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Abstract. We establish the optimal L?, p = 2(d + 3)/(d + 1), eigenfunction bound for the
Hermite operator # = —A + |x|? on RY. Let I 5 denote the projection operator to the vec-
tor space spanned by the eigenfunctions of # with eigenvalue A. The optimal L2—L? bounds
on IT,, 2 < p < oo, have been known by the works of Karadzhov and Koch-Tataru except p =
2(d +3)/(d + 1). For d > 3, we prove the optimal bound for the missing endpoint case. Our result

is built on a new phenomenon: improvement of the bound due to asymmetric localization near the
sphere Vasd-1,

Keywords: Hermite functions, spectral projection.

1. Introduction

The Hermite operator # = —A + |x|? on R? has a discrete spectrum A € 2Ng + d,
N := N U {0}. For « € N¢, we denote by ®, the L2-normalized Hermite function,
which is an eigenfunction of # with eigenvalue 2|«| 4 d. The set {®, : @ € Ng } forms
an orthonormal basis in 2. Let TT; denote the spectral projection operator to the vector
space spanned by the eigenfunctions with eigenvalue A, i.e.,

Mf= Y (f ).
a:d+2|a|=A

In this paper, we are concerned with bounds on the operator norm || I ||2—4 for 2 <
q < oo, where || T ||s—» denotes the norm of an operator 7" from L*® to L”. The sharp bound
in terms of A has been of interest in connection to the Bochner-Riesz summability of the
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Hermite expansion. See Askey and Wainger [1], Karadzhov [10], and Thangavelu [24]
(also see [2, 3, 16] for recent developments). The bounds independent of A have applica-
tions to the strong unique continuation problem for parabolic equations [4,5,9, 13].

The bounds on || 1 |-, have been almost completely understood. When d = 1, the
sharp bounds follow from those on L? norm of the Hermite functions in R [23]. Let

2(d +3)
T d+1

In higher dimensions d > 2, by the works of Karadzhov [10] and Koch—Tataru [12], it is
known that for ¢ € [2, 0] \ {¢o},

T3 ]l2—q ~ Bg(A) := max(/\(—l+d5(2,q))/2’A(dS(Z,q)—l)/tS’A—S(Z,q)/2)! (1.1)

1 — 571, (See Notation 1.4 for the precise meaning of ~.) The bound

where §(r,s) = r~
for ¢ = 2 is clear from Bessel’s inequality, and that for ¢ = oo is a consequence of
the estimate for the kernel of IT, (see [23, Lemma 3.2.2]). Karadzhov [10] showed
ITIA|l2—>24/(@—2) < C for a constant C. Thangavelu [24] considered a local estimate over
a compact set K and he obtained a sharp bound on || yx I1; |l22(@+1)/(a—1)- A system-
atic study was carried out by Koch and Tataru, and they almost completely characterized
L?-L4 bounds (see [12, Corollary 3.2]) including the lower bounds || T1; ||2—4 > CB, (1)
for some constant C > 0 when 2 < g < oo (see [12, Section 5]).

However, prior to the present work, the optimal estimate remains unsettled for g = go.
This contrasts with the spectral projections of other related differential operators whose
optimal L2-L4 bounds are well understood [7,11,18,20]. By virtue of localized estimates

over annuli (see (1.2) below), it was known [14] that
T3 |lmsge < CATY/ @@ (1og 1) /4o,

When d = 1, the estimate fails without the logarithmic factor. However, when d > 2,
it was conjectured in [12] that the natural bound (1.1) extends to the missing endpoint
q = ¢.. This case is the most significant since interpolation recovers the sharp bounds for
2<qg<2d/(d-2).

We prove the conjecture is true for every d > 3.

Theorem 1.1. Let d > 3. Then,
1T ll2ge ~ ATHC,

It is likely that the theorem continues to be true for d = 2 but our argument in this
paper is not enough to prove this case.

Localized estimate. For u € D™ := {2 : —k € N}, we set
A ={x:x(—|x])ep.2ul}. AF, ={x:2""2xe4f},

respectively.
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For simplicity, we also denote
+ _ + _
X = Xat: X XAfM'

Of special interest is the estimate over the region near the sphere VsS4 = {x:|x| =
\/)_k}, across which the kernel of IT, exhibits different behaviors. Koch and Tataru [12]
considered the localized operator )(f M IT,. They proved the following sharp bounds:

AR (-@ e g < g < 2AHD

<=
2d+1) _ (1.2)

d—1 —

I} Millzsg < €

(Ap)ds@a-n/2 g < o0

for A™2/3 < ;< 1/4[12, Theorem 3].' Summation over y and interpolation with the pre-
viously known bound give (1.1) except for ¢ = ¢,. Meanwhile, the estimates for 1. MH A
are of less interest, since X IT, has much smaller bounds thanks to rapid decay of its
kernel (e.g., see (2.36) below).

Let uo = A72/3, ¢, = (100d)~2. Thanks to the estimates in [12] which are mentioned
above, we already have the desired L2—L9%° bounds on the operators D e, <u<1 XI, MH A
and (1 -3, < )(t M)H - (We refer the reader forward to Section 2.7 for the detail.)
Therefore, to prove Theorem 1.1 it is sufficient to consider L2—L4° bound on the operator

[ +
I = Zuo<u<00 X i

By duality, ||H£\,||%_>l]o = [T (IT})* |l 4, -4, - Since the lower bound is already shown
in [12], (1.1) follows if one shows

||H£1(Hi\)* ”qé—)qo < CA—B(Qéa‘Io)/Z_
Note T} = IT; and TT3 = I1,. So, we can write
_ + +
mmy* = Y
/Lo</1,,,l’z<Co
This naturally leads us to consider L?—L4 bounds on the operators )(IMH A Xiﬁ for gen-
eral exponents p, g, not necessarily restricted to the case p = ¢’. Since
||X:{,MHAX)tﬁ”p—>q = ||X1:MHA||2—>q||X;tEHA||2—>p’»
bound (1.2) yields
16}t llpg < CAT5EDP (up) @@ 9308 (1.3)

for2(d +1)/(d +3) < p <2<qg <2(d +1)/(d — 1). Attempting to add those bounds
with some interpolation trick does not seem feasible to recover the missing endpoint case.
Due to the optimality of (1.2), (1.3) with p = ¢’ cannot be improved if u ~ Ji. However,
this does not exclude the possibility of an improved bound when p £ [i.

IThis is what was proved in [12], where some care with the notation Zio LP seems necessary.
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Asymmetric localization. Our main novelty is in the following theorem which shows
improvement of the bounds thanks to the asymmetric localization near VAS41. In other
words, the bound on the operator XI, M Iy XI, @ L < u, compared with (1.3), significantly
improves as [t/ gets smaller.

Theorem 1.2. Letd >3, i€ D™, and \™23 < i < < co = (100d)"2. If2 < g <
2(d + 1)/(d — 1), then there are positive constants c, C, independent of |, X, and A,
such that

— ! ~ _ ’ FL ¢

This is a new phenomenon which has not been observed before. Our approach in this
paper provides an elementary alternative proof of estimate (1.2) which corresponds to the
case u ~ [L. However, as we shall see later, to obtain the improved bound (1.4) is far less
trivial (Sections 3 and 4). Estimate (1.4) can also be extended to some p, g other than
p = ¢’ by interpolation (see also [8]).

We briefly explain how one can obtain the missing endpoint bound from (1.4). More
details are to be provided in Section 2.7. We write

M) =2 %i=2. 2 ,Mtis

k (n,n)edDk

where D = {(1. i) : fi/p € [28, 251, . I € (o, o)} and p, fi € D™. Considering
the adjoint operators, we also have improved bounds with the additional factor (u /)¢
when p < [i. Thus, applying Theorem 1.2 with ¢ = ¢,, one gets

T —clkly —6(g6,q0)/2
1T ll gy qe < C27KIN78G000)/2,

which consequently shows the desired endpoint bound ||TT/, |24, < A1/ @@+3)

Weighted estimates. Through the same argument, we can obtain a more general result
which contains the endpoint bound in Theorem 1.1. In fact, using Theorem 1.2, we prove
the following weighted estimates which were conjectured in [12, Remark 3.1]. Let us set

we(x) =14+ AP0 — |xP)a.

Corollary 1.3. Letd > 3,2 < g < 0. Set

. rd+3
y =v(q) = mm(
Then, for N > 0, there is a constant C = C(N) such that
lwlw¥ T, flly < Cl(d‘s(z’q)_l)/ﬁllfllz- (1.5)

In particular, if we take ¢ = ¢o, then y = 0 and hence w, ‘w2 > 1. So, the endpoint
bound [|TT; |24, < CA™YCE+3) follows from (1.5).
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Organization. In Section 2, we obtain some preparatory results, and we prove Corol-
lary 1.3 while assuming Theorem 1.2. In Section 3, we reduce the proof of Theorem 1.2
to that of an L2-estimate, which we show in Section 4.

Notation 1.4. For nonnegative quantities A and B, the inequality B < A means that there
is a constant C, depending only on dimensions, such that B < CA. Likewise, A ~ B if
andonlyif B < Aand A < B.By D = O(A) wedenote | D| < A. Additionally, we denote
A > B if there is a sufficiently large constant C > 0 such that A > CB. By c and & we
denote positive constants which are chosen to be small enough.

2. The projection operator IT ,

In this section, we make reductions toward the proof of Theorem 1.2. We also obtain some
estimates for the projection operator IT, which are to be used in Sections 3 and 4. At the
end of this section, we provide the proof of Corollary 1.3 while assuming Theorem 1.2.

2.1. The kernel of I1),

The Hermite—Schrédinger propagator e /¥ f is given by

eIt H = Z eI, f f e S(RY). 2.1

Ae2Np+d

Here, S (R¥) denotes the Schwartz class on R?. It is easy to see the series converges uni-
formly. Note that #V &, = (2|a| 4+ d)N ®,. Thus, integration by parts gives ( f, ®g) =
(d + 2|a))™N(HN f, D). Also note that ||y, < C(1 + |a)¥/* for 1 < p < oo (e.g.,
see [23]). Thus, |(f. ®g)| < C(d + 2|a|) "N +4/4 since HN f € S(R?). Therefore, tak-
ing N large enough, we see the series converges uniformly.

Note

i/ e1O=A2qr = §(A —2'), A, A €2Ng +d.
2 J_,

So, we have
1 i it(A—A' d
Mf=y [ % dOPlmpa fes@d),
7 Me2Ng+d

since the series converges uniformly. By (2.1), it follows that

1 [* .
I, f = Z/ MO rqr f e S(RY).
-7

Now, combining this and Mehler’s formula that expresses the kernel of e ¥ (e.g.,
see [22, p. 11] and [17]), we get the following.
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Lemma 2.1. Let A € 2Ny + d. Set a(t) = (27i sint)~4/2¢174/* and

At xP Ay

¢a(x,y,1) = 5+ 3 cott — {x,y)csct.

Then, for f € §(R?), we have

T

M () = 5o / a() / D £ (), 2.2)

In what follows, by T'(x, y) we denote the kernel of an operator 7. Note

¢A(Ux7vat) =¢)L(x’y’t)7 er(d)7 (2.3)

where O(d) denotes the orthonormal group in R?. Obviously, formula (2.3) implies
[T, (Ux,Uy) = I (x, y). Kochneff [15] made the same observation by using the prop-
erties of the Hermite functions.

Dyadic decomposition. We dyadically decompose integral (2.2) away from the singular-
ities 0, £ of a. To do so, let ¥ € C°([1/4, 1]) such that ZjeZ Y(2/t) = 1fort > 0,
and then define ¥° by

YOO+ WD+ YYD+ v @+ )+ YR —n) =1 (24)

j=4

fort € (—m, ) \ {0}. So, supp ¥° C (—m, 7) \ {0}. For a bounded function 1 supported
in [—m, 7], we consider

I, [n] = / n(t)e' *=7024r. (2.5)
Since ||e ¥ f|l, = || f > fort € R, we have

ITIalll2»2 = lInl1- (2.6)

For simplicity, let us denote

l//Oa ,] = 47

Y () =y (20, YT () =y @ (r Fr). Y = { 0. s

Then, using (2.4) we decompose

Mf= > Y Mylf 2.7)

k=0,%+,£7 j>4

Validity of the decomposition is clear since the sum on the right-hand side converges
to I, as a bounded operator on L2. Indeed, (2.6) gives [TA[Yf]ll2>2 < 277,k ==, £m,
so the convergence follows.

We obtain the estimate for IT, by considering each ITx[y}]. However, thanks to
symmetric properties of the kernels TI;[yF](x, y), the matter reduces to showing the
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estimates for HAW;_] and 1, [°]. Indeed, observe that ¢ (x, y, —t) = —¢; (x, y,¢) and
or(x,y, (T —1)) = £An/2 F ¢)(x,—y,t). Thus, changes of variables give

M [y; (x, y) = CaTl [y} 1(x, ), (2.8)
[y 1(x. y) = CyTa [y 1(x, —y). (2.9)

where Cy, C) are constants satisfying |Cy| = |Cj| = 1. This implies

H ]Z My} HM =| ; T[]

, k=—, *m.
P—>4q

Rescaled operators. Instead of I, and ITj[n], it is more convenient to work with the
rescaled operators 3, L3, [n] whose kernels are given by

Pa(x,y) = M (VAx, VAy).
Palnl(x, y) = Maln)(vVAx, VAy),

respectively. By rescaling, we have for any measurable sets E, F,

Ix B XF llpsq = A4/ P7VA=D2Y Y 2 TnlX i lp—a- (2.10)

To prove Theorem 1.2, we need only to consider the case

2723 < fip < co.

==

<& 2.11)

for a small constant &, > 0 since (1.4) follows from (1.2) if u ~ [i.
Proposition 2.2. Let d > 3 and p, it satisfy (2.11). Set

B, (i, i) = /\((d—l)S(P,P,)—d)/Z(Mﬁ)(Z—(d-i-?’)S(p,p’))/S.

Suppose 0 < §(p, p') <min(2/(d — 1),2/3). Then, for a positive constant ¢ independent
of i and i, we have

(B
15033 - 5 By () 2.12)

Note that min(2/(d —1),2/3) > 2/(d + 1) when d > 3. Thus, Theorem 1.2 follows.
In fact, (1.4) holds in a slightly bigger range. The rest of the paper is devoted to the proof
of Proposition 2.2.

2.2. The phase function P
Let us set

2 2
+
P(x,y,8) = %+ucots—(x,y)cscs. (2.13)
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Note P (x,y,s) = ¢1(x, y,s). By Lemma 2.1, we have

P rl(x. ) = / (na)(s)e! P39 s, 2.14)

which we shall extensively make use of throughout the paper. To obtain estimates for the
kernels, we take a close look at the phase function J. A computation together with an
elementary trigonometric identity gives

@ bl 9
9y P (x. y.5) = — 2LX 7. €085) X,foss), (2.15)
2sin“ s
where 5
Qx,y,7) = (v — (x, - D(x,y),
(x,y,7) = (r —(x,)) (x,y) (2.16)

D(x,y) =1+ (x,y)2 = x> =y~

The stationary points of & (x, y,-) are given by the zeros of @(x, y,cos-). So, D(x,y),
which determines the nature of those stationary points, plays a significant role in showing
various estimates for the kernel 3, [n](x, y). Note

D(x,y) = —[x Iy sin®L(x, y) + (1= [x)(1 = [y[?), (2.17)

where £(x, y) denotes the angle between x and y. Since (1 — |x|?)(1 — |y|?) ~ uji for
(x,y) € AI X AE, one can control D (x, y) by the relative size of £(x, y) to (u)'/2.

2.3. Preliminary decomposition

Fix a constant ¢ > 0 such that 1/(20d) < ¢ < 1/(10d). We partition the unit sphere S¢~!
into finite disjoint subsets {S;} of diameter less than c. Then, set 4; = {x € A : [x|"'x €

e + . -1 . . ope . +
Sitand4; ={xe4 i’ |x|~"x € §;}, which respectively partition the annuli A:; and Aﬁ
into disjoint sets of diameter < c¢. So, we have

Al = UAk, A = Usz. (2.18)
k 1

This and (2.7) give

B =)0 Y Do xaBilvilxg /. (2.19)

k, k=0,%,+7 j>4

Using this coarse decomposition, we can distinguish minor parts whose contributions
are negligible. More precisely, we have the following.

Lemma23. Ler1 < p<2.Let j >4 A72/3 < i, i < ¢o, and 1/(20d) < ¢ < 1/(10d).
Suppose dist(Ay, A;) > ¢ and dist(Ag, —A;) > c. Then,

xar Balvf1xz, £l < AN 27 ™ £, YN >0 (2.20)

fork =0,%, £m.
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Moreover,
(i) ifdist(Ax, A;) < ¢, we have (2.20) for k = %, 0;
(i) if dist(Ag, —I‘Tl) < ¢, we have (2.20) for k = £, 0.

To show Lemma 2.3, we use the following elementary lemmas.

Lemma 2.4. Let E, F be measurable sets. If |T(x,y)| < Dyg(x)xr(y) for a con-
stant D, then | T||p—q < D|E|Y4|F|'=Y? for 1 < p,q < oo.

Lemma 2.5. Let N € Ng, 0 < u <1, and L, A > 0. Suppose a is a smooth function
supported in an interval I of length ~ y and ¢ is smoothon I. If |¢'| = L, |(d/ds)*T1¢| <
L//fk, and |(d/ds)ka| < ,u_k, 0<k<Nonl, then

‘ / ¢ q(s5)ds| < Cpu(l + auL)~N 2.21)
for a constant C = C(N) independent of A, L and .

One can show Lemma 2.5 by repeated integration by parts. It can also be shown by
changing variables s — s + 5o, where 5o € suppa. Setting ¢(s) = (L)~ (s + s0)
and d(s) = a(us + so), we see that

- d K _ d \K+1 -
3] 2 1, ‘(—) a‘ <1, and ‘(—) ¢‘ <1, 0<k<N,
ds ds
on supp @. Since the integral equals u [ e"’“’“Lg(s)Zz“(s)ds, routine integration by parts
yields (2.21).

Proof of Lemma 2.3. We first prove (2.20) for x = 0, £, £ when dist(Ayg, /T;) > ¢ and
dist(Ax, —A;) > c.

Let (x, y) € Ag x A;. Note |x|?|y|? sin?4(x, y) > 272 and 0 < pu, i < 2742,
By (2.17) and (2.16), —D(x, y) ~ ¢? and @(x, y, 1) = ¢? for T € R. By (2.15), we have
|05 | 2 2%/ and also |0L.P| < 2¢+DJ on supp . Note (d/ds)" (ayf) = 02 @/2mJy
Thus, using Lemma 2.5, we get

B[ (e, )| S 29277027 + )™ (x,y) € (Ak. A)) (2.22)

for any M. Since 2723 < uw, 1 < co, (2.20) follows by Lemma 2.4.

To prove (i) and (ii), it is sufficient to show (ii) only thanks to (2.9) and the change of
variables y — —y. Let (x, y) € Ag x A;. Since dist(Ax, —A;) < ¢, |1 + (x, y)| <3c and
|D(x, y)| < 2¢c (by (2.17)). Note cos s > — cos 273 on supp wj’-‘, k = =%, 0. Thus, using
(2.16), we have |@(x, y,coss)| ~ 1 and |dsP (x, v, s)| = 2%/. As before, we also have
|0LP| < 20+DJ for I > 1if s € supp ¥¥, k = +, 0. Hence, Lemma 2.5 yields (2.22).
Consequently, (2.20) follows in the same manner as above. ]

The bounds in Lemma 2.3 are much smaller than what we need to obtain for ;.
Recalling (2.18) and (2.19), and discarding the harmless small contributions, we need
only to consider x4P2 [V ]x 7 when 4 C A:{, AC A;:E are of diameter ¢ and

dist(4, fT) <c, k==, or dist(4, —Z) <c, Kk =+m.
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By (2.9) and changing variables y — —y, the estimate for the second case can be deduced
from that for the first, so it suffices to consider the first case only. Moreover, the estimate
for yaBa[¥; 1x 7 follows from that for 4P, [y j+] X i thanks to (2.8). Therefore, the mat-
ter is reduced to showing

L SBa ﬁ)(%)c (223)

H ZXASBA[I/U]X;‘
jz4

when A C AZ, Ac A}:’ and dist(A4, zzf) < c. Henceforth, we denote y; = w;r. By (2.3)
and (2.14), it follows that

Palvil(x, y) = Pa[y;]1(Ux, Uy), U e O). (2.24)

SetS = {e/ € S : |/ —e;| < 1/(25d)}. By rotation, we may also assume

A, ACAg:={x:|x|"'x eS).

2.4. Sectorial decomposition of annuli

We decompose A4 x Aina way that we can conveniently control the angle between x
and y. To do so, we use a Whitney type decomposition of S x S away from its diagonal.

Following the typical dyadic decomposition process, for each v > 0 we partition S
into spherical caps ®,‘; such that @,‘é C ®,‘;/, for some k’ whenever v > V' and ¢z27" <
diam(®;)) < C427" for some constants ¢g, C4 > 0. Let vo = vo(u, 1) denote the inte-
ger v, such that

% <25C227%% < .

SxS = U U@,‘éx@}é,,

V2TV <2V ke~ k!
where k ~, k" means dist(®}, ©},) ~ 27" if v > vo and dist(®}, ©},) <27V if v = v,
(e.g.,see [21,p. 971]). The sets @Z" and @,’;‘,’, k ~y, k', are not necessarily distanced from
each other since the decomposition process terminates at v = v,. Consequently, it follows

that _ _
Axdc | | 4) = Ay,

P:27V0 <27V <1 ke k!

Then, we can write

where
Ay ={x e Al Ix[T'x e @)}, Ay ={xe Al :|x|"'xe6}}).
Let y; = x 4y and I =x iy Estimate (2.23) follows once we obtain

HZ D> Byl

Jj=4Vv=vo k~,k’

o S (5) (229)

which we prove in Section 3, for 0 < §(p, p’) < min(2/(d — 1),2/3).
We occasionally use the next elementary lemma.
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Lemma 2.6. Let 1 < p < q < oco. Suppose ||y BarlV;1X}lp—~q < B holds whenever
k ~y k’. Then, for a constant C,

| Y

~

< CB.

p—q

v

Proof. For each k, there are as many as O(1) k' such that k ~,, k’. Thus, it is clear that

| X amabnze s[5 3 i malvw /15
~vk’ k~yvk’

v

So, it follows that
~ q ~
| X wmban s s B 1w S0
K~k K’

The right-hand side is clearly bounded by CBY|| f||# since p < g and {g}é b are dis-
joint. ]

2.5. The kernel of B [y;]
In this subsection, we obtain estimates for the kernel P8, [;](x, ), which we use later.

Lemma2.7. Let 0 < i < p < 27" < 1/100, and (x.y) € A x AY,, k ~, k'. Then, for

k/7
any N > 0, we have

B[] (x. y)| S 2€@729/2(22) max(272°,27%) + 1)V, (2.26)

Proof. Note £(x,y) ~ 27" for (x, y) € 4} x Z};,, k ~y, k’. Since ;1 < 277, it is easy
to see that |x — y| ~ 27", So, —D(x, y) ~ 272" by (2.17). Note |x — y|?> + D(x,y) =
(1 = (x, y))?, hence |1 — {x, y)| < 27¥. Combining these observations with (2.15) and
(2.16), we have

|05 P (x, y,5)| = 2% max(272",27%), se€ supp y; .

By (2.15), it also follows that |8’S‘{P(x, y.5)| < 20487 max(272”,274) for s € supp Y.
Thus, using Lemma 2.5 with L = 22j max (272, 2_4j) and pu = 277 we get (2.26) in the
same manner as in the proof of Lemma 2.3. ]

Lemma 2.8. Let0 < it < p < 1/100 and (x,y) € A} x g,‘é/ k ~y k'. Suppose 27V° <
27V < . Then, for any N > 0, we have

B2 [W;]10x, )| < 2622022 + )7V, 27 < I, (2.27)
A‘ . . ~ . . 7 ’
j 26@=2J2(2273 4 )N, 27T » /.

Additionally, if 277 ~ /i, and D(x,y) ~ il or D(x,y) < 0, then

1B [W;1(x, )| S ATV D4 D (x, )| 714, (2.28)
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Proof. We consider (2.27) first. To this end, we claim

w2, 27 L .
272, 27> /R,

Note that 2(1 — (x,y)) = 1 —|x|*> + 1 — |y|*> + |x — y|2. Since |x — y| ~ u, then
[T —(x,y)| ~u. So, |0:Q(x,y,7)| = 2]t — (x,y)| S pif t €[l —cu,1] for some
¢>0.1f 27/ < /Jt, by the mean value theorem |@(x, y,coss) — Q(x, y, 1)| € p?
for s € supp ¥/ because |1 — coss| < s2/2. Observing @(x, y, 1) = |x — y|* ~ u?, we
see @(x,y,coss) ~ u? fors € supp ¥ if 27/ < /1. Thus, by (2.15) we have the first
case in (2.29). For the second case, note |D(x,y)| <272 <p?and 1 — 17 ~ 272/ for
7 € cos(supp ¥/, ). Recalling (2.16), we have @(x,y,7) = (t — (x, y))? = D(x,y) ~ 274
if2=7 >» /I S0, by (2.15) we obtain the second case in (2.29).
A computation using (2.15) shows

|05 P (x,y.8)] 2 { § € supp y;. (2.29)

220+ -l < T,

€ » 2.30
2740+R 2=l /T, s e sy 230

|95 P (x. v, 9)| < {
Therefore, combining (2.29) and (2.30), we obtain (2.27) by Lemma 2.5.
We now turn to formula (2.28) and consider the case D(x, y) ~ uf first. Since
[1 —{(x,y)| ~ u, then Q(x, y,-) has two distinct zeros r; > r,, which are close to 1.
Let s1, 52 € (0, 7/2) be numbers such that coss; = r;, i = 1,2, and 51 < s5. By (2.15)
and (2.16), we have

s . s .
_fn sintdr [ sin zde

2sin? s

s P(x,y,5) = (2.31)

We decompose the integral /; := 3, [;](x, y) away from s, 5. Let us set wlk’i (s)=
Y (£2K(s — 51)), 1 = 1,2. Let ¢ > 0 be a small constant and kg be the smallest integer
such that 2 %0 < cﬁl/z. Then, we put

TR ST DU S SRV S
k k

k>ko k>ko

SO supp ¥« C [s1 4+ c1iY/2, 55 — c1[i'/?] for a constant ¢; > 0. Also set
k,t k,+ AP (x,y,
11 = [ 0o,
I, = /(w*wja)(s)eu‘?(x’y’s)ds.

Thus, we have /; =I*+Il’~|—1fL+12’+I;,Where

=30 =Yt =Y =yt

k k>ko k>ko k
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Since cos sy —cossy =2/ D ~ (Mﬁ)l/z and 51,52 ~ /JL ~ 277 then sy — 51 ~ ,&'1/2.
By (2.31), it follows that |3, P (x, y, )| = [i for s € supp ¥«. Since || (Vwaty;) |1 < 297/2,
van der Corput’s lemma (e.g., [19, p. 334]) gives

|I*| 5 min(k—lz(d—4)j/2°{o—l i 2(d+2)j/2£1/2)’
which yields |I,| < A71/2,(1=D/4 D=1/4 Therefore, we have only to show that
[I[F] s A2 DIl A =2,
We consider /; only. The estimates for the others can be shown in a similar manner.
Since s, — 51 ~ fIY/2, by (2.31) we have |3s P (x, y,s)| = 2/27% D12 for 5 € supp 1//{"7.
By van der Corput’s lemma, |Ilk’_| < 241/2 min(A~125=7 =1/2 27k) Summation over k
gives |I7| < A~1/22@d=1J/2D7V% o¢ desired.

Following the previous argument closely, we show (2.28) when O < 0. From (2.15)
and (2.16), we have

|05 P (x, y.5)| ~ ((coss — (x, y))* + |Dhp~", s € supp y;. (2.32)

Let s« € (0, w/2) denote the point such that cos s, = (x, y), and let k. be the small-
est number satisfying that 2%+ < |D|"/2;,=1/2. We decompose the integral I;, using
the cutoff functions ¥¥(s) = ¥ (25(s — 5x)) + ¥ (2% (s — 5)), k < ky, and Y= (s) :=
1= <k, ¥k (s). As before, setting

Ik f(wkwia)(s)eim(x,y,s)d& e ./(wk*wja)(s)eikﬂ’(x,y,s)ds’

we break I} = Y 4 ;. I*. From (2.32), we see |35P(x, y,s)| = 272 for s € supp ¥¥.
So, the van der Corput lemma gives |7%| < pu=4/4 min(A~122k 27F) <y =d/4)~1/22k/2,
Taking sum over k < k., we get (2.28). |

2.6. An L2-estimate for ;.[n;]

We denote A}, = {x : |1 — |x|| <2u} and Ai,u ={x:1""2x ¢ A}, }. We also set
Ko = Xas Tou = XAS -

Lemma 2.9. Let A™23 < i, p < 1/4 and 277 = (Ap)~". Suppose nj € CX(—m, )

supported in an interval of length ~ 277 satisfies |7];k) | < 27% for any k. Then,

15 Balndxzllasa S A2 (i) /4. (2.33)

To prove (2.33), we instead show || x5  TIa[n;]1x5 zll2—2 < (i) '/* which is equiv-
alent to (2.33) (see (2.10)). In fact, we can show a stronger estimate

165, a5 i llasa S (ui)'* (2.34)
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for A72/3 < i, u < 1/4, where

Koo =2ag o A5 = x[ = A2 - ).
‘We now recall the next estimates which follow from [12, Theorem 3]:

||X;,A—2/3 HAXR,A—2/3 lp—p < A48 p.pD/6=1/3, (2.35)

||XI,;LHAX;,;L”P_)P/ 5 AdS(P,P’)/6—1/3(AZ/3M(1 4 M))_M’ A_2/3 S W, (236)

for 1 < p < 2. Estimate (2.36) holds for any M > 0. In particular, the L?—L>-estimate
in [12, Theorem 3] implies (2.36) for p = 1. Interpolation with L2-estimate shows (2.36)
for I < p < 2. One can also show (2.35) and (2.36) in an elementary manner using esti-
mates for the kernels of IT, (e.g., see [8]).

Proof of (2.34). Considering the adjoint operator, we may assume & < . We begin by
showing

16, TaxG allase S DY, AP si<p=<l. (2.37)

Note ||Xi’MHA)(j,E||2_>2 < ”XE,MHA ”2—’2“1_[")(3,;1”2—’2' By duality, it is enough to

show

125, Mallasz < /4

for A=2/3 < 11 < 1. To do this, recalling that y, i denote dyadic numbers, we decompose

Gow= D2 Mptliaent Y Xatd I

AT23<ji=p AT2/3<ji<1 1=ft

By (2.36), it follows that leﬁ x5 ﬁHA 22 < A=V for any N. Estimates (1.2), (2.35),
and (2.36) yield

Yo b aMalese S Mt xG sm2sTillsa S ATY6,
A723<fi<p

Y g aallasa s ATV,
AT2/3<p<1

respectively. Therefore, we get the desired estimate since & > A~2/3.
Now, observe I, [n;] = 3, 7; (271 (A" — 1)) 1,1/, which follows by (2.5) and (2.1).
Since |7 (7)| < 277/ (1 + 27/ |z])™V, we have

6, Tl 1xg llasz S 277 ) (1 + 277 A = D™V (1x5 M x5 i ll2—2-
)’/
However, we can not directly apply (2.37) since A # A’. We get around the problem by

enlarging the sets Ai’ﬂ, Ai,ﬁ. Let

2
A /3p A=)
(A’/ 9 — bl
E/V(p) = A=

A/

+p, A<
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Note that £;/(p) = (A')72/3 for A=2/3 < p. Since (A')V/2(1 — £, (1)) < AV2(1 — ), ie.,
AS o C AL 4 it follows that x5 Tl x5 Zllas2 < 15 6, (0 TV X5 0, oy 122
Using (2.37), we have

15, T 25 e lasz S (Ea () (D) V2.

Therefore, it suffices for (2.34) to show
277 Y A+ 27 A= TN @ L (DT S (i),
)L/

This can be shown by a simple computation because 27/ > (Au)~! and u, i > A~2/3.
We omit the detail. n

2.7. Proof of Corollary 1.3

Before we conclude this section, assuming Theorem 1.2, we prove Corollary 1.3. We fol-
low the lines of argument for the endpoint bound which is sketched in the introduction.

Proof of Corollary 1.3. We first prove (1.5) for2 < g < g« :=2(d + 1)/(d — 1). Let us

set
W = (@ IB@a-D/4,

Note that W = w if 2 < ¢ < g4 Recall o = 172/3 and ¢, = (1004 ) 2. By the triangle
inequality, || Ww T, |2—4 is bounded by

|2 Wit i+ 1 Ml + Y. 32268 + )Y 47 i Ml
U= o E 2K >p10

where 1 € D™. By (2.35) and (2.36), the last two are bounded by C A482.9)=1/6 T fo]-
lows by (1.2) that }_ .. ||WXIMHA||2—>q < A@8@.0=1)/6  Therefore, the matter is
reduced to showing

||Q53||2—>q < A(dﬁ(Z,q)—l)/ﬁ,

where T = ) w XI M IT, . Equivalently, we need to show

Mo<[U<Co
W™ ||y >g S A 8@ D=D/6 (2.38)
To this end, we write

WW* = (BB ), =) Y Wy LWy
k k (p,n)edk

Recall that Dy = {(u, 1) : i/ € 28, 25N, . i € (o, ¢o)} and ., fi € D. Since
supp X)Tﬁ are almost disjoint, for each k we have

1/q
I flles (X 1Wxd, LWl 19)
(1, 1) €Dy
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Note Wy}, ~ A+986'0-D/12,(@+D5@D=2/8 ;F  Using (1.4), we get

') =2)/6~— H
IWxs WS 7 llg S A@@D26=<k - Fllg, i 2¢.

Indeed, when 2% > 1, we consider the adjoint operator T* = Wy i T Wy o of T :=
”W)()k LY ’W)(/l T and then we may use estimate (1.4) thanks to the fact that || T lg—=q =

IT*llg7—q- Since Yoz 1x; 7/ I3 < /113, we obtain

| (BB £l < 27 G@D=200) £

Summation over k gives the desired estimate (2.38).
We now prove (1.5) for 2(d + 1)/(d — 1) < g < co. Note y = (1 —dé8(2,q))/2.
By decomposing the operator in the same way as above, it suffices to show

H Z (] dS(ZQ))/Z + H ” <A’(d5(2,q)—l)/6 (239)
Ho<[L<Co

for2(d + 1)/(d — 1) < g < oco. The other parts can be handled in the same way as before.
By interpolation, we need only to show (2.39) for ¢ = oo, 2(d + 1)/(d — 1). Thanks
to disjointness of the annuli, (1.2) for ¢ = oo gives (2.39) for ¢ = oo, while (2.38) is
equivalent to (2.39) when g = 2(d + 1)/(d — 1). |

3. Asymmetric improvement: Proof of Proposition 2.2

We prove Proposition 2.2 by establishing estimate (2.25). To this end, we separately con-
sider some cases. The desired estimates can be shown by the kernel estimates (in the
previous section) except for the case 27/ ~ 27V~ (uf)/?, and |D| < & pufi, which
requires a different approach. We handle this case in the next section.

To show (2.25), we distinguish the cases v € N, and v € N, where

Ne={v:27" > (ui)/? orv = vo},
={v:(uD)? 227" > 27"}

3.1. The sum overv € N,
In this case, the desired estimates are easier.

Proposition 3.1. Letd > 2 and [, u satisfy 2.11). If2/(d + 3) < 8(p, p’) <2/(d — 1),

then for some ¢ > 0, we have

DIDIDIFAAT AN

VENe =4 k~y k!

Bp(u,ﬁ)(%)c. 3.1)
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Proof. We further divide N, = N} U N2, where
N =27 >y, NM=buz2V> (wi)? or v = v, ).
We first consider v € N,!. Using Lemma 2.7, we get

A@=D8(.p)=d)/25(d=D8(p,p)/2-1)j v8(p.p) 9=2] < 3=V

v 17", , < i ’
VBalvilZie o= 2 (amvsn-ayasasmmzn;. 22 5 2
for k ~, k’ and 1 < p < 2.Indeed, taking N = 1/2 in (2.26), we get the L'—L bounds,
and then interpolation with || xz B[V 1} 22 < A~4/2277  which follows from (2.6)
and (2.10), gives the estimates for 1 < p < 2. By Lemma 2.6, we have the same bounds

on ||Zk~.,k’ T BalVi1 X3 |l p—pr as above. Since 2/(d + 3) < 8(p, p') <2/(d — 1),
summation over j gives

S| v
J

k~vk’

< CA@=D8(p.p)=d)/29(d+3)8(p.p")/4=1/2)v

/

p—>p

Thus, taking sum over {v : 27¥ > u}, we obtain

Z ZH Z LBV 1TL . < BP(M’ﬁ)(ﬁ>((d+3)8(p,p/)—2)/8. 42

vE:Nel J k"’vk’ M

We turn to the case v € Nez. As above, by (2.27) and (2.28) we have

Apz((d—l)S(p,p’)/Z—l)jM—S(p,p’)’ 2-J « N
||X}éq3/\[1ﬂj])?}é/||p—>p/ < Apﬂ(l—dS(p,p’))/4ﬁ(l—8(p,p’))/42vb’(p,p’)’2’ 2—J ~ JI, (3.3)
Apz((d+3)8(p,p’)/2—l)j’ 2=J > /R

for k ~, k" and 1 < p <2 when v € Nez. Here, A, denotes A@=D8(p.p)=d)/2  For
the first and third cases, we take N = 1/2 in (2.27) to get the L'-L> estimates and
interpolate them with || xz B [¥;1x} 22 < A~4/22=7 We get the second case using
D[ 1T sz < A2 and B2 LT 1o < 4720142212,
which follow from (2.33) and (2.28), respectively.

Since 2/(d + 3) < d8(p, p’) <2/(d — 1), by Lemma 2.6 we get

) DIE RNV
J

, S BP(M? FL)B*(/‘L’ ﬁ)s Ve ‘N‘ezv

s P—>p
where
~ i (@+3)8(p.p")-2)/8 e N , ,
Ba(u, i) = (;) + 1 (d—-3)8(p.p )/SM(d+1)8(p,p )/89v8(p,p")/2.

Thus, Zvewcz Zj ”kak’ 1B [¥1%% | p—p is bounded by

i N@ADE PP/ N fiy d=DE(p.p))/8
CBp(M,M)((—) log (:) + (—) )
I i I

Combining this and (3.2), we obtain (3.1) for some ¢ > 0. ]
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3.2. The sum over v € N,
Since there are only as many as O(1) v, it suffices to consider a single v.

Proposition 3.2. Let d > 3, u, it satisfy (2.11), and v € N.. If

<8(pp)<m1n( 2 2)

2
d+3 d—1"3

then for some ¢ > 0 we have

HZ Z 1B il |

J k~vk

%

< Bp(i, M)(—) :
I
Combining Propositions 3.1 and 3.2, we prove Proposition 2.2.

Proof of Proposition 2.2. Propositions 3.1 and 3.2 give (2.25), from which (2.12) follows
for2/(d + 3) < 8(p, p’) <min(2/(d — 1),2/3). Interpolating the estimate with

1 Baxt llasa S A2 ()4,

which follows from (2.37) after scaling, we obtain formula (2.12) for 0 < §(p, p') <
min(2/(d —1),2/3). [

Since v € M, the estimates in (2.27) remain valid. So, we have the first and third
estimates in (3.3). By the same argument as before, we see

(X + ¥ )| X sz,

277 27>/ k~vk

for some ¢ > 0 because 2/(d + 3) < §(p, p’) <2/(d — 1). Thus, by Lemma 2.6 the
proof of Proposition 3.2 is now reduced to showing

<8, e (1)’

» _ _ ﬁ c .
IGBNT e S Bp () 277 ~ VL kK G

In what follows, we make further reductions to prove (3.4). By (2.24), we may assume
that

Ap CRe={x o — 1~ p, 5] S ()7,

AL cRi={y: i — 1~ 7] < )2,

where x = (x1,X) € R x R4 For x* e R4 and r > 0, we denote
R g (c*,r) = {(x0. %) : vy —xf| < s |[¥ =X < r(pp)"/?).

If (x,y) € N x R, unlike the previous cases, D (x, y) may vanish. To handle this, we
further localize the value of O by decomposing it x R. To this end, we break $ x R
into finitely many disjoint rectangles R, 7 (x", €) x Ry , (V. €) so that |D| K &uf,
or |D| Z &t holds on each of those rectangles for a small & > 0. This particular form
of decomposition shall be important later.
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Lemma 3.3. Let u, [i satisfy (2.11) and 0 < € < &o. Let (x*,y*) e R x K. If x' €
Run(x*,€)and y" € Ry ;. (y*, €), then for a constant C, we have

|D(x',y") = D(x*, y¥)| < Ceufi. (3.5)
Proof. Denote z' := (z{,...,25,) = (x',y") and z* := (z],...,zJ,;) = (x*, y™), then
set Do = D(z') and Dy = D(z7. ""Z;’Z]/chl"“’Z;d)’ 1 <k=<2d.So, D(x',y")—

d_
D™, y*) = X350 (Dk — Dier)-
Thus, (3.5) follows if we show
|Dg — Dr1] < Cepipp, 1=k <2d—1.
Note |xj —x7| < ep. |yy = y{| < efl,and |x} — xF|. |y} = yf| < e(uii)'/?, j = 2. By the
mean value theorem, we only need to show
00 DI S B [0y, D] S, 19D, 135D < ()"

on % x R. Since 0xD(x,y) =2(x,y)y —2x and 3, D(x, y) = 2(x, y)x — 2y, itis clear
that |05 D], [95D| < (uji)'/2. Writing 9y, D (x, y) = 2x1(y? — 1) + 2(X, ¥)y1, we see
[0x, D| < [k Similarly, we get |3, D| < u. (]

Assume that € = c& for a small enough ¢ > 0. Let R, z(xx,€/2), 1 <k < K, and
R, (vi,€/2),1 <1 < L, be almost disjoint rectangles which cover the rectangles )i, R,
respectively. We denote

B =R p(.€), B=Ru, 0. e).

Taking ¢ > 0 small enough, by Lemma 3.3 we may assume that one of the following
holds:

D) 2 eopfl. (x.y) € Bx B, (3.6)

|D(x. )| < eopfl. (x.y) € Bx B. (3.7)

Let ¥, X be smooth functions adapted to the rectangles 3, B, respectively, i.e.,
supp Y3 C B,supp ¥z C B, and

0510578 = O™ (um) ™), 9516575 = O (w)™™?).  (3.8)

For the proof of (3.4), it is enough to show
_ _ _ ﬁ c .
17800031751 < Bpe () - 277 ~ V. (3.9)

for some ¢ > 0 while either (3.6) or (3.7) holds. When (3.6) holds, one can show (3.9)
in the same manner as in the proof of Proposition 3.1. Indeed, since 27 ~ (ufi)'/2,
27J ~ I, and | D] ~ Uil on B x cﬁ, we have the second estimate in (3.3), which
gives (3.9)for 1 < p < 2.

Therefore, to complete the proof of Proposition 3.2 it suffices to show the following.

Proposition 3.4. Let d > 3 and p, it satisfy (2.11). Suppose that (3.7) holds. Then, if
0 < 8(p, p') <2/3, we have (3.9) for a constant ¢ > 0.



E. Jeong, S. Lee, J. Ryu 20

3.3. Second-order derivative of P

To prove Proposition 3.4, we shall dyadically decompose P,[;](x, y) away from the
zero of 8?3’ (see (2.14)). A computation shows

R(x,y,coss)

3

aﬁf(x,y,s) = —(X,y) .
sm- s

where
R,y 1) =12 = (x. )" (x| + [yPr + L

For (x,y) € B8 x B, the equation R(x, y, ) = 0 has two distinct zeros 7% (x, y):

2 2
4 —
. y) = lx|* + [y[* = |x + y||x yl' (3.10)
2(x. y)
Since ¥ (x, y) > 1, then ™ (x, y) is more relevant for our purpose.
Lemma 3.5. Define a function S.: B % B— (0, 7/2) by
cos Se(x,y) =1t (x,y). (3.11)
Then, S, is smooth and S¢(x, y) ~ |x — y|V/2 for (x,y) € B x B.
We here record a few identities, which are to be useful later,
Se(x,y) — T(x,y) —
a.%‘(/)(x»yvs) = _(XJ’) (Cos C(x y) CO.SS::,)(T (x y) COSS)’ (312)
sin” §
2
— S
o+ coss, = X F I =yl sin” Se (3.13)
(x, ) cos S,

From now on, for simplicity we occasionally omit the arguments (x, y) of S, and related
functions as long as there is no ambiguity.

Proof of Lemma 3.5. Let (x,y) € 8 X B. From (3.10), we note

[x — y[(Ix + y[—|x—y])
2(x.y) '

So, t7(x,y) € [l —cap, 1 — ¢y ] for some positive constants ¢, > ¢; > 0. Thus, it is
clear that S, is smooth on B x B. Since 1 — cos S¢(x, y) € [c1 1, capt], to see

-t (x,y)= (3.14)

Ix =y ~ Sc(x,y)

it suffices to observe that
2|x — y|

1 —cosSc(x,y) = TR —

(3.15)

Note |x + y|? — |x — y|?> = 4(x, y). Thus, (3.15) follows by (3.14). |
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3.4. Reduction to L? estimates

From (3.15), we note
|08 Se (x, y) — cos Se(x*, )| S &opt,  (x, 1), (x*,y*) € B x B.

Consequently, S¢ (8 x £~) is contained in an interval of length C; & '/ for a constant Cj.
Using this, we make a further localization.
Let cg denote the center of the rectangle B x B, and set

s—Sc(C:B))

Va(s) = %(CITW )

where ¥, € C2°(—4,4) such that ¢, = 1 on [-2, 2]. We decompose
T8Balvilig =B+ B = 7aBulvivaliz + 1Bl (1 —va)liz
The operator B! is easy to handle. In fact, one can show without difficulty
1B 22 £ 272DV B 1o £ 72T @D,

Interpolation gives | B!, < Bp (i, @) (7t/p)¢ for 1 < p < 2. The L? bound follows
from Lemma 2.9. For the L'—~L bound, we note that |cos s — cos S.(x, y)| ~ wif s €
supp(y¥; (1 —¥g)) and (x,y) € B x B. We also have T (x,y) —coss = ufor (x,y) €
B x B since t+(x,y) — 1 ~ |x — y|. Thus, recalling (3.12), we see |32 P (x, y, )| 2 ul’?
for s € supp(yj (1 —¥g))if (x,y) € B x B. Applying the van der Corput lemma to the
integral ! (x, y) (see (2.14)) gives the desired estimate |B' (x, y)| < A~1/2p~@+D/4,

Proposition 3.6. Letd > 3, and |, [t satisfy (2.11). If2/(d + 1) < 8(p, p') < 2/3, then
for some ¢ > 0 we have

~ (¢
105 5 By 7(7) - (3.16)
Now, the proof of Proposition 3.4 is straightforward.

Proof of Proposition 3.4. Combining the estimates for B and P!, we obtain (3.9) for
2/(d + 1) < 8(p. p’) < 2/3. Meanwhile, we have the estimate || ¥ g% [V;]1¥ zll2—2 <
A~942(fi)V* by Lemma 2.9. Interpolation yields (3.9) for 0 < 8(p, p’) < 2/3. n

If (x,y) e B x B, then D(x, y) is no longer bounded away from the zero. To get the
correct order of decay in A, i.e., O(A~'/2), we consider 32, which alone is not enough
to give a favorable lower bound since it also vanishes at some point. Such difficulty is
typically circumvented by considering 95 and 929 together. However, this is not viable
in our situation since the zeros of 95 and 92 merge as D(x, y) — 0. This leads us to
break the integral away from S,.

Inserting the cutoff functions 1}(21 (s — S.)), we decompose

PO=>"P =) TaBalv;vaV @' (- S)iz. (3.17)

1 I
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where ¥ = (| - |). Clearly, we have
27 <ep’?, (3.18)

since ; = 0 otherwise. As to be seen later, (3.18) makes it possible to render the minor
contribution manageable if we take & small enough. We set

& = Csol/2

for a large constant C > 0.
We have different estimates for 3; depending on /.

Lemma 3.7. Let d > 2, and p, [i satisfy (2.11). If 27! < e [i'/2, then

N —1/2
1B l202 5 274227 (£) 7 (3.19)
7
Ifslﬁl/z < 27! then we have
B ]l2m2 < A™Y/22H2 14512, (3.20)

We postpone the proof of Lemma 3.7 until the next section. Assuming this for the
moment, we prove Proposition 3.6. To do this, we set

Sh(x,y,5) = 2705 + Se(x, y).

Then, changing variables s — Scl (x,y,s), we have
Pi(x.y) = T8(x) 7 5(»)2227! / Q@ P ay; ya)(SHT (5)e*79-50ds. (3.21)

Here, we also drop the arguments of SCI for simplicity as before.

Proof of Proposition 3.6. Since |cos S! — cos S¢| ~ n'/227! on the support of (ay; ¥3) o
S, by (3.12) we have [02(P(x, y, S1))| ~ 273/, Applying the van der Corput lemma,
for [ satisfying (3.18) we get

1B 100 S ATY22H2 =014, (3.22)

Interpolation with (3.20) gives

1811l p— pr < )L((d—1)3(1),17/)—61)/221/2#(1—(d+1)3(P,p’))/4ﬁ(1—5(p,17’))/2

when 51[1:1/ 2 < 2t <& ul/ 2. Hence, by summation over [ we have

> EBIHW,SB,,(M,m(%

e1fil/2<27  <gopl/?

)(d—l)S(p,p’)/S

By interpolation between (3.22) and (3.19), we get

< 1 (@=1)8(p.p))—d)/25—1(1=38(p.p")/2) (,, 7\ —d8(p.p")/8 [
1B:llp—pr S A 2 (uir)

)(—4+(d+4)8(p,p’))/8
m
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for 27! < &,[i!/2, which yields

| X w| s

27/<8]ﬁ1/2

[1)(—2+(d+1)8(p,p’))/8

m

if §(p, p’) < 2/3. Recalling (3.17), we combine the estimates above and obtain (3.16) for
2/(d+1)<é8(p,p') <2/3. L]

4. LZ-estimate: Proof of Lemma 3.7

Fora € C° (R? x R?) and a smooth function ¢ on supp a, we define

031p.alf(x) = / AN (x, ) £(7)dy.
We denote

axf=(8x1f,...,8xdf)T and a;fz(axlfvuwaxdf)’

so that 9,0} means the matrix valued operator (dy;dy,)1<i,j<a- We now recall the fol-
lowing lemma.

Lemma 4.1 ([6], [19, p. 377]). Let A > 0. If det(dx0;$) # O on suppa, then there is
a constant C = C(¢, a) such that

1041¢.al fll2 < CA~2|| f 2.

From (3.21), we see

Py f = 20/ / 7(5)0,[®s. A,] fds, @.1)

where
Dy(x,y) = P(x,y. S0, 4.2)
As(x,y) = T80T 52 ay; yg)(S!). (4.3)

To obtain (3.19) and (3.20), one may try to use Lemma 4.1 for O, [®s, A]. However,
0, [®;, As] exhibits different natures depending on w, it and /. When p ~ [i, via a suitable
change of variables O, [®;s, As] can be handled by the estimate in Lemma 4.1. However,
when [i/u gets smaller, Lemma 4.1 is not enough (see Lemma 4.10 below).

We set J = {s:1/4 < |s| < 1}. Since supp ¥ C J and 277 ~ I, by (4.1), esti-
mate (3.19) follows from the next lemma.

Lemma4.2. Let d > 2 and (2.11) hold. If 27" < &1 1"/?, then

—-1/2
10, [®s, As]llams < cx—dﬂ,ﬂ/“(ﬁ) Coseld. (4.4)

"
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When ¢, i'/? < 27! < gu1/2, in order to prove (3.20), we use a different expression
of P; so that we can exploit a lower bound on d;®;. Recalling (4.1), by integration by
parts in s we have

By f(x) = 202271 / / 2N T (x, y)dsf (1)dy.
where

Bos(x.y) (P (9)4s(x, )
i)t(as@s(x’y))z iAdsDy(x, y)

Note d;P; # 0if Ay # 0. In fact, we have

Ag(x,y) = ¥ (s)As(x, p)

10s@s(x, ¥)| 2273, (s,x,y) €J x B x B. (4.5)

Using (3.11) and (3.10), we see |{x, y) —cos S.(x, y)| < |D(x, y)|/|x — y|. So, by (3.7)
it follows that

[{x,y) —cosSc(x,y)| <&ft, (x,y)e€ B xB. (4.6)

Note |cos SCI —cos S| ~ 27 /2, s0 |(x, y) — cos Scl,(x, V| =27 pul/? > gy (uin)/2.
By (2.16), (3.7), and our choice of &1, we get Q(x, y, cos Si) z 2’2111,. So, (4.5) follows
by (2.15) since d;®; = 2710, P (x, y, S}).

Estimate (3.20) is an immediate consequence of the following.

Lemma 4.3. Letd > 2 and let (2.11) hold. If e1[i"? < 27! < eouu!/2, then
[O1[®s, Ag]llasa < CA4/2@FD/AF12931/2 5 ¢ 4.7)

For the rest of this section, we assume (2.11) and (3.18) hold, and (x, y) € 8 X ﬁ,
s € J, even if it is not made explicit.

4.1. Bounds on 0% 85 & and 9% A

In order to prove Lemmas 4.2 and 4.3, we need estimates for the derivatives of ®; and A;.
For a given multi-index o € Ng, we write o« = (o1, ) € Ng X Ng_l.

Lemmad4.4. Lets € J and (x,y) € B x B. Suppose (2.11) holds. Then,

0208 S, (x, )| s p!/2l=BL (4.8)
0% Ag(x, y)| S = (nfi) /2, 4.9)

Proof. To show (4.8), we note from (3.15) that S, (x, y) behaves like g(x, y):= [x—y|'/2,
and that (4.8) and (4.9) are easy to show if S, is replaced by g.

We prove (4.8) in an inductive way by making use of (3.15). In accordance to Lem-
ma 3.5, (4.8) holds with @ = 8 = 0 since dist(3, iu;) ~ . We now assume (4.8) is true
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for |a| + |B] < N. Applying 8§8£ on both sides of (3.15) for |a| + |B]| = N + 1, it is
not difficult to see

sin Se (x, y)35 05 Se(x. y) + O(u™) = O(u™) (4.10)

for (x,y) € B x B. Indeed, the right-hand side of (3.15) behaves as if it were |x — y]|.
On the left-hand side of (4.10), the terms other than the first one are given by a lin-
ear combination of the products of sin S¢, cos S¢, and H5=1 oY Bz" S, with [ > 2 and
ZL (@] + |b;]) < N + 1. Our induction assumption shows those are O(u="), thus we
get (4.10). Since |x — y| ~ u, then S (x, y) ~ /it by Lemma 3.5. Therefore, (4.10) gives
8%85 Se(x,y) = O(u=N=1/2) as desired.

Once we have (4.8), (4.9) is easier to show. Recall (4.3). Since we have (3.8), it is
sufficient to show

%27 2ay;vg) 0 S = O(u7),
Note 4k .
(5) (2_jd/2a1ﬁj) = O(M_k/2) and (£> Vg = O(M—k/z)_

By the chain rule and (4.8), we get 9% ((Z_jd/zawj) ) Scl) = O(u~) and % (ygo Sg) =
O(/L““'). From those estimates, the desired bound follows. [ ]

Lemmad4.5. Lets € J and (x,y) € B X B. Suppose that (2.11) and (3.18) hold. Then,

0208y (x.y) = Ou¥>7I=Bh g 18] = 1. 4.11)
Proof. Let us set
t —sint 2cost —2 + sin’ ¢ cost
) = N ) = - s t) = —.
u(t) 2 v(®) 2sint w(®) 2sint

Recalling (4.2) and (2.13), we write
Dy(x,y) = u(SH + 2711 = (x,y)) sin S! + (x, y)v(S)) + |x — y]Pw(S)).
From (4.8), it is clear that

19505 S (x. y)| 5 t271eIA

c

‘We note

(5) e (%)k”(” = 0(@*™). and (di)kw(z) = 01k,

dr t

Since Scl (x,y) ~ /i, 1 —(x,y) = O(n), and |x — y| ~ p, a routine computation yields
“4.11). [ ]

Remark 4.6. Under the same assumption as in Lemma 4.5, we also have 0% Byﬂ sin™ S|,
10208 sin™ S!| < pm/2-1el=1B] for any m € 7, [8%05 (1 — cos S.)|, [8%05 (1 — cos S1)| <
' ~1=181 for any multi-indices «, f.
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4.2. Estimate for 0y 3; D,

For a given matrix N, we denote by N; ; the (i, j)-th entry of N. We consider a d x d
matrix IN° which is given as follows:

o v.)2
E]R?i(x,y)zl_u7 1<l§d,
’ |x —y[?
0 _ X .
My (x,y) = —5—5(2x1 — (1 + cos Se)y1), j =2,
’ 2|x —y|?
MY, (x,y) = MY, (v, x). i>2,
MY (x, y) = — 2T = )i) =204
. Ix — y[?

The following lemma shows the matrix d 8; ®;(x, y) is close to M. Let

1/k

80(%) +272 1 a=0,

N\ 1/k _

(B) " +22u a2, a0,
I

k=12

Lemma 4.7. Lets € J and (x,y) € B x B. Set
M(x, y) = —sin S;(x, y)dxd] Dy (x, y).

Suppose that (2.11) and (3.18) hold. Then, N = IMN°® + & and &;,j satisfies

if i,j)=0,1)ori,j>2,

otherwise.

E
1058:,; (x, »)| S { 4.12)

o

1

E3

Note EY < E%. We postpone the proof of Lemma 4.7 until the end of this section.

Instead, we deduce a couple of lemmas from it for later use. By M we denote the (1, 1)
minor matrix of M, i.e., M = O 41, j+1)1<i,j<d—1-

Lemma 4.8. Lets € J and (x,y) € B x B. Suppose (2.11) and (3.18) hold. Then, we
have

detM(x, y) ~ =, 271 < o112, (4.13)
nw
detM(x, y) ~1, 27 <gu'/?. (4.14)

Proof. Note Sm?’i =1+ 0(/p)for2<i<d andi)ﬁ?’j =0/ p)for2 <i #j <d.
Thus, by Lemma 4.7 we have It =151 + O(& + /). Since i/ u < &, (4.14) follows
if & is small enough.

For the proof of (4.13), we may assume

x =(r,0,0,...,0), y=1(p,h,0,...,0). (4.15)
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Indeed, observe S.(x, y) = S.(Ux,Uy) and ®s(x, y) = &4(Ux, Uy) for U € O(d).
The second identity and a computation show 3,37 ®;(x, y) = UTd,d]®,(Ux, Uy)U,
i.e.,, UIR(x, y)UT = M(Ux, Uy). Since det M(Ux, Uy) = det M (x, y), we need only to
choose U € O(d) such that Ux = (r,0,0,...,0),Uy = (p,h,0,...,0).

Let M be the 2 x 2 matrix given by

M= 1 2h? (1 4 cos S¢)ph — 2rh
~ 2|x — y|2 \2ph — (1 4 cos S¢)rh 2(r — p)? :

By Lemma 4.7 and (4.15), the matrix N is of the form

M 0 =
mern =y )+ &
where &; ; = O((e + £1)(fi/w)) if (i, j) = (1, 1) ori,j =2, and & = O((s +
e1)(f1/ ) 1/?) otherwise. Since (x,y) € B x B, wehave 1 —r ~ u, 1 — p ~ [i, and h ~
(uii)'/2. Hence, My 1 ~ i/ 11, My 5 ~ 1,and M 5, M 5 = O((fi/1)}/?). Consequently,
we see det M(x, y) = detM + O((& + €1)jt/p). Note r —p ~ pand 1 — cos S¢ ~ W.
So, we have
5 ~

h
detM = —————(1 —cos S¢)(2(r — p)? + rp(1 —cos S¢)) ~ B
4lx -yl I

Therefore, (4.13) follows if & is sufficiently small. [ ]
The following is a straightforward consequence of Lemma 4.7.

Lemmad4.9. Lets € J and (x,y) € B X B. Suppose (2.11) holds. If 2~ < e, [i'/2, then
fora € Ng

(E)M‘“l(uﬁ)“a'/z, i=j=1,

o

|8§Em,~,_/(x,y)| N (E)l/zﬂ—al(uﬁ)—l&\/z’ iorj=1,
nw

pm (ujn) ez, i.j=2.

Furthermore, the last bound remains valid even if 27! < &, -

4.3. Estimate for O, [®;, As] when 271 < g1 il/?

In order to prove (4.4), we use the following lemma, which differs from the typical one
(see Lemma 4.1), in that the phase and amplitude functions depend on a parameter. We
denote By (x,r) = {y e R? : |y —x| < r}.

Lemma 4.10. Let 0 < w < 1. Let a be a smooth function supported in S, = B4(0, 1) x
B1 (0, w) x By—1(0,1) such that |0%| < 1 for |a| < d + 1. Suppose that |det 0, 05¢| ~ 1
and

L, 1Bl =1,

w—1+(\¢7|+|/§\)/2’ |/3| -9 4.16)

8
030y ¢1 < {
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forl1 <|a| <d + 1onS,. Then, we have

101, alfll2 < A2 f1l2. 4.17)

Proof of Lemma 4.10. By finite decomposition and translation, we may replace S, by
B4 (0, €p) X [—€ow, €gw] x By_1(0, €¢) for a small enough €9 > 0.
We set

Y(x) =¢(x,y) —p(x.y),  Alx) =alx,y)a(x,y’).

and consider the integral

L.y) = / M@ 4(x)dx,

which is the kernel of the operator Oy [¢, a]* O, [¢, a]. Estimate (4.17) follows by a stan-
dard argument if we show

1y ¥ = €+ Ay =y~ (4.18)
Assuming, for the moment, that
VU 2 1y =yl (4.19)
[0SV < [y =)' Y| =2, (4.20)
we prove (4.18). Note ¢ A = O(1) for || < d + 1 since [0%a| < 1. Using the identity

VU(x) A _
VAP (x) — z/\\I'(x)7
(i/\|V‘lJ(x)|2 )e ¢

by integration by parts d + 1 times we have
d+1 4 i
Z [Tz, 195 W ()l

ICRSIEDYS _
+1 d+i+1
oS lasl<dtiitiaz2? AT VY@

A(x)dx,

where +4 is a bounded function supported in B; (0, 1). By (4.19) and (4.20), estimate (4.18)
follows.
We now show (4.19) and (4.20). For (4.19), it is sufficient to show

Ve (x,y) = Vep(x, )| 2 [y — ']

By the Taylor series expansion, V¢ (x, y) — Vx¢(x, y’) is equal to

0070 (x. )y =¥+ Y. O(Eiglly— ")),
i,B:1B1=2

where Ej g = sup(y ,)es,, |9x; 8€¢>(x,y)|. Since |y1 — y1| < €ow, by (4.16) it is clear that
Eio|(y — )% = O(oly — y']). We also have |8, 8¢ (x. y")(y — y')| ~ |y — y'| because
(0x03)i.; = O(1) and [det 9;07¢| ~ 1. Thus, Ve (x. ) — Vap(x. y)| Z |y — .
For (4.20), by the mean value theorem we only need to show 79y ¢ (x, y) = O(1) for
|| > 2. This follows from (4.16). |
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We prove Lemma 4.2 by combining Lemmas 4.8, 4.9, and 4.10.

Proof of Lemma 4.2. We first transform O [y, A;] via scaling and translation so that we
can apply Lemma 4.10. Recalling that cg denotes the center of the rectangle 8 x B,
we set

L(x,y) = (L1x, Lay) + eg := (ux1, (1)) /2%, puyr, (wfi)'?5) + cs.

Changing variables (x, y) — L(x, y), we have

/2 ~ ~
1025, A2 = () D10 fal® Aoz @20

where B B
(x,y) = (Vi) ' Ds(L(x.y)), A(x.y) = As(L(x,y)).

Since B and B are of dimensions about Eofk X S ()Y 2 x -+ X g (i) /2 and &l x
o ()2 X - x g ()12, respectively, A is supported in Bd (0,1) x By (0, it/ ) x
Bs_1(0, l). From (4.9) it follows that 8§A = O(1) for all a. Since sin S¢(x, y) ~ /I,
Lemma 4.8 gives | det 0, 8;515| ~ 1. Indeed, note that

0,01% = —— Y~

~—1
m(ﬂﬂ) LIM(L(x, y))Lo.

Besides, since 9% (,/j4/ sin Si) = (u~'*!), by Lemmas 4.5 and 4.9 we also have

%8P = 0(1); —1+(@+B))/2 pr=t
T o((B) ) 1B1=2.

n

for (x, y) € supp Aanda € Ng. In fact, we use Lemma 4.9 for || = 1 and Lemma 4.5
for | 8| = 2. Therefore, we may use Lemma 4.10 with @ = ji/u for O sz [P, A] to get

10 Jraal®. Alllasz < A™42E74/2 744,

By (4.21), estimate (4.4) follows as desired. [

4.4. Estimate for O [®, Ag] when 27! > & [11/2

In this case, as seen in Lemma 4.7, the matrix 0 BTCD can be singular. So, we need an

approach different from that used for the case 27! < ¢;/i'/2. We consider an operator

given by freezing x1, y1 (see proof of Lemma 4.3 below) and then make use of (4.14).
To prove Lemma 4.3, we need the following.

Lemma 4.11. Let 27! > &1Ji"/? and (x, y) € B x B. Then,

102 A4,(x, y)| < A273) ()92, & e N¢T. (4.22)
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Assuming this for the moment, we prove Lemma 4.3.
Proof of Lemma 4.3. Fixing s € J, we set
®(x,y) = (VED) ' Os(L(x, ), B(x.y) = 227 A(L(x, y)),
where
L(x.y) = (uxr. (u)' % fiyr. (uD)'?3) + e
Changing variables (x, y) — L(x, y) gives
T _ (1~7-3I\—1, ~\d/2 _[® B
[O04[Ps. Aslllz—2 = A277) (i) 7O yuzal P, B[22 (4.23)

Freezing z; := (x1, y1), we define
&2 h(x) = / A ED B, (5, F)h(7)d7,

where &, (¥, 7) = ®(x, y) and B, (%, 7) = B(x, y). Note 27! > e, i/2 and Ai¥/ 2 1.
Since O, [®, B]f = [ (9&1 yi S (71, )dy1, by (4.23), (4.7) follows if we show
102 [las2 = CATE@D20 150 (4.24)

for a constant C. Note supp Bz, C B;_1(0, 1) x B4_;(0, 1). Moreover, by (4.11) and
(4.14) we have d%B;, = O(1) and det a,;a}cbzl ~ 1. Lemmas 4.5 and 4.9, as before
(cf. proof of Lemma 4.2), give

3%3g521 =0(), |a|=1,|pl=1.2

whenever (X,y) € B;z_1(0,1) x B;_1(0, 1). Therefore, applying Lemma 4.10 (withw =1
and d replaced by d — 1) to (9;1, we obtain (4.24). [ ]

Proof of Lemma 4.11. We first consider the case where @ = 0. Note that the functions
1/~f(s)As (x, y) and 0, (1/~f(s)As (x, ¥)) are uniformly bounded on 8B x $B. Recall now that
|02®;(x, y)| <273 (see proof of Proposition 3.6). Thus, by (4.5) we get (4.22) for & = 0.

Let @ # 0. We have (4.9), and 3%9; A5(x, y) = O((ft)~1//2), which follows by (4.8)
since 274 < ul/ 2, Therefore, for (4.22) we need only to show

022Dy (x, y)| < 273 el (4.25)
10205 D (x, y)| < 273 ()12, (4.26)

We verify (4.25) first. Since 2®; = 2721922 (x, y, S}), it suffices to show
0%@2P(x.y. S s 27w, a #o0. (4.27)
Using (3.12), we write

PP (x,y.8)  (cos S —cosS,)>?
(x,y) N sin® St

(cos S, — 1)

+ (cos S} —cos S
( ¢ ) sin® S!
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Note 9%(sin S1)™3 = O(u=3/2p71¢l) (see Remark 4.6). By the Leibniz rule, (4.27) fol-
lows if we show
|0%(cos Se — )| < p' 7, (4.28)
0% (cos S’ — cos S¢)| < 27 /2l (4.29)
X C
Estimate (4.28) is clear from (3.13) since d%(|x — y|) = o(u'=loly for (x,y)

B x B. To show (4.29), we observe that 9%(cos S! — cos S.) is given by a linear combi-
nation of the terms

21—1 21
(sinS; —sinS,) [ ] 04 Se. (cosS; —cosSe) [] 0%S.. 1=o0.
m=1 m=1

whereay, ... az—1,b1,....,bay #0;|ar|+ -+ |azi—1| = |b1| + -+ [b2| = |et]|. Since
sin S! —sin S, = 0(27!) and cos S} — cos S. = 027! ;u/?), (4.29) follows by (4.8).
We now show (4.26). Recalling d,$5 = 2_183?()@ v, Sé), we have

B o,@, = 271080, (x, y, S + 212 @08, 1Bl =1.

Let@ + f = @ By (4.25) and (4.8), we have 8% (2! 920,02 S,) < 273 (i) ~1//2 since
27! > &, [i'/2. To handle the first term, from (2.15) we note

(4.30)

Thus, it suffices to show

192 (v cos SE—xp)| < (w2 2 < j <d.
Since |y;]. |xj| < (ufi)'/2,2 < j < d, using (4.8) one can easily show the desired bounds
(see Remark 4.6). [

The rest of this section is dedicated to proving Lemma 4.7.

4.5. Proof of Lemma 4.7

In order to prove (4.12), we start by removing an insignificant part of 9. Differentiat-
ing (4.2), we have

(X, 3, S1) + 8, ST05 P (x, ¥, S1) + 9535 P (x, y, ST S,

8xa;<bs(xvy) = 8xa;
2P (x, 9,810,807 Se + 8P (x, y, S1)d, 0] S, 4.31)

+ 95

)

The last term on the right-hand side is negligible.

Lemma4.12. Lets € J and (x,y) € B x B. Suppose that (2.11) and (3.18) hold. Then,
fora € Ng,
sin SL9%(35P (x, y, S8} Se) = O(EY).
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To prove Lemma 4.12, we make use of the following identities:

0xSe(x,y) = G2x —Ay), 3JSc(x,y) =GQyT —AxT), (4.32)
where
Ix|® + ]2 cos S¢(x,y)
Ax,y) = —————, G, y) == . (4.33)
Y (x.y) Y= i S0, )l + yllx — vl

Proof of identities (4.32). Differentiating (3.15), followed by a simple computation, gives

sin SC(X, y)axSC(x’ Y) = F(X, y)-x - 2_1%()6’ y)F(X, y)y9
where

x>+ P = Ix + yllx — y|
(. ) x + yllx =yl

F(x,y) =

Here, we also use the identity |x + y|?|x — ¥|?2 = (|x|?> + |y|*)? —4{x, y)?>. By (3.11) and
(3.10), we see F(x,y) = 2cos Sc(x, y)/(|x — y||x + y|). We thus get the first identity
in (4.32). Since S¢(y, x) = S.(x, y), the second one follows from the first by interchang-
ing the roles of x, y. u

Proof of Lemma 4.12. Since |cos S — cos S| ~ 271 ul/2, (4.6) gives
|(x,y) —cos S{(x. )| S eo(u)'/? +27 2.
Thus, by (2.15) and (3.7) it follows that
05 P (x, y, S(x, ,5)) = O(efi +277).

Combining this and (4.8), we get the desired estimate for o« = 0.
We now assume || > 1. Thanks to (4.8), it suffices to show

9% (35 P (x, y, S)) = O((fi + 272y ™1 (ufp)172). (4.34)

Since dx; (05 P (x, y, SL)) = O, 0s P (x, y. SH+ 2P (x, y. S1)dx; Se, using (4.30), (3.12)
and the first identity in (4.32), we write

41 cos St —cos S
dx,; (0P (x.y.Sh)) = —4 . <

sin? S! sin® S!

2
Jj,

where

J} = y; cos S¢ — Xj,

sz = yj sin SZ, — & {x, y)(cos SCI —tH)2x; — Ay)).

We may assume o; # 0 for some j. Thus,

! cos SL —cos S
@0, P(x, . ShH) = B (—L=) + 9 (—=———""542),
x ¢ x(s1n2 Sé) x( sin® S! j)
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where f =a —e . By the Leibniz rule, (4.29), and the bounds in Remark 4.6, the desired
estimate (4.34) follows if we show

|35J1| - ﬁu—ﬁl (Mﬁ)—lﬂ\/{ i j=1, 4.35)
B N R T T LN RS } '
g2 < | F TP TR =, w6
U w2 (P2, j#L '

It should be noted that slightly weaker bounds are good enough for our purpose when
aj #0for j #1,ie., 0] —1= |B], since there is an improvement of factor (&i/u)'/?
thanks to the particular form of estimate (4.34).

One can easily show (4.35) for j # 1 using (4.8) since |x;|, |y;| < (ufi)/?. To show
(4.35) for j =1, we write d} = x7 1 ((x, ) cos S¢ — |x|® + (X,X — ycos S¢)). By (3.11),
we have

gt = L (2 )

= — +()?,)_c—)700sS)).
XU NP =[x+ x4+ pllx =yl ¢

Using (4.35) with j # 1 gives
B (X, % — ycos Sc)) = O((uiyu ™ (up)7#1/2).
One can easily check 82 (|x|2] |2 = (x, ¥)2) = O(ufi= (nfi)~1/?). Additionally, we
note that 82 (|y[2 — [x|2 + |x + y||x — y|) = O(u"~1#!). Since
V12 = 1x? + 1x + yllx = | ~ p,
combining those estimates with the Leibniz rule, we get (4.35) with j = 1.
For the proof of (4.36), we first claim that we may replace J]g by

sz = yjsinSe — & (x, y)(cos Se — tT)(2x; — Ay;).

In what follows, we frequently use this type of argument to replace less favorable terms
by allowing acceptable errors. To show the claim, we make use of some easy estimates.
We first note

108 (sin S! —sin S¢)| <27 7Bl B e N9, (4.37)

which one can show in the same manner as (4.29). Using (4.8) and the bounds in Re-
mark 4.6, we also have

¥BG =ow3?#,  peNd (4.38)
Noting % = 2 + |x — y|?/(x, y), via a routine computation we have, for § € N4,

P (up) B2, i=1,

8 o (4.39)
(i) 2P (um V2, i > 2.

108 (2x; — Ayi)l. 198 (2y; — Axi)| < {
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Indeed, to see this one needs only to write

_2(xy)x = (X 4 [y ) Ay
2xl~ — 91)/,' = P
{x,»)
and 2y; — Ax; can be handled similarly. Putting together estimates (4.37), (4.29), (4.28),
(4.38), and (4.39), we now see

7 -0 = 07w Prup P2, pen?.

In view of (4.36), the difference is an acceptable error. Therefore, as claimed above,
we only have to show (4.36) for 47 replacing 7.
To do this, using the first equality in (3.13) and (4.33), we note

sinSCJi]2 = J_j =y sin? S, + cos Sc(2x; —Ayj).

Thus, the desired bound (4.36) follows once we have

. ql2 4oy 2By B2 =
980 < {(/«L )k (L) j 440)

P () 1A, j#L

Since |X|,|¥| = O((ufK)'/?), (4.40) for j # 1 is easy. Indeed, it follows by (4.39) and
the bounds in Remark 4.6. To show (4.40) with j = 1, we break

jl = jl,l - jl,z,
where
1,1 := x7 ' ((x, ) sin® Se + cos S (2]x]* — A(x, y))),
412 := x7H((X, ¥) sin? S; + cos S.(2|X|* — A(X, 7))).

Since |X|, |7] = O((1fi)/?), one can easily see |8§ d1 2| < pjiipH (,uﬁ)"m/z. To han-
dle d1,1, using 2(x, y) = |x|?> + |y|?, the second identity in (3.13), and then

|x = yllx + y| = [x[> + |y|* = 2(x, y) cos S,
successively, we observe
jl,l = 2x1_1 cos S¢{x,x —cos S¢y).

By (4.35), we have 92 (x— cos S, y) = O((wfi)"/211=P1 (uf)~11/2). Therefore, we get
(4.40) for j = 1, as before (see Remark 4.6). ]

Let us set
G(x,y) = —sin S/ (0,S.079;P(x,y, S) 4 8,5 P (x, y, SHTS,),
F(x,y) = —sin SL32P(x, y, S)3, Sc 0] S,
K(x.y) = I; + G(x.y) + F(x, y).
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In order to prove Lemma 4.7, by (4.31) and Lemma 4.12 it is sufficient to show that the
entries &; ; of the matrix

& :=K-m°

satisfy (4.12) in place of &; ;. A simple computation gives

cos Sty —x cos SIxT — yT
f(jjx» 7Sl ZC—, aTaj)X, ,Sl = ¢ -
(.7 Se) sin? S! ydsP(x.y. Se) sin? S!
Using those identities, we write
G = Sin S ((2cos Sl + W) (xxT + yyT) —4xyT — 2% cos SéyxT), (4.41)
F = sin Scafgl (x,y, 56)6’2(291(xxT + yyT) —dxyT — A2 yxT). (4.42)

In what follows, for i = 1,2, we denote E(x,y) = O«(E;) if 03 E(x,y) = O(EY)
for any o and (x, y) € B x B. We first show (4.12) for (i, j) = (1, 1), which is more
involved than the others.

Proof of (4.12) for (i, j) = (1,1). We consider G;,; and F; ;, from which we discard
some harmless parts. By (4.41),

(LJ=—§;§«ﬂ+bﬁn—MV+Z@E$—4Kﬁ+yf—%MMﬂ
c

Using %(x, y) = |x|?> + |y|?, we have

cos Sl _
G = —— @+ 21— ) + 26 L85 (s ) 7 p2).
sin S; sin S}

It is easy to see that the second term, which we denote by él 1, 18 O« (E1). Indeed, note
% (A(X, y) — |X)* — |y|2) = O(ufiu~ " (uft)~1%!/2). Then the bounds in Remark 4.6
and (4.38) show 8“G1 1 = O(fiu~® (uji)~1%1/2), Thus, by the first identity in (4.33)
we get

cos S¢(x1 — y1)? |x + y|
Gy,

= — + O« (E1).
’ sin S sin Stx — y| (x, ) ~(E1)

By writing (x; — y1)? = |x — y|? — |X — ¥|* and using (3.13) (the second equality), the
first term on the right-hand side equals

|)_c—)7|2+| _|2s1nS —sin S/ _ lx+yllx —ylcos S,
lx =y |x — y|?sin Sl (x,y)sin S!sin S,

Now, denote the second term by (_}1,1 (x,y). By (4.37) and (4.8), we have

az(_;l,l =07 au 3P (w12,
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50 G1,1 = O«(E;) by (3.18). Thus, we obtain

G- 40 (E)Z_IX+y||x—y|cosSC =_(r+—cosSC)cosSC
b B (x,y)sin S} sin S, sinS!sinS,

We use (3.13) for the second equality.
From (4.42), we have
Fy1 =sin S[2P(x. y. SH&>QA(Ix]> + [y?) — (4 + 2)(x. y))
— sin SLF P (x, v, SHG QAT + |71) — (4 + AT, 7).
We denote by I~71,1 the second term in the right-hand side. By (4.27) and (4.38), we see
9F, 1 = 0Q =32~ (un)~1@/2), so Fy 1 = O(E;). Meanwhile, (4.33) gives
x =y x + y? cos? S
2U( + 3P — 4+ 20 (r,y) = IR g o8 Se
(x,y) (x, y)sin” S,

Combining this with (3.12) yields

(tt —cos S!)(cos ! — cos S.) cos? S,

Fi1=
’ sin® S! sin® S

‘We now set

D, = (t+ —cos Sg)(cos SCI —cos S¢) cos? S,

D> = (¢ — cos S¢)(sin Scl —sin S;) sin Scl cos S,

and
D1+ D,
A= ——>-
sin® S¢ sin” S/

Since K;,1 =1 4+ F1,1 + G1,1, using the above equalities, we obtain
K1 = | = A+ Ou(Ey).

Indeed, from (3.11) and (3.10) note sin?> S, = (t+ — cos S.) cos S, which then gives
D, = sin? S, sin? Si — (t7 —cos S;) sin Sc sin Sé cos S;.

To complete the proof, it remains to show 4 = O,(E7). Let 51 denote D in which
the first cos Si is replaced by cos S;, and by D, we denote D in which the second sin S g
is replaced by sin S,. Then, using (4.29) as before, we see

3§(D1 — 51) = 0(2_21MM_“1(MI’7L)—\¢7|/2)_
Similarly, 3% (D, — D,) = 0272 jup =1 (uji)1%1/2) by (4.37) and (4.28). So,

Dy — Dy + Dy — D,

sin? S sin® S/

= O.(Ey).
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Thus, we have 5 5
D+ D
A= % + O«(E1).
sin® S, sin® S!
Note Dy + D, = 2cos S, (cos S, — 1) sinz((SZ — S¢)/2), which follows from ele-
mentary trigonometric identities. Therefore,

cos Sc(cos S¢ —t™T)

A=2
sin® S, sin® S!

sl—s
sin? (CT”) 1 O.(E)).
Since Stf - S, = 271, using (4.28) and the bounds in Remark 4.6, we conclude that
A= (9* (El) ]

Before we begin to prove (4.12) for (i, j) # (1, 1), we show that the contribution of F
is negligible. By (4.42), we have

F;;j = —sin S22 (x, y, SHG2(2x; — Ay;)(2y; — Ax;).
Ifi,j =2, weuse (4.27), (4.39), and (4.38) (also see Remark 4.6) to see that
05Fi; = 0~ >t (up)#1/?).
This shows F; j = O«(E;) fori, j > 2. Ifi =1, >2,0r j =1,i > 2, we similarly
obtain 0%F; ; = O~ V2= =1 (uji)~11/2), so it follows that F; ; = Ox(E»).
Therefore, the following completes the proof of Lemma 4.7:

Ox(E1), i, =2,
Gi,; — T { (ED. 1) 4.43)

U OuE,), i=1,j=20rj=1,iz>2

Proof of (4.43). We consider the case i, j > 2 first. By (4.41), we have

Gij=— ((2cos Sg + W) (x;x; + yiyj) —4x;yj —2Ucos Scly,-xj).

sin S!

By Gg,j we denote G;,; in which we replace % by 2. Since & = 2 + |x — y|*/(x, y), we
have 9%(% — 2) = O(u?71%l). Using (4.38), we see

3%(Gi,j — G} ;) = O(Bp' 1 (ufi) ™72
because
v v v — ~\1/2 .
XiiXj, yi, yj = O((up)'7), i.j =2.

Thus, it is enough to consider G;j It Furthermore, by (4.29) and (4.38), cos Si in G;’ ; can
similarly be replaced by cos S, if we allow an error of Ox(E1). Thus,

Gij=Gi;+Gij+Ou(E), i.j>2 (4.44)
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where
~ 2@
Gij =~ m()‘j —yi)2x; — (1 +cos S¢)yi).
= &
i =g Sl ——(x; — yi)(1 —cos S¢)x;.

It is easy to see 0% Gi ij = o0@u* (up)~ @172y for i, j > 2, thus G; i.j = Ox(Ey).
Using (4.37), by sin S we may replace sin S, ! in the expression of G ,j with an error of
0O« (E1). Then, applying (4.33) and (3.13), we get

2(x,y) (xj —yj)
lx + y[? |x — yl2

Gij=— 2x; — (1 +cos Se)yi) + O« (Eq). (4.45)

As before, we may replace 2(x, y)/|x + y|? by 1/2 since

1 2<)C,y) 2 —
¥(-——L)=0 lly,

9%(2x; — (1 4 cos S¢)yi) = O((w) /2= (ufn)~19/2),
a‘;(x] — y]) = 0((#[7)1/2“_‘1] (Mﬁ)—lal/Z)’ l,] Z 2
Therefore, we have

(xj — yj)(cosSc —1)y;

G,-,,:Emngr 2x =y

Note

o (Xj — ;) (1 —cosSc)yi
0%( .
|x =yl
Thus, (4.43) follows for i, j > 2.
We now show (4.43)wheni =1, j > 2,0or j = 1,7 > 2. We only consider the case
i =1, j = 2, since the other one can be handled in the same manner. Since x;, y; =
O((uji)'/?) for j > 2, repeating the same argument used to show (4.44), we obtain

) = 0GR (i) /2.

G1,j =G + Gy + Ou(Ea).
Here we use the same notations as above. Note

3%(2x1 — (1 4+ cos So)y1) = O(upu ™ (uji)~1@/2).

By this and (4.38), 99G ; = O(u"/2[i"/2 = (uji)~191/2), thus G, ; = G, J + Ox(E2).
Allowing an error of O« (E>), as before, we may replace sin S by sin S, in G ,j- Conse-
quently, using (4.33) and (3.13) (cf. (4.45)), we obtain

G = 2(x,y) (xj —j)
M T 2 - |2

(2x1 — (1 + cos S¢)y1) + O« (E>).

We may also replace, as above, the factor 2(x, y)/|x + y|?> by 1/2 with an error of
0O.(E>). Therefore, (4.43) follows fori =1, j > 2. |
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