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Abstract. Given a closed oriented surface † of genus greater than 0, we construct a map F from
the wrapped higher-dimensional Heegaard Floer homology of the cotangent fibers of T �† to the
Hecke algebra associated to † and show that F is an isomorphism of algebras. We also establish
analogous results for punctured surfaces.

Keywords: higher-dimensional Heegaard Floer homology, Hecke algebra, skein relation,
categorification.

1. Introduction

In [12], Colin, Honda and Tian developed the foundations of the higher-dimensional Hee-
gaard Floer homology (HDHF). HDHF is supposed to model the Fukaya category of
the Hilbert scheme (or flag Hilbert scheme) of points on a Liouville domain and was
used to analyze symplectic fillability questions in higher-dimensional contact topology.
As an application, the HDHF of the 4-dimensional Milnor fibration of type A provided an
invariant of links in S3. This invariant is a close cousin of symplectic Khovanov homology
[26,31] and especially its cylindrical reformulation [25]. As a categorified quantum invari-
ant, Khovanov homology is directly related to the categorification of quantum groups and
to various Hecke algebras, including affine Hecke algebras and quiver Hecke algebras
(also called KLR algebras) [10, 22, 30]. There are several approaches to these Hecke
algebras from the point of view of geometric representation theory: The affine Hecke
algebra can be realized as the equivariant K-theory of the ordinary Steinberg variety
[9, 21, 24]; the double affine Hecke algebra admits a similar realization in terms of the
loop Steinberg variety [34]. Moreover, the rational double affine Hecke algebra of type A
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is closely related to the Hilbert scheme of points on C2; see [19,20]. It is therefore natural
to ask the following.

Question 1.1. Is there a symplectic geometry interpretation of the various Hecke alge-
bras?

The goal of this paper is to use the HDHF of cotangent bundles of oriented surfaces to
give an answer for the various Hecke algebras of type A, including the finite, affine, and
double affine Hecke algebras (abbreviated DAHA and also called Cherednik algebras).
We consider two cases:

(1) a closed oriented surface † of genus g > 0;
(2) a surface V† which is obtained from a closed oriented surface of genus g � 0 by

removing a finite number (> 0) of punctures.
More precisely, we realize the various Hecke algebras as the HDHF of the disjoint
cotangent fibers of T �† (or T � V†):

Type of Hecke algebra Surface

finite Hecke algebra open disk
affine Hecke algebra cylinder
DAHA torus

Remark 1.2. Note that we exclude the case of a sphere which is more complicated since
the homology of its based loop space is not supported in degree zero. We hope to revisit
this in a future paper.

Remark 1.3. Recently, Ben-Zvi, Chen, Helm and Nadler identified the affine Hecke alge-
bra with the endomorphism algebra of the coherent Springer sheaf, for any reductive
algebraic group [8, Theorem 1.7]. It would be interesting to study the connection between
the algebro-geometric realization of the affine Hecke algebra of typeA and our symplectic
geometry one.

Remark 1.4. In this paper, we consider T �† as a symplectic manifold, not as a holomor-
phic symplectic manifold corresponding to the Riemann surface†, which is more natural
in many contexts (e.g., [29, Chapter 7]).

In addition to the definition of HDHF, this work crucially depends on three key ingre-
dients:

(1) the relationship between the wrapped Floer cochain complex of a cotangent fiber and
chains on the based loop space of the base due to Abbondandolo and Schwarz [2] and
Abouzaid [4];

(2) an interpretation of the HOMFLY skein relation in terms of holomorphic curve count-
ing due to Ekholm and Shende [14];

(3) a topological description of DAHA of gl� as a braid skein algebra due to Morton and
Samuelson [28] (we have been informed that this was also known to Cherednik but
unpublished).
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Our first ingredient is the result of Abbondandolo–Schwarz [2] which states that the
wrapped Floer cochain complex CW�.T �q †/ of a cotangent fiber T �q † and the chain
complex C��.�q†/ of the based loop space of † are isomorphic as graded algebras on
the cohomology level. Abouzaid [4] further improved this to an A1-equivalence on the
chain level.

In this paper we investigate its generalization to HDHF. More precisely, we con-
sider CW.

F�
iD1 T

�
qi
†/, the wrapped HDHF cochain complex of � disjoint cotangent

fibers of T �†; it can be given the structure of an A1-algebra. The HDHF complex
CW.

F
i T
�
qi
†/ is defined over ZJ„K, the ring of formal power series in „, where „ keeps

track of the Euler characteristic of the holomorphic curves that are counted in the defi-
nition of the A1-operations. Since † is a surface 6D S2, CW.

F
i T
�
qi
†/ is supported in

degree zero and hence is an ordinary algebra.
Our generalization of the based loop space of † will be the based loop space of the

unordered configuration space UConf�.†/ of � points on †. Generalizing Abouzaid’s
map CW�.T �q †/! C��.�q†/, we define an evaluation map

EW CW
�G

i

T �qi†
�
! C0.�.UConf�.†///˝ ZJ„K:

Here C0.�.UConf�.†/// is the 0-th chain space of the based loop space of UConf�.†/
and all tensor products are over Z, unless indicated otherwise. The map E is given by
counting curves of “Heegaard Floer type”; the precise definition will be given in Sec-
tion 6.1. This map however fails to be a homomorphism of algebras due to an additional
degeneration of curves: the nodal degeneration. This phenomenon was recently clarified
by Ekholm and Shende [14] (building on unpublished work of Fukaya on the relationship
of higher-genus Lagrangian Floer homology and string topology): It is the HOMFLY
skein relation that controls the boundaries of 1-dimensional moduli spaces of varying
Euler characteristics; see Figure 9.

Starting with the map E , taking the homology of both sides and quotienting out by the
HOMFLY skein relation, we obtain a map

F W HW
�G

i

T �qi†
�
! H0.�.UConf�.†///˝ ZJ„K=¹the skein relationº: (1.1)

Here HW.
F
i T
�
qi
†/ is the homology of the wrapped HDHF complex CW.

F
i T
�
qi
†/.

The map F is an algebra homomorphism; see Proposition 6.5.
At this point we observe that H0.�.UConf�.†/// is isomorphic to the group alge-

bra of the surface braid group of † over Z. In [28], Morton and Samuelson defined the
braid skein algebra BSk�.†/, which is a quotient of the group algebra of the surface
braid group over ZŒs˙1; c˙1� by the skein relation and the marked point relation; see
Definition 4.1. Here s and c are parameters that appear in the skein and marked point
relations, respectively. We define the surface Hecke algebra H�.†/ by reformulating the
marked point relation as a c-deformed homotopy relation, and making a change of vari-
ables „ D s � s�1; see Definition 4.4. We show that H�.†/ and BSk�.†/ are isomorphic,
up to a change of variables.
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Motivated by the c-deformed homotopy relation, we consider CW.
F
i T
�
qi
†/c , the

wrapped HDHF with a parameter c. Adding the parameter c to the map in (1.1), we obtain

F W HW
�G

i

T �qi†
�
c
! H�.†/˝ZŒ„� ZJ„K; (1.2)

which is still denoted by F by abuse of notation.
We then apply the Abbondandolo–Schwarz result [1] to show that the restriction of F

to „ D 0 is an isomorphism. The following is the main result of this paper and directly
follows from the isomorphism of F j„D0.

Theorem 1.5. The map F in (1.2) is an isomorphism of algebras.

The main result from Morton–Samuelson [28] is that the double affine Hecke alge-
bra RH� of gl� is naturally isomorphic to BSk�.T 2/. Hence we have the following.

Corollary 1.6. As algebras, HW.
F
i T
�
qi
T 2/c ' RH� j„Ds�s�1 ˝ZŒ„� ZJ„K.

When the base V† has punctures, one can similarly define the HDHF A1-algebra
CW.

F
i T
�
qi
V†/. It is possible to formally include a c-parameter, but we expect that it

does not yield any extra information. Isomorphism (1.2) still holds, and the correspond-
ing surface Hecke algebra H�. V†/ is isomorphic to the finite Hecke algebra H� and the
affine Hecke algebra PH� of gl� when V† is an open disk and a cylinder, respectively.

Corollary 1.7. As algebras, HW.
F
i T
�
qi
V†/ ' H� j„Ds�s�1 ˝ZŒ„� ZJ„K when V† is an

open disk and HW.
F
i T
�
qi
V†/ ' PH� j„Ds�s�1 ˝ZŒ„� ZJ„K when V† is a cylinder.

Returning to the discussion of categorification, the affine Hecke algebra is related to
categorified quantum groups of type A [6]. This can be explained symplectically by not-
ing that T � V† for a cylinder V† is symplectomorphic to R2 � T �S1. The latter naturally
appears in the 4-dimensional Milnor fibration and the HDHF approach to symplectic Kho-
vanov homology.1

Isomorphism (1.2) holds only after tensoring with ZJ„K. Nevertheless, we believe that
the coefficient ring could be taken to be ZŒ„�.

Conjecture 1.8. The algebra HW.
F
i T
�
qi
†/c is well defined over ZŒ„�, and Theorem 1.5

still holds over ZŒ„�.

There is some evidence for this conjecture. In particular, direct computations of the
second and third authors [33] show the well-definedness over ZŒ„� when†D R2 and the
surface Hecke algebra is isomorphic to the finite Hecke algebra.

Question 1.9. What is the geometric meaning of the change of variables „ D s � s�1?

Question 1.9 is important from the perspective of representation theory. For instance,
the affine Hecke algebra with the parameter s has interesting modules, but the situation

1Colin, V., Honda, K., Tian, Y.: Towards a definition of Khovanov homology for links in fibered
3-manifolds. In preparation.
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is not clear for the affine Hecke algebra with the parameter „. A possible explanation of
„ D s � s�1 may require additional data of flat bundles which is well studied in mirror
symmetry and Fukaya categories.

On the HDHF side, other �-tuples of Lagrangians in T �† give rise to modules over
HW.

F
i T
�
qi
†/c . It is interesting to look at the category of such modules and try to relate

it to the Fukaya category of the Hilbert scheme Hilb�.T �†/.

Remark 1.10. For any pair .X;G/, where X is a smooth complex algebraic variety with
an action of a finite groupG, Etingof introduced a global analog of the rational Cherednik
algebra and a Hecke algebra [15]. The two algebras are related by the KZ functor.

In the case of .X;G/ D .C�n; Sn/, where C is an algebraic curve, and the symmetric
group Sn acts on the product by permutation, the associated Hecke algebra is likely to be
isomorphic to the braid skein algebra. This case was further studied by Finkelberg and
Ginzburg via quantum Hamiltonian reduction [16].

It is interesting to compare our symplectic geometry approach with their algebraic
geometry one, and to look for a symplectic explanation of the category O of rational
Cherednik algebras.

Organization. In Section 2, we give a brief review of HDHF. We then restrict to the
special case of cotangent bundles of surfaces and define CW.

F
i T
�
qi
†/. In Section 3, we

review the chain complex of the based loop space and the results of [1, 4]. In Section 4,
we discuss the based loop space of UConf�.†/, the braid skein algebra BSk�.†/, and its
reformulation, the surface Hecke algebra H�.†/. In Section 5, we define CW.

F
i T
�
qi
†/c ,

the HDHF with a parameter c. In Section 6, we construct the map F and prove that it is
an isomorphism of algebras. In Section 7, we show that our results can be extended to
surfaces with punctures.

2. Wrapped higher-dimensional Heegaard Floer cohomology

We briefly review HDHF in Section 2.1 and then turn to the special case of disjoint cotan-
gent fibers of T �† in Section 2.2.

2.1. Review of higher-dimensional Heegaard Floer homology

We refer the reader to [12] for more details.
Let .X; ˛/ be a 2n-dimensional completed Liouville domain, i.e., there exists a Liou-

ville domain Xc � X such that X is obtained from Xc by attaching the symplectization
end .Œ0;1/s � @Xc ; es˛j@Xc /. Let ! D d˛ be the exact symplectic form on X .

Definition 2.1. The objects of the A1-category F�.X/ are �-tuples of disjoint exact
Lagrangians which are equipped with relative spin structures and grading data, and, if not
compact, are cylindrical at infinity.

Given two objects Li D Li1 t � � � t Li� , i D 0; 1, whose components are mutually
transverse, the morphism HomF�.X/.L0; L1/ D CF.L0; L1/ is the free abelian group
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generated by all y D ¹y1; : : : ; y�º, where yj 2 L0j \ L1�.j / and � is some permutation
of ¹1; : : : ; �º. The coefficient ring is set to be ZJ„K. TheA1-operations�m,mD 1;2; : : : ,
will be defined by (2.1).

To define the A1-operation �m for i D 1; : : : ; m, let Li D
F�
jD1Lij be such that

Li�1 and Li are transverse. Let yi D ¹yi1; : : : ; yi�º be a �-tuple of points such that
yij 2 L.i�1/j \ Li�i .j /, where �i is some permutation of ¹1; : : : ; �º.

As in the cylindrical reformulation of Heegaard Floer homology by Lipschitz [23],
we also need an extra “cylindrical” direction to keep track of points in “Sym�.X/”.
Specifically, as shown in Figure 1, let D be the unit disk in C and

Dm D D n ¹p0; : : : ; pmº;

where pi 2 @D are boundary marked points arranged counterclockwise. Let @iDm be
the boundary arc from pi to piC1. Let Am be the moduli space of Dm modulo auto-
morphisms; we choose representatives Dm of equivalence classes of Am in a smooth
manner (e.g., by setting p0 D �i and p1 D i ) and abuse notation by writing Dm 2 Am.
We call Dm the “A1-base direction”.

p0

@0Dm@mDm

p1pm

@1Dm@m�1Dm

p2pm�1

Fig. 1. The A1-base Dm.

The full ambient symplectic manifold is then (Dm �X ,�m D !mC!), where !m is
an area form onDm which restricts to dsi ^ dti on the strip-like end ei ' Œ0;1/si � Œ0;1�ti
around pi for i D 1; : : : ; m and ei ' .�1; 0�si � Œ0; 1�ti around pi for i D 0. (As we
approach the puncture pi , si !C1 for i D 1; : : : ;m and si !�1 for i D 0.) Then we
extend the Lagrangians to the A1-base direction: for i D 0; : : : ; m, let zLi D @iDm � Li
and zLij D @iDm � Lij . Let �X WDm � X ! X be the projection to X and �Dm be the
symplectic fibration

�Dm W .Dm �X;�m/! .Dm; !m/:

Let JX;˛ be the set of d˛-compatible almost complex structures JX on .X;!/ that are
asymptotic to an almost complex structure on Œ0;1/s � @Xc that takes @s to the Reeb
vector field of ˛j@Xc , takes ker˛j@Xc to itself, and is compatible with d˛j@Xc .

There is a smooth assignment Dm 7! JDm , where Dm 2 Am, such that

(J1) on each fiber ��1Dm.p/ D ¹pº �X , JDm restricts to an element of JX;˛;

(J2) JDm projects holomorphically onto Dm;
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(J3) over each strip-like end Œ0;1/si � Œ0; 1�ti , for si sufficiently positive, or .�1; 0�s0 �
Œ0; 1�t0 , for s0 sufficiently negative, JDm is invariant in the si -direction and takes @si
to @ti ; when m D 1, JD1 is invariant under R-translation of the base and takes @si
to @ti .

One can inductively construct such an assignment for all m � 1 in a manner which is

(A) consistent with the boundary strata, and

(B) for which all the moduli spaces M.y1; : : : ; ym; y0/, defined below, are transversely
cut out.

A collection ¹JDm jDm 2Am;m 2Z>0º satisfying (A) will be called a consistent collec-
tion of almost complex structures; if it satisfies (B) in addition, it is a sufficiently generic
consistent collection.

Remark 2.2. To avoid cumbersome terminology, in what follows, when we say suffi-
ciently generic, we mean that all the moduli spaces under consideration are transversely
cut out.

Let M.y1; : : : ; ym; y0/ be the moduli space of maps

uW . PF ; j /! .Dm �X; JDm/;

where .F; j / is a compact Riemann surface with boundary, p0; : : : ; pm are disjoint �-
tuples of boundary marked points of F , PF D F n

S
i pi , andDm 2Am, so that u satisfies

the following conditions:

(1) du ı j D JDm ı du;

(2) each component of @ PF is mapped to a unique zLij ;

(3) �X ı u tends to yi as si !C1 for i D 1; : : : ; m;

(4) �X ı u tends to y0 as s0 ! �1;

(5) �Dm ı u is a �-fold branched cover of Dm.

With the identification of the strip-like end ei , i D 1; : : : ; m, with Œ0;1/si � Œ0; 1�ti ,
condition (3) means that u maps the neighborhoods of the punctures of pi asymptotically
to the Reeb chords Œ0; 1�ti � yi as si !C1. Condition (4) is similar.

The �m-composition map of F�.X/ is then defined as

�m.y1; : : : ; ym/ D
X

y0;���

#MindD0;�.y1; : : : ; ym; y0/ � „��� � y0; (2.1)

where the superscript � denotes the Euler characteristic of F , ind denotes the Fredholm
index (as given in Theorem 2.3 below), and the symbol # denotes the signed count of the
corresponding moduli space.

Theorem 2.3. The Fredholm index of M�.y1; : : : ; ym; y0/ is

ind.u/ D .n � 2/�C �C 2� �m�nCm � 2;

where � is the Maslov index of u, defined as in [12, Section 4].
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If 2c1.TX/D 0 and the Maslov classes of all involved Lagrangians vanish, then there
exists a well-defined Z-grading. In this case, the dimension of M�.y1; : : : ;ym;y0/ can be
rewritten as

ind.u/ D .n � 2/.� � �/C jy0j � jy1j � � � � � jymj Cm � 2; (2.2)

where jyi j D jyi1j C � � � C jyi� j. Note also that

j„j D 2 � n: (2.3)

We omit the details about the orientation of M.y1; : : : ; ym; y0/ and the A1-relation,
and refer the reader to [12, Section 4].

2.2. Wrapped higher-dimensional Heegaard Floer homology of disjoint cotangent fibers

From now on, we restrict to the case X D T �M , where M is a compact manifold of
dimension n. Let �M W T �M ! M be the standard projection; by abuse of notation we
also denote the projection map �M ı �T �M simply by �M .

The wrapped HDHF category is denoted by W�.T
�M/. Let q1; : : : ; q� be � distinct

points in a small disk U �M . We discuss the wrapped Heegaard Floer homology of the
object

F
i T
�
qi
M , where we assume i to range from 1 to � in what follows.

Remark 2.4. When we take
F
i T
�
qi
M , the points q1; : : : ; q� (as well as the Lagrangians

T �q1M; : : : ; T
�
q�
M ) are ordered.

Let g be a Riemannian metric on M and j � j be the induced norm on T �M . Choose
a time-dependent “quadratic at infinity" Hamiltonian

HV W Œ0; 1� � T
�M ! R; HV .t; q; p/ D

1

2
jpj2 C V.t; q/; (2.4)

where t 2 Œ0; 1�, q 2 M , p 2 T �qM , and V is some perturbation term with small W 1;2-
norm in the .Œ0; 1� �M/-direction. The Hamiltonian vector field XHV with respect to the
canonical symplectic form ! D dq ^ dp is then given by iXHV ! D dHV . Let �tHV be the
time-t flow of XHV .

By choosing g and V generically, we can guarantee that all Hamiltonian chords
of �tHV between the cotangent fibers ¹T �q1M; : : : ; T

�
q�
M º are nondegenerate.

Definition 2.5. The wrapped Heegaard Floer chain complex of CW.
F
i T
�
qi
M/ is

CF.�1HV .
F
i T
�
qi
M/;

F
i T
�
qi
M/.

There is a subtlety when defining A1-operations for wrapped HDHF and we briefly
review the usual rescaling argument of [3, Section 3].

Start with a consistent collection ¹JDm j Dm 2 Am; m 2 Z>0º as before. We would
like to impose Lagrangian boundary conditions zLj WD �

m�j
HV

.
F
i T
�
qi
M/ over the arc

@jDm, but we need to make a modification near the end e0 since the chain complex
CF.�mHV .

F
i T
�
qi
M/;

F
i T
�
qi
M/ is not naturally isomorphic to CF.�1HV .

F
i T
�
qi
M/;F

i T
�
qi
M/.
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We will (slightly informally) explain how to modify the zLj and the family JDm in
two steps.

Step 1. LetDm 2Am nN.@Am/, whereN.@Am/ is a small neighborhood of @Am in xAm.
Let  � be the time-log� flow of the Liouville vector field p@p of .T �M;pdq/. (Note that
because of the log term, . �/�1 D  1=�.) There is an isomorphism

CF
�
 �
�
�1HV

�G
i

T �qiM
��
;  �

�G
i

T �qiM
�
I ��JDm

�
Š CF

�
�1HV

�G
i

T �qiM
�
;
G
i

T �qiM IJDm

�
Š CW

�G
i

T �qiM
�
:

Taking � D 1
m

,  1=m.�1HV .
F
i T
�
qi
M// limits to �mHV .

F
i T
�
qi
M/ as jpj ! 1 and

 1=m.
F
i T
�
qi
M/ remains the same as

F
i T
�
qi
M .

We then modify zLj only over the output end e0 ofDm to the totally real boundary con-
dition zL0j .Dm/ so that, for s0 ��1, zL00.Dm/ is the trace of a fixed (but unspecified) exact,
identity-at-infinity Lagrangian isotopy from �mHV .

F
i T
�
qi
M/ to  1=m.�1HV .

F
i T
�
qi
M//

as s0 ! �1, and zL0m.Dm/ is the identity trace from
F
i T
�
qi
M to  1=m.

F
i T
�
qi
M/ as

s0 ! �1.
We convert the totally real boundary condition into a Lagrangian one by changing

the symplectic form as follows. First let G.s0; t0; x/ be an .s0; t0/-dependent, constant-
at-infinity Hamiltonian function on T �M such that the Hamiltonian vector field Ys0;t0
satisfying iYs0;t0! D dT �MGj.s0;t0/ (here dT �MG is the component of d in the T �M -
direction) induces the exact Lagrangian isotopies along t0 D 0; 1. Then we replace
ds0 ^ dt0 C ! by the symplectic form � D ds0 ^ .dt0 � dG/ C !. Along t0 D 0; 1,
� D �ds0 ^ dG C ! D �ds0 ^ dT �MG C ! and the symplectic connection is given
by @s C Ys0;t0 . Hence zL00.Dm/ and zL0m.Dm/ become Lagrangian with respect to �.

Next we modify JDm only over the output end e0 of Dm to an almost complex struc-
ture J 0Dm so that for s0 � �1, J 0Dm D  

1=m
� JDm and (J1)–(J3) still hold; this is possible

since  ��JX 2 JX;˛ if JX 2 JX;˛ .

Step 2. We will briefly indicate how to inductively apply the modifications from Step 1 to
construct consistent collections of totally real boundary conditions zL00j .Dm/ and almost
complex structures Dm 7! J 00Dm , Dm 2 Am, so that (J1)–(J3) still hold; see Figure 2.

ForDm 2Am nN.@Am/, we set zL00j .Dm/ WD 
m.zL0j .Dm// and J 00Dm WD . 

m/�J
0
Dm

;
this extra normalization is done for consistency with the evaluation map F in Section 6.

Suppose Dm 2 Am is close to breaking into Da and Db , aC b D mC 1, where the
negative end of Da is glued to the positive end of Db corresponding to pb�i , and JDm
is close to breaking into JDa and JDb . We then apply Step 1 to obtain J 0Da and J 0Db ,
apply  b�iHV  

a to J 0Da (resp. to zL0j .Da/ for all j ) and  b to J 0Db (resp. to zL0j .Db/
for all j ) so the ends match, and glue them together.

We then choose an interpolation between the above choices of boundary conditions
and almost complex structures as in Figure 2.
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1
�1 �2

�3

JD3

 1=3�1 1=3JD3 1=3

 3

1
�1

�2 1
�1

�2

JD2 JD2

 1=2 �  1=2�1  1=2 �  1=2�1

� �

 2  2

1
�1

�2 1
�1

�2

JD2 JD2

� D  1=2JD2

 1=2  1=2�1  1=2  1=2�1

 4  2�1 2

Fig. 2. Description of the totally real boundary conditions and almost complex structures for
a D b D 2. The middle is D3 and the left and right are degenerations into D2 and D2. For a dif-
feomorphism h of T �M , the label h is shorthand for h.

F
i T
�
qi
M/; we also abbreviate � D �HV .

A diffeomorphism in red means “apply the diffeomorphism to all the labels on the closest disk”.

By abuse of notation, we write JDm instead of J 00Dm from now on. Conditions (1)–(5)
in the definition of the moduli space M.y1; : : : ; ym; y0/ are modified as follows:

� zLij is replaced by zL00ij .Dm/, and

� the tuples yi are replaced by the corresponding tuples of intersection points after
applying the appropriate diffeomorphism to the two intersecting fiber Lagrangians;
for example, in the case whereDm is close to breaking intoDa andDb , we apply  b

to the intersection points corresponding to the positive ends of Db .

Lemma 2.6. Fix a sufficiently generic consistent choice of almost complex structures as
above. Let d D 0 or 1. Given y1; : : : ; ym 2 CW.

F
i T
�
qi
M/, MindDd;�.y1; : : : ; ym; y0/

is empty for all but finitely many y0. If it is nonempty, MindDd;�.y1; : : : ; ym; y0/ (and
MindDd;�.y1; y0/=R ifm D 1) admits a compactification for each Euler characteristic �.

Proof. This is similar to [3, Appendix B] or [5, Section 7].

Therefore, the A1-operation

�mW CW
�G

i

T �qiM
�
˝ � � � ˝ CW

�G
i

T �qiM
�
! CW

�G
i

T �qiM
�

can be defined using a sufficiently generic consistent collection, making the chain com-
plex CW.

F
i T
�
qi
M/ into an A1-algebra.

Remark 2.7. The same prescription gives us the wrapped HDHF category W�.X/ of
a Liouville domain, which generalizes the wrapped Fukaya category W1.X/ of X .

We now discuss the grading on CW.
F
i T
�
qi
M/. Since c1.T .T �M// D 0 and the

Maslov class of the Lagrangian vanishes, there is a well-defined Z-grading. Follow-
ing [7, Section 1.3], we choose a nonzero section � of the trivial complex line bun-
dle ƒ2CT

�.T �M/: Let ¹U˛º be a cover of M . On any local chart U˛ with coordinates
.x1˛; : : : ; x

n
˛/, we define

�˛ D .dx1˛ � i ı dx1˛ ı J / ^ � � � ^ .dx
n
˛ � i ı dxn˛ ı J /; (2.5)
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where J is viewed as a bundle map which takes v� 2 T �M to its dual v 2 TM via g.
Let � D

P
˛ '˛�˛ , where ¹'˛º is some partition of unity with respect to ¹U˛º. Then we

consider the phase function

'�W LGr.T .T �M//! S1; A 7!
�.v1 ^ � � � ^ vn/

2

k�.v1 ^ � � � ^ vn/k2
;

where LGr.T .T �M// is the Grassmannian of Lagrangian planes in T .T �M/ and ¹v1;
: : : ; vnº are tangent vectors that span A. Note that '� is independent of the choice of
¹v1; : : : ; vnº. For any loop l in LGr.T .T �M//, the Maslov index of l is then defined as
the degree of '� on l . Moreover, if the Maslov class of some Lagrangian L vanishes,
we can lift '� on L to a grading function z'�WL! R.

Given any q 2M , denote the tangent space of the zero section of T �M at q by TqM .
One can check that '�.TqM/D 1 2 S1 for any choice of �. Hence we can define a grad-
ing function on the zero sectionM which is identically 0. Similarly, given any x 2 T �M ,
denote the vertical space at x by Vx . We check that '�.Vx/ D .�1/2n D 1 2 S1 for
any choice of �. Therefore, on any (unwrapped) cotangent fiber T �qM , we can lift '� to
a grading function z'�WT �qM ! R which is identically 0.

Now letM D† be a closed oriented surface of genus greater than 0. In this case j„j D
2� nD 0 from (2.3). Let g be a Riemannian metric on† which is a small perturbation of
the flat metric when † is a torus and of the hyperbolic metric when † has genus greater
than 1. In this case we have the following.

Lemma 2.8. Fix � by any choice satisfying (2.5). Then the grading jyj D 0 for every
y 2 CF.�1HV .

F
i T
�
qi
†/;

F
i T
�
qi
†/.

Proof. Given yD ¹y1; : : : ; y�º2CF.�1HV .
F
i T
�
qi
†/;

F
i T
�
qi
†/, each yi 2�1HV .Li /\Li 0

corresponds to a time-1 Hamiltonian chord from Li to Li 0 , parametrized by .q.t/; p.t//,
t 2 Œ0; 1�. Its Legendre transform (see Definition 3.2) gives a perturbed geodesic 
 on †.
By classical results of Duistermaat [13, Theorem 4.3] and [1, Section 1.2], the Conley–
Zehnder index of yi with respect to � is equal to the Morse index of 
 with respect to its
Lagrangian action. Lemma 3.6 then implies that jyi j D 0. Hence jyj D

P�
iD1 jyi j D 0.

Proposition 2.9. The A1-algebra CW.
F
i T
�
qi
†/ is supported in degree zero, and hence

is an ordinary algebra.

Proof. The complex CW.
F
iT
�
qi
†/ is supported in degree zero by Lemma 2.8 and j„jD0.

The A1-operation �m D 0 for all m ¤ 2 since the degree of �m is 2 �m. Hence �2 is
the only nontrivial A1-operation and CW.

F
i T
�
qi
†/ is an ordinary algebra.

3. The relationship between the based loop space and the wrapped Floer homology
of a cotangent fiber

Let M be a compact oriented manifold of dimension n. We review some basic properties
of the based loop space on M and in particular the relationship to the wrapped Floer
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homology of a single cotangent fiber of T �M , i.e., the case when � D 1. We refer the
reader to [1, 4] for more details.

Let g be a generic Riemannian metric on M , and let r be its associated Levi-Civita
connection.

Consider the path space

�.M; q0; q1/ D ¹
 2 C
0.Œ0; 1�;M/ j 
.0/ D q0; 
.1/ D q1º:

There is a composition map which is simply the concatenation of paths:

�.M; q0; q1/ ��.M; q1; q2/! �.M; q0; q2/;


1
2.t/ D

´

1.2t/; 0 � t � 1

2
;


2.2t � 1/;
1
2
� t � 1:

In order to do Morse theory on the path space, we use �1;2.M; q0; q1/, the subset of
�.M; q0; q1/ consisting of paths in the class W 1;2.

There is a natural action functional on �1;2.M; q0; q1/. Recall the Hamiltonian HV ,
the Hamiltonian vector fieldXHV and the time-t Hamiltonian flow �tHV from Section 2.2.
Consider the function LV W Œ0; 1� � TM ! R given by

LV .t; q; v/ D
1

2
jvj2 � V.t; q/; (3.1)

where t 2 Œ0; 1�, q 2M , and v 2 TqM . For each 
 2 �1;2.M; q0; q1/, let

AV .
/ D

Z 1

0

LV .t; 
; P
/ dt: (3.2)

It is well known that AV is a Morse function on�1;2.M;q0; q1/. Therefore, we can define
CM�.�1;2.M; q0; q1// as the Morse complex generated by the critical points of AV and
with differential induced by AV and the metric g. We omit the details which can be found
in [1, Section 2] and simply denote the Morse homology group of CM�.�1;2.M; q0; q1//
by HM�.�1;2.M; q0; q1//.

Definition 3.1. A V -perturbed geodesic 
 is a map Œ0; 1�!M such that

r P
 P
 D �rV; (3.3)

where rV denotes the gradient of V with respect to g.

By a standard calculus of variations computation, the critical points of the func-
tional AV on �1;2.M; q0; q1/ are exactly V -perturbed geodesics.

We now recall some standard facts following [1, Section 2.1]. Let CHV be the set of
time-1 integral curves of XHV on T �M , and let CLV be the set of time-1 V -perturbed
geodesics on M , i.e.,

CHV WD ¹� W Œ0; 1�! T �M j �.t/ D �tHV ı �.0/º;

CLV WD ¹
 W Œ0; 1�!M j r P
 P
 D �rV º:
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We define a map LWCHV ! CLV as follows: Given � 2 CHV , let L.�/ be the path
Œ0; 1�!M given by

L.�/.t/ WD �M ı �.t/:

One can verify that L.�/ satisfies (3.3) and hence belongs to CLV .
We define the inverse map L�1WCLV ! CHV as follows: Given 
 2 CLV , we define

L�1.
/W Œ0; 1�! T �M as

L�1.
/ WD .
.t/; dL.t; 
.t/; P
.t//jT v
.
.t/; P
.t//

TM /;

where T v
.
.t/; P
.t//

TM is the vertical fiber kerD�M Š T
.t/M at .
.t/; P
.t// 2 TM and
�M WTM !M is the projection.

Definition 3.2. We call L the Legendre transform and call L�1 the inverse Legendre
transform.

Remark 3.3. Each generator y 2 CF.�1HV .T
�
q0
M/; T �q1M/ corresponds to a time-1 inte-

gral curve of XHV from T �q0M to T �q1M :

ly W Œ0; 1�! T �M; ly.t/ D �
t�1
HV

.y/:

We define L.y/ to be L.ly/. Conversely, L�1 maps time-1 V -perturbed geodesics
from q0 to q1 to a generator of CF.�1HV .T

�
q0
M/; T �q1M/.

Since the inclusion

�1;2.M; q0; q1/ ,! �.M; q0; q1/

is a homotopy equivalence, we deduce that HM�.�1;2.M; q0; q1// is isomorphic to the
singular homology group H�.�.M; q0; q1//.

When q0 D q1 D q, we get the based loop space

�.M; q/ D ¹
 2 C 0.Œ0; 1�;M/ j 
.0/ D 
.1/ D qº:

Theorem 3.4 ([2, Theorem B]). There is an isomorphism of graded algebras:

H��.�.M; q//! HW�.T �qM/: (3.4)

In the opposite direction, Abouzaid constructed a chain level evaluation map

CW�.T �qM/! C��.�.M; q//:

It induces an isomorphism on the level of homology:

zF W HW�.T �qM/! H��.�.M; q//: (3.5)

Remark 3.5. Theorem 3.4 also holds for path spaces by [1], i.e., there is an isomorphism

H��.�.M; q0; q1//! HW�.T �q0M;T
�
q1
M/;

where the right-hand side is the wrapped Floer homology group whose generators are
time-1 Hamiltonian flows of �tHV from T �q0M to T �q1M .
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Let us now specialize to M D †, a closed oriented surface of genus greater than 0.
In this case, we further see the following.

Lemma 3.6. The algebra H�.�.†; q0; q1// is supported in degree 0.

Proof. Recall that V is small in the W 1;2-norm. If † is a torus, then we can assume
that g is the flat metric, where all V -perturbed geodesics with V sufficiently small are
minimal and isolated. If the genus of † is greater than 1, then we can assume that g is
the hyperbolic metric with constant curvature �1. It is well known that on a hyperbolic
surface, there is a unique V -perturbed geodesic in each homotopy class of paths with fixed
endpoints for V sufficiently small. For details the reader is referred to Milnor [27, Lem-
ma 19.1]. Hence the Morse indices of all critical points of �1;2.†; q0; q1/ are 0.

Note that when M D †, all terms of (3.4) vanish except for � D 0 by Lemma 3.6.
We write HW.T �q †/ for HW0.T �q †/. Moreover,H0.�.†;q// is isomorphic to the group
algebra ZŒ�1.†; q/� of the fundamental group �1.†; q/.

4. Hecke algebras

Theorem 3.4 and isomorphism (3.5) relate H0.�.†; q// to the wrapped Floer homology
HW.T �q †/ of a single cotangent fiber, and represent the special case of � D 1 in HDHF.
In this section, we discuss the generalization ofH0.�.†; q// to � � 1, which we show to
be equivalent to HW.

F
i T
�
qi
†/ in later sections.

Summary. Consider the based loop space of the unordered configuration space of � points
on †. Its 0-th homology is isomorphic to the group algebra of the braid group of †.
The braid skein algebra BSk�.†; q/, due to Morton and Samuelson [28, Definition 3.1],
is a quotient of the group algebra of the braid group by the HOMFLY skein relation
and the marked point relation. Here q is a �-tuple of distinct points on †. By refor-
mulating the marked point relation, we obtain the surface Hecke algebra H�.†; q/ in
Definition 4.4. This surface Hecke algebra serves as an intermediary between the wrapped
Floer homology and the braid skein algebra. On the one hand, we show that H�.†;q/ and
BSk�.†/ are isomorphic up to a change of variables in Proposition 4.5. On the other
hand, we will construct an evaluation map from the wrapped Floer homology to H�.†;q/
in Section 6.1.

Note that the braid skein algebra for†D T 2 is isomorphic to the double affine Hecke
algebra (DAHA) of gl� [28, Theorem 3.7]. Hence H�.T 2; q/ is also isomorphic to the
DAHA.

Let UConf�.†/ D ¹¹q1; : : : ; q�º j qi 2 †; qi ¤ qj for i ¤ j º be the configuration
space of � unordered points on †. Fix a basepoint q 2 UConf�.†/. The based loop space
�.UConf�.†/; q/ consists of �-strand braids in †. Note that H0.�.UConf�.†/; q//
is isomorphic to the group algebra ZŒBr�.†; q/�, where Br�.†; q/ denotes the braid
group of †.
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Fix a marked point ? 2 † which is disjoint from q. Let Br�;1.†; q; ?/ be the sub-
group of Br�C1.†;q t ¹?º/ consisting of braids whose last strand connects ? to itself by
a straight line in Œ0; 1� �†.

Definition 4.1 (Morton–Samuelson). The braid skein algebra BSk�.†;q/ is the quotient
of the group algebra ZŒs˙1; c˙1�ŒBr�;1.†;q; ?/� by two local relations:

(1) the HOMFLY skein relation

� D .s � s�1/ ; (4.1)

(2) the marked point relation P D c2

P WD D c2 : (4.2)

Here the black lines are strands between basepoints in q and the straight blue line connects
the marked point ? to itself.

The product is given by the concatenation of braids.

For the purposes of relating BSk�.†; q/ to the wrapped Floer homology, it is more
convenient to give another description of the marked point relation (4.2). Let

�.UConf�.† n ¹?º/;q/
D ¹
 2 C 0.Œ0; 1�;UConf�.† n ¹?º// j 
.0/ D 
.1/ D qº: (4.3)

Given 
1; 
2 2 �.UConf�.† n ¹?º/;q/ viewed as based loops on UConf�.†/, let

H W Œ0; 1�2 ! UConf�.†/

be a homotopy between 
1 and 
2 relative to the boundary, i.e.,

H.t; 0/ D 
1.t/; H.t; 1/ D 
2.t/; H.0; s/ D H.1; s/ D q:

The homotopy H may intersect the marked point ?. We define hH;?i WD hH;Y i, the
algebraic intersection number of H and Y , where

Y WD ¹¹p1; : : : ; p�º 2 UConf�.†/ j pi D ? for some iº

is a codimension two submanifold of UConf�.†/. Here the orientation of Y is induced
from that of † and the orientation of H is induced from �dt ^ ds on the square Œ0; 1�2

(note the coordinates on Œ0; 1�2 are t , s in that order). This is well defined since

H.@.Œ0; 1�2// \ Y D ¿:



K. Honda, Y. Tian, T. Yuan 16

We identify H0.�.UConf�.† n ¹?º/; q// with the group algebra ZŒBr�.† n ¹?º; q/�
of the braid group Br�.† n ¹?º;q/.

Definition 4.2. The c-deformed braid group Br�.†; q/c of † is generated by the group
Br�.† n ¹?º;q/ and a central element c, subject to the following c-deformed homotopy
relation:

Œ
2� D c
2hH;?iŒ
1�; (4.4)

where 
i 2 �.UConf�.† n ¹?º/;q/, H is the homotopy between them as above, and

Œ
i � 2 H0.�.UConf�.† n ¹?º/;q// Š ZŒBr�.† n ¹?º;q/�:

Remark 4.3. The group algebra ZŒBr�.†;q/c � is naturally isomorphic to the quotient of
C0.�.UConf�.† n ¹?º/;q//˝ ZŒc˙1� by the c-deformed homotopy relation (4.4).

See Figure 3 for an example when � D 1 and hH;Y i D 1.


2


1

?

Fig. 3. The deformed homotopy relation Œ
2� D c2Œ
1�. Both dotted points are q 2 †.

Specializing to c D 1, Br�.†;q/c recovers Br�.†;q/. Hence there is a central exten-
sion of groups:

1! hci ! Br�.†;q/c ! Br�.†;q/! 1; (4.5)

where hci is the free abelian group generated by c.
Let hBr�;1.†;q; ?/; ci denote the group generated by Br�;1.†;q; ?/ and a central ele-

ment c. Define the group Br�.†; q/0c as the quotient of hBr�;1.†; q; ?/; ci by the marked
point relationP D c2; see (4.2). There are two natural projections from hBr�;1.†;q;?/; ci
to Br�.†;q/0c and Br�.†;q/c , respectively,

hBr�;1.†;q; ?/; ci

((

PDc2

vv

Br�.†;q/0c
�

// Br�.†;q/c :

The relation P D c2 also holds in Br�.†; q/c . Therefore, there is a natural induced map
�WBr�.†;q/0c ! Br�.†;q/c .



Higher-dimensional Heegaard Floer homology and Hecke algebras 17

The algebra Br�.†;q/0c also fits into a central extension similar to (4.5),

1! hci ! Br�.†;q/0c ! Br�.†;q/! 1:

Moreover, the following diagram commutes:

1 // hci // Br�.†;q/c // Br�.†;q/ // 1

1 // hci // Br�.†;q/0c //

�

OO

Br�.†;q/ // 1:

By the five lemma, � is an isomorphism.
Recall from Definition 4.1 that the braid skein algebra BSk�.†; q/ is the quotient of

ZŒs˙1�ŒBr�.†;q/0c � by the skein relation (4.1). We introduce the variable „ D s � s�1 and
add the corresponding skein relation to Br�.†;q/c .

Definition 4.4. The Hecke algebra H�.†; q/ of † is the quotient of the group algebra
ZŒ„�ŒBr�.†;q/c � by the local skein relation:

� D „ : (4.6)

We now apply a change of variables „ D s � s�1 to BSk�.†; q/ and change the
coefficient ring from ZŒs˙1; c˙1� to ZŒ„; c˙1�; the resulting algebra will be denoted by
BSk�.†;q/j„.

Proposition 4.5. The algebra H�.†;q/ is naturally isomorphic to BSk�.†;q/j„.

Finally, we consider the degeneration „ D 0 for later use. The skein relation (4.6) then
reduces to the symmetric group relation. Further setting c D 1, the free abelian group
H�.†;q/j„D0;cD1 has a Z-basis

B WD ¹
1 � � � 
� � � j 
i 2 �1.†; qi /; � 2 S�º:

Here 
i is the homotopy class of the i -th strand in the braid group and � is the image of
the natural quotient map from the braid group to the symmetric group. Hence we have
a natural isomorphism of algebras

H�.†;q/j„D0;cD1 Š Z
hY

i

�1.†; qi / Ì S�
i
;

where the symmetric group S� acts on
Q
i �1.†; qi / by permuting the factors. Adding

the parameter c, let �1.†; q/c denote Br1.†; q/c , the 1-strand c-deformed braid group.
Its group algebra ZŒ�1.†; q/c � is a ZŒc˙1�-algebra.

Lemma 4.6. There is an isomorphism of ZŒc˙1�-algebras

H�.†;q/j„D0 Š
�O

i

ZŒ�1.†; qi /c �
�

Ì S� ;

where the tensor product is over ZŒc˙1�.
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Proof. The free abelian group H�.†;q/j„D0 has Z-basis

Bc WD ¹
1 � � � 
� � � j 
i 2 �1.†; qi /c ; � 2 S�º:

We have a natural surjective homomorphism�eO
i

ZŒ�1.†; qi /c �
�

Ì S� ! H�.†;q/j„D0;

where z̋ denotes the tensor product over Z. It factors through�O
i

ZŒ�1.†; qi /c �
�

Ì S� ! H�.†;q/j„D0

since c is central in H�.†;q/j„D0. The latter map is injective since the domain and target
have the same ZŒc˙1�-basis B.

5. The parameter c in higher-dimensional Heegaard Floer homology

Motivated by the c-deformed homotopy relation (4.4), we will define CW.
F
i T
�
qi
†/c ,

the wrapped HDHF homology of disjoint cotangent fibers with an additional parameter c.
We inherit the notation from Section 2.2.

Let

CF
�
�1HV

�G
i

T �qi†
�
;
G
i

T �qi†
�
c
WD CF

�
�1HV

�G
i

T �qi†
�
;
G
i

T �qi†
�
˝ ZŒc˙1�

as a Z-module.
Given u 2M.y1; : : : ; ym; y0/ of index 0 or 1, consider its projection to † and denote

the image by �†.u/. We enhance the A1-operations from Section 2.2 to include c-
coefficients by keeping track of modified intersections of �†.u/ and a fixed marked point
? 2 †. Note that we cannot directly take the intersection number of �†.u/ and ? since
the boundary of �†.u/ could cross ? in a generic 1-parameter family and the A1-relation
would not be satisfied.

To remedy this issue, we carefully choose the marked point ? 2† and modify �†.u/.
Consider the set of V -perturbed geodesics (see Definition 3.1) with endpoints in

¹q1; : : : ; q�º. Since there are only countably many such V -perturbed geodesics, we can
choose a generic marked point ? 2 † in the complement of the images of these perturbed
geodesics.

We then homotop the boundary of �†.u/ on † to piecewise V -perturbed geodesics,
which can be guaranteed to be disjoint from ?; see Figure 4. Specifically, suppose the
domain of u is PF and ¹pi�1; pi ; piC1º are three consecutive boundary marked points
on @F , ordered according to the boundary orientation of @F . Write �T �† ı u.pi / etc.
for the values of the continuous extensions of �T �† ı u to the puncture pi etc. Denote
the boundary arc from pi to piC1 by @i PF . Suppose the cotangent fibers T �qi�1†, T �qi†
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qi�1

qi


i

qiC1
Bi

˛i

biC1

ˇi

bi

Fig. 4. The projection �†.u/ of u to †. The path ˛i is the projection of uj
@i PF

, where @i PF is
a component of @ PF . We choose any homotopy from ˛i to �ˇi C 
i , where the relative homology
classBi that is swept out does not depend on the choice of homotopy. In the figure, we are assuming
that V is independent of t and hence qi , qiC1 and biC1 lie on the same V -perturbed geodesic.

and T �qiC1† are wrapped using the wrapping functions  i�1,  i and  iC1, respectively.
For r D 0;1, suppose �T �† ı u.piCr / 2 iCr�1.T �qiCr�1†/\ iCr .T

�
qiCr

†/, which cor-
responds to the intersection of two Hamiltonian chords that start from T �qiCr�1† (induced
by  iCr�1) and T �qiCr† (induced by  iCr ). The Legendre transforms of these Hamilto-
nian chords (see Definition 3.2) correspond to certain V -perturbed geodesics on †. Let
ˇiCr�1 be that from qiCr�1 to biCr�1, and 
iCr�1 be that from qiCr�1 to biCr , where
bi D �† ı u.pi /. (Observe that qi , qiC1 and biC1 lie on the same V -perturbed geodesic,
if V D V.t; x/ is independent of t ; this is because being able to intersect in T �M means
that the tangent vector of the two V -perturbed geodesics at bi are the same.) Let ˛i be the
path �† ı u.@i PF /.

Fix parametrizations of ˛i , ˇi and 
i by the interval Œ0; 1�. Note that ˛i and its
piecewise V -geodesic replacement ˇ�1i � 
i are homotopic as paths from bi to biC1;
this is due to the facts that ˛i , ˇi and 
i are all projections of paths in  i .T �qi†/ and
that T �qi† is contractible. Let Bi be a homotopy between ˛i and ˇ�1i � 
i relative to
boundary. We extend the image �†.u/ on † by the homotopy Bi for all @i PF � @ PF so
that its new boundary lies in C WD

S
i .ˇi [ 
i /; this defines a relative homology class

Œ�†.u/�
0 2 H2.†; C /.

Given two homotopies Bi and B 0i from ˛i to its piecewise V -geodesic replacement
ˇ�1i � 
i , their difference determines a map S2 ! †, which induces the zero map on
H2.S

2/! H2.†; C /. Hence Œ�†.u/�0 does not depend on the choice of ¹Biº and the
algebraic intersection number hu; ?i WD hŒ�†.u/�0; ?i is well defined.

We modify the �m-composition map so that

�m.y1; : : : ; ym/ D
X

u2MindD0.y1;:::;ym;y0/

.�1/\.u/ � c2hu;?i � „���.u/ � y0;

where u ranges over curves of index 0, and \.u/ 2 Z.
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Since C is disjoint from ?, hu; ?i is constant for any 1-parameter family of u. There-
fore, by analyzing the degeneration of index-1 moduli spaces, we see that CW.

F
i T
�
qi
†/c

is an A1-algebra. Proposition 2.9 can then be improved to the following.

Proposition 5.1. TheA1-algebra CW.
F
i T
�
qi
†/c is supported in degree zero and hence

is an ordinary algebra.

6. The evaluation map

Following Abouzaid [4], we construct the evaluation map

F W CW
�G

i

T �qi†
�
c
! H�.†/˝ZŒ„� ZJ„K

in Section 6.1. It is given by counting holomorphic curves between cotangent fibers and
the zero section of T �† in the framework of HDHF. We then show that F is a homo-
morphism of algebras in Section 6.2. The key ingredient is the holomorphic curve inter-
pretation of the HOMFLY skein relation due to Ekholm–Shende [14]. We finally prove
Theorem 1.5 which states that the map F is an isomorphism.

6.1. The definition

At this point, we rename Dm as Tm�1, where @iTm�1 D @iDm for i D 0; : : : ; m. The
disk Tm�1 will be the A1-base direction, where p1; : : : ; pm�1 2 @Dm D @Tm�1 corre-
spond to inputs (�-tuples of intersection points) and @mDm D @mTm�1 corresponds to
the output (�-tuples of arcs on †). We view all of the strip-like ends ei , i D 0; : : : ; m,
of Tm�1 corresponding to pi as positive ends Œ0;1/si � Œ0; 1�ti . Let Tm�1 be the moduli
space of Tm�1 modulo automorphisms; again we choose representatives Tm�1 of equiva-
lence classes of Tm�1 in a smooth manner.

Let �T �† be the projection Tm�1 � T �†! T �†. Choose a sufficiently generic con-
sistent collection Tm�1 7! JTm�1 of compatible almost complex structures on Tm�1 �
T �† for all Tm�1 2 Tm�1 and all m � 2 such that

(J10) on each fiber ��1Tm�1.p/ D ¹pº � T
�†, JTm�1 restricts to an element of JT �†;˛std

where ˛std is the standard Liouville form on T �†;

(J20) JTm�1 projects holomorphically onto Tm�1;

(J30) over each strip-like end Œ0;1/si � Œ0; 1�ti , for si sufficiently positive, JTm�1 is
invariant in the si -direction and takes @si to @ti .

Recall the time-t Hamiltonian flow of �tHV (2.4). We will refer to† as the zero section
of T �† when it is clear from the context. Let q (resp. q0) be the set of intersection points
between

F
i T
�
qi
† (resp. �1HV.

F
i T
�
qi
†/) and†, and let y2CF.�1HV.

F
iT
�
qi
†/;

F
iT
�
qi
†/.

Note that there is a canonical identification between q and q0.
We define H .q0; y;q/ as the moduli space of maps

uW . PF ; j /! .T1 � T
�†; JT1/;
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where .F; j / is a compact Riemann surface with boundary, p0, p1, p2 are disjoint �-
tuples of boundary marked points of F , PF D F n

S
i pi , and u satisfies the following

conditions:

� du ı j D JT1 ı du;

� �T �† ı u.z/ 2 �
1
HV
.
F
i T
�
qi
†/ if �T1 ı u.z/ � @0T1;

� each component of @ PF that projects to @0T1 maps to a distinct �1HV .T
�
qi
†/;

� �T �† ı u.z/ 2
F
i T
�
qi
† if �T1 ı u.z/ � @1T1;

� each component of @ PF that projects to @1T1 maps to a distinct T �qi†;

� �T �† ı u.z/ 2 † if �T1 ı u.z/ � @2T1;

� �T �† ı u tends to q0, y, q as s0; s1; s2 !C1;

� �T1 ı u is a �-fold branched cover of a fixed T1 2 T1.

See Figure 5.

q0q
†

y

�1
HV

.
F
i T
�
qi
†/

F
i T
�
qi
†

Fig. 5. The A1-base direction T1 for H .q0; y; q/. The notation denotes the corresponding preim-
ages of �T1 in T �†, e.g., p0 is denoted by q0 since �T �† ı u tends to q0 as �T1 ı u! p0.

Lemma 6.1. Fixing generic JT1 , H .q0; y; q/ is of dimension 0 and consists of discrete
regular curves for all q, y and q0.

Proof. By the discussion before Lemma 2.8, jq1j D � � � D jq� j D jq01j D � � � D jq
0
� j=0.

Hence jqj D jq0j D 0. By Lemma 2.8, jyj D 0. We then see that the virtual dimension of
H .q0; y; q/ is 0 by the index formula (2.2); note that the same index formula holds even
when we do not assume that the copies of the zero section† are disjoint. The lemma then
follows from standard transversality arguments.

Let H�.q0; y;q/ be the subset of H .q0; y;q/ such that �. PF / D �.

Lemma 6.2. Given q, y and q0, the moduli space H�.q0; y; q/ consists of finitely many
curves for each Euler characteristic �.

Proof. Each y determines a unique q and q0. Since there is an energy bound for curves in
H .q0; y; q/, by Gromov compactness, H .q0; y; q/ contains a finite number of curves for
each �.
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Fix a parametrization of the arc @2T1 from p0 to p2 by � W Œ0; 1�! @2T1. There exists
a sufficiently generic consistent collection ¹Tm 7! JTmº such that for all u 2 H .q0; y;q/,
.�T �† ı u/ ı .�T1 ı u/

�1 ı �.t/ consists of � distinct points on† n ¹?º for each t 2 Œ0; 1�
and hence gives a path in UConf�.† n ¹?º/:


.u/W Œ0; 1�! UConf�.† n ¹?º/;

t 7! .�T �† ı u/ ı .�T1 ı u/
�1
ı �.t/:

This is possible since by the usual transversality argument the evaluation map at any point
on the domain of u is a submersion subject to the given Lagrangian boundary constraints.
Define

�.UConf�.† n ¹?º/;q0;q/ D ¹
 W Œ0; 1�! UConf�.† n ¹?º/ j 
.0/ D q0; 
.1/ D qº:

Then

.u/ 2 �.UConf�.† n ¹?º/;q0;q/:

For u 2 H .q0; y; q/, we can define Œ�†.u/�0 as in Section 5. We extend the image
�†.u/ by the homotopies Bi from Section 5, where @i PF ranges over all boundary arcs
of @ PF which are not of “output type”. Here @i PF is of “output type” if �T1 ıu.@i PF /�@2T1.
We then define the algebraic intersection number

hu; ?i WD hŒ�†.u/�
0; ?i:

We now define the evaluation map

EW CW
�G

i

T �qi†
�
c
! C0.�.UConf�.† n ¹?º/;q0;q//˝ ZŒc˙1�˝ ZJ„K;

y 7!
X

u2H.q0;y;q/

.�1/\.u/ � c2hu;?i � „���.u/ � 
.u/:

Since the perturbation term V of (2.4) has small W 1;2-norm, the Hamiltonian vector
field XHV has small norm near the zero section † and hence q0 is close to q. We then
choose nonintersecting short paths 
i on † from qi to q0i for i D 1; : : : ; �. By pre-
concatenating with ¹
iº, we can identify�.UConf�.† n ¹?º/;q0;q/ with�.UConf�.† n
¹?º/;q/ as in (4.3). By Definitions 4.2 and 4.4, there is a natural projection map

P W C0.�.UConf�.† n ¹?º/;q//˝ ZŒc˙1�˝ ZJ„K! H�.†;q/˝ZŒ„� ZJ„K; (6.1)

by first taking the c-deformed homotopy class and then quotienting by the skein relation.
We finally define the evaluation map

F D P ı EW CW
�G

i

T �qi†
�
c
! H�.†;q/˝ZŒ„� ZJ„K: (6.2)

Note that E depends on the choice of the parametrization � but F does not.
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6.2. The isomorphism

Both the domain and target of the map F in (6.2) are ordinary algebras. We will show
that F is an isomorphism of algebras in this subsection.

We consider a moduli space of curves whose A1-base direction is T2 2 T2; see Fig-
ure 6. Let q00 be the set of intersection points between �2HV .

F
i T
�
qi
†/ and †; there are

canonical identifications q ' q0 ' q00. In this case, a 1-parameter family of T2 2 T2 may
degenerate into broken curves in @T2 as shown in Figure 7. As in Section 2.2, we need to
construct the consistent collection carefully near the point T 02 of @T2 corresponding to the
left-hand side of Figure 7.

q00q
†

y0y

�1
HV

.
F
i T
�
qi
†/

�2
HV

.
F
i T
�
qi
†/

F
i T
�
qi
†

Fig. 6. The A1-base direction T2 for H .q00; y0; y;q/.

q00q0qq00qq00q

y0yy0yy0y

y00

Fig. 7. Degeneration of H indD1, �.q00; y0; y; q/ in the T2-direction. Left: concatenation of
curves in MindD0;�0.y0; y; y00/ and H indD0;�00.q0; y00; q/; right: concatenation of curves in
H indD0;�0.q00; y0;q0/ and H indD0;�00.q0; y;q/.

We have already constructed consistent collections J 00Dm and zL00j .Dm/ for Am. Let
us also assume that we have constructed JTm for all Tm on large compact subsets of Tm
such that JTm are consistent with J 00D1 at the ends ei , i D 1; : : : ; m. Denote by U the set
of all T2 2 T2 that are sufficiently close to breaking into D2 and T1. Given T2 2 U, we
choose the neck region N.T2/ (chosen to be smoothly dependent on T2) and write TC2
and T �2 for the two components of T2 nN.T2/ that can be viewed as subsets ofD2 and T1,
respectively. We then define JT2 to equal JT1 on T �2 [N.T2/ and J 00D2 on TC2 [N.T2/,
and note that J 00D2 and JT1 agree on N.T2/ by definition.

We also need to choose a way of wrapping the Lagrangians corresponding to the
boundaries of T2 so that it is consistent with the breaking into D2 [ T1 as in the left-
hand side of Figure 7. Note that as we degenerate to D2 [ T1, the boundary condition
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�2HV .
F
i T
�
qi
†/ approaches �HV .

F
i T
�
qi
†/. To keep track of this degeneration, we define

‰j W@jT2! Symp.T �†;!/, j D 0;1;2, which depend smoothly on T2 2 T2 and such that

‰j D

8̂̂<̂
:̂
�
2�j
HV

for T2 2 T2 nU and all j ;

 2 ı �
2�j
HV

on @jT2 \ TC2 for T2 2 U0 and all j ;

�1HV on @0T2 \ T �2 and id on @2T2 \ T �2 for T2 2 U0;

where U0 is a slight retraction of U.
Given generators

y0 2 CF
�
�2HV

�G
i

T �qi†
�
; �1HV

�G
i

T �qi†
��
c
; y 2 CF

�
�1HV

�G
i

T �qi†
�
;
G
i

T �qi†
�
c
;

let H .q00; y0; y; q/ be the moduli space of maps uW . PF ; j / ! .T2 � T
�†; JT2/, where

.F; j / is a compact Riemann surface with boundary, T2 2 T2, p0; : : : ; p3 are disjoint �-
tuples of boundary marked points of F and PF DF n

S
i pi so that u satisfies the following

conditions:

� du ı j D JT2 ı du;

� �T �† ı u.z/ 2 ‰j .�T2 ı u.z//.
F
i T
�
qi
†/ if �T2 ı u.z/ � @jT2 for j D 0; 1; 2;

� each component of @ PF that projects to @jT2 maps to a distinct ‰j .�T2 ı u.z//.T
�
qi
†/

for j D 0; 1; 2;

� �T �† ı u.z/ 2 † if �T2 ı u.z/ � @3T2;

� �T �† ı u tends to y0, y, q as s1; s2; s3 !C1;

� �T �† ı u tends to a �-tuple q00.u/ of intersection points of‰0.�T2 ı u.z//.
F
i T
�
qi
†/

for �T2 ı u.z/ � @0T2, and †, in bijection with q00 as s0 !C1;

� �T2 ı u is a �-fold branched cover of some T2 2 T2.

Remark 6.3. All the �-tuples q00.u/ are close to q00 since V.t; q/ is small, and hence there
is a family of diffeomorphisms that takes q00.u/ to q00 and is smoothly varying with q00.u/.

Lemma 6.4. There exists a sufficiently generic consistent collection of almost complex
structures such that H .q00; y0; y; q/ is of dimension 1 and is transversely cut out for all
q, y, y0 and q00. Moreover, H .q00; y0; y; q/ admits a compactification xH .q00; y0; y; q/ such
that its boundary @ xH .q00;y0;y;q/ is of dimension 0 and contains discrete broken or nodal
curves.

Proof. Similar to Lemma 6.1, since jyj D jy0j D 0 and jqj D jq00j, H .q00; y0; y; q/ has
virtual dimension 0 by (2.2). By standard transversality arguments and Gromov compact-
ness, a 1-parameter family of curves in H .q00; y0; y; q/ may limit to broken curves by
pinching boundaries of T2 or to nodal curves by letting branch points approach @T2.

We now define a map from H .q00; y0; y;q/ � Œ0; 1� to the set of subsets of † by


.u/.t/ D .�T �† ı u/ ı .�T2 ı u/
�1
ı �.t/; (6.3)
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where � W Œ0; 1�! @3T2 parametrizes the boundary arc @3T2 from p0 to p3. Here we are
identifying all the q00.u/ with q00 using Remark 6.3.

Let

H0.q00; y0; y;q/ D
®
u 2 H .q00; y0; y;q/ j 
.u/.t/ contains � distinct points of †

and 
.u/.t/ \ ¹?º D ¿ for all t
¯
:

In a manner similar to the definition of F in (6.2), we define the evaluation map

G W H0.q00; y0; y;q/! H�.†;q/˝ZŒ„� ZJ„K;

u 7! .�1/\.u/ � c2hu;?i � „���.u/ � Œ
.u/�:

Here we are writing Œ
� D P .
/, where P .
/ is defined by (6.1). As before, hu; ?i WD
hŒ�†.u/�

0; ?i, where Œ�†.u/�0 is as in Section 6.1 with one difference: we replace all the
˛i D�† ıu.@i PF /, except those that have boundary condition u.@i PF /�†, by their piece-
wise V -geodesic replacements. The algebraic intersection number hu; ?i is well defined
since the boundary of Œ�†.u/�0 is disjoint from ? when u 2 H0.q00; y0; y;q/.

Proposition 6.5. The map F in (6.2) is a homomorphism of algebras.

Proof. It suffices to show that

F .�2.y; y0// D F .y/F .y0/

for any y; y0 2 CW.
F
i T
�
qi
†/c . We analyze the boundary of the index 1 moduli space

xH�.q00; y0; y;q/ for varying �.
For each u 2 H�.q00; y0; y; q/, consider the path 
.u/ defined by (6.3) as a �-tuple of

paths in †. A single generic u belongs to H0
�.q00; y0; y; q/ and G .u/ is well defined but

for a generic 1-parameter family ut 2 H�.q00; y0; y; q/, t 2 Œ0; 1�, 
.ut / may intersect ?
at some t 2 .0; 1/. At any rate, G .u0/ D G .u1/ since we are taking values in H�.†; q/
and the marked point relation compensates for each extra intersection with ?. Hence we
may ignore the intersections with ? in this proof.

Note that codimension-1 degenerations only occur in the A1-base direction, i.e.,
the projection of curves to the A1-base direction leads to codimension-1 degenerations
of Dm. The schematic picture is shown in Figures 7 and 8.

There are three types of boundary degenerations:

(1)
`

y00;�0C�00��D� MindD0;�0.y0; y; y00/ �H indD0;�00.q0; y00;q/;

(2)
`

q00;�0C�00��D� H indD0;�0.q00; y0;q0/ �H indD0;�00.q0; y;q/;

(3) the set @n xH indD1;�.q00; y0; y;q/ with a nodal degeneration along †.

Type (1) is given on the left-hand side of Figure 7 and contributes F .�2.y; y0//. Type (2)
is given on the right-hand side of Figure 7 and contributes F .y/F .y0/. A standard gluing
argument shows that all contributions to F .�2.y; y0// and F .y/F .y0/ come from such
broken degenerations.
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q00qq00qq00q

y0yy0yy0y

node removal

Fig. 8. Nodal degeneration of H indD1;�.q00; y0; y; q/ in the T2 direction: a nodal point on † (mid-
dle); removal of the nodal point (right).

Fig. 9. Representing a curve u by its image 
.u/ on Œ0; 1� � †. The upper arc denotes the mod-
uli space with a nodal degeneration. The lower arc denotes the companion moduli space with �
increased by 1, whose evaluation by G on Œ0; 1� �† exhibits a crossing of two braid strands.

We now discuss (3), which is given in Figure 8. Let us , s 2 Œ0; 1/, be a generic 1-pa-
rameter family such that �T2 ı us has a branch point (generically a double branch point)
that limits to @T2 as s! 1. We denote this limiting curve as un 2 @n xH indD1;�.q00;y0;y;q/.
Moreover, the only component of @T2 that a branch point can approach is @3T2 (cor-
responding to the zero section †) since all other boundary arcs correspond to disjoint
sets of Lagrangians where nodal degenerations cannot occur. By Gromov compactness,
@n xH

indD1;�.q00; y0; y; q/ is finite. If we continue this family past the nodal curve un,
then the nodal point is removed and � increases by 1 as shown on the right-hand side
of Figure 8. Interpreted in another way, given un 2 @n xH indD1;�.q00; y0; y; q/, there exists
a 1-parameter family of curves u0t , t 2 .�ı; ı/, in H indD1;�C1.q00; y0; y; q/ such that u00
is obtained from un by removing the nodal point and the family 
.u0t / corresponds to
a crossing of two paths in Œ0; 1� �†. This is illustrated in Figure 9 as a skein relation on
Œ0; 1� �†.

On the other hand, given a 1-parameter family u0t , t 2 .�ı; ı/, of curves in the space
H indD1;�C1.q00; y0; y; q/ such that 
.u0t / exhibits a single crossing of two strands (see
the bottom blue line of Figure 9), let un be the nodal curve corresponding to u00 as in
the middle of Figure 8. Suppose the nodal point on the domain of un is pn 2 PF . Since
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a neighborhood of un.pn/ in the ambient symplectic manifold T2 � T �† is diffeomor-
phic to T �R � T �R2 � R6, we can construct a preglued curve zu1�" using a cut-off
version of the standard hyperbolic node model of [14, Section 4.1.1], where " 2 Œ0; "0/
is the pregluing parameter for some small "0 > 0 so that un D zu1. By a standard New-
ton iteration technique, there exists a unique 1-parameter family of holomorphic curves
u1�" 2 xH

indD1;�.q00; y0; y;q/ for each " 2 Œ0; "0/, where un D u1; see [14, Lemma 4.16]
for details. Therefore, a small neighborhood of un in xH indD1;�.q00; y0; y;q/ is homeomor-
phic to Œ0; "0/, which corresponds to the upper arc of Figure 9.

Summarizing the above discussion,
F
�
xH indD1;�.q00; y0; y; q/ is a uni-trivalent graph

with trivalent vertices indexed by un 2 @nH indD1;�.q00; y0; y; q/. We denote the triva-
lent neighborhood of un (the two blue arcs in Figure 9) by Nun , where @ xNun contains
three curves uC, u� and u0 that correspond to , and in Figure 9, respectively.
Now

xH indD1.q00; y0; y;q/ n
G

un2@nH indD1.q00;y0;y;q/

Nun

is a 1-dimensional manifold with boundary. By comparing the count of its boundary
curves with different Euler characteristics, we have

F .y/F .y0/ � F .�2.y; y0//

D 1 �
h X
�.uC/D�

G .uC/ �
X

�.u�/D�

G .u�/
i

C „ �

h X
�.uC/D��1

G .uC/ �
X

�.u�/D��1

G .u�/ �
X

�.u0/D��1

G .u0/
i

C „
2
�

h X
�.uC/D��2

G .uC/ �
X

�.u�/D��2

G .u�/ �
X

�.u0/D��2

G .u0/
i
C � � � : (6.4)

The skein relation in Definition 4.4 implies that

G .uC/ � G .u�/ D „ � G .u0/ 2 H�.†;q/˝Z Œ„�ZJ„K:

So the right-hand side of (6.4) is zero. This completes the proof.

To show F is an isomorphism, it suffices to show that F is a bijection. We use a per-
turbation argument and start with the case where „ D 0.

Lemma 6.6. The restriction of F to „ D 0 is an isomorphism

F j„D0W HW
�G

i

T �qi†
�
c

ˇ̌̌
„D0
! H�.†;q/j„D0:

Proof. For simplicity, we write F0 D F j„D0 throughout this proof.
We first prove the lemma for � D 1. In this case, H1.†; q/j„D0 Š ZŒ�1.†; q/c �.

Setting c D 1, �1.†; q/c is isomorphic to �1.†; q/. In each homotopy class of �1.†; q/,
there is a unique generator y 2 HW.T �q †/ whose Legendre transform L.y/ represents
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this class. By [4, Lemma 5.1], F0jcD1.y/ D ŒL.y/�. Hence F0jcD1 is an isomorphism.
Add the parameter c and view y 2 HW.T �q †/c . We have F0.y/ D c

d ŒL.y/�c for some
integer d , where ŒL.y/�c 2 �1.†; q/c is a lift of ŒL.y/� 2 �1.†; q/. Hence F0 is an
isomorphism. For later use, we denote the map F0 for � D 1 by

zFc W HW.T �q †/c ! ZŒ�1.†; q/c �; (6.5)

which is the version of (3.5) with the c-parameter.
We now prove the lemma for � � 1. The �2-operation of HW.

F
i T
�
qi
†/c j„D0 only

counts curves with � D �, i.e., where there are � trivial pseudoholomorphic disks. Then
one can easily compute that HW.

F
iT
�
qi
†/c j„D0 is isomorphic to .

N
i HW.T �qi†/c/ÌS� .

On the other hand, H�.†; q/c j„D0 degenerates to .
N
i ZŒ�1.†; qi /c �/ Ì S� by Lem-

ma 4.6. Here, both tensor products are over ZŒc˙1�.
Since HW.

F
i T
�
qi
†/c j„D0 is generated by

N
i HW.T �qi†/c and S� is an algebra,

it suffices to show that

(1) F0j
N
i HW.T �qi†/c

D zF ˝�c W
N
i HW.T �qi†/c !

N
i ZŒ�1.†; qi /c �, where the map zFc

is in (6.5);

(2) F0jS� D idWS� ! S� .

By Theorem 3.4, Remark 3.5 and [4, Lemma 5.1], zFc maps the time-1 Hamiltonian
flow to the homotopy class of its Legendre transform. The first equation follows since
F0j

N
i HW.T �qi†/c

maps � time-1 Hamiltonian flows to their Legendre transforms.
The symmetric group S� is generated by transpositions �i D .i; i C 1/. Let yi D

¹yi1; : : : ; yi�º 2 HW.
F
i T
�
qi
†/c j„D0 be the corresponding generator in Floer homology,

where yij 2 CF.�1HV .T
�
qj
†/; T �q�i .j/

†/. Since „ D 0, the map F0.yi / counts curves with
� D �, that is, � holomorphic disks, where each disk limits to yij at the positive puncture
and evaluates on † as a path from qj to q�i .j /, for j D 1; : : : ; �.

Note that each homotopy class of paths from qj to q�i .j / contains a unique V -per-
turbed geodesic, i.e., L.yij / (see Definition 3.2). By [4], there is a unique holomorphic
disk which limits to yij at the positive puncture and evaluates on † as a path 
j from qj
to q�i .j / on the stable manifold of L.yij /. However, since the action of yij equals that of
L.yij /, we see 
j D L.yij /.

Therefore, the evaluation of the boundary of the unique �-tuple of disks on the zero
section † � T �† gives a based loop in UConf�.†;q/, which consists of two short paths
L.yi;iC1/ and L.yiC1;i /, and trivial paths from qj to qj for j ¤ i; i C 1. This loop gives
a class in H�.†; q/c j„D0 Š .

N
i ZŒ�1.†; qi /c �/ Ì S� corresponding to �i 2 S� . Hence

the second equation follows.

Proof of Theorem 1.5. Injectivity of F . Suppose that there exists a¤0 such that F .a/D0.
Let a D

P
i�0 „

iai , where ai 2 CW.
F
i T
�
qi
†/c j„D0. Since H�.†; q/ has no „-torsion,

we may assume that a0 ¤ 0. Setting „ D 0, we have F .a0/ D F .a/ D 0. Therefore,
F j„D0.a0/ D 0, which means a0 D 0 since F j„D0 is an isomorphism. This leads to con-
tradiction. Thus F is injective.
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Surjectivity of F . It suffices to show that any b 2 H�.†;q/ is in Im F . Since F j„D0 is an
isomorphism, there exists a0 2 CW.

F
i T
�
qi
†/c j„D0 such that F .a0/ � b .mod „/. Let

b1 D
.b � F .a0//

„

ˇ̌̌
„D0

:

Then there exists a1 2 CW.
F
i T
�
qi
†/c j„D0 such that F .a1/ � b1 .mod „/. Repeating

this procedure, we get F .
P
i�0 ai„i / D b. Hence F is surjective.

7. Surfaces with punctures

In this section, we show that Theorem 1.5 still holds for V†, which is obtained from
a closed oriented surface of genus g � 0 by removing a finite number (> 0) of punc-
tures. For simplicity we assume that c D 1.

In this case, the wrapped Floer homology of the cotangent fibers and the F map
of (6.2) can be defined similarly but need modifications near the punctures. The main
issue is the noncompactness of the moduli space of holomorphic curves: if the wrapped
Lagrangians on T � V† approach the punctures when projected to V†, then a sequence
of curves bounded by those wrapped Lagrangians projected to V† may also approach the
punctures.

To remedy this, we confine the wrapped Lagrangians and all involved holomorphic
curves to stay over a compact subset of V†. Our approach is a simple application of the par-
tially wrapped Fukaya category by Sylvan [32] and its further development by Ganatra,
Pardon and Shende [17, 18]. A similar approach in the context of sutured contact mani-
folds is due to Colin, Ghiggini, Honda and Hutchings [11].

Let g be the standard flat metric on V† if V† is homeomorphic to R2 or R � S1. Oth-
erwise, let g be a complete finite-volume hyperbolic metric on V†, i.e., all the punctures
of V† correspond to cusps.

Suppose † is a closed oriented surface and z 2 †. We consider the once punctured
surface V† D † n ¹zº (the case of more than one puncture is similar).

Let q D ¹q1; : : : ; q�º � V† be a �-tuple of points. Pick an end

N � .�1; 1/s � S
1
�

near the puncture of V† so that ¹q1; : : : ; q�º � V† n N . We have a trivialization of TN

by ¹ @
@s
; @
@�
º. See Figure 10. Let .ps; p� / be the dual coordinates to .s; �/ so that we have

a trivialization of T �N by ¹ @
@ps
; @
@p�
º. The canonical symplectic form ! on V† restricts

to ! D ds ^ dps C d� ^ dp� on T �N . We fix the trivial almost complex structure JN

on T �N so that JN .
@
@s
/D @

@ps
and JN .

@
@�
/D @

@p�
. Then there is a .JN ; j /-holomorphic

map

�s W T
�N ! CRe<1; .s; �; ps; p� / 7! s C jps;

where j is the standard complex structure on CRe<1.
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Fig. 10. The end N near the puncture of V†.

Fix a diffeomorphism f W .0; 1/s ! .�1; 1/s such that f 0 > 0, f 00 � 0, and f .s/D s
for s � 1

2
. It induces the diffeomorphism N \ ¹s > 0º

�
�!N , .s; �/ 7! .f .s/; �/. Extend-

ing by the identity, we obtain a diffeomorphism

zf W V†0 WD V† n ¹s � 0º ! V†:

The pullback metric zf �g on V†0 induces a norm j � jf on T � V†0. Choose a time-dependent
HamiltonianHV;f W Œ0;1�� T � V†0!R with jpjf instead of jpj in equation (2.4), where V
has compact support in V† n N and has small W 1;2-norm on Œ0; 1� � V†; XHV;f and
�tHV;f

are as before with respect to HV;f . Note that the wrapped Lagrangians

�tHV

�G
i

T �qi
V†
�
� V†0 � V†

for all t � 0, and hence cannot cross ¹s D 0º.
We follow the notation of Section 2.2. As in Definition 2.5, we define the following.

Definition 7.1. The wrapped Heegaard Floer cochain complex of CW.
F
i T
�
qi
V†/ is

CF.�1HV .
F
i T
�
qi
V†/;
F
i T
�
qi
V†/.

Choose sufficiently generic consistent collection of almost complex structures ¹JDmº
satisfying (J1)–(J3) as before and apply the rescaling argument of Section 2.2 to ¹JDmº
to get ¹J 00Dmº. We also define zL00j .Dm/ as before.

Given y1; : : : ; ym 2 CW.
F
i T
�
qi
V†/, let M.y1; : : : ; ym; y0/ be the moduli space of

maps
uW . PF ; j /! .Dm � T

� V†; JDm/;

where .F; j / is a compact Riemann surface with boundary and u satisfies the conditions
similar to (1)–(5) in Section 2.2.

It is easy to check that all the conclusions in Section 2.2 still hold except for Lem-
ma 2.6 and the A1-relation. However, we claim that the standard proof of A1-relation
(see [12, Proposition 4.0.3]) works by showing the following.

Lemma 7.2. Fix a sufficiently generic consistent choice of almost complex structures
as above. Suppose that d is equal to 0 or 1. Given generators y1; : : : ;ym 2CW.

F
i T
�
qi
V†/,



Higher-dimensional Heegaard Floer homology and Hecke algebras 31

MindDd;�.y1; : : : ; ym; y0/ is empty for all but finitely many y0. When it is nonempty,
MindDd;�.y1; : : : ; ym; y0/ (and MindDd;�.y1; y0/=R if m D 1) admits a compactification
for each Euler characteristic �.

Proof. We follow [17, Lemma 2.41]. Let � W T � V†! V† be the projection. For each u 2
M.y1; : : : ; ym; y0/, we show that � ı u. PF / \ ¹s < 0º D ¿.

Consider the holomorphic map

�s ı uW u
�1.��1s .CRe<0//! CRe<0:

By definition, � ı u.@ PF / \ ¹s � 0º D ¿, hence u�1.��1s .CRe<0// � F n @F is an open
subset of the interior of F . Therefore,K WD .�s ı u/.u�1.��1s .CRe<0/// is an open subset
of CRe<0 by the open mapping theorem.

On the other hand, u�1.��1s .CRe�0// � F n @F is a compact subset of the interior
of F . Therefore, the function

Re ı �s ı uW u�1.��1s .CRe�0//! R

attains its minimum on u�1.��1s .CRe�0//. SinceK is open, this is only possible ifKD¿.
Hence u�1.��1s .CRe<0// D ¿ and then � ı u. PF / \ ¹s < 0º D ¿.

We have shown how to prevent curves from crossing the vertical boundary of T � V†0.
The remaining proof is the same as that of Lemma 2.6.

Hence CW.
F
i T
�
qi
V†/ is a well-defined ordinary algebra supported in degree 0.

To modify Section 3, we consider paths in V†0 instead of †. We now use the met-
ric zf �g. The Legendre transform Lf;v is with jvjf instead of jvj in (3.1), where j � jf
is the norm on T V†0 induced by zf �g. Given q0; q1 2 V†0 n N , the Lagrangian action
functional AV;f is defined as in (3.2) with LV replaced by LV;f . By the choice of the
metric zf �g, it is easy to see that

(1) no V -perturbed geodesics can exit V†0;

(2) the induced negative gradient flow of AV always stays inside a compact region of V†0.

Since zf W . V†0; zf �g/! . V†; g/ is an isometry, we have the following.

Lemma 7.3. The Morse homology HM�.�1;2. V†0; q0; q1// induced by the metric zf �g is
well defined and is isomorphic to HM�.�1;2. V†; q0; q1// induced by the metric g.

It is easy to verify that all the definitions and conclusions in Section 4 hold for V†0.
Hence the Hecke algebra H�. V†0;q/ is well defined.

Next we consider the modification of the map F defined by (6.2). We use the notation
from Section 6 with the following modifications:

(1) HV is replaced by HV;f ;

(2) choose a sufficiently generic consistent collection Tm�1 7! JTm�1 of compatible
almost complex structures on Tm�1 � T � V† for Tm�1 2 Tm�1 and all m � 2, where
JT � V† coincides with jm � JN on Tm�1 � T �N .
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All of Section 6.1 carries over with the exception of Lemma 6.2. Recall that we denote the
set of intersection points between

F
i T
�
qi
V† (resp. �1HV .

F
i T
�
qi
V†/) and V† by q (resp. q0).

Suppose y 2 CF.�1HV .
F
i T
�
qi
V†/;
F
i T
�
qi
V†/. We show the following.

Lemma 7.4. The moduli space H�.q0; y; q/ admits a compactification for each Euler
characteristic �.

Proof. This is similar to the proof of Lemma 7.2. Let � W T � V†! V† be the projection.
For each u 2 H�.q0; y;q/, consider the holomorphic map

�s ı uW u
�1.��1s .CRe<0//! CRe<0:

By definition, u.@ PF / \ T �N js<0 is a subset of the zero section N js<0. Since

u�1.��1s .CRe�0// � F n @F

is an compact closed subset of F , its image P WD .�s ı u/.u
�1.��1s .CRe�0/// � C is

also compact.
Note that .�s ı u/.u�1.��1s .CRe<0; Im¤0/// � C is open by the open mapping the-

orem. As a result, @P \ CRe<0; Im¤0 D ¿, hence P � CReD0 [ CImD0. This implies
u�1.��1s .CRe�0// � @F , which is only possible if P � CReD0. Therefore, we conclude
that � ı u. PF / \ ¹s < 0º D ¿.

We have shown that curves in H�.q0; y; q/ cannot cross the vertical boundary of
T � V†0. The remaining proof is the same as that of Lemma 6.2.

The parallel modification of Lemma 6.4 and its proof are similar. Also note that Propo-
sition 6.5 still holds. Therefore,

F W CW
�G

i

T �qi
V†
�
! H�. V†0;q/jcD1 ˝ZŒ„� ZJ„K Š H�. V†;q/jcD1 ˝ZŒ„� ZJ„K

is well defined.
To modify the proof of Theorem 1.5, it suffices to modify the proof of Lemma 6.6

when � D 1. Note that „ D 0 is automatically satisfied in this case.

Lemma 7.5. When � D 1, the map F is an isomorphism

F W HW.T �q
V†/! H1. V†0; q/jcD1 Š H1. V†; q/jcD1:

Proof. This is essentially [4, Lemma 5.1], replacing † by V†.
Recall that Abbondandolo and Schwarz [1, Theorem 3.1] constructed a chain isomor-

phism
‚W CM�.�1;2.†; q//! CW.T �q †/

by a specific moduli space MC� of holomorphic curves of index 0 (see [1, p. 35]). Abou-
zaid then showed that F is a homotopy inverse of ‚ by constructing another moduli
space C of curves of index 1 (see [4, p. 33]).

In the case of V†, we define the moduli spaces MC� and C in a similar manner. Again,
it suffices to show that no curves in MC� or C can cross the vertical boundary of T � V†0.
We omit the details which are similar to the proofs of Lemmas 7.2 and 7.4.
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