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Abstract. We give a new construction of (¢, G)—modules using the theory of prisms developed by
Bhatt and Scholze. We give two applications of our results. Firstly, we provide a new proof for the
equivalence between the category of prismatic F-crystals in finite locally free () -modules over
(Ok) and the category of lattices in crystalline representations of G, where K is a complete
discretely valued field of mixed characteristic with perfect residue field. Moreover, we generalize
this result to semistable representations using the absolute logarithmic prismatic site defined by
Koshikawa.
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1. Introduction

1.1. Overview and main results

Let K be a complete discretely valued field of mixed characteristics with perfect residue
field k. Fix a separable closure K of K and let Gg be the absolute Galois group of K.
The study of stable lattices in crystalline representations of Gg plays an important role in
number theory. For example, in many modularity lifting results, one wants to understand
liftings of mod p representations of the Galois group of a number field F to Galois repre-
sentations over Z,-lattices with nice properties when restricted to the Galois groups of F,
for all places v of F. And a reasonable property at places over p is that the representa-
tion of the Galois group of the local field is crystalline. There are various theories about
characterizing Gg-stable lattices in crystalline representations, for example, the theory
of strongly divisible lattices of Breuil [10], Wach modules [3, 34], Kisin modules [25],
Kisin—Ren’s theory [26] and the theory of (¢, G)—modules [30]. The theories above state
that one can describe lattices in crystalline representations using linear algebraic data over
certain commutative rings A.

A recent work of Bhatt—Scholze [9] gives a different characterization of the cate-
gory of lattices in crystalline representations. To explain their result, let Og be the ring
of integers in K. They consider the absolute prismatic site (Og) , which is defined
as the opposite category of all bounded prisms over Ok and equipped with the faith-
fully flat topology. Let @ be the structure sheaf on (Og) ,and 4 C @ be the ideal
sheaf of Hodge-Tate divisor, then (0 carries a p-action coming from the §-structures.
A prismatic F-crystal in finite locally free @ -modules over (Ok) is defined as a crys-
tal <N over (Ok) in finite locally free @ -modules together with an isomorphism
(*IM H[1/4 1~ M [1/4 ]. The main result in [9] is the following:

Theorem 1.1.1 ([9, Theorem 1.2] and Theorem 4.1.10). There is an equivalence of the
category of prismatic F-crystals in finite locally free O -modules over (Okx) and the
category of Galois stable lattices in crystalline representations of Gk.

It is known that the prismatic theory of Bhatt—Scholze was first developed to give a
new cohomology theory in [8] that behaves like the ““p-adic motivic cohomology” for
varieties X over Q,. More concretely, prismatic cohomology theory unifies a lot of p-
adic cohomology theories in the sense that one can get various cohomology theories using
“evaluation maps” [8, Example 1.9]. And such a procedure of evaluation can be seen more
clearly in the absolute prismatic cohomology theory developed in [7]. Theorem 1.1.1
should also be regarded as a “unified”-integral p-adic Hodge theory for crystalline repre-
sentations. That is one should be able to recover classical integral p-adic Hodge theories
from the result of Bhatt—Scholze using evaluation maps. If a classical integral p-adic
Hodge theory over Ok is defined using linear algebraic data over a commutative ring A,
then one should first realize A as certain prisms (A4, I') over Ok, then expect that evalu-
ating the prismatic F-crystals on (A4, I) recovers the corresponding theory. For example,
Kisin [25] uses the base ring A = & := W(k)[u] with §(u) = 0, and he needs to fix a
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uniformizer @w of Ok which is a zero of an Eisenstein polynomial £ € W(k)[u]. Then
it is well-known that (4, (E)) is the so-called Breuil-Kisin prism, and (A4, (E)) is inside
(Ok) . Kisin was able to attach to any lattice 7 in a crystalline representation of Gg
a finite free A-module together with an isomorphism ((p*?)ﬁ)[%] ~ sm[%] Now, if M
is the prismatic F'-crystal attached to 7" under Theorem 1.1.1, then Bhatt—Scholze show
that the evaluation of 91t on (4, (E)) recovers Kisin’s theory [9, Theorem 1.3].

Prismatic (¢, é)-modules. Figure 1 shows an expectation of the relation between the
prismatic result of Bhatt—Scholze and other works on characterizing lattices in crys-
talline representations. The first question that we consider here is whether and how one
can recover the theory of (¢, é)-modules from Theorem 1.1.1. The category of (¢, G)-
modules, developed by Liu [29], roughly speaking consists of pairs (0, pgn), G), where
(N, pgn) is a Kisin module, and G is a Gg-action on M R, R that commutes with om
and has some additional properties. Here Risa subring of Ajy that is stable under ¢
and Gg, where Ayys = W(@%) is the infinitesimal period ring introduced by Fontaine.

However, the period ring R introduced by Liu is not known to be p-adically complete,
and it is even harder to determine whether it can appear as a prism. So in order to relate
the category of (¢, é)-modules to the category of prismatic F'-crystals of Bhatt—Scholze,
we develop a theory of prismatic (¢, é)-modules, in which the ring R is replaced by Agf ),
a subring of Aj,s constructed as a certain prismatic envelope in Section 2.3.

/ Breuil-Kisin theory

evaluation maps

— > (¢, G)-module theory

\Wach theory (K = Ko)

Fig. 1. A cartoon that shows the expectations that prismatic F-crystals will reproduce many clas-
sical integral p-adic Hodge theories. And our prismatic (¢, G)-module theory can be regarded as
reverse engineering of this procedure.

Lattices in crystalline representations

Prismatic F -crystals

We have the following result.

Theorem 1.1.2 (Theorem 5.0.18). There is an equivalence between the category of pris-
matic (@, é)-modules and the category of lattices in semistable representations of Gg.
Moreover, we have a necessary and sufficient condition on a prismatic (¢, é)-module to
determine whether it corresponds to a lattice in crystalline representations of Gg.

Here a prismatic (¢, é)-module, defined similarly to the classical theory, is a pair
(M, oan), G) consisting of a Kisin module (1, ¢gy) and a Gg-action G on M R Agf)
satisfying several additional conditions. The ring A§f ) here indeed comes from a prism
(Agf), (E)) inside (Og) that lies over (4, (E)), and (Agf’, (E)) carries an action of
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Gk inside (Ok) . For a Gg-stable lattice T in a crystalline representation, if I is
the prismatic F-crystal attached to 7', then evaluating 9t on the diagram (4, (E)) —
(AS ), (E)) recovers the prismatic (¢, é)-module attached to 7. We can also show that
the map Ag N Ajns AN Ain factors through R, so the theory of prismatic (¢, G)-modules
recovers the classical theory. The ring Aftz ) is simpler than R in many ways. Although it
is still very complicated and non-Noetherian, it is p-adic complete and we can give an
explicit description of Aftz ) modulo E. In particular, our new theory can be used to fix the
gap in [29] indicated by [19, Appendix B].

Another benefit of having the period rings 4® and Agf ) in the theory of (¢, G)-
modules in the absolute prismatic site is the possibility to establish the concept of
“(p, é)-module cohomology theory”. Specifically, given a smooth formal scheme X
over Ok, Bhatt—Scholze have demonstrated in [8, Theorem 1.8] that the Breuil-Kisin
cohomology RI'g(X) previously studied in [6] can be realized by prismatic cohomology
RT (X/(&, (E))). This provides a geometric interpretation of the Breuil-Kisin modules
associated with the p-adic étale cohomology of the adic generic fiber of X. Additionally,
by making use of the base change property of prismatic cohomology, we can establish that
RT (X/ (A;2 ), (E))) yields similarly a geometric interpretation of the (¢, G)-modules
associated with the p-adic étale cohomology of the adic generic fiber of X. It is worth
noting that RT" (%X/ (Agl2 ), (E))) not only possesses a Frobenius structure, but also admits
an action of the full Galois group Gg . We anticipate that this observation will prove useful
in studying integral p-adic cohomology theories.

By proving Theorem 1.1.2, we actually provide reverse engineering of the proce-
dure described in Figure 1. That is, using the known equivalence between lattices in
semistable representations and prismatic (¢, G)—modules, we can establish a functor from
the category of prismatic (¢, G)—modules that correspond to crystalline representations to
prismatic F-crystals. Moreover, we show that this functor is an equivalence, thus giving
a different proof of the result of Bhatt—Scholze stated in Theorem 1.1.1.

To be more precise, let T be a Gg-stable lattice in a crystalline representation with
positive Hodge—Tate weights, let (A, E) be the Breuil-Kisin prism, and let (4?, (E))
(resp. (A®, (E))) be the self-product (resp. self-triple-product) of (4, (E)) in (Ok) . It

is known that evaluating prismatic F-crystals on the diagram (A4, (E)) 1N (A® (E)) &
(A, (E)) induces an equivalence of the category of prismatic F-crystals and the category
of Kisin modules with descent data, that is, pairs (I, ggn), /) where (I, pgn) is a Kisin
module and

f i MRei AP ~ M e, A?

is an isomorphism of A®-modules that is compatible with ¢ and satisfies the cocycle
condition over A®®. Using this, to establish an equivalence between prismatic (¢, G)-
modules that correspond to crystalline representations and prismatic F-crystals, it
remains to find a correspondence between the G-action and the descent isomorphism f.

We will show that the descent isomorphism can be obtained by looking at the Gg-
action of the (¢, é)-module at a specific element. To be more precise, fix a Kummer tower
Koo = U;’lozl K(w,) used in the theory of Kisin, where {w, }»>0 is a compatible system
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of p”-th roots of wy = w. Choose T € Gk satisfying T(w,) = {p» @, wWhere {{pn }n>0
is a compatible system of primitive p”-th roots of 1. Then our slogan is that the descent
isomorphism f comes from the T-action on the Kisin module I inside TV ® Aj,r. We
will call this the prismatic (¢, 7)-module theory, which can be regarded as the (¢, 7)-
module version of the result of Wu [35].

Actually, the maps u > [@®] and u — [T(w")] define two morphisms of (4, (E)) to
(Ains, E Ainr). By the universal property of (A, (E)), these two maps induce a morphism
(A@ (E)) — (Aing, E Aing). We can show this map A® 5 A s injective, and it factors
through A§? ), which is the base ring used in our prismatic (¢, é)-module theory. That is,
we have a chain of subrings 4 ¢ A® C Aﬁf) of Ains such that 7(A) is also contained
in A® . We show that a prismatic (¢, G)-module corresponds to a crystalline representa-
tion if and only if the coefficients of the T-action on I inside 7V ®z, Ay lie in A@ .
Once this is proved, the T-action will induce an isomorphism

fr i MRez A® ~ M s AP,

We will see that f; as above gives a descent isomorphism. Consequently, this leads to a
new proof for Theorem 1.1.1.

Logarithmic prismatic F'-crystals and lattices in semistable representations. Another
advantage of our approach is that our new method can be easily generalized to semistable
representation cases. It turns out that the prism (A§3 ) , (E)) is isomorphic to the self-
product of (A4, (E)) if both are given proper log structures and realized as log prisms inside
the absolute logarithmic prismatic site over Ok defined by Koshikawa [27]; for details
see Section 5. Using the equivalence between prismatic (¢, é)—modules and lattices in
semistable representations of Gk, we will show in Section 5 the following generalization
of Theorem 1.1.1 to semistable representations.

Theorem 1.1.3 (Theorem 5.0.18). There is an equivalence of the category of prismatic
F-crystals in finite locally free O -modules over (Ok) , and the category of Galois
stable lattices in semistable representations of Gk.

Further discussion. As illustrated in Figure 1, Bhatt—Scholze can package classical inte-
gral p-adic Hodge theories in prismatic F-crystals, and our work can be thought of as a
way of finding minimal data when unpacking prismatic F-crystals while we can still
recover the whole package.

Integral p-adic Hodge theory is well-known for its contribution to the study of torsion
Galois representations. It is expected in [9] that Theorem 1.1.1 should be upgraded using
the stack X" constructed by Drinfeld [15] to study torsion representations. On the other
hand, the theory of (¢, G)-modules has been shown to be a powerful tool when study-
ing torsion Galois representations [13, 20]. As the theory of (¢, é)-modules has been
improved, we hope the results of this paper can develop into new ideas and tools to deal
with torsion Galois representations.

Another interesting and natural question one can ask is whether Theorems 1.1.1
and 1.1.3 can accommodate more general base schemes. It turns out that our strategy
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does allow us to treat many relative bases. See [ 18] for more details. So part of our paper,
for example Section 2, does allow specific general base rings.

1.2. Outline

Let us briefly overview the content of each section. We begin with some ring-theoretic
foundations in Section 2. We will construct the period rings A® and A§3 ) and collect
some of their basic properties for later use. Our construction of 4A® and A§t2 ) relies heav-
ily on the theory of prisms developed by Bhatt—Scholze; we refer the reader to [8] for
the foundations of this theory. Note that we expect some of the results in this paper can
allow more general base rings, so most of the discussion in Section 2 is conducted in a
quite general setup. In Appendix A, we will compare our setup with those in [11,24]. In
Section 3, we develop the theory of prismatic (¢, é)-modules. We state our main result
about prismatic (¢, G)-modules in Theorem 3.3.3 and Corollary 3.3.4, but both rely on
Proposition 3.2.2 which is proved in Section 4. In that section, we review the definition
of prismatic F-crystals by Bhatt—Scholze and give a different proof of their prismatic
description of crystalline lattices. This is achieved simultaneously with completing the
proof of Proposition 3.2.2. And in order to do this, we develop the prismatic (¢, 7)-
module theory in Section 4.2. In Section 5, we briefly review the theory of logarithmic
prisms developed by Koshikawa [27], and then we generalize the result of Bhatt—Scholze
to semistable representations.

2. Ring structures on certain prismatic envelope

Recall that K is a completed discrete valuation field in mix characteristic (0, p) with
the ring of integers Qg and perfect residue field k. Let W(k) be the ring of Witt vectors
over k. Let w € Ok be a uniformizer and E = E(u) € W(k)[u] be the Eisenstein polyno-
mial of . Let C,, be the p-adic completion of K, and Oc,, be the ring of integers. In this
paper, for a p-adic complete ring 7', we write T (xy, ..., xg) for the p-adic completion
of T[x1,...,x4]. Let Ry be a W(k)-algebra which admits a lifting of the p-th Frobenius
@ : Ro — Ro.Set R := Ry ®w k) Okx. We make the following assumptions on Ro and R:

(1) Both Ry and R are p-adically complete integral domains, and Ro/pRo = R/@R is
an integral domain.

(2) Let Ry := W(k){(1, ..., tm). Then Rq is an Ro-formally étale algebra with p-adic
topology.

3) Iéo admits a Frobenius lift such that Iéo — Ry defined in (2) is g-equivalent.

(4) The k-algebra R/ pRy has finite p-basis in the sense of [14, Definition 1.1.1].

Our main example is Ry = Ry = W (k). We will not use the finite p-basis assumption

until Section 4. The following are other examples of Ry:

Example 2.0.1. (1) Ry = W(k)(tE!, ... tE!) with p(t;) = ZJP.

(2) Ry = W(k)[t] with ¢(t) = t? or (1 +1)? — 1.
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(3) Ry is an unramified complete DVR with imperfect field « with finite p-basis. See
Appendix A for more discussion.

We reserve y; () for the i-th divided power.

2.1. Construction of A®

Let A = © = Ry[u] and extend ¢ : A — A by ¢(u) = u”.Itis well-known that (A4, E) is
a prism and we can define a surjection 6 : A — R viau + w. We have Ker 0 = (E(u)).
Let A := Ro[u] and define ¢ and 6 : A — R := Ox ®w Ry similarly. We set

A‘§§2 = Ay —x, 51—t ..., Sm — tm],

A% = Aly —x.w —x. {si — ti. i — 6}y ]

Note that 4®2 (resp. A®3)is an A ®z, A (tesp. A ®z, A Rz, A)-algebra viau ® 1 >
X, lQui>yand 1 @t > s; (resp. | ® 1 Qui>w and 1 ® 1 ® t; + r;). So in
this way, we can extend the Frobenius ¢ of A, which is compatible with that on A, to
A®2 and A®3. Set JP = (E,y —x,{s; — ;)" ;) C A%?and J® = (E,y —x,w — x,
{si —ti,ri —4;}L)) C A®3, Clearly, Aéi/J(i) ~ Rfori =2,3. And Aéz/(p, E) (resp.
A®3 /(p. E)) is a formal power series ring over the variables y — X, {5; — ; }7.; (resp.
VX — %45 —t;, 5 — ;)1 )),s0 (A, (E)) — (Aé’i, J @) satisfies the requirements
of [8, Proposition 3.13], and we can construct the prismatic envelope with respect to
this map, which will be denoted by A®). More precisely, 4® ~ 4® {%}g\, where {}4
means freely adjoining elements in the category of (p, E (u))-completed §- A-algebras. We
will see in Section 4.1 that A®), i = 2,3, are the self-product and the self-triple-product
of A in the category R .

2.2. The ring A,%)x

Now we set typ = x, 5o = y and

S; — i y—X So — to
and zp =z = = .
E E E

Zj =

Note that A® are A-algebras viau +— x fori = 2,3.

Definition 2.2.1. Let O,x be the p-adic completion of the A-subalgebra of A[%]

generated by p~'E. And let A,(,%gx be the p-adic completion of the A-subalgebra of
Alz;, %, j =0,...,m] generated by p~'E and {yi(z)}i>1,j=0,....m-

We first note that A% is an A®2-algebra via s; —t; = Ez;, j = 0,...,m. Write

1 A®2 A,(fa)x for the structure map. By construction, it is easy to see that Afi?x C

Ro[%][[E, zj, j = 0,...,m]. In particular, AI%)X is a domain and any element b € A,%)x
can be uniquely written as Y o ZZZ:O biyoim H;"zo Yi; (z;) with by i, € Omax

i0=0 """ Luip=0Yils.sim L Lj=0 Vi; \#j) Wil Uip,...,
and b;, — 0 p-adically when ig + - -+ + i, — oo.

,,,,, Im
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Our next goal in this subsection is to show in Lemma 2.2.3 that there is a natural way
to extend ¢ on A%? to A,%)x More 1mp0rtantly, We will show in Proposition 2.2.8 and
Lemma 2.2.10 that A® is a closed subring of Amax and is stable under ¢.

Lemma 2.2.2. ¢ := ¢(E)/p € Opax and ¢! € Opay.
Proof. Since A is a §-ring, and E is a distinguished element, we have in particular
9(E)/p=co+ E?/p.
EP)i

where co =8(E) € A*.Soc =@(E)/p € Opmax,and ¢ =¢51 372 (C(’T

Omax .
|

Lemma 2.2.3. If we define ¢(2) = ¢(z0) = Loz and ¢(zj) = “0ED then for

0 < j <m, we have y,(¢(z;)) € A,(fa)x for n > 0. Moreover, ¢ extends to a ring map
. A(z) A(Z)
@ . Amax — Amax-
Proof. We have
yP —x?  yP—x? L (x+ Ez)P —x?
= = _—_—
¢(E) p P

p P
) e T s
1
i=1

i=1

where ai € W(k)[[x]][E_p] - Oma,x - A( max and ¢ is a unit in Omax In partlcular
o(z) € Amx Moreover,
n

‘P(Z)n PR i-1)"
m(p@) = o = (e Y i)

n!
i=1

is in A,%,)x. The argument for ¢(z;) for j > 1 needs some more details. We claim that
in A®2, we have §(s;) — 8(t;) = (s; — t;)A; for some A; € A®2. Recall that §(¢;) =

o(t;)—t7? . Y- . .
% and p,s; — t; is a regular sequence in A®? from our definition, so the claim

follows from the fact that ¢(s;) — ¢(¢;) and sj%” — tjp are both divisible by s; —#;. Since

s; —t; = Ez;, we have

-1 SJP _ij
(p(Zj) =cC T-FEZJ'/XJ' . (21)

The same argument as that for ¢(z¢) also shows that y,(z;) € AI(IQX forj=1,...,m

Since any element b € A,(f;x can be uniquely written as

b= Z szl, zml_[)/z](zl

ip=0 im=0

with by, ... i, € Omax and by, — 0 p-adically when iy + -+ 4 i, — 00, this allows

..........
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us to extend the Frobenius ¢ on A to a ring map ¢ : AI(QX — A%)X by letting ¢ (u) = u?,
P_xP =t .

9(2) = L5 p(zj) = LD and yi (z)) = yi(p(z)) fori > 1. .

Remark 2.2.4. The ring map ¢ : A,(fa)x — Afn%?x is not a Frobenius lift of A,(fa)x / p because

o(E/p)—(E/p)? & pAr(fa)x. In particular, A,(fa)x is not a §-ring.

Recall that AI%)X is an A®2-algebra via the map ¢ : A®2 — AI(nZa)x. The above construc-
tion of the Frobenius ¢ on Ar(nza)x is obviously compatible with ¢.

Our next goal is to show that ¢ induces a map 4A® — AEQX so that A® is a subring of
A,(,il)x which is compatible with the ¢-structures and filtration. We need a little preparation.

Write 3, = 6"(z) with 8¢(z) = z = 30, and Ag = W(k)[u].

Lemma 2.2.5.
P
8"(Ez) = bp3n + Zai(n)S;—l’
i=0
where ai(n) € Aol30, ..., 3n—2] so that a},n) € Aj and for 0 <i < p — 1 each monomial

ofalgn) contains a factor 3;’ for some 0 < j < n — 2. Furthermore, b, 11 = p8(b,) + b}
and by = pS(E) + EP.

Proof. Given f € Ag[x1,...,Xm], if each monomial of f contains x]l. for some j and

[ > p then we call f good. For example, f = xPx, + 2x1x§+3 is good. So we need to

show that al(") € Aol30, - - - » 3n—2] is good. Before using induction on 7, we discuss some
properties of good polynomials. It is clear that the set of good polynomials is closed under
addition and multiplication. Note that

16 B AR 07 HR 1 LN Ly WA
8Gp) = = = =2 ) T e e

J=1

. . 2
In particular, given an f € Ao[30.- - .3m]. 8Gm f) = f78Gm) +3m 8(f) + pSGm)S(f)
is a good polynomial in A[3o, ..., 3m+1]. Using the fact that §(a + b) = 8(a) + 8(b) +
F(a,b) where F(X,Y) = 2(X? + Y7 — (X + ¥)?) = = 2L} ((})/p) XY P~
together with the above argument for 8(5}” f), it is not hard to show that if g €
Ao[30, - - -+ 3m] is good then 8(g) € Ao[30, - - - » 3m» 3m+1] is also good.
Now we use induction on n. When n = 1, we have

8(Ez) = EP31 + zP8(E) 4 p8(E)31 = (pS(E) + EP)z1 + 8(E)z”.
Then by = p§(E) + E?, al(,l) =8(E) € Aj and afl) =0for1 <i < p—1 are required.

Now assume the formula is correct for n. Then

14
5" (EZ) = 8(basn + a5 )

i=0

— §(bnin) + S(faﬁ”)si,_l) + F (busn, ia,‘”)si,_l).
i=0 i=0
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i=09%
shows §(3"7_, (n)gjl D= Z S(a(n)gi, )+ f with f € Ao[30. .. .,3n—1] being good.
Plug the formula (2.2) for 6(3;,_;) into

Clearly, F(bn3n. Y. 7_ya™3 ) = =37 J(") 35 with &](-") being good. An easy induction

Sa5h-1) = (@")78Gh—1) + Gre8(a™) + pS(_)8(a™),

and using the fact that a(") good implies § (ai(n)) is also good, we conclude that for 0 <
i<p-—1,

p—1
28(0(")32 D= g
i=0

with «; € Ag[30, ..., 3n—1] being good polynomials. Since al(,") € Ay, we find that

8(agP3E ) = YP_ Bish with B, € pAg and B; € Ao[3o. ... 3a—1] being good for
1 < j < p— 1. Now we only need to analyze §(b,3,), which is §(b,)35 + b 3n+1 +
P8(bn)3nt1. S0 buy1 = pd(by) + bE and al™ = §(b,) + B,. Since 8(by) € A, we

see thata("+1 = 8(bn) + Bp € Aj as required. |

Let A® .= A®2[z Is = A®2[8"(zj) n>0,j =0,...,m] and consider the natural
map « : A(z) — A(z)[ ] (we do not know whether « is injective at this moment). We need

the following result for Lemma 2.2.12 which is crucial for our later applications. '

Lemma 2.2.6. Fori > 0and j =0,1,...,d, there exists f;;(X) € AD[X] such that,
as elements ofA(z)[%] viaa : A® — A(z)[%],

E
yi(z)) = fij(;).

Proof. Write z = z; for simplicity, and let y(z) = - ” and p* =y o--- 0y (n factors).
It suffices to show that for each n > 1, we have y (z) = fn(;) inside A(Z)[%] for some

fn(X) € AP[X]. For an element x € A[§?(2)]; =0, We say that x has §-order < n if x can
be written as a sum of monomials such that no term is divisible by 8/ (z) for j > n, so

X € 3oj_o AL (2))]ol87 (2).

We claim that the following two equations hold for each n > 1:

(1) We have
- E E?
(Sn(Z) = ])n]/n(Z) + Pn (;) + 7dn8n(2) (23)

for some v, € AX, d, € A, and P,(X) € (A[8'(2)]i=0)[X] such that each coefficient
of P,(X) has §-order <n — 1.

'We want to note that there was a gap in the proof of Lemma 2.2.12 in our previous preprint.
We thank Yong Suk Moon for pointing it out and helping us prove the following lemma.



A prismatic approach to (¢, G)-modules and F -crystals 11

(2) We have
E
") = i 7(2) + Ony (;) 2.4)

for some jt,—1 € A and Q,—1(X) € (A[8'(2)]i=0)[X] such that each coefficient of
Qn—1(X) has §-order < n — 1.

We prove claims (1) and (2) by induction. For n = 1, since
8(Ez) = zP8(E) + (pS(E) + EP)(z)

and §(E) € ©*, we have

3(2) = =7(2) + 808y

_sey 1 El sz,
P

By easy induction, we also have §'(Ez) € (Ez)A for each i > 1. So claim (1) holds.
Claim (2) holds for n = 1 trivially with Q¢(X) = 0.

Suppose that claims (1) and (2) hold for 1 < n < m. We will verify them for n =
m + 1. We first consider claim (2). Since each coefficient of P,,(X) has §-order <m — 1,
ETf7 = pl’_l(%)p, and equations (2.3) and (2.4) hold for 1 < n < m, applying y(-) to
(2.3) for n = m yields

FE™ () = I (2) + Qm(g)

for some Q,,(X) € (S[§(2)]i>0)[X] such that each coefficient of Q,,(X) has §-order
< m. This proves claim (2) forn = m + 1.

We now consider claim (1) for n = m + 1. By the above lemma for n = m + 1 and
since b, = pay + By E? for some o, € A* and B, € A (via an easy induction on 1), we
have

gm+l (EZ)

E? -
Olm+18m+1(2) — _ ,Bm+178m+1(2) —Cll(7m+1))/(8m(2))

1223 i .
=3 a2y
P
As noted above, we have §"+1(Ez) € (Ez)A. Furthermore, by the condition on almty

j 9
the last term % 7 ;é aj(.mH) (8™ (z))” is a linear combination of terms involving 7 (8’ (z))
= L(8/(2))? for some 0 < | < m — 1. Thus, by applying (2.3) and (2.4) for 1 <n < m,

~ 7
we see that claim (1) also holds for n = m + 1 with vy = —ajL a5 P, and

dnt1 = —a,;ﬂrl Bm+1- This completes the induction and proves the lemma. [

Remark 2.2.7. In the above proof, by (2.4), we even have, for all i, j > 0, y; (8j (z)) =
f(%) for some f € A@[X].
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.....

inside A2, which satisfies the equations in Lemma 2.2.5 on replacmg 3n by a(8™(z))

inside Al(m)X It is clear that ¢ is still Frobenius compatible (because both A®2 and Al%)x

are domains). Since E = p;, ¢ is continuous for the (p, E)-topology on A(z) and the

p-topology on Amax Finally, we construct aring map ¢ : A® — A( max SO that ¢ is compat-
ible with Frobenius.
Our next goal is to show that ¢ is injective. We define

Fil AQ) [1]:= E'AQ [ 1]

max max

And for any subring B C Ar(ri,)x ] set

Fill B:= BNFIAQ[1] = BN E AR [1].

max max

Let D, be the p-adic completion of R[y;(zj),i >0,j =0,...,m].

Proposition 2.2.8. (1) A?/E = R[y;(z;).i = 0./ = 0,....m]
(2) A®/E ~ D,.

(3) tis injective.

(4) Fil'A® = EA®.

(5) AD are flat over A fori = 2,3.

Proof. (1) By definition, 4D — Aé’z[z(-") n>0,j=0,...,m]/J where mod J is equiv-
alent to quotienting by the following relations (note that zo = z): §(z; (")) ("+ D gn (Ez)
=6"(y —x),8"(Ez;) = 8"(sj —t;) forn > 0. Since §(x — y) = w nd
8(s; —t;) = w, using the fact that p,s; —¢; and p, x — y are regular
sequences, one can prove that §” (x — y) and 6" (s; — ¢;) always contains a factor x — y,
s; —t;j and hence 6" (x — ), 8(s; —t;) = 0 mod E. Therefore §"(Ez;) = 0 mod E. By
Lemma 2.2.5, we see that

P ___
PlinZ; ™= Zal-(")(z;"_l))i mod £ and pz}l) =z{ mod E
i=0
where a(") a™ mod E and i, = w’” mod E € 0%. Sinceal” € AZ,anda™ 1 <i <
p—1,are good in the sense that they contam factor of (Zl(. ))1’ forsome!/ =0,...,n—2,

we easily see by induction that A(Z)/E = R[y"(zj),n > 0,j =0,...,m]. Butitis well-
known that R[y"(z;),n >0, =0,.. ] Rlyn(zj),n >0,j =0,...,m].

Now we show that the natural map ¢ : A(z) — A,(ndx[ ] induced by oz(S” (z, )) is injec-

,,,,,

A similar argument shows that A( )/E injects to A(ax[ IVE = Dz[;]. Since A,(f) is
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E-separate and A,(f;x is a domain, this implies that Af,z) injects to A,(i)x %]. So A® injects
to A,(nza)X via L. ~

(2) Since A@ is the (p, E)-completion of A®? we have a natural map T :
A®/E — D,. The surjectivity of T is straightforward as 4 is also p-complete. To
see injectivity, given a sequence f, such that f,11 — f, € (p, E)*"A® and f, = Eg,
for all n, we have to show that g, is a convergent sequence in A Since E(gns1 —gn) =
Y7o P E" T h; with h; € AP we have E | p"hy,. Since AP/ E has no p-torsion, we
have E | h, and we write h, = Eh),. Since A® is a domain as it is inside the fraction
field of A®2, we see that g, +1 — g» = p"h, + Y'—y p' E"~~'h;. Hence g, converges
in A® as required.

(3) It is clear that AI(T,?X[%]/E ~ DZ[%]. So the map ¢ mod E(u) induces an injection
D, — Dz[%]. So for any x € Ker(, we have x = Ea for some a € A Ag AS,?QX is

E-torsion free and A® is E -complete, we see that x = 0 as required.

(4) By the definition of Fil' A®, we see that EA®  Fil' A® and A® /Fil'A®
injects to AI%)X[%]/E = DZ[%]. But we have seen that A® /E = D, injects to D,. Then
Fil' A® = EA®.

(5) Both A® and A® are obtained by the construction of [8, Proposition 3.13], which
implies that they are (p, E)-complete flat over A. Since A is Noetherian, by [33, Tag
0912], both A® and A® are A-flat. u

Corollary 2.2.9. (1) Fil'A® = FiA®,
(2) AD are bounded prisms fori = 2, 3.

Proof. These follow that A®/EA® ~ D, which is Z,-flat. For (2), A® and A® are
(p, E)-complete flat over A, so boundedness follows from [8, Lemma 3.7 (2)]. [

Lemma 2.2.10. A® is a closed subset inside A,(ri?x.

Proof. We need to show the following statement: Given x € A® | if x = p"y with y €
Ar%)x then x = Z?:o p" T Eix; with x; € A@ Indeed, since A(z)/E ~ AE,QX/Fﬂ‘, there
exist xg, w; € A® such that x = p"x¢ + Ew;. Then Ew; € p"A,%)X. Writing

oo m
Ewy = p" Y Y fivi(z).
i=0,=0

l . ..
we see that fi; = /o a,-ﬂ% € Fil' Opay. So it is easy to see that PPEL fi; € p" 7 Omax
and so w; = p"_lxl with x; € AI%)X. Then we may repeat the above argument for wy,

and finally x = )7, P Eix; with x; € A® as required. |

2Indeed, AP is the derived ( p, E)-completion. Since A®@ / E is Zp-flat, the derived comple-
tion coincides with the classical completion, which is used here.
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Remark 2.2.11. This remark is prompted by feedback provided by an anonymous ref-
eree. We have seen ¢ induces ': A® (E) — Al(fa)x, where A® ( 5 ) is the p-adic completion

of A(Z)[ ]. Moreover, since E is divisible by p in both A(z)( ) and A,(fgx, the p-adic
topology is the same as the (p, E)-adic topology over these rlngs Combining these with
Lemma 2.2.6 and equation (2.3), we see that ¢’ has both left and right inverses and is thus

an isomorphism. Notably, Ax(fa)x =0 ( Y((AD, (E))), where O ( Y((A, 1)) is equal

to the p-adic completion of A[ ],as a presheaf on R . We remark that 0O ( ) bears a

close relationship to the sheaf .(;) on the (small) quasi-syntomic site over R, which is
defined in [9 Section 6]. Additionally, using similar techniques to those in [17], one can
show O ( ) is a sheaf on the absolute fransversal prismatic site and contains 0 as a

subsheaf. Th1s may give a direct verification of the inclusion of A® in A,(m)X However
to further our subsequent arguments, it is useful to write down the elements of A,mlx ina
more explicit manner.

Now we realize A® as a subring of Amax via t. We need to introduce some aux111ary
rings. By the description of elements in Amax, we define S to be the subring of Amax as

follows: )
E? EPY\'
= A(2)|[ ﬂ = {Zai(—)

p - p

i>0

a; € A(z)}.

And when p = 2, we define § := A® [[%4]] similarly. We have § ¢ § ¢ AQ),. Viewing §
and S as subrings of A,(ii)x, we give them the filtration induced from A,(r%d)x. We will use the
fact that if {a; };>1 is a sequence in A® that converges to 0, then for any sequence {b; Yis1
inside S, one can show ), a;b; € S by rewriting it as a formal power series in %.
Lemma 2.2.12. Fixh € N.
(1) We have go(A.(fa)x) cSc A,%)X, and when p = 2, we have <p(§) cScSs.
(2) x e Fil"§ if and only if x can be written as
E' @
X = Zaim witha; € A,
i>h
(3) When p > 2, there is an hg > h such that p(Fil"S) ¢ A® + E'FiI" 1§ for all
m > ]’l().

(4) When p = 2, then x € Fil"S if and only if x can be written as

i

E ,
X = Zaim with a; € A(z)

i>h

(5) When p = 2, there is an ho > h such that (FiI"S) C A® + ERFiI" 'S for all
m > ho.
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Proof. For (1), forany a € Amax, we can write

..........

.....

Sy, tbio, .t conVErges in .
For the claim in (1) for p = 2, we hav.e (p&ETZ) = (E? +2b)?)2 = E74 + 2b for
some b,b" € A. Andfora =} ;- a,-(ETf))’ € S, we have

ola) = Zw(a)( P(E” )) Z<p(a)2cu<zb)l ,( )

i>0 i>0
= S vtanesen ) (5)
J=0 i=j

for some c¢;; € Z. We have ¢(a) € S since Z?i, @(ai)cij (2b)' ™/ converges in A®,
For (2), the “if” part is trivial. For the other direction, for any x € S , we have

Ei
= Z“ipti/pJ'
i>0
And if we also have x € F1lhAI(mx[ 41 = EhAI(TQX[%], then aog = ZOsish aipf—/ip] will
lie inside Fil" A®[1]. This implies pl*/?ldy € Fil’4A® = E*A®. That is, G =
p~HPIERD for some b € A®). So x is of the given form. The proof for (4) is simi-
lar.
For (3), we have, by (2), x € Fil""S, so x can be written as

X =) @iy Lt/pJ

i>m

And using the fact (E) = EP + pb for some b € A®, we have

pA—7j) pJj
o) = Y e Y EN 0!

Li/p]
i>m Jj=0 plp
i
b,,EI’( N pi hbz]Ep( —D=hpJ
Z Z [t/pJ Z Z E th/pJ
izmj>li/p] izmo0<j<li/p]

with bij € A@,
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; L EPG—)) i
In particular, ) ;- ,, Z.;'zLi /p] % is inside A®. To prove (3), it is enough

to find A such that whenever m > ho,i > mand 0 < j < |i/p], we have

b EPG=0)=h -
oy P cEmtis,
_ L pli/p]
i>m0<j<l|i/p]

The claim follows if we can find h¢ > h such that % € S and pi—j)—h=>

m+ 1forallm > hg,i >mand 0 < j < [i/p]. Thatis, LWJ +j > |i/p] and
p(i —j)—h>m+1foralli, j, m in this range. And solving this we find it is enough

to choose hg > max {, %}, which is valid for p > 2.

Statement (5) is similar to (3). Any x € Fil” § can be written as

Ei
x=) a Sl/a]

i>m

We have ¢(E) = E2 + 2b forsome b € A, so

ci: E2G=00J
plx) = ZWJZ . Tol/Al

i>m

N mard E2—))~hoj

b;
=2 > T olAl +> 2 EhuzT

z>m]Z|_l/4J i2m05j<|_i/4j

Similar to the argument for (3), it is enough to find 4¢ such that whenever m > hg,i > m
and0 < j < |i/4|,wehave |(i —j)—h/2|+j > ]i/4]and2(i — j)—h>m+ 1.1t
is enough to choose hg > 2(h + 2). |

If A is a ring then we denote by My (A) the set of d x d-matrices with entries in A4.

Proposition 2.2.13. Let Y € My (A2)) so that E'Y = Bg(Y)C with B and C in
M (A®). Then Y is in Mg (AP []).

Proof. First, we claim that there is a constant s only depending on / such that the entries
of p*Y are in S. By Lemma 2.2.12 (1), the entries of E"Y are in S. So for each entry
a of Y, we can write Eha = Z?oo a,-E—{n with a; € AD@ 1t is clear that Ehpha =

pl

a+E"Y pa B — " sothata’ € A® . Therefore, a’ € FllhA(z) = E" A® by Corollary

2.2.9. So writing @’ = E"b, we have p a=b+ Zz>h a, . In particular, p?*a € S,
which proves our claim. When p = 2, we may repeat the above argument and we can
assume p’Y is in My (S‘).

Let % = S when p>2and N = S when p = 2. Then we may assume Y is inside
M, (). We claim there is another constant r, only depending on %, such that for each
entry a of p" Y, there is a sequence {b; };>1 in A?) such thata — " b; E' € Fil" 1.
Note that once this is known, we will see that Y -, b; E' converges to an element b
in A®, and a — b = 0 since it is in Fil" R for all m € N.

i
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It remains to show our claim. When p > 2, let k¢ be the integer in Lemma 2.2.12 (3).
Then it is easy to show there is a constant r only depending on %g (so only on /) and a

sequence {b; }f.'il such that for each entry @ of Y’ := p"Y, we have
ho
a— Zb,-E’ € Fil*o+1g,
i=0

Now we show our claim by induction, assuming that for each entry a in Y’, there is a
sequence {b; }7L | such that

m
a—Y bE' eFil"'%
i=0

for some m > hg. So we can write Y’ as

m
Z YiE' + Zmt1
i=0

with ¥; € My (A®) and Zp41 € My (Fil"T1R). If we write X,, = Y 7t V; EY, then
E"Y' = Bo(Y')C implies

E"Zmi1 = Bo(Xm)C — E* X + Bo(Zm41)C.

By Lemma 2.2.12 (3), we have Bo(Zy41)C = A1+ E" Byg1 with 4,41 €My (4P)
and Byn41 € Mg (Fil"2R). One has Bo(Xn)C — E" X, + Ay € Mg (FilP 71 42
s0 Bo(X;n)C — E"X\p + Ay = EPPmH1Y, 1 with Yy € Mg (A®). Moreover, we
have Y — Y74 Y, EY = By € My (Fil™29t) as required.

At last, let p = 2. We know we can assume Y is inside My (§ ). Then by repeating
the above arguments with (3) of Lemma 2.2.12 replaced by (5), we can also prove our
claim. |

Remark 2.2.14. The above proposition will be used to prove the “boundedness of descent
data at the boundary”, similar to the results exhibited in [9, Section 6.3]. Specifically,
with R = Ok, in the proof of Lemma 3.2.3, we will establish that any ¢-equivariant
descent data of a Kisin module defined over A,(f;x will automatically descend to A® [%]

Alternatively, if (Ai(ff) , (d)) is the initial prism over the quasi-regular semiperfectoid ring

Oc, ® Oc, ., whose existence is ensured by [8, Proposition 7.2] and which admits two
natural maps from (A;,¢, Ker 8), and since we mentioned that A® is a certain product
of A in the absolute prismatic site over R (see Proposition 4.1.3 for the explicit state-
ment), we can construct a universal map AD Al(nzf) once we fix a map A — Ajn.
Moreover, in [9, Proposition 6.10], it is demonstrated that any ¢-equivariant descent data
of a Breuil-Kisin—Fargues module defined over Al(nzf) (%)[%] will automatically descend
to Ai(nzf) [%]. Additionally, if the Breuil-Kisin—Fargues module comes from the base change
of Kisin module, then these two results on descent morphisms are actually equivalent
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using quasi-syntomic descent, providing that A — Ajys is faithfully flat (so Ay also
applies to Proposition 4.1.6), and the description of A,%)x from Remark 2.2.11. However,
the proof provided in [9] crucially uses the Beilinson fiber square developed in [2]. On the
other hand, our proof is entirely explicitly algebraic and mainly uses the finite E-height
condition of Kisin modules.

2.3. The ring Agf)

In the following two subsections we assume that R = Q. For our later use for semistable
representations, we construct Ag? ) as follows: Define @ on W(k)[x,y] by ¢(x) = x? and
¢(y)=(1+v)? —landsetw = 2. Set Ag? := W(k)[x,9]{w}; where A means (p, E)-
completion. Similarly, we define 4 = W(k) [x.v.3]{%. £}3. with the §-structure on
W(k)[x,v.3] givenby 8(x) = 0,¢(y) = (y + 1)” — 1 and ¢(3) = (3 + 1)? — 1. Define
Ag}nax to be the p-adic completion of W(k)[x, y]J[w, %, yi(w),i > 0]. Itis clear that any
fe Ag? zm can be written uniquely as f = Y ;o fivi(w) with f; € Omax and f; — 0
p-adically. For any subring B C Ag}nax[%], we set Fil' B :== B N E"Agzgnax[%] and let
D, be the p-adic completion of Ok [y; (w),i > 0].

It turns out that A® and Aftz ) share almost the same properties by replacing z with w.
So we summarize all these properties in the following:

Proposition 2.3.1. (1) One can extend the Frobenius from A to Aflz 3nax.

(2) There exists an embedding t : AE? ) s AS? znax that commutes with the Frobenius.
(3) AD N E A 5] = EAD.
@ AD/E ~ Dy = AQh

5) Agf) is closed in Agi?mx.

JFil' 4@

st,max

(6) Agf ) and Ag? ) are flat over A, and in particular they are bounded.
(7) Proposition 2.2.13 holds on replacing A[(é)x and A® by Aftz ) and Aftz Enax respectively.

Proof. All the previous proof applies by noting the following difference:

1 p ) p—1 ' EPwP
s o{2) = (P e o (s a1
i=1

p i=1

Also 8(y) = le=—11 ¥y (f ) /p always contains a y-factor and this is a key input for the

analogy of Lemma 2.2.6.
For the boundedness of AS ), we have

W) [x,v,3]/(p, E) = (Ok/p)[v.3],

so {v, 3} form a (p, E)-complete regular sequence, and by [8, Proposition 3.13], AS ) is
also A-flat, and this implies AS’ ) is bounded by [8, Lemma 3.7 (2)]. ]
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Note that A®2 = W(k)[x, y] € W(k)[x,y] via y = x(y + 1) or equivalently y =
% — 1. It is clear that this inclusion is a map of §-rings. By the universal property of pris-

matic envelope to construct A@, the inclusion induces a map of prisms o : A? — AS ),
Since z = xw, we easily see that A,%)X C Agﬁﬂmx. So A® ¢ A§?) via a. We will see in
Sections 4.1 and 5 that A® (resp. Ag )) is the self-product of A in the category X (resp.
(X, Mx) ,,)- Then the existence of « : A® A§3 ) can be explained by the universal
property of self-product. See Section 5 for details.

To simplify our notation, let B (resp. B, B®, B®) be the p-adic completion of
AL 3] (resp. A 131, AP[£], AP[F]).

Lemma 23.2. (1) AY ¢ B’ ¢ B[] and 4D < BO ¢ BO[L] fori =2.3.

@ BP0 AD L] = AP and BO 0 AO[L] = 4@,
Proof. Here we only prove the case A®); the proofs for Af? ), A® and AS ) are almost
the same.

By Proposition 2.2.8, A® is a subring of A,%)x C Ko[x, z]. So A®@  and hence
A(z)[%], is an integral domain. Then B® has no p-torsion: Assume that x € B®
with px = 0. Suppose that x, € A(2)[%] is such that x = x, mod p”". Then px, =
0 mod p"A(z)[%]. Since A(z)[%] is a domain, x,, = 0 mod p”~!. Hence x = 0. As B®
has no p-torsion, we see that B® B(Z)[%]. To see that the natural map A® — B®
is injective, it suffices to show that A®/pA?@ injects to A®/pAP[L] = B® /pB@.
Clearly, this is equivalent to A® / pA® having no u-torsion. Note that A® is obtained
by taking the prismatic envelope of A®2 = W(k)[x, z] for the ideal / = (z). As men-
tioned before, we can apply [8, Proposition 3.13] to our situation. So A® is flat over A
and hence A® / pA® has no u-torsion as desired.

Now we can regard B® and A(z)[%] as subrings of B(z)[%]. In particular, B® N
A(z)[%] makes sense and contains A®. For any x € B® N A(z)[%], if x ¢ A® but
px € AP then the image of y = px inside A® /pA®@ is nonzero but the image of y in
B® /pB®@ is zero. This contradicts A®/pA® injecting to B®/pB® . So such an x
cannot exist and we have B® N A(z)[%] = A as required. n

By [8, Lemma 3.9], any prism (B, J) admits a perfection (B, J)pert = (Bperts J Bper)-

Remark 2.3.3. In [8], the underlying §-ring of (B, J)per is denoted by (Boo, JBoo), and
Byert is defined as the direct perfection of B in the category of §-rings. In this paper,
we write By as the (p, J)-adic completion of colim, B, which also coincides with the
derived (p, I')-completion of colim, B (see [8, Lemma 3.9]).

Lemma 2.3.4. (A@), and (AD)pert are A-flat.

Proof. We have seen that A® is A-flat via i;. And it is easy to see that ¢ on A is flat.
Since i1 is a §-map, we have ¢” o i; =i o ¢”, which is flat. So colim,, A® is flat over A.
In particular, Ayt is (p, E)-complete flat over A. Now since A is Noetherian, by [33, Tag
0912] we find that (A(z))perf is A-flat. The proof for (Agf))perf is the same. [ ]
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2.4. Embedding A® and A? to Ay

Let Ajpyr = W(@('[’:p). Then there is a surjection 6 : Ajy — Oc,, and Ker 0 = (E). Let B;l'2
be the Ker 6-adic completion of Ainf[%].

Definition 2.4.1. Let A, be the p-adic completion of the A;,-subalgebra of B;}_z gen-
erated by E/p.

It can be easily seen that ¢(E/p) := @(E)/p € Aciis C Anax is well-defined and it
extends the Frobenius structure on Aj,s to an endomorphism on A .

Let {w,}n>0 be a compatible system of p"-th roots of wy = w and {{,},>0 be
a compatible system of p”-th roots of 1. Write w® := (@n)n>0 and &= (Cn)n>o0 as
elements in (9(%p, andletu = [wb], €= [{"], v =¢€u and u = € — 1 be elements inside Ajyy.
We can regard W(k)[x, y] as a subring of Ayt via x > u and y > v. Consider z’ = *Z* €
Ainf[%]. Since u — v = u(e — 1) is clearly inside Ker 6 and Ker § = E Ajy, we conclude
that z’ € Ajyr. Hence we have a natural map (of §-rings) t4 : A® A via z — 2/,
which naturally extends to 14 : A®) — A;;¢ because the (p, E)-topology of A® matches
the weak topology of Aj,s. Similarly, we have a map of §-rings (g : Agf) — Ajprviax —>u

andnr—>e—1andw|—>%.

Remark 2.4.2. Once we know that A® is the self-product of A inside X with X =
Spf(Ok) as explained in Section 4.1, the map t4 can be constructed as follows: First we
fix an embedding A — A, by sending x —u = [wb]. Then A — Ajs with x — v = €eu is
another map of prisms. By the universal property of A, these two maps define a map t4 :
A® 5 4. Clearly, t4 depends on the choice of wb = (@n)n>o0 and {'b = (n)n>o0. Also
L4 is a special case of 15,2) defined by (4.5) in Section 4.3. Indeed, if y ([w®]) = [¢*][w"]

then 14 = Lg,z). Similar comments also apply to tg.

Proposition 2.4.3. There is a unique embedding AI%)X > Anax such that

Wk)[x, y] —— At

! l

A|(112a)x — Amax — le_{

commutes. Furthermore, Fil’ B&; N zéll(nza)x = FiliAI%)x. The same holds when Ax(fa)x is

replaced by AS? 3nax.

Proof. In the following, we only treat the case of AE? znax; the proof for Ar(,ﬁ,)x is the same

by noting that z = uw in Ajyy.

The uniqueness is apparent. To show the existence of the embedding, it is enough to
show y;(w) € Ay forall i > 1.

It is well-known that A, is isomorphic to the p-adic completion of Ainf[qu], and

Apax [%] is a Banach (Q,-algebra, which is the completion of Ainf[%] under the norm || ,—1
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such that

[¥lp=1 = sup P xnlop.

where x = ) o o[xa]p" € Ainf[%]. And for x € Amax[%], we have x € A, if and only
if |x|,~1 < 1. Moreover, |-|,~1 is multiplicative. So now it is enough to show that for
x = y;(w) considered as an element inside Amax[%], we have |xP7!| -1 =< 1. Indeed,
by [5, Proposition 3.17], £ := /@~ ' (1) is a generator of Ker # with 4 = ¢ — 1. In
particular, w = u/E = ap~ () € Aint with a € A;. And we can check w?~! = cu®
inside (9bc = Ajng/ pAins, with ¢ a unit. So w?~! = au® + bp with a, b € Ajyy, and

_ (au® + bp)’

p—1
* (ihr-1

Using the fact that v, (i!) < ﬁ, one can show each term in the binomial expansion on
the right-hand side of the equation has |-|,—1-norm less than or equal to 1, so in particular
|)Cp_1 |p—1 <1

To prove that Fil’ B(ﬂ; N A§? Llax = FiliAgifllax, it suffices to show £ B&; N Agf znax[%] =
E Aftz fnax[%]. By Proposition 2.2.8, it remains to prove that the map

0:Dy = AL [L]/E > BR/E =C,

is injective. Let f(w) = Y ;. aivi(w) € Ker & where a; € Ok limits to 0 p-
adically. Then f(wg) = 0 with wy := 0(w) = 9(62—1) € C,. Note v, (wg) > ﬁ since
#61)_1 is another generator of the kernel of 6 : Aj,y — Oc,,, and we have v, (wo) =
(O~ (e) — 1) = ﬁ. Since we aim to show that f = 0, without loss of generality
we can assume that K contains p; = pﬁ. Noting that v, (i!) < p%, we conclude that
% isaroot of f(pyw) whichisin Ok (w). By the Weierstrass preparation theorem, wg is
algebraic over K unless f = 0. By the lemma below, wg := 6(w) € C,, is transcendental
over K and hence f = 0. u

Lemma 2.4.4. wy = 6( %) is transcendental over K.

Proof. If wy is contained in an algebraic extension L over K, we define Lo =
U, L(wx). For g € G, .., we have

(o) s )

Since G, ., fixes E, G(W) = 0. This implies g(e — 1) — (e — 1) € Fil2B;1;.
Recall that for t = loge, t — (e — 1) € Filszl;, so we have g(t) —t € FilzB&E. But this
cannot be true. Indeed, since L¢ o, can only contain finitely many p”-th roots of 1, for
g€Gyr,.,,wehave g(t) = c(g)t with c(g) € Qp and ¢(g) # 1. This implies g(¢) — 1 =
(c(g) — Dt € Fil' Bt \ Fil*B;. "

Corollary 2.4.5. The natural maps 14 : A® - Ajnr and g : AE? N Ainf are injective.
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To summarize, we have the following commutative diagram of rings inside B;l;:

AO D,

| [ |

2 2
Ar(na)x — Agt,znax — Amax

3. Application to semistable Galois representations

In this section, we assume that R = @g. We explain how to use the period ring 4
and Aftz ) to understand lattices in crystalline and semistable representations. Roughly
speaking, we are going to use A® and Aftz ) to replace R in the theory of (¢, G)—modules
developed in [30].

Let Koo = S, K(wn), Goo := Gal(K/Ko) and Gk := Gal(K/K). Recall that
A =& = W(k)[u]. Let S be the p-adic completion of W(k)[u, '?—;,i > 1], which is the
PD envelope of W(k)[u] for the ideal (E). It is clear that S C Oyx. We define ¢ and
Fil’ on S induced from those on Oy, in particular, Fill'S = SN E! Omax[%]. Note that
A embeds to Ajy via u — [w?], which is not stable under the Gg-action but only under
the Goo-action. For any g € Gk, define g(g) = %. It is clear that £(g) = €2® with
a(g) € Z,. We define two differential operators Ng and Vg on S by Ns(f) = %u and

Vs(f) = %. We need Vg to treat crystalline representations.

3.1. Kisin module attached to a semistable representation

Fix h > 0, a Kisin module of height h is a finite free A-module )t with a semilinear
endomorphism @gy, : I — M such that Coker(1 ® @gy) is killed by E”, where 1 ® pgp
IM* 1= A @p,4 MM — M is the linearization of ¢gp. Note that here we are using the
classical setting of Kisin modules used in [30] but it is good enough for this paper. The
following summarizes the results on Kisin modules attached to Gg-stable Z,-lattices in
semistable representations. The details and proofs of these facts can be found in [30].

Let T be a Gg-stable Z,-lattice inside a semistable representation V of Gg with
Hodge—Tate weights in [0, /]. We set

D = D:;(V) = Home,GK (V, By),

which is the filtered (¢, N)-module attached to V', and Dk := K ®k, D. Then there
exists a unique Kisin module 91t := 91¥(7T") of height & attached to T such that:

(1) Homq,,A(Em, Ainf) ~ T|Goo
(2) There exists an S-linear isomorphism
ls : S[%] RpaM=~D QW (k) S

compatible with ¢ on both sides.
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(3) ts also induces an isomorphism Fil” (S[%] ®p,a M) ~ Fil"(D ®wk) S). The filtra-
tion on both sides are defined as follows:
Fil* (S[ 2] ®p,4 M) := {x € S[1] ®p,a M | (1 ® pam)(x) € Fil*S[1] @4 M}.

To define a filtration on D := S w) D, we first extend the monodromy operator
Np = N on D to Ng (resp. Vp) on D by letting Np =1 Np + Ng ® 1 (resp.
Vo =1® Np + Vs ® 1). Then we define Fil' © by induction: set Fil’D = £ and

Fil'D :={x € D | Np(x) € FiIl 'O, fry(x) € Fil' Dg}.
where fz; : D — Dk isinduced by S — Ok viau +— .

Remark 3.1.1 (Griffith transversality). We have Ng (Fil' D) C Fil' "' from the con-
struction of Fil' ©. This property is called Griffith transversality.

We only use Vo when Np = 0, that is, when V is crystalline. In this case, it is clear
that No = uVg. So it is clear that Vg (Fil' D) c Fil' ' D.

For ease of notation, we will write N = Ngp and V = Vg in the following. Let
TV :=Homg, (T,Zy) and V" := TV ®z, Q, denote the dual representations. Then there
exists an Ajy-linear injection

t9n * Aint @4 M — TV @z, Ains. (3.1

which is compatible with the Geo-actions (G acts on I trivially) and ¢ on both sides.
Applying § ®,,4 —and using 15 := S ®y, 4 tan, We obtain the commutative diagram

S®gp, atgn
Acris[%] ®(p,A Mm - vy ®Zp Acris
?lAcris®SlS
Acris ®W(k) D ;) vy ®Zp Alcris

where the map « is built by the classical comparison
Bst ®K0 D;(V) x~ VV ®Qp Bsta
and o is Gg-stable on both sides. The left side of « is defined by

Vg eGk. ¥xe D, g(x)= ) N'(x)yi(log(g)))
i=0

Therefore, if we regard IN* := 4 ®,, 4 M as an A-submodule of |78 ®z,, Acis via the
injection t* := § ®y, 4 t4, one can show that

Vg e Gk, Yx e M*, g(x) = Y Np(x)yi(log(e(g))). (3.2)
i=0

When V is crystalline, or equivalently Np = 0, we have [28, Section 8.1]

Vg e Gk, Vx e M*, g(x) =) Vi (x)yi(ue(g)). (3.3)
i=0
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3.2. Descent of the Gk -action

Let us first discuss the Gg-actionon I C TV ®z,, Aint via tgy in (3.1) in more detail. We
select an A-basis eq,...,eg of M so that p(ey,...,eq) = (e1,...,e4)A with A € My (A).
Then there exists a matrix B € My (A) such that AB = BA = E"I;. For any g € Gg,
let X, be the matrix such that

gler,...,eq) = (e1,...,eq)Xg.
In this section, we are interested in where the entries of X lie.

Theorem 3.2.1. The entries of X, are in Ab(,tz). If V is crystalline and g(u) —u = Ez
then Xg € Mg(A?).

First, it is well-known that W((C;) ® 4, Lom 18 an isomorphism. So X, € My (W((C;)).
Since the Gg-actions and ¢ commute, we have

Ap(Xg) = Xgg(A).

Define

Fil"n* := {x € M* | (1 ® pa)(x) € E"M}.
Since It has E-height £, it is easy to show that Fil®9N* is a finite free A-module and
Fil" O is generated by Fil" n*.

To be more precise, let {e ;= 1®e; | i = 1,...,d} be an A-basis of IN*. It is easy
to check that (a1, ...,aq) = (e],...,e;)B is an A-basis of Fil"9N*, and it is also an
S[%]—basis of Fil" D. So for any g € Gg, we ha\{e g(a;) = 322 Ni(e)yi(log(e(g))).
By Griffith transversality in Remark 3.1.1, N(Fil' D) C Fil' "D, we have

L (1 1
g(a,)=ZN’(aj)Elyi(@) >Ny (E)("gug))). (34
i=0 i>h

Since N'(aj)E" € Fil" D and yi(E) in Onax, and {w"} converges to 0 inside Agt fhaxs WE
see that g(a1,...,aq) = (a1, ...,0q)Y, with ¥, € Ag?}nax[;].
If V is crystalline, using (3.3), we have

g(aj)—ZV’ J)Ele( _(g)) sz I)VI(E)(us(g))

i>h
If g is chosen so that g(u) —u = Ez, then a similar argument shows that g(@1,...,0q) =
(@1.....0q)Y) with Yy € AQA[L].
Now g(ef,...,ey) = (ef, ,e;)<p(Xg). Using similar arguments, we see that
the ¢(X,)’s entries are in ASl max[ ] and Aggx[%] respectively. Since (a1, ...,0q) =
(e},....e d)B by definition of B, We conclude that

¢(Xg)g(B) = BY,
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Using the formulas A¢(X,) = Xgg(A) and AB = BA = E"I,, we conclude that Y, =

(%)th. Write r = %. We claim that r is a unit in Aﬁ?. Indeed, % E(%(;()g))

Yo EDu )M is again inside Agf’, where £ means the i -th derivative of E.
And it is easy to show that g(F) is also a distinguished element of Agt , so by [8, Lemma
2.24], r is a unit. Similarly, when g(u) —u = Ez, we will have r = g(g) € (A®)x,
Hence

E"Xg = r"Ap(Xg)g(B). (3.5)

Now we can apply Propositions 2.2.13 and 2.3.1 (5) to the above formula; we conclude
that for g € Gk (resp. g € G such that g(u) —u = Ez and V is crystalline), X, has
entries in Agt)[ ] (resp. A(Z)[ D.

To complete the proof of Theorem 3.2.1, it suffices to show that the entries of X, are
in A£l2 ) (resp. A®). Unfortunately, removing “ 1 ” is much harder; it needs Sections 4.2
and 4.3. For the remainder of this subsection, we only show that the proof of Theorem
3.2.1 can be reduced to the case where g = 7 for a special 7 € Gg.

Let L = UpZ Koo(Gpn), Kioo := U2y K({pn), G := Gal(L/K) and H :=
Gal(L/Kx). If p > 2 then it is known that G ~ Gal(L/Kji~) x Hg with
Gal(L/K1o) =~ Zj. Let T be a topological generator of Gal(L/Kc). We have 7(u) =
€“u with a € Z;. Without loss of generality, we may assume that t(u) = eu. If p =2
then we can still select T € G so that 7(u) = eu and 1, Hg topologically generate G. Pick
alift T € Gk of 7. Clearly, we have T(u) —u = Ez.

Proposition 3.2.2. For g =7, the entries of X4 are in Aﬁf), and if further V' is crystalline,
then Xg € Mg(A®).

Lemma 3.2.3. Proposition 3.2.2 is equivalent to Theorem 3.2.1.

Proof. Since G is topologically generated by v and Hkg, it follows that Gg is topo-
logically generated by G, and 7. And we have t(u) —u = (¢ — )u = Ez. Now if
X3 has coefficients in A§f ) and X ¢ = 14 for all g € G then to show that X € A§f )
for all g € Gk, it suffices to show that Xz,» converges to I; inside My (A ). Since
A(z) is closed in AE? ?nax by Proposition 2.3.1(5), it suffices to show that X-,» converges

inside Agl 2ndx Since X, = (g(EE))’Yg and Y, is defined by (3.4), we easily check that
X-pn converges to /4 in Ast ) ox by using that £(¥?") converges to 0 in the (p, € — 1)-
topology. The proof for the crystalline case is similar by replacing ASS ) with A®@. ]

So to complete the proof of Theorem 3.2.1, it remains to prove Proposition 3.2.2. We
will do this in Section 4.3. Briefly speaking, for g = 7, we have shown that the lineariza-
tion of the g-action defines a ¢-equivariant isomorphism

fo M@, AD[F] = M es AD[F]
of Agf ) [%]-modules. Since g(u) —u = Ez and V is crystalline, f, defines a ¢-equivariant

isomorphism
Je : M®au, AP[;] = M4 AP[]
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of A(z)[%]-modules. Here tg : A — AQ (resp. 1, 1 A — A@) is defined by u > g(u).
On the other hand, by [35, Theorem 5.6], we will see that the g-action on TV ® W((C;)
also descends to a ¢-equivariant morphism ¢ of B®-modules, where B? is the p-adic
completion of A(z)[%]. Then by comparing ¢ and f, using the technique developed in
Section 4.2, we will deduce Proposition 3.2.2 from Lemma 2.3.2.

Remark 3.2.4. Our original strategy to prove Theorem 3.2.1 was to demonstrate that
AS)[%] N W((C;) = Ab(,tz) (resp. A(2)[%] N W(@%p) = A®). This is equivalent to 4/ p
and Aftz ) /p injecting in (Cb Unfortunately, it has not worked out, though we can show

that A(z)/p and A?/ p inject in (C"

3.3. Prismatic (¢, é)-modules

In this subsection, we show that the base ring R for the theory of (¢, G)-modules can be
replaced by Aﬁf). To this end, we build a new theory of (¢, G)-modules with a new base
ring A§3 ). Since the idea of this new theory is almost the same as that of the old one, we
will use classical to indicate we are using the theory over R. For example, when we say
classical (¢, é)-module, we mean a (¢, é)-module over R. Recall L = Unz i Koo (Epn),
G = Gal(L/K) and Hg := Gal(L/K ). Let m be the maximal ideal of (9('[’:13 and set
I1 = W(m) so that Ayye/ 1 = W (k). For any subring B C Ajrset [ B =B N1y Let
t =loge, t® = tr(")yq(i)(ﬁ) wherei = (p — 1)g(i) + r@) with0 <r(@i) < p—1.
Recall that R := Ainr N Rk, Where

o0
Ry, = {Z £ ® ‘ fieS[A] 4 - Op-adically}.
i=0

Lemma 3.3.1. (1) As a subring of Aiys, Af,?) is stable under the G g-action, and the Gk -
action factors through G.

@) AP/1,.4% = w(k).
(3) 1. A® c ua®.
@) ¢(4?) c R.

Proof. (1) It is clear that the Gg-action is stable on W(k)[u, € — 1]. Since A§3) is the
(p. E)-completion of W(k)[u, e — 1][8'(w),i > 0], to show that Agf) is Gg-stable, it
suffices to show that g(w) € Aftz ) (since g and § commute, if g(x) is in A;z ) then so
is g(8(x))). Now Ew =€ — 1, so g(E)g(w) = g(e — 1) = ¢%®) — 1. Thus g(w) =
ggE) ea(j; L By [8, Lemma 2.24], E/g(E) is a unit in ASt 2 5o g(w) e Agf).

(2) It is clear that both u, € — 1 are in /. Hence w € I; because Ew =€ — 1€ I
and E = pmod /4. Forany x = Y 72 p'[x;] € Ain, x € I if and only if x; € m. Then

it is easy to check that §(/+) C I+, and consequently all 8% (w) are in 1. So I+ Ag @
topologically generated by u, y = € — 1,8 (w),i > 0, and hence A(z) / I+A(2) W(k)
as required.
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(3) 1; AP is topologically generated by u, v = €u, §'(z), i > 0. Hence (3) follows
from z = uw and §" (z) = u?" §"(w).

(4117) Since A§?) C Agfinax, it suffices to show that ¢(A§§3nax) C Rk, - Since ¢(Omax) C
A[ET]] C S, it suffices to show that ¢(y,(w)) € Rk,. Note that ¢(E) = pv with v €
A[[ETf’]]X and y; (€ — 1) € Rk,. And we have

o) = p( ) =v7l e 1)2(( )/p)ie= i,

which is a polynomial with coefficients in Z and in variables v™! and y; (e — 1). In par-
ticular, ¢(y,(w)) € Rk, by the basic properties of divided powers. |

Definition 3.3.2. A (finite free) (@, G) -module of height h is a (finite free) Kisin module
(N, pgn) of height i together with an Aq)—semlhnear G-action on M := A(z) ®4 M
such that

(1) the actions of ¢ and G on M commute;
2) M c MAx,
(3) G acts on m yam A;z ) trivially.

The category of (¢, G)-modules consists of the above objects, and a morphism
between two (¢, G)-modules is a morphism of Kisin modules that commutes with the
actions of G. Given a (o, G)-module M = m, ¢, G), we define a Zp-representation
of GK,

TOM) := Hom, @ , (AP ®4 M, Ainr).

Since go(A ) C R, given a (go G) module M := M, ¢, G) defined as above, (N, @)
together with the G-action on R ®gp,4 M is a classical (¢, G) module 93? It is easy to
check that T(Sm) T(Sm ) := Hom 4 w(:ﬂ ®p,4 M, Aing).

Theorem 3.3.3. The functor T from the category of (¢, G)-modules of height h to the
category of Gk-stable Z-lattices in semistable representations with Hodge—Tate weights
in [0, h] is an anti-equivalence.

Proof Given a (¢, G) module N = (M, ¢, G) E]ZARC is a classical (¢, G) module. So
T(SJZR) T(Emc) is a lattice inside semistable representations with Hodge—Tate weights
in [0, k). Conversely, given a lattice in a semistable representation 7' with Hodge-Tate
weights in [O h], following the proof of the existence of a classical (¢, G)-module m
such that T(Em) T, it suffices to show that for any g € Gg, g(IN) C Aftz ) ®4 M; here
Mt and AS[ ®4 I are regarded as submodules of 7 ®z,, Ains via tgp in (3.1) and using
the Gg-action on TV ®z,, Aint. This follows from Theorem 3.2.1. [

Now let us discuss when 7’;(93&) becomes a crystalline representation. Recall that t
is a selected topological generator of Gal(L/K); moreover, 7(1#) = eu and v, Hg
topologically generate G.
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Corollary 3.3.4. Selectt € G as above. Then 7/:(@) is crystalline if and only if t(M) C
A®@ X4 M.

Proof. Clearly for the selected 7, we have t(u) —u = Ez. If T := f(iﬁt) is crystalline
then Theorem 3.2.1 proves that (M) C A® ®4 M. Conversely, suppose that (M) C
A® ®4 M. Then we see that (=DM C udjpr ®4 M by Lemma 3.3.1 (3). And this is
enough to show that 7 (M) is crystalline. For example, I ®4 (Ainf[%] /p) has a Gg-fixed
basis given by a basis of I, where the ideal p is defined as p := |, ey ¢ ™" (u)Aimc[%] C
Ainf[%]. Then one can use the same method as in [32, Theorem 3.8] or directly use [16,
Theorem 4.2.1] to show that T is crystalline. ]

Remark 3.3.5. Though A§? ) is still complicated, for example, it is not Noetherian, it is
better than the old R: at least it has explicit topological generators. Furthermore, A§f ) is
p-adic complete. This can help to close the gap in [29] mentioned in [19, Appendix B].
Indeed, as indicated in [19, Remark B.0.5], if R can be shown to be p-adic complete then
the gap in [29] can be closed. So by replacing R by A§? ), we close the gap of [29] ([19]
provides another similar way to close that gap).

4. Crystalline representations and prismatic F -crystals

In this section, we re-prove the theorem of Bhatt and Scholze on the equivalence of pris-
matic F-crystals and lattices in crystalline representations of Gg and complete the proof
of Theorem 3.2.1. We start with some general facts on the absolute prismatic site (which
allows general base rings).

4.1. Prismatic F-crystals in finite projective modules

Let R = Ry ®w Ok = Ry[u]/E be as at the beginning of Section 2, and X = Spf(R)
with the p-adic topology.

Definition 4.1.1. The (absolute) prismatic site X of X is the opposite of the category
of bounded prisms (A4, I) that are (p, I)-complete together with a map R — A/, and
a morphism of prisms (A, I) — (B, J) is a covering if A — B is (p, I )-completely
faithfully flat.

Define the following functors:

O (A, 1) A,

and for all h € N, let
(A D) - I

It is known from [8] that these are sheaves on X , and 9 admits an endomorphism
¢ coming from the §-structure. We will also use O [1/d ] ;,‘ to denote the functor that
assigns to (A, 1) the p-adic completion of A with 7 inverted.
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Now we verify A® (resp. A®) constructed in Section 2.1 is indeed the self-product
(resp. self-triple-product) of 4 in X . We mainly discuss the situation of A®); the proof
for A® is almost the same. Recall that A = Ro[u] = W (11, ... tm)[u].

First, we make a remark on the existence of nonempty self-coproduct in the category
of prisms over R. We thank Peter Scholze for answering our question on Mathoverflow,
and we will repeat his answer here. Let (A;, [;) for i = 1,2 be prisms over R, and let
Ag = A @)Zp A, where the completion is taken in the (p, I, I5)-adic topology. Let J
be the kernel of the map

Ao — A1/11 ®r A2/ I».

Let (A, I) be the prismatic envelope of (A, I1) — (Ao, J). One can check this is the
initial object in the category of prisms over R that admit maps from (A;, ;) such that the
two R — A;/I; — A/I agree. Also note that in general we do not know if the bound-
edness of (A1, I1) and (A3, I>) implies the boundedness of their coproduct. But we have
seen that A® and A®® are indeed bounded by Corollary 2.2.9.

To start, note that there exists a W-linear map i, : A — A®? induced by u +> y and
t; > s;. We claim that 72 uniquely extends to i, : A — A®? which is compatible with the
§-structures. Indeed, consider the commutative diagram

A 482)(p @)

~ .
=~ ~ 2.n /‘\
~
~
¥ >

A2y 482 (p, J @)

Here i, = i mod (p,.J @) andir : A > A/(p. E) ~ A®2/(p, J@). Since ir(u) =
y =x4 (y—x)and i»(t;) = s; = t; + (s; — 1;), the above (outer) diagram commutes.
Since A is formally étale over A in the (p, u)-adic topology, we conclude that there exists
aunique map i, : A — A%®%/(p, J @) such that the above diagram commutes. Since
A®2 s (p. J@)-complete, there exists a unique i : A — A®2 which extends i>. To see
that i, is compatible with the §-structures, it suffices to show that ¢ o iy = iy o ¢. But
both ¢ o i, and i, o ¢ extend AL A 492, Again by formal étaleness of A over A,
we see that ¢ o i, = i3 o ¢. Hence we obtain amap 1 ® i> : 4 ®z, A — A®2_ Define
%2 : 4 ®z, A — Rvia 0%2(a ® b) = 6(a)O(b). By the construction of i», we have the
commutative diagram

A®g, A%Aéz

R—= 5 482/]@

Let A®2 be the (p Ker(0®?))-completion of A%? := A ®7, A. Hence 1 ® i» induces

a map i, from A2 1o A%2 pecause 492 is clearly (p. J @)._complete. To treat A®3,
we construct i3 : 4 — A®3 by extending i3 : A — A®3 viau — w and t; > r;. The
same method shows that i3 is compatible with the §-structures and we obtain a map 1 ®
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i @iz A®3 — A®3 with 4®3 : 4 ®z, A ®z, A. Similarly, we obtain a natural map

i3 A®3 — A®3,
Lemma 4.1.2. Fors = 2,3, fs : A®S — A®S gre isomorphisms.

Proof. We need to construct an inverse of i s- We only handle fz; the proof for f3 is the
same. Let g : A%2 1@ be the A-linear map defined by y —x — 1 Qu —u ® 1
and s; —1; = 1 ®1t; —t; ® 1. Clearly g is well-defined because 1 ® u —u ® 1 and
1®1t —t; ® 1 are in Ker(§®2). Since i»(u) = y and i»(t;) = s}, i 0 g is the identity
on A®2, Now it suffices to show that /i := go i is the identity. Write K = (p, Ker(6%?)).
Note that we have amap 4 ®z, A Z@\’Z i ;@\2 induced by & which we still call h for
simplicity. Now we have the commutative diagram

A®z, A —2UK (48, A)/K

T =<z ;::ff?;:\ T

A ®Zp A m} A®Zp A)/Kn

where £, is induced by 4 mod K", and 7, is the modulo K" map. We see that both /,, and
7, on the dashed arrows can make the diagram commute. Then by the formal étaleness
of A over A, we conclude that i, = 7, and & is the identity map. |

Proposition 4.1.3. A and A® are the self-product and self-triple-product of A in X .

Proof. We only treat the case of A®; the proof for A® is the same. We need to prove
that forany B = (B, J) in X ,

Homyoee (A(Z), B) = Homyom (A, B) x Homyor (A4, B).

By the above lemma, we have the natural maps 4 ®z, 4 — A/‘XT2 ~ 482, Combining
this with the natural map A®2 — A® as A® is the prismatic envelope of A®2 for the
ideal J@®, we have amap o : A ®z, A — A® which is compatible with the §-structures.
Then « induces a map

,3 . HOInXOPP (A(z), B) — HOIIIXOPP (A, B) X HOInXOPP (A, B).

To prove the surjectivity of 8, given f; € Homy (A, B) for i = 1,2, we obtain a map
f1® fo: A®z, A— B.ltis clear that (f1 ® f2)(Ker(6®%)) C J. Since B is (p, J)-

derived complete, f ® f, extends to a map fi® f> : ;52 ~ A®2 _ B which is com-
patible with the §-structures. Hence f;® f> is a morphism of §-algebras. Finally, by the
universal properties of prismatic envelope, f1® f> extends to a map of prisms fi® f5 :
A® — B as required.

Finally, we need to show that § is injective. It suffices to show that the A-algebra

structure maps iy : A — A® and i} : A 2 482, 4@ are both injective. Since all rings
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here are (p, E)-complete integral domains, it suffices to check that i1, i, mod (p, E) are
injective. By Proposition 2.2.8, we see that i; mod (p, E) is R/pR — R/pR[{yi(zj)}],
so it is injective. By the construction of i) and i», we see that i) mod (p, E) is the
same as A/(p, E) — A®2/(p, J®) — A® /(p, E), which is the same as R/pR —
R/pR[{yi(zj)}]. So it is injective. |

Remark 4.1.4. When R = O is a complete DVR with perfect residue field k, we know
a priori that the self-product A® of (A4, (E)) in X can be constructed as the pris-
matic envelope of (A, (E)) — (B, I), where B is the (p, E(u), E(v))-adic completion of
W(k)[u] ®z, W(k)[v] and I is the kernel of the map

B — A/(E) ®g A/(E) = R.

On the other hand, W(k) is formally étale over Z, for the p-adic topology, so for all
(C,J)e X ,themap W(k) — R — C/J lifts uniquely to a map W (k) — C. In particular,
for all (C,J) € X , C has a natural W(k)-algebra structure. So when we construct the
self-product, we can also consider A as the prismatic envelope of (4, (E)) — (C, J),
where C is the (p, E(u), E(v))-adic completion of A ®w k) A and J is the kernel of the
map

C —> A/(E)®r A/(E) = R.

We have C ~ W(k)[u,v], J = (E(u),u —v) and A® = W(k)[u, v[{* 5415

Definition 4.1.5. (1) A prismatic crystal over X in finite locally free O -modules (resp.
O [1/1]y-modules) is a finite locally free @ -module (resp. @ [1/7];-module) M
such that every morphism f : (A, 1) — (B, J) of prisms induces an isomorphism

SR A= (A1) ®4B=M p:=M (B.])
(resp. /I 4 =M (A, 1) ®apy/ryp BI/I]y =M p = I (B, ])).

(2) A prismatic F-crystal over X of height h in finite locally free O -modules is a
prismatic crystal I in finite locally free @ -modules together with a ¢ -semilinear
endomorphism ¢gy of the @ -module M such that the cokernel of the linearization
e*IM — M iskilled by J".

Proposition 4.1.6. Suppose the sheaf represented by (B, I) in Shv(X ) covers the final
object x in Shv(X ), i.e., forany (C,J) in X , there is a (P, J) that lies over (B, I) and
covers (C, J). Also assume that the self-coproduct B® and the self-triple-coproduct B®
of (B, 1) are inside X , i.e., they are bounded. Then a prismatic crystal Wt over X
in finite locally free O -modules is the same as a finite projective module N over B
together with a descent datum  : M ®;, B B®@ ~9m ®i,,B B @ that satisfies the cocycle
condition. Here i; : B — B® (j = 1,2) are the two natural maps.

Proof. Let I be a prismatic crystal in finite projective modules. Define =M ((B, 1)),
and the descent datum comes from the crystal property:

v M, 3 BP ~Mm (B®, 1)~ M, p B?.
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Now, given (I, ¥), for any (C, J) in X we need to construct a finite projective module
over C. We choose (P, J) as in the assumption, let Ip = M ®p P, and consider the
following diagram:

. N . p(@
C > P > Pg
| L
B 'y g® fa
T
B— P
C

Here (Péz), J) is the self-coproduct of (P, J) in the category of prisms over (C, J); its
existence comes from [8, Corollary 3.12], where it is also shown that Pg) is the derived
(p, J)-completion of P ®Hé P and (Péz), J) is bounded. As a bounded prism over (C, J),
(Pg), J) is naturally inside X , so f exists by the universal property of B®. So if we
take the base change of i along f, we get

[0 (M @i, B?) ®pa) p P~ (M @iy 5 B?) @pa) s PE,
which is the same as an isomorphism
Ve :Mp ®p. g, PE =~ Mp @p g, PE.

Similar arguments show that ¢ satisfies the cocycle condition. And Jtp descends to a
finite projective module over C by [1, Proposition A.3]. ]

Remark 4.1.7. Note that the structure of finite nonempty coproducts in the category of
bounded prisms over a prism (A4, 1) is much simpler than the structure of finite nonempty
products in the category (R/A) (cf. [4, Lecture V, Corollary 5.2]).

Lemma 4.1.8. The prism (A, (E)) defined in Section 2.1 covers the final object * in
Shv(X ) in the sense of Proposition 4.1.6. And A® and A® are bounded.

Proof. The proof is similar to that of [ 1, Lemma 5.14]; we need to show that for R defined
as in Section 2.1, there exists a quasi-syntomic perfectoid cover of R. We will construct
such a cover similar to [24, Section 7.1].

First recall that R = Ox ®w Ry, and fix a compatible system {w, }»>0 of p”-th roots
of a uniformizer wq of Ok inside E. Let KAOo be the p-adic completion of | J,, K(w,);
we know Ko is perfectoid. We use Ro[u] to denote A/(p) = R/(w) = Ro/(p)[u], and
let Ry [[u]][ferf R
directly that (Ro [a] g1 /], Ro [u] ) is a perfectoid affinoid fgo-algebra, and by tilt

equivalence, there is a corresponding perfectoid affinoid KAoo-algebra. More explicitly,

be the u-adic completion of the direct perfection of Rg[u]. It can be checked
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let Roo = W(Ro [4] pere) ®W(0I}?m)’9 Og_.- Then R is naturally an R-algebra, and we
claim it is a quasi-syntomic cover of R.

To show this, by [24, Section 7.1.2], we have

Roo = (Ro ®w O_) &z, Zp(T]"7),

where T; € Ry is any lift of a p-basis of Ry/(p). As O — (913oo is a quasi-syntomic
cover, by [6, Lemma 4.16 (2)], R - Ry Qw O Reo is also a quasi-syntomic cover. And
S = Z,,(Ti_p 0Q) is a quasi-syntomic ring, which can be seen by constructing a perfec-
toid quasi-syntomic cover of it, so by [6, Lemma 4.34] the complex Ls,z, € D(S) has
p-complete Tor amplitude in [—1, 0]. In partigular, Lp — Zp(Ti_p Oo) is also a quasi-
syntomic cover, so by [6, Lemma 4.16], R — R is a quasi-syntomic perfectoid cover.

The boundedness of A® and A® is stated in Corollary 2.2.9 (2). n

Corollary 4.1.9. Assume the the base X = Spf(R) satisfies the condition in Section 2,
and let A, A® and A® be as defined in Section 2.1. Then a prismatic F-crystal
(N, pgn ) in finite locally free O -modules of height h over X is the same as a Kisin
module (I, psn) of height h over A with a descent datum

fiMRas AP 2 M®y,, A
that is compatible with the @-structure and satisfies the cocycle condition over A®.

Theorem 4.1.10 ([9, Theorem 1.2]). Let T be a crystalline representation of Gx over a
Zp-lattice of Hodge—Tate weights in [0, h]. Then there is a prismatic F-crystal W (T)
over X of height h over X such that Wt ((A, E)) is the Kisin module associated to T.
Moreover, the association T +— W (T') induces an equivalence of the above two cate-
gories.

We will prove this theorem in Section 4.3.

Remark 4.1.11. Theorem 4.1.10 was first established by Bhatt—Scholze in [9, Theo-
rem 1.2]. The harder direction of [9, Theorem 1.2] is to show that to all Z,-lattices inside
crystalline representations of Gk, one can attach a prismatic F-crystal. Using the the-
ory of (¢, G)-modules, we have shown in Section 3.2 that to a crystalline representation
of Gk over a Zp-lattice T, we can attach a Kisin module )t and a descent datum?

fe i M@ AP[F] = M @i, AP[]

coming from the t-action. We just show this is a ¢-equivariant isomorphism, and we
need to show it gives rise to a descent datum over A®). As mentioned in Remark 3.2.4,
we have not been able find a direct ring-theoretic proof of this. Our idea is to use the result
of [35] or [9, Corollary 3.7]: the underlying Galois representation 7" gives a descent datum
over A(z)[%] ﬁ. To finish our proof, we need to compare this descent datum with f; over

3Strictly speaking, Section 3.2 only constructs an isomorphism but we have not checked that it
satisfies the cocycle condition, which will be done in Section 4.3.
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A(z)[%];,\[%]. This leads us to develop a “prismatic” (¢, t)-module theory in the next
subsection, where we will have Lemmas 4.2.12 and 4.2.16 to help us compare descent
data over A(Z)[%];,\ and A(Z)[%];,\ [%] via an evaluation map to W((9bi).

4.2. Prismatic (¢, v)-module theory

In this subsection, we make some preparations to prove Proposition 3.2.2 and Theorem
4.1.10. So we restrict to the case that R = Ok is a complete DVR with perfect residue
field.

Definition 4.2.1. An étale ¢-module over A[%] ; is a pair (M, ¢ 4) such that M is a finite
free module over A[%] 9, and @ is an isomorphism

O QM = A[%]g ®¢,A[%]ﬁ M~ M
of A[%]I’,\—modules. And we define an étale p-module over A[%]If[%] to be a ¢-module
over A[%] A [%] obtained from an étale ¢-module over A[%] > by base change.
An étale p-module over A[%]ﬁ (resp. A[%]g[%]) with descent datum is a triple
(M. @ ¢) with (M, ) an étale p-module over A[Z]) (resp. A[%]j,\[%]), and ¢ an

isomorphism
B®@

. @) ~
C.M@A[% B —M®A[%]§,i2

151
. @11 ~ 2)1
(resp. ¢ - M@y pypa1iy B3] = M@y B3

which is compatible with the ¢-structure and satisfies the cocycle condition over B®
(resp. B(3)[%]). Here for j = 1,2, i; : A[%]g — B® is the map induced by ij
(4, (E)) = (4P, (E)).

Remark 4.2.2. It is the main result in [35] and [9, Section 2] that there is an equivalence
of the category of lattices in representations of Gx and the category of prismatic F-
crystals in finite locally free @ [1/1 ]g—modules over Og. Also by [9, Proposition 2.7],
one can show that prismatic F-crystals in finite locally free O [1/1 ];,\—modules is the
same as étale ¢-modules over A[%]{,\ with descent data.

The aim of this subsection is to use the ideas in [35] and [23, Section 5.5] to show
that étale @p-modules over A[%];\ (resp. A[%]ﬁ[%]) with descent data are equivalent to

Repy, (Gk) (resp. Repg, (Gk)). More importantly, for all y € G, we will construct an
evaluation-at-y map
ey : B® - w(L

and use it to study ¢-equivariant morphisms between finite free B® and B® [%]-mod-
ules. We will see that the evaluation-at-t map will play a crucial role in our proof of
Proposition 3.2.2 and Theorem 4.1.10 below.

Recall that in Section 3.3, we defined L = (J,—; Koo({pn), G = Gal(L/K)
and Hg := Gal(L/K). Moreover, we define Ky to be the p-adic completion of
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Un;O K(¢pn), and we let L be the p-adic completion of L. It is clear that A[%]Q C
W(L)Hx  Recall the following definition and theorem from [12]:

Theorem 4.2.3. An étale (¢, T)-module is a triple (M, ., G) where
o (M, @) is an étale p-module over A[+]);

e G is a continuous W(I:b)—semilinear G-action on
7. 7b

such that G commutes with OMs
o regarding M as an A[%]l’,\-submodule ofM, we have M C MK
Then there is an anti-equivalence of the category of étale (¢, T)-modules and Repy, (Gg)
such that if T corresponds to (M, o, G), then

TV = (M @y vy W(CH)*~".

One of the basic facts used in the theory of étale (¢, 7)-modules developed in [12] is
that Gal(L / K 100) >~ Zp, and we write T to be a topological generator of Gal(L /K1o0)
determined by t(w,) = {,» @, as in the discussion before Corollary 3.3.4. Also G is
topologically generated by t and Hg, so in particular the G-action on M is determined
by the action of 7 on M inside M. As discussed before, we will provide a direct corre-
spondence of the category of étale (¢, T)-modules and the category of étale ¢-modules
over A[%] 1’,\ with descent data. Moreover, we will construct an evaluation-at-t map

er : B®Y > w(Lh),

and show that the r-action on M inside M is given by the base change of the descent
datum along e.

Remark 4.2.4. In [35, Theorem 5.2], a similar equivalence is proved, but for étale (¢, I')-
modules. The theory of étale (¢, I')-modules is defined for the cyclotomic tower Kjoo
over K, while the theory of étale (¢, t)-modules is defined using the Kummer tower K.
We will use a lot of ideas and results developed in [35] when proving our claims in this
subsection. The main difficulty in our situation is that the Kummer tower K, is not a
Galois tower over K. To deal with this, we have to use the idea in [23, Section 5.5].
Roughly speaking, we will take the Galois closure L of K, prove results over L, and
descend back to Ko, using Koo = LAk

One should be able to construct the evaluation map in the context of [35] the same
way as we do in this subsection. This map will give a more direct correspondence of the
descent data and the I'-actions on étale (¢, I')-modules.

By [8, Lemma 3.9], any prism (B, J) admits a map into its perfection (Bpers, JBpert).
The following theorem is the key to understanding perfect prisms.

Theorem 4.2.5 ([8, Theorem 3.10]). (A, I) — A/I induces an equivalence of the cate-
gory of perfect prisms over Ok with the category of integral perfectoid rings over Og.
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Let (A, (E)) be the Breuil-Kisin prism defined in Section 2.1. We have the following
result.

Lemma 4.2.6. Aper ~ W((9;2 ).
Proof. The same as the proof of [35, Lemma 2.17]. ]

Lemma 4.2.7. Let Perfdg be the category of perfectoid K -algebras. Then Perfdx admits
finite nonempty coproducts.

Proof. Let R and S be two perfectoid K-algebras. It follows from [22, Corollary 3.6.18]
that the uniform completion (R ® g S)* of the tensor product R ®x S is again a perfec-
toid K-algebra, and it is easy to show that this is the coproduct of R and S in the category
of perfectoid K-algebras. ]

For i € Nxo, let (A® (E)) (resp. (Ainf((gi)(i), (E))) denote the i-th self-coproduct
of (A, (E)) (resp. (4int(9} ), (E))) in the category of prisms over Ok, where A;y(0; ) :=
W(Obt). The following is a description of (A(i))perf[%];\ and (Ainf((gi)(i))perf[%]l/;.

Lemma 4.2.8. Let KAgo) (resp. 'I:(i)) be the i-th self-coproduct of Koo (resp. L) in Perfdg.
Then (AD)per[ 1 = W(KED)") and (Ainr(O ) Dperi[ 51 = WLD)P).

Proof. We will only prove the lemma for (4¢ ))perf[%]/\; the case of L® is similar.

We use similar arguments to those for [35, Lemma 5.3]. Fix i. First we observe
that (A(i))perf is the i-th self-coproduct of (Aper, (E)) in the category of perfect prisms
over U, i.e. (A(i))perf = (Aperf)r()z,f. By Theorem 4.2.5, Lemma 4.2.6 and [35, Proposi-
tion 2.15], if we let § = (AD) e/ E, then S[1] is the i-th self-coproduct of Ko in the
category of perfectoid K-algebras. Now we have

(A e 3]p = WS/ [y = W(S[1/@"]) = W(IKD)"). .
Remark 4.2.9. There is another way to view AC(Q in terms of diamonds over Spd(K, Ok),
which is used in [35, proof of Lemma 5.3]: there exists a ring I?&H' of integral elements
in I?c(,'o) such that

Spa(KY), K F)° ~ Spa(Keo, K5)® Xspa(k.0x) -+ Xspa(k.0x) SPA(Koo, K5)° .

i copies of S];)a(Koo,K;'_o)<>
4.1)

And similar results hold for L. Using this description and the fact that the functor from
perfectoid spaces over Spa(K, Ok) to diamonds over Spd(K, O) is an equivalence, we
find that L@ has a natural action of G’ coming from the action on the diamond spectrum.
Since [.HK = I?oo, we have

~e ~p ~ ~ Hf
Spa(KY), KDY =~ (Spa(L, 0;)° Xspack.0x) *** Xspa(k,0x) Spa(L, 0;)°) K
~ (Spa(L®, i(i)’+)°)Hk.

That is, (I:(i))HIiK = fgo)
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Now we use ideas in [35] and [23, Section 5.5] to study étale ¢-modules over A[%]g
with descent data. We will show this category is the same as generalized (¢, I')-modules
in the work of Kedlaya—Liu. The following is a quick review of [23, Examples 5.5.6,
5.5.7].

Firstly, one has L0 ~ Cont(GA"_1 , I:) where Cont means the set of continuous func-
tions. One can see this from [35, proof of Theorem 5.6]. When i = 2, we choose two
canonical maps iy, i : L—>L® corresponding to jp, ja : L— Cont(é, i,) given by

Jix) 1y > y(x) and ja(x):y > x. 4.2)

From Remark 4.2.9, there is a natural action of G2 on L@, One can check this corre-
sponds to the G2-action on Cont(G, L) given by

(01.02)()(y) = 02/ (05 'you).

Remark 4.2.10. We have interchanged the roles of j; and j, compared with the iso-
morphism defined in [23, Example 5.5.6], so the G2-action is different from that in [23,
Example 5.5.7]; we will see that our definition is more convenient when relating descent
data to semilinear group actions.

One can show that Cont(é, —) commutes with tilting and the Witt vector functor, as
discussed in [35, Lemma 5.3], so in particular we have

W((LD)*) ~ Cont(G'~', W(L")).

For i = 2, we still use j; and j, to represent the two canonical maps from W(I:b) to
Cont(G, W(L")) that come from (4.2). The above isomorphism is also compatible with
the action of G2, so we have

W((R@)") ~ Cont(G, W(L"))HZ | 4.3)
Now let M be an étale ¢p-module over W(I’(\ go) with a descent datum
VM By WIREDN) = M@y ) 1, WIRD))

as étale p-modules over W((I?ég))b) and suppose Y satisfies the cocycle condition over
W((Kég))b). Using (4.3), we find that v is the same as a descent datum

T o M @y s Cont(G, WL K = M@y zs ) . Cont(G. W(LP) k. (4.4)

)sJ2

For each y € G, we have an evaluation map é, : Cont(é, W(I:")) — W(I:b) at y.
Using (4.2), one can check €, o j, : W(Kgo) — W(L") is given by the natural embedding
and e, o jy : W(Kgo) — W(L") is given by x > y(x). So for each y € G, if we tensor
(4.4) with the evaluation map é,,, we get an isomorphism

) Fhy b
Yy o M Bw(kb).y W(L") ~ M Ow(kh,) W(L”).
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And similar to the classical Galois descent theory, the cocycle condition for i implies
that {1y, }, satisfies

Yoy = Yo 0 U*WV-
Hence {, }, defines a continuous semilinear action of G on M := M (ko) W(L).
One can check that for y € Hg, the composition

W(K", N L W(RD)") — Cont(G, W(L )) 2 w(ih

is the natural embedding W(KZ, Kb ) — W(Lb) for k = 1, 2. And using the cocycle condi-
tion, one can show v, = id for y € Hg, so in partlcular M C MHK, Conversely, given
a semilinear action of G on M such that M C MHK , {¥y }y defines a descent datum
over Cont(G, W(L"))H & if and only if the semilinear action is continuous. In summary,
we have the following result.

Theorem 4.2.11. (1) The category of étale ¢-modules over A[ ]A with descent data
over A(Z)[ ] is equivalent to the category of étale (¢, T)-modules over A[ [ £l

(2) Given a descent datum [ of an étale ¢-module M over A[F]p, andy € G, we can
define the evaluation f, of f aty, defined by the base change of f along

e A
y AP[E] = (AP 2], = WD),
which defines an isomorphism

. 7by ~ 7b

where T, : A[ ] — W(Lb) — W(Lb) Suppose that (M, [) corresponds to a Zy-
representation T of Gk. Then f, corresponds to the semilinear action of y on M
inside M ®A[%]§ W((CII’,) ~TVQ® W((C;). Moreover, two descent data f, g are equal

if and only if fr = gx.

Proof. The discussion preceding the theorem establishes the equivalence between the
category of étale p-modules over Aperf[ ] with descent data over (4 )perf[ [\ 7], and the
category of étale (¢, r)-modules over A[ 1% zlp- Now (1) follows from [35, Theorem 4.6]
which shows that the category of étale p-modules over B [%] IA, is equivalent to the category
of étale p-modules over Bperf[%];\ for a bounded prism (B, I) such that ¢(/) mod p is
generated by a non-zero-divisor in B/ p. Thus it just remains to prove the last statement in
(2). Actually one can check (2) by chasing all the functors used in (1), and use the fact that
for any étale (¢, 7)-module, the G-action on M is determined by the t-actionon M. =

Lemma 4.2.12. Given two finite free étale @-modules M, N over A(z)[%]g and two
morphisms f, g : M — N of étale p-modules over A(z)[%];\. Foranyy € G, let fr: 8y
be the base changes of f, g along the map

y AD[L] > (AD) e 1] ~ Cont(G. W((£@)) & 2 (i),

Then f = g ifand only if frm = gm for all positive integers m.
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Proof. We take the natural base change of f and g along A(z)[%]l’; — (A(Z))penc[% I
and get two morphisms v and v’ between étale ¢p-modules over (A(z))perf[%];,\. Since
the base change functor between étale p-modules over 4 [%] 5 and (A4 (2))perf[%] ;) is an
equivalence of categories, it remains to show that ¢ = v’ if and only if their base changes
along
A . 2 .
&r + (AD)per[ 1] ~ Cont(G W((L@)) & - w(Lh)

are equal. Since M and N are finite free, it is enough to show that the evaluation map
)H

& : Cont(G, W((L®)") [N W((L®))

is injective. Suppose & € Cont(é, W(([A,(z))b))HI% satisfies 2(t™) = 0. Then
(01,02)()(x™) = 02h(0; 't"01) =0

for (01,07) € HIZ(. Since Hxt™ Hg = Hyxt™XHK) with x the p-adic cyclotomic char-
acter, G is topologically generated by Hg and t, and the set of positive integers is dense
inZ,, we geth = 0. ]

Now we give the Q-isogeny versions of Theorem 4.2.11 and Lemma 4.2.12. Recall
that the category of étale (¢, t)-modules over A[%]g[%] is equivalent to the category

Repg, (Gk), and recall the following definition of étale (¢, 7)-modules over B[%]g[%]
foraprism (B,J) € X .

Definition 4.2.13. A (globally) étale g-module M over B[3]5[] s a (finite projective)
@-module over B [}] > [%] that arises by base extension from an étale p-module B [}] A

From this definition, we immediately deduce the following result by [35, Theo-
rem 4.6].

Proposition 4.2.14. For any prism (B, J) € X such that ¢(J) mod p is generated by a

non-zero-divisor in B/ p, base change defined by B[}]ﬁ[%] — Bperf[%];,\[%] induces an
equivalence between the category of étale ¢-modules over B [%]g[%] and the category of

étale @-modules over Bperf[}];‘[%].
And similar to Theorem 4.2.11 and Lemma 4.2.12, we have the following result.

Theorem 4.2.15. The category of étale p-modules over A[%] A [%] with descent data over
A@ [%]I’,\[%] is equivalent to the category of étale (¢, T)-modules over A[%]E,\[%]. More-
over,
A R 2 .
Cont(G. W(E)[1])F ~ w((RD)'[L].
Fory € G, we can define the evaluation map

&, : Cont(G, W(L"[%]) — W(L")[L].

And given a descent datum f of an étale p-module M over A[%]g[%], and y € G, we
can define the evaluation f, of f aty by the base change of f along
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e ~
ey AP ], [5] = A £], [5] = WD)
which defines an isomorphism

FON[1T ~ Fhy[ L
MRy 111010, WEG] = M @145 WL 5]

1
i
where T, : A[%]ﬁ[%] — W(]:b)[%] % W(i")[%]. If V in Repg, (Gk) corresponds to
(M, f), then f, is the semilinear action of y on M inside V¥ @ W((C;)[%]. Moreover,
two descent data f, g are equal if and only if fr = g-.

Lemma 4.2.16. Given two finite free étale ¢-modules M, N over A(Z)[%]g[%] and two

morphisms f,g : M — N of étale p-modules over A(z)[%]g[%]. Foranyy € G, let fy. 8y
be the base changes of f, g along the map

A

e ~
ey  AP[E] (5] = e[ 2], [5] = WD)
Then f = g if and only if fym = gem for all positive integers m.

Proof. The proofs are the same as the proofs of Theorem 4.2.11 and Lemma 4.2.12, plus
the fact that
Cont(G, W(L")[1]) = Cont(G, W(L")[ 1],

which can be shown by using the compactness of G. ]

4.3. Proofs of Proposition 3.2.2 and Theorem 4.1.10

In this subsection, we keep the assumption that R = Ok is a mixed characteristic complete
DVR with perfect residue field, and keep the notations of Section 2.1.

Let us first prove Proposition 3.2.2 using Lemma 2.3.2 and the results of Section 4.2.
First, we give a different interpretation of the “evaluation map”

ey AP[£]) = (AP)pet[ %], ~ Cont(G, W((I:(Z))b))HI% &, W(L")

in Theorem 4.2.11 when restricted to A®. Recall that we fixed a compatible system
{wn}n of p"-throots of a uniformizer w € O; this defines a map of prisms ¢: (4, (E)) —
(Aing, (E)) sending u to [w?], and given a y € Gk, we define Ly to be the composition of ¢
with v : (Ains, (E)) = (Ains, (E)) where the second map is defined as a — y(a). Since
(E) C Ajyris equal to Ker 6 and 6 is Gg-equivariant, y is a well-defined map of §-pairs.
By the universal property of A, we can define a map of prisms Lg,z) : (AP (E)) —
(Aing, (E)) so that the following diagram commutes:

(A, (E)) — 1 (4D (E)) +—2— (4,(E))

@ 4.5)
v

Ly

(Aint, (E))
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The map L,(,z) induces a morphism Z;z) tAD® [%] 2 — W((C;). We claim that for all y € Gk,

«2) .
Lg, ) is the same as

A ~ H2 € A
A(Z)[%]; - (A(2>)perf[%]; ~ Cont(G, W((L®)")"* = W(L") — W(C}).
To see this, by the universal property of direct perfection, we see that (4.5) factorizes as

(4, (E)) —— 11— (4D (E)) +—2— (4,(E))

| | |

(Apet. (E)) —— s (AD) o, (E)) —2— (At (E)

L;,(Z)

(Ainf, (E))
So z§2) has a factorization
APLE], = A £, > W(©).

We need to check that L/,(Z) induces the evaluation map

N R 2 &, R
(AD) e[ 1] = Cont(G. W((LP)") K =5 w(Lh) — W(C)).

This follows from the isomorphism (A(z))perf[%];\ ~ W((Kg))b). Then one check

directly that for ji, j, defined in (4.2), &, o ji : Apenc[%]ﬁ — W(L) is equal to the map

induced from L;,, and e, o j : Aperf[%];\ — W(ﬁb) is equal to the map induced from ¢'.

In particular, we have a commutative diagram

e

A@ > Ains

l [ (4.6)

AD[L] —— (AD)pu[ £]) < W) —— W(Th)

Now we can prove Proposition 3.2.2.

Proof of Proposition 3.2.2. First we pick y = 7 that is a preimage of t under the map
Gkx — G. Then y(u) —u = Ez and Lg,z) defined as above is the embedding defined by
Remark 2.4.2. In particular, composing the embedding A®) < Aj,¢ defined in Section 2.4

with Ajyr <~ W((C;), one gets the evaluation map

A A 2 &, N
(A@)per[ £]7 ~ Cont (G, W((LP)) & 5wl — w(ch)

restricted to A®.
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Keeping the notations of Section 3.2, let My, = W((CII’,) Q4 M and My ~

M 4 Al 1 |5 By Theorems 4.2.11 and 4.2.3 (recall we use B® = A(z)[%]l’,\ and

B(z) A(z)[ 1, to simplify our notations), there is a descent datum

c: MA®A[ 1. B()—>MA®A[ ¥ B(Z)

2
of M4 over B® that corresponds to the representation 7. And the semilinear action of

y = T on My, is given by the evaluation c, that is, we have the linearization of the
7-action defined by

b - b
W((Cp) ®TV,A[%]£ MA = W((Cp) ®T,A[%];,\ MA.
By base change ¢ along B® — B® [l] we geta B® [l]—linear @-equivariant morphism
2) @
i Ma ®qpapn i, BO[3] = Ma®ypysi BPL5]

On the other hand, from the discussions after Proposition 3.2.2, the T-action also defines
a @-equivariant morphism

fi M ®ay; Agtz)[;,] M R4 A(z)[ I

We will see in Proposition 4.3.1 below that f; actually descends to a B [%]—linear mor-
phism. Assuming this fact, if we base change f; along A(Z)[%] — W((C'I’,)[%], we will
have f; ® W((C;)[%] = ¢, since the way we define f; is by taking the T-action.

We claim that f; = ¢’ as a B(z)[%]-linear isomorphism between Mg ® 4y, EIp)
B(z)[%] and My RAn/EL 5 B(z)[%]. Using the notations from Lemma 4.2.16, to show
this claim, it is enough to prove (fz)ym = cym for all m € N5 (. We fix a basis {e;} of
N as in Section 3.2, and for all m € N, let X(m) and Y (m) be the matrices defined
by (fz)em(e1,...,eq) = (e1,...,eq)X(m) and cym(ey, ..., eq) = (e1,...,eq)Y(m).
The discussion in the previous paragraph implies that X(1) = Y(1). Since ¢ satisfies
the cocycle condition by definition, proving the claim is equivalent to proving X(m) =
X (1)t (X(m — 1)). Since ¢ is injective on Aimc[%], it is sufficient to prove that ¢(X(m))
satisfies the above cocycle condition for m > 0.

Comparing the above definitions with the one used in Section 3.2, we have X (1) = X,

and by (3.2), it satisfies
(X)) = 3 Ny (1og( £ ))

i=0

where each term is viewed as a matrix with coefficients in A; Tnax ] Here, N (i) is defined
by .

Ng(el.....eq) = (e],....e))N(i),
with e as used in Section 3.2. In particular, N(7) has coefficients in § [ l] By a similar

argument to the proof of Proposition 2.4.3, for any y € G, the map ty N A(z) — A

(2

4This map is defined similarly to ly ) for general y, utilizing the logarithmic prismatic site in
Section 5. In particular, it requires the universal property described in Lemma 5.0.12.
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uniquely extends to a map

2 2
Lg/s)t Agl?nax[llj] - Amax[%]
that is ¢-equivariant. By definition, X (m) is the base change of X (1) along LEZ,,),,S[, and in

particular

(X)) = @ (X)) = 3 Ny (1og( Tl )))

i=0

Comparing this formula with (3.2) again, we find that ¢ (X (m)) is the matrix of ¢ acting
on the basis {ef, R e;;}. In particular, it satisfies the cocycle condition for m > 0, as
claimed.

By the discussion before Proposition 3.2.2, the matrix Xz = X(1) has coefficients in
A;z )[%]. The matrix Y(1) has coefficients in B® Bs(tz) because ¢’ is defined by the

B®_linear map c. Hence, by Lemma 2.3.2, X; = X(1) = Y(1) has coefficients in Aﬁf).
The same argument shows that when T is crystalline, Xz has coefficients in A, ]

Proposition 4.3.1. Base change along B® — Aﬁf )[%];,‘ defines an equivalence of cat-
egories of étale p-modules over B® and A(z)[i] >

étale p-modules over B(z)[%] and A(z)[ ]p[ I

and an equivalence of categories of

Proof. By [35, Theorem 4.6], we just need to show the same result after perfections; we
will show (A(z))perf = (Agt2 ))perf in Lemma 5.0.13 using the logarithmic prismatic site. =

Now, let us prove Theorem 4.1.10 by first producing a functor 7 from prismatic F -
crystals in finite @ -modules to lattices inside a crystalline representation. For a prism A4,
we use iy : A — A@ or A® for the natural map from A4 to the k-th factor of A® or A®),
The notation ig; : A® — A® has a similar meaning.

By Corollary 4.1.9, given a prismatic F-crystal 9t , we obtain a Kisin module
(M, pgn) of height i together with a descent datum f : I @4 ;, A® - 9 ®4,i, A®
satisfying the cocycle condition i13 ® f = (i23 ® f) o (i12 ® f), where ix; ® f is the
base change of f along ix;, and f is also compatible with the @-structure on both sides
of f. Note that the existence of f follows from the crystal property of I :

fiM@ai, AP 2 M (AP (E)) ~ M @4, AP 4.7)

Welet M = M ®4 A[£]y and ¢ = f ® 4 B@. Then (M, ¢) is an étale p-module
with descent datum, which corresponds to a Z,-representation of Gg. Moreover the semi-
linear action of Gg on I ®4 W(C;) comes from {cy },eG, using the evaluation maps.
If we define

Sy @ Aint @1, 4 M — Ajnr @4 M

as the base change of f along ty ), then by (4.6), we have ¢, = f,. The semilin-

ear Gg-action commutes with ¢, because f does. For any y € Gg, we have y(A) C
W(k)[u,e — 1] C A(Z) C Ajnt. Therefore, the Gg-action on A ® 4 M defined above
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factors through A ) ® 4 M. We claim that the Gg-action on M := A(Z) ®4 M defines a
(o, G) module which corresponds to a crystalline representation.

First, for y € Gy, we have y(A) = A in Ajy, and we conclude L CA® S A
satisfies L( Do i1 = L( Do ip. In particular, for any y € G and j = 1,2, using (4.7) and the
crystal property of 9t , f,, comes from the base change of (4.7) along 1(2) AD - A

in particular,

Jy M@, 215, Aint = I ((Aing, Ker 0)) =~ M @ Aint.

A,tg,z)oiz

Since Lg,z) ol = Lg,z) o i, we have f, = id, which means )t C (EﬁE)G“’. Similarly, G

acts on 91t/ corresponding to the base change of f along

2)
A(Z) Ly—) Ainf — W(];),

where the last arrow is reduction modulo W(wm) (m is the maximal ideal of 0<bcp ). One
can check that for all y € Gx and j = 1, 2, the maps

g @ _
AL AD 2 g W(K)

are all equal to A — W(k) < W(k) with the first arrow given by u > 0. The above
map induces a morphism of prisms (4, (E)) — (W(k), (p)); then using (4.7) and the
crystal condition of 9t , we can similarly prove that Gg acts on Eﬁt/ I+ trivially, so
(M, oo, Gk) is a (¢, G)-module. Furthermore, f”(?ﬁt) is crystalline by Corollary 3.3.4
and Theorem 3.2.1.

Remark 4.3.2. In Section 5, we will consider a category consisting of modules with
descent data, and similar arguments about the triviality of the Galois actions can be con-
ducted directly using the cocycle condition of the descent datum. We summarize this in
the following easy fact.

Lemma4.3.3. Letq : (A®,(E)) — (B, J) be a map of prisms satisfying q o i, = q o i.
Then for any descent data f over A®), the base change of f along q is the identity map.

To show the fully faithfulness of this functor, let (R, f), (M, f7) be two Kisin mod-
ules with descent data, and assume there exists a map « : 7 (I, f)) = T(W, ')
of lattices in crystalline representations. Then from our construction of 7 and Theo-
rem 3.3.3, « is induced from a map & : (M, pgn, Gm) — (W, ogn, GAgm/) between
(o, é)-modules. The faithfulness of 7 follows from the fact that A — A[%]ﬁ induces
a fully faithful functor between Kisin modules over A and étale ¢-modules over A[%] ;
from [25, Proposition 2.1.12]. On the other hand, & gives morphisms &1 : I ®4.;, A®
M Ra,i, A® andé, : M R4 in AD 9y ®4,ir A®@ If we view 4 and A® as subrlngs
of Ajyr using diagram (4.5), then the following dlagram commutes because & : ¢ — MY/
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is compatible with the t-action:

I ®a4,i, A® L> M ®a.i, AP

o] -

m’ ®4,i A® L> m ®4,is A®

Thus we produce a morphism between (I, /) and (9, /), i.e., T is also full.

It remains to show the functor 7 is essentially surjective. Given a lattice 7 in a
crystalline representation of Gg, let It be the corresponding Kisin module. It suffices
to construct a descent datum of 9 over A®). We have shown in our proof of Proposi-
tion 3.2.2 that if we view A® as a subring of Ajyr via t?), then Xz defines a p-equivariant
isomorphism f : M ®4, AP ~ M @4, A® of AP-modules. We also show that
the base change of f along A® — B® is equal to the descent datum c of the étale
@-module My = M R4 A[%]ﬁ that corresponds to the Gg-action on 7. In particular,
c:M®ai BY ~ M ®a4,, B satisfies the cocycle condition. By Lemma 2.3.2, A?
(resp. A®) injects into B® (resp. B®), so f also satisfies the cocycle condition. In
particular, (IR, f) produces a prismatic F-crystal in finite free (@ -modules by Corol-
lary 4.1.9.

Remark 4.3.4. Given an étale g-module (Mg, @u,, c) over A[%]g with descent
datum ¢, we say (Mg, u,. ) is of finite E-height if My is of finite E-height, i.e.,
there is a finite free Kisin module (0, pgn) of finite height and defined over A4 such that
M R4 A[%]g ~ My as g-modules. Since (M4, pu,) is the étale p-module for T'|g,,,
our definition of finite E-height is compatible with the one given by Kisin under the
equivalence in Theorem 4.2.11 (1).

We expect that the same arguments as in the proof of Proposition 3.2.2 can be used
to study representations of finite E-height. A similar result has been obtained using the
theory of (¢, t)-modules by Caruso. For example, in [12, proof of Lemma 2.23], Caruso
shows that for representations of finite E-height, the t-action descends to &,.qp, 7, Which
is a subring of A, closely related to Z?)(B(z)) N Ajnf, where T is a preimage of t in Gg.

Remark 4.3.5. We can also establish the compatibility of our Theorem 4.1.10, the theory
of Kisin and [9, Theorem 1.2]. Given a lattice T in a crystalline representation of Gg
with nonnegative Hodge-Tate weight, let 9! be the Kisin module corresponding to 7'
in [25], and let MM (resp. M’ ) be the prismatic F-crystal corresponding to 7 under
[9, Theorem 1.2] (resp. T under Theorem 4.1.10). Note that we need to take TV since in
the work of Bhatt—Scholze, the equivalence is covariant. By our construction of I’ , we
have N ((4, (E))) >~ M. By [9, Remark 7.11], M ((A4, (E))) >~ M. Next we need to
show that the respective descent data over A® are the same. By Corollary 2.4.5, we just
need to show they are the same as descent data of étale p-modules over A [%]’\; but this
is so by our t-evaluation criteria in Lemma 4.2.12.
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5. Logarithmic prismatic F -crystals and semistable representations

In this section, we will propose a possible generalization of Theorem 4.1.10 to semistable
representations using the absolute logarithmic prismatic site. The main reference for this
subsection is [27]. We will restrict ourselves to the base ring R = Ok, a complete DVR
with perfect residue field. And we give R the log structure associated to the prelog struc-
ture o : N — R such that «(1) = = is a uniformizer in R, i.e., letting D = {w = 0}, the
log structure on X = Spf(R) is defined by

My = Mp < Ox where Mp(U):={f € Ox(U)| f|U\D € OX(U\D)}.
Let us introduce the absolute logarithmic site over (X, My).

Definition 5.0.1 ([27, Definitions 2.2 and 3.3]). (1) A §jo-ring is a tuple (4,8, o :
M — A, 8, : M — A), where (A, §) is a §-pair and « is a prelog structure on
A, and 8y, satisfies

® Jiogle) =0,
* d(a(m)) = a(m)Pbg(m),
® Siog(mn) = 810 (M) + Si0g (1) + PSiog (M) S10g(n) for allm,n € M.
We will simply denote the 8j,,-ring by (4, M) if there is no confusion. Morphisms are
morphisms of §-pairs that are compatible with the prelog structure and djog-structure.
(2) A Siog-tripleis (A, I, M) such that (4, I) is a §-pair and (4, M) is a §jog-ring.
(3) A dyoq-triple (A, I, M) is aprelog prism if (A, I') is a prism, and it is bounded if (A, I')
is bounded.
(4) A bounded prelog prism is a log prism that is (p, I)-adically log-affine (cf. [27, Def-
inition 3.3]).
(5) A bounded (pre)log prism is integral if M is an integral monoid.
(6) A §ipp-triple (A, I, M) is said to be over (R,N) if A/I is an R-algebra and there is a
map M — N of monoids such that the following diagram commutes:

M ———— A

| |

N—— R —— A/l

All §jog-triples over (R, N) form a category. Similarly, we can define the category of
prelog prisms over (R, N) and the category of bounded log prisms over (R, N)%.

Remark 5.0.2. If A is an integral domain, or more generally if o(M) consists of non-
zero-divisors, then djo, is uniquely determined by § if it exists. In particular, morphisms
between such §jog-rings are just morphisms of §-rings.

Remark 5.0.3. Note that in this paper, for a §-pair (A, 1), we always assume A is (p, )-
adic-complete, but in [27], non-(p, I )-adic-complete Jj,,-triples are also studied. By [27,
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Lemma 2.10], we can always take the (p, I)-adic completion of the §-pair (A, /) and the
Siog-structure will be inherited.

Proposition 5.0.4 ([27, Corollary 2.15]). Given a bounded prelog prism (A, I, M), one
can associate to it a log prism

(A4, 1, M)* = (A, I,M?).

Remark 5.0.5. When we deal with a log prism in this paper, we will always take it as the
log prism associated with some prelog prism. And by the above proposition, taking the
associated log prism does not change the underlying §-pair. Moreover, it is a general fact
that (A, I, M )¢ is integral if (A, I, M) is integral.

Definition 5.0.6. The absolute logarithmic prismatic site (X, Mx) ,,, is the opposite of
the category whose objects are

(1) bounded log prisms (A4, I, My) with integral log structure,
(2) maps of formal schemes fy : Spf(4/14) — X,

(3) the map
(Spf(A/1A), f5 Mx) — (Spf(A), Ma)*

defines an exact closed immersion of log formal schemes.

A morphism (A, I, M4) — (B, I, Mp) is acover if and only if A — B is (p, I )-complete
faithfully flat and the pullback induces an isomorphism of log structure. We will also
use @ (resp. d ) to denote the structure sheaf (resp. ideal sheaf of Hodge—Tate divisor)
on (X, Mx) ,, by (A, I, My) — A (resp. (A, I, My) = I).

There is a variant of the above definition that we will also use in this subsection: we
define (X, MX)peli to be the full subcategory of (X, Mx) ,,, whose objects are (A4, I, M4)
with A perfect.

Remark 5.0.7. Our definition of the absolute logarithmic prismatic site is different from
[27, Definition 4.1]. First, we need to consider the absolute prismatic site, not the relative
one. Furthermore, we use the (p, I )-complete faithfully flat topology instead of the (p, I)-
complete étale topology. Also we require the log structures to be integral.

Proposition 5.0.8. (X, Mx) ,, forms a site.

Proof. Similar to [8, Corollary 3.12], we need to show that for a given diagram

b
(C. 1. M¢) < (A, 1, Mq) > (B. 1, Mp)

in (X, Mx) ,,, such that b is a cover, the pushout of » along c is a covering. From the
argument in [8], we know that for the underlying prisms, the pushout of b along c is the
(p. I)-completed tensor product D = C ®4 B, and (D, I) is a bounded prism that covers
(C, 1) in the (p, I)-complete faithful flat topology. And we give D the log structure
Mp defined by viewing Spf(D) as the fiber product via [31, Proposition 2.1.2]. Then



H. Du, T. Liu 48

(C,M¢c) — (D, Mp) is a strict morphism by [31, Remark 2.1.3], so in particular Mp is
integral since Mc is. For the same reason,

(Spf(D/ID), fpMx) — (Spf(D), Mp)*

is strict since it is the base change of a strict morphism. It is an exact closed immersion
since pushout of a surjective map of monoids is again surjective. ]

Example 5.0.9 ([27, Example 3.4]). (1) Let (A4, (E)) be the Breuil-Kisin prism. Then
we can define a perlog structure on (A4, (E)) by N — A, n — u". Then (4, (E),N)¢
isin (X, Mx) og? where (3) in Definition 5.0.6 follows from the fact that the prelog
structures N - R — A/(E) and N - A — A/(FE) induce the same log structure.

(2) Any prism (B, J) over (A, (E)) has a natural prelog structure N — 4 — B, and
similar to (1), (B, J,N)? isin (X, Mx) .

(3) A special case of (2) is that (B, J) equals (Apert, (E£)), the perfection of (A4, (E)).
The prelog structure in (2) can be directly defined as 1 — [@”]. And (4, (E), N)? —
(B, J,N)? is a covering of log prisms in (X, Mx) ,,.

Actually, all logarithmic structures of log prisms in (X, Mx) ,, is the log structure
associated with a prelog structure defined by N. We thank Teruhisa Koshikawa for letting
us know the following lemma.

Lemma 5.0.10. For any log prism (B, J, Mp) inside (X, Mx) ., (B, Mp)* admits a
chart N — B defined by n — u’ for some up € B satisfying up = @ mod J.

Proof. For any log prism (B, J, Mp) inside (X, Mx) ,,,, the map
(Spf(B/J). fg Mx) — (Spf(B), Mp)*

defines an exact closed immersion of log formal schemes. So by [27, proof of Proposi-
tion 3.7], if we let Ng/J := T'(Spf(B/J),N?) for the prelog structure N - Qg — B/J
induced from the given prelog structure on Ok, then the fiber product Mp x Ng,, N
is a chart for (B, Mp)?. Moreover, since we assume that Mp is integral, it follows
that (Spf(B/J), f3 Mx) — (Spf(B), Mp)“ is a log thickening with ideal J in the
sense of [31, Definition 2.1.1], and one can show Mp XNg,, N~ Nx(1+ J). Now
1+J =0+ J)%,so0

N—>Nx(1+J):MBxNg/JN—>B

is also a chart for (B, Mp)“. And the prelog structure given by n > u’ for some up € B
is such that the image of up in B/J coincides with the image of = under Ox — B/J. =

In the rest of this subsection, we will try to generalize the results we proved in Sections
4.1-4.3 to the logarithmic prismatic site.
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Lemma 5.0.11. (1) For (A, 14, MA)a, (B, Ip, MB)a € (X, Mx) og such that My, Mp
are integral and (A, My) — (A/14,N) and (B, Mp) — (B/Ip,N) are exact surjec-
tive, there is a prelog prism (C, Ic, Mc) with integral log structure that is universal
in the sense that the diagram

(A, 14, My) — (C,Ic,Mc) < (B, Ig, Mp)
is initial in the category of diagrams
(A, 14, My) — (D, Ip, Mp) < (B, Ip, Mp)

of prelog prisms over (R,N), and (D, Mp) — (D/Ip,N) is an exact surjective.

2) If (C, I¢) in (1) is bounded, then (C, Ic, Mc)? is the product of (A, 14, M4)* and
(B, Ip, MB)a inside (X, Mx) log*

(3) If both (A, 14, M4)* and (B, Ig, Mp)? in (1) are inside (X, MX)PT:; let (Cpert, Ic)
be the perfection of (C, Ic) defined in (1). Let (Cpert, Ic, M) be the prelog prism
with prelog structure induced from C. Then (Cpert, Ic, Mc)® is isomorphic to the
product of (A, 14, Ma)® and (B, Ig, Mp)® in (X, Mx)™"

log

Proof. Let (A, 14, My), (B, Ip, M) € (X, Myx) 1og» define Cy to be the (p, 14, Ip)-adic
completion of A ®w ) B and let J be the kernel of

Co— A/l4 ®g B/Ip.

Then (Co, J, M4 x Mp) is a Siog-triple over (A, 14, M4). Furthermore, (Co, J, M4 x Mp)
— (Co/J,N) is surjective. Then we can apply [27, Proposition 3.6] to get a universal
prelog prism (C, Ic, Mc) over (A, I4, M4) and (B, Ip, Mp) and (C, Mc) — (C/J,N)
is exact surjective. Just as in [27, proof of Proposition 3.6], we first construct a dj,e-triple
(C’, J', M) which is universal in the sense that it is a og-triple over both (A, I4, My)
and (B, Ip, Mp) such that C'/J" is over A/I4 and B/Ip as an R-algebra and (C’, M(,)
— (C'/J',N) is exact surjective. Then we take the prismatic envelope with respect to
(4, Iy) — (C', J') to get (C, Ic). Next we can check that (C, I¢, M¢) satisfies the
universal property. For (2), when (C, I¢) is bounded, the fact that (C, Ic, M¢)? is the
product of (4, 4, M4)* and (B, Ip, Mp)“ inside (X, Mx) ,,, follows from [27, Propo-
sition 3.7]. For (3), (Cpert, I¢) is automatically bounded, and one can check (Cperr, Ic) is
universal using exactly the same proof of [27, Proposition 3.7]. ]

We thank Koji Shimizu for the following lemma about AS? ),

Lemma 5.0.12. Let (A, I, N)? be the Breuil-Kisin prism defined in Example 5.0.9 (1).
Then the self-product (resp. self-triple-product) of (A, I, N)* in (X, Mx) ,,, exists.
Moreover, if we let (A I, M?)® (resp. (A3, I, M3)?) be the self-product (resp. self-
triple-product) of (A, I,N)?, then A%®) ~ Ag)fori =2,3.
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Proof. By our construction in Lemma 5.0.11, (A%?), I, M) is the prelog prismatic enve-
lope (C, Ic, M) with respect to

(A4, (E),N) = (Co, J,N?) and (Co/J.N?) — (R,N)

where Co = Wu,v], J = (E(u),u — v) with the prelog structure given by 8 : (1,0) —
u, (0, 1) +— v. The prelog prismatic envelope is constructed using the technique of exact-
ification: consider 7 : (Cy,N?) — (R = C/J,N) where the map between log structures
is given by miog : N X N = N, (m, n) — m + n; here m,, is surjective but not exact, so
to construct the exactification of 7 : (C,N?) — (R, N) (cf. [27, Construction 2.18]), first
we note that the (complete) exactification of 7o is

a:M? >N givenby (m,n) > m +n,

where M2 = {(m,n) € Z x Z|m + n € N}. Since M? is generated by (—1, 1), (1, —1),
(0,1) and (1, 0), the exactification of r is

(W(k)[u, v][ 2, v](pj,),J’ M?0: (1,0) = u, (0,1) > v, (1, F1) > +%),

where J' := ker(W(k)[u, v][5. 5] — R).
The (p, J')-adic completion of W(k)[u,v][;. 51is W(k)[u, ;; — 1]. Then take the
prismatic envelope of (4, (E)) — (W(k)[u, ; — 1], (E, & — 1)). One can check

v vu—-1\" _ @
v o] e ], =46

directly from the definition of A(z).
Similarly, we can show AB) ~ Aq

(3) , which is also bounded. [

The following is one of our key observations.

Lemma 5.0.13. We have (A?)per ~ (A@) s

Proof. Let uy,uy be the images of u under the two natural maps i; : Apert — (A(z))perf
for j = 1,2. We claim that u, /u; is inside (A(z))perf.

Firstly, we have already shown Apes W(@%OO) and u = [@w"], where @’ =
(wn) with {@,}n>0 being a compatible system of p”-th roots of w inside @ Z..» and
(wn) € (9%00 via the identification (952 ~ limyrsxr O Let S = (A®)pe/(E). This

is an integral perfectoid ring over Ok in the sense of [5]. We have S ~ (A(Z))perf/ (p).
For j = 1,2, define w}’ =ujmod p € S®. Then we have uj = [w}’] for j =1,2.
Recall from Section 2.1 that z = £ in A®@_ Since E(x) = x¢ mod p, we have

x(1 + x°7'z) = y mod p. If we denote by ¢t : A® — (A(z))perf the natural map, then
t(x) =u; and t(y) = u» in our definition, and u1 (1 + u$~1¢(z)) = u, mod p inside SP =

(ir)f/(p) This is the same as w'l’u = w'z’ with 0 = (1 + u¢"1i(2)) mod p in s°. So
[mlu; = [u][wl] = [wz] = u,, which proves our claim.
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Now by symmetry, u1/u, is also inside (A(z))perf, SO U1 /Uy is a unit in (A(z))Perf.
Hence we can give (A(z))perf a prelog structure

@ M2 (AD) o with (1, —1) > 2 (=1 1) > 2 (1,0) > uy. (0, 1) > 15
Un ui

with the monoid M2 defined as in the proof of Lemma 5.0.12. Then ((A®)perr, (E), M?)*
is in X",

One can check that the maps iy, iz : (4, (E)) — (A?, (E)) = (AP®)pert, (E))
induce maps i1, iz : (Aperts (E), N) = ((A?)pert, (E), M?) of prelog prisms. So by
Lemma 5.0.12, there is a unique map (A, I, M%) — ((A@)perr, (E), M?) that will
factor through ((A®)perr, (E), M?). Let (A®)pers. (E). M?) — (AD)pers. (E). M?)
be the induced map in X pi;f. On the other hand, by the universal property of 4, there is
amap (A@)per — (A1) e fitting into the coproduct diagram in X Perlwhich is the full
subcategory of X containing perfect prisms.

The COl’l’lpOSitiOH n: ((A(z))perf» (E)) - ((A(z))perfv (E)) - ((A(z))perf» (E)) sat-
isfy noi; =i; on for iy, iz : (Apet, (E)) = ((AD)pert, (E)). Such a map is unique
inside X™", so n = id((4@) o (E))-

On the other hand, the composition

0 (AP pert, (E), M) — (AP )pert, (E), MP)* = (AP )yt (E), M?)*?
satisfies n o ij’. = i]'. onforiy, i} : (Aper, (E),N)* — ((A(z))perf, (E), M*)* induced from
il,i}: (A, (E),N) — (A® (E), M?). Such a map is also unique inside Xpleorgf, son =
id((A(Z))perf’(E)yMZ)a. Hence in particular (A(z))perf ~ (A(2))perf. [ ]

Combining the above lemma and our discussions in Section 4.2, we get the following
logarithmic variant of prismatic (¢, 7)-module theory.

Theorem 5.0.14. The category of étale p-modules over A[%]I’,\ with descent data over
Agf ) [%]I’,\ is equivalent to the category of lattices in representations of Gx. Moreover, for

ally € G, we can define the evaluation map

ey 1 AD[ ], — WL

such that Lemma 4.2.12 is still valid. Moreover, the Q-isogeny version of this theorem

also holds.

Remark 5.0.15. The above theorem should be related to the étale comparison theorem in
the logarithmic prismatic settings, which has not been studied in [27].

Moreover, the logarithmic version of Lemma 4.1.8 holds. We thank Teruhisa
Koshikawa for hints on the following result.

Proposition 5.0.16. The sheaf represented by (A, (E), N)¢ covers the final object * in
Shv((X, Mx) ,,)-
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Proof. For any log prism (B, J, Mp), by Lemma 5.0.10, we can assume (B, J, Mp)? =
(B, J,N)?, with prelog structure defined by n — u’y withup = @ mod J.

By deformation theory, there is a unique W (k)-algebra structure for B, and we define
C = Bu][%E, %]{"‘*/J—"—l}g\ where the completion is taken for the (p, J)-adic topol-
ogy. Much as in the proof of Lemma 5.0.12, (C, JC, N)? is the product of (4, (E), N)?
and (B, J,N)“ inside (X, Mx) 1og- Moreover, B — C is (p, J)-complete flat by [8, Propo-
sition 3.13]. It remains to show that (B, J) — (C, J) is a covering, i.e., B — C is
(p, J)-complete faithfully flat. Let

be the noncomplete version of C so that the (p, J)-adic completion of C™ is C. Now
we just need to show that the flat ring map B/(p,J) — C/(p,J) = C"/(p, J) is also
faithful.
We claim that C/(p, J) is free over B/(p,J). One has JC = E(u)C, and (p,J) =
(p,E)y=(p,J,E)inC.SoC/(p,J) = C"™/(p,J)isequal to
u

B[[u]}[u—B, —}[Si(z),i > o]/(p, J, E,Si(u—B - 1) =8'(E2).i = 0).
U up U
After quotienting modulo (p, J), the above is the direct limit of

B/(p, J)[§' (z)]/(sf (”73 — 1) =§'(Ez) mod (p, E, J))

fori > 0.

Now we use Lemma 2.2.5 to compute §' (“£ — 1) = §'(Ez) mod (p, E, J). We keep
the notations of the lemma. By induction, we have b, = 0 mod (p, E). Using a},]) € A,
§(%2 — 1) = §'(Ez) mod (p, E, J) gives arelation (z;_)? = ;:é dj(.’)(zi_l)f where
z; = 3; mod (p, J, E) and dj(.l) € B/(p,J)[z0,21,...,2zi—2]. In summary, we have

r—1 _
C/(p.d) = B/(p. NEri =01/ ()" = Y al @i = 1),
Jj=0

which is free over B/(p, J). |

Definition 5.0.17. (1) A prismatic crystal over (X, Mx) ,,, (in finite locally free O -
modules) is a finite locally free @ -module 9t such that every morphism f :
(A, 1,M4) — (B, J, Mp) of log prisms over (X, Mx) ,, induces an isomorphism

ST 4= (A, 1, Ma)) ®4 B =M p:=M ((B,J, Mp)).

(2) Aprismatic F-crystal over (X, Mx) ,,, of height / (in finite locally free @ -modules)
is a prismatic crystal I in finite locally free @ -modules together with a ¢ -semi-
linear endomorphism ¢gp of 90 whose linearization ¢*9 — IR has cokernel
killed by 4.
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In particular, with the help of Theorem 5.0.14 and Proposition 5.0.16, a direct trans-

lation of proofs in Section 4.3 with A replaced by Ag ) shows the following theorem.

Theorem 5.0.18. The category of prismatic F-crystals over (X, Mx) ,,, of height h is
equivalent to the category of lattices in semistable representations of Gg with Hodge—Tate
weights between 0 and h.

Appendix A. Some discussions on base rings

In this appendix, we show that our base ring assumed at the beginning of Section 2 covers
many situations of base rings used in [11,24].

Let K be a complete DVR with perfect residue field k, and let Ky = W[%] with W =
W (k). Fix a uniformizer @ € Ok and a minimal polynomial E(u) € Wu] of @w over K.
Let R be a normal domain with the property that R is a p-complete flat Qg -algebra that
is complete with respect to the J-adic topology for an ideal J = (@, t1,...,%7) of R
containing . We also assume R = R/(w) is a finitely generated k-algebra with finite
p-basis discussed in [14, Section 1.1].

Lemma A.0.1 ([24, Lemmas 2.3.1 and 2.3.4]). (1) In the above setting, there is a p-adic
formally smooth flat W -algebra Ry equipped with a Frobenius lift po such that R :=
Ro/(p). Moreover, let Jy be the preimage of J inside Ry. Then Rg is Jo-adically
complete, and under this topology, Ry is formally smooth.

(2) Ro/(p) = R/(w) lifts to a W -algebra morphism Ry — R, and the induced O -
algebra morphism Ox Qw Ro — R is an isomorphism. Moreover, this isomorphism
is continuous with respect to the Jy-adic topology.

Let (Ro, ¢R,) denote a flat W-lift of R/(w) obtained from the above lemma. We
have Jo = (p,f1,...,tq3) € Ro, and we write J = (f1,...,%7) C R.

Definition A.0.2. Let Ry be a p-complete Z,-algebra. We say Ry satisfies the refined
almost étaleness assumption, or simply RAE assumption, if Qg, = @/~ Rod T; with
T; € R}, where Qpg, is the module of p-adically continuous Kihler differentials.

The following are examples of Ry and R which satisfy the assumptions of Lemma
A.0.1 and the RAE assumption.

Example A.0.3. (1) If R/(w) is a completed Noetherian regular local ring with residue
field &, then the Cohen structure theorem implies R/(w) = k[X1, ..., Xz]. In this
case, Ro =W{x1,...,xg] and Jo = (p,x1,...,xq). Then R =W ]xy,...,x4][u]/E,
with E € W]u] an Eisenstein polynomial.

(2) Let Ry = W(k)(tit!, ..., tE!) and Jo = (p). In this example, R = k[f!,... 751
is not local.

(3) An unramified complete DVR (Ry, p) with residue field k so that [k : k?] < oo.

(4) Note that the Frobenius lifting in Lemma A.0.1 is not unique. In (2), we can choose
@R, (t;) = 1. In (1), we can choose g, (x;) = x7 or pr,(x;) = (x; + 1)? — 1.
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Let Ry be a p-complete algebra which satisfies the RAE assumption. We set Ry =
W{t1,...,tm) and define f : Ry — Ry by sending #; to T;.

Proposition A.0.4. Assume that Ry is a p-complete integral domain which has a finite
p-basis and satisfies the RAE assumption. Then f is formally étale p-adically.

Proof. We thank Wansu Kim for providing the following proof. By standard technique
using [21, Chapitre III, Corollaire 2.1.3.3] (e.g., see [24, proof in Lemma 2.3.1]), it
suffices to show that the cotangent complex L Ro/Ro is acyclic. Since both Ry and

Ry are Zp-flat, it suffices to show that LRl/Rl is acyclic, where Ry = Ry/pRy and
Iél = Iéo/pléo. Since Ry has a finite p-basis, by [14, Lemma 1.1.2], Lg, /k =~ Qg /k-
Note that the maps k — R; — R; induce a fiber sequence

L
]Llél/k ®R1 Ry — ]LRl/k — ]LRl/Iél'

Since Lél/k ~ Qfel/k and le/k >~ QRg,/k by the RAE condition, we conclude that
]L’R]/f(’] = 0 as required. ]

Let us end with a discussion about our base rings and the base rings used in [11]. As
explained at the beginning of [11, Chapter 2], the base ring Ry in [11] is obtained from
w (tlil e t,ffl) by a finite number of iterations of certain operations and is also assumed
to satisfy certain properties. By [11, Proposition 2.0.2], Ry has a finite p-basis and satis-
fies the RAE assumption. So the base ring Ry in [11] also satisfies the requirement that
f:W{t1,...,tm) = Ry is formally étale by Proposition A.0.4.
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