.Rd ; dxdv/, where

Qƒ D
X
i

�
�@xi C

xi

2

��
@xi C

xi

2

�
C

�
�@vi C

vi

2

��
@vi C

vi

2

�
;

Q� D
X
i

�
�@vi C

vi

2

��
@vi C

vi

2

�
:

For Q��1=2.@vk C vk=2/ this is due to the fact that Q��1=2 is of order �1 and @vk C vk=2
of order 1 in the pseudo-differential calculus associated to the metric

.dv2 C d�2/=.1C jvj2 C j�j2/;

� being the dual variable of v. The composition is then of order 0 and the Calderón–
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Vaillancourt Theorem [8] implies the boundedness. For Qƒ�1.@xi C xi=2/.@vj C vj =2/,
the result is also true because ƒ�1 is of order �2 and .@xi C xi=2/.@vj C vj =2/ is of
order 2 in the pseudo-differential calculus associated to the metric

.dx2 C dv2 C d�2 C d�2/=.1C j�j2 C jvj2 C jr�j2 C j�j2/;

� being the dual variable of v. This implies the desired boundedness. Such calculus with
two levels (involving ƒ in all variables and � only in velocity variables) is also at the
core of the boundedness of terms likeƒ�1=2Œƒ�1��1=2;T � where we use the fact thatƒ
and � commute and that the commutation with T decreases the order of derivatives by 1,
so that this operator is of order 0 and therefore bounded by the Calderón–Vaillancourt
Theorem. Note in addition that H� (which appears, e.g., in the Bi ’s) is of order 0, which
greatly simplifies the proofs. For all other termsƒi , Ai and Bi , similar computations give
the result.

The second result deals with the symmetry and nonnegativity of ƒ1.

Lemma A.5. The operator ƒ1 is symmetric and nonnegative.

Proof. First we check that

r
�
xr
�
vr
�
x�
�1=2ƒ�1 W ƒ�1��1=2rvrxrx

is symmetric, since for the other part of ƒ1 this is obvious:

hr
�
xr
�
vr
�
x�
�1=2ƒ�1 W ƒ�1��1=2rvrxrxf; gi

D

X
i;j;k

h@�xi @
�
vj
@�xk�

�1=2ƒ�1 W ƒ�1��1=2@vk@xj @xif; gi

D

X
i;j;k

hƒ�1��1=2@vk@xj @xif;ƒ
�1��1=2@xk@vj @xigi

D

X
i;j;k

hƒ�1��1=2@xj @vk@xif;ƒ
�1��1=2@vj @xk@xigi

D

X
i;j;k

hf; @�xi @
�
vk
@�xj�

�1=2ƒ�2��1=2@vj @xk@xigi

D hf;r�xr
�
vr
�
x�
�1=2ƒ�1 W ƒ�1��1=2rvrxrxgi:

Next check that ƒ1 is indeed a nonnegative operator:

hƒ1f; f i D hr
�
x ˝r

�
v ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2r�x ˝r

�
v ˝r

�
xf; f i

C hr
�
x ˝r

�
v ˝r

�
x�
�1=2ƒ�1 W ƒ�1��1=2r�v ˝r

�
x ˝r

�
xf; f i

D

X
i;j;k

hƒ�1��1=2@xk@vj @xif;ƒ
�1��1=2@xk@vj @xif i

C hƒ�1��1=2@vk@xj @xif;ƒ
�1��1=2@xk@vj @xif i

D

X
i;j;k

1
2
kƒ�1��1=2.@xk@vj C @vk@xj /@xif k

2:

This completes the proof.
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A.4. A cascade of Poincaré–Lions inequalities

Under assumptions (H9) and (H10), we prove several inequalities used in Section 5.1. Let
' be a smooth function in L2.�/ with compact support and

P0.'/ WD h'i;

P1.'/ WD h'i C hrx'i � x;

P2.'/ WD h'i C hrx'i � x C
1
2
h.rx ˝rx/'i W .x ˝ x � hx ˝ xi/:

Lemma A.6. Let n 2 ¹1; 2; 3º. Then there exists a constant cP;n > 0 such that for all
smooth ' with compact support we have

cP;nk' � Pn�1.'/k
2
� k��n=2r˝nx 'k2:

Proof. For n D 1 this is exactly the Poincaré–Lions Theorem as stated in [9, Proposi-
tion 5] and recalled in (4.6). Let us prove the result for n D 2. Let ' be smooth and with
compact support. We have

h' � P1.'/i D h'i � h'i � hrx'i � hxi D 0

because hxi D 0. We therefore apply the Poincaré–Lions inequality (i.e., the case n D 1)
to ' � P1.'/, which gives

k' � P1.'/k
2
� c�1P;1k�

�1=2
rx.' � P1.'//k

2
D c�1P;1k�

�1=2.rx' � hrx'i/k
2:

We then apply the “�1-th order” Poincaré–Lions inequality of [9, Lemma 10] recalled
in (4.7) to rx' to get, for some CLPL > 0 depending only on �,

k��1=2.rx' � hrx'i/k
2
� CLPLk�

�1
r
2
x'k

2:

This proves the case n D 2 with cP;2 D cP;1=CLPL.
In the case n D 3, we define  WD ' � 1

2
hr2�i W x ˝ x and we compute

 � P1. / D  � h i � hrx i � x

D ' � 1
2
hr

2'i W x ˝ x � h'i

C
1
2
hr

2'i W hx ˝ xi � hrx'i � x C hr
2
x 'i W hxi ˝ x

D ' � P2.'/

since hxi D 0. We apply the inequality for n D 2 and obtain

k' � P2.'/k
2
D k � P1. /k

2

� c�1P;2k�
�1
r
2
x  k

2
D c�1P;2k�

�1.r2x ' � hr
2
x 'i/k

2: (A.2)

Arguing as in the proof of the “�1-th order” Poincaré–Lions inequality of [9, Lemma 10],
we prove the “�2-th order” Poincaré–Lions inequality with constant CLPL > 0:

k��1.f � hf i/k2 � CLPLk�
�3=2
rxf k

2
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for any f 2 C1c . Applying this estimate in (A.2) to r2x ' gives

k' � P2.'/k
2
� c�1P;2CLPLk�

�3=2
r
3
x'k

2

and concludes the proof for n D 3 with cP;3 D cP;2=CLPL.

Appendix B. Extension to weakly coercive collision operators

Our method covers the case of collision operators C that do not possess a spectral gap
(assumption (H1) in Section 1) but only satisfy a weaker coercivity property (see (H10)
below). In this appendix, we state some results and changes to be done in the proofs.

B.1. Results on decay rates

We assume that C satisfies, for some ˛ > 0, the weak coercivity property

�

Z
Rd
.C f .v//f .v/�.v/�1 dv � cC kf �…f k

2
L2.bve�˛��1/ (H10)

for some constant cC > 0, and for all f in the domain of C , where … is the L2.��1/-
orthogonal projection onto KerC . Here bve denotes the weight

p
1C jvj2. Moreover, we

suppose that for any polynomial function p WRd !R of degree at most 4, the function p�
is in the domain of C and

C.p/ WD kC .p�/kL2.bve˛��1/ <1: (H20)

The analog of our main result in Theorem 1.1 then becomes the following.

Theorem B.1. Assume that the potential � and the collision operator C satisfy assump-
tions (H0), (H10), (H20) and (H3)–(H8). Then

(1) All special macroscopic modes of (1.4) are given by (1.12), i.e., are linear combin-
ations of the Maxwellian, the energy mode, rotation modes compatible with �, and
harmonic directional or pulsating modes if allowed by �.

(2) There exists a norm jjj�jjjL2.M�1/ on L2.M�1/, which is equivalent to k � kL2.M�1/

.with quantitative comparison constants/, and some explicit � > 0 such that, for any
solution f 2 C.RCIL2.M�1// to (1.1) with initial datum f0 2 L2.M�1/, there exists
a unique special macroscopic mode F .determined by f0/ such that

8t � 0;
1

2

d
dt
jjjf .t/ � F.t/jjj2L2.M�1/ � ��kf .t/ � F.t/k

2
L2.bve�˛M�1/

: (B.1)

The differential inequality (B.1) alone is not sufficient to prove a decay estimate
when f0 is merely in L2.M�1/. In order to get such an estimate, one needs to assume
more decay at infinity for f0, and the differential inequality (B.1) has to be replaced by
an inequality in spaces with stronger weights. For instance, assume that, for some ˇ > 0,

t 7! etL is a strongly continuous uniformly bounded semigroup on L2.M�1�ˇ /;
(H90)

with L as in (1.1). In the spirit of [43], we obtain the following decay rate.
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Corollary B.2. Assume that the potential � and the collision operator C satisfy assump-
tions (H0), (H10), (H20), (H3)–(H8) and (H90). Then there are explicit constants C0 > 0
and ƒ > 0 such that, for any solution f 2 C.RCIL2.M�1// to (1.1) with initial datum
f0 2 L2.M�1�ˇ /, there exists a unique special macroscopic mode F .determined by f0/
such that

8t � 0; kf .t/ � F.t/kL2.M�1/ � C0 exp
�
�ƒt

2
2C˛

�
kf0 � F.0/kL2.M�1�ˇ/:

As in the proof of Theorem 1.1, it is convenient to work with the function h defined
by (2.22). We use various norms: k � k defined by (1.13) and also

khk2? WD

“
Rd�Rd

jhj2bve�˛M dx dv and khk21�ˇ WD

“
Rd�Rd

jhj2M1�ˇ dx dv:

Observe that k � k D k � k1 � k � k1�ˇ , k � k? D k � k2L2.bve�˛M�1/
� k � k and

khk2? � kh
?
k
2
? C krk

2
C kmk2 C kek2:

B.2. Proof of Theorem B.1

Proposition 3.1 applies: the proof of part (1) is the same as for part (1) of Theorem 1.1. To
prove (2), we argue as in the proof of Proposition 4.1, using the new assumptions. Thanks
to (H10) and hT h; hi D 0, the function h defined by (2.22) satisfies

1

2

d
dt
khk2 D hCh; hi C hT h; hi � �cC kh

?
k
2
?:

This replaces the estimate of Lemma 4.2. We can then use (H20) and the above estimate
to prove counterparts of estimates between Lemmata 4.3 and 4.12 with kh?k and khk
respectively replaced by kh?k? and khk?. Then F2 defined in (4.39) using (4.20), with an
appropriate choice of parameters 0� "6� "5� "4� "3� "2� "1� 1, is equivalent
to k � k2 and satisfies

d
dt

F2Œh� � �� xD2Œh�

for some constant � > 0, where xD2Œh� is defined as D2Œh� in (4.40) with kh?k2 replaced
by kh?k2? in (4.22). This concludes the proof with

jjjf � F jjj2L2.M�1/ WD F2Œh�

since xD2 is equivalent to k � k2?.

B.3. Proof of Corollary B.2

Let h0 2 L2.M1�ˇ / and consider the solution t 7! h.t/ to the equation @th D Lh with
initial datum h.0/ D h0. Thanks to (H90), there is some C > 0 such that

8t � 0; kh.t/k1�ˇ � Ckh0k1�ˇ :
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We now observe that, for any R > 0, the following interpolation inequality holds:

kgk2 � .1CR2/˛=2kgk2? C N�
ˇ .R/kgk21�ˇ

with N�.R/ WD .2�/�d=2ke��kL1.Rd /e
�R2=2. Therefore, thanks to (B.1) and using the

fact that h 7! jjjf � F jjj2L2.M�1/ D F2Œh� is equivalent to h 7! khk2, one deduces that

d
dt

F2Œh.t/� � �ƒ.1CR
2/�˛=2F2Œh.t/�C �.1CR

2/�˛=2 N�ˇ .R/kh.t/k21�ˇ

� �ƒ.1CR2/�˛=2F2Œh.t/�C �C.1CR
2/�˛=2 N�ˇ .R/kh0k

2
1�ˇ

for any R > 0 and all t � 0, and for some positive constant ƒ. This yields, for all t � 0,

F2Œh.t/� � exp.�ƒ.1CR2/�˛=2t /F2Œh0�C
�

ƒ
C N�ˇ .R/kh0k

2
1�ˇ :

Taking R > 0 such that 1CR2 D t2=.2C˛/, we obtain

8t � 0; F2Œh.t/� . exp
�
�ƒt

2
2C˛

�
kh0k

2
1�ˇ ;

which completes the proof.

B.4. Comments and open questions

In order to apply Theorem B.1 to the linearized Boltzmann and Landau operators with
very soft potentials, one has to establish (H90), which is so far an open question. Instead
of proving stretched exponential decay rates as in Corollary B.2, polynomial decay rates
could also be achieved with (H90) replaced, for some k > 0 large enough, by

t 7! etL is a strongly continuous uniformly bounded semigroup on L2.H kM�1/;

(H900)

where H .x; v/ D �.x/ C 1
2
jvj2 � minRd �. Such a condition is also open in the case

of the linearized Boltzmann and Landau operators with very soft potentials, but might be
easier to prove in the spirit of [34, Appendix A].

Appendix C. Examples and remarks

C.1. Examples of collision operators

We list some examples of linear collision operators C satisfying the hypotheses of The-
orem 1.1, in particular the spectral gap property (H1) and the bounded moment prop-
erty (H2).

Example C.1 (The full linear Boltzmann operator). Consider

C f WD �.f � rf M �mf � vM � ef EM/;
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where rf , mf and ef are defined by

rf .t; x/ WD

�Z
Rd
f .t; x; v/ dv

�
e�.x/; (local) density;

mf .t; x/ WD

�Z
Rd
vf .t; x; v/ dv

�
e�.x/; (local) momentum;

ef .t; x/ WD

�Z
Rd

E.v/f .t; x; v/ dv
�
e�.x/; (local) thermal energy:

By construction, C satisfies the spectral gap condition (H1) and since it is bounded, it
also satisfies the bounded moment property (H2).

Example C.2 (The linearized Boltzmann collision operator). Consider

C f WD

Z
Rd

Z
Sd�1

.f 0�0� C f
0
��
0
� f�� � f��/jv � v�j


b.�/ d� dv�

with the notation f 0 D f .v0/, f� D f .v�/ and f 0� D f .v
0
�/ and

v0 WD
v C v�

2
C �
jv � v�j

2
; v0� WD

v C v�

2
� �
jv � v�j

2
; (C.1)

and � is the deviation angle defined by cos� WD v�v�
jv�v�j

� � , and where 
 2 .�d;C1/. We
assume that b is positive, smooth away from � D 0 and bounded by b.�/ . ��.d�1/�s

with s 2 Œ0; 2/. This framework includes the short-range so-called hard spheres interac-
tions, as well as the long-range so-called hard potentials and moderately soft potentials
interactions. This operator satisfies the spectral gap property (H1) when 
 C s � 0 but
only satisfies the weaker coercivity property (H10) with ˛ D 
 C s when 
 C s < 0

(see [2, 35, 37] for quantitative estimates). It is in general not bounded on L2.��1/. Poly-
nomials multiplied by � are however in the domain of C and it satisfies the boundedness
property (H2).

Example C.3 (The linearized Landau collision operator). With the same convention as
in Example C.2, consider C f D �Ch with h D f=� and

Ch WD rv �

�Z
Rd

B
 .v; v�/.rh � rh�/��� dv�

�
;

where the cross-section is defined by

B
 .v; v�/ WD jv � v�j

C2

�
Id �

v � v�

jv � v�j
˝

v � v�

jv � v�j

�
with parameter 
 2 Œ�d; 1�. This operator is nonlocal, of order 2 in velocity (of diffus-
ive type) and therefore not bounded. It satisfies the spectral gap condition (H1) when

 2 Œ�2; 1� but only the weaker coercivity property (H10) with ˛ D 
 C 2 when 
 2
Œ�d;�2/ (see, e.g., [2, 37] for constructive estimates). Again all polynomials in velocity
multiplied by � are in its domain and it satisfies the boundedness property (H2). Note
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that the main physical case, the linearization of the so-called Landau–Coulomb collision
operator (describing statistically collisions for a gas of electrons with Coulomb inter-
actions) corresponds to 
 D �3 in dimension d D 3 and is covered by our (extended)
assumption (H10).

Remark C.4. Examples C.2 and C.3 are obtained after a linearization of the bilinear
form associated with the original nonlinear collision kernel around the Gaussian � and
not around the Maxwellian M: when linearizing the full nonlinear inhomogeneous kin-
etic models around a Maxwellian M, one gets an additional term �.x/ in front of the
collision operator that goes to zero at infinity. We have not considered this degeneracy
in the present paper: it is likely to create significant difficulties since there is then no
uniform-in-x spectral gap for �C .

C.2. Examples of potentials

Let us discuss and illustrate the hypotheses (H5) and (H6) on the potential �. The bounded
moment hypothesis (H6) is not restrictive. Functions like �.x/ D dC5

2
ln.1C jxj2/�Z�

which are very slowly increasing at infinity satisfy this hypothesis, as also do fast increas-
ing ones like �.x/ D ejxj

4
�Z� (here Z� is the constant of normalization of e�� in L1).

Regarding the Poincaré inequality (H5), many works have been devoted to conditions that
guarantee the existence of a spectral gap. Here are some examples.

Example C.5. The harmonic potential �.x/ D 1
2
jxj2 C d

2
log.2�/ satisfies the Poincaré

inequality with constant cP D 1. The inequality is equivalent to the spectral gap inequality
for the operator � defined in (1.15). In the flat L2 space, the change of unknown u D
ve��=2 shows that the Poincaré inequality is also equivalent to the spectral gap inequality
for the quantum harmonic oscillator ��x C 1

4
jxj2 � d=2.

Example C.6. For a general �, the change of unknown u D ve��=2 yields the following
Schrödinger-type operator:

P� D ��x C
1

4
jrx�j

2
�
1

2
�x�:

According to the so-called Bakry–Émery theory (see for instance [1]), there is a spec-
tral gap as soon as the Hessian r2x� is uniformly strictly positive at infinity. When it is
uniformly strictly positive everywhere, the following estimate is available on the spectral
gap cP:

cP �
1

2
inf
x2Rd

�1.r
2
x�/;

where �1.r2x�/ > 0 is the lowest eigenvalue of r2x�.

Example C.7. All potentials � such that P� has compact resolvent satisfy the Poincaré
inequality (H5). This happens in particular when

lim
jxj!1

�
1
4
jrx�j

2
�
1
2
�x�

�
D C1;
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which is implied for instance by the stronger assumption

lim
jxj!1

jrx�j D C1 and lim
jxj!1

�x�.x/

jrx�.x/j2
D 0: (C.2)

This is a standard result on Schrödinger operators (see for instance [38, Theorem XIII.67,
p. 249]), and 0 is then a simple discrete eigenvalue. The argument in the latter reference
is not constructive, and for a simpler constructive argument we refer for instance to [46,
Theorem A.1] or the IMS truncation method in [41].

Example C.8. Here is an exotic example of potential that does not satisfy (C.2) nor the
Bakry–Émery criterion (uniform convexity of �) and for which the Poincaré inequality
holds. On R2, consider

�.x; y/ D x2.1C y2/2 �Z� ;

where Z� is the normalization constant so that � D e�� is a probability density. One can
check that P� has a spectral gap, although � is constant on the unbounded set ¹x D 0º.

C.3. Change of coordinates

Let us discuss the reduction to the normalization (H7). Note that the formulas for Ker C

are invariant by orthonormal change of coordinates in the velocity variable. By orthonor-
mal change of coordinates in both the velocity and space variables, we can then reduce to
the case when � satisfies

hr
2
x �i D

0BBB@
p21 0 0 � � � 0

0 p22 0 � � � 0
:::

:::

0 0 0 : : : p2
d

1CCCA ; (C.3)

where we suppose without loss of generality that all pj ’s are positive. The analysis of
the present paper can be adapted to this case, including the main Theorem 1.1, with the
following changes. We define the set of adapted centred rotational modes compatible with
� as in (1.8):

R� D ¹.x; v/ 7! .Ax � v/M W A 2 R�º: (C.4)

We then choose orthonormal coordinates x D .x1; : : : ; xd / such that @xj � D p2j xj for
some pj > 0 if and only if j 2 I� WD ¹d� C 1; : : : ; dº, and xj D 0 for any j 2 I� if
x 2 E� (the linear subspace defined in (1.9)). We define the set of harmonic directional
modes by

D� D Span ¹f �j .t; x; v/; f
C

j .t; x; v/ºj2I� ; (C.5)

where

f �j .t; x; v/ WD
�
pjxj cos.pj t / � vj sin.pj t /

�
M.x; v/;

f Cj .t; x; v/ WD
�
pjxj sin.pj t /C vj cos.pj t /

�
M.x; v/:
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If d� D 0 and for some p > 0, pj D p for all j 2 ¹1; : : : ; dº, we define the set of harmonic
pulsating modes by

P� D Span ¹f �.t; x; v/; f C.t; x; v/º

where

f �.t; x; v/ WD
�
1
2
.jpxj2 � jvj2/ cos.2pt/ � px � v sin.2pt/

�
M.x; v/;

f C.t; x; v/ WD
�
1
2
.jpxj2 � jvj2/ sin.2pt/C px � v cos.2pt/

�
M.x; v/:

The functions in R� , D� and P� are special macroscopic modes of (1.1). With these
definitions, the proof of Theorem 1.1 can be adapted to prove a hypocoercivity result
taking into account all special macroscopic modes.

C.4. Spectral interpretation

We have focused so far on real solutions to (1.1), which is natural since physical solutions
(probability densities) are real-valued. By considering complex solutions, we can interpret
the results in terms of the complex spectrum of the nonnegative operator

�L D v � rx � rx� � rv � C

in L2C.M
�1/, the complexification of L2.M�1/. We consider � as in (C.3). We can then

describe precisely the spectrum of �L and obtain resolvent estimates in a half-plane that
includes the imaginary axis. Notice first that 0 is in the spectrum of �L with associated
eigenspace

SpanC.M/˚ SpanC.HM/˚R�;C

where R�;C is the set of rotation modes as defined in (C.4) but extended to the correspond-
ing C-vector space. This set is then of (complex) dimension 2C dim.R�/. Depending on
the harmonicity of � we have three cases which are summarized in Figure 1.

(a) Case with no harmonic modes .d� D d/. In this case � has no harmonic directions
and there is no nonzero eigenvalue on the imaginary axis.

(b) Case with harmonic directional modes but no pulsating modes .1 � d� � d � 1/. In
this case, the real vector space of functions D� in (C.5) yields the complex set

D�;C D SpanC¹.pjxj � ivj /e
�ipj tM.x; v/; .pjxj C ivj /e

ipj tM.x; v/ºj2I� ;

where I� WD ¹d� C 1; : : : ; dº, to which we can associate the eigenfunctions of �L cor-
responding to the eigenvalues�ipj and given by

.x; v/ 7! f ˙j .x; v/ D .pjxj ˙ ivj /M.x; v/:

(c) Case with harmonic directional and pulsating modes .d� D 0/. In this last case
necessarily all pj ’s are equal to a common value p > 0 and �.x/ D 1

2
jpxj2 C

d
2

log.2�/ � d log.p/. All possible harmonic directional modes exist, as also do all



Special macroscopic modes and hypocoercivity 59

κ

Spectrum

(a) No harmonic modes

κ

Spectrumip1

ip2

ip3

−ip1

−ip2

−ip3

(b) Harmonic directional modes

κ

Spectrum
ip

−ip

2ip

−2ip

(c) Harmonic directional and pulsating modes

Fig. 1. Complex spectrum of �L .

possible infinitesimal rotational modes R�;C with R� DMskew
d�d

.C/. The complexific-
ation of the set P� defined in (C.5) is

P�;C D Span ¹e2iptf C.x; v/; e�2iptf �.x; v/º;

where f ˙.x; v/ WD Œpx � v ˙ i
2
.jpxj2 � jvj2/�M.x; v/ are eigenfunctions of �L with

eigenvalues˙2ip.
The analysis of the paper can be extended to the complex Hilbert space L2C.M

�1/

with a set of special macroscopic modes defined by

� WD SpanC.M/˚ SpanC.HM/˚R�;C ˚ Span ¹f ˙j ºj2I� ˚ Span ¹f ˙º;

where the fj ’s and the f ˙’s are defined above (when � has the relevant harmonicity). Let
�? be the orthogonal of � in L2C.M

�1/. We note that since L is a real operator, both �

and �? are stable by conjugation and therefore stable by L and L �. Using the Laplace
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transform, we obtain from Theorem 1.1 the following resolvent estimate for �L j�? :

8z 2 C with <.z/ < �; k.zIdCL j�?/
�1
kB.�?/ �

QC

� �<.z/

where QC is an explicit constant depending on � and C in Theorem 1.1 and k � kB.�?/
stands for the operator norm on �?. The provides the resolvent estimates in the left half-
planes in Figure 1.

C.5. Special macroscopic modes for the full nonlinear Boltzmann equation

The special macroscopic modes which minimize the entropy for the full nonlinear Boltz-
mann equation are the nonlinear counterparts to the linearized special macroscopic modes
studied in the present paper. They appear for the first time in the literature in Boltzmann’s
paper [5] as mentioned in the introduction. The full nonlinear inhomogeneous Boltzmann
equation is

@tF C v � rxF � rx� � rvF D @tF CT F D Q.F; F /; (C.6)

where, with the classical notationsF 0DF.v0/,F�DF.v�/ andF 0�DF.v
0
�/ associated to

elastic collisions .v;v�/ 7! .v0; v0�/, such that the microscopic conservation of momentum
v0 C v0� D v C v� and energy jv0j2 C jv0�j

2 D jvj2 C jv�j
2 hold, the Boltzmann collision

operator reads

Q.F; F / WD

Z
Rd

Z
Sd�1

B.v � v�; �/.F
0F 0� � FF�/ d� dv�:

Here B � 0 is the cross-section. We refer to [10] for more details. Let us assume the
normalization (H7) on �. We consider the functions in the space � of special macroscopic
modes generated by

B the set R� of rotation modes compatible with � if � admits any,

B the set D� of harmonic directional modes if � has harmonic directions,

B the set P� of harmonic pulsating modes if � is fully harmonic.

For any f 2 � , the function F.t; x; v/ WD eh.t;x;v/M.x; v/ with h D f=M is a time-
periodic solution to (C.6). Indeed, h.t; x; �/ is a linear combination of 1, vi , i 2 ¹1; : : : ; dº,
and jvj2 for each t; x, and therefore the microscopic conservation of momentum and
energy implies

8t; x; v; �; h.t; x; v0/C h.t; x; v0�/ D h.t; x; v/C h.t; x; v�/;

where the four velocities v, v�, v0; v0� satisfy (C.1). This proves the identity eh
0

M0eh
0
�M0�

D ehMeh�M� and thus Q.ehM; ehM/D 0. Finally, we obtain T .ehM/D T .eh/MC

ehT .M/ D ehŒT .h/M C T .M/� D 0, where we have used the fact that T is a first
order operator and T .M/ D T .h/ D 0 as calculated before.
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