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Abstract. We investigate the structure of the free p-convex Banach lattice FBL(®) [E] over
a Banach space E. After recalling why such a free lattice exists, and giving a convenient func-
tional representation of it, we focus our study on how properties of an operator 7" : E — F between
Banach spaces transfer to the associated lattice homomorphism T : FBL(?) [E] — FBL(?) [F]. Par-
ticular consideration is devoted to the case when the operator 7" is an isomorphic embedding, which
leads us to examine extension properties of operators into £,, and several classical Banach space
properties such as being a G.T. space. A detailed investigation of basic sequences and sublattices of
free Banach lattices is provided. Among other things, this allows us to settle an a priori unrelated
question, providing the first instance of a subspace of a Banach lattice without bibasic sequences.
In addition, we begin to build a dictionary between Banach space properties of E and Banach lat-
tice properties of FBL(P)[E ] In particular, we characterize the existence of lattice copies of £1 in
FBL{P)[E] and show that FBL[E] has an upper p-estimate if and only if id g+ is (¢, 1)-summing
(1/p + 1/g = 1). We also highlight the significant differences between FBL(? )-spaces depending
on whether p is finite or infinite. For example, we show that FBL(%) [E] is lattice isometric to
FBL(%)[F] whenever E and F have monotone finite-dimensional decompositions, while, on the
other hand, when p < co and E* is smooth, FBL(p)[E ] determines E isometrically.

Keywords: free Banach lattice, p-convex Banach lattice, AM-space, p-summing map, lattice
homomorphism.
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1. Introduction and preliminaries

The goal of this article is to investigate free Banach lattices generated by Banach spaces.
The history of this notion is quite recent: While free vector lattices were already present in
the literature in the 1960s [21,30], the corresponding normed version had been completely
overlooked until B. de Pagter and A. Wickstead [44] first considered the free Banach
lattice generated by a set. This can be considered as a natural precursor of the construction,



Free Banach lattices 3

due to A. Avilés, J. Rodriguez and P. Tradacete [15], of the free Banach lattice generated
by a Banach space.

Given a Banach space E, the free Banach lattice generated by E is a Banach lat-
tice FBL[E] together with a linear isometric embedding ¢ : E — FBL[E] such that for
every bounded linear operator 7 : E — X into a Banach lattice X, there is a unique lattice
homomorphism T :FBL[E] — X such that To ¢ =T and ||T|| = ||T'||. From a categor-
ical point of view, this can be seen as a functor from the category of Banach spaces and
bounded linear operators into the smaller category of Banach lattices and lattice homo-
morphisms. It is, in a certain sense, analogous to well studied functors in analysis, such
as the one from compact Hausdorff spaces K into spaces of continuous functions C(K),
or the functor creating the Lipschitz free space generated by a (pointed) metric space
(see [67]).

It will soon become clear that understanding the correspondence E +— FBL[E] is a
key to properly understand the interplay between Banach space and Banach lattice prop-
erties, a goal that has been pursued ever since the first developments of these theories (see
e.g. [86,89]). In particular, our investigation will be far from categorical, focusing mainly
on the fine structure of FBL[E] and the correspondence E +— FBL[E].

For several reasons, it will be convenient to also work with free Banach lattices sat-
isfying some convexity conditions, as considered in [82]. For a Banach space E and
p € [1, 00], we define the free p-convex Banach lattice over E as follows: FBL?)[E]
is a p-convex Banach lattice with p-convexity constant 1 together with a linear iso-
metric embedding ¢g : E — FBL®[E] such that for every bounded linear operator
T : E — X into a p-convex Banach lattice X, there is a unique lattice homomorphism
T :FBLW[E] — X suchthat T o ¢z = T, and ||T|| < MP (X)|T|. Here, M P)(X)
denotes the p-convexity constant of X It is clear that FBL(V[E] coincides with FBL[E]
(and we will stick to the latter notation).

Much of our investigation relies on the following explicit functional representation of
FBL([E], first established in [82]. For this, denote by H [E] the linear subspace of RE™
consisting of all positively homogeneous functions f : E* — R. For 1 < p < oo and
f € H[E] we define

- * l/p * * g *
I/ sz =sup { (32 1/GDIP) 7 ineN (i CE* sup Y lg(olP <1
k=1

xGBEk:1 ] 1
(1.1)

Note that, for (x;)7_, € E*, by considering the operator T : E — {7 given by Tx =

(x£(x))i_, and using the fact that || T'|| = ||7**||, it follows that
n n
sup Z [xZ(x)]? = sup Z [x** ()P (1.2)
xX€BE k=1 x**EBE** k=1

Given any x € E, let §, € H[E] be defined by
8y (x™) :=x*(x) forall x* € E*.

Then FBL(”)[E] coincides with the closed sublattice of H[E] generated by {8, : x € E}
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with respect to || - [|ppp (v (), together with the map x > Jx. As mentioned, this explicit
representation of FBL() [E] was originally proven in [82]; the proof will be recalled below.
As we will see, it is the interplay between the universal property of FBL?)[E] and the
explicit functional representation that allows us to discern the fine structure of these spaces.

When p = oo, FBL®[E] is nothing but the closed sublattice of C(Bg+) generated
by the point evaluations. Here, C(Bg=) denotes the space of continuous functions on the
dual ball of E, which is equipped with the relative weak™* topology. In particular, we have

I f lppLeor gy = sup{lf(x™)] = x* € E*, [Ix™|| < 1}. (1.3)

As we will show in Proposition 2.2, the closure of the point evaluations in C(Bg+) coin-
cides with the space of all positively homogeneous weak™ continuous functions on Bgx.
This gives a very concrete description of FBL (> [E] - this space often behaves differently
from FBL?)[E] when 1 < p < oo.

1.1. A word on free objects

The universal property defining FBL[E] (or analogously FBL?[E]) can be visualized by
means of the following diagram:

FBL[E]

o] X

E—L 5x

meaning that for every object X (a Banach lattice) and every linear operator T : E — X
there is a unique morphism T (lattice homomorphism) making the diagram commutative.

The idea of the free object in a certain category (Banach lattices with lattice homo-
morphisms) generated by an object in a supercategory (Banach spaces with bounded
linear operators) is certainly not new, and has been central in several developments in
algebra, topology and analysis. We will not attempt here to address the fruitful devel-
opments of this idea in universal algebra, but let us just recall that these include many
well-known concepts such as free groups, free modules, free algebras or free lattices.

The study of free objects in Banach space theory can be considered as a more recent
development. However, some classical facts can be reworded in this language too. Con-
sider, for instance, the subcategory of dual Banach spaces together with dual operators
(equivalently, weak™ continuous linear maps). Given a Banach space E, let Jg : E — E**
denote the canonical embedding; it is clear tha£ every bounded linear operator T:E—X*
can be uniquely extended to a dual operator T : E** — X™* givenby T = (T* o Jx)*,
in such a way that the following diagram commutes:

JE»‘\X{
T
E——X

Thus, we can consider E** as the free dual Banach space generated by E.
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Lipschitz free spaces (also known as Arens—Eells or transportation cost spaces) have
recently attracted considerable attention from researchers interested in Banach space the-
ory and metric geometry (see, for instance, the survey paper [66]). These spaces can be
defined as follows: Given a metric space M with a distinguished point 0, ¥ (M) is a
Banach space equipped with an isometric map 6 : M — ¥ (M) with the property that for
every Banach space X and every Lipschitz map f : M — X with f(0) = 0, there is a
unique linear operator f : ¥ (M) — X making the following diagram commute:

F (M)

ﬁx

M——X

A very fruitful line of research is devoted to analyzing the interplay between Banach
space properties of ¥ (M) versus metric properties of M. Results from this line have
deeply inspired our research on free Banach lattices.

Free objects also arise in the theory of group C *-algebras. Suppose, for simplicity,
that G is a discrete group. We say that amap 7 : G — A (A is a unital C*-algebra) is a
unitary representation if it takes G into the unitary group of A, and, for any g, s € G, we
have (gh) = m(g)m(h) (which implies 7(g~!) = 7(g)*). Then one defines the full (or
universal) C*-algebra C*(G) over G as follows: C*(G) is a C *-algebra, together with
a unitary representation ¥ : G — C*(G), with the property that for every C *-algebra A,
and every unitary representation 7 : G — A, there exists a unique *-representation 7 :
C*(G) — A making the following diagram commute:

C*(G)

v/T K
G—"—-54A
For the construction and basic properties of C*(G), see [31, Section 2.5] or [120,
Chapter 3]. One can also consider full C*-algebras of a more general class of locally
compact groups; in this case, certain continuity properties of representations need to be

assumed. The reader is referred to [41, Chapter VII] for details.
The investigation of free C *-algebras was motivated by two related questions.

1) Finding connections between properties of a group G and those of C*(G) (with
the reduced group C*-algebra C;*(G) often also added to the mix). A sample result is
[31, Theorem 2.6.8]: a discrete group G is amenable if and only if C*(G) is nuclear.

2) Kirchberg’s famous QWEP conjecture is equivalent to C*(IF) having the Weak
Expectation Property (a relaxation of injectivity) for any free group I [120, Chapter 13].
By [120, Chapter 14], this is also equivalent to Connes’ Embedding Problem, which has
recently been resolved in the negative in [83].

We refer the reader to [114] and references therein for several other constructions of
free topological objects, as well as their connections to various universal constructions,
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such as free and tensor products [142]. We also note that a more “axiomatic” approach to
freeness has been pursued by A. Ya. Helemskii in e.g. [75-78], and in [79] (see also [6]
for a different take on the same approach). Specifically, suppose K and &£ are categories,
and O is a faithful covariant functor K — &£ (usually, a “forgetful functor”). X is called a
rigged category, and, with respect to appropriate rigs, the works cited above construct free
objects in various situations. This includes quantum spaces [75], normed operator mod-
ules [77], normed modules over sequence algebras [76], matricially normed spaces [78],
as well as multinormed spaces and their generalizations [79]. This allows one to construct
projective objects in these categories as well. A similar approach has been recently used
in [20].

1.2. Historical perspectives

Although free Banach lattices were not introduced until 2015, their inception triggered
a rapid development of the theory. Here, we briefly summarize the literature. With one
exception, the articles below focus on FBL; however, we work with the full scale of spaces
FBL(I’), 1 < p < oo. That being said, most of the results in this article are either new for
FBL, or require significantly different proofs in order to generalize to FBL®.

The theory of free Banach lattices began with [44], which introduced the concept of a
free Banach lattice over a set A. In our terminology, this is simply the space FBL[£1(A)].
In [44], the authors proved several structural results, and showed that this new class of
spaces differs significantly from the classical Banach lattices. After this, free Banach
lattices over general Banach spaces were introduced in [15]. Among other things, this
allowed the authors of [15] to answer some questions left open in [44], as well as a ques-
tion of J. Diestel on weakly compactly generated Banach lattices, and opened the door for
a deeper study of the relationship between Banach spaces and Banach lattices.

After the above two seminal works, the theory expanded in several directions. One
interesting direction — which we will not pursue here — centres around the free Banach
lattice generated by a lattice. Recall that a Banach lattice combines two distinct structures:
the Banach space structure and a lattice structure. In analogy with the free Banach lattice
FBL[E] generated by a Banach space E, one can consider the free Banach lattice FBL(IL)
generated by a lattice IL. This latter construction is also quite rich, and the two theories
parallel each other to some extent. However, there are also some interesting differences.
For example, FBL(LL) is always lattice isomorphic to an AM-space [12], whereas FBL[E]
is lattice isomorphic to an AM-space if and only if £ is finite-dimensional. We refer the
interested reader to [11,12, 16, 17] for literature on FBL(IL). For literature on free lattices
(without involving norms), we mention [105] for free a-order complete vector lattices,
[1] for free o-order complete truncated vector lattices, [92] for free lattice-ordered Lie
algebras, [140] for projective vector lattices, [93] for free lattice-ordered groups and free
products of lattice-ordered groups, [63] for free products of Boolean algebras and measure
algebras with applications to tensor products of universally complete vector lattices, and
references therein.
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As a second extension of the concept of free Banach lattices, free Banach lattices
satisfying convexity conditions were constructed in [82]. Recall that the defining property
of FBL[E] is that any linear operator from E to a Banach lattice X extends uniquely to
FBL[E] as a lattice homomorphism of the same norm. If instead of looking at a/l Banach
lattices X, one only requires that the above property hold for p-convex spaces, then one
can construct a free object FBL(”)[E] that is p-convex in its own right. This is of interest
because p-convexity is a classical Banach lattice property (see e.g. [103]), and because
having a scale of spaces FBL?)[E], 1 < p < oo, adds an additional dimension to the
theory, similar to how the L, scale enriches the study of L. Moreover, the paper [82]
constructs various free lattices satisfying convexity conditions £, by placing a maximal
D-convex norm on the free vector lattice, and then completing the resulting space. Such
a construction builds on ideas from [141].

There have also been several papers focusing on FBL[E], and its applications. For
example, [39, 40] focus on the isometric theory of free Banach lattices. As a brief over-
view, [39] studies, among other things, when the norm of FBL[E] is octahedral; in [40],
free Banach lattices are used to produce the first example of a lattice homomorphism
that does not attain its norm. In a different direction, [19] studies free Banach lattices
generated by the classical sequence spaces £, (I"). In particular, the authors of [19] are
able to precisely describe the moduli of the canonical unit vector bases, and when these
spaces are weakly compactly generated. [8] studies when a Banach lattice X is lattice
isomorphic to a lattice-complemented sublattice of FBL[X]. As it turns out, any Banach
lattice X ordered by a 1-unconditional basis has this property.

Pure vector lattice properties of FBL[E] have also been studied. For example, in [14]
it is proved that FBL[E] satisfies the countable chain condition, i.e., any collection of
pairwise disjoint vectors in FBL[E] must be countable. Finally, there are many interesting
applications of free Banach lattices. For example, in [ 13] the authors classify the separable
Banach lattices X such that whenever a Banach lattice Y contains a subspace isomorphic
to X then it also contains a sublattice isomorphic to X . It is classical that X = ¢ has this
property. However, it is shown in [13] that a separable Banach lattice has this property if
and only if it lattice embeds into C [0, 1]. In particular, whenever C [0, 1] embeds linearly
into a Banach lattice, it also embeds as a sublattice. This feature is not shared by C(A)
with A the Cantor set, even though C [0, 1] and C(A) are isomorphic as Banach spaces. As
noted in [13], it is not known whether every Banach lattice for which linear embeddability
implies lattice embeddability is necessarily separable, but free Banach lattices put several
constraints on what such a supposed space would look like.

Free Banach lattices also play an important role in the study of projective Banach
lattices. Projectivity for Banach lattices was also first considered by B. de Pagter and
A. Wickstead [44]. Informally, a Banach lattice P is projective if every lattice homo-
morphism from P into the quotient of a Banach lattice X lifts to a lattice homomorphism
into X, with control of the norm. As a consequence of the fact that £;(A) is a projective
Banach space for any nonempty set A, it easily follows that FBL[{;(A)] is a projective
Banach lattice. This is the first connection between projectivity and FBL, but the topics
interlace in much deeper ways. We refer the reader to [9, 10] for some of the connections
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between projectivity and free Banach lattices; however, plenty more results are scattered
throughout the literature than we have cited in this subsection. Free Banach lattices also
have interesting applications to amalgamation and injectivity; in particular, they can be
used to define push-outs and thus play a role in the construction of Banach lattices of
universal disposition and separably injective Banach lattices [18].

1.3. A brief outline of the results

We begin this paper by giving, in Section 2, a “natural” functional representation of free
Banach lattices (Theorem 2.1, Proposition 2.2). The proof of Theorem 2.1 is a slight sim-
plification of the one from [82], but the identification FBL(®®[E] = Con(BEg~) given in
Proposition 2.2 is entirely new. Section 2 also contains various comments on the func-
tional representation. The most important of these is Theorem 2.8, where we show that
the free vector lattice over E is not only norm dense, but order dense, in FBL(») [E].

Section 3 studies the relationship between an operator T : F — E and its induced
operator T : FBL”)[F] — FBL®[E]. In Proposition 3.2 we show that several properties
— injectivity, surjectivity, density of the range, etc., — pass freely between 7 and 7. We
then look at the way FBL?)[F] sits inside of FBL”)[E] when F is a subspace of E. The-
orem 3.4 shows that if ¢ : F < E is the inclusion map, then 7 : FBL?)[F] — FBL(?)[E]
is order continuous — in other words, FBL?)[F] is a regular sublattice of FBL?)[E].
Examples from Section 3.4 (built on “low-tech” Banach lattice techniques) show that,
in the above setting, FBL(”)[F] need not be closed in FBL(®”)[E] — that is, 7 need not
be an isomorphic embedding. This leads us to study the “subspace problem”: under
what conditions does the embedding ¢ : F' < E induce a lattice isomorphic embedding
7:FBL®”[F] — FBL?)[E]?

In Section 3.3 we reduce this question to certain extension properties of (pairs of)
Banach spaces. More specifically, in Theorem 3.7 we establish that ¢ is bounded below if,
and only if, every operator 7' : F' — L, extends to E. In this case, we say that the pair
(F, E) has POE-p (property of operator extension into L, — Definition 3.8). Although
POE-p is defined by extension properties of a family of operators, the fact that it is equi-
valent to the single operator ¢ being an embedding gives some stability. More precisely,
if, for every ¢ > 0, (F, E) has POE-p with constant C + &, then Proposition 3.9 shows
that (F, E) has POE-p with constant C. Section 3.3 finishes with a discussion of when
1(FBL”)[F]) is complemented in FBL” [E].

Returning to the question of when 7 is an embedding, in Section 4.1, we gather gen-
eral facts about POE- p. This includes a reformulation in terms of £ »,-factorable operators,
various criteria in terms of 2-summing operators, and a relation to &£ ,-spaces. Section 4.2
explores the connections between POE- p, passing to the double dual, and taking ultra-
powers. This allows us to give several examples of spaces having, or failing, POE- p.

Section 4.3 discusses several more properties of POE-p. In particular, a push-out
argument shows that one does not need to require a uniform constant independent of
embeddings; it comes for free by Proposition 4.16. Similarly, to check whether a Banach
space F has POE-p, it suffices to only consider embeddings into spaces of the same dens-
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ity character; see Proposition 4.17. In Proposition 4.19 we use our results on POE-p to
examine connections between POE-p for different values of p. In particular, we prove
that £; has POE-p if and only if 2 < p < oo (see Proposition 4.18 for a more general
result on &£ ,-spaces). On the other hand, a space with a normalized unconditional basis
has POE-1 if and only if that basis is equivalent to the co basis (Proposition 4.20). We
finish by showing, in Proposition 4.25, that (F, L) can never have POE-p when F C L,
is an infinite-dimensional Hilbertian subspace.

In Section 5, we investigate the properties of the sequence (|x, [)x S FBL([E],
where (xi) is a basic (and often, unconditional) sequence in E. We show that every
weakly null seminormalized sequence (x,) in a Banach space E has a subsequence such
that (|dx,, |) is basic in FBL(®)[E] (Proposition 5.8). Proposition 5.14 shows that if a nor-
malized basis (xx) satisfies a lower 2-estimate, then (|0, |)« is equivalent to the £; basis.
By Section 5.1, the converse is true for unconditional bases. We also examine whether
(I8x, )« is necessarily unconditional (Example 5.16, Proposition 5.18). In Section 5.2,
we compute the moduli of branches of the Haar system in FBL[L].

Part of the motivation to study the sequence (|dx, [)x S FBL®[E] comes from the
universal property of free Banach lattices. Suppose (xz) C E is as above, and X is a
p-convex Banach lattice. Then any operator 7 : E — X extends canonically to a lattice
homomorphism T: FBL(®)[E] — X, with 7A”|5xk| = |T x|. Consequently, the sequence
(I8, 1) “dominates” (|7 xx|). In particular, if (|8x, |) is weakly null, then so is (|7 xg|);
see Proposition 5.1, and the subsequent discussion.

We continue our work on (|8x, |)x in Section 6. In particular, in Proposition 6.1 and
Corollary 6.2 we express, for ai,...,a, > 0, the norm || >"p _; ak|8x, | llrsLie] as a 1-
summing norm of a certain operator. This is very useful for computations, and in particular
allows us to recover some of the main results of [19].

Armed with this knowledge, we attempt to reconstruct properties of (xi) from those
of (|6x, Nk S FBLP)[E]. Our first task is to describe sequences (x;) € E which are
equivalent to (|8x, )k S FBL([E], p < oco. It turns out that if this holds, and (xy) is
a normalized basis of E, then it has to be equivalent to the £; basis (Proposition 6.3).
However, in general, a normalized basic sequence (x;) may be equivalent to (|8, |), but
not to the £; basis. Indeed, Proposition 6.5 shows that if (xz) € C(R2) is a sequence
equivalent to the £, basis, then (|x, |) € FBL(®[C(Q)] (1 < p < o) is equivalent to
the same basis. Moreover, in FBL(®[E], every unconditional basic sequence (xt) is
equivalent to (|8, |), in stark contrast to the case p < oo.

In Corollary 6.9-Proposition 6.11 we characterize the normalized unconditional bases
(xg) of E for which span[|dy, | : k € N] is complemented in FBL®[E]. For p = 1,
this happens only for the £; basis, for p € (1, co) it never happens, and for p = oo it
happens only for the c( basis. In Corollaries 6.14 and 6.15, we give examples of sequences
(xx) € Ly for which (|8, [)x € FBL[L] is equivalent to the £ basis.

We finish Section 6 by proving the following rigidity result: If (xz ) is an unconditional
basis of E, and (|8, |) € FBLP)[E] is equivalent to the £, basis, then (x;) must be
equivalent to the c¢ basis (Theorem 6.17).
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In Section 7.1, we use free Banach lattices to construct the first example of a subspace
of a Banach lattice without a bibasic sequence (Theorem 7.5, Remark 7.6). This answers
a question from [139]. In Section 7.2, we discuss connections with majorizing maps, and
prove some results akin to the Bibasis Theorem 7.1. In particular, in Proposition 7.10,
we show that the class of sequentially uniformly continuous operators (defined origin-
ally in [139]) coincides with the class of (0o, co)-regular operators (as defined in [128]).
Moreover, in Section 7.3 we provide a converse to [139, Proposition 7.8]: The £; basis is
the only normalized basis that is absolute in any Banach lattice where it linearly embeds.

Section 8 examines (p-convex) Banach lattices £ which embed into FBL(?)[E] as a
sublattice. Theorem 8.3 shows that if the order on E is determined by its 1-unconditional
basis, then £ embeds into FBL(”)[E] as a sublattice, complemented by a contractive
lattice homomorphic projection. These results partially overlap with those in [8], though
the proofs are very different.

In Section 9 we develop a dictionary between Banach space properties of E and
Banach lattice properties of FBL(”)[E]. To begin, we prove that FBL(”)[E] has a strong
unit if and only if E is finite-dimensional (Proposition 9.1), and FBL(”)[E] has a quasi-
interior point if and only if E is separable (Proposition 9.4). We further elaborate on this
topic in Section 9.2, by showing (Proposition 9.6) that FE is finite-dimensional if and only
if FBL(P)[E] is finitely generated (and in this case dim E equals the smallest number of
generators).

Section 9.3 considers the connection between E being weakly compactly generated
and FBL(I’)[E ] being lattice weakly compactly generated. This is a topic that has been
explored before, and the implications £ WCG = FBL[E] LWCG # FBL[E] WCG
were used to solve a problem which was raised by J. Diestel in a conference in La Manga
(Spain) in 2011. Our main contribution is to prove that if FBL(?)[E] is LWCG then E is
a subspace of a WCG space. This makes significant progress towards the conjecture that
FBL[E] is LWCG if and only if E is WCG.

In Section 9.4 we consider the existence of complemented copies of £;. Theorem 9.20
shows that E contains a complemented copy of £; if and only if FBL[E] contains a lattice
complemented sublattice isomorphic to £ if and only if FBL[E] contains a complemented
copy of £; (a few other equivalent conditions on FBL[E] are also given).

In Section 9.5 we characterize when FBL[E] satisfies an upper p-estimate, and deduce
various corollaries. The main result is Theorem 9.21 which shows that idg= is (¢, 1)-
summing if and only if FBL[E] satisfies an upper p-estimate (1/p + 1/q = 1). In par-
ticular, this shows that FBL[E] can never be more than 2-convex when E has infinite
dimension. Theorem 9.21 also leads to a “local” version of Theorem 9.20: E contains
uniformly complemented copies of €7 if and only if FBL[E] contains uniformly lattice
complemented sublattice copies of £} (Corollary 9.25). Further, it allows us to gener-
alize some classical theorems on p-convex Banach lattices to Banach lattices with an
upper p-estimate. Specifically, Corollary 9.29 shows that if a Banach lattice F' embeds
POE-1 into a Banach lattice £ with an upper p-estimate (1 < p < 2), then F must also
have an upper p-estimate. This result with p-convexity in place of an upper p-estimate
and POE-1 replaced by complementation is classical [103, Theorem 1.d.7]. Finally, we
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ask if FBL?)[E] can be g-convex for some ¢ > p. This leads to an interesting dicho-
tomy at p = 2, and the (sharp) estimate ¢ < max {2, p} (Proposition 9.30). In particular,
although there are examples of infinite-dimensional £ such that FBL[E] is 2-convex, it
is impossible for FBL® [E] to be more than 2-convex, unless E is finite-dimensional, in
which case it is co-convex.

In Section 9.6 we further pursue the automatic convexity of free Banach lattices, and
use this to study the connections between FBL?)[E] and FBL@[E] for various values
of p and ¢. In the previous section, a characterization of when FBL[E] satisfies an upper
p-estimate was given, and in this section a p-convex variant is proven. Specifically, Pro-
position 9.38 shows that FBL(®”)[E] and FBL@[E] are lattice isomorphic if and only if
every operator T : E — L factors strongly through L. This, of course, connects deeply
with the Maurey—Nikishin factorization theory, and allows us to give new perspectives on
this classical topic. One corollary (Corollary 9.41) is that when ¢ > 1 and p > max {2, ¢}
every infinite-dimensional Banach space E admits an operator 7' : E — L, which does
not strongly factor through L,. Moreover, we are able to prove the extrapolation The-
orem 9.40: If FBL”)[E] has convexity ¢ > p, then FBL?[E] is lattice isomorphic to
FBL[E]. This complements the characterization that FBL[E] has non-trivial convexity if
and only if £* has non-trivial cotype, given in Corollary 9.25. It also allows us to present
various situations where FBL”)[E] and FBL@[E] are lattice isomorphic, and gives us
the ability to distinguish FBL(”)[E] from the p-convexification of FBL[E].

In Section 9.6 we also elaborate on our study of upper p-estimates. One interesting
fact about the free p-convex Banach lattice is that L is sufficient to witness its univer-
sal property, i.e., uniform extension of operators into L, implies uniform extension of
operators into an arbitrary p-convex Banach lattice. We prove a similar upper p-estimate
version of this theorem. Specifically, we show in Proposition 9.36 that weak-L, is suffi-
cient to verify the universal property of being the free Banach lattice satisfying an upper
p-estimate. Morally, this means that if a Banach lattice Z contains E as a generating set
and allows uniform lattice homomorphic extension of maps from E into L, o, then the
same is true with L,  replaced by an arbitrary Banach lattice with an upper p-estimate.
This then allows us to characterize the class of (p, co)-convex operators in Corollary 9.37:
An operator is (p, 0o)-convex if and only if it strongly factors through a Banach lattice
with an upper p-estimate.

Section 10 is devoted to determining whether FBL(?)[ E] and FBL?)[ F] can be lattice
isomorphic even when the underlying spaces E and F are not. We begin, in Section 10.1,
by representing lattice homomorphisms between free lattices as composition operators
(Proposition 10.1). For p = oo, we show that the lattices FBL®?[E] are lattice isometric
to each other, for a wide class of spaces £ (Theorem 10.24). On the other hand, for p < oo,
we show that FBL?)[E] will not be lattice isomorphic to a lattice quotient of FBL(”)[F]
provided E and F are “sufficiently different” (Proposition 10.12). Moreover, under fairly
general conditions Theorem 10.18 shows that a lattice isometry between FBL)[E] and
FBL[F] (p < oo) descends to an isometry between E and F. Along the way, we
discover various properties of lattice homomorphisms between free Banach lattices.
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1.4. Conventions

We use the standard Banach space and Banach lattice notation throughout the paper. The
reader can consult [3, 102] for Banach spaces, and [5, 103, 110] for Banach lattices. We
work with real spaces, though we refer the reader to [43] for information on free com-
plex Banach lattices. The closed unit ball of a normed space E will be denoted by BEg.
We assume, without mention, that all measures involved are o-finite. In particular, this
convention is in place when we state that L., (/) is injective. We use the shorthand “L -
space” for L,(). When speaking of bases, (ex) will be our notation for the standard
unit vector basis of £, or cg, and (xg) will denote a generic basic sequence. From now
on, “subspace” will be synonymous with “closed non-zero subspace”, unless mentioned
otherwise.

Throughout, operators are assumed to be linear and bounded. For extensions of oper-
ators, we adopt the following convention. For an operator 7', we denote by T its lattice
homomorphic extension. Extensions which are merely linear and bounded are denoted
by T.We write T : FBL®[F] — FBL(®[E] for the canonical extension of T : F — E;
that is, 7 = gb/;;o\T . Also, when the Banach space E is unambiguous, we will write ¢
instead of ¢ for the canonical inclusion.

We shall use the term “lattice isomorphism” to mean “lattice homomorphic isomor-
phism”; “lattice isometry” is defined in a similar way. Further, we use the shorthand
“lattice projection” to mean “idempotent lattice homomorphism.” If there is a lattice pro-
jection from X to its sublattice Y, we say that Y is “lattice complemented” in X .

2. Construction of FBL(® [E] and basic properties

In this section, for the convenience of the reader, we recall the explicit construction of
FBL® [E], and some of its basic properties. We first do the case p < 0o, and then provide
a new, concrete description of FBL(®[E].

Recall that a Banach lattice X is p-convex for 1 < p < oo if there is a constant M > 1
such that for every choice of (xx);_; € X we have

" 1/p " 1/p
[ b)) = m (3 1we?)
k=1 k=1
if p < o0, or
n
[V x| = M max
e 1<k<n

if p = oco. Let M (P)(X) denote the p-convexity constant of X, that is, the smallest pos-
sible value of M in the inequalities above. Note in particular that every Banach lattice X
is 1-convex with M (D (X) = 1. We refer to [103, Section 1.d] for general background on
p-convexity.



Free Banach lattices 13

Let H[E] denote the linear subspace of R * consisting of all positively homogeneous
functions f : E* — R, i.e., functions satisfying f(Ax*) =Af(x*)forA >0and x* € E*.
Given f € HJ[E], set

n l/p n
I f lpsLo (2] :sup{(z |f(x,j)|p) :neN, (x;)i_, CE*, sup Z |xg (x)]? < 1}.
k=1

X€EBE k=1

It is easy to see that

HplE) = {f € H[E]: || flppLr ) < o}

is a sublattice of H[E], and | - [lpg g defines a complete p-convex lattice norm
on Hp[E] with p-convexity constant 1. Moreover, for x € E, we define 6, € H[E] by
8x(x*) = x*(x) for x* € E*. Note that ||8x [|gp; (»[g; = ||| for every x € E.

Let FVL[E] denote the sublattice generated by {6x}xer in H[E]; it consists of all
possible expressions which can be written with finitely many elements of the form &y
and finitely many linear and lattice operations. In fact, by [5, p. 204, Exercise 8 (b)] the
sublattice generated by a subset W of a vector lattice is given by

n n
{\/ uk—\/wk:neN,ul,...,un,wl,...,wn EspanW}. (2.1)
k=1 k=1

As we will show in the proof of Theorem 2.1 below, FVL[E] has the universal property
of the free vector lattice over E. More specifically, every linear map 7 : E — X into an
(Archimedean) vector lattice X uniquely extends to FVL[E] as a lattice homomorphism.
This justifies the notation FVL[E]. Note that there is a slight abuse of notation here when
speaking of extensions, as, formally, we need to identify E with the subspace of FVL[E]
spanned by {8, : x € E}. We define FBL?)[E] as the closure of FVL[E] in Hp[E], and
note that the map ¢z : E — FBL?)[E] given by ¢ (x) = §, is a linear isometry. The
goal now is to show that this space satisfies the universal property of the free p-convex
Banach lattice:

Theorem 2.1. Let X be a p-convex Banach lattice (1 < p <oo)and T : E — X an
operator. There is a unique lattice homomorphism T : FBL\P[E] — X such that T o ¢
=T,and |T| < M@ (X)||T|, where M P)(X) denotes the p-convexity constant of X .

Proof. We first show that there is a unique lattice homomorphism T: FVL[E] — X such
that 78, = Tx for every x € E. To those familiar with the construction of the free vector
lattice, this should be relatively clear, but we provide an explicit construction nonetheless.

Let f € FVL[E]. By definition, f is a lattice-linear combination of 8y, ..., éx,
for some x1,...,x, € E. We define 7 f to be the same lattice-linear combina-
tion of Txy,...,Tx, in X. That is, suppose that f = F(0x,,...,dy,) for some
lattice-linear expression F(t1,...,t,); we then define 7A”f = F(Txq,...,Txy). To
show that 7' is well-defined, suppose f = G(8y,,...,6y,,) where G(ty, ..., ty) is
another lattice-linear expression. Choose a maximal linearly independent subset of
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X1,....Xn, Y1, ., Ym; denote these variables by z1, . .., zx. Then write F(8x,....,0x,) =
F(Szl voonsbz ) and G(8y,,....08y,) = GN(SZI ,...,8z.), by replacing those elements of
{X1, s Xns Y1r - -+ Ym} \ {21, ..., Zx } by their representation as a linear combination
of z1,..., zx. Since FVL[E] is a sublattice of H[E], the lattice operations are point-
wise, hence f(x*) = If’((‘)’zl (X%, ..., 05, (x%) = F(x*(z1)....,x*(zx)) in R for each
x* € E*. Similarly, f(x*) = G(x*(z1),...,x*(zx)). Since z1, . .., zx are linearly inde-
pendent, by picking an appropriate x* we deduce that F(t,...,1x) = G(t1, ..., ) for
allzy, ..., € R. Now by lattice-linear function calculus (see [103, Section 1.d]) we find

that F(Tzl, o, Tzp) = G(Tzl, ..., Tzy) in X, and by linearity of T it follows that
F(Txy,...,Txy) = G(Ty1,...,Tyn). Hence, T is well-defined. Moreover, it is clear
that 7 is the unique lattice homomorphism extending 7 in the sense that T8, = Tx for
every x € E.

Our next objective is to show that

1T flx < MPONT I f lproe 2.2)

for every f € FVL[E], as this will ensure that T extends uniquely to a lattice homomor-
phism defined on all of FBL?)[E], and the extension has norm at most M ®)(X) || T||.
Without loss of generality, || 7| = 1. We split the proof of (2.2) into two parts: First we
establish it in the special case where X = L, () for some measure space (2, X, ), and
then we show how to deduce the general version from the special case.

Thus, suppose first that X = L,(u) for some measure space (2, X, ). Let f €
FVL[E]. As explained above, f can be written as a lattice-linear expression f =
F(éx,,...,6x,) for some xq,...,x, € E and 7A"f = F(Tx1,...,Txy) in Ly(n).
Let ¢ > 0 and fix § > 0 (to be determined later). For each i = 1, ..., m, find a simple
function y; such that ||Tx; — y;|| < 6. Let & be the (finite) sub-c-algebra generated by
Yis...,Ym. Let P i L,(u) — Lp(§, ) be the conditional expectation. Consider the
lattice homomorphism PT: FVL[E] — L,(§, ). It follows from Py; = y; that

PTx; = Txi|| < |PTx; — Py;ll + |lyi — Txi| <28
forevery i = 1, ..., m. Since function calculus is norm continuous,
ITf—PTf|=|F(Tx1,....Txm)— F(PTx1,....,PTxp)| <¢

provided that § is sufficiently small. It follows that ||7A” =< PT f1l + e. Now note that
Ly (%, ) is lattice isometric to £} for some n; let U : L, (9, k) — £}, be a lattice isometry.
Let R = UPT; then R = U PT because both are lattice homomorphisms agreeing on the
generators.

Being an operator into £%, R can be represented as Rx = > ;_, Xz (x)ey for some
x{,...,x, in E*. We then have

swp (Y1) = 1R <1,

xX€BE k=1
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It follows from

— — A " /
IPT 71 = WUPTf1 = 1R = (3 15D1P) " <1 e

k=1

that | T f | < || f llpppg) + &- Since & was arbitrary, we get |7 £ || < [| f | s 57-

We are now ready to tackle the general case where X is an arbitrary p-convex Banach
lattice. Given f € FVL[E], choose x* € X} with ||x*|| = 1 and x*(|7A"f|) = ||7A"f||X. Let
N+ denote the null ideal generated by x*, that is, Ny+ = {x eX x*(|x|) = O}, andlet Y
be the completion of the quotient lattice X/ Ny+ with respect to the norm ||x + Ny | :=
x*(|x]). Since this is an abstract L;-norm, Y is lattice isometric to L; (€2, ¥, ) for some
measure space (€2, X, i) (see e.g. [103, Theorem 1.b.2]). The canonical quotient map of
X onto X/N,= induces a lattice homomorphism Q : X — L1(2, X, n) with ||| = 1.
We may without loss of generality assume that (2, X, @) is o-finite, passing for instance
to the band generated by Q(f .

Since Q is a lattice homomorphism and X is p-convex, we have

[(S00) ], 255 ) ], = 00 (S 1tt)”
k=1 el =

forevery n € N and xq, ..., x, € X. Hence the Maurey—Nikishin factorization theorem
(see e.g. [3, Theorem 7.1.2] or [144, Section III.H, 9-10], and recall that p < co) yields a
positive function 2 € L1(2, X, ) with fQ hdp = 1 such that Q is bounded if we regard
it as an operator into L, (h dp). More precisely, we have a factorization diagram

X 2 Li(w)
SJ )‘\jh
Ly(hdp) ———— Li(hdp)

where Sx = h~' Qx satisfies || S| < M P)(X) and jj,(g) = gh is an isometric embedding.
Note in particular that S is also a lattice homomorphism and that the inclusion on the
bottom line of the diagram is a contraction, due to /& du being a probability measure.

Let us now consider the composite operator R = S o T : E — L, (hdpu). By the first
part of the proof, we know that there is a unique lattice homomorphism R :FBL® [E] —
L,(hdu) such that R(8¢) = Rx for every x € E, and ||§|| = |R|| < M@ (X). Since
S o T and R are lattice homomorphisms which agree on the set {§, : x € E}, it follows
that S o T|FVL[E] = §|FVL[E]. Hence we have

1T fllx =x*(T D) = 10T Ol < IST e, taw = IR L, aw
M(p)(X) ”f”FBL(P)[E]’

as desired. [

IA
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We now consider the case p = oco. By [34, Lemma 3], an co-convex Banach lattice X
admits an equivalent norm (with equivalence constant equal to M (°) (X)) under which it
becomes an AM-space. In [82], it was shown that FBL(®[E] coincides with the closed
sublattice generated by the point evaluations {8, : x € E} in C(Bg=). Here C(Bgx)
denotes the space of continuous functions on the dual ball of E, which is equipped with
the relative weak™ topology. In particular, we have, per (1.3) above,

1/ lpLeorpgy = sup{lf(x™)] : x* € E*, |Ix*]| < 1}.

When E is finite-dimensional, one can therefore identify FBL () [E] with either the space
C(Sg+) of continuous functions on the unit sphere of E*, or the space Cpn(Bg~+) of
continuous positively homogeneous functions on Bg+ (that is, those continuous functions
satisfying f(Ax*) = A f(x*) whenever x* € Bgx, A > 0 and Ax* € Bg=). We now give
an explicit description of FBL () [E] — for general E — by showing that every positively
homogeneous weak* continuous function on B lies in FBL[E]:

Proposition 2.2. Suppose E is a Banach space. Then FBL®[E] coincides with the lat-
tice Con(BE~) of positively homogeneous weak™ continuous functions on Bg».

Proof. We begin by reviewing the aforementioned identification of FBL(>[E] as a lattice
of weak™ continuous positively homogeneous functions on B+, with the norm being the
sup norm on the unit ball of E*.

For this, recall that FVL[E] denotes the sublattice generated by {8y }xecg in H[E].
Since all the functions in this sublattice are positively homogeneous, we can, by restric-
tion, identify this space with the sublattice of RB£* generated by {6y }xeck. It is clear

lI-loo

that, under this identification, FVL[E] C C(BEg~*) when Bg~ is equipped with the
w*-topology. We claim that the closed sublattice of C(Bg+) generated by {6y : x € E}
satisfies the universal property of FBL[E].

Indeed, let T : E — X be a bounded linear operator into an AM-space X, and assume
without loss of generality that ||7|| = 1. We may view T as a map into X **, and since
X** is the dual of an AL-space, we can identify it lattice isometrically with C(K) for
some compact Hausdorff space K. As in the proof of Theorem 2.1, we can extend T
to 7 : FVL[E] - X** = C(K) in a unique manner. It is clear that the range of T is
contained in X.

Fix 1y € K, let ¢y, be the evaluation functional at #9, and define x* = ¢y, o T'. Since
IT|| = 1, we have x* € Bgx.

Let f € FVL[E]. Then f = h(dx,,...,x,) for some xi,...,x,; € E and some
lattice-linear function /. By definition of the extension, ff = h(Txy,...,Txy), which
we can evaluate pointwise in C(K) to get

(T f)(t0)| = [R(Tx1(t0), ..., Txm(t0))] = [h(x*(x1), ..., x* (X))
S L0 P N T TR 1/1C MUY S |/

Since ty was arbitrary, we have

1T flx = IT fllcy < 11f lloos
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so that ||7A"|| < 1. Hence, T extends uniquely to a contractive lattice homomorphism on

FVL[E] ”'”00. This proves the universal property of the free AM-space.

loo

We will now show that FVL[E] = Cpn(Bg~). Let N be the set of all triples
(x*,y*,A) where x*, y* € Bg+ and 0 < A < 1 are such that f(x*) = Af(y*) forall f €
FVLIE]"'™. By [87, Theorem 3], EVL[E] '™ = C(Bg~: M), where C(Bg+: M) con-
sists of all functions f in C(Bg=) such that f(x*) = Af(y*) whenever (x*, y*,1) € 9.
If (x*, y*, 1) € M then §,(x*) = A8, (y™) for every x € E, that is, x*(x) = Ay*(x),

lI-lloo

and therefore x* = Ay*. Since FVL[E] consists of positively homogeneous func-
tions, we have (x*, y*, 1) € M if and only if x* = Ay*. It follows that C(Bg+; M) =
Cph(BE*)- u

Remark 2.3. Along similar lines, it is easy to check that C(Bg=) together with the map
¢ (x) = 8, defines the free C(K)-space (or free unital AM-space) generated by E (see
[82, Theorem 5.4]).

Remark 2.4. The universal property of FBL(®”)[E] can, in a sense, be extended. Indeed,
recall that an operator 7' : E — X from a Banach space E to a Banach lattice X is called
p-convex (1 < p < oo) if there is a constant M such that

1/p

| (f Txelr)”’ | < M(i Ixl1?) 2.3)
k=1 k=1

for every choice of vectors (xg);_, in E. In [123, Theorem 3] it was shown that an
operator T : E — X is p-convex if and only if it strongly factors through a p-convex
Banach lattice, i.e., there exists a p-convex Banach lattice Z, a lattice homomorphism
¢ : Z — X and alinear operator R : E — Z such that T = ¢R. Using this fact, we see that
an operator T : E — X is p-convex if and only if it strongly factors through FBL(?)[E].
In this case, one can choose the first operator £ — FBL(I’)[E ] in the factorization to be
the canonical embedding, and then the induced lattice homomorphism FBL?)[E] — X
is unique as ¢z (E) generates FBL(”)[E] as a Banach lattice.

Remark 2.5. The above results allow one to identify elements of FBL(®)[E] as functions
on E*. By positive homogeneity, such functions will be continuous on bounded subsets
of E*, in the weak™ topology. Moreover, if E is finite-dimensional, then norm and weak*
convergence coincide, so every weak™® convergent net in E* is eventually bounded. This
implies that elements of FBL?)[E] are weak™ continuous on the whole of E*.

Although the elements in FVL[E] are weak™ continuous on the whole of E*, by con-
trast, if E is infinite-dimensional, then there exist ¢ € FBL[E] (hence also ¢ € FBL?[E]
for any p) which are not weak™ continuous on E*. To see this, pick a normalized basic
sequence (xg) € E, and let ¢ = Y po, 27k |8x, |- We will construct an unbounded net
(z3) € E* such that weak*-lim, z; = 0, yet infy |¢(z;)| > 1. Indeed, let A be the set
of all finite subsets of E, ordered by inclusion. For each o = (ay,...,a,) € A, let ky be
the smallest k for which xx ¢ span[ay, ..., a,]. Find z; € E* such that z; (a;) = 0 for
1 <j <n,and z;(xg,) = 2ke The net (z2) has the desired properties.
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An issue similar to the above occurs in [44, Lemma 5.1 and Example 5.2]. Our explicit
function space representation allows us to mostly bypass this technicality. On the other
hand, we note that there is a topology on the whole of E* that encodes the continuity
of elements of FBL(”)[E]. More precisely, we leave it as an exercise to show that if f
is in FBL®?)[E], then it is continuous as a map f : (E*,bw*) — R, where bw* is the
bounded weak™ topology. Here, the bounded weak™* topology is the topology on E* for
which a set C is closed if and only if C N A4 is weak™® closed in A whenever A is a norm
bounded subset of E* (by [42, p. 49], it suffices to take A to be the closed unit ball). The
bw*-topology is in many ways similar to the weak™® topology, but it is also more subtle.
See [42, Chapter 2] for a study of this topology.

Next, we mention two other features of the above construction of FBL(®)[E]. The first
notes that one cannot restrict to extreme points of the ball to evaluate the FBL(>®-norm.
The latter notes that the FBL?)-norms are “nested” on FVL[E]; the ability to compare
these norms will be useful in various circumstances.

Remark 2.6. In (1.3), we can restrict the supremum of x* € Bg+ to x* in the unit sphere
(due to homogeneity). However, we cannot restrict our attention to extreme points of
the unit ball. For instance, let E be the space cg, equipped with the equivalent norm
[l (x1, x2,...)|| = max,{|x2n—1| + |x2n|}. In other words, we have E = co({%), which
implies that E* = £;({2,), and hence the extreme points of the unit ball of E* are of
the form (0,...,0,£1,=£1,0,...). Here, the sequence starts with 2n zeros, n € N U {0}.
Now denote by (ex) the canonical basis of E (or cg). Let f = |8, | — |Se,|. Clearly,
I/ lpgreorpg) = 1. However, if x* is an extreme point of the unit ball of E*, then

J(x®) =0.

Remark 2.7. On FVL[E] all the FBL”)[E]-norms can be evaluated. It is easy to see
that the FBL-norm is the greatest, and the FBL()-norm is the smallest (to confirm
this, note that, for p < ¢, FBL@[E] is p-convex, hence the canonical embedding ¢@ :

E — FBL@W[E] extends to a contractive lattice homomorphism ¢@ : FBL(”)[E] —
FBL@[E]). This observation will be useful for describing the behaviour of the moduli
of sequences in various free spaces. Indeed, suppose (xx) is a sequence in E such that
(I8, |) is equivalent to the unit vector basis of £; when viewed in FBL[E]. Then
(I8, |) is equivalent to the unit vector basis of £; no matter which FBL()[E] we view
itin.

We will see next that FVL[E] is always order dense in FBL(®”)[E]. As was essentially
shown in the first part of the proof of Theorem 2.1, FVL[E] has the universal property
of being the free (Archimedean) vector lattice generated by the vector space E. Namely,
every linear map 7 : E — X to an (Archimedean) vector lattice X extends uniquely to
a lattice homomorphism T: FVL[E] — X such that T8, = Tx forall x € E. In other
words, FBL(?)[E] is simply the completion of the free vector lattice FVL[E] over E,
under the maximal lattice norm with p-convexity constant 1, which agrees with the norm
of E on the span of the generators; see [82]. Note that in this construction we are view-
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ing E as a vector space. If A is a Hamel basis of E, then FVL[E] can be identified with
FVL(A) (the free vector lattice over the set A4, as constructed in [44, Section 3]).

Theorem 2.8. FVL[E] is order dense in FBL?)[E].

Recall that a sublattice A is order dense in a vector lattice Z if for any z € Z \ {0}
there exists @ € A \ {0} such that 0 < a < z. As explained in [4, Section 5.3], a normed
lattice is order dense in its norm completion if and only if it is regular in this comple-
tion. Moreover, this property admits an intrinsic characterization known as the pseudo
o-Lebesgue property. In [91], an order complete normed lattice X was constructed in
such a way that its norm completion X fails to be o-order complete. It follows from
[4, Theorem 5.32] that the inclusion X C X cannot be order dense.

The proof of Theorem 2.8 requires the following:

Lemma 2.9. If F is finite-dimensional, then for any open cone C C F*, any y; € C,
and any € > 0, there exists g € FVL[F]y such that g(y§) >0, g <eon Bp+= NC, and
g vanishes outside C.

Proof. By renorming, we can and do assume that /' = {7. We represent elements of
FVL[F] as piecewise affine functions on F* = {%_; further, it suffices to consider the
restrictions of such functions to the unit sphere.

Note that the function s(¢1,...,t;) = |t1] V --- V |t4] is in FVL[F] and its restriction
to the unit sphere Sgn_ is 1. Without loss of generality, y5 € S¢n . Restricting functions
in Cpn(Byn,) to Sgn_, we may identify Cpp(Bgn ) with C(Sgn_); FVL[F] then becomes a
dense sublattice of C(Syx_) containing 1. Note that C N Sgz_ is an open subset of Syn_
containing yg. By Urysohn’s Lemma, we can find v € C(Syn_) such that 0 < v < 1,
v(yg) = 1, and v vanishes outside C N Sgn_. Since FVL[F] is dense in C(Syx_), there
exists u € FVL[F] such that ||v — u||c(5%,0) < % Putw = (u — %]1)+; then w € FVL[F],
w vanishes outside C N Sy, and w(yg) > % # 0. Now put g = sw and extend g to Byn_
by homogeneity; it is clear that g satisfies the required conditions. ]

Proof of Theorem 2.8. Since FVL[E] € FBL?)[E] C FBL(®)[E], it suffices to prove the
theorem for p = oo; recall FBL(®)[E] = Con(BE~) (by Proposition 2.2). Take a non-zero
f € FBLO[E],; our goal is to show the existence of 1 € FVL[E]\ {0} with0 <h < f.

Since f # 0, there exists 0 # x; € B+ with f(x;) > 0. Hence there exists &€ > 0 and
a weak™ open neighbourhood U of xj in E* such that f is greater than ¢ on U N Bgx.
Furthermore, we may assume that there exist x1,...,x, € E such that x* € U if and only
if |x*(x;) — x5 (x;)| < 1foralli =1,...,n. Since x§ # 0, by adding an extra point if
necessary, we may also assume that xg(x;) 7 0 for some i.

Let F be the subspace of E spanned by x1,...,X,;lett: F < E be the inclusion map.
Put y§ =t*x5 € Bp+ and V = (*(U). Note that y* € V if and only if | y* (x;) — yg (x;)]
< 1foralli =1,...,n. Hence, V is a (weak™) open neighbourhood of yg; in F*. We
write cone(U) = |J,., AU. Clearly, cone(V) = t*(cone(U)).

By Lemma 2.9, there exists g € FVL[F];+ which vanishes on the complement of
cone(V'), and satisfies 0 < g < ¢ on Br+ N cone(V), as well as g(y5) > 0. This g may
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be written as a lattice-linear expression of d,,, ..., dx,. Let i be the same lattice-linear
expression of 8y, , ..., 08y, in FVL[E]. Then A(x*) = g(t*x*) for every x* € E*. It fol-
lows that # > 0 and h(x5) = g(yg) > 0, hence h # 0.

We claim that i1 < f. Fix x* € Bgx; we need to show that h(x*) < f(x*). If x* € U
then *x* € V C cone(V), hence h(x*) = g(1*x*) <& < f(x*). Since both & and f are
positively homogeneous, it follows that 2(x*) < f(x*) whenever x* € cone(U). On the
other hand, if x* ¢ cone(U) then *x* ¢ cone(V), and therefore h(x*) = g(t*x*) = 0.
In either case, h(x*) < f(x™). L]

Theorem 2.8 allows us to recover an important result from [14]:

Corollary 2.10. For 1 < p < oo, every disjoint collection of elements of FBLWP)[E] is at
most countable.

Proof. Let (x4) be a collection of pairwise disjoint elements of FBL(”)[E]. Without loss
of generality, all the elements x, are positive and non-zero. Use Theorem 2.8 to find
0 < yq < xq, with yo € FVL[E]. Now, identify FVL[E] with FVL(A4), where A4 is a
Hamel basis of E, and FVL(A) is the free vector lattice over the set A. Finally, use the
classical fact that pairwise disjoint collections in FVL(A) are at most countable. See, for
example, [21, Theorem 2.5]. [

We conclude this section by noting some elementary facts about FBL(”)[E]. As men-
tioned, most of the literature on FBL[E] discussed in Section 1.2 generalizes to FBL(”)[E]
with relative ease, so we only collect here three most basic facts. Indeed, the following
can be proved exactly as in [44, Section 6] by looking at the non-vanishing sets of weak*
continuous functions on Bgx:

Proposition 2.11. Let E be a Banach space.

(1) Forevery x € E \ {0}, |8x| is a weak order unit in FBL®[E].

(2) If E has dimension strictly greater than 1, then {0} and FBLW)[E] are the only pro-
jection bands in FBL®[E].

(3) If E has dimension strictly greater than 1, then FBLP)[E] is not o-order complete
and contains no atoms.
3. Properties of T: Injectivity, surjectivity, regularity, and the subspace problem

Recall that the universal property of FBL() implies, in particular, that every bounded
linear operator 7' : F — E between Banach spaces extends uniquely to a lattice homo-
morphism 7 : FBL®”[F] — FBL(”)[E] making the following diagram commute:

FBL®[F]— L FBLW[E]

o] [es

F E
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Here ¢ and ¢F denote the canonical isometric embeddings and |T| = ||T|| (simply
consider the map ¢pgT : F — FBLP[E] and set T = ¢E T). It is easy to check that
given operators S : F — G and T : E — F, we have S o T = § o T. In particular, if
T is an isomorphism between Banach spaces E and F, then T is a lattice isomorphism
between FBL(”)[E] and FBL®?)[F].

The goal of this section is to relate properties of T to properties of T'. More specific-
ally, we will discover exactly when T is injective, surjective, a quotient map, etc. We will
also study when T is an embedding, and when it is order continuous.

The following observation will be useful for our purposes:

Lemma 3.1. Given T : F — E, the extension T : FBLP)[F] — FBLY)[E] is given, for
f € FBL@[F], by

T(f)=foT"
Proof. Consider the composition operator induced by T*: Crx f(x*) = f(T*x*) for
f € FBL®[F] and x* € E*. It is straightforward to check that Cr+ : FBL(®)[F] —
H,[E] is a well-defined lattice homomorphism. Moreover, Cr«8y = 875 for x € F,

which implies that the range of Cr~ is actually contained in FBL(®”)[E]. Because of
uniqueness of extension, we must have T = Cr=. [

3.1. Characterizations of injectivity, surjectivity and density of the range

We begin with some simple observations on injectivity and surjectivity of the extended
operator 7. We thank A. Avilés for sharing with us an argument leading to the character-
ization of surjectivity.

Proposition 3.2. Let T : F — E be a bounded linear operator and let T : FBL'?)[F] —
FBL® [E] be its unique extension to a lattice homomorphism given above. Then:

(1) T is injective if and only if T is injective.

(2) T has dense range if and only if T has dense range.

(3) T is onto if and only if T is onto.

Proof. (1) Suppose T is injective. Let T* : E* — F* be the adjoint operator; it is easy
to check that its range 7*(E™) is weak™* dense in F* (see [56, Theorem 3.18]). Also, by
Lemma 3.1, for f € FBL[F], we canwrite T f = f o T*. Suppose T f = 0 for some
f € FBLP[F]\ {0}. Since T is a lattice homomorphism, we can suppose without loss
of generality that / € FBL(”)[F],. By Theorem 2.8, we can find g € FVL[F] such that
0 < g < f, which by positivity also satisfies Tg = 0. It follows that g(T*y*) = 0 for
every y* € E*, and by weak* continuity of ¢ we must have g = 0. Thus, T is injective.
The converse is clear.

(2) If T has dense range then for every y € E and ¢ > 0 there exists x € F with ¢ >
ITx—y||= T8 — dy |, hence Range T contains dy. Since T is a lattice homomorphism,

Range T is a closed sublattice; it follows that Range 7 = FBL‘®)[E]. Suppose now that
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Range T is not dense. There exists 0 # y* € E* which vanishes on it. Then the map
y* € FBL®[E]* given by y (g) g(y*) vanishes on T8, for every x € F. Since y*is
a lattice homomorphism, it vanishes on Range T'; hence the range of T is not dense.

(3) Suppose T is onto. Let Z = FBL®[F]/ker T and let Q : FBL?[F] — Z be
the canonical quotient map. Since 7 is a lattice homomorphism, ker T is an ideal, hence
Q is a lattice homomorphism, and therefore Z is a p-convex Banach lattice. There exists
an injective operator S : Z — FBL(®)[E] such that T = SQ. Since T and Q are lattice
homomorphisms, so is S. Indeed, fix z € Z. By the surjectivity of Q, we can find x €
FBL([F] such that Qx = z. Then

Slz| = S|0x| = SQ|x| = T|x| = |Tx| = |SQx| = |Sz].

Since ker T € ker Q¢ F and T is onto, there exists a bounded linear operator R : £ — Z
such that Q¢ = RT. Let R : FBL®[E] — Z be the canonical extension of R. Let
y € E.Pick x € F such that y = Tx. Then

SR¢ry = SRy = SRTx = SQ¢rx = Toprpx = ¢ry.

It follows that S R is the identity on the range of ¢, and therefore on the sublattice gen-
erated by it. Since this sublattice is dense in FBL®)[E], SR is the identity on FBL®)[E].
It follows that S is surjective, and therefore so is T = SQ.

Conversely, suppose now that T is onto. Let O : F — F/ker T denote the canon-
ical quotient map and let S : F/ker T — E be the injective operator induced by T':
S(x +kerT)=Tx forx € F.Thus, T = SQ. Let us consider the corresponding lattice
homomorphisms Q : FBL"”[F] - FBL”)[F/ker T], S : FBL(”[F /ker T] — FBL”[E],
which in particular satisfy T = § Q. Note that since 7 is onto, so is S. Moreover, as S
is injective, by part (1) it follows that S is also injective. Hence, S is an isomorphism.
In particular, it follows that S is bounded below and has closed range. But, by part (2),
it follows that S has dense range, thus S is onto. By construction of S, it follows that 7’
must be onto as well. ]

In Section 3.3, we will study when T is an embedding. Unlike with injectivity, sur-
jectivity, density of the range and being a quotient map, it is not true that 7" is an embed-
ding if and only if T is an embedding. In fact, T is an embedding if and only if T is
an embedding and one can uniformly factor maps into £}, through 7. This will be made
precise — and quantitative — in Theorem 3.7.

We also note the following form of “restricted projectivity” for FBL(®”)[E]. The proof
is essentially as in [82, Proposition 4.9], but on an operator-by-operator basis:

Proposition 3.3. Let E be a Banach space, X a p-convex Banach lattice, J a closed
ideal of X, Q : X — X/ J the quotient map, and T : E — X /J an operator.

() If T : E — X/J admits a lift to T:E— XthenT : FBLW[E] — X is a lattice
homomorphic lift of T : FBLW[E] — X/ J.

() If T : FBLW[E] — X/J admits a linear lift S :== T : FBL??[E] — X then S o ¢
E — X is alifting of T.
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(3) If the identity I - X/J — X/J admits a linear lift I: X/J — X then for any lat-
tice homomorphism S : FBLW)[E] — X/ J, the canonical extension of I o S o ¢ :
E — X to FBLWW[E] is a lattice homomorphic lifting of S.

Proof. Argue by diagram chasing. ]

3.2. FBLW)[F] is a regular sublattice of FBL(®P)[E]

In this section, we prove that if F is a subspace of E, then the extension of the canonical
inclusion 7 : FBL®”)[F] — FBL(”)[E] is order continuous (that is, if ( fy) is a decreasing
net in FBL®”)[F], whose infimum is 0, then the same is true for (Zfy)). This happens
regardless of whether 7 is an embedding in its own right.

To set notation, throughout this subsection we equip Bg* with its relative weak™
topology. We let F be a closed subspace of E and ¢ : F < E the canonical embedding.
Then * : E* — F* is the restriction map: (*x* = x*|r, and T : FBL®[F] — FBL(W[E]
is injective.

Recall from the construction of FBL?)[E] that we defined FVL[E] to be the (non-
closed) sublattice generated by {6y }xcr in H[E], and FBL?)[E] was then constructed
as the closure of FVL[E] in H,[E].

Theorem 3.4. Let F be a closed subspace of E, and let 1 : F — E be the inclusion map.
Then T : FBLP)[F] — FBLW)[E] is order continuous. That is, FBLP)[F] is a regular
(not necessarily closed) sublattice of FBLP)[E].

Proof. First we assume that F is complemented in E. In this case, the argument is an
adaptation of [44, Proposition 5.9], which proves that FBL[{; (B)] is regularly embedded
in FBL[{(A)] whenever B C A.Let P : E — F denote a projection (so that Pt = idF).

Let f, | 0in FBL®)[F], and suppose g € FBL(?)[E] satisfies 0 < g <1 f,, for every .
Let x5 € E* be such that g(xg5) > 0. It follows from 0 < g (xg) <1 fo(xy) = fo(t*xy) that
t*x5 # 0. We may assume without loss of generality that ||¢*xg|| = 1. Pick any yo € F
with (¢*xg)(yo) = 1. Put zj = x5 — P**x;. Note that (* P* = id+, hence 1*z§ = 0.

Consider the operator T : E — FBL(®”)[F] given by T'x = §p, + 25 (x)|8y,|. Being
arank one perturbation of ¢ o P, T is bounded, and therefore extends to a lattice homo-
morphism 7 : FBL®”)[E] — FBLW[F].Puth = Tg.

For all y* € F* and x € E, we have

(7 0 T)(8x) = (T8)(r*) = y*(Px) + 25 ()|y*(0)| = 8x(0(3) = o (™) (5x),

where ¢(y*) = P*y* 4+ |y*(y0)|z; . The lattice homomorphisms ;; oT and <p/(y\*) agree
on every dy, hence they are equal. It follows that

h(y*) = T ™) = (F o (@) = p(r™)(2) = g9(y™))
for every y* € F*. This yields

h(y") = fale(y™) = fa(Fe(y™) = fa("P*y™ + [y*(yo)l*z5) = fa(¥™)
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forall y* € F* and all @ because t* P* = idp=. Therefore, 0 < h < f, for every «, which
yields 4 = 0. It follows from ¢(¢*x;) = x§ that g(x§) = h(t*xg) = 0. This contradiction
proves the statement when F is a complemented subspace of E.

We now proceed to the general case. For this, suppose that f, | 0 in FBL(®?)[F]
and there exists g € FBL”)[E] such that 0 < g < If, for every a. Since FVL[E] is
order dense in FBL‘?)[E] by Theorem 2.8, we may assume without loss of generality that
g € FVL[E]. Then g is a lattice-linear combination of §,,, ..., d,, for some yi,..., ¥,
in E.

Let G be the closed subspace of E spanned by F and yy,..., y,. Let j and k be the
inclusion maps: F ENYe! i E.Clearly,t = k o j.Let h € FVL[G] be defined by the same
lattice-linear combination of §y,, ..., 8y, as g but viewed as an element of FVL[G]. For
every z* € Bg+, we can extend it to some y* € Bgx; it follows that

h(z*) =g(y™) 2 fa(v™) = fuy™) = fo(j*27) = ] fa(2")

for every a, where j : FBL([F] — FBL(”[G] is the canonical inclusion induced by ;.
It follows that 0 < i < j f, in FBL(®)[G] for every a. Since F is complemented in G,
the special case yields & = 0. For every x* € Bgx, we have g(x*) = h(k*x*) = 0, so
g=0. ]

Remark 3.5. In the above theorem we assumed that F' is a subspace of E, so that ¢ is
an embedding. However, since 7 : F — E is injective if and only if T : FBL(?)[F] —
FBL()[E] is injective, to identify FBL®?)[F] as a vector sublattice of FBL?)[E] only
requires the injectivity of ¢. Since regularity is a pure vector lattice property, one may think
that injectivity of t would be enough to ensure regularity of the inclusion 7 : FBL(®?)[F] —
FBLP)[E]. However, the above proof fails under this weaker assumption, and it remains
an open problem to characterize those T : F — E such that T : FBL(®”)[F] — FBL(?[E]
is order continuous.

3.3. The embedding problem, and its connection to extensions of operators

A direct consequence of Proposition 3.2 is that if E is a Banach space quotient of F,
then FBL(”)[E] is a Banach lattice quotient of FBL(?)[F]. This partly motivates the ques-
tion of whether the dual version of this fact also holds. To properly formulate this, note
first that Proposition 3.2 also implies that if F is a (closed non-zero) subspace of E,
then the canonical embedding ¢ : F < E induces an injective lattice homomorphism
7: FBL®[F] — FBL”[E] of norm 1. In this section, we consider the embedding prob-
lem: Suppose F is a subspace of E. Does the canonical embedding ¢ : F' < E induce a
lattice embedding 7 : FBL®?”[F] — FBL?[E]?

For context, recall that an inclusion of metric spaces always induces an isometric
embedding of the associated Lipschitz free spaces (see [67, Lemma 2.3]). As we will
see, however, the situation for free Banach lattices is more subtle. Our main result is
Theorem 3.7 which shows that ¢ being a lattice embedding is equivalent to every operator
T : F — Lp(w) having an extension to E. In particular, this reduces a problem about
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Banach lattices to a purely Banach space one. In the next section, this criterion will be
combined with various Banach space techniques to provide several examples where 7 is
an embedding, as well as several examples where it is not.

To reiterate our goal, we aim to explore under which conditions the (injective) map ¢
defines an isomorphic embedding, so that we can consider FBL”)[F] as a closed sublat-
tice of FBL(”)[E] in a natural way. Equivalently, we ask whether 7 is bounded below —
that is, whether there exists C > 0 such that any f € FBL®”)[F] satisfies |1 f|| = || fI/C.
Since  is norm one, this is equivalent to asking ¢ to be a lattice C -isomorphic embedding.

Remark 3.6. As alluded to above, we only consider isometric embeddings ¢ : F — E
in this subsection. Nevertheless, the results add to Proposition 3.2 a characterization of
when an operator 7 : F — E induces a lattice isomorphic embedding T : FBL(?[F] —
FBL([E]. Indeed, the restriction to isometric embeddings presents little loss in gener-
ality, as given an operator T : F — E, one can factor it as T = j, j;, where j; : F —
(T(F),|-|lg), and jo : (T(F),| - |g) — E is an isometric inclusion. If T is an embed-
ding, then it is easy to see that 7" is as well. On the other hand, if T is an embedding then
T =)0 ]1 is an embedding if and only if 5 is. Thus, T is an embeddmg if and only if
both T and j, are. It therefore suffices to understand the map j,, which is the extension
of the isometric mapping j».

We now reduce the problem of whether an embedding ¢ : F' — E induces a lattice
embedding 7 : FBL?)[F] — FBL[E] to a certain Banach space question involving
extensions of operators:

Theorem 3.7. Let 1 : F — E be an isometric embedding and C > 0. The following are

equivalent:

(1) 7: FBL”[F] — FBL?)[E] is a lattice C -isomorphic embedding.

2) For an arbitrary measure space (2, ), every T : F — Lp(p) has an extension
T:E— Ly(n)with|T| <C|T].

(3) For everyn € N and & > 0, every T : F — () has an extension T:E— &5 with
ITI < ca+e)lT].

Proof. (2)=(3) is trivial.
(3)=(1): Fix e > 0. Since is a lattice homomorphism with ||¢|| = ||¢|| = 1, we imme-
diately get
X/ legr ey = IS lpsLen ey
forall f € FBL@[F].
Now, take f in FVL[F]. Given x7,...,x; € F*, wedefine T : F — {7 by T(x) =
(xg(x))f—,- Recall that

IT) = sup (Z o)

X€EBF k=1

By hypothesis, there is an extension T:E— ¢7 with ||f|| < C(l + &)|T]|. Let
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¥i.....yy € E* be such that T(x) = (yg(x))g_, foreach x € E, sothat "y = x;. It
follows that f(x;) = f(t*y;) = 1f(yf) fork = 1,..., n. Therefore, we have

" / " / " /
> If(x;é)l”)l = (X T OD) " < I g sup (> ly;:<x)|1’)l ’
k=1 k=1 YELE k=1

_ 2, 1/p
< CU+ N Iramiey swp (3 ef01”) ™

XEDF k=1

Taking supremum over x7, ..., x, € F*, it follows that

||f||FBL<P>[F] =C(l+ 8)||Zf||FBL<p>[E].

By density, this inequality holds for all f € FBL”)[F]. Now let ¢ tend to zero.

(1)=(2): The case of p = oo follows from the injectivity of Lo-spaces, so we
restrict ourselves to 1 < p < oo.Let T : F — L,(u). By the properties of a free Banach
lattice, T' extends to a lattice homomorphism T: FBL®?[F] — L, () with ||f|| =|T|.
Let S be the inverse of 7, taking [(FBL(”)[F]) back to FBL(®?)[F]; clearly S is a lattice
isomorphism with || S| < C.

By [103, Theorem 1.c.4], there exists a band projection from L, (u)** onto L,(u).
By [118, Theorem 4] (for p = 1, see also [104]), TS extends to a regular operator
U : FBLW[E] - L,(n) with [|U[| < |TS|| < C||T|. Now let T = Uk (here, as
before, ¢ : E — FBL?)[E] is the canonical embedding). Clearly |T]| < |U|| < C|IT .
Moreover,

Ti=U¢gi = Ulpp = TSigF.

and since S is the one-sided inverse of ,
Ti=T¢r =T.
In other words, T extends 7. [

Theorem 3.7 motivates the following definition:

Definition 3.8. Fix p € [1, oco]. We say that a pair (F, E) with F a subspace of E has
POE-p with constant C, or C-POE-p, if for every n € N, every operator T : F — {7
extends to 7 : E — €5 with IT|| < C|IT|. Here POE-p stands for “property of oper-
ator extension into L,”. A Banach space F is said to have POE-p with constant C (or
C-POE-p) if, for any space E containing F, (F, E) has POE-p with constant C. If (F, E)
(or F) has C-POE-p for some C, then we simply say that (F, E) (resp. F) has POE-p.

In these terms, Theorem 3.7 yields the following equivalent characterizations of
POE-p:

Proposition 3.9. For C > 1, p € [1, o), and a subspace F of a Banach space E, the
following are equivalent:

(1) (F, E) has C-POE-p.
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2) Ijor an arbitrary measure space (2, 1), every T : F — Lp(p) has an extension
T:E— Ly(n)with|T| <C|T]|.

(3) For any n € N and ¢ > 0, every T : F — {7 has an extension T:E— 45 with
ITI < +e)T].

We note that the 1-injectivity of £, implies the following result.

Proposition 3.10. Every Banach space F has POE-oco with constant 1. Consequently, if
. F < E is an isometric embedding, then the map T : FBL(®[F] — FBL(®[E] is a
lattice isometric embedding.

The case of 1 < p < oo is more interesting, and upcoming (sub)sections will discuss
criteria for determining whether a pair (F, E), or a space F, has POE-p.

Remark 3.11. As noted in [15, Corollary 2.8], if F is a complemented subspace of E,
then ¢ : FBL[F] — FBL[E] is a lattice isomorphic embedding. This, of course, also
follows immediately from Theorem 3.7. However, [15, Corollary 2.8] (and a slight modi-
fication of its proof) shows a lot more: If ¢ : F' < E is an embedding, and P is a projection
from E onto ((F), then P defines a lattice homomorphic projection from FBL()[E] onto
1(FBL(®?)[F]). A partial converse also holds.

Proposition 3.12. Suppose F is isomorphic to a complemented subspace of a p-
convex Banach lattice, and « : F — E is an embedding such that the induced map
7: FBLW[F] — FBL)[E] is an embedding, and there is a projection P (which is not
assumed to be a lattice projection) from FBLP)[E] onto t((FBLP)[F]). Then F is com-
plemented in E.

Proof. As F is isomorphic to a complemented subspace of a p-convex Banach lattice,
there is a projection Q : FBL®?)[F] — ¢ (F) by [82, Proposition 4.2]. Diagram chasing
shows that V := ¢! o Qoi" ' o Pogg : E — F satisfies idg = V o . In other words,
F is complemented in E. ]

As an example, Theorem 3.7 (see Corollary 4.12 for additional details) shows that
the inclusion ¢ : ¢y <> Lo induces a lattice embedding of FBL®[co] into FBL®[¢].
However, ¢q is not complemented in £, hence FBL(”[¢(] cannot be complemented in
FBLP[{,].

3.4. Examples of lattice structures on a subspace spanned by Rademacher functions

In the previous subsection, we reduced the embedding problem for free Banach lattices
to a pure Banach space problem involving extensions of operators into L, (). This per-
spective on the embedding problem will be further expanded on in Section 4. However,
before doing that, we examine the embedding problem from a lattice point of view. More
specifically, here we consider an embedding ¢ : F < E, and explicitly calculate the
norms of certain elements of {(FBL(”)[F]) € FBL?)[E]. By discovering that, for certain
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f € FBL®[F], |/ llggL» ) may be very different from [[0f || gy (g}, We conclude
that 7 is not bounded below.

We denote by Rad, (1 < g < o0o) the span of independent Rademacher random vari-
ables in Ly; and R, will stand for the corresponding embedding. Khinchin’s inequality
shows that for finite ¢, Rad, is isomorphic to £5, and it is easy to verify that Rady, can be
identified with £;.

It is well known that, for 1 < ¢ < oo, Rad, is complemented in L, hence the pair
(Radg, Ly) has the POE-p for any p. Below we examine the edge cases ¢ = 1, co. In the
next section, we will revisit this question from an extension of operators point of view
and prove in Proposition 4.25 that (Rady, L) fails POE-p for all 1 < p < oo, and in
Proposition 4.19 that (Rads, L) has POE-p if and only if 2 < p < co. However, this
section presents a direct proof, in order to illustrate the structure of free Banach lattices:

Example 3.13. R; : FBL(®”[Rad;] — FBL[L] is not a lattice isomorphic embedding
for any p € [1, 00).

Proof. Let (er) denote the unit vector basis of £, and (rg) the sequence of Rademacher
functions. Define

R:ly — L1]0,1]: Zakek — Zakrk.
k k

As Rad; is canonically isomorphic to a Hilbert space, it suffices to show that R is not
bounded below.
Assume first that p € [1, 2]. Then for each m € N we have

V.
k=1

Indeed, let I : £, — £, be the identity map, and I : FBL® [€2] — £, the lattice homo-
morphism extending I, which exists because of the assumption that p < 2. It follows

that " "
= Vel = [ ], =]V

If instead p € (2, 00), consider the inclusion i : £, — £,. Extend this to a contractive
lattice homomorphism i : FBL®)[(,] — £, to get

m m
1/p _
m’? = Ve, <[V
k=1 k=1
On the other hand, for every m € N we have

Vs

Indeed, note first that if K is a compact Hausdorff space and ( fj);‘=1 C C(K), then as
a consequence of the fact that the extreme points of the dual unit ball B¢(k)+ are point

FBL(P)[(5] —

FBL(?)[¢,]

FBL(”) [£5]

FBL[L,]
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measures of the form +§; for k € K, we have

sup le <m|—sup2m<k)|—ﬂ2|m)1

X GBC(I()* :

Combining this observation with (1.2) yields

gl frsfre e [0 21
k=1 j=1 k=1 Jj=1

Since

NI ETE 1/|f1~|=/§1 VE Hé e

ji=1 k=1

it follows that

Hv

FBL[L 1]

For the converse inequality,

|

Now, since \/}—, 8, lies in FVL[L,], all || - llgpr(»[1,j-nOrms can be evaluated on this
element, and we have

=V = | V5

Thus, R is not bounded below. [

FBL[L] ‘\/ 8"‘(”)‘ =1

’I<§

-[=V

FBL(”)[L4] llreL (L1

Example 3.14. The lattice homomorphism R : FBL® [Rade,] — FBL®?[L [0, 1]] is
not an embedding for p € [1,2).

Here we provide a direct proof of this fact. Later, in Proposition 4.19, we will use a
different technique to show that R : FBL(®)[Rade] — FBL?)[L[0, 1]] is an embed-
ding if and only if p € [2, o0].

Proof of Example 3.14. Consider the Rademacher isometry R := Roo : €1 — Lo
ex > rg; here, (ex) form the canonical basis in £;, while (r;) are independent
Rademacher random variables. As mentioned above, we shall show that R is not bounded
below if p € [1,2).

To this end, first note that || \/;—; e, |l FBL(P[(,] = m'/P_ Indeed, the upper estimate
follows from the p-convexity of FBL(®)[{,]:

i p i A\VP (P i »
Hk\_/lgek FBL(”)[¢,] = H (]; [Bec| ) HFBL(")[ll] = 1; e, |17 = m
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For the opposite inequality, modify the arguments in Example 3.13 (using the formal
identity from £, to £,).

On the other hand, we shall show that || \/}—; &, leBL (L] ™~ J/m. By (1.1), we
find that | \/y'—; 8 llppr.((r. 1 i the supremum of (37—, [\/i—; i (r)|P)V? over all
Hi,..., Un € L% with

n
sup Y (0P < 1.

XEBLOOJ':]

Now consider the contractive operator
Wi Li, - O e ()

Note that | \/7'_; p(rx)| < lupll, hence | \/¥—; 8, llpprcm [z 18 nO greater than

“ 1/p n
sup{(Z”MleHp) neN, w1,...,p €LY, sup §:|/Lj(x)|p§ 1}.
1

= ¥€BLoo j=1

Arguing as in (1.2), this last quantity equals 7, (u), the p-summing norm of the oper-
ator u.

By [49, Theorem 2.8], 7, (1) < 1 (u), so it suffices to bound 7 (1). Denote by i the
formal identity from €7 to £2'. Note that [|i 7! || = 1, and ||i | = /m, hence ||i ou|| < /m.
By [49, Theorem 3.1], 71 (i o u) < Kg||i ou|| < Kg+/m, where K¢ is Grothendieck’s
constant. Thus, 1 (u) = m1(i ™" o (i ou)) < [[i"|m1(i ou) < Kg+/m by [49, p. 37].
Consequently, || \/7_, 6y || FBL()[Log] ~ vm.

For the opposite inequality, recall that || - [pgpn(r ) = || - lggL@ (L, )- Therefore,
it suffices to show that || \/7_; 8, lps @z ) = ~/m. Let pu; =rj € L1 € L%,. By
Khinchin’s inequality, the map £, — L; : e; — u; is contractive, where (e;) now stands
for the canonical basis in £,. Therefore, sup,.¢ Bio, Z;'l=1 |wj(x)]?> < 1. However, we

have (72, | Vo, i (r)P)V? = /m. .

4. Extensions of operators into L,

In the previous section, we were able to reduce the embedding problem for FBL® to
POE-p, or in other words, to the study of extension properties of operators into L,. We
now embark on a detailed study of POE- p. To begin, we provide several reformulations in
terms of operator ideals and & ,-spaces. We then study how POE- p behaves under duality,
which provides us with several examples of embeddings satisfying POE-p; in particular,
(F, F**), (F, Fy) and (F, E) whenever F is locally complemented or an ideal in E.
We then show several stability properties of POE-p, compare POE-p with POE-g, and
provide numerous (non-)examples.
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4.1. General facts about POE-p

We begin with several basic facts about POE- p; namely, its relation to operator ideals,
extensions into &£,-spaces, and previous literature. Firstly, the universality of oo ([ )-
spaces allows us to reformulate the definition of the POE- p in terms of the ideal (T'so, Yo0)
of £ -factorable operators (see [49] for information about this and other operator ideals).

Proposition 4.1. Suppose F is a Banach space, and 1 < p < o0o. The following statements
are equivalent:
(1) F has C-POE-p.

(2) Forany operator T:F —{,, andany isometric embedding F — L (1), there exists
an extension T : oo (1) — £p, with | T|| < C||T .
(3) For any operator T : F — {£,, we have yoo(T) < C||T||.
(4) For any compact operator T : F — £, we have yoo(T) < C|T||.
In statements (2)—(4), £, can be replaced by any infinite-dimensional L,-space.
Proof. The implications (1)=(2)=(3)=(4) are trivial.
(4)=(1): We suppose F < E and show that, for any ¢ > 0, any 7 : F — { has
an extension 7" : E — £ with ||T'|| < (C + ¢)[|T|, so the conclusion will follow by
Proposition 3.9. Find a factorization T = uv with v : F — foo(I) and u : Lo (1) — £7,

and with |Ju]| |Jv]| < (C 4 ¢)||T||. Extend v to ¥ : E — £oo(I) with |Jv|| = ||7]]. Then
T = u? has the desired properties. ]

In a similar fashion, we establish the following result.

Proposition 4.2. If (F, F1) has C1-POE-p and (F1, F>) has C2-POE-p, then (F, F3)
has C1C»-POE-p. In particular, if (F, E) has C1-POE-p and E is Cy-injective, then F
has C1 C2-POE—p.

For 1 < p <2, POE-p can be characterized in terms of 2-summing operators as fol-
lows. First, recall that an operator T : ' — E between Banach spaces is p-summing for
1 < p <oo(wewrite T € II,(F, E)) if there is a constant C such that for any finite
collection (xg)y_, € F we have

n 1/p " 1/p
(O rxel?) ™ = csup{ (3 et @olr) i xt e FY ) < 1.
k=1 k=1

The smallest possible C appearing in this inequality is denoted 7, (T") (see [49]).

Proposition 4.3. Let F be a Banach space and 1 < p < 2. The following are equivalent:
(1) F has POE-p.

(2) There is a constant C > 0 such that, for all n and all T : F — ", we have
mo(T) = C|T|.

(3) B(F.Ly) = Ty(F. £,).
(4) B(F,Lp) =II,(F, Lp).
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Proof. (1)=(2): Consider an embedding :: F < C(K). By assumption every 7: F — {7,
has an extension 7 : C(K) — €5 with IT| < C||IT||. By [49, Theorem 3.5],

m(T) < ma(T) < Ka | T < K CIIT.

where K¢ is the Grothendieck constant.

(2)=(1): By the IT,-extension theorem [49, Theorem 4.15], if E, F,Y are Banach
spaces with F' a subspace of E then every 2-summing operator 7 : ' — Y has an exten-
sionT : E — Y with mo(T) = nz(f).

The equivalence of (2)—(4) is a classical localization argument. [

Remark 4.4. Using Proposition 4.3 we see that POE-1 and POE-2 are actually well-
studied Banach space properties. Indeed, by [81], F is POE-2 if and only if F is a Hilbert—
Schmidt space. Moreover, by [115, Proposition 6.2], F' is POE-1 if and only if F* is a
G.T. space.

Remark 4.5. POE-p was also studied (under a different name) in [36]. Indeed, [36]
investigates the spaces E such that (F, E) has POE-p for every F C E. For instance,
it is shown that if E is a Banach lattice with that property for some p € (2, c0), then E
is weak Hilbert, and satisfies a lower 2-estimate. If E is a Kothe function space on (0, 1),
then it must be lattice isomorphic to L, (0, 1). If E is a space with a subsymmetric basis,
then [117, Proposition 12.4] can be used to show that this basis is equivalent to the £,
basis. On the other hand, Maurey’s Extension Theorem [49, Theorem 12.22] yields the
following result.

Proposition 4.6. Suppose E has type 2, F is a subspace of E, and 1 < p < 2. Then
(F, E) has POE-p.

The definition of POE- p involves extending operators into L ,-spaces. It turns out that
we can extend operators into the wider class of &£,-spaces — see [101] for an overview of
these spaces.

Proposition 4.7. Suppose 1 < p < oo, F is a Banach space, and X is an infinite-dimen-
sional £ ,-space. Consider the following statements:

(1) (F, E) has POE-p.

(2) Any compact operator T : F — X has a bounded extension T:E—X.

(3) Any compact operator T : F — X has a compact extension T:E—X.

(4) Any bounded operator T : F — X has a bounded extension T:E—X.

Then (1)< (2)<(3). Moreover, if X is complemented in X**, then (4) is equivalent to

the preceding three statements.

By [101], an &£,-space X is complemented in X ** if and only if it embeds into
L, as a complemented subspace. It is well known (see e.g. [84]) that, for 1 < p < oo,
every &£,-space is reflexive, hence, in Proposition 4.7, (1)< (2)<(3)<(4). For p = 1,
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[101, Section 5] provides an example of an &£ -space which does not embed complement-
ably into L.

Proof of Proposition 4.7. Note that if (4) holds, then there exists C > 0 such that any
T : F — X has an extension 7 : E — X with |T|| < C||T|. Indeed, (4) implies that
the map @ : B(E, X) — B(F,X) : S — S|F is surjective; thus, there exists C > 0 such
that for any T there exists 7 with |7]| < C||T|| and ®(T) = T. We can reach similar
conclusions in cases (2) and (3).

By [101, Theorem 1], X contains a complemented copy of £,. Consequently, either
(2), (3), or (4) implies (1). Clearly (3)=(2). The implications (1)=(3) and (modulo
complementability of X in X**) (1)=-(4) remain to be established. The proofs use [101,
Theorem 3]: there exists a constant p such that for every finite-dimensional Z C X, we
can find Y such that Z C Y C X, Y is p-isomorphic to KgimY , and p-complemented
in X. Use this to find an increasing net (Yy)yeg of finite-dimensional spaces such that
X = Ua Y, and, for any «, denoting dim Y, = ny we have d(Yy, KZ") < p, and there
exists a projection Py : X — Y, with || Py | < p.

For the remainder of the proof, we assume that (F, E') has POE-p with constant C,
X is an £,-space,and T : F — X is a contraction.

(1)=(3): Fix ¢ > 0. Assuming T is compact, we shall find a compact extension
T:E — X with |T| < Cp(1 + 3¢). We proceed recursively. Let Ty = 0, Ty =T.Our
first goal is to find &y < a < --- and compact operators Ty, T,é € B(F, X) such that, for
any k, we have

Ti_y=Te+T{. Ti=PoT{_. |Til <e27

Note that for any k we have T = T + --- + Ty + T}.. By the triangle inequality, || 7% || <
1T I+ 1T < €227 for k > 2, and likewise ||T;| < 1 + &. Moreover, Y fo, Tk
converges to 7.

Suppose we have already found o; < --- < o, and the compact operators Ty, ...,
T,, T, with the desired properties (if n = 0, then we have taken 7o = 0 and Ty = T, and
we ignore the condition about ¢, . .., a,). By compactness, we can find o, +1 > o, such
that

sup inf  ||T)f -yl <e(p+ 1)~ 127" 1,
fEF,IfI=1y€Ya,
Let Ty = Py, T, and T, | = T, — T41, and note that [|7), || < £27"~'. Indeed,
fix f € Br,and find y € Yy, , suchthat |7, f — y|| < &27""'(p+ 1)~'. Then

1T F1Il =1 = Pay YT f =W = (1 [ Pay IDIT, f =yl < 27770

So, Tp+1 and T, ., have the desired properties.

Recall that Ty (F) C Yy, , and the latter space is p-isomorphic to E;ak . Consequently,
T has an extension Ty : E — Yy, with || Tr|l < Cpl|Ti||. Recalling the estimates on the
norms || T¢|| obtained above, we conclude that || 71 || < Cp(1 + ), and || Ty || < Cpe22~*
for k > 2. Then T = Zzozl Tk extends 7, and has norm not exceeding Cp(1 + 3¢).
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Being the sum of a convergent series of compact operators, the operator T is compact.
This proves (3).

Denote by Q a projection from X ** onto X'; we will show that (1)=>(4). In this case,
X embeds into L, complementably. Let j : X — L, and P : L, — X be the embedding
and projection, respectively. If T : F' — X is a bounded linear operator, then jT : F — L,
has an extension S : £ — L, by Theorem 3.7. Then PS : E — X is a bounded linear
extension of 7. |

4.2. POE-p: duality, local complementation and ultrapowers

We now explore the interplay between POE-p and duality. To fix the terminology below,
recall that an operator Q : X — Y between Banach spaces is said to be A-surjective if
for any y € Y with ||y| < 1 there exists x € X with Qx = y and || x| < A. A standard
functional analysis result states that Q is A-surjective if and only if Q* is bounded below
by 1/A if and only if Q** is A-surjective.

For any Banach space Z, we can identify B(Z, ;) with (Z*)", as a vector space.
More precisely, any 7' € B(Z, £}}) can be written as T = py - ¢ ®ex, whereey, ..., e,
form the canonical basis in El’;, andzf,...,zy € Z*. ThenT,or T* € B(EZ,, Z*Y(/p+
1/p" = 1), can be identified with (z},...,z;) € (Z*)". By local reflexivity (as laid out
in [45]), B(Z,£35)** = B(Z**, L7).

Proposition 4.8. A pair (F, E) has C-POE-p if and only if the same is true for
(F** E**).

Proof. Define, for any n € N, the operator CDS;',)E :B(E,l;) —> B(F.£5): S — S|F.
Fix n; we henceforth omit the upper index (7). By the preceding paragraphs, GJ}* £ can
be identified with ® g+ g+, hence one is A-surjective if and only if the other is. In light of
Proposition 3.9, (F, E) has C-POE-p if and only if ®F g is C-surjective. By the above,
(F, E) has C-POE-p if and only if (F**, E**) does. |

For a Banach space E and n € N, let E® denote its n-th dual. The preceding result
yields the following.

Proposition 4.9. Let E be a Banach space and F a closed subspace of E such that F %)
is C-complemented in E®® for some k € N. Then (F, E) has C-POE-p.

Similarly, since any operator T : F — {7 has an extension 70 . @R €5 (k eN)
with the same norm, we see that the following holds.

Proposition 4.10. For any Banach space F, k € N, and p € [1, 00, (F, F@) has
1-POE-p.

Using £ (1) spaces we can convert Proposition 4.8 into a statement about Banach
spaces with POE- p (rather than pairs of Banach spaces with POE- p):

Proposition 4.11. F has C-POE-p if and only if F** does.
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Proof. Suppose F has C-POE-p. Embed F isometrically into £, (/). By Proposition 4.1,
F has C-POE-p if and only if (F, £s(/)) does. By Proposition 4.8, this, in turn, is
equivalent to (F**, £o0(1)**) having C-POE-p. By [146, Theorem 4.1], £oo(1)** is 1-
injective. Thus, by Proposition 4.2, if (F**, £o,(1)**) has C-POE-p, then so does F**.
Conversely, suppose F** has C-POE-p. Embed F** into {s(/), for a suitable
index I. We have to show that (F, £, (1)) has C-POE-p. By Proposition 4.10, (F, F**)
has 1-POE- p, hence Proposition 4.2 yields the desired result. ]

We now give three examples where the above results apply. First, recall that by [146,
Theorem 4.2], F** is C-injective if and only if whenever F is a closed subspace of E
and Y is finite-dimensional, every operator 7 : F — Y extends to T :E — Y with
7]l < C|IT|. Hence, £oo-spaces have POE-p for all p € [1, 00]. To be more precise,
by combining [100, Theorem 3.3] with [146, Theorem 4.2], we observe that if F is an
&£ oo, -space for all > A, then F** is A-injective. This implies the following.

Corollary 4.12. If F is an £, ,-space for all p > A, then it has A-POE-p for every
p € [1,00]. In particular, co and C(K) spaces have 1-POE-p.

In a similar fashion, we apply Propositions 4.8 and 4.9 to two well-studied classes of
subspaces. Recall, following [88], that a closed subspace F of E is locally complemented
in E if there is A > 0 such that whenever G is a finite-dimensional subspace of E and
& > 0, there is a linear operator 7 : G — F such that ||T|| < A and ||Tx — x| < ¢||x||
for x € F N G. It follows from [88, Theorem 3.5] that F is locally complemented in E
if and only if F** is complemented in £** under the natural embedding. Proposition 4.9
thus implies the following.

Corollary 4.13. If F is locally complemented in E, then (F, E) has POE-p for every
p € [1,00].

On the other hand, recall that a subspace F of a Banach space FE is called an ideal
(see [68])if F+ = {x* € E* : x*(y) = O for y € F} is the kernel of a contractive pro-
jection on E*. In this case F** is contractively complemented in E**. Note that here,
neither £ nor F is assumed to have any order structure. One should distinguish between
the “Hahn—Banach ideals” described above, and order ideals we are discussing in the
context of Banach lattices.

For ideals (in the Banach space sense) Proposition 4.8 implies the following result.

Corollary 4.14. If F is an ideal in E, then (F, E) has 1-POE-p for any p € [1, o0].

Embeddings of Banach spaces into their ultrapowers behave in a fashion similar to
embeddings into second duals. Recall that given a Banach space E and a free ultrafil-
ter U on an infinite set I', the ultrapower of E with respect to U is given by Eqy =
Lo(T', E)/ N, where Nq; is the subspace of elements in £ (I", E) which converge to
zero along U. A “natural embedding” of E into Eq; is determined by mapping e to the
equivalence class of (e, e,...).
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Proposition 4.15. For any p € [1, o] and any Banach space F, the pair (F, Fy) has
1-POE-p.

Proof. Given T : F — 6;’,, let Ty : Fy — (Z;’,)u denote the natural extension (see [2,
Theorem 1.64]) which satisfies ||7y || = || T'[|. By compactness we have ({7)y = £,. =

4.3. Further characterizations of POE-p

In the definition of POE- p there is a uniform constant C which is selected independently
of the embedding F < E. However, it is not necessary to require this:

Proposition 4.16. For 1 < p < oo and a Banach space F, the following are equivalent:
(1) F has POE-p.

(2) For any Banach space E containing F there is a constant C > 0 such that every
operator T : F — {7 extendsto T : E — £y with [T < C|T].

Proof. Clearly (1)=(2). Now suppose (1) fails; we will show that (2) fails as well.

For each k € N, find an isometric embedding j; : F < Ej and a contraction T} :
F — ZZ" such that any extension of Ty to Ej has norm at least k. We “amalgamate”
the spaces Ex: let E = (3 Ex)1/G, where G is the closed linear span of all elements
(ak jky)k € Qg Ex)1 (v € F) with ), a; = 0 (this sum is well defined, since mem-
bership in (3, Ex)1 implies ) |ax| < 00). Define uy : Ex — E by taking x € Ej to
the equivalence class of x® .= 0,...,0,x,0,...) (x is in the k-th position). Then uy is
an isometry. Indeed, clearly this map is contractive. On the other hand, for any x € Ey,

e} = inf Ix® + gl

inf {Héaijkyz +XH +§Héafﬁyl”}

O CF, Y al=0

m m
= it = Y aon| + X [ alin])
I=1 itk 1=1

\

)L, CF, Y al=0

inf {ix - Héaiy,” +§£Héa£w”} > |lx]|-

)L CF, Y al=0

Fori,k e Nandy € F,[ji y]® — [ y]® € G, hence u; j; = uy ji. Denote u jx (no
matter what k is — all these maps coincide) by j; then j : F — E is an isometric embed-
ding. Consider Ty : F — EZ" as described above (that is, T is an operator with no “small
norm” extension to Ex). Suppose S : E — £,* extends Ty. Then ||S|| > ||S |u, (£, || = k.
As k is arbitrary, we conclude that (2) fails. |

We can also restrict to superspaces of the same density. For a Banach space E, let us
denote by dens(FE) the density character of E — that is, the least cardinality of a dense
subset.
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Proposition 4.17. For C > 1, 1 < p < oo, and a Banach space F, the following are
equivalent:

(1) F has C-POE-p.

(2) Whenever F is a closed subspace of E with dens(E) = dens(F'), every operator
T:F —>{yextendstoT : E — Ly with |T| < C|T]|.

Proof. Suppose (2) holds and let F be a closed subspace of an arbitrarily large E. By
[74] (see also [132]), there exists a closed subspace G such that F C G C E, dens(G) =
dens(F) and G is an ideal in E. If T : F — {7, then by hypothesis we can find an
extension Yj : G — Ly with ||7~:|| < C||T||. Since G is an ideal in E, then we also have an

extension 7 : E — €7 with |IT| < C|IT| by Corollary 4.14. n

4.4. Relations between POE-p and POE-q, and several examples

In this section we give several examples of pairs (F, E) (or spaces F') which have POE-p,
and several which do not. We begin with £;-spaces:

Proposition 4.18. Suppose 2 < p < oo, and F is an £ -space for all . > A. Then F
has A-POE-p.

Proof. In light of Proposition 3.9, it suffices to show that, for any embedding ¢ : F — E,
andany C > A, any operator 7" : F' — {7 has an extension T:E— €7 with IT|<cC|T].
To this end, find 4 > A and € > 0 such that ;i (1 + ¢) < C. Let p’ be the “conjugate” of p,
sothat1/p+1/p"=1.As1 < p’ <2, there exists an isometric embedding j : £}, — L;
(see e.g. [84, Section 4]). Then j* : Loy — Z" is a quotient map. By [101, Theorem 4.2],
T has alifting S : F — Lo with | S| < ,u(l + 8)||T|| and j*§ = T. Find an extension
S:E — Lo with ||S|| = ||S]|. Then T := j*§ is the desired extension of 7. L]

We next discuss the relations between POE-p for different values of p. As a corollary,
we deduce from Proposition 4.19 that Proposition 4.18 fails for 1 < p < 2 and one cannot
replace cg by £1 in Corollary 4.12 when p € [1, 2).

Proposition 4.19. (1) If 1 < p <q <2 and F has POE-p, then it has POE-q.
(2) If 2 < p < oo and F has POE-p, then it has POE-2.
(3) The space £1 has POE-p if and only if 2 < p < oo.

Proof. (1) By [84, Section 4], £, (or even L,) embeds isometrically into L,. If F has
POE-p, then, by Proposition 4.3, there exists a constant C such that 7,(T) < C||T|| for
any T : F — L,. The ideal of 2-summing operators is injective, hence 7,(7) < C||T ||
forany T : F — {,. Thus, F has POE-q.

(2) Suppose F has POE-p with constant c. We need to show that, for any £ D F,
every operator T : F© — {7 has an extension T:E— £ with IT| < C|T| (Cisa
universal constant). Denote the canonical basis in £} by (ex), and let j : £5 — 512," be
the “Khinchin” embedding — that is, jex = ry for 1 < k < n, with ry, ..., r, being
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Rademacher random variables realized in EI%". Then || jx| = |x|| for any x. Further,
there exists A = A, such that || j|| < A, and there exists a projection P : 612," — j(£3)
with || P]| < A. Consider T : F — {4. As F has POE-p, jT : F — 612,” has an exten-
sion S : E — Ef,n with |S|| < ¢|lj I IT]l < cA|T|. Then T = j~!PS extends T, and
IT] < eA?|T].

(3) The fact that £, has POE-p for p > 2 follows directly from Proposition 4.18. Now
suppose 1 < p < 2. By Proposition 4.3, it suffices to show that for every C > 0 there exists
a contractive T : {1 — {7 such that 72(T) > C. Denote by (ex) the canonical bases in
both £; and €7, and set Te = e if | <k <n, Te; = 0 otherwise. By [65, Theorem 9 (v)],
72(T) ~ nt/P=1/2, |

The class of POE-1 spaces, albeit more restrictive than that of POE-2 spaces (by
Proposition 4.19), is still fairly large. For instance, by Proposition 4.3 and [144, Corol-
lary III.I.13], the disk algebra A has POE-1. However, for spaces with an unconditional
basis, the POE-1 condition is very restrictive, as we will next see.

Proposition 4.20. A space F with a normalized unconditional basis (xy) has POE-1 if
and only if (xi) is equivalent to the cq basis.

Proof. Due to Corollary 4.12, c¢o has POE-1. Now suppose F possesses a normalized
unconditional basis (xz), and has POE-1. It is easy to see that the (seminormalized)
biorthogonal functionals (x;) form an unconditional sequence in F*. By Remark 4.4,
F*is a G.T. space. For m € N, denote by P, the canonical basis projection from F onto
span[xy : 1 < k < m]. Then P, is a projection from F* onto span[x; : 1 <k < m]. As
sup,, || Pm || < 0o, we conclude that there exists a constant C such that, for any m,n € N,
any operator 7" : span[x; : 1 <k < m] — €4 satisfies w1 (T) < C||T||. The proof of [115,
Theorem 8.21] shows the existence of a constant C’ such that (x;)7"_, is C’-equivalent
to the canonical basis of {'. In other words, the inequality

%ZWH =< Hzakx’tH <) lal
Kk k k

holds for every finite sequence (ay). Thus, (xz) is equivalent to the cg basis. |

Remark 4.21. An alternative proof for Proposition 4.20 can also be deduced from [127],
where it is shown that a space with an unconditional basis has POE-2 if and only if it is
isomorphic to £y, cg, or ¢ @ £1. Indeed, if F has POE-1, then by Proposition 4.19, it also
has POE-2, and since ¢; fails POE-1, the previous characterization shows that F° can only
be isomorphic to cg.

Remark 4.22. Relations between POE-p for different values of p remain unclear. For
instance, we do not know whether POE- p implies POE-¢ in the following situations:

(1) pell,0),q € (2,00).

2) 1<g<p<2
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Also, we do not have a characterization of POE-p (2 < p < 00) in terms of operator
ideals, along the lines of Proposition 4.3. Using [49, Corollary 10.10], one can observe
that if F has POE-p for2 < p < oo, then B(F,{,) = I1, (F,{,) = I1,(F,{,) whenever
s < p < r. However, this condition does not seem to be sufficient.

Above, we have observed that the disk algebra A has POE-p for 1 < p < 2. We
do not know whether A has POE-p for 2 < p < co. We know that, by [49, Corollary
10.10] and [144, Corollary II1.1.13], B(A4, Kp) I,(A,£,) when 2 < p < r. Also, by
F. and M. Riesz Theorem, A** = Ho ®oo M, where Mj is the set of measures singular
with respect to the Lebesgue measure (see [144, p. 181]). As POE- p passes to the double
dual, we conclude that Ho, has POE-p for 1 < p < 2. As with A, we do not know what
the situation is for 2 < p < oo.

Finally, we examine POE-p for some “natural” pairs (F, E), where F is a subspace
of Lp ().

Proposition 4.23. Suppose 1 < p < oo, and F is isomorphic to a complemented subspace
of Lp(w) for some measure . If a Banach space E contains F, then the following are
equivalent:

(1) F is complemented in E.
(2) F is locally complemented in E.
(3) (F, E) has POE-p.

Remark 4.24. Proposition 4.23 is applicable in the following situations:

(1) 1 < p < o0, and F is isomorphic to a Hilbert space. Indeed, suppose /I is an index
set, and p is the uniform probability measure on {0, 1}. Then £5(/) is isomorphic
to the span of independent Rademacher functions in L, (u®7); the latter space is
complemented in L, (u®7).

(2) 1 < p <oo,and F is an £,-space. Indeed, by [101], such an F' embeds complement-
ably into an L ,-space.

Proof of Proposition 4.23. (1)=>(2) is easy, and (2)=>(3) follows from Corollary 4.13.
(3)=(1): Let F’ be a complemented subspace of L,(u) isomorphic to F,
P:Ly(u) —> F'a pI'OJeCtIOH and T : F — F’ an isomorphism. By Proposition 3.9,
T has an extension 7 : E — L p(u). Then Q =T~ IPT is a projection from E
onto F. ]

Specializing to Hilbertian subspaces of L, we obtain the following result.

Proposition 4.25. If F is an infinite-dimensional subspace of L, isomorphic to a Hilbert
space, then (F, L) fails POE-p for 1 < p < oo.

Proof. If 1 < p < o0, the result follows from Remark 4.24. It remains to examine the case
of p = 1. Note that if F is Hilbertian, and (F, E) has POE-p, then (F’, E) has POE-p
whenever F' is a subspace of F. Indeed, there exists a projection P from F onto F’. For
any T € B(F’, L), the operator TP has an extension S : E — L,, which clearly also



T. Oikhberg, M. A. Taylor, P. Tradacete, V. G. Troitsky 40

extends 7'. Therefore, it suffices to establish the failure of POE-1 for separable F'. Also,
we can restrict ourselves to F C Lj(u), where p is a probability measure.

Suppose, for the sake of contradiction, that (F, L1 (u)) has POE-1 with constant C. In
particular, any operator T : F — F extends to T : L1(u) — Ly(w) with ||| < C||T|.

Recall that a normalized (in L) Gaussian random variable g can be realized on a
measure space (€29, Vo). Then independent normalized Gaussian variables (g;);en can
be realized in L;(v) with v = ;< Vo; denote by G the closure of their linear span.
It is well known that G is Hilbertian. As operators on F have an extension property
described above, [122] shows that for any isomorphism J : ' — G there exist operators
u:Li(pn)— Ly(v)andv: Li(v) — Ly(u) extending J and J !, respectively. From this,
we conclude that (G, L1(v)) has POE-1. Indeed, fix J,u, v as in the preceding paragraph.
For any T € B(G, L1), the operator S = TJ has an extension S: Li(n) — Ly with
ISII < CIJIIIIT|. Then Sv : L1(v) — L extends 7.

Therefore, by [115, Theorem 6.6 and the remark following it], L1(v)* = Lo (v) has
cotype 2 (and satisfies Grothendieck’s Theorem), which is clearly false. This is the desired
contradiction. |

Remark 4.26. Fix p, and suppose F is a closed subspace of a Banach space E. We have
found a characterization of when the canonical embedding extends to a lattice embed-
ding of FBL(”)[F] into FBL?)[E]. However, one might still wonder when FBL?[E] at
least contains some lattice isomorphic (or isometric) copy of FBL(”)[F]. Similarly, if F
is moreover a p-convex Banach lattice, when does FBL?)[E] contain a (nicely comple-
mented) lattice copy of F? In general, these questions will have a negative answer: take
for instance £ = C|0, 1], and let F be a subspace isomorphic to £;. It will follow from
Theorem 9.20 that FBL[C [0, 1]] never contains a sublattice isomorphic to £1, so it fails to
contain FBL[{;] as a sublattice as well (this is due to Theorem 8.3).

5. Basic sequences in FBL(?[E]

In this section we study the structure of basic sequences in free Banach lattices. More spe-
cifically, we begin with a basic sequence (xx) in a Banach space E, and try to understand
the sequence (|8x, |) of moduli it generates in FBLP)[E]. This is important, since, due to
the universal nature of free Banach lattices, the behaviour of the sequence (|éx, |) reflects
all possible embeddings of E into arbitrary p-convex lattices. As an illustration, we note
the following.

Proposition 5.1. Suppose (xi) is a sequence in E, and (|8x,|) is weakly null in
FBLP)[E]. Then, for any p-convex Banach lattice X, and any bounded map T : E — X,
the sequence (|T xi|) is weakly null.

Proof. For T as above, T :FBL® [E] — X is bounded, hence weak-to-weak continuous,
hence if (|0, |) is weakly null then so is (T'|x, |) = (|7 xk]). L]
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Taking into account the description of (|é, |) € FBL[{,] obtained in [19], we obtain
the following corollary.

Corollary 5.2. Suppose 2 < r < 0o, and (ey) is the canonical basis in £, (if r = 0o, we
take cq instead of Leo). If X is a Banach lattice, and T : £, — X is a bounded operator,
then (|Tey|) is weakly null in X .

The preceding result fails for 1 < r < 2. Indeed, [15, Theorem 5.4] (see also Propos-
ition 5.14 below) shows that (|8, |) is equivalent to the £; basis for 1 < r < 2. However,
by Proposition 6.4 (|, |) is equivalent to the £, basis (hence weakly null, if r > 1) in
FBL()[{,]. These observations are consistent with the fact that the standard Rademacher
random variables give a copy of £, in L, (1 <r < oco) but their moduli are not weakly null.
Actually, the unit vector basis of £, (1 < r < 2) has weakly null moduli in FBL®[(,]
if and only if p = oco; the Rademacher functions in L, show that the moduli of £; in
FBL([£,] can never be weakly null. We will expand on these observations significantly
in the results below.

Next we generalize [19, Proposition 1]. Recall that a basic sequence (xi) is called
C -suppression unconditional if for every choice of scalars (az) and any set A C N we
have || > g @k Xkl < Cll D gen @k Xk || It is standard to check that every C -suppression
unconditional sequence is 2C -unconditional.

Proposition 5.3. Let (xi) be a sequence in a Banach space E. Then, for the sequence

(18x 1) in FBL)[E], we have:

(1) If (xx) is minimal then (|8, |) is minimal.

(2) If (xg) is a basis then (|8x, |) is basic.

(3) If (xk) is a C-suppression unconditional basis then (|8x, |) is C-suppression uncon-
ditional, hence 2C -unconditional.

4) If (xx) is a symmetric basis then (|8, |) is symmetric.

Recall (see [133, p. 54]) that (x) is called minimal if it admits a system of biortho-
gonal functionals.

Proof. (1) Let (x;) be biorthogonal functionals for (xx), and extend them so that x; € E*.
Then )/ck? : FBL®[E] — R is a lattice homomorphism for every k, such that ;]f(|8xl ) =

|z (x1)| = 8,1, showing that (;,f) are biorthogonal functionals for (|, |). The proofs of
statements (2)—(4) are similar to [19, Proposition 1]. [

Remark 5.4. In (3), 2C -unconditionality cannot be replaced by C-unconditionality, even
if C = 1. Indeed, suppose (ex) is the canonical basis in €5, and p = 1. We first show that
H |8, | + |86, | “FBL[ez] =2.Let R : ¢, — L, be the Rademacher mapping, which is known

to be isometric. This lifts to a lattice homomorphism R: FBL[{;] — L, of norm 1. Hence,

22 |5 el = WIS b | =[RS b l] = [l = 2
k=1 k=1 k=1 k=1
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To contrast this we shall show that ” |8, — [8es | || = /2. Tt follows from “861 | — 3¢, |}
< |8e, — e, | that

|||8€1 | - |882|” = ”881 _862” = ||€1 _‘32” = ‘/E

For the reverse inequality, let 7" : K% — Ef be the formal identity. Then

1 1
S| = 8esl| = —[ITer| = |Tes|| = —= -2 = V2.
Note that in Proposition 5.3 it was shown that if (xx) is a basis of E, then (|8, |) is
basic in FBL(®)[E]. However, the following question is open.

Question 5.5. Suppose (xx) is a basic sequence in a Banach space E. Is the sequence
(I8, 1) basic in FBL(®[E]? If (xy) is further unconditional, is (I8, |) unconditional as
well?

We now present some partial progress on this question:

Proposition 5.6. If E has a basis (uy), then for every block basic sequence (xr) of (ug)
the sequence (|8x, |) is basic in FBLP[E].

Proof. By a well-known result of Zippin (see [3, Lemma 9.5.5]), a basis ( f;) of E can be
constructed such that (xi) is a subbasis of (), say f, = xx. By Proposition 5.3, (|87, )
is a basic sequence in FBL(”)[E]. Hence, being a subsequence, so is (18, ). L]

Remark 5.7. Using Hlb’xk| — |8yk|H < |lxx — y&|l, it follows from Proposition 5.6 and
the principle of small perturbations that if £ has a basis (ux) then small perturbations of
blocks of (1% ) have moduli that are basic in FBL?)[E].

A well-known result due to Bessaga and Pelczyrniski allows one to extract a basic
sequence from every seminormalized weakly null sequence in a Banach space E. We will
see next that this extraction can be made in such a way that the corresponding sequence
of moduli in FBL[E] is also basic:

Proposition 5.8. Let E be a Banach space and (x,) a weakly null seminormalized
sequence in E. There is a subsequence such that (|5x”k |) is basic in FBL®?)[E].

Proof. Due to [132] there is a separable subspace F' € E which is an ideal in E and
such that (x,) € F. Hence, by Corollary 4.14, FBL®”)[F] is an isometric sublattice of
FBL(® [E]. Therefore, for our purposes, we can assume without loss of generality that £
is actually separable.

Suppose that the set S = {|0x, |} < FBL(®[E] does not contain any basic sequence.
Since (x;) is seminormalized, 0 ¢ S ”'”, hence, by [3, Theorem 1.5.6], the weak closure
of §, K = SY , 1s a weakly compact set with 0 ¢ K.

Let(: E — CJ0, 1] be an isometric embedding and 7 : FBL(®”[E] — FBL®[C|0, 1]]
the induced lattice homomorphism. Since ¢ is weak-to-weak continuous and injective, it
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follows that 1(K) is a weakly compact set and 0 ¢ 7(K). Thus, again by [3, Theorem 1.5.6],
(18ux, 1) = (@|8x, 1) < FBL)[C [0, 1]] does not contain a basic sequence.

However, ((x,) is a seminormalized weakly null sequence in C [0, 1]. Therefore, we
can extract a subsequence ¢(x,, ) which is a small perturbation of a block basic sequence
of the monotone basis of C[0, 1]. Hence, Remark 5.7 shows that for some subsequence
(18.(xp,,|) 1s a basic sequence in FBL(®[C]0, 1]]. This is a contradiction. We can thus
assume that S’ contains a basic sequence, which implies that we can extract an increasing
sequence (nx) S N such that (|dx,, |) is basic in FBL([E], as claimed. |

Remark 5.9. Of course, building on Proposition 5.3, it is natural to study how other
properties pass between the sequences (xx) and (|0x, |) (e.g. shrinking, boundedly com-
plete, etc.) Although this will not be our focus, our results will indirectly shed some light
on such questions. In particular, we will discover some “rigidity” results, i.e., properties
of (|6, |) that force (xx) to take a particular form.

5.1. Lower 2-estimates, {1, and cg

In this subsection we explicitly compute the moduli of certain bases, refining some results
from [19]. We begin by characterizing the behaviour of ¢¢ in FBL(®) [co]:

Proposition 5.10. Let (ey) denote the canonical basis of co. The sequence (|8, |) in
FBLP)[c] is equivalent to the canonical basis of £, forall 1 < p < oo.

Proof. By Proposition 5.3, the sequence (|5, |)« is an unconditional basic sequence. We
shall show that, for finitely supported sequences (ag),

[els) [els) 5 12
Hzak|86k| FBL(?[¢o] - (Z k] )
k=1 k=1

(with an equivalence constant depending on p € [1, 00)). Fix such (ag). Let

Ay =k :ar >0} and A_ = {k:a; <0}

Define an operator T : co — L,[0, 1] via

Tx = Z arep (X)ri.

k€A+
If ||x|| < 1 then Khinchin’s inequality yields
1/2 1/2
171 < By (Y laxeg o) = Bp( Y aF)
kEA+ k€A+

It follows that || T'|| < Bp(Xgea, a2)'/2. Note that Tex equals axry if k € A and zero
otherwise.
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Let 7 : FBL(®) [co] = Lp[0, 1] be the canonical extension of 7. We deduce that || T | <
Bp(Xkea, ap)'/? and

(S axlsnl) = Y axlTerl = 3 axlarel = (X a2t
k=1 k=1

kEAJr kEAJr

It follows that

Y af= Hﬂémw)ﬂ <, 3 ai)l/zﬂéakm

keA

3

so that

= ( Z ai)l/z.

k€A+

(o)
By |3 axlse,|
k=1
Similarly, we get

= ( Z ai)l/z.

oo
Bp| Y axlde,|
k=1 keA_

Combining these estimates, we get

o0
V2B, HZak|5ek|
k=1

e 1/2
> 2) i
FBL(P)[co] — (I; k|

Conversely, it was shown in [19] that

oo 5 e 5 12
Hzak| e FBLIco] (Z x| ) '
k=1 k=1

Hence, since the FBL-norm is the largest of the FBL(p)-norms,

(o] (o] 5 1/2
|37 axlsel I (X ter?) ™. .
k=1 0

Corollary 5.11. Suppose a sequence (ey) in E is equivalent to the canonical basis of cy.

o0
< arlbe,
FBL(” [¢o] — sz_:l klde |

Then the sequence (|0, |) in FBL(P)[E] is equivalent to the canonical basis of £ for all
1 <p<oo.

Proof. Combine Proposition 5.10 with ¢¢ having POE- p (Corollary 4.12). ]

Combined with Proposition 5.10, the next result establishes a lower 2-estimate for the
moduli of an arbitrary basic sequence:

Proposition 5.12. Let (xi) be a sequence in E, and assume that there are biorthogonal
functionals (x})) to (x) such that K := supy ||x|| < oo. Then for any finitely supported
sequence (ay) of scalars we have

oo
|2 aulse,|
k=1

o
< KH agls )
FBL(”[co] — kX—:I Kl FBL(?)[E]
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where (ex) denotes the unit vector basis of co. Consequently, for 1 < p < oo,

) 1/2 oo
(>oaf) " = |0 axlsal
k=1

FBL(?)[E]

Proof. The assumptions tell us that the operator T : [xx] — £oo given by Tx = (x;(x))
has norm at most K and T x; = ej. By injectivity of £, (or Hahn—Banach), we have an
extension 7 : E — {oo with || T|| < K. Let Dt oo = FBL(®)[¢4,] denote the canonical
isometric embedding and let § = ¢y, T : E — FBLW[{]. Let now S FBLP[E] —
FBL(®[{4,] be the lattice homomorphism extending S, and note that || N | < K.It follows
that for any finitely supported sequence (ay) of scalars we have

\)Zau et o H Zau el

FBL(? [foo] — KHZaH 23

FBL(”[E]
Using Proposition 4.10 and the above estimate we get
H Z U lOey | FBL(®?) [¢ H Z Uk |Oey | FBL( [(oo] — K” Z k|0 | FBL[E]
Finally, the “consequently” statement follows from Proposition 5.10. ]

Statement (3) of Proposition 4.19 suggests that £1 could be a counterexample to Ques-
tion 5.5. However, basic sequences equivalent to £; will always have moduli equivalent
to £, in free spaces. More generally, we have the following proposition.

Proposition 5.13. Suppose (xi) is a C-unconditional basic sequence in a Banach
space E. Then, for 1 < p < oo, and forany ay,...,a, € R,

n n
1
Hzak|8xk| FBL(?[E] = 2C Hzakxk H
k=1 k=1

Proof. 1t suffices to consider p = oo, as this is the weakest of the FBL® -norms. By
Proposition 3.10, we may assume that (xz) is a basis. The result then follows from state-
ment (3) of Proposition 5.3:

2 ”Zak|8xk|
k=1

n
> 8
FBL()[E] — HI; k] 10| FBL(®®)[E]

n n
> axd = H agXx H [ ]
- H’; ki || gy oo ] kX—:l k2k

Remark 5.19 below will show that the unconditionality assumption in the preceding
proposition is essential, in general, for the sequence of moduli to dominate the original
sequence.

We now intend to characterize those bases (xx) of E such that the sequence (|0x, |) in
FBL()[E] is equivalent to the unit vector basis of £1. We begin with a sufficient condition:
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Proposition 5.14. Let E be a Banach space with a normalized basis (xy) satisfying a
lower 2-estimate. Then for all p € [1, 00) the sequence (|8x, |) in FBL(P)[E] is equivalent
to the unit vector basis of 1.

Proof. We first prove this for the unit vector basis (ex) of €. Let R : £, — L, be the
Rademacher mapping. This extends to a lattice homomorphism R : FBL(®?)[¢,] — Ly.
Now,

n n n n n
VRIS acbecl| ZNRI|D lael 8o, 1|2 | R D lael e, 1| =] D lawlirel| =D lael
k=1 k=1 k=1 k=1 k=1

where the first domination is by the unconditionality statement in Proposition 5.3.

Now suppose that (xz) is normalized with a lower 2-estimate. Then the basis-to-
basis map 7 : E — {, is bounded, so we can extend it to a lattice homomorphism
T : FBL?)[E] — FBL®[{,]. Note T(lek |) = |8e, |. From this we deduce that

1] | = |3 e
k=1 k=1

Example 5.15. Let 1 <r <2 and let (e) be the canonical basis of £,. Then the sequence
(I8¢ 1) in FBL)[{,] is equivalent to the canonical basis of £, when p € [1,00). Similarly,
the Walsh basis in L, [0, 1] is normalized and satisfies a lower 2-estimate if 1 < r < 2.

n

~ > lakl. n

k=1

One cannot replace “basis” with “basic sequence” in Proposition 5.14: see Proposi-
tion 6.5. The dual to the summing basis in cq (see below) satisfies the conclusion but not
the hypothesis of Proposition 5.14:

Example 5.16. Let (x;) be the basis for £; such that x; = e¢; and x; = e — ex_; for
k > 2. Then for all p € [1, oo] the sequence (|x, |) in FBL([¢,] is equivalent to the unit
vector basis of £1.

Proof. By Remark 2.7 it suffices to work with FBL®[¢;]. Recall also that the norm

H >t ak|8x | H is computed by taking supsep, _ ]ZZ’:I ar| f(xe)l ]
Choosing f = (1,—1,1,—1,1,—1,...) we get

m
(Zaklf(xk)l‘ = lay +2a2 + 2a3 + -+ + 2am|.
k=1

This tells us (|8x, |) is either conditional, or equivalent to the £; basis.

Now, in general, to take care of signs, one picks f to be a sequence of ones and
negative ones, but now aligns them with the signs of the a; (we can safely ignore xi).
This easily gives

m
|3 axlss,|
k=2

and proves the claim. [ ]

’

m
> ZGkD > ) laxl,
k=2

> max(’ 2ay
FBL()[¢;] k-;o ot
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In contrast to Example 5.16, Proposition 5.14 is sharp for unconditional bases:

Proposition 5.17. Let (xi) be a 1-unconditional basic sequence in E, ay,...,a, > 0,
and1 < p < oo. Then

N
k=1

Here, K denotes the universal Grothendieck constant. In particular, suppose (xx)
fails to have a lower 2-estimate — that is, there exist 1, . .., #, such that || Y _; texx || <
(k=1 1D)Y2. Then by (5.1),

n
|2 18l
k=1

implying that (|8, |) is not equivalent to the £, basis.

" 12 &
FBL(?)[E] = K¢ <kZ=:l ak) HICZ::I \/E-xk HE G.1D

n
12,
FBL(P)[E] < I; k

Proof of Proposition 5.17. Let F =span|xg : k € N]. Let T = ¢g|r : F — FBL@?[E]
be the natural inclusion. In FBL®?)[E], using the Cauchy—Schwarz inequality we have

Y el = (Y ar) (L andoe ) = (L o) (2 revammoe)
k=1 k=1 =

k=1

View F as a Banach lattice under the order induced by (x). Using Krivine’s inequality
[103, Theorem 1.f.14], and the fact that (x) are disjoint in F, we get

Héakka' oL (E] = (i“k)m KeTI| (}; l(@xk)lz)l/z |-

o) |3 ean, -

As already mentioned, if (x) is an unconditional basis of E, then the sequence (|8, |)
is unconditional in FBL? [E]. As we saw in Example 5.16, the modulus of a conditional
basis need not be conditional — it also need not be unconditional. For the sake of an
example, consider the summing basis in ¢, consisting of vectors sy = (1,...,1,0,...)
(k ones in a row).

Proposition 5.18. For all p € [1, 00] the basic sequence (|3, |) is conditional (even
for constant coefficients) in FBLP[col. In fact, for n an even integer, we have

I3k 1185 e o) = . bt
M) ”Zz:l(_l)kwsk|”FBL(°°)[60] =L

(2) k/n < H S (=DF8, | ||FBL[C0] < Kg+/n, where K¢ is Grothendieck’s constant,
and k > 0 is a universal constant.
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Proof. (1) The norm on FBL(®[co] arises from || f|| = sup {| f(x*)| : [|x*[l¢, < 1}. By
the triangle inequality, | Y7 —; |85 ||| < Y%= skl = n. For a lower estimate take x* =
(1,0,0,...) € £1. Then

HZ 851

>3 ()| = n.
Now recall that

HZ( D¥185 | =

Write x* = (ay,as,...). Then x*(s;) = a; + - -+ + ag; hence
n nj2  2j 2j—-1 n/2, 2j 2j—-1

> vt ool | S (X af - [ X af)| < X |- X
k=1 i=1 k=1 k=1 j=1"k=1 k=1

|07 akl =12 axl| < laa; |, hence

n/2

12( DF sl = D lazjl = Ix*l < 1,

j=1

sup \Z( DF (s

Ix*l<1'y

By the triangle inequality,

which leads to

I3 ki,
k=1

On the other hand, testing on x* = (0, 1,0, ...), we obtain ”Zﬁzl(—l)kwsk | ” > 1.

(2) The lower estimate for ||} %_; (—=1)¥|8, ||| (where || - || = | - lrpLico)) follows
from Proposition 5.12 (the norms of the biorthogonal functionals (0,...,0,1,—1,0,...)
€ {1 do not exceed 2).

For an upper estimate, we view sy, ..., s, as living in {2  (spanned by the first n
coordinates of ¢g). We need to prove that if (x*)’” | C 7 with maxi||2 ) :l:x I<1,
then

n
= sup [3 DRl = 1.
e l<t'f 2

m

>[S040l < Ko v

j=1 k=1
As noted in (1),

> DRl = I
k=1

We therefore have to show that, for our sequence (x*) Z ||x*|| < Kg+/n. To this
end, consider the operator u : £, — {7 : ej > x7 (here (ej)7L, is the canonical basis
of £3;). Note that 3 [|x7[| = >, [[ue; |, and || Z 8jej|| = 1 whenever §; = +1; thus,
> lluej|l < 1 (u). Therefore, it suffices to show that 7 (u) < Kg+/n.
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Note that ||u]| = SUPg; =1 I Z;"zl d; x;." | < 1, hence, by Grothendieck’s Theorem (see
e.g. [49, Theorem 3.5]), m2(u) < Kg. Write u = id o u, where id is the identity operator
on {%. Then by [49, Theorem 4.17], m2(id) = /n, and therefore [49, Theorem 2.22]
implies that 71 (1) = 1 (id o u) < mo(id)m2(u) < Kg+/n.

We can now interpolate these results to general p: We know that, for even #,

n
1> 16
k=1
If (|85, |) were unconditional in FBL(?[c,] then there would exist a C such that

HD B,

But using the fact that the FBL® _norm is minimal and the FBL-norm is maximal, we
get

< nl/2.
FBLI[co]

n
_ _1\k
oy =1 o \\;( k(5 |

L] = € HZ( ¥ 18 |

FBL(p) ]

FBL(”)[co]

n n
et PRLLY RARES DO

n n
< CH; O Bl o = CHI; 1[5, |

a contradiction. [

< pl/2

FBL[co]

Remark 5.19. Proposition 5.13 states that if (xz) is an unconditional basis in a Banach
space E, then || D ok arlbx; | || > c|| >"g axxk || with a constant ¢ independent of (a ). How-
ever, this is false for conditional bases. Indeed, consider the “alternating summing” basis
s = (= 1)ksk in co. It is easy to see that, for any #, || Zk (= l)ks | = Y%y skl =n.

|8sk | HFBL C()] “ Zk 1( 1) |85k | ||FBL[CO \/_ due to PI'OpOS-

ition 5.18.

5.2. Example: moduli of the Haar system in L]0, 1]

In what follows, No = N U {0}. Let (4, k) 1<k <27, neN, denote the normalized Haar basis
in L. That is,

__nn __nn 1
R = e )

For more information about the Haar system the reader is referred to e.g. [103, Sec-
tion 2.c]. Clearly, for a fixed n € N, (h,,,k)i”:1 is 1-equivalent to the basis of £2" and so

is (|8p,, , |)2” in FBL[L1] as the following shows:

Lemma 5.20. For everyn € N and scalars (ak)in:l we have

2n 2n
ar|s = agl.

|2 el |y = 2 o

k=1 k=1
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Proof. Since ||h, i || = 1, the triangle inequality trivially implies that HZ%ZI ar|én

2”
= Zk:l |ak].

For the converse, let T : L, — Z%n be the operator given by

2k—1 k on
Tf . on+T1 f d 2n f d
T\ Skt H= 261 H# k=1

2n on

n.k|||

Clearly, |[T|| =1 and Thy = ex for 1 <k <2". Let T: FBL[L,] — Z%n denote the
lattice homomorphism extending 7. Note 7|8y, , | = |Thy x| = ek, which implies that

2" 2" 2" 2"
> lael = | Y axer| = | T(32 axlsn, ol) | = | D2 axlén, 1],
=1 k=1 k=1 k=1

By a branch of the Haar basis, we mean any sequence (/1,; k;)jeN such that, for each
j € N, the support of & is contained in that of /1, k ;..

njt1kj+1
Lemma 5.21. For every branch (hy;k;)jen of the Haar basis, the sequence
(|8hn/-,k/- |)jen in FBL[L] is equivalent to the £y basis.

Proof. We will do the computations for (/1,,1)reN,, since this can be translated to any
other branch. Let T : L — £1(Np) be the norm 1 operator defined by

([ )

andlet T : FBL[L] — £1(Np) denote the lattice homomorphism extending 7". Note that

0 ifk <n,
(Thy)k =14 —1/2 ifk =n,
1/2k=n+1 ifk > n.

We claim that (T|<3hml [)neN, is equivalent to the £1 basis. Indeed, f|5hn.1 | =|Thnp1l,
which coincides with the sequence (0, ..., 0, ;, D 8 veid), starting with n zeros. Note that

if S : €1 — £, denotes the right shift, and we set R = ZneNO 2,,+1 ——1 5", then this defines
an invertible operator with R~! = 27 — S. Now, notice that for the unit vector basis (e,)
in £1 we have Re, = 7A1|8;,n'l | and this proves the claim. Therefore, there is C > 0 such
that for every sequence (a,),en of scalars we have

Y lanl = |22 anfisn, ], = ||T||)(Zan|8hm|FBL =2l
neN neN

This finishes the proof. ]

Remark 5.22. We do not know whether the double indexed sequence (|, , |) is equi-
valent to the £; basis. However, (%, ) is a monotone basis in L;(0, 1) (see e.g. [103,
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Section 2.c]), hence, by Proposition 6.13 below,
1
HZ Qn k |8hn~k | = 5 Zan,k
n,k n.k

whenever (a, i) are positive scalars.

6. Sequences with prescribed moduli

In this section, we continue our investigation of connections between properties of the
sequence (xx) € E, and those of (|6x, |) < FBLP[E]. In Section 6.1, we show how p-
summing norms can be used to compute the norm of certain expressions on FBL® [E],
which will be a helpful tool in what follows. In Section 6.2, we show that, under fairly
general conditions, if (xg) and (|8, |) are equivalent, then they are both equivalent to the
£, basis. We also give examples showing that our conditions are necessary, and charac-
terize when the span of (|8, |) is complemented in FBL?)[E]. Section 6.3 is devoted to
analysing (|8, |) for sequences (xi) € L. Finally, in Section 6.4 we investigate (xg)’s
for which (|8, |) is equivalent to the ¢, basis.

6.1. Using linear operators to compute non-linear expressions

Throughout this subsection, we fix p € [1, 00]. For X = (x1,...,X,) € E", we define the

operator
Tz : E* — KZ X ()2 -

Note Tz = S for Sk the operator given by
Sg:ZZ—>E:ekr—>xk,
where ¢ is conjugate to p (1/p + 1/q = 1) and (ex)}_, is the canonical basis of £7.

Proposition 6.1. In the above notation,
" » 1/p
| (;; Becl”) oy = 7T ©.)

Proof. PutT = Txand f = (D j—; I6x, |7)1/P By the definition of 7p, we have

m 1/p " 1/p
(M =sup {(DITx717) " ixte e ES sup (o) <1y
i=1 =1

x**EBE** i=
m 1/p n 1/p
:sup{(z ||Tx,-*||1’) xf, ..., x, €ET, sup (Z|xi*(x)|p> 51},
i=1 x€BE Y=

by an argument similar to (1.2). For each i, we have

" /
17 = (X o) = s,
k=1
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hence

w1y = sup {(3° 1ren?)

i 1

sup (L1 @17)"” <1} = 1f lepgongz- m
i=1 x€Bp Y=

We now mention some corollaries. Suppose (xx) is a 1-unconditional basis of E and
o =(a,...,a,) € R". We use the notation X[o] = (a1x1,...,a,x,) € E™. The corres-
ponding operator Tx[y) : E* — €7 : x™ > (agx™ (xg))} _, is diagonal with respect to the
l-unconditional bases given by the biorthogonal functionals in E™* and {7 respectively.
The next result shows equivalence between the problem of computing the moduli of an

unconditional basis in FBL[E], and the problem of computing a certain 1-summing norm:

Corollary 6.2. Assume that (xi) is a 1-unconditional basis of E, and let the notation be
as above. For o = (ay,...,a,) € R",

n
|3 axlsel
k=1

Proof. First apply Proposition 6.1 with xj replaced by aj xx to obtain

n
|3 lacl 162
k=1

Now invoke Proposition 5.3 to deduce that (|3, |) is 2-unconditional. |

FBL[E]

n
FBLE] < i (Txe)) < 2“}; ag|Sxy |

= 11 (Tx[w)-

FBL[E]

In particular, for the canonical basis of £, setting 1/r + 1/r" = 1 we have

Hzijakweu

Summing norms of diagonal operators between £,-spaces have been investigated in [65]

~m(a) with o = diag((ag)ken) : v — £1. (6.2)
FBL[{,]

(specifically, Theorems 4 and 9 — although the latter contains some typos). Combining
these results with (6.2) gives an alternative proof of some of the results from [19]. Gen-
erally, Corollary 6.2 is a useful tool for computing the moduli of unconditional bases in
FBLJ[E], as there is a large theory concerning 1-summing norms. However, due to the p-
sum inside the norm of (6.1), the case when p € (1, co) is more difficult, and in particular
we do not know the behaviour in FBL)[£,] of the moduli of the basis vectors from £,
when both p, r are (2, 00). The case when the basis is conditional is also more difficult,
as Corollary 6.2 only allows us to control positive scalars, but the moduli of a conditional
basis need not be unconditional (see Proposition 5.18).

6.2. When are (xi) and (|8x, |) equivalent?

Our next result can be considered as a converse of Proposition 5.13 when p € [1, 00).
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Proposition 6.3. Fix p € [1,00) and let (xi) be a normalized basis of E such that (|0, |)
in FBLP)[E] is equivalent to (xy). Then (xi) must be equivalent to the unit vector basis

0f£1~

Proof. By Proposition 5.12 and the hypothesis, we have

(3a2)"” = [ anls
k k

Therefore, we have a bounded map T : E — £, with T(xx) = ex, where (eg) is the
unit vector basis of £,. Let 7 : FBL®)[E] — FBL(”)[{,] be the lattice homomorphism
extending 7. By Proposition 5.14 it follows that

< <|\T
X lexl < H;amekl ey <171 H;akm -

SHZakkaESZIakl- .
k K

The case p = oo is completely different.

<
FBLM[E] ~ H;akxk HE

Proposition 6.4. Let (xi) be an unconditional basic sequence in a Banach space E. Then
(8x¢) ~ (I8, |) in FBLO?[E].

Proof. By Propositions 3.10 and 5.3, we may assume that (xx) is a basis and that (|8, |)
is unconditional. For any a4, ..., a,, we have

n n n
S| = [ =[St
k=1 k=1 k=1

Fix x* € Bg~* and put g = sign x*(xy); then

‘Xn:akl&ckl (x*) = ‘Zn:€k0kX*(xk)) < Hi:ﬁcakxk H ~ HXn:akxk H
k=1 k=1 k=1 k=1

Taking sup over x* € Bgx, we get || > et k|8 | “ S k=t arxkll-

n
~ HZak|5xk|
k=1

Example 5.16 shows that the hypothesis of unconditionality in Proposition 6.4 cannot
be removed. If “basis” is replaced by “basic sequence” in Proposition 6.3, the situation is
again dramatically different:

Proposition 6.5. Suppose Q is a compact Hausdorff space and (xy) is a sequence in
C(2) which is equivalent to the £, basis. Then for all p € [1, 00] the sequence (|8, |) in
FBLP)[C(Q)] is equivalent to the {5 basis.

Proof. We assume that (x;) is normalized and C-equivalent to the £5 basis.
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Fix a;,...,a, € R. Using Proposition 6.4 and the fact that the FBL(*®) _norm is the
weakest of the FBL®) -norms, we get

1/2
5 2 ( 2)
HXk:ak| ! FBLO[C(Q)] ™ 2k: e

To establish the converse, it suffices to work with the FBL-norm as it is the strongest
of the FBL® -norms. Note that

‘Zak|5xk| = Z lak| |8)Ck|7
k k

hence it suffices to prove that there exists a universal constant K such that

1/2
T
HXk:aH x| FBLIC(Q)] — Xk:ak

whenever aq,...,a,; > 0.
By Proposition 6.1, | Dk ak|8xk|” = m1(T), where T : C(R2)* — {7 maps i to the
finite sequence (agu(xg))y_,- Write T = (jTo)*, where

> )
FBL(?[C(Q)] — ”;aﬂ x|

To : €5, — E = span[xq, ..., x,] : ex — agxk,

and j is the embedding of E into C(2). Then m{(T) < ||Tollm1(j*). As (xg) is
C-equivalent to the £, basis, we obtain || To| < C(}; a?)'/?. Further, the domain
of j* is an AL-space, hence, by Grothendieck’s Theorem, 7 (j*) < Kgd(E,{5) <
KgC? (here d(-,-) stands for the Banach-Mazur distance). We conclude that 7 (T) <
KGC3(Y; a2)'/2, which is what we need. n

Corollary 6.6. Suppose 2 is a compact Hausdor{f space and (yy) is a sequence in C(S2),
dominated by the £ basis, and admitting a bounded sequence of biorthogonal functionals.
Then for all p € [1,00) the sequence (|8, |) in FBL(®)[C(Q)] is equivalent to the {5 basis.

The above conditions are satisfied, for instance, if (y) is a seminormalized basic
sequence, dominated by the £, basis.

Proof of Corollary 6.6. By Proposition 5.12, (|, |) dominates the £, basis. To estab-
lish the converse, find a basic sequence (xx) in C ([0, 1]), equivalent to the £, basis. It
is well-known (see e.g. [146, Section 4]) that C(2)** is injective, hence there exists
T € B(C([0,1]), C(2)**) such that T x; = y for every k. Extend the operator 7" to a
lattice homomorphism 7' : FBL®[C([0, 1])] — FBL®) [C(2)**]. By Proposition 6.5, £,
dominates the sequence (|8, |) < FBL(®)[C(Q)**]. To complete the proof, invoke Pro-
position 4.10. [ ]

Remark 6.7. In Proposition 6.5, one can replace C(£2) with an arbitrary £, 5 space
(the equivalence constant will then depend not only on C but also on A). Likewise,
Corollary 6.6 works for &£4,1 spaces as well (combine [101, Theorem 4.1] with [146,
Theorem 4.2]).
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One can also describe sequences (xx) which are equivalent to (|8, |) via regular oper-
ators.

Proposition 6.8. Let (x;) be a 1-unconditional basic sequence in a Banach space E,
and view [xi] as a Banach lattice with the coordinate order induced by the basis. Let
j : [xx] = FBLW)[E] be the canonical inclusion xi > 8x;- Then the following are equi-
valent:

(@) (18, D) ~ (xpe)-
(ii) j is regular.
(iii) j is pre-regular.
Recall that an operator 7" between Banach lattices is called regular when it is the
difference of positive operators, and pre-regular if T* is regular; we set |7 ||pre-reg =
IIT*||, (the regular norm). For more information on this class of operators, the reader is

referred to [38, Section 4]. This class also coincides with that of (1, 1)-regular operators
considered in [128].

Proof of Proposition 6.8. (i)=-(ii): Consider the linear extension of the map T (x;) =
(8x; )+ and T_(xg) = (8, )—. These maps have well-defined extensions to [x] because

‘T+<i aka) = Hiak(&khﬂmup)m < ”i |ax0x, |
k=1 k=1 k=1
n n
| ] ~ [ ]
k=1 k=1

and a similar estimate holds for 7_. Clearly these extensions are positive and j =
T —T_.

(ii)=>(iii) is trivial.

(iii)=(i): By Proposition 5.13, (|84, |) dominates (xx). On the other hand,

n n n
> albel| = Y laksel = Y Litaxil.
k=1 k=1 k=1
By [38, Theorem 4.40] we conclude that

n n n
” > a8y | D larxlixg > arxk H
k=1 k=1

Here, | - |[x,] denotes the modulus in Span[x : k € NJ, arising from the order determined
by the unconditional basis (xg). |

FBL(?)[E]

= ”] ”pre—reg = ”] ”pre—reg

We now answer the question of when span([|éy, | : k € N]is complemented in FBL[E]:

Corollary 6.9. Let E be a Banach space with a normalized unconditional basis (Xy).
The following statements are equivalent:

(1) span[|dy, | : k € N] is complemented in FBL[E].
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(2) There is an unconditional sequence of functionals (uy) biorthogonal to (|8x,]) S
FBL[E] such that span[|8x, | : k € N] is normed by span[uj : k € N].

(3) (xg) is equivalent to the £, basis.

Here, for a Banach space E, and subspaces F C E, G C E*, we say that F is normed
by G if there is K > 0 such that for every x € F, there is x* € G with ||x*|| = 1 and
lx* ()| = [Ix]I/K.

Proof of Corollary 6.9. By Proposition 5.3, (|8, |) is an unconditional basic sequence in
FBL[E]. The implication (1)=>(2) is clear.

(2)=(3): If (uy) is an unconditional sequence of functionals biorthogonal to (|, |)
C FBL[E] such that Span[|8y, | : kK € N]is normed by span[u, : k € N], then the argument
in [103, proof of Theorem 1.d.6 (ii)] goes through and for any scalars (ax )y _, we have

n n 1/2
1> anlbael| ~ | (X laxss?) ).
k=1 k=1

On the other hand, applying [103, Theorem 1.d.6] (and its proof) to (8, ) yields

n 1/2 n
(St <[t
k=1 k=1

Thus, for any scalars (ag)y _,

n
[
k=1

n n
= |22 ol 81| ~ | axlsa |
k=1 k=1
n 1/2 n
(S isa) 2 [ e
k=1 k=1

Hence (xx) and (|3, |) are equivalent. By Proposition 6.3, (xg) is equivalent to the unit
vector basis of £1.

(3)=(1): Suppose (e ) is the unit vector basis of £1; we will show that (|5, |) is com-
plemented in FBL[{;]. Denote by (e;) the canonical sequence in £ = £] biorthogonal
to (ex). Define the map T : FBL[{;] — £1 by f +— (f (e]’.‘)). From the definition of the
FBL[{1]-norm, T is contractive. Also, T'(|8., |) = ek. Since (|8, |) ~ (ex) we can define
S :¢({1) — span[|be, | 1 k € N]: 8¢, = 8¢, |- Then S o o T : FBL[{1] — span[|d,, | :
k € N] is the desired projection. |

For p € (1, 00), the situation is considerably different.

Proposition 6.10. Let E be a Banach space with an unconditional basis (xi). Then
span[|8x, | : k € N] is not complemented in FBLW)[E] for any p € (1, 00).

Proof. Without loss of generality, (xz) is normalized. Suppose, for the sake of con-
tradiction, that span[|dx, | : k € N] is complemented in FBL()[E]. As in the proof of
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Corollary 6.9, we conclude that (xg) and (|, |) should be equivalent to the £; basis.
By [103, Theorem 1.d.7 and the remark that follows], this contradicts the p-convexity
of FBLP[E]. "

Note that Proposition 6.10 fails for p = oo, as the moduli of the ¢ basis will be
complemented in FBL(%[¢,]. Moreover, the converse holds as well:

Proposition 6.11. Let (xi) be a seminormalized unconditional basis of a Banach
space E. Then (|8x, |) is complemented in FBL(®[E] if and only if (xi) ~ co.

Proof. Since FBL®[E] is generated by E as a lattice, it is separable. By Proposition 6.4,
(I8x, 1) ~ (xx). Hence, if (xg) ~ co, then (|0, |) ~ co, and Sobczyk’s theorem applies.
For the converse, we note that by [49, p. 74] the only complemented seminormalized
unconditional basic sequences in £ -spaces are those equivalent to the unit vector basis
of ¢o. Since AM-spaces are &£, it follows that if (|6, |) is complemented in FBL(™[E]
then (|8x, |) ~ co. Hence, if (x¢) is not co, then by Proposition 6.4, (|6, |) is not co, so
(I8, |) is not complemented in FBL(®)[E]. |

In the above three results (Corollary 6.9—Proposition 6.11) we assumed that (xz) was
an unconditional basis; it is unclear how to characterize complementation of (|, |) when
the unconditionality assumption on (x ) is dropped.

Remark 6.12. Throughout this and the previous section we have dealt with the sequence
of moduli of a basis. As noted in [19] one could consider other lattice expressions; for
example, ((8x, )+) or ((8x, )—). Moreover, in [19] it is shown that ((8x, )+) and ((6x, )—)
are 1-equivalent to each other. For their relation to (|8, |), note that

3 il = | s + 3 ar)-| = 2|3 o).
k=1 k=1 k=1 k=1

This shows that (|6x, |) < ((8x; )+). The converse domination is easily seen to be true for
unconditional bases.

6.3. Basic sequences in FBL[L1]

Let us say that a sequence (xy) in a Banach space E is C -minimal if it admits biorthogonal
functionals of norm not exceeding C; (xi) is said to be uniformly minimal if it is C-
minimal for some C.

Proposition 6.13. Suppose (xi) is a normalized C -minimal sequence in Ly. Then for all
neNanday,...,a, >0, we have

n n n
1
Zak z Hzakl(sxk| FBL[L1] = el Zak'
k=1 k=1 k=1
Proof. The left hand side follows from the triangle inequality. Proposition 6.1 states that

|3 et
k=1

=m1(T) with T:Loo—>€'{:f»—>2akf(xk)ek
k
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(here f(x) represents the dual action of L, on Ly, and ey, ..., e, form the canonical
basis of £7). The domain of T is Lo, hence m1(T) = 1 (T') (the integral norm, see [49,
Corollary 5.8]). By the trace duality [49, Theorem 6.16],

11(T) = sup{te(TS) : S € B¢}, Loo), |IS| < 1}

By C-minimality, there exist f1,..., fu € Loo suchthat f;(xg) = ;% (Kronecker’s delta),
and max; || f;|| < C.Then Tf; = aje; € {. The operator S : {# — Lo :ej > C™! fj is
contractive, and TSe; = C~laje;. Thus, 71(T) > t(TS) = C ! Zj aj, as desired. m

We can now easily deduce the following.

Corollary 6.14. Suppose (xi) is a normalized uniformly minimal sequence (in particu-
lar, a normalized basic sequence) in L. Then the sequence (|8, |) is unconditional in
FBL[L] if and only if it is equivalent to the £, basis.

Corollary 6.14 may be useful for answering Question 5.5 in the special case that
E = L, and p = 1. Here is another particular case when the above corollary is applicable:

Corollary 6.15. If (x) is a sequence of normalized independent random variables in L1,
then (|8x, |) is equivalent to the {1 basis in FBL[L].

Sketch of proof. For A C N, denote by X4 the o-algebra generated by the random vari-
ables {xg }xea. Let Q4 be the conditional expectation from L; onto L;(X4). Clearly Q4
is contractive, and Q4x; = xi if k € A, Q4x; = 0 otherwise. Thus, Q4 generates a
contractive lattice homomorphism (denoted by Q4) on FBL[L1], with Q4|8x, | = |8, | if
k € A, and 0 otherwise — that is, the sequence (|0x, |) is 1-suppression unconditional. m

Remark 6.16. In [19] it was shown that the sequence (|8, |) in FBL[{,] is equivalent to
the standard £; basis. In contrast to Example 3.13, Corollary 6.15 shows that the sequence
(187, ]) (ry are independent Rademachers) in FBL[L [0, 1]] is equivalent to the standard £
basis. Proposition 5.13 implies that the sequence (|§,, |) in FBL)[L [0, 1] is equivalent
to the standard ¢, basis for all p € [1, oc], but we do not know how (|d;, |) behaves in
FBL(®[L,[0, 1]] for p € (1, 00). For p = oo we obtain a copy of £; see Proposition 6.4.

Normalized Haar functions form another notable sequence in L. These were invest-
igated in Section 5.2.

6.4. Creating copies of £, in free Banach lattices

In earlier sections we proved several results in which we assumed knowledge about a
basis (xx) of £ and analysed the behaviour of the basic sequence (|dx, |) in FBL(®[E].
In particular, Corollary 5.11 shows that if (xz) € E is equivalent to the co basis, then
(I18x, ) S FBL(?)[E] is equivalent to the £, basis. It is also of interest to study the opposite
question. Specifically, suppose we have an (unconditional) basis (x;) of £ and we know
the behaviour of (|8, |) in FBL®)[E]. Can we deduce from this the behaviour of (xz)?
When (|0, |) is equivalent to the £, basis, the answer is yes:
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Theorem 6.17. Suppose E is a Banach space with an unconditional basis (x) such that
the sequence (|8, |) in FBL()[E] (for some 1 < p < 00) is equivalent to the {5 basis.
Then (xy) is equivalent to the cq basis.

The rest of this subsection is devoted to proving this result. First we fix some notation
and conventions.

Since (|6, |) is equivalent to the £, basis, it is seminormalized. Renorming if neces-
sary, we can and do assume that the basis (xg) is normalized and 1-unconditional in E,
so that E is a Banach lattice when equipped with the order induced by the basis. In view
of Proposition 5.12 and [19, Theorem 5], what we are really assuming is existence of a
C > 0 such that, for any a; € R,

|2 aclss|
k

We shall denote by (x;) the corresponding biorthogonal functionals in £, and let E’
be the subspace of E* spanned by them.

Denote by (ex) the canonical basis of £,,. If Y and Z are spaces with seminormalized
unconditional bases (k) and (zj) respectively, and @ = (a1, s, ...) € £,, we denote by
Ag 1 Y — Z the diagonal operator which takes yx to ayz. Further, |||, is the £,-norm
of a.

Abusing the notation slightly, we often identify finitely supported elements of these
spaces with their sequence representation. For instance, we identify f = ), bex} €
E' with ), brer € £y, and use || f || and || f||, as shorthand for ||, brx; | £/ and
1> "« brex || p, respectively.

For the rest of this section, we use the notation introduced above (E, (x¢),C,...). The
proof of Theorem 6.17 begins with a lemma:

< C(Z a,%)l/z. 6.3)

k

Lemma 6.18. For any o = (ay) € coo, we have
N\ 1/2
(Zak> ~ Ay : E = L.
k

Proof. By unconditionality, we can assume that a; > 0 for any k. Clearly, (> x a,%) 1/2 >
|Ag : E — €3] (compare with A, : ¢g — £5), hence we only need to show that

1/2
(>-aF) " slAe: E > bl
k
To see this, consider the isomorphic embedding J : £, — L, induced by the Rademacher
functions (rg), i.e., Jex = rr. Then J Ay has a lattice homomorphic extension 7 = J/A\a :
FBLW[E] — L,, with [|T|| < ||[JAg|l < ||| | Aell. Clearly T'|8x, | = ax|ri| = ax 1. Let
now u = Y p di|6x, |. Then [lu| ~ O, ai)l/z, while ||Tu|l = Y % a]%, which implies
(X a2)/2 < ||T|. Then

7|l 2\'/?
18a: B> bl 2 17 z(Xk:ak) . .
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Proof of Theorem 6.17. By Lemma 6.18, there exists a constant C such that the inequality
[Ag : € — E'|| > C71H(3 lak|?)!/? holds for any @ = (ax) € coo. Suppose, for the
sake of contradiction, that the formal identity £; — E’ : ej +— xl’: is not bounded below.
Then there exists a finitely supported f* = (fx) € E/, such that || fll1 = > ¢ fi = 1,

yet || fller < C™2. By Lemma 6.18, A s7 (where \/7 = (4/ fx)) defines an operator
from £, to E’, with norm at least C~!. Consequently, we can find a finitely supported

g = (gr) € ({2)+ of norm 1 such that

1A 7gller = 11V frgi)ller = €7

However, using [103, Proposition 1.d.2] we conclude that

I Frgolle < IO IEDIL? < g2 1/? = ¢,

which yields the desired contradiction. Thus, (x;’) is equivalent to the £; basis, which
implies that (xg ) is equivalent to the c¢ basis. ]

Remark 6.19. Proposition 6.5 shows that Theorem 6.17 fails if (xz) is assumed to be not
a basis, but merely an unconditional basic sequence, in E. We do not know whether the
unconditionality assumption in Theorem 6.17 can be dropped.

Here is a general question in this direction:

Question 6.20. Given a basis (xg), does there exist a basis (v ) (possibly with some nice
additional properties) such that (xz) ~ (|8y, ) € FBL® [span[y,]]? If so, classify/analyse
such (yg).

7. Bibasic and absolute sequences in free Banach lattices

Recall that a sequence (xi) of non-zero vectors in a Banach lattice is bibasic if there
exists a constant M > 1 such that for every m € N and scalars ay, . .., a,, the following
bibasis inequality is satisfied:

IV (S| = 0|3 e an
k=1

n=1 k=1

The least value of the constant M is called the bibasis constant of (xy). Clearly, every
bibasic sequence is basic. Indeed, to arrive at the bibasis inequality (7.1), one begins with
the usual basis inequality

’

m n m
V[ X ] = K] Laen
n=1 k=1 k=1

and brings the supremum inside the norm. In general, a basic sequence need not be bib-
asic; however, this implication does hold in AM-spaces. For further details on bibasic
sequences and their equivalent characterizations we refer the reader to [71, 139]. The
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importance of bibasic sequences stems from two places. The first is that there are several
natural examples, including martingale difference sequences in L,(P) (P a probabil-
ity measure and p > 1), the Walsh basis, unconditional blocks of the Haar system in
L]0, 1], and the trigonometric basis. The second important fact is [139, Theorem 2.1],
which shows that several forms of convergence are equivalent for bibasic sequences. To
set notation, for a basic sequence (xy), we let Py, : [xx] — [xx] be the n-th canonical basis

projection. Here, [x¢] denotes the closed span of (xg), and for x = > 7. | agx) we have

.. M1l
Ppx := Y} _, axxg. By definition, P,x — x.

Theorem 7.1 (Bibasis Theorem). Let X be a Banach lattice and (xi) a basic sequence
in X. The following statements are equivalent:

(1) (xg) is bibasic.

(2) Forall x € [x], Pax — x.

(3) Forall x € [x], Pux — x.

(4) Forall x € [xt], (Ppx) is order bounded in X .

(5) Forall x € [xg), (\/ ey | Pux|)_, is norm bounded.

. (R
Above, we use several modes of convergence. Norm convergence is denoted by —,

while - and —> stand for uniform and order convergence respectively. Specifically,
Zk =5 0 if there exists e > 0 with the property that for every ¢ > 0 there exists N such
that |z | < ee for any k > N. The condition zx 5 0is significantly weaker: There exists
a net (yg), decreasing to 0, with the property that for every « there exists N such that
|zx| < yq for any k > N. The reader is referred to e.g. [139] for more details.

7.1. A subspace of a Banach lattice without bibasic sequences

In this subsection we show that the unit vector basis of ¢ is not bibasic in FBL® [c(]
for finite p, and we use this to answer a question from [139], by exhibiting a subspace of
a Banach lattice without a bibasic sequence. Let us begin with the following observation:

Lemma 7.2. Let (x) be a basis of a Banach space E. If (8x, ) is bibasic in FBLW[E],
then (x) is also bibasic in any p-convex Banach lattice where E linearly isomorphically
embeds.

Proof. Let X be a p-convex Banach lattice and T : E — X a linear isomorphic embed-
ding. Let yx = Txy. Extend T to a lattice homomorphism 7' : FBL®”[E] — X. Then

m n R m n R m n
[V [ o] =7V |2 asu]| < 171] V[ axse
n=1 k=1 n=1 k=1 n=1 k=1

m m
I70M | ave | < 1T IMP COMITT D @
k=1 k=1

IA

s

where M is the bibasis constant of (8, ) in FBL)[E]. ]
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Remark 7.3. For general p, it is therefore of interest to know which normalized bases
(xx) of E are such that (8, ) is bibasic in FBL()[E] - when p = oo this is true for every
basis (xg).

Theorem 7.4. The canonical copy of the co basis (8., ) in FBL(®P[¢o] for1 < p < oo is
not bibasic.

Proof. Suppose, for the sake of contradiction, that (J., ) is bibasic in FBL(®[¢,] with
bibasis constant M . Fix m. Let H,, be the m x m Hilbert matrix defined by

L L 1 0
L L 0 -1
Hpy = |
1 0 - L
0o -1 -5 L
Here the (i, j)-th entry is m++—z—j when i + j # m + 1 and zero otherwise. We view

H,y, as an operator from £, to £7}. Clearly, H.,} has the same upper-left quadrant as Hy,
but zeros in the lower-right quadrant. In [94, proof of Proposition 1.2], it is shown that
|H,}|l > CInm || Hyll, where C is an absolute constant.

Identifying £7, with spanley, ..., ey] in co, we extend Hp, to an operator from co to
L7 by setting Hpep = 0 whenever k > m. Let H,, : FBL® [co] — £ be the extension
of H,, to a lattice homomorphism with || H,, | = || Hm||- Applying the bibasis inequality
to 8¢, 's witha; = -+ = a,, = 1 and using the fact that H,,ex = ﬁm(Sek for all k, we get

[ 32 e = 153 e = | (V20

m n m m
< WA\ [ 6 || = MUHI | D 8er | = MUHRN| D ek = MU HIL
n=1 k=1 k=1 k=1

Fix j < m. Then, clearly,

m n m—j
\/‘ Hmek‘Z‘ZHmek‘
n=1 k=1 k=1

The j-th entry of the vector on the right hand side is 1 + % 4+ 4 m—l_] This number is
also the j-th entry of H, 1. It follows that

m n
\/ ‘ZHmek’ > H1,

n=1 k=1
so that
m n
|\ |2 Humee|| = 1H5 11 = 1H5 ) = € o | )
n=1 k=1
This is a contradiction as m is arbitrary. ]
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It was asked in [ 139, Remark 4.4] whether every subspace of a Banach lattice contains
a bibasic sequence. We next provide a negative answer to this question:

Theorem 7.5. The subspace ¢(co) in FBLP[cq] for 1 < p < 0o does not contain any
bibasic sequence.

In particular, for every finite p there exists a p-convex Banach lattice containing a
subspace without any bibasic sequence. This result is sharp, since, as noted above, any
basic sequence in an AM-space is bibasic.

Proof of Theorem 7.5. Suppose that there is a sequence (yx) in co such that (8, ) is bi-
basic in FBL(”[¢o]. Let (xz) be a block sequence of (yx) which is equivalent to the co
basis, and complemented in ¢g (see [102, Propositions 1.a.12 and 2.a.1]). As a blocking
of (8y,), (6x, ) is bibasic in FBL(®[co] by [139, Corollary 4.1].

Let P be a projection from co onto E = span[xg : k € N]. By the results of Section 3.3,
for every finite sequence (ay), and every m € N, we have

m n m n
” \/ ‘ Z Wb FBL(”)[co] = H \/ ‘ Z kb FBL(?)[E]
n=1 k=1 n=1 k=1
m n
<1PI| V| X axdn,

n=1 k=1

FBL(®[co]

Define now an isomorphism 7" : E — ¢ : x; +> ex. Then T is a lattice isomorphism,
and, for (ay) and m as above,

m n m n
” \/ ) Zak&k FBL(?)[¢(] - ”T(\/ ‘ Zakgxk )”FBL(p)[Co]
n=1 k=1 n=1 k=1
m n m n
= ”T”H \/ ‘ Zakgx"' FBL(”)[E] =17l ”T”” \/ ) Zakgx"' FBL”[co]’
n=1 k=1 n=1 k=1

Now, using the fact that (8, ) is bibasic in FBL([¢,] and equivalent to the cq basis,
it follows easily from the above that (8, ) is as well. This contradicts Theorem 7.4. L]

Remark 7.6. The above argument shows that the subspace ¢ ({,) of FBL(® [£4] does not
contain a bibasic sequence as long as the canonical copy of the £, basis is not bibasic in
FBL(® [£4]. For what values of p and q is the latter condition satisfied? By Theorem 7.4,
we know the answer for co. Furthermore, the canonical copy of the £, basis (8, ) is not
bibasic in FBL(®”)[¢,] for 1 < p < 2: use [139, Example 6.2] to get an orthonormal basis
of L5[0, 1] which is not a bibasis, then apply Lemma 7.2. On the other hand, it was shown
in [139] that every copy of the £; basis is bibasic in every Banach lattice; in particular,
the canonical copy of the £; basis is bibasic in FBL®)[{,]. This leads to the following
conjecture: Let (xg) be a normalized (unconditional) basis of a Banach space E, and fix
1 < p < ooy if (8y, ) is bibasic in FBL()[E] then (xx) is equivalent to the unit vector
basis of £.
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Being a basis is critical for Lemma 7.2 — Proposition 6.5 shows that, for any basic
sequence (xx) in C(S), equivalent to the £, basis, the sequence (8x, ) is absolute in
FBL[C(Q)] (see Section 7.3 below for a discussion of absoluteness), hence in par-
ticular is bibasic.

Note that, as in Proposition 5.12, ¢o gives a lower bound on the growth of the left
hand side of the bibasis inequality. In other words, the inequality in the statement of
Proposition 5.12 admits a natural “bibasis” analogue, where one places sups inside the
norms.

7.2. A connection with majorizing maps

Let E be a normed space and X an Archimedean vector lattice. A linearmap 7 : E — X
is called majorizing (see [129, Chapter IV]) if for every norm null sequence (x ) in E, the
sequence (7 xy) is order bounded. There are several equivalent characterizations of major-
izing operators, which we record in the following proposition. The equivalence (1)< (5)
is well known (see, for example, [129, Proposition 1V.3.4]), but we include the simple
proof for the sake of analogy with Theorem 7.1. Our proof also does not require linearity,
only positive homogeneity (and in particular it works for sublinear mappings, which seem
to be underrepresented in the vector lattice literature, but are important in applications):

Proposition 7.7. Let T : E — X be a positively homogeneous map, where E is a normed
space and X is an Archimedean vector lattice. The following are equivalent:

(1) T is majorizing.

2) xg M) 0 implies T xp, 5 0 for all sequences (xi) in E.

(3) xx M) 0 implies T xy, 2 0 for all sequences (xy) in E.

Moreover, if X is a Banach lattice then these statements are further equivalent to:

4) xg M) 0 implies (\/j—1 | T xk|) is norm bounded for all sequences (xy) in E.

(5) T is oo-convex in the sense of [103, Definition 1.d.3], i.e., there exists M > 1 such
that for all x1,...,x, in E,

n n
AVALEA| ESVAVAEA]
k=1 k=1

Proof. Clearly, (2)=(3)=(1); we show (1)=>(2). Suppose (x) is a sequence in E and

[ . . -1
xr —> 0. Then there exists a sequence 0 < A; 1 oo in R such that A xz —> 0. Hence,

T (Arxy) is order bounded in X, so there exists 0 < x € X with |T(Axxy)| < x forall k.
It follows that |T x| < ﬁx, so that T xy % 0in X.

(I)=(4) is obvious.

#)=(2): Assume xj M> 0 implies (\/%—; |Txx|) is norm bounded for all sequences

(xg) in E. Then, since X** is monotonically complete, (T x;) is order bounded in X **.
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Now, viewing 7" as a map from E to X **, T satisfies (1), and hence (2). Hence, T xj 50

in X** and hence in X since X is a closed sublattice of X ** (use [139, Proposition 2.12]).

(5)=(4): Suppose xi M) 0. Then (xg) is norm bounded so there exists K such that

V%=1 x|l < K for each n. Then || Ve I Txk] || < KM, and we get (4).
(4)=(5): Suppose (5) fails. Then by positive homogeneity of the inequality, for every

m there exist x77, ..., x/" with \/3" x| < 57 and |\/7™, |Tx{||| > m. Then the
sequence X1, ... ,x,lll ,x%,...is || - |-null but after applying T, (4) fails. n

The infimum over all such numbers M as above is called the majorizing norm of T’
it is denoted by || 7 || -

Proposition 7.8. If, in the notation of Proposition 7.7, E is finite-dimensional, and T is
linear; then \/ <, |T 2| exists, and

1T = | \/ 1721).

lzll<1

Proof. First we show that T(Bg) is order bounded. To this end, let (e;)7_, be an
Auerbach basis of E. Let x = Y ;_, |Te;|. Any z € Bg admits a decomposition z =

> aie; with \/; |a;| < 1. Then
721 = | aiTei| < 3 lail ITei] < x.
i i

Find a nested sequence of finite subsets S; € S, C --- € Bg such that, for every m,
Smisa2 ™-netin Bg. Let x,, = \/zeSm |T z|. Then clearly x; < x, <---. On the other
hand, for each m, any z € Bg can be written as z = u + v with u € Sy, and |Jv|| <
27" Then |Tz| < |Tu| + |Tv| < X + 27" x. In particular, x,;,+1 < X, + 27" x, and
therefore || Xm+1 — Xml| < 27™|x||. Thus, (x,,) is increasing to its limit (in the norm
topology), call it xo. As we have seen, |Tz| < xp, + 27"x < xoo + 27™x for all m,
hence xoo = \/||z||§l |Tz|. Clearly, || T ||m < [|Xooll- On the other hand,

1T |lm = sup [ xXml = | xXcoll- m
m

Remark 7.9. In general, Proposition 7.8 fails for non-linear maps, as the following map
T : €3 — £, shows. Forn € N let T (cos 7.8in 50) = e, /+/n, where (e;) is the canonical
basis for £,; let T'(1,0) = 0. Extend T to be continuous and homogeneous on E%. Then

{(ITz]:z € Bz} 2 {n=12e, : n € N}, and the latter set is not order bounded.

On the other hand, one can show that the formula ||T||, = ||\/||z||51 |Tz| || holds
for various non-linear maps 7" if 7 : E — X takes a finite-dimensional E into an AM-
space X. For this, it suffices to show that if S C X is relatively compact, then xo =
\/xe s |x| exists in X, and moreover for any & > 0 there exists a finite set /' C S such that
| Vier |X] — Xooll < &. Imitating the proof of Proposition 7.8, find a nested sequence
of finite subsets S1 € S, C --- € S such that every Sy, is a 27"-net in S. Let x,, =
\/xesm |x|. Then clearly x; < x, <---.Consider a lattice isometric embedding J : X —



T. Oikhberg, M. A. Taylor, P. Tradacete, V. G. Troitsky 66

C(K) for some Hausdorff compact K. For each m, Jxp,+1 < J X, + 271k, hence the
sequence (J x,,) converges in norm. As J is isometric, the sequence (x,,) converges to
some Xoo € X, hence no upper bound on S can be strictly less than x. On the other
hand, for any x € S and m € N, we have

|Jx| < Jxm+2"Mg < Ixe +27 "k,
and so |x| < Xeo, due to m being arbitrary.

We now specialize to operators of the form § = Sx : {7 — X : ex > xi, where X is
a Banach lattice, and (ex)}_, is the canonical basis of £7. Then

Isehn =]\ Y] = [(Z i) (.2)
k

Yk lbrl9<1 k

In particular, given an operator S = Sx : {7 — E : ex > xi, where E is a Banach space,
we can compose it with ¢ g to get an operator of the above form. Applying (7.2) to ¢ Sx,

we get
” (Z |8"k|p)1/p H = ||¢E Sx|m-
x

This gives a connection with (6.1).

Proposition 7.7 presents several equivalent characterizations of operators that map
norm convergent sequences to uniformly convergent sequences. In [139, Proposi-
tions 5.3, 5.4] the authors study operators that map uniformly convergent sequences to
uniformly convergent sequences. We now give an analogue of the equivalence of state-
ments (2) and (5) in Proposition 7.7 for such operators:

Proposition 7.10. Let T : E C X — Y be a positively homogeneous map where X and Y
are Banach lattices and E is a subspace of X. The following are equivalent:

(1) T is sequentially uniformly continuous, i.e., X 50 implies T xy 50 for all
sequences (xy) in E.

(2) T is (0o, 00)-regular in the sense of [128), i.e., there exists M such that for any n
and any x1,...,x, in E,

|V =] V]

Proof. (2)=(1): Suppose xj 2 0. Then (xx) is order bounded so there exists K such
that }\/Zzl |xk|” < K for each n. By (2), H\/Z:1 |Txk||| < KM, and we can apply
[139, Proposition 5.4]. Formally, [139, Proposition 5.4] is stated for linear maps, but the
proof works for positively homogeneous maps.

(1)=(2): Suppose (2) fails. Then by positive homogeneity of the inequality, for
every m there exist x", ..., x/? with |\/32 [x2|| < 5% and |\/2™, [Tx7|| > m. Then

1

the sequence xll, cees X s x%, ... is u-null but after applying T, [139, Proposition 5.4]

fails. [
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Remark 7.11. Sequentially uniformly continuous operators also appear in the theory of
multinormed spaces, and it is known that a bounded operator between Banach lattices is
oo-multi-bounded if and only if it is 1-multi-bounded if and only if it is pre-regular; see
[38, Sections 4.2, 4.5]. If X and Y are Banach lattices and E a subspace of X then one
can also show that a linear map 7 : E — Y is sequentially uniformly continuous if and
only if it is order bounded (in the sense of [139]) when viewed as amap T : E — Y **.
Here, an operator 7 : A — C defined on a subspace A of a vector lattice B and taking
values in a vector lattice C is order bounded if for any b € B, the image of [—b,b] N A
under 7T is order bounded in C.

Indeed, if T : E — Y ** is order bounded, then it is sequentially uniformly continuous
as a map into Y ** (see [137, Proposition 24.1]), and hence into Y since uniform conver-
gence of sequences passes between closed sublattices [ 139, Proposition 2.12]. Conversely,
let B C E be order bounded. Then there exists x € X with |b| < x foreach b € B. Now
note that for by, ...,b, in B we have H |b1| V-V by ” < ||x|| so that by Proposition 7.10,

n
VA e
k=1

Now let ¥ = $%(B) be the family of finite subsets of B, directed by inclusion. For F' € ¥
set yp = \/{|Ty|:y € F}. Then (yF) is an increasing and norm bounded net in Y, hence
has supremum in Y **. Hence, T'(B) is order bounded in Y ** and we are done. Note the
only property of Y ** we need is monotone boundedness, so we can replace Y ** by any
monotonically bounded Banach lattice containing Y as a closed sublattice.

As a corollary, since order bounded embeddings map absolute sequences to abso-
lute sequences (this follows directly from [139, Proposition 7.5]; see Section 7.3 below
for more information on absolute sequences), so do sequentially uniformly continuous
embeddings.

Given the fact that from every u-null net one can extract a u-null sequence, one
may wonder if sequences can be replaced with nets in Proposition 7.7. This is not true.
Indeed, in [70] the authors study strongly majorizing and Carleman operators. A linear
map 7 : E — F from a normed space E to an Archimedean vector lattice F is strongly
majorizing if T maps the unit ball of E into an order interval in F — one can easily show
that these are exactly the operators which satisfy conditions (2) and (3) in Proposition 7.7
when sequences are replaced by nets. Note, for instance, that the identity map on cg is
majorizing, but not strongly so. The reason that there are sequentially uniformly con-
tinuous but not uniformly continuous operators (even though uniform convergence is a
sequential convergence) stems from the fact that uniform convergence is not topological.

For Carleman operators (mapping the unit ball into an order interval in the universal
completion of the range), another nice characterization is available: 7" is Carleman if and
only if 7" maps norm null nets to uo-null nets. We refer the reader to [64, 90, 138] for
information on uo-convergence and its applications. In summary, many of the operators
defined via “boundedness” in the literature are in fact merely continuous operators, if one
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finds the right notions of convergence. Moreover, many of the fundamental results hold if
the operator is merely defined on a subspace of the lattice.

7.3. Absolute bases

Recall that the bibasis inequality (7.1) arises by interchanging the supremum with the
norm in the usual basis inequality. If one instead begins with the inequality

VI

er==1

m

’

m
Er AR X H < MHZ akxk‘
1 k=1

characterizing unconditional sequences, brings the sup inside the norm, and notes that
\/81{::‘:1 | > fe €kakXk| = > j—; laxxk|, one arrives at the notion of absolute sequence
from [139]. More formally, we say that a basic sequence (xz) in a Banach lattice X is
absolute if there exists a constant 4 > 1 such that

m m
|2 bl | = 4] S|
k=1 k=1

for all m € N and scalars aq, ..., a;. Then [139, Theorem 7.2] shows that (xg) is
absolute if and only if the convergence of Z,ﬁi 1 Ak Xk is equivalent to the convergence
of > 72, laxxk|. Note that || > agxg| < “Zk |akxk|||. Consequently, for any abso-
lute basic sequence we have || Y, agxg| ~ ”Zk |akxk|H. As is easy to see, absolute
sequences must be both unconditional and bibasic.

By [139, Proposition 7.8], any sequence (x;) in a Banach lattice, equivalent to the £,
basis (on the Banach space level), is absolute. On the other hand, from the above discus-
sion it is clear that in AM-spaces a sequence is absolute if and only if it is unconditional.
In this short subsection, we examine conditions on the sequence (xz) € E such that its
canonical image (8, ) is absolute in FBL([E].

Proposition 7.12. If (xi) is a normalized basis of E, and (8x,) is an absolute basic
sequence in FBLWP)[E] for p < oo, then (xi) is equivalent to the £ basis.

Proof. As noted above, the sequence (8, ) (equivalently (xx)) is unconditional. Proposi-
tion 5.13 shows that, for any finite sequence (ay) of scalars,

Hzakka = Hzak&ck < Hzak|8xk| =< HZICZH |8y 1] ~ Hzakka-
K k K Kk K

Now apply Proposition 6.3. ]

Remark 7.13. Above we showed that, for a seminormalized basis (xz) of E, the fol-
lowing two statements are equivalent: (i) (xg) is equivalent to the £; basis; (ii) for any
sequence (ax) of scalars, ), arx; converges if and only if ), |ax J xi| converges for
any embedding J : E — Z, where Z is a Banach lattice. This provides a converse to
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[139, Proposition 7.8], which states that any sequence in a Banach lattice which is equi-
valent to the £; basis is absolute — we now know that £; is the only normalized basis
with this property. One can also notice the similarity with the well-known fact that, for a
normalized basic sequence (xx), the norm convergence of ) ', ax Xk is equivalent to the
convergence of ), ||axxg| if and only if (xx) is equivalent to the £; basis.

For positive sequences, being absolute is the same as being unconditional. Hence, for
every unconditional basis (x) of E, (|6, |) is absolute in FBL(”[E]. However, Proposi-
tion 5.18 shows that (|, |) need not be absolute if (xx) is a conditional basis. Is it at least
true that (|0, |) is bibasic? If p = oo then this is clear, as FBL()[E] is an AM-space.
However, when p € [1, co) the situation is not as transparent. For example, we do not
know whether (|3, |) is bibasic in FBL(®[cy] (here (sg) is the summing basis of ¢, and
p € [1,00)). Example 5.16 shows that the dual to the summing basis is not bibasic in
FBL([¢,] for any finite p, though its modulus is absolute.

Remark 7.14. The proof of Lemma 7.2 can be easily adapted to show that if (xz) is a
normalized basis of E such that (§x,) C FBL(®)[E] is absolute, then every isomorphic
embedding 7 from E to any p-convex Banach lattice X maps (xi) to an absolute se-
quence. In fact, if (6x,) < FBL)[E] is absolute and p < oo, then (xy) is equivalent to
the unit vector basis of £; by Proposition 7.12, hence so is (7 xx), which implies that
(T xy) is absolute. On the other hand, for p = oo, we note that every unconditional basic
sequence in an AM-space is automatically absolute.

8. Sublattices of free Banach lattices

In this section we investigate the sublattice structure of FBL®?)[E]. Let us begin with
some necessary conditions for a Banach lattice to be a sublattice of FBL®)[E] (com-
pare with [8], where some conditions under which E embeds into FBL[E] as a lattice-
complemented sublattice are explored). First, recall that a Banach lattice X satisfies the
o-bounded chain condition (o-bcc) if there is a countable decomposition X4 \ {0} =
U,>2 Fn such that for every n, every subset § C ¥, of size n contains a pair of non-
disjaint elements. This is stronger than the countable chain condition, meaning that every
uncountable family in X4 contains a pair of non-disjoint elements (see [14]).

Proposition 8.1. If 1 < p < 00, and F is a closed sublattice of FBL'P[E] for some
Banach space E, then:

(1) F is p-convex.

(2) F satisfies the o-bcc.

(3) The real-valued lattice homomorphisms separate the points of F.

Proof. (1) is clear. (2) follows from the fact that Cy,(Bg+), the lattice of positively
homogeneous weak™ continuous functions on Bgx, satisfies o-bce [14, Theorem 1.3],
and this is transferred to (not necessarily closed) sublattices. By construction, recall that
FBL(”)[E] can be seen as a (in general, non-closed) sublattice of Con(BE~).
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(3) is analogous to [15, Corollary 2.7]: For every x* € E*, the evaluation functional
x* : FBL® [E] — R given by ;;( f) = f(x*) is a lattice homomorphism and clearly
f = g in FBLW[E] if and only if )/c?(f) = )/c;(g) for every x* € E*. It follows that
for every sublattice F of FBL(®) [E], the real-valued lattice homomorphisms (obtained by
restricting Y to F ) separate the points of F. ]

Remark 8.2. As a direct consequence of Proposition 8.1 we see that L, (i) can possibly
embed as a sublattice of FBL(”)[E] only when p is purely atomic (with countably many
atoms).

We will actually see next that £, always embeds as a sublattice of FBL(® [£g]if g > p.
Specifically, we show the following.

Theorem 8.3. Suppose E is a Banach lattice, p-convex with constant 1, with the order
induced by a 1-unconditional basis. Then FBL(®) [E] contains an isometric copy of E as
a sublattice. Moreover, there exists a contractive lattice homomorphic projection onto this
sublattice.

This provides an alternative approach to [8, Theorem 4.1], valid for all p € [1, o0].

Throughout, we work with a fixed E from Theorem 8.3. For this proof, we change
our notational conventions slightly and denote the normalized 1-unconditional basis
for E by (e;). The corresponding (normalized) biorthogonal functionals will be denoted
by (e )ien. For N € N with N < dim E, denote by Py the canonical (contractive) pro-
jection from E onto span[e; : 1 <i < N]. Then Py, projects £* onto spanfe} : 1 <i < N],
with Pye’ = el ifi < N, Pye’ = 0ifi > N. Consequently, spanfe; : 1 <i < N]and
span[e;k 11 <i < N] are in duality with each other.

We need to establish a technical lemma:

Lemma 8.4. Denote by P the set of all finite sequences (B;) such that y_; |Biyi|? <1
whenever || Y_; viei|| < 1. Then for every choice of scalars (a;) we have

sup{(,Z pil?) o) < ) = Hzijaiei I

Proof. Denote by E(,) the p-concavification of E, as described in e.g. [103, Section 1.d].
If (#;) is a finite sequence, then we can view ), #;¢; as an element of E(,), with the norm

HZtiei = HZtil/pe,-
i i

Such finitely supported sequences are dense in E(p).

Due to the unconditionality of the basis (e;), we can assume «; > 0, and there exists
N € N such that o; = 0 whenever i > N. Projecting onto spanfe; : 1 <i < N] and
spanfe : 1 <i < NJ, we can assume that 8; = 0 = y; fori > N. By unconditionality,
we also assume fB;,y; > 0. Now lett; = o, s; = B7, z; = y}. Then (B;) € & if and

p
) , where Y7 =signs-|t|V/7.
Ep) E
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only if ) ; s;z; < 1 whenever
p
|Xaal, = | Xl
1 12

By duality, || > _; sief [[(£,,* < 1 if and only if (8;) € #, and therefore

<1

Ep)

1/p 1/p
sup{(2|a,~ﬂi|l’) 1 (Bi) € J’} = sup{(Ztisi) : HZsie;‘ - < l}
i i i 2
1/p
- S, - [,
HIZ”EW lleE
which is what we want. u

Proof of Theorem 8.3. We present a proof in the case of infinite-dimensional E. Only
minor adjustments are needed to handle the finite-dimensional setting.

We find a sequence of disjoint functions f; € FBL®)[E], such that, for any finite
sequence (¢;); of positive numbers,

Hzaifi FBL(?)[E] - HZO{,'E,'
1 12

Once this is established, we conclude that E is lattice isometric to F = span[ f; : i € N].
For k € N, define f; € H[E]+ by

fi = (|5ek| 2% (Z [8e, | + > 27715, I))+-

i<k i>k

(8.1)

£

As Y, 27%|8,, | converges in norm, f; actually belongs to FBL[E]; in fact,

fie = tim (18,1 =22 (3 186, + i 21.1)) -

i<k i=k+1

Moreover, the functions f; are disjoint. Indeed, suppose i < j, and ¢* € E* is such that
fi(e®), fi(e*) > 0. We will derive a contradiction. To this end, observe that

file®) < le*(e)| =227 ]e*(ej)] and  fi(e*) < le*(e;)| — 2% |e* ().
Since both f;(e*) and f;(e*) are strictly positive, we have
le*(en)] > 27 |e* ()] > 22 [e* (e,

which is impossible.
To establish (8.1), let f = Z/?I:l oy fr (recall that ap > 0). By scaling, we
may assume that ||) , axer||r = 1. Recall that I/ lggL» £y is the supremum of

o |f(x;“)|P)1/P, given sup,cp,. Y _; X/ (x)|? < 1 (with finite sums).
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We first obtain a lower estimate on || f|. By Lemma 8.4, we can find (;‘3,)11\’=1 -
[0, 00) such that (};(a;B;)P)V/? = | Y ; azei|| = 1, and Y, |Biyi|? < | whenever
[ >2; vieill < 1. Let x} = Bief (1 <i < N). Then clearly sup,ep, >_; [X/(x)|” < 1,

and .,
1= (C1renr) = (Capr) " =1

i=1

Next we need to establish an upper bound for || /||y (»[g;- Specifically, we suppose
SUpyep, i 1XF(X)|?7 < 1, and show that (37—, | f(x})[?)/? < 1.

Define an auxiliary function g : E* — [0, 00) (not necessarily continuous) in the
following manner. For x* € E* let /(x*) = {k : fr(x*) # 0}. As the functions f; are
pairwise disjoint, J (x*) is either empty or a singleton. If d(x*) = @, let g(x*) = 0. If
J(x*) = {i}, let g(x™) = ai[x™(e;)].

Now define the disjoint sets S; = {; : fi(x]) # 0} (that is, j € S; if and only if
d(x7) = {i}). For j € §;, we have | f(x})| < ai|x}(e;)| = g(x]), hence it suffices to

show that
> lgxhHr < 1.
J

Find (positive) scalars (¢;) such that 3 _; |¢;|9 = 1 with 1/p + 1/q = 1, and satisfying

(X0, 1eIP)Y? = Y, tig(x}). For j € S, let e =[x (ei)|/x7(er) if x¥(er) # O
and ¢; = 0 otherwise, and set

1/q
* _ —1 P — g
Vi =k; thijj, where «; = (Z £ ) .
JES; JES;

Note first that, for x € Bg, Y ; |y (x)|? < 1. Indeed, find scalars (s;) such that
Yoilsil?=1and (}; |yi*(x)|P)1/P =) ; 5y’ (x). Write u; = s;/k; if j € S;. Then

Zsiy;k(x) = Zujtjg,-x;(x) < (Z |uj|q|tj|q)l/q(z |x;<(x)|p>l/17.
i J J J

We have

D il 19 =Y sl T Y gl =) Isile =1,
J i

JES; i

so) ;siyi(x) <1
Next we show that }; |g(y/)” = >, |g(x})|?. To this end, note first that, by the
definition of f;, d(x*) = {i} if and only if

(el > 22 (D I (ew)| + Y0 27 3" (ew) ).
k<i k>i
For any j € §;, we have

(el > 22 (30 I el + D 27 Ix7 (en)])-

k<i k>i
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By the convexity of the absolute value, it follows that
1 " ; " -
7 (enl = — 3 4ilxf ()] > 2* (Z e+ 2 "|yl-*<ek)|)
'jes; k<i k>i

as well. Therefore, g(y}) = a;|y}(ei)| = k!
hence

jes; 1ig(x}). However, 3, «f = 1,

(X ls0s )"’)W =Y g = (2 gen?) .
i ; 5

The reasoning above implies that it suffices to show that

Zaflyi*(eiﬂp <1 whenever sup Z ly¥(x)|? = 1. (8.2)
i X€BE i
By projecting, we can assume that y{, ..., yy “live”in E}, = span[e : 1 <i < NJ;

this space can be interpreted as the dual of Ey = spanfe; : 1 <i < N]. Consider the
operator

N
T:En —>€;,V :wayf(x)ai,
i=1
where (o;) is the canonical basis for ZII,V . The condition sup,ep, >_; [y (x)|? = 1 is
equivalent to 7" being contractive. Tong’s argument [102, Proposition 1.c.8] shows that
the diagonalization of T — that is, the operator
N
T : Ey — E;}V 1X Zyi*(ei)e;"(x)ai,
i=1

is contractive as well. Taking x = ZIN=1 a;e;, we conclude that
1/p
i) = (Yol ienr) < hxl = 1.
i

which implies (8.2).

It remains to show that there exists a contractive lattice homomorphic projection from
FBL()[E] onto span[ f; : i € N]. To this end, recall that the identity map / : E — E has
a unique lattice homomorphic contractive extension I: FBL?)[E] — E. In particular,
we have

P = 24(Slool + > 2, ).

i<k i=k+1

p
= (1Tecl =2 (L lel + Y2 27 11edl)) | =en.

i<k i=k+1

hence by continuity, I frx = ey for any k.

Note that the map U : E — FBLW[E] : ¢ > fi is a lattice isometry, and IU is
the identity on E. Therefore, U I is a contractive projection onto span[ f; : i € NJ, and a
lattice homomorphism. [ ]
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Remark 8.5. Note that if E is a p-convex Banach lattice, then the identity on E extends
to a lattice homomorphism Bg : FBLP[E] — E, that is, fp¢r = idg. This allows
us to see E as a complemented subspace of FBL(® [E]. There is a partial converse to
this: Suppose E is a Banach lattice which is isomorphic to a complemented subspace of
FBL([E] for some 1 < p < 2. Then E must itself be p-convex (see [103, Theorem
1.d.7] and the remark after it).

For the next proposition, we need to introduce some notation. For n € N, let
FBL(»)" [E] denote the n-fold iterate of FBL®)’s, i.e.,

FBLW![E] = FBLW[E], FBL"2[E] = FBL?[FBLW[E]], etc.
Following the same ideas as in [8] we obtain the following result.

Proposition 8.6. For every Banach space E and every n > 1, there is a lattice isomet-
ric embedding S : FBLW[E] — FBL"[E] and a contractive lattice projection onto
S(FBL®W[E)).

Proof. By convention, set FBL(°[E] = E and for k € N let ¢ : FBLW*1[E] —
FBL[E] be the canonical embedding. Let

T =¢po---0¢ : E—FBLP"[E].

Since FBL?)"[E] is p-convex, there exists a lattice homomorphism T: FBLP[E] —
FBL(®"[E] extending T, thatis, 7 o ¢; = T, with | T|| = | T|| = 1.

Now for k € N let B := idg - FBL(®*+1[E] — FBL®*[E] be the extension of
the identity map idy : FBL»X[E] — FBL*[E], i.e., B 0 drs1 = idg and ||Bx| = 1.
Finally, define

B:=pBio-0puy: FBLOW"[E] - FBL®[E].

We claim that 7 = idpgy (m ) Indeed, given x € E we have

BTh1(x) =Pro-0Buiodyo---0di(x) = d1(x).

Since ﬁYA" is a lattice homomorphism and FBL(®)[E] is lattice-generated by the elements
of the form ¢ (x) with x € E, it follows that 8T = idpg; ( PE]> 8 claimed. [

Remark 8.7. Proposition 8.6 is related to the fact that (E, FBL®)[E]) has 1-POE-p.
Actually, (E, FBL?)[E]) has 1-POE-q for every ¢ > p.

Finally, we remark that some other results from [8] are valid in the p-convex category.
For example, if a p-convex Banach lattice P is projective for p-convex lattices (in the
sense of [82]) then it embeds as a lattice-complemented sublattice of FBL(?) [P].

9. Encoding properties of E as properties of FBL[E]

In this section we begin to build a dictionary between Banach space properties of E and
Banach lattice properties of FBL(?)[E]. There are several results already known in this
direction:
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(1) E is isomorphic to a complemented subspace of a p-convex Banach lattice if and
only if ¢ (E) is complemented in FBL?[E],

(2) E is C-linearly projective for p-convex lattices if and only if FBL®?)[E] is C-pro-
jective for p-convex lattices [96].

(3) More generally, we have characterized some relations between an operator 7 : F — E
and the induced operator 7 : FBL®?)[F] — FBL(?)[E]: see Proposition 3.2.

In this section we significantly expand this list.

9.1. Finite-dimensionality corresponds to strong units and separability to quasi-interior
points

Recall that when E is finite-dimensional, FBL(?)[E] is lattice isomorphic to the space
of continuous functions C(Sg=), where Sg= is the unit sphere of E*. In particular, it is
oo-convex. The situation is completely different when E is infinite-dimensional. Indeed,
we now show that when dim E = oo, FBL?)[E] never has a strong unit. Moreover, in
Section 9.5 we show that FBL[E] can never be more than 2-convex.

Proposition 9.1. For any 1 < p < oo, FBLW)[E] has a strong unit if and only if E is
finite-dimensional.

Proof. When E is finite-dimensional, all the FBL(”)[E] are lattice isomorphic to each
other, and to a C(K)-space, so in particular they have a strong unit. Conversely, suppose
there exists e € FBL?)[E] such that |§y| < e for all x € Bg. Now, for each x* € Sg=
and ¢ > 0, we can find x € Bg such that |[x*(x)| > 1 — €. Hence, from |§;| < e and the
pointwise ordering we get 1 — ¢ < e(x*). Hence, e takes at least the value 1 on Sg=*.
However, FBL(?)[E] is the closure of the sublattice generated by {8, : x € E}. By [5,
p. 204, Exercise 8 (b)], a typical element of the (non-closed) sublattice generated by {8y :
x € E}isofthe form f = \/}_; 8x, — V=1 8y, wWithn € N, x1,.... x5, ¥1....n €E.
Since E is infinite-dimensional, we can find x* € Sg= such that x*(xz) = x*(yx) = 0
fork =1,...,n. Then

le = fll = le(x™) = f(x™)] = 1.
Hence, e is not in the closure of this sublattice, so it is not in FBL(?) [E]. n

Remark 9.2. By contrast, FBL®[E] may be linearly isomorphic to a Banach lattice
with strong unit: Proposition 10.32 shows that if E is separable, then FBL(®[E] is iso-
morphic to C[0, 1]. Separability is essential here, per Remark 10.33.

Remark 9.3. The proof of Proposition 9.1 can be adapted to show that for infinite-
dimensional E, FBL(®[E] cannot be monotonically bounded (increasing norm bounded
nets are order bounded). Indeed, if FBL(®[E] were monotonically bounded, we could
order the finite subsets of Bg by inclusion, and consider the net {x, ..., x,} > |x,| V
.-+ V |8y, |. By definition of the FBL()-norm, this net is norm bounded, hence order
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bounded. Hence, there exists e € FBL(°®[E] such that |§,| < e for all x € Bg and we
proceed as in the proof of Proposition 9.1 to reach a contradiction. Note, however, that it
is possible for FBL[E] to be monotonically bounded — even strong Nakano (see [15, The-
orem 4.11]). On the other hand, there are Banach spaces E for which FBL[E] does not
even have the Fatou property [15, Theorem 4.13], which is a non-trivial weakening of
the strong Nakano property. A characterization of when FBL[E] has these, or related,
properties in terms of properties of E is not currently known.

We now characterize when FBL(?)[E] has a quasi-interior point. Recall that an ele-
ment e of a Banach lattice X is a quasi-interior point if the closed ideal generated by e
is the whole of X. The centre of X, denoted Z(X), is the space of all linear operators 7'
on X for which there is a real number A > 0 satisfying |Tx| < A|x| for all x € X. The
centre is trivial if the only elements of Z(E) are the scalar multiples of the identity oper-
ator; the centre is called topologically full if for any x, y € X with 0 < x < y thereis a
sequence (7,) in Z(X) with T,y — x in norm.

Proposition 9.4. Let E be a non-zero Banach space and p € [1, oo]. The following are
equivalent:

(1) E is separable.

(2) FBLW|E] has a quasi-interior point.
(3) Z(FBLW[EY)) is topologically full.
(4) Z(FBLW[E)) is non-trivial.

Proof. If E is separable then FBL(”)[E] is separable, and therefore has a quasi-interior
point. Conversely, suppose FBL(”)[E] has a quasi-interior point, say e. Without loss of
generality, e > 0. If x* € Bg~ satisfies e(x*) = 0 then f(x*) = 0 forevery f € I, and
therefore for all f € FBL'?)[E]. Thus, ¢ only vanishes at 0. For every n, let U, = {x* €
B+ :e(x*) < 1/n}. Then Uy, is a weak* open subset of Bg+ and (=, U, = {0}. Now
the relevant direction of the proof of [37, Theorem 5.1, p. 134] shows that E is separable.
This shows (1)< (2).

The rest of the proof is inspired by [44, Theorem 8.4]. From the proof of [44, The-
orem 8.4], every Banach lattice with a quasi-interior point has a topologically full centre.
Since E is non-zero, the centre being topologically full implies it is non-trivial. For the
implication (4)=>(1), suppose that the centre is non-trivial. By [143, Theorem 3.1], {0} is
a G set which, as before, implies that E is separable. [

Remark 9.5. In contrast to strong units and quasi-interior points, FBL® [E] always has
a weak unit, as was noted in Proposition 2.11.

9.2. Number of generators

For a Banach lattice X, we denote by n(X) the smallest cardinality of a set S which
generates X as a Banach lattice. For general information on this parameter, see [129,
Section V.2].
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Proposition 9.6. Suppose E is a Banach space.
(1) If dimE = n € N, then n(FBLY[E]) = n.
(2) If dim E = 00, then n(FBLW[E]) = oo.

Proof. If dimE =n,ande;,...,e, € E formabasis of E, then§,,,. .., 5, also generate
FBL()[E] as a Banach lattice.

Now consider f1. ..., fm € FBL®[E], with m < dim E. By the Borsuk—-Ulam The-
orem, these functions cannot separate points of the sphere of E*: There exist distinct
ey, e; € Sgx such that fi(el) = fi(ey) for 1 <i < m. As point evaluations are con-
tinuous on FBLP)[E], f (ef) = f(e5) for any f in the Banach lattice L generated by
fi..... fm inside of FBL?)[E]. There exists e € E such that e (e) # 5 (e), or equival-
ently 8. (e}) # 8c(e5). Consequently, L is a proper sublattice of FBL®[E]. |

9.3. Weakly compactly generated spaces

Free Banach lattices played a fundamental role in solving a problem regarding weak
compact generation, raised by J. Diestel in a conference in La Manga (Spain) in 2011
(see [15]). Recall that a Banach space E is weakly compactly generated (WCG) if there
is a weakly compact set K € E whose linear span is dense. Diestel’s question was first
analyzed in [7], where the following terminology was introduced: A Banach lattice X is
weakly compactly generated as a lattice (LWCG, for short) if there is a weakly compact
set K € X such that the sublattice generated by K is dense in X. Diestel asked whether,
for Banach lattices, the notions of LWCG and WCG are equivalent. A few years later, this
was answered in the negative: [15] shows that FBL[{,(I")] (for 1 < p < 2)is LWCG but
not WCG as long as the index set I is uncountable.

The following observation was made in [15] for p = 1: If E is a p-convex Banach
lattice, and FBL(P)[E ] is LWCG, then so is E. This is because the identity idg : E — E
extends to a surjective lattice homomorphism idg : FBL®) [E] — E, and a lattice homo-
morphic image of an LWCG lattice is again LWCG.

Clearly, if E is WCG, then FBL?[E] is LWCG. We can also establish a partial
converse:

Proposition 9.7. Suppose 1 < p < oo, and E is either a p-convex order continuous
Banach lattice, or an AM-space. Then FBLP)[E] is LWCG if and only if E is WCG.

Proof. As noted above, we only need to show that if £ is a p-convex order continuous
Banach lattice or an AM-space, and FBL?)[E] is LWCG, then E is WCG. The reasoning
above shows that if FBL(?)[E] is LWCG, then so is E. Consequently, E is WCG (apply
[7, Theorem 2.2] for AM-spaces, and [7, Theorem 3.1] in the order continuous case). =

Remark 9.8. Suppose FBL(”)[E]is LWCG and let K € FBL(”)[E] be a weakly compact
set generating FBL(”)[E] as a lattice. Note that if K C ¢(E), then E is WCG. Indeed,
let F denote the closed linear span of K, and suppose F € ¢ (E). Let x € E be such that
8x ¢ F.By Hahn-Banach we can take x* € Bg+ such that y(x*) = x*(¢~1(y)) = 0 for
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y € K and x*(x) > 0. As y(x*) = 0 for every y € K, and K generates FBL(?)[E], it
follows that f(x*) = 0 for every f € FBL(”)[E]. This contradicts 8 (x*) > 0. Therefore,
F = ¢(E) and E is WCG. However, there seems to be a priori no reason to guarantee
that when FBL?)[E] is LWCG, there is a generating weakly compact set lying in ¢ (E).

We can characterize when FBL®)[E] is LWCG as follows:

Proposition 9.9. Given a Banach space E, the following are equivalent:
(i) FBL?[E] is LWCG.

(ii) There exist a WCG Banach space F and a lattice homomorphism T : FBL(I’)[F ] —
FBLY)[E] with | T || = 1 and dense range.

Proof. Suppose first that FBL?)[E] is LWCG. Let K € FBL(®)[E] be a weakly compact
set whose lattice span is dense. Let F € FBL(?)[E] be the closed linear span of K. Clearly
F is WCG, and the formal inclusion ¢ : F — FBL)[E] extends to a lattice homomor-
phism 7 =7 : FBL®[F] — FBLW[E] with | T|| = 1. Since the lattice span of F is
dense in FBL(®”)[E] it follows that T has dense image.

For the converse implication, note that if F is WCG, then FBL®)[F] is LWCG. The
result follows directly from [7, Proposition 2.1]. ]

Remark 9.10. For p < ¢ < oo, the formal inclusion FBL(?)[E] — FBL(?[E] has dense
image. Hence, if FBL®?)[E] is LWCG, then so is FBLY[E] whenever p < g < cc.

Remark 9.11. Recall that a Banach space E is a subspace of a WCG space if and only if
its dual unit ball B+ in the weak™ topology is an Eberlein compact. Moreover, C(K) is
WCG if and only if K is Eberlein compact. See, for example, [57] and [55, Theorem 14.9].

Although at this point we do not know whether £ must be WCG whenever FBL?)[E]
is LWCG, we can at least show that if FBL®?)[E] is LWCG, then E must be a subspace
of a WCG space. We will use the following result, which actually proves quite a bit more
than what is needed to deduce that £ must be a subspace of a WCG space:

Proposition 9.12. IfFBL”)[E] is LWCG then there is a positively homogeneous homeo-
morphism between B+ with its weak™ topology and a weakly compact set in a Banach
space mapping weakly p-summable sequences to weakly p-summable sequences.

Proof. Suppose FBL®?)[E] is LWCG. By Proposition 9.9, there exist a WCG Banach
space F and a lattice homomorphism T : FBL(”)[F] — FBL?)[E] with dense image. By
Proposition 10.2 below, it follows that the induced map ®7 : Bg+ — B+ is in particular
injective, and since it is weak™*-to-weak™® continuous, we deduce that Bgx is homeo-
morphic to @7 (Bg=), both with the weak* topology.

As F is WCG, [55, Theorem 13.20] guarantees the existence of an injective weak™-to-
weak continuous bounded linear operator S : F* — ¢o(I") for some I'. The composition
S®7 is positively homogeneous, injective, and weak*-to-weak continuous, so it defines
a homeomorphism between Bg+ and its image (a weakly compact set in co(I")). Further,
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by Proposition 10.1, &7 sends weakly p-summable sequences to weakly p-summable
sequences, hence so does S®r; this completes the proof. ]

Corollary 9.13. If FBLW)[E] is LWCG then E is a subspace of a WCG space.

Proof. By Proposition 9.12, Bg= in its weak® topology is homeomorphic to a weakly
compact set in a Banach space. Thus, Bg= is Eberlein compact. Now use Remark 9.11. m

Remark 9.14. We outline an alternative approach to Corollary 9.13, which is simpler
but less informative than going through Proposition 9.12. Suppose FBL®?)[E] is LWCG.
As FBL®[E] is dense in FBLO®[E], the latter lattice is also LWCG, hence WCG by
[7, Theorem 2.2].

Above, we noted that if E is WCG, then FBL®)[E] is LWCG. The WCG assumption
on E cannot be weakened to £ being LWCG (provided it is a Banach lattice). Indeed, take
E = FBL[{,(I")] for any uncountable I'. Clearly, E is LWCG; however, it contains a sub-
space isomorphic to £;(I") by [15, Theorem 5.4]. Therefore, if FBL(?)[E] were LWCG,
Corollary 9.13 would imply that £; (I') embeds into a WCG space. This is impossible (see
e.g. [15, proof of Corollary 5.5]).

In a similar fashion, one can show that, for p € [1, 00), it may happen that E is
WCG, while FBL?)[E] does not embed into a WCG space. Indeed, take E = £,(T).
Modifying the proof of [15, Theorem 5.4] with the help of Example 5.15, we conclude
that FBL(P)[ E] contains a copy of £1(I"), hence it cannot embed into a WCG space when
I' is uncountable.

Observe that the converse of Corollary 9.13 does not hold in general. Indeed, it is well
known that L, (u) is WCG for any o-finite measure p (indeed, it suffices to consider the
case of p being a probability measure; then the unit ball of L,(u) is relatively weakly
compact, and generates Lq(u)). [126] gives an example of a non-WCG subspace X g of
L1 () which has a long unconditional basis. Thus, X g is an order continuous Banach
lattice, so FBL[X ] is not LWCG, by Proposition 9.7.

As noted above, for p € [1,00), it is in general false that if £ is a subspace of a WCG
space, then so is FBL?)[E]. However, this is true for p = oo:

Proposition 9.15. Let E be a Banach space. The following are equivalent:

(1) (Bg*,w™) is Eberlein compact.

(2) (Bgppcorg)+- W*) is Eberlein compact.

(3) FBL(™[E] is a sublattice of a WCG Banach lattice.

Furthermore, if E and F are Banach spaces such that (Bg+, w*) is Eberlein compact

and FBL[F] is a subspace of FBLOV[E], then (Bp+, w*) is Eberlein compact.

Proof. The implication (3)=(2) follows immediately from Remark 9.11. If (2) holds,
then FBL(®)[E] is a subspace of a WCG space, and since E is a subspace of FBL(®[E],
(1) follows.
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(1)=(@3): If (Bg+,w™*) is Eberlein compact, then C(Bg+) is WCG. Since FBL(>[E]
is a sublattice of C(Bgx), it is a sublattice of a WCG Banach lattice.

To address the “furthermore” statement, suppose (Bg+, w*) is Eberlein compact, and
FBL(®)[F] embeds as a subspace into FBL(®®[E]. By (1)=(3), FBL(®[E] embeds into
a WCG space, hence the same is true for FBL(®[F]. By (2)=>(1), (Bp+, w*) is Eberlein
compact. L]

Remark 9.16. Proposition 9.15 implies that for any uncountable set I, FBL©[¢(I")]
does not embed (isomorphically) into FBL©[¢,.(I')] for any r € (1, c0) and any set I".
However — as a special case of the results in the next section — we will see that FBL()[¢,]
and FBL©®[{,] are lattice isometric.

9.4. Complemented copies of {1

In this subsection, we show that E contains a complemented subspace isomorphic to £;
if and only if FBL[E] contains £; in various ways. In preparation, we need a lemma
relating 7' and T, which complements the various relations between T and T discussed
in Section 3.

Lemma 9.17. Let X be a Banach lattice not containing co. Given a Banach space E,
an operator T : E — X is weakly compact if and only if T : FBL[E] — X is weakly
compact.

Remark 9.18. Lemma 9.17 fails if no restrictions on X are assumed. Indeed, suppose E
is two-dimensional, X = FBL[E] (which is lattice isomorphic to C(S!), where S! is the
unit circle), and T = ¢g . Then T is the identity on FBL[E], which is not weakly compact,
since the latter lattice is not reflexive.

Proof of Lemma 9.17. We will make use of the Davis—Figiel-Johnson—Petczyniski factor-
ization method, and in particular its version for Banach lattices explained in [5, Theorems
5.37,5.41].

Suppose T : E — X is weakly compact. Let W denote the convex solid hull of 7 (BE),
which by [5, Theorems 4.39, 4.60] is a relatively weakly compact set. Let W be the reflex-
ive Banach lattice induced by W as in [5, Theorems 5.37, 5.41]. This means that we have

a commutative diagram
E—T . x
X /
v

where J is a lattice homomorphism. Let S : FBL[E] — W be the lattice homomorphism
such that § ¢r = S. Note that J S : FBL[E] — X is a lattice homomorphism with the
property that J S ¢ = T. Hence, we must have T = JS, which implies that T factors
through the reflexive Banach lattice W, so T is weakly compact as claimed. The converse
is clear. ]
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Remark 9.19. The method of proof of Lemma 9.17 is quite general. For example, with
Remark 2.4 in mind, a similar argument to Lemma 9.17 shows that an operator 7 : E — X
from a Banach space E to a Banach lattice X is p-convex if and only if T: FBL[E] > X
is p-convex.

Theorem 9.20. For a Banach space E, the following are equivalent:

(1) E contains a complemented subspace isomorphic to £.

(2) FBLI[E] contains a lattice complemented sublattice isomorphic to FBL[{1].
(3) FBLI[E] contains a lattice complemented sublattice isomorphic to £.

(4) £, is a lattice quotient of FBL[E].

(5) €1 is a sublattice of FBL[E].

(6) €1 is a complemented subspace of FBL[E].

[5, Theorem 4.69] provides more equivalent characterizations of Banach lattices con-
taining a lattice copy of £;.

Proof of Theorem 9.20. (1)=(2) follows from [15, Corollary 2.8] together with the
observation that if P : E — E is a projection onto a subspace isomorphic to £;, then
P : FBL[E] — FBL[E] is a lattice projection onto the corresponding sublattice iso-
morphic to FBL[£1]. Further, (2) = (3) follows from Theorem 8.3; (3)=(4) and (3)=(5)
are straightforward; and (5)<(6) comes from [5, Theorem 4.69].

(4)=(5): Let P be a lattice quotient from FBL[E] onto £;. By [44, Theorem 11.11],
there exists a lattice isomorphic embedding T : £; — FBL[E] such that PT = idy,.

(5)=(1): By [110, Theorem 2.4.14], (5) holds if and only if FBL[E]* is not order
continuous, if and only if there are ¢o € FBL[E]} and &9 > O such that for any f €
FBL[E]+.

Brouiz) & [, ]+ {g € FBLIE] : @o(lg) < o). ©.1)

Let No = {f € FBL[E] : ¢o(] f|) = 0}, which is an ideal in FBL[E] such that ¢o(] - |)
defines an AL-norm on the quotient FBL[E]/ Ny. By the Kakutani representation theorem
(see [103, Theorem 1.b.2]), its completion is lattice isometric to L(u) for some (not
necessarily o-finite) measure space. Let Q : FBL[E] — L;(u) be the dense range lattice
homomorphism induced by the corresponding quotient map.

We claim that Q¢ : E — Li(u) is not a weakly compact operator. Indeed, if it
were, by Lemma 9.17, Q would also be weakly compact. Hence, by [3, Theorem 5.2.9],
for every ¢ > 0 there is 1 € L1 (i) such that

Q(BrgLiE]) C [~h.h] + eBL, (-

Since Q has dense range, we can find f’/ € FBL[E]4+ such that |Q f’ — h||; < &, which
implies that
O(BesLig)) € [0, Of'1 4 2eBL, ()

Also, it follows from [129, Proposition II.2.5] and the construction of Q that Q[— f”, 1]
must be dense in [-Q f’, O f']. Thus, for every f € Bgp[£] there exist | f”| < f’ and
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h € L{(u) such that ||h||; < 3e and

Of =0f"+h.
Or equivalently, ¢o(| f — f”|) < 3e. This means that

Brgiie) S [/, f'1+{g € FBLIE] : go(|g]) < 3¢},

so taking ¢ < g¢/3 we reach a contradiction with (9.1).

Therefore, O ¢ g is not weakly compact as claimed. It follows from [3, Theorem 5.2.9]
that Q¢ (BEg) contains a complemented basic sequence (%, ) equivalent to the canonical
basis of £1. As a consequence, £ must contain a complemented subspace isomorphic
to £;. Indeed, let (x,) € Bg be such that Q¢g (x,) = hp and let P : Ly(n) — Lq1(p)
denote a projection onto the span of (/,); it is straightforward to check that (x,) must
be equivalent to the canonical basis of £;, so the linear map U : [h,] — E given by
U(hy,) = x, is bounded, and UP Q ¢ defines a projection of E onto the span of (x,). =

9.5. Upper p-estimates and the local theory of free Banach lattices

In this section we characterize when FBL[E] satisfies an upper p-estimate. We then use
this to study the structure of finite-dimensional subspaces and sublattices of free Banach
lattices, as well as to find upper p-estimate variants of classical theorems on p-convexity.

Recall that a Banach lattice X satisfies an upper p-estimate with constant C
(resp. lower p-estimate with constant C) if ||\/;—; lxkl| < Cr=; Ixk [2)1/»
(resp. “ZZ:l |xk|” > C1 %o, IIxk[17)V/?) for any xy, ..., x, € X. By [103, Propos-
ition 1.£.6], it suffices to verify these inequalities when x1, ..., x, are disjoint. Further,
[103, Proposition 1.f.5] shows that X has an upper (resp. lower) p-estimate if and only if
X* has a lower (resp. upper) g-estimate, with the same constant. Here, 1/p + 1/g = 1.

Upper and lower estimates are deeply connected to the convexity and concavity of a
Banach lattice, as well as to its type and cotype. In particular, p-convexity clearly implies
upper p-estimates; conversely, upper p-estimates imply r-convexity for » < p [103, The-
orem 1.f.7]. More information about this can be found in [103, Section 1.f].

Recall that an operator T : F — E is (g, p)-summing (see [49, Chapter 10]) if there
isa K > 0 such that for every choice of (xx);_, S F we have

“ 1/q S 1/p
() " =k swp (3 lteorr)
k=1

X*€EB px k=1
We use 1y, ,(T) to denote the least possible constant K in this inequality.
Theorem 9.21. Let E be a Banach space and 1 < p,q < oo with1/p + 1/q = 1. The
following are equivalent:
(1) idg= is (g, 1)-summing.
(2) FBL[E] satisfies an upper p-estimate.

In this case, the upper p-estimate constant of FBL[E] and 4,1 (idg~) coincide.
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Proof. (1)=(2): We shall show that if fi,..., f, € FBL[E]+ are disjoint then

32 5] = mostarnn (3 107) "
j=1 P

We view elements of FBL[E] as positively homogeneous functions on the unit ball
of E*. Let g = Z;-’:l fj- Then ||g|| is the supremum of }; [g(x;)|, where the finite
sequence (x;) € E* is such that || ), £x; || < 1 for any choice of +. Fix (x}) as above.
For any j let S; = {k : fj(x;) # 0}. These sets are pairwise disjoint (due to the disjoint-
ness of f;’s themselves), and

P IED BT IED D SR/ 1C9]
k k J

J kes;

For each j, let oj = max4 || Zkesj x| and let y; = Zkesj +x; be such that
71l =@ Then } ieg, |/i (x| < Il filley = [1f5 1l Iy} |l Note that

I < *
o |0 <
J

Letk = my,1(idg+). Then

<1

=D
J

_ . 1/q B 1/q
= (D) = ()
J J

Therefore,

/ /
I NIIETEIMEITE (jZ 1517)’ ”(Jz_aj)l ’

j kES/’
/
<e(Xus1r) "
J

We obtain the desired estimate on ||g| by taking the supremum over all suitable
sequences (x;).
(2)=(1): Suppose FBL[E] has an upper p-estimate with constant C (clearly C > 1).

We fix x7,...,x,; € E*, and aim to show that
n
(X 119) " < ¢ sup le (0l ©.2)
i=1 x€B

If dim E = 1, then it is easy to see that 4 (idr) = 1, hence (9.2) is satisfied (in fact,
[44, Theorem 8.1] shows that FBL[R] = £2_, hence its upper p-estimate constant equals 1
for all p).

If dim E > 1, then, by a small perturbation argument, we may assume that no two
of the vectors xl ,...,X, are proportional. Since xl ..., X, are lattice homomorphisms
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in FBL[E]*, they are atoms by [5, p. 111, Exercise 5], and therefore disjoint. Fix ¢ > 0.
For each i, pick f; € FBL[E]+ with || f;|| < 1 and ;?(fi) > (1— £)||;l;||, or equivalently
fi(x}) > (1 —¢&)|lx]||. Applying [110, Proposition 1.4.13] to the normalized functionals,
we may assume that the f;’s are disjoint. We have

(1 —e)(i 1) < (iﬁ-(x,-*)q)”q Y
i=1 i=1 i=1

for some A1,..., A, € Ry with >°7_; AP = 1. Put f = Y7_; A; f;. Since FBL[E] has
an upper p-estimate, we get || f|| < C(37_, |A: f;]7)/? < C. Using the definition of
the FBL-norm, we get

ZA fix} )—Zf(x ) < I/l sup le ()| < C sup Z|x ).

i=1 x€BE j—1 x€BE ;1
Since ¢ is arbitrary, we conclude that (9.2) holds, thus completing the proof. ]

Remark 9.22. If E is infinite-dimensional, then, by Dvoretzky Theorem, idg+ cannot
be (¢, 1)-summing for ¢ < 2. Therefore, FBL[E] can only have an upper p-estimate for
p < 2. In the next section, we shall see that this estimate is sharp, and FBL[E] can even be
2-convex (see, for instance, Corollary 9.47). For more general information about possible
g-convexity of FBL()[E], see Proposition 9.30. On the other hand, recall that if E is
finite-dimensional, then FBL?)[E] is lattice isomorphic to C(Sg~), hence it satisfies an
upper r-estimate for every r € [1, o).

Remark 9.23. Although Theorem 9.21 is stated for FBL[E], in Theorem 9.40 we will
prove an extrapolation result which allows us to characterize when FBL?)[E] has non-
trivial convexity.

Corollary 9.24. Suppose F is a subspace of a Banach space E such that (F, E) has
POE-1. Fix q € [1,00). If idg=* is (g, 1)-summing, then so is idf=.

Note that if dim F < oo, then idf= is (g, 1)-summing for any ¢. If dim F = oo, then,
by Remark 9.22, we must have ¢ € [2, o<].

Proof of Corollary 9.24. By Theorem 9.21, FBL[E] has an upper p-estimate, with
1/p + 1/q = 1. Denote the canonical embedding F — E by ¢. By POE-1,1: FBL[F] —
FBL[E] is a lattice isomorphic embedding, hence FBL[F] has an upper p-estimate as
well. Apply Theorem 9.21 again to reach the desired conclusion about id g +. ]

We next present the following “local” version of Theorem 9.20. We use the shorthand
“E has trivial cotype” to mean that no non-trivial cotype is present.

Corollary 9.25. For an infinite-dimensional Banach space E, the following statements
are equivalent:
(1) E contains uniformly complemented subspaces isomorphic to 7.

(2) FBL[E] contains uniformly lattice complemented sublattices isomorphic to ['].
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(3) FBLI[E] contains sublattices £} uniformly.

(4) E* has trivial cotype.

(5) FBLI[E] fails to be p-convex for any p > 1.

(6) FBL[E] contains uniformly complemented subspaces isomorphic to 7.
(7) FBL[E]* has trivial cotype.

Recall that a Banach lattice X is said to contain sublattices £7 uniformly if there exist
lattice isomorphisms u, : €% — X, € X such that sup,, |[u,| [lu,'| < oc. By Krivine’s
Theorem (see [130]), the uniform lattice copies of £] in FBL[E] can be taken to be
(1 + &)-uniform whenever they exist. In this case one can select u,’s in such a way that
limy, [lun | fluz ) = 1.

The following lemma is known, but we include it for the sake of completeness.

Lemma 9.26. For a Banach space E, the following statements are equivalent:
(1) E contains uniformly complemented copies of {].
(2) E* contains copies of £ uniformly.

(3) E* has trivial cotype.

Proof. (2)<(3) is given by [49, Theorem 14.1], and duality gives us (1)=(2). To estab-
lish (2)=(1), suppose E* contains copies of £2  uniformly. By [113, Theorem 2.5], we
can assume that the said copies of £2, are complemented via weak® continuous pro-
jections, with uniformly bounded norms. Passing to the predual, we conclude that E
satisfies (1). [ ]

Proof of Corollary 9.25. (1)=(2) is similar to Theorem 9.20, where we make use of
Theorem 8.3 to see that FBL[{] contains £7 as a nicely complemented sublattice. The
implications (2)=(3)=-(5) and (2)=-(6) are trivial. (5)=(3) is a consequence of the
Banach lattice version of Krivine’s Theorem [130]. Lemma 9.26 contains (1)< (4).

(5)=(4): If E* has non-trivial cotype, then by [49, Theorem 14.1], idg= is (¢, 1)-
summing for some ¢. Then, by Theorem 9.21, FBL[E] has a non-trivial upper estimate,
which implies non-trivial convexity [103, Section 1.f].

(6)<(7) follows from Lemma 9.26.

(7)=(5): If (7) holds, then by [103, Section 1.f], FBL[E]* cannot be g-concave for
any finite ¢. By duality, FBL[E] cannot be p-convex for any p > 1. ]

The next remark puts the above results in a broader context:

Remark 9.27. Let X be a Banach lattice. By [49, Chapter 16] (see also [103, Section 1.f]

and [134—1306]; the relevant results are neatly summarized in [29]), we have the following

general implications and no others:

(1) For2 < g < 00, g-concavity = cotype ¢ < idy is (¢, 1)-summing < X has a lower
g-estimate.

(2) For ¢ = 2, 2-concavity < cotype 2 = idy is (2, 1)-summing = X has a lower
2-estimate.
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By duality [103, Proposition 1.£.5], if E is a Banach lattice and 1 < p < 2 we conclude
that idg= is (¢, 1)-summing (1/p + 1/q = 1) if and only if E* has a lower g-estimate if
and only if E has an upper p-estimate. Combining these observations with Theorem 9.21
we obtain the following.

Corollary 9.28. Suppose E is a Banach lattice and 1 < p < 2. The following are equi-
valent:

(1) E satisfies an upper p-estimate.
(2) FBL[E] satisfies an upper p-estimate.

Proposition 9.30 below shows that the above equivalence fails for p > 2.
Corollary 9.24 immediately implies an upper p-estimate version of [103, Theorem
1.d.7]:

Corollary 9.29. Suppose p € (1,2), E and F are Banach lattices, and t : F — E is a
linear isomorphic embedding such that ((F) is complemented in E or, more generally,
that (1(F), E) has POE-1. If E has an upper p-estimate, then the same is true for F.

The existence of a complemented copy of L inside of L, shows that Corollary 9.29
fails for 2 < p < oco. For p = 2, the proof only shows that if idg= is (2, 1)-summing,
then F has an upper 2-estimate; we do not know if the assumption on E can be relaxed
to it merely having an upper 2-estimate. In connection to this, we should also mention
a “dual” analogue of Corollary 9.29, discussed in [103, pp. 98-99]. Namely, suppose a
Banach lattice F' embeds isomorphically into a Banach lattice E with a lower p-estimate.
If p € (2,00), then F has a lower p-estimate as well; this is no longer true for p = 2.

As mentioned previously, if E is finite-dimensional then FBL[E] is lattice isomorphic
to a C(K)-space, so is in particular co-convex. The situation is different in the infinite-
dimensional setting.

Proposition 9.30. Suppose E is an infinite-dimensional Banach space. If FBLW®)[E] is
q-convex, then ¢ < max {2, p}.

Proof. Fix n € N. Use the Dvoretzky Theorem to find norm 2 vectors x7,...,x,; € E*
such that 1 /2 1/2
( |a,| HZ“] j*H = 3(Z|aj| )
J
for any scalars ay, ..., a,. Use local reflexivity to find xi, ..., x, € E, of norm not

exceeding 1, and biorthogonal to the xj’-k ’s. We will establish that

1/q
|/ leproney 2 n'/7, where r=max{(2.p}, and £ = (3 I8,1%)
J

*

We shall achieve this by testing f against xi,..., x;. Let F = span[x],..., x;]. By
applying local reflexivity, and then passing from E** to E**/F~, we obtain

sup (Z |x} (x)l”) "= sup (Z IX}‘(x)II’)I/p <3n”
X F* j=1

X€EBE



Free Banach lattices 87

with

_JYp-1/2, 1=p=2,
o, p>2.

Note that, forany x* € E*, f(x*) = (3_; |x*(x;)|)"/4, and therefore 3 |f(x;‘)|P)1/p
=n'/P By (1.1),

t/p 1/r

||f||FBL(P)[E] 2 n_y =n

(with r as above). On the other hand, if FBL(”)[E] is ¢-convex, then
1/q
1
1/ leseoer S (3 18 18 cmey)  ~ 179,
J

giving the desired estimate for q. ]

We finish this section with some applications to the local theory.
Recall that for a Banach lattice E, the upper index of E is

S(E) =sup{p > 1 : E satisfies an upper p-estimate}.

By [103, Section 1.f], “upper p-estimate” can be replaced by “p-convex” in the definition
of S(E). The index S(E) is important in the local theory of Banach lattices. Indeed, a
theorem of Krivine [130] states that an infinite-dimensional Banach lattice £ contains,
for all integers n and all ¢ > 0, a (1 + ¢)-lattice copy of {7 when p = S(E).

If E is a finite-dimensional Banach space, then FBL(®”)[E] is lattice isomorphic to
an AM-space, hence S(FBL”)[E]) = oo. For infinite-dimensional E, Proposition 9.30
shows that S(FBL(”)[E]) = p for 2 < p < oo, while p < S(FBLP[E]) <2for1 < p <2
In particular, we conclude that for infinite-dimensional Banach lattices, the indices are
related as follows:

Corollary 9.31. Suppose E is an infinite-dimensional Banach lattice. Then
S(E) A2 = S(FBL[E]).

Remark 9.32. On the other end of the spectrum, note that FBL[E] always contains a
lattice copy of cg as long as dim £ > 2, so in particular contains uniform lattice copies
of £% . Further, FBL[¢{2] ~ C(S) contains isomorphic copies of every separable Banach
space, hence so does FBL[E] for every E with dim £ > 2. One should note, however,
that FBL[E] being universal is restricted to separable spaces; for other density characters
it is an interesting problem to classify the subspaces of FBL[E] up to isomorphism. For
example, FBL[E] has the same density character as £ [15, Section 3], but, as shown
in[19], when 1 < p <2 and I' is uncountable, FBL[{, (I")] does not embed into a weakly
compactly generated Banach space, and in particular does not embed into FBL[{,(I")],
2 < g < oo, which is WCG. These simple facts will play a role in the next section when
we compare FBL(”)[E] and FBLY[F]; in particular, when E and F are separable, we
will aim to distinguish these spaces by showing that one does not linearly embed into a
complemented subspace of the other.
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Remark 9.33. We also note that the disjoint sequence structure of FBL[E] can be very
complicated. Indeed, when E is the complementably universal space for unconditional
bases (see [102, Theorem 2.d.10] for the construction), then, by Theorem 8.3, FBL[E]
contains lattice copies of every separable order continuous atomic lattice (i.e., every
Banach lattice with lattice structure induced by an unconditional basis).

9.6. Automatic convexity, factorization theory and isomorphisms between FBL(P)[E]
and FBLW[F]

In this section, we characterize when FBL?)[E] is g-convex via strong factorizations
(representing an operator as a composition of two or more, one of which is a lattice homo-
morphism), and then use FBL(?)[E] as a tool to study the classical factorization theory.
We also give various situations where we can prove that FBL(®”)[E] and FBL?[F] are
lattice isomorphic, and other situations where we can prove that one of these spaces does
not even linearly embed as a complemented subspace of the other.

We begin with some preparation:

Proposition 9.34. Suppose E is a Banach space, Z is a p-convex Banach lattice with
constant 1, and 1 : E — Z is an isometric embedding with the following properties:
(1) Z is generated by ((E) as a Banach lattice.

(2) There exists a constant C such that for every contraction T : E — L, (1) there is a
lattice homomorphism T' : Z — Lp(u) with T'e = T and |T'|| < C.

Then Z is C-lattice isomorphic to FBL(P)[E]. More precisely, the canonical extension
T:FBLW[E] — Z is invertible and ||T7'|| < C.

Proof. From the definition of FBL(”)[E], there exists a unique lattice homomorphism
T:FBL[E] — Z such that7¢z = ¢ and ||7]| = 1. Observe that T has dense range. Indeed,
fix z € Z and ¢ > 0. By assumption, there exists u in the sublattice generated by ((E)

such that ||z — u|| < . We can write u as a lattice-linear expression u = F(1xy,...,tXy)
for some x1,...,x, € E. Thenu =TF(8x,,...,0x,) € RangeT.

Let f € FBL”[E] with || f|| > 1. By the definition of the FBL(”)-norm, there exists
n € N and a contractive operator 7" : E — {7 such that | T /|| > 1, where T is the unique

lattice homomorphism T: FBL([E] — £ such that ?¢E = T'. By assumption, there
exists a lattice homomorphism 77 : Z — €7 such that 7"t = T and ||7”|| < C. We have
T'iE(x) = T'ix = Tx = T¢g(x) forevery x € E. It follows that 7’7 agrees with 7' on
¢(E), and therefore T'T = T. We now have 1 < |T /|| = |T'Tf || < C|[if||. It follows
that 7 is bounded below. In particular, it is invertible and |7 || < C. |

A standard direct sum argument implies the following.

Corollary 9.35. Suppose E is a Banach space, Z is a p-convex Banach lattice with
constant 1, and 1 : E — Z is an isometric embedding with the following properties:

(1) Z is generated by ((E) as a Banach lattice.
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(2) Every contraction T : E — L, (1) has an extension to a lattice homomorphism T :
Z — Ly(p).

Then Z is lattice isomorphic to FBLW[E]. More precisely, the canonical extension T :
FBLW)[E]| — Z is a surjective isomorphism.

Proof. By Proposition 9.34, it is enough to show that there is a uniform constant C
such that every contraction 7' : E — L,(u) extends to a lattice homomorphism 7~ :
Z — L,(n) with ||T’|| < C. Suppose this is not the case, and let T, : E — L,(uz)
be such that || 7, || = 1, but any lattice homomorphism S : Z — L, (i) extending 7, has
S|l = 2"/7n.

Consider L,(v) to be the infinite £, sum of the spaces L,(u,) and let T : E —
£y(Ly(in)) = Lp(v) be given by Tx = (£2%)%  Note that

n/p/n=1"

o 1/p
IT,x1”
it = (X ) < g
n=1

Let 7' : Z — Ly(v) be a lattice homomorphism extending 7. Note that if we write
7y 2 Lp(Lp(n)) = Lp(py) for the canonical band projection, we find that the oper-
ator T = 2" Pm,T' : Z — L,(iy) is a lattice homomorphism extending 7. Hence,
2Py < |2 P, T'|, which yields n < ||T’|. As this holds for every n € N, we get a
contradiction with the fact that 7’ is bounded. ]

Proposition 9.34 has a natural analogue for free Banach lattices satisfying an upper
p-estimate. We first recall some facts on weak L ,-spaces and (p, 00)-convex operators.
For f € Lo(n) and 0 < p < o0, let

/
1 poe = {supe2utl f1> 1h) .
t>0

The space L, oo (1) is the set of all f € Lo(u) such that || f||p,0c0 < 0o. Itis well known
that when p is o-finite and 0 < r < p, the expression

1/r
0l oopy = sup M(Er‘/'““’(/ Iflrdu)
O<u(E)<oo E

satisfies
) 1/r
I/ Np.oo < WS Mpoop) < (—p — r) I/ llp.oo

(see, for example, [69, Exercise 1.1.12]).
If (X, ) is a measure space with p finite, 0 < ¢ < p and f € Lp oo (p) then

P _

[ 170l duo) = w0 1 ©3)
b'¢ P—9q

i.e., Lp o0(p) continuously injects into L, (w) with control of the constants (see [69, Exer-

cise 1.1.11]). This will be used in the proof of Proposition 9.36 below to justify a certain

multiplication operator being bounded by universal constants.
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Below, we concern ourselves with p € (1, 00). Equip L, o0(pt) with the equivalent
norm ||| - [[| 5,00, 17> OF for short ||| - [|| ,, -
(Lp,o0s Il - ll5,00) has an upper p-estimate with constant 1. To establish the latter, we show

1/
that [[\V/7oy [ filll 00 = (it Mfilll5c0) 7 forany fi,.... fu € Lp,oo(R, ). In other
words, we show that, for any £ C €2,

_ 1/p
sup ()7 [ Vsl = (i)

Represent E as a union of disjoint sets E; (1 < j < n) such that \/; | fi| = |f;| on E;.
For the sake of convenience write p’ = p/(p—1)(so1/p+1/p' = 1), a; = fEi | fil,

This turns L, o, into a Banach lattice. Moreover,

and b; = u(E;)Y?" (by getting rid of “redundant” f;’s, we can assume that b; > 0 for

any i). Then || filll 5,00 = b 'a;; therefore, it suffices to show that

(Z(b;lai)”)l/p = (X b{”)_l/p/ 3 ai.

i

The last inequality is equivalent to

1/p N 1/p
Y= (wtan?) T (08)
i i i
which is an easy consequence of Holder’s inequality.

Let X be a Banach lattice and E a Banach space. Recall that an operator 7 : X — E
is (g, p)-concave if there is a constant C such that for any x;,...,x, € X we have

" 1/q " 1/p
(S irwde) ™ = e (X hir) 7).
k=1 k=
The least constant that works is denoted K, ,(T). It is easy to see that if p > g then the
only (g, p)-concave operator is the zero operator. Moreover, the (p, p)-concave operators
are exactly the p-concave operators, and for 1 < p < g < oo an operator is (¢, p)-concave
if and only if it is (g, 1)-concave (see [49, Corollary 16.6]). An operator S : E — X is
(p, q)-convex if there is a constant C such that for all xq, ..., x, in E we have

H (g se) ) < C(;; ael?)"”.

There is a natural duality between (p, g)-convexity and (p’, ¢’)-concavity (1/p + 1/p’ =
1 =1/q + 1/¢"); see [49, Theorem 16.21].

Following [82], we denote by FBLI(” [E] the free Banach lattice satisfying an upper
p-estimate with constant K over E. This is the (necessarily unique) Banach lattice Z
such that (i) Z satisfies an upper p-estimate with constant K; (ii) there is an isometric
embedding ¥ : E — Z, generating Z as a lattice; (iii) for any linear operator 7 : E — X,
where X is a Banach lattice satisfying an upper p-estimate with constant K, there exists a
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lattice homomorphism 7' : Z — X with Ty = T and ||T|| = || T||. We write FBL1?[E]
for FBL1?[E].

The existence and uniqueness of FBL;(I’ [E] was established in [82]. Moreover, the
lattices FBLI(I’ [E] for different values of K are canonically lattice isomorphic: by [116,
Remark 1.5 and its proof], a Banach lattice satisfying an upper p-estimate with constant K
can be K-renormed to satisfy an upper p-estimate with constant 1.

Many aspects of FBL?[E] remain mysterious. For instance, no functional represent-
ation of this lattice, and no explicit norm arising from it, are known (compare and contrast
with Section 2). However, we have the following result:

Proposition 9.36. Suppose E is a Banach space, Z is a Banach lattice, 1 < p < 0o, and
i 1 E — Z is an isometric embedding with the following properties:

(1) Z is generated by i (E) as a Banach lattice.

(2) There exists a constant C such that every operator T : E — L, o (L) extends to a
lattice homomorphism T : Z — L oo (1) with | T'|| < C||T|| (i is a finite measure).

Then for any Banach lattice X and any (p, 00)-convex operator S : E — X there exists
a (necessarily unique) lattice homomorphism S’ : Z — X satisfying S'i = S. Moreover,
87| < yCK®®)(S), where K@) (S) is the (p, 0o0)-convexity constant of S, and the
constant y depends on p only.

Proof. For brevity, we write K = K(P-)(§). By the universality of FBL[E], we have a
lattice homomorphism i FBL[E] — Z extending i : E — Z. As i(E) generates Z, it
follows that ; has dense range. Also, let S : FBL[E] — X be the lattice homomorphism
such that S. ¢ = S. Consider the following:

Claim. There is a constant y > 0 (depending only on p) such that
ISflx <vCKlifllz Vf €FBLIE]L (94)

Proof of Claim. Given f € FBL[E], choose x* € X} with ||x*| = 1 and x*(|§f|) =
||§f||x. Let Ny+ denote the null ideal generated by x*, that is, Nyx = {x € X :
x*(]x|) = 0}, and let Y be the completion of the quotient lattice X/ N+ with respect
to the norm ||x + Nyx|| := x*(|x]|). Since this is an abstract L{-norm, Y is lattice iso-
metric to L1 (€2, X, ) for some measure space (€2, X, i) (see e.g. [103, Theorem 1.b.2]).
The canonical quotient map of X onto X /N, induces a lattice homomorphism Q : X —
L1(2,%, n) with | Q]| = 1. For our purposes, we may without loss of generality assume
that (€2, X, ) is o-finite, passing for instance to the band generated by Q(§ ).

Since Q is a lattice homomorphism and S is (p, 00)-convex with constant K, we have

[Viosoul],,,, =V isoo, = £(Smiz)”

for every finite sequence (xx) in E. Hence, by [116, Theorem 1.2], there exists & €
Ly(w)4+ with [ hdp < 1, yielding a factorization
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0s
E Ly(w)

Lp,co(hdp)

with R being a lattice homomorphism implemented by multiplication by 4. Now (9.3)
gives

IRA Ly = 1hfllLiqw = IF Ly hap

< L(/ hdu)l_l/p'HfHL (hdw) = P | f L, cothdu)
~ p—1\Jg p.co ~p—1 p.co

hence ||R| < ﬁ.

Moreover, in the above factorization / can be chosen in such a way that ||T'|| < yo K,
where Yo depends only on p. To see this, we follow [116, proof of Theorem 1.2]. In
[116, Theorem 1.1], take r = 1, and choose our subset of L (i) tobe {QSx : ||x||g < 1}.
We claim that statement (iii) of the latter theorem holds with C being K. Indeed,

" “ 1/p " 1/p
|V eosad| < k(D lowxely) " = K(X lowl?)
k=1 Ly(u) 1 o

Thus, tracing through the proof of [116, Theorem 1.1], statement (ii) holds with K’ =
K(1 —1/p)"/P~1_ This tells us (with a minor clash of notation — what one should do
is avoid the appeal to Theorem 1.2, only appeal to Theorem 1.1, and use Theorem 1.1
to prove Theorem 1.2 with control of the constants) that [116, Theorem 1.2 (iii)] holds,
which is just a restatement of [116, Theorem 1.2 (iv)]. In other words, ||T'|| < yo K, where
yo=(1—1/p)t/»=1.

By hypothesis, there is a lattice homomorphism 77 : Z — L, oo(hdp) with T'i = T
and ||T’|| < C||T||. Consider the composition RT'T : FBL[E] — Li(u). Note this is a
lattice homomorphism which for x € E satisfies

RT'i¢g(x) = RT'i(x) = RT(x) = 0S(x).
It follows from the universality of FBL[E] that RT"’ T = 0 S.In particular,

ISfllx =108 flle, = IRTT £,
)4 ~ ~ p
< S CITIE |z < yCKIifllz. where y = —=

as we wanted to show. [

Having proven the claim, for f € FBL[E], put S’(G /) := S f. By (9.4), S’ is well-
defined and bounded on Range 1;itis easy to see that it is a lattice homomorphism. Since
Range? is dense, S’ extends to a lattice homomorphism on Z. We clearly have S'i = S,
and || S’|| < yCK. This completes the proof of Proposition 9.36. L]
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Generally speaking, p-convexity and p-concavity are much better understood than
upper and lower p-estimates. However, using free Banach lattice technology we can find
upper p-estimate versions of classical theorems on p-convexity. Indeed, in Corollary 9.29
we were able to extend [103, Theorem 1.d.7]; we now show that [123, Theorem 3] has a
natural analogue for upper p-estimates:

Corollary 9.37. Suppose p € (1,00), E is a Banach space, X is a Banach lattice and
T : E — X is any operator. The following statements are equivalent:

(1) T is (p, o0)-convex.

(2) There exists a Banach lattice Y with an upper p-estimate, and a factorization T =
S¢, where ¢ : E — Y is bounded, and S : Y — X is a lattice homomorphism.

Moreover, in (2) we can take ¢ to be the isometric embedding of E into FBL'P[E], S = T,
and ||S|| < kK®)(S), with k depending only on p.

Proof. For (2)=>(1), suppose T factors through Y as above. As function calculus inter-
twines with lattice homomorphisms, for any x1,...,x, € E we have

I/ 1], < 11|V o],
k=1 k=1

- / z /
< mISI(Y lexlg) " < mision(Y heelz)
k=1 k=1

(M is the upper p-estimate constant of Y'), showing that T is (p, co)-convex.
The implication (1)=>(2) follows directly from Proposition 9.36. |

To characterize the spaces E for which FBL[E] and FBL(®?)[E] are lattice isomorphic,
we need two definitions. Suppose E is a Banach space, C > 0, and Z, X are Banach
lattices. We say that T : E — Z C-strongly factors through X if we can write T = U S,
where S : E — X is a contraction and U : X — Z is a lattice homomorphism with
IU|| < C.If X is a class of Banach lattices, we say that T : E — Z C -strongly factors
through X if it C-strongly factors through some X € X. If, in the preceding setting, X
and Z are both spaces of functions on the same space, we say that T C-multiplicatively
factors through X if U as above is implemented by a multiplication operator. We say that
T factors strongly (or multiplicatively) if such factorization exists for some C. Obviously,
Corollary 9.37 can be restated in this language.

Proposition 9.38. Ler E be a Banach space, p > q > 1, and C > 1. The following are
equivalent:
(1) FBLP)[E] is lattice C -isomorphic to FBL@Y[E].

(2) FBLP[E] is canonically lattice C-isomorphic to FBL@[E], that is, the map tak-
ing 8x (x € E) to itself generates a lattice C-isomorphism between FBLP)[E] and
FBL@[E].
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(3) Every contraction T : E — L,(u) C-strongly factors through a p-convex Banach
lattice with p-convexity constant 1.

(4) Every contraction T : E — Ly () C-multiplicatively factors through Lp(L).

(5) Every contraction T : E — Ly (u) is p-convex with constant C, i.e., for all finite
sequences (x) in E we have

" P 1/p n » 1/p
(S resor) ], = e (T )™

Corollaries 9.45 and 9.47 below provide examples of Banach spaces E which possess
the equivalent properties described here.

Proof of Proposition 9.38. (2)=(1) is straightforward.

(1)=(3): Suppose that there is a lattice isomorphism V : FBL@[E] — FBL®[E]
such that | V|| = 1and V™! < C.LetT : E — L4(u) be a contraction. Consider the
operator T :FBL@ [E]— L4(p). Then T = (YA“ V1) (V¢E) is the required factorization.

(3)=(2): We will use Proposition 9.34 with p replaced with ¢, Z = FBL®?)[E],
and t = ¢ : E — FBLW[E]. Let T : E — L, (w) be a contraction. By assumption,
we can factor T through a p-convex Banach lattice X with constant 1, 7 : £ — X —
L, (1) so that | S| < 1, |U|| < C, and U is a lattice homomorphism. Then 7’ := U S :
FBLW[E] — L,(u) extends T, is a lattice homomorphism, and ||7’|| < C. By Proposi-
tion 9.34, ¢ extends to a lattice C -isomorphism from FBL?[E] to FBL?[E].

To prove (3)=-(5), we use the strong factorization 7 = US with |U| < C and
[S|| < 1. Then

(Ernr)”

o =[S wseor) ], e (Ciseor)™],

“ 1/p “ 1/p
=c(Xsal”) = (X Iwl)
k=1 k=1

The first (in)equality is the factorization, the second is since U is a lattice homomorphism
of norm at most C, the third by p-convexity of X, and the last since .S is a contraction.
Clearly (4)=(3). The equivalence between (4) and (5) is essentially [144, p. 264]. =

We can also state an upper p-estimate variant of Proposition 9.38.

Proposition 9.39. Let E be a Banach space and p > q > 1. The following are equivalent:
(1) FBL?[E] is lattice isomorphic to FBL@[E].
(2) FBLY?[E] is canonically lattice isomorphic to FBL@[E].

(3) There exists C > 1 such that for every Banach lattice Y with M@ (Y) = 1, every
contraction T : E — Y C-strongly factors through a Banach lattice X which has an
upper p-estimate with constant 1.
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(4) There exists C > 1 such that every contraction T : E — Lg(p) C-strongly factors
through a Banach lattice X which has an upper p-estimate with constant 1.

(5) There exists C > 1 such that every contraction T : E — Lg(n) C-multiplicatively
factors through Lp oo (I4).

(6) There exists C > 1 such that every contraction T : E — L4 () is (p, 00)-convex with
constant C.

Proof. The implications (2)=(1)=(3)=(4)=-(2) are similar to Proposition 9.38.
(4)=(6) follows from the same factorization argument used in the proofs of Corol-
lary 9.37 and the implication (3)=>(5) in Proposition 9.38. (5)<(6) is [ 116, Theorem 1.2],
and (5)=(4) follows because L (1) (With an appropriate norm) satisfies an upper p-
estimate with constant 1. ]

In statement (4) of Proposition 9.38 we require that every contraction T : E — L, ()
factor multiplicatively through L,(u); similarly, in (5) we require that every operator
verify a certain inequality. This makes (4) and (5) properties of the Banach space E.
However, as was evident from the proof, statements (4) and (5) hold on an operator-
by-operator basis. More precisely, a contraction T : E — L, (p) factors multiplicatively
through L, (w) if and only if it satisfies the inequality in statement (5) of Proposition 9.38.
Analogous reasoning (using [116]) shows that similar results hold true when L, () is
replaced by L, o(1t). As we will now see, the fact that we quantify over all operators
gives some interesting relations between the roles of L,(u), Ly(pt) and L, oo () in the
above statements. More precisely, we have the following extrapolation theorem.

Theorem 9.40. Suppose FBLP)[E] is q-convex for some 1 < p < q. Then FBL")[E] is
q-convex forall 1 <r < oo.

Proof. By Proposition 9.38, there exists a constant C such that any contraction u : £ —
L, (u) C-strongly factors through L, (1). As suggested on [107, p. 42], consider the dual
pair (E*, E), where E* is equipped with its weak™® topology o (E*, E); this turns E*
into a locally convex Hausdorff space, or “elcs” (espace localement convexe séparé) in
the French language of [107]. The dual space is then E, with its norm topology.
Applying [107, Théoreme 23, (c)=-(a)] to this dual pair (or alternatively using [144,
Exercise 2 on p. 286 and its solution on p. 336]), we conclude that 7, (7T) < Cny(T)
for every T : E* — £, (we have also used the fact that the (p, weak) summing norms
of n-tuples in E* can be computed using either Bg or Bg=x, see (1.2)). By [49, 3.17
Extrapolation Theorem], for any Banach space F' we have I, (E*, F) = I1;(E*, F).In
particular, any g-nuclear operator from E* into £, is 1-summing. By [107, Théoréme 23,
(b) = ()] (or invoking [ 144, p. 270]), any u : E — L () strongly factors through L, (1).
By Proposition 9.38, we conclude that FBL[E] is lattice isomorphic to FBL([E]. Thus,
FBL[E] is g-convex, and therefore, for any r € [1,¢], FBL"[E] is lattice isomorphic to
FBL@[E], hence g-convex. For r > ¢, the g-convexity is automatic. |

We now use the preceding result to establish a few facts regarding factorizable and
p-summing operators.



T. Oikhberg, M. A. Taylor, P. Tradacete, V. G. Troitsky 96

Corollary 9.41. Suppose 1 <q, p > max{2,q}, and E is an infinite-dimensional Banach
space. There exist T, S € B(E, Ly(1)) such that T (respectively, S) does not strongly
factor through L, (u) (respectively, Ly oo(i1)).

Proof. (i) If any operator in B(E, L4(u)) strongly factors through L,(u), then, by Pro-
position 9.38, FBL@[E] is p-convex. This, however, contradicts Proposition 9.30.

(i) If any operator in B(E, L4 (u)) strongly factors through L, o (1), then, by Pro-
position 9.39, FBL([E] has an upper p-estimate. Consequently, FBL@[E] is s-convex
for any s < p [103, Section 1.f], which contradicts Proposition 9.30 (one can take s €

(max{q,2}, p)). u
The following result indicates the limits of extrapolation of summing maps.
Corollary 9.42. Suppose 1 <r < p < oo and
HO,(E. £p) =, (E, £p)
for some infinite-dimensional E. Then p < 2.
The restriction p < 2 is sharp. For instance,
[T, (H, {z) = T2 (H, {3)
for any Hilbert space H and r € [1, c0).

Proof of Corollary 9.42. Suppose, for the sake of contradiction, that E is infinite-dimen-
sional, p € (2,00], and I1,,(E, £,) = I1,(E, £,) for some r € [1, p).

(1) p=oo. If 1, (E,fe) = B(E,{s), then I1,(E, £ (1)) = B(E, L (1)) for any
index /. Now find [ so large that £ embeds into £, (/). Then idg is r-summing, which
is impossible.

(ii) p < oo. If II,(E, £p) = I1,.(E, £p), then, by the Extrapolation Theorem [49,
Theorem 3.17], I1,(E, £,) = I11(E, {,). Imitating the reasoning from the proof of The-
orem 9.40, we apply [107, Théoreme 23] to the dual pair (E, E*) (E is equipped with its
norm topology). We then conclude that any operator from E* to Lq(u) strongly factors
through L, (u), which implies p < 2 by Corollary 9.41. ]

Returning to free Banach lattices, we prove:
Corollary 9.43. If E is a Banach space, and 1 <r < p < oo, then the following state-
ments are equivalent:
(1) FBLY[E] has an upper p-estimate.
(2) FBL[E] has an upper p-estimate.
(3) idg~ is (g, 1)-summing, with 1/p + 1/q = 1.
Proof. (2)<>(3) has been established in Theorem 9.21. To handle (1)< (2), pick s €
(r, p). From [103, Section 1.f], we know that an upper p-estimate implies s-convexity.

If one of the lattices involved — either FBL")[E] or FBL[E] — is s-convex, then the two
coincide, by Theorem 9.40. [
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Note that Theorem 9.21 identifies the upper p-estimate constant of FBL[E] as the
(¢, 1)-summing norm of idg*; we make no claim that the upper p-estimate constant of
FBL()[E] agrees with that of FBL[E].

Combining Corollary 9.43 with Proposition 9.38, we obtain the following.

Corollary 9.44. Suppose idg= is (q, 1)-summing, 1/p +1/q =1, and 1 <r <s < p.
Then any operator from E to L, () multiplicatively factors through Lg(i).

We now examine conditions guaranteeing, or precluding, lattice isomorphism between
FBL([E] and FBL@[E].

Corollary 9.45. Suppose a Banach space E has type s € (1,2). Then, for1 < p <q <s,
FBL®[E] and FBL@W|E] are canonically lattice isomorphic.

Proof. By Proposition 9.38, we need to show that there exists a constant C such that
any contraction T : E — L, (1) has a lattice homomorphic extension 7" : FBL@W[E] —
L, () with |T’|| < C||T||. Emulating the proof of Corollary 9.35, we see that it actu-
ally suffices to establish the existence of some extension T”’; the norm will be controlled
automatically.

To obtain the desired extension, we use the Maurey—Nikishin Extension Theorem
[144, Theorem IILLH.12]: T can be factored through L,(u) as T = uS, where u :
Lq () = Lp(w)is alattice homomorphlsm Then S has a lattice homomorphic extension
S FBL@WI[E] — L (). Then T’ = uS is the extension we want. ]

Remark 9.46. An alternative argument for Corollary 9.45 is to note that if £ has type s
then the dual has cotype s’ (for 1/s + 1/s’ = 1), hence idg= is (s’, 1)-summing, which
characterizes upper s-estimates of FBL[E].

Using [144, Theorem III.H.16] instead of [144, Theorem III.H.12], we obtain the
following result.

Corollary 9.47. For2 <r <ooand1 < p <2, FBL®[L, ()] and FBL®[L, ()] are
canonically lattice isomorphic.

Remark 9.48. Suppose r > 2 and 1 < p < 2. Corollary 9.47 implies that the moduli of
the £, basis in FBL?[¢,] and in FBLI[{,] are equivalent; by [19], both are equivalent to
the £ basis, with 1/s = 1/r + 1/2. We do not know what the span of these moduli is for
r,p € (2,00).

On the other hand, Proposition 9.30 immediately yields the following.

Corollary 9.49. Suppose E, F are infinite-dimensional Banach spaces, p € [1, o],
g € (2,00], and p # q. Then FBLW)[E] is not lattice isomorphic to FBL@W[F].

Remark 9.50. By Corollary 9.25, if E* has finite cotype, then FBL[E] is p-convex
for some p > 1. Using the fact that the r-convexification of an s-convex space is s7-
convex, one can easily show that for such E, FBL(I’)[E ] is not lattice isomorphic to the
p-convexification of FBL[E].
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We finish this section with a simple observation precluding FBL@[F] from being iso-
morphic (in the Banach space sense) to a complemented subspace of FBL?)[E]. Indeed,
by combining Corollary 9.28 with Corollary 9.29, we improve [19, Theorem 9]:

Corollary 9.51. Let 1 < p <min{2, g} < oco. Then FBL[{,] is not linearly isomorphic
to a complemented subspace of FBL[{,].

Remark 9.52. A related result follows from [103, Theorem 1.d.7 and the remark after it]:
if p € (1,2] and FBL@[F] is not p-convex, then it does not linearly embed complement-
ably into FBL(”)[E] for any E. Here, complementation is key as FBL[E] contains iso-
morphic copies of every separable Banach space as long as dim £ > 2; see Remark 9.32,
which also discusses the non-separable setting.

Remark 9.53. In this section, we focused on strong factorizations via lattices which are
p-convex, or have upper p-estimates. Related factorizations (which were not assumed
to involve lattice homomorphisms) are considered in [33] (positive factorizations via lat-
tices with upper or lower estimates) and [124] (factorizations using operators with given
convexity and concavity).

10. Isomorphism of free Banach lattices

In this section we give a partial resolution to the question of whether FBL”)[E] and
FBL[F] can be lattice isomorphic (some negative results can be extracted from the
r-convexity and r-upper estimate criterion presented in the previous section).

10.1. Representation of lattice homomorphisms

In this subsection, we represent lattice homomorphisms on free lattices as composition
operators, and gather some consequences of this representation. The following proposi-
tion is similar to some results of [96].

Proposition 10.1. Given Banach spaces E, F, p € [1, 0] and a lattice homomorphism

T : FBLW)[F] — FBLY)[E)], there exists a mapping & : E* — F* such that Tf =

f o ®F for every f € FBLP)[F]. Moreover, ®r satisfies the following properties:

(1) Forany x* € E*andy € F, orx*(y) = (T'4y)(x™).

(2) @7 is positively homogeneous.

(3) @7 is weak*-to-weak™ continuous on bounded sets.

(4) Forx* € E*, we have | @7 x*|| < ||T|||Ix*||. If p < 0o, then for every (x;)j_, € E*
we have

" / " /
sup (Y lorlon”) =T s (M lsgcor)””
E k=1

YEBF iy

Proof. First recall that the atoms of FBL?)[E]* are precisely the linear functionals which
act on FBL®?)[E] as lattice homomorphisms [5, p. 111], and these correspond to point
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evaluations ([15, Corollary 2.7] establishes this for p = 1, but the proof for other values
of p works in the same way). For x* € E*, denote the corresponding evaluation functional
on H[E] (and therefore on FBL?[E]) by X*. One can check that ||;;||FBL(,;)[E]* =
|[x*|| g* for every p, and as H[E] consists of positively homogeneous functions, we have
oz/x\* = ax/; fora > 0.

If T : FBL®W[F] — FBL[E] is a lattice homomorphism, then 7* is interval pre-
serving, and in particular maps atoms to atoms. Using the description of atoms given
in the previous paragraph, we conclude that 7* induces a positively homogeneous map
@7 : E* — F*,via ®px* = T*x* o ¢F (thatis, Opx* = T*x%).

By construction, for every f € FBL?)[F]wehave Tf = f o ®r.Indeed, for x* € E*
let y* = ®7px*. Then

(fo®r)(x™) = f(¥*) = y*(f) = [T*x"(f) = Tf(x").
Plugging in f = §,,, we obtain (1). This, in turn, implies (2): for A > 0, x* € E* and

yeF,
Or(AxT)(y) = (T8)(Ax7) = M(T8y)(x™) = APTx™(y).

To establish (3), note that if x; Y, X* is a bounded net in E *, then for every y € F
we have

[Prx5](y) = [T8)](x5) = [T8]1(x*) = [P xT](¥).

as T4y € FBL()[E] is weak* continuous on bounded sets.
To handle (4), first note that ||©7x*|| < || T ||x*|| follows from the definition of ®7.
Now, let (x;c‘)ZLl C E*. We have

m m
sup 3 |@rap(nI” = sup T8 (xp)|”
YEBE =1 YEBF k=1

m
< sup |T8,|” sup |xz (017
yeBr y FBL(D)[E]xeBEl; k

m
<717 sup Y |xi(0)]”. =
xEBEk:l

In certain cases, more can be said about the map ®7. The proof of the following
proposition is straightforward.
Proposition 10.2. In the notation of Proposition 10.1, we have:

(1) Suppose T is surjective, so that, by the Open Mapping Theorem, there exists ¢ > 0
such that for every g € FBLP)[E] there exists f € FBLW[F] with Tf = g and
1£1 < ¢ lgll Then c|lx*[| < |@7x*| for every x* € E*.

(2) If T has dense range, then @t is injective.
(3) If T is a lattice isomorphism, then @t is bijective and -1 = @}1.
@) If T is a lattice isometry, then || O7x*| = ||x*| for any x* € E*.
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Remark 10.3. Suppose T : FBL®?)[F] — FBL'?)[E] is a lattice isometry, and F* has
the weak™ (or dual) Kadec—Klee property, investigated in [51, 72]. That is, if (x;) is
a sequence in F* weak® converging to x* € F* and such that ||x || — |x*||, then
|xy —x*|| — 0. Then we can further deduce that &7 is norm-to-norm continuous.

Remark 10.4. Lemma 3.1 shows that for 7 : F — E, the induced map T :FBL@[F] —
FBLW|[E] satisfies @7 = T*.

Proposition 2.2 immediately implies that the converse of Proposition 10.1 is valid for
p = oo.
Corollary 10.5. Suppose E and F are Banach spaces, and ® : E* — F* is positively
homogeneous, weak™-to-weak™ continuous on bounded sets, so that
[y~

C = "
yreex\{o} I1V*Il

Then there exists a lattice homomorphism T : FBL®[F] — FBL®[E] such that
IT|| = C and ® = Pr.

Remark 10.6. In contrast, the converse of Proposition 10.1 fails for p = 1. Below we
present a map @, satisfying (2)—(4) of Proposition 10.1 for p = 1, but not implementing
a lattice homomorphism of FBL[{,] to itself. Specifically, define

|ai
@@z = (a2 V%00, ),
i>2
Clearly @ : £, — £oo is positively homogeneous and weak™ continuous (relative to the

canonical identification {o, = {£]) on bounded sets, so (2) and (3) of Proposition 10.1
hold. To establish (4), consider a finite collection (x;) C £o, with

Z +xp H <1.
k
Write xg = (aki){,. Then \/; >y laki| < 1. Consequently,
+o H < <1.
max sz: Xe | < zk:|ak1| <

Lete = (1,0,0,...) € £;. Then f = |8,| : (a;) — |a1]| belongs to FBL[{;]. Now
consider g : oo — R : x* > f(Px™) — that is,

max
+

gl(@) = | 1 \/ 40

i>2

By [15, Example 2.11], g ¢ FBL[{1]. This shows that the composition operator defined
by ® does not map FBL[{1] to itself, as claimed.

The following statement is reminiscent of the notion of “dependence on finitely many
coordinates” in [40].



Free Banach lattices 101

Lemma 10.7. Suppose 1 < p < oo and T : FBL'?)[F] — FBLP)[E] is a lattice homo-
morphism. Then for any y € F and ¢ > 0 there exist N = N[y] € N, (x; [y])fvz[{] CE,

and F[y] : RN — R, represented by finitely many linear and lattice operations, such that
* * N * * *
[@7x"1() = FIIG* DD < ellx*|| - for any x* € E*.

Proof. The function T8y : E* — R : x* > [®7x*](y) belongs to FBL()[E], hence it is
the limit (in the FBL(”)[ E]-norm, and consequently in the sup norm on Bg+) of elements
of FVL[E]. Now recall that elements of FVL[E] can be written as f(y, .. ..,8x, ), Where
f is a composition of finitely many linear and lattice operations. ]

For future use (addressing the same setting), we state the following.

Corollary 10.8. Suppose 1 < p < oo, and T : FBL'P) [F] — FBLW[E] is a lattice homo-
morphism. Let G be a finite-dimensional subspace of F, and & > 0. Then there exist N € N
and x1,...,xN € E such thatif x* € E*, ||x*|| <1, and x*(x;) =0for 1 <i < N, then
[Prx*](»)] < elly|l forany y € G.

Proof. By scaling, assume || T'|| < 1. Let (yj)j-‘”=l be an £/2-net in the unit ball of G. By
Lemma 10.7, there exist x1,...,xy € E suchthatif x* € E*, |x*|| < 1,and x*(x;) =0
for 1 <i < N, then |[[®7x*](y;)| < e/2for 1 < j < M. For an arbitrary y in the unit
ball of G, find j with ||y — y;|| < &/2. Then

[@rx™]()] = [[TS](x™)] < [Ty, 1D+ Iy = pjl
= |[rx*]O)I + Ly —yill <& ]

Proposition 10.1 also allows us to study lattice transitivity of FBL® in the following
sense. We say that a Banach lattice X is lattice almost transitive if, for any norm one
elements x, y € X4, and ¢ > 0, there exists a surjective lattice isometry 7 : X — X
such that | Tx — y|| < & (note that T~! is a lattice isometry as well). The spaces L, (0, 1)
(1 < p < o0) are known to be lattice almost transitive (see e.g. [61, proof of Theorem
12.4.3], or [58, Proposition 3.5]). Another example is the “Gurarij AM-space”, recently
constructed in [58]. Despite the fact that FBL(?) lattices possess a large number of lattice
homomorphisms, we will now show that such lattices fail to be lattice almost transitive.

Proposition 10.9. For any non-trivial Banach space E, and any p € [1, 00], the space
FBL()[E] is not lattice almost transitive.

Proof. Fixanormonee € E, andlet f =[8,], , g =8| Note that [| f [0 < £l < [le],
hence || f|| = 1. Similarly, ||g|| = 1. We shall show that |Tf — g|| > 1/3 whenever T is
a surjective lattice isometry on FBL?)[E].

Suppose, for the sake of contradiction, that y := ||Tf — g|| < 1/3. By the preceding
discussion, T is implemented by a positively homogeneous map & = &7 : Bg+x — Bg+,
weak* continuous on bounded sets, which preserves norms; ®~! has the same properties,
since it implements T~1. Then, for any x* € Bg=, we have

[lx*(e)| — [Px*(e)]+] < . (10.1)
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Let now

Uy ={x* € Bg+ :x*(e) > 1/3}, U_ ={x* € Bg+:x"(e) < —1/3},
U=U;UU_, V ={x*eBg+:x"(e)>2/3}).

If ®x* € V, then, by (10.1), |x*(e)] =2/3 —y > 1/3, hence x* € U. In other words,
VCcoU =oUL UdU_.

The sets U4 and U_ are closed (in the relative weak™ topology of Bg=), hence the
same is true of their images. Since V' is a convex set, in particular it is path connected,
hence there exists n € {—1, +1} such that U,y N V = @. Now take a norm one x* with
x*(e) = n. Then |x*(e)| = 1, while dx*(e) < 2/3 < 1 — y, contradicting (10.1). (]

10.2. For1 < p < oo, FBL?) [attices are often distinct

In this subsection, we establish that, for p < co, in certain cases FBL(P)[E] and
FBL(p)[F ] cannot be lattice isomorphic. As a tool, we need the “weak p” norms (see
e.g. [49]). Recall that, for (z;)¥., € Z,

Gl = sup (1) = sup {| S|

Z*EBZ*

Y el < 1},
i

where 1/p 4+ 1/q = 1. For (Zi*)N C Z*, moreover, (1.2) yields

i=1

/ /
1z |p.weak = sup <Xl: Iz**(zf)lp)] ’ = ZSel}BPZ(Xi: IZ,-*(Z)IP)1 7

Z**€B %%

By duality, ||(z])||p,weak coincides with the norm of the operator E{IV —Z" e >z},
where (e;) is the canonical basis of Eév and 1/p +1/q = 1.

Suppose E and F are Banach spaces, and fix C > 0 and p € [1, 00). Define the
(C, p)-game between two players as follows:

At the start of the n-th round, we have finite-dimensional subspaces Fi,..., F,_1CF,
Ey,...,E,—1 € E, and norm one y; € Fl.J-, x; e EIJ- for 1 <i <n —1 (here, for a
subspace G C F, we denote G+ = {x* € F* : x*(x) =0, Vx € G)).

Round #, step 1: Player 1 selects a finite-dimensional E, € E, then Player 2 picks a
finite-dimensional F,, C F.

Round n, step 2: Player 1 chooses y;: € S - (the unit sphere of F;), then Player 2
picks x; € Sp1.

Player 1 wins the (C, p)-game after N rounds if there exist ¢q, ..., oy > 0 such that
(i XN Nl paweak > C (i ¥ [l poweak (We say that (;, x¥, y¥)N | witnesses the win
of Player 1).

We shall say that E* p-dominates F* (relative to preduals E and F, which we will
omit if the duality is canonical) if Player 1 has a winning strategy for the (C, p)-game for
any C > O (that is, Player 1 can win, no matter what Player 2 does). Note that we can
always assume that £y C E, C---and F; C F, C---.

We need a simple observation combining duality with small perturbations.
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Lemma 10.10. Suppose Z is a Banach space and ¢ > 0.

(1) Suppose G is a subspace of Z. Then for any z* € Z*, dist(z*, G*) = sup {|z*(2)| :
z € G, |z|| < 1}. Further,

dist(z*, G) > Linf{||z* —w*| : w* € G*, |w*| = ||Iz*|}.

(2) Suppose G and Gg are subspaces of Z such that for every z € G \ {0} there exists
zo € Go such that ||zo| = ||z|| and ||z — zo|| < &||z||. Then any z* € Gy satisfies
dist(z*, G1) < &||z*|.

Below, we apply this lemma for finite-dimensional G and Gy. In this case, the state-
ment of (2) can be strengthened slightly: if for every z € G there exists zp € Gy such that
lzoll = ||z|| and ||z — zo|| < &||z||, then any z* € G- satisfies dist(z*, GL) < g[|z*].

Proof of Lemma 10.10. (1) The equality
dist(z*, G*) = sup{|z*(2)| : z € G, ||z| < 1}

follows from the canonical identification between G* and Z*/G~. To establish the “fur-
ther” statement, it suffices to show that if ||z*|| = 1, and dist(z*, G1) < c, then there
exists a norm one w* € Gt with ||z* — w*|| < 2¢. To this end, find u* € G* such
that ||z* — u*|| < c. By the triangle inequality, |||u*| — 1| < c. Let w* = u*/||u*|, so
u* = |ju*||w*, and therefore, ||u* — w*|| = |||u*|| — 1| < ¢. Consequently,

2% = w*ll < lI2* =™ + lu™ = w*| < 2c.

(2) Pick a norm one z* € G(J)-. By (1), dist(z*, G*) = sup{|z*(2)| : z € G, ||z|| = 1}.
For any z as in the right hand side, find zy € Bg, such that ||z — zg|| < &. Then |z*(z)| <
12 (z0)| + llz — 2ol <. u

Proposition 10.11. Suppose oo > u > max{v,p} >v>1E = (}_; Ei)y (E1,E2, ...
are finite-dimensional; for u = oo, consider the co-sum), and F* contains a copy of £y
with 1/v 4+ 1/v' = 1. Then E* p-dominates F*.

Proof. Assume F* contains a normalized basic sequence, K-equivalent to the canonical
unit vectors of £,/. Fix C > 0. Let u’ = u/(u — 1) (so 1/u + 1/u’ = 1). In the course
of a (C, p)-game, Player 1 can arrange (yi*)f-v= | 2K-equivalent to the unit vector basis of
Eﬁ , and force Player 2 to make (x;* )1N= | to be 2-equivalent to the unit vector basis of @2’/
(this follows from a “gliding hump” argument, permitted by Lemma 10.10(2)). Then

NVp=1/v 4 > D,

1 *
— D) pawea < llid : €] — €)1 =
2K||(yz)||p, k = ”1 q - v ” {l, v §p

(here id stands for the formal identity and 1/p 4+ 1/q = 1). Similarly, 2| (x]")||p,weak =
NYP=1/u (since u > p). Thus, [|(x}) | p.weax > C (3] llp.weak for N large enough.  m
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Above, we defined p-domination, and established examples when it occurs. Next, we
use it to show that certain free Banach lattices cannot be lattice isomorphic.

Proposition 10.12. Suppose 1 < p < oo, E and F are Banach spaces, and E*
p-dominates F*. Then FBLP[F] is not lattice isomorphic to a lattice quotient
of FBLW[E].

The proof requires an auxiliary result:

Lemma 10.13. Let 1/p + 1/q = 1. For any Banach space Z, and any z7, . ..,z € Z*,
we have

n n
* _ Tk . g
7 e = sup {H; () IR DL 1).

Proof. LetT : Z — £} be given by z > (z](2))]_, and consider its canonical extension

T :FBLW[Z] - £7. Note that (T)*: G — FBL([Z]* maps the unit vector basis to Z/}
Hence,

1) pweak = 1T = IIT] =T
n N n
= iz; . 14
B Sup{”;yﬂi HFBL<P’[Z]* ' ;'m = 1}' .

Proof of Proposition 10.12. Henceforth, suppose T : FBL(”[E] — FBL)[F] is a sur-
jective lattice homomorphism (by scaling, we can assume it is contractive). There exists
¢ > 0 such that for any g € FBL?)[F] there exists f € FBL®”)[E] such that Tf = g
and || || < ¢ !g|l. We keep the earlier notation ®7. By Proposition 10.2, we have
clly*ll = I1P7y*|| < ly*| for any y* € F*.

Fix ¢ € (0,1/4) and C > 1. Find K > (C + &)c~!. Now let us start a (K, p)-game.

Suppose n — 1 rounds have been played; we have £, € ---C E, | CE, F; C--- C
Fu—1 C Fynormone y* € Ftand x} € Ei-, for 1 <i <n, with [|[t;x}* — &7 yF| <477e
for some #; € [c, 1]; and these have been chosen in such a way that Player 1 can still win
the (K, p)-game if they keep playing.

On the first step of the n-th round, Player 1 picks a finite-dimensional £, € E which
contains E,_j, and permits winning. Then Player 2 chooses F,, C F with F,, D F,,_; so
that, for any norm one y* € F;\, and any x € E,, we have |[®7y*](x)| < 4~ 7"¢| x|
(this is possible, by Corollary 10.8).

On the second step, Player 1 selects a norm one y,; € FnL consistent with victory. By
Lemma 10.10 (1), we have

inf (| @7y —w*| cw* € B Jw'] = [@ry;l} < 2dist(@ryy, E) < 47",

Hence, Player 2 can find x; € E;- with ||x}|| = 1, for which there exists #, € [c, 1] such
that
@7y, — tax, || < 47"
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We continue until we obtain (y)_ | and (x})N

That is, we can find «¢q, ...,ay > 0 such that

;_; witnessing the victory of Player 1.
||(05ix;k)”p,weak > K”(aiyi*)”p,weak'
By scaling, we can assume max; o; = 1. Denote ||(; y;)|lp,weax by M. Then clearly
M > 1. By convexity,
(et X7) I powea = €l (%)) llp,wear > KeM.
Then
1 @7y Ipweak = 1@itix])poweak — Y 0| Pry; — tix] ]|

4

>KceM =) 47 > (Kc—e)M > CM.

1

By Lemma 10.13,

M = Sup{HZyi(X,’ygk FBL(p)[F]* . Zqu < 1}
i i

—_

1@ ®r ¥ et = sup {| D viea 737
i

: 1< 1}.
FBL(?)[E]* Xi:y’ -

Thus, |7*|| > C. This contradicts the assumption that | T|| < 1. |
We also have a “local” criterion for free lattices being “different”.

Proposition 10.14. Fix u,v € [2, 0], p € [1, o], and u < min{v, p'}, where 1/p +
1/p" = 1. Suppose E* has cotype u, and F* does not have cotype less than v. Then
FBLP)[F] is not lattice isomorphic to a lattice quotient of FBLP)[E].

Proof. Pick ¢ € (u, min {v, p’}). By [49, Chapter 14], there exists C > 0 such that for
any n we can find y§, ..., ys € F* with the property that, for any (;),

max |o; | < Hzaz‘yi* =< C(Z |Oli|q)1/q.
i i

Consequently, min; || y*|| > 1, and ||(y])[l¢’,weak < C.

Suppose, for the sake of contradiction, that 7 : FBL(”) [ E] — FBL?)[ F] is a surjective
lattice homomorphism (without loss of generality, 7" is contractive). Then, by Proposi-
tion 10.1, for (") as above we have [[(P7y;")|l¢",weak < C.

On the other hand, 7* is bounded below by some ¢ > 0, hence by Proposition 10.2 we
have ||®7y*| > c||y*| for any y* € F*. By cotype u, maxy || >; @7 y7| > Kcn'/
(K is the cotype constant), so

[(@7) g west = max | Y2 £n~ 9@y
i

> Kenl/u—1/4,

the latter exceeds C for large n. This is the desired contradiction. ]
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Corollary 10.15. Suppose r € [1,2), and s € (r,o0]. Then FBL[L,] is not a lattice quo-
tient of FBL[Lg].

This corollary generalizes the classical result that, for r and s as above, L, is not a
quotient of L.

Proof of Corollary 10.15. Following the usual convention, we assume 1/r + 1/r' =1 =
1/s+1/s’.Let E = L, F = L,, and note that E* has cotype max {2, s}, while F* has
cotype r’ > max {2, s}, but no smaller. Apply Proposition 10.14 with E, F as above, and
p=1 ]

The above results lead one to the following question.

Question 10.16. Suppose FBL(”)[E] s lattice isomorphic to FBL?) [ F]. What properties
do the spaces E and F necessarily share?

The results of Section 9 provide positive answers for certain properties (such as con-
taining a complemented copy of £, or £7; see Theorem 9.20, respectively Corollary 9.25).
Some other properties are covered by the following partial result.

Proposition 10.17. Suppose FBL[E] is lattice isomorphic to FBL[F], and E is a separ-
able space which has cqy as a quotient.

(1) If F is reflexive, it cannot be K-convex.

(2) F is not super-reflexive.

Proof. (1) Suppose F is reflexive, and T : FBL[F] — FBL[E] is a lattice isomorphism.
Let &7 : E* — F* be the corresponding map given by Proposition 10.1. By the proof
of [102, Proposition 2.€.9], E* contains a weak™ null sequence (e;k ), equivalent to the £,

basis. The sequence (<I>Telfk ) is seminormalized, and weakly null in F*, hence, by [52],
we can find i; < i> < ... such that (CDTei’;{ ) is Schreier unconditional. We have

*
|~ a3 e, | ~ Y
k k

*
miaxHXk: TorPre;,

hence for any n, and any choice of signs =+,

2n
H 2: :takQTe;
k=n+1

2n
~ D el

=n+1

2n
*
~ max Hk 2; torPre;,

which shows that F'* contain copies of £} uniformly. This is equivalent to the lack of
K-convexity for F*, hence also for F [49, Chapter 13].

(2) is a consequence of (1). Indeed, if F is super-reflexive, then it is necessarily reflex-
ive. Also, it cannot contain copies of ¢] uniformly, which implies K -convexity. ]

We do not know whether, under the hypotheses of Proposition 10.17, F necessarily
has a cp quotient. One major obstacle is that a weakly null sequence may not have an
unconditional subsequence [108] (see also [85]).
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Note that Question 10.16 can be interpreted as inquiring which properties of Banach
spaces are preserved under positively homogeneous bijections which are weak*-to-weak™
continuous on bounded sets in both directions. For the discussion of Banach space prop-
erties preserved by other types of non-linear isomorphisms, see e.g. [3, Chapter 14]. For
instance, there it is shown that Lipschitz isomorphisms preserve super-reflexivity (Pro-
position 10.17 above can be viewed as a weaker version of that).

10.3. Isometries between FBL(®)’s for finite p

To examine the existence of lattice isometries between lattices of the form FBL(I’)[E ]
and FBL[F], recall that a Banach space Z is called smooth if, for every point z
on its unit sphere, there exists a unique support functional, which we call f; (that is,
fz(z) = || fz]| = 1). For more information on smoothness, and on the related topic of
strict convexity, we refer to [47, Chapter 2].

Recall that if £ and F are linearly isometric, then FBL?)[E] and FBL(?)[F] are
lattice isometric. A converse is the main result of this section, which can be considered as
a Banach—Stone type theorem for free Banach lattices:

Theorem 10.18. Suppose 1 < p < 0o, and E, F are Banach spaces such that E*, F*
are smooth. Then T : FBLP)[E] — FBLP)[F] is a surjective lattice isometry if and only
if T = U for some surjective isometry U : E — F. Consequently, E and F are isometric
if and only if FBLW)[E] is lattice isometric to FBLP)[F].

It is known that Z is strictly convex (that is, the equality ||z; + z2|| = 2 holds for
71,22 € Sz if and only if z; = z;) whenever Z* is smooth. For reflexive spaces, the
converse implication holds as well.

Before proving Theorem 10.18, we recall some facts related to the geometry of the
norm of a Banach space, and use them to describe the behaviour of [|(x, #y)||p,weak for
t ~0.

Suppose x is a point on the unit sphere of a Banach space Z. Denote by # (x) the set
of support functionals for x — that is, of functionals x* for which

Ix*] = 1= x"(x)

(note that this set is weak™ closed, hence weak™® compact). Now suppose y € Z, ||y|| =1,
and A € R. It is known (see e.g. [84, Section 6]) that there exists x* € ¥ (x) such that
x*(y) = A if and only if

ty|| =1 ty| =1
ol g BrEol=1 102
=0~ t t—>0+ t
In particular, if  (x) = {x*} (in this case x* = f), then

tyl| =1
g OIS

t—0 t

We begin the proof of Theorem 10.18 with a lemma.
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Lemma 10.19. Suppose x, y are elements of the unit sphere of Z, and 1 < p < oco. Let
K = SUPyxeg (x) X" (V)| Then, fort — 0,

Kp
e, 2y)|lp,weak = 1 + ?Mp +o(|t]7).
Note that, in the definition of «, sup can be replaced by max.

Proof. Replacing y by —y if necessary, we assume (see (10.2)) that

e oyl -1
k= lim ————,
t—04 t
hence
lx+ty|=1+«kt+o0(t) fort—0t.

Further, set

b o oyl =1
k' = lim ——————,
t—0— t
hence ||x —ty|| = 1 —«’t + o(¢) for t — 0. By our assumption, |«’| < «, hence
max lx £yl =1+ «|t] + o(2). (10.3)

To complete the proof for p = 1, recall that ||(x,7y)||1,weax = maxy ||x £ ¢y].
Now consider p € (1, 0c). To estimate || (x, ty)]|p,weax from below, find x* € F (x)
such that x*(y) = « (this is possible, due to the weak* compactness of £ (x)). Then

1
1G9 e = (X7 + [1x* (1) = (14 &2 )e]) 2.
Taylor expansion gives
Kp
(L4 &P[tPYP =14+ —[t]? + o(Jt]7).
p
The rest of the proof is devoted to estimating

1Ge. 29)llp.wear = max {[laex + Byl - |e|? + [B]? < 1}

from above (here ¢ = p/(p — 1),s0 1/p + 1/g = 1). First, we show that, for any & > 0,
there exists #o > 0 such that

Kp
llecxe + Bryll < 1 +7|t|”+e|t|" (10.4)
whenever o > 0, «? + |B]|9 = 1, and |t| < 1.

The case of & < 1/2 is easy: for |[¢t| < 1/2, ||ex + Bty| < « + |¢| < 1. The remainder
of the proof deals with o > 1/2. Then o = (1 — |B]9)'/4; by (10.3),

lleex + Byl =

x—i—éty
o

< (L= B9 + 1B It]e +oz¢(’3 ) (10.5)

—1
o
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where ¢ (s) = o(s) near 0. To analyze the supremum of the above expression, we show
the existence of B > 0 (depending solely on p) such that

(1— B4 <1-2|B||t] for|B| > Blt|"/@™V. (10.6)

Taking this inequality for granted, combine (10.5) with (10.6): for |8| > B|t|'/@~" and
a>1/2,
o + oyl <1 - 1pel + ap( 51 ).

Find s¢ such that |[¢(s)| < |s|/2 whenever |s| < s¢. Then for |¢| < 5¢/2, we have
/()
o

max {[lex + Bey| : le|? + |87 <1, 18] = BJe|/“ ™V} < 1. (10.7)

= B,

<lé[
2o

and therefore, for such 7,

Finally, for & > 0, pick s; > 0 such that |¢(s)| < B™'¢|s| for [s| < s1. Then, for
|t| < s1/2and |B] < B|r|V/@=D),

o2)

(since p = 1+ 1/(g — 1)). Therefore, for such ¢,

o <aB7le ét < B7leBlt| < elt]?
o

max {[lax + Bty | : lal? + |87 < 1, |B] < Blt|'/@~D)
< max {(1 — [B|)"/7 + Bltlk : B € [-1, 1]} + e|¢|”.
By Holder’s inequality,
max {(1 — [B|))"9 + Blt|k : B e [-1,1]}
=max{a-1+ 8 -«lt]: o]+ |B|? <1}

p t V4
= (LkleDlp, = (1 + k[D)VP <1+ %
hence

Kp
max {[lax + By : || + |B17 < 1, |B] < B[V} <1+ 7|t|f’ +elt|P. (10.8)

Together, (10.7) and (10.8) establish (10.4) with g = min{sg, s1}/2.
It remains to establish (10.6). For convenience we shall only deal with non-negative
values of B and z. That is, we have to show that

(1-2p0)" =1-p4
for > Bt/(@~1D By Bernoulli’s inequality,

(1-280)7 > 1-2¢qpt,
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hence it suffices to select B to guarantee that 1 — 2gft > 1 — B4 for f > Bt'/(@=1),
Clearly B = (2¢)"/@~1 works. L]

Proof of Theorem 10.18. Following [80], we define the following semi-inner product
on E*: for x*, y* € E*,

0 if x* =0,
Ser(y*) ifx* #0,

where fy+ € E** is the unique support functional at x* — that is, || fx+| = |[x*|| =
V fx*(x*). A semi-inner product on F* is defined in a similar fashion.

By Proposition 10.1, T is implemented by a surjective positively homogeneous map
®r . F* — E*, weak*-to-weak™ continuous on bounded sets, which preserves the
(p, weak)-norms of tuples; CID}1 also has all these properties. By Lemma 10.19, &7 pre-
serves the absolute value of the semi-inner product defined above. By [80], there exist
a linear surjective isometry V : F* — E* and a function o : F* — {—1, 1} such that
Or f* =o(f*)Vf* for any f* € F*. Due to the positive homogeneity of &7, o is
constant on rays — that is, 6 (¢ f*) = o(f*) forany f* # 0and ¢ > 0.

We claim that ¢ is a constant on the sphere of F*. Indeed, otherwise, up to a sign
change, we can assume that there exists a sequence (f;*) on the unit sphere of F*, con-
verging to f* in norm, such that o(f*) = 1 for any k, and o(f*) = —1 (we make use
of the connectedness of the unit sphere). Then (®r f;*) converges in norm, and hence
also weak®, to Vf*. On the other hand, ®r f,* — &7 f* = —Vf™* weak™, which is a
contradiction.

By changing sign if necessary, we can assume o = 1 everywhere, hence &7 f* =V f*
for any f* € F*. The linear isometry V', and its inverse, are weak*-to-weak™ continuous
on bounded sets. It remains to show that V' is an adjoint operator — that is, V' = U* with
some U € B(E, F) (such a U is automatically a surjective isometry). To this end, consider
V* . E** — F** By [56, Corollary 4.46], e** € E** comes from xg (E) (where kg
denotes the canonical embedding into the bidual) if and only if ker e** N B is weak™
closed; the same is true regarding f** € F**. As V is a surjective isometry, we have

[y*. x*] = {

ker(V*e**) N Bpx = V !(kere** N Bg+).

Since V is weak*-to-weak™ continuous on bounded sets, it follows that ker(V *e**) N
Bp~ is weak™* closed whenever ker e** N Bg« is. In other words, V* maps kg (E) into
kF (F). Consequently, V = U*, where U = k7' V*kg € B(E, F). L]

The smoothness assumption is essential for the preceding proof. Without smoothness,
we can obtain some partial results.
Proposition 10.20. Suppose 1 < p < 0o, and FBLP)[E] is lattice isometric to FBLP)[F].
(1) If E* is strictly convex, then so is F*.
(2) If both E and F are reflexive, and E* is smooth, then F* is smooth as well.
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For the proof, we need a particular case of Lemma 10.19:

Corollary 10.21. Suppose p € [1,00), and z,y € Z with |z|| = 1 = ||y|. Then
maxy ||z £ y|| = 2 if and only if

lim pr =2 (|2, 1) |pwea = 1) = 1. (10.9)

Proof. If |z 4+ y|| =2or ||z — y| =2, find z* € ¥ (z) such that |z*(y)| = 1. Apply
Lemma 10.19. Conversely, if (10.9) holds, then there exists z* € ¥ (z) with |z*(y)| = 1.
Then maxy ||z £ y|| = 2. |

Proof of Proposition 10.20 (1). Suppose, for the sake of contradiction, that E* is strictly
convex, but F* is not. Find norm one y;, y{ € F* such that y; # y{ and ||y} + y5 |l = 2.
Fors e (0,1)let yy = (1 —s)y; + syy.Itiseasy toseethat | y;|| = 1and || yy + ¥ || =2
for any s € (0, 1). Consequently, by Corollary 10.21,

tim pt 2 (135 133 e = 1) = 1.

Find a positively homogeneous map @ : F* — E*, weak™-to-weak™ continuous on
bounded sets, which implements a surjective lattice isometry FBL(”[E] — FBL®)[F].
Letx; = ®y;. Then ||x;|| = 1 forany s € (0, 1). Moreover, ® preserves (p, weak)-norms
of tuples, so

tim pr =2 (103 165 e = 1) = 1.

Consequently, by Corollary 10.21, max+ x5 £ x;|| = 2. By the strict convexity of E*,
we have x] € {xJ, —xg} for any s. However, all x;’s must be distinct, which gives a
contradiction. -

The following topological result is likely known to experts.

Lemma 10.22. Consider a Banach space Z, equipped with the weak topology. Let G be a
closed subspace of Z. Then Z \ G is path connected if dim Z / G > 2, and is disconnected
ifdmZ/G = 1.

Proof. If dimZ/G = 1, find z* € Z* such that G = kerz*. Then Z \ G is a union of
two open sets, {z € Z : z*(z) > O} and {z € Z : z*(z) < 0}, hence disconnected.

Now suppose dim Z/G > 1. For zg,z; € Z \ G, we need to find a path connecting
these two points. By replacing Z by its subspace, we can and do assume that dim Z /G
= 2. Represent Z as G & H with dim H = 2. Represent z; = g; + h; with g; € G and
h; € H \ {0}. Find norm continuous functions g : [0,1] — G and /2 : [0, 1] — H \ {0}
such that g(0) = go, g(1) = g1, h(0) = hg, and h(1) = hy. Then t — g(t) + h(t) is the
desired path. ]

Proof of Proposition 10.20 (2). Suppose, for the sake of contradiction, that E* is smooth,
but F* is not. Find a positively homogeneous map @ : F* — E*, weak*-to-weak™® con-
tinuous on bounded sets, which implements a surjective lattice isometry FBL(?)[E] —
FBL[F]. Find a non-smooth point f* on the unit sphere of F*. Let e* = ®f*. Let
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e = fex. It follows that a point x* € E* satisfies

o1
lim (1" 5" poes = 1) = 0

if and only if x* € kere =: A.
Now let B be the set of all y* € F* for which

R
lim (1" 15" peak = 1) = 0.

Then B = ({ker f : f € F(f*)}. Further, A = ®(B) and E* \ A = ®(F* \ B). There-
fore, by Lemma 10.22, F* \ B is connected (since dim F*/B > 2), and E* \ A is not
(since dim E*/A = 1). However, a disconnected set cannot be a continuous image of a
connected set. ]

10.4. Isomorphism between FBL™ [attices

It turns out that FBL(®®[X] and FBL(®?[Y] may be lattice isomorphic, or even isometric,
even when X and Y are non-isomorphic. For motivation, we recall a result from [82]:

Proposition 10.23. Let E be a Banach space. Then C(BEg+) is the free unital AM-space
over E. More specifically, for any compact Hausdor{f space K and any norm one operator
T : E — C(K) there exists a unique unital lattice homomorphism T: C(Bg+) —> C(K)
such that T o ¢ = T. Moreover, ||f|| =1.

From this result we deduce that the free unital AM-spaces over E and F are (isomet-
rically) lattice isomorphic if and only if (Bg*, w*) and (Bp*, w*) are homeomorphic. In
particular, since the dual ball of any separable infinite-dimensional Banach space is weak™
homeomorphic to the Hilbert cube [0, 1]® by Keller’s Theorem (see [55, Section 12.3]),
the free unital AM-space cannot distinguish between separable Banach spaces. We now
prove a similar result for FBL®_ This has the added difficulty that one needs to build
positive homogeneity into the homeomorphism.

We say that (Z;) is a finite-dimensional decomposition (FDD for short) in a Banach
space Z if the spaces Z; C Z are finite-dimensional, Z =span[Z; :i € N], and there exist
projections P; from Z onto Z; such that P; P; = 0 whenever i # j, and sup,, || P | < 0o
(here 13,, =P+ -+ P,), and, for any z € Z, 13"2 — z in norm (equivalently,
weakly [109]). Then Fn* converges to idz+ in the point-weak™ topology. We say that
an FDD is monotone if P, is contractive for every n. A classical renorming procedure
makes an FDD monotone.

Theorem 10.24. Suppose a Banach space X has a monotone FDD. Then FBL®[X] is
lattice isometric to FBL®[¢].

Remark 10.25. This result contrasts sharply with those of Section 10.2. For instance,
whereas the above implies that FBL(>[co] and FBL([¢;] are lattice isometric, com-
bining Proposition 10.11 with Proposition 10.12 we conclude that for any p € [1, c0),
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FBL([c] and FBL([¢,] are not lattice isomorphic. In fact, we know no examples of
non-isomorphic Banach spaces E, F for which FBL(”)[E] and FBL®?)[F] (1 < p < o0)
are lattice isomorphic.

The following easy observation will be used throughout the proof of Theorem 10.24.

Lemma 10.26. Suppose X is a Banach space with an FDD implemented by projec-
tions (Pyn). Then a norm bounded net (x};) € X* weak* converges if and only if the
net (P} xX)q is norm convergent for every n. Further; (x}) weak* converges to x* € X*
if and only lfP,fx;‘ — P,f * in norm for any n.

Proof of Theorem 10.24. Let (P;) be the FDD projections in X, and let E; =
Range P < X*.Then P} = P} 4+ --- + P} is a projection onto E, = E1 @ -+ @ Ej,.
Let F; = E'l”, with n; = dim E;. Find a bi-continuous bijection p; : E; — F; such that
i y*Il = lly*|l and p; (ty*) = tp; (¥y*) for any y* and ¢ € R. Finally, we identify cq
with Y = (Z F*)¢,. Denote the coordinate projections from Y onto F}* by Qi, and let
0,=0;+-+ 0,.Then Qn is a projection from Y * onto F, = F; @ --- @ F,. Note
alsothat Y* = (3_, Fi)1 ~ {1.

We recursively define continuous norm-preserving positively homogeneous bijections
U, : E, — F, (henceforth we say that a map W is norm-preserving if |Wz| = |z| on
the domain of W).

To begin, let ¥;x* = p;x*. Now suppose W, _; with the desired properties has been
defined; let us describe W,. Any x* € E, can be written, in a unique way, as x* =
xg + x,;, where x§ € En_l and x; € E,. If x§ =0, let U, x™ = p,x,;, while if x;; = 0,
let ¥, x* = W, _;x*. Otherwise, let

[l
U, (xy + x5 =k, | —2—— W, (x¥) + tp, x>, 10.10
n( 0 n) n ||X6k+x,);|| n 1( 0) PnXy, ( )
where k,(s) = 1 —47"(1 —e™*/?) and
Xo + x* x* Xy
t:f(x;,x;)zw_xn( I )” ol (10.11)
x| lIxg + xx 0 ) x|

Note that ||xg5 + x| = ||x5 || (due to P,_1 being contractive), hence ¢ > 0. In fact,  was
selected to guarantee that

[z |
g + x5 |
that is, to make W,-norm-preserving. Finally, observe that ¢ is a continuous function of

(x5, x,) provided x,; # 0.
We next note that 1 > k,(s) > 1 — 47" for any s > 0, and so

19 (g + 30 = xn( )nxa‘n et = g+ x0L

1051 (Wao1xg — Wn(xg + X)) < 47" x5l (10.12)

Clearly, ¥, maps En—1 + Ey to Fy_y + Fy; also, it is positively homogeneous. We
next establish that W, is continuous.



T. Oikhberg, M. A. Taylor, P. Tradacete, V. G. Troitsky 114

Continuity at (x;, x
and continuity at (0, 0) follows from ¥, being norm-preserving.
Now suppose x,; = 0, while ||x;| # 0. The map

) when both x and x; are different from O is straightforward,

[EM

X 2> OF W, (zF + 28 =k, [ — 22—
5.5 01wt ) = (T

)\Ijn—l (Z(>)k)

is clearly continuous at (x5, 0). In addition, (10.11) implies that

1z,
tEE zOHNzE = |z + zF —K( L zy 0
Gz = 125 + 75 g 180

uniformly over {z§ € En_1: llzg|l > ¢} (for any ¢ > 0), or equivalently
103 ¥n(z5 + z)Il = 11 (z5. ) pnzy || = N2 (z5. 2)z5 | = O

uniformly over the same set.
Thus, the continuity of ¥, at (xg, 0) is verified.
Conversely, suppose x5 = 0, and x,; # 0. By the continuity of W,,_; at 0, the map
Iz

(25, 23) = On_1Walzg +2,) = kn (m)%—l(z(’?)

is continuous at (0, x;). Also, the continuity of ¢ and p, implies that of
(239 Z;) = QZ‘I}"(Z(); + Z;lk) = I(Z();’ Z;:):Onz:

The continuity of W, at (0, x,7) follows.

To establish injectivity, we suppose that W, (x5 + x) = W, (z§5 + z,;) for some x;}, 2y
€ E,_; and xy,zy € E,, and show that x5 = z§, x;; = z,;. As ¥, is norm-preserving,
we can assume, by scaling, that [|x§ + x| =1 = |lz5 + z;|.

Applying OF_,, we see that i ([ X [)Wn—1(x3) = & ([|25 ) Wn—1(z3). By the induc-
tion hypothesis, ¥,,_; is continuous and positively homogeneous, hence there exists o > 0
such that z§ = ax}. In this case, k, (|25 ])) = o L (|| ])-

Likewise, applying Q, we conclude that there exists § > 0 such that z;; = fx, .
Therefore, we have ak, (8] x;]1) = kn(]lx; ).

If o = 1, then, due to k, being strictly decreasing, we conclude that § = 1 as well,
hence x§ + x;; = z§ + z,;. To establish the injectivity of ¥,,, we should therefore rule out
the possibility of & # 1. By relabelling, it suffices to show that « cannot be less than 1. In
fact, we shall prove the following fact:

if ae€(0,1),s >0, ak,(Bs) = kn(s), then B <a. (10.13)

Once this is shown, we have

laxy + Bx; | = ofxg + gx;f < |lxg + gx: . (10.14)
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Further, as P, is contractive, we have ||x3|| < ||x& + x| = 1, and therefore, by the
convexity of the norm,

p p p
X+ ol = g+l + (1= 2 Il = 1
Together with (10.14), this gives ||z5 + zi|| = laxg + Bx;|| < 1, producing the desired

contradiction.

Keeping in mind that «;, is strictly decreasing, we establish (10.13) by showing that
the map o — aky(as) is strictly increasing on (0, co). Multiplying by s, and using the
substitution as = ¢, we are reduced to showing that ¢ > t«,(¢) is strictly increasing.
Differentiating the function on the right, we obtain

te~t/2
[tkcn ()] = k0 () + 1K, (1) = kn(t) — 4‘”T > 0,
since k(1) > 1 — 47", Thus, t > t«,(t) is indeed increasing.

Finally, we show that W, is surjective, that is, for any norm one y; € Fu_1, v €
Fp,and a,b € [0,00), ay; + by, belongs to the range of W,. By scaling, we assume
a + b =1 (in other words, |layy + by, || = 1). If either a or b equals 0, then ayy + by,
lies in the range of W, due to the surjectivity of p,, respectively W,_;. Henceforth, we
consider non-zero a and b.

Find x§ € E,_; and X, € Ey such that W,,_ x5 = y; and ppx
1 = |lxx|). Our goal is to find &, B > 0 such that

*

n = Yy (then |[xg| =

U, (axy + Bxy) = ayy + by, (10.15)
To this end, note first that the function

a * *
——Xxy + Bx
Kn(B) 0 §
is continuous on [0, 00), equals @ < 1 when 8 = 0, and tends to 0o as  does the same.
Find B for which this function equals 1, and let @ = a/k,(8). Then |laxg + Bx;|| =1
and aky, (|| Bx ||/ lexg + Bx;; ||) = a. Therefore, ki, (|| Bx; 11/ loexg + Bxp ) Wn—1(axg) =
ayq . From the definition,

pr|

1Bzl

o 850 = g
0 n

) W, 1 (lef)k) + t/gpnx;:;
we know that p,x,;; = y,, and, by norm preservation, ¢ = b. Thus, ¢ and § have the
required properties.

For x* € X*, we define ¥x* = weak™-lim, ¥, [_’,;" x*. We shall show that W is well
defined (the limit above indeed exists, even in the norm topology), is positively homogen-
eous, norm-preserving, and weak* continuous. To begin, note that || x*|| = lim,, || P, x*|
for any x* € X*. Indeed, ||x*| > || P,*x*| for any n, by monotonicity. On the other hand,

x* = weak*-lim, P¥x*, hence ||x*| < liminf || P*x*|. Recall that, for j > n, we have
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0r Q_;" = Q. As Q} is contractive, (10.12) implies that

105 ¥; PIx™ — On Wyt Py x|
< N1y PP = O Wi PRy x| < 47717 (10.16)
Consequently, for every n, the sequence (Q -y Isj*x*) ; is Cauchy, hence convergent (in
norm). Note that [|W; P*x*[| / [|x*||, hence, in particular, the sequence (¥; P/x™); is
norm bounded. Therefore, Lemma 10.26 (applied with the sequence (W Pj*x*) ; instead
of the net (x})q, and with projections Q, instead of P,) shows that the weak™ limit of
(U; Pj*x™) exists (and therefore W is well defined), with [|Wx*|| < [lx*|.

On the other hand, for any n, | ¥x*|| > limsup,, | O} W,, Pix*|. For m > n, we can
use (10.16) to write a telescopic sum:

m—1
1@ Pyx* — QW Prx™|| < D |05 W Prx* — QW41 Py x|
j=n
m—1
< 34 ) < 2447k (10.17)
j=n

hence || QX W,, P} x*|| > || W, P¥x*|| —2-47"||x*|, and therefore

[Wx*|| > Limsup([|W, Px*|| —2-47"||x*|)
n
= limsup ||\IJ,,13;x*|| = ||x*.
n

Thus, W is norm-preserving. As W, is positively homogeneous for any n, so is W.

We observe that the sequence (W, Px*) is not merely weak™ convergent, but also
Cauchy, hence convergent in norm. To this end, consider m > n, and recall several relevant
facts:

(i) (10.17) shows that || W, P¥x* — QX W,, P*x*| < 2-47"||x*].
(ii) There exists ¢ € [0, 1] such that t W, P*x* = Q¥W,, Px*; consequently, we have
[Wn Prx* — QuWm Pox*|| = [[Wn Prx* || — 1 Qn Wm Ppx ™.
(ii1) Further,
I = O3) ¥ P x™ || = Wi Py x™ || = 1| O3y ¥ Py x|
= (| W Py x™[| = [ P x* 1) + (190 Py x™ | = [ Qo Won P x ™)
(iv) Finally, recall that W,, and W,,, are norm-preserving.
In light of the above,
10 Py x™ = Wi Py x™[| = [[W Py x™ = Oy W Poox™ || + |(1 = O3) Wy Prrx™ |
= 2] W Py x™ = QpWm Py x™ || + (Wi Ppyx™ || = | W Py x ™))
=447+ (1P x ™I = 127X ]D.

As | PYx*| /' ||x*|, we conclude that (¥, P*x*) is a Cauchy sequence.
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Next we establish that W is weak™ continuous on bounded sets. Suppose a net (x})
C Byx= converges weak™ to x* (hence x* € By as well). We shall show that (Ux))
weak™ converges to Wx*. In light of Lemma 10.26, we have to prove that, for any n € N
and & > 0, we have || Q¥ Wx} — O Wx*| < e for « large enough.

Fix m > n such that 417" < ¢/2. As Q}Wx* = lim; Q_;‘llljﬁj*x* (10.16) implies

o0
1OpWx™* — Or Wy Prx*|| < D | OnW; PFx* — QuWj g Pfyx*|| <2477,
j=m

and likewise ||Q_;‘~le; - Q_;\IJmIS,:X;H < 247" for any «.

For m as above, we have lim, Is,zx; = ]S,Zx* (as P, has finite rank, weak*
convergence and norm convergence coincide). By the continuity of W,,, the equality
limg Wy, PXx% = W,, P x* holds as well. In particular, ||W,, Px} — W,, PXx*| < /2

for o large enough. For such «,
103 Wxg — OnUx™|| < [ Wi Ppxgy — U Pppx™|
+ O3 Wx™ — QW Porx™ || + | Qg Wxg — O Wi Pxg |
e
< §+2~2~4_m < e,

as desired.

Next we define a map ®, and prove that it is the inverse of W, possessing the desired
properties. First let ®, = W, ! : F, — E,. This map is clearly positively homogeneous
and norm-preserving; it is also continuous, by the Inverse Function Theorem. We shall
show that, for any y* € £;, the sequence (®, Q) y*) is weak* convergent. Once this is
done, we let ®y* = weak*-lim &, 0 y*.

First fix n, yg§ € F,_1, and i € F,. Let

xg =P ®u(ys +y5 and xF = Pro,(vs +y)).
By (10.10),

* * * * n *
= _ + =kp| —/——— |Wn-1x,-
yO Qn l(yO yn) n(” (>)k x;:” n—149

Apply ®,,_; to both sides to obtain

_ e sl
%AQLAﬁ+yD=m(——l——xg=m —

o | P @a (g + ).
x5 + x| |ﬁ+w0"l”° "

and therefore

||(Dn—1 Q_;:—l (yék + y:) - ﬁrf—lq>n(yak + y:)“
x| _
z(l_m(__JL—- 1P2 0 (58 + 1)

lxxg + 2

x*
s(1—m(}JLﬂL—))w3+ymhsfﬂw;+ymy

lxg +x71l
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Consequently, for m > n and y* € {4,
1Py ®m 05" — @u Ony™| < 2-47"|1y"]I. (10.18)
For n < m < k we therefore have
1Py Pk Oxy™ = Py @mQpy™ || = |1 Py Pr®k O3 y™ — Py @ Q™|
S NPp®k Qfy™ = Pm Oyl = 247"y

Thus, for any n, the sequence (13,;k D, Q_;“n ¥*)m is Cauchy, hence convergent in norm.
Additionally, ||®, 0% y*| = [|Q%y*|l < ||y*|, hence, by Lemma 10.26, (®,, 0% y*)
has a weak* limit, say x*. Note that || x*|| = ||y*||. Indeed, ||x*|| < liminf | ®,, Q% y*|
= |[»*|l. On the other hand, ||x*|| > limsup,, || P¥®, Q} y*| for any n. Combining
(10.18) with the fact that || y*|| = lim,, ||®, Q¥ y*||, we obtain the opposite inequality.

Thus, the map @ is well defined, positively homogeneous, and norm-preserving. The
weak™ continuity of ® is established in the same manner as that of .

It remains to show that ®W¥ = idy+ and ¥ ® = idy+. We shall only establish the first of
these identities, as the second one can be treated similarly. Fix x* € X*, and let y* = Wx*.
Further, for n € N let x = P¥x* and y} = Q}y*. As observed before, x* = weak*-
limx;, and y* = weak™-lim y;*. By the definition of W, y,¥ is a scalar multiple of W, x,
with [|[W,x; — yr|| < 47" x*|. Consequently, lim, |®,y, — x| = 0, and so

®y* = weak™-lim @,y = weak*-limx} = x*,
which gives ®Wx* = x*.

To summarize: we have defined an invertible map ¥ : X* — Y™* such that ¥
itself, and its inverse, are positively homogeneous, norm-preserving, and weak* con-
tinuous on bounded sets. Composition with & = W~! induces a lattice homomorphism
T : FBL[X] — FBL(®[¢y] such that ® = ®7; then ¥ = ®;_;. Consequently,
FBL[X] and FBL(*[c(] are lattice isometric. |

Remark 10.27. Note in particular that the map W given in the proof of Theorem 10.24 is
positively homogeneous and provides a weak™ homeomorphism between r By« and r By,
for every r > 0. This provides an improvement to [50] where homeomorphisms between
rBy, and r By, were constructed using some heavy machinery from topology.

For brevity, we shall use the notation U = FBL®[¢,]. Above, we have shown that
FBL()[X] is lattice isometric to U whenever X has a monotone FDD. One can ask
whether this lattice isomorphism (or even lattice isometry) holds for any separable X.
While we cannot answer this question, below we list some partial results.

For future use, we describe a class of spaces possessing a monotone basis (and, con-
sequently, a monotone FDD). The results below may be known to experts, but we have
not been able to find them in the literature.

Proposition 10.28. Any separable £ 1+ space has a monotone basis. Therefore, any
separable AM-space has a monotone basis.
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Proof. (1) By [98], any separable £,1+ space X can be written as W, where E; C
E, C---,and each E, is isometric to £7 . For each n, there exists a contractive projection
R, from E, to E,_; (for convenience set R; = 0). For each i, pick a norm one x; in
ker R;; clearly (x;) is a monotone basis.

(2) If X is an AM-space, then (see [103, Section 1.b]) X ** is an Lo space, which is
an Loo,1+ space. Then X is an £0,1+ space as well, by local reflexivity (see [84]). =

Corollary 10.29. For every separable Banach space X we have:
(1) If X has an FDD, then FBL®[X] is lattice isomorphic to U.

(2) If X has the bounded approximation property, then FBL®[X] is lattice isomorphic
to a lattice complemented sublattice of U.

(3) There exist a linear isometry J : FBL®[X] — U and a contractive lattice homo-
morphism P : U — FBL(>®) [X] such that PJ = idFBL(oo)[X].

Proof. (1) is obtained by combining Theorem 10.24 with the fact that any Banach space
with an FDD can be renormed to make this FDD monotone. (2) follows from (1), since
any separable Banach space with the BAP embeds complementably into a Banach space
with a basis [102, Theorem 1.e.13].

(3) By Proposition 10.28, ¥ = FBL(®[X] has a monotone basis, hence there exists
a lattice isometry T : FBL®[Y] — U. The formal identity id : ¥ — Y extends to a
contractive surjective lattice homomorphism id FBL(®[Y] — Y. Then J = T¢y and
P = id T~ have the desired property. ]

Remark 10.30. We do not know whether FBL(®?[E] and FBL(*[F] must be lattice iso-
metric whenever E and F are separable Banach spaces. However, Proposition 9.15 and
Remark 9.16 use WCG arguments to show that there exist non-separable Banach spaces
E and F of the same density character for which FBLC®[E] and FBL(®[F] are not
lattice isomorphic. A different approach to distinguishing FBL®[E] from FBL([F]
exploits topological properties of E* and F*. If FBL(®?[E] and FBL(®[F] are lattice
isomorphic, then there exists a positively homogeneous map ® : F* — E* such that both
® and its inverse are weak™ continuous on bounded sets, and there exists C > 1 such that
C7HOf*| <|If*| <C|®@f*| forany f* € F*. Then Bp~ is weak* sequentially com-
pact if and only if Bg~ is (see [48, Chapter XIII] for general facts about weak™ sequential
compactness). Now suppose k is a cardinal, greater than or equal to the continuum. Let
E = {1(k) and F = {£,(k). Both spaces have density character k. Then Bp+ is weak*
sequentially compact (see [48, Chapter XIII, Theorem 4] for a more general fact), while
BEg= is not (see [48, p. 226]).

Remark 10.31. To our knowledge, weak™ continuous non-linear maps have not been
deeply studied in the Banach space literature. One application has to do with extensions
of operators into C(K) spaces [53, p. 490]: if F is a subspace of E, then any operator
T : F — C(K) admits an extension T : F — C(K) with |T|| < C|T| if and only if
there exists a weak™ continuous map @ : Bp+ — C - Bg+ suchthat ®f*|r = f* for any
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f* e F* (® implements a “Hahn-Banach extension”). In [145] such extensions are used
to show that if F' is a subspace of cg, then any operator T : F' — C(K) has an extension
to ¢p.

Note that, by the Bartle-Graves Theorem (see e.g. [111] for its generalizations), a
norm continuous P like this exists for any C > 1; by [26, Corollary 7.4], we cannot in gen-
eral make ® uniformly continuous. On the other hand, we can ask for which pairs F — E
there exists a positively homogeneous weak™ continuous map ® : Bg+ — C - Bg= such
that ®f*|p = f* forany f* € F*.

Another instance where non-linear weak® continuous maps between Banach spaces
have been considered is in [73, 106]. In these works, among other things it is shown that
if two dual Banach spaces E* and F* are uniformly homeomorphic with respect to the
weak™ topologies, then necessarily £ and F must be linearly isomorphic.

Finally, we investigate Banach space properties of FBL(®®[E].

Proposition 10.32. If X is a separable Banach space, then FBLO?[X] is isomorphic to
C|0, 1] as a Banach space.

Remark 10.33. The situation is different in the non-separable setting. For instance, [24]
gives an example of a non-separable AM-space X which is not isomorphic to a com-
plemented subspace of any C(K). Clearly, X is complemented in FBL(®[X], hence
FBL () [X] cannot be isomorphic to a complemented subspace of a C(K) space either.

Remark 10.34. As noted above, if E is an AM-space, then it is complemented in the
space FBL(®)[E]. This need not be true if E is merely an £; predual. Indeed, by [25],
there exists a (necessarily separable) Banach space E such that E* = {; isometrically,
and E is not isomorphic to a complemented subspace of any C(K). By Proposition 10.32,
FBL[E] is isomorphic to C [0, 1], hence E cannot be complemented in FBL(*[E].

To prove Proposition 10.32, we introduce some notation. Suppose K is a compact
Hausdorff space, and B C K is a closed subset. Let Cg(K) = {f € C(K) : f|g = 0}.
The following lemma may be known to experts.

Lemma 10.35. Suppose K is a compact metrizable space, and B C K is a closed subset
for which K \ B is uncountable. Then Cg(K) is linearly isomorphic to C |0, 1].

Proof. Throughout the proof, we rely heavily on Milyutin’s Theorem (see e.g. [ 144, The-
orem II1.D.19]), which states that C(S) is isomorphic to C[0, 1] whenever S is compact,
metrizable, and uncountable. In particular, this is true for S = K.

Note first that Cp(K) is a complemented subspace of C(K) ~ CJ0, 1]. Indeed, con-
sider the restriction operator v : C(K) — C(B) : f — f|p. By [144, Theorem III.D.17],
v has a right inverse u: specifically, u is a “linear extension” operator u : C(B) — C(K),
which satisfies vu = id¢(p). Then uv is a projection on C(K), whose kernel is Cg(K).

Next show that, conversely, C[0, 1] embeds complementably into Cg(K). Once this
is established, invoke the fact that C[0, 1] is isomorphic to ¢o(C |0, 1]) [144, Theorem
I1.B.24], and use Petczyriski decomposition (see [3, Theorem 2.2.3]) to complete the proof.
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Pick § > 0 small enough so that the closed set V = {k € K : dist(k, B) > §} is uncount-
able. By [144, Theorem III.D.16], there exists a linear extension operator u : C(V) —
Cp(K). As before, denote by v : Cg(K) — C(V) the restriction operator; then vu is a
projection from Cp(K) onto C (V). Therefore, C(V') ~ CJ0, 1] embeds complementably
into Cg(K). [

Proof of Proposition 10.32. If X is finite-dimensional, then FBL(®®[X] is lattice iso-
morphic to C(Sx) (Sx being the unit sphere of X), hence linearly isomorphic to C|0, 1],
by Milyutin’s Theorem. To handle the case of separable infinite-dimensional X, below
we briefly review the construction from [23], recently re-examined in [112].

For brevity, denote the unit ball of X*, equipped with its weak™ topology, by 4. Fix
a dense sequence (hx) in the unit ball of FBL®[X], and let h = Y, 27%|hy|. For
n € N let

A ={x* e A:27" < h(x*) <2!™)

(as h(0) = 0, the set A,, is non-empty for n large enough). Let A be the one-point compac-
tification of the “formal” disjoint union | |, A, (achieved by adding a point we call co).
Define the map T : FBL®)[X] — C(A) as follows: for f € FBL([X],

[Tf1(a) =

ifa = oo.

{2—"f(a)/h(a) ifa e Ay,
0

It is easy to check that T is a (non-surjective) lattice isomorphism.

Fix n for a moment. For a,b € A, the equality [Tf](a) = [Tf](b) holds for any
f € FBL®[X] if and only if the ratio f(a)/f(b) is independent of f. The Hahn—Banach
Theorem shows that this happens if and only if a is a positive scalar multiple of b. Denote
this relation on A, by ~. In the notation of [23], let K, = A, /~. Then T gives rise to a
lattice isomorphism from FBL(?[X] onto Z C C(K), where K = K LI K5 Li - -- LI {0}
is the one-point compactification of K; LI K, LI ---. Note that any element of the unit
sphere of X* gives rise, via the evaluation map, to at most one point of K, for each n,
hence K is uncountable.

Now suppose ¢t € K, and s € K. If there exists A € R such that z(¢) = Az(s) for
every z € Z, then, as shown in [23], n # m and A = 2"7™. For each m, denote by By,
the set of all ¢ € K, for which there is s € K, with n < m such that z(¢) = 2"z (s) for
every z € Z. Note that such an s € K, if it exists, must be unique. As shown in [112],
the sets B,, are closed.

Let B = |J,, Bm- By [23], Z (hence also FBL()[X]) is isomorphic to Cz(K). To
show that K \ B is uncountable, pick the smallest m for which K, is uncountable. As
B, is countable, K, \ By, is uncountable. Note that K,,, N (K \ B) = K,;, \ By, hence
K \ B is uncountable. The result now follows from Lemma 10.35. ]
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