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Abstract. We give a new construction of .'; OG/-modules using the theory of prisms developed by
Bhatt and Scholze. We give two applications of our results. Firstly, we provide a new proof for the
equivalence between the category of prismatic F -crystals in finite locally free O∆-modules over
.OK/∆ and the category of lattices in crystalline representations of GK , where K is a complete
discretely valued field of mixed characteristic with perfect residue field. Moreover, we generalize
this result to semistable representations using the absolute logarithmic prismatic site defined by
Koshikawa.
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1. Introduction

1.1. Overview and main results

Let K be a complete discretely valued field of mixed characteristics with perfect residue
field k. Fix a separable closure xK of K and let GK be the absolute Galois group of K.
The study of stable lattices in crystalline representations of GK plays an important role in
number theory. For example, in many modularity lifting results, one wants to understand
liftings of mod p representations of the Galois group of a number field F to Galois repre-
sentations over Zp-lattices with nice properties when restricted to the Galois groups of Fv
for all places v of F . And a reasonable property at places over p is that the representa-
tion of the Galois group of the local field is crystalline. There are various theories about
characterizing GK-stable lattices in crystalline representations, for example, the theory
of strongly divisible lattices of Breuil [10], Wach modules [3, 34], Kisin modules [25],
Kisin–Ren’s theory [26] and the theory of .'; OG/-modules [30]. The theories above state
that one can describe lattices in crystalline representations using linear algebraic data over
certain commutative rings A.

A recent work of Bhatt–Scholze [9] gives a different characterization of the cate-
gory of lattices in crystalline representations. To explain their result, let OK be the ring
of integers in K. They consider the absolute prismatic site .OK/∆, which is defined
as the opposite category of all bounded prisms over OK and equipped with the faith-
fully flat topology. Let O∆ be the structure sheaf on .OK/∆, and I∆ � O∆ be the ideal
sheaf of Hodge–Tate divisor, then O∆ carries a '-action coming from the ı-structures.
A prismatic F -crystal in finite locally free O∆-modules over .OK/∆ is defined as a crys-
tal M∆ over .OK/∆ in finite locally free O∆-modules together with an isomorphism
.'�M∆/Œ1=I∆� 'M∆Œ1=I∆�. The main result in [9] is the following:

Theorem 1.1.1 ([9, Theorem 1.2] and Theorem 4.1.10). There is an equivalence of the
category of prismatic F -crystals in finite locally free O∆-modules over .OK/∆ and the
category of Galois stable lattices in crystalline representations of GK .

It is known that the prismatic theory of Bhatt–Scholze was first developed to give a
new cohomology theory in [8] that behaves like the “p-adic motivic cohomology” for
varieties X over Qp . More concretely, prismatic cohomology theory unifies a lot of p-
adic cohomology theories in the sense that one can get various cohomology theories using
“evaluation maps” [8, Example 1.9]. And such a procedure of evaluation can be seen more
clearly in the absolute prismatic cohomology theory developed in [7]. Theorem 1.1.1
should also be regarded as a “unified”-integral p-adic Hodge theory for crystalline repre-
sentations. That is one should be able to recover classical integral p-adic Hodge theories
from the result of Bhatt–Scholze using evaluation maps. If a classical integral p-adic
Hodge theory over OK is defined using linear algebraic data over a commutative ring A,
then one should first realize A as certain prisms .A; I / over OK , then expect that evalu-
ating the prismatic F -crystals on .A; I / recovers the corresponding theory. For example,
Kisin [25] uses the base ring A D S WD W.k/JuK with ı.u/ D 0, and he needs to fix a
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uniformizer $ of OK which is a zero of an Eisenstein polynomial E 2 W.k/Œu�. Then
it is well-known that .A; .E// is the so-called Breuil–Kisin prism, and .A; .E// is inside
.OK/∆. Kisin was able to attach to any lattice T in a crystalline representation of GK
a finite free A-module together with an isomorphism .'�M/Œ 1

E
� 'MŒ 1

E
�. Now, if M∆

is the prismatic F -crystal attached to T under Theorem 1.1.1, then Bhatt–Scholze show
that the evaluation of M∆ on .A; .E// recovers Kisin’s theory [9, Theorem 1.3].

Prismatic .'; OG/-modules. Figure 1 shows an expectation of the relation between the
prismatic result of Bhatt–Scholze and other works on characterizing lattices in crys-
talline representations. The first question that we consider here is whether and how one
can recover the theory of .'; OG/-modules from Theorem 1.1.1. The category of .'; OG/-
modules, developed by Liu [29], roughly speaking consists of pairs ..M; 'M/; OG/, where
.M; 'M/ is a Kisin module, and OG is aGK-action on M˝S;'

yR that commutes with 'M

and has some additional properties. Here yR is a subring of Ainf that is stable under '
and GK , where Ainf D W.O[

yxK
/ is the infinitesimal period ring introduced by Fontaine.

However, the period ring yR introduced by Liu is not known to be p-adically complete,
and it is even harder to determine whether it can appear as a prism. So in order to relate
the category of .'; OG/-modules to the category of prismatic F -crystals of Bhatt–Scholze,
we develop a theory of prismatic .'; OG/-modules, in which the ring yR is replaced byA.2/st ,
a subring of Ainf constructed as a certain prismatic envelope in Section 2.3.

Lattices in crystalline representations

Prismatic F -crystals

Breuil–Kisin theory

.'; OG/-module theory

Wach theory .K D K0/
...

evaluation maps

Fig. 1. A cartoon that shows the expectations that prismatic F -crystals will reproduce many clas-
sical integral p-adic Hodge theories. And our prismatic .'; OG/-module theory can be regarded as
reverse engineering of this procedure.

We have the following result.

Theorem 1.1.2 (Theorem 5.0.18). There is an equivalence between the category of pris-
matic .'; OG/-modules and the category of lattices in semistable representations of GK .
Moreover, we have a necessary and sufficient condition on a prismatic .'; OG/-module to
determine whether it corresponds to a lattice in crystalline representations of GK .

Here a prismatic .'; OG/-module, defined similarly to the classical theory, is a pair
..M; 'M/; OG/ consisting of a Kisin module .M; 'M/ and a GK-action OG on M˝S A

.2/
st

satisfying several additional conditions. The ring A.2/st here indeed comes from a prism
.A
.2/
st ; .E// inside .OK/∆ that lies over .A; .E//, and .A.2/st ; .E// carries an action of
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GK inside .OK/∆. For a GK-stable lattice T in a crystalline representation, if M∆ is
the prismatic F -crystal attached to T , then evaluating M∆ on the diagram .A; .E//!

.A
.2/
st ; .E// recovers the prismatic .'; OG/-module attached to T . We can also show that

the mapA.2/st !Ainf
'
�!Ainf factors through yR, so the theory of prismatic .'; OG/-modules

recovers the classical theory. The ring A.2/st is simpler than yR in many ways. Although it
is still very complicated and non-Noetherian, it is p-adic complete and we can give an
explicit description of A.2/st modulo E. In particular, our new theory can be used to fix the
gap in [29] indicated by [19, Appendix B].

Another benefit of having the period rings A.2/ and A.2/st in the theory of .'; OG/-
modules in the absolute prismatic site is the possibility to establish the concept of
“.'; OG/-module cohomology theory”. Specifically, given a smooth formal scheme X

over OK , Bhatt–Scholze have demonstrated in [8, Theorem 1.8] that the Breuil–Kisin
cohomology R�S.X/ previously studied in [6] can be realized by prismatic cohomology
R�∆.X=.S; .E///. This provides a geometric interpretation of the Breuil–Kisin modules
associated with the p-adic étale cohomology of the adic generic fiber of X. Additionally,
by making use of the base change property of prismatic cohomology, we can establish that
R�∆.X=.A

.2/
st ; .E/// yields similarly a geometric interpretation of the .'; OG/-modules

associated with the p-adic étale cohomology of the adic generic fiber of X. It is worth
noting thatR�∆.X=.A

.2/
st ; .E/// not only possesses a Frobenius structure, but also admits

an action of the full Galois groupGK . We anticipate that this observation will prove useful
in studying integral p-adic cohomology theories.

By proving Theorem 1.1.2, we actually provide reverse engineering of the proce-
dure described in Figure 1. That is, using the known equivalence between lattices in
semistable representations and prismatic .'; OG/-modules, we can establish a functor from
the category of prismatic .'; OG/-modules that correspond to crystalline representations to
prismatic F -crystals. Moreover, we show that this functor is an equivalence, thus giving
a different proof of the result of Bhatt–Scholze stated in Theorem 1.1.1.

To be more precise, let T be a GK-stable lattice in a crystalline representation with
positive Hodge–Tate weights, let .A; E/ be the Breuil–Kisin prism, and let .A.2/; .E//
(resp. .A.3/; .E//) be the self-product (resp. self-triple-product) of .A; .E// in .OK/∆. It

is known that evaluating prismatic F -crystals on the diagram .A; .E//
i1
�! .A.2/; .E//

i2
 �

.A; .E// induces an equivalence of the category of prismatic F -crystals and the category
of Kisin modules with descent data, that is, pairs ..M; 'M/; f / where .M; 'M/ is a Kisin
module and

f WM˝S;i1 A
.2/
'M˝S;i2 A

.2/

is an isomorphism of A.2/-modules that is compatible with ' and satisfies the cocycle
condition over A.3/. Using this, to establish an equivalence between prismatic .'; OG/-
modules that correspond to crystalline representations and prismatic F -crystals, it
remains to find a correspondence between the OG-action and the descent isomorphism f .

We will show that the descent isomorphism can be obtained by looking at the GK-
action of the .'; OG/-module at a specific element. To be more precise, fix a Kummer tower
K1 D

S1
nD1K.$n/ used in the theory of Kisin, where ¹$nºn�0 is a compatible system
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of pn-th roots of $0 D $ . Choose Q� 2 GK satisfying Q�.$n/ D �pn$n where ¹�pnºn�0
is a compatible system of primitive pn-th roots of 1. Then our slogan is that the descent
isomorphism f comes from the Q� -action on the Kisin module M inside T _ ˝ Ainf. We
will call this the prismatic .'; �/-module theory, which can be regarded as the .'; �/-
module version of the result of Wu [35].

Actually, the maps u 7! Œ$ [� and u 7! Œ Q�.$ [/� define two morphisms of .A; .E// to
.Ainf;EAinf/. By the universal property of .A.2/; .E//, these two maps induce a morphism
.A.2/; .E//! .Ainf;EAinf/. We can show this map A.2/! Ainf is injective, and it factors
through A.2/st , which is the base ring used in our prismatic .'; OG/-module theory. That is,
we have a chain of subrings A � A.2/ � A.2/st of Ainf such that Q�.A/ is also contained
in A.2/. We show that a prismatic .'; OG/-module corresponds to a crystalline representa-
tion if and only if the coefficients of the Q� -action on M inside T _ ˝Zp Ainf lie in A.2/.
Once this is proved, the Q� -action will induce an isomorphism

f� WM˝S;Q� A
.2/
'M˝S A

.2/:

We will see that f� as above gives a descent isomorphism. Consequently, this leads to a
new proof for Theorem 1.1.1.

Logarithmic prismatic F -crystals and lattices in semistable representations. Another
advantage of our approach is that our new method can be easily generalized to semistable
representation cases. It turns out that the prism .A

.2/
st ; .E// is isomorphic to the self-

product of .A;.E// if both are given proper log structures and realized as log prisms inside
the absolute logarithmic prismatic site over OK defined by Koshikawa [27]; for details
see Section 5. Using the equivalence between prismatic .'; OG/-modules and lattices in
semistable representations of GK , we will show in Section 5 the following generalization
of Theorem 1.1.1 to semistable representations.

Theorem 1.1.3 (Theorem 5.0.18). There is an equivalence of the category of prismatic
F -crystals in finite locally free O∆-modules over .OK/∆log and the category of Galois
stable lattices in semistable representations of GK .

Further discussion. As illustrated in Figure 1, Bhatt–Scholze can package classical inte-
gral p-adic Hodge theories in prismatic F -crystals, and our work can be thought of as a
way of finding minimal data when unpacking prismatic F -crystals while we can still
recover the whole package.

Integral p-adic Hodge theory is well-known for its contribution to the study of torsion
Galois representations. It is expected in [9] that Theorem 1.1.1 should be upgraded using
the stack †00 constructed by Drinfeld [15] to study torsion representations. On the other
hand, the theory of .'; OG/-modules has been shown to be a powerful tool when study-
ing torsion Galois representations [13, 20]. As the theory of .'; OG/-modules has been
improved, we hope the results of this paper can develop into new ideas and tools to deal
with torsion Galois representations.

Another interesting and natural question one can ask is whether Theorems 1.1.1
and 1.1.3 can accommodate more general base schemes. It turns out that our strategy
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does allow us to treat many relative bases. See [18] for more details. So part of our paper,
for example Section 2, does allow specific general base rings.

1.2. Outline

Let us briefly overview the content of each section. We begin with some ring-theoretic
foundations in Section 2. We will construct the period rings A.2/ and A.2/st and collect
some of their basic properties for later use. Our construction of A.2/ and A.2/st relies heav-
ily on the theory of prisms developed by Bhatt–Scholze; we refer the reader to [8] for
the foundations of this theory. Note that we expect some of the results in this paper can
allow more general base rings, so most of the discussion in Section 2 is conducted in a
quite general setup. In Appendix A, we will compare our setup with those in [11, 24]. In
Section 3, we develop the theory of prismatic .'; OG/-modules. We state our main result
about prismatic .'; OG/-modules in Theorem 3.3.3 and Corollary 3.3.4, but both rely on
Proposition 3.2.2 which is proved in Section 4. In that section, we review the definition
of prismatic F -crystals by Bhatt–Scholze and give a different proof of their prismatic
description of crystalline lattices. This is achieved simultaneously with completing the
proof of Proposition 3.2.2. And in order to do this, we develop the prismatic .'; �/-
module theory in Section 4.2. In Section 5, we briefly review the theory of logarithmic
prisms developed by Koshikawa [27], and then we generalize the result of Bhatt–Scholze
to semistable representations.

2. Ring structures on certain prismatic envelope

Recall that K is a completed discrete valuation field in mix characteristic .0; p/ with
the ring of integers OK and perfect residue field k. Let W.k/ be the ring of Witt vectors
over k. Let$ 2OK be a uniformizer andE DE.u/ 2W.k/Œu� be the Eisenstein polyno-
mial of$ . Let Cp be the p-adic completion of xK, and OCp be the ring of integers. In this
paper, for a p-adic complete ring T , we write T hx1; : : : ; xd i for the p-adic completion
of T Œx1; : : : ; xd �. Let R0 be a W.k/-algebra which admits a lifting of the p-th Frobenius
' WR0!R0. SetR WDR0˝W.k/ OK . We make the following assumptions onR0 andR:

(1) Both R0 and R are p-adically complete integral domains, and R0=pR0 D R=$R is
an integral domain.

(2) Let MR0 WD W.k/ht1; : : : ; tmi. Then R0 is an MR0-formally étale algebra with p-adic
topology.

(3) MR0 admits a Frobenius lift such that MR0 ! R0 defined in (2) is '-equivalent.

(4) The k-algebra R0=pR0 has finite p-basis in the sense of [14, Definition 1.1.1].

Our main example is R0 D MR0 D W.k/: We will not use the finite p-basis assumption
until Section 4. The following are other examples of R0:

Example 2.0.1. (1) R0 D W.k/ht˙11 ; : : : ; t˙1m i with '.tj / D t
p
j .

(2) R0 D W.k/JtK with '.t/ D tp or .1C t /p � 1.
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(3) R0 is an unramified complete DVR with imperfect field � with finite p-basis. See
Appendix A for more discussion.

We reserve 
i .�/ for the i -th divided power.

2.1. Construction of A.2/

Let ADSDR0JuK and extend ' W A! A by '.u/D up . It is well-known that .A;E/ is
a prism and we can define a surjection � W A! R via u 7!$ . We have Ker � D .E.u//.
Let MA WD MR0JuK and define ' and M� W MA! MR WD OK ˝W MR0 similarly. We set

A
y̋2
WD AJy � x; s1 � t1; : : : ; sm � tmK;

A
y̋3
WD AJy � x;w � x; ¹si � ti ; ri � tiºmjD1K:

Note that A y̋2 (resp. A y̋3) is an MA˝Zp MA (resp. MA˝Zp MA˝Zp MA)-algebra via u˝ 1 7!
x, 1 ˝ u 7! y and 1 ˝ ti 7! si (resp. 1 ˝ 1 ˝ u 7! w and 1 ˝ 1 ˝ ti 7! ri ). So in
this way, we can extend the Frobenius ' of A, which is compatible with that on MA, to
A
y̋2 and A y̋3. Set J .2/ D .E; y � x; ¹si � tiºmiD1/ � A

y̋2 and J .3/ D .E; y � x;w � x;
¹si � ti ; ri � tiº

m
iD1/ � A

y̋3: Clearly, A y̋ i=J .i/ ' R for i D 2; 3. And A y̋2=.p;E/ (resp.
A
y̋3=.p; E/) is a formal power series ring over the variables Ny � Nx; ¹Nsi � NtiºmiD1 (resp.
Ny � Nx; Nw � Nx; ¹Nsi � Nti ; Nri � Ntiº

m
iD1), so .A; .E//! .A

y̋ i ; J .i// satisfies the requirements
of [8, Proposition 3.13], and we can construct the prismatic envelope with respect to
this map, which will be denoted by A.i/. More precisely, A.i/ ' A y̋ i¹J

.i/

E
º^
ı

, where ¹�º^
ı

means freely adjoining elements in the category of .p;E.u//-completed ı-A-algebras. We
will see in Section 4.1 that A.i/, i D 2; 3, are the self-product and the self-triple-product
of A in the category R∆.

2.2. The ring A.2/max

Now we set t0 D x, s0 D y and

zj D
si � ti

E
and z0 D z D

y � x

E
D
s0 � t0

E
:

Note that A.i/ are A-algebras via u 7! x for i D 2; 3.

Definition 2.2.1. Let Omax be the p-adic completion of the A-subalgebra of AŒ 1
p
�

generated by p�1E. And let A.2/max be the p-adic completion of the A-subalgebra of
AŒzj ;

1
p
; j D 0; : : : ; m� generated by p�1E and ¹
i .zj /ºi�1;jD0;:::;m.

We first note that A.2/max is an A y̋2-algebra via sj � tj D Ezj ; j D 0; : : : ; m. Write
� W A

y̋2 ! A
.2/
max for the structure map. By construction, it is easy to see that A.2/max �

R0Œ
1
p
�JE; zj ; j D 0; : : : ; mK. In particular, A.2/max is a domain and any element b 2 A.2/max

can be uniquely written as
P1
i0D0
� � �
P1
imD0

bi1;:::;im
Qm
jD0 
ij .zj / with bi0;:::;im 2 Omax

and bi0;:::;im ! 0 p-adically when i0 C � � � C im !1.
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Our next goal in this subsection is to show in Lemma 2.2.3 that there is a natural way
to extend ' on A y̋2 to A.2/max. More importantly, we will show in Proposition 2.2.8 and
Lemma 2.2.10 that A.2/ is a closed subring of A.2/max and is stable under '.

Lemma 2.2.2. c WD '.E/=p 2 Omax and c�1 2 Omax.

Proof. Since A is a ı-ring, and E is a distinguished element, we have in particular

'.E/=p D c0 CE
p=p;

where c0D ı.E/ 2A�. So cD '.E/=p 2Omax, and c�1D c�10
P1
iD0

.�c�1
0
Ep/i

pi
2Omax:

Lemma 2.2.3. If we define '.z/ D '.z0/ D
yp�xp

'.E/
and '.zj / D

'.sj /�'.tj /

'.E/
, then for

0 � j � m, we have 
n.'.zj // 2 A
.2/
max for n � 0. Moreover, ' extends to a ring map

' W A
.2/
max ! A

.2/
max.

Proof. We have

'.z/ D
yp � xp

'.E/
D c�1

yp � xp

p
D c�1

.x CEz/p � xp

p

D c�1
pX
iD1

xp�i .Ez/i
�
p

i

�
=p D c�1

pX
iD1

aiz
i ;

where ai 2 W.k/JxKŒE
p

p
� � Omax � A

.2/
max and c is a unit in Omax. In particular,

'.z/ 2 A
.2/
max. Moreover,


n.'.z// D
'.z/n

nŠ
D
zn

nŠ

�
c�1

pX
iD1

aiz
i�1
�n

is in A.2/max: The argument for '.zj / for j > 1 needs some more details. We claim that
in A y̋2, we have ı.sj / � ı.tj / D .sj � tj /�j for some �j 2 A

y̋2. Recall that ı.tj / D
'.tj /�t

p

j

p
and p; sj � tj is a regular sequence in A y̋2 from our definition, so the claim

follows from the fact that '.sj / � '.tj / and spj � t
p
j are both divisible by sj � tj . Since

sj � tj D Ezj , we have

'.zj / D c
�1

�
s
p
j � t

p
j

p
CEzj�j

�
: (2.1)

The same argument as that for '.z0/ also shows that 
n.zj / 2 A
.2/
max for j D 1; : : : ; m.

Since any element b 2 A.2/max can be uniquely written as

b D

1X
i0D0

� � �

1X
imD0

bi1;:::;im

mY
jD0


ij .zj /

with bi0;:::;im 2 Omax and bi0;:::;im ! 0 p-adically when i0 C � � � C im !1, this allows
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us to extend the Frobenius ' on A to a ring map ' W A.2/max ! A
.2/
max by letting '.u/ D up ,

'.z/ D yp�xp

'.E/
, '.zj / D

'.sj /�'.tj /

'.E/
, and 
i .zj / 7! 
i .'.zj // for i � 1.

Remark 2.2.4. The ring map ' W A.2/max! A
.2/
max is not a Frobenius lift of A.2/max=p because

'.E=p/ � .E=p/p 62 pA
.2/
max. In particular, A.2/max is not a ı-ring.

Recall that A.2/max is an A y̋2-algebra via the map � W A y̋2! A
.2/
max. The above construc-

tion of the Frobenius ' on A.2/max is obviously compatible with �.
Our next goal is to show that � induces a map A.2/! A

.2/
max so that A.2/ is a subring of

A
.2/
max which is compatible with the '-structures and filtration. We need a little preparation.

Write zn D ı
n.z/ with ı0.z/ D z D z0, and A0 D W.k/JuK.

Lemma 2.2.5.

ın.Ez/ D bnzn C

pX
iD0

a
.n/
i zin�1;

where a.n/i 2 A0Œz0; : : : ; zn�2� so that a.n/p 2 A�0 and for 0 � i � p � 1 each monomial
of a.n/i contains a factor z

p
j for some 0 � j � n � 2. Furthermore, bnC1 D pı.bn/C b

p
n

and b1 D pı.E/CEp .

Proof. Given f 2 A0Œx1; : : : ; xm�, if each monomial of f contains xlj for some j and

l � p then we call f good. For example, f D xp1 x2 C 2x1x
pC3
2 is good. So we need to

show that a.n/i 2 A0Œz0; : : : ; zn�2� is good. Before using induction on n, we discuss some
properties of good polynomials. It is clear that the set of good polynomials is closed under
addition and multiplication. Note that

ı.zil / D
'.zi

l
/ � z

pi

l

p
D
.pzlC1 C z

p

l
/i � z

pi

l

p
D

iX
jD1

�
i

j

�
.pj�1z

p.i�j /

l
/z
j

lC1
: (2.2)

In particular, given an f 2A0Œz0; : : : ; zm�, ı.z
p
mf /D f

pı.z
p
m/C z

p2

m ı.f /Cpı.z
p
m/ı.f /

is a good polynomial in AŒz0; : : : ; zmC1�. Using the fact that ı.a C b/ D ı.a/C ı.b/C
F.a; b/ where F.X; Y / D 1

p
.Xp C Y p � .X C Y /p/ D �

Pp�1
iD1

��
p
i

�
=p
�
X iY p�i ,

together with the above argument for ı.zp
l
f /, it is not hard to show that if g 2

A0Œz0; : : : ; zm� is good then ı.g/ 2 A0Œz0; : : : ; zm; zmC1� is also good.
Now we use induction on n. When n D 1, we have

ı.Ez/ D Epz1 C z
pı.E/C pı.E/z1 D .pı.E/CE

p/z1 C ı.E/z
p:

Then b1 D pı.E/CEp , a.1/p D ı.E/ 2 A�0 and a.1/i D 0 for 1 � i � p � 1 are required.
Now assume the formula is correct for n. Then

ınC1.Ez/ D ı
�
bnzn C

pX
iD0

a
.n/
i zin�1

�
D ı.bnzn/C ı

� pX
iD0

a
.n/
i zin�1

�
C F

�
bnzn;

pX
iD0

a
.n/
i zin�1

�
:
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Clearly,F.bnzn;
Pp
iD0 a

.n/
i zin�1/D

Pp�1
jD1 Qa

.n/
j z

j
n with Qa.n/j being good. An easy induction

shows ı.
Pp
iD0 a

.n/
i zin�1/D

Pp
iD0 ı.a

.n/
i zin�1/C f with f 2A0Œz0; : : : ;zn�1� being good.

Plug the formula (2.2) for ı.zin�1/ into

ı.a
.n/
i zin�1/ D .a

.n/
i /pı.zin�1/C .z

pi
n�1/ı.a

.n/
i /C pı.zin�1/ı.a

.n/
i /;

and using the fact that a.n/i good implies ı.a.n/i / is also good, we conclude that for 0 �
i � p � 1,

p�1X
iD0

ı.a
.n/
i zin�1/ D

p�1X
iD0

˛i z
i
n

with ˛i 2 A0Œz0; : : : ; zn�1� being good polynomials. Since a.n/p 2 A�0 , we find that
ı.a

.n/
p z

p
n�1/ D

Pp
iD0 ˇi z

i
n with p̌ 2 pA0 and ǰ 2 A0Œz0; : : : ; zn�1� being good for

1 � j � p � 1. Now we only need to analyze ı.bnzn/, which is ı.bn/z
p
n C b

p
n znC1 C

pı.bn/znC1. So bnC1 D pı.bn/C b
p
n and a.nC1/p D ı.bn/C p̌ . Since ı.bn/ 2 A�0 , we

see that a.nC1/p D ı.bn/C p̌ 2 A
�
0 as required.

Let eA.2/ WD A y̋2Œzj �ı D A y̋2Œın.zj /; n � 0; j D 0; : : : ; m� and consider the natural

map ˛ WeA.2/!eA.2/Œ 1
p
� (we do not know whether ˛ is injective at this moment). We need

the following result for Lemma 2.2.12 which is crucial for our later applications.1

Lemma 2.2.6. For i � 0 and j D 0; 1; : : : ; d , there exists fij .X/ 2 eA.2/ŒX� such that,

as elements of eA.2/Œ 1
p
� via ˛ W eA.2/ ! eA.2/Œ 1

p
�,


i .zj / D fij

�
E

p

�
:

Proof. Write z D zj for simplicity, and let Q
.z/ D zp

p
and Q
n D Q
 ı � � � ı Q
 (n factors).

It suffices to show that for each n � 1, we have Q
n.z/ D fn.Ep / inside eA.2/Œ 1
p
� for some

fn.X/ 2
eA.2/ŒX�. For an element x 2 AŒıi .z/�i�0, we say that x has ı-order � n if x can

be written as a sum of monomials such that no term is divisible by ıj .z/ for j > n, so
x 2

Pn
jD0AŒ¹ı

i .z/ºniD0�ı
j .z/.

We claim that the following two equations hold for each n � 1:

(1) We have

ın.z/ D �n Q

n.z/C Pn

�
E

p

�
C
Ep

p
dnı

n.z/ (2.3)

for some �n 2 A�, dn 2 A, and Pn.X/ 2 .AŒıi .z/�i�0/ŒX� such that each coefficient
of Pn.X/ has ı-order � n � 1.

1We want to note that there was a gap in the proof of Lemma 2.2.12 in our previous preprint.
We thank Yong Suk Moon for pointing it out and helping us prove the following lemma.
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(2) We have

Q
.ın�1.z// D �n�1 Q

n.z/CQn�1

�
E

p

�
(2.4)

for some �n�1 2 A� and Qn�1.X/ 2 .AŒıi .z/�i�0/ŒX� such that each coefficient of
Qn�1.X/ has ı-order � n � 1.

We prove claims (1) and (2) by induction. For n D 1, since

ı.Ez/ D zpı.E/C .pı.E/CEp/ı.z/

and ı.E/ 2 S�, we have

ı.z/ D � Q
.z/C ı.E/�1
ı.Ez/

p
� ı.E/�1

Ep

p
ı.z/:

By easy induction, we also have ıi .Ez/ 2 .Ez/A for each i � 1. So claim (1) holds.
Claim (2) holds for n D 1 trivially with Q0.X/ D 0.

Suppose that claims (1) and (2) hold for 1 � n � m. We will verify them for n D
mC 1. We first consider claim (2). Since each coefficient of Pm.X/ has ı-order�m� 1,
Ep

p
D pp�1

�
E
p

�p , and equations (2.3) and (2.4) hold for 1 � n � m, applying Q
.�/ to
(2.3) for n D m yields

Q
.ım.z// D �pm Q

mC1.z/CQm

�
E

p

�
for some Qm.X/ 2 .SŒıi .z/�i�0/ŒX� such that each coefficient of Qm.X/ has ı-order
� m. This proves claim (2) for n D mC 1.

We now consider claim (1) for n D mC 1. By the above lemma for n D mC 1 and
since bn D p˛n C ˇnEp for some ˛n 2 A� and ˇn 2 A (via an easy induction on n), we
have

˛mC1ı
mC1.z/ D

ımC1.Ez/

p
� ˇmC1

Ep

p
ımC1.z/ � a.mC1/p Q
.ım.z//

�
1

p

p�1X
jD0

a
.mC1/
j .ım.z//j :

As noted above, we have ımC1.Ez/ 2 .Ez/A. Furthermore, by the condition on a.mC1/j ,

the last term 1
p

Pp�1
jD0 a

.mC1/
j .ım.z//j is a linear combination of terms involving Q
.ıl .z//

D
1
p
.ıl .z//p for some 0 � l � m � 1. Thus, by applying (2.3) and (2.4) for 1 � n � m,

we see that claim (1) also holds for n D m C 1 with �mC1 D �˛�1mC1a
.mC1/
p �m and

dmC1 D �˛
�1
mC1ˇmC1. This completes the induction and proves the lemma.

Remark 2.2.7. In the above proof, by (2.4), we even have, for all i; j � 0, 
i .ıj .z// D

f .E
p
/ for some f 2 eA.2/ŒX�.
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An easy induction using (2.3) implies ˛.ın.z// 2 A
y̋2Œ¹
i .zj /ºi�0;jD1;:::;m;

E
p
�

inside A.2/max, which satisfies the equations in Lemma 2.2.5 on replacing zn by ˛.ın.z//
inside A.2/max. It is clear that � is still Frobenius compatible (because both A y̋2 and A.2/max

are domains). Since E D pE
p

, � is continuous for the .p; E/-topology on eA.2/ and the

p-topology on A.2/max. Finally, we construct a ring map � W A.2/! A
.2/
max so that � is compat-

ible with Frobenius.
Our next goal is to show that � is injective. We define

FiliA.2/max

�
1
p

�
WD EiA.2/max

�
1
p

�
:

And for any subring B � A.2/maxŒ
1
p
�, set

FiliB WD B \ FiliA.2/max

�
1
p

�
D B \EiA.2/max

�
1
p

�
:

Let Dz be the p-adic completion of RŒ
i .zj /; i � 0; j D 0; : : : ; m�.

Proposition 2.2.8. (1) eA.2/=E D RŒ
i .zj /; i � 0; j D 0; : : : ; m�.
(2) A.2/=E ' Dz .

(3) � is injective.

(4) Fil1A.2/ D EA.2/.

(5) A.i/ are flat over A for i D 2; 3.

Proof. (1) By definition, eA.2/DA y̋2Œz.n/j ;n� 0;j D 0; : : : ;m�=J where mod J is equiv-

alent to quotienting by the following relations (note that z0D z): ı.z.n/j /D z
.nC1/
j ; ın.Ez/

D ın.y � x/; ın.Ezj / D ı
n.sj � tj / for n � 0. Since ı.x � y/ D .xp�yp/�.x�y/p

p
and

ı.sj � tj / D
'.sj�tj /�.sj�tj /

p

p
, using the fact that p; si � tj and p; x � y are regular

sequences, one can prove that ın.x � y/ and ın.sj � tj / always contains a factor x � y,
sj � tj and hence ın.x � y/; ı.sj � tj / D 0 mod E. Therefore ın.Ezj / D 0 mod E. By
Lemma 2.2.5, we see that

p�nz
.n/
j D �

pX
iD0

a
.n/
i .z

.n�1/
j /i mod E and pz

.1/
j D z

p
j mod E

where a.n/i D a
.n/
i modE and�nD

ı.bn/
p

modE 2O�K . Since a.n/p 2A�0 , and a.n/i ;1� i �

p � 1, are good in the sense that they contain factor of .z.l/j /p for some l D 0; : : : ; n� 2,

we easily see by induction that eA.2/=E D RŒ Q
n.zj /; n � 0; j D 0; : : : ;m�. But it is well-
known that RŒ Q
n.zj /; n � 0; j D 0; : : : ; m� D RŒ
n.zj /; n � 0; j D 0; : : : ; m�:

Now we show that the natural map � W eA.2/! A
.2/
maxŒ

1
p
� induced by ˛.ın.zj // is injec-

tive. Note that eA.2/ is the direct limit of eA.2/n where e
A
.2/
n WDA

y̋2Œ¹ıi .zj /ºiD1;:::;n;jD0;:::;m�.

A similar argument shows that e
A
.2/
n =E injects to A.2/maxŒ

1
p
�=E D Dz Œ

1
p
�. Since e

A
.2/
n is
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E-separate and A.2/max is a domain, this implies that eA.2/n injects to A.2/maxŒ
1
p
�. So eA.2/ injects

to A.2/max via �.
(2) Since A.2/ is the .p; E/-completion of eA.2/,2 we have a natural map N� W

A.2/=E ! Dz . The surjectivity of N� is straightforward as A.2/ is also p-complete. To

see injectivity, given a sequence fn such that fnC1 � fn 2 .p; E/neA.2/ and fn D Egn
for all n, we have to show that gn is a convergent sequence inA.2/. SinceE.gnC1 � gn/DPn
iD0 p

iEn�ihi with hi 2 eA.2/, we have E jpnhn. Since eA.2/=E has no p-torsion, we

have E j hn and we write hn D Eh0n. Since eA.2/ is a domain as it is inside the fraction
field of A y̋2, we see that gnC1 � gn D pnh0n C

Pn�1
iD0 p

iEn�i�1hi . Hence gn converges
in A.2/ as required.

(3) It is clear that A.2/maxŒ
1
p
�=E ' Dz Œ

1
p
�. So the map � mod E.u/ induces an injection

Dz ,! Dz Œ
1
p
�. So for any x 2 Ker �, we have x D Ea for some a 2 A.2/. As A.2/max is

E-torsion free and A.2/ is E-complete, we see that x D 0 as required.
(4) By the definition of Fil1A.2/, we see that EA.2/ � Fil1A.2/ and A.2/=Fil1A.2/

injects to A.2/maxŒ
1
p
�=E DDz Œ

1
p
�. But we have seen that A.2/=E DDz injects toDz . Then

Fil1A.2/ D EA.2/.
(5) BothA.2/ andA.3/ are obtained by the construction of [8, Proposition 3.13], which

implies that they are .p; E/-complete flat over A. Since A is Noetherian, by [33, Tag
0912], both A.2/ and A.3/ are A-flat.

Corollary 2.2.9. (1) FiliA.2/ D EiA.2/:

(2) A.i/ are bounded prisms for i D 2; 3.

Proof. These follow that A.2/=EA.2/ ' Dz which is Zp-flat. For (2), A.2/ and A.3/ are
.p;E/-complete flat over A, so boundedness follows from [8, Lemma 3.7 (2)].

Lemma 2.2.10. A.2/ is a closed subset inside A.2/max.

Proof. We need to show the following statement: Given x 2 eA.2/, if x D pny with y 2

A
.2/
max then x D

Pn
iD0 p

n�iEixi with xi 2 eA.2/: Indeed, since A.2/=E ' A.2/max=Fil1, there

exist x0; w1 2 eA.2/ such that x D pnx0 CEw1. Then Ew1 2 pnA
.2/
max. Writing

Ew1 D p
n

1X
iD0

mX
jD0

fij 
i .zj /;

we see that fij D
P
l�1 aijl

E l

pl
2 Fil1Omax. So it is easy to see that pnE�1fij 2pn�1Omax

and so w1 D pn�1x1 with x1 2 A
.2/
max. Then we may repeat the above argument for w1,

and finally x D
Pn
iD0 p

n�iEixi with xi 2 eA.2/ as required.

2Indeed, A.2/ is the derived .p; E/-completion. Since eA.2/=E is Zp-flat, the derived comple-
tion coincides with the classical completion, which is used here.
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Remark 2.2.11. This remark is prompted by feedback provided by an anonymous ref-
eree. We have seen � induces �0WA.2/hE

p
i!A

.2/
max, whereA.2/hE

p
i is the p-adic completion

of A.2/ŒE
p
�. Moreover, since E is divisible by p in both A.2/hE

p
i and A.2/max, the p-adic

topology is the same as the .p; E/-adic topology over these rings. Combining these with
Lemma 2.2.6 and equation (2.3), we see that �0 has both left and right inverses and is thus
an isomorphism. Notably, A.2/max D O∆h

I∆
p
i..A.2/; .E///, where O∆h

I∆
p
i..A; I // is equal

to the p-adic completion of AŒ I
p
�, as a presheaf on R∆. We remark that O∆h

I∆
p
i bears a

close relationship to the sheaf ∆�h Ip i on the (small) quasi-syntomic site over R, which is
defined in [9, Section 6]. Additionally, using similar techniques to those in [17], one can
show O∆h

I∆
p
i is a sheaf on the absolute transversal prismatic site and contains O∆ as a

subsheaf. This may give a direct verification of the inclusion of A.2/ in A.2/max. However,
to further our subsequent arguments, it is useful to write down the elements of A.2/max in a
more explicit manner.

Now we realize A.2/ as a subring of A.2/max via �. We need to introduce some auxiliary
rings. By the description of elements in A.2/max, we define zS to be the subring of A.2/max as
follows:

zS WD A.2/
s
Ep

p

{
WD

²X
i�0

ai

�
Ep

p

�i ˇ̌̌̌
ai 2 A

.2/

³
:

And when pD 2, we define yS WDA.2/JE
4

2
K similarly. We have yS � zS �A.2/max. Viewing zS

and yS as subrings of A.2/max, we give them the filtration induced from A
.2/
max. We will use the

fact that if ¹aiºi�1 is a sequence inA.2/ that converges to 0, then for any sequence ¹biºi�1
inside zS , one can show

P
i aibi 2

zS by rewriting it as a formal power series in Ep

p
.

Lemma 2.2.12. Fix h 2 N.

(1) We have '.A.2/max/ � zS � A
.2/
max, and when p D 2, we have '. zS/ � yS � zS .

(2) x 2 Filh zS if and only if x can be written as

x D
X
i�h

ai
Ei

pbi=pc
with ai 2 A.2/.

(3) When p > 2, there is an h0 > h such that '.Film zS/ � A.2/ C EhFilmC1 zS for all
m > h0.

(4) When p D 2, then x 2 Filh yS if and only if x can be written as

x D
X
i�h

ai
Ei

2bi=4c
with ai 2 A.2/.

(5) When p D 2, there is an h0 > h such that '.Film yS/ � A.2/ C EhFilmC1 yS for all
m > h0.
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Proof. For .1/, for any a 2 A.2/max, we can write

a D

1X
i0D0

� � �

1X
imD0

1X
lD0

ai0;:::;im;l

�
E

p

�l mY
jD0


ij .zj /;

where ai0;:::;im;l 2 A and ai0;:::;im;l ! 0 p-adically when
P
j ij C l ! 1. Thanks to

Lemma 2.2.6, we see that bi0;:::;im;l WD '..
E
p
/l
Qm
jD0 
ij .zj // 2

zS . Consequently, '.a/DP
ai0;:::;im;lbi0;:::;im;l converges in zS .
For the claim in .1/ for p D 2, we have '.E

2

2
/ D .E2 C 2b0/2=2 D E4

2
C 2b for

some b; b0 2 A. And for a D
P
i�0 ai .

Ep

p
/i 2 zS , we have

'.a/ D
X
i�0

'.ai /

�
'.E2/

2

�i
D

X
i�0

'.ai /

iX
jD0

cij .2b/
i�j

�
E4

2

�j
D

X
j�0

� 1X
iDj

'.ai /cij .2b/
i�j
��E4

2

�j
for some cij 2 Z. We have '.a/ 2 yS since

P1
iDj '.ai /cij .2b/

i�j converges in A.2/.
For .2/, the “if” part is trivial. For the other direction, for any x 2 zS , we have

x D
X
i�0

ai
Ei

pbi=pc
:

And if we also have x 2 FilhA.2/maxŒ
1
p
� D EhA

.2/
maxŒ

1
p
�, then Qa0 D

P
0�i�h ai

E i

pbi=pc
will

lie inside FilhA.2/Œ 1
p
�. This implies pbh=pc Qa0 2 FilhA.2/ D EhA.2/. That is, Qa0 D

p�bh=pcEhb for some b 2 A.2/. So x is of the given form. The proof for .4/ is simi-
lar.

For .3/, we have, by .2/, x 2 Film zS , so x can be written as

x D
X
i�m

ai
Ei

pbi=pc
:

And using the fact '.E/ D Ep C pb for some b 2 A.2/, we have

'.x/ D
X
i�m

'.ai /

iX
jD0

cijE
p.i�j /pj

pbi=pc

D

X
i�m

iX
j�bi=pc

bijE
p.i�j /pj

pbi=pc
C

X
i�m

X
0�j<bi=pc

Eh
bijE

p.i�j /�hpj

pbi=pc

with bij 2 A.2/.
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In particular,
P
i�m

Pi
j�bi=pc

bijE
p.i�j/pj

pbi=pc
is inside A.2/. To prove .3/, it is enough

to find h0 such that whenever m > h0, i � m and 0 � j < bi=pc, we haveX
i�m

X
0�j<bi=pc

bijE
p.i�j /�hpj

pbi=pc
2 FilmC1 zS:

The claim follows if we can find h0 > h such that E
p.i�j/�hpj

pbi=pc
2 zS and p.i � j / � h �

mC 1 for all m > h0, i � m and 0 � j < bi=pc. That is, bp.i�j /�h
p

c C j � bi=pc and
p.i � j / � h � mC 1 for all i; j; m in this range. And solving this we find it is enough
to choose h0 > max ¹h; p.hC1/C1

p.p�2/
º, which is valid for p > 2.

Statement .5/ is similar to .3/. Any x 2 Film yS can be written as

x D
X
i�m

ai
Ei

2bi=4c
:

We have '.E/ D E2 C 2b for some b 2 A.2/, so

'.x/ D
X
i�m

'.ai /

iX
jD0

cijE
2.i�j /2j

2bi=4c

D

X
i�m

iX
j�bi=4c

bijE
2.i�j /2j

2bi=4c
C

X
i�m

X
0�j<bi=4c

Eh
bijE

2.i�j /�h2j

2bi=4c
:

Similar to the argument for .3/, it is enough to find h0 such that wheneverm > h0, i � m
and 0 � j < bi=4c, we have b.i � j /� h=2c C j � bi=4c and 2.i � j /� h � mC 1. It
is enough to choose h0 > 2.hC 2/.

If A is a ring then we denote by Md .A/ the set of d � d -matrices with entries in A.

Proposition 2.2.13. Let Y 2 Md .A
.2/
max/ so that EhY D B'.Y /C with B and C in

Md .A
.2//. Then Y is in Md .A

.2/Œ 1
p
�/.

Proof. First, we claim that there is a constant s only depending on h such that the entries
of psY are in zS . By Lemma 2.2.12 (1), the entries of EhY are in zS . So for each entry
a of Y , we can write Eha D

P1
iD0 ai

Epi

pi
with ai 2 A.2/. It is clear that Ehpha D

a0CEh
P
i�h aj

Epi�h

pi
so that a0 2A.2/. Therefore, a0 2 FilhA.2/DEhA.2/ by Corollary

2.2.9. So writing a0 DEhb, we have phaD bC
P
i�h aj

Epi�h

pi
. In particular, p2ha 2 zS ,

which proves our claim. When p D 2, we may repeat the above argument and we can
assume psY is in Md . yS/.

Let R D zS when p > 2 and R D yS when p D 2. Then we may assume Y is inside
Md .R/. We claim there is another constant r , only depending on h, such that for each
entry a of prY , there is a sequence ¹biºi�1 in A.2/ such that a �

Pm
iD0 biE

i 2 FilmC1R.
Note that once this is known, we will see that

Pm
iD0 biE

i converges to an element b
in A.2/, and a � b D 0 since it is in FilmR for all m 2 N.
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It remains to show our claim. When p > 2, let h0 be the integer in Lemma 2.2.12 (3).
Then it is easy to show there is a constant r only depending on h0 (so only on h) and a
sequence ¹biº

h0
iD1 such that for each entry a of Y 0 WD prY , we have

a �

h0X
iD0

biE
i
2 Filh0C1R:

Now we show our claim by induction, assuming that for each entry a in Y 0, there is a
sequence ¹biºmiD1 such that

a �

mX
iD0

biE
i
2 FilmC1R

for some m � h0. So we can write Y 0 as

mX
iD0

YiE
i
CZmC1

with Yi 2 Md .A
.2// and ZmC1 2 Md .FilmC1R/. If we write Xm D

Pm
iD0 YiE

i , then
EhY 0 D B'.Y 0/C implies

EhZmC1 D B'.Xm/C �E
hXm C B'.ZmC1/C:

By Lemma 2.2.12 (3), we haveB'.ZmC1/C DAmC1CEhBmC1 withAmC12Md .A
.2//

and BmC1 2Md .FilmC2R/. One has B'.Xm/C �EhXmCAmC1 2Md .FilhCmC1A.2//,
soB'.Xm/C �EhXmCAmC1DEhCmC1YmC1 with YmC1 2Md .A

.2//. Moreover, we
have Y �

PmC1
iD0 YiE

i D BmC1 2 Md .FilmC2R/ as required.
At last, let p D 2. We know we can assume Y is inside Md . yS/. Then by repeating

the above arguments with .3/ of Lemma 2.2.12 replaced by .5/, we can also prove our
claim.

Remark 2.2.14. The above proposition will be used to prove the “boundedness of descent
data at the boundary”, similar to the results exhibited in [9, Section 6.3]. Specifically,
with R D OK , in the proof of Lemma 3.2.3, we will establish that any '-equivariant
descent data of a Kisin module defined over A.2/max will automatically descend to A.2/Œ 1

p
�.

Alternatively, if .A.2/inf ; .d// is the initial prism over the quasi-regular semiperfectoid ring
OCp y̋ OCp , whose existence is ensured by [8, Proposition 7.2] and which admits two
natural maps from .Ainf;Ker �/, and since we mentioned that A.2/ is a certain product
of A in the absolute prismatic site over R (see Proposition 4.1.3 for the explicit state-
ment), we can construct a universal map A.2/ ! A

.2/
inf once we fix a map A ! Ainf.

Moreover, in [9, Proposition 6.10], it is demonstrated that any '-equivariant descent data
of a Breuil–Kisin–Fargues module defined over A.2/inf h

d
p
iŒ 1
p
� will automatically descend

toA.2/inf Œ
1
p
�. Additionally, if the Breuil–Kisin–Fargues module comes from the base change

of Kisin module, then these two results on descent morphisms are actually equivalent
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using quasi-syntomic descent, providing that A ! Ainf is faithfully flat (so Ainf also
applies to Proposition 4.1.6), and the description of A.2/max from Remark 2.2.11. However,
the proof provided in [9] crucially uses the Beilinson fiber square developed in [2]. On the
other hand, our proof is entirely explicitly algebraic and mainly uses the finite E-height
condition of Kisin modules.

2.3. The ring A.2/st

In the following two subsections we assume thatRDOK . For our later use for semistable
representations, we construct A.2/st as follows: Define ' onW.k/Jx;yK by '.x/D xp and
'.y/D .1C y/p � 1 and setwD y

E
. SetA.2/st WDW.k/Jx;yK¹wº^

ı
where^means .p;E/-

completion. Similarly, we define A.3/st D W.k/Jx; y; zK¹
y
E
; z
E
º^
ı

, with the ı-structure on
W.k/Jx;y; zK given by ı.x/ D 0, '.y/ D .yC 1/p � 1 and '.z/ D .zC 1/p � 1. Define
A
.2/
st;max to be the p-adic completion ofW.k/Jx;yKŒw; E

p
; 
i .w/; i � 0�: It is clear that any

f 2 A
.2/
st;max can be written uniquely as f D

P1
iD0 fi
i .w/ with fi 2 Omax and fi ! 0

p-adically. For any subring B � A.2/st;maxŒ
1
p
�, we set FiliB WD B \ EiA

.2/
st;maxŒ

1
p
� and let

Dw be the p-adic completion of OK Œ
i .w/; i � 0�.
It turns out that A.2/ and A.2/st share almost the same properties by replacing z with w.

So we summarize all these properties in the following:

Proposition 2.3.1. (1) One can extend the Frobenius from A to A.2/st;max.

(2) There exists an embedding � W A.2/st ,! A
.2/
st;max that commutes with the Frobenius.

(3) A.2/st \E
iA
.2/
st;maxŒ

1
p
� D EA

.2/
st .

(4) A.2/st =E ' Dw D A
.2/
st;max=Fil1A.2/st;max:

(5) A.2/st is closed in A.2/st;max.

(6) A.2/st and A.3/st are flat over A, and in particular they are bounded.

(7) Proposition 2.2.13 holds on replacing A.2/max and A.2/ by A.2/st and A.2/st;max respectively.

Proof. All the previous proof applies by noting the following difference:

'.w/ D '

�
y

E

�
D c�1

1

p

pX
iD1

�
p

i

�
yi D c�1

p�1X
iD1

yi
�
p

i

�
=p C c�1

Epwp

p
:

Also ı.y/ D
Pp�1
iD1 yi

�
p
i

�
=p always contains a y-factor and this is a key input for the

analogy of Lemma 2.2.6.
For the boundedness of A.3/st , we have

W.k/Jx;y; zK=.p;E/ ' .OK=p/J Ny; NzK;

so ¹y; zº form a .p; E/-complete regular sequence, and by [8, Proposition 3.13], A.3/st is
also A-flat, and this implies A.3/st is bounded by [8, Lemma 3.7 (2)].
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Note that A y̋2 D W.k/Jx; yK � W.k/Jx; yK via y D x.yC 1/ or equivalently y D
y
x
� 1. It is clear that this inclusion is a map of ı-rings. By the universal property of pris-

matic envelope to construct A.2/, the inclusion induces a map of prisms ˛ W A.2/ ! A
.2/
st .

Since z D xw, we easily see that A.2/max � A
.2/
st;max. So A.2/ � A.2/st via ˛. We will see in

Sections 4.1 and 5 that A.2/ (resp. A.2/st ) is the self-product of A in the category X∆ (resp.
.X;MX /∆log ). Then the existence of ˛ W A.2/ ! A

.2/
st can be explained by the universal

property of self-product. See Section 5 for details.
To simplify our notation, let B.2/st (resp. B.3/st , B.2/, B.3/) be the p-adic completion of

A
.2/
st Œ

1
E
� (resp. A.3/st Œ

1
E
�, A.2/Œ 1

E
�, A.3/Œ 1

E
�).

Lemma 2.3.2. (1) A.i/st � B
.i/
st � B

.i/
st Œ

1
p
� and A.i/ � B.i/ � B.i/Œ 1

p
� for i D 2; 3.

(2) B.2/st \ A
.2/
st Œ

1
p
� D A

.2/
st and B.2/ \ A.2/Œ 1

p
� D A.2/.

Proof. Here we only prove the case A.2/; the proofs for A.2/st , A.3/ and A.3/st are almost
the same.

By Proposition 2.2.8, A.2/ is a subring of A.2/max � K0Jx; zK. So A.2/, and hence
A.2/Œ 1

E
�, is an integral domain. Then B.2/ has no p-torsion: Assume that x 2 B.2/

with px D 0. Suppose that xn 2 A.2/Œ 1E � is such that x D xn mod pn. Then pxn D
0 mod pnA.2/Œ 1

E
�. Since A.2/Œ 1

E
� is a domain, xn D 0 mod pn�1. Hence x D 0. As B.2/

has no p-torsion, we see that B.2/ � B.2/Œ 1
p
�. To see that the natural map A.2/ ! B.2/

is injective, it suffices to show that A.2/=pA.2/ injects to A.2/=pA.2/Œ 1
u
� D B.2/=pB.2/.

Clearly, this is equivalent to A.2/=pA.2/ having no u-torsion. Note that A.2/ is obtained
by taking the prismatic envelope of A y̋2 D W.k/Jx; zK for the ideal I D .z/. As men-
tioned before, we can apply [8, Proposition 3.13] to our situation. So A.2/ is flat over A
and hence A.2/=pA.2/ has no u-torsion as desired.

Now we can regard B.2/ and A.2/Œ 1
p
� as subrings of B.2/Œ 1

p
�. In particular, B.2/ \

A.2/Œ 1
p
� makes sense and contains A.2/. For any x 2 B.2/ \ A.2/Œ 1

p
�, if x 62 A.2/ but

px 2 A.2/, then the image of y D px inside A.2/=pA.2/ is nonzero but the image of y in
B.2/=pB.2/ is zero. This contradicts A.2/=pA.2/ injecting to B.2/=pB.2/. So such an x
cannot exist and we have B.2/ \ A.2/Œ 1

p
� D A.2/ as required.

By [8, Lemma 3.9], any prism .B; J / admits a perfection .B; J /perf D .Bperf; JBperf/.

Remark 2.3.3. In [8], the underlying ı-ring of .B; J /perf is denoted by .B1; JB1/, and
Bperf is defined as the direct perfection of B in the category of ı-rings. In this paper,
we write Bperf as the .p; J /-adic completion of colim' B , which also coincides with the
derived .p; I /-completion of colim' B (see [8, Lemma 3.9]).

Lemma 2.3.4. .A.2//perf and .A.2/st /perf are A-flat.

Proof. We have seen that A.2/ is A-flat via i1. And it is easy to see that ' on A is flat.
Since i1 is a ı-map, we have 'n ı i1 D i1 ı 'n, which is flat. So colim' A

.2/ is flat over A.
In particular, Aperf is .p;E/-complete flat over A. Now since A is Noetherian, by [33, Tag
0912] we find that .A.2//perf is A-flat. The proof for .A.2/st /perf is the same.
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2.4. Embedding A.2/ and A.2/st to Ainf

Let Ainf D W.O
[
Cp /. Then there is a surjection � W Ainf! OCp and Ker � D .E/. Let BCdR

be the Ker � -adic completion of AinfŒ
1
p
�.

Definition 2.4.1. Let Amax be the p-adic completion of the Ainf-subalgebra of BCdR gen-
erated by E=p.

It can be easily seen that '.E=p/ WD '.E/=p 2 Acris � Amax is well-defined and it
extends the Frobenius structure on Ainf to an endomorphism on Amax.

Let ¹$nºn�0 be a compatible system of pn-th roots of $0 D $ and ¹�nºn�0 be
a compatible system of pn-th roots of 1. Write $ [ WD .$n/n�0 and �[ WD .�n/n�0 as
elements in O[

Cp , and let uD Œ$ [�, �D Œ�[�, vD �u and�D �� 1 be elements insideAinf.
We can regardW.k/Jx;yK as a subring ofAinf via x 7! u and y 7! v. Consider z0D u�v

E
2

AinfŒ
1
E
�. Since u � v D u.� � 1/ is clearly inside Ker � and Ker � D EAinf, we conclude

that z0 2 Ainf. Hence we have a natural map (of ı-rings) �A W eA.2/ ! Ainf via z 7! z0,
which naturally extends to �A W A.2/ ! Ainf because the .p;E/-topology of A.2/ matches
the weak topology of Ainf. Similarly, we have a map of ı-rings �st W A

.2/
st ! Ainf via x 7! u

and y 7! � � 1 and w 7! ��1
E

.

Remark 2.4.2. Once we know that A.2/ is the self-product of A inside X∆ with X D
Spf.OK/ as explained in Section 4.1, the map �A can be constructed as follows: First we
fix an embeddingA!Ainf by sending x 7! uD Œ$ [�. ThenA!Ainf with x 7! vD �u is
another map of prisms. By the universal property ofA.2/, these two maps define a map �A W
A.2/! Ainf. Clearly, �A depends on the choice of$ [ D .$n/n�0 and �[ D .�n/n�0. Also
�A is a special case of �.2/
 defined by (4.5) in Section 4.3. Indeed, if 
.Œw[�/ D Œ�[�Œw[�
then �A D �

.2/

 . Similar comments also apply to �st.

Proposition 2.4.3. There is a unique embedding A.2/max ,! Amax such that

W.k/Jx; yK Ainf

A
.2/
max Amax BCdR

commutes. Furthermore, FiliBCdR \ A
.2/
max D FiliA.2/max. The same holds when A

.2/
max is

replaced by A.2/st;max.

Proof. In the following, we only treat the case of A.2/st;max; the proof for A.2/max is the same
by noting that z D uw in Ainf.

The uniqueness is apparent. To show the existence of the embedding, it is enough to
show 
i .w/ 2 Amax for all i � 1.

It is well-known that Amax is isomorphic to the p-adic completion of AinfŒ
ue

p
�, and

AmaxŒ
1
p
� is a Banach Qp-algebra, which is the completion ofAinfŒ

1
p
� under the norm j�jp�1
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such that
jxjp�1 D sup

n
p�njxnjO[

C
;

where x D
P
n�0Œxn�p

n 2 AinfŒ
1
p
�. And for x 2 AmaxŒ

1
p
�, we have x 2 Amax if and only

if jxjp�1 � 1. Moreover, j�jp�1 is multiplicative. So now it is enough to show that for
x D 
i .w/ considered as an element inside AmaxŒ

1
p
�, we have jxp�1jp�1 � 1. Indeed,

by [5, Proposition 3.17], � WD �='�1.�/ is a generator of Ker � with � D � � 1. In
particular, w D �=E D a'�1.�/ 2 Ainf with a 2 A�inf. And we can check xwp�1 D cxue

inside O[
C D Ainf=pAinf, with c a unit. So wp�1 D aue C bp with a; b 2 Ainf, and

xp�1 D
.aue C bp/i

.i Š/p�1
:

Using the fact that vp.i Š/ < i
p�1

, one can show each term in the binomial expansion on
the right-hand side of the equation has j�jp�1 -norm less than or equal to 1, so in particular
jxp�1jp�1 � 1.

To prove that FiliBCdR \A
.2/
st;max D FiliA.2/st;max, it suffices to show EBCdR \A

.2/
st;maxŒ

1
p
�D

EA
.2/
st;maxŒ

1
p
�. By Proposition 2.2.8, it remains to prove that the map

� W Dw D A
.2/
st;max

�
1
p

�
=E ! BCdR=E D Cp

is injective. Let f .w/ D
P
i�0 ai
i .w/ 2 Ker � where ai 2 OK limits to 0 p-

adically. Then f .w0/ D 0 with w0 WD �.w/ D �. ��1E / 2 Cp . Note vp.w0/ � 1
p�1

since
��1

'�1.�/�1
is another generator of the kernel of � W Ainf ! OCp , and we have vp.w0/ D

vp.�.'
�1.�/ � 1// D 1

p�1
. Since we aim to show that f D 0, without loss of generality

we can assume that K contains p1 D p
1
p�1 . Noting that vp.i Š/ � 1

p�1
, we conclude that

w0
p1

is a root of f .p1w/which is in OKhwi. By the Weierstrass preparation theorem,w0 is
algebraic overK unless f D 0. By the lemma below, w0 WD �.w/ 2 Cp is transcendental
over K and hence f D 0.

Lemma 2.4.4. w0 D �. ��1E / is transcendental over K.

Proof. If w0 is contained in an algebraic extension L over K, we define L0;1 DS
nL.$n/. For g 2 GL0;1 , we have

�

�
g

�
� � 1

E

��
D g.w0/ D w0 D �

�
� � 1

E

�
:

Since GL0;1 fixes E, �.g.��1/�.��1/
E

/ D 0. This implies g.� � 1/ � .� � 1/ 2 Fil2BCdR.
Recall that for t D log �, t � .� � 1/ 2 Fil2BCdR, so we have g.t/ � t 2 Fil2BCdR. But this
cannot be true. Indeed, since L0;1 can only contain finitely many pn-th roots of 1, for
g 2 GL0;1 , we have g.t/D c.g/t with c.g/ 2 Qp and c.g/¤ 1. This implies g.t/� t D
.c.g/ � 1/t 2 Fil1BCdR n Fil2BCdR.

Corollary 2.4.5. The natural maps �A W A.2/ ! Ainf and �st W A
.2/
st ! Ainf are injective.
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To summarize, we have the following commutative diagram of rings inside BCdR:

A.2/ A
.2/
st Ainf

A
.2/
max A

.2/
st;max Amax

3. Application to semistable Galois representations

In this section, we assume that R D OK . We explain how to use the period ring A.2/

and A.2/st to understand lattices in crystalline and semistable representations. Roughly
speaking, we are going to use A.2/ and A.2/st to replace yR in the theory of .'; OG/-modules
developed in [30].

Let K1 D
S1
nD1 K.$n/, G1 WD Gal. xK=K1/ and GK WD Gal. xK=K/. Recall that

A D S D W.k/JuK. Let S be the p-adic completion of W.k/Ju; E
i

iŠ
; i � 1K, which is the

PD envelope of W.k/Œu� for the ideal .E/. It is clear that S � Omax. We define ' and
Fili on S induced from those on Omax, in particular, FiliS D S \ EiOmaxŒ

1
p
�. Note that

A embeds to Ainf via u 7! Œ$ [�, which is not stable under the GK-action but only under
the G1-action. For any g 2 GK , define ".g/ D g.u/

u
. It is clear that ".g/ D �a.g/ with

a.g/ 2 Zp . We define two differential operators NS and rS on S by NS .f / D
df
du
u and

rS .f / D
df
du

. We need rS to treat crystalline representations.

3.1. Kisin module attached to a semistable representation

Fix h � 0, a Kisin module of height h is a finite free A-module M with a semilinear
endomorphism 'M WM!M such that Coker.1˝ 'M/ is killed by Eh, where 1˝ 'M W

M� WD A ˝';A M ! M is the linearization of 'M. Note that here we are using the
classical setting of Kisin modules used in [30] but it is good enough for this paper. The
following summarizes the results on Kisin modules attached to GK-stable Zp-lattices in
semistable representations. The details and proofs of these facts can be found in [30].

Let T be a GK-stable Zp-lattice inside a semistable representation V of GK with
Hodge–Tate weights in Œ0; h�. We set

D WD D�st.V / D HomQp ;GK .V; Bst/;

which is the filtered .'; N /-module attached to V , and DK WD K ˝K0 D. Then there
exists a unique Kisin module M WDM.T / of height h attached to T such that:

(1) Hom';A.M; Ainf/ ' T jG1 .

(2) There exists an S -linear isomorphism

�S W S
�
1
p

�
˝';A M ' D ˝W.k/ S

compatible with ' on both sides.
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(3) �S also induces an isomorphism Filh.SŒ 1
p
�˝';A M/ ' Filh.D ˝W.k/ S/. The filtra-

tion on both sides are defined as follows:

Filh
�
S
�
1
p

�
˝';A M

�
WD
®
x 2 S

�
1
p

�
˝';A M

ˇ̌
.1˝ 'M/.x/ 2 FilhS

�
1
p

�
˝A M

¯
:

To define a filtration on D WD S ˝W.k/ D, we first extend the monodromy operator
ND D N on D to ND (resp. rD ) on D by letting ND D 1˝ ND C NS ˝ 1 (resp.
rD D 1˝ND CrS ˝ 1). Then we define FiliD by induction: set Fil0D D D and

FiliD WD ¹x 2 D j ND.x/ 2 Fili�1D ; f$ .x/ 2 FiliDKº;

where f$ W D ! DK is induced by S ! OK via u 7! $:

Remark 3.1.1 (Griffith transversality). We have ND.FiliD/ � Fili�1D from the con-
struction of FiliD . This property is called Griffith transversality.

We only use rD when ND D 0, that is, when V is crystalline. In this case, it is clear
that ND D urD . So it is clear that rD.FiliD/ � Fili�1D .

For ease of notation, we will write N D ND and r D rD in the following. Let
T _ WDHomZp .T;Zp/ and V _ WD T _˝Zp Qp denote the dual representations. Then there
exists an Ainf-linear injection

�M W Ainf ˝A M! T _ ˝Zp Ainf; (3.1)

which is compatible with the G1-actions (G1 acts on M trivially) and ' on both sides.
Applying S ˝';A � and using �S WD S ˝';A �M, we obtain the commutative diagram

Acris
�
1
p

�
˝';A M

o Acris˝S �S

��

S˝';A�M
// V _ ˝Zp Acris

Acris ˝W.k/ D
˛ // V _ ˝Zp Acris

where the map ˛ is built by the classical comparison

Bst ˝K0 D
�
st.V / ' V

_
˝Qp Bst;

and ˛ is GK-stable on both sides. The left side of ˛ is defined by

8g 2 GK ; 8x 2 D; g.x/ D

1X
iD0

N i .x/
i .log.".g///

Therefore, if we regard M� WD A˝';A M as an A-submodule of V _ ˝Zp Acris via the
injection �� WD S ˝';A �A, one can show that

8g 2 GK ; 8x 2M�; g.x/ D

1X
iD0

N i
D.x/
i .log.".g///: (3.2)

When V is crystalline, or equivalently ND D 0, we have [28, Section 8.1]

8g 2 GK ; 8x 2M�; g.x/ D

1X
iD0

r
i
D.x/
i .u".g//: (3.3)
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3.2. Descent of the GK-action

Let us first discuss theGK-action on M� T _˝Zp Ainf via �M in (3.1) in more detail. We
select anA-basis e1; : : : ; ed of M so that '.e1; : : : ; ed /D .e1; : : : ; ed /A with A 2Md .A/.
Then there exists a matrix B 2 Md .A/ such that AB D BA D EhId . For any g 2 GK ;
let Xg be the matrix such that

g.e1; : : : ; ed / D .e1; : : : ; ed /Xg :

In this section, we are interested in where the entries of Xg lie.

Theorem 3.2.1. The entries of Xg are in A.2/st . If V is crystalline and g.u/ � u D Ez

then Xg 2 Md .A
.2//:

First, it is well-known thatW.C[p/˝Ainf �M is an isomorphism. SoXg 2Md .W.C[p//.
Since the GK-actions and ' commute, we have

A'.Xg/ D Xgg.A/:

Define
FilhM�

WD ¹x 2M�
j .1˝ 'M/.x/ 2 E

hMº:

Since M has E-height h, it is easy to show that FilhM� is a finite free A-module and
FilhD is generated by FilhM�.

To be more precise, let ¹e�i WD 1˝ ei j i D 1; : : : ; dº be an A-basis of M�. It is easy
to check that .˛1; : : : ; ˛d / D .e�1 ; : : : ; e

�
d
/B is an A-basis of FilhM�, and it is also an

SŒ 1
p
�-basis of FilhD . So for any g 2 GK , we have g. j̨ / D

P1
iD0N

i . j̨ /
i .log.".g///.
By Griffith transversality in Remark 3.1.1, N.FiliD/ � Fili�1D ; we have

g. j̨ / D

hX
iD0

N i . j̨ /E
i
i

�
log.".g//

E

�
C

1X
i>h

N i . j̨ /
i .E/

�
log.".g//

E

�i
: (3.4)

Since N i . j̨ /E
i 2 FilhD and 
i .E/ in Omax, and ¹wnº converges to 0 inside A.2/st;max, we

see that g.˛1; : : : ; ˛d / D .˛1; : : : ; ˛d /Yg with Yg 2 A
.2/
st;maxŒ

1
p
�:

If V is crystalline, using (3.3), we have

g. j̨ / D

hX
iD0

r
i . j̨ /E

i
i

�
u".g/

E

�
C

1X
i>h

r
i . j̨ /
i .E/

�
u".g/

E

�i
:

If g is chosen so that g.u/� uDEz, then a similar argument shows that g.˛1; : : : ; ˛d /D
.˛1; : : : ; ˛d /Y

r
g with Y rg 2 A

.2/
maxŒ

1
p
�:

Now g.e�1 ; : : : ; e
�
d
/ D .e�1 ; : : : ; e

�
d
/'.Xg/. Using similar arguments, we see that

the '.Xg/’s entries are in A.2/st;maxŒ
1
p
� and A.2/maxŒ

1
p
� respectively. Since .˛1; : : : ; ˛d / D

.e�1 ; : : : ; e
�
d
/B by definition of B , we conclude that

'.Xg/g.B/ D BYg :
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Using the formulas A'.Xg/D Xgg.A/ and AB D BAD EhId , we conclude that Yg D
.g.E/
E
/hXg . Write r D g.E/

E
. We claim that r is a unit inA.2/st . Indeed, g.E/

E
D

E.u�a.g//
E.u/

DPe
iD0E

.i/.u/u
i .�a.g/�1/i

EiŠ
is again inside A.2/st , where E.i/ means the i -th derivative of E.

And it is easy to show that g.E/ is also a distinguished element of A.2/st , so by [8, Lemma
2.24], r is a unit. Similarly, when g.u/ � u D Ez, we will have r D g.E/

E
2 .A.2//�.

Hence
EhXg D r

�hA'.Xg/g.B/: (3.5)

Now we can apply Propositions 2.2.13 and 2.3.1 (5) to the above formula; we conclude
that for g 2 GK (resp. g 2 GK such that g.u/ � u D Ez and V is crystalline), Xg has
entries in A.2/st Œ

1
p
� (resp. A.2/Œ 1

p
�).

To complete the proof of Theorem 3.2.1, it suffices to show that the entries of Xg are
in A.2/st (resp. A.2/). Unfortunately, removing “ 1

p
” is much harder; it needs Sections 4.2

and 4.3. For the remainder of this subsection, we only show that the proof of Theorem
3.2.1 can be reduced to the case where g D Q� for a special Q� 2 GK .

Let L D
S1
nD1 K1.�pn/, K11 WD

S1
nD1 K.�pn/, OG WD Gal.L=K/ and HK WD

Gal.L=K1/. If p > 2 then it is known that OG ' Gal.L=K11/ Ì HK with
Gal.L=K11/ ' Zp . Let � be a topological generator of Gal.L=K11/. We have �.u/ D
�au with a 2 Z�p . Without loss of generality, we may assume that �.u/ D �u. If p D 2
then we can still select � 2 OG so that �.u/D �u and �;HK topologically generate OG. Pick
a lift Q� 2 GK of � . Clearly, we have Q�.u/ � u D Ez.

Proposition 3.2.2. For gD Q�; the entries ofXg are inA.2/st , and if further V is crystalline,
then Xg 2 Md .A

.2//:

Lemma 3.2.3. Proposition 3.2.2 is equivalent to Theorem 3.2.1.

Proof. Since OG is topologically generated by � and HK , it follows that GK is topo-
logically generated by G1 and Q� . And we have �.u/ � u D .� � 1/u D Ez. Now if
XQ� has coefficients in A.2/st and Xg D Id for all g 2 G1 then to show that Xg 2 A

.2/
st

for all g 2 GK , it suffices to show that XQ�pn converges to Id inside Md .A
.2/
st /. Since

A
.2/
st is closed in A.2/st;max by Proposition 2.3.1 (5), it suffices to show that XQ�pn converges

inside A.2/st;max. Since Xg D . E
g.E/

/rYg and Yg is defined by (3.4), we easily check that

XQ�pn converges to Id in A.2/st;max by using that ". Q�p
n
/ converges to 0 in the .p; � � 1/-

topology. The proof for the crystalline case is similar by replacing A.2/st with A.2/.

So to complete the proof of Theorem 3.2.1, it remains to prove Proposition 3.2.2. We
will do this in Section 4.3. Briefly speaking, for g D Q� , we have shown that the lineariza-
tion of the g-action defines a '-equivariant isomorphism

fg WM˝A;�g A
.2/
st
�
1
p

�
'M˝A A

.2/
st
�
1
p

�
ofA.2/st Œ

1
p
�-modules. Since g.u/� uDEz and V is crystalline, fg defines a '-equivariant

isomorphism
fg WM˝A;�g A

.2/
�
1
p

�
'M˝A A

.2/
�
1
p

�
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of A.2/Œ 1
p
�-modules. Here �g W A! A

.2/
st (resp. �g W A! A.2// is defined by u 7! g.u/.

On the other hand, by [35, Theorem 5.6], we will see that the g-action on T _ ˝W.C[p/
also descends to a '-equivariant morphism c of B.2/-modules, where B.2/ is the p-adic
completion of A.2/Œ 1

E
�. Then by comparing c and fg using the technique developed in

Section 4.2, we will deduce Proposition 3.2.2 from Lemma 2.3.2.

Remark 3.2.4. Our original strategy to prove Theorem 3.2.1 was to demonstrate that
A
.2/
st Œ

1
p
�\W.C[p/D A

.2/
st (resp. A.2/Œ 1

p
�\W.O[

Cp /D A
.2/). This is equivalent to A.2/=p

and A.2/st =p injecting in C[p . Unfortunately, it has not worked out, though we can show

that eA.2/=p and e
A
.2/
st =p inject in C[p .

3.3. Prismatic .'; OG/-modules

In this subsection, we show that the base ring yR for the theory of .'; OG/-modules can be
replaced by A.2/st . To this end, we build a new theory of .'; OG/-modules with a new base
ring A.2/st . Since the idea of this new theory is almost the same as that of the old one, we
will use classical to indicate we are using the theory over yR. For example, when we say
classical .'; OG/-module, we mean a .'; OG/-module over yR. Recall LD

S1
nD1K1.�pn/,

OG WD Gal.L=K/ and HK WD Gal.L=K1/. Let m be the maximal ideal of O[
Cp and set

IC D W.m/ so that Ainf=IC D W. Nk/. For any subring B � Ainf set ICB D B \ IC. Let
t D log �, t .i/ D t r.i/
 Qq.i/. t

p�1

p
/ where i D .p � 1/ Qq.i/C r.i/ with 0 � r.i/ < p � 1:

Recall that yR WD Ainf \RK0 where

RK0 WD

° 1X
iD0

fi t
.i/
ˇ̌̌
fi 2 S

�
1
p

�
; fi ! 0 p-adically

±
:

Lemma 3.3.1. (1) As a subring of Ainf, A
.2/
st is stable under the GK-action, and the GK-

action factors through OG.

(2) A.2/st =ICA
.2/
st D W.k/.

(3) ICA.2/ � uA
.2/
st .

(4) '.A.2/st / � yR.

Proof. (1) It is clear that the GK-action is stable on W.k/Ju; � � 1K. Since A.2/st is the
.p; E/-completion of W.k/Ju; � � 1KŒıi .w/; i � 0�, to show that A.2/st is GK-stable, it
suffices to show that g.w/ 2 A.2/st (since g and ı commute, if g.x/ is in A.2/st then so
is g.ı.x//). Now Ew D � � 1, so g.E/g.w/ D g.� � 1/ D �a.g/ � 1. Thus g.w/ D
E
g.E/

�a.g/�1
E

. By [8, Lemma 2.24], E=g.E/ is a unit in A.2/st , so g.w/ 2 A.2/st .
(2) It is clear that both u; � � 1 are in IC. Hence w 2 IC because Ew D � � 1 2 IC

and E D p mod IC. For any x D
P1
iD0 p

i Œxi � 2 Ainf, x 2 IC if and only if xi 2m. Then
it is easy to check that ı.IC/ � IC, and consequently all ıi .w/ are in IC. So ICA

.2/
st is

topologically generated by u; y D � � 1; ıi .w/; i � 0, and hence A.2/st =ICA
.2/
st D W.k/

as required.
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(3) ICA.2/ is topologically generated by u; v D �u, ıi .z/, i � 0. Hence (3) follows
from z D uw and ın.z/ D up

n
ın.w/.

(4) Since A.2/st � A
.2/
st;max, it suffices to show that '.A.2/st;max/ � RK0 . Since '.Omax/ �

AJE
p

p
K � S , it suffices to show that '.
n.w// 2 RK0 . Note that '.E/ D p� with � 2

AJE
p

p
K� and 
i .� � 1/ 2 RK0 . And we have

'.w/ D '

�
� � 1

E

�
D ��1.� � 1/

pX
iD1

��
p

i

�
=p

�
.� � 1/i�1;

which is a polynomial with coefficients in Z and in variables ��1 and 
i .� � 1/. In par-
ticular, '.
n.w// 2 RK0 by the basic properties of divided powers.

Definition 3.3.2. A ( finite free) .'; OG/-module of height h is a (finite free) Kisin module
.M; 'M/ of height h together with an A.2/st -semilinear OG-action on yM WD A

.2/
st ˝A M

such that

(1) the actions of ' and OG on yM commute;

(2) M � yMHK ;

(3) OG acts on yM=ICA
.2/
st trivially.

The category of .'; OG/-modules consists of the above objects, and a morphism
between two .'; OG/-modules is a morphism of Kisin modules that commutes with the
actions of OG. Given a .'; OG/-module yM WD .M; '; OG/, we define a Zp-representation
of GK ,

yT . yM/ WD Hom
A
.2/
st ;'

.A
.2/
st ˝A M; Ainf/:

Since '.A.2/st /� yR, given a .'; OG/-module yM WD .M; '; OG/ defined as above, .M; '/

together with the OG-action on yR ˝';A M is a classical .'; OG/-module yMc . It is easy to
check that yT . yM/ D yT . yMc/ WD Hom yR;'.

yR˝';A M; Ainf/:

Theorem 3.3.3. The functor yT from the category of .'; OG/-modules of height h to the
category ofGK-stable Zp-lattices in semistable representations with Hodge–Tate weights
in Œ0; h� is an anti-equivalence.

Proof. Given a .'; OG/-module yM D .M; '; OG/, yMc is a classical .'; OG/-module. So
yT . yM/ D yT . yMc/ is a lattice inside semistable representations with Hodge–Tate weights
in Œ0; h�. Conversely, given a lattice in a semistable representation T with Hodge–Tate
weights in Œ0; h�, following the proof of the existence of a classical .'; OG/-module yM
such that yT . yM/ D T , it suffices to show that for any g 2 GK , g.M/ � A

.2/
st ˝A M; here

M and A.2/st ˝A M are regarded as submodules of T _ ˝Zp Ainf via �M in (3.1) and using
the GK-action on T _ ˝Zp Ainf. This follows from Theorem 3.2.1.

Now let us discuss when yT . yM/ becomes a crystalline representation. Recall that �
is a selected topological generator of Gal.L=K11/; moreover, �.u/ D �u and �; HK
topologically generate OG.
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Corollary 3.3.4. Select � 2 OG as above. Then yT . yM/ is crystalline if and only if �.M/ �

A.2/ ˝A M.

Proof. Clearly for the selected � , we have �.u/ � u D Ez. If T WD yT . yM/ is crystalline
then Theorem 3.2.1 proves that �.M/ � A.2/ ˝A M. Conversely, suppose that �.M/ �

A.2/ ˝A M. Then we see that .� � 1/M � uAinf ˝A M by Lemma 3.3.1 (3). And this is
enough to show that yT . yM/ is crystalline. For example, M˝A .AinfŒ

1
p
�=p/ has aGK-fixed

basis given by a basis of M, where the ideal p is defined as p WD
S
n2N '

�n.u/AinfŒ
1
p
� �

AinfŒ
1
p
�. Then one can use the same method as in [32, Theorem 3.8] or directly use [16,

Theorem 4.2.1] to show that T is crystalline.

Remark 3.3.5. Though A.2/st is still complicated, for example, it is not Noetherian, it is
better than the old yR: at least it has explicit topological generators. Furthermore, A.2/st is
p-adic complete. This can help to close the gap in [29] mentioned in [19, Appendix B].
Indeed, as indicated in [19, Remark B.0.5], if yR can be shown to be p-adic complete then
the gap in [29] can be closed. So by replacing yR by A.2/st , we close the gap of [29] ([19]
provides another similar way to close that gap).

4. Crystalline representations and prismatic F -crystals

In this section, we re-prove the theorem of Bhatt and Scholze on the equivalence of pris-
matic F -crystals and lattices in crystalline representations of GK and complete the proof
of Theorem 3.2.1. We start with some general facts on the absolute prismatic site (which
allows general base rings).

4.1. Prismatic F -crystals in finite projective modules

Let R D R0 ˝W OK D R0Œu�=E be as at the beginning of Section 2, and X D Spf.R/
with the p-adic topology.

Definition 4.1.1. The (absolute) prismatic site X∆ of X is the opposite of the category
of bounded prisms .A; I / that are .p; I /-complete together with a map R ! A=I , and
a morphism of prisms .A; I / ! .B; J / is a covering if A ! B is .p; I /-completely
faithfully flat.

Define the following functors:

O∆ W .A; I / 7! A;

and for all h 2 N, let
Ih∆ W .A; I / 7! I h:

It is known from [8] that these are sheaves on X∆, and O∆ admits an endomorphism
'∆ coming from the ı-structure. We will also use O∆Œ1=I∆�

^
p to denote the functor that

assigns to .A; I / the p-adic completion of A with I inverted.
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Now we verify A.2/ (resp. A.3// constructed in Section 2.1 is indeed the self-product
(resp. self-triple-product) of A in X∆. We mainly discuss the situation of A.2/; the proof
for A.3/ is almost the same. Recall that MA D MR0JuK D W ht1; : : : ; tmiJuK.

First, we make a remark on the existence of nonempty self-coproduct in the category
of prisms over R. We thank Peter Scholze for answering our question on Mathoverflow,
and we will repeat his answer here. Let .Ai ; Ii / for i D 1; 2 be prisms over R, and let
A0 D A1 y̋ Zp A2 where the completion is taken in the .p; I1; I2/-adic topology. Let J
be the kernel of the map

A0 ! A1=I1 ˝R A2=I2:

Let .A; I / be the prismatic envelope of .A1; I1/! .A0; J /. One can check this is the
initial object in the category of prisms over R that admit maps from .Ai ; Ii / such that the
two R ! Ai=Ii ! A=I agree. Also note that in general we do not know if the bound-
edness of .A1; I1/ and .A2; I2/ implies the boundedness of their coproduct. But we have
seen that A.2/ and A.3/ are indeed bounded by Corollary 2.2.9.

To start, note that there exists a W -linear map Mi2 W MA! A
y̋2 induced by u 7! y and

ti 7! si . We claim that Mi2 uniquely extends to i2 W A! A
y̋2 which is compatible with the

ı-structures. Indeed, consider the commutative diagram

A
xi2 //

i2;n

''

A
y̋2=.p; J .2//

MA

OO

Mi2;n
// A
y̋2=.p; J .2//n

OO

Here Mi2;n D Mi2 mod .p; J .2//n and xi2 W A! A=.p;E/ ' A
y̋2=.p; J .2//. Since Mi2.u/ D

y D x C .y � x/ and Mi2.ti / D si D ti C .si � ti /, the above (outer) diagram commutes.
Since A is formally étale over MA in the .p; u/-adic topology, we conclude that there exists
a unique map i2;n W A! A

y̋2=.p; J .2//n such that the above diagram commutes. Since
A
y̋2 is .p; J .2//-complete, there exists a unique i2 W A! A

y̋2 which extends Mi2. To see
that i2 is compatible with the ı-structures, it suffices to show that ' ı i2 D i2 ı '. But
both ' ı i2 and i2 ı ' extend MA

'
! MA! A

y̋2. Again by formal étaleness of A over MA,
we see that ' ı i2 D i2 ı '. Hence we obtain a map 1˝ i2 W A˝Zp A! A

y̋2. Define
�˝2 W A˝Zp A! R via �˝2.a˝ b/ D �.a/�.b/. By the construction of i2, we have the
commutative diagram

A˝Zp A
1˝i2 //

�˝2

��

A
y̋2

��

R
� // A

y̋2=J .2/

Let bA˝2 be the .p;Ker.�˝2//-completion of A˝2 WD A ˝Zp A. Hence 1 ˝ i2 induces

a map Oi2 from bA˝2 to A y̋2 because A y̋2 is clearly .p; J .2//-complete. To treat A y̋3,
we construct i3 W A! A

y̋3 by extending Mi3 W A! A
y̋3 via u 7! w and tj 7! rj . The

same method shows that i3 is compatible with the ı-structures and we obtain a map 1˝
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i2 ˝ i3 W A
˝3 ! A

y̋3 with A˝3 W A˝Zp A˝Zp A. Similarly, we obtain a natural map
Oi3 W

bA˝3 ! A
y̋3.

Lemma 4.1.2. For s D 2; 3, Ois W bA˝s ! A
y̋ s are isomorphisms.

Proof. We need to construct an inverse of Ois . We only handle Oi2; the proof for Oi3 is the
same. Let g W A y̋2 ! bA˝2 be the A-linear map defined by y � x 7! 1 ˝ u � u ˝ 1

and sj � tj 7! 1 ˝ tj � tj ˝ 1. Clearly g is well-defined because 1 ˝ u � u ˝ 1 and
1˝ tj � tj ˝ 1 are in Ker.�˝2/. Since i2.u/ D y and i2.tj / D sj , Oi2 ı g is the identity
onA y̋2. Now it suffices to show that h WD g ı Oi2 is the identity. WriteK D .p;Ker.�˝2//.

Note that we have a map A˝Zp MA!
bA˝2 h
!

bA˝2 induced by h which we still call Mh for
simplicity. Now we have the commutative diagram

A˝Zp A .A˝Zp A/=K

A˝Zp MA .A˝Zp A/=K
n

mod K

hn

�n

Mh mod Kn

where hn is induced by hmodKn, and �n is the moduloKn map. We see that both hn and
�n on the dashed arrows can make the diagram commute. Then by the formal étaleness
of A over MA, we conclude that hn D �n and h is the identity map.

Proposition 4.1.3. A.2/ and A.3/ are the self-product and self-triple-product of A in X∆.

Proof. We only treat the case of A.2/; the proof for A.3/ is the same. We need to prove
that for any B D .B; J / in X∆,

HomXopp
∆
.A.2/; B/ D HomXopp

∆
.A;B/ � HomXopp

∆
.A;B/:

By the above lemma, we have the natural maps A ˝Zp A!
bA˝2 ' A

y̋2. Combining
this with the natural map A y̋2 ! A.2/ as A.2/ is the prismatic envelope of A y̋2 for the
ideal J .2/, we have a map ˛ W A˝Zp A! A.2/ which is compatible with the ı-structures.
Then ˛ induces a map

ˇ W HomXopp
∆
.A.2/; B/! HomXopp

∆
.A;B/ � HomXopp

∆
.A;B/:

To prove the surjectivity of ˇ, given fi 2 HomX∆.A; B/ for i D 1; 2, we obtain a map
f1 ˝ f2 W A˝Zp A! B . It is clear that .f1 ˝ f2/.Ker.�˝2// � J . Since B is .p; J /-

derived complete, f ˝ f2 extends to a map f1 y̋f2 W bA˝2 ' A y̋2 ! B which is com-
patible with the ı-structures. Hence f1 y̋f2 is a morphism of ı-algebras. Finally, by the
universal properties of prismatic envelope, f1 y̋f2 extends to a map of prisms f1 y̋ ∆f2 W

A.2/ ! B as required.
Finally, we need to show that ˇ is injective. It suffices to show that the A-algebra

structure maps i1 W A! A.2/ and i 02 W A
i2
! A

y̋2! A.2/ are both injective. Since all rings
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here are .p; E/-complete integral domains, it suffices to check that i1; i 02 mod .p; E/ are
injective. By Proposition 2.2.8, we see that i1 mod .p; E/ is R=pR! R=pRŒ¹
i .zj /º�,
so it is injective. By the construction of i 02 and i2, we see that i 02 mod .p; E/ is the
same as A=.p; E/ ! A

y̋2=.p; J .2// ! A.2/=.p; E/, which is the same as R=pR !
R=pRŒ¹
i .zj /º�. So it is injective.

Remark 4.1.4. When R D OK is a complete DVR with perfect residue field k, we know
a priori that the self-product A.2/ of .A; .E// in X∆ can be constructed as the pris-
matic envelope of .A; .E//! .B; I /, where B is the .p;E.u/;E.v//-adic completion of
W.k/JuK˝Zp W.k/JvK and I is the kernel of the map

B ! A=.E/˝R A=.E/ D R:

On the other hand, W.k/ is formally étale over Zp for the p-adic topology, so for all
.C;J /2X∆, the mapW.k/!R!C=J lifts uniquely to a mapW.k/!C . In particular,
for all .C; J / 2 X∆, C has a natural W.k/-algebra structure. So when we construct the
self-product, we can also consider A.2/ as the prismatic envelope of .A; .E//! .C; J /,
where C is the .p;E.u/;E.v//-adic completion of A˝W.k/ A and J is the kernel of the
map

C ! A=.E/˝R A=.E/ D R:

We have C ' W.k/Ju; vK, J D .E.u/; u � v/ and A.2/ D W.k/Ju; vK¹u�v
E
º^
ı

.

Definition 4.1.5. (1) A prismatic crystal overX∆ in finite locally free O∆-modules (resp.
O∆Œ1=I �

^
p -modules) is a finite locally free O∆-module (resp. O∆Œ1=I �

^
p -module) M∆

such that every morphism f W .A; I /! .B; J / of prisms induces an isomorphism

f �M∆;A WDM∆..A; I //˝A B 'M∆;B WDM∆..B; J //

.resp. f �M∆;A WDM∆..A; I //˝AŒ1=I �^p BŒ1=I �
^
p 'M∆;B WDM∆..B; J ///:

(2) A prismatic F -crystal over X∆ of height h in finite locally free O∆-modules is a
prismatic crystal M∆ in finite locally free O∆-modules together with a '∆-semilinear
endomorphism 'M∆ of the O∆-module M∆ such that the cokernel of the linearization
'�∆M∆ !M∆ is killed by Ih.

Proposition 4.1.6. Suppose the sheaf represented by .B; I / in Shv.X∆/ covers the final
object � in Shv.X∆/, i.e., for any .C; J / in X∆, there is a .P; J / that lies over .B; I / and
covers .C;J /. Also assume that the self-coproductB.2/ and the self-triple-coproductB.3/

of .B; I / are inside X∆, i.e., they are bounded. Then a prismatic crystal M∆ over X
in finite locally free O∆-modules is the same as a finite projective module M over B
together with a descent datum WM˝i1;B B

.2/'M˝i2;B B
.2/ that satisfies the cocycle

condition. Here ij W B ! B.2/ .j D 1; 2/ are the two natural maps.

Proof. Let M be a prismatic crystal in finite projective modules. Define MDM∆..B;I //,
and the descent datum comes from the crystal property:

 WM˝i1;B B
.2/
'M∆..B

.2/; I // 'M˝i2;B B
.2/:
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Now, given .M;  /, for any .C; J / in X∆ we need to construct a finite projective module
over C . We choose .P; J / as in the assumption, let MP DM˝B P , and consider the
following diagram:

C P P
.2/
C

B B.2/

B P

C

f1

i1

f

i2

f2

Here .P .2/C ; J / is the self-coproduct of .P; J / in the category of prisms over .C; J /; its
existence comes from [8, Corollary 3.12], where it is also shown that P .2/C is the derived
.p;J /-completion ofP ˝L

C P and .P .2/C ;J / is bounded. As a bounded prism over .C;J /,
.P

.2/
C ; J / is naturally inside X∆, so f exists by the universal property of B.2/. So if we

take the base change of  along f , we get

f � W .M˝i1;B B
.2//˝B.2/;f P

.2/
C ' .M˝i2;B B

.2//˝B.2/;f P
.2/
C ;

which is the same as an isomorphism

 C WMP ˝P;f1 P
.2/
C 'MP ˝P;f2 P

.2/
C :

Similar arguments show that  C satisfies the cocycle condition. And MP descends to a
finite projective module over C by [1, Proposition A.3].

Remark 4.1.7. Note that the structure of finite nonempty coproducts in the category of
bounded prisms over a prism .A; I / is much simpler than the structure of finite nonempty
products in the category .R=A/∆ (cf. [4, Lecture V, Corollary 5.2]).

Lemma 4.1.8. The prism .A; .E// defined in Section 2.1 covers the final object � in
Shv.X∆/ in the sense of Proposition 4.1.6. And A.2/ and A.3/ are bounded.

Proof. The proof is similar to that of [1, Lemma 5.14]; we need to show that forR defined
as in Section 2.1, there exists a quasi-syntomic perfectoid cover of R. We will construct
such a cover similar to [24, Section 7.1].

First recall thatRDOK ˝W R0, and fix a compatible system ¹$nºn�0 of pn-th roots
of a uniformizer $0 of OK inside E. Let yK1 be the p-adic completion of

S
nK.$n/;

we know yK1 is perfectoid. We use xR0JuK to denote A=.p/D R=.$/D R0=.p/JuK, and
let xR0JuK^perf be the u-adic completion of the direct perfection of xR0JuK. It can be checked
directly that . xR0JuK^perfŒ1=u�;

xR0JuK^perf/ is a perfectoid affinoid yK[1-algebra, and by tilt
equivalence, there is a corresponding perfectoid affinoid yK1-algebra. More explicitly,
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let QR1 D W. xR0JuK^perf/˝W.O[
yK1

/;� O yK1 . Then QR1 is naturally an R-algebra, and we

claim it is a quasi-syntomic cover of R.
To show this, by [24, Section 7.1.2], we have

QR1 D .R0 y̋W O yK1/
y̋ Zp ZphT �p

1

i i;

where Ti 2 R0 is any lift of a p-basis of R0=.p/. As OK ! O yK1 is a quasi-syntomic
cover, by [6, Lemma 4.16 (2)], R ! R0 y̋W O yK1 is also a quasi-syntomic cover. And

S D ZphT �p
1

i i is a quasi-syntomic ring, which can be seen by constructing a perfec-
toid quasi-syntomic cover of it, so by [6, Lemma 4.34] the complex LS=Zp 2 D.S/ has
p-complete Tor amplitude in Œ�1; 0�. In particular, Zp ! ZphT �p

1

i i is also a quasi-
syntomic cover, so by [6, Lemma 4.16], R! QR1 is a quasi-syntomic perfectoid cover.

The boundedness of A.2/ and A.3/ is stated in Corollary 2.2.9 (2).

Corollary 4.1.9. Assume the the base X D Spf.R/ satisfies the condition in Section 2,
and let A, A.2/ and A.3/ be as defined in Section 2.1. Then a prismatic F -crystal
.M∆; 'M∆/ in finite locally free O∆-modules of height h over X is the same as a Kisin
module .M; 'M/ of height h over A with a descent datum

f WM˝A;i1 A
.2/
'M˝A;i2 A

.2/

that is compatible with the '-structure and satisfies the cocycle condition over A.3/.

Theorem 4.1.10 ([9, Theorem 1.2]). Let T be a crystalline representation of GK over a
Zp-lattice of Hodge–Tate weights in Œ0; h�. Then there is a prismatic F -crystal M∆.T /

over X∆ of height h over X such that M∆..A; E// is the Kisin module associated to T .
Moreover, the association T 7!M∆.T / induces an equivalence of the above two cate-
gories.

We will prove this theorem in Section 4.3.

Remark 4.1.11. Theorem 4.1.10 was first established by Bhatt–Scholze in [9, Theo-
rem 1.2]. The harder direction of [9, Theorem 1.2] is to show that to all Zp-lattices inside
crystalline representations of GK , one can attach a prismatic F -crystal. Using the the-
ory of .'; OG/-modules, we have shown in Section 3.2 that to a crystalline representation
of GK over a Zp-lattice T , we can attach a Kisin module M and a descent datum3

fQ� WM˝A;i1 A
.2/
�
1
p

�
'M˝A;i2 A

.2/
�
1
p

�
coming from the � -action. We just show this is a '-equivariant isomorphism, and we
need to show it gives rise to a descent datum over A.2/. As mentioned in Remark 3.2.4,
we have not been able find a direct ring-theoretic proof of this. Our idea is to use the result
of [35] or [9, Corollary 3.7]: the underlying Galois representation T gives a descent datum
over A.2/Œ 1

E
�^p . To finish our proof, we need to compare this descent datum with fQ� over

3Strictly speaking, Section 3.2 only constructs an isomorphism but we have not checked that it
satisfies the cocycle condition, which will be done in Section 4.3.
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A.2/Œ 1
E
�^p Œ

1
p
�. This leads us to develop a “prismatic” .'; �/-module theory in the next

subsection, where we will have Lemmas 4.2.12 and 4.2.16 to help us compare descent
data over A.2/Œ 1

E
�^p and A.2/Œ 1

E
�^p Œ

1
p
� via an evaluation map to W.O[

OL
/.

4.2. Prismatic .'; �/-module theory

In this subsection, we make some preparations to prove Proposition 3.2.2 and Theorem
4.1.10. So we restrict to the case that R D OK is a complete DVR with perfect residue
field.

Definition 4.2.1. An étale '-module overAŒ 1
E
�^p is a pair .M; 'M/ such that M is a finite

free module over AŒ 1
E
�^p , and 'M is an isomorphism

'M W '
�M WD AŒ 1

E
�^p ˝';AŒ 1E �

^
p

M 'M

of AŒ 1
E
�^p -modules. And we define an étale '-module over AŒ 1

E
�^p Œ

1
p
� to be a '-module

over AŒ 1
E
�^p Œ

1
p
� obtained from an étale '-module over AŒ 1

E
�^p by base change.

An étale '-module over AŒ 1
E
�^p (resp. AŒ 1

E
�^p Œ

1
p
�) with descent datum is a triple

.M; 'M; c/ with .M; 'M/ an étale '-module over AŒ 1
E
�^p (resp. AŒ 1

E
�^p Œ

1
p
�), and c an

isomorphism
c WM ˝AŒ 1E �

^
p ;i1

B.2/ 'M ˝AŒ 1E �
^
p ;i2

B.2/

.resp. c WM ˝AŒ 1E �^p Œ 1p �;i1 B
.2/
�
1
p

�
'M ˝AŒ 1E �

^
p Œ

1
p �;i2

B.2/
�
1
p

�
/

which is compatible with the '-structure and satisfies the cocycle condition over B.3/

(resp. B.3/Œ 1
p
�). Here for j D 1; 2, ij W AŒ 1E �

^
p ! B.2/ is the map induced by ij W

.A; .E//! .A.2/; .E//.

Remark 4.2.2. It is the main result in [35] and [9, Section 2] that there is an equivalence
of the category of lattices in representations of GK and the category of prismatic F -
crystals in finite locally free O∆Œ1=I �

^
p -modules over OK . Also by [9, Proposition 2.7],

one can show that prismatic F -crystals in finite locally free O∆Œ1=I �
^
p -modules is the

same as étale '-modules over AŒ 1
E
�^p with descent data.

The aim of this subsection is to use the ideas in [35] and [23, Section 5.5] to show
that étale '-modules over AŒ 1

E
�^p (resp. AŒ 1

E
�^p Œ

1
p
�) with descent data are equivalent to

RepZp .GK/ (resp. RepQp .GK/). More importantly, for all 
 2 OG, we will construct an
evaluation-at-
 map

e
 W B
.2/
! W. OL[/

and use it to study '-equivariant morphisms between finite free B.2/ and B.2/Œ 1
p
�-mod-

ules. We will see that the evaluation-at-� map will play a crucial role in our proof of
Proposition 3.2.2 and Theorem 4.1.10 below.

Recall that in Section 3.3, we defined L D
S1
nD1 K1.�pn/, OG WD Gal.L=K/

and HK WD Gal.L=K1/. Moreover, we define yK11 to be the p-adic completion of



A prismatic approach to .'; OG/-modules and F -crystals 35

S
n�0 K.�pn/, and we let OL be the p-adic completion of L. It is clear that AŒ 1

E
�^p �

W. OL[/HK . Recall the following definition and theorem from [12]:

Theorem 4.2.3. An étale .'; �/-module is a triple .M; 'M; OG/ where

� .M; 'M/ is an étale '-module over AŒ 1
E
�^p ;

� OG is a continuous W. OL[/-semilinear OG-action on

OM WD W. OL[/˝AŒ 1E �
^
p

M

such that OG commutes with 'M;

� regarding M as an AŒ 1
E
�^p -submodule of OM, we have M � OMHK .

Then there is an anti-equivalence of the category of étale .'; �/-modules and RepZp .GK/

such that if T corresponds to .M; 'M; OG/, then

T _ D . OM ˝
W. OL[/

W.C[p//
'D1:

One of the basic facts used in the theory of étale .'; �/-modules developed in [12] is
that Gal. OL= yK11/ ' Zp , and we write � to be a topological generator of Gal. OL=K11/
determined by �.$n/ D �pn$n as in the discussion before Corollary 3.3.4. Also OG is
topologically generated by � and HK , so in particular the OG-action on OM is determined
by the action of � on M inside OM. As discussed before, we will provide a direct corre-
spondence of the category of étale .'; �/-modules and the category of étale '-modules
over AŒ 1

E
�^p with descent data. Moreover, we will construct an evaluation-at-� map

e� W B
.2/
! W. OL[/;

and show that the � -action on M inside OM is given by the base change of the descent
datum along e� .

Remark 4.2.4. In [35, Theorem 5.2], a similar equivalence is proved, but for étale .';�/-
modules. The theory of étale .'; �/-modules is defined for the cyclotomic tower K11
overK, while the theory of étale .'; �/-modules is defined using the Kummer towerK1.
We will use a lot of ideas and results developed in [35] when proving our claims in this
subsection. The main difficulty in our situation is that the Kummer tower K1 is not a
Galois tower over K. To deal with this, we have to use the idea in [23, Section 5.5].
Roughly speaking, we will take the Galois closure L of K1, prove results over L, and
descend back to K1 using K1 D LHK .

One should be able to construct the evaluation map in the context of [35] the same
way as we do in this subsection. This map will give a more direct correspondence of the
descent data and the �-actions on étale .'; �/-modules.

By [8, Lemma 3.9], any prism .B; J / admits a map into its perfection .Bperf; JBperf/.
The following theorem is the key to understanding perfect prisms.

Theorem 4.2.5 ([8, Theorem 3.10]). .A; I /! A=I induces an equivalence of the cate-
gory of perfect prisms over OK with the category of integral perfectoid rings over OK .
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Let .A; .E// be the Breuil–Kisin prism defined in Section 2.1. We have the following
result.

Lemma 4.2.6. Aperf ' W.O
[
yK1
/.

Proof. The same as the proof of [35, Lemma 2.17].

Lemma 4.2.7. Let PerfdK be the category of perfectoidK-algebras. Then PerfdK admits
finite nonempty coproducts.

Proof. Let R and S be two perfectoid K-algebras. It follows from [22, Corollary 3.6.18]
that the uniform completion .R˝K S/u of the tensor product R˝K S is again a perfec-
toidK-algebra, and it is easy to show that this is the coproduct of R and S in the category
of perfectoid K-algebras.

For i 2 N>0, let .A.i/; .E// (resp. .Ainf.O OL/
.i/; .E//) denote the i -th self-coproduct

of .A; .E// (resp. .Ainf.O OL/; .E//) in the category of prisms over OK , whereAinf.O OL/ WD

W.O[
OL
/. The following is a description of .A.i//perfŒ

1
E
�^p and .Ainf.O OL/

.i//perfŒ
1
E
�^p .

Lemma 4.2.8. Let yK.i/1 .resp. OL.i// be the i -th self-coproduct of yK1 .resp. OL/ in PerfdK .
Then .A.i//perfŒ

1
E
�^p ' W..

yK
.i/
1 /

[/ and .Ainf.O OL/
.i//perfŒ

1
E
�^p ' W..

OL.i//[/.

Proof. We will only prove the lemma for .A.i//perfŒ
1
E
�^p ; the case of OL.i/ is similar.

We use similar arguments to those for [35, Lemma 5.3]. Fix i . First we observe
that .A.i//perf is the i -th self-coproduct of .Aperf; .E// in the category of perfect prisms
over OK , i.e. .A.i//perf D .Aperf/

.i/
perf. By Theorem 4.2.5, Lemma 4.2.6 and [35, Proposi-

tion 2.15], if we let S D .A.i//perf=E, then SŒ 1
p
� is the i -th self-coproduct of yK1 in the

category of perfectoid K-algebras. Now we have

.A.i//perfŒ
1
E
�^p ' W.S

[/Œ1=Œ$ [��^p D W.S
[Œ1=$ [�/ ' W.. yK.i/1 /

[/:

Remark 4.2.9. There is another way to view yK.i/1 in terms of diamonds over Spd.K;OK/,
which is used in [35, proof of Lemma 5.3]: there exists a ring yK.i/;C1 of integral elements
in yK.i/1 such that

Spa. yK.i/1 ; yK
.i/;C
1 /˘ ' Spa. yK1; yKC1/

˘
�Spd.K;OK / � � � �Spd.K;OK / Spa. yK1; yKC1/

˘„ ƒ‚ …
i copies of Spa.K1;K

C
1/
˘

:

(4.1)
And similar results hold for OL. Using this description and the fact that the functor from
perfectoid spaces over Spa.K;OK/ to diamonds over Spd.K;OK/ is an equivalence, we
find that OL.i/ has a natural action of OGi coming from the action on the diamond spectrum.
Since OLHK D yK1, we have

Spa. yK.i/1 ; yK
.i/;C
1 /˘ '

�
Spa. OL;O OL/

˘
�Spd.K;OK / � � � �Spd.K;OK / Spa. OL;O OL/

˘
�H i

K

' .Spa. OL.i/; OL.i/;C/˘/H
i
K :

That is, . OL.i//H
i
K D yK

.i/
1 .
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Now we use ideas in [35] and [23, Section 5.5] to study étale '-modules over AŒ 1
E
�^p

with descent data. We will show this category is the same as generalized .'; �/-modules
in the work of Kedlaya–Liu. The following is a quick review of [23, Examples 5.5.6,
5.5.7].

Firstly, one has OL.i/ ' Cont. OGi�1; OL/, where Cont means the set of continuous func-
tions. One can see this from [35, proof of Theorem 5.6]. When i D 2, we choose two
canonical maps i1; i2 W OL! OL.2/ corresponding to j1; j2 W OL! Cont. OG; OL/ given by

j1.x/ W 
 7! 
.x/ and j2.x/ W 
 7! x: (4.2)

From Remark 4.2.9, there is a natural action of OG2 on OL.2/. One can check this corre-
sponds to the OG2-action on Cont. OG; OL/ given by

.�1; �2/.f /.
/ D �2f .�
�1
2 
�1/:

Remark 4.2.10. We have interchanged the roles of j1 and j2 compared with the iso-
morphism defined in [23, Example 5.5.6], so the OG2-action is different from that in [23,
Example 5.5.7]; we will see that our definition is more convenient when relating descent
data to semilinear group actions.

One can show that Cont. OG;�/ commutes with tilting and the Witt vector functor, as
discussed in [35, Lemma 5.3], so in particular we have

W.. OL.i//[/ ' Cont. OGi�1; W. OL[//:

For i D 2, we still use j1 and j2 to represent the two canonical maps from W. OL[/ to
Cont. OG;W. OL[// that come from (4.2). The above isomorphism is also compatible with
the action of OG2, so we have

W.. yK.2/1 /[/ ' Cont. OG;W. OL[//H
2
K : (4.3)

Now let M be an étale '-module over W. yK[1/ with a descent datum

 WM ˝
W. yK[1/;j1

W.. yK.2/1 /[/ 'M ˝
W. yK[1/;j2

W.. yK.2/1 /[/

as étale '-modules over W.. yK.2/1 /[/ and suppose  satisfies the cocycle condition over
W.. yK

.3/
1 /[/. Using (4.3), we find that  is the same as a descent datum

O WM ˝
W. yK[1/;j1

Cont. OG;W. OL[//H
2
K 'M ˝

W. yK[1/;j2
Cont. OG;W. OL[//H

2
K : (4.4)

For each 
 2 OG, we have an evaluation map Qe
 W Cont. OG;W. OL[//! W. OL[/ at 
 .
Using (4.2), one can check Qe
 ı j2 WW. yK[1/!W. OL[/ is given by the natural embedding
and Qe
 ı j1 W W. yK[1/! W. OL[/ is given by x 7! 
.x/. So for each 
 2 OG, if we tensor
(4.4) with the evaluation map Qe
 , we get an isomorphism

 
 WM ˝W. yK[1/;

W. OL[/ 'M ˝

W. yK[1/
W. OL[/:
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And similar to the classical Galois descent theory, the cocycle condition for  implies
that ¹ 
º
 satisfies

 �
 D  � ı �
� 
 :

Hence ¹ 
º
 defines a continuous semilinear action of OG on OM WDM ˝
W. yK[1/

W. OL[/.
One can check that for 
 2 HK , the composition

W. yK[1/
jk
�! W.. yK.2/1 /[/! Cont. OG;W. OL[//

Qe

�! W. OL[/

is the natural embedding W. yK[1/ ,! W. OL[/ for k D 1; 2. And using the cocycle condi-
tion, one can show  
 D id for 
 2 HK , so in particular M � OMHK . Conversely, given
a semilinear action of OG on OM such that M � OMHK , ¹ 
º
 defines a descent datum  

over Cont. OG;W. OL[//H
2
K if and only if the semilinear action is continuous. In summary,

we have the following result.

Theorem 4.2.11. (1) The category of étale '-modules over AŒ 1
E
�^p with descent data

over A.2/Œ 1
E
�^p is equivalent to the category of étale .'; �/-modules over AŒ 1

E
�^p .

(2) Given a descent datum f of an étale '-module M over AŒ 1
E
�^p , and 
 2 OG, we can

define the evaluation f
 of f at 
 , defined by the base change of f along

e
 W A
.2/
�
1
E

�^
p
! .A.2//perf

�
1
E

�^
p

Qe

�! W. OL[/;

which defines an isomorphism

f
 WM ˝AŒ 1E �
^
p ;Q�


W. OL[/ 'M ˝AŒ 1E �
^
p
W. OL[/;

where Q�
 W AŒ 1E �
^
p ! W. OL[/



�! W. OL[/. Suppose that .M; f / corresponds to a Zp-

representation T of GK . Then f
 corresponds to the semilinear action of 
 on M

inside M˝AŒ 1E �
^
p
W.C[p/' T _˝W.C[p/. Moreover, two descent data f;g are equal

if and only if f� D g� .

Proof. The discussion preceding the theorem establishes the equivalence between the
category of étale '-modules over AperfŒ

1
E
�^p with descent data over .A.2//perfŒ

1
E
�^p and the

category of étale .'; �/-modules over AŒ 1
E
�^p . Now (1) follows from [35, Theorem 4.6]

which shows that the category of étale '-modules overBŒ 1
I
�^p is equivalent to the category

of étale '-modules over BperfŒ
1
I
�^p for a bounded prism .B; I / such that '.I / mod p is

generated by a non-zero-divisor in B=p. Thus it just remains to prove the last statement in
(2). Actually one can check (2) by chasing all the functors used in (1), and use the fact that
for any étale .'; �/-module, the OG-action on OM is determined by the � -action on M.

Lemma 4.2.12. Given two finite free étale '-modules M;N over A.2/Œ 1
E
�^p and two

morphisms f; g WM ! N of étale '-modules over A.2/Œ 1
E
�^p . For any 
 2 OG, let f
 ; g


be the base changes of f; g along the map

e
 W A
.2/
�
1
E

�^
p
! .A.2//perf

�
1
E

�^
p
' Cont

�
OG;W.. OL.2//[/

�H2
K
Qe

�! W. OL[/:

Then f D g if and only if f�m D g�m for all positive integers m.
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Proof. We take the natural base change of f and g along A.2/Œ 1
E
�^p ! .A.2//perfŒ

1
E
�^p ,

and get two morphisms  and  0 between étale '-modules over .A.2//perfŒ
1
E
�^p . Since

the base change functor between étale '-modules over A.2/Œ 1
E
�^p and .A.2//perfŒ

1
E
�^p is an

equivalence of categories, it remains to show that  D  0 if and only if their base changes
along

Qe� W .A
.2//perf

�
1
E

�^
p
' Cont

�
OG;W.. OL.2//[/

�H2
K �! W. OL[/

are equal. Since M and N are finite free, it is enough to show that the evaluation map

Qe� W Cont
�
OG;W.. OL.2//[/

�H2
K ! W.. OL.2//[/

is injective. Suppose h 2 Cont. OG;W.. OL.2//[//H
2
K satisfies h.�m/ D 0. Then

.�1; �2/.h/.�
m/ D �2h.�

�1
2 �m�1/ D 0

for .�1; �2/ 2 H 2
K . Since HK�mHK D HK�m�.HK / with � the p-adic cyclotomic char-

acter, OG is topologically generated by HK and � , and the set of positive integers is dense
in Zp , we get h � 0.

Now we give the Q-isogeny versions of Theorem 4.2.11 and Lemma 4.2.12. Recall
that the category of étale .'; �/-modules over AŒ 1

E
�^p Œ

1
p
� is equivalent to the category

RepQp .GK/, and recall the following definition of étale .'; �/-modules over BŒ 1
J
�^p Œ

1
p
�

for a prism .B; J / 2 X∆.

Definition 4.2.13. A (globally) étale '-module M over BŒ 1
J
�^p Œ

1
p
� is a (finite projective)

'-module over BŒ 1
J
�^p Œ

1
p
� that arises by base extension from an étale '-module BŒ 1

J
�^p .

From this definition, we immediately deduce the following result by [35, Theo-
rem 4.6].

Proposition 4.2.14. For any prism .B; J / 2 X∆ such that '.J / mod p is generated by a
non-zero-divisor in B=p, base change defined by BŒ 1

J
�^p Œ

1
p
�! BperfŒ

1
J
�^p Œ

1
p
� induces an

equivalence between the category of étale '-modules over BŒ 1
J
�^p Œ

1
p
� and the category of

étale '-modules over BperfŒ
1
J
�^p Œ

1
p
�.

And similar to Theorem 4.2.11 and Lemma 4.2.12, we have the following result.

Theorem 4.2.15. The category of étale '-modules overAŒ 1
E
�^p Œ

1
p
� with descent data over

A.2/Œ 1
E
�^p Œ

1
p
� is equivalent to the category of étale .'; �/-modules over AŒ 1

E
�^p Œ

1
p
�. More-

over,
Cont

�
OG;W. OL[/

�
1
p

��H2
K ' W. yK.2/1 /[

�
1
p

�
:

For 
 2 OG, we can define the evaluation map

Qe
 W Cont
�
OG;W. OL[/

�
1
p

��
! W. OL[/

�
1
p

�
:

And given a descent datum f of an étale '-module M over AŒ 1
E
�^p Œ

1
p
�, and 
 2 OG, we

can define the evaluation f
 of f at 
 by the base change of f along
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e
 W A
.2/
�
1
E

�^
p

�
1
p

�
! .A.2//perf

�
1
E

�^
p

�
1
p

� Qe

�! W. OL[/

�
1
p

�
;

which defines an isomorphism

M ˝AŒ 1E �
^
p Œ

1
p �;Q�


W. OL[/
�
1
p

�
'M ˝AŒ 1E �

^
p Œ

1
p �
W. OL[/

�
1
p

�
where Q�
 W AŒ 1E �

^
p Œ

1
p
� ! W. OL[/Œ 1

p
�


�! W. OL[/Œ 1

p
�. If V in RepQp .GK/ corresponds to

.M; f /, then f
 is the semilinear action of 
 on M inside V _ ˝W.C[p/Œ
1
p
�. Moreover,

two descent data f; g are equal if and only if f� D g� .

Lemma 4.2.16. Given two finite free étale '-modules M;N over A.2/Œ 1
E
�^p Œ

1
p
� and two

morphisms f;g WM!N of étale '-modules overA.2/Œ 1
E
�^p Œ

1
p
�. For any 
 2 OG, let f
 ;g


be the base changes of f; g along the map

e
 W A
.2/
�
1
E

�^
p

�
1
p

�
! .A.2//perf

�
1
E

�^
p

�
1
p

� Qe

�! W. OL[/

�
1
p

�
:

Then f D g if and only if f�m D g�m for all positive integers m.

Proof. The proofs are the same as the proofs of Theorem 4.2.11 and Lemma 4.2.12, plus
the fact that

Cont
�
OG;W. OL[/

�
1
p

��
D Cont. OG;W. OL[//

�
1
p

�
;

which can be shown by using the compactness of OG.

4.3. Proofs of Proposition 3.2.2 and Theorem 4.1.10

In this subsection, we keep the assumption thatRDOK is a mixed characteristic complete
DVR with perfect residue field, and keep the notations of Section 2.1.

Let us first prove Proposition 3.2.2 using Lemma 2.3.2 and the results of Section 4.2.
First, we give a different interpretation of the “evaluation map”

e
 W A
.2/
�
1
E

�^
p
! .A.2//perf

�
1
E

�^
p
' Cont

�
OG;W.. OL.2//[/

�H2
K
Qe

�! W. OL[/

in Theorem 4.2.11 when restricted to A.2/. Recall that we fixed a compatible system
¹$nºn of pn-th roots of a uniformizer$ 2OK ; this defines a map of prisms � W .A;.E//!
.Ainf; .E// sending u to Œ$ [�, and given a 
 2GK , we define �
 to be the composition of �
with 
 W .Ainf; .E//! .Ainf; .E// where the second map is defined as a 7! 
.a/. Since
.E/ � Ainf is equal to Ker � and � is GK-equivariant, 
 is a well-defined map of ı-pairs.
By the universal property of A.2/, we can define a map of prisms �.2/
 W .A.2/; .E// !
.Ainf; .E// so that the following diagram commutes:

.A; .E// .A.2/; .E// .A; .E//

.Ainf; .E//

i1

�

�
.2/



i2

�
(4.5)
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The map �.2/
 induces a morphism Q�.2/
 WA.2/Œ 1E �
^
p !W.C[p/. We claim that for all 
 2GK ,

Q�
.2/

 is the same as

A.2/
�
1
E

�^
p
! .A.2//perf

�
1
E

�^
p
' Cont

�
OG;W.. OL.2//[/

�H2
K
Qe

�! W. OL[/ ,! W.C[p/:

To see this, by the universal property of direct perfection, we see that (4.5) factorizes as

.A; .E// .A.2/; .E// .A; .E//

.Aperf; .E// ..A.2//perf; .E// .Aperf; .E//

.Ainf; .E//

i1 i2

i 0
1

�0

�
0.2/



i 0
2

�0

So Q�.2/
 has a factorization

A.2/
�
1
E

�^
p
! .A.2//perf

�
1
E

�^
p
! W.C[p/:

We need to check that �0.2/� induces the evaluation map

.A.2//perf
�
1
E

�^
p
' Cont

�
OG;W.. OL.2//[/

�H2
K
Qe�
�! W. OL[/ ,�! W.C[p/:

This follows from the isomorphism .A.2//perfŒ
1
E
�^p ' W..K

.2/
1 /[/. Then one check

directly that for j1; j2 defined in (4.2), Qe
 ı j1 W AperfŒ
1
E
�^p ! W. OL[/ is equal to the map

induced from �0
 , and Qe
 ı j2 W AperfŒ
1
E
�^p ! W. OL[/ is equal to the map induced from �0.

In particular, we have a commutative diagram

A.2/ Ainf

A.2/
�
1
E

�^
p

.A.2//perf
�
1
E

�^
p

W. OL[/ W.C[p/

�
.2/



Qe


(4.6)

Now we can prove Proposition 3.2.2.

Proof of Proposition 3.2.2. First we pick 
 D Q� that is a preimage of � under the map
GK ! OG. Then 
.u/ � u D Ez and �.2/
 defined as above is the embedding defined by
Remark 2.4.2. In particular, composing the embeddingA.2/ ,!Ainf defined in Section 2.4
with Ainf ,! W.C[p/, one gets the evaluation map

.A.2//perf
�
1
E

�^
p
' Cont

�
OG;W.. OL.2//[/

�H2
K
Qe�
�! W. OL[/ ,�! W.C[p/

restricted to A.2/.
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Keeping the notations of Section 3.2, let MAinf D W.C[p/ ˝A M and MA '

M ˝A AŒ
1
E
�^p . By Theorems 4.2.11 and 4.2.3 (recall we use B.2/ D A.2/Œ 1

E
�^p and

B
.2/
st D A

.2/
st Œ

1
E
�^p to simplify our notations), there is a descent datum

c WMA ˝AŒ 1E �
^
p ;Qi1

B.2/ !MA ˝AŒ 1E �
^
p ;Qi2

B.2/

of MA over B.2/ that corresponds to the representation T . And the semilinear action of

 D Q� on MAinf is given by the evaluation c� , that is, we have the linearization of the
Q� -action defined by

c� W W.C[p/˝Q�
 ;AŒ 1E �^p MA ' W.C[p/˝Q�;AŒ 1E �^p MA:

By base change c alongB.2/!B.2/Œ 1
p
�, we get aB.2/Œ 1

p
�-linear '-equivariant morphism

c0 WMA ˝AŒ 1E �
^
p ;Qi1

B.2/
�
1
p

�
!MA ˝AŒ 1E �

^
p ;Qi2

B.2/
�
1
p

�
:

On the other hand, from the discussions after Proposition 3.2.2, the Q� -action also defines
a '-equivariant morphism

fQ� WM˝A;� Q� A
.2/
st
�
1
p

�
'M˝A A

.2/
st
�
1
p

�
:

We will see in Proposition 4.3.1 below that fQ� actually descends to a B.2/Œ 1
p
�-linear mor-

phism. Assuming this fact, if we base change fQ� along A.2/Œ 1
p
�! W.C[p/Œ

1
p
�, we will

have fQ� ˝W.C[p/Œ
1
p
� D c� since the way we define fQ� is by taking the Q� -action.

We claim that fQ� D c0 as a B.2/Œ 1
p
�-linear isomorphism between MA ˝AŒ1=E�^p ;Qi1

B.2/Œ 1
p
� and MA ˝AŒ1=E�^p ;Qi2

B.2/Œ 1
p
�. Using the notations from Lemma 4.2.16, to show

this claim, it is enough to prove .fQ� /�m D c�m for all m 2 N>0. We fix a basis ¹eiº of
M as in Section 3.2, and for all m 2 N>0, let X.m/ and Y.m/ be the matrices defined
by .fQ� /�m.e1; : : : ; ed / D .e1; : : : ; ed /X.m/ and c�m.e1; : : : ; ed / D .e1; : : : ; ed /Y.m/.
The discussion in the previous paragraph implies that X.1/ D Y.1/. Since c satisfies
the cocycle condition by definition, proving the claim is equivalent to proving X.m/ D
X.1/�.X.m � 1//. Since ' is injective on AinfŒ

1
p
�, it is sufficient to prove that '.X.m//

satisfies the above cocycle condition for m > 0.
Comparing the above definitions with the one used in Section 3.2, we haveX.1/DX� ,

and by (3.2), it satisfies

'.X.1// D

1X
iD0

N.i/
i

�
log
�
�.u/

u

��
;

where each term is viewed as a matrix with coefficients inA.2/st;maxŒ
1
p
�. Here,N.i/ is defined

by
N i

D.e
�
1 ; : : : ; e

�
d / D .e

�
1 ; : : : ; e

�
d /N.i/;

with e�i as used in Section 3.2. In particular, N.i/ has coefficients in SŒ 1
p
�. By a similar

argument to the proof of Proposition 2.4.3, for any 
 2 OG, the map �.2/
;stWA
.2/
st ! Ainf

4

4This map is defined similarly to �.2/
 for general 
 , utilizing the logarithmic prismatic site in
Section 5. In particular, it requires the universal property described in Lemma 5.0.12.
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uniquely extends to a map

�
.2/

;stWA

.2/
st;max

�
1
p

�
! Amax

�
1
p

�
that is '-equivariant. By definition, X.m/ is the base change of X.1/ along �.2/�m;st, and in
particular

'.X.m// D �
.2/
�m;st.'.X.1/// D

1X
iD0

N.i/
i

�
log
�
�m.u/

u

��
:

Comparing this formula with (3.2) again, we find that '.X.m// is the matrix of �m acting
on the basis ¹e�1 ; : : : ; e

�
d
º. In particular, it satisfies the cocycle condition for m > 0, as

claimed.
By the discussion before Proposition 3.2.2, the matrix XQ� D X.1/ has coefficients in

A
.2/
st Œ

1
p
�. The matrix Y.1/ has coefficients in B.2/ � B.2/st because c0 is defined by the

B.2/-linear map c. Hence, by Lemma 2.3.2, XQ� D X.1/ D Y.1/ has coefficients in A.2/st .
The same argument shows that when T is crystalline, XQ� has coefficients in A.2/.

Proposition 4.3.1. Base change along B.2/ ! A
.2/
st Œ

1
E
�^p defines an equivalence of cat-

egories of étale '-modules over B.2/ and A.2/st Œ
1
E
�^p and an equivalence of categories of

étale '-modules over B.2/Œ 1
p
� and A.2/st Œ

1
E
�^p Œ

1
p
�.

Proof. By [35, Theorem 4.6], we just need to show the same result after perfections; we
will show .A.2//perf D .A

.2/
st /perf in Lemma 5.0.13 using the logarithmic prismatic site.

Now, let us prove Theorem 4.1.10 by first producing a functor T from prismatic F -
crystals in finite O∆-modules to lattices inside a crystalline representation. For a prism A,
we use ik W A! A.2/ or A.3/ for the natural map from A to the k-th factor of A.2/ or A.3/.
The notation ikl W A.2/ ! A.3/ has a similar meaning.

By Corollary 4.1.9, given a prismatic F -crystal M∆, we obtain a Kisin module
.M; 'M/ of height h together with a descent datum f WM˝A;i1 A

.2/ !M˝A;i2 A
.2/

satisfying the cocycle condition i13 ˝ f D .i23 ˝ f / ı .i12 ˝ f /, where ikl ˝ f is the
base change of f along ikl , and f is also compatible with the '-structure on both sides
of f . Note that the existence of f follows from the crystal property of M∆:

f WM˝A;i1 A
.2/
'M∆..A

.2/; .E/// 'M˝A;i2 A
.2/: (4.7)

We let M DM˝A AŒ
1
E
�^p and c D f ˝A.2/ B

.2/. Then .M; c/ is an étale '-module
with descent datum, which corresponds to a Zp-representation ofGK . Moreover the semi-
linear action of GK on M˝A W.C[p/ comes from ¹c
º
2GK using the evaluation maps.
If we define

f
 W Ainf ˝�
 ;A M! Ainf ˝�;A M

as the base change of f along �
.2/

 , then by (4.6), we have c
 D f
 . The semilin-

ear GK-action commutes with ', because f does. For any 
 2 GK , we have 
.A/ �
W.k/Ju; � � 1K � A.2/st � Ainf. Therefore, the GK-action on Ainf ˝A M defined above
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factors through A.2/st ˝A M. We claim that the GK-action on yM WD A.2/st ˝A M defines a
.'; OG/-module which corresponds to a crystalline representation.

First, for 
 2 G1, we have 
.A/ D A in Ainf, and we conclude �.2/
 W A.2/ ! Ainf

satisfies �.2/
 ı i1 D �
.2/

 ı i2. In particular, for any 
 2G1 and j D 1;2, using (4.7) and the

crystal property of M∆, f
 comes from the base change of (4.7) along �.2/
 W A.2/ ! Ainf;
in particular,

f
 WM˝A;�.2/
 ıi1
Ainf 'M∆..Ainf;Ker �// 'M˝

A;�
.2/

 ıi2

Ainf:

Since �.2/
 ı i1 D �
.2/

 ı i2, we have f
 D id, which means M � . yM/G1 . Similarly, GK

acts on yM=IC corresponding to the base change of f along

A.2/
�
.2/



��! Ainf ! W. Nk/;

where the last arrow is reduction modulo W.m/ (m is the maximal ideal of O[
Cp ). One

can check that for all 
 2 GK and j D 1; 2, the maps

A
ij
�! A.2/

�
.2/



��! Ainf ! W. Nk/

are all equal to A ! W.k/ ,! W.xk/ with the first arrow given by u 7! 0. The above
map induces a morphism of prisms .A; .E// ! .W.k/; .p//; then using (4.7) and the
crystal condition of M∆, we can similarly prove that GK acts on yM=IC trivially, so
.M; 'M; GK/ is a .'; OG/-module. Furthermore, yT . yM/ is crystalline by Corollary 3.3.4
and Theorem 3.2.1.

Remark 4.3.2. In Section 5, we will consider a category consisting of modules with
descent data, and similar arguments about the triviality of the Galois actions can be con-
ducted directly using the cocycle condition of the descent datum. We summarize this in
the following easy fact.

Lemma 4.3.3. Let q W .A.2/; .E//! .B;J / be a map of prisms satisfying q ı i1 D q ı i2.
Then for any descent data f over A.2/, the base change of f along q is the identity map.

To show the fully faithfulness of this functor, let .M; f /, .M0; f 0/ be two Kisin mod-
ules with descent data, and assume there exists a map ˛ W T ..M; f //! T ..M0; f 0//

of lattices in crystalline representations. Then from our construction of T and Theo-
rem 3.3.3, ˛ is induced from a map Ǫ W .M; 'M; OGM/ ! .M0; 'M0 ; OGM0/ between
.'; OG/-modules. The faithfulness of T follows from the fact that A! AŒ 1

E
�^p induces

a fully faithful functor between Kisin modules over A and étale '-modules over AŒ 1
E
�^p

from [25, Proposition 2.1.12]. On the other hand, Ǫ gives morphisms Ǫ1 WM˝A;i1 A
.2/!

M0˝A;i1 A
.2/ and Ǫ2 WM˝A;i2 A

.2/!M0˝A;i2 A
.2/. If we viewA andA.2/ as subrings

of Ainf using diagram (4.5), then the following diagram commutes because Ǫ W yM! yM0



A prismatic approach to .'; OG/-modules and F -crystals 45

is compatible with the � -action:

M˝A;i1 A
.2/ M˝A;i2 A

.2/

M0 ˝A;i1 A
.2/ M0 ˝A;i2 A

.2/

f

Ǫ1 Ǫ2

f 0

Thus we produce a morphism between .M; f / and .M0; f 0/, i.e., T is also full.
It remains to show the functor T is essentially surjective. Given a lattice T in a

crystalline representation of GK , let M be the corresponding Kisin module. It suffices
to construct a descent datum of M over A.2/. We have shown in our proof of Proposi-
tion 3.2.2 that if we view A.2/ as a subring of Ainf via �.2/

Q�
, thenXQ� defines a '-equivariant

isomorphism f W M ˝A;i1 A
.2/ ' M ˝A;i2 A

.2/ of A.2/-modules. We also show that
the base change of f along A.2/ ! B.2/ is equal to the descent datum c of the étale
'-module MA DM ˝A AŒ

1
E
�^p that corresponds to the GK-action on T . In particular,

c WM˝A;i1 B
.2/ 'M˝A;i2 B

.2/ satisfies the cocycle condition. By Lemma 2.3.2, A.2/

(resp. A.3/) injects into B.2/ (resp. B.3/), so f also satisfies the cocycle condition. In
particular, .M; f / produces a prismatic F -crystal in finite free O∆-modules by Corol-
lary 4.1.9.

Remark 4.3.4. Given an étale '-module .MA; 'MA
; c/ over AŒ 1

E
�^p with descent

datum c, we say .MA; 'MA
; c/ is of finite E-height if MA is of finite E-height, i.e.,

there is a finite free Kisin module .M; 'M/ of finite height and defined over A such that
M˝A AŒ

1
E
�^p 'MA as '-modules. Since .MA; 'MA

/ is the étale '-module for T jG1 ,
our definition of finite E-height is compatible with the one given by Kisin under the
equivalence in Theorem 4.2.11 (1).

We expect that the same arguments as in the proof of Proposition 3.2.2 can be used
to study representations of finite E-height. A similar result has been obtained using the
theory of .'; �/-modules by Caruso. For example, in [12, proof of Lemma 2.23], Caruso
shows that for representations of finite E-height, the � -action descends to Su-np;� , which
is a subring of Ainf closely related to Q�.2/

Q�
.B.2// \ Ainf, where Q� is a preimage of � in GK .

Remark 4.3.5. We can also establish the compatibility of our Theorem 4.1.10, the theory
of Kisin and [9, Theorem 1.2]. Given a lattice T in a crystalline representation of GK
with nonnegative Hodge–Tate weight, let M be the Kisin module corresponding to T
in [25], and let M∆ (resp. M0

∆) be the prismatic F -crystal corresponding to T _ under
[9, Theorem 1.2] (resp. T under Theorem 4.1.10). Note that we need to take T _ since in
the work of Bhatt–Scholze, the equivalence is covariant. By our construction of M0

∆, we
have M0

∆..A; .E/// 'M. By [9, Remark 7.11], M∆..A; .E/// 'M. Next we need to
show that the respective descent data over A.2/ are the same. By Corollary 2.4.5, we just
need to show they are the same as descent data of étale '-modules over A.2/Œ 1

E
�^p ; but this

is so by our � -evaluation criteria in Lemma 4.2.12.



H. Du, T. Liu 46

5. Logarithmic prismatic F -crystals and semistable representations

In this section, we will propose a possible generalization of Theorem 4.1.10 to semistable
representations using the absolute logarithmic prismatic site. The main reference for this
subsection is [27]. We will restrict ourselves to the base ring R D OK , a complete DVR
with perfect residue field. And we give R the log structure associated to the prelog struc-
ture ˛ W N! R such that ˛.1/ D$ is a uniformizer in R, i.e., lettingD D ¹$ D 0º, the
log structure on X D Spf.R/ is defined by

MX DMD ,! OX where MD.U / WD ¹f 2 OX .U / jf jUnD 2 O�.U nD/º:

Let us introduce the absolute logarithmic site over .X;MX /.

Definition 5.0.1 ([27, Definitions 2.2 and 3.3]). (1) A ılog-ring is a tuple .A; ı; ˛ W

M ! A, ılog W M ! A/, where .A; ı/ is a ı-pair and ˛ is a prelog structure on
A, and ılog satisfies

� ılog.e/ D 0,

� ı.˛.m// D ˛.m/pılog.m/,

� ılog.mn/ D ılog.m/C ılog.n/C pılog.m/ılog.n/ for all m; n 2M .

We will simply denote the ılog-ring by .A;M/ if there is no confusion. Morphisms are
morphisms of ı-pairs that are compatible with the prelog structure and ılog-structure.

(2) A ılog-triple is .A; I;M/ such that .A; I / is a ı-pair and .A;M/ is a ılog-ring.

(3) A ılog-triple .A;I;M/ is a prelog prism if .A;I / is a prism, and it is bounded if .A;I /
is bounded.

(4) A bounded prelog prism is a log prism that is .p; I /-adically log-affine (cf. [27, Def-
inition 3.3]).

(5) A bounded (pre)log prism is integral if M is an integral monoid.

(6) A ılog-triple .A; I;M/ is said to be over .R;N/ if A=I is an R-algebra and there is a
map M ! N of monoids such that the following diagram commutes:

M A

N R A=I

All ılog-triples over .R;N/ form a category. Similarly, we can define the category of
prelog prisms over .R;N/ and the category of bounded log prisms over .R;N/a.

Remark 5.0.2. If A is an integral domain, or more generally if ˛.M/ consists of non-
zero-divisors, then ılog is uniquely determined by ı if it exists. In particular, morphisms
between such ılog-rings are just morphisms of ı-rings.

Remark 5.0.3. Note that in this paper, for a ı-pair .A; I /, we always assume A is .p; I /-
adic-complete, but in [27], non-.p; I /-adic-complete ılog-triples are also studied. By [27,



A prismatic approach to .'; OG/-modules and F -crystals 47

Lemma 2.10], we can always take the .p; I /-adic completion of the ı-pair .A; I / and the
ılog-structure will be inherited.

Proposition 5.0.4 ([27, Corollary 2.15]). Given a bounded prelog prism .A; I;M/, one
can associate to it a log prism

.A; I;M/a D .A; I;M a/:

Remark 5.0.5. When we deal with a log prism in this paper, we will always take it as the
log prism associated with some prelog prism. And by the above proposition, taking the
associated log prism does not change the underlying ı-pair. Moreover, it is a general fact
that .A; I;M/a is integral if .A; I;M/ is integral.

Definition 5.0.6. The absolute logarithmic prismatic site .X;MX /∆log is the opposite of
the category whose objects are

(1) bounded log prisms .A; I;MA/ with integral log structure,

(2) maps of formal schemes fA W Spf.A=IA/! X ,

(3) the map
.Spf.A=IA/; f �AMX /! .Spf.A/;MA/a

defines an exact closed immersion of log formal schemes.

A morphism .A; I;MA/! .B; I;MB/ is a cover if and only if A! B is .p; I /-complete
faithfully flat and the pullback induces an isomorphism of log structure. We will also
use O∆ (resp. I∆) to denote the structure sheaf (resp. ideal sheaf of Hodge–Tate divisor)
on .X;MX /∆log by .A; I;MA/ 7! A (resp. .A; I;MA/ 7! I ).

There is a variant of the above definition that we will also use in this subsection: we
define .X;MX /

perf
∆log

to be the full subcategory of .X;MX /∆log whose objects are .A; I;MA/
with A perfect.

Remark 5.0.7. Our definition of the absolute logarithmic prismatic site is different from
[27, Definition 4.1]. First, we need to consider the absolute prismatic site, not the relative
one. Furthermore, we use the .p;I /-complete faithfully flat topology instead of the .p;I /-
complete étale topology. Also we require the log structures to be integral.

Proposition 5.0.8. .X;MX /∆log forms a site.

Proof. Similar to [8, Corollary 3.12], we need to show that for a given diagram

.C; I;MC /
c
 � .A; I;MA/

b
�! .B; I;MB/

in .X;MX /∆log such that b is a cover, the pushout of b along c is a covering. From the
argument in [8], we know that for the underlying prisms, the pushout of b along c is the
.p; I /-completed tensor productD D C y̋A B , and .D;I / is a bounded prism that covers
.C; I / in the .p; I /-complete faithful flat topology. And we give D the log structure
MD defined by viewing Spf.D/ as the fiber product via [31, Proposition 2.1.2]. Then
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.C;MC /! .D;MD/ is a strict morphism by [31, Remark 2.1.3], so in particular MD is
integral since MC is. For the same reason,

.Spf.D=ID/; f �DMX /! .Spf.D/;MD/
a

is strict since it is the base change of a strict morphism. It is an exact closed immersion
since pushout of a surjective map of monoids is again surjective.

Example 5.0.9 ([27, Example 3.4]). (1) Let .A; .E// be the Breuil–Kisin prism. Then
we can define a perlog structure on .A; .E// by N! A, n 7! un. Then .A; .E/;N/a
is in .X;MX /∆log , where (3) in Definition 5.0.6 follows from the fact that the prelog
structures N! R! A=.E/ and N! A! A=.E/ induce the same log structure.

(2) Any prism .B; J / over .A; .E// has a natural prelog structure N ! A ! B , and
similar to .1/, .B; J;N/a is in .X;MX /∆log .

(3) A special case of (2) is that .B; J / equals .Aperf; .E//, the perfection of .A; .E//.
The prelog structure in (2) can be directly defined as 1 7! Œ$ [�. And .A; .E/;N/a !
.B; J;N/a is a covering of log prisms in .X;MX /∆log .

Actually, all logarithmic structures of log prisms in .X;MX /∆log is the log structure
associated with a prelog structure defined by N. We thank Teruhisa Koshikawa for letting
us know the following lemma.

Lemma 5.0.10. For any log prism .B; J;MB/ inside .X;MX /∆log , .B;MB/
a admits a

chart N! B defined by n 7! unB for some uB 2 B satisfying uB D $ mod J .

Proof. For any log prism .B; J;MB/ inside .X;MX /∆log , the map

.Spf.B=J /; f �BMX /! .Spf.B/;MB/
a

defines an exact closed immersion of log formal schemes. So by [27, proof of Proposi-
tion 3.7], if we let N a

B=J
WD �.Spf.B=J /;Na/ for the prelog structure N! OK ! B=J

induced from the given prelog structure on OK , then the fiber product MB �Na
B=J

N
is a chart for .B; MB/

a. Moreover, since we assume that MB is integral, it follows
that .Spf.B=J /; f �BMX / ! .Spf.B/; MB/

a is a log thickening with ideal J in the
sense of [31, Definition 2.1.1], and one can show MB �Na

B=J
N ' N � .1 C J /. Now

1C J D .1C J /�, so

N! N � .1C J / 'MB �Na
B=J

N! B

is also a chart for .B;MB/
a. And the prelog structure given by n 7! unB for some uB 2 B

is such that the image of uB inB=J coincides with the image of$ under OK!B=J .

In the rest of this subsection, we will try to generalize the results we proved in Sections
4.1–4.3 to the logarithmic prismatic site.
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Lemma 5.0.11. (1) For .A; IA; MA/a; .B; IB ; MB/
a 2 .X;MX /∆log such that MA; MB

are integral and .A;MA/! .A=IA;N/ and .B;MB/! .B=IB ;N/ are exact surjec-
tive, there is a prelog prism .C; IC ;MC / with integral log structure that is universal
in the sense that the diagram

.A; IA;MA/! .C; IC ;MC / .B; IB ;MB/

is initial in the category of diagrams

.A; IA;MA/! .D; ID;MD/ .B; IB ;MB/

of prelog prisms over .R;N/, and .D;MD/! .D=ID;N/ is an exact surjective.

(2) If .C; IC / in .1/ is bounded, then .C; IC ;MC /
a is the product of .A; IA;MA/a and

.B; IB ;MB/
a inside .X;MX /∆log .

(3) If both .A; IA;MA/a and .B; IB ;MB/
a in .1/ are inside .X;MX /

perf
∆log

, let .Cperf; IC /

be the perfection of .C; IC / defined in .1/. Let .Cperf; IC ; MC / be the prelog prism
with prelog structure induced from C . Then .Cperf; IC ; MC /

a is isomorphic to the
product of .A; IA;MA/a and .B; IB ;MB/

a in .X;MX /
perf
∆log

.

Proof. Let .A; IA;MA/; .B; IB ;MB/ 2 .X;MX /∆log , define C0 to be the .p; IA; IB/-adic
completion of A˝W.k/ B and let J be the kernel of

C0 ! A=IA y̋R B=IB :

Then .C0; J;MA �MB/ is a ılog-triple over .A;IA;MA/. Furthermore, .C0; J;MA �MB/

! .C0=J;N/ is surjective. Then we can apply [27, Proposition 3.6] to get a universal
prelog prism .C; IC ;MC / over .A; IA;MA/ and .B; IB ;MB/ and .C;MC /! .C=J;N/
is exact surjective. Just as in [27, proof of Proposition 3.6], we first construct a ılog-triple
.C 0; J 0;M 0C / which is universal in the sense that it is a ılog-triple over both .A; IA;MA/
and .B; IB ;MB/ such that C 0=J 0 is over A=IA and B=IB as an R-algebra and .C 0;M 0C /
! .C 0=J 0;N/ is exact surjective. Then we take the prismatic envelope with respect to
.A; IA/ ! .C 0; J 0/ to get .C; IC /. Next we can check that .C; IC ; MC / satisfies the
universal property. For (2), when .C; IC / is bounded, the fact that .C; IC ; MC /

a is the
product of .A; IA;MA/a and .B; IB ;MB/

a inside .X;MX /∆log follows from [27, Propo-
sition 3.7]. For (3), .Cperf; IC / is automatically bounded, and one can check .Cperf; IC / is
universal using exactly the same proof of [27, Proposition 3.7].

We thank Koji Shimizu for the following lemma about A.2/st .

Lemma 5.0.12. Let .A; I;N/a be the Breuil–Kisin prism defined in Example 5.0.9 .1/.
Then the self-product (resp. self-triple-product) of .A; I; N/a in .X; MX /∆log exists.
Moreover, if we let .Ah2i; I;M 2/a .resp. .Ah3i; I;M 3/a/ be the self-product .resp. self-
triple-product/ of .A; I;N/a, then Ahii ' A.i/st for i D 2; 3.
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Proof. By our construction in Lemma 5.0.11, .Ah2i; I;M/ is the prelog prismatic enve-
lope .C; IC ;MC / with respect to

.A; .E/;N/! .C0; J;N2/ and .C0=J;N2/! .R;N/

where C0 D W Ju; vK, J D .E.u/; u� v/ with the prelog structure given by ˇ W .1; 0/ 7!
u; .0; 1/ 7! v. The prelog prismatic envelope is constructed using the technique of exact-
ification: consider � W .C0;N2/! .R D C=J;N/ where the map between log structures
is given by �log W N � N! N, .m; n/ 7! mC n; here �log is surjective but not exact, so
to construct the exactification of � W .C;N2/! .R;N/ (cf. [27, Construction 2.18]), first
we note that the (complete) exactification of �log is

˛ WM 2
! N given by .m; n/ 7! mC n;

where M 2 D ¹.m; n/ 2 Z � Z jmC n 2 Nº. Since M 2 is generated by .�1; 1/, .1;�1/,
.0; 1/ and .1; 0/, the exactification of � is�

W.k/Ju; vK
�
v
u
; u
v

�^
.p;J 0/

; J 0;M 2
I˛ W .1; 0/ 7! u; .0; 1/ 7! v; .˙1;�1/ 7! ˙u

v

�
;

where J 0 WD ker.W.k/Ju; vKŒ v
u
; u
v
�! R/.

The .p; J 0/-adic completion of W.k/Ju; vKŒ v
u
; u
v
� is W.k/Ju; v

u
� 1K. Then take the

prismatic envelope of .A; .E//! .W.k/Ju; v
u
� 1K; .E; v

u
� 1//: One can check

W.k/

s
u;
v

u
� 1

{²
v=u � 1

E.u/

³^
ı

' A
.2/
st

directly from the definition of A.2/st .
Similarly, we can show Ah3i ' A

.3/
st , which is also bounded.

The following is one of our key observations.

Lemma 5.0.13. We have .Ah2i/perf ' .A
.2//perf.

Proof. Let u1; u2 be the images of u under the two natural maps ij W Aperf ! .A.2//perf

for j D 1; 2. We claim that u2=u1 is inside .A.2//perf.
Firstly, we have already shown Aperf ' W. yO[

K1
/ and u D Œ$ [�, where $ [ D

.$n/ with ¹$nºn�0 being a compatible system of pn-th roots of $ inside O yK1 , and

.$n/ 2 O[
yK1

via the identification O[
yK1
' limx 7!xp O yK1 . Let S D .A.2//perf=.E/. This

is an integral perfectoid ring over OK in the sense of [5]. We have S [ ' .A.2//perf=.p/.
For j D 1; 2, define $ [

j D uj mod p 2 S [. Then we have uj D Œ$ [
j � for j D 1; 2.

Recall from Section 2.1 that z D y�x
E.x/

in A.2/. Since E.x/ D xe mod p, we have
x.1 C xe�1z/ D y mod p. If we denote by � W A.2/ ! .A.2//perf the natural map, then
�.x/D u1 and �.y/D u2 in our definition, and u1.1C ue�11 �.z//D u2 mod p inside S [D
A
.2/
perf=.p/. This is the same as $ [

1� D $ [
2 with � D .1 C ue�11 �.z// mod p in S [. So

Œ��u1 D Œ��Œ$
[
1� D Œ$

[
2� D u2, which proves our claim.
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Now by symmetry, u1=u2 is also inside .A.2//perf, so u1=u2 is a unit in .A.2//perf.
Hence we can give .A.2//perf a prelog structure

˛ WM 2
! .A.2//perf with .1;�1/ 7!

u1

u2
; .�1; 1/ 7!

u2

u1
; .1; 0/ 7! u1; .0; 1/ 7! u2

with the monoidM 2 defined as in the proof of Lemma 5.0.12. Then ..A.2//perf; .E/;M
2/a

is in Xperf
∆log

.

One can check that the maps i1; i2 W .A; .E// ! .A.2/; .E// ! ..A.2//perf; .E//

induce maps i1; i2 W .Aperf; .E/; N/ ! ..A.2//perf; .E/; M
2/ of prelog prisms. So by

Lemma 5.0.12, there is a unique map .Ah2i; I; M 2/ ! ..A.2//perf; .E/; M
2/ that will

factor through ..Ah2i/perf; .E/; M
2/. Let ..Ah2i/perf; .E/; M

2/ ! ..A.2//perf; .E/; M
2/

be the induced map in Xperf
∆log

. On the other hand, by the universal property of A.2/, there is

a map .A.2//perf ! .Ah2i/perf fitting into the coproduct diagram in Xperf
∆ , which is the full

subcategory of X∆ containing perfect prisms.
The composition � W ..A.2//perf; .E// ! ..Ah2i/perf; .E// ! ..A.2//perf; .E// sat-

isfy � ı ij D ij ı � for i1; i2 W .Aperf; .E// ! ..A.2//perf; .E//. Such a map is unique
inside Xperf

∆ , so � D id..A.2//perf;.E//
.

On the other hand, the composition

�0 W ..Ah2i/perf; .E/;M
2/a ! ..A.2//perf; .E/;M

2/a ! ..Ah2i/perf; .E/;M
2/a

satisfies � ı i 0j D i
0
j ı � for i 01; i

0
2 W .Aperf; .E/;N/a! ..Ah2i/perf; .E/;M

2/a induced from

i 01; i
0
2 W .A; .E/;N/! .Ah2i; .E/;M 2/. Such a map is also unique inside Xperf

∆log
, so �0 D

id..Ah2i/perf;.E/;M2/a . Hence in particular .Ah2i/perf ' .A
.2//perf.

Combining the above lemma and our discussions in Section 4.2, we get the following
logarithmic variant of prismatic .'; �/-module theory.

Theorem 5.0.14. The category of étale '-modules over AŒ 1
E
�^p with descent data over

A
.2/
st Œ

1
E
�^p is equivalent to the category of lattices in representations of GK . Moreover, for

all 
 2 OG, we can define the evaluation map

e
 W A
.2/
st
�
1
E

�^
p
! W. OL[/

such that Lemma 4.2.12 is still valid. Moreover, the Q-isogeny version of this theorem
also holds.

Remark 5.0.15. The above theorem should be related to the étale comparison theorem in
the logarithmic prismatic settings, which has not been studied in [27].

Moreover, the logarithmic version of Lemma 4.1.8 holds. We thank Teruhisa
Koshikawa for hints on the following result.

Proposition 5.0.16. The sheaf represented by .A; .E/;N/a covers the final object � in
Shv..X;MX /∆log/.
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Proof. For any log prism .B; J;MB/, by Lemma 5.0.10, we can assume .B; J;MB/
a D

.B; J;N/a, with prelog structure defined by n 7! unB with uB D $ mod J .
By deformation theory, there is a unique W.k/-algebra structure for B , and we define

C D BJuKŒuB
u
; u
uB
�¹uB=u�1

J
º^
ı

, where the completion is taken for the .p; J /-adic topol-
ogy. Much as in the proof of Lemma 5.0.12, .C; JC;N/a is the product of .A; .E/;N/a
and .B;J;N/a inside .X;MX /∆log . Moreover,B!C is .p;J /-complete flat by [8, Propo-
sition 3.13]. It remains to show that .B; J / ! .C; J / is a covering, i.e., B ! C is
.p; J /-complete faithfully flat. Let

C nc
WD BJuK

�
uB

u
;
u

uB

�²
uB=u � 1

J

³
ı

be the noncomplete version of C so that the .p; J /-adic completion of C nc is C . Now
we just need to show that the flat ring map B=.p; J /! C=.p; J / D C nc=.p; J / is also
faithful.

We claim that C=.p; J / is free over B=.p; J /. One has JC D E.u/C , and .p; J / D
.p;E/ D .p; J;E/ in C . So C=.p; J / D C nc=.p; J / is equal to

BJuK
�
uB

u
;
u

uB

�
Œıi .z/; i � 0�

ı�
p; J;E; ıi

�
uB

u
� 1

�
D ıi .Ez/; i � 0

�
:

After quotienting modulo .p; J /, the above is the direct limit of

B=.p; J /Œıi .z/�
ı�
ıi
�
uB

u
� 1

�
D ıi .Ez/ mod .p;E; J /

�
for i � 0.

Now we use Lemma 2.2.5 to compute ıi .uB
u
� 1/ D ıi .Ez/ mod .p;E; J /. We keep

the notations of the lemma. By induction, we have bn D 0 mod .p;E/. Using a.j /p 2 A�0 ,
ıi .uB

u
� 1/D ıi .Ez/mod .p;E; J / gives a relation .zi�1/p D

Pp�1
jD0 Qa

.i/
j .zi�1/

j where

zi D zi mod .p; J;E/ and Qa.i/j 2 B=.p; J /Œz0; z1; : : : ; zi�2�. In summary, we have

C=.p; J / D B=.p; J /Œzi ; i � 0�
ı�
.zi /

p
�

p�1X
jD0

Qa
.i/
j .zi /

j ; i � 1
�
;

which is free over B=.p; J /.

Definition 5.0.17. (1) A prismatic crystal over .X; MX /∆log (in finite locally free O∆-
modules) is a finite locally free O∆-module M∆ such that every morphism f W

.A; I;MA/! .B; J;MB/ of log prisms over .X;MX /∆log induces an isomorphism

f �M∆;A WDM∆..A; I;MA//˝A B 'M∆;B WDM∆..B; J;MB//:

(2) A prismatic F -crystal over .X;MX /∆log of height h (in finite locally free O∆-modules)
is a prismatic crystal M∆ in finite locally free O∆-modules together with a '∆-semi-
linear endomorphism 'M∆ of M∆ whose linearization '�∆M∆ !M∆ has cokernel
killed by Ih∆.
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In particular, with the help of Theorem 5.0.14 and Proposition 5.0.16, a direct trans-
lation of proofs in Section 4.3 with A.2/ replaced by A.2/st shows the following theorem.

Theorem 5.0.18. The category of prismatic F -crystals over .X;MX /∆log of height h is
equivalent to the category of lattices in semistable representations ofGK with Hodge–Tate
weights between 0 and h.

Appendix A. Some discussions on base rings

In this appendix, we show that our base ring assumed at the beginning of Section 2 covers
many situations of base rings used in [11, 24].

LetK be a complete DVR with perfect residue field k, and letK0 DW Œ 1p � withW D
W.k/. Fix a uniformizer$ 2OK and a minimal polynomialE.u/ 2W Œu� of$ overK0.
Let R be a normal domain with the property that R is a p-complete flat OK-algebra that
is complete with respect to the J -adic topology for an ideal J D .$; t1; : : : ; td / of R
containing $ . We also assume xR D R=.$/ is a finitely generated k-algebra with finite
p-basis discussed in [14, Section 1.1].

Lemma A.0.1 ([24, Lemmas 2.3.1 and 2.3.4]). (1) In the above setting, there is a p-adic
formally smooth flat W -algebra R0 equipped with a Frobenius lift '0 such that xR WD
R0=.p/. Moreover, let J0 be the preimage of xJ inside R0. Then R0 is J0-adically
complete, and under this topology, R0 is formally smooth.

(2) R0=.p/
�
�! R=.$/ lifts to a W -algebra morphism R0 ! R, and the induced OK-

algebra morphism OK ˝W R0 ! R is an isomorphism. Moreover, this isomorphism
is continuous with respect to the J0-adic topology.

Let .R0; 'R0/ denote a flat W -lift of R=.$/ obtained from the above lemma. We
have J0 D .p; t1; : : : ; td / 2 R0, and we write xJ D .xt1; : : : ; xtd / � xR.

Definition A.0.2. Let R0 be a p-complete Zp-algebra. We say R0 satisfies the refined
almost étaleness assumption, or simply RAE assumption, if O�R0 D

Lm
iD1 R0dTi with

Ti 2 R
�
0 , where O�R0 is the module of p-adically continuous Kähler differentials.

The following are examples of R0 and R which satisfy the assumptions of Lemma
A.0.1 and the RAE assumption.

Example A.0.3. (1) If R=.$/ is a completed Noetherian regular local ring with residue
field k, then the Cohen structure theorem implies R=.$/ D kJ xx1; : : : ; xxd K. In this
case,R0DW Jx1; : : : ;xd K and J0D .p;x1; : : : ;xd /. ThenRDW Jx1; : : : ;xd KŒu�=E,
with E 2 W Œu� an Eisenstein polynomial.

(2) Let R0 D W.k/ht˙11 ; : : : ; t˙1m i and J0 D .p/. In this example, xR D kŒxt˙11 ; : : : ; xt˙1m �

is not local.

(3) An unramified complete DVR .R0; p/ with residue field k so that Œk W kp� <1.

(4) Note that the Frobenius lifting in Lemma A.0.1 is not unique. In (2), we can choose
'R0.ti / D t

p
i . In (1), we can choose 'R0.xi / D x

p
i or 'R0.xi / D .xi C 1/

p � 1.
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Let R0 be a p-complete algebra which satisfies the RAE assumption. We set MR0 D
W ht1; : : : ; tmi and define f W MR0 ! R0 by sending ti to Ti .

Proposition A.0.4. Assume that R0 is a p-complete integral domain which has a finite
p-basis and satisfies the RAE assumption. Then f is formally étale p-adically.

Proof. We thank Wansu Kim for providing the following proof. By standard technique
using [21, Chapitre III, Corollaire 2.1.3.3] (e.g., see [24, proof in Lemma 2.3.1]), it
suffices to show that the cotangent complex LR0= MR0 is acyclic. Since both R0 and
MR0 are Zp-flat, it suffices to show that LR1= MR1 is acyclic, where R1 D R0=pR0 and
MR1 D MR0=p MR0. Since R0 has a finite p-basis, by [14, Lemma 1.1.2], LR1=k ' �R1=k .

Note that the maps k ! MR1 ! R1 induce a fiber sequence

L MR1=k ˝
L
MR1
R1 ! LR1=k ! LR1= MR1 :

Since L MR1=k ' � MR1=k and � MR1=k ' �R1=k by the RAE condition, we conclude that
LR1= MR1 D 0 as required.

Let us end with a discussion about our base rings and the base rings used in [11]. As
explained at the beginning of [11, Chapter 2], the base ring R0 in [11] is obtained from
W ht˙11 ; : : : ; t˙1m i by a finite number of iterations of certain operations and is also assumed
to satisfy certain properties. By [11, Proposition 2.0.2], R0 has a finite p-basis and satis-
fies the RAE assumption. So the base ring R0 in [11] also satisfies the requirement that
f W W ht1; : : : ; tmi ! R0 is formally étale by Proposition A.0.4.

Acknowledgments. It is our pleasure to thank Hui Gao, Wansu Kim, Teruhisa Koshikawa, Zeyu
Liu, Yu Min, Yong Suk Moon, Peter Scholze, Koji Shimizu, Yupeng Wang, and Zhiyou Wu for
their comments and conversations during the preparation of this paper. We thank Takeshi Tsuji and
Takumi Watanabe for pointing out a mistake in the previous version of our paper. We also thank the
anonymous referees for carefully reading our manuscript and for their many insightful comments
and suggestions.

References

[1] Anschütz, J., Le Bras, A.-C.: Prismatic Dieudonné theory. Forum Math. Pi 11, article no. e2,
92 pp. (2023) Zbl 1515.14032 MR 4530092

[2] Antieau, B., Mathew, A., Morrow, M., Nikolaus, T.: On the Beilinson fiber square. Duke
Math. J. 171, 3707–3806 (2022) Zbl 1508.14017 MR 4516307

[3] Berger, L.: Limites de représentations cristallines. Compos. Math. 140, 1473–1498 (2004)
Zbl 1071.11067 MR 2098398

[4] Bhatt, P.: Prismatic cohomology. Eilenberg Lecture Notes at Columbia University (2018)
[5] Bhatt, B., Morrow, M., Scholze, P.: Integral p-adic Hodge theory. Publ. Math. Inst. Hautes

Études Sci. 128, 219–397 (2018) Zbl 1446.14011 MR 3905467
[6] Bhatt, B., Morrow, M., Scholze, P.: Topological Hochschild homology and integral p-adic

Hodge theory. Publ. Math. Inst. Hautes Études Sci. 129, 199–310 (2019) Zbl 1478.14039
MR 3949030

https://doi.org/10.1017/fmp.2022.22
https://zbmath.org/?q=an:1515.14032
https://mathscinet.ams.org/mathscinet-getitem?mr=4530092
https://doi.org/10.1215/00127094-2022-0037
https://zbmath.org/?q=an:1508.14017
https://mathscinet.ams.org/mathscinet-getitem?mr=4516307
https://doi.org/10.1112/S0010437X04000879
https://zbmath.org/?q=an:1071.11067
https://mathscinet.ams.org/mathscinet-getitem?mr=2098398
https://doi.org/10.1007/s10240-019-00102-z
https://zbmath.org/?q=an:1446.14011
https://mathscinet.ams.org/mathscinet-getitem?mr=3905467
https://doi.org/10.1007/s10240-019-00106-9
https://doi.org/10.1007/s10240-019-00106-9
https://zbmath.org/?q=an:1478.14039
https://mathscinet.ams.org/mathscinet-getitem?mr=3949030


A prismatic approach to .'; OG/-modules and F -crystals 55

[7] Bhatt, P., Lurie, I.: Absolute prismatic cohomology. arXiv:2201.06120 (2022)
[8] Bhatt, B., Scholze, P.: Prisms and prismatic cohomology. Ann. of Math. (2) 196, 1135–1275

(2022) Zbl 07611906 MR 4502597
[9] Bhatt, B., Scholze, P.: Prismatic F -crystals and crystalline Galois representations. Cambridge

J. Math. 11, 507–562 (2023) Zbl 07693592 MR 4600546
[10] Breuil, C.: Integral p-adic Hodge theory. In: Algebraic geometry 2000, Azumino (Hotaka),

Adv. Stud. Pure Math. 36, Mathematical Society of Japan, Tokyo, 51–80 (2002)
Zbl 1046.11085 MR 1971512

[11] Brinon, O.: Représentations p-adiques cristallines et de de Rham dans le cas relatif. Mém.
Soc. Math. France (N.S.) 112, vi+159 pp. (2008) Zbl 1170.14016 MR 2484979

[12] Caruso, X.: Représentations galoisiennes p-adiques et .'; �/-modules. Duke Math. J. 162,
2525–2607 (2013) Zbl 1294.11207 MR 3127808

[13] Caruso, X., Liu, T.: Some bounds for ramification of pn-torsion semi-stable representations.
J. Algebra 325, 70–96 (2011) Zbl 1269.14001 MR 2745530

[14] de Jong, A. J.: Crystalline Dieudonné module theory via formal and rigid geometry. Inst.
Hautes Études Sci. Publ. Math. 82, 5–96 (1995) Zbl 0864.14009 MR 1383213

[15] Drinfeld, V.: Prismatization. Selecta Math. 30, article no. 49, 150 pp. (2024) Zbl 07852827
MR 4742919

[16] Du, H.: Arithmetic Breuil–Kisin–Fargues modules and several topics in p-adic Hodge theory.
Ph.D. thesis, Purdue University (2021) MR 4639299

[17] Du, H., Liu, T.: A new method for overconvergence of .'; �/-modules. arXiv:2211.14712
(2022)

[18] Du, H., Liu, T., Moon, Y. S., Shimizu, K.: Completed prismatic F -crystals and crystalline
Zp-local systems. Compos. Math. 160, 1101–1166 (2024) Zbl 07843782 MR 4733770

[19] Gao, H.: Breuil–Kisin modules and integral p-adic Hodge theory. J. Eur. Math. Soc. 25, 3979–
4032 (2023) Zbl 07757000 MR 4634688

[20] Gee, T., Liu, T., Savitt, D.: The weight part of Serre’s conjecture for GL.2/. Forum Math. Pi
3, article no. e2, 52 pp. (2015) Zbl 1317.11045 MR 3324938

[21] Illusie, L.: Complexe cotangent et déformations. I. Lecture Notes in Math. 239, Springer,
Berlin (1971) Zbl 0224.13014 MR 0491680

[22] Kedlaya, K. S., Liu, R.: Relative p-adic Hodge theory: foundations. Astérisque 239 (2015)
Zbl 1370.14025 MR 3379653

[23] Kedlaya, K. S., Liu, R.: Relative p-adic Hodge theory, II: Imperfect period rings.
arXiv:1602.06899v3 (2019)

[24] Kim, W.: The relative Breuil–Kisin classification of p-divisible groups and finite flat group
schemes. Int. Math. Res. Notices 2015, 8152–8232 Zbl 1330.14078 MR 3404012

[25] Kisin, M.: Crystalline representations and F -crystals. In: Algebraic geometry and number
theory, Progr. Math. 253, Birkhäuser Boston, Boston, MA, 459–496 (2006) Zbl 1184.11052
MR 2263197

[26] Kisin, M., Ren, W.: Galois representations and Lubin–Tate groups. Doc. Math. 14, 441–461
(2009) Zbl 1246.11112 MR 2565906

[27] Koshikawa, T.: Logarithmic prismatic cohomology I. arXiv:2007.14037v3 (2022)
[28] Li, S., Liu, T.: Comparison of prismatic cohomology and derived de Rham cohomology.

arXiv:2012.14064v3 (2022)
[29] Liu, T.: Torsion p-adic Galois representations and a conjecture of Fontaine. Ann. Sci. École

Norm. Sup. (4) 40, 633–674 (2007) Zbl 1163.11043 MR 2191528
[30] Liu, T.: A note on lattices in semi-stable representations. Math. Ann. 346, 117–138 (2010)

Zbl 1208.14017 MR 2558890
[31] Ogus, A.: Lectures on logarithmic algebraic geometry. Cambridge Stud. Adv. Math. 178,

Cambridge University Press, Cambridge (2018) Zbl 1437.14003 MR 3838359

https://arxiv.org/abs/2201.06120
https://doi.org/10.4007/annals.2022.196.3.5
https://zbmath.org/?q=an:07611906
https://mathscinet.ams.org/mathscinet-getitem?mr=4502597
https://doi.org/10.4310/cjm.2023.v11.n2.a3
https://zbmath.org/?q=an:07693592
https://mathscinet.ams.org/mathscinet-getitem?mr=4600546
https://doi.org/10.2969/aspm/03610051
https://zbmath.org/?q=an:1046.11085
https://mathscinet.ams.org/mathscinet-getitem?mr=1971512
https://doi.org/10.24033/msmf.424
https://zbmath.org/?q=an:1170.14016
https://mathscinet.ams.org/mathscinet-getitem?mr=2484979
https://doi.org/10.1215/00127094-2371976
https://zbmath.org/?q=an:1294.11207
https://mathscinet.ams.org/mathscinet-getitem?mr=3127808
https://doi.org/10.1016/j.jalgebra.2010.10.005
https://zbmath.org/?q=an:1269.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=2745530
https://doi.org/10.1007/bf02698637
https://zbmath.org/?q=an:0864.14009
https://mathscinet.ams.org/mathscinet-getitem?mr=1383213
https://doi.org/10.1007/s00029-024-00937-3
https://zbmath.org/?q=an:07852827
https://mathscinet.ams.org/mathscinet-getitem?mr=4742919
https://mathscinet.ams.org/mathscinet-getitem?mr=4639299
https://arxiv.org/abs/2211.14712
https://doi.org/10.1112/S0010437X24007097
https://doi.org/10.1112/S0010437X24007097
https://zbmath.org/?q=an:07843782
https://mathscinet.ams.org/mathscinet-getitem?mr=4733770
https://doi.org/10.4171/jems/1278
https://zbmath.org/?q=an:07757000
https://mathscinet.ams.org/mathscinet-getitem?mr=4634688
https://doi.org/10.1017/fmp.2015.1
https://zbmath.org/?q=an:1317.11045
https://mathscinet.ams.org/mathscinet-getitem?mr=3324938
https://zbmath.org/?q=an:0224.13014
https://mathscinet.ams.org/mathscinet-getitem?mr=0491680
https://doi.org/10.24033/ast.957
https://zbmath.org/?q=an:1370.14025
https://mathscinet.ams.org/mathscinet-getitem?mr=3379653
https://arxiv.org/abs/1602.06899v3
https://doi.org/10.1093/imrn/rnu193
https://doi.org/10.1093/imrn/rnu193
https://zbmath.org/?q=an:1330.14078
https://mathscinet.ams.org/mathscinet-getitem?mr=3404012
https://doi.org/10.1007/978-0-8176-4532-8_7
https://zbmath.org/?q=an:1184.11052
https://mathscinet.ams.org/mathscinet-getitem?mr=2263197
https://doi.org/10.4171/dm/278
https://zbmath.org/?q=an:1246.11112
https://mathscinet.ams.org/mathscinet-getitem?mr=2565906
https://arxiv.org/abs/2007.14037v3
https://arxiv.org/abs/2012.14064v3
https://doi.org/10.1016/j.ansens.2007.05.002
https://zbmath.org/?q=an:1163.11043
https://mathscinet.ams.org/mathscinet-getitem?mr=2191528
https://doi.org/10.1007/s00208-009-0392-y
https://zbmath.org/?q=an:1208.14017
https://mathscinet.ams.org/mathscinet-getitem?mr=2558890
https://doi.org/10.1017/9781316941614
https://zbmath.org/?q=an:1437.14003
https://mathscinet.ams.org/mathscinet-getitem?mr=3838359


H. Du, T. Liu 56

[32] Ozeki, Y.: Lattices in crystalline representations and Kisin modules associated with iterate
extensions. Doc. Math. 23, 497–541 (2018) Zbl 1442.11088 MR 3846051

[33] The Stacks Project Authors: Stacks Project. http://stacks.math.columbia.edu (2020), visited
on July 18, 2024

[34] Wach, N.: Représentations p-adiques potentiellement cristallines. Bull. Soc. Math. France
124, 375–400 (1996) Zbl 0887.11048 MR 1415732

[35] Wu, Z.: Galois representations, .'; �/-modules and prismatic F-crystals. Doc. Math. 26,
1771–1798 (2021) Zbl 1477.11114 MR 4353339

https://doi.org/10.4171/dm/625
https://doi.org/10.4171/dm/625
https://zbmath.org/?q=an:1442.11088
https://mathscinet.ams.org/mathscinet-getitem?mr=3846051
http://stacks.math.columbia.edu
https://doi.org/10.24033/bsmf.2285
https://zbmath.org/?q=an:0887.11048
https://mathscinet.ams.org/mathscinet-getitem?mr=1415732
https://doi.org/10.25537/dm.2021v26.1771-1798
https://zbmath.org/?q=an:1477.11114
https://mathscinet.ams.org/mathscinet-getitem?mr=4353339

	1. Introduction
	1.1. Overview and main results
	1.2. Outline

	2. Ring structures on certain prismatic envelope
	2.1. Construction of A(2)
	2.2. The ring A2max
	2.3. The ring A(2)st
	2.4. Embedding A(2) and A(2)st to Ainf

	3. Application to semistable Galois representations
	3.1. Kisin module attached to a semistable representation
	3.2. Descent of the GK-action
	3.3. Prismatic (phi,Ghat)-modules

	4. Crystalline representations and prismatic F-crystals
	4.1. Prismatic F-crystals in finite projective modules
	4.2. Prismatic (phi,tau)-module theory
	4.3. Proofs of Proposition 3.2.2 and Theorem 4.1.10

	5. Logarithmic prismatic F-crystals and semistable representations
	A. Some discussions on base rings
	References

