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Abstract. We establish the optimal Lp , p D 2.d C 3/=.d C 1/, eigenfunction bound for the
Hermite operator H D ��C jxj2 on Rd . Let …� denote the projection operator to the vec-
tor space spanned by the eigenfunctions of H with eigenvalue �. The optimal L2–Lp bounds
on …�, 2 � p � 1, have been known by the works of Karadzhov and Koch–Tataru except p D
2.d C 3/=.d C 1/. For d � 3, we prove the optimal bound for the missing endpoint case. Our result
is built on a new phenomenon: improvement of the bound due to asymmetric localization near the
sphere

p
�Sd�1.
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1. Introduction

The Hermite operator H D ��C jxj2 on Rd has a discrete spectrum � 2 2N0 C d ,
N0 WD N [ ¹0º. For ˛ 2 Nd

0 , we denote by ˆ˛ the L2-normalized Hermite function,
which is an eigenfunction of H with eigenvalue 2j˛j C d . The set ¹ˆ˛ W ˛ 2 Nd

0 º forms
an orthonormal basis in L2. Let …� denote the spectral projection operator to the vector
space spanned by the eigenfunctions with eigenvalue �, i.e.,

…�f D
X

˛WdC2j˛jD�

hf;ˆ˛iˆ˛:

In this paper, we are concerned with bounds on the operator norm k…�k2!q for 2 �
q�1, where kT ks!r denotes the norm of an operator T fromLs toLr . The sharp bound
in terms of � has been of interest in connection to the Bochner–Riesz summability of the

Eunhee Jeong: Department of Mathematics Education and Institute of Pure and Applied
Mathematics, Jeonbuk National University, 567 Baekje-daero, Deokjin-gu, 54896 Jeonju, South
Korea; eunhee@jbnu.ac.kr

Sanghyuk Lee (corresponding author): Department of Mathematical Sciences and Research
Institute of Mathematics, Seoul National University, 1 Gwanak-ro, Gwanak-gu, 08826 Seoul,
South Korea; shklee@snu.ac.kr

Jaehyeon Ryu: School of Mathematics, Korea Institute for Advanced Study, 85 Hoegi-ro,
Dongdaemun-gu, 02455 Seoul, South Korea; jhryu@kias.re.kr

Mathematics Subject Classification 2020: 42B99 (primary); 42C10 (secondary).

mailto:eunhee@jbnu.ac.kr
mailto:shklee@snu.ac.kr
mailto:jhryu@kias.re.kr


E. Jeong, S. Lee, J. Ryu 2

Hermite expansion. See Askey and Wainger [1], Karadzhov [10], and Thangavelu [24]
(also see [2, 3, 16] for recent developments). The bounds independent of � have applica-
tions to the strong unique continuation problem for parabolic equations [4, 5, 9, 13].

The bounds on k…�k2!q have been almost completely understood. When d D 1, the
sharp bounds follow from those on Lp norm of the Hermite functions in R [23]. Let

qı D
2.d C 3/

d C 1
:

In higher dimensions d � 2, by the works of Karadzhov [10] and Koch–Tataru [12], it is
known that for q 2 Œ2;1� n ¹qıº,

k…�k2!q � Bq.�/ WD max.�.�1Cdı.2;q//=2; �.dı.2;q/�1/=6; ��ı.2;q/=2/; (1.1)

where ı.r; s/ D r�1 � s�1. (See Notation 1.4 for the precise meaning of �.) The bound
for q D 2 is clear from Bessel’s inequality, and that for q D 1 is a consequence of
the estimate for the kernel of …� (see [23, Lemma 3.2.2]). Karadzhov [10] showed
k…�k2!2d=.d�2/ � C for a constant C . Thangavelu [24] considered a local estimate over
a compact set K and he obtained a sharp bound on k�K…�k2!2.dC1/=.d�1/. A system-
atic study was carried out by Koch and Tataru, and they almost completely characterized
L2–Lq bounds (see [12, Corollary 3.2]) including the lower bounds k…�k2!q � CBq.�/
for some constant C > 0 when 2 < q <1 (see [12, Section 5]).

However, prior to the present work, the optimal estimate remains unsettled for q D qı.
This contrasts with the spectral projections of other related differential operators whose
optimalL2–Lq bounds are well understood [7,11,18,20]. By virtue of localized estimates
over annuli (see (1.2) below), it was known [14] that

k…�k2!qı � C�
�1=.2.dC3//.log�/1=qı :

When d D 1, the estimate fails without the logarithmic factor. However, when d � 2,
it was conjectured in [12] that the natural bound (1.1) extends to the missing endpoint
q D qı. This case is the most significant since interpolation recovers the sharp bounds for
2 < q < 2d=.d � 2/.

We prove the conjecture is true for every d � 3.

Theorem 1.1. Let d � 3. Then,

k…�k2!qı � �
�1=.2.dC3//:

It is likely that the theorem continues to be true for d D 2 but our argument in this
paper is not enough to prove this case.

Localized estimate. For � 2 D� WD ¹2k W �k 2 Nº, we set

A˙� D ¹x W ˙.1 � jxj/ 2 Œ�; 2��º; A˙�;� D ¹x W �
�1=2x 2 A˙� º;

respectively.
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For simplicity, we also denote

�˙� D �A˙�
; �˙�;� D �A˙

�;�

:

Of special interest is the estimate over the region near the sphere
p
�Sd�1 D ¹x W jxj D

p
�º, across which the kernel of …� exhibits different behaviors. Koch and Tataru [12]

considered the localized operator �˙
�;�
…�. They proved the following sharp bounds:

k�C
�;�
…�k2!q � C

8̂<̂
:
��ı.2;q/=2�.1�.dC3/ı.2;q//=4; 2 � q �

2.d C 1/

d � 1
;

.��/.dı.2;q/�1/=2;
2.d C 1/

d � 1
� q � 1

(1.2)

for ��2=3 � �� 1=4 [12, Theorem 3].1 Summation over � and interpolation with the pre-
viously known bound give (1.1) except for q D qı. Meanwhile, the estimates for ��

�;�
…�

are of less interest, since ��
�;�
…� has much smaller bounds thanks to rapid decay of its

kernel (e.g., see (2.36) below).
Let �ı D ��2=3, cı D .100d/�2. Thanks to the estimates in [12] which are mentioned

above, we already have the desired L2–Lqı bounds on the operators
P
cı��<1

�C
�;�
…�

and .1 �
P
�ı<�<1

�C
�;�
/…�. (We refer the reader forward to Section 2.7 for the detail.)

Therefore, to prove Theorem 1.1 it is sufficient to consider L2–Lqı bound on the operator

…0
�
WD
P
�ı<�<cı

�C
�;�
…�:

By duality, k…0
�
k22!qı

D k…0
�
.…0

�
/�kq0ı!qı . Since the lower bound is already shown

in [12], (1.1) follows if one shows

k…0�.…
0
�/
�
kq0ı!qı

� C��ı.q
0
ı;qı/=2:

Note …�
�
D …� and …2

�
D …�. So, we can write

…0�.…
0
�/
�
D

X
�ı<�;z�<cı

�C
�;�
…��

C

�;z�
:

This naturally leads us to consider Lp–Lq bounds on the operators �C
�;�
…��

C

�;z�
for gen-

eral exponents p, q, not necessarily restricted to the case p D q0. Since

k�C
�;�
…��

C

�;z�
kp!q � k�

C

�;�
…�k2!qk�

C

�;z�
…�k2!p0 ;

bound (1.2) yields

k�C
�;�
…��

C

�;z�
kp!q � C�

�ı.p;q/=2.�z�/.2�.dC3/ı.p;q//=8 (1.3)

for 2.d C 1/=.d C 3/� p � 2� q � 2.d C 1/=.d � 1/. Attempting to add those bounds
with some interpolation trick does not seem feasible to recover the missing endpoint case.
Due to the optimality of (1.2), (1.3) with p D q0 cannot be improved if � � z�. However,
this does not exclude the possibility of an improved bound when � 6� z�.

1This is what was proved in [12], where some care with the notation `1
�
Lp seems necessary.
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Asymmetric localization. Our main novelty is in the following theorem which shows
improvement of the bounds thanks to the asymmetric localization near

p
�Sd�1. In other

words, the bound on the operator �C
�;�
…��

C

�;z�
, z�� �, compared with (1.3), significantly

improves as z�=� gets smaller.

Theorem 1.2. Let d � 3, �; z� 2 D�, and ��2=3 � z� � � � cı D .100d/�2. If 2 < q �
2.d C 1/=.d � 1/, then there are positive constants c, C , independent of �, z�, and �,
such that

k�C
�;�
…��

C

�;z�
kq0!q � C�

�ı.q0;q/=2.�z�/.2�.dC3/ı.q
0;q//=8

�
z�

�

�c
: (1.4)

This is a new phenomenon which has not been observed before. Our approach in this
paper provides an elementary alternative proof of estimate (1.2) which corresponds to the
case � � z�. However, as we shall see later, to obtain the improved bound (1.4) is far less
trivial (Sections 3 and 4). Estimate (1.4) can also be extended to some p, q other than
p D q0 by interpolation (see also [8]).

We briefly explain how one can obtain the missing endpoint bound from (1.4). More
details are to be provided in Section 2.7. We write

…0�.…
0
�/
�
D

X
k

Tk WD
X
k

X
.�;z�/2Dk

�C
�;�
…��

C

�;z�
;

where Dk D ¹.�; z�/ W z�=� 2 Œ2
k ; 2kC1/; �; z� 2 .�ı; cı/º and �; z� 2 D�. Considering

the adjoint operators, we also have improved bounds with the additional factor .�=z�/c

when � < z�. Thus, applying Theorem 1.2 with q D qı, one gets

kTkkq0ı!qı � C2
�cjkj��ı.q

0
ı;qı/=2;

which consequently shows the desired endpoint bound k…0
�
k2!qı . ��1=.2.dC3//.

Weighted estimates. Through the same argument, we can obtain a more general result
which contains the endpoint bound in Theorem 1.1. In fact, using Theorem 1.2, we prove
the following weighted estimates which were conjectured in [12, Remark 3.1]. Let us set

w˙.x/ D 1C �
�1=3.� � jxj2/˙:

Corollary 1.3. Let d � 3, 2 < q � 1. Set


 D 
.q/ WD min
�d C 3

4
ı.2; q/ �

1

4
;
1

2
�
d

2
ı.2; q/

�
:

Then, for N > 0, there is a constant C D C.N/ such that

kw


Cw

N
�…�f kq � C�

.dı.2;q/�1/=6
kf k2: (1.5)

In particular, if we take q D qı, then 
 D 0 and hence w
Cw
N
� � 1. So, the endpoint

bound k…�k2!qı � C�
�1=.2.dC3// follows from (1.5).
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Organization. In Section 2, we obtain some preparatory results, and we prove Corol-
lary 1.3 while assuming Theorem 1.2. In Section 3, we reduce the proof of Theorem 1.2
to that of an L2-estimate, which we show in Section 4.

Notation 1.4. For nonnegative quantitiesA and B , the inequalityB .Ameans that there
is a constant C , depending only on dimensions, such that B � CA. Likewise, A � B if
and only ifB .A andA.B . ByDDO.A/we denote jDj.A. Additionally, we denote
A� B if there is a sufficiently large constant C > 0 such that A � CB . By c and "ı we
denote positive constants which are chosen to be small enough.

2. The projection operator …�

In this section, we make reductions toward the proof of Theorem 1.2. We also obtain some
estimates for the projection operator …�, which are to be used in Sections 3 and 4. At the
end of this section, we provide the proof of Corollary 1.3 while assuming Theorem 1.2.

2.1. The kernel of …�

The Hermite–Schrödinger propagator e�itHf is given by

e�itHf D
X

�22N0Cd

e�it�…�f; f 2 �.Rd /: (2.1)

Here, �.Rd / denotes the Schwartz class on Rd . It is easy to see the series converges uni-
formly. Note that HNˆ˛ D .2j˛j C d/

Nˆ˛ . Thus, integration by parts gives hf;ˆ˛i D
.d C 2j˛j/�N hHNf;ˆ˛i. Also note that kˆ˛kp � C.1C j˛j/d=4 for 1 � p � 1 (e.g.,
see [23]). Thus, jhf;ˆ˛ij � C.d C 2j˛j/�NCd=4 since HNf 2 �.Rd /. Therefore, tak-
ing N large enough, we see the series converges uniformly.

Note

1

2�

Z �

��

eit.���
0/=2dt D ı.� � �0/; �; �0 2 2N0 C d:

So, we have

…�f D
1

2�

Z �

��

X
�022N0Cd

eit.���
0/=2…�0f dt; f 2 �.Rd /;

since the series converges uniformly. By (2.1), it follows that

…�f D
1

2�

Z �

��

eit.��H/=2f dt; f 2 �.Rd /:

Now, combining this and Mehler’s formula that expresses the kernel of e�itH (e.g.,
see [22, p. 11] and [17]), we get the following.
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Lemma 2.1. Let � 2 2N0 C d . Set a.t/ D .2�i sin t /�d=2ei�d=4 and

��.x; y; t/ D
�t

2
C
jxj2 C jyj2

2
cot t � hx; yi csc t:

Then, for f 2 �.Rd /, we have

…�f .x/ D
1

2�

Z �

��

a.t/

Z
ei��.x;y;t/f .y/dydt: (2.2)

In what follows, by T .x; y/ we denote the kernel of an operator T . Note

��.Ux;Uy; t/ D ��.x; y; t/; U 2 O.d/; (2.3)

where O.d/ denotes the orthonormal group in Rd . Obviously, formula (2.3) implies
…�.Ux;Uy/ D …�.x; y/. Kochneff [15] made the same observation by using the prop-
erties of the Hermite functions.

Dyadic decomposition. We dyadically decompose integral (2.2) away from the singular-
ities 0, ˙� of a. To do so, let  2 C1c .Œ1=4; 1�/ such that

P
j2Z  .2

j t / D 1 for t > 0,
and then define  0 by

 0.t/C
X
j�4

. .2j t /C  .�2j t /C  .2j .t C �//C  .2j .� � t /// D 1 (2.4)

for t 2 .��; �/ n ¹0º. So, supp 0 � .��; �/ n ¹0º. For a bounded function � supported
in Œ��; ��, we consider

…�Œ�� D

Z
�.t/eit.��H/=2dt: (2.5)

Since ke�itHf k2 D kf k2 for t 2 R, we have

k…�Œ��k2!2 � k�k1: (2.6)

For simplicity, let us denote

 ˙j .t/ D  .˙2
j t /;  ˙�j .t/ D  .2j .� � t //;  0j D

´
 0; j D 4;

0; j > 4:

Then, using (2.4) we decompose

…�f D
X

�D0;˙;˙�

X
j�4

…�Œ 
�
j �f: (2.7)

Validity of the decomposition is clear since the sum on the right-hand side converges
to…� as a bounded operator onL2. Indeed, (2.6) gives k…�Œ 

�
j �k2!2 . 2�j , �D˙;˙� ,

so the convergence follows.
We obtain the estimate for …� by considering each …�Œ 

�
j �. However, thanks to

symmetric properties of the kernels …�Œ 
�
j �.x; y/, the matter reduces to showing the



Endpoint eigenfunction bounds for the Hermite operator 7

estimates for…�Œ 
C

j � and…�Œ 
0�. Indeed, observe that ��.x; y;�t /D���.x; y; t/ and

��.x; y;˙.� � t // D ˙��=2� ��.x;�y; t/. Thus, changes of variables give

…�Œ 
�
j �.x; y/ D Cd…�Œ 

C

j �.x; y/; (2.8)

…�Œ 
˙�
j �.x; y/ D C 0d…�Œ 

�

j �.x;�y/; (2.9)

where Cd , C 0
d

are constants satisfying jCd j D jC 0d j D 1. This implies


X
j

…�Œ 
C

j �




p!q

D




X
j

…�Œ 
�
j �




p!q

; � D �; ˙�:

Rescaled operators. Instead of …� and …�Œ��, it is more convenient to work with the
rescaled operators P�, P�Œ�� whose kernels are given by

P�.x; y/ D …�.
p
�x;
p
�y/;

P�Œ��.x; y/ D …�Œ��.
p
�x;
p
�y/;

respectively. By rescaling, we have for any measurable sets E, F ,

k�EP�Œ���F kp!q D �
d.1=p�1=q�1/=2

k�p
�E
…�Œ���

p
�F
kp!q : (2.10)

To prove Theorem 1.2, we need only to consider the case

��2=3 . z�;� � cı;
z�

�
� "ı (2.11)

for a small constant "ı > 0 since (1.4) follows from (1.2) if � � z�.

Proposition 2.2. Let d � 3 and �, z� satisfy (2.11). Set

Bp.�; z�/ D �..d�1/ı.p;p
0/�d/=2.�z�/.2�.dC3/ı.p;p

0//=8:

Suppose 0 < ı.p;p0/ <min.2=.d � 1/; 2=3/. Then, for a positive constant c independent
of � and z�, we have

k�C�P��
C

z�
kp!p0 . Bp.�; z�/

�
z�

�

�c
: (2.12)

Note that min.2=.d � 1/; 2=3/ > 2=.d C 1/ when d � 3. Thus, Theorem 1.2 follows.
In fact, (1.4) holds in a slightly bigger range. The rest of the paper is devoted to the proof
of Proposition 2.2.

2.2. The phase function P

Let us set

P .x; y; s/ D
s

2
C
jxj2 C jyj2

2
cot s � hx; yi csc s: (2.13)
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Note P .x; y; s/ D �1.x; y; s/. By Lemma 2.1, we have

P�Œ��.x; y/ D

Z
.�a/.s/ei�P .x;y;s/ds; (2.14)

which we shall extensively make use of throughout the paper. To obtain estimates for the
kernels, we take a close look at the phase function P . A computation together with an
elementary trigonometric identity gives

@sP .x; y; s/ D �
Q.x; y; cos s/
2 sin2 s

; (2.15)

where
Q.x; y; �/ WD .� � hx; yi/2 �D.x; y/;

D.x; y/ WD 1C hx; yi2 � jxj2 � jyj2:
(2.16)

The stationary points of P .x;y; �/ are given by the zeros of Q.x;y;cos �/. So, D.x;y/,
which determines the nature of those stationary points, plays a significant role in showing
various estimates for the kernel P�Œ��.x; y/. Note

D.x; y/ D �jxj2jyj2 sin2].x; y/C .1 � jxj2/.1 � jyj2/; (2.17)

where ].x; y/ denotes the angle between x and y. Since .1 � jxj2/.1 � jyj2/ � �z� for
.x; y/ 2 AC� � A

C

z�
, one can control D.x; y/ by the relative size of ].x; y/ to .�z�/1=2.

2.3. Preliminary decomposition

Fix a constant c > 0 such that 1=.20d/� c � 1=.10d/. We partition the unit sphere Sd�1

into finite disjoint subsets ¹Sj º of diameter less than c. Then, setAj D ¹x 2AC� W jxj
�1x 2

Sj º and zAj D ¹x 2ACz� W jxj
�1x 2 Sj º, which respectively partition the annuliAC� andAC

z�

into disjoint sets of diameter � c. So, we have

AC� D
[
k

Ak ; AC
z�
D

[
l

zAl : (2.18)

This and (2.7) give

�C�P��
C

z�
f D

X
k;l

X
�D0;˙;˙�

X
j�4

�AkP�Œ 
�
j �� zAl

f: (2.19)

Using this coarse decomposition, we can distinguish minor parts whose contributions
are negligible. More precisely, we have the following.

Lemma 2.3. Let 1 � p � 2. Let j � 4, ��2=3 . �; z� � cı, and 1=.20d/ � c � 1=.10d/.
Suppose dist.Ak ; zAl / � c and dist.Ak ;� zAl / � c. Then,

k�AkP�Œ 
�
j �� zAl

f kp0 . ��N 2�Nj .�z�/N kf kp 8N > 0 (2.20)

for � D 0;˙;˙� .
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Moreover,

(i) if dist.Ak ; zAl / < c, we have (2.20) for � D ˙�; 0;
(ii) if dist.Ak ;� zAl / < c, we have (2.20) for � D ˙; 0.

To show Lemma 2.3, we use the following elementary lemmas.

Lemma 2.4. Let E, F be measurable sets. If jT .x; y/j � D�E .x/�F .y/ for a con-
stant D, then kT kp!q � DjEj1=qjF j1�1=p for 1 � p; q � 1.

Lemma 2.5. Let N 2 N0, 0 < � � 1, and L; � > 0. Suppose a is a smooth function
supported in an interval I of length�� and � is smooth on I . If j�0j&L, j.d=ds/kC1�j.
L��k , and j.d=ds/kaj . ��k , 0 � k � N on I , thenˇ̌̌ Z

ei��.s/a.s/ds
ˇ̌̌
� C�.1C ��L/�N (2.21)

for a constant C D C.N/ independent of �, L and �.

One can show Lemma 2.5 by repeated integration by parts. It can also be shown by
changing variables s ! �s C s0, where s0 2 supp a. Setting z�.s/ D .�L/�1�.�s C s0/
and za.s/ D a.�s C s0/, we see that

j z�0j & 1;
ˇ̌̌� d

ds

�k
za
ˇ̌̌

. 1; and
ˇ̌̌� d

ds

�kC1
z�
ˇ̌̌

. 1; 0 � k � N;

on supp za. Since the integral equals �
R
ei��L

z�.s/za.s/ds, routine integration by parts
yields (2.21).

Proof of Lemma 2.3. We first prove (2.20) for � D 0;˙;˙� when dist.Ak ; zAl / � c and
dist.Ak ;� zAl / � c.

Let .x; y/ 2 Ak � zAl . Note jxj2jyj2 sin2].x; y/ � 2�1c2 and 0 < �; z� � 2�4c2.
By (2.17) and (2.16), �D.x; y/ � c2 and Q.x; y; �/ & c2 for � 2 R. By (2.15), we have
j@sP j& 22j and also j@lsP j. 2.lC1/j on supp �j . Note .d=ds/m.a �j /DO.2

.d=2Cm/j /.
Thus, using Lemma 2.5, we get

jP�Œ 
�
j �.x; y/j . 2.d=2�1/j .�2j C 1/�M ; .x; y/ 2 .Ak ; zAl / (2.22)

for any M . Since ��2=3 . �; z� � cı, (2.20) follows by Lemma 2.4.
To prove (i) and (ii), it is sufficient to show (ii) only thanks to (2.9) and the change of

variables y!�y. Let .x; y/ 2 Ak � zAl . Since dist.Ak ;� zAl / < c, j1C hx;yij � 3c and
jD.x; y/j � 2c (by (2.17)). Note cos s � � cos 2�3 on supp �j , � D ˙; 0. Thus, using
(2.16), we have jQ.x; y; cos s/j � 1 and j@sP .x; y; s/j & 22j . As before, we also have
j@lsP j . 2.lC1/j for l � 1 if s 2 supp �j , � D ˙; 0. Hence, Lemma 2.5 yields (2.22).
Consequently, (2.20) follows in the same manner as above.

The bounds in Lemma 2.3 are much smaller than what we need to obtain for P�.
Recalling (2.18) and (2.19), and discarding the harmless small contributions, we need
only to consider �AP�Œ 

�
j �� zA when A � AC� , zA � AC

z�
are of diameter c and

dist.A; zA/ � c; � D ˙; or dist.A;� zA/ � c; � D ˙�:
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By (2.9) and changing variables y!�y, the estimate for the second case can be deduced
from that for the first, so it suffices to consider the first case only. Moreover, the estimate
for �AP�Œ 

�
j �� zA follows from that for �AP�Œ 

C

j �� zA thanks to (2.8). Therefore, the mat-
ter is reduced to showing


X

j�4

�AP�Œ j �� zA





p!p0

. Bp.�; z�/
�
z�

�

�c
(2.23)

when A � AC� , zA � AC
z�

, and dist.A; zA/ � c. Henceforth, we denote  j D  Cj . By (2.3)
and (2.14), it follows that

P�Œ j �.x; y/ D P�Œ j �.Ux;Uy/; U 2 O.d/: (2.24)

Set S D ¹e0 2 Sd�1 W je0 � e1j < 1=.25d/º. By rotation, we may also assume

A; zA � A0 WD ¹x W jxj
�1x 2 Sº:

2.4. Sectorial decomposition of annuli

We decompose A � zA in a way that we can conveniently control the angle between x
and y. To do so, we use a Whitney type decomposition of S � S away from its diagonal.

Following the typical dyadic decomposition process, for each � � 0 we partition S
into spherical caps ‚�

k
such that ‚�

k
� ‚�

0

k0
for some k0 whenever � � �0 and cd2�� �

diam.‚�
k
/ � Cd2

�� for some constants cd , Cd > 0. Let �ı D �ı.�; z�/ denote the inte-
ger �ı such that

�z�

2
< 26C 2d 2

�2�ı � �z�:

Then, we can write
S � S D

[
�W2��ı�2��.1

[
k��k0

‚�k �‚
�
k0 ;

where k �� k0 means dist.‚�
k
; ‚�

k0
/ � 2�� if � > �ı and dist.‚�

k
; ‚�

k0
/ . 2�� if � D �ı

(e.g., see [21, p. 971]). The sets‚�ı
k

and‚�ı
k0

, k ��ı k
0, are not necessarily distanced from

each other since the decomposition process terminates at � D �ı. Consequently, it follows
that

A � zA �
[

�W2��ı�2��.1

[
k��k0

A�k �
zA�k0 ;

where

A�k D ¹x 2 A
C
� W jxj

�1x 2 ‚�kº;
zA�k D ¹x 2 A

C

z�
W jxj�1x 2 ‚�kº:

Let ��
k
D �A�

k
and z��

k
D � zA�

k
. Estimate (2.23) follows once we obtain


X

j�4

X
���ı

X
k��k0

��kP�Œ j �z�
�
k0





p!p0

. Bp.�; z�/
�
z�

�

�c
; (2.25)

which we prove in Section 3, for 0 < ı.p; p0/ < min.2=.d � 1/; 2=3/.
We occasionally use the next elementary lemma.
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Lemma 2.6. Let 1 � p � q � 1. Suppose k��
k
P�Œ j �z�

�
k0
kp!q � B holds whenever

k �� k
0. Then, for a constant C ,


 X

k��k0

��kP�Œ j �z�
�
k0





p!q

� CB:

Proof. For each k, there are as many as O.1/ k0 such that k �� k0. Thus, it is clear that


 X
k��k0

��kP�Œ j �z�
�
k0f




q
q

.
X
k��k0

k��kP�Œ j �z�
�
k0f k

q
q :

So, it follows that 


 X
k��k0

��kP�Œ j �z�
�;�
k0
f



q
q

. Bq
X
k0

kz��k0f k
q
p:

The right-hand side is clearly bounded by CBqkf kqp since p � q and ¹ zA�
k
ºk are dis-

joint.

2.5. The kernel of P�Œ j �

In this subsection, we obtain estimates for the kernel P�Œ j �.x; y/, which we use later.

Lemma 2.7. Let 0 < z� � �� 2�� � 1=100, and .x; y/ 2 A�
k
� zA�

k0
, k �� k0. Then, for

any N > 0, we have

jP�Œ j �.x; y/j . 2.d�2/j=2.�2j max.2�2� ; 2�4j /C 1/�N : (2.26)

Proof. Note ].x; y/ � 2�� for .x; y/ 2 A�
k
� zA�

k0
, k �� k0. Since �� 2�� , it is easy

to see that jx � yj � 2�� . So, �D.x; y/ � 2�2� by (2.17). Note jx � yj2 CD.x; y/ D

.1 � hx; yi/2, hence j1 � hx; yij . 2�� . Combining these observations with (2.15) and
(2.16), we have

j@sP .x; y; s/j & 22j max.2�2� ; 2�4j /; s 2 supp j :

By (2.15), it also follows that j@ksP .x; y; s/j . 2.1Ck/j max.2�2� ; 2�4j / for s 2 supp j .
Thus, using Lemma 2.5 with LD 22j max.2�2� ; 2�4j / and �D 2�j , we get (2.26) in the
same manner as in the proof of Lemma 2.3.

Lemma 2.8. Let 0 < z�� � � 1=100 and .x; y/ 2 A�
k
� zA�

k0
, k �� k0. Suppose 2��ı �

2�� . �. Then, for any N > 0, we have

jP�Œ j �.x; y/j .

´
2.d�2/j=2.�2j�2 C 1/�N ; 2�j �

p
�;

2.d�2/j=2.�2�3j C 1/�N ; 2�j �
p
�:

(2.27)

Additionally, if 2�j �
p
�, and D.x; y/ � �z� or D.x; y/ < 0, then

jP�Œ j �.x; y/j . ��1=2�.1�d/=4jD.x; y/j�1=4: (2.28)
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Proof. We consider (2.27) first. To this end, we claim

j@sP .x; y; s/j &

´
�222j ; 2�j �

p
�;

2�2j ; 2�j �
p
�;

s 2 supp j : (2.29)

Note that 2.1 � hx; yi/ D 1 � jxj2 C 1 � jyj2 C jx � yj2. Since jx � yj � �, then
j1 � hx; yij � �. So, j@�Q.x; y; �/j D 2j� � hx; yij . � if � 2 Œ1 � c�; 1� for some
c > 0. If 2�j �

p
�, by the mean value theorem jQ.x; y; cos s/ � Q.x; y; 1/j � �2

for s 2 supp j because j1 � cos sj � s2=2. Observing Q.x; y; 1/ D jx � yj2 � �2, we
see Q.x; y; cos s/ � �2 for s 2 supp j if 2�j �

p
�. Thus, by (2.15) we have the first

case in (2.29). For the second case, note jD.x; y/j . 2�2� . �2 and 1 � � � 2�2j for
� 2 cos.supp j /. Recalling (2.16), we have Q.x;y; �/D .� � hx;yi/2 �D.x;y/� 2�4j

if 2�j �
p
�. So, by (2.15) we obtain the second case in (2.29).

A computation using (2.15) shows

j@ksP .x; y; s/j .

´
�22.1Ck/j ; 2�j �

p
�;

2�4j 2.1Ck/j ; 2�j �
p
�;

s 2 supp j : (2.30)

Therefore, combining (2.29) and (2.30), we obtain (2.27) by Lemma 2.5.
We now turn to formula (2.28) and consider the case D.x; y/ � �z� first. Since

j1 � hx; yij � �, then Q.x; y; �/ has two distinct zeros r1 > r2, which are close to 1.
Let s1; s2 2 .0; �=2/ be numbers such that cos si D ri , i D 1; 2, and s1 < s2. By (2.15)
and (2.16), we have

@sP .x; y; s/ D �

R s
s1

sin �d�
R s
s2

sin �d�

2 sin2 s
: (2.31)

We decompose the integral Ij WDP�Œ j �.x;y/ away from s1, s2. Let us set k;˙
l

.s/D

 .˙2k.s � sl //, l D 1; 2. Let c > 0 be a small constant and k0 be the smallest integer
such that 2�k0 � c z�1=2. Then, we put

 � D 1 �
X
k

 
k;�
1 �

X
k�k0

 
k;C
1 �

X
k�k0

 
k;�
2 �

X
k

 
k;C
2 ;

so supp � � Œs1 C c1 z�1=2; s2 � c1 z�1=2� for a constant c1 > 0. Also set

I
k;˙
l
D

Z
. 

k;˙
l

 ja/.s/ei�P .x;y;s/ds;

I� D

Z
. � ja/.s/ei�P .x;y;s/ds:

Thus, we have Ij D I� C I�1 C I
C
1 C I

�
2 C I

C
2 , where

I�1 D
X
k

I
k;�
1 ; IC1 D

X
k�k0

I
k;C
1 ; I�2 D

X
k�k0

I
k;�
2 ; IC2 D

X
k

I
k;C
2 :
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Since coss1 � coss2D 2
p

D � .�z�/1=2 and s1; s2�
p
�� 2�j , then s2 � s1� z�1=2.

By (2.31), it follows that j@sP .x;y; s/j& z� for s 2 supp �. Since k. �a j /0k1 . 2dj=2,
van der Corput’s lemma (e.g., [19, p. 334]) gives

jI�j . min.��12.d�4/j=2D�1; 2.dC2/j=2D1=2/;

which yields jI�j . ��1=2�.1�d/=4D�1=4. Therefore, we have only to show that

jI˙l j . ��1=22.d�1/j=2D�1=4; l D 1; 2:

We consider I�1 only. The estimates for the others can be shown in a similar manner.
Since s2 � s1 � z�1=2, by (2.31) we have j@sP .x; y; s/j & 2j 2�kD1=2 for s 2 supp k;�1 .
By van der Corput’s lemma, jI k;�1 j. 2dj=2min.��12k�jD�1=2; 2�k/. Summation over k
gives jI�1 j . ��1=22.d�1/j=2D�1=4 as desired.

Following the previous argument closely, we show (2.28) when D < 0. From (2.15)
and (2.16), we have

j@sP .x; y; s/j � ..cos s � hx; yi/2 C jD j/��1; s 2 supp j : (2.32)

Let s� 2 .0; �=2/ denote the point such that cos s� D hx; yi, and let k� be the small-
est number satisfying that 2�k� � jD j1=2��1=2. We decompose the integral Ij , using
the cutoff functions  k.s/ D  .2k.s � s�// C  .2

k.s� � s//, k < k�, and  k�.s/ WD
1 �

P
k�k�

 k.s/. As before, setting

I k WD

Z
. k ja/.s/ei�P .x;y;s/ds; I k� WD

Z
. k� ja/.s/ei�P .x;y;s/ds;

we break Ij D
P
k�k�

I k . From (2.32), we see j@sP .x; y; s/j & 2�2k for s 2 supp k .
So, the van der Corput lemma gives jI kj . ��d=4min.��122k ; 2�k/ � ��d=4��1=22k=2.
Taking sum over k � k�, we get (2.28).

2.6. An L2-estimate for P�Œ�j �

We denote Aı� D ¹x W j1 � jxjj � 2�º and Aı
�;�
D ¹x W ��1=2x 2 Aı�º. We also set

�ı� D �Aı� ; �ı�;� D �Aı�;�
:

Lemma 2.9. Let ��2=3 . z�, � � 1=4 and 2�j & .��/�1. Suppose �j 2 C1c .��; �/
supported in an interval of length � 2�j satisfies j�.k/j j . 2jk for any k. Then,

k�ı�P�Œ�j ��
ı
z�k2!2 . ��d=2.�z�/1=4: (2.33)

To prove (2.33), we instead show k�ı
�;�
…�Œ�j ��

ı
�;z�
k2!2 . .�z�/1=4 which is equiv-

alent to (2.33) (see (2.10)). In fact, we can show a stronger estimate

k�e�;�…�Œ�j ��
e
�;z�k2!2 . .�z�/1=4 (2.34)
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for ��2=3 . z�, � � 1=4, where

�e�;� D �Ae�;�
; Ae�;� D ¹x W jxj � �

1=2.1 � �/º:

We now recall the next estimates which follow from [12, Theorem 3]:

k�ı
�;��2=3

…��
ı

�;��2=3
kp!p0 . �dı.p;p

0/=6�1=3; (2.35)

k���;�…��
�
�;�kp!p0 . �dı.p;p

0/=6�1=3.�2=3�.1C �//�M ; ��2=3 . �; (2.36)

for 1 � p � 2. Estimate (2.36) holds for any M > 0. In particular, the L2–L1-estimate
in [12, Theorem 3] implies (2.36) for p D 1. Interpolation with L2-estimate shows (2.36)
for 1 � p � 2. One can also show (2.35) and (2.36) in an elementary manner using esti-
mates for the kernels of …� (e.g., see [8]).

Proof of (2.34). Considering the adjoint operator, we may assume z� � �. We begin by
showing

k�e�;�…��
e
�;z�k2!2 . .�z�/1=4; ��2=3 . z� � � � 1: (2.37)

Note k�e
�;�
…��

e
�;z�
k2!2 � k�

e
�;�
…�k2!2k…��

e
�;z�
k2!2. By duality, it is enough to

show
k�e�;�…�k2!2 . �1=4

for ��2=3 . � � 1. To do this, recalling that �, z� denote dyadic numbers, we decompose

�e�;� D
X

��2=3�z���

�C
�;z�
C �ı

�;��2=3
C

X
��2=3�z�<1

���;z� C
X
1�z�

���;z�:

By (2.36), it follows that
P
1�z� k�

�
�;z�
…�k2!2 . ��N for anyN. Estimates (1.2), (2.35),

and (2.36) yieldX
��2=3�z���

k�C
�;z�
…�k2!2 . �1=4; k�ı

�;��2=3
…�k2!2 . ��1=6;

X
��2=3�z��1

k���;z�…�k2!2 . ��1=6;

respectively. Therefore, we get the desired estimate since � & ��2=3.
Now, observe …�Œ�j � D

P
�0 b�j .2�1.�0 � �//…�0 , which follows by (2.5) and (2.1).

Since jb�j .�/j . 2�j .1C 2�j j� j/�N , we have

k�e�;�…�Œ�j ��
e
�;z�k2!2 . 2�j

X
�0

.1C 2�j j� � �0j/�N k�e�;�…�0�
e
�;z�k2!2:

However, we can not directly apply (2.37) since � ¤ �0. We get around the problem by
enlarging the sets Ae

�;�
, Ae

�;z�
. Let

`�0.�/ D

8̂<̂
:
� �
�0

�2=3
�; � � �0;

�0 � �

�0
C �; � < �0:
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Note that `�0.�/& .�0/�2=3 for ��2=3 . �. Since .�0/1=2.1� `�0.�//� �1=2.1��/, i.e.,
Ae
�;�
� Ae

�0;`�0 .�/
, it follows that k�e

�;�
…�0�

e
�;z�
k2!2 � k�

e
�0;`�0 .�/

…�0�
e
�0;`�0 .z�/

k2!2.
Using (2.37), we have

k�e�;�…�0�
e
�;z�k2!2 . .`�0.�/`�0.z�//

1=4:

Therefore, it suffices for (2.34) to show

2�j
X
�0

.1C 2�j j� � �0j/�N .`�0.�/`�0.z�//
1=4 . .�z�/1=4:

This can be shown by a simple computation because 2�j & .��/�1 and �; z� & ��2=3.
We omit the detail.

2.7. Proof of Corollary 1.3

Before we conclude this section, assuming Theorem 1.2, we prove Corollary 1.3. We fol-
low the lines of argument for the endpoint bound which is sketched in the introduction.

Proof of Corollary 1.3. We first prove (1.5) for 2 < q � q� WD 2.d C 1/=.d � 1/. Let us
set

W D w
..dC3/ı.2;q/�1/=4
C :

Note that W D w


C if 2 < q � q�. Recall �ı D ��2=3 and cı D .100d/�2. By the triangle

inequality, kWwN�…�k2!q is bounded by


 X
���ı

W�C
�;�
…�





2!q
C k�ı�;�ı…�k2!q C

X
2k��ı

.�2=32k.2k C 1//N k��
�;2k

…�k2!q;

where � 2 D�. By (2.35) and (2.36), the last two are bounded by C�.dı.2;q/�1/=6. It fol-
lows by (1.2) that

P
��cı

kW�C
�;�
…�k2!q . �.dı.2;q/�1/=6. Therefore, the matter is

reduced to showing
kWk2!q . �.dı.2;q/�1/=6;

where W D
P
�ı<�<cı

W�C
�;�
…�. Equivalently, we need to show

kWW�kq0!q . �.dı.q
0;q/�2/=6: (2.38)

To this end, we write

WW� D
X
k

.WW�/k WD
X
k

X
.�;z�/2Dk

W�C
�;�
…�W�C

�;z�
:

Recall that Dk D ¹.�; z�/ W z�=� 2 Œ2
k ; 2kC1/; �; z� 2 .�ı; cı/º and �; z� 2 D. Since

supp�C
�;z�

are almost disjoint, for each k we have

k.WW�/kf kq .
� X
.�;z�/2Dk

kW�C
�;�
…�W�C

�;z�
f kqq

�1=q
:
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Note W�C
�;�
� �..dC3/ı.q

0;q/�2/=12�..dC3/ı.q
0;q/�2/=8�C

�;�
. Using (1.4), we get

kW�C
�;�
…�W�C

�;z�
f kq . �.dı.q

0;q/�2/=62�cjkjk�C
�;z�
f kq0 ;

z�

�
� 2k :

Indeed, when 2k > 1, we consider the adjoint operator T � D W�C
�;z�
…�W�C

�;�
of T WD

W�C
�;�
…�W�C

�;z�
, and then we may use estimate (1.4) thanks to the fact that kT kq0!q D

kT �kq0!q . Since
P
z� k�

C

�;z�
f k

q
q0 . kf kqq0 , we obtain

k.WW�/kf kq . 2�cjkj�.dı.q
0;q/�2/=6

kf kq0 :

Summation over k gives the desired estimate (2.38).
We now prove (1.5) for 2.d C 1/=.d � 1/ < q � 1. Note 
 D .1 � dı.2; q//=2.

By decomposing the operator in the same way as above, it suffices to show


 X
�ı<�<cı

w
.1�dı.2;q//=2
C �C

�;�
…�





2!q

. �.dı.2;q/�1/=6 (2.39)

for 2.d C 1/=.d � 1/ < q �1. The other parts can be handled in the same way as before.
By interpolation, we need only to show (2.39) for q D 1; 2.d C 1/=.d � 1/. Thanks
to disjointness of the annuli, (1.2) for q D 1 gives (2.39) for q D 1, while (2.38) is
equivalent to (2.39) when q D 2.d C 1/=.d � 1/.

3. Asymmetric improvement: Proof of Proposition 2.2

We prove Proposition 2.2 by establishing estimate (2.25). To this end, we separately con-
sider some cases. The desired estimates can be shown by the kernel estimates (in the
previous section) except for the case 2�j �

p
�, 2�� � .�z�/1=2, and jD j < "ı�z�, which

requires a different approach. We handle this case in the next section.
To show (2.25), we distinguish the cases � 2 Ne and � 2 Nc, where

Ne D ¹� W 2
��
� .�z�/1=2 or � D �ıº;

Nc D ¹� W .�z�/
1=2 & 2�� > 2��ıº:

3.1. The sum over � 2 Ne

In this case, the desired estimates are easier.

Proposition 3.1. Let d � 2 and z�, � satisfy (2.11). If 2=.d C 3/ < ı.p;p0/ < 2=.d � 1/,
then for some c > 0, we have


X

�2Ne

X
j�4

X
k��k0

��kP�Œ j �z�
�
k0





p!p0

. Bp.�; z�/
�
z�

�

�c
: (3.1)
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Proof. We further divide Ne D N 1
e [N 2

e , where

N 1
e D ¹� W 2

��
� �º; N 2

e D ¹� W � & 2�� � .�z�/1=2 or � D �ıº:

We first consider � 2 N 1
e . Using Lemma 2.7, we get

k��kP�Œ j �z�
�
k0kp!p0 .

´
�..d�1/ı.p;p

0/�d/=22..d�1/ı.p;p
0/=2�1/j 2�ı.p;p

0/; 2�2j . 2�� ;

�..d�1/ı.p;p
0/�d/=22..dC3/ı.p;p

0/=2�1/j ; 2�2j � 2��

for k �� k0 and 1� p � 2. Indeed, takingN D 1=2 in (2.26), we get the L1–L1 bounds,
and then interpolation with k��

k
P�Œ j �z�

�
k0
k2!2 . ��d=22�j , which follows from (2.6)

and (2.10), gives the estimates for 1 � p � 2. By Lemma 2.6, we have the same bounds
on k

P
k��k0

��
k
P�Œ j �z�

�
k0
kp!p0 as above. Since 2=.d C 3/ < ı.p; p0/ < 2=.d � 1/,

summation over j givesX
j




 X
k��k0

��kP�Œ j �z�
�
k0





p!p0

� C�..d�1/ı.p;p
0/�d/=22..dC3/ı.p;p

0/=4�1=2/� :

Thus, taking sum over ¹� W 2�� � �º, we obtainX
�2N 1

e

X
j




 X
k��k0

��kP�Œ j �z�
�
k0





p!p0

. Bp.�; z�/
�
z�

�

�..dC3/ı.p;p0/�2/=8
: (3.2)

We turn to the case � 2 N 2
e . As above, by (2.27) and (2.28) we have

k��kP�Œ j �z�
�
k0kp!p0 .

8̂̂<̂
:̂
�p2

..d�1/ı.p;p0/=2�1/j��ı.p;p
0/; 2�j�

p
�;

�p�
.1�dı.p;p0//=4 z�.1�ı.p;p

0//=42�ı.p;p
0/02; 2�j �

p
�;

�p2
..dC3/ı.p;p0/=2�1/j ; 2�j�

p
�

(3.3)

for k �� k0 and 1 � p � 2 when � 2 N 2
e . Here, �p denotes �..d�1/ı.p;p

0/�d/=2. For
the first and third cases, we take N D 1=2 in (2.27) to get the L1–L1 estimates and
interpolate them with k��

k
P�Œ j �z�

�
k0
k2!2 . ��d=22�j . We get the second case using

k��
k
P�Œ j �z�

�
k0
k2!2 . ��d=2.�z�/1=4 and k��

k
P�Œ j �z�

�
k0
k1!1 . ��1=2�.1�d/=42�=2,

which follow from (2.33) and (2.28), respectively.
Since 2=.d C 3/ < ı.p; p0/ < 2=.d � 1/, by Lemma 2.6 we getX

j




 X
k��k0

��kP�Œ j �z�
�
k0





p!p0

. Bp.�; z�/B�.�; z�/; � 2 N 2
e ;

where

B�.�; z�/ D
�
z�

�

�..dC3/ı.p;p0/�2/=8
C ��.d�3/ı.p;p

0/=8
z�.dC1/ı.p;p

0/=82�ı.p;p
0/=2:

Thus,
P
�2N 2

e

P
j k
P
k��k0

��
k
P�Œ j �z�

�
k0
kp!p0 is bounded by

CBp.�; z�/
��
z�

�

�..dC3/ı.p;p0/�2/=8
log

��
z�

�
C

�
z�

�

�.d�1/ı.p;p0/=8�
:

Combining this and (3.2), we obtain (3.1) for some c > 0.
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3.2. The sum over � 2 Nc

Since there are only as many as O.1/ �, it suffices to consider a single �.

Proposition 3.2. Let d � 3, �, z� satisfy (2.11), and � 2 Nc. If

2

d C 3
< ı.p; p0/ < min

� 2

d � 1
;
2

3

�
;

then for some c > 0 we have


X
j

X
k��k0

��kP�Œ j �z�
�
k0





p!p0

. Bp.�; z�/
�
z�

�

�c
:

Combining Propositions 3.1 and 3.2, we prove Proposition 2.2.

Proof of Proposition 2.2. Propositions 3.1 and 3.2 give (2.25), from which (2.12) follows
for 2=.d C 3/ < ı.p; p0/ < min.2=.d � 1/; 2=3/. Interpolating the estimate with

k�C�P��
C

z�
k2!2 . ��d=2.�z�/1=4;

which follows from (2.37) after scaling, we obtain formula (2.12) for 0 < ı.p; p0/ <

min.2=.d � 1/; 2=3/.

Since � 2 Nc, the estimates in (2.27) remain valid. So, we have the first and third
estimates in (3.3). By the same argument as before, we see� X

2�j�
p
�

C

X
2�j�

p
�

�


 X
k��k0

��kP�Œ j �z�
�
k0





p!p0

. Bp.�; z�/
�
z�

�

�c
for some c > 0 because 2=.d C 3/ < ı.p; p0/ < 2=.d � 1/. Thus, by Lemma 2.6 the
proof of Proposition 3.2 is now reduced to showing

k��kP�Œ j �z�
�
k0kp!p0 . Bp.�; z�/

�
z�

�

�c
; 2�j �

p
�; k �� k

0: (3.4)

In what follows, we make further reductions to prove (3.4). By (2.24), we may assume
that

A�k � R WD ¹x W jx1 � 1j � �; jxxj . .�z�/1=2º;

zA�k0 �
zR WD ¹y W jy1 � 1j � z�; jxyj . .�z�/1=2º;

where x D .x1; xx/ 2 R �Rd�1. For x� 2 Rd and r > 0, we denote

R�;z�.x
�; r/ D ¹.x1; xx/ W jx1 � x

�
1 j � r�; jxx � xx

�
j � r.�z�/1=2º:

If .x; y/ 2 R � zR, unlike the previous cases, D.x; y/ may vanish. To handle this, we
further localize the value of D by decomposing R � zR. To this end, we break R � zR

into finitely many disjoint rectangles R�;z�.x
0; �/ � Rz�;�.y

0; �/ so that jD j � "ı�z�,
or jD j & "ı�z� holds on each of those rectangles for a small "ı > 0. This particular form
of decomposition shall be important later.
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Lemma 3.3. Let �, z� satisfy (2.11) and 0 < � � "ı. Let .x�; y�/ 2 R � zR. If x0 2
R�;z�.x

�; �/ and y0 2 Rz�;�.y
�; �/, then for a constant C , we have

jD.x0; y0/ �D.x�; y�/j � C��z�: (3.5)

Proof. Denote z0 WD .z01; : : : ; z
0
2d
/ D .x0; y0/ and z� WD .z�1 ; : : : ; z

�
2d
/ D .x�; y�/, then

set D0 D D.z0/ and Dk D D.z�1 ; : : : ; z
�
k
; z0
kC1

; : : : ; z0
2d
/, 1 � k � 2d . So, D.x0; y0/ �

D.x�; y�/ D
P2d�1
kD0 .Dk �DkC1/.

Thus, (3.5) follows if we show

jDk �DkC1j � C�z��; 1 � k � 2d � 1:

Note jx01 � x
�
1 j � ��, jy01 � y

�
1 j � �z�, and jx0j � x

�
j j; jy

0
j � y

�
j j � �.�z�/

1=2, j � 2. By the
mean value theorem, we only need to show

j@x1D j . z�; j@y1D j . �; j@xxD j; j@xyD j . .�z�/1=2

on R � zR. Since @xD.x;y/D 2hx;yiy � 2x and @yD.x;y/D 2hx;yix � 2y, it is clear
that j@xxD j; j@xyD j . .�z�/1=2. Writing @x1D.x; y/ D 2x1.y

2
1 � 1/C 2hxx; xyiy1, we see

j@x1D j . z�. Similarly, we get j@y1D j . �.

Assume that � D c"ı for a small enough c > 0. Let R�;z�.xk ; �=2/, 1 � k � K, and
Rz�;�.yl ; �=2/, 1 � l � L, be almost disjoint rectangles which cover the rectangles R, zR,
respectively. We denote

B D R�;z�.xk ; �/; zB D Rz�;�.yl ; �/:

Taking c > 0 small enough, by Lemma 3.3 we may assume that one of the following
holds:

jD.x; y/j & "ı�z�; .x; y/ 2 B � zB; (3.6)

jD.x; y/j � "ı�z�; .x; y/ 2 B � zB: (3.7)

Let z�B , z� zB be smooth functions adapted to the rectangles B, zB, respectively, i.e.,
supp z�B � B, supp z� zB � zB, and

@˛1x1@
x̨
xx z�B D O.�

�˛1.�z�/�jz̨j=2/; @˛1y1@
x̨
xy z� zB D O.z�

�˛1.�z�/�jz̨j=2/: (3.8)

For the proof of (3.4), it is enough to show

kz�BP�Œ j �z� zBkp!p0 . Bp.�; z�/
�
z�

�

�c
; 2�j �

p
�; (3.9)

for some c > 0 while either (3.6) or (3.7) holds. When (3.6) holds, one can show (3.9)
in the same manner as in the proof of Proposition 3.1. Indeed, since 2�� � .�z�/1=2,
2�j �

p
�, and jD j � �z� on B � zB, we have the second estimate in (3.3), which

gives (3.9) for 1 � p < 2.
Therefore, to complete the proof of Proposition 3.2 it suffices to show the following.

Proposition 3.4. Let d � 3 and �, z� satisfy (2.11). Suppose that (3.7) holds. Then, if
0 < ı.p; p0/ < 2=3, we have (3.9) for a constant c > 0.
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3.3. Second-order derivative of P

To prove Proposition 3.4, we shall dyadically decompose P�Œ j �.x; y/ away from the
zero of @2sP (see (2.14)). A computation shows

@2sP .x; y; s/ D �hx; yi
R.x; y; cos s/

sin3 s
;

where

R.x; y; �/ D �2 � hx; yi�1.jxj2 C jyj2/� C 1:

For .x; y/ 2 B � zB, the equation R.x; y; �/ D 0 has two distinct zeros �˙.x; y/:

�˙.x; y/ D
jxj2 C jyj2 ˙ jx C yjjx � yj

2hx; yi
: (3.10)

Since �C.x; y/ > 1, then ��.x; y/ is more relevant for our purpose.

Lemma 3.5. Define a function Sc WB � zB ! .0; �=2/ by

cosSc.x; y/ D ��.x; y/: (3.11)

Then, Sc is smooth and Sc.x; y/ � jx � yj1=2 for .x; y/ 2 B � zB.

We here record a few identities, which are to be useful later,

@2sP .x; y; s/ D �hx; yi
.cosSc.x; y/ � cos s/.�C.x; y/ � cos s/

sin3 s
; (3.12)

�C � cosSc D
jx C yjjx � yj

hx; yi
D

sin2 Sc
cosSc

: (3.13)

From now on, for simplicity we occasionally omit the arguments .x; y/ of Sc and related
functions as long as there is no ambiguity.

Proof of Lemma 3.5. Let .x; y/ 2 B � zB. From (3.10), we note

1 � ��.x; y/ D
jx � yj.jx C yj � jx � yj/

2hx; yi
: (3.14)

So, ��.x; y/ 2 Œ1 � c2�; 1 � c1�� for some positive constants c2 > c1 > 0. Thus, it is
clear that Sc is smooth on B � zB. Since 1 � cosSc.x; y/ 2 Œc1�; c2��, to see

jx � yj1=2 � Sc.x; y/

it suffices to observe that

1 � cosSc.x; y/ D
2jx � yj

jx C yj C jx � yj
: (3.15)

Note jx C yj2 � jx � yj2 D 4hx; yi. Thus, (3.15) follows by (3.14).
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3.4. Reduction to L2 estimates

From (3.15), we note

jcosSc.x; y/ � cosSc.x�; y�/j . "ı�; .x; y/; .x�; y�/ 2 B � zB:

Consequently, Sc.B � zB/ is contained in an interval of lengthC1"ı�1=2 for a constantC1.
Using this, we make a further localization.

Let cB denote the center of the rectangle B � zB, and set

 B.s/ D  ı

�s � Sc.cB/

C1"ı�1=2

�
;

where  ı 2 C1c .�4; 4/ such that  ı D 1 on Œ�2; 2�. We decompose

z�BP�Œ j �z� zB D P0
CP1

WD z�BP�Œ j B �z� zB C z�BP�Œ j .1 �  B/�z� zB :

The operator P1 is easy to handle. In fact, one can show without difficulty

kP1
k2!2 . ��d=2.�z�/1=4; kP1

k1!1 . ��1=2��.dC1/=4:

Interpolation gives kP1kp!p0 . Bp.�; z�/.z�=�/c for 1 � p < 2. The L2 bound follows
from Lemma 2.9. For the L1–L1 bound, we note that jcos s � cosSc.x; y/j � � if s 2
supp. j .1�  B// and .x; y/ 2 B � zB. We also have �C.x; y/� cos s & � for .x; y/ 2
B � zB since �C.x;y/� 1� jx � yj. Thus, recalling (3.12), we see j@2sP .x;y; s/j&�1=2

for s 2 supp. j .1�  B// if .x; y/ 2 B � zB. Applying the van der Corput lemma to the
integral P1.x; y/ (see (2.14)) gives the desired estimate jP1.x; y/j . ��1=2��.dC1/=4.

Proposition 3.6. Let d � 3, and �, z� satisfy (2.11). If 2=.d C 1/ < ı.p;p0/ < 2=3, then
for some c > 0 we have

kP0
kp!p0 . Bp.�; z�/

�
z�

�

�c
: (3.16)

Now, the proof of Proposition 3.4 is straightforward.

Proof of Proposition 3.4. Combining the estimates for P0 and P1, we obtain (3.9) for
2=.d C 1/ < ı.p; p0/ < 2=3. Meanwhile, we have the estimate kz�BP�Œ j �z� zBk2!2 .
��d=2.z��/1=4 by Lemma 2.9. Interpolation yields (3.9) for 0 < ı.p; p0/ < 2=3.

If .x; y/ 2 B � zB, then D.x; y/ is no longer bounded away from the zero. To get the
correct order of decay in �, i.e., O.��1=2/, we consider @2sP , which alone is not enough
to give a favorable lower bound since it also vanishes at some point. Such difficulty is
typically circumvented by considering @sP and @2sP together. However, this is not viable
in our situation since the zeros of @sP and @2sP merge as D.x; y/! 0. This leads us to
break the integral away from Sc .

Inserting the cutoff functions z .2l .s � Sc//, we decompose

P0
D

X
l

Pl WD

X
l

z�BP�Œ j B
z .2l .� � Sc//�z� zB ; (3.17)
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where z D  .j � j/. Clearly, we have

2�l � "ı�
1=2; (3.18)

since Pl D 0 otherwise. As to be seen later, (3.18) makes it possible to render the minor
contribution manageable if we take "ı small enough. We set

"1 D C"
1=2
ı

for a large constant C > 0.
We have different estimates for Pl depending on l .

Lemma 3.7. Let d � 2, and �, z� satisfy (2.11). If 2�l < "1 z�1=2, then

kPlk2!2 . ��d=22�l
�
z�

�

��1=2
: (3.19)

If "1 z�1=2 � 2�l , then we have

kPlk2!2 . ��d=22l=2�1=4 z�1=2: (3.20)

We postpone the proof of Lemma 3.7 until the next section. Assuming this for the
moment, we prove Proposition 3.6. To do this, we set

S lc.x; y; s/ D 2
�ls C Sc.x; y/:

Then, changing variables s ! S lc.x; y; s/, we have

Pl .x; y/ D z�B.x/z� zB.y/2
dj=22�l

Z
.2�dj=2a j B/.S

l
c/
z .s/ei�P .x;y;S lc/ds: (3.21)

Here, we also drop the arguments of S lc for simplicity as before.

Proof of Proposition 3.6. Since jcosS lc� cosSc j ��1=22�l on the support of .a j B/ ı

S lc
z , by (3.12) we have j@2s .P .x; y; S

l
c//j � 2

�3l . Applying the van der Corput lemma,
for l satisfying (3.18) we get

kPlk1!1 . ��1=22l=2��d=4: (3.22)

Interpolation with (3.20) gives

kPlkp!p0 . �..d�1/ı.p;p
0/�d/=22l=2�.1�.dC1/ı.p;p

0//=4
z�.1�ı.p;p

0//=2

when "1 z�1=2 � 2�l � "ı�1=2. Hence, by summation over l we have


 X
"1 z�1=2�2�l�"ı�1=2

Pl





p!p0

. Bp.�; z�/
�
z�

�

�.d�1/ı.p;p0/=8
:

By interpolation between (3.22) and (3.19), we get

kPlkp!p0 .�..d�1/ı.p;p
0/�d/=22�l.1�3ı.p;p

0/=2/.�z�/�dı.p;p
0/=8
�
z�

�

�.�4C.dC4/ı.p;p0//=8
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for 2�l < "1 z�1=2, which yields


 X
2�l<"1 z�1=2

Pl





p!p0

. Bp.�; z�/
�
z�

�

�.�2C.dC1/ı.p;p0//=8
if ı.p;p0/ < 2=3. Recalling (3.17), we combine the estimates above and obtain (3.16) for
2=.d C 1/ < ı.p; p0/ < 2=3.

4. L2-estimate: Proof of Lemma 3.7

For a 2 C1c .R
d �Rd / and a smooth function � on supp a, we define

O�Œ�; a�f .x/ D

Z
ei��.x;y/a.x; y/f .y/dy:

We denote

@xf D .@x1f; : : : ; @xdf /
| and @

|
xf D .@x1f; : : : ; @xdf /;

so that @x@
|
y means the matrix valued operator .@xi @yj /1�i;j�d . We now recall the fol-

lowing lemma.

Lemma 4.1 ([6], [19, p. 377]). Let � > 0. If det.@x@
|
y�/ ¤ 0 on supp a, then there is

a constant C D C.�; a/ such that

kO�Œ�; a�f k2 � C�
�d=2
kf k2:

From (3.21), we see

Plf D 2
dj=22�l

Z
z .s/O�Œˆs; As�f ds; (4.1)

where

ˆs.x; y/ D P .x; y; S lc/; (4.2)

As.x; y/ D z�B.x/z� zB.y/.2
�dj=2a j B/.S

l
c/: (4.3)

To obtain (3.19) and (3.20), one may try to use Lemma 4.1 for O�Œˆs; As�. However,
O�Œˆs;As� exhibits different natures depending on�, z� and l . When�� z�, via a suitable
change of variables O�Œˆs; As� can be handled by the estimate in Lemma 4.1. However,
when z�=� gets smaller, Lemma 4.1 is not enough (see Lemma 4.10 below).

We set J D ¹s W 1=4 � jsj � 1º. Since supp z � J and 2�j �
p
�, by (4.1), esti-

mate (3.19) follows from the next lemma.

Lemma 4.2. Let d � 2 and (2.11) hold. If 2�l < "1 z�1=2, then

kO�Œˆs; As�k2!2 � C�
�d=2�d=4

�
z�

�

��1=2
; s 2 J : (4.4)
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When "1 z�1=2 � 2�l � "ı�1=2, in order to prove (3.20), we use a different expression
of Pl so that we can exploit a lower bound on @sˆs . Recalling (4.1), by integration by
parts in s we have

Plf .x/ D 2
dj=22�l

Z Z
ei�ˆs.x;y/ zAs.x; y/dsf .y/dy;

where

zAs.x; y/ D z .s/As.x; y/
@2sˆs.x; y/

i�.@sˆs.x; y//2
�
@s. z .s/As.x; y//

i�@sˆs.x; y/
:

Note @sˆs ¤ 0 if As ¤ 0. In fact, we have

j@sˆs.x; y/j & 2�3l ; .s; x; y/ 2 J �B � zB: (4.5)

Using (3.11) and (3.10), we see jhx; yi � cosSc.x; y/j . jD.x; y/j=jx � yj. So, by (3.7)
it follows that

jhx; yi � cosSc.x; y/j � "ı z�; .x; y/ 2 B � zB: (4.6)

Note jcosS lc � cosSc j � 2�l�1=2, so jhx; yi � cos S lc.x; y/j & 2�l�1=2 � "1.�z�/
1=2.

By (2.16), (3.7), and our choice of "1, we get Q.x; y; cosS lc/ & 2�2l�. So, (4.5) follows
by (2.15) since @sˆs D 2�l@sP .x; y; S lc/.

Estimate (3.20) is an immediate consequence of the following.

Lemma 4.3. Let d � 2 and let (2.11) hold. If "1 z�1=2 � 2�l � "ı�1=2, then

kO�Œˆs; zAs�k2!2 � C�
�d=2�.dC1/=4 z�1=223l=2; s 2 J : (4.7)

For the rest of this section, we assume (2.11) and (3.18) hold, and .x; y/ 2 B � zB,
s 2 J , even if it is not made explicit.

4.1. Bounds on @˛x@
ˇ
yˆs and @˛xAs

In order to prove Lemmas 4.2 and 4.3, we need estimates for the derivatives ofˆs andAs .
For a given multi-index ˛ 2 Nd

0 , we write ˛ D .˛1; x̨/ 2 N0 �Nd�1
0 .

Lemma 4.4. Let s 2 J and .x; y/ 2 B � zB. Suppose (2.11) holds. Then,

j@˛x@
ˇ
ySc.x; y/j . �1=2�j˛j�jˇ j; (4.8)

j@˛xAs.x; y/j . ��˛1.�z�/�jx̨j=2: (4.9)

Proof. To show (4.8), we note from (3.15) that Sc.x;y/ behaves like g.x;y/WD jx�yj1=2,
and that (4.8) and (4.9) are easy to show if Sc is replaced by g.

We prove (4.8) in an inductive way by making use of (3.15). In accordance to Lem-
ma 3.5, (4.8) holds with ˛ D ˇ D 0 since dist.B; zB/ � �. We now assume (4.8) is true
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for j˛j C jˇj � N . Applying @˛x@
ˇ
y on both sides of (3.15) for j˛j C jˇj D N C 1, it is

not difficult to see

sinSc.x; y/@˛x@
ˇ
ySc.x; y/CO.�

�N / D O.��N / (4.10)

for .x; y/ 2 B � zB. Indeed, the right-hand side of (3.15) behaves as if it were jx � yj.
On the left-hand side of (4.10), the terms other than the first one are given by a lin-
ear combination of the products of sin Sc , cos Sc , and

Ql
iD1 @

ai
x @

bi
y Sc with l � 2 andPl

iD1.jai j C jbi j/�N C 1. Our induction assumption shows those areO.��N /, thus we
get (4.10). Since jx � yj ��, then Sc.x;y/�

p
� by Lemma 3.5. Therefore, (4.10) gives

@˛x@
ˇ
ySc.x; y/ D O.�

�N�1=2/ as desired.
Once we have (4.8), (4.9) is easier to show. Recall (4.3). Since we have (3.8), it is

sufficient to show

@˛x..2
�jd=2a j B/ ı S

l
c/ D O.�

�j˛j/:

Note � d
ds

�k
.2�jd=2a j / D O.�

�k=2/ and
� d

ds

�k
 B D O.�

�k=2/:

By the chain rule and (4.8), we get @˛x..2
�jd=2a j / ıS

l
c/DO.�

�j˛j/ and @˛x. B ıS
l
c/D

O.��j˛j/. From those estimates, the desired bound follows.

Lemma 4.5. Let s 2 J and .x; y/ 2 B � zB. Suppose that (2.11) and (3.18) hold. Then,

@˛x@
ˇ
yˆs.x; y/ D O.�

3=2�j˛j�jˇ j/; j˛j; jˇj � 1: (4.11)

Proof. Let us set

u.t/ D
t � sin t
2

; v.t/ D
2 cos t � 2C sin2 t

2 sin t
; w.t/ D

cos t
2 sin t

:

Recalling (4.2) and (2.13), we write

ˆs.x; y/ D u.S
l
c/C 2

�1.1 � hx; yi/ sinS lc C hx; yiv.S
l
c/C jx � yj

2w.S lc/:

From (4.8), it is clear that

j@˛x@
ˇ
yS

l
c.x; y/j . �1=2�j˛j�jˇ j:

We note � d
dt

�k
u.t/;

� d
dt

�k
v.t/ D O.t3�k/; and

� d
dt

�k
w.t/ D O.t�1�k/:

Since S lc.x; y/�
p
�, 1� hx;yi DO.�/, and jx � yj � �, a routine computation yields

(4.11).

Remark 4.6. Under the same assumption as in Lemma 4.5, we also have j@˛x@
ˇ
y sinm Sc j,

j@˛x@
ˇ
y sinm S lc j . �m=2�j˛j�jˇ j for any m 2 Z, j@˛x@

ˇ
y .1 � cosSc/j, j@˛x@

ˇ
y .1 � cosS lc/j .

�1�j˛j�jˇ j for any multi-indices ˛, ˇ.
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4.2. Estimate for @x@
|
yˆs

For a given matrix N, we denote by Ni;j the .i; j /-th entry of N. We consider a d � d
matrix M0 which is given as follows:

M0
i;i .x; y/ D 1 �

.xi � yi /
2

jx � yj2
; 1 � i � d;

M0
1;j .x; y/ D �

xj � yj

2jx � yj2
.2x1 � .1C cosSc/y1/; j � 2;

M0
i;1.x; y/ DM0

1;i .y; x/; i � 2;

M0
i;j .x; y/ D �

.xi � yi /.xj � yj /

jx � yj2
; i; j � 2; i ¤ j:

The following lemma shows the matrix @x@
|
yˆs.x; y/ is close to M0. Let

E˛k D

8̂̂<̂
:̂
"ı

�
z�

�

�1=k
C 2�2l��1; ˛ D 0;��

z�

�

�1=k
C 2�2l��1

�
��˛1.�z�/�jx̨j=2; ˛ ¤ 0;

k D 1; 2:

Lemma 4.7. Let s 2 J and .x; y/ 2 B � zB. Set

M.x; y/ D � sinS lc.x; y/@x@
|
yˆs.x; y/:

Suppose that (2.11) and (3.18) hold. Then, M DM0 C E and Ei;j satisfies

j@˛xEi;j .x; y/j .

´
E˛1 if .i; j / D .1; 1/ or i; j � 2;

E˛2 otherwise:
(4.12)

Note E˛1 � E
˛
2 . We postpone the proof of Lemma 4.7 until the end of this section.

Instead, we deduce a couple of lemmas from it for later use. By zM we denote the .1; 1/
minor matrix of M, i.e., zM D .MiC1;jC1/1�i;j�d�1.

Lemma 4.8. Let s 2 J and .x; y/ 2 B � zB. Suppose (2.11) and (3.18) hold. Then, we
have

det M.x; y/ �
z�

�
; 2�l � "1 z�

1=2; (4.13)

det zM.x; y/ � 1; 2�l � "ı�
1=2: (4.14)

Proof. Note M0
i;iD1CO.z�=�/ for 2 � i � d and M0

i;j D O.z�=�/ for 2 � i ¤ j � d .
Thus, by Lemma 4.7 we have zMD Id�1CO."ı C z�=�/. Since z�=�� "ı, (4.14) follows
if "ı is small enough.

For the proof of (4.13), we may assume

x D .r; 0; 0; : : : ; 0/; y D .�; h; 0; : : : ; 0/: (4.15)
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Indeed, observe Sc.x; y/ D Sc.Ux; Uy/ and ˆs.x; y/ D ˆs.Ux; Uy/ for U 2 O.d/.
The second identity and a computation show @x@

|
yˆs.x; y/ D U|@x@

|
yˆs.Ux; Uy/U,

i.e., UM.x; y/U| DM.Ux;Uy/. Since det M.Ux;Uy/D det M.x; y/, we need only to
choose U 2 O.d/ such that Ux D .r; 0; 0; : : : ; 0/, Uy D .�; h; 0; : : : ; 0/.

Let M be the 2 � 2 matrix given by

M D
1

2jx � yj2

�
2h2 .1C cosSc/�h � 2rh

2�h � .1C cosSc/rh 2.r � �/2

�
:

By Lemma 4.7 and (4.15), the matrix M is of the form

M.x; y/ D

�
M 0

0 Id�2

�
C zE;

where zEi;j D O.."ı C "1/.z�=�// if .i; j / D .1; 1/ or i; j � 2, and zEi;j D O.."ı C

"1/.z�=�/
1=2/ otherwise. Since .x; y/ 2 B � zB, we have 1� r � �, 1� � � z�, and h �

.�z�/1=2. Hence, M1;1 � z�=�, M2;2 � 1, and M1;2, M1;2DO..z�=�/
1=2/. Consequently,

we see det M.x; y/ D det MCO.."ı C "1/z�=�/. Note r � � � � and 1 � cosSc � �.
So, we have

det M D
h2

4jx � yj4
.1 � cosSc/.2.r � �/2 C r�.1 � cosSc// �

z�

�
:

Therefore, (4.13) follows if "ı is sufficiently small.

The following is a straightforward consequence of Lemma 4.7.

Lemma 4.9. Let s 2 J and .x; y/ 2 B � zB. Suppose (2.11) holds. If 2�l � "1 z�1=2, then
for ˛ 2 Nd

0

j@˛xMi;j .x; y/j .

8̂̂̂̂
<̂̂
ˆ̂̂̂:

�
z�

�

�
��˛1.�z�/�jx̨j=2; i D j D 1;�

z�

�

�1=2
��˛1.�z�/�jx̨j=2; i or j D 1;

��˛1.�z�/�jx̨j=2; i; j � 2:

Furthermore, the last bound remains valid even if 2�l � "ı
p
�.

4.3. Estimate for O�Œˆs; As� when 2�l < "1 z�1=2

In order to prove (4.4), we use the following lemma, which differs from the typical one
(see Lemma 4.1), in that the phase and amplitude functions depend on a parameter. We
denote Bd .x; r/ D ¹y 2 Rd W jy � xj < rº:

Lemma 4.10. Let 0 < ! � 1. Let a be a smooth function supported in S! WD Bd .0; 1/ �
B1.0;!/� Bd�1.0; 1/ such that j@˛xaj . 1 for j˛j � d C 1. Suppose that jdet @x@

|
y�j � 1

and

j@˛x@
ˇ
y�j .

´
1; jˇj D 1;

!�1C.jx̨jCj
x̌j/=2; jˇj D 2

(4.16)
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for 1 � j˛j � d C 1 on S! . Then, we have

kO�Œ�; a�f k2 . ��d=2kf k2: (4.17)

Proof of Lemma 4.10. By finite decomposition and translation, we may replace S! by
Bd .0; �0/ � Œ��0!; �0!� � Bd�1.0; �0/ for a small enough �0 > 0.

We set
‰.x/ D �.x; y/ � �.x; y0/; A.x/ D a.x; y/xa.x; y0/;

and consider the integral

I�.y; y
0/ D

Z
ei�‰.x/A.x/dx;

which is the kernel of the operator O�Œ�; a�
�O�Œ�; a�. Estimate (4.17) follows by a stan-

dard argument if we show

jI�.y; y
0/j � C.1C �jy � y0j/�d�1: (4.18)

Assuming, for the moment, that

jr‰.x/j & jy � y0j; (4.19)

j@˛x‰.x/j . jy � y
0
j 8j˛j � 2; (4.20)

we prove (4.18). Note @˛xA D O.1/ for j˛j � d C 1 since j@˛xaj . 1. Using the identity�
r‰.x/

i�jr‰.x/j2
� r

�
ei�‰.x/ D ei�‰.x/;

by integration by parts d C 1 times we have

jI�.y; y
0/j .

dC1X
`D0

X
P
jai j�dC`C1; jai j�2

Z Q`
iD1 j@

ai
x ‰.x/j

�dC1jr‰.x/jdC`C1
A.x/dx;

where A is a bounded function supported in Bd .0;1/. By (4.19) and (4.20), estimate (4.18)
follows.

We now show (4.19) and (4.20). For (4.19), it is sufficient to show

jrx�.x; y/ � rx�.x; y
0/j & jy � y0j:

By the Taylor series expansion, rx�.x; y/ � rx�.x; y0/ is equal to

@x@
|
y�.x; y

0/.y � y0/C
X

i;ˇ Wjˇ jD2

O.Ei;ˇ j.y � y
0/ˇ j/;

whereEi;ˇ D sup.x;y/2S! j@xi @
ˇ
y�.x;y/j. Since jy1 � y01j � �0!, by (4.16) it is clear that

Ei;˛j.y � y
0/˛j DO.�0jy � y

0j/. We also have j@x@
|
y�.x;y

0/.y � y0/j � jy � y0j because
.@x@

|
y�/i;j D O.1/ and jdet @x@

|
y�j � 1. Thus, jrx�.x; y/ � rx�.x; y0/j & jy � y0j.

For (4.20), by the mean value theorem we only need to show @˛x@yj �.x; y/ D O.1/ for
j˛j � 2. This follows from (4.16).
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We prove Lemma 4.2 by combining Lemmas 4.8, 4.9, and 4.10.

Proof of Lemma 4.2. We first transform O�Œˆs;As� via scaling and translation so that we
can apply Lemma 4.10. Recalling that cB denotes the center of the rectangle B � zB,
we set

L.x; y/ D .L1x;L2y/C cB WD .�x1; .�z�/
1=2
xx; �y1; .�z�/

1=2
xy/C cB :

Changing variables .x; y/! L.x; y/, we have

kO�Œˆs; As�k2!2 D
��
z�

�1=2
.�z�/d=2kOp�z��Œ ẑ ; zA�k2!2; (4.21)

where
ẑ .x; y/ D .

p
�z�/�1ˆs.L.x; y//; zA.x; y/ D As.L.x; y//:

Since B and zB are of dimensions about "ı� � "ı.�z�/1=2 � � � � � "ı.�z�/1=2 and "ı z� �
"ı.�z�/

1=2 � � � � � "ı.�z�/
1=2, respectively, zA is supported in Bd .0; 1/ � B1.0; z�=�/ �

Bd�1.0; 1/. From (4.9) it follows that @˛x zA D O.1/ for all ˛. Since sin Sc.x; y/ �
p
�,

Lemma 4.8 gives j det @x@
|
y
ẑ j � 1. Indeed, note that

@x@
|
y
ẑ D �

p
�

sinS lc.L.x; y//
.�z�/�1L

|

1M.L.x; y//L2:

Besides, since @˛x.
p
�= sinS lc/ D .�

�j˛j/, by Lemmas 4.5 and 4.9 we also have

@˛x@
ˇ
y
ẑ D

8̂<̂
:
O.1/; jˇj D 1;

O
��
z�

�

��1C.jx̨jCj x̌j/=2�
; jˇj D 2;

for .x; y/ 2 supp zA and ˛ 2 Nd
0 . In fact, we use Lemma 4.9 for jˇj D 1 and Lemma 4.5

for jˇj D 2. Therefore, we may use Lemma 4.10 with ! D z�=� for Op�z��Œ ẑ ; zA� to get

kOp�z��Œ ẑ ; zA�k2!2 . ��d=2 z��d=2��d=4:

By (4.21), estimate (4.4) follows as desired.

4.4. Estimate for O�Œˆs; zAs� when 2�l � "1 z�1=2

In this case, as seen in Lemma 4.7, the matrix @x@
|
yˆs can be singular. So, we need an

approach different from that used for the case 2�l < "1 z�
1=2. We consider an operator

given by freezing x1, y1 (see proof of Lemma 4.3 below) and then make use of (4.14).
To prove Lemma 4.3, we need the following.

Lemma 4.11. Let 2�l � "1 z�1=2 and .x; y/ 2 B � zB. Then,

j@x̨xx
zAs.x; y/j . .�2�3l /�1.�z�/�jx̨j=2; x̨ 2 Nd�1

0 : (4.22)
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Assuming this for the moment, we prove Lemma 4.3.

Proof of Lemma 4.3. Fixing s 2 J , we set

x̂ .x; y/ D .
p
�z�/�1ˆs.xL.x; y//; xB.x; y/ D �2�3l zAs.xL.x; y//;

where
xL.x; y/ D .�x1; .�z�/

1=2
xx; z�y1; .�z�/

1=2
xy/C cB :

Changing variables .x; y/! xL.x; y/ gives

kO�Œˆs; zAs�k2!2 D .�2
�3l /�1.�z�/d=2kOp�z��Œ x̂ ; xB�k2!2: (4.23)

Freezing z1 WD .x1; y1/, we define

xO�
z1
h.xx/ D

Z
ei�
x̂
z1
.xx;xy/ xBz1.xx; xy/h.xy/dxy;

where x̂ z1.xx; xy/D x̂ .x;y/ and xBz1.xx; xy/D xB.x;y/. Note 2�l � �1 z�1=2 and �z�3=2 & 1.
Since O�Œ x̂ ; xB�f D

R
xO�
.x1;y1/

f .y1; �/dy1, by (4.23), (4.7) follows if we show

kO�
z1
k2!2 � C�

�.d�1/=2; � > 0 (4.24)

for a constant C . Note supp xBz1 � Bd�1.0; 1/ � Bd�1.0; 1/. Moreover, by (4.11) and
(4.14) we have @˛

xx
xBz1 D O.1/ and det @xx@

|

xy
x̂
z1 � 1. Lemmas 4.5 and 4.9, as before

(cf. proof of Lemma 4.2), give

@˛xx@
ˇ
xy
x̂
z1 D O.1/; j˛j � 1; jˇj D 1; 2

whenever .xx; xy/2Bd�1.0;1/�Bd�1.0;1/. Therefore, applying Lemma 4.10 (with!D 1
and d replaced by d � 1) to O�

z1
, we obtain (4.24).

Proof of Lemma 4.11. We first consider the case where x̨ D 0. Note that the functions
z .s/As.x; y/ and @s. z .s/As.x; y// are uniformly bounded on B � zB. Recall now that
j@2sˆs.x;y/j. 2�3l (see proof of Proposition 3.6). Thus, by (4.5) we get (4.22) for x̨ D 0.

Let x̨ ¤ 0. We have (4.9), and @˛x@sAs.x;y/DO..�z�/
�j˛j=2/, which follows by (4.8)

since 2�l . �1=2. Therefore, for (4.22) we need only to show

j@˛x@
2
sˆs.x; y/j . 2�3l��j˛j; (4.25)

j@x̨xx@sˆs.x; y/j . 2�3l .�z�/�jx̨j=2: (4.26)

We verify (4.25) first. Since @2sˆs D 2
�2l@2sP .x; y; S

l
c/, it suffices to show

j@˛x.@
2
sP .x; y; S

l
c//j . 2�l��j˛j; ˛ ¤ 0: (4.27)

Using (3.12), we write

@2sP .x; y; S
l
c/

hx; yi
D
.cosS lc � cosSc/2

sin3 S lc
C .cosS lc � cosSc/

.cosSc � �C/
sin3 S lc

:
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Note @˛x.sin S lc/
�3 D O.��3=2��j˛j/ (see Remark 4.6). By the Leibniz rule, (4.27) fol-

lows if we show

j@˛x.cosSc � �C/j . �1�j˛j; (4.28)

j@˛x.cosS lc � cosSc/j . 2�l�1=2�j˛j: (4.29)

Estimate (4.28) is clear from (3.13) since @˛x.jx � yj/ D O.�1�j˛j/ for .x; y/ 2
B � zB. To show (4.29), we observe that @˛x.cosS lc � cosSc/ is given by a linear combi-
nation of the terms

.sinS lc � sinSc/
2l�1Y
mD1

@amx Sc ; .cosS lc � cosSc/
2lY
mD1

@bmx Sc ; l � 0;

where a1; : : : ;a2l�1;b1; : : : ;b2l ¤ 0; ja1j C � � � C ja2l�1j D jb1j C � � � C jb2l j D j˛j. Since
sinS lc � sinSc D O.2�l / and cosS lc � cosSc D O.2�l�1=2/, (4.29) follows by (4.8).

We now show (4.26). Recalling @sˆs D 2�l@sP .x; y; S lc/, we have

@
x̌

xx@sˆs D 2
�l@
x̌

xx@sP .x; y; S
l
c/C 2

l@2sˆs@
x̌

xxSc ; j
x̌j D 1:

Let x̨0 C x̌ D x̨. By (4.25) and (4.8), we have @x̨
0

Nx .2
l@2sˆs@

x̌

xxSc/ . 2�3l .�z�/�jx̨j=2 since
2�l � "1 z�

1=2. To handle the first term, from (2.15) we note

@xj @sP .x; y; S
l
c/ D

yj cosS lc � xj
sin2 S lc

: (4.30)

Thus, it suffices to show

j@
x̌

xx .yj cosS lc � xj /j . .�z�/.1�j
x̌j/=2; 2 � j � d:

Since jyj j; jxj j. .�z�/1=2, 2� j � d , using (4.8) one can easily show the desired bounds
(see Remark 4.6).

The rest of this section is dedicated to proving Lemma 4.7.

4.5. Proof of Lemma 4.7

In order to prove (4.12), we start by removing an insignificant part of M. Differentiat-
ing (4.2), we have

@x@
|
yˆs.x; y/ D @x@

|
yP .x; y; S lc/C @xSc@

|
y@sP .x; y; S

l
c/C @x@sP .x; y; S

l
c/@

|
ySc

C @2sP .x; y; S
l
c/@xSc@

|
ySc C @sP .x; y; S

l
c/@x@

|
ySc : (4.31)

The last term on the right-hand side is negligible.

Lemma 4.12. Let s 2 J and .x; y/ 2 B � zB. Suppose that (2.11) and (3.18) hold. Then,
for ˛ 2 Nd

0 ,
sinS lc@

˛
x.@sP .x; y; S

l
c/@x@

|
ySc/ D O.E

˛
1 /:
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To prove Lemma 4.12, we make use of the following identities:

@xSc.x; y/ D G.2x �Ay/; @
|
ySc.x; y/ D G.2y|

�Ax|/; (4.32)

where

A.x; y/ D
jxj2 C jyj2

hx; yi
; G.x; y/ D

cosSc.x; y/
sinSc.x; y/jx C yjjx � yj

: (4.33)

Proof of identities (4.32). Differentiating (3.15), followed by a simple computation, gives

sinSc.x; y/@xSc.x; y/ D F.x; y/x � 2�1A.x; y/F.x; y/y;

where

F.x; y/ D
jxj2 C jyj2 � jx C yjjx � yj

hx; yijx C yjjx � yj
:

Here, we also use the identity jxC yj2jx � yj2D .jxj2C jyj2/2 � 4hx;yi2. By (3.11) and
(3.10), we see F.x; y/ D 2 cosSc.x; y/=.jx � yjjx C yj/. We thus get the first identity
in (4.32). Since Sc.y; x/D Sc.x; y/, the second one follows from the first by interchang-
ing the roles of x, y.

Proof of Lemma 4.12. Since jcosS lc � cosSc j � 2�l�1=2, (4.6) gives

jhx; yi � cosS lc.x; y/j . "ı.�z�/
1=2
C 2�l�1=2:

Thus, by (2.15) and (3.7) it follows that

@sP .x; y; S
l
c.x; y; s// D O."ı z�C 2

�2l /:

Combining this and (4.8), we get the desired estimate for ˛ D 0.
We now assume j˛j � 1. Thanks to (4.8), it suffices to show

@˛x.@sP .x; y; S
l
c// D O..z�C 2

�2l /��˛1.�z�/�jx̨j=2/: (4.34)

Since @xj .@sP .x;y;S
l
c//D @xj @sP .x;y;S

l
c/C@

2
sP .x;y;S

l
c/@xj Sc , using (4.30), (3.12)

and the first identity in (4.32), we write

@xj .@sP .x; y; S
l
c// D

I1j

sin2 S lc
C

cosS lc � cosSc
sin3 S lc

I2j ;

where

I1j WD yj cosSc � xj ;

I2j WD yj sinS lc �Ghx; yi.cosS lc � �
C/.2xj �Ayj /:

We may assume j̨ ¤ 0 for some j . Thus,

@˛x.@sP .x; y; S
l
c// D @

ˇ
x

� I1j

sin2 S lc

�
C @ˇx

�cosS lc � cosSc
sin3 S lc

I2j

�
;
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where ˇ D ˛ � ej . By the Leibniz rule, (4.29), and the bounds in Remark 4.6, the desired
estimate (4.34) follows if we show

j@ˇxI1j j .

´
z���ˇ1.�z�/�j

x̌j=2; j D 1;

.�z�/1=2��ˇ1.�z�/�j
x̌j=2; j ¤ 1;

(4.35)

j@ˇxI2j j .

´
.z�1=2 C 2�l /��ˇ1.�z�/�j

x̌j=2; j D 1;

�1=2��ˇ1.�z�/�j
x̌j=2; j ¤ 1:

(4.36)

It should be noted that slightly weaker bounds are good enough for our purpose when
j̨ ¤ 0 for j ¤ 1, i.e., jx̨j � 1 D j x̌j, since there is an improvement of factor .z�=�/1=2

thanks to the particular form of estimate (4.34).
One can easily show (4.35) for j ¤ 1 using (4.8) since jxj j; jyj j . .�z�/1=2. To show

(4.35) for j D 1, we write I11 D x
�1
1 .hx;yi cosSc � jxj2C hxx; xx � xy cosSci/. By (3.11),

we have

I11 D
1

x1

� 2.hx; yi2 � jxj2jyj2/

jyj2 � jxj2 C jx C yjjx � yj
C hxx; xx � xy cosSci

�
:

Using (4.35) with j ¤ 1 gives

@ˇx .hxx; xx � xy cosSci/ D O..�z�/��ˇ1.�z�/�j
x̌j=2/:

One can easily check @ˇx .jxj2jyj2 � hx;yi2/DO.�z���ˇ1.�z�/�j
x̌j=2/. Additionally, we

note that @ˇx .jyj2 � jxj2 C jx C yjjx � yj/ D O.�1�jˇ j/. Since

jyj2 � jxj2 C jx C yjjx � yj � �;

combining those estimates with the Leibniz rule, we get (4.35) with j D 1.
For the proof of (4.36), we first claim that we may replace I2j by

QI2j D yj sinSc �Ghx; yi.cosSc � �C/.2xj �Ayj /:

In what follows, we frequently use this type of argument to replace less favorable terms
by allowing acceptable errors. To show the claim, we make use of some easy estimates.
We first note

j@ˇx .sinS lc � sinSc/j . 2�l��jˇ j; ˇ 2 Nd ; (4.37)

which one can show in the same manner as (4.29). Using (4.8) and the bounds in Re-
mark 4.6, we also have

@ˇxG D O.��3=2�jˇ j/; ˇ 2 Nd : (4.38)

Noting A D 2C jx � yj2=hx; yi, via a routine computation we have, for ˇ 2 Nd ,

j@ˇx .2xi �Ayi /j; j@
ˇ
x .2yi �Axi /j .

´
���ˇ1.�z�/�j

x̌j=2; i D 1;

.�z�/1=2��ˇ1.�z�/�j
x̌j=2; i � 2:

(4.39)
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Indeed, to see this one needs only to write

2xi �Ayi D
2hx; yixi � .jxj

2 C jyj2/Ayi

hx; yi
;

and 2yi �Axi can be handled similarly. Putting together estimates (4.37), (4.29), (4.28),
(4.38), and (4.39), we now see

@ˇx .I
2
j �
QI2j / D O.2

�l��ˇ1.�z�/�j
x̌j=2/; ˇ 2 Nd :

In view of (4.36), the difference is an acceptable error. Therefore, as claimed above,
we only have to show (4.36) for QI2j replacing I2j .

To do this, using the first equality in (3.13) and (4.33), we note

sinSc QI2j D NIj WD yj sin2 Sc C cosSc.2xj �Ayj /:

Thus, the desired bound (4.36) follows once we have

j@ˇx
NIj j .

´
.z�1=2 C 2�l /�1=2�ˇ1.�z�/�j

x̌j=2; j D 1;

���ˇ1.�z�/�j
x̌j=2; j ¤ 1:

(4.40)

Since jxxj; jxyj DO..�z�/1=2/, (4.40) for j ¤ 1 is easy. Indeed, it follows by (4.39) and
the bounds in Remark 4.6. To show (4.40) with j D 1, we break

NI1 D NI1;1 � NI1;2;

where

NI1;1 WD x
�1
1 .hx; yi sin2 Sc C cosSc.2jxj2 �Ahx; yi//;

NI1;2 WD x
�1
1 .hxx; xyi sin2 Sc C cosSc.2jxxj2 �Ahxx; xyi//:

Since jxxj; jxyj D O..�z�/1=2/, one can easily see j@ˇx NI1;2j . �z���ˇ1.�z�/�j
x̌j=2. To han-

dle NI1;1, using Ahx; yi D jxj2 C jyj2, the second identity in (3.13), and then

jx � yjjx C yj D jxj2 C jyj2 � 2hx; yi cosSc

successively, we observe

NI1;1 D 2x
�1
1 cosSchx; x � cosScyi:

By (4.35), we have @ˇx .x� cos Scy/ D O..�z�/1=2��ˇ1.�z�/�j
x̌j=2/. Therefore, we get

(4.40) for j D 1, as before (see Remark 4.6).

Let us set

G.x; y/ D � sinS lc.@xSc@
|
y@sP .x; y; S

l
c/C @x@sP .x; y; S

l
c/@

|
ySc/;

F.x; y/ D � sinS lc@
2
sP .x; y; S

l
c/@xSc@

|
ySc ;

K.x; y/ D Id CG.x; y/C F.x; y/:
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In order to prove Lemma 4.7, by (4.31) and Lemma 4.12 it is sufficient to show that the
entries zEi;j of the matrix

zE WD K �M0

satisfy (4.12) in place of Ei;j . A simple computation gives

@x@sP .x; y; S
l
c/ D

cosS lcy � x
sin2 S lc

; @
|
y@sP .x; y; S

l
c/ D

cosS lcx
| � y|

sin2 S lc
:

Using those identities, we write

G D �
G

sinS lc
..2 cosS lc CA/.xx|

C yy|/ � 4xy|
� 2A cosS lcyx

|/; (4.41)

F D sinS lc@
2
sP .x; y; S

l
c/G

2.2A.xx|
C yy|/ � 4xy|

�A2yx|/: (4.42)

In what follows, for i D 1; 2, we denote E.x; y/ D O�.Ei / if @˛xE.x; y/ D O.E
˛
i /

for any ˛ and .x; y/ 2 B � zB. We first show (4.12) for .i; j / D .1; 1/, which is more
involved than the others.

Proof of (4.12) for .i; j / D .1; 1/. We consider G1;1 and F1;1, from which we discard
some harmless parts. By (4.41),

G1;1 D �
G

sinS lc
..AC 2/.x1 � y1/

2
C 2.cosS lc � 1/.x

2
1 C y

2
1 �Ax1y1//:

Using Ahx; yi D jxj2 C jyj2, we have

G1;1 D �
G

sinS lc
.AC 2/.x1 � y1/

2
C 2G

.1 � cosS lc/
sinS lc

.Ahxx; xyi � jxxj2 � jxyj2/:

It is easy to see that the second term, which we denote by zG1;1, is O�.E1/. Indeed, note
@˛x.Ahxx; xyi � jxxj

2 � jxyj2/ D O.�z���˛1.�z�/�jx̨j=2/. Then the bounds in Remark 4.6
and (4.38) show @˛x

zG1;1 D O.z���˛1.�z�/�jx̨j=2/. Thus, by the first identity in (4.33)
we get

G1;1 D �
cosSc.x1 � y1/2

sinSc sinS lc jx � yj
jx C yj

hx; yi
CO�.E1/:

By writing .x1 � y1/2 D jx � yj2 � jxx � xyj2 and using (3.13) (the second equality), the
first term on the right-hand side equals

jxx � xyj2

jx � yj2
C jxx � xyj2

sinSc � sinS lc
jx � yj2sinS lc

�
jx C yjjx � yj cosSc
hx; yi sinS lc sinSc

:

Now, denote the second term by xG1;1.x; y/. By (4.37) and (4.8), we have

@˛x
xG1;1 D O.2

�l
z���3=2��˛1.�z�/�jx̨j=2/;
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so xG1;1 D O�.E1/ by (3.18). Thus, we obtain

G1;1 �M0
1;1 CO�.E1/ D �

jx C yjjx � yj cosSc
hx; yi sinS lc sinSc

D �
.�C � cosSc/ cosSc

sinS lc sinSc
:

We use (3.13) for the second equality.
From (4.42), we have

F1;1 D sinS lc@
2
sP .x; y; S

l
c/G

2.2A.jxj2 C jyj2/ � .4CA2/hx; yi/

� sinS lc@
2
sP .x; y; S

l
c/G

2.2A.jxxj2 C jxyj2/ � .4CA2/hxx; xyi/:

We denote by zF1;1 the second term in the right-hand side. By (4.27) and (4.38), we see
@˛x
zF1;1 D O.2�l z���3=2��˛1.�z�/�jx̨j=2/, so zF1;1 D O�.E1/. Meanwhile, (4.33) gives

2A.jxj2 C jyj2/ � .4CA2/hx; yi D
jx � yj2jx C yj2

hx; yi
D G�2

cos2 Sc
hx; yi sin2 Sc

:

Combining this with (3.12) yields

F1;1 D
.�C � cosS lc/.cosS lc � cosSc/ cos2 Sc

sin2 S lc sin2 Sc
CO�.E1/:

We now set

D1 D .�
C
� cosS lc/.cosS lc � cosSc/ cos2 Sc ;

D2 D .�
C
� cosSc/.sinS lc � sinSc/ sinS lc cosSc ;

and
A D

D1 CD2

sin2 Sc sin2 S lc
:

Since K1;1 D 1C F1;1 CG1;1, using the above equalities, we obtain

K1;1 �M0
1;1 D ACO�.E1/:

Indeed, from (3.11) and (3.10) note sin2 Sc D .�C � cos Sc/ cos Sc , which then gives
D2 D sin2 Sc sin2 S lc � .�

C � cosSc/ sinSc sinS lc cosSc .
To complete the proof, it remains to show A D O�.E1/. Let zD1 denote D1 in which

the first cosS lc is replaced by cosSc , and by zD2 we denoteD2 in which the second sinS lc
is replaced by sinSc . Then, using (4.29) as before, we see

@˛x.D1 �
zD1/ D O.2

�2l���˛1.�z�/�jx̨j=2/:

Similarly, @˛x.D2 � zD2/ D O.2
�2l���˛1.�z�/�jx̨j=2/ by (4.37) and (4.28). So,

D1 � zD1 CD2 � zD2

sin2 Sc sin2 S lc
D O�.E1/:
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Thus, we have

A D
zD1 C zD2

sin2 Sc sin2 S lc
CO�.E1/:

Note zD1 C zD2 D 2 cosSc.cosSc � �C/ sin2..S lc � Sc/=2/, which follows from ele-
mentary trigonometric identities. Therefore,

A D 2
cosSc.cosSc � �C/

sin2 Sc sin2 S lc
sin2

�S lc � Sc
2

�
CO�.E1/:

Since S lc � Sc D 2�ls, using (4.28) and the bounds in Remark 4.6, we conclude that
A D O�.E1/.

Before we begin to prove (4.12) for .i; j /¤ .1; 1/, we show that the contribution of F
is negligible. By (4.42), we have

Fi;j D � sinS lc@
2
sP .x; y; S

l
c/G

2.2xi �Ayi /.2yj �Axj /:

If i; j � 2, we use (4.27), (4.39), and (4.38) (also see Remark 4.6) to see that

@˛xFi;j D O.2�l z���3=2��˛1.�z�/�jx̨j=2/:

This shows Fi;j D O�.E1/ for i; j � 2. If i D 1; j � 2, or j D 1; i � 2, we similarly
obtain @˛xFi;j D O.2�l z�1=2��1��˛1.�z�/�jx̨j=2/, so it follows that Fi;j D O�.E2/.

Therefore, the following completes the proof of Lemma 4.7:

Gi;j �M0
i;j D

´
O�.E1/; i; j � 2;

O�.E2/; i D 1; j � 2; or j D 1; i � 2:
(4.43)

Proof of (4.43). We consider the case i; j � 2 first. By (4.41), we have

Gi;j D �
G

sinS lc
..2 cosS lc CA/.xixj C yiyj / � 4xiyj � 2A cosS lcyixj /:

By G0i;j we denote Gi;j in which we replace A by 2. Since A D 2C jx � yj2=hx; yi, we
have @˛x.A � 2/ D O.�

2�j˛j/. Using (4.38), we see

@˛x.Gi;j �G0i;j / D O.z��
1�˛1.�z�/�jx̨j=2/

because

xi ; xj ; yi ; yj D O..�z�/
1=2/; i; j � 2:

Thus, it is enough to consider G0i;j . Furthermore, by (4.29) and (4.38), cosS lc in G0i;j can
similarly be replaced by cosSc if we allow an error of O�.E1/. Thus,

Gi;j D
zGi;j C

xGi;j CO�.E1/; i; j � 2; (4.44)
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where

zGi;j D�
2G

sinS lc
.xj � yj /.2xi � .1C cosSc/yi /;

xGi;j D
2G

sinS lc
.xi � yi /.1 � cosSc/xj :

It is easy to see @˛x xGi;j D O.z���˛1.�z�/�jx̨j=2/ for i; j � 2, thus xGi;j D O�.E1/.
Using (4.37), by sin Sc we may replace sin S lc in the expression of zGi;j with an error of
O�.E1/. Then, applying (4.33) and (3.13), we get

Gi;j D �
2hx; yi

jx C yj2
.xj � yj /

jx � yj2
.2xi � .1C cosSc/yi /CO�.E1/: (4.45)

As before, we may replace 2hx; yi=jx C yj2 by 1=2 since

@˛x

�1
2
�
2hx; yi

jx C yj2

�
D O.�2��j˛j/;

@˛x.2xi � .1C cosSc/yi / D O..�z�/1=2��˛1.�z�/�jx̨j=2/;

@˛x.xj � yj / D O..�z�/
1=2��˛1.�z�/�jx̨j=2/; i; j � 2:

Therefore, we have

Gi;j DM0
i;j C

.xj � yj /.cosSc � 1/yi
2jx � yj2

CO�.E1/:

Note

@˛x

� .xj � yj /.1 � cosSc/yi
jx � yj2

�
D O.z���˛1.�z�/�jx̨j=2/:

Thus, (4.43) follows for i; j � 2.
We now show (4.43) when i D 1, j � 2, or j D 1, i � 2. We only consider the case

i D 1, j � 2, since the other one can be handled in the same manner. Since xj ; yj D
O..�z�/1=2/ for j � 2, repeating the same argument used to show (4.44), we obtain

G1;j D
zG1;j C

xG1;j CO�.E2/:

Here we use the same notations as above. Note

@˛x.2x1 � .1C cosSc/y1/ D O.���˛1.�z�/�jx̨j=2/:

By this and (4.38), @˛x xG1;j DO.�
1=2 z�1=2��˛1.�z�/�jx̨j=2/, thus G1;j D

zG1;j CO�.E2/.
Allowing an error of O�.E2/, as before, we may replace sinS lc by sinSc in zG1;j . Conse-
quently, using (4.33) and (3.13) (cf. (4.45)), we obtain

zG1;j D �
2hx; yi

jx C yj2
.xj � yj /

jx � yj2
.2x1 � .1C cosSc/y1/CO�.E2/:

We may also replace, as above, the factor 2hx; yi=jx C yj2 by 1=2 with an error of
O�.E2/. Therefore, (4.43) follows for i D 1, j � 2.
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