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Abstract. The classical Shimura correspondence lifts automorphic representations on the double
cover of SL» to automorphic representations on PGL,. Here we take key steps towards establishing
a relative trace formula that would give a new global Shimura lift, from the triple cover of SL3
to PGL3, and also characterize the image of the lift. The characterization would be through the non-
vanishing of a certain global period involving a function in the space of the automorphic minimal
representation @gog for split SOg(A), consistent with a conjecture of Bump, Friedberg and Gin-
zburg (2001). In this paper, we first analyze a global distribution on PGL3(A) involving this period
and show that it is a sum of factorizable orbital integrals. The same is true for the Kuznetsov distribu-
tion attached to the triple cover of SL3(A). We then match the corresponding local orbital integrals
for the unit elements of the spherical Hecke algebras; that is, we establish the fundamental lemma.
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1. Introduction

The classical Shimura correspondence [24] lifts automorphic representations on the dou-
ble cover of SL, to automorphic representations on PGL,. Niwa [21] (working clas-
sically) and Waldspurger [25] (working adelically) showed that the map may be obtained
as a theta lifting. Waldspurger also showed that the image of the lift is characterized by
the non-vanishing of a certain period (the integral of an automorphic form over a cycle).
Jacquet [14] then used his relative trace formula, which compares distributions on two
different groups, one involving the relevant period, to give another proof of these facts.

Letn > 2 and let G be a split connected reductive algebraic group over a global field F
with a full set of n-th roots of unity u, C F.Let A = A be the ring of adeles of F. Then
one may define an n-fold cover G™ (A) of the adelic points of G, and it is natural to ask if
there is an analogue of the Shimura map for G ™ (A). The local Shimura correspondence
was investigated by Savin [23], who proved (in generality) an isomorphism of Iwahori—
Hecke algebras. Based on this work, for Cartan type A one expects a global functorial lift
from genuine cuspidal automorphic representations on SL (A) to automorphic repres-
entations on PGL, (A) if n divides r, and a lift to automorphic representations on SL, (A)
if (n,r) = 1. (See also Bump, Friedberg and Ginzburg [1, Section 1] for a discussion of
this.) Such lifts have been studied since the 1980s, but progress in establishing a global
Shimura correspondence has been obtained only in the cases n = 2 or r = 2. In this
paper, we establish the fundamental lemma for a relative trace formula that will give
the global Shimura lift in the case n = r = 3; moreover, this project will characterize
the image of the lift by means of a period involving a function in the space of the auto-
morphic minimal representation for SOg(A), confirming a conjecture of Bump, Friedberg
and Ginzburg (2001).

To put this work in context, recall that Ginzburg, Rallis and Soudry [10] observed
that SL, and its 3-fold cover gfg) form a dual pair in the 3-fold cover of the exceptional
group G», and used this to establish a lifting of genuine cuspidal automorphic repres-
entations on gi?) (A) to automorphic representations on SL,(A) and to determine its
image. Let Sym?®: SL, — Sp, be the symmetric cube map, and let ®s,, be the theta rep-
resentation on the metaplectic double cover of Sp,(A). This cover splits on the image
of Sym>. Then they showed that an irreducible cuspidal automorphic representation t
of SL,(A) is in the image of the rank-one cubic Shimura map if and only if the period
integral

/ 0(2)0(Sym’(g)) dg (L)
SLy (F)\SL2(A)
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is non-zero for some ¢ in the space of T and some 6 in the space of ®sy,,. Another proof
of these results was given by Mao and Rallis [19] via a relative trace formula. However,
for higher degree covers or higher rank special linear groups, there is no similar dual
pair.

By comparing orbital integrals, Flicker [8] succeeded in establishing a Shimura-type
correspondence for the n-fold cover of GL,(A) (there is more than one cover, and he
treated a specific one); in this generality, there is no known general characterization of the
image by periods. Kazhdan and Patterson [16] and Flicker and Kazhdan [9] studied these
orbital integrals for higher rank general linear groups, but were not able to obtain sufficient
control to establish a correspondence. As for double covers, Mao [18] established the
fundamental lemma for a relative trace formula for the double cover of GL3, and the case
of the double cover of GL,, has recently been treated by Do by first establishing the equal
characteristic case [5] and then using model theoretic methods to move to characteristic
zero [6].

Here we are concerned with the conjectured Shimura map from the cubic cover of SL3
to PGL3. The question of characterizing its image was considered by Bump, Friedberg
and Ginzburg [1]. Let ®goq be the automorphic minimal representation on the split spe-
cial orthogonal group SOg(A). This representation was constructed by Ginzburg, Rallis
and Soudry [11] as a multi-residue of a Borel Eisenstein series on SOg. Let Ad denote
the adjoint representation Ad: PGL3 — SOg (see Section 3.1 below). Supposing that
a Shimura lift exists in this case, they then conjectured the following.

Conjecture 1.1 (Bump, Friedberg, Ginzburg). Let w be an irreducible cuspidal auto-
morphic representation of PGL3(A). Then 7 is in the image of the cubic Shimura corres-
pondence from SLg3) (A) if and only if the period

/ o(2) 0(Ad(g)) dg (1.2)
PGL3(F)\ PGL3(A)

is non-zero for some @ in the space of w and some 6 in Osoy.

Those authors presented two pieces of evidence for this conjecture, the first from finite
fields, and the second by supposing that 7 was not cuspidal but rather an Eisenstein series
induced from cuspidal data T on GL,(A), formally unfolding period (1.2) in this case,
and showing that the resulting integral is non-vanishing for some choice of data if and
only if period (1.1) for 7 is non-vanishing for some choice of data.

The study of periods in the context of Langlands type correspondences is a main theme
of contemporary research; see, for example, Sakellaridis and Venkatesh [22]. However,
the extension to metaplectic covers is not well developed. In particular, we do not know
of an extension of Conjecture 1.1 to higher rank special linear groups or higher degree
covers.

Here we take key steps towards establishing the existence of the global Shimura cor-
respondence with n = r = 3 and towards characterizing its image as in Conjecture 1.1
above. Our approach, following Jacquet [14], Mao and Rallis [19], and Mao [18], is
to establish a comparison of relative trace formulas. For an algebraic group H defined
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over F, we denote its automorphic quotient space by [H] = H(F)\ H(A). For an affine
variety X defined over F, denote by $(X(A)) the space of Schwartz—Bruhat functions
on X(A). The action of f € S(H(A)) on L?([H]), obtained by averaging the right regu-
lar representation

R()(h) = / $(hy) £ () dy.
H(A)
is realized by the kernel function

> fhi'yha).  hihs € [H].

yEH(F)

The relative trace formula compares two distributions obtained as integrals of these kernel
functions for different groups, one integral involving the period and a Whittaker character
and the other involving solely Whittaker characters.

Let G = PGL(3) be considered as an algebraic group defined over F, and let N be
the standard maximal unipotent subgroup of G realized as the group of upper triangular
3 x 3 unipotent matrices. Fix a non-trivial character ¢ of F\A. By abuse of notation, we
further denote by yr the generic character ¥ (n) = ¥ (n1,2 + n2,3) of [N]. For ® € Ogqy,
we consider the distribution /(®) on G(A) defined by

o= [ [ Y setmjendwwmdgan. s, 4

y€G(F)

Let G'(A) be the adelic 3-fold metaplectic cover of SL3(A). It is a central extension
of SL3(A) satisfying the exact sequence

1 — p3 — G'(A) — SL3(A) — .

(Since G’(A) is not the adelic points of an algebraic group, this is an abuse of nota-
tion.) Denote by $ (G’(A)) the space of genuine (that is, (3-equivariant) Schwartz—Bruhat
functions on G’(A). There is a splitting of SL3(F) in G'(A), and we denote by G'(F)
its image. The group N(A) also splits in G’(A), and we continue to denote by N(A)
the image of this splitting. The Kuznetsov trace formula is realized by the distribution
on G'(A) defined by

1= [ AT e dndn, e s@ . ab

y€G/(F)

Our goal is to study a comparison between the two distributions /( f, ®) and J( /).

The first step is to geometerize the distribution /(®), that is, express it as a sum (over
some geometric orbits) of distributions that are factorizable. In most relative trace formu-
las, this step is straightforward: one writes the sums using the Bruhat decomposition or
some variant and unfolds to get a sum over double cosets of adelic orbital integrals, with
only the relevant double cosets contributing. For factorizable test functions, each side is
then factorizable.
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The obstacle in our case is the automorphic minimal representation that appears in dis-
tribution (1.3). In contrast to the rank one case, this representation is not directly obtained
from the Weil representation, so there is no easy way to express the functions in Ogo, as
sums that may then be unfolded. To address this, we make use of the dual pair (SL;, SOsg)
inside Sp; 4, and realize the automorphic minimal representation ®go, as the theta lift of
the trivial representation from SL,(A) to SOg(A). This realization is due to Ginzburg,
Rallis and Soudry [11, Theorem 6.9]; their proof relies on the work of Kudla and Ral-
lis [17] (or in a classical language over QQ, the work of Deitmar and Krieg [4]). When
applied to the groups at hand, these works establish that the suitably regularized theta
lift of an Eisenstein series on SL, is an Eisenstein series on SOg; then taking a residue,
one obtains the desired realization of ®go,. Since we are aiming for a factorizable integ-
ral, it is perhaps surprising that it is helpful to introduce an additional integration over
an automorphic quotient [SL,]. Nonetheless, it turns out that this realization allows us to
do an unfolding and to express the distribution /( f, ®) as a sum of factorizable orbital
integrals.

An analogous geometric expansion for J( f) follows directly from the Bruhat decom-
position on G’ (and is well known). This allows us to establish a one-to-one correspond-
ence for the relevant orbits of the two distributions. To effect a global comparison, we must
then achieve a comparison of the corresponding local orbital integrals for each family of
relevant orbits up to a transfer factor whose product over all places is 1.

The main local result of this paper is a matching of these orbital integrals for the unit
element of the spherical Hecke algebra, that is, the fundamental lemma for this relat-
ive trace formula. The calculations are rather elaborate, but as in prior work on relative
trace formulas that give Shimura correspondences, there is an algebraic fact that is key.
In Jacquet’s work on the Shimura correspondence, this was the computation of a certain
Salié sum; this fact was also key in Iwaniec’s work [13] on the same topic with an eye
towards analytic number theoretic applications. For the work of Mao and Rallis, key use
was made of an identity relating a cubic exponential sum to a Kloosterman sum with
a cubic character that is due to Duke and Iwaniec [7] (as these authors remark, the ana-
logous fact at a real archimedean place is Nicholson’s formula for the Airy integral!).
The proof of that result in turn is based on the Davenport—Hasse relation. Their result
applies when the additive character is of conductor 1, that is, to exponential sums of the

form
~ax3 + bx
Z exp(2m T),

X mod p

where p in our computation is the cardinality of the residue field. These sums are shown
to be equal to certain Kloosterman sums modulo p with a cubic character. Remarkably,
we observe that a similar relation is true for exponential sums that involve additive char-
acters of higher conductor (Corollary 7.5). For higher conductor, the proof is based on the
method of stationary phase.

In our work, the orbital integrals for the big cell frequently reduce to integrals of pairs
of Kloosterman integrals with cubic characters. These integrals appear intractable. How-
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ever, using this identity twice to make them into integrals of pairs of cubic exponential
integrals, we are able to effect the desired comparison. It also sometimes happens that we
encounter Kloosterman integrals without a cubic character. In this case for conductor 1,
the result of Duke—Iwaniec is not applicable, but another identity, which expresses the
characteristic function of the local condition (ab~!)?® = —1 mod p in terms of a sum of
three cubic exponential integrals, is used instead (Lemma 7.6).

We describe the contents of this paper. The first part of this paper gives the geometric
expansions of the distributions we have described above. Our first task is to express the
distribution /( f, ®) as a sum of factorizable orbital integrals. In Section 2, we formulate
a general unfolding principle and recall the definition of relevant orbits. We also specify
our conventions on measures. Then, in Section 3, we use this principle and the theta lift
to SOg to unfold the distribution /( f, ®) and to express it as a sum of factorizable orbital
integrals over relevant orbits (Proposition 3.2). In the following Section 4, we work with
flag varieties to determine these relevant orbits explicitly (Theorem 4.2) and also write
the orbital integrals for each relevant orbit in a form amenable for computation. We also
need the geometric expansion for the Kuznetsov distribution J( /), and this is presented
in Section 5. This completes the reduction of the comparison of spectral sides of the
global distributions to a comparison of a collection of explicitly given geometric local
distributions.

The second part of this paper establishes the fundamental lemma. We begin with the
big cell comparison, which is stated in Theorem 6.1, and whose proof occupies the fol-
lowing four sections. In Section 7, we develop the necessary local ingredients, including
the comparison of cubic exponential and Kloosterman integrals, which is given (as a con-
sequence of prior computations that are closely related to the method of stationary phase)
in Section 7.5. The companion computation of cubic integrals when Duke-Iwaniec does
not apply is in Section 7.6. The orbital integral J(a, b) attached to the big cell is then eval-
uated in Section 8. This is the piece of the calculation that requires computations in the
metaplectic group. Specifically, if @ denotes the local ring of integers, then the embed-
ding of SL3(0) in the local covering group is given by means of a section that must be
computed in order to work with the unit element in the corresponding Hecke algebra.
In doing so, we make use of an algorithm for computing the local two-cocycle (defined
by Matsumoto [20]) that is given in Bump and Hoffstein [3]. This leads to the complic-
ated orbital integrals involving pairs of Kloosterman integrals that we then evaluate. The
orbital integral /(a, b) is evaluated in Section 9. The comparison is then completed in the
brief Section 10. The final section, Section 11, matches the remaining orbital integrals
with an explicit transfer factor. For the two one-parameter families of relevant orbits, the
comparison once again requires replacing a Kloosterman integral by a cubic exponential
integral, but this time only once.
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Part I
Global theory: The geometric expansions

2. An unfolding principle; measures

Let F be a global field, A = A the ring of adeles of F', X an affine F-variety and G an
affine algebraic F-group acting on X on the right. We denote the action by (x, g) > x&,
x € X, g € G. Let §g be the modular quasicharacter of G(A) and [G] = G(F)\G(A).

2.1. An unfolding principle

For & € X(F), we denote by G¢ the stabilizer of £ in G, an affine algebraic group defined
over F'. We say that a function ¢: X(A) x G(A) — C is an automorphic cocycle if it
satisfies the following two conditions:

o cy)=1LEcX(F),yeGF);
o c(€.gh) =c(§ g)c(E®.h), § € X(F), g.h € G(A).
This implies that g — c(&, g) restricts to an automorphic character of G¢(A) for every
& e X(F).
Assume that ¢ is an automorphic cocycle such that for every £ € X(F)

/ (€, h) [5G (W86, ()" dh < oo 2.1)
[Gel

Consequently,

vol([Gg])  if (c(§,°)06)lG.a) = G,

| ctembatirbe, ot dn = { 22)
[Gel 0

otherwise.

Remark 2.1. Note that if [G¢] is compact for every £ € X(F), then assumption (2.1)
clearly holds. If G(A) and G¢(A) are unimodular and ¢(€, -)|G, (a) is a unitary character,
then for (2.1) to hold, it is enough to assume that [G¢] is of finite volume.

Remark 2.2. Note that if ¢: X(A) x G(A) — C is an automorphic cocycle and y is an
automorphic character of G(A), then the function ¢, defined by ¢, (x, g) = x(g)c(x, g)
is also an automorphic cocycle.

We say that £ € X (F) is relevant if c(&, ~)8(;5(_;; is trivial on G¢(A). By our assump-
tions, for § € X(F),y € G(F) and h € Gg(A) we have c(§7,y ' hy) = c(§, h). Itis also
clear that 8 (y~'hy) = 8g(h) and 8Gey (y~'hy) = 8 (h). Therefore, § is relevant if
and only if &7 is relevant. We denote by (X/G) a set of representatives for the G(F)-
orbits in X (F') and by (X/G ). the subset of relevant elements in (X/G). We note the
following formal unfolding principle. At this generality, we ignore convergence issues,
hence the term principle. For ¢ € §(X(A)), formally, we have

g dg = g dg. (2.
f[G] > E ) 9dg= Y vol([Ge)) /G E(A)\G(A)qﬁ(%‘ )e((.g)dg. (2.3)

§€X(F) §€(X/G)rel



S. Friedberg, O. Offen 8

Indeed, let (X/G) be a set of representatives for the G (F')-orbits in X(F'). Then
doEHE D= Y Y $EE )

§€X(F) £€(X/G) yeGe(F)\G(F)

= Y D ¢E ) ve).

£€(X/G) yeGe(FIO\G(F)

On the left-hand side of (2.3), we exchange the order of integration over [G] and summa-
tion over (X/G) and then unfold y with g to obtain

/ P(E5)c(&, g) dg.
ge(x/G)* CeUNGA)

Integrating in stages, this equals

/ $(E%) / (. hg)c (Wbg, ()~ dh dg
SE(X/G) Gg (A)\G(A) [GE]

$(ED)e(E. g) dg fG (6. )36 (3G, (1)~ dh.

/GS(A)\G(A) [Gel

£e(X/G)
It follows from (2.2) that this equals the right-hand side of (2.3).

2.2. Measure conventions

For a locally compact group H and a closed subgroup H’ both unimodular and endowed
with Haar measures dh, dh’, respectively, we consider the H -invariant measure dx on
H’\ H such that

/ f(hydh = [ F('x) dl dx
H H\H JH'

for every continuous function of compact support f on H.

Throughout the global part of this work, we apply the following conventions on invari-
ant measures. Discrete subgroups are endowed with the counting measure. Let dx be the
Haar measure on A normalized so that the volume of the compact quotient F\A is one.
Similarly, for a unipotent group U defined over F, the space [U] is compact, and we
endow U(A) with the unique Haar measure so that the volume of [U] is one.

Fix once and for all a Haar measure d*x on A*. For a rank n split torus 7" defined
over F, the Haar measure on 7' (A) is determined by its isomorphism with (A*)".

Other measures used in the global part of this work are the Haar measures on H(A),
where H is either SL, or PGL(3). The Haar measure dh on H(A) is normalized via the
Iwasawa decomposition. That is, if 7'(A) is the diagonal subgroup of H(A), then

f(h)ydh = [ futk)sg(t) L dudt dk

H(A) UA)xT(A)xK

for any continuous function of compact support f on H(A). Here K is the standard
maximal compact subgroup of H(A), dk is the Haar measure on K with total volume
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one, B is the standard Borel subgroup of H, U is the unipotent radical of B, and p is
the modular function of B(A).

3. The geometrization of the distribution I( f, ®)

Throughout the rest of Part I, we suppose that the global field F' contains a primitive cube
root of unity p (that is, there exists p € F such that p> 4+ p + 1 = 0), and we set u3 = {p).
Our goal is to geometrize the distribution /( f, ®) given by (1.3).

3.1. The adjoint embedding

For n > 2, let w, denote the n x n antidiagonal matrix w, = (8; ,4+1—;) € GL,. We real-
ize the adjoint representation of PGL(3) as the map PGL(3) — GL(s[(3)) defined by
conjugation. Considering s[(3) as a quadratic space with respect to the bilinear form
(x,y) = Tr(xy), the image lies in the special orthogonal group SO(s[(3)). With respect
to the basis

{e13,e23,€12,€1,1 —€22,622 —e€33,€2,1,€32,€3,1)

of s[(3), where the e; ; are the standard elementary matrices, SO(s[(3)) is isomorphic to
SO(J), where
w3

w3

Since the field F' contains the cube roots of unity, the group SO(J) is split over F
and may be conjugated to SOg := SO(wg); indeed, if go = —%( —(:‘;p) lzfz/;), then
'g0( 25" )go = (; ). In this way, we realize the adjoint map as a homomorphism
Ad: PGL(3) — SOg. This is the map that is used in period (1.2). Restricted to N(A),

this leads to the expression

1 x z
Ad 1 y
1
1 x —y —(xy+pz) —(xy+p°z) x(xy—z) —zy z(xy—z)
10 p*y py xy—z  —y* y(xy-—z)
1 X X —x2 z —zx
B 1 0 —x —py  pxy + p’z
- 1 —x —p*y  p*xy + pz
1 0 y
1 —X
1

It was also explicated in [1].
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3.2. First steps

Since © is automorphic and Ad is defined over F', we may combine the integral over [G]
with the sum over G(F) to obtain

1(£,0) = / [ F(g™ ' mOAd(g)Y (n) dg dn,
[N]JG(A)

and after the change of variables g — ng, we obtain that
1£00= [ [ rehedm Ade) defy o dn
[N] Y JGA)
_ / © (Ad(n)y (n) dn. 3.1
[N]

where ©f € Ogoy is defined by O (x) = fG(A) f(g7HO(x Ad(g)) dg.
This means that in order to obtain a geometric expansion, we are reduced to showing
that

/ O(Ad(n))y(n)dn
[N]

is a sum of factorizable integrals.

As noted in the introduction, by [11, Theorem 6.9], the minimal representation Ogog
can be expressed as a theta lift using the Weil representation of the metaplectic double
cover %16(1%) of Sp,¢(A). We now make this explicit and use this to show the desired
expansion. To use the theta lift, we follow Deitmar and Krieg [4, Section 2] and Kudla
and Rallis [17, Section 5] by imposing a condition on f (see Section 3.4 below) at one
archimedean place. With this condition, the theta integral of the Eisenstein series is con-
vergent, and so the computation applies.

3.3. On the Weil representation

We realize the group Sp, ¢ as the group of automorphisms preserving the alternating mat-
rix (_&8 “8). For g € GLy, let g* = wy, ‘g™ wy.

For a matrix Y € M, (A), let ;Y = wy, 'Yw,. The equality ¥ = ,Y means that
the matrix Y is symmetric with respect to the second diagonal, i.e., Y = (y;,;), where
Yi,j = Yn+1—jn+1—i (or equivalently, that w,Y is symmetric). It follows from the stand-
ard explicit formulas for the Weil representation wy, of §f)16(A) (see, e.g., [12]) that for

x € A% and ¢ € S(A?), we have

wy (g g*) $(x) = p(xg). g€ SLg(A)
and

wy ([8 Z) $() = YOrws Y W) = Y Yws PR). ¥ =¥ € My(A).
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Combining this gives

@y ((18 Y) (g *)) d(x) = Y (xYwsg x)p(xg). (3.2)
Ig g

Let P = M x U be the Siegel parabolic subgroup of Sp,¢ with unipotent radical U =
{( s IYS) :+Y =Y € Mg} isomorphic to the vector space of symmetric matrices in Mg and
M = {diag(g,g*) : g € GLg}. Let P° = M° x U, where M° = {diag(g,g*) : g € SLg}
and let p;: P — M be the projection map to the Levi subgroup. We consider the right
action of P° on affine 8-space G2 defined by

xP=xg, xe€Gg. peP° py(p)=dig(g.g"
and the function c: A% x P°(A) — C defined by

Is Y o
o =verust, xeat p= ("] o e s
We can rewrite (3.2) as

oy (P)P(x) = c(x, p)p(x?), x €A’ pe P°(A). (3.3)

We denote by Pg’ the stabilizer in P° of £ € F® (considered as an algebraic group over F)
and by P°(A); the stabilizer in P°(A) of x € A%. Note that

ck,y)=1, £€F® yeP°(F).
Lemma 3.1. The function c satisfies the cocycle condition
c(x, p1p2) = c(x, p)e(x?, pa),  x € A%, p1,pr € P°(A).

In particular, it is an automorphic cocycle.

Proof. Let p; = (18 Z)(gi g,f“),i =1,2.Then py pr= (18 e I;i(‘grik)_l)(glgz (glgz)*)'

Since g1Y2(g7F) 'ws = g1Yaws ‘g1, it follows that
c(x, p1p2) = Y(xY1ws x + xg1Yowg (xg1)) = c(x, p)e(xg1, p2)
= c(x, p)e(x?1, p2)

as required. ]

3.4. On the theta lift

We fix an embedding of SL; x SOg in Sp; ¢ such that SL, x Ad(N ) embeds in P° (we later
explicate such an embedding) and denote by (g, &) — [g, /] the associated embedding of
SL,(A) x SOg(A) in §f)16(A). Note that the action of the Weil representation directly
shows that P°(A) splits in §f)16(A). Let

Op(g) = Y wy(9)p(x). g€ Spis(A).

XxXeF8
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There is a subspace $°(A%) of §(A®) (the image of S(A®) under the Casimir operator
in the center of the universal enveloping algebra of the Lie algebra of SL, at one fixed
archimedean place) such that for ¢ € $°(A®), we have that g > §¢([g, h]) is a rapidly
decreasing automorphic function on SL;(A). For ¢ € $°(A3%), let

Oy (g) = /[SL Tl dh, g SOy(A)

‘We then have
Osos = {Op : ¢ € S°(A®)}.

We consider the distributions on G(A) defined by
1= [ [ s [ G Adwe) dhdg v dn,
[N]JG(A) [SL>]

where f € §(G(A)), ¢ € S°(AY).
Note that /(f,¢) = I(f, ®y). Let

SLF100) = f Flg Moy (s, Ad()])p(x) de. (3.4)
G(A)
Then

10/.¢) = / / o1 ([h. Ad())) d () dn
[N] J[SLz]

- /[N] / > oy (. Ad@DSLA1E) dh v (n) dn.

[SL2] SEFS

We therefore need to unfold integrals of the form

1) = /[N] /{M 3 oy (h, Ad)B(E) dh  (n) dn. (3.5)

£cF8

3.5. The unfolding of 1

Let H =SL, xN.Forh = (g,n) € H(A), by abuse of notation we write [i] = [g, Ad(n)],
and we extend v to an automorphic character of H(A) (still denoted by ) that is trivial
on SL;(A). With our choice of embedding of H(A) and by (3.3), we have

1) = [[ > G (Elyey & [h) dh,

]g‘eF8

where ¢y (§. [g. Ad(n)]) = ¥ (n)c(§, [g. Ad(n)]).

The H(F)-orbits in F8, as well as the stabilizers H for orbit representatives £, are
explicated in Section 4.2. In particular, we show in Theorem 4.2 that Hg is unimodular
and [Hg] has finite volume for any § € F®. Furthermore, it is a direct consequence of
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the explicit formula (4.2) below that for § = 0, we have Hg = H so that § = 0 is not
relevant and also that for any § # 0, the stabilizer H is unipotent so that [ H] is compact.
By convention, in this case [Hg] is of volume one.

Let E, be a set of representatives for the H(F')-orbits in F' 8 for which

cy (€, ) ma) = 1.

As a consequence of Lemma 3.1, Remarks 2.1 and 2.2 and the orbit analysis summarized
in Theorem 4.2, we can apply the unfolding principle of Section 2 to obtain the following.

Proposition 3.2. The distribution I given in (3.5) is a sum of factorizable orbital in-
tegrals

I¢)= Y O¢¢)

SEErel

where for § € F8 relevant, the associated orbital integral is given by

0. ¢) = / $(EM)ey (€. (1) dh.

Hg (A)\H(A)

In order to compare the distributions / and J, we must describe the quantities in this
proposition precisely. This is accomplished in Theorem 4.2 below.

4. Determination of the relevant orbits and orbital integrals for 1

4.1. Explication of the setup

Let V' = Span(e, f) be the two-dimensional symplectic space with (e, f) = 1= —(f, e)
and W = Span(ey, ..., eg) with (e,-,ej) = §; 9—;. Fixing the basis {e, f} identifies SL,
with Sp(V) and the basis {eq, ..., eg} identifies SOg with SO(W). We also consider
V ® W as a symplectic space with the product form. Fixing the basis

{e®er, fQRer,....,eQes, f Res,—eRes, f Qes,...,—e®es, f ® eg)

identifies Sp;¢ with Sp(V ® W). Via the tensor product embedding Sp(V) x SO(W) —
Sp(V ® W), this defines an embedding of

SL2 X SOg —> Sp16 .

We explicate this embedding.

Let A: GL, — GLg be the embedding A(h) = diag(h, h, h, h). Note that A(*h) = ‘A (h)
and A(h)* = A(h*). The embedding of SL, in Sp,¢ is then h > diag(A(h), A(h™)).

The embedding of SOg in Sp,4 can be described as follows. Let 1: My — Mg be the
standard ‘tensor with I, map’, that is,

1(A) = (ai,j ), A= (aij) € My,
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and let j: My — Mg be the twisted map j(A) = A(e3)1(A) = 1(A)A(e2), where &, =
diag(1, —1). Then the embedding of SOg to Sp, in terms of the 4 x 4 blocks is given by

a b 1@ jM)Y\ _ .. t(a) 1(b)) ..
(C d) — (] ©) l(d)) = diag(A(e2), Ig) (l(C) l(d)) diag(A(ez), Ig).

Furthermore, we remark that the group homomorphism A and the algebra homomorph-
ism 7 are such that A(GL;) and 1(M4) commute with each other.
Recall that Ad(NV) consists of upper-triangular unipotent matrices in SOg. For

1 x
1 e N(A), 4.1)

n =

— < N

we write

wo=(* ) )

with u = u(n) € GL4 upper-triangular unipotent and s = s(n) € My such that swy is
alternating. We have

(15 IO (1000
pnaon = (") )

Since wg = A(wz)1(wy), we see that j(s)wg = 1(swq)A(e2w7). We also note that

heSLy(A), neN(A).

g[h,Ad(n)] =& (w)A(h).

Since he,ws h = eywo, it follows that x 7 (s)wg &% = xA(h) 7 (s)wg A(h) &, x € A3,
h € SL;(A) and therefore

(5. [h. Ad(m)]) = c(§. [[2. Ad(n)]), n € N(A)

is independent of & € SL,(A).
We notice from the explicit formula for Ad(n) in Section 3.1 that

1 x —y —yx—zp
1 2

_ yp
w= 1 X
1
and
(z = yx)yp? zxp —(yx +zp%)
swa = | X 2ye? —(z + xyp?) p
4 —ZXp zZ+ xy,o2 X

yx + zp? —yp —x
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Writing § = (§1. &2, £3,&4) € F8 with§ € F2,i = 1,2, 3, 4, we therefore have

MO = (§1h, (62 + xEDR. (63 = yEDA. (Ea + X85 + yp°62 — (yx + 2p)51)h). (4.2)

We also conclude that j(s)wg equals

0 0 0 (z—xy)yp? 0 xzp 0 —(xy+zp?
0 0 (xy—z)yp? 0 —xzp 0 xy+zp? 0
0 (xy—z)yp* 0 0 0 —(xyp*+2) 0 o
(z—xy)yp? 0 0 0 xyp*+z 0 —yp 0
0 —Xxzp 0 xyp*+z 0 0 0 x
xXzp 0 —(xyp*+2) 0 0 0 —X 0
0 xy+zp? 0 —yp 0 —X 0 0
—(xy+2zp?) 0 yp 0 X 0 0 0

and this gives us an explicit formula for c(&, [#, Ad(n)]) = ¥ (£ (s)wg ).

4.2. Relevant orbits and their associated orbital integrals

We use the above notation and formulas in order to find an explicit set & of relevant orbit
representatives, compute their stabilizers and explicate the associated factorizable orbital
integrals. Let e; = (1,0), e; = (0, 1) be the standard basis of F2and N, = {g €SL;,:
e2g = ep}. Whenever we write x = (X1, X2, X3, X4) € A8, we mean that each x; € AZ.
In particular, we write x; = 0 if x; = (0, 0).

The following elementary observation will be used repeatedly in the orbit analysis.

Lemma 4.1. Let {vy,v,} be a basis of F2. Then there exist h € SL,(F) and a € F* such
that vih = ey and voh = ae;.

Proof. Applying h = (71 1 ) if necessary, we may assume without loss of generality that
vy = (a, b) with b # 0. Then by applying (_ba -1 ), we may assume without loss of
generality that vy = e5. Now write v, = (a,b). Then a # 0, and applying (! —4'¢) the
lemma follows. ]

For ¢ € S(A®), we let ¢x, € S(A®) be defined by
b = [ pladodk.
K>

where K3 is the standard maximal compact subgroup of SL,(A).
Let £ = (§1,&5, &3, &4) € F3. It follows from (4.2) that the following are invariants of
H (F)-orbits:
o di(§) =dim(51);
o di2(§) =dim(§1, &);
o di3(5) = dim(§1. &3);
o dip3(8) =dim(§, &, &3);
o dip3,4(5) =dim(§1, 5. 83, 64).
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In the remainder of this section, we will analyze the orbits case by case using these
invariants. The following result summarizes this analysis.

Theorem 4.2. (1) For every § € F3, the stabilizer Hg is unimodular and [Hg| has finite
volume.

(2) A complete set of representatives for the H(F)-orbits that are relevant is given in
Lemma 4.3 (orbits with dy = 0 and dyp = d1,2,34 = 1); Lemma 4.4 (orbits with
di =0, d1’2 = d1,2,3 =1 and d1,2,3,4 = 2); Lemma 4.6 (orbits with d] =1=
d1,2,3,4); Lemma 4.8 (orbits withdy = 1 = dy and d12,3 = 2); Lemma 4.9 (orbits
withd, =1 = dy,3 and d1,» = 2); and Lemma 4.10 (orbits withdy = 1 and d1 2 =
2 =d 3; these are the generic relevant orbits). For every relevant orbit representative
& € B, the stabilizer Hy is unipotent and in particular [Hg] is compact.

When the orbit is relevant, in these lemmas we also write the associated orbital integral
explicitly. There are other H (F)-orbits, and as part of the proof we will show that they are
not relevant. Throughout this analysis, we implicitly use coordinates (4.1) forn € N(A).

4.2.1. Orbits with dy, = 0 are irrelevant. Suppose that d; »(§) = 0 and write £ =
(0,0, &3, £4). Note that

c(&, [h, Ad(n)]) = ¥ (2xE382w '&4)
is independent of y (and z), and by (4.2) we have
gAY — (0,0, €3, (4 + xE3)h).

In particular,
1
I, L y||:yeA; CHg(A)
1

and therefore £ is not relevant. We further compute the stabilizer for a chosen representat-
ive. We separate into four cases. If d1 5 3,.4(§) = O (that is, for § = 0), we have Hy = H.
Otherwise, if d; »,3(§) = 0, then since SL, acts transitively on non-zero vectors in F' 2 we
may assume without loss of generality that 4 = e, and then Hg = N, x N. If d1 5 3(§) =
1 = dy2,3,4(§), then by the same argument we may assume that (£3, £4) = (e2, ez) for
some o € F and in this case H = N, x {n € N : x = 0}. Finally, if d123(§) = 1 and
di1,2,3,4(§) =2, then by Lemma 4.1 we may assume without loss of generality that £3 = e,
and &4 = ae; for some o € F*. In this case, Hg = {((! ll’)n) € N, x N :ab + x = 0}.
In particular, in all cases H is unimodular and [H¢] is of finite volume (and in fact uni-
potent unless £ = 0).

4.2.2. The H(F)-orbits with invariants dy = 0and dy1, = dy 234 = 1.

Lemma 4.3. A complete set of representatives for H(F)-orbits with invariants d; = 0
and di» = di1p23,4 = 1is given by {(0,e2,ae2,0) : o € F}. For§ = (0, ez, ez, 0), the
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stabilizer He = N, x {n € N : xa + yp* = 0} is unipotent. Furthermore, § is relevant
if and only if & = p?, and in this case the associated orbital integral is

1((0,0,0,1,0,p2,0,0),¢)=// $x,1(0,0,0,1,0, p1, 0, xt)][¢ > d*t ¥ (x) dx.
A JA*

Proof. Let £ € F® be such that d1(£§) = 0 and dy 2(€§) = d12.3.4(§) = 1. Then there
exist non-zero v € F2 and «, o’ € F such that & = (0,v,av, @'v). Since SL,(F) acts
transitively on non-zero vectors in F 2, there exists hg € SL, (F) such that vhg = e;. Let

1
ng = 1 —adp);
1

then £lP0-Ad(0)] = (0, ¢,, e, 0). Now for a general g = (h,n) € H(F), we have
(0, e5, aes, 0)[g] = (0, exh, aesh, (xa + yp?)esh).

This is of the form (0, e3, &’e5, 0) for some &’ € F if and only if &4 € N»(F) and xa +
yp2 = 0. We conclude that (0, e5, ae,, 0) and (0, e5, &’e,, 0) are in the same H (F)-orbit
if and only if « = o’ and furthermore

Heyaer,00 = N2 x{neN:xa+ yp? = 0.

We further observe that ¢((0, e2, ae;,0), [g]) = 1 forall g € H(A). It follows that the orbit
containing (0, e5, ae,, 0) is relevant if and only if « = p?. Thus, for £ = (0, e, p?e2,0)
we have

OE,¢) = / / ¢[(0,0,0,1, 0,p2,0, X)A(h)] dhyr(x)dx.
A JN2(A)\SL2(A)

The lemma now follows using the Iwasawa decomposition. ]

4.2.3. The H(F)-orbits with invariants dy = 0, d1» = d123 = land dy 2,34 = 2.

Lemma 4.4. A complete set of representatives for H(F)-orbits with invariants d, = 0,
d1,2 = d1’2,3 = land d1’2’3’4 =2is given by

{(0,e5,ae5,Be1) :a € F,B € F*).

For & = (0, e, aesz, Bey), the stabilizer

()

is unipotent. Furthermore, & is relevant if and only ifa = p and = % 02, and in this case
the associated orbital integral is

(9((0,0,0,1,0,,0, %p2,0),¢) =/A*/A¢K2[<O,O,O,t,0,pt, %pzfl,a)]da|t|d*t.
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Proof. Let & € F®be such that dy(§) = 0, d12(§) = di2,3(§) = 1 and dy 2 3.4(8) = 2.
Then there exist a basis {v, w} of F? and « € F such that £ = (0, v, av, w). Applying
Lemma 4.1, we have that there exist ig € SL,(F) and § € F* such that

glho1sl — (0, e,, ey, Ber).
Now for a general g = (h,n) € H(F), we have
(0, €2, a2, Pe1) 8l = (0, e2h, aesh, [Bey + (xa + yp?)ea]h).

This is of the form (0, e5, @’e;, B'eq) for some o’ € F and B’ € F* if and only if
h = (!4), where Ba + xa + yp* = 0, and in this case («’, B’) = (a, B). We conclude
that (0, e5, aes, Ber) and (0, s, a’es, B'ey) are in the same H(F)-orbit if and only if
(o', B") = (a, B) and furthermore H g ¢, qe,,Be,) iS as given in the statement of the lemma.
We further observe that

cy (0. €2, ez, Ber), [h, Ad(n)]) = ¥ [(1 —2Bp)y + (1 —2Ba)x].
It follows that (0, e, aes, Beq) is relevant if and only if 1 —28p = 1 —2Ba =0, ie.,
ifand only ifo = pand 8 = %pz. Thus, for & = (0, ez, pea, %pzel) we have

S

Using the Iwasawa decomposition we can write this as

1 1
/ /¢K2[<O,O,O,Z,O,,ol,—pzt_l,—pzat)]da|t|2d*l.
A 2 2

Making the change of variables a > 2pt~!a, the lemma follows. ]

4.2.4. The H(F)-orbits with invariants d; =0, d1 o = 1 and d; 23 = 2 are not relevant.

Lemma 4.5. A complete set of representatives for H(F)-orbits with invariants di = 0,
d1,2 = 1and d1,2,3 =2is

{(0, €2,ﬁ€1,0) . ,3 € F*}

None of them is relevant. Furthermore, for § = (0, e3, Bey,0) the stabilizer Hy = {15} x
{n € N : x = y = 0} is unipotent.

Proof. Let &£ € F® be such that d1(£§) = 0, d12(§) = 1 and d;23(§) = 2. Then there
exist a basis {v,w} of F? and u € F? such that £ = (0, v, w, u). Applying Lemma 4.1, let
ho € SLy(F) and 8 € F* be such that {vhg, who} = {ea, Be1}. Let xo, yo € F be such
that —u = xoBv + yop?w and let

nog = I yo
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Then
glhonol — (0, 5, ey, 0).

Now for a general g = (h,n) € H(F), we have
(0,2, Ber, 0)&) = (0, e2h, Berh, [xBer + yp2er)h).

This is of the form (0, e, 8’eq,0) for some B’ € F* ifandonly if h = I and x = y =0,
and in this case 8’ = B. We conclude that (0, e,, Beq, 0) and (0, e5, 8'e1, 0) are in the
same H (F)-orbit if and only if 8/ = B and furthermore

H(O,ez,ﬂel,O) = {12} X {n eN: x= y = 0}
We further observe that

¢((0,e2, Ber, 0), [h, Ad(m)]) = Y[2B(xyp® +2)].  (h.n) € H(A).

1 z
{12} X {( 1 1) 1 Z E A} - H(O,ez,ﬁel,o)(A)

therefore shows that (0, e5, Bey, 0) is not relevant for any 8 # 0. |

The inclusion

This completes the analysis of orbits with d; = 0.

4.2.5. The H(F)-orbits with invariants d; = 1 = d12,3,4.

Lemma 4.6. The set of all £ € F® with invariants d; = 1 = di 23,4 consists of a unique
H (F)-orbit with representative (e2,0,0,0) and it is relevant. The stabilizer He, 0,0,0) =
Ny x {13} is unipotent, and the associated orbital integral is

0((0,1,0,0,0,0,0,0), ¢)

:/ / // ¢K2[(0’t’o’xr’07_yt70’zt)]|t|2d*ldzw(x~|—y)dxdy.
AJA JA JA*

Proof. Assume that dq(§) = 1 = d12.3.4(£). Then there exist non-zero v € F? and
o; € F,i =1,2,3, such that

£ = (v,01v, 220, 30).
Let g € SLy(F) be such that vhg = e; and let

1 —ay pPas + pojor
ng = 1 (6%
1

Then glo-n0] = (¢,,0,0,0). For g = (h,n) € H(A), we have

(€2.0.0,0)81 = (exh, xeah, —yesh, —(xy + zp)esh),
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and therefore He,,0,0,0)(A) = N2(A) x {I3}. Furthermore, c((e2, 0, 0, 0), [1]) = 1,
h € H(A). It follows that £ = (e5, 0, 0, 0) is relevant and we have

0. ¢) = fA /A /A [N o Ve xen —yen ey + zpen) ] di
xWy(x+y)dxdyd:z.

The change of variables z — —p?(z + xy) gives

O (&, = , ,— , AW dhd dx dy.
E.$) A [A /A [N oy 1 T e Ze A ] dhdz Y () dxdy

The lemma follows by applying the Iwasawa decomposition. ]

4.2.6. The H(F)-orbits with invariants dy = 1 = dy 2 3 and d\ 2 3,4 = 2 are not relevant.

Lemma 4.7. A complete set of representatives of H(F)-orbits with invariants d; = 1 =
dipzanddipza =2is
{(€2.0,0, Bey) : p € F*}.

None of them is relevant. Furthermore, for £ = (e,,0,0, Bey) the stabilizer

DL )

Proof. Assume that d1(§) = 1 = d;2,3(§) and d 2,3,4(§) = 2. Then there exist a basis
{v,wlof F2anda; € F,i = 1,2, such that £ = (v, 010, v, w). Applying Lemma 4.1,
let hg € SLy(F) and B € F* be such that vhyg = e, and who = Bey. Let

is unipotent.

I —ar pajon
no = 1 (6%
1

Then £lP0m0] = (e,, 0,0, Bey). For g = (h,n) € H(A), we have
(e2,0, O,ﬁel)[g] = (exh, xexh,—yexh, Berth — (xy + zp)exh).

This is of the form (e2,0,0, 8’¢;) for some B’ € F* ifandonly if x = y =0and h = (1 )
with Ba — zp = 0. It follows that (e2, 0,0, Be1) and (e3,0,0, B’ey) are in the same H (F)-
orbit if and only if 8 = 8’ and

- 1
He,,0,0,pe1)(A) = {((1 p ;Zp) , ( 1 T)) 1z € A} )

‘We further note that

c((e2.0,0, Ber). [g]) = ¥ [2B(xy + zp?)],

and therefore we can deduce that (e;, 0,0, Be;) is not relevant. [
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4.2.7. The H(F)-orbits with invariants dy = 1 = dyjp and dy 53 = 2.

Lemma 4.8. A complete set of representatives of H(F )-orbits with invariants d; = 1 =
d1,2 and d1’2’3 =2is

{(ea,aes,Be1,0): ¢ € F, B € F*}.

For § = (e2, ez, feq, 0), the stabilizer He = {(('8),n) € Ny x N : x =0, z = pay,
Bb = y} is unipotent. Furthermore, £ is relevant if and only if 1 + 2Bpa® = 0. Fora € F*
and &[] = (ea, wey, —%pza_zel ,0), the associated orbital integral is

(9(5[0[],(]5)=[A*AAA(])KZ[(O,I,O,I(Q+x),_%p2a—2;—17_ty,

1
— 5Pt t(ype — xy — Zp))]

X Yl—patxy —palz + a7

xz4+x+yldxdydz|t|*d*t.

Proof. Assume that d1(§) = 1 = dj2(§) and dy2,3(§) = 2. Then there exist a basis
{v,w} of F2 o e Fandu € F? such that £ = (v, av, w,u). Let xg, zg € F be such that
U = zopv — Xow and let

Applying Lemma 4.1, let hg € SL(F) and B € F* be such that vhg = e; and whg = Be;.
Then glt0-70] = (¢, (a0 + xg)ea, Bey, 0). For g = (h,n) € H(A), we have

(e2,aes, ,Bel,O)[g] = (exh, (@ + x)exh, (Ber — yea)h, (Bxey + (ypzoc —xy —zp)ez)h).

This is of the form (e,, &’es, B'e1, 0) for some o’ € F and B’ € F* if and only if
x=0,zp=yp*a and h = (14) with fa = y. It follows that (e2, ae, fey, 0) and
(ez,’ea, B'ey, 0) are in the same H (F)-orbit if and only if («, 8) = (¢, ') and

_ 1 ypo
1
p y)’ 1 1y eA

1
He, aes,e1,0) (A) = ( 1

We further note that

c((e2, ez, Per1.0). [g]) = ¥ [2Ba(xyp® + 2) — 2Bxzp].

We therefore have

ey ((e2, ez, Ber, 0), [g]) = v[(1 + 2B’ p)y].

_ 1 ypo
1 1
&= ( ! 1 y) ’ Ly € Hey.aes.pe1.0)(A).
1
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We conclude that (e, ae, Bey, 0) is relevant if and only if 1 + 2Ba?p = 0 and for B =
—%pza_z, we have

0(0,1,0,a, 8,0,0,0),¢) = / / / ¢[(0,1,0,¢ + x, B,0, Bx, —zp)A(h)] dh
A JA JsLa(A)
X Y (x —p?z —2Bpxz)dxdz.
Alternatively, we can also express the orbital integral as the iterated integral

/A A A $100.1,0.0 + x. B. —y. fx. yo'ar — xy — zp)A(W)]
x Y[2Ba(xyp® +z) —2Bxzp + x + y]ldx dy dz dh,

/;Vz(A)\ SL2(A)

where the integral over N, (A)\ SL,(A) makes sense only after integration over y and z.
Applying the Iwasawa decomposition, this equals

[ [ [ [ xal@006@ 400,07 Bty .t~ xy = o))
*JAJAJA
x Y[2Ba(xyp® + z) —2Bxzp + x + y]dx dy dz|t|* d*t.

The lemma follows. [

4.2.8. The H(F)-orbits with invariants dy = 1 = dy 3 and dy 5 = 2.

Lemma 4.9. A complete set of representatives of H(F)-orbits with invariants d1 = 1 =
d1’3 and dl,z =2is

{(e2, Be1,ae2,0) :ax € F, B € F*}.
For & = (ez2, ey, aes,0), the stabilizer Hy = {((! ’{)n) ENyxN:y=0,z= pzax,
Bb + x = 0} is unipotent. Furthermore, £ is relevant if and only if B = %pa‘z. Fora e F*
and £[a] = (ea, %pa_zel ,aey, 0), the associated orbital integral is

OEla], @) =/A*/A/A/AQSKZ[(OJ,%pa—%—l’tx,o,t(a—y),%a—%—ly’

Xt(xa —xy — Zp))]
x Yla2(xy —2)y — p(xyp® + 2)a~ ' + x + yldx dy dz|t|* d*t.

Proof. Assume that d;(§) = 1 = d; 3(§) and dq 2(§) = 2. Then there exist a basis {v, w}
of F2, @ € F and u € F? such that £ = (v, w, av, u). Let yg, z9 € F be such that
u = zopv — yop>w and let
1 Zo
no = 1 yo
1
Applying Lemma 4.1, let iy € SL,(F) and § € F* be such that vhg = e; and why = Bey.
Then £Pom0l = (e,, Bey, (a0 — yo)ea,0). For g = (h,n) € H(A), we have

(e2, Ber,aez, 0) 18] = (exh, (Ber +xex)h, (a — y)esh, (xaes +yp*fer — (xy+zp)ez)h).
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This is of the form (e,, B'e1,a’e,,0) for some o’ € F and B’ € F* if and only if h = (1 ‘1’)
with Ba + x = 0, y = 0 and zp = x«, and in this case (&, 8) = (¢, B’). It follows
that (e, Be1, @ez, 0) and (ea, B'e1, &’es, 0) are in the same H(F)-orbit if and only if

(a. ) = (&, f') and

1 x p’xa

1 -8 1x
H(ez,ﬁel,aez,o)(A) = ( 51 ) , 1 :x €A

We further note that

c((e2. Ber.aez,0), [g]) = Y [2B(xy — 2)p°y — 2(xyp* + z)ap].

We therefore have

cy((e2, Ber, ez, 0), [g]) = ¥[(1 — 2p%a*B)x],
1 x p’xa

g= (1 _ﬁl_lx), 1 1

We conclude that (e,, Bey, aes, 0) is relevant if and only if 2p?a?B = 1, and in this case,
the associated (iterated, as in the previous lemma) orbital integral is

/ / /d)[(O, 1,B,x,0,a — y, yp*B, xat — xy — zp)A(h)]
AJAJA
x Y2p?B(xy —2)y — 2(xyp* + 2)af + x + y)dx dy dz dh.

/Nz(A)\ SL2(A)

Again applying the Iwasawa decomposition, the lemma follows. ]

4.2.9. The generic H(F)-orbits.

Lemma 4.10. A complete set of representatives of H(F)-orbits with invariants dy = 1
and d1’2 =2= d1,3 is

{(62’ :Belvﬂ/el’o) : /3, ﬂ/ € F*}

They all have trivial stabilizers and are, in particular, all relevant. For a, b € F* and
&la, b] = (ez,aey, beq, 0), the associated orbital integral is

_ -1 -1 .
O(la,b], 9) —AAAAA*¢K2[(O,Z,I a,t(x +as),t” b, t(bs —y),
1= (xb + yp?a). t[(xb + yp*a)s — (xy + zp)])]

x |t|>d*tdsy[x +y + 2a(xy — z)yp* — 2bxzp]dx dy dz.

Proof. Let & € F3 be such that d1(£§) = 1 and d12(§) = 2 = d 3(£). Then there exist
v,w,w’,u € F? such that {v, w} and {v, w'} are bases of F? and £ = (v, w,w’, u). Let
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a,b € F be such that w’ = av + bw and note that b # 0. Let xg, yo,zo € F be the unique
common solutions to the equations

w’ — yov = b(w + xqv),
u 4+ xow’ + yop*w — (xoyo + Zop)v = 0.

Applying Lemma 4.1, let iy € SL,(F) and 8 € F* be such that
(vho, (w + xov)ho) = (€2, Ber),

and let

Then
g[ho,Ad(no)] = (e2, Be1. bPey,0).

For g = (h,n) € H(F), we have
(62’ ﬂel’ :3,61’ 0)[g]
= (e2h, (Ber + xez)h, (B'er — ye2)h, [(xB' + yp*Bler — (xy + zp)ea]h),

and we can deduce that this is of the form (e2, B1e1, B} e1,0) for some By, ] € F* if and
only if g is the identity. Thus, He, ge,,8’e;,0) is trivial and therefore (e>, Bey, f'ey, 0) is
relevant. We also note that

c((e2, Ber, e1,0), [g]) = ¥ [2B(xy — 2)yp* —28xzp].
We therefore have
O((e2, Be1, B'er,0), ¢)
—[ [ [ [ 0l01pxpyxB + 3B~y + o)A
AJA JA Jsi(a)
X Ylx +y +2B(xy —z)yp* —2B'xzp| dx dy dz.
The lemma follows by the Iwasawa decomposition. ]

This completes the proof of Theorem 4.2.

5. Unfolding the distribution J

Recall that G’(A) denotes the adelic 3-fold cover of SL3(A) and G’(F) denotes the
embedded image of SL3(F) in G'(A). For notational convenience, we suppress this em-
bedding and write elements of G'(F) by matrices. We consider the action g - (n1,n3) =
ny'gny of N(F) x N(F) on G'(F). The element g or its orbit is called relevant if
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(n1,n2) — ¥ (ny'ny) is trivial on the stabilizer (N x N)g(A) of g. Fora,b € F*, let
t(a,b) = diag(a,a='h, b~ 1), and let

) )

Then using the Bruhat decomposition, one sees that a complete set &
for the relevant orbits is given as follows:

(1) t(a,a®) =alsz,a € u3 C F*;
—2
@) t@?,aHwiw, = (a “ ),a e F*;
a

/

1| Of representatives

(3) t(—a.a*)waw; = ( L a),a € F*
a

—1
@) t(b~" a Hwiwow;, = ( —a~b ’ ),a,b € F*.
a

(See, for example, [2], where the determination of relevant orbits is carried out in the
language of Poincaré series; the adelic ingredients are the same.) Note that the notion of
relevance does not depend on the cover, though the orbital integral that we consider does.
To give the needed orbital integrals, we fix once and for all an embedding of p3 in C*
and consider the genuine Hecke algebra Heen (G'(A)) = { f' € CX(G'(A)) : f'(zg) =
zf'(g)}. For f" € Heen(G'(A)) and g € G'(F) relevant we consider the orbital integral

0'(g. f) = / £y o)y (ny ') dny dns.
N(A)XN(A)/(NxN)g(A)

Here N(A) is embedded in G’(A) by the trivial section n +> (n, 1). Explicitly, according
to the relevant orbits we have

(1) O'(t(@.a®). f) = [y /' @)y (n)dn.a € s

) Ol(t(a_z,a_l)wle = fN(A)xUz_](A) f’(n_lt(a‘2,a—1)w1w2u)
x Y (n~Yu)dn du;

3) O'(t(=a,a®ywawr. ') = [y, | ayxna) fw t(—a, a®)wowin)y (un) dudn;
@ 0"~ a Hwiwawr, f) = [yayxnw) [ (70T aTHwiwawing))

x Y (ny'nz) dny dns.
12 v 2
Uz,l(A)Z{( I)ZUEA }

Proposition 5.1. The distribution J given in (1.4) is a sum of factorizable orbital integ-
rals

Here

J(fy= Y 0E. [,

=/
E’Edml

where the relevant orbits and the associated orbital integrals are given above.
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Part I1
Local theory: The fundamental lemma

6. Notation and main result

Throughout Part II, we set the following notation. Let F' denote a non-archimedean local
field, @ the ring of integers of F, p its maximal ideal, 7 a uniformizer in F (a generator
of p), kr = O/p the residual field of F, p the characteristic of kg, ¢ the number of
elements in kg, val: F* — Z the standard valuation so that val(u@w") = n foru € O*,
n € Z, and S" = {s" : s € S} for any subgroup S of F* and n € N. Assume that F
contains a primitive cube root of unity p and set 3 = (p).

Fix a character ¥ of F with conductor O (that is, ¥ restricted to O is trivial and
restricted to p~! is non-trivial). We denote by 1, the characteristic function of a set A.
We normalize the Haar measure dx on F so that [, dx = 1 and the Haar measure d*x
on F* so that . d*x = 1. Note that both @*x and dx restrict to Haar measures on 0*.
However, they do not coincide on @*; we have f o* dx =1-— q_l.

The fundamental lemma for the unit Hecke element is an explicit identity between
two families of local orbital integrals at almost all places, associated with unramified data
and test functions that are the respective units of the spherical Hecke algebras. The unit
element of the spherical Hecke algebra of PGL(3, F) is the function fo = lpcL3,0).
In light of the geometrization of the global distribution /( f, ®4) = I(f. ¢) in Section 3,
local unramified data requires the choice of Schwartz—Bruhat function ¢9 = 19s in the
local Weil representation. Note that for the local analogue of (3.4), we have ¢g[ fo] = Po.
Note further that

do(x) = / go(x diag(k. k. k. k)) dk, x € F®,
SL>(0)

Here, the Haar measure dk on SL,((9) has total volume one. The main work is to com-
pare the two local orbital integrals corresponding to the big cells. These are families of
integrals parameterized by F* x F*. In light of Lemma 4.10 and the discussion of the
prior paragraph, the first is defined by the formula

I(a,b) =/ / f / [ 1os[(0. 2, ¢ a, t(x+as),t ™ b, t(bs — y).t ' (xb+yp*a),
FJFJFJFJF*
tl(xb + yp*a)s — (xy + zp)D]|t| d*t ds
X Y[x 4+ y + 2a(xy — z)yp> — 2bxzp| dx dy dz. (6.1)

This is the local integral obtained from Lemma 4.10.
In order to define the second, we need to set some further notation. Consider the local
metaplectic 3-fold cover SL3(F) of SL3(F). It is a central extension

1 - pu3 — SL3(F) — SL3(F) — 1.
As a set, we identify §£3(F ) with SL3(F) x w3, and the group operation is given by

(&1,21)(g2,22) = (8182, 21220(g1, £2))»
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where o is a certain 2-cocycle of SL3(F). This cocycle is described, following Mat-
sumoto [20], in Bump and Hoffstein [3, §2].

Let N be the group of upper triangular unipotent matrices in SL3(F) and K =
SL3(09). The map n +— (n,1): N — §]:3(F) is an imbedding of N in §E3(F) and
this way we view N as a subgroup of §L/,3(F ). We endow N with the Haar meas-
ure du = ®i<j du;, ;. The group K also admits a splittinfgiin §I3(F). There is a map
k: K — 3 such that the map g — (g, (g)) imbeds K into SL3(F'). By abuse of notation,
we also denote by V¥ the character of N that satisfies ¥ (u) = ¥ (112 +u23),u € N.

Fix an embedding of p3 in C* and let f: §I_/43(F) — C be defined by

zk(g)”! ifge K,
folg.2) = " geSLsy(F), z€pus.
0 otherwise,

The function f is the unit element of the genuine spherical Hecke algebra of §I:3(F ).
The second family of integrals is defined by

s@b) = [ [ F(ngapa )y i) du dic,
NJN
where
b—l
Sab = —a~'b € SL3(F).
a
Let (-,-)3: F* x F* — 3 be the cubic Hilbert symbol. Our main result is the follow-
ing comparison.

Theorem 6.1 (The fundamental lemma for the big cell orbital integrals-unit element).
Assume p > 3. Forany a,b € F*, we have

I(a,b) = (¢c,d)3 J(c,d), wherec =—54a, d = 54b.

In the final section, we also compare the orbital integrals for the other relevant orbits
(Theorem 11.7).

7. Ingredients needed for the comparison

We develop the ingredients that are needed to establish Theorem 6.1. From now on, we
assume that p > 3.

7.1. The cubic Hilbert symbol

We begin by recalling the basic properties of the cubic Hilbert symbol. They will be used
throughout our computation without further mention. For x, y,z € F*, we have

o (¥.x)3=(x,y)3;
L4 ()Cy,Z)3 = (x’Z)S(va)B;
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(x,1—=x)3=1,x#1;

(x,y)s = L forall y € F* if and only if x € F*3;

(x,u); = 1forall u € @* if and only if 3|val(x).

The last property is a consequence of our assumption that the residual characteristic

p > 3. We further observe that by this assumption and Hensel’s lemma, 1 + p € F*3
and consequently

(x +y,2)3 = (x,z); whenever |y| < |x|.

7.2. Cubic Gauss sums

For future reference, we recall here a formula that is essentially the calculation of the
absolute value squared of a cubic Gauss sum. This result is standard and the proof is
omitted.

Lemma 7.1. Let a € F be such that |a| = q. Then

[ / (a,uv Y3y (a(u +v))dudv =g~ ',
o* JO*

7.3. Kloosterman integrals

For y € F* and a,b € F, consider the integral

K(y;a,b) = /(;*(y,u)3 V(au + bu~t) du.

We provide a formula for J(y;a, b) in terms of Kloosterman sums over the residual field,
the function

1 if 3 | val(x),

0 otherwise,

83jval(x) = { € F*,

and the function s on F* defined by

s(x)= Y Yz

Zepé—e/pl

where £ € Z and e € {0, 1} are such that |x| = ¢%¢~¢. Note that £ = LFVTAI(’C)J and the
summand ¥ (xz?) is well defined (independent of the class of z mod pH. In particular,
s(x) = 1if val(x) is even. It is easy to verify the basic property of s:

s(xy?) =s(x), x,yeF* (7.1

In the evaluation below and subsequent formulas, if x € F* is a square, then we write
/X for a square root of x in F; all formulas will be independent of the choice of square
root.
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Lemma 7.2. We have

(1= 47 H83u0)- max(|al. |b]) < 1,
g7" Y owsvlau +buh, max(|al. |b]) = .
uek’y
K(yia.b) =g 3 ab ™) Y w@evab)s(evab), max(lal. |b]) > g.
e==+1 a_lb c (9*2’
0, max(|al, |b]) > ¢,
a='b & 9*2.

Proof. If max(|al, |b|) < g, then the integrand (y,u)3¥ (au + bu~') depends only on
u + p and therefore

K(yia,b)=q7" Y (vou)sy(au+bu™).

*
ueky

If in addition a, b € @, then Y (au + bu™') = 1 forall u € k. This explains the formula
when max(|a|, |b]) < gq.

Assume now that max(|a|, |b|) > ¢? and let £ > 1 and e € {0, 1} be such that
max(|a|, |b]) = ¢**~¢. We decompose the integral by writing ¥ = v(1 + z) with v €
O*/(1+p*) and z € p*. Since (1 +2)" ' =372 (—2)' € 1 —z + p** and bv~1p?* C O,
we conclude that

K(y;a,b) = Z (., v)3¥ (av + bv™h) /z V((av —bvNz)dz.
P

ve®@*/(1+pt)

‘We have

q_l ifav—bvle p_e,

f V((av—bv YHz)dz = {
!

0 otherwise.

Note that av — bv~! € p~¢ if and only if @w2¢~¢(av? — b) € p*~¢ and by assumption
£ — e > 1. By Hensel’s lemma, there exists v € O* such that av — bvle p_e if and only
if a='b € 0*2, and in this case v is of this form if and only if v € vy + p*~¢ where
v2 = a'h. Note that for v = £vo(1 + 2z) with z € p*~¢, we have
(y.v)3 = (y.£v0)3 = (y. 9523 = (y.ab™ )3,
av 4+ bv' € +(ave + bvg ' + (ave — bvy ")z + bvy'z?) + bp3=e),

and by assumption avy — bvy! = 0 and bp*t=9) C 0, so that
V(av + bv™ ) = Y (£(avy + bval) + bv(;lzz).

Note further that avy + bvg ! = 2ave = 2bvy ! and that bvy ! is a square root of ab. The
lemma readily follows. u

We remark that the analysis above of the case max(|a|, |b|) > ¢? is tantamount to an
evaluation of the sum using the method of stationary phase.
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7.4. Cubic exponential integrals

Fora,b € F, consider the integrals

€(a,b) =/01//(ax+bx3)dx and Cy(a,b) =/0* V(au + bu®) du.

Lemma 7.3. We have

1, max(|al, [b]) < 1,
0, b] <lal =gq.
g7" Y Ylax +bx?), lal < |b] =gq.
xekp
€@, b)y=19% max(|b|,q) < |al,
—val(a 2 1
q—Lil 5] Zw(ggav—3ab_1>g(8§av—3ab_1), la| = 1b| > ¢,
e==%1 ab—l e (9*2
0, la| =1b| > ¢,
ab™! & 9*2
and
1—q71, max(|al, |b]) <1,
—q ", |b| <la| =gq.,
q7" Y Ylau + bu), la| < |b] =q.
€ola,b) = uek’y
_Ll—val(a)J 2 \/7_1 1 \/7_1
q 2 Zlﬁ(eéa —3ab )5(s§a —3ab ), max(|al, |b]) > ¢,
e==%1 ab—l c (9*2’
0 otherwise.
In particular,
etp < |4+ Col@h). max(al 1p) =g
’ Co(a,b), max(|b|, ¢2) < lal.

Remark 7.4. The lemma excludes the computation of €(a, b) when max(|a|, g¢) < |b|.
In fact, in this case we have

gt Y wlax+bx?) iflal <4t

€(a,b) =

0 otherwise,

where £ > 1 and e € {0, 1} are such that |b| = q”_e. However, we omit the proof for this
case since it is never used in our work.
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Proof. The two formulas are straightforward when max(|a|, |b|) < ¢. Assume now that
max(|b|,q?) < |a|, and let £ > 1 and e € {0, 1} be such that |a| = g2¢~¢. Since bp** C O,
for y € O we have

Vv(ax + bx3)dx = y(ay + by3)/

P
a7 (ay +by?) ifa+3by? ept,
0 otherwise.

V((a + 3by*)z)dz
y+pt ¢

It follows that

C(a,b)=q"* Z V(ax +bx) and €y(a,b)=q* Z ¥ (au + bu?).
x€0/pt ue@*/(1+p%)
a+3bx2ept a+3bu2ept
Note that for y € @, we have a + 3by? € p~t if and only if w2¢~¢(a + 3by?) € p*~¢
and that by assumption p*=¢ C p while w2¢~¢aq € O*. Consequently, if y € O is such that
a4 3by? € p~¢, then |a| = |b| and y € O*. It follows that indeed in this case € (a, b) =
€o(a, b). Note that —3 = (1 + 2p)? € O@*. It further follows from Hensel’s lemma that
there exists y € @* such that a + 3by? € p~* if and only if ab~"' € O*2. The vanishing
of €(a, b) when max(|b|,q) < |a| and when |a| = |b| > g and ab~! & O*2 follows.
Assume now that |a| = |b| > ¢ and ab™! € ©*2, and let vg € O* be such that
vZ = —3ab~!. Thenfor y € O, we have a + 3by? € p~*if and only if y € £1vg + p~e.
Since bp3¢=9) C 9, forz € p*~€ and x = j:(%vo + z) we have

2
ax + bx3 e j:(gavo + bvozz) + 0.

Consequently,

€(a,b) = q_e Z W(sgavo)5(8bvo).

e==%1

Since by assumption fab~! € F*2, we conclude from (7.1) that s(ebvg) = s(e3av)
and the lemma follows. ]

Once again, the proof above may be regarded as a use of the method of stationary
phase.
For future reference, for £ € Z let

Cyla,b) = / V(ax + bx>) dx.
val(x)={
The change of variables x +— tx shows that
Ci(a,b) = |t[Cr—yaq)(ta, 1), te F*. (7.2)
As an immediate consequence of Lemma 7.3, we record here that

€¢(a,b) =0 whenever max(q_€|a|,q_3e|b|) > g and |a"'b| # qze' (7.3)
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7.5. The comparison of cubic exponential integrals and Kloosterman integrals

Duke and Iwaniec [7] established the following identity between cubic exponential and
Kloosterman sums. Let y be an order three character of k7, (x and x~ ! are the only such
characters) and £ a non-trivial character of k. Then

Do Ex+ax®) = x@7" Y xwEw—37a . (7.4)

xekp uek’y

This identity, together with the work above which may be regarded as an application of
the method of stationary phase, gives the following key comparison of cubic exponential
and Kloosterman sums.

Corollary 7.5. We have
Cla,-33cVda®) = (t,c71d)s K (t;c.d)

whenever either
o |a|=|c|=|d| =qand3 } val(t), or

e« lal=lel=1d|>qg
Proof. If |a| = |c| = |d| = ¢, then

Ca,-33cVdWd®) =q¢7! Z Viax —33¢1d1a3x3)

xe€kp

while
K(tie,d)=q7" Y (t.u)sy(cu +du™).

*
ueky

If in addition 3 } val(¢), then the character (¢, -)3 is not trivial on @O* and we apply (7.4)
with £(x + p) = ¥ (ax),x € O, and y(u + p) = (¢,u)3, u € O*, to obtain

Cla,-373c'd'a®) = 7' (t.-3%cda )3 Y (t.u)sk(u + cdaPuh).

*
ueky

Note that (t, —33cda™2)3(t,a"'c)3 = (t,c¢~'d)3 and therefore the change of variables
u +— a~'cu proves the desired identity.

If |a| = |c¢| = |d| > ¢, the lemma follows by comparing the formulas in Lemmas 7.2
and 7.3. ]

7.6. An additional computation involving cubic exponential integrals

We present one additional computation involving a cubic exponential integral. We will use
this evaluation when an orbital integral involves Kloosterman integrals without a cubic
character — that is, integrals J (¢; ¢, d) with |c¢| = |d| = ¢ but with 3 | val(¢) — and so the
result of Duke—Iwaniec is not applicable.
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Lemma 7.6. For |a| = |b| < q~3, we have

2
3+ 1al™ ) -1 (07 a7t 3T =

{q, —(@b™H3el+np,
k=0

0, —(@ab ™13 &1 +p.
Proof. Note that by (7.2) with t = @ ~'a, we have
la| ™ Cra@—1 (0" +a pF =33 b
= qC(w Hab™! + ,ok), 33w 3427
and by assumption
33w 34?7 e 0,
so that by Lemma 7.3 we have

g—1, —ab™' e pk +p,

Co(@ Hab™' + o), 33w 3a%p™1) =
qCo(m ™ ( r") ) L —ab o 4y,

Since —ab~! € pk + p for at most one k € {0, 1,2} and this is the case if and only if
(—ab™1)3 € 1 + p, the lemma follows. |

8. The integral J(a, b)

In this section, we establish the following formula for J(a, b).

Proposition 8.1. For |b| < |a|, we have

(a,b)3J(a.b)
1, la|=b|=1.

29, la|=|b|=q"",
val(a)—1 2

BlalMHabTt D0 DY e +p e =33, Jal=1b]<q 72,
e:LVal(azH-le:O

||t~ -373a"h ), |b| < la] =1,
= 2
-1 -1 k —1 _2-3, —17-1
|ab| Zf’%(b + pka™', =373a71p 7Y, b| < |a| <1,
k=0 2 | val(a),
0, |b| < la| <1,
2 } val(a)
0, la| > 1.
Furthermore,

J(b,a) = J(a,b), a,beF*. (8.1)
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8.1. Fixing coordinates

By definition,

J(a.b) = / (1 8a i)~ Y (uruz) duy dus,
Ala,b]

where
Ala.b] = {(u1.u2) € N x N 2 urgapus € K}.

We fix coordinates on N x N as follows. In our computation, we set

1 Xi Zi
u; = 1 y;leN, i=1,2,
1
so that
az; azixo —a 'bx; azyzz—a 'bxyy, +b7!
U1gaplz = [ay1  ayixo—a~'b ayi1zz —a by, . (8.2)

a axyp azyp

We also recall that an element g = (g;,;) € SL3(F) satisfies g € K if and only if
gi,j €Oforalll <i,j <3.

8.2. A functional equation
We observe the following properties on the big Bruhat cell.

Lemma 8.2. Letui,us € N,a,b € F*and g = u184,pus. Then

o o(g.gH=1
o Consequently, if in addition g € K, then k(g7!) = k(g)™' = «(g).

Proof. The second part is immediate from the first since
1 =k(l3) =«(gg™") = k(g)k(g o(g.gh).
For the first part, note that g;}) = gp.q and
o(g, g_l) = 0(ga,b>8b,a) = 1
by the explicit formulas for o on monomial matrices in [3, §2]. ]

The following consequence of the lemma reduces the computation of J to the case
b < lal.

Corollary 8.3. We have
J(b,a) = J(a,b), a,beF*.

Proof. As g} = gb.a-the map (uy,u2) > (u; ', uy") maps Ala,b] bijectively to A[b, a].
Since ¥ (uy'uy!) = ¥ (u1u2), the corollary is now immediate from Lemma 8.2. n
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8.3. Computation of k

We provide a formula for «(g) for almost all g in the intersection of K with the big Bruhat
cell (outside a measure zero set). Throughout the computation, we freely use coordinates
of g as in (8.2).

The fact that g — (g, «(g)) is a splitting of K in SL; (F) is expressed by the equality

k(g182) = k(g1)k(g2)o(g1.82). &1, &2 € K.

Our computation uses properties of k, which we recall below, and an algorithm of Bump
and Hoffstein for computing o(g1, g2). The algorithm is based on an explicit Bruhat
decomposition of gy, and it will be more convenient to write such a decomposition with
factors in GL3(F) rather than in SL3(F'). For this reason, we consider SL; (F) as a sub-
group of the cubic cover GL; (F) of GL3(F) constructed in Bump and Hoffstein [3]
(following Matsumoto). We then freely use the algorithm for the computation of the two-
cocycle o in [3, §2]. In particular, in terms of the Bruhat decomposition, for 4 € GL3(F)
we denote by R(h) the unique monomial (i.e., scaled permutation) matrix such that
h € NR(h)N. Furthermore, we continue to denote by x an extension to a splitting of
GL3(0) in ﬁ3(F) and freely use the following properties of x (see [15, §1]):

e the splitting « is trivial on signed permutation matrices and on upper-triangular matri-
ces in GL3(0),

o k(diag(g, 1)) = k(diag(l, g)) = k2(g), g € GL,(0), where

(c.ddetg™l); if0<|c| <1,
K2(g) =

otherwise,
b
g = (if d) € GL,(0).

Lemma 8.4. Let

0 a b
g=|lu 0 0]ekK
c d

with x, ¢ # 0. Then

k(2) = (i, X) 362 (Ccl Z) _ {(u,x)3 ifle] = 1,

(c,d)s(u,xc™ V)3 otherwise.

Proof. Note that g = ksh with

1 1 u 0 0
k= 1 , o s=11 , h=10 a b] ek,
ulx 1 1 0 ¢ d

and therefore x(g) = «(ks)k(h)o(ks, h). Clearly, «k(h) = Kz(‘cl 3) and k(ks) = o(k,s).
We compute that o (k,s) = 1 and o (ks, h) = (u, x)3 using the algorithm in [3, §2]. =
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Lemma 8.5. Let

oq
I

= o

2 oo

o
m
=

with x, ¢ # 0. Then

_ a b 1 e dx)s, o] <1,
K(g)_KZ(C d)(c’u x>3_{(c’,x)3, e = 1.

Proof. Note that g = hsk with
a b 0 1 0 0 1 0 0
h=)lc d 0], s=10 0 1], k=lu'x 1 0] €k,
0 0 u 01 0 0 0 1

and therefore x(g) = «(h)k(sk)o (h, sk). Clearly, x (h) = Kz(‘; 2) and k (sk) = o (s, k).
We compute that o(s, k) = 1 and o(h, sk) = (c,u"'x)3 using the algorithm from

[3, §2]. [ ]
Lemma 8.6. Let
a 0 b
g=|x u 0]ekK
c y d

withu € O* and x,c,xy —cu # 0. Then

_ _ a b
K(9) = (. O3lc —u xy.u )3 (c_u_lxy d)

(x,¢)3(c —u~txy, xd)s, |cu—xy| <1,
(x,0)3(c —uxy,x)3,  feu—xy[ =1

Proof. Note first that g = sk, where

1 00 a 0 b
s=10 0 1), k=|c y d] ek,
01 0 x u 0

so that k(g) = «x(s)x(k)o (s, k). Note that x(s) = 1, and we compute that
o(s, k) =(x,¢)3
using the algorithm in [3, §2]. In order to compute « (k), we note that k = nhk’, where

1 0 0 a b 0 1 00
n=|0 1 u'yleNnK, h=|c—ulxy d 0], kK= 0 0 1]eKk,
00 1 0 0 u ulx 10
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and therefore k (k) = k (hk’) = k(h)k (k")o (h,k’). Clearly, k (h) = Kz(c—uglxy Z) (note
that det 27 = det ¢ = 1). Furthermore, it is easy to see that «(sk’) = 1 and therefore also
that x (k") = o (s, sk”) = 1. We further compute that

o(h k') = (c—u"txy, u"tx)s
using the algorithm in [3, §2]. The lemma follows. [

Lemma 8.7. Let g = u1g,pu> € K witha,b € F* anduy,u, € N.
(1) Iflal =1 = |b|, thenk(g) = 1.
() Iflal =1 > |b|, then k(g) = (b,a)3(a™'b, y3)3.
(3) If|al, |b| < 1, then at most one of ay1 and ax, is in O* and

(@ iflayil =1, then k(g) = (b,a)3(y1y2.ab™")3(y2. y1)3,

(b) iflaxz| =1, thenk(g) = (b,ax2)3(22x2_1 — y2. b7 laxy)s,

(¢) iflayi|.laxa| < 1, then ay1xo —a~'b € O*, and if in addition y, # 0, then

k(g) = (b,a)s(y1.ab™")z(ay1(x2y2 — 22). ay1x2 —a”'b)3(b, X292 — 22)3.

Proof. If |a|=1=1b|,thenu;,u, € K, and therefore k(g) =K(ga’b)1= 1. If1|a| =1 >1|b|’
then X2, y1, 21, 22 € O, and hence k(g) =« (, °), where go=(* bxy b= —x1y2a b)

—a~ b —a" by,
Note that (, 80) = (8° | )(, 12) and 6 ((%° ;), (, 12)) = 1. Therefore,

(o #) = rate0) = Ca by = (rana@ by

For the rest of the proof, assume that |a|, |b| < 1. Since the (2,2)-entry of g is ay;x; —
a~'b € @, we cannot have both ay, and ax, in O*. If |ay;| = 1, then

1 a 'b—yiaxs a " 'byrs—yizra 1 —Z14
yia yia yia
k = 1 , k= 1 e NNK,
1 1

so that k(g) = «(k’gk). Note that

(z1=x1y1)b  (z1—=x1y1)¥2b -1
0 yia yia +b

k/gk = | yia 0 0 ’

b yob

a —
yia yia

and from Lemma 8.4 it follows that

k(g) = (blay1) ™", blay1) " y2)s(ayi,ab  ay1)s = (b,a)s(y1y2,ab™")3(y2, y1)3.

If |ax,| = 1, then

1 1 xja"'b—z1x2a
X2a
k= 1 24) K= | ¢lb—yima | e NNK,
ia Xoa

1
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so that x(g) = «(k’gk). Note that

xlxz_la_lb 0 (22162_1 —y)x1a” b+ b1
k'gk =1 x3'a"'b 0 (z2x51 — y2)a™th ,
a Xaa 0

and from Lemma 8.5 it follows that
k(g) = (x5'a7'h, (z2x5" — y2)b)3 = (b, ax2)3(z2x5 " — y2, b7 axz)s.

Finally, assume that |axz|, |ayi| < 1. Any 2 X 2 minor of an element of K must have an
entry in @*. Since the (1,3)-minor of g is (“tyl 1 ay lxg;z‘l—lb ) the condition g € K implies
that ay;x, —a~'b € O*. Therefore,

1 | xa”'b—zixoa

yiaxa—a—1lb

k= | e lbvmyiza | pr 1 eNNK

yiaxa—a=—1lb

1 1

and «(g) = x(k’gk). Note that k' gk has the form

* 0 *
k'gk = | yia yiaxy — a”'b 0
a Xpa (x2y2—22)b

yiax—a—1lb

Furthermore, under the assumption that y; # 0, the rest of the computation follows from
Lemma 8.6. u

8.4. Evaluation of J(a,b): Some simple cases
8.4.1. The case max(|al, |b|) > 1.
Lemma 8.8. If max(|a/|, |b|) > 1, then

J(a,b) =0.
Proof. For g = (gi,;) € SL3(F), let A1(g) = g3, and Ax(g) = det (5%} §32). Note
that Ay (g) = a and A,(g) = b for every g € Ng, » N. Consequently, Ala, b] is empty
and therefore J(a,b) = Ounless a,b € O. [

8.4.2. The case |a| = |b| = 1.
Lemma 8.9. Ifa,b € OF, then
(a,b)s; J(a,b) = 1.

Proof. If a,b € O*, then (a, b); = 1, and it easily follows from (8.2) that A[a, b] =
(N N K) x (N N K). Since « is bi-(N N K)-invariant, k(g,,) = 1 and y is trivial on
N N K, the lemma follows. [
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8.4.3. The case 1 = |a| > |b|.
Lemma 8.10. If 1 = |a| > |b|, then

(a,.b)3 J(a,b) = |b|"re(d™ !, —33a71p7Y).

Proof. Tt follows from (8.2) and Lemma 8.7 (2) that
J@.b) = (@.b)a [ @™ 320w + ) dxr dya

where the integral is over x; and y, such that x,5, y2b,b~! — x1y,a='h € O or equival-
ently such that
y2b € 0%, x; € (y2b) lab™! 4 0.

Integrating over x;, we obtain

Saby=@bs [ @t @ dn
y21=161"

and after the change of variables y, > h~!y, this becomes
|b| ! / (ab™ ', y2)3y (b ya +ab  ysYYdy, = b K (@b b7 ab ™.
0*

The lemma now follows from Corollary 7.5. ]

8.5. Calculation of J(a,b) when 1 > |a| > |b|: Subdivision and evaluations of J1, J»

Assume now that 1 > |a| > |b| and consider the conditions

(1) layi1l =1

() laxa| = 1;

) layil,|laxz| < 1.
Let

Ji(a.b) = /A ) ) do s,

where A;[a, b] is the intersection of A[a, b] with the set defined by the condition (i) for
i =1,2,3. By Lemma 8.7, we have

J(a.b) = Ji(a.b) + J2(a.b) + Js(a,b). (8.3)

8.5.1. Computation of J;.
Lemma 8.11. Let 1 > |a| > |b|, then

q iflal=1b|=q7",
0 otherwise.

(a,b)s Ji(a,b) = {
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Proof. Note that according to Lemma 8.7, we have

Ji(a,b) = (a,b)3/(ylyz,a_lb)3(y1,y2)3
XY (X1 + X2 + y1 + y2)dx1 dxz dyy dy, dzy dzs,
where the integral is over
ayy € OF, azi,azs, axs, y1x2a —a ', V1Z2a — yza_lb, Z1X0a — x1a" b,
Z1zoa —x1y2a b+ b7t e
or equivalently

ay; € 0%,
-1 -1 -1 -1 (8.4)
azy, azaz, X2, y1Z2a — y2a~ b, x1a” b, z1z2a —x1y2a” b+ b7 € O.

We first show that Jy(a,b) = 0 unless |a| = |b| = ¢~ !. Indeed, for u,v € @* the change
of variables

—1 -1, —1
(X1, ¥1,21, Y2, 22) = (UX1, 01, UVZ1, U Yo, U U Z2)

preserves the domain of integration. Averaging over u and v, we see that the integral
Ji(a, b) factors through

/ (0.0~ by2)ay (vy1) dv / (eab ™ y1)s ¥ (uxy + 1 y) du.
O* O*

Note that in the domain of integration |y;| = |a|~! > 1 and for such yj, it follows from
Lemma 7.2 that [g.(v,a 'by2)3¥(vy1) dv = 0 unless |a| = g~'. Next, assume that
|b| < |a| = q~!. Note that in domain (8.4), we have

yal = |b[7" > ¢ and |xi| = |ab™"| < |y2]. (8.5)
Indeed, in the domain of integration
lay1za|, lazizz| < |a|™! < [b[7!
and consequently,
|1

la1by,| < |a and |a"'bx1y,| = |b|7L.

Combined with the condition a~'bx; € @, we obtain (8.5). Consequently, it follows from
Lemma 7.2 that f(g*(u, ab™'y1)3y(uxy +u"ly,)du = 0.

Assume now that |a| = |b| = ¢~!. The domain of integration (8.4) is equivalently
characterized by

il =1y2l =q, x2,az1€ 0, z€a by 'y +0,
w1 eab ' y; azz + 57 + p,
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and in particular, the integrand is independent of x;, x», z; and z; in this domain. After
integrating over x; and x,, we further integrate over z; and z,. After the change of vari-

ables
1.y2) > (@ 'yr,a” y),
we have
niab) = bang® [ [ @ty o+ ) dvda
The lemma now follows from Lemma 7.1. [

8.5.2. Computation of J».

Lemma 8.12. Let 1 > |a| > |b|, then

q fiflal=Ibl=q7",
0 otherwise.

(a,b)3 J2(a, b) = {
Proof. Note that according to Lemma 8.7, we have
Sa@.b) = @b)s [ (2™ axz, 22" = 320
X Y(x1 4+ x2 + y1 + y2) dxidxa dyrdy, dzy dzs,
where the integral is over

ax, € 9%, azy,azs, ayy, y1x2a —a b, ViZ2a — yza_lb, Z1X0a — x1a"'b,

Z1z0a — X1 y2a b+ b7 € 0.
Note further that
Z1Z2a — xlyza_lb +b571 = xz_lzz(zlxza —x1a” ') + a_lbxl(xz_lzz —y2) + b1,
and the domain of integration is equivalently characterized by
ax, € O*, azy,azy, y1, y2a~'b, z1x2a — x1a”'b, a_lbxl(xz_lzz —y)+bleo.
Since the change of variables

1

-1 —1,.—1
(x1, X2, ¥2, 21, 22) = (U™ X1, VX2, Uy, U~V Z1, UVZ2)

preserves the domain of integration for every u, v € O*, an argument analogous to the
proof of Lemma 8.11 shows that J5(a,b) = O unless |a| = |b| = ¢~ .

Assume now that |a| = |b| = ¢~!. After the change of variables y, > y» + x5 'z5,
we have

Jz(a, b) = (Cl, b)3 /(XZ, b)3(b_1ax2, y2)31[/'()€1 —+ X2) dx1 dX2 dyl dyz le de,
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where the integral is over
X2l =q. azi.az. y1. y2, z1x2a —x1a”'b, a 'bx1y2 — b7 €0
or equivalently
|x1| = |x21=¢q, azz, y1 €0, zi€ a_szz_lxl +0, ye ab_le_1 + p.
Note that in this domain ax,, y, € @*, and therefore
(x2,0)3(b""axz, y2)3 = (x2y2,b)3 = (axy'x2,b)s.

That is, the integrand is independent of y;, z1, V2, z» in the domain of integration. Integ-
rating over these variables and applying the change of variables

(x1,x2) —> (a_lxl,a_lxz),

we obtain that
Ja(a,b) = (b,a)3q2/0 /@ (b, x1x5 )3y (@ (x1 + x2)) dx1 dxs.

The lemma now follows from Lemma 7.1. |

8.6. The calculation of J(a,b) when 1 > |a| > |b|: Evaluation of J3

We turn to the evaluation of the third summand that contributes to J(a, b). Recall that by
definition,

Ja(a,b) = / K(ulga,buz)_IW(uluz)dulduz,
A3la,b]

where A3[a, b] is defined by the following conditions (coordinates are as in (8.2)):
(@) ayr €p;
(b) ax; €p;
(¢) az; € O,
(d) az, € O,
(€) y1x2a—a~'be0;
() yiz2a — ya”'b € O;
(g) zixoa —x1a~'b € O;
(h) zizpa —x1y2a b +b71 €0.
In the proof of the following simple lemma, we refer to this list of defining conditions.
Lemma 8.13. Leta,b € F* be such that |a| < 1.
(1) Every element of Azla, b] satisfies bx; € p.
(2) Every element of Asla, b] satisfies ay\x, —a~'b,azy,az, € O*.
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Proof. Tt follows from (b) and (c) that |az;x5| < |z1| < |a|~!. Part (1) of the lemma
therefore follows from (g). For an element of As[a, b], matrix (8.2) reduces mod p to
upper triangular form. Part (2) follows. |

Note that the subset of As[a, b] with y; = 0 is of measure zero (in fact, it is empty if
|b| < |al). It therefore follows from Lemma 8.7 that

J3a.b) = (a»b)z./

Ala

b](J/h a~'b)s(ayixa —a~'b.ayi(x2y2 — 22))3(x2y2 — 22.b)3
X Y(x1 + X2+ y1 + y2)dxydxa dy; dy, dzy dzy, (8.6)

where A%[a, b] is the subset of elements of A3[a, b] satisfying y; # 0.

8.6.1. Integration over z1. We begin the computation of J3 by integrating over the single
variable z;. We use the coordinates (x1, X2, y1, 2, Z2) in F°>. For a set D in F>, let D’
be the set of elements in D such that y; # 0. Let D[a, b] be the domain defined by the
following conditions:

(@) ayi €p;

(b) axz €p;

(¢) azy € OF

(d) y1—a by, € O;

() xp—a lhx; € 0O;

&) |1 =bxiys| = |ab7}|.

In the rest of the section, we refer to this list of conditions.

Lemma 8.14. Let |b| < |a| < 1. We have

Js@,b) = (@ b)sla="b| [ e @y ),
D’'|a,

X (axayy2 — 1,ay1x3 — a_lb)g,(b,azz(axzyz —1))3
X Y (—(bz2) N (1 = bx1y2) "' x1 + y1 + X2 + az2ys)
X dx1 d)CZ dyl dy2 de.

Proof. Applying the change of variables
X1 > azixy, Yxt>dazzys

to (8.6) and using Lemma 8.13, we have
J3(a,b) = (a,b); /()’1»61_119)3(@1)62 —a”'b, yi1(axay; — 1))3(z2(axzy2 — 1), b)3
X Y(az1x1 + y1 + x2 +azayz)dxy dxy dyy dy, dzy dzs,
where integration is now over the domain defined by y; # 0 and

ayi, ax, €p, azp, az € OF,

ayixz, Y1 —a_lbyz, X2 —a"'bxy,az1zo(1 —bx1y,) + b1 € 0.
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Note that the conditions
azi, azo € 0%, aziz;(1—bxiy2)+b 1€
are equivalent to the conditions
azy € OF, |1 —bx1yz2| = |ab™Y|, z; € —(az2) ' —bx1y2) b7 + a7 1b0O.

Furthermore, it follows from Lemma 8.13 that bx; € p C @, and therefore in the domain
of integration

Y(azix1) = ¥ (—(bz2) "' (1 — bx1y2) ' xy),

so that the integrand is independent of z; in its a~'b(© coset. Integrating over z;, we
obtain

J3(a,b) = (a,b)s|a™"b| /(J’l,aflbh(a)’lxz —a"'b, yr(axzy; —1))3
x (z2(ax2y2 —1),b)3
X Y (—=(bz2) " (1 = bx1y2) "' x1 + y1 + X2 + azay2)
X dx1 dX2 dyl dyz de,
where the integral is over the subdomain of elements of D’[a, b] that satisfy ay;x, € O.

However, this condition is satisfied by any element of DJa, b]. Indeed, if for an element
of D'[a, b] either x5 or y; is in O, this follows from conditions (a) and (b), otherwise

it follows from (d) and (e) that |x»| = |a~'bx;| and |y1| = |a~'by,| and therefore
lay1x2| = |a~'b%x1y,|. Equality (f) implies that |bx;y;| < |ab™!|. The statement and
the lemma follow. ]

8.6.2. On the domain D|a, b]. Let Dyla, b] be the subset of elements in DJa, b] that
satisfy either a='bx; € @ or a~'by, € O, or equivalently (by (d) and (e)) either x, € O
or y; € @,andlet Dsg[a,b] = Dla,b]\ Dyla,b] be its complement. Further, let Doy [a, b]
(resp. Doy [a, b]) be the subset of elements in D|[a, b] that satisfy x, € O (resp. y; € O).

Lemma 8.15. Let |b| < |a| < 1.
(1) The set Dla, b] is preserved by the interchange of variables

(x1, 1) < (¥2, x2). (8.7

(2) Every element of D|a, b] satisfies by,, bx; € p.
(3) The set Dyla, b] is empty unless |a| = |b|.
(4) If |a| = |b|, then the set Doy |a, b] is defined by the conditions

X1, X2 €0, ayiep, yreab lyi+0, az, €O (8.8)
(5) If|a| = |b|, then the set Dyyla, b] is defined by the conditions

Y, 2 €0, axsep, xi€ab'xa+0, az e O*.



On the cubic Shimura lift to PGL(3): The fundamental lemma 45

(6) If la| = |b|, then every element of Dja, b] satisfies
(r1.a7'b)s(ay1x2 —a'b, yi(axays — 1)3(z2(axzys — 1), b)3 = (22, b)3.
(7) For every element of D;O[a, b], we have

(r1,a 'b)s(ay1xa —a~ b, yi(axays — 1)3(z2(ax2y2 — 1),b)3
= (x1,bx1y2 — 1)3(22,b)3.

Proof. Part (1) is straightforward from the defining properties (a)—(f) of D[a, b]. It fol-
lows from (a) and (d) that an element of D[a, b] satisfies a~'bhy, € a™'p or equivalently
by, € p. Part (2) now follows further applying symmetry (8.7).

By part (2), an element of Do,[a, b] satisfies bx,y, € ay,@ C ab™'p. If |b| < |a|,
this contradicts (f). By symmetry (8.7), if |b| < |a|, then Dgy[a, b] is also empty. Part (3)
follows.

Suppose that |a| = |b|. It is easy to see that an element of Doy [a, b] satisfies condi-
tions (8.8). For the reverse inclusion, note that if an element of F> satisfies (8.8), then
by, € ay1 + bO C p, and therefore also bx;y, € p. Consequently, |1 —bx1y2| =1=
lab™1|. Part (4) now easily follows. Part (5) follows from part (4) and symmetry (8.7).
Every element of Dg|a, b] satisfies ay,x2,ax,y, € p while, by assumption, a~'b € O*,
and therefore

(t,ayixp —a 'b)s = (t,a 'b); and (t,ax,y»—1)3=1, teF*

Part (6) now follows by properties of the Hilbert symbol.
For part (7), we return to the more general setting |b| < |a| < 1. For an element of
D~yla, b], conditions (d) and (e) imply that

|x2| = |[a bxi| > 1 and |yi| = |a"'by,| > 1.
In particular, from conditions (d) and (e) it follows that
(ay1,0)3 = (byz,t)3, te€F*

and it easily follows that

ay1x, —a 'bea'b(bx;y, —1)+p and axyy, —1€bxiy, —1+ab 'p.
Combined with (f), it follows that
(t.ayixa —a~'b)3 = (t,a”'b(bx1y2 —1))3 and (f,axay, —1)3 = (1,bx1y2 — 1)3
for all 1 € F*. Part (7) now follows from the properties of Hilbert symbols. ]

Based on Lemma 8.15, if || < |a| < 1, we have

J3(a,b) = go(a,b) + §=o(a,b), (8.9)
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where

Joo(@.b) = lab] / (1. bx1ys — Da(aza. b)s
D’ yla,b]

X Y (—=(bz2) " (1 = bx1y2) 'x1 + y1 + X2 + azay)
X dx1 dX2 dyl dyz d22 (810)

and o(a,b) = 0 unless |a| = |b| in which case

Fola,b) = // (aza, b)3Y(—(bz2) "' (1 = bx1y2) 'x1 + y1 + x2 + azayz)

Djla,

X dx1 dX2 dyl dy2 de.

8.6.3. The computation of $o.
Lemma 8.16. Let |a| = |b| < 1. We have

2|a|™t, 3 }val(a) > 1,
(a.b)3dola.b) = (1 +¢q~Hla|™", 3] val(a),
0, val(a) = 1.

Proof. Suppose that |a| = |b| < 1. Write J; (resp. J», resp. J3) for the integral of
(az2.b)3Y (—(bz2) " (1 — bx1y2) "' x1 + y1 + X2 + az2y2)
over the domain Dy [a, b] (resp. Dy, [a, b], resp. Dy, [a,b] N Dy, [a, b)) so that
Fola,b) =11 +J2 —Js3.

By Lemma 8.15 (4), an element of Doy [a, b] satisfies —(hz2) "' (1 —bx1y2) 'x1,x2 € O
and azoy, € a’b™ 25y, + O. Therefore,

5= / / / / / (a22.5)39 (@*b™ 23 + Dyy) dx1 dxa dys dyy dz.
a—10*Ja—lpJab—ly,+0J0O JO

Integrating over x;, x, and y, and applying the change of variables z, > a=2bz,, we
have

(@.b)3 )1 = Jal ™! /@ (22.5)5 / V(2 + D) dys dzo.
* a—lp

If la) =g !, thena~'p = O and

[@ V(2 + Dy dys = 1

is independent of z, € @*. Since val(h) = 1, we conclude in this case that

(a,b)3]; = |a|_1/;9 (z2,b)3dzp = 0.
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If |a| < g~ !, thenap™! C p and
q Ya zp€ =1 4+ap™!,

0, Zp € O*\ (=1 +ap™).

|—1

[ v+ npan = {
alp
Consequently,

(@.b)3J1 = a2~ /

(z2,b)dzy = |a|_1.
—1+ap~—!

By part (5) of Lemma 8.15, an element of Dy, [a, b] satisfies y1,az2y, € O and
—(bz2) (1 = bx1y2)'x1 € —ab™ ' (bz2) TN (1 — bx1y2) 'x2 + 0.

Therefore,

| || [ @202 (@ = b~ 0z 1 = by e
a=10* Ja=lp Jab—1x,+0 JO JO
X dyl dy2 a’x1 de de.

Note that in the domain of integration, we have bx;y, € p. After applying the change of
variables
zy > ab 2 (1 — bx1y2) ' za.

the integrand becomes independent of x; € ab™'x, + O and y1, y, € O, and after integ-
rating over these three variables, we obtain

(Cl,b)3 J2 = |Ll|_1 /(; / (Zz,b)3W((l —Zz_l)X2) dXQ de.
* a—]p

If la| = g™, we again see that the integral factors through Jo=(22,b) dz; and therefore

J, =0.If |a| < g7}, then the computation is similar to that of J;. We have
@bul=lal?q™ [ abydz =l
1+ap~!

Finally, it easily follows from parts (4) and (5) of Lemma 8.15 that Dgy[a, b] N
Doyla, b] is characterized by the conditions

X1, X2, Y1, Y2 € O, az; € OF.

Consequently, after integrating over x;, x», y; and y, and applying the change of vari-
ables
Zo b> a 2bzy,

we have
@btz =lal™" [ Gab)dzz = 10l (1 = g e

The lemma follows. [
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8.6.4. A simplification of $-o(a,b).
Lemma 8.17. Let |b| < |a| < 1. Then

val(a)—1

goola.b) =Y dela.b),

=G
where
Felab) = lal™2 [ (7't 3 = DaK(bi—ab ™21 = 32) )
: x Kb Yy, — 1)_1;a_1we,a_1by2w_e) dys,
where L = {|y>| = q72¢|b|™", |1 — y2| = |lab™'|}. In particular,
F-0(a,b) =0 ifla|=q7".
Proof. Note that the domain D~¢[a, b] is characterized by the conditions

lab™| < |x1], |v2| < |B|7Y,  az, € OF,

yi—a 'bys, xo—a 'bx1 €0, |1 —bxiy| = lab7|.

In particular, if |a| = ¢!, then D~g[a, b] is empty and ~¢(a,b) = 0. For the rest of this
section, assume that |a| < g~!. Applying the change of variables y; — y; +a~'by, and
X2 > X3 +a"'bx; to (8.10), the integrand becomes independent of y;, x, € O. After
integrating over these two variables, we obtain the expression

F=o0(a,b) = |a_1b| /(xl,bxlyz —1)3(azs, b)s
XY ((a b — (bz) 11 = bx1y2) " Hx1 + (@b + azy)yr)dx1 dy, dz,,
where integration is over the domain defined by the conditions
azy € 0%, lab™'| < |xi|,|y2l < |b[7" and |1 —bx1ys| = |ab7!].
Next, applying the change of variables
X1 > azxi,  ya > (az2) 7y,

we have

Foo(a.) = a8l [ 1 briyz = Da(aza.bibriya = D)

X Y (bzaxy —ab™ (1 = bx1y2) ™' x1 4+ a*by,z; " + y2) dxy dya dz,

where integration is over the same domain. Now applying the change of variables

Zy > 2ox] Y, ya > ya(bx)) T,
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we have

J>oa,b) = |a|™" / Ix1]72(b, x1)3(az2, b(y2 — 1))3
x Y(bza —ab™ (1= y2)'x1 + a2 y2zy ' + b7 yaxT!) dxy dysr dzs,

where integration is over the domain defined by

lab™!| < |xi| = laza| < [b]7' laxi| <|ya < |x1] and |1 —ya| = |ab™"].

Note further that the condition |1 — y,| = |ab™!| implies that | y,| < |ab~!| and combined
with the condition |ab™!| < |xy| it implies that | y,| < |x1|. Thus the condition |y, | < |x1]
may be omitted.

We express the integral $-o(a,b) asasumover £ = 1,...,val(a) — 1 of integrals over
the subdomain, where |x;| = |b|~1¢ ¢, that is, over the domain defined by the conditions

il = 16177 |zl = lab7'q™" ¢~ b7al <|ya| and |1 ya| =lab”'|.

Applying the change of variables

X1 b_lwexl, Zy > a_lb_lwzzz

to the £-th summand, we have

val(a)—1

Foolab) = 1ol 3 Jortota=na [ [ boraabin -

X lﬂ(a_lwezz — ab_zwe(l — ) Xy + a_lbw_ﬁyzzz_l
+ w_zyle_l) dxydzy dy,

val(a)—1

—la? Y [ ety = DaKbi—ab w1 - ) )
=1
x K (b~ (yz — 1)_1;a_1w€,a_lby2w_e) dys,

where in the £-th integral y, is integrated over the domain defined by the conditions

g b7 al < |y2] and |1—y,| = lab7!.

It follows from Lemma 7.2 that in the domain of integration above, we have
Kb (2= D a wh a T bym ) =0
unless
|yal = ¢ b 7"

Indeed, if £ < val(a) — 1, then |a~'@?!| > g and for £ = val(a) — 1, we have |[a 'w!| =¢
while in the domain of integration |a~'by,@ | > ¢. Since in the domain of the £-th
: -1 . —24 : : val(a)+1

integral we have |y>| < |ab™'| and since ¢~>* < |a| if and only if £ > [*257= |, the
lemma follows. u
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In order to proceed with the computation of $¢(a, b), we separate it into two cases:
e Casel:{¢ <val(b)—1orf = val(b) — 1and 3 } val(b).
e Case2:{ = val(h) — 1 and 3 | val(b).

The computation in Case 1 requires some preparation that we carry out first.

8.6.5. Leta,b € F*, and let £ be an integer such that either

o la|=|b] <g72and Y < ¢ < val(a) - 1, 0r
° |b|<|a|<land€=%(“).
For j > 1, let

Iy ={(x.,y) €eOx0O:x>—y>ecap™),
and let
G_f(a, b) = /1‘ w(web_lx 33w + wla_ly) dx dy.
J
Note that the dependence of I'; on a is only via val(a). Our goal in this subsection is to
compute Gf(a, b) and G£+l(a, b).Let j € {€,£ + 1} and set
m = val(a) — J.
Note that with the above assumptions m > 0. We begin with the explication of I';.

Lemma 8.18. We have the disjoint union

1251 2
I = (p—L—?J xXp~ —TJ) L |_| I_l{(x’y) x| =q™", y e pkx 42y,
n=0 k=0

(In particular, if m = 0, then I'; = O x O.)
Proof. The case m = 0 is straightforward. Assume that m > 0. By definition, we have
T ={(x,y) €0 x0:x>—y*epm}.

Note that for (x, y) € I';, we have x> € p™ if and only if y* € p™ and that for x € F,
we have x3 € p™ if and only if x € p~L=% ). Suppose that (x, y) € T; with x> ¢ p™
and set |x| = ¢7". By assumption, 0 < n < LmT_lJ and thus |x| = |y|. Note that in the
decomposition

y}=x?= (=) - px)(y - p’x) € p",

two of the three factors must also be of absolute value ¢~" and the third must therefore be
in p” 2" This gives the inclusion of I'; in the disjoint union. The above decomposition
also explains the other inclusion. |
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Lemma 8.19. With the above assumptions, we have
G, (a.b)=0

and

2
G{(a,b) = 4728t va@)—18vat(yvasy + ¢ lal D€ + a7 o, =337,
k=0

In particular, if |a| = |b|, then
Gf(a,b) = GL(b,a).
Proof. 1t follows from Lemma 8.18 that

R )

Gita.b) = So@.b)+ 3. Y Guila.b).

n=0 k=0

where

Gola.b) = /_L_mj w(wla‘ly)dy/
pT3 )

o, w(web_lx — 3_3w3la_1b_1x3) dx
=%

and

Gnk(a,b) = / v(wta='z)d:z

pmfzn

X / V(@ B + pfaHx =33 w3 e b k%) dix.
Ix[=¢—"

m+e

Note that writing j = £ + e with e € {0, 1}, since |wta™!| = g€, we have

qL_%J, e=0andm <1,

|
wra dy =
/p—L—’?JW( y)dy {0, e=1lorm> 1.

In our setup, the conditions e = 0 and m < 1 are met if and only if one of these conditions
holds:

(1) val(b) = val(a), £ = val(a) — 1 and e = 0, so that m = 1,
(2) val(b) > val(a) =2ande = 0,sothat{ = 1 and m = 1.
Note that in both these cases —[—% | = 1 and

/W(web_lx _ 3—3waza—1b—1x3) dx — q—lﬁ(wl-ﬂb—l’_3—3w3(ﬁ+1)a—1b—1)
P

0 in case (2).

{ g~ ' incase (1),
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The last equality is a consequence of Lemma 7.3. Indeed, in case (1) both w**15~! and
—373 3¢+ Vg 1p~1 are in 9, and in case (2) we have 1 < | 1b~1| = ¢~2|h|~! while
| -3 33 Dg=1p=1 = ¢g=*|b|~'. We conclude that

g2 ifval(a) = val(b), £ = j = val(a) — 1,

0 otherwise.

So(a,b) = {
Similarly,

¢ ifn=0and{ = j
/ v(wta'z)dz = {q jal - ifn an J:
pm—2n

0 otherwise.

L

Also, applying the change of variables x — w™"x, we have

V(@ B + pfaHx =3 3w b k) dx
@*
=q'C (b +a ' pk, =373 p Y.
Therefore,

g?lal€i (b~ + a1 pk, 3734 b7 Y) ifn =0,
gﬂ,k (a’ b) = .

0 otherwise.
The formulas for Gf +1(a, b) and Gf(a, b) follow. Applying (7.2) with r = p~%, we
observe that if |a| = |b|, then the sum Zi:o Cb™' +ap*, —373a 1Y) is sym-
metric with respect to a and b. The last equality and the lemma therefore follow from the
formula for Gf (a,b). [

8.6.6. Computation of $¢(a,b): Case 1. Here we apply Corollary 7.5 in order to provide
a formula for J¢(a, b) whenever either £ < val(b) — 1 or £ = val(h) — 1 and 3 } val(b).

Lemma 8.20. [f either

. |a|=|b|§q_2and%(“)§€§val(a)—2, or

o |a|=|b| <q2 € =val(a) — 1 and 3 } val(h), or

o |pl<lal<landtl = %(a) (here necessarily 2 | val(a)),

then
(@,b)3 Jea, b) = 8¢ vaia)—18vaiayvairy la] ™

2
+lab|T Y €T + a7 ok =3 e,
k=0

If1b| < lal < 1 and ™2 < ¢ < val(a) — 1, then ¢(a,b) = 0.
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Proof. With the assumption that either £ < val(h) — 1 or £ = val(b) — 1 and 3 } val(b),
by Corollary 7.5, in the domain of integration we have

K(b:—ab™?w' (1= y2)™ . w™y2)
= (b, w2 ay; (1 — y2) D€ (@b, 33w a b (y5 ! — 1))

and
Kb 'y - ha ol a hy,wh)
=07 2= D@y st w3 e T Ty,
Note further that

(b, w*ay; (1= y2) 3 (2 — DL @by ),
= (b,a)3(y2 — 1,b7tw")s.

Plugging this into the formula in Lemma 8.17 defining g, (a, b), we obtain that
(a.b)3e(a.b) = Ia|‘2/ e@'b.3 3w a b (yy 1~ 1)
L
x €@, 37w e dya,

where L = {|y2| = ¢72[b|™", |1 = ya| = |ab~"|}.
Note that if |h| < |a| < 1, then the domain of integration is empty (so that $¢(a,b) = 0)

unless 2¢ = val(a). For the rest of the proof, we assume that either |a| = |b| or 2¢ =
val(a).
The domain of integration over y, is explicated further as follows. If either
e |b| <lal, val(a)isevenand £ = %(“), or
o la| =|b|and ¢ > YA,
then the domain is characterized by |y»| = ¢~2¢|b|~'. If |b| = |a|, val(a) is even and

{= %(”), then the domain is @* \ (1 + p). In order to unify notation, let

val(a)
2

1 if|b| = |a|,val(a) is even and £ =

’

5 pr—
0 otherwise.

Writing the cubic exponential integrals attached to the functions €, we obtain
@bageas) = o[ [ [ [weo a6 - 33" dye]
0J0 L
X w(wlb_lx—3_3w3£a_lb_1x3 —i—a_lwly) dx dy,

where L = {|y2| = ¢7>*|b|7", |1 = y2| = |ab™"|}.



S. Friedberg, O. Offen 54

The inner integral over y, may be evaluated using the straightforward formulas

q—2£|b|—1(1 —6]_1), t e b—lpzé’

/ Y(ty; N dy, = { -2 b7, 1| = ¢2tp|,  (8.11)
|y2l=g—2¢|p|~1 2041
0, lt] > g2t b
and
1-2q71, teq,
/ Y7 dys = 4~ 04y O 1l =a.
O*\(1+p)
0, lt] > gq.

In the notation of Section 8.6.5, we conclude that

(a.b)3la*blg* ge(a.b) = (1 = 8)[(1 — g ")G{(a,b) — ¢~ (G{, (a.b) — G{(a.D))]
+8[(1 —2¢7")G{(a.b) — g " (G{, ,(a.b) — G{(a.b))
—q Y (Gf,,(b.a) — G{(b,a))] = G{(a,b).

The last equality and the lemma follow from Lemma 8.19. ]

8.6.7. Computation of $ya(ay—1(a,b): Case 2.
Lemma 8.21. Assume that |a| = |b| < 1 and 3 | val(b). Then

g—(14+ghH, —@hHel+p,
—(14+4q7Y), —(ab™)3 e 0*\ (1 +p).

|a|(a7 b)3gval(a)—1(avb) = {
Proof. Since 3 | val(b) = val(a) > 0, for £ = val(a) — 1, we have
g™ = ¢Plal < 1.
It follows from Lemma 8.17 that
Frawr@d) =l [ [ pap e @ g oty
o Jo*
x/ (@' ™D g b y,) dys du dv.
|y21=4¢2lal

Note that for u, v € @*, we have

ifve—albu—+np,
ul+a vl e P ] P
O* otherwise.

Applying (8.11) to integrate over y,, we deduce that

2_@la| ifve—-albu+rp,
/ w(w_l—val(a)(u—l —i—a_]bv_l)yz)dyz _ (q q)lal . p
ly21=42lal —qlal otherwise,
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and therefore
Fuaw-1(a.b) = la ' [@@ = 1) f (- O @b +a?b)u) du
(9*

—q . w(_ab—Zwval(a)—lu)

x/ V(g T @Oy dy du].
O*\(—a~bu+p)

We have
—q/ 1 W(aflwval(“)flv) dv=1+ W(—afzbw“‘l(“)*lu).
O*\(—a—1bu+p)
Applying (8.11) again, we obtain

Fraio-1(@.0) =lal g [ po O @b + a2 du g7
0*

and
1—qg7l, —@™H3el ,
w(_wval(a)—l(ab—Z +a—2b)u) du = q (Cl ) +p
o* —q7 1, —(@b ™3 e 0*\ (1 +p).
Since (a, b)3 = 1 in this case, the lemma readily follows. [

8.6.8. Completion of the proof of Proposition 8.1. The functional equation (8.1) is proved
in Corollary 8.3. Assume that |h| < |a|. The computation of J(a, b) for the cases |a| > 1,
1 =|a|=1|b|and 1 = |a| > |b| is taken care of in Lemmas 8.8, 8.9 and 8.10, respectively.
In the case |a| = ¢!, it follows from (8.9), Lemmas 8.16 and 8.17 that J3(a,b) = 0 and
the formula is now a consequence of (8.3) and Lemmas 8.11 and 8.12.

Assume now that either |b| < |a| < g~2. It follows from Lemmas 8.11 and 8.12 that
Ji(a,b) = Ja(a,b) = 0, and therefore from (8.3) and (8.9) we have that

J(a,b) = Js(a,b) = Jo(a,b) + $-o(a,b).

Combining Lemmas 7.6, 8.16 and 8.20 for £ = val(a) — 1 and Lemma 8.21, we conclude
that

(a,b)s3[Fo(a.b) + Fva@)-1(a,b)]
2
Blal™ + lab| ™ Y Car@—1 (b +a7 ok =337, Jal = b,
_ k=0
2

Swttay2lab| ™' Y € (b + a7 b =372 b, b| < |al.
k=0

Applying Lemmas 8.17 and 8.20 for £ < val(a) — 1, the formula follows. This completes
the proof of the proposition.
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9. The integral I(a, b)

In this section, we provide the following formula for /(a, b).

Proposition 9.1. For |b| < |a|, we have

1, la| = |b] =1,

2q, la|=1b] = ¢,
val(a)—1 2

Blal T +lab|™t D Y €T —pfaT 2a707Y). al=|b| <72,

(=|W@+1 k=0

|b|=re (b1, 2a7 b7, b| < la| =1,
I(a,b)= 2
-1 -1 _ k-1 -17—1
|ab| Zt’%(b ka1, 2a7 b7, b| < la| < 1,
k=0 2 | val(a),
0. b| < la| <1,
2 } val(a),
0, la] > 1.
Furthermore,
I(h,a) = I(—a,—b), a,beF*. ©.1)

9.1. A first simplification and functional equation

In this section, we show that /(a, b) satisfies a functional equation that allows us to reduce
the computation to the case |b| < |a|.

9.1.1. 'We begin by observing some basic properties of the integral I(a, b).

Lemma 9.2. We have the following properties of I(a, b).

(1) The integral I(a, b) takes real values, that is, 1(a,b) = I(a, b).
(2) I(a,b) =O0unlessa,b € 0.

(3) Fora,b € O, we have

min(val(a),val(b))

I(a,b) = > I(j;a,b), 9.2)

Jj=0

where
I(j:a,b) =q~ % / V[x + y + 2ap*xy? — 2pbx + 2p%ay)z]dsdx dy dz
and the integral is over x,y,z,s € F such that

x +as, y—bs, (xb + yp?a)s — (xy +zp) e p?, xb+ yp?a €p’.
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Proof. Changing order of integration, it follows from definition (6.1) that
I(a,b) = / |t|2[/w[x +y +2a(xy —z)yp*>—2bxzpldsdx dy dz] d*t,
max(|al,|b])<|r]<1
where the inner integral is over x, y,z,s € F such that
t(x +as), t(bs — y), t 1 (xb + yp3a), t[(xb + yp*a)s — (xy + zp)] € O.
The second part immediately follows. Furthermore, the change of variables

(X,y,S)'—)—(X,y,S)

preserves the domain of integration and transforms the integrand into its conjugate. The
first part follows.

Assume that a, b € @. The inner integral over x, y, z, s depends only on |¢| and the
third part of the lemma also follows, observing that /(j;a, b) is the integral over the part
of the domain where |t| = g~/ n

9.1.2. In the next lemma, a change of variables in z simplifies the domain of integration
and allows us to integrate over z and simplify the expression for 7(j; a, b). We then
observe that the resulting expression satisfies a symmetry between a and b.

Lemma 9.3. Fora,b € O and 0 < j < min(val(a), val(b)), we have
I(jia,b)=q~/ / vlx+y+ 2(bx*y —axy?
+ (abxy —b>x* —a”y?)s)] ds dx dy. 9.3)
where the integral is over x,y,s € F such that
x+4as,y—bsep’, bx, ayep’.

Consequently,
I(a,b) = I(-b,—a), a,beF*. (9.4)

Proof. After the change of variables
Z >z 4+ bp?xs + apys — p>xy,
we have
I(jia,b)=q % / y[x 4y + 2ap*xy?
— (2pbx + 2p%ay)(z + bp*xs + apys — pzxy)] dsdxdydz,
where the integral is over x, y, z, s € F such that

x+as,y—bs,zep?, xb+yplacyp’.
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After integrating over z this becomes, we have
g’ / Vx 4+ y + 2ap*xy? — 2pbx + 2p%ay)(bp*xs + apys — p*xy)| ds dx dy
=q7 / Vlx 4+ y 4+ 2(bx%y —axy? + (abxy — b*x* —a”y?)s)|ds dx dy,
where the integral is now over x, y,s € F such that

x4as,y—bsep’, xb+ yp*a, xb+ ypa €p’

or equivalently
x+as,y—bsep’, xb,yacyp’.

This completes the proof of (9.3).
Applying (9.3), an interchange between x and y shows that I(j;a,b) = I(j;—b,—a).
The functional equation (9.4) immediately follows from (9.2) and Lemma 9.2 (2). [

This reduces the computation of /(a, b) to the case where |b| < |a| < 1.

9.2. The case |b| < |a| <1

Our goal in this section is to compute /(j;a, b) for |b| < |a] < 1 and 0 < j < val(a).
9.2.1. First, we further simplify the expression for /(j;a, b) for the case |b| <|a|<1.
In the following lemma, we first apply to (9.3) a change of variables in s that under the

assumption |b| < |a| simplifies the domain of integration and allows us to integrate over s.
Motivated by the polynomial decomposition

X2+ Y2 - XY = (X 4+ pY)(X + p?Y),

we follow up with a change of variables in y that further simplifies the domain of integ-
ration.

Lemma 9.4. For |b| < |a| < 1and 0 < j < min(val(a), val(h)), we have
I(j;a,b) = |a|™! / V(1 — pa~th)x — (1 4+ 2p)y + 2a~'b2x3] dx dy, 9.5)
where the integral is over x, y € F such that
bx —pay €ap™’, bx,ay,y(bx +ay) € p’. (9.6)
Proof. Apply to (9.3) the change of variables s > s — a ™! x to obtain
I(jia,b)=q/ / Y[x +y +2(bx%y —axy?
+ (abxy —b*x* —a?y*)(s —a~'x))]dsdx dy

=q7/ / Ylx +y +2(a'b*x> + (abxy — b>x* —ay?)s)|ds dx dy,
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where the integral is now over x, y, s € F such that
as, bs —(a 'bx +y)ep’/, xb, yaep’
or, under our assumption that |b| < |a|, equivalently such that
as,a 'bx+yep’, xb, yaepl.
Now integrating over s, we have
I(jia,b) = |a|™} / Vx + y 4+ 2a"'b%x3]dx dy,
where the integral is now over x, y € F such that
albx+yep/, xb yaep’, abxy—b*x*—a’y* cap’.
After the change of variables

y > —(pa~'bx + (1 +2p)y).

we have
1Gsa.b) = lal™ 9L~ pa~byx = (1 + 200y + 2752 dx dy.
where the integral is now over x, y € F such that

(1 —p)bx — (1 +2p)ay €ap™?, bx, ay,y(bx +ay) € p’.

Note that 1 +2p = (1 — p)p and 1 — p € @™, so that the first condition is equivalent to
bx — pay € ap~/ and the lemma follows. ]

9.2.2. By splitting the domain of integration into three parts, we express 1(j;a, b) as
a sum of three integrals that we subsequently evaluate separately.
Let |b| < |a| < 1, fix an integer j such that 0 < j < val(a) and set

m = min (j,val(a) —J L%J)

By definition,
_Lva](az)—jJ

p—m — p—j ) pj—val(a) Np

val(a)—Jj

Note further that y € p~L= 2 1 if and only if ay? € p/. Consequently, we have

yep ™ ifandonlyif ay e€ap™’/ Np’ anday? e p’. 9.7
It follows that the conditions
—m

yep and ayepj
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are equivalent to the conditions

(v gp 7/ oray’> ¢p’) and ayeyp’.
Consequently, the set of x, y € F satisfying (9.6) partitions into three parts with the dis-
joint extra conditions:
(1) yep™,
Q) yép,
(3) y e p~/ anday® € p/.
Write
I(j;a,b) = I1(a,b) + I2(a,b) + I3(a,b),

where I;(a, b) is defined by integral (9.5) over x, y € F satisfying (9.6) as well as the
condition (£) above, £ = 1,2, 3.
For future reference, we further point out that it is immediate from the definitions that

m>0andm =0 ifandonlyif j €{0,val(a)—1,val(a)}. (9.8)

9.2.3. In the notation of Section 9.2.2, we compute /;(a, b).

Lemma 9.5. We have

|b|= € (ab™!,2a%p7 "), j €1{0,val(a)},
glb| Ve (@ (p?ab™! —1),2w3a?b™Y), 1< j =val(a) -1,
_ _ 1o val(a) + 1 .
Lab) = | lab|™€;(b™" — pa~', 247671, =] =/
<val(a) — 2,
) val(a) — 1
: N

Proof. 1t follows from (9.7) that the conditions
x#0, yep ™, bx—payecap’, bx, ay, ylbx+ay)ep’

and
x#0, xeb Yp/nap™), yep™n(bx)"'p’

are equivalent. Excluding the measure zero set where x = 0, we conclude that

Ii(a,b) = |a| ! / V[(1 — pa~'b)x + 2a~'h*x?]

b=1 (o Nap—/)
[ I+ 20)y]dy} dx.
p=mN(bx)"1p/
We have

I, m=0orl|bx|=q7,
/ I+ 201 dy = -
PN (bx)"p/ 0, m>0and|bx| <q™/.
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Note that the set of x € b1 (p/ Nap~/) such that |[bx| = g~/ is empty unless %(“) <j

and in this case, it is precisely the set of x such that |bx| = ¢—/. Taking (9.8) into con-
sideration, we have

la| ™! / V(1 —pa~'bh)x +2a~'b*x>] dx,
b=1(p/ Nap~—/)
j €10, val(a) — 1, val(a)},
L(a,b) = la)~! fb e V(1 —pa~'b)x +2a~'b*x>] dx,
x|=¢
val(a) .
max (1, > ) < j <val(a) -2,
0. 1< < val(a)
2

We further observe that
o Ny = a9, j=0orj =val(a),
ap~!, j=valla)—12>1,

and after the change of variables x > b~ !ax, we obtain
la| ™! / Y[(1 — pa~tb)x + 2a~'h%*x3dx = |b|"V€(ab™ !, 24207 Y).
b—la®

1

Then after the change of variables x +— b Yaw 1x, we have

la| ™! / V(1 —pa~'b)x +2a'b*x* dx
b—lap—!
=qlb| ' €(@ Hab™! — p), 2w 3a?h 7).

And last, after the change of variables x — b~ !x, we get

|la| ™! / V[l — pa~th)x +2a71b%x3dx = |ab|_1‘€j (bt —pat 2277 Y.
b '

x|=q—/

The lemma readily follows. ]
9.2.4. In the notation of Section 9.2.2, we compute /5(a, b).
Lemma 9.6. Let
D={(x.y)e F?:ydyp 7/, bx—pay eap™/, bx, ay, y(bx +ay) € p’}.
and
D' ={(x.y) € F>:|ab™"¢’ <|x| < lal[b|"'q"%. y € pPa "bx + p7).

Then D = D’.
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Proof. Ttis easy to see that

y&p’, bx—payeap™’
if and only if
lab™!g’ < |x|, y€p’abx +p7
and that these conditions imply
|bx| = |ay| > |alg’.

Assume now that (x, y) € D. From the first two conditions defining D, we have that
|bx — pay| < |bx| = |ay|, and therefore we must have |bx + ay| = |bx|. Consequently,
the condition y(bx + ay) € p’ implies that |a='h2x?| = |y(bx + ay)| < ¢~/ and it
follows that (x, y) € D’.

Conversely, if (x, y) € D’, then the first two conditions defining D are satisfied

and |ay| = |bx|. The weak inequality in the definition of D’ now implies that bx, ay,
bxy,ay? € p/ and therefore also y(bx + ay) € p’ so that (x, y) € D. Then lemma
follows. |

Lemma 9.7. We have
val(a)—1
ab|™! Cb ' —at 2a77Y), j =0,
J

I(a,b) = valla
2(a.b) At Y

0, j>1

Proof. As a consequence of Lemma 9.6, we have that |a|l,(a, b) equals

val(a)—val(b)—j—1
/ V(1 — pa~th)x + 2a71h%x3]
Z=Lva1(a)3—j+l |—val(B) val(x)={

< /,, W+ 20)y)dy ) dx.

2a—1bx+p—/
Since —(1 + 2p)p? = p — 1, we have that

/ (14 20)y) dy =
o

2a—lbx+p—/

v((p—1Da"'bx), j =0,
0, j>1

We conclude that if j > 1, then I5(a,b) = 0, and if j = 0, then

val(a)—val(b)—1
Ly(a,b) = |a|™" > /]( . Uil —a 'b)x + 2a71p%x3] dx.
val(x )=

(= WDEL |_va(p)

The change of variables x > b~ !x shows that
/ U1 —a 'h)x +2a7'b2x3 dx = |b|_1€g+va1(b)(b_l —a ' 2a7 7.
val(x)=¢{

After the change £ +— £ — val(b) in the index of summation, the lemma follows. ]
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9.2.5. In the notation of Section 9.2.2, we compute /3(a, b).

Lemma 9.8. Let
D ={(x,y) e F2:y ep_j, ay2 gz’pj, bx — pay eap_j, bx,ay,y(bx + ay) Epj}
and

IR ] 1 P
D' ={(x,y) € F?:|b| " a|2¢™2 < |x| < |b|”" min(lalg’.q77),
y € —a~'bx + (bx)"'p/}.

Then D = D’ and D is empty unless j < val(a) < 3j.

Proof. Note thatif ay? ¢ p/ and y(bx + ay) € p/, then |bx| = |ay|. It follows that bx ¢
y~1p/ =a(bx)"'p/, and therefore x satisfies the strong inequality in the definition of D’.
Furthermore, y € p~/ and bx — pay € ap™/ imply that bx € ap~/, and together with
bx € p’ this gives that x also satisfies the weak inequality. Consequently, for (x, y) € D
we have y_lpj = ab_lx_lpj, and therefore it is easy to see that D C D’.

For (x, y) € D’, the strong inequality in the definition of D’ implies that (hx)? ¢ ap’,
while the condition on y implies that bx(ay + bx) € ap’. Therefore, |ay| = |bx|, and
from the weak inequality it follows that ay,bx € ap~/ N p/, and from the strong inequal-
ity we conclude that |ay?| = |a~!(bx)?| > ¢/, and therefore D’ C D. '

The condition on j follows from the fact that if D is not empty, then |b|~!|a| 2 q_% <
6|~ min(|alg’. g 7). u

Lemma 9.9. We have

I(a) + 1
lab|~1€; (b~ — p2a~t, 24" b ), LM <j <val(a)—1,
I3(a,b) = 2
’ . . val(a) — 1
0, j =val(a)orj < LTJ

Proof. 1t follows from Lemma 9.8 that /3(a, b) = 0 unless

1(a)
Lva3a

For the rest of the proof, assume that these inequalities hold. Note that

J—i—lfj <val(a) — 1.

V(1 +2p)a~tbx), |bx|=q77,
/ (=1 +2p)y) dy = .
—a~1bx+(bx)~1p/ 0, |bx| < gq~7.

It therefore further follows from Lemma 9.8 that
I3(a,b) = |a|™! / vl — p%atb)x 4+ 2a71b%x3] dx,
where the integral is over all x € F such that

bx] =g~/ and |5V altq™% < |x| < b minalg’.q7).



S. Friedberg, O. Offen 64

Note that this domain is empty and therefore I3(a, b) = 0 unless j > %(“) and when

this is the case the domain is defined by |bx| = ¢~/. Applying the change of variables
x +— b~ lx, we obtain in this case that

I3(a,b) = |ab|_1€_,~ (b —p%a 24717 Y.

The lemma follows. [

9.3. Completion of proof of Proposition 9.1

The functional equation (9.1) is a consequence of part (1) of Lemma 9.2 and equa-
tion (9.4). If a & O, then I(a, b) = 0 by part (2) of Lemma 9.2.

Assume for the rest of this section that |h| < |a| < 1. Combining Lemmas 9.5, 9.7,
9.9 and (9.2), we have that

I(a,b) = (1 + 8ua@=1)|b| " E€@b™!,2a%h™ ")
+ Suayz2{q1bl T E (@ (*ab™! — 1), 20 3ab )
+ lab| " Cr@y—1 b —a7t 2a7 b7
+ lab| " Coa@y—1 (b7 = pPa™", 2471 p7H)}

val(a)—2

2
+labl™ Y Y e —pfat 2470,
ezLVal(@))-‘rl ] k=0

where fori = 1,2,

P _ 1 ifval(a) >1i,
val@zi = 0 otherwise.

The evaluation of /(a, b) may now be obtained from this expression by applying
Lemma 7.3, equations (7.2) and (7.3), and the identity

€(x,y) =Cux.u’y), x,ye€F, ue0* (9.9)

In detail, Proposition 9.1 is a straightforward consequence of the following seven iden-
tities:

1, la| = 1b] =1,
(1) €@ab™1,2a?b Yy = €', 2a7'b7Y), 1=|a| > |b|,
0, b < lal <q~".

Indeed, for the case 1 = |a| > |b| apply (9.9) with u = a~!, and in the other cases
apply Lemma 7.3.

(2) If [b| < |a| = g2, then
C(w Y p?ab ' = 1), 207 3a? ™) = €(w(® ' — pah), 2w3a" b7, (9.10)

Indeed, in this case apply (9.9) withu = pw?a~! € O*.
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(3) If || < |a| = ¢2, then
C(w Y p?ab™ — 1), 20 73’ ) = g€ (b7 —pa~t,2a7 1 h7Y).
Indeed, apply identity (9.10) and note that
b~ = pah)| = Rwla b7 = g7 b| ! > ¢,
so that by Lemma 7.3 we have
C(m N (p?ab™ = 1), 20 3a?b™") = Co(w (b~ — pa~ V), 2w3a b7 Y.

The identity now follows from (7.2) applied with t = .
(4) If |b| = |a| = ¢2, then

(@ (p?ab™ = 1), 20 3d?b )Y =gV + g (b —pa~ ', 2a7h7 Y.
Indeed, apply identity (9.10) and note that
lw (™" —pa | < 2w’a" b7 =4,
so that by Lemma 7.3 we have
(@ Y (p?ab™ ! = 1), 20 3a?b ) = ¢ L + C(w (b7 — pa~t), 2w3a" b7 Y.

The identity now follows from (7.2) applied with t = .

(5) If |b| < |a|] < g3, then €(w ' (p?ab™! — 1),2w3a?h™') = 0. Indeed, since
max (2w 3a?b™1, q) < |w 1 (p?ab™! — 1)|, this is immediate from Lemma 7.3.

(6) If |b] < |a| < g3, then €;(b~' — pka=',2a'b~") = 0 whenever £ < val(a) — 1,
val(a) # 2£ and k € {0, 1, 2}. Indeed, since

b~ =k = b7 > Ja| Tt = ¢t
this is immediate from (7.3).
(7) If |b| = |a| < g3, then
gC(@m Yp?ab ' =), 2w3a?h ) =1+ |a|_1‘€‘,a](a)_1(b_1 —pa~ ', 2a7p7Y).
Indeed, in this case
oY (p?ab™ ' —1)| <gq while2w3a?b7! € O,
so that by Lemma 7.3 we have
gC(@ (p*ab ' = 1), 2w 3a*h™) = 1 + g C(w (p?ab™ —1),2w3a?b71).
1

The identity now follows from (7.2) applied with t = p?w la.

This completes the proof of Proposition 9.1.



S. Friedberg, O. Offen 66

10. The comparison of I(a, b) and J(a, b): Proof of Theorem 6.1

Leta,b € F*, c = —54a and d = 54b. It follows from the functional equations (8.1)
and (9.1) that without loss of generality, we may assume that |b| < |a|. Applying (9.9)
with u = 54, we have

ed, 33 d Yy =em 227 b7,
and similarly applying (7.2) with t = 54, we have
Cd™" + pke, =33l =g (b = pFam 247 b7,

The proof of the theorem now follows from Propositions 8.1 and 9.1.

11. The comparison of orbital integrals for the other relevant orbits

In this section, we compute and match the local contributions to the non-big cell relevant
orbits for the unit elements in the appropriate Hecke algebras.

11.1. The I integrals

We begin with the I integrals. The relevant orbits are given in Theorem 4.2.

There are three relevant orbits indexed by a single power of p (see Lemmas 4.3, 4.4,
and 4.6). It is straightforward to check that for each such orbit, the local integral evaluates
to 1. For example, the integral arising from Lemma 4.3 is

// / 103[(0,0,0,2,0, p?t,0, xt)A(K)]|t)*> dk d*t ¥ (x) dx
FJF* JK,

:/ dk |t|21//(x)d*tdx:/ (/ 1//(x)dx) |2 d*t.
K> le],lxel<1 o<lz|<1 ™ Jlx|<[e| 7!

The inner integral in x is zero unless |¢| = 1, and so the evaluation follows.

We turn to the local contribution to Lemma 4.8 when the local test function is the
characteristic function of PGL3 (). This is given, for a € F* (a replaces « in the notation
of the lemma), by

Ii(a) = /w(—pa_lxy —p?a 'z +aixz+ x + y)dxdydz|t|* d*t,

where the integral is over the domain

tt(a+x),a 2t ty,a 27 x, t(pay — p?xy —z) € O.

Note that the domain of integration is empty unless |a| > 1. When |a| = 1, the domain is
re®*, x,y,z€0, (11.1)

and we deduce that /1 (a) = 1.
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Assume now that |a| = ¢" > 1. We can write

2n
Li@) =) I1(a),
Jj=0

where
Iyj(a) = g7 / V(—pa~'xy —p?a”'z +a*xz 4+ x + y)dxdydz,

where the domain of integration is

Iyl la + x|, |pay — p*>xy —z| <q’, |x| <¢*"/.

After the change of variables z > z + pay — p?xy, we have

L@ =g / |

|x|<q?7=7/,|la+x|<q/

v [ wlpax(1 = pa iyl dy
-
X ‘ Y[—p%a (1 — pa~x)z]dzdx = | ¥ (x)dx,
p—J
where the last integral is over the domain
x| <¢®7 Ja+xl=q’, la7'x(1=pa7tx)l, a7t —pa~'x) < ¢’

or equivalently

x|, [x(a = px)|, la —px| < g*" 7, Ja+x|<q’.

If j < n, then the condition |a + x| < g’/ < ¢" = |a| implies that |x| = |a — px| = ¢"
and therefore |x(a — px)| = ¢*". The domain of integration is therefore empty unless
j = 0 in which case the domain is x € —a + (. We conclude that

Y(—a), j =0,
0, 0<j<n.

I,j(a) = {

If j > n, then the condition |a — px| < ¢*"~/ < q" = |a| implies that |x| = ¢" > ¢*>"~/,

and therefore again the domain of integration is empty, so that /; j(a) = 0.
For j = n, note that the domain of integration becomes @ U p?a + O, and therefore

Iin(@) = 1+ y(p%a).
We conclude that the following holds.
Lemma 11.1. Ifa € F*, then
V(=a) + 1+ y(p*a), la| > 1,

Ii(@) =41, la| =1, L
0, lal < 1.
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Next we turn to the local integral coming from the relevant orbits of Lemma 4.9 in the
case that the local component of ¢ is the characteristic function of PGL3(0). Fora € F*,
this is

Iy(a) = / Yla™>(xy —z2)y — p(xyp® + 2)a”" + x + yldx dy dz|t|* d*t,

where the integral is over the domain

-2 2

t,a 2t tx, t(a—y), a2t y, t(xa—xy —zp) € O.

The first two conditions imply that the domain is empty unless |¢| > 1. When |a| = 1,
the domain is once again (11.1) and it is easy to see that I5(a) = 1. If |[a| = ¢" > 1, then
since |t| < 1 and |¢|7! < |a|? = ¢*", we may write

2n
L(a) =Y "I (a).
j=0

where in I j(a) the domain of integration is limited to |¢| = ¢~/. After the change of
variables z > z + p%ax — p?xy, we see that

Ij(a)=q7% / Y(—a?y(pxy + z + p*ax) — pza~" + y)dx dy dz,

where the domain of integration is

Ixl,la =yl |z <q7, |y|<q¢*" .

The integration in z gives zero unless |1 4+ p?a~'y| < ¢~/ |a/|, and the integral in x gives

zero unless |[a~'y(a='y + p)| < ¢~/. Thus we arrive at

@ = [ v,
where the domain of integration is

I <q* 7, Ja—yl<q’/. N+p*a 'y <q" 7, |y(L+p*a " y)<q".

If j < n, then since |a| = ¢", the second inequality implies that |y| = ¢” and
la='y — 1| < 1. But this condition implies that |1 4+ p?a~'y| = 1, so the last inequal-
ity is possible only when j = 0. In that case, the domain reduces to y € a + @. Thus

'W(Cl), ./ = Os

I, j(a) =
2, (@) {0, 0<j<n.

If j > n, then in the domain of integration we have |1 + p?a~!y| < 1, and this implies
that |y| = |a| = ¢" which contradicts |y| < ¢g?"~/. In this case, the domain is thus empty.
Finally, if j = n, then the inequality |y| < ¢" implies the second and third inequalities
above, and in view of the inequality |y(1 4+ p?a~'y)| < 1, we see that the domain of
integration is the union of the two @-cosets y € @ and y € —pa + O. It follows that
I ,(a) = 1 4+ Y (—pa). We conclude that the following holds.
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Lemma 11.2. Ifa € F*, then

1+ y(a) +¥(=pa), lal>1,
Ly(a) =11, la] =1, L]
0, la| < 1.

11.2. The J integrals

The non-big cell relevant orbits are given by
(1) ¢15,8 € us;

@ (o, ") e F

@) (,»").aeF*

For the first family of three orbits, the local integral for the unit element is given by

/ fEmwmydn, e
N(F)

Since
1 ifne NNK,

0 otherwise,

fo(Gn) = {

each integral is 1.
We turn to the second family of orbits. For i = 1,2, write the n; that appears in the
integration as

1 Xi Zj
ni = Ly
1

Since we are modding out by the stabilizer, we may take y; = 0. Multiplying, we see that
the local integral is given by

—ax, —axixp—az; a > —a(z1yz + x122)

Ji(a) := /sto/ a axs az,
0 a ays

X Y (=x1 + X2 + y2) d(¥).

Since f; vanishes away from K x p3, we see that Jy(a) = 0 unless |a| < 1. In ad-
dition, in the support of the integrand, the variables of integration must satisfy the in-
equalities

Ix1l, 120, [y2ls [22]s [x1x2 + z1] < la]™! |a™2 —a(ziy2 + x122)] < 1.

If |a| = 1, the domain of integration is (9°, and it follows directly from the factoriza-
tion of the argument of f; that x = 1 in this domain. Thus the integral is 1.
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Suppose from now on that |a| < 1. Then in the support of the integrand, the diagonal
entries must be units. Thus the domain of integration is given by

Ix1] = |x2] = [y2| = la| ", (11.2)

z1€—x1X2+a"1O, 1z, exl_la_3—xl_lzly2+(9, |a_3+x1xzy2| < |a|_2.

Note that the last condition is required since |z,| < |a|~!. We have the following evalu-
ation.

Lemma 11.3. Suppose that |a| < 1 and that conditions (11.2) hold. Then

—ax, —axixp—az; a?—a(z1yz + Xx122)
K a ax; azp = (a,x2y%)3.
0 a ays

Proof. We describe the proof in brief. Since ay, € O*, left multiplication by an element
of N N K reduces the computation to the evaluation of x(g;), where

—axy —axixp—yy'a* +y;taxizz 0

gi=| a axy —ay;'z; 0
0 a ays
We have y;1 € @.1f
1
g2=10 1 ,
0 —y2_1 1
then
—ax] —axixp; — yz_la2 + yz_laxlzz 0
g182 = a axz—ayz_lzz 0
0 0 ays

Since g;g» is block diagonal, it is easy to evaluate

K(g182) = (a.a(xz — y5 ' 22)ayz)s = (a.x2y2 — 22)3 = (@, X22)3.

In the last equality above, we have used that |z;| < |x3 2| in domain (11.2). Furthermore,
k(g2) = 1. We conclude that the value we require is given by (a, x22)30(g1, g2) L.
Applying the algorithm of Bump-Hoffstein to compute o, one finds that o (g, g2) =
(y2, a)3. The result follows. [ ]

We arrive at the expression

Ji(a) = /(avxgh)ﬂ#(—xl + X2 + y2)dzodzy dxi1 dxa dy,,

where the integration is over domain (11.2). We carry out the inner integrations in z, and
then z; to obtain

la| ™! /(a,xgh)slﬂ(—xl + X2 + y2) dxidxz dys,
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where the integration is over

Ix1] = [x2| = |y2l = la|™",  |a7' + @®xix2y2| < 1.

1 1

Now we change x; — a~ X1, X3 = a~ xp,and y, — a~'y, to obtain

la|~* /(aw%yz)swa‘l(—xl + X2 + y2)) dx1dxz dy,,
where the integration is over

[x1| = |x2| = |y2| =1, |1 +x1x2)2| < al.

ter changing x; , the last inequality becomes |1 + x| < |a|. 1s allows us to
After changing 535 the last inequality b 1 This all

do the x; integral. We arrive at

Ji(a) = |a|_3/ (Cl,xgh)z»lﬂ(a_l (Xz +y2+ )) dx; dy,.
[x2|=|y2]=1

X2)2

We now make use of Corollary 7.5 to replace the integral in x, by the integral of
a cubic (so the parameters ¢, d, t of the corollary are given by ¢ = a~!, d = (ay,)7!,
¢ = a?; note that (7,c¢~'d)3 = (a?, y2)3'). We see that

1(@) = la] [ B R e s
y2|=1

Note that in the integrand above, the symbol (a2, y,)3 obtained from the corollary cancels
the symbol (a, y,)3 obtained from k.

We evaluate the last integral by using the definition of €. Substituting this definition
and changing x — 3Xx, we have

1@ = |a]™ [0 /0 U@ x =33 y0a7 "% 4 yaa) dx dya

=1l [ yGa) [ yoata - sy,

Note that
e |a'(1—x3)|<lifandonlyif x € p¥ + a0,k =0,1,2;
o |a~'(1-x3)| =gifandonlyifx € p*¥ + w1aO0* k =0,1,2,

A

and the inner integral is zero if |a='(1 — x3)| > ¢. If x € p* +a@, k =0, 1,2, then the
inner integral is 1 — ¢!, and so this piece contributes

2
(=g Hlal> ) yGpka™.

k=0

If x € p¥ + w~1a®* for some k = 0, 1,2, then the inner integral is —g~". If in addition
la| < g™, then the sets pk + o laO* are disjoint for k = 0, 1,2, so this piece contributes

2 2
gl Y wesa ) [ wa sy = g7l Y v,
k=0 w—laO*

k=0
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If |a| = g~ ', then the sets p* + @ ~1aO®* = p*¥ + @*, k =0, 1,2, are no longer disjoint,
however, their union equals @ \ (Uizo(pk + p)). Consequently, in this case this piece
contributes

2 2
2 -1 2 -1 £k —1
—q/ VGa ) dx = g 2:/ YGarydx = ¢ yGoka ).

ON(LZ ook +p)) ko PK+P k=0

We arrive at the following evaluation.

Lemma 11.4. The orbital integral for the orbit (al2 a=? ) a € F*, is given by

2
a2y v @pka™). Ja| < 1.

Ji(a) = k=0
: 1, lal = 1,

0, la] > 1.

We turn to the evaluation of the orbital integral for the orbit (a_2 alz) witha € F*.
In this case, modding out by the stabilizer we may take x; = 0. Then the integral of
concern is

—a_221 a— a_2x221 ays — a_22122
o / -2 -2 -2
Ja(a) = /Sfo —a~y1r  —a “xy1 a—a “yiz
F a2 a_2x2 a_222

XY (=y1 + X2 + y2) d(%).

Since fy is supported in K, we see that J>(a) = 0 unless |a| > 1, and in this case the
domain of integration is determined by the conditions

2

lx2l, [y1l, 122l |21l [x2y1] < lal”,

2

la —a™2y1z5|, la —a *x2z1|, lay, —a?z1z5] < 1.

If |a| = 1, then the domain of integration is O>,nq1,n> € NN K, and the integrand is
identically 1, so the integral is 1.

Suppose from now on that |a| > 1. Then since |a —a~2y;2z2| < 1, we must have
|y122| = |a|?, and since |a —a2x,z1| < 1, we must have |x5z;| = |a|>. But then

|X2y12122| = |a|6.

Since |xpy1| < |a|?, this gives |z1z5| > |a|*. Since |z1], |z2| < |a|?, we conclude that
|z1] = |z2| = |a|?, |x2| = |y1| = |a|. The last condition now also implies that |y,| = |a].
We conclude that the domain may be rewritten as
|z1] = |z2| = lal?,

(11.3)
V1 € a322_1 +0, x;€ a3zl_1 +0, y,ea3z1z,+a 0,
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and on this domain, we have
Y+ x4 y) = y@izn =’ +aT ). (11.4)
The next step is the evaluation of f; in this domain.

Lemma 11.5. In domain (11.3), we have

—a7%z1 a—a*x3z1 ay,—a’ziz,
) ) ) _ -1 -1
K —a~y; —a “xay a—a *yiz; = (a,zy z2)3(z1 ", 22)3.
a=? ax, a2z,

Proof. The proof is similar to the proof of Lemma 11.3, but in place of g1, g» there we use

—ay,z;' a—axyyazy! 0 1
g1 =| —az! —x225 'a 0 . &= 1
a=? a”%x, a"%z, -zt —xazyt 1

Since g1 g2 is block diagonal, one sees that k(g182) = (a, X225 ')3(x2, 22)3 while again
k(g2) = 1 and so the value we require is (a, X225 ')3(x2, 22)30 (g1, g2) ! For this case,
a computation using the algorithm of Bump-Hoffstein shows that o (g1, g2) = (a, 22)3.
Using conditions (11.3), the lemma follows. ]

Using this expression and performing the integrations over x5, y; and y, (after using
(11.4), the integrand is independent of these variables), we obtain

Jr(a) = |a|_1/ (a,z1251)3(z1,22)3 ¥ (@2 =@’z + a2y 20) dzy dzy.
lz1|=|22]|=|al?
Changing z; to a?z; fori = 1,2, we get

Ja(a) = |a|3/0* 0*(21,022)3(0722)31/“61(21_1 — 2z, 4+ 2122))dz1 dz,.

We again make use of Corollary 7.5. Now we replace the integral in z; by the integral
of a cubic (the parameters c, d, t of the corollary are given by ¢ = az,,d =a,t = azzg;
note that (¢, ¢c~'d)3 = (a, z2)3). Just as in the prior case, the remaining cubic residue
symbols cancel. We see that

Ja(a) = |a|3/ C(a,—3az; ") Y(—azy ')dz,
0*
= |a|3/ / V(ax —33az;'x3 —az; V) dx dz,.

oxJo

Sending x — 3x, 2z, — —z, ! and reordering the integral gives
Jr(a) = |al? / ¥ (3ax) / V(aza(l + x3))dz, dx.
o o*

The evaluation proceeds as in the prior case of computing J;, with contributions whenever

either x € —p¥ +a='O or x € —p* + w~1a=1O*, k = 0, 1, 2. We obtain the following
evaluation.
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Lemma 11.6. The orbital integral for the orbit (a_z aly ), a € F*, is given by

2
la> > v (=3p%a). la| > 1.
Ja(a) = k=0 al =1
s al =1,

0, lal < 1.

11.3. Comparison
The comparison is given by the following theorem.

Theorem 11.7. The relevant I and J orbital integrals match up to transfer factors:

(1) The orbital integrals attached to the three singleton relevant orbits for I and for J
each have value 1.

(2) Leta = 3(p— p?)c™ L. Then I, (a) = |c|*¥(=3pc~ 1) Ji(c).
() Leta = 3(p — )c. Then Ir(a) = |c|72¥ (3pc)J2(c).

The theorem follows at once from the evaluations above. We remark that there are
other possible matchings available. First, for all ¢ € F* we have J;(o*¢) = Ji(c) for
i = 1,2 and k = 1, 2. In addition, we have the following matchings:

(1) Ifa = 3(p — 1)c, then I (a) = |c|™2¥ (3¢)Ja(c).
(2) Ifa = 3(p? — 1)c7 !, then Ir(a) = |c|*¥ (=3¢ ) Ji(c).
This completes the proof of the fundamental lemma.
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