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Abstract. We investigate the structure of the free p-convex Banach lattice FBL.p/ŒE� over
a Banach space E. After recalling why such a free lattice exists, and giving a convenient func-
tional representation of it, we focus our study on how properties of an operator T W E! F between
Banach spaces transfer to the associated lattice homomorphism xT W FBL.p/ŒE�! FBL.p/ŒF �. Par-
ticular consideration is devoted to the case when the operator T is an isomorphic embedding, which
leads us to examine extension properties of operators into p̀ , and several classical Banach space
properties such as being a G.T. space. A detailed investigation of basic sequences and sublattices of
free Banach lattices is provided. Among other things, this allows us to settle an a priori unrelated
question, providing the first instance of a subspace of a Banach lattice without bibasic sequences.
In addition, we begin to build a dictionary between Banach space properties of E and Banach lat-
tice properties of FBL.p/ŒE�. In particular, we characterize the existence of lattice copies of `1 in
FBL.p/ŒE� and show that FBLŒE� has an upper p-estimate if and only if idE� is .q; 1/-summing
(1=p C 1=q D 1). We also highlight the significant differences between FBL.p/-spaces depending
on whether p is finite or infinite. For example, we show that FBL.1/ŒE� is lattice isometric to
FBL.1/ŒF � whenever E and F have monotone finite-dimensional decompositions, while, on the
other hand, when p <1 and E� is smooth, FBL.p/ŒE� determines E isometrically.

Keywords: free Banach lattice, p-convex Banach lattice, AM-space, p-summing map, lattice
homomorphism.
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1. Introduction and preliminaries

The goal of this article is to investigate free Banach lattices generated by Banach spaces.
The history of this notion is quite recent: While free vector lattices were already present in
the literature in the 1960s [21,30], the corresponding normed version had been completely
overlooked until B. de Pagter and A. Wickstead [44] first considered the free Banach
lattice generated by a set. This can be considered as a natural precursor of the construction,
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due to A. Avilés, J. Rodríguez and P. Tradacete [15], of the free Banach lattice generated
by a Banach space.

Given a Banach space E, the free Banach lattice generated by E is a Banach lat-
tice FBLŒE� together with a linear isometric embedding �E W E ! FBLŒE� such that for
every bounded linear operator T WE!X into a Banach latticeX , there is a unique lattice
homomorphism yT W FBLŒE�!X such that yT ı �E D T and k yT kD kT k. From a categor-
ical point of view, this can be seen as a functor from the category of Banach spaces and
bounded linear operators into the smaller category of Banach lattices and lattice homo-
morphisms. It is, in a certain sense, analogous to well studied functors in analysis, such
as the one from compact Hausdorff spaces K into spaces of continuous functions C.K/,
or the functor creating the Lipschitz free space generated by a (pointed) metric space
(see [67]).

It will soon become clear that understanding the correspondence E 7! FBLŒE� is a
key to properly understand the interplay between Banach space and Banach lattice prop-
erties, a goal that has been pursued ever since the first developments of these theories (see
e.g. [86,89]). In particular, our investigation will be far from categorical, focusing mainly
on the fine structure of FBLŒE� and the correspondence E 7! FBLŒE�.

For several reasons, it will be convenient to also work with free Banach lattices sat-
isfying some convexity conditions, as considered in [82]. For a Banach space E and
p 2 Œ1;1�, we define the free p-convex Banach lattice over E as follows: FBL.p/ŒE�
is a p-convex Banach lattice with p-convexity constant 1 together with a linear iso-
metric embedding �E W E ! FBL.p/ŒE� such that for every bounded linear operator
T W E ! X into a p-convex Banach lattice X , there is a unique lattice homomorphism
yT W FBL.p/ŒE�! X such that yT ı �E D T , and k yT k � M .p/.X/kT k. Here, M .p/.X/

denotes the p-convexity constant of X . It is clear that FBL.1/ŒE� coincides with FBLŒE�
(and we will stick to the latter notation).

Much of our investigation relies on the following explicit functional representation of
FBL.p/ŒE�, first established in [82]. For this, denote byHŒE� the linear subspace of RE

�

consisting of all positively homogeneous functions f W E� ! R. For 1 � p < 1 and
f 2 HŒE� we define

kf kFBL.p/ŒE�D sup
°� nX
kD1

jf .x�k /j
p
�1=p
Wn2N; .x�k /

n
kD1�E

�; sup
x2BE

nX
kD1

jx�k .x/j
p
�1
±
:

(1.1)

Note that, for .x�
k
/n
kD1
� E�, by considering the operator T W E ! `np given by T x D

.x�
k
.x//n

kD1
and using the fact that kT k D kT ��k, it follows that

sup
x2BE

nX
kD1

jx�k .x/j
p
D sup
x��2BE��

nX
kD1

jx��.x�k /j
p: (1.2)

Given any x 2 E, let ıx 2 HŒE� be defined by

ıx.x
�/ WD x�.x/ for all x� 2 E�:

Then FBL.p/ŒE� coincides with the closed sublattice of HŒE� generated by ¹ıx W x 2 Eº
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with respect to k � kFBL.p/ŒE�, together with the map x 7! ıx . As mentioned, this explicit
representation of FBL.p/ŒE�was originally proven in [82]; the proof will be recalled below.
As we will see, it is the interplay between the universal property of FBL.p/ŒE� and the
explicit functional representation that allows us to discern the fine structure of these spaces.

When p D 1, FBL.1/ŒE� is nothing but the closed sublattice of C.BE�/ generated
by the point evaluations. Here, C.BE�/ denotes the space of continuous functions on the
dual ball of E, which is equipped with the relative weak� topology. In particular, we have

kf kFBL.1/ŒE� D sup ¹jf .x�/j W x� 2 E�; kx�k � 1º: (1.3)

As we will show in Proposition 2.2, the closure of the point evaluations in C.BE�/ coin-
cides with the space of all positively homogeneous weak� continuous functions on BE� .
This gives a very concrete description of FBL.1/ŒE� – this space often behaves differently
from FBL.p/ŒE� when 1 � p <1:

1.1. A word on free objects

The universal property defining FBLŒE� (or analogously FBL.p/ŒE�) can be visualized by
means of the following diagram:

FBLŒE�
yT

##
E

T //

�E

OO

X

meaning that for every object X (a Banach lattice) and every linear operator T W E ! X

there is a unique morphism yT (lattice homomorphism) making the diagram commutative.
The idea of the free object in a certain category (Banach lattices with lattice homo-

morphisms) generated by an object in a supercategory (Banach spaces with bounded
linear operators) is certainly not new, and has been central in several developments in
algebra, topology and analysis. We will not attempt here to address the fruitful devel-
opments of this idea in universal algebra, but let us just recall that these include many
well-known concepts such as free groups, free modules, free algebras or free lattices.

The study of free objects in Banach space theory can be considered as a more recent
development. However, some classical facts can be reworded in this language too. Con-
sider, for instance, the subcategory of dual Banach spaces together with dual operators
(equivalently, weak� continuous linear maps). Given a Banach spaceE, let JE WE!E��

denote the canonical embedding; it is clear that every bounded linear operator T WE!X�

can be uniquely extended to a dual operator
�

T W E�� ! X�, given by
�

T D .T � ı JX /
�,

in such a way that the following diagram commutes:

E��
�

T

""

E
T //

JE

OO

X�

Thus, we can consider E�� as the free dual Banach space generated by E.
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Lipschitz free spaces (also known as Arens–Eells or transportation cost spaces) have
recently attracted considerable attention from researchers interested in Banach space the-
ory and metric geometry (see, for instance, the survey paper [66]). These spaces can be
defined as follows: Given a metric space M with a distinguished point 0, F .M/ is a
Banach space equipped with an isometric map ı WM ! F .M/ with the property that for
every Banach space X and every Lipschitz map f W M ! X with f .0/ D 0, there is a
unique linear operator yf W F .M/! X making the following diagram commute:

F .M/
yf

""
M

f
//

ı

OO

X

A very fruitful line of research is devoted to analyzing the interplay between Banach
space properties of F .M/ versus metric properties of M . Results from this line have
deeply inspired our research on free Banach lattices.

Free objects also arise in the theory of group C �-algebras. Suppose, for simplicity,
that G is a discrete group. We say that a map � W G ! A (A is a unital C �-algebra) is a
unitary representation if it takes G into the unitary group of A, and, for any g; h 2 G, we
have �.gh/ D �.g/�.h/ (which implies �.g�1/ D �.g/�). Then one defines the full (or
universal) C �-algebra C �.G/ over G as follows: C �.G/ is a C �-algebra, together with
a unitary representation  W G ! C �.G/, with the property that for every C �-algebra A,
and every unitary representation � W G ! A, there exists a unique �-representation y� W
C �.G/! A making the following diagram commute:

C �.G/

y�

""
G

� //

 

OO

A

For the construction and basic properties of C �.G/, see [31, Section 2.5] or [120,
Chapter 3]. One can also consider full C �-algebras of a more general class of locally
compact groups; in this case, certain continuity properties of representations need to be
assumed. The reader is referred to [41, Chapter VII] for details.

The investigation of free C �-algebras was motivated by two related questions.

1) Finding connections between properties of a group G and those of C �.G/ (with
the reduced group C �-algebra C �r .G/ often also added to the mix). A sample result is
[31, Theorem 2.6.8]: a discrete group G is amenable if and only if C �.G/ is nuclear.

2) Kirchberg’s famous QWEP conjecture is equivalent to C �.F/ having the Weak
Expectation Property (a relaxation of injectivity) for any free group F [120, Chapter 13].
By [120, Chapter 14], this is also equivalent to Connes’ Embedding Problem, which has
recently been resolved in the negative in [83].

We refer the reader to [114] and references therein for several other constructions of
free topological objects, as well as their connections to various universal constructions,
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such as free and tensor products [142]. We also note that a more “axiomatic” approach to
freeness has been pursued by A. Ya. Helemskii in e.g. [75–78], and in [79] (see also [6]
for a different take on the same approach). Specifically, suppose K and L are categories,
and� is a faithful covariant functor K!L (usually, a “forgetful functor”). K is called a
rigged category, and, with respect to appropriate rigs, the works cited above construct free
objects in various situations. This includes quantum spaces [75], normed operator mod-
ules [77], normed modules over sequence algebras [76], matricially normed spaces [78],
as well as multinormed spaces and their generalizations [79]. This allows one to construct
projective objects in these categories as well. A similar approach has been recently used
in [20].

1.2. Historical perspectives

Although free Banach lattices were not introduced until 2015, their inception triggered
a rapid development of the theory. Here, we briefly summarize the literature. With one
exception, the articles below focus on FBL; however, we work with the full scale of spaces
FBL.p/, 1 � p � 1. That being said, most of the results in this article are either new for
FBL, or require significantly different proofs in order to generalize to FBL.p/.

The theory of free Banach lattices began with [44], which introduced the concept of a
free Banach lattice over a set A. In our terminology, this is simply the space FBLŒ`1.A/�.
In [44], the authors proved several structural results, and showed that this new class of
spaces differs significantly from the classical Banach lattices. After this, free Banach
lattices over general Banach spaces were introduced in [15]. Among other things, this
allowed the authors of [15] to answer some questions left open in [44], as well as a ques-
tion of J. Diestel on weakly compactly generated Banach lattices, and opened the door for
a deeper study of the relationship between Banach spaces and Banach lattices.

After the above two seminal works, the theory expanded in several directions. One
interesting direction – which we will not pursue here – centres around the free Banach
lattice generated by a lattice. Recall that a Banach lattice combines two distinct structures:
the Banach space structure and a lattice structure. In analogy with the free Banach lattice
FBLŒE� generated by a Banach spaceE, one can consider the free Banach lattice FBLhLi
generated by a lattice L. This latter construction is also quite rich, and the two theories
parallel each other to some extent. However, there are also some interesting differences.
For example, FBLhLi is always lattice isomorphic to an AM-space [12], whereas FBLŒE�
is lattice isomorphic to an AM-space if and only if E is finite-dimensional. We refer the
interested reader to [11,12,16,17] for literature on FBLhLi. For literature on free lattices
(without involving norms), we mention [105] for free ˛-order complete vector lattices,
[1] for free � -order complete truncated vector lattices, [92] for free lattice-ordered Lie
algebras, [140] for projective vector lattices, [93] for free lattice-ordered groups and free
products of lattice-ordered groups, [63] for free products of Boolean algebras and measure
algebras with applications to tensor products of universally complete vector lattices, and
references therein.
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As a second extension of the concept of free Banach lattices, free Banach lattices
satisfying convexity conditions were constructed in [82]. Recall that the defining property
of FBLŒE� is that any linear operator from E to a Banach lattice X extends uniquely to
FBLŒE� as a lattice homomorphism of the same norm. If instead of looking at all Banach
lattices X , one only requires that the above property hold for p-convex spaces, then one
can construct a free object FBL.p/ŒE� that is p-convex in its own right. This is of interest
because p-convexity is a classical Banach lattice property (see e.g. [103]), and because
having a scale of spaces FBL.p/ŒE�, 1 � p � 1, adds an additional dimension to the
theory, similar to how the Lp scale enriches the study of L1. Moreover, the paper [82]
constructs various free lattices satisfying convexity conditions D , by placing a maximal
D-convex norm on the free vector lattice, and then completing the resulting space. Such
a construction builds on ideas from [141].

There have also been several papers focusing on FBLŒE�, and its applications. For
example, [39, 40] focus on the isometric theory of free Banach lattices. As a brief over-
view, [39] studies, among other things, when the norm of FBLŒE� is octahedral; in [40],
free Banach lattices are used to produce the first example of a lattice homomorphism
that does not attain its norm. In a different direction, [19] studies free Banach lattices
generated by the classical sequence spaces p̀.�/. In particular, the authors of [19] are
able to precisely describe the moduli of the canonical unit vector bases, and when these
spaces are weakly compactly generated. [8] studies when a Banach lattice X is lattice
isomorphic to a lattice-complemented sublattice of FBLŒX�. As it turns out, any Banach
lattice X ordered by a 1-unconditional basis has this property.

Pure vector lattice properties of FBLŒE� have also been studied. For example, in [14]
it is proved that FBLŒE� satisfies the countable chain condition, i.e., any collection of
pairwise disjoint vectors in FBLŒE�must be countable. Finally, there are many interesting
applications of free Banach lattices. For example, in [13] the authors classify the separable
Banach lattices X such that whenever a Banach lattice Y contains a subspace isomorphic
to X then it also contains a sublattice isomorphic to X . It is classical that X D c0 has this
property. However, it is shown in [13] that a separable Banach lattice has this property if
and only if it lattice embeds into C Œ0; 1�: In particular, whenever C Œ0; 1� embeds linearly
into a Banach lattice, it also embeds as a sublattice. This feature is not shared by C.�/
with� the Cantor set, even thoughC Œ0;1� andC.�/ are isomorphic as Banach spaces. As
noted in [13], it is not known whether every Banach lattice for which linear embeddability
implies lattice embeddability is necessarily separable, but free Banach lattices put several
constraints on what such a supposed space would look like.

Free Banach lattices also play an important role in the study of projective Banach
lattices. Projectivity for Banach lattices was also first considered by B. de Pagter and
A. Wickstead [44]. Informally, a Banach lattice P is projective if every lattice homo-
morphism from P into the quotient of a Banach lattice X lifts to a lattice homomorphism
into X , with control of the norm. As a consequence of the fact that `1.A/ is a projective
Banach space for any nonempty set A, it easily follows that FBLŒ`1.A/� is a projective
Banach lattice. This is the first connection between projectivity and FBL, but the topics
interlace in much deeper ways. We refer the reader to [9, 10] for some of the connections
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between projectivity and free Banach lattices; however, plenty more results are scattered
throughout the literature than we have cited in this subsection. Free Banach lattices also
have interesting applications to amalgamation and injectivity; in particular, they can be
used to define push-outs and thus play a role in the construction of Banach lattices of
universal disposition and separably injective Banach lattices [18].

1.3. A brief outline of the results

We begin this paper by giving, in Section 2, a “natural” functional representation of free
Banach lattices (Theorem 2.1, Proposition 2.2). The proof of Theorem 2.1 is a slight sim-
plification of the one from [82], but the identification FBL.1/ŒE� D Cph.BE�/ given in
Proposition 2.2 is entirely new. Section 2 also contains various comments on the func-
tional representation. The most important of these is Theorem 2.8, where we show that
the free vector lattice over E is not only norm dense, but order dense, in FBL.p/ŒE�.

Section 3 studies the relationship between an operator T W F ! E and its induced
operator xT W FBL.p/ŒF �! FBL.p/ŒE�. In Proposition 3.2 we show that several properties
– injectivity, surjectivity, density of the range, etc., – pass freely between T and xT . We
then look at the way FBL.p/ŒF � sits inside of FBL.p/ŒE� when F is a subspace ofE. The-
orem 3.4 shows that if � W F ,! E is the inclusion map, then N� W FBL.p/ŒF �! FBL.p/ŒE�
is order continuous – in other words, FBL.p/ŒF � is a regular sublattice of FBL.p/ŒE�.
Examples from Section 3.4 (built on “low-tech” Banach lattice techniques) show that,
in the above setting, FBL.p/ŒF � need not be closed in FBL.p/ŒE� – that is, N� need not
be an isomorphic embedding. This leads us to study the “subspace problem”: under
what conditions does the embedding � W F ,! E induce a lattice isomorphic embedding
N� W FBL.p/ŒF �! FBL.p/ŒE�?

In Section 3.3 we reduce this question to certain extension properties of (pairs of)
Banach spaces. More specifically, in Theorem 3.7 we establish that N� is bounded below if,
and only if, every operator T W F ! Lp extends to E. In this case, we say that the pair
.F; E/ has POE-p (property of operator extension into Lp – Definition 3.8). Although
POE-p is defined by extension properties of a family of operators, the fact that it is equi-
valent to the single operator N� being an embedding gives some stability. More precisely,
if, for every " > 0, .F; E/ has POE-p with constant C C ", then Proposition 3.9 shows
that .F; E/ has POE-p with constant C . Section 3.3 finishes with a discussion of when
N�.FBL.p/ŒF �/ is complemented in FBL.p/ŒE�.

Returning to the question of when N� is an embedding, in Section 4.1, we gather gen-
eral facts about POE-p. This includes a reformulation in terms of `1-factorable operators,
various criteria in terms of 2-summing operators, and a relation to Lp-spaces. Section 4.2
explores the connections between POE-p, passing to the double dual, and taking ultra-
powers. This allows us to give several examples of spaces having, or failing, POE-p.

Section 4.3 discusses several more properties of POE-p. In particular, a push-out
argument shows that one does not need to require a uniform constant independent of
embeddings; it comes for free by Proposition 4.16. Similarly, to check whether a Banach
space F has POE-p, it suffices to only consider embeddings into spaces of the same dens-
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ity character; see Proposition 4.17. In Proposition 4.19 we use our results on POE-p to
examine connections between POE-p for different values of p. In particular, we prove
that `1 has POE-p if and only if 2 � p � 1 (see Proposition 4.18 for a more general
result on L1;�-spaces). On the other hand, a space with a normalized unconditional basis
has POE-1 if and only if that basis is equivalent to the c0 basis (Proposition 4.20). We
finish by showing, in Proposition 4.25, that .F;L1/ can never have POE-p when F � L1
is an infinite-dimensional Hilbertian subspace.

In Section 5, we investigate the properties of the sequence .jıxk j/k � FBL.p/ŒE�,
where .xk/ is a basic (and often, unconditional) sequence in E. We show that every
weakly null seminormalized sequence .xn/ in a Banach space E has a subsequence such
that .jıxnk j/ is basic in FBL.p/ŒE� (Proposition 5.8). Proposition 5.14 shows that if a nor-
malized basis .xk/ satisfies a lower 2-estimate, then .jıxk j/k is equivalent to the `1 basis.
By Section 5.1, the converse is true for unconditional bases. We also examine whether
.jıxk j/k is necessarily unconditional (Example 5.16, Proposition 5.18). In Section 5.2,
we compute the moduli of branches of the Haar system in FBLŒL1�.

Part of the motivation to study the sequence .jıxk j/k � FBL.p/ŒE� comes from the
universal property of free Banach lattices. Suppose .xk/ � E is as above, and X is a
p-convex Banach lattice. Then any operator T W E ! X extends canonically to a lattice
homomorphism yT W FBL.p/ŒE�! X , with yT jıxk j D jT xkj. Consequently, the sequence
.jıxk j/ “dominates” .jT xkj/. In particular, if .jıxk j/ is weakly null, then so is .jT xkj/;
see Proposition 5.1, and the subsequent discussion.

We continue our work on .jıxk j/k in Section 6. In particular, in Proposition 6.1 and
Corollary 6.2 we express, for a1; : : : ; an � 0, the norm k

Pn
kD1 akjıxk j kFBLŒE� as a 1-

summing norm of a certain operator. This is very useful for computations, and in particular
allows us to recover some of the main results of [19].

Armed with this knowledge, we attempt to reconstruct properties of .xk/ from those
of .jıxk j/k � FBL.p/ŒE�. Our first task is to describe sequences .xk/ � E which are
equivalent to .jıxk j/k � FBL.p/ŒE�, p < 1. It turns out that if this holds, and .xk/ is
a normalized basis of E, then it has to be equivalent to the `1 basis (Proposition 6.3).
However, in general, a normalized basic sequence .xk/ may be equivalent to .jıxk j/, but
not to the `1 basis. Indeed, Proposition 6.5 shows that if .xk/ � C.�/ is a sequence
equivalent to the `2 basis, then .jıxk j/ � FBL.p/ŒC.�/� (1 � p � 1) is equivalent to
the same basis. Moreover, in FBL.1/ŒE�, every unconditional basic sequence .xk/ is
equivalent to .jıxk j/; in stark contrast to the case p <1.

In Corollary 6.9–Proposition 6.11 we characterize the normalized unconditional bases
.xk/ of E for which spanŒjıxk j W k 2 N� is complemented in FBL.p/ŒE�. For p D 1,
this happens only for the `1 basis, for p 2 .1;1/ it never happens, and for p D 1 it
happens only for the c0 basis. In Corollaries 6.14 and 6.15, we give examples of sequences
.xk/ � L1 for which .jıxk j/k � FBLŒL1� is equivalent to the `1 basis.

We finish Section 6 by proving the following rigidity result: If .xk/ is an unconditional
basis of E, and .jıxk j/ � FBL.p/ŒE� is equivalent to the `2 basis, then .xk/ must be
equivalent to the c0 basis (Theorem 6.17).
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In Section 7.1, we use free Banach lattices to construct the first example of a subspace
of a Banach lattice without a bibasic sequence (Theorem 7.5, Remark 7.6). This answers
a question from [139]. In Section 7.2, we discuss connections with majorizing maps, and
prove some results akin to the Bibasis Theorem 7.1. In particular, in Proposition 7.10,
we show that the class of sequentially uniformly continuous operators (defined origin-
ally in [139]) coincides with the class of .1;1/-regular operators (as defined in [128]).
Moreover, in Section 7.3 we provide a converse to [139, Proposition 7.8]: The `1 basis is
the only normalized basis that is absolute in any Banach lattice where it linearly embeds.

Section 8 examines (p-convex) Banach lattices E which embed into FBL.p/ŒE� as a
sublattice. Theorem 8.3 shows that if the order on E is determined by its 1-unconditional
basis, then E embeds into FBL.p/ŒE� as a sublattice, complemented by a contractive
lattice homomorphic projection. These results partially overlap with those in [8], though
the proofs are very different.

In Section 9 we develop a dictionary between Banach space properties of E and
Banach lattice properties of FBL.p/ŒE�. To begin, we prove that FBL.p/ŒE� has a strong
unit if and only if E is finite-dimensional (Proposition 9.1), and FBL.p/ŒE� has a quasi-
interior point if and only if E is separable (Proposition 9.4). We further elaborate on this
topic in Section 9.2, by showing (Proposition 9.6) that E is finite-dimensional if and only
if FBL.p/ŒE� is finitely generated (and in this case dimE equals the smallest number of
generators).

Section 9.3 considers the connection between E being weakly compactly generated
and FBL.p/ŒE� being lattice weakly compactly generated. This is a topic that has been
explored before, and the implications E WCG ) FBLŒE� LWCG 6) FBLŒE� WCG
were used to solve a problem which was raised by J. Diestel in a conference in La Manga
(Spain) in 2011. Our main contribution is to prove that if FBL.p/ŒE� is LWCG then E is
a subspace of a WCG space. This makes significant progress towards the conjecture that
FBLŒE� is LWCG if and only if E is WCG.

In Section 9.4 we consider the existence of complemented copies of `1. Theorem 9.20
shows thatE contains a complemented copy of `1 if and only if FBLŒE� contains a lattice
complemented sublattice isomorphic to `1 if and only if FBLŒE� contains a complemented
copy of `1 (a few other equivalent conditions on FBLŒE� are also given).

In Section 9.5 we characterize when FBLŒE� satisfies an upper p-estimate, and deduce
various corollaries. The main result is Theorem 9.21 which shows that idE� is .q; 1/-
summing if and only if FBLŒE� satisfies an upper p-estimate (1=p C 1=q D 1). In par-
ticular, this shows that FBLŒE� can never be more than 2-convex when E has infinite
dimension. Theorem 9.21 also leads to a “local” version of Theorem 9.20: E contains
uniformly complemented copies of `n1 if and only if FBLŒE� contains uniformly lattice
complemented sublattice copies of `n1 (Corollary 9.25). Further, it allows us to gener-
alize some classical theorems on p-convex Banach lattices to Banach lattices with an
upper p-estimate. Specifically, Corollary 9.29 shows that if a Banach lattice F embeds
POE-1 into a Banach lattice E with an upper p-estimate (1 < p < 2), then F must also
have an upper p-estimate. This result with p-convexity in place of an upper p-estimate
and POE-1 replaced by complementation is classical [103, Theorem 1.d.7]. Finally, we
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ask if FBL.p/ŒE� can be q-convex for some q > p. This leads to an interesting dicho-
tomy at p D 2, and the (sharp) estimate q � max ¹2; pº (Proposition 9.30). In particular,
although there are examples of infinite-dimensional E such that FBLŒE� is 2-convex, it
is impossible for FBL.2/ŒE� to be more than 2-convex, unless E is finite-dimensional, in
which case it is1-convex.

In Section 9.6 we further pursue the automatic convexity of free Banach lattices, and
use this to study the connections between FBL.p/ŒE� and FBL.q/ŒE� for various values
of p and q. In the previous section, a characterization of when FBLŒE� satisfies an upper
p-estimate was given, and in this section a p-convex variant is proven. Specifically, Pro-
position 9.38 shows that FBL.p/ŒE� and FBL.q/ŒE� are lattice isomorphic if and only if
every operator T W E! Lq factors strongly through Lp . This, of course, connects deeply
with the Maurey–Nikishin factorization theory, and allows us to give new perspectives on
this classical topic. One corollary (Corollary 9.41) is that when q � 1 and p > max ¹2; qº
every infinite-dimensional Banach space E admits an operator T W E ! Lq which does
not strongly factor through Lp . Moreover, we are able to prove the extrapolation The-
orem 9.40: If FBL.p/ŒE� has convexity q > p, then FBL.p/ŒE� is lattice isomorphic to
FBLŒE�. This complements the characterization that FBLŒE� has non-trivial convexity if
and only if E� has non-trivial cotype, given in Corollary 9.25. It also allows us to present
various situations where FBL.p/ŒE� and FBL.q/ŒE� are lattice isomorphic, and gives us
the ability to distinguish FBL.p/ŒE� from the p-convexification of FBLŒE�.

In Section 9.6 we also elaborate on our study of upper p-estimates. One interesting
fact about the free p-convex Banach lattice is that Lp is sufficient to witness its univer-
sal property, i.e., uniform extension of operators into Lp implies uniform extension of
operators into an arbitrary p-convex Banach lattice. We prove a similar upper p-estimate
version of this theorem. Specifically, we show in Proposition 9.36 that weak-Lp is suffi-
cient to verify the universal property of being the free Banach lattice satisfying an upper
p-estimate. Morally, this means that if a Banach lattice Z contains E as a generating set
and allows uniform lattice homomorphic extension of maps from E into Lp;1, then the
same is true with Lp;1 replaced by an arbitrary Banach lattice with an upper p-estimate.
This then allows us to characterize the class of .p;1/-convex operators in Corollary 9.37:
An operator is .p;1/-convex if and only if it strongly factors through a Banach lattice
with an upper p-estimate.

Section 10 is devoted to determining whether FBL.p/ŒE� and FBL.p/ŒF � can be lattice
isomorphic even when the underlying spaces E and F are not. We begin, in Section 10.1,
by representing lattice homomorphisms between free lattices as composition operators
(Proposition 10.1). For p D1, we show that the lattices FBL.1/ŒE� are lattice isometric
to each other, for a wide class of spacesE (Theorem 10.24). On the other hand, for p <1,
we show that FBL.p/ŒE� will not be lattice isomorphic to a lattice quotient of FBL.p/ŒF �
provided E and F are “sufficiently different” (Proposition 10.12). Moreover, under fairly
general conditions Theorem 10.18 shows that a lattice isometry between FBL.p/ŒE� and
FBL.p/ŒF � (p < 1) descends to an isometry between E and F . Along the way, we
discover various properties of lattice homomorphisms between free Banach lattices.
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1.4. Conventions

We use the standard Banach space and Banach lattice notation throughout the paper. The
reader can consult [3, 102] for Banach spaces, and [5, 103, 110] for Banach lattices. We
work with real spaces, though we refer the reader to [43] for information on free com-
plex Banach lattices. The closed unit ball of a normed space E will be denoted by BE .
We assume, without mention, that all measures involved are � -finite. In particular, this
convention is in place when we state that L1.�/ is injective. We use the shorthand “Lp-
space” for Lp.�/. When speaking of bases, .ek/ will be our notation for the standard
unit vector basis of `r or c0, and .xk/ will denote a generic basic sequence. From now
on, “subspace” will be synonymous with “closed non-zero subspace”, unless mentioned
otherwise.

Throughout, operators are assumed to be linear and bounded. For extensions of oper-
ators, we adopt the following convention. For an operator T , we denote by yT its lattice
homomorphic extension. Extensions which are merely linear and bounded are denoted
by zT . We write xT W FBL.p/ŒF �! FBL.p/ŒE� for the canonical extension of T W F ! E;
that is, xT D 2�E ı T . Also, when the Banach space E is unambiguous, we will write �
instead of �E for the canonical inclusion.

We shall use the term “lattice isomorphism” to mean “lattice homomorphic isomor-
phism”; “lattice isometry” is defined in a similar way. Further, we use the shorthand
“lattice projection” to mean “idempotent lattice homomorphism.” If there is a lattice pro-
jection from X to its sublattice Y , we say that Y is “lattice complemented” in X .

2. Construction of FBL.p/ŒE� and basic properties

In this section, for the convenience of the reader, we recall the explicit construction of
FBL.p/ŒE�, and some of its basic properties. We first do the case p <1, and then provide
a new, concrete description of FBL.1/ŒE�.

Recall that a Banach latticeX is p-convex for 1� p �1 if there is a constantM � 1
such that for every choice of .xk/nkD1 � X we have


� nX

kD1

jxkj
p
�1=p


 �M� nX

kD1

kxkk
p
�1=p

if p <1, or 


 n_
kD1

jxkj



 �M max

1�k�n
kxkk

if p D 1. Let M .p/.X/ denote the p-convexity constant of X , that is, the smallest pos-
sible value of M in the inequalities above. Note in particular that every Banach lattice X
is 1-convex with M .1/.X/ D 1. We refer to [103, Section 1.d] for general background on
p-convexity.
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LetHŒE� denote the linear subspace of RE
�

consisting of all positively homogeneous
functions f WE�!R, i.e., functions satisfying f .�x�/D �f .x�/ for �� 0 and x� 2E�.
Given f 2 HŒE�, set

kf kFBL.p/ŒE�D sup
°� nX
kD1

jf .x�k /j
p
�1=p
W n2N; .x�k /

n
kD1�E

�; sup
x2BE

nX
kD1

jx�k .x/j
p
�1
±
:

It is easy to see that

HpŒE� WD
®
f 2 HŒE� W kf kFBL.p/ŒE� <1

¯
is a sublattice of HŒE�, and k � kFBL.p/ŒE� defines a complete p-convex lattice norm
on HpŒE� with p-convexity constant 1. Moreover, for x 2 E, we define ıx 2 HŒE� by
ıx.x

�/ D x�.x/ for x� 2 E�. Note that kıxkFBL.p/ŒE� D kxk for every x 2 E.
Let FVLŒE� denote the sublattice generated by ¹ıxºx2E in HŒE�; it consists of all

possible expressions which can be written with finitely many elements of the form ıx
and finitely many linear and lattice operations. In fact, by [5, p. 204, Exercise 8 (b)] the
sublattice generated by a subset W of a vector lattice is given by° n_

kD1

uk �

n_
kD1

wk W n 2 N; u1; : : : ; un; w1; : : : ; wn 2 spanW
±
: (2.1)

As we will show in the proof of Theorem 2.1 below, FVLŒE� has the universal property
of the free vector lattice over E. More specifically, every linear map T W E ! X into an
(Archimedean) vector lattice X uniquely extends to FVLŒE� as a lattice homomorphism.
This justifies the notation FVLŒE�. Note that there is a slight abuse of notation here when
speaking of extensions, as, formally, we need to identify E with the subspace of FVLŒE�
spanned by ¹ıx W x 2 Eº. We define FBL.p/ŒE� as the closure of FVLŒE� in HpŒE�, and
note that the map �E W E ! FBL.p/ŒE� given by �E .x/ D ıx is a linear isometry. The
goal now is to show that this space satisfies the universal property of the free p-convex
Banach lattice:

Theorem 2.1. Let X be a p-convex Banach lattice .1 � p < 1/ and T W E ! X an
operator. There is a unique lattice homomorphism yT W FBL.p/ŒE�! X such that yT ı �E
D T; and k yT k �M .p/.X/ kT k; where M .p/.X/ denotes the p-convexity constant of X .

Proof. We first show that there is a unique lattice homomorphism yT W FVLŒE�! X such
that yT ıx D T x for every x 2 E. To those familiar with the construction of the free vector
lattice, this should be relatively clear, but we provide an explicit construction nonetheless.

Let f 2 FVLŒE�. By definition, f is a lattice-linear combination of ıx1 ; : : : ; ıxn
for some x1; : : : ; xn 2 E. We define yT f to be the same lattice-linear combina-
tion of T x1; : : : ; T xn in X . That is, suppose that f D F.ıx1 ; : : : ; ıxn/ for some
lattice-linear expression F.t1; : : : ; tn/; we then define yT f D F.T x1; : : : ; T xn/. To
show that yT is well-defined, suppose f D G.ıy1 ; : : : ; ıym/ where G.t1; : : : ; tm/ is
another lattice-linear expression. Choose a maximal linearly independent subset of
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x1; : : : ;xn;y1; : : : ;ym; denote these variables by z1; : : : ; zk . Then write F.ıx1 ; : : : ; ıxn/D
QF .ız1 ; : : : ; ızk / and G.ıy1 ; : : : ; ıym/ D QG.ız1 ; : : : ; ızk /, by replacing those elements of
¹x1; : : : ; xn; y1; : : : ; ymº n ¹z1; : : : ; zkº by their representation as a linear combination
of z1; : : : ; zk . Since FVLŒE� is a sublattice of HŒE�, the lattice operations are point-
wise, hence f .x�/ D QF .ız1.x

�/; : : : ; ızk .x
�// D QF .x�.z1/; : : : ; x

�.zk// in R for each
x� 2 E�. Similarly, f .x�/ D QG.x�.z1/; : : : ; x�.zk//. Since z1; : : : ; zk are linearly inde-
pendent, by picking an appropriate x� we deduce that QF .t1; : : : ; tk/ D QG.t1; : : : ; tk/ for
all t1; : : : ; tk 2 R. Now by lattice-linear function calculus (see [103, Section 1.d]) we find
that QF .T z1; : : : ; T zk/ D QG.T z1; : : : ; T zk/ in X , and by linearity of T it follows that
F.T x1; : : : ; T xn/ D G.Ty1; : : : ; Tym/. Hence, yT is well-defined. Moreover, it is clear
that yT is the unique lattice homomorphism extending T in the sense that yT ıx D T x for
every x 2 E.

Our next objective is to show that

k yT f kX �M
.p/.X/kT k kf kFBL.p/ŒE� (2.2)

for every f 2 FVLŒE�, as this will ensure that yT extends uniquely to a lattice homomor-
phism defined on all of FBL.p/ŒE�, and the extension has norm at most M .p/.X/ kT k.
Without loss of generality, kT k D 1. We split the proof of (2.2) into two parts: First we
establish it in the special case where X D Lp.�/ for some measure space .�;†;�/, and
then we show how to deduce the general version from the special case.

Thus, suppose first that X D Lp.�/ for some measure space .�; †; �/. Let f 2
FVLŒE�. As explained above, f can be written as a lattice-linear expression f D

F.ıx1 ; : : : ; ıxm/ for some x1; : : : ; xm 2 E and yT f D F.T x1; : : : ; T xm/ in Lp.�/.
Let " > 0 and fix ı > 0 (to be determined later). For each i D 1; : : : ; m, find a simple
function yi such that kT xi � yik < ı. Let G be the (finite) sub-� -algebra generated by
y1; : : : ; ym. Let P W Lp.�/ ! Lp.G ; �/ be the conditional expectation. Consider the
lattice homomorphism bPT W FVLŒE�! Lp.G ; �/. It follows from Pyi D yi that

kPT xi � T xik � kPT xi � Pyik C kyi � T xik < 2ı

for every i D 1; : : : ; m. Since function calculus is norm continuous,

k yT f �bPT f k D kF.T x1; : : : ; T xm/ � F.PT x1; : : : ; P T xm/k < "

provided that ı is sufficiently small. It follows that k yT f k � kbPT f k C ". Now note that
Lp.G ;�/ is lattice isometric to `np for some n; letU WLp.G ;�/! `np be a lattice isometry.
LetRD UPT ; then yRD UbPT because both are lattice homomorphisms agreeing on the
generators.

Being an operator into `np , R can be represented as Rx D
Pn
kD1 x

�
k
.x/ek for some

x�1 ; : : : ; x
�
n in E�. We then have

sup
x2BE

� nX
kD1

jx�k .x/j
p
�1=p

D kRk � 1:
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It follows from

kbPT f k D kUbPT f k D k yRf k D
� nX
kD1

jf .x�k /j
p
�1=p

� kf kFBL.p/ŒE�

that k yT f k � kf kFBL.p/ŒE� C ". Since " was arbitrary, we get k yT f k � kf kFBL.p/ŒE�.
We are now ready to tackle the general case where X is an arbitrary p-convex Banach

lattice. Given f 2 FVLŒE�, choose x� 2X�C with kx�kD 1 and x�.j yT f j/DkyT f kX . Let
Nx� denote the null ideal generated by x�, that is,Nx� D

®
x 2X W x�.jxj/D 0

¯
, and let Y

be the completion of the quotient lattice X=Nx� with respect to the norm kx CNx�k WD
x�.jxj/. Since this is an abstract L1-norm, Y is lattice isometric to L1.�;†;�/ for some
measure space .�;†; �/ (see e.g. [103, Theorem 1.b.2]). The canonical quotient map of
X onto X=Nx� induces a lattice homomorphism Q W X ! L1.�;†; �/ with kQk D 1.
We may without loss of generality assume that .�;†;�/ is � -finite, passing for instance
to the band generated by Q. yT f /.

Since Q is a lattice homomorphism and X is p-convex, we have


� nX
kD1

jQ.xk/j
p
�1=p




L1.�/
�




� nX
kD1

jxkj
p
�1=p




X
�M .p/.X/

� nX
kD1

kxkk
p
X

�1=p
for every n 2 N and x1; : : : ; xn 2 X . Hence the Maurey–Nikishin factorization theorem
(see e.g. [3, Theorem 7.1.2] or [144, Section III.H, 9-10], and recall that p <1) yields a
positive function h 2 L1.�;†;�/ with

R
�
hd�D 1 such thatQ is bounded if we regard

it as an operator into Lp.h d�/. More precisely, we have a factorization diagram

X

S

��

Q
// L1.�/

Lp.h d�/
� � // L1.h d�/

jh

OO

where SxD h�1Qx satisfies kSk�M .p/.X/ and jh.g/Dgh is an isometric embedding.
Note in particular that S is also a lattice homomorphism and that the inclusion on the
bottom line of the diagram is a contraction, due to h d� being a probability measure.

Let us now consider the composite operator R D S ı T W E ! Lp.h d�/. By the first
part of the proof, we know that there is a unique lattice homomorphism yR W FBL.p/ŒE�!
Lp.h d�/ such that yR.ıx/ D Rx for every x 2 E, and k yRk D kRk � M .p/.X/. Since
S ı yT and yR are lattice homomorphisms which agree on the set ¹ıx W x 2 Eº, it follows
that S ı yT jFVLŒE� D yRjFVLŒE�. Hence we have

k yT f kX D x
�.j yT f j/ D kQ. yT f /kL1.�/ � kS.

yT f /kLp.hd�/ D k
yRf kLp.hd�/

�M .p/.X/ kf kFBL.p/ŒE�;

as desired.
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We now consider the case p D1. By [34, Lemma 3], an1-convex Banach lattice X
admits an equivalent norm (with equivalence constant equal to M .1/.X/) under which it
becomes an AM-space. In [82], it was shown that FBL.1/ŒE� coincides with the closed
sublattice generated by the point evaluations ¹ıx W x 2 Eº in C.BE�/. Here C.BE�/
denotes the space of continuous functions on the dual ball of E, which is equipped with
the relative weak� topology. In particular, we have, per (1.3) above,

kf kFBL.1/ŒE� D sup ¹jf .x�/j W x� 2 E�; kx�k � 1º:

WhenE is finite-dimensional, one can therefore identify FBL.1/ŒE�with either the space
C.SE�/ of continuous functions on the unit sphere of E�, or the space Cph.BE�/ of
continuous positively homogeneous functions on BE� (that is, those continuous functions
satisfying f .�x�/ D �f .x�/ whenever x� 2 BE� , � � 0 and �x� 2 BE� ). We now give
an explicit description of FBL.1/ŒE� – for general E – by showing that every positively
homogeneous weak� continuous function on BE� lies in FBL.1/ŒE�:

Proposition 2.2. Suppose E is a Banach space. Then FBL.1/ŒE� coincides with the lat-
tice Cph.BE�/ of positively homogeneous weak� continuous functions on BE� .

Proof. We begin by reviewing the aforementioned identification of FBL.1/ŒE� as a lattice
of weak� continuous positively homogeneous functions on BE� , with the norm being the
sup norm on the unit ball of E�.

For this, recall that FVLŒE� denotes the sublattice generated by ¹ıxºx2E in HŒE�.
Since all the functions in this sublattice are positively homogeneous, we can, by restric-
tion, identify this space with the sublattice of RBE� generated by ¹ıxºx2E . It is clear

that, under this identification, FVLŒE�
k�k1
� C.BE�/ when BE� is equipped with the

w�-topology. We claim that the closed sublattice of C.BE�/ generated by ¹ıx W x 2 Eº
satisfies the universal property of FBL.1/ŒE�.

Indeed, let T WE!X be a bounded linear operator into an AM-spaceX , and assume
without loss of generality that kT k D 1. We may view T as a map into X��, and since
X�� is the dual of an AL-space, we can identify it lattice isometrically with C.K/ for
some compact Hausdorff space K. As in the proof of Theorem 2.1, we can extend T
to yT W FVLŒE� ! X�� D C.K/ in a unique manner. It is clear that the range of yT is
contained in X .

Fix t0 2 K, let �t0 be the evaluation functional at t0, and define x� D �t0 ı T . Since
kT k D 1, we have x� 2 BE� .

Let f 2 FVLŒE�. Then f D h.ıx1 ; : : : ; ıxm/ for some x1; : : : ; xm 2 E and some
lattice-linear function h. By definition of the extension, yT f D h.T x1; : : : ; T xm/, which
we can evaluate pointwise in C.K/ to get

j. yT f /.t0/j D jh.T x1.t0/; : : : ; T xm.t0//j D jh.x
�.x1/; : : : ; x

�.xm//j

D jh.ıx1 ; : : : ; ıxm/.x
�/j � kh.ıx1 ; : : : ; ıxm/k1:

Since t0 was arbitrary, we have

k yT f kX D kyT f kC.K/ � kf k1;
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so that k yT k � 1. Hence, T extends uniquely to a contractive lattice homomorphism on

FVLŒE�
k�k1 . This proves the universal property of the free AM-space.

We will now show that FVLŒE�
k�k1
D Cph.BE�/. Let M be the set of all triples

.x�; y�; �/ where x�; y� 2 BE� and 0� �� 1 are such that f .x�/D �f .y�/ for all f 2

FVLŒE�
k�k1 . By [87, Theorem 3], FVLŒE�

k�k1
D C.BE� IM/, where C.BE� IM/ con-

sists of all functions f in C.BE�/ such that f .x�/D �f .y�/ whenever .x�; y�; �/ 2M.
If .x�; y�; �/ 2M then ıx.x�/ D �ıx.y

�/ for every x 2 E, that is, x�.x/ D �y�.x/,

and therefore x� D �y�. Since FVLŒE�
k�k1 consists of positively homogeneous func-

tions, we have .x�; y�; �/ 2M if and only if x� D �y�. It follows that C.BE� IM/ D

Cph.BE�/.

Remark 2.3. Along similar lines, it is easy to check that C.BE�/ together with the map
�E .x/ D ıx defines the free C.K/-space (or free unital AM-space) generated by E (see
[82, Theorem 5.4]).

Remark 2.4. The universal property of FBL.p/ŒE� can, in a sense, be extended. Indeed,
recall that an operator T W E ! X from a Banach space E to a Banach lattice X is called
p-convex (1 � p � 1) if there is a constant M such that


� nX

kD1

jT xkj
p
�1=p


 �M� nX

kD1

kxkk
p
�1=p

(2.3)

for every choice of vectors .xk/nkD1 in E. In [123, Theorem 3] it was shown that an
operator T W E ! X is p-convex if and only if it strongly factors through a p-convex
Banach lattice, i.e., there exists a p-convex Banach lattice Z, a lattice homomorphism
' WZ!X and a linear operatorR WE!Z such that T D 'R:Using this fact, we see that
an operator T W E ! X is p-convex if and only if it strongly factors through FBL.p/ŒE�.
In this case, one can choose the first operator E ! FBL.p/ŒE� in the factorization to be
the canonical embedding, and then the induced lattice homomorphism FBL.p/ŒE�! X

is unique as �E .E/ generates FBL.p/ŒE� as a Banach lattice.

Remark 2.5. The above results allow one to identify elements of FBL.p/ŒE� as functions
on E�. By positive homogeneity, such functions will be continuous on bounded subsets
of E�, in the weak� topology. Moreover, if E is finite-dimensional, then norm and weak�

convergence coincide, so every weak� convergent net in E� is eventually bounded. This
implies that elements of FBL.p/ŒE� are weak� continuous on the whole of E�.

Although the elements in FVLŒE� are weak� continuous on the whole of E�, by con-
trast, ifE is infinite-dimensional, then there exist � 2 FBLŒE� (hence also � 2 FBL.p/ŒE�
for any p) which are not weak� continuous on E�. To see this, pick a normalized basic
sequence .xk/ � E, and let � D

P1
kD1 2

�kjıxk j. We will construct an unbounded net
.z�˛/ � E

� such that weak�-lim˛ z
�
˛ D 0, yet inf˛ j�.z�˛/j � 1. Indeed, let A be the set

of all finite subsets of E, ordered by inclusion. For each ˛ D .a1; : : : ; an/ 2 A, let k˛ be
the smallest k for which xk … spanŒa1; : : : ; an�. Find z�˛ 2 E

� such that z�˛.aj / D 0 for
1 � j � n, and z�˛.xk˛ / D 2

k˛ . The net .z�˛/ has the desired properties.
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An issue similar to the above occurs in [44, Lemma 5.1 and Example 5.2]. Our explicit
function space representation allows us to mostly bypass this technicality. On the other
hand, we note that there is a topology on the whole of E� that encodes the continuity
of elements of FBL.p/ŒE�. More precisely, we leave it as an exercise to show that if f
is in FBL.p/ŒE�, then it is continuous as a map f W .E�; bw�/! R, where bw� is the
bounded weak� topology. Here, the bounded weak� topology is the topology on E� for
which a set C is closed if and only if C \ A is weak� closed in A whenever A is a norm
bounded subset of E� (by [42, p. 49], it suffices to take A to be the closed unit ball). The
bw�-topology is in many ways similar to the weak� topology, but it is also more subtle.
See [42, Chapter 2] for a study of this topology.

Next, we mention two other features of the above construction of FBL.p/ŒE�. The first
notes that one cannot restrict to extreme points of the ball to evaluate the FBL.1/-norm.
The latter notes that the FBL.p/-norms are “nested” on FVLŒE�; the ability to compare
these norms will be useful in various circumstances.

Remark 2.6. In (1.3), we can restrict the supremum of x� 2 BE� to x� in the unit sphere
(due to homogeneity). However, we cannot restrict our attention to extreme points of
the unit ball. For instance, let E be the space c0, equipped with the equivalent norm
k.x1; x2; : : :/k D maxn¹jx2n�1j C jx2njº. In other words, we have E D c0.`

2
1/, which

implies that E� D `1.`
2
1/, and hence the extreme points of the unit ball of E� are of

the form .0; : : : ; 0;˙1;˙1; 0; : : :/. Here, the sequence starts with 2n zeros, n 2 N [ ¹0º.
Now denote by .ek/ the canonical basis of E (or c0). Let f D jıe1 j � jıe2 j. Clearly,
kf kFBL.1/ŒE� D 1. However, if x� is an extreme point of the unit ball of E�, then
f .x�/ D 0.

Remark 2.7. On FVLŒE� all the FBL.p/ŒE�-norms can be evaluated. It is easy to see
that the FBL-norm is the greatest, and the FBL.1/-norm is the smallest (to confirm
this, note that, for p < q, FBL.q/ŒE� is p-convex, hence the canonical embedding �.q/ W

E ! FBL.q/ŒE� extends to a contractive lattice homomorphism b�.q/ W FBL.p/ŒE� !
FBL.q/ŒE�). This observation will be useful for describing the behaviour of the moduli
of sequences in various free spaces. Indeed, suppose .xk/ is a sequence in E such that
.jıxk j/ is equivalent to the unit vector basis of `1 when viewed in FBL.1/ŒE�. Then
.jıxk j/ is equivalent to the unit vector basis of `1 no matter which FBL.p/ŒE� we view
it in.

We will see next that FVLŒE� is always order dense in FBL.p/ŒE�. As was essentially
shown in the first part of the proof of Theorem 2.1, FVLŒE� has the universal property
of being the free (Archimedean) vector lattice generated by the vector space E. Namely,
every linear map T W E ! X to an (Archimedean) vector lattice X extends uniquely to
a lattice homomorphism yT W FVLŒE�! X such that yT ıx D T x for all x 2 E. In other
words, FBL.p/ŒE� is simply the completion of the free vector lattice FVLŒE� over E,
under the maximal lattice norm with p-convexity constant 1, which agrees with the norm
of E on the span of the generators; see [82]. Note that in this construction we are view-
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ing E as a vector space. If A is a Hamel basis of E, then FVLŒE� can be identified with
FVL.A/ (the free vector lattice over the set A, as constructed in [44, Section 3]).

Theorem 2.8. FVLŒE� is order dense in FBL.p/ŒE�.

Recall that a sublattice A is order dense in a vector lattice Z if for any z 2 ZC n ¹0º
there exists a 2 A n ¹0º such that 0 � a � z. As explained in [4, Section 5.3], a normed
lattice is order dense in its norm completion if and only if it is regular in this comple-
tion. Moreover, this property admits an intrinsic characterization known as the pseudo
� -Lebesgue property. In [91], an order complete normed lattice X was constructed in
such a way that its norm completion yX fails to be � -order complete. It follows from
[4, Theorem 5.32] that the inclusion X � yX cannot be order dense.

The proof of Theorem 2.8 requires the following:

Lemma 2.9. If F is finite-dimensional, then for any open cone C � F �, any y�0 2 C ,
and any " > 0, there exists g 2 FVLŒF �C such that g.y�0 / > 0, g � " on BF � \ C , and
g vanishes outside C .

Proof. By renorming, we can and do assume that F D `n1 . We represent elements of
FVLŒF � as piecewise affine functions on F � D `n1; further, it suffices to consider the
restrictions of such functions to the unit sphere.

Note that the function s.t1; : : : ; tn/ D jt1j _ � � � _ jtnj is in FVLŒF � and its restriction
to the unit sphere S`n1 is 1. Without loss of generality, y�0 2 S`n1 . Restricting functions
in Cph.B`n1/ to S`n1 , we may identify Cph.B`n1/ with C.S`n1/; FVLŒF � then becomes a
dense sublattice of C.S`n1/ containing 1. Note that C \ S`n1 is an open subset of S`n1
containing y�0 . By Urysohn’s Lemma, we can find v 2 C.S`n1/ such that 0 � v � 1,
v.y�0 / D 1, and v vanishes outside C \ S`n1 . Since FVLŒF � is dense in C.S`n1/, there
exists u 2 FVLŒF � such that kv � ukC.S`n1 / <

1
3

. Putw D .u� 1
3
1/C; thenw 2 FVLŒF �,

w vanishes outside C \ S`n1 , andw.y�0 /�
1
3
¤ 0. Now put g D "w and extend g to B`n1

by homogeneity; it is clear that g satisfies the required conditions.

Proof of Theorem 2.8. Since FVLŒE�� FBL.p/ŒE�� FBL.1/ŒE�, it suffices to prove the
theorem for pD1; recall FBL.1/ŒE�DCph.BE�/ (by Proposition 2.2). Take a non-zero
f 2 FBL.1/ŒE�C; our goal is to show the existence of h 2 FVLŒE� n ¹0º with 0� h� f .

Since f ¤ 0, there exists 0¤ x�0 2BE� with f .x�0 / > 0. Hence there exists " > 0 and
a weak� open neighbourhood U of x�0 in E� such that f is greater than " on U \ BE� .
Furthermore, we may assume that there exist x1; : : : ; xn 2E such that x� 2 U if and only
if jx�.xi / � x�0 .xi /j < 1 for all i D 1; : : : ; n. Since x�0 ¤ 0, by adding an extra point if
necessary, we may also assume that x�0 .xi / ¤ 0 for some i .

LetF be the subspace ofE spanned by x1; : : : ;xn; let � WF ,!E be the inclusion map.
Put y�0 D �

�x�0 2 BF � and V D ��.U /. Note that y� 2 V if and only if jy�.xi /� y�0 .xi /j
< 1 for all i D 1; : : : ; n. Hence, V is a (weak�) open neighbourhood of y�0 in F �. We
write cone.U / D

S
�>0 �U . Clearly, cone.V / D ��.cone.U //.

By Lemma 2.9, there exists g 2 FVLŒF �C which vanishes on the complement of
cone.V /, and satisfies 0 � g � " on BF � \ cone.V /, as well as g.y�0 / > 0. This g may
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be written as a lattice-linear expression of ıx1 ; : : : ; ıxn . Let h be the same lattice-linear
expression of ıx1 ; : : : ; ıxn in FVLŒE�. Then h.x�/ D g.��x�/ for every x� 2 E�. It fol-
lows that h � 0 and h.x�0 / D g.y

�
0 / > 0, hence h ¤ 0.

We claim that h � f . Fix x� 2 BE� ; we need to show that h.x�/ � f .x�/. If x� 2 U
then ��x� 2 V � cone.V /, hence h.x�/D g.��x�/ � " < f .x�/. Since both h and f are
positively homogeneous, it follows that h.x�/ � f .x�/ whenever x� 2 cone.U /. On the
other hand, if x� … cone.U / then ��x� … cone.V /, and therefore h.x�/ D g.��x�/ D 0.
In either case, h.x�/ � f .x�/.

Theorem 2.8 allows us to recover an important result from [14]:

Corollary 2.10. For 1 � p �1, every disjoint collection of elements of FBL.p/ŒE� is at
most countable.

Proof. Let .x˛/ be a collection of pairwise disjoint elements of FBL.p/ŒE�. Without loss
of generality, all the elements x˛ are positive and non-zero. Use Theorem 2.8 to find
0 < y˛ � x˛ , with y˛ 2 FVLŒE�. Now, identify FVLŒE� with FVL.A/, where A is a
Hamel basis of E, and FVL.A/ is the free vector lattice over the set A. Finally, use the
classical fact that pairwise disjoint collections in FVL.A/ are at most countable. See, for
example, [21, Theorem 2.5].

We conclude this section by noting some elementary facts about FBL.p/ŒE�. As men-
tioned, most of the literature on FBLŒE� discussed in Section 1.2 generalizes to FBL.p/ŒE�
with relative ease, so we only collect here three most basic facts. Indeed, the following
can be proved exactly as in [44, Section 6] by looking at the non-vanishing sets of weak�

continuous functions on BE� :

Proposition 2.11. Let E be a Banach space.

(1) For every x 2 E n ¹0º, jıxj is a weak order unit in FBL.p/ŒE�.

(2) If E has dimension strictly greater than 1, then ¹0º and FBL.p/ŒE� are the only pro-
jection bands in FBL.p/ŒE�.

(3) If E has dimension strictly greater than 1, then FBL.p/ŒE� is not � -order complete
and contains no atoms.

3. Properties of xT : Injectivity, surjectivity, regularity, and the subspace problem

Recall that the universal property of FBL.p/ implies, in particular, that every bounded
linear operator T W F ! E between Banach spaces extends uniquely to a lattice homo-
morphism xT W FBL.p/ŒF �! FBL.p/ŒE� making the following diagram commute:

FBL.p/ŒF �
xT // FBL.p/ŒE�

F
T //

�F

OO

E

�E

OO
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Here �E and �F denote the canonical isometric embeddings, and k xT k D kT k (simply
consider the map �ET W F ! FBL.p/ŒE� and set xT D b�ET ). It is easy to check that
given operators S W F ! G and T W E ! F , we have S ı T D xS ı xT . In particular, if
T is an isomorphism between Banach spaces E and F , then xT is a lattice isomorphism
between FBL.p/ŒE� and FBL.p/ŒF �.

The goal of this section is to relate properties of T to properties of xT . More specific-
ally, we will discover exactly when xT is injective, surjective, a quotient map, etc. We will
also study when xT is an embedding, and when it is order continuous.

The following observation will be useful for our purposes:

Lemma 3.1. Given T W F ! E, the extension xT W FBL.p/ŒF �! FBL.p/ŒE� is given, for
f 2 FBL.p/ŒF �, by

xT .f / D f ı T �:

Proof. Consider the composition operator induced by T �: CT �f .x�/ D f .T �x�/ for
f 2 FBL.p/ŒF � and x� 2 E�. It is straightforward to check that CT � W FBL.p/ŒF � !
HpŒE� is a well-defined lattice homomorphism. Moreover, CT �ıx D ıTx for x 2 F ,
which implies that the range of CT � is actually contained in FBL.p/ŒE�. Because of
uniqueness of extension, we must have xT D CT � .

3.1. Characterizations of injectivity, surjectivity and density of the range

We begin with some simple observations on injectivity and surjectivity of the extended
operator xT . We thank A. Avilés for sharing with us an argument leading to the character-
ization of surjectivity.

Proposition 3.2. Let T W F ! E be a bounded linear operator and let xT W FBL.p/ŒF �!
FBL.p/ŒE� be its unique extension to a lattice homomorphism given above. Then:

(1) T is injective if and only if xT is injective.

(2) T has dense range if and only if xT has dense range.

(3) T is onto if and only if xT is onto.

Proof. (1) Suppose T is injective. Let T � W E� ! F � be the adjoint operator; it is easy
to check that its range T �.E�/ is weak� dense in F � (see [56, Theorem 3.18]). Also, by
Lemma 3.1, for f 2 FBL.p/ŒF �, we can write xT f D f ı T �. Suppose xT f D 0 for some
f 2 FBL.p/ŒF � n ¹0º. Since xT is a lattice homomorphism, we can suppose without loss
of generality that f 2 FBL.p/ŒF �C. By Theorem 2.8, we can find g 2 FVLŒF � such that
0 < g � f , which by positivity also satisfies xT g D 0. It follows that g.T �y�/ D 0 for
every y� 2 E�, and by weak� continuity of g we must have g D 0. Thus, xT is injective.
The converse is clear.

(2) If T has dense range then for every y 2 E and " > 0 there exists x 2 F with " >
kT x � ykD kxT ıx � ıyk, hence Range xT contains ıy . Since xT is a lattice homomorphism,
Range xT is a closed sublattice; it follows that Range xT D FBL.p/ŒE�. Suppose now that
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Range T is not dense. There exists 0 ¤ y� 2 E� which vanishes on it. Then the mapcy� 2 FBL.p/ŒE�� given by cy�.g/D g.y�/ vanishes on xT ıx for every x 2 F . Since cy� is
a lattice homomorphism, it vanishes on Range xT ; hence the range of xT is not dense.

(3) Suppose T is onto. Let Z D FBL.p/ŒF �=ker xT and let Q W FBL.p/ŒF �! Z be
the canonical quotient map. Since xT is a lattice homomorphism, ker xT is an ideal, hence
Q is a lattice homomorphism, and therefore Z is a p-convex Banach lattice. There exists
an injective operator S W Z ! FBL.p/ŒE� such that xT D SQ. Since xT and Q are lattice
homomorphisms, so is S . Indeed, fix z 2 Z. By the surjectivity of Q, we can find x 2
FBL.p/ŒF � such that Qx D z. Then

S jzj D S jQxj D SQjxj D xT jxj D j xT xj D jSQxj D jSzj:

Since kerT � kerQ�F and T is onto, there exists a bounded linear operator R W E ! Z

such that Q�F D RT . Let yR W FBL.p/ŒE� ! Z be the canonical extension of R. Let
y 2 E. Pick x 2 F such that y D T x. Then

S yR�Ey D SRy D SRT x D SQ�F x D xT �F x D �Ey:

It follows that S yR is the identity on the range of �E , and therefore on the sublattice gen-
erated by it. Since this sublattice is dense in FBL.p/ŒE�, S yR is the identity on FBL.p/ŒE�.
It follows that S is surjective, and therefore so is xT D SQ.

Conversely, suppose now that xT is onto. Let Q W F ! F=ker T denote the canon-
ical quotient map and let S W F=ker T ! E be the injective operator induced by T :
S.x C kerT / D T x for x 2 F . Thus, T D SQ. Let us consider the corresponding lattice
homomorphisms xQ WFBL.p/ŒF �!FBL.p/ŒF=kerT �, S WFBL.p/ŒF=kerT �!FBL.p/ŒE�,
which in particular satisfy xT D xS xQ. Note that since xT is onto, so is xS . Moreover, as S
is injective, by part (1) it follows that xS is also injective. Hence, xS is an isomorphism.
In particular, it follows that S is bounded below and has closed range. But, by part (2),
it follows that S has dense range, thus S is onto. By construction of S , it follows that T
must be onto as well.

In Section 3.3, we will study when xT is an embedding. Unlike with injectivity, sur-
jectivity, density of the range and being a quotient map, it is not true that T is an embed-
ding if and only if xT is an embedding. In fact, xT is an embedding if and only if T is
an embedding and one can uniformly factor maps into `np through T . This will be made
precise – and quantitative – in Theorem 3.7.

We also note the following form of “restricted projectivity” for FBL.p/ŒE�. The proof
is essentially as in [82, Proposition 4.9], but on an operator-by-operator basis:

Proposition 3.3. Let E be a Banach space, X a p-convex Banach lattice, J a closed
ideal of X , Q W X ! X=J the quotient map, and T W E ! X=J an operator.

(1) If T W E ! X=J admits a lift to zT W E ! X then yzT W FBL.p/ŒE�! X is a lattice
homomorphic lift of yT W FBL.p/ŒE�! X=J .

(2) If yT W FBL.p/ŒE�!X=J admits a linear lift S WD zyT W FBL.p/ŒE�!X then S ı �E W
E ! X is a lifting of T .
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(3) If the identity I W X=J ! X=J admits a linear lift zI W X=J ! X then for any lat-
tice homomorphism S W FBL.p/ŒE�! X=J , the canonical extension of zI ı S ı �E W
E ! X to FBL.p/ŒE� is a lattice homomorphic lifting of S .

Proof. Argue by diagram chasing.

3.2. FBL.p/ŒF � is a regular sublattice of FBL.p/ŒE�

In this section, we prove that if F is a subspace of E, then the extension of the canonical
inclusion N� W FBL.p/ŒF �! FBL.p/ŒE� is order continuous (that is, if .f˛/ is a decreasing
net in FBL.p/ŒF �, whose infimum is 0, then the same is true for .N�f˛/). This happens
regardless of whether N� is an embedding in its own right.

To set notation, throughout this subsection we equip BE� with its relative weak�

topology. We let F be a closed subspace of E and � W F ,! E the canonical embedding.
Then �� WE�! F � is the restriction map: ��x� D x�jF , and N� W FBL.p/ŒF �! FBL.p/ŒE�
is injective.

Recall from the construction of FBL.p/ŒE� that we defined FVLŒE� to be the (non-
closed) sublattice generated by ¹ıxºx2E in HŒE�, and FBL.p/ŒE� was then constructed
as the closure of FVLŒE� in HpŒE�.

Theorem 3.4. Let F be a closed subspace of E, and let � W F ,! E be the inclusion map.
Then N� W FBL.p/ŒF �! FBL.p/ŒE� is order continuous. That is, FBL.p/ŒF � is a regular
.not necessarily closed/ sublattice of FBL.p/ŒE�.

Proof. First we assume that F is complemented in E. In this case, the argument is an
adaptation of [44, Proposition 5.9], which proves that FBLŒ`1.B/� is regularly embedded
in FBLŒ`1.A/� whenever B � A. Let P W E ! F denote a projection (so that P �D idF ).

Let f˛ # 0 in FBL.p/ŒF �, and suppose g 2 FBL.p/ŒE� satisfies 0<g� N�f˛ for every ˛.
Let x�0 2E

� be such that g.x�0 / > 0. It follows from 0< g.x�0 /� N�f˛.x
�
0 /D f˛.�

�x�0 / that
��x�0 ¤ 0. We may assume without loss of generality that k��x�0k D 1. Pick any y0 2 F
with .��x�0 /.y0/ D 1. Put z�0 D x

�
0 � P

���x�0 . Note that ��P � D idF � , hence ��z�0 D 0.
Consider the operator T W E ! FBL.p/ŒF � given by T x D ıPx C z�0 .x/jıy0 j. Being

a rank one perturbation of �F ıP , T is bounded, and therefore extends to a lattice homo-
morphism yT W FBL.p/ŒE�! FBL.p/ŒF �. Put h D yT g.

For all y� 2 F � and x 2 E, we have

.cy� ı yT /.ıx/ D . yT ıx/.y�/ D y�.Px/C z�0 .x/jy�.y0/j D ıx.'.y�// D 1'.y�/.ıx/;

where '.y�/DP �y�C jy�.y0/jz�0 . The lattice homomorphismscy� ı yT and 1'.y�/ agree
on every ıx , hence they are equal. It follows that

h.y�/ D . yT g/.y�/ D .cy� ı yT /.g/ D 1'.y�/.g/ D g.'.y�//
for every y� 2 F �. This yields

h.y�/ � �f˛.'.y
�// D f˛.�

�'.y�// D f˛.�
�P �y� C jy�.y0/j�

�z�0 / D f˛.y
�/
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for all y� 2 F � and all ˛ because ��P � D idF � . Therefore, 0� h� f˛ for every ˛, which
yields hD 0. It follows from '.��x�0 /D x

�
0 that g.x�0 /D h.�

�x�0 /D 0: This contradiction
proves the statement when F is a complemented subspace of E.

We now proceed to the general case. For this, suppose that f˛ # 0 in FBL.p/ŒF �
and there exists g 2 FBL.p/ŒE� such that 0 < g � N�f˛ for every ˛. Since FVLŒE� is
order dense in FBL.p/ŒE� by Theorem 2.8, we may assume without loss of generality that
g 2 FVLŒE�. Then g is a lattice-linear combination of ıy1 ; : : : ; ıyn for some y1; : : : ; yn
in E.

Let G be the closed subspace of E spanned by F and y1; : : : ; yn. Let j and k be the

inclusion maps: F
j
�!G

k
�! E. Clearly, �D k ı j . Let h 2 FVLŒG� be defined by the same

lattice-linear combination of ıy1 ; : : : ; ıyn as g but viewed as an element of FVLŒG�. For
every z� 2 BG� , we can extend it to some y� 2 BE� ; it follows that

h.z�/ D g.y�/ � N�f˛.y
�/ D f˛.�

�y�/ D f˛.j
�z�/ D Njf˛.z

�/

for every ˛, where Nj W FBL.p/ŒF �! FBL.p/ŒG� is the canonical inclusion induced by j .
It follows that 0 � h � Njf˛ in FBL.p/ŒG� for every ˛. Since F is complemented in G,
the special case yields h D 0. For every x� 2 BE� , we have g.x�/ D h.k�x�/ D 0, so
g D 0.

Remark 3.5. In the above theorem we assumed that F is a subspace of E, so that � is
an embedding. However, since T W F ! E is injective if and only if xT W FBL.p/ŒF �!
FBL.p/ŒE� is injective, to identify FBL.p/ŒF � as a vector sublattice of FBL.p/ŒE� only
requires the injectivity of �. Since regularity is a pure vector lattice property, one may think
that injectivity of � would be enough to ensure regularity of the inclusion N� W FBL.p/ŒF �!
FBL.p/ŒE�. However, the above proof fails under this weaker assumption, and it remains
an open problem to characterize those T W F ! E such that xT W FBL.p/ŒF �! FBL.p/ŒE�
is order continuous.

3.3. The embedding problem, and its connection to extensions of operators

A direct consequence of Proposition 3.2 is that if E is a Banach space quotient of F ,
then FBL.p/ŒE� is a Banach lattice quotient of FBL.p/ŒF �. This partly motivates the ques-
tion of whether the dual version of this fact also holds. To properly formulate this, note
first that Proposition 3.2 also implies that if F is a (closed non-zero) subspace of E,
then the canonical embedding � W F ,! E induces an injective lattice homomorphism
N� W FBL.p/ŒF �! FBL.p/ŒE� of norm 1. In this section, we consider the embedding prob-
lem: Suppose F is a subspace of E. Does the canonical embedding � W F ,! E induce a
lattice embedding N� W FBL.p/ŒF �! FBL.p/ŒE�?

For context, recall that an inclusion of metric spaces always induces an isometric
embedding of the associated Lipschitz free spaces (see [67, Lemma 2.3]). As we will
see, however, the situation for free Banach lattices is more subtle. Our main result is
Theorem 3.7 which shows that N� being a lattice embedding is equivalent to every operator
T W F ! Lp.�/ having an extension to E. In particular, this reduces a problem about
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Banach lattices to a purely Banach space one. In the next section, this criterion will be
combined with various Banach space techniques to provide several examples where � is
an embedding, as well as several examples where it is not.

To reiterate our goal, we aim to explore under which conditions the (injective) map N�
defines an isomorphic embedding, so that we can consider FBL.p/ŒF � as a closed sublat-
tice of FBL.p/ŒE� in a natural way. Equivalently, we ask whether N� is bounded below –
that is, whether there exists C > 0 such that any f 2 FBL.p/ŒF � satisfies kN�f k � kf k=C .
Since N� is norm one, this is equivalent to asking N� to be a lattice C -isomorphic embedding.

Remark 3.6. As alluded to above, we only consider isometric embeddings � W F ,! E

in this subsection. Nevertheless, the results add to Proposition 3.2 a characterization of
when an operator T W F ! E induces a lattice isomorphic embedding xT W FBL.p/ŒF �!
FBL.p/ŒE�. Indeed, the restriction to isometric embeddings presents little loss in gener-
ality, as given an operator T W F ! E, one can factor it as T D j2j1, where j1 W F !
.T .F /; k � kE /, and j2 W .T .F /; k � kE /! E is an isometric inclusion. If xT is an embed-
ding, then it is easy to see that T is as well. On the other hand, if T is an embedding then
xT D j2 ı j1 is an embedding if and only if j2 is. Thus, xT is an embedding if and only if
both T and j2 are. It therefore suffices to understand the map j2, which is the extension
of the isometric mapping j2.

We now reduce the problem of whether an embedding � W F ,! E induces a lattice
embedding N� W FBL.p/ŒF � ! FBL.p/ŒE� to a certain Banach space question involving
extensions of operators:

Theorem 3.7. Let � W F ,! E be an isometric embedding and C > 0. The following are
equivalent:

(1) N� W FBL.p/ŒF �! FBL.p/ŒE� is a lattice C -isomorphic embedding.

(2) For an arbitrary measure space .�; �/, every T W F ! Lp.�/ has an extension
zT W E ! Lp.�/ with k zT k � CkT k.

(3) For every n 2 N and " > 0, every T W F ! `np has an extension zT W E ! `np with
k zT k � C.1C "/kT k.

Proof. (2))(3) is trivial.
(3))(1): Fix " > 0. Since N� is a lattice homomorphism with kN�k D k�k D 1, we imme-

diately get
kN�f kFBL.p/ŒE� � kf kFBL.p/ŒF �

for all f 2 FBL.p/ŒF �.
Now, take f in FVLŒF �. Given x�1 ; : : : ; x

�
n 2 F

�, we define T W F ! `np by T .x/ D
.x�
k
.x//n

kD1
. Recall that

kT k D sup
x2BF

� nX
kD1

jx�k .x/j
p
�1=p

:

By hypothesis, there is an extension zT W E ! `np with k zT k � C.1 C "/kT k. Let
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y�1 ; : : : ; y
�
n 2 E

� be such that zT .x/ D .y�
k
.x//n

kD1
for each x 2 E, so that ��y�

k
D x�

k
. It

follows that f .x�
k
/ D f .��y�

k
/ D N�f .y�

k
/ for k D 1; : : : ; n. Therefore, we have� nX

kD1

jf .x�k /j
p
�1=p

D

� nX
kD1

jN�f .y�k /j
p
�1=p

� kN�f kFBL.p/ŒE� sup
x2BE

� nX
kD1

jy�k .x/j
p
�1=p

� C.1C "/kN�f kFBL.p/ŒE� sup
x2BF

� nX
kD1

jx�k .x/j
p
�1=p

:

Taking supremum over x�1 ; : : : ; x
�
n 2 F

�, it follows that

kf kFBL.p/ŒF � � C.1C "/kN�f kFBL.p/ŒE�:

By density, this inequality holds for all f 2 FBL.p/ŒF �. Now let " tend to zero.
(1))(2): The case of p D 1 follows from the injectivity of L1-spaces, so we

restrict ourselves to 1 � p <1. Let T W F ! Lp.�/. By the properties of a free Banach
lattice, T extends to a lattice homomorphism yT W FBL.p/ŒF �! Lp.�/ with k yT k D kT k.
Let S be the inverse of N�, taking N�.FBL.p/ŒF �/ back to FBL.p/ŒF �; clearly S is a lattice
isomorphism with kSk � C .

By [103, Theorem 1.c.4], there exists a band projection from Lp.�/
�� onto Lp.�/.

By [118, Theorem 4] (for p D 1, see also [104]), yT S extends to a regular operator
U W FBL.p/ŒE� ! Lp.�/ with kU k � k yT Sk � CkT k. Now let zT D U�E (here, as
before, �E W E! FBL.p/ŒE� is the canonical embedding). Clearly k zT k � kU k � CkT k.
Moreover,

zT � D U�E � D U N��F D yT S N��F ;

and since S is the one-sided inverse of N�,

zT � D yT �F D T:

In other words, zT extends T .

Theorem 3.7 motivates the following definition:

Definition 3.8. Fix p 2 Œ1;1�. We say that a pair .F; E/ with F a subspace of E has
POE-p with constant C , or C -POE-p, if for every n 2 N, every operator T W F ! `np

extends to zT W E ! `np with k zT k � CkT k. Here POE-p stands for “property of oper-
ator extension into Lp”. A Banach space F is said to have POE-p with constant C (or
C -POE-p) if, for any spaceE containing F , .F;E/ has POE-p with constantC . If .F;E/
(or F ) has C -POE-p for some C , then we simply say that .F;E/ (resp. F ) has POE-p.

In these terms, Theorem 3.7 yields the following equivalent characterizations of
POE-p:

Proposition 3.9. For C � 1, p 2 Œ1;1�, and a subspace F of a Banach space E, the
following are equivalent:

(1) .F;E/ has C -POE-p.
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(2) For an arbitrary measure space .�; �/, every T W F ! Lp.�/ has an extension
zT W E ! Lp.�/ with k zT k � CkT k.

(3) For any n 2 N and " > 0, every T W F ! `np has an extension zT W E ! `np with
k zT k � C.1C "/kT k.

We note that the 1-injectivity of `n1 implies the following result.

Proposition 3.10. Every Banach space F has POE-1 with constant 1. Consequently, if
� W F ,! E is an isometric embedding, then the map N� W FBL.1/ŒF �! FBL.1/ŒE� is a
lattice isometric embedding.

The case of 1 � p <1 is more interesting, and upcoming (sub)sections will discuss
criteria for determining whether a pair .F;E/, or a space F , has POE-p.

Remark 3.11. As noted in [15, Corollary 2.8], if F is a complemented subspace of E,
then N� W FBLŒF � ! FBLŒE� is a lattice isomorphic embedding. This, of course, also
follows immediately from Theorem 3.7. However, [15, Corollary 2.8] (and a slight modi-
fication of its proof) shows a lot more: If � WF ,!E is an embedding, andP is a projection
fromE onto �.F /, then xP defines a lattice homomorphic projection from FBL.p/ŒE� onto
N�.FBL.p/ŒF �/. A partial converse also holds.

Proposition 3.12. Suppose F is isomorphic to a complemented subspace of a p-
convex Banach lattice, and � W F ,! E is an embedding such that the induced map
N� W FBL.p/ŒF �! FBL.p/ŒE� is an embedding, and there is a projection P .which is not
assumed to be a lattice projection/ from FBL.p/ŒE� onto N�.FBL.p/ŒF �/. Then F is com-
plemented in E.

Proof. As F is isomorphic to a complemented subspace of a p-convex Banach lattice,
there is a projectionQ W FBL.p/ŒF �! �F .F / by [82, Proposition 4.2]. Diagram chasing
shows that V WD ��1F ıQ ı N�

�1 ı P ı �E W E ! F satisfies idF D V ı �. In other words,
F is complemented in E.

As an example, Theorem 3.7 (see Corollary 4.12 for additional details) shows that
the inclusion � W c0 ,! `1 induces a lattice embedding of FBL.p/Œc0� into FBL.p/Œ`1�.
However, c0 is not complemented in `1, hence FBL.p/Œc0� cannot be complemented in
FBL.p/Œ`1�.

3.4. Examples of lattice structures on a subspace spanned by Rademacher functions

In the previous subsection, we reduced the embedding problem for free Banach lattices
to a pure Banach space problem involving extensions of operators into Lp.�/. This per-
spective on the embedding problem will be further expanded on in Section 4. However,
before doing that, we examine the embedding problem from a lattice point of view. More
specifically, here we consider an embedding � W F ,! E, and explicitly calculate the
norms of certain elements of N�.FBL.p/ŒF �/ � FBL.p/ŒE�. By discovering that, for certain
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f 2 FBL.p/ŒF �, kf kFBL.p/ŒF � may be very different from kN�f kFBL.p/ŒE�, we conclude
that N� is not bounded below.

We denote by Radq (1 � q � 1) the span of independent Rademacher random vari-
ables in Lq ; and Rq will stand for the corresponding embedding. Khinchin’s inequality
shows that for finite q, Radq is isomorphic to `2, and it is easy to verify that Rad1 can be
identified with `1.

It is well known that, for 1 < q <1, Radq is complemented in Lq , hence the pair
.Radq; Lq/ has the POE-p for any p. Below we examine the edge cases q D 1;1. In the
next section, we will revisit this question from an extension of operators point of view
and prove in Proposition 4.25 that .Rad1; L1/ fails POE-p for all 1 � p < 1, and in
Proposition 4.19 that .Rad1; L1/ has POE-p if and only if 2 � p � 1. However, this
section presents a direct proof, in order to illustrate the structure of free Banach lattices:

Example 3.13. xR1 W FBL.p/ŒRad1�! FBL.p/ŒL1� is not a lattice isomorphic embedding
for any p 2 Œ1;1/.

Proof. Let .ek/ denote the unit vector basis of `2 and .rk/ the sequence of Rademacher
functions. Define

R W `2 ! L1Œ0; 1� W
X
k

akek 7!
X
k

akrk :

As Rad1 is canonically isomorphic to a Hilbert space, it suffices to show that xR is not
bounded below.

Assume first that p 2 Œ1; 2�. Then for each m 2 N we have


 m_
kD1

ıek





FBL.p/Œ`2�

�
p
m:

Indeed, let I W `2 ! `2 be the identity map, and yI W FBL.p/Œ`2�! `2 the lattice homo-
morphism extending I , which exists because of the assumption that p � 2. It follows
that

p
m D




 m_
kD1

ek





`2
D




 m_
kD1

yI ıek





`2
�




 m_
kD1

ıek





FBL.p/Œ`2�

:

If instead p 2 .2;1/, consider the inclusion i W `2 ,! p̀ . Extend this to a contractive
lattice homomorphism yi W FBL.p/Œ`2�! p̀ to get

m1=p D



 m_
kD1

ek





`p
�




 m_
kD1

ıek





FBL.p/Œ`2�

:

On the other hand, for every m 2 N we have


 m_
kD1

ırk





FBLŒL1�

D 1:

Indeed, note first that if K is a compact Hausdorff space and .fj /njD1 � C.K/, then as
a consequence of the fact that the extreme points of the dual unit ball BC.K/� are point
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measures of the form˙ık for k 2 K, we have

sup
x�2BC.K/�

nX
jD1

jx�.fj /j D sup
k2K

nX
jD1

jfj .k/j D



 nX
jD1

jfj j




1
:

Combining this observation with (1.2) yields


 m_
kD1

ırk





FBLŒL1�

D sup
° nX
jD1

ˇ̌̌ m_
kD1

Z
rkfj

ˇ̌̌
W n 2N; f1; : : : ; fn 2L1;




 nX
jD1

jfj j




1
� 1

±
:

Since
nX

jD1

ˇ̌̌ m_
kD1

Z
rkfj

ˇ̌̌
�

nX
jD1

Z
jfj j D

Z nX
jD1

jfj j �



 nX
jD1

jfj j




1
;

it follows that 


 m_
kD1

ırk





FBLŒL1�

� 1:

For the converse inequality,


 m_
kD1

ırk





FBLŒL1�

�

ˇ̌̌ m_
kD1

ırk .r1/
ˇ̌̌
D 1:

Now, since
Wm
kD1 ırk lies in FVLŒL1�, all k � kFBL.p/ŒL1�

-norms can be evaluated on this
element, and we have

1 D



 m_
kD1

ırk





FBLŒL1�

�




 m_
kD1

ırk





FBL.p/ŒL1�

D




 xR m_
kD1

ıek





FBL.p/ŒL1�

:

Thus, xR is not bounded below.

Example 3.14. The lattice homomorphism xR1 W FBL.p/ŒRad1�! FBL.p/ŒL1Œ0; 1�� is
not an embedding for p 2 Œ1; 2/.

Here we provide a direct proof of this fact. Later, in Proposition 4.19, we will use a
different technique to show that xR1 W FBL.p/ŒRad1�! FBL.p/ŒL1Œ0; 1�� is an embed-
ding if and only if p 2 Œ2;1�.

Proof of Example 3.14. Consider the Rademacher isometry R WD R1 W `1 ! L1 W

ek 7! rk ; here, .ek/ form the canonical basis in `1, while .rk/ are independent
Rademacher random variables. As mentioned above, we shall show that xR is not bounded
below if p 2 Œ1; 2/.

To this end, first note that k
Wm
kD1 ıekkFBL.p/Œ`1�

D m1=p . Indeed, the upper estimate
follows from the p-convexity of FBL.p/Œ`1�:


 m_

kD1

ıek




p
FBL.p/Œ`1�

�




� mX
kD1

jıek j
p
�1=p


p

FBL.p/Œ`1�
�

mX
kD1

kıekk
p
D m:
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For the opposite inequality, modify the arguments in Example 3.13 (using the formal
identity from `1 to p̀).

On the other hand, we shall show that k
Wm
kD1 ırkkFBL.p/ŒL1� �

p
m. By (1.1), we

find that k
Wm
kD1 ırkkFBL.p/ŒL1� is the supremum of .

Pn
jD1 j

Wm
kD1�j .rk/j

p/1=p over all
�1; : : : ; �n 2 L

�
1 with

sup
x2BL1

nX
jD1

j�j .x/j
p
� 1:

Now consider the contractive operator

u W L�1 ! `m1 W � 7! .�.rk//
m
kD1:

Note that j
Wm
kD1 �.rk/j � ku�k, hence k

Wm
kD1 ırkkFBL.p/ŒL1� is no greater than

sup
°� nX
jD1

ku�j k
p
�1=p

W n 2 N; �1; : : : ; �n 2 L
�
1; sup

x2BL1

nX
jD1

j�j .x/j
p
� 1

±
:

Arguing as in (1.2), this last quantity equals �p.u/, the p-summing norm of the oper-
ator u.

By [49, Theorem 2.8], �p.u/ � �1.u/, so it suffices to bound �1.u/. Denote by i the
formal identity from `m1 to `m2 . Note that ki�1kD 1, and kikD

p
m, hence ki ıuk�

p
m.

By [49, Theorem 3.1], �1.i ı u/ � KGki ı uk � KG
p
m, where KG is Grothendieck’s

constant. Thus, �1.u/ D �1.i�1 ı .i ı u// � ki�1k�1.i ı u/ � KG
p
m by [49, p. 37].

Consequently, k
Wm
kD1 ırkkFBL.p/ŒL1� .

p
m.

For the opposite inequality, recall that k � kFBL.p/ŒL1� � k � kFBL.2/ŒL1�. Therefore,
it suffices to show that k

Wm
kD1 ırkkFBL.2/ŒL1� �

p
m. Let �j D rj 2 L1 � L

�
1. By

Khinchin’s inequality, the map `2! L1 W ej 7! �j is contractive, where .ej / now stands
for the canonical basis in `2. Therefore, supx2BL1

Pn
jD1 j�j .x/j

2 � 1. However, we
have .

Pm
jD1 j

Wm
kD1 �j .rk/j

2/1=2 D
p
m.

4. Extensions of operators into Lp

In the previous section, we were able to reduce the embedding problem for FBL.p/ to
POE-p, or in other words, to the study of extension properties of operators into Lp . We
now embark on a detailed study of POE-p. To begin, we provide several reformulations in
terms of operator ideals and Lp-spaces. We then study how POE-p behaves under duality,
which provides us with several examples of embeddings satisfying POE-p; in particular,
.F; F ��/, .F; FU/ and .F; E/ whenever F is locally complemented or an ideal in E.
We then show several stability properties of POE-p, compare POE-p with POE-q, and
provide numerous (non-)examples.
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4.1. General facts about POE-p

We begin with several basic facts about POE-p; namely, its relation to operator ideals,
extensions into Lp-spaces, and previous literature. Firstly, the universality of `1.I /-
spaces allows us to reformulate the definition of the POE-p in terms of the ideal .�1; 
1/
of `1-factorable operators (see [49] for information about this and other operator ideals).

Proposition 4.1. SupposeF is a Banach space, and 1�p�1. The following statements
are equivalent:

(1) F has C -POE-p.

(2) For any operator T W F ! p̀ , and any isometric embedding F ,! `1.I /, there exists
an extension zT W `1.I /! p̀ , with k zT k � CkT k.

(3) For any operator T W F ! p̀ , we have 
1.T / � CkT k.

(4) For any compact operator T W F ! p̀ , we have 
1.T / � CkT k.

In statements .2/–.4/, p̀ can be replaced by any infinite-dimensional Lp-space.

Proof. The implications .1/).2/).3/).4/ are trivial.
.4/).1/: We suppose F ,! E and show that, for any " > 0, any T W F ! `np has

an extension zT W E ! `np with k zT k � .C C "/kT k, so the conclusion will follow by
Proposition 3.9. Find a factorization T D uv with v W F ! `1.I / and u W `1.I /! `np ,
and with kuk kvk � .C C "/kT k. Extend v to zv W E ! `1.I / with kvk D kzvk. Then
zT D uzv has the desired properties.

In a similar fashion, we establish the following result.

Proposition 4.2. If .F; F1/ has C1-POE-p and .F1; F2/ has C2-POE-p, then .F; F2/
has C1C2-POE-p. In particular, if .F; E/ has C1-POE-p and E is C2-injective, then F
has C1C2-POE-p.

For 1 � p � 2, POE-p can be characterized in terms of 2-summing operators as fol-
lows. First, recall that an operator T W F ! E between Banach spaces is p-summing for
1 � p < 1 (we write T 2 …p.F; E/) if there is a constant C such that for any finite
collection .xk/nkD1 � F we have� nX

kD1

kT xkk
p
�1=p

� C sup
°� nX
kD1

jx�.xk/j
p
�1=p

W x� 2 F �; kx�k � 1
±
:

The smallest possible C appearing in this inequality is denoted �p.T / (see [49]).

Proposition 4.3. Let F be a Banach space and 1 � p � 2. The following are equivalent:

(1) F has POE-p.

(2) There is a constant C > 0 such that, for all n and all T W F ! `np , we have
�2.T / � CkT k.

(3) B.F; p̀/ D …2.F; p̀/.

(4) B.F;Lp/ D …2.F;Lp/.
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Proof. (1))(2): Consider an embedding � WF ,!C.K/. By assumption every T WF!`np

has an extension zT W C.K/! `np with k zT k � CkT k. By [49, Theorem 3.5],

�2.T / � �2. zT / � KGk zT k � KGCkT k;

where KG is the Grothendieck constant.
(2))(1): By the …2-extension theorem [49, Theorem 4.15], if E; F; Y are Banach

spaces with F a subspace of E then every 2-summing operator T W F ! Y has an exten-
sion zT W E ! Y with �2.T / D �2. zT /.

The equivalence of (2)–(4) is a classical localization argument.

Remark 4.4. Using Proposition 4.3 we see that POE-1 and POE-2 are actually well-
studied Banach space properties. Indeed, by [81], F is POE-2 if and only if F is a Hilbert–
Schmidt space. Moreover, by [115, Proposition 6.2], F is POE-1 if and only if F � is a
G.T. space.

Remark 4.5. POE-p was also studied (under a different name) in [36]. Indeed, [36]
investigates the spaces E such that .F; E/ has POE-p for every F � E. For instance,
it is shown that if E is a Banach lattice with that property for some p 2 .2;1/, then E
is weak Hilbert, and satisfies a lower 2-estimate. If E is a Köthe function space on .0; 1/,
then it must be lattice isomorphic to L2.0; 1/. If E is a space with a subsymmetric basis,
then [117, Proposition 12.4] can be used to show that this basis is equivalent to the `2
basis. On the other hand, Maurey’s Extension Theorem [49, Theorem 12.22] yields the
following result.

Proposition 4.6. Suppose E has type 2, F is a subspace of E, and 1 � p � 2. Then
.F;E/ has POE-p.

The definition of POE-p involves extending operators into Lp-spaces. It turns out that
we can extend operators into the wider class of Lp-spaces – see [101] for an overview of
these spaces.

Proposition 4.7. Suppose 1 � p <1, F is a Banach space, and X is an infinite-dimen-
sional Lp-space. Consider the following statements:

(1) .F;E/ has POE-p.

(2) Any compact operator T W F ! X has a bounded extension zT W E ! X .

(3) Any compact operator T W F ! X has a compact extension zT W E ! X .

(4) Any bounded operator T W F ! X has a bounded extension zT W E ! X .

Then .1/,.2/,.3/. Moreover, if X is complemented in X��, then .4/ is equivalent to
the preceding three statements.

By [101], an Lp-space X is complemented in X�� if and only if it embeds into
Lp as a complemented subspace. It is well known (see e.g. [84]) that, for 1 < p <1,
every Lp-space is reflexive, hence, in Proposition 4.7, .1/,.2/,.3/,.4/. For p D 1,
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[101, Section 5] provides an example of an L1-space which does not embed complement-
ably into L1.

Proof of Proposition 4.7. Note that if (4) holds, then there exists C > 0 such that any
T W F ! X has an extension zT W E ! X with k zT k � CkT k. Indeed, (4) implies that
the map ˆ W B.E;X/! B.F;X/ W S 7! S jF is surjective; thus, there exists C > 0 such
that for any T there exists zT with k zT k � CkT k and ˆ. zT / D T . We can reach similar
conclusions in cases (2) and (3).

By [101, Theorem 1], X contains a complemented copy of p̀ . Consequently, either
(2), (3), or (4) implies (1). Clearly .3/).2/. The implications .1/).3/ and (modulo
complementability of X in X��) .1/).4/ remain to be established. The proofs use [101,
Theorem 3]: there exists a constant � such that for every finite-dimensional Z � X , we
can find Y such that Z � Y � X , Y is �-isomorphic to `dimY

p , and �-complemented
in X . Use this to find an increasing net .Y˛/˛2I of finite-dimensional spaces such that
X D

S
˛ Y˛ and, for any ˛, denoting dim Y˛ D n˛ we have d.Y˛; `

n˛
p / � �, and there

exists a projection P˛ W X ! Y˛ with kP˛k � �.
For the remainder of the proof, we assume that .F; E/ has POE-p with constant C ,

X is an Lp-space, and T W F ! X is a contraction.
.1/).3/: Fix " > 0. Assuming T is compact, we shall find a compact extension

zT W E ! X with k zT k � C�.1C 3"/. We proceed recursively. Let T0 D 0, T 00 D T . Our
first goal is to find ˛1 � ˛2 � � � � and compact operators Tk ; T 0k 2 B.F;X/ such that, for
any k, we have

T 0k�1 D Tk C T
0
k ; Tk D P˛kT

0
k�1; kT

0
kk � "2

�k :

Note that for any k we have T D T1 C � � � C Tk C T 0k . By the triangle inequality, kTkk �
kT 0
k�1
k C kT 0

k
k < "22�k for k � 2, and likewise kT1k < 1 C ". Moreover,

P1
kD1 Tk

converges to T .
Suppose we have already found ˛1 � � � � � ˛n and the compact operators T0; : : : ;

Tn; T
0
n with the desired properties (if n D 0, then we have taken T0 D 0 and T 00 D T , and

we ignore the condition about ˛1; : : : ; ˛n). By compactness, we can find ˛nC1 � ˛n such
that

sup
f 2F; kf k�1

inf
y2Y˛nC1

kT 0nf � yk < ".�C 1/
�12�n�1:

Let TnC1 D P˛nC1T
0
n and T 0nC1 D T

0
n � TnC1, and note that kT 0nC1k � "2

�n�1. Indeed,
fix f 2 BF , and find y 2 Y˛nC1 such that kT 0nf � yk < "2

�n�1.�C 1/�1. Then

kT 0nC1f k D k.I � P˛nC1/.T
0
nf � y/k � .1C kP˛nC1k/kT

0
nf � yk � "2

�n�1:

So, TnC1 and T 0nC1 have the desired properties.
Recall that Tk.F / � Y˛k , and the latter space is �-isomorphic to `

n˛k
p . Consequently,

Tk has an extension zTk W E ! Y˛k with k zTkk � C�kTkk. Recalling the estimates on the
norms kTkk obtained above, we conclude that k zT1k � C�.1C "/, and k zTkk � C�"22�k

for k � 2. Then zT D
P1
kD1
zTk extends T , and has norm not exceeding C�.1 C 3"/.
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Being the sum of a convergent series of compact operators, the operator zT is compact.
This proves (3).

Denote byQ a projection from X�� onto X ; we will show that .1/).4/. In this case,
X embeds into Lp complementably. Let j W X ! Lp and P W Lp ! X be the embedding
and projection, respectively. If T WF !X is a bounded linear operator, then jT WF !Lp
has an extension S W E ! Lp by Theorem 3.7. Then PS W E ! X is a bounded linear
extension of T .

4.2. POE-p: duality, local complementation and ultrapowers

We now explore the interplay between POE-p and duality. To fix the terminology below,
recall that an operator Q W X ! Y between Banach spaces is said to be �-surjective if
for any y 2 Y with kyk < 1 there exists x 2 X with Qx D y and kxk < �. A standard
functional analysis result states that Q is �-surjective if and only if Q� is bounded below
by 1=� if and only if Q�� is �-surjective.

For any Banach space Z, we can identify B.Z; `np/ with .Z�/n, as a vector space.
More precisely, any T 2B.Z;`np/ can be written as T D

Pn
kD1 z

�
k
˝ ek , where e1; : : : ; en

form the canonical basis in `np , and z�1 ; : : : ; z
�
n 2Z

�. Then T , or T � 2 B.`np0 ;Z
�/ (1=pC

1=p0 D 1), can be identified with .z�1 ; : : : ; z
�
n/ 2 .Z

�/n. By local reflexivity (as laid out
in [45]), B.Z; `np/

�� D B.Z��; `np/.

Proposition 4.8. A pair .F; E/ has C -POE-p if and only if the same is true for
.F ��; E��/.

Proof. Define, for any n 2 N, the operator ˆ.n/F;E W B.E; `
n
p/ ! B.F; `np/ W S 7! S jF .

Fix n; we henceforth omit the upper index .n/. By the preceding paragraphs, ˆ��F;E can
be identified withˆF ��;E�� , hence one is �-surjective if and only if the other is. In light of
Proposition 3.9, .F;E/ has C -POE-p if and only if ˆF;E is C -surjective. By the above,
.F;E/ has C -POE-p if and only if .F ��; E��/ does.

For a Banach space E and n 2 N, let E.n/ denote its n-th dual. The preceding result
yields the following.

Proposition 4.9. LetE be a Banach space and F a closed subspace ofE such that F .2k/

is C -complemented in E.2k/ for some k 2 N. Then .F;E/ has C -POE-p.

Similarly, since any operator T WF ! `np has an extension T .2k/ WF .2k/! `np (k 2N)
with the same norm, we see that the following holds.

Proposition 4.10. For any Banach space F , k 2 N, and p 2 Œ1;1�, .F; F .2k// has
1-POE-p.

Using `1.I / spaces we can convert Proposition 4.8 into a statement about Banach
spaces with POE-p (rather than pairs of Banach spaces with POE-p):

Proposition 4.11. F has C -POE-p if and only if F �� does.
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Proof. SupposeF hasC -POE-p. EmbedF isometrically into `1.I /. By Proposition 4.1,
F has C -POE-p if and only if .F; `1.I // does. By Proposition 4.8, this, in turn, is
equivalent to .F ��; `1.I /��/ having C -POE-p. By [146, Theorem 4.1], `1.I /�� is 1-
injective. Thus, by Proposition 4.2, if .F ��; `1.I /��/ has C -POE-p, then so does F ��.

Conversely, suppose F �� has C -POE-p. Embed F �� into `1.I /, for a suitable
index I . We have to show that .F; `1.I // has C -POE-p. By Proposition 4.10, .F; F ��/
has 1-POE-p, hence Proposition 4.2 yields the desired result.

We now give three examples where the above results apply. First, recall that by [146,
Theorem 4.2], F �� is C -injective if and only if whenever F is a closed subspace of E
and Y is finite-dimensional, every operator T W F ! Y extends to zT W E ! Y with
k zT k � CkT k. Hence, L1-spaces have POE-p for all p 2 Œ1;1�. To be more precise,
by combining [100, Theorem 3.3] with [146, Theorem 4.2], we observe that if F is an
L1;�-space for all � > �, then F �� is �-injective. This implies the following.

Corollary 4.12. If F is an L1;�-space for all � > �, then it has �-POE-p for every
p 2 Œ1;1�. In particular, c0 and C.K/ spaces have 1-POE-p.

In a similar fashion, we apply Propositions 4.8 and 4.9 to two well-studied classes of
subspaces. Recall, following [88], that a closed subspace F of E is locally complemented
in E if there is � > 0 such that whenever G is a finite-dimensional subspace of E and
" > 0, there is a linear operator T W G ! F such that kT k � � and kT x � xk � "kxk
for x 2 F \ G. It follows from [88, Theorem 3.5] that F is locally complemented in E
if and only if F �� is complemented in E�� under the natural embedding. Proposition 4.9
thus implies the following.

Corollary 4.13. If F is locally complemented in E, then .F; E/ has POE-p for every
p 2 Œ1;1�.

On the other hand, recall that a subspace F of a Banach space E is called an ideal
(see [68]) if F? D ¹x� 2 E� W x�.y/ D 0 for y 2 F º is the kernel of a contractive pro-
jection on E�. In this case F �� is contractively complemented in E��. Note that here,
neither E nor F is assumed to have any order structure. One should distinguish between
the “Hahn–Banach ideals” described above, and order ideals we are discussing in the
context of Banach lattices.

For ideals (in the Banach space sense) Proposition 4.8 implies the following result.

Corollary 4.14. If F is an ideal in E, then .F;E/ has 1-POE-p for any p 2 Œ1;1�.

Embeddings of Banach spaces into their ultrapowers behave in a fashion similar to
embeddings into second duals. Recall that given a Banach space E and a free ultrafil-
ter U on an infinite set � , the ultrapower of E with respect to U is given by EU D

`1.�; E/=NU, where NU is the subspace of elements in `1.�; E/ which converge to
zero along U. A “natural embedding” of E into EU is determined by mapping e to the
equivalence class of .e; e; : : :/.
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Proposition 4.15. For any p 2 Œ1;1� and any Banach space F , the pair .F; FU/ has
1-POE-p.

Proof. Given T W F ! `np , let TU W FU ! .`np/U denote the natural extension (see [2,
Theorem 1.64]) which satisfies kTUk D kT k. By compactness we have .`np/U D `

n
p .

4.3. Further characterizations of POE-p

In the definition of POE-p there is a uniform constant C which is selected independently
of the embedding F ,! E. However, it is not necessary to require this:

Proposition 4.16. For 1 � p � 1 and a Banach space F , the following are equivalent:

(1) F has POE-p.

(2) For any Banach space E containing F there is a constant C > 0 such that every
operator T W F ! `np extends to zT W E ! `np with k zT k � CkT k.

Proof. Clearly .1/).2/. Now suppose .1/ fails; we will show that .2/ fails as well.
For each k 2 N, find an isometric embedding jk W F ,! Ek and a contraction Tk W

F ! `
nk
p such that any extension of Tk to Ek has norm at least k. We “amalgamate”

the spaces Ek : let E D .
P
k Ek/1=G, where G is the closed linear span of all elements

.akjky/k 2 .
P
k Ek/1 (y 2 F ) with

P
k ak D 0 (this sum is well defined, since mem-

bership in .
P
k Ek/1 implies

P
k jakj <1). Define uk W Ek ! E by taking x 2 Ek to

the equivalence class of x.k/ WD .0; : : : ; 0; x; 0; : : :/ (x is in the k-th position). Then uk is
an isometry. Indeed, clearly this map is contractive. On the other hand, for any x 2 Ek ,

kukxk D inf
g2G
kx.k/ C gk

D inf
.yl /

m
lD1
�F;

P
i a
l
i
D0

°


 mX
lD1

alkjkyl C x



CX

i¤k




 mX
lD1

ali jiyl




±
� inf

.yl /
m
lD1
�F;

P
i a
l
i
D0

°
kxk �




 mX
lD1

alkjkyl




CX
i¤k




 mX
lD1

ali jiyl




±
D inf

.yl /
m
lD1
�F;

P
i a
l
i
D0

°
kxk �




 mX
lD1

alkyl




CX
i¤k




 mX
lD1

aliyl




± � kxk:
For i; k 2N and y 2 F , Œjiy�.i/ � Œjky�.k/ 2G, hence uiji D ukjk . Denote ukjk (no

matter what k is – all these maps coincide) by j ; then j W F ! E is an isometric embed-
ding. Consider Tk W F ! `

nk
p as described above (that is, Tk is an operator with no “small

norm” extension to Ek). Suppose S W E! `
nk
p extends Tk . Then kSk � kS juk.Ek/k � k.

As k is arbitrary, we conclude that .2/ fails.

We can also restrict to superspaces of the same density. For a Banach space E, let us
denote by dens.E/ the density character of E – that is, the least cardinality of a dense
subset.
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Proposition 4.17. For C � 1, 1 � p � 1, and a Banach space F , the following are
equivalent:

(1) F has C -POE-p.

(2) Whenever F is a closed subspace of E with dens.E/ D dens.F /, every operator
T W F ! `np extends to zT W E ! `np with k zT k � CkT k.

Proof. Suppose .2/ holds and let F be a closed subspace of an arbitrarily large E. By
[74] (see also [132]), there exists a closed subspace G such that F � G � E, dens.G/ D
dens.F / and G is an ideal in E. If T W F ! `np , then by hypothesis we can find an
extension zT W G! `np with k zT k � CkT k. Since G is an ideal in E, then we also have an

extension zzT W E ! `np with k zzT k � CkT k by Corollary 4.14.

4.4. Relations between POE-p and POE-q, and several examples

In this section we give several examples of pairs .F;E/ (or spaces F ) which have POE-p,
and several which do not. We begin with L1-spaces:

Proposition 4.18. Suppose 2 � p � 1, and F is an L1;�-space for all � > �. Then F
has �-POE-p.

Proof. In light of Proposition 3.9, it suffices to show that, for any embedding � W F ,! E,
and any C >�, any operator T WF ! `np has an extension zT WE! `np with k zT k �CkT k.
To this end, find � > � and " > 0 such that �.1C "/ < C . Let p0 be the “conjugate” of p,
so that 1=pC 1=p0 D 1. As 1� p0 � 2, there exists an isometric embedding j W `np0 !L1
(see e.g. [84, Section 4]). Then j � W L1 ! `np is a quotient map. By [101, Theorem 4.2],
T has a lifting S W F ! L1 with kSk � �.1C "/kT k, and j �S D T . Find an extension
zS W E ! L1 with k zSk D kSk. Then zT WD j � zS is the desired extension of T .

We next discuss the relations between POE-p for different values of p. As a corollary,
we deduce from Proposition 4.19 that Proposition 4.18 fails for 1 � p < 2 and one cannot
replace c0 by `1 in Corollary 4.12 when p 2 Œ1; 2/.

Proposition 4.19. (1) If 1 � p � q � 2 and F has POE-p, then it has POE-q.

(2) If 2 � p <1 and F has POE-p, then it has POE-2.

(3) The space `1 has POE-p if and only if 2 � p � 1.

Proof. (1) By [84, Section 4], `q (or even Lq) embeds isometrically into Lp . If F has
POE-p, then, by Proposition 4.3, there exists a constant C such that �2.T / � CkT k for
any T W F ! Lp . The ideal of 2-summing operators is injective, hence �2.T / � CkT k
for any T W F ! `q . Thus, F has POE-q.

(2) Suppose F has POE-p with constant c. We need to show that, for any E � F ,
every operator T W F ! `n2 has an extension zT W E ! `n2 with k zT k � CkT k (C is a
universal constant). Denote the canonical basis in `n2 by .ek/, and let j W `n2 ! `2

n

p be
the “Khinchin” embedding – that is, jek D rk for 1 � k � n, with r1; : : : ; rn being
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Rademacher random variables realized in `2
n

p . Then kjxk � kxk for any x. Further,
there exists � D �p such that kj k � �, and there exists a projection P W `2

n

p ! j.`n2/

with kP k � �. Consider T W F ! `n2 . As F has POE-p, jT W F ! `2
n

p has an exten-
sion S W E ! `2

n

p with kSk � ckj k kT k � c�kT k. Then zT D j�1PS extends T , and
k zT k � c�2kT k.

(3) The fact that `1 has POE-p for p � 2 follows directly from Proposition 4.18. Now
suppose 1� p < 2. By Proposition 4.3, it suffices to show that for everyC > 0 there exists
a contractive T W `1 ! `np such that �2.T / � C . Denote by .ek/ the canonical bases in
both `1 and `np , and set Tek D ek if 1� k � n, Tek D 0 otherwise. By [65, Theorem 9 (v)],
�2.T / � n

1=p�1=2.

The class of POE-1 spaces, albeit more restrictive than that of POE-2 spaces (by
Proposition 4.19), is still fairly large. For instance, by Proposition 4.3 and [144, Corol-
lary III.I.13], the disk algebra A has POE-1. However, for spaces with an unconditional
basis, the POE-1 condition is very restrictive, as we will next see.

Proposition 4.20. A space F with a normalized unconditional basis .xk/ has POE-1 if
and only if .xk/ is equivalent to the c0 basis.

Proof. Due to Corollary 4.12, c0 has POE-1. Now suppose F possesses a normalized
unconditional basis .xk/, and has POE-1. It is easy to see that the (seminormalized)
biorthogonal functionals .x�

k
/ form an unconditional sequence in F �. By Remark 4.4,

F � is a G.T. space. Form 2 N, denote by Pm the canonical basis projection from F onto
spanŒxk W 1 � k � m�. Then P �m is a projection from F � onto spanŒx�

k
W 1 � k � m�. As

supm kPmk <1, we conclude that there exists a constant C such that, for anym;n 2 N,
any operator T W spanŒx�

k
W 1 � k �m�! `n2 satisfies �1.T / � CkT k. The proof of [115,

Theorem 8.21] shows the existence of a constant C 0 such that .x�
k
/m
kD1

is C 0-equivalent
to the canonical basis of `m1 . In other words, the inequality

1

C 0

X
k

jakj �



X
k

akx
�
k




 �X
k

jakj

holds for every finite sequence .ak/. Thus, .xk/ is equivalent to the c0 basis.

Remark 4.21. An alternative proof for Proposition 4.20 can also be deduced from [127],
where it is shown that a space with an unconditional basis has POE-2 if and only if it is
isomorphic to `1, c0, or c0˚ `1. Indeed, if F has POE-1, then by Proposition 4.19, it also
has POE-2, and since `1 fails POE-1, the previous characterization shows that F can only
be isomorphic to c0.

Remark 4.22. Relations between POE-p for different values of p remain unclear. For
instance, we do not know whether POE-p implies POE-q in the following situations:

(1) p 2 Œ1;1/, q 2 .2;1/.

(2) 1 � q < p < 2.
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Also, we do not have a characterization of POE-p (2 < p < 1) in terms of operator
ideals, along the lines of Proposition 4.3. Using [49, Corollary 10.10], one can observe
that if F has POE-p for 2 < p <1, thenB.F; p̀/D…p;s.F; p̀/D…r .F; p̀/whenever
s < p < r . However, this condition does not seem to be sufficient.

Above, we have observed that the disk algebra A has POE-p for 1 � p � 2. We
do not know whether A has POE-p for 2 < p < 1. We know that, by [49, Corollary
10.10] and [144, Corollary III.I.13], B.A; p̀/ D …r .A; p̀/ when 2 < p < r . Also, by
F. and M. Riesz Theorem, A�� DH1 ˚1M �s , whereMs is the set of measures singular
with respect to the Lebesgue measure (see [144, p. 181]). As POE-p passes to the double
dual, we conclude that H1 has POE-p for 1 � p � 2. As with A, we do not know what
the situation is for 2 < p <1.

Finally, we examine POE-p for some “natural” pairs .F; E/, where F is a subspace
of Lp.�/.

Proposition 4.23. Suppose 1�p <1, andF is isomorphic to a complemented subspace
of Lp.�/ for some measure �. If a Banach space E contains F , then the following are
equivalent:

(1) F is complemented in E.

(2) F is locally complemented in E.

(3) .F;E/ has POE-p.

Remark 4.24. Proposition 4.23 is applicable in the following situations:

(1) 1 < p <1, and F is isomorphic to a Hilbert space. Indeed, suppose I is an index
set, and � is the uniform probability measure on ¹0; 1º. Then `2.I / is isomorphic
to the span of independent Rademacher functions in Lp.�˝I /; the latter space is
complemented in Lp.�˝I /.

(2) 1 < p <1, and F is an Lp-space. Indeed, by [101], such an F embeds complement-
ably into an Lp-space.

Proof of Proposition 4.23. .1/).2/ is easy, and .2/).3/ follows from Corollary 4.13.
.3/).1/: Let F 0 be a complemented subspace of Lp.�/ isomorphic to F ,

P W Lp.�/ ! F 0 a projection, and T W F ! F 0 an isomorphism. By Proposition 3.9,
T has an extension zT W E ! Lp.�/. Then Q WD T �1P zT is a projection from E

onto F .

Specializing to Hilbertian subspaces of L1, we obtain the following result.

Proposition 4.25. If F is an infinite-dimensional subspace ofL1, isomorphic to a Hilbert
space, then .F;L1/ fails POE-p for 1 � p <1.

Proof. If 1 < p <1, the result follows from Remark 4.24. It remains to examine the case
of p D 1. Note that if F is Hilbertian, and .F; E/ has POE-p, then .F 0; E/ has POE-p
whenever F 0 is a subspace of F . Indeed, there exists a projection P from F onto F 0. For
any T 2 B.F 0; Lp/, the operator TP has an extension S W E ! Lp , which clearly also
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extends T . Therefore, it suffices to establish the failure of POE-1 for separable F . Also,
we can restrict ourselves to F � L1.�/, where � is a probability measure.

Suppose, for the sake of contradiction, that .F;L1.�// has POE-1 with constant C . In
particular, any operator T W F ! F extends to zT W L1.�/! L1.�/ with k zT k � CkT k.

Recall that a normalized (in L1) Gaussian random variable g can be realized on a
measure space .�0; �0/. Then independent normalized Gaussian variables .gi /i2N can
be realized in L1.�/ with � D

N
i2N �0; denote by G the closure of their linear span.

It is well known that G is Hilbertian. As operators on F have an extension property
described above, [122] shows that for any isomorphism J W F ! G there exist operators
u WL1.�/!L1.�/ and v WL1.�/!L1.�/ extending J and J�1, respectively. From this,
we conclude that .G;L1.�// has POE-1. Indeed, fix J;u; v as in the preceding paragraph.
For any T 2 B.G; L1/, the operator S D TJ has an extension zS W L1.�/ ! L1 with
k zSk � CkJ k kT k. Then zSv W L1.�/! L1 extends T .

Therefore, by [115, Theorem 6.6 and the remark following it], L1.�/� D L1.�/ has
cotype 2 (and satisfies Grothendieck’s Theorem), which is clearly false. This is the desired
contradiction.

Remark 4.26. Fix p, and suppose F is a closed subspace of a Banach space E. We have
found a characterization of when the canonical embedding extends to a lattice embed-
ding of FBL.p/ŒF � into FBL.p/ŒE�. However, one might still wonder when FBL.p/ŒE� at
least contains some lattice isomorphic (or isometric) copy of FBL.p/ŒF �. Similarly, if F
is moreover a p-convex Banach lattice, when does FBL.p/ŒE� contain a (nicely comple-
mented) lattice copy of F ? In general, these questions will have a negative answer: take
for instance E D C Œ0; 1�, and let F be a subspace isomorphic to `1. It will follow from
Theorem 9.20 that FBLŒC Œ0; 1�� never contains a sublattice isomorphic to `1, so it fails to
contain FBLŒ`1� as a sublattice as well (this is due to Theorem 8.3).

5. Basic sequences in FBL.p/ŒE�

In this section we study the structure of basic sequences in free Banach lattices. More spe-
cifically, we begin with a basic sequence .xk/ in a Banach space E, and try to understand
the sequence .jıxk j/ of moduli it generates in FBL.p/ŒE�. This is important, since, due to
the universal nature of free Banach lattices, the behaviour of the sequence .jıxk j/ reflects
all possible embeddings of E into arbitrary p-convex lattices. As an illustration, we note
the following.

Proposition 5.1. Suppose .xk/ is a sequence in E, and .jıxk j/ is weakly null in
FBL.p/ŒE�. Then, for any p-convex Banach latticeX , and any bounded map T W E! X ,
the sequence .jT xkj/ is weakly null.

Proof. For T as above, yT W FBL.p/ŒE�!X is bounded, hence weak-to-weak continuous,
hence if .jıxk j/ is weakly null then so is . yT jıxk j/ D .jT xkj/.
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Taking into account the description of .jıek j/ � FBLŒ`r � obtained in [19], we obtain
the following corollary.

Corollary 5.2. Suppose 2 < r � 1, and .ek/ is the canonical basis in `r .if r D1, we
take c0 instead of `1/. If X is a Banach lattice, and T W `r ! X is a bounded operator,
then .jTekj/ is weakly null in X .

The preceding result fails for 1 � r � 2. Indeed, [15, Theorem 5.4] (see also Propos-
ition 5.14 below) shows that .jıek j/ is equivalent to the `1 basis for 1 � r � 2. However,
by Proposition 6.4 .jıek j/ is equivalent to the `r basis (hence weakly null, if r > 1) in
FBL.1/Œ`r �. These observations are consistent with the fact that the standard Rademacher
random variables give a copy of `2 inLr (1� r <1) but their moduli are not weakly null.
Actually, the unit vector basis of `r (1 < r � 2/ has weakly null moduli in FBL.p/Œ`r �
if and only if p D 1; the Rademacher functions in L1 show that the moduli of `1 in
FBL.p/Œ`1� can never be weakly null. We will expand on these observations significantly
in the results below.

Next we generalize [19, Proposition 1]. Recall that a basic sequence .xk/ is called
C -suppression unconditional if for every choice of scalars .ak/ and any set A � N we
have k

P
k2A akxkk � Ck

P
k2N akxkk. It is standard to check that every C -suppression

unconditional sequence is 2C -unconditional.

Proposition 5.3. Let .xk/ be a sequence in a Banach space E. Then, for the sequence
.jıxk j/ in FBL.p/ŒE�, we have:

(1) If .xk/ is minimal then .jıxk j/ is minimal.

(2) If .xk/ is a basis then .jıxk j/ is basic.

(3) If .xk/ is a C -suppression unconditional basis then .jıxk j/ is C -suppression uncon-
ditional, hence 2C -unconditional.

(4) If .xk/ is a symmetric basis then .jıxk j/ is symmetric.

Recall (see [133, p. 54]) that .xk/ is called minimal if it admits a system of biortho-
gonal functionals.

Proof. (1) Let .x�
k
/ be biorthogonal functionals for .xk/, and extend them so that x�

k
2E�.

Then cx�
k
W FBL.p/ŒE�! R is a lattice homomorphism for every k, such that cx�

k
.jıxl j/ D

jx�
k
.xl /j D ık;l ; showing that .cx�

k
/ are biorthogonal functionals for .jıxk j/. The proofs of

statements (2)–(4) are similar to [19, Proposition 1].

Remark 5.4. In (3), 2C -unconditionality cannot be replaced by C -unconditionality, even
if C D 1. Indeed, suppose .ek/ is the canonical basis in `2, and p D 1. We first show that

jıe1 j C jıe2 j

FBLŒ`2�

D 2. LetR W `2!L2 be the Rademacher mapping, which is known

to be isometric. This lifts to a lattice homomorphism yR W FBLŒ`2�!L2 of norm 1. Hence,

2 �



 2X
kD1

jıek j



 D kRk


 2X

kD1

jıek j



 � 


 yR 2X

kD1

jıek j



 D 


 2X

kD1

jrkj



 D 2:
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To contrast this we shall show that


jıe1 j � jıe2 j

Dp2. It follows from

ˇ̌
jıe1 j � jıe2 j

ˇ̌
� jıe1 � ıe2 j that 

jıe1 j � jıe2 j

 � kıe1 � ıe2k D ke1 � e2k D p2:
For the reverse inequality, let T W `22 ! `21 be the formal identity. Then

jıe1 j � jıe2 j

 � 1

kT k



jTe1j � jTe2j

 D 1
p
2
� 2 D

p
2:

Note that in Proposition 5.3 it was shown that if .xk/ is a basis of E, then .jıxk j/ is
basic in FBL.p/ŒE�. However, the following question is open.

Question 5.5. Suppose .xk/ is a basic sequence in a Banach space E. Is the sequence
.jıxk j/ basic in FBL.p/ŒE�? If .xk/ is further unconditional, is .jıxk j/ unconditional as
well?

We now present some partial progress on this question:

Proposition 5.6. If E has a basis .uk/, then for every block basic sequence .xk/ of .uk/
the sequence .jıxk j/ is basic in FBL.p/ŒE�.

Proof. By a well-known result of Zippin (see [3, Lemma 9.5.5]), a basis .fn/ of E can be
constructed such that .xk/ is a subbasis of .fn/, say fnk D xk . By Proposition 5.3, .jıfn j/
is a basic sequence in FBL.p/ŒE�. Hence, being a subsequence, so is .jıxk j/.

Remark 5.7. Using


jıxk j � jıyk j

 � kxk � ykk, it follows from Proposition 5.6 and

the principle of small perturbations that if E has a basis .uk/ then small perturbations of
blocks of .uk/ have moduli that are basic in FBL.p/ŒE�.

A well-known result due to Bessaga and Pełczyński allows one to extract a basic
sequence from every seminormalized weakly null sequence in a Banach space E. We will
see next that this extraction can be made in such a way that the corresponding sequence
of moduli in FBL.p/ŒE� is also basic:

Proposition 5.8. Let E be a Banach space and .xn/ a weakly null seminormalized
sequence in E. There is a subsequence such that .jıxnk j/ is basic in FBL.p/ŒE�.

Proof. Due to [132] there is a separable subspace F � E which is an ideal in E and
such that .xn/ � F . Hence, by Corollary 4.14, FBL.p/ŒF � is an isometric sublattice of
FBL.p/ŒE�. Therefore, for our purposes, we can assume without loss of generality that E
is actually separable.

Suppose that the set S D ¹jıxn jº � FBL.p/ŒE� does not contain any basic sequence.

Since .xn/ is seminormalized, 0 … xS
k�k

, hence, by [3, Theorem 1.5.6], the weak closure
of S , K D xS

w
, is a weakly compact set with 0 … K.

Let � W E ! C Œ0; 1� be an isometric embedding and N� W FBL.p/ŒE�! FBL.p/ŒC Œ0; 1��
the induced lattice homomorphism. Since N� is weak-to-weak continuous and injective, it
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follows that N�.K/ is a weakly compact set and 0… N�.K/. Thus, again by [3, Theorem 1.5.6],
.jı�xn j/ D .�jıxn j/ � FBL.p/ŒC Œ0; 1�� does not contain a basic sequence.

However, �.xn/ is a seminormalized weakly null sequence in C Œ0; 1�. Therefore, we
can extract a subsequence �.xnk / which is a small perturbation of a block basic sequence
of the monotone basis of C Œ0; 1�. Hence, Remark 5.7 shows that for some subsequence
.jı�.xnm /j/ is a basic sequence in FBL.p/ŒC Œ0; 1��. This is a contradiction. We can thus
assume that S contains a basic sequence, which implies that we can extract an increasing
sequence .nk/ � N such that .jıxnk j/ is basic in FBL.p/ŒE�, as claimed.

Remark 5.9. Of course, building on Proposition 5.3, it is natural to study how other
properties pass between the sequences .xk/ and .jıxk j/ (e.g. shrinking, boundedly com-
plete, etc.) Although this will not be our focus, our results will indirectly shed some light
on such questions. In particular, we will discover some “rigidity” results, i.e., properties
of .jıxk j/ that force .xk/ to take a particular form.

5.1. Lower 2-estimates, `1, and c0

In this subsection we explicitly compute the moduli of certain bases, refining some results
from [19]. We begin by characterizing the behaviour of c0 in FBL.p/Œc0�:

Proposition 5.10. Let .ek/ denote the canonical basis of c0. The sequence .jıek j/ in
FBL.p/Œc0� is equivalent to the canonical basis of `2 for all 1 � p <1.

Proof. By Proposition 5.3, the sequence .jıek j/k is an unconditional basic sequence. We
shall show that, for finitely supported sequences .ak/,


 1X

kD1

akjıek j





FBL.p/Œc0�
�

� 1X
kD1

jakj
2
�1=2

(with an equivalence constant depending on p 2 Œ1;1/). Fix such .ak/. Let

AC D ¹k W ak � 0º and A� D ¹k W ak < 0º:

Define an operator T W c0 ! LpŒ0; 1� via

T x D
X
k2AC

ake
�
k.x/rk :

If kxk � 1 then Khinchin’s inequality yields

kT xk � Bp

� X
k2AC

jake
�
k.x/j

2
�1=2
� Bp

� X
k2AC

a2k

�1=2
:

It follows that kT k � Bp.
P
k2AC

a2
k
/1=2: Note that Tek equals akrk if k 2 AC and zero

otherwise.
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Let yT W FBL.p/Œc0�!LpŒ0;1� be the canonical extension of T . We deduce that k yT k �
Bp.

P
k2AC

a2
k
/1=2 and

yT
� 1X
kD1

akjıek j
�
D

1X
kD1

akjTekj D
X
k2AC

akjakrkj D
� X
k2AC

a2k

�
1:

It follows thatX
k2AC

a2k D



 yT � 1X

kD1

akjıek j
�


 � Bp� X

k2AC

a2k

�1=2


 1X
kD1

akjıek j



;

so that

Bp




 1X
kD1

akjıek j



 � � X

k2AC

a2k

�1=2
:

Similarly, we get

Bp




 1X
kD1

akjıek j



 � � X

k2A�

a2k

�1=2
:

Combining these estimates, we get

p
2Bp




 1X
kD1

akjıek j





FBL.p/Œc0�
�

� 1X
kD1

jakj
2
�1=2

:

Conversely, it was shown in [19] that


 1X
kD1

akjıek j





FBLŒc0�
�

� 1X
kD1

jakj
2
�1=2

:

Hence, since the FBL-norm is the largest of the FBL.p/-norms,


 1X
kD1

akjıek j





FBL.p/Œc0�
�




 1X
kD1

akjıek j





FBLŒc0�
�

� 1X
kD1

jakj
2
�1=2

:

Corollary 5.11. Suppose a sequence .ek/ in E is equivalent to the canonical basis of c0.
Then the sequence .jıek j/ in FBL.p/ŒE� is equivalent to the canonical basis of `2 for all
1 � p <1.

Proof. Combine Proposition 5.10 with c0 having POE-p (Corollary 4.12).

Combined with Proposition 5.10, the next result establishes a lower 2-estimate for the
moduli of an arbitrary basic sequence:

Proposition 5.12. Let .xk/ be a sequence in E, and assume that there are biorthogonal
functionals .x�

k
/ to .xk/ such that K WD supk kx

�
k
k <1. Then for any finitely supported

sequence .ak/ of scalars we have


 1X
kD1

akjıek j





FBL.p/Œc0�
� K




 1X
kD1

akjıxk j





FBL.p/ŒE�
;
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where .ek/ denotes the unit vector basis of c0. Consequently, for 1 � p <1;� 1X
kD1

a2k

�1=2
.



 1X
kD1

akjıxk j





FBL.p/ŒE�
:

Proof. The assumptions tell us that the operator T W Œxk �! `1 given by T x D .x�
k
.x//

has norm at most K and T xk D ek . By injectivity of `1 (or Hahn–Banach), we have an
extension zT WE! `1 with k zT k �K. Let �`1 W `1! FBL.p/Œ`1� denote the canonical
isometric embedding and let S D �`1 zT W E ! FBL.p/Œ`1�. Let now yS W FBL.p/ŒE�!
FBL.p/Œ`1� be the lattice homomorphism extending S , and note that k ySk �K. It follows
that for any finitely supported sequence .ak/ of scalars we have


 1X

kD1

akjıek j





FBL.p/Œ`1�
D




 1X
kD1

akj ySıxk j





FBL.p/Œ`1�
� K




 1X
kD1

akjıxk j





FBL.p/ŒE�
:

Using Proposition 4.10 and the above estimate we get


 1X
kD1

akjıek j





FBL.p/Œc0�
D




 1X
kD1

akjıek j





FBL.p/Œ`1�
� K




 1X
kD1

akjıxk j





FBL.p/ŒE�
:

Finally, the “consequently” statement follows from Proposition 5.10.

Statement (3) of Proposition 4.19 suggests that `1 could be a counterexample to Ques-
tion 5.5. However, basic sequences equivalent to `1 will always have moduli equivalent
to `1 in free spaces. More generally, we have the following proposition.

Proposition 5.13. Suppose .xk/ is a C -unconditional basic sequence in a Banach
space E. Then, for 1 � p � 1, and for any a1; : : : ; an 2 R,


 nX

kD1

akjıxk j





FBL.p/ŒE�
�

1

2C




 nX
kD1

akxk




:
Proof. It suffices to consider p D 1, as this is the weakest of the FBL.p/-norms. By
Proposition 3.10, we may assume that .xk/ is a basis. The result then follows from state-
ment (3) of Proposition 5.3:

2C



 nX
kD1

akjıxk j





FBL.1/ŒE�
�




 nX
kD1

jakj jıxk j





FBL.1/ŒE�

�




 nX
kD1

akıxk





FBL.1/ŒE�

D




 nX
kD1

akxk




:
Remark 5.19 below will show that the unconditionality assumption in the preceding

proposition is essential, in general, for the sequence of moduli to dominate the original
sequence.

We now intend to characterize those bases .xk/ of E such that the sequence .jıxk j/ in
FBL.p/ŒE� is equivalent to the unit vector basis of `1. We begin with a sufficient condition:
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Proposition 5.14. Let E be a Banach space with a normalized basis .xk/ satisfying a
lower 2-estimate. Then for all p 2 Œ1;1/ the sequence .jıxk j/ in FBL.p/ŒE� is equivalent
to the unit vector basis of `1.

Proof. We first prove this for the unit vector basis .ek/ of `2. Let R W `2 ! Lp be the
Rademacher mapping. This extends to a lattice homomorphism yR W FBL.p/Œ`2�! Lp .
Now,

kRk



 nX
kD1

akjıek j



&kRk


 nX

kD1

jakj jıek j



�


 yR nX

kD1

jakj jıek j



D


 nX

kD1

jakjjrkj



D nX

kD1

jakj;

where the first domination is by the unconditionality statement in Proposition 5.3.
Now suppose that .xk/ is normalized with a lower 2-estimate. Then the basis-to-

basis map T W E ! `2 is bounded, so we can extend it to a lattice homomorphism
xT W FBL.p/ŒE�! FBL.p/Œ`2�. Note xT .jıxk j/ D jıek j. From this we deduce that

kT k



 nX
kD1

akjıxk j



 � 


 nX

kD1

akjıek j



 � nX

kD1

jakj:

Example 5.15. Let 1� r � 2 and let .ek/ be the canonical basis of `r . Then the sequence
.jıek j/ in FBL.p/Œ`r � is equivalent to the canonical basis of `1, when p 2 Œ1;1/. Similarly,
the Walsh basis in Lr Œ0; 1� is normalized and satisfies a lower 2-estimate if 1 � r � 2.

One cannot replace “basis” with “basic sequence” in Proposition 5.14: see Proposi-
tion 6.5. The dual to the summing basis in c0 (see below) satisfies the conclusion but not
the hypothesis of Proposition 5.14:

Example 5.16. Let .xk/ be the basis for `1 such that x1 D e1 and xk D ek � ek�1 for
k � 2. Then for all p 2 Œ1;1� the sequence .jıxk j/ in FBL.p/Œ`1� is equivalent to the unit
vector basis of `1.

Proof. By Remark 2.7 it suffices to work with FBL.1/Œ`1�. Recall also that the norm

Pm
kD1 akjıxk j



 is computed by taking supf 2B`1
ˇ̌Pm

kD1 akjf .xk/j
ˇ̌
.

Choosing f D .1;�1; 1;�1; 1;�1; : : : / we getˇ̌̌ mX
kD1

akjf .xk/j
ˇ̌̌
D ja1 C 2a2 C 2a3 C � � � C 2amj:

This tells us .jıxk j/k is either conditional, or equivalent to the `1 basis.
Now, in general, to take care of signs, one picks f to be a sequence of ones and

negative ones, but now aligns them with the signs of the ak (we can safely ignore x1).
This easily gives


 mX

kD2

akjıxk j





FBL.1/Œ`1�
� max

�ˇ̌̌ X
kWak�0

2ak

ˇ̌̌
;
ˇ̌̌ X
kWak�0

2ak

ˇ̌̌�
�

mX
kD2

jakj;

and proves the claim.
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In contrast to Example 5.16, Proposition 5.14 is sharp for unconditional bases:

Proposition 5.17. Let .xk/ be a 1-unconditional basic sequence in E, a1; : : : ; an � 0,
and 1 � p � 1. Then


 nX

kD1

akjıxk j





FBL.p/ŒE�
� KG

� nX
kD1

ak

�1=2


 nX
kD1

p
akxk





E
: (5.1)

Here, KG denotes the universal Grothendieck constant. In particular, suppose .xk/
fails to have a lower 2-estimate – that is, there exist t1; : : : ; tn such that k

Pn
kD1 tkxkk �

.
Pn
kD1 t

2
k
/1=2. Then by (5.1),


 nX

kD1

t2k jıxk j





FBL.p/ŒE�
�

nX
kD1

t2k ;

implying that .jıxk j/ is not equivalent to the `1 basis.

Proof of Proposition 5.17. Let F D spanŒxk W k 2 N�. Let T D �E jF W F ! FBL.p/ŒE�
be the natural inclusion. In FBL.p/ŒE�, using the Cauchy–Schwarz inequality we have

nX
kD1

akjıxk j �
� nX
kD1

ak

�1=2� nX
kD1

akjıxk j
2
�1=2
D

� nX
kD1

ak

�1=2� nX
kD1

jT .
p
akxk/j

2
�1=2

:

View F as a Banach lattice under the order induced by .xk/. Using Krivine’s inequality
[103, Theorem 1.f.14], and the fact that .xk/ are disjoint in F , we get


 nX

kD1

akjıxk j





FBL.p/ŒE�
�

� nX
kD1

ak

�1=2
�KGkT k




� nX
kD1

j.
p
akxk/j

2
�1=2




F

D KG

� nX
kD1

ak

�1=2


 nX
kD1

p
akxk





E
:

As already mentioned, if .xk/ is an unconditional basis ofE, then the sequence .jıxk j/
is unconditional in FBL.p/ŒE�. As we saw in Example 5.16, the modulus of a conditional
basis need not be conditional – it also need not be unconditional. For the sake of an
example, consider the summing basis in c0, consisting of vectors sk D .1; : : : ; 1; 0; : : :/
(k ones in a row).

Proposition 5.18. For all p 2 Œ1;1� the basic sequence .jısk j/ is conditional .even
for constant coefficients/ in FBL.p/Œc0�. In fact, for n an even integer, we have

Pn

kD1jısk j




FBL.1/Œc0�
D n, but:

(1)


Pn

kD1.�1/
kjısk j




FBL.1/Œc0�

D 1.

(2) �
p
n �



Pn
kD1.�1/

kjısk j




FBLŒc0�
� KG

p
n, where KG is Grothendieck’s constant,

and � > 0 is a universal constant.



T. Oikhberg, M. A. Taylor, P. Tradacete, V. G. Troitsky 48

Proof. (1) The norm on FBL.1/Œc0� arises from kf k D sup ¹jf .x�/j W kx�k`1 � 1º. By
the triangle inequality,



Pn
kD1 jısk j



 �Pn
kD1 kskk D n. For a lower estimate take x� D

.1; 0; 0; : : :/ 2 `1. Then 


 nX
kD1

jısk j



 � nX

kD1

jx�.sk/j D n:

Now recall that 


 nX
kD1

.�1/kjısk j



 D sup

kx�k�1

ˇ̌̌ nX
kD1

.�1/kjx�.sk/j
ˇ̌̌
:

Write x� D .a1; a2; : : :/. Then x�.sk/ D a1 C � � � C ak ; henceˇ̌̌ nX
kD1

.�1/kjx�.sk/j
ˇ̌̌
D

ˇ̌̌̌ n=2X
jD1

�ˇ̌̌ 2jX
kD1

ak

ˇ̌̌
�

ˇ̌̌2j�1X
kD1

ak

ˇ̌̌�ˇ̌̌̌
�

n=2X
jD1

ˇ̌̌̌ˇ̌̌ 2jX
kD1

ak

ˇ̌̌
�

ˇ̌̌2j�1X
kD1

ak

ˇ̌̌ˇ̌̌̌
:

By the triangle inequality,
ˇ̌
j
P2j

kD1
akj � j

P2j�1

kD1
akj
ˇ̌
� ja2j j, hence

ˇ̌̌ nX
kD1

.�1/kjx�.sk/j
ˇ̌̌
�

n=2X
jD1

ja2j j � kx
�
k � 1;

which leads to 


 nX
kD1

.�1/kjısk j



 D sup

kx�k�1

ˇ̌̌ nX
kD1

.�1/kjx�.sk/j
ˇ̌̌
� 1:

On the other hand, testing on x� D .0; 1; 0; : : :/, we obtain


Pn

kD1.�1/
kjısk j



 � 1.
(2) The lower estimate for



Pn
kD1.�1/

kjısk j


 (where k � k D k � kFBLŒc0�) follows

from Proposition 5.12 (the norms of the biorthogonal functionals .0; : : : ; 0; 1;�1; 0; : : :/
2 `1 do not exceed 2).

For an upper estimate, we view s1; : : : ; sn as living in `n1 (spanned by the first n
coordinates of c0). We need to prove that if .x�j /

m
jD1 � `

n
1 with max˙k

Pm
jD1˙x

�
j k � 1,

then
mX
jD1

ˇ̌̌ nX
kD1

.�1/kjx�j .sk/j
ˇ̌̌
� KG

p
n:

As noted in (1), ˇ̌̌ nX
kD1

.�1/kjx�j .sk/j
ˇ̌̌
� kx�j k:

We therefore have to show that, for our sequence .x�j /,
P
j kx

�
j k � KG

p
n. To this

end, consider the operator u W `m1 ! `n1 W ej 7! x�j (here .ej /mjD1 is the canonical basis
of `m1). Note that

P
j kx

�
j k D

P
j kuej k, and k

P
j ıj ej k D 1 whenever ıj D ˙1; thus,P

j kuej k � �1.u/. Therefore, it suffices to show that �1.u/ � KG
p
n.
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Note that kuk D supıjD˙1k
Pm
jD1 ıjx

�
j k � 1, hence, by Grothendieck’s Theorem (see

e.g. [49, Theorem 3.5]), �2.u/ � KG . Write u D id ı u, where id is the identity operator
on `n1 . Then by [49, Theorem 4.17], �2.id/ D

p
n, and therefore [49, Theorem 2.22]

implies that �1.u/ D �1.id ı u/ � �2.id/�2.u/ � KG
p
n.

We can now interpolate these results to general p: We know that, for even n,


 nX
kD1

jısk j





FBL.1/Œc0�
D n and




 nX
kD1

.�1/kjısk j





FBLŒc0�
. n1=2:

If .jısk j/ were unconditional in FBL.p/Œc0� then there would exist a C such that


 nX
kD1

jısk j





FBL.p/Œc0�
� C




 nX
kD1

.�1/kjısk j





FBL.p/Œc0�
:

But using the fact that the FBL.1/-norm is minimal and the FBL-norm is maximal, we
get

n D



 nX
kD1

jısk j





FBL.1/Œc0�
�




 nX
kD1

jısk j





FBL.p/Œc0�

� C



 nX
kD1

.�1/kjısk j





FBL.p/Œc0�
� C




 nX
kD1

.�1/kjısk j





FBLŒc0�
. n1=2;

a contradiction.

Remark 5.19. Proposition 5.13 states that if .xk/ is an unconditional basis in a Banach
spaceE, then



P
k akjıxk j



� ckPk akxkkwith a constant c independent of .ak/. How-
ever, this is false for conditional bases. Indeed, consider the “alternating summing” basis
s0
k
D .�1/ksk in c0. It is easy to see that, for any n, k

Pn
kD1.�1/

ks0
k
k D k

Pn
kD1 skk D n.

However,


Pn

kD1.�1/
kjıs0

k
j




FBLŒc0�
D


Pn

kD1.�1/
kjısk j




FBLŒc0�

�
p
n, due to Propos-

ition 5.18.

5.2. Example: moduli of the Haar system in L1Œ0; 1�

In what follows, N0 DN [ ¹0º. Let .hn;k/1�k�2n; n2N0 denote the normalized Haar basis
in L1. That is,

hn;k D 2
n�Œ k�1

2n
; 2k�1
2nC1

� � 2
n�Œ 2k�1

2nC1
; k
2n
�:

For more information about the Haar system the reader is referred to e.g. [103, Sec-
tion 2.c]. Clearly, for a fixed n 2 N0, .hn;k/2

n

kD1
is 1-equivalent to the basis of `2

n

1 , and so
is .jıhn;k j/

2n

kD1
in FBLŒL1� as the following shows:

Lemma 5.20. For every n 2 N and scalars .ak/2
n

kD1
we have


 2nX

kD1

akjıhn;k j





FBLŒL1�
D

2nX
kD1

jakj:
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Proof. Since khn;kk D 1, the triangle inequality trivially implies that


P2n

kD1 akjıhn;k j




�
P2n

kD1 jakj:

For the converse, let T W L1 ! `2
n

1 be the operator given by

Tf D

�Z 2k�1

2nC1

k�1
2n

f d� �

Z k
2n

2k�1

2nC1

f d�

�2n
kD1

:

Clearly, kT k D 1 and T hn;k D ek for 1 � k � 2n. Let yT W FBLŒL1�! `2
n

1 denote the
lattice homomorphism extending T . Note yT jıhn;k j D jT hn;kj D ek , which implies that

2nX
kD1

jakj D



 2nX
kD1

akek




 D 


 yT � 2nX
kD1

akjıhn;k j
�


 � 


 2nX

kD1

akjıhn;k j



:

By a branch of the Haar basis, we mean any sequence .hnj ;kj /j2N such that, for each
j 2 N, the support of hnjC1;kjC1 is contained in that of hnj ;kj .

Lemma 5.21. For every branch .hnj ;kj /j2N of the Haar basis, the sequence
.jıhnj ;kj

j/j2N in FBLŒL1� is equivalent to the `1 basis.

Proof. We will do the computations for .hn;1/n2N0 , since this can be translated to any
other branch. Let T W L1 ! `1.N0/ be the norm 1 operator defined by

Tf D

�Z 2�k

2�k�1
f d�

�
k2N0

;

and let yT W FBLŒL1�! `1.N0/ denote the lattice homomorphism extending T . Note that

.T hn;1/k D

8̂̂<̂
:̂
0 if k < n;

�1=2 if k D n;

1=2k�nC1 if k > n:

We claim that . yT jıhn;1 j/n2N0 is equivalent to the `1 basis. Indeed, yT jıhn;1 j D jT hn;1j,
which coincides with the sequence .0; : : : ; 0; 1

2
; 1
4
; 1
8
; : : :/, starting with n zeros. Note that

if S W `1 ! `1 denotes the right shift, and we set R D
P
n2N0

1
2nC1

Sn, then this defines
an invertible operator with R�1 D 2I � S . Now, notice that for the unit vector basis .en/
in `1 we have Ren D yT jıhn;1 j and this proves the claim. Therefore, there is C > 0 such
that for every sequence .an/n2N of scalars we have

C
X
n2N

janj �



X
n2N

an yT jıhn;1 j




`1
� kT k




X
n2N

anjıhn;1 j





FBLŒL1�
�

X
n2N

janj:

This finishes the proof.

Remark 5.22. We do not know whether the double indexed sequence .jıhn;k j/ is equi-
valent to the `1 basis. However, .hn;k/ is a monotone basis in L1.0; 1/ (see e.g. [103,
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Section 2.c]), hence, by Proposition 6.13 below,


X
n;k

an;kjıhn;k j



 � 1

2

X
n;k

an;k

whenever .an;k/ are positive scalars.

6. Sequences with prescribed moduli

In this section, we continue our investigation of connections between properties of the
sequence .xk/ � E, and those of .jıxk j/ � FBL.p/ŒE�. In Section 6.1, we show how p-
summing norms can be used to compute the norm of certain expressions on FBL.p/ŒE�,
which will be a helpful tool in what follows. In Section 6.2, we show that, under fairly
general conditions, if .xk/ and .jıxk j/ are equivalent, then they are both equivalent to the
`1 basis. We also give examples showing that our conditions are necessary, and charac-
terize when the span of .jıxk j/ is complemented in FBL.p/ŒE�. Section 6.3 is devoted to
analysing .jıxk j/ for sequences .xk/ � L1. Finally, in Section 6.4 we investigate .xk/’s
for which .jıxk j/ is equivalent to the `2 basis.

6.1. Using linear operators to compute non-linear expressions

Throughout this subsection, we fix p 2 Œ1;1�. For xx D .x1; : : : ; xn/ 2 En, we define the
operator

Txx W E
�
! `np W x

�
7! .x�.xk//

n
kD1:

Note Txx D S�xx for Sxx the operator given by

Sxx W `
n
q ! E W ek 7! xk ;

where q is conjugate to p (1=p C 1=q D 1) and .ek/nkD1 is the canonical basis of `nq .

Proposition 6.1. In the above notation,


� nX
kD1

jıxk j
p
�1=p




FBL.p/ŒE�
D �p.Txx/: (6.1)

Proof. Put T D Txx and f D .
Pn
kD1 jıxk j

p/1=p: By the definition of �p , we have

�p.T /D sup
°� mX
iD1

kT x�i k
p
�1=p
W x�1 ; : : : ; x

�
m 2E

�; sup
x��2BE��

� mX
iD1

jx��.x�i /j
p
�1=p
� 1

±
D sup

°� mX
iD1

kT x�i k
p
�1=p
W x�1 ; : : : ; x

�
m 2E

�; sup
x2BE

� mX
iD1

jx�i .x/j
p
�1=p
� 1

±
;

by an argument similar to (1.2). For each i , we have

kT x�i k D
� nX
kD1

jx�i .xk/j
p
�1=p

D f .x�i /;



T. Oikhberg, M. A. Taylor, P. Tradacete, V. G. Troitsky 52

hence

�p.T / D sup
°� mX
iD1

jf .x�i /j
p
�1=p

W sup
x2BE

� mX
iD1

jx�i .x/j
p
�1=p

� 1
±
D kf kFBL.p/ŒE�:

We now mention some corollaries. Suppose .xk/ is a 1-unconditional basis of E and
˛ D .a1; : : : ; an/ 2 Rn. We use the notation xxŒ˛� D .a1x1; : : : ; anxn/ 2 En. The corres-
ponding operator TxxŒ˛� W E�! `np W x

� 7! .akx
�.xk//

n
kD1

is diagonal with respect to the
1-unconditional bases given by the biorthogonal functionals in E� and `np respectively.
The next result shows equivalence between the problem of computing the moduli of an
unconditional basis in FBLŒE�, and the problem of computing a certain 1-summing norm:

Corollary 6.2. Assume that .xk/ is a 1-unconditional basis of E, and let the notation be
as above. For ˛ D .a1; : : : ; an/ 2 Rn,


 nX

kD1

akjıxk j





FBLŒE�
� �1.TxxŒ˛�/ � 2




 nX
kD1

akjıxk j





FBLŒE�
:

Proof. First apply Proposition 6.1 with xk replaced by akxk to obtain


 nX
kD1

jakj jıxk j





FBLŒE�
D �1.TxxŒ˛�/:

Now invoke Proposition 5.3 to deduce that .jıxk j/ is 2-unconditional.

In particular, for the canonical basis of `r , setting 1=r C 1=r 0 D 1 we have


 nX
kD1

akjıek j





FBLŒ`r �
� �1.˛/ with ˛ D diag..ak/k2N/ W `r 0 ! `1: (6.2)

Summing norms of diagonal operators between p̀-spaces have been investigated in [65]
(specifically, Theorems 4 and 9 – although the latter contains some typos). Combining
these results with (6.2) gives an alternative proof of some of the results from [19]. Gen-
erally, Corollary 6.2 is a useful tool for computing the moduli of unconditional bases in
FBLŒE�, as there is a large theory concerning 1-summing norms. However, due to the p-
sum inside the norm of (6.1), the case when p 2 .1;1/ is more difficult, and in particular
we do not know the behaviour in FBL.p/Œ`r � of the moduli of the basis vectors from `r
when both p; r are .2;1/. The case when the basis is conditional is also more difficult,
as Corollary 6.2 only allows us to control positive scalars, but the moduli of a conditional
basis need not be unconditional (see Proposition 5.18).

6.2. When are .xk/ and .jıxk j/ equivalent?

Our next result can be considered as a converse of Proposition 5.13 when p 2 Œ1;1/.
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Proposition 6.3. Fix p 2 Œ1;1/ and let .xk/ be a normalized basis ofE such that .jıxk j/
in FBL.p/ŒE� is equivalent to .xk/. Then .xk/ must be equivalent to the unit vector basis
of `1.

Proof. By Proposition 5.12 and the hypothesis, we have�X
k

a2k

�1=2
.



X
k

akjıxk j





FBL.p/ŒE�
.



X
k

akxk





E
:

Therefore, we have a bounded map T W E ! `2 with T .xk/ D ek , where .ek/ is the
unit vector basis of `2. Let xT W FBL.p/ŒE�! FBL.p/Œ`2� be the lattice homomorphism
extending T . By Proposition 5.14 it follows thatX

k

jakj .



X
k

akjıek j





FBL.p/Œ`2�
� kxT k




X
k

akjıxk j





FBL.p/ŒE�

.



X
k

akxk





E
�

X
k

jakj:

The case p D1 is completely different.

Proposition 6.4. Let .xk/ be an unconditional basic sequence in a Banach spaceE. Then
.ıxk / � .jıxk j/ in FBL.1/ŒE�.

Proof. By Propositions 3.10 and 5.3, we may assume that .xk/ is a basis and that .jıxk j/
is unconditional. For any a1; : : : ; an, we have


 nX

kD1

akxk




 D 


 nX
kD1

akıxk




 � 


 nX
kD1

jakj jıxk j



 � 


 nX

kD1

akjıxk j



:

Fix x� 2 BE� and put "k D sign x�.xk/; thenˇ̌̌ nX
kD1

akjıxk j
ˇ̌̌
.x�/ D

ˇ̌̌ nX
kD1

"kakx
�.xk/

ˇ̌̌
�




 nX
kD1

"kakxk




 � 


 nX
kD1

akxk




:
Taking sup over x� 2 BE� , we get



Pn
kD1 akjıxk j



 . kPn
kD1 akxkk:

Example 5.16 shows that the hypothesis of unconditionality in Proposition 6.4 cannot
be removed. If “basis” is replaced by “basic sequence” in Proposition 6.3, the situation is
again dramatically different:

Proposition 6.5. Suppose � is a compact Hausdorff space and .xk/ is a sequence in
C.�/ which is equivalent to the `2 basis. Then for all p 2 Œ1;1� the sequence .jıxk j/ in
FBL.p/ŒC.�/� is equivalent to the `2 basis.

Proof. We assume that .xk/ is normalized and C -equivalent to the `2 basis.
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Fix a1; : : : ; an 2 R. Using Proposition 6.4 and the fact that the FBL.1/-norm is the
weakest of the FBL.p/-norms, we get


X

k

akjıxk j





FBL.p/ŒC.�/�
�




X
k

akjıxk j





FBL.1/ŒC.�/�
&
�X
k

jakj
2
�1=2

:

To establish the converse, it suffices to work with the FBL-norm as it is the strongest
of the FBL.p/-norms. Note thatˇ̌̌X

k

akjıxk j
ˇ̌̌
�

X
k

jakj jıxk j;

hence it suffices to prove that there exists a universal constant K such that


X
k

akjıxk j





FBLŒC.�/�
� K

�X
k

a2k

�1=2
whenever a1; : : : ; an � 0.

By Proposition 6.1,


P

k akjıxk j


 D �1.T /, where T W C.�/� ! `n1 maps � to the

finite sequence .ak�.xk//nkD1. Write T D .jT0/�, where

T0 W `
n
1 ! E D spanŒx1; : : : ; xn� W ek 7! akxk ;

and j is the embedding of E into C.�/. Then �1.T / � kT0k�1.j
�/. As .xk/ is

C -equivalent to the `2 basis, we obtain kT0k � C.
P
k a

2
k
/1=2. Further, the domain

of j � is an AL-space, hence, by Grothendieck’s Theorem, �1.j �/ � KGd.E; `n2/ �
KGC

2 (here d.�; �/ stands for the Banach–Mazur distance). We conclude that �1.T / �
KGC

3.
P
k a

2
k
/1=2, which is what we need.

Corollary 6.6. Suppose� is a compact Hausdorff space and .yk/ is a sequence in C.�/,
dominated by the `2 basis, and admitting a bounded sequence of biorthogonal functionals.
Then for all p 2 Œ1;1/ the sequence .jıyk j/ in FBL.p/ŒC.�/� is equivalent to the `2 basis.

The above conditions are satisfied, for instance, if .yk/ is a seminormalized basic
sequence, dominated by the `2 basis.

Proof of Corollary 6.6. By Proposition 5.12, .jıyk j/ dominates the `2 basis. To estab-
lish the converse, find a basic sequence .xk/ in C.Œ0; 1�/, equivalent to the `2 basis. It
is well-known (see e.g. [146, Section 4]) that C.�/�� is injective, hence there exists
T 2 B.C.Œ0; 1�/; C.�/��/ such that T xk D yk for every k. Extend the operator T to a
lattice homomorphism xT W FBL.p/ŒC.Œ0; 1�/�! FBL.p/ŒC.�/���. By Proposition 6.5, `2
dominates the sequence .jıyk j/ � FBL.p/ŒC.�/���. To complete the proof, invoke Pro-
position 4.10.

Remark 6.7. In Proposition 6.5, one can replace C.�/ with an arbitrary L1;� space
(the equivalence constant will then depend not only on C but also on �). Likewise,
Corollary 6.6 works for L1;� spaces as well (combine [101, Theorem 4.1] with [146,
Theorem 4.2]).
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One can also describe sequences .xk/ which are equivalent to .jıxk j/ via regular oper-
ators.

Proposition 6.8. Let .xk/ be a 1-unconditional basic sequence in a Banach space E,
and view Œxk � as a Banach lattice with the coordinate order induced by the basis. Let
j W Œxk �! FBL.p/ŒE� be the canonical inclusion xk 7! ıxk . Then the following are equi-
valent:

(i) .jıxk j/ � .xk/.

(ii) j is regular.

(iii) j is pre-regular.

Recall that an operator T between Banach lattices is called regular when it is the
difference of positive operators, and pre-regular if T � is regular; we set kT kpre-reg D

kT �kr (the regular norm). For more information on this class of operators, the reader is
referred to [38, Section 4]. This class also coincides with that of .1; 1/-regular operators
considered in [128].

Proof of Proposition 6.8. (i))(ii): Consider the linear extension of the map TC.xk/ D
.ıxk /C and T�.xk/ D .ıxk /�. These maps have well-defined extensions to Œxk � because



TC� nX

kD1

akxk

�




FBL.p/ŒE�

D




 nX
kD1

ak.ıxk /C





FBL.p/ŒE�

�




 nX
kD1

jakıxk j





�




 nX
kD1

jakjxk




 � 


 nX
kD1

akxk




;
and a similar estimate holds for T�. Clearly these extensions are positive and j D

TC � T�.
(ii))(iii) is trivial.
(iii))(i): By Proposition 5.13, .jıxk j/ dominates .xk/. On the other hand,ˇ̌̌ nX

kD1

akjıxk j
ˇ̌̌
�

nX
kD1

jakıxk j D

nX
kD1

jj.akxk/j:

By [38, Theorem 4.40] we conclude that


 nX
kD1

akjıxk j



 � kj kpre-reg




 nX
kD1

jakxkjŒxk �




 D kj kpre-reg




 nX
kD1

akxk




:
Here, j � jŒxk � denotes the modulus in spanŒxk W k 2 N�, arising from the order determined
by the unconditional basis .xk/.

We now answer the question of when spanŒjıxk j W k 2N� is complemented in FBLŒE�:

Corollary 6.9. Let E be a Banach space with a normalized unconditional basis .xk/.
The following statements are equivalent:

(1) spanŒjıxk j W k 2 N� is complemented in FBLŒE�.
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(2) There is an unconditional sequence of functionals .u�
k
/ biorthogonal to .jıxk j/ �

FBLŒE� such that spanŒjıxk j W k 2 N� is normed by spanŒu�
k
W k 2 N�.

(3) .xk/ is equivalent to the `1 basis.

Here, for a Banach spaceE, and subspaces F �E,G �E�, we say that F is normed
by G if there is K > 0 such that for every x 2 F , there is x� 2 G with kx�k D 1 and
jx�.x/j � kxk=K.

Proof of Corollary 6.9. By Proposition 5.3, .jıxk j/ is an unconditional basic sequence in
FBLŒE�. The implication .1/).2/ is clear.

.2/).3/: If .u�
k
/ is an unconditional sequence of functionals biorthogonal to .jıxk j/

� FBLŒE� such that spanŒjıxk j W k 2N� is normed by spanŒu�
k
W k 2N�, then the argument

in [103, proof of Theorem 1.d.6 (ii)] goes through and for any scalars .ak/nkD1 we have


 nX
kD1

akjıxk j



 � 


� nX

kD1

jakıxk j
2
�1=2


:

On the other hand, applying [103, Theorem 1.d.6] (and its proof) to .ıxk / yields


� nX
kD1

jakıxk j
2
�1=2


 . 


 nX

kD1

akıxk




:
Thus, for any scalars .ak/nkD1,


 nX

kD1

akıxk




 � 


 nX
kD1

jakj jıxk j



 � 


 nX

kD1

akjıxk j





�




� nX
kD1

jakıxk j
2
�1=2


 . 


 nX

kD1

akıxk




:
Hence .xk/ and .jıxk j/ are equivalent. By Proposition 6.3, .xk/ is equivalent to the unit
vector basis of `1.

.3/).1/: Suppose .ek/ is the unit vector basis of `1; we will show that .jıek j/ is com-
plemented in FBLŒ`1�. Denote by .e�

k
/ the canonical sequence in `1 D `�1 biorthogonal

to .ek/. Define the map T W FBLŒ`1�! `1 by f 7! .f .e�j //. From the definition of the
FBLŒ`1�-norm, T is contractive. Also, T .jıek j/ D ek : Since .jıek j/ � .ek/ we can define
S W �.`1/! spanŒjıek j W k 2 N� W ıek 7! jıek j. Then S ı � ı T W FBLŒ`1�! spanŒjıek j W
k 2 N� is the desired projection.

For p 2 .1;1/, the situation is considerably different.

Proposition 6.10. Let E be a Banach space with an unconditional basis .xk/. Then
spanŒjıxk j W k 2 N� is not complemented in FBL.p/ŒE� for any p 2 .1;1/.

Proof. Without loss of generality, .xk/ is normalized. Suppose, for the sake of con-
tradiction, that spanŒjıxk j W k 2 N� is complemented in FBL.p/ŒE�. As in the proof of
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Corollary 6.9, we conclude that .xk/ and .jıxk j/ should be equivalent to the `1 basis.
By [103, Theorem 1.d.7 and the remark that follows], this contradicts the p-convexity
of FBL.p/ŒE�.

Note that Proposition 6.10 fails for p D 1, as the moduli of the c0 basis will be
complemented in FBL.1/Œc0�. Moreover, the converse holds as well:

Proposition 6.11. Let .xk/ be a seminormalized unconditional basis of a Banach
space E. Then .jıxk j/ is complemented in FBL.1/ŒE� if and only if .xk/ � c0.

Proof. Since FBL.1/ŒE� is generated byE as a lattice, it is separable. By Proposition 6.4,
.jıxk j/ � .xk/. Hence, if .xk/ � c0, then .jıxk j/ � c0, and Sobczyk’s theorem applies.

For the converse, we note that by [49, p. 74] the only complemented seminormalized
unconditional basic sequences in L1-spaces are those equivalent to the unit vector basis
of c0. Since AM-spaces are L1, it follows that if .jıxk j/ is complemented in FBL.1/ŒE�
then .jıxk j/ � c0. Hence, if .xk/ is not c0, then by Proposition 6.4, .jıxk j/ is not c0, so
.jıxk j/ is not complemented in FBL.1/ŒE�.

In the above three results (Corollary 6.9–Proposition 6.11) we assumed that .xk/ was
an unconditional basis; it is unclear how to characterize complementation of .jıxk j/ when
the unconditionality assumption on .xk/ is dropped.

Remark 6.12. Throughout this and the previous section we have dealt with the sequence
of moduli of a basis. As noted in [19] one could consider other lattice expressions; for
example, ..ıxk /C/ or ..ıxk /�/. Moreover, in [19] it is shown that ..ıxk /C/ and ..ıxk /�/
are 1-equivalent to each other. For their relation to .jıxk j/, note that


 nX

kD1

akjıxk j



 D 


 nX

kD1

ak.ıxk /C C

nX
kD1

ak.ıxk /�




 � 2


 nX
kD1

ak.ıxk /C




:
This shows that .jıxk j/ . ..ıxk /C/: The converse domination is easily seen to be true for
unconditional bases.

6.3. Basic sequences in FBLŒL1�

Let us say that a sequence .xk/ in a Banach spaceE isC -minimal if it admits biorthogonal
functionals of norm not exceeding C ; .xk/ is said to be uniformly minimal if it is C -
minimal for some C .

Proposition 6.13. Suppose .xk/ is a normalized C -minimal sequence in L1. Then for all
n 2 N and a1; : : : ; an � 0, we have

nX
kD1

ak �



 nX
kD1

akjıxk j





FBLŒL1�
�
1

C

nX
kD1

ak :

Proof. The left hand side follows from the triangle inequality. Proposition 6.1 states that


 nX
kD1

akjıxk j



 D �1.T / with T W L1 ! `n1 W f 7!

X
k

akf .xk/ek
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(here f .xk/ represents the dual action of L1 on L1, and e1; : : : ; en form the canonical
basis of `n1). The domain of T is L1, hence �1.T / D �1.T / (the integral norm, see [49,
Corollary 5.8]). By the trace duality [49, Theorem 6.16],

�1.T / D sup ¹tr.TS/ W S 2 B.`n1; L1/; kSk � 1º:

ByC -minimality, there exist f1; : : : ;fn 2L1 such that fj .xk/D ıjk (Kronecker’s delta),
and maxj kfj k � C . Then Tfj D aj ej 2 `n1 . The operator S W `n1 ! L1 W ej 7! C�1fj is
contractive, and TSej D C�1aj ej . Thus, �1.T / � tr.TS/ D C�1

P
j aj , as desired.

We can now easily deduce the following.

Corollary 6.14. Suppose .xk/ is a normalized uniformly minimal sequence .in particu-
lar, a normalized basic sequence/ in L1. Then the sequence .jıxk j/ is unconditional in
FBLŒL1� if and only if it is equivalent to the `1 basis.

Corollary 6.14 may be useful for answering Question 5.5 in the special case that
E DL1 and pD 1. Here is another particular case when the above corollary is applicable:

Corollary 6.15. If .xk/ is a sequence of normalized independent random variables inL1,
then .jıxk j/ is equivalent to the `1 basis in FBLŒL1�.

Sketch of proof. For A � N, denote by †A the � -algebra generated by the random vari-
ables ¹xkºk2A. LetQA be the conditional expectation from L1 onto L1.†A/. ClearlyQA
is contractive, and QAxk D xk if k 2 A, QAxk D 0 otherwise. Thus, QA generates a
contractive lattice homomorphism (denoted byQA) on FBLŒL1�, withQAjıxk j D jıxk j if
k 2 A, and 0 otherwise – that is, the sequence .jıxk j/ is 1-suppression unconditional.

Remark 6.16. In [19] it was shown that the sequence .jıek j/ in FBLŒ`2� is equivalent to
the standard `1 basis. In contrast to Example 3.13, Corollary 6.15 shows that the sequence
.jırk j/ (rk are independent Rademachers) in FBLŒL1Œ0;1�� is equivalent to the standard `1
basis. Proposition 5.13 implies that the sequence .jırk j/ in FBL.p/ŒL1Œ0; 1�� is equivalent
to the standard `1 basis for all p 2 Œ1;1�, but we do not know how .jırk j/ behaves in
FBL.p/ŒL1Œ0; 1�� for p 2 .1;1/. For p D1 we obtain a copy of `2; see Proposition 6.4.

Normalized Haar functions form another notable sequence in L1. These were invest-
igated in Section 5.2.

6.4. Creating copies of `2 in free Banach lattices

In earlier sections we proved several results in which we assumed knowledge about a
basis .xk/ of E and analysed the behaviour of the basic sequence .jıxk j/ in FBL.p/ŒE�.
In particular, Corollary 5.11 shows that if .xk/ � E is equivalent to the c0 basis, then
.jıxk j/� FBL.p/ŒE� is equivalent to the `2 basis. It is also of interest to study the opposite
question. Specifically, suppose we have an (unconditional) basis .xk/ of E and we know
the behaviour of .jıxk j/ in FBL.p/ŒE�. Can we deduce from this the behaviour of .xk/?
When .jıxk j/ is equivalent to the `2 basis, the answer is yes:
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Theorem 6.17. Suppose E is a Banach space with an unconditional basis .xk/ such that
the sequence .jıxk j/ in FBL.p/ŒE� . for some 1 � p <1/ is equivalent to the `2 basis.
Then .xk/ is equivalent to the c0 basis.

The rest of this subsection is devoted to proving this result. First we fix some notation
and conventions.

Since .jıxk j/ is equivalent to the `2 basis, it is seminormalized. Renorming if neces-
sary, we can and do assume that the basis .xk/ is normalized and 1-unconditional in E,
so that E is a Banach lattice when equipped with the order induced by the basis. In view
of Proposition 5.12 and [19, Theorem 5], what we are really assuming is existence of a
C > 0 such that, for any ak 2 R,


X

k

akjıxk j



 � C�X

k

a2k

�1=2
: (6.3)

We shall denote by .x�
k
/ the corresponding biorthogonal functionals in E�, and let E 0

be the subspace of E� spanned by them.
Denote by .ek/ the canonical basis of p̀ . If Y and Z are spaces with seminormalized

unconditional bases .yk/ and .zk/ respectively, and ˛ D .a1; a2; : : :/ 2 p̀ , we denote by
�˛ W Y ! Z the diagonal operator which takes yk to akzk . Further, k˛kp is the p̀-norm
of ˛.

Abusing the notation slightly, we often identify finitely supported elements of these
spaces with their sequence representation. For instance, we identify f D

P
k bkx

�
k
2

E 0 with
P
k bkek 2 p̀ , and use kf kE 0 and kf kp as shorthand for k

P
k bkx

�
k
kE 0 and

k
P
k bkekkp , respectively.
For the rest of this section, we use the notation introduced above (E; .xk/;C; : : :). The

proof of Theorem 6.17 begins with a lemma:

Lemma 6.18. For any ˛ D .ak/ 2 c00, we have�X
k

a2k

�1=2
� k�˛ W E ! `2k:

Proof. By unconditionality, we can assume that ak � 0 for any k. Clearly, .
P
k a

2
k
/1=2 �

k�˛ W E ! `2k (compare with �˛ W c0 ! `2), hence we only need to show that�X
k

a2k

�1=2
. k�˛ W E ! `2k:

To see this, consider the isomorphic embedding J W `2! Lp induced by the Rademacher
functions .rk/, i.e., Jek D rk . Then J�˛ has a lattice homomorphic extension T D bJ�˛ W
FBL.p/ŒE�!Lp , with kT k � kJ�˛k � kJ kk�˛k. Clearly T jıxk j D akjrkj D ak1. Let
now u D

P
k akjıxk j. Then kuk � .

P
k a

2
k
/1=2, while kT uk D

P
k a

2
k

, which implies
.
P
k a

2
k
/1=2 . kT k. Then

k�˛ W E ! `2k �
kT k

kJ k
&
�X
k

a2k

�1=2
:



T. Oikhberg, M. A. Taylor, P. Tradacete, V. G. Troitsky 60

Proof of Theorem 6.17. By Lemma 6.18, there exists a constantC such that the inequality
k�˛ W `2 ! E 0k � C�1.

P
k jakj

2/1=2 holds for any ˛ D .ak/ 2 c00. Suppose, for the
sake of contradiction, that the formal identity `1 ! E 0 W ek 7! x�

k
is not bounded below.

Then there exists a finitely supported f D .fk/ 2 E
0
C such that kf k1 D

P
k fk D 1,

yet kf kE 0 < C�2. By Lemma 6.18, �pf (where
p
f D .

p
fk/) defines an operator

from `2 to E 0, with norm at least C�1. Consequently, we can find a finitely supported
g D .gk/ 2 .`2/C of norm 1 such that

k�pf gkE 0 D k.
p
fkgk/kE 0 � C

�1:

However, using [103, Proposition 1.d.2] we conclude that

k.
p
fkgk/kE 0 � k.fk/k

1=2
E 0 k.g

2
k/k

1=2
E 0 < C

�1
kg2kk

1=2
1 D C�1;

which yields the desired contradiction. Thus, .x�
k
/ is equivalent to the `1 basis, which

implies that .xk/ is equivalent to the c0 basis.

Remark 6.19. Proposition 6.5 shows that Theorem 6.17 fails if .xk/ is assumed to be not
a basis, but merely an unconditional basic sequence, in E. We do not know whether the
unconditionality assumption in Theorem 6.17 can be dropped.

Here is a general question in this direction:

Question 6.20. Given a basis .xk/, does there exist a basis .yk/ (possibly with some nice
additional properties) such that .xk/� .jıyk j/� FBL.p/ŒspanŒyk ��? If so, classify/analyse
such .yk/.

7. Bibasic and absolute sequences in free Banach lattices

Recall that a sequence .xk/ of non-zero vectors in a Banach lattice is bibasic if there
exists a constant M � 1 such that for every m 2 N and scalars a1; : : : ; am, the following
bibasis inequality is satisfied:


 m_

nD1

ˇ̌̌ nX
kD1

akxk

ˇ̌̌


 �M


 mX
kD1

akxk




: (7.1)

The least value of the constant M is called the bibasis constant of .xk/. Clearly, every
bibasic sequence is basic. Indeed, to arrive at the bibasis inequality (7.1), one begins with
the usual basis inequality

m_
nD1




 nX
kD1

akxk




 � K


 mX
kD1

akxk




;
and brings the supremum inside the norm. In general, a basic sequence need not be bib-
asic; however, this implication does hold in AM-spaces. For further details on bibasic
sequences and their equivalent characterizations we refer the reader to [71, 139]. The
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importance of bibasic sequences stems from two places. The first is that there are several
natural examples, including martingale difference sequences in Lp.P / (P a probabil-
ity measure and p > 1), the Walsh basis, unconditional blocks of the Haar system in
L1Œ0; 1�, and the trigonometric basis. The second important fact is [139, Theorem 2.1],
which shows that several forms of convergence are equivalent for bibasic sequences. To
set notation, for a basic sequence .xk/, we let Pn W Œxk �! Œxk � be the n-th canonical basis
projection. Here, Œxk � denotes the closed span of .xk/, and for x D

P1
kD1 akxk we have

Pnx WD
Pn
kD1 akxk . By definition, Pnx

k�k
�! x.

Theorem 7.1 (Bibasis Theorem). Let X be a Banach lattice and .xk/ a basic sequence
in X . The following statements are equivalent:

(1) .xk/ is bibasic.

(2) For all x 2 Œxk �, Pnx
u
�! x.

(3) For all x 2 Œxk �, Pnx
o
�! x.

(4) For all x 2 Œxk �, .Pnx/ is order bounded in X .

(5) For all x 2 Œxk �, .
Wm
nD1 jPnxj/

1
mD1 is norm bounded.

Above, we use several modes of convergence. Norm convergence is denoted by
k�k
�!,

while
u
�! and

o
�! stand for uniform and order convergence respectively. Specifically,

zk
u
�! 0 if there exists e � 0 with the property that for every " > 0 there exists N such

that jzkj � "e for any k � N . The condition zk
o
�! 0 is significantly weaker: There exists

a net .y˛/, decreasing to 0, with the property that for every ˛ there exists N such that
jzkj � y˛ for any k � N . The reader is referred to e.g. [139] for more details.

7.1. A subspace of a Banach lattice without bibasic sequences

In this subsection we show that the unit vector basis of c0 is not bibasic in FBL.p/Œc0�
for finite p, and we use this to answer a question from [139], by exhibiting a subspace of
a Banach lattice without a bibasic sequence. Let us begin with the following observation:

Lemma 7.2. Let .xk/ be a basis of a Banach space E. If .ıxk / is bibasic in FBL.p/ŒE�,
then .xk/ is also bibasic in any p-convex Banach lattice where E linearly isomorphically
embeds.

Proof. Let X be a p-convex Banach lattice and T W E ! X a linear isomorphic embed-
ding. Let yk D T xk . Extend T to a lattice homomorphism yT W FBL.p/ŒE�! X . Then


 m_

nD1

ˇ̌̌ nX
kD1

akyk

ˇ̌̌


 D 


 yT m_
nD1

ˇ̌̌ nX
kD1

akıxk
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 � k yT k


 m_
nD1

ˇ̌̌ nX
kD1

akıxk
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� k yT kM




 mX
kD1

akxk




 � kT kM .p/.X/MkT �1k



 mX
kD1

akyk




;
where M is the bibasis constant of .ıxk / in FBL.p/ŒE�.
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Remark 7.3. For general p, it is therefore of interest to know which normalized bases
.xk/ of E are such that .ıxk / is bibasic in FBL.p/ŒE� – when p D1 this is true for every
basis .xk/.

Theorem 7.4. The canonical copy of the c0 basis .ıek / in FBL.p/Œc0� for 1 � p <1 is
not bibasic.

Proof. Suppose, for the sake of contradiction, that .ıek / is bibasic in FBL.p/Œc0� with
bibasis constant M . Fix m. Let Hm be the m �m Hilbert matrix defined by

Hm D

26666664
1

m�1
1

m�2
: : : 1 0

1
m�2

1
m�3

: : : 0 �1

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

1 0 : : : � 1
m�3

�
1

m�2

0 �1 : : : � 1
m�2

�
1

m�1

37777775 :
Here the .i; j /-th entry is 1

mC1�i�j
when i C j ¤ mC 1 and zero otherwise. We view

Hm as an operator from `m1 to `mp . Clearly, HCm has the same upper-left quadrant as Hm
but zeros in the lower-right quadrant. In [94, proof of Proposition 1.2], it is shown that
kHCm k � C lnm kHmk, where C is an absolute constant.

Identifying `m1 with spanŒe1; : : : ; em� in c0, we extend Hm to an operator from c0 to
`mp by setting Hmek D 0 whenever k > m. Let yHm W FBL.p/Œc0�! `mp be the extension
of Hm to a lattice homomorphism with k yHmk D kHmk. Applying the bibasis inequality
to ıek ’s with a1 D � � � D am D 1 and using the fact that Hmek D yHmıek for all k, we get
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 D 


 m_
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kD1

yHmıek
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 DMkHmk:
Fix j � m. Then, clearly,

m_
nD1

ˇ̌̌ nX
kD1

Hmek

ˇ̌̌
�

ˇ̌̌m�jX
kD1

Hmek

ˇ̌̌
:

The j -th entry of the vector on the right hand side is 1C 1
2
C � � � C

1
m�j

: This number is
also the j -th entry of HCm 1. It follows that

m_
nD1

ˇ̌̌ nX
kD1

Hmek

ˇ̌̌
� HCm 1;

so that 


 m_
nD1

ˇ̌̌ nX
kD1

Hmek

ˇ̌̌


 � kHCm 1k D kHCm k � C lnm kHmk:

This is a contradiction as m is arbitrary.
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It was asked in [139, Remark 4.4] whether every subspace of a Banach lattice contains
a bibasic sequence. We next provide a negative answer to this question:

Theorem 7.5. The subspace �.c0/ in FBL.p/Œc0� for 1 � p <1 does not contain any
bibasic sequence.

In particular, for every finite p there exists a p-convex Banach lattice containing a
subspace without any bibasic sequence. This result is sharp, since, as noted above, any
basic sequence in an AM-space is bibasic.

Proof of Theorem 7.5. Suppose that there is a sequence .yk/ in c0 such that .ıyk / is bi-
basic in FBL.p/Œc0�. Let .xk/ be a block sequence of .yk/ which is equivalent to the c0
basis, and complemented in c0 (see [102, Propositions 1.a.12 and 2.a.1]). As a blocking
of .ıyk /, .ıxk / is bibasic in FBL.p/Œc0� by [139, Corollary 4.1].

LetP be a projection from c0 ontoED spanŒxk W k 2N�. By the results of Section 3.3,
for every finite sequence .ak/, and every m 2 N, we have
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:

Define now an isomorphism T W E ! c0 W xk 7! ek . Then xT is a lattice isomorphism,
and, for .ak/ and m as above,
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FBL.p/Œc0�

:

Now, using the fact that .ıxk / is bibasic in FBL.p/Œc0� and equivalent to the c0 basis,
it follows easily from the above that .ıek / is as well. This contradicts Theorem 7.4.

Remark 7.6. The above argument shows that the subspace �.`q/ of FBL.p/Œ`q� does not
contain a bibasic sequence as long as the canonical copy of the `q basis is not bibasic in
FBL.p/Œ`q�. For what values of p and q is the latter condition satisfied? By Theorem 7.4,
we know the answer for c0. Furthermore, the canonical copy of the `2 basis .ıek / is not
bibasic in FBL.p/Œ`2� for 1 � p � 2: use [139, Example 6.2] to get an orthonormal basis
of L2Œ0; 1� which is not a bibasis, then apply Lemma 7.2. On the other hand, it was shown
in [139] that every copy of the `1 basis is bibasic in every Banach lattice; in particular,
the canonical copy of the `1 basis is bibasic in FBL.p/Œ`1�. This leads to the following
conjecture: Let .xk/ be a normalized (unconditional) basis of a Banach space E, and fix
1 � p < 1; if .ıxk / is bibasic in FBL.p/ŒE� then .xk/ is equivalent to the unit vector
basis of `1.
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Being a basis is critical for Lemma 7.2 – Proposition 6.5 shows that, for any basic
sequence .xk/ in C.�/, equivalent to the `2 basis, the sequence .ıxk / is absolute in
FBL.p/ŒC.�/� (see Section 7.3 below for a discussion of absoluteness), hence in par-
ticular is bibasic.

Note that, as in Proposition 5.12, c0 gives a lower bound on the growth of the left
hand side of the bibasis inequality. In other words, the inequality in the statement of
Proposition 5.12 admits a natural “bibasis” analogue, where one places sups inside the
norms.

7.2. A connection with majorizing maps

Let E be a normed space and X an Archimedean vector lattice. A linear map T W E ! X

is called majorizing (see [129, Chapter IV]) if for every norm null sequence .xk/ inE, the
sequence .T xk/ is order bounded. There are several equivalent characterizations of major-
izing operators, which we record in the following proposition. The equivalence (1),(5)
is well known (see, for example, [129, Proposition IV.3.4]), but we include the simple
proof for the sake of analogy with Theorem 7.1. Our proof also does not require linearity,
only positive homogeneity (and in particular it works for sublinear mappings, which seem
to be underrepresented in the vector lattice literature, but are important in applications):

Proposition 7.7. Let T WE!X be a positively homogeneous map, whereE is a normed
space and X is an Archimedean vector lattice. The following are equivalent:

(1) T is majorizing.

(2) xk
k�k
�! 0 implies T xk

u
�! 0 for all sequences .xk/ in E.

(3) xk
k�k
�! 0 implies T xk

o
�! 0 for all sequences .xk/ in E.

Moreover, if X is a Banach lattice then these statements are further equivalent to:

(4) xk
k�k
�! 0 implies .

Wn
kD1 jT xkj/ is norm bounded for all sequences .xk/ in E.

(5) T is 1-convex in the sense of [103, Definition 1.d.3], i.e., there exists M � 1 such
that for all x1; : : : ; xn in E,


 n_

kD1

jT xkj



 �M n_

kD1

kxkk:

Proof. Clearly, (2))(3))(1); we show (1))(2). Suppose .xk/ is a sequence in E and

xk
k�k
�! 0. Then there exists a sequence 0 � �k " 1 in R such that �kxk

k�k
�! 0. Hence,

T .�kxk/ is order bounded in X , so there exists 0 < x 2 X with jT .�kxk/j � x for all k.
It follows that jT xkj � 1

�k
x, so that T xk

u
�! 0 in X .

(1))(4) is obvious.

(4))(2): Assume xk
k�k
�! 0 implies .

Wn
kD1 jT xkj/ is norm bounded for all sequences

.xk/ in E. Then, since X�� is monotonically complete, .T xk/ is order bounded in X��.



Free Banach lattices 65

Now, viewing T as a map from E toX��, T satisfies (1), and hence (2). Hence, T xk
u
�! 0

inX�� and hence inX sinceX is a closed sublattice ofX�� (use [139, Proposition 2.12]).

(5))(4): Suppose xk
k�k
�! 0. Then .xk/ is norm bounded so there exists K such thatWn

kD1 kxkk < K for each n. Then


Wn

kD1 jT xkj


 � KM , and we get (4).

(4))(5): Suppose (5) fails. Then by positive homogeneity of the inequality, for every
m there exist xm1 ; : : : ; x

m
nm

with
Wnm
kD1
kxm
k
k < 1

2m
and



Wnm
kD1
jT xm

k
j


 > m. Then the

sequence x11 ; : : : ; x
1
n1
; x21 ; : : : is k � k-null but after applying T , (4) fails.

The infimum over all such numbers M as above is called the majorizing norm of T ;
it is denoted by kT km.

Proposition 7.8. If, in the notation of Proposition 7.7, E is finite-dimensional, and T is
linear, then

W
kzk�1 jT zj exists, and

kT km D




 _
kzk�1

jT zj



:

Proof. First we show that T .BE / is order bounded. To this end, let .ei /niD1 be an
Auerbach basis of E. Let x D

Pn
iD1 jTei j. Any z 2 BE admits a decomposition z DP

i aiei with
W
i jai j � 1. Then

jT zj D
ˇ̌̌X
i

aiTei

ˇ̌̌
�

X
i

jai j jTei j � x:

Find a nested sequence of finite subsets S1 � S2 � � � � � BE such that, for every m,
Sm is a 2�m-net in BE . Let xm D

W
z2Sm

jT zj. Then clearly x1 � x2 � � � � . On the other
hand, for each m, any z 2 BE can be written as z D u C v with u 2 Sm and kvk �
2�m. Then jT zj � jT uj C jT vj � xm C 2�mx. In particular, xmC1 � xm C 2�mx, and
therefore kxmC1 � xmk � 2�mkxk. Thus, .xm/ is increasing to its limit (in the norm
topology), call it x1. As we have seen, jT zj � xm C 2�mx � x1 C 2�mx for all m,
hence x1 D

W
kzk�1 jT zj. Clearly, kT km � kx1k. On the other hand,

kT km � sup
m
kxmk D kx1k:

Remark 7.9. In general, Proposition 7.8 fails for non-linear maps, as the following map
T W `22! `2 shows. For n 2N let T .cos �

2n
; sin �

2n
/D en=

p
n, where .ei / is the canonical

basis for `2; let T .1; 0/ D 0. Extend T to be continuous and homogeneous on `22. Then
¹jT zj W z 2 B`2

2
º � ¹n�1=2en W n 2 Nº, and the latter set is not order bounded.

On the other hand, one can show that the formula kT km D


W
kzk�1 jT zj



 holds
for various non-linear maps T if T W E ! X takes a finite-dimensional E into an AM-
space X . For this, it suffices to show that if S � X is relatively compact, then x1 DW
x2S jxj exists in X , and moreover for any " > 0 there exists a finite set F � S such that
k
W
x2F jxj � x1k < ". Imitating the proof of Proposition 7.8, find a nested sequence

of finite subsets S1 � S2 � � � � � S such that every Sm is a 2�m-net in S . Let xm DW
x2Sm

jxj. Then clearly x1 � x2 � � � � . Consider a lattice isometric embedding J W X !
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C.K/ for some Hausdorff compact K. For each m, JxmC1 � Jxm C 2�m1K , hence the
sequence .J xm/ converges in norm. As J is isometric, the sequence .xm/ converges to
some x1 2 X , hence no upper bound on S can be strictly less than x1. On the other
hand, for any x 2 S and m 2 N, we have

jJxj � Jxm C 2
�m1K � Jx1 C 2

�m1K ;

and so jxj � x1, due to m being arbitrary.

We now specialize to operators of the form S D Sxx W `
n
q ! X W ek 7! xk , where X is

a Banach lattice, and .ek/nkD1 is the canonical basis of `nq . Then

kSxxkm D




 _
P
k jbk j

q�1

X
k

bkxk




 D 


�X
k

jxkj
p
�1=p


: (7.2)

In particular, given an operator S D Sxx W `nq ! E W ek 7! xk , where E is a Banach space,
we can compose it with �E to get an operator of the above form. Applying (7.2) to �ESxx ,
we get 


�X

k

jıxk j
p
�1=p


 D k�ESxxkm:

This gives a connection with (6.1).
Proposition 7.7 presents several equivalent characterizations of operators that map

norm convergent sequences to uniformly convergent sequences. In [139, Proposi-
tions 5.3, 5.4] the authors study operators that map uniformly convergent sequences to
uniformly convergent sequences. We now give an analogue of the equivalence of state-
ments (2) and (5) in Proposition 7.7 for such operators:

Proposition 7.10. Let T WE �X! Y be a positively homogeneous map whereX and Y
are Banach lattices and E is a subspace of X . The following are equivalent:

(1) T is sequentially uniformly continuous, i.e., xk
u
�! 0 implies T xk

u
�! 0 for all

sequences .xk/ in E.

(2) T is .1;1/-regular in the sense of [128], i.e., there exists M such that for any n
and any x1; : : : ; xn in E, 


 n_

kD1

jT xkj



 �M


 n_

kD1

jxkj



:

Proof. (2))(1): Suppose xk
u
�! 0. Then .xk/ is order bounded so there exists K such

that


Wn

kD1 jxkj


 < K for each n. By (2),



Wn
kD1 jT xkj



 � KM , and we can apply
[139, Proposition 5.4]. Formally, [139, Proposition 5.4] is stated for linear maps, but the
proof works for positively homogeneous maps.

(1))(2): Suppose (2) fails. Then by positive homogeneity of the inequality, for
everym there exist xm1 ; : : : ; x

m
nm

with


Wnm

kD1
jxm
k
j


< 1

2m
and



Wnm
kD1
jT xm

k
j


>m. Then

the sequence x11 ; : : : ; x
1
n1
; x21 ; : : : is u-null but after applying T , [139, Proposition 5.4]

fails.
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Remark 7.11. Sequentially uniformly continuous operators also appear in the theory of
multinormed spaces, and it is known that a bounded operator between Banach lattices is
1-multi-bounded if and only if it is 1-multi-bounded if and only if it is pre-regular; see
[38, Sections 4.2, 4.5]. If X and Y are Banach lattices and E a subspace of X then one
can also show that a linear map T W E ! Y is sequentially uniformly continuous if and
only if it is order bounded (in the sense of [139]) when viewed as a map T W E ! Y ��.
Here, an operator T W A! C defined on a subspace A of a vector lattice B and taking
values in a vector lattice C is order bounded if for any b 2 BC, the image of Œ�b; b� \ A
under T is order bounded in C .

Indeed, if T WE! Y �� is order bounded, then it is sequentially uniformly continuous
as a map into Y �� (see [137, Proposition 24.1]), and hence into Y since uniform conver-
gence of sequences passes between closed sublattices [139, Proposition 2.12]. Conversely,
let B � E be order bounded. Then there exists x 2 X with jbj � x for each b 2 B . Now
note that for b1; : : : ; bn inB we have



jb1j _ � � � _ jbnj

�kxk so that by Proposition 7.10,


 n_
kD1

jT bkj



 �Mkxk:

Now let F DPf.B/ be the family of finite subsets ofB , directed by inclusion. For F 2F

set yF D
W
¹jTyj W y 2 F º. Then .yF / is an increasing and norm bounded net in Y , hence

has supremum in Y ��. Hence, T .B/ is order bounded in Y �� and we are done. Note the
only property of Y �� we need is monotone boundedness, so we can replace Y �� by any
monotonically bounded Banach lattice containing Y as a closed sublattice.

As a corollary, since order bounded embeddings map absolute sequences to abso-
lute sequences (this follows directly from [139, Proposition 7.5]; see Section 7.3 below
for more information on absolute sequences), so do sequentially uniformly continuous
embeddings.

Given the fact that from every u-null net one can extract a u-null sequence, one
may wonder if sequences can be replaced with nets in Proposition 7.7. This is not true.
Indeed, in [70] the authors study strongly majorizing and Carleman operators. A linear
map T W E ! F from a normed space E to an Archimedean vector lattice F is strongly
majorizing if T maps the unit ball of E into an order interval in F – one can easily show
that these are exactly the operators which satisfy conditions (2) and (3) in Proposition 7.7
when sequences are replaced by nets. Note, for instance, that the identity map on c0 is
majorizing, but not strongly so. The reason that there are sequentially uniformly con-
tinuous but not uniformly continuous operators (even though uniform convergence is a
sequential convergence) stems from the fact that uniform convergence is not topological.

For Carleman operators (mapping the unit ball into an order interval in the universal
completion of the range), another nice characterization is available: T is Carleman if and
only if T maps norm null nets to uo-null nets. We refer the reader to [64, 90, 138] for
information on uo-convergence and its applications. In summary, many of the operators
defined via “boundedness” in the literature are in fact merely continuous operators, if one
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finds the right notions of convergence. Moreover, many of the fundamental results hold if
the operator is merely defined on a subspace of the lattice.

7.3. Absolute bases

Recall that the bibasis inequality (7.1) arises by interchanging the supremum with the
norm in the usual basis inequality. If one instead begins with the inequality_

"kD˙1




 mX
kD1

"kakxk




 �M


 mX
kD1

akxk




;
characterizing unconditional sequences, brings the sup inside the norm, and notes thatW
"kD˙1

j
Pm
kD1 "kakxkj D

Pm
kD1 jakxkj, one arrives at the notion of absolute sequence

from [139]. More formally, we say that a basic sequence .xk/ in a Banach lattice X is
absolute if there exists a constant A � 1 such that


 mX

kD1

jakxkj



 � A


 mX

kD1

akxk





for all m 2 N and scalars a1; : : : ; am. Then [139, Theorem 7.2] shows that .xk/ is
absolute if and only if the convergence of

P1
kD1 akxk is equivalent to the convergence

of
P1
kD1 jakxkj. Note that k

P
k akxkk �



P
k jakxkj



. Consequently, for any abso-
lute basic sequence we have k

P
k akxkk �



P
k jakxkj



. As is easy to see, absolute
sequences must be both unconditional and bibasic.

By [139, Proposition 7.8], any sequence .xk/ in a Banach lattice, equivalent to the `1
basis (on the Banach space level), is absolute. On the other hand, from the above discus-
sion it is clear that in AM-spaces a sequence is absolute if and only if it is unconditional.
In this short subsection, we examine conditions on the sequence .xk/ � E such that its
canonical image .ıxk / is absolute in FBL.p/ŒE�.

Proposition 7.12. If .xk/ is a normalized basis of E, and .ıxk / is an absolute basic
sequence in FBL.p/ŒE� for p <1, then .xk/ is equivalent to the `1 basis.

Proof. As noted above, the sequence .ıxk / (equivalently .xk/) is unconditional. Proposi-
tion 5.13 shows that, for any finite sequence .ak/ of scalars,


X

k

akxk




 D 


X
k

akıxk




 . 


X
k

akjıxk j



 � 


X

k

jakj jıxk j



 � 


X

k

akxk




:
Now apply Proposition 6.3.

Remark 7.13. Above we showed that, for a seminormalized basis .xk/ of E, the fol-
lowing two statements are equivalent: (i) .xk/ is equivalent to the `1 basis; (ii) for any
sequence .ak/ of scalars,

P
k akxk converges if and only if

P
k jakJxkj converges for

any embedding J W E ! Z, where Z is a Banach lattice. This provides a converse to
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[139, Proposition 7.8], which states that any sequence in a Banach lattice which is equi-
valent to the `1 basis is absolute – we now know that `1 is the only normalized basis
with this property. One can also notice the similarity with the well-known fact that, for a
normalized basic sequence .xk/, the norm convergence of

P
k akxk is equivalent to the

convergence of
P
k kakxkk if and only if .xk/ is equivalent to the `1 basis.

For positive sequences, being absolute is the same as being unconditional. Hence, for
every unconditional basis .xk/ of E, .jıxk j/ is absolute in FBL.p/ŒE�. However, Proposi-
tion 5.18 shows that .jıxk j/ need not be absolute if .xk/ is a conditional basis. Is it at least
true that .jıxk j/ is bibasic? If p D 1 then this is clear, as FBL.1/ŒE� is an AM-space.
However, when p 2 Œ1;1/ the situation is not as transparent. For example, we do not
know whether .jısk j/ is bibasic in FBL.p/Œc0� (here .sk/ is the summing basis of c0, and
p 2 Œ1;1/). Example 5.16 shows that the dual to the summing basis is not bibasic in
FBL.p/Œ`1� for any finite p, though its modulus is absolute.

Remark 7.14. The proof of Lemma 7.2 can be easily adapted to show that if .xk/ is a
normalized basis of E such that .ıxk / � FBL.p/ŒE� is absolute, then every isomorphic
embedding T from E to any p-convex Banach lattice X maps .xk/ to an absolute se-
quence. In fact, if .ıxk / � FBL.p/ŒE� is absolute and p <1, then .xk/ is equivalent to
the unit vector basis of `1 by Proposition 7.12, hence so is .T xk/, which implies that
.T xk/ is absolute. On the other hand, for p D1, we note that every unconditional basic
sequence in an AM-space is automatically absolute.

8. Sublattices of free Banach lattices

In this section we investigate the sublattice structure of FBL.p/ŒE�. Let us begin with
some necessary conditions for a Banach lattice to be a sublattice of FBL.p/ŒE� (com-
pare with [8], where some conditions under which E embeds into FBLŒE� as a lattice-
complemented sublattice are explored). First, recall that a Banach lattice X satisfies the
� -bounded chain condition (� -bcc) if there is a countable decomposition XC n ¹0º DS
n�2 Fn such that for every n, every subset G � Fn of size n contains a pair of non-

disjoint elements. This is stronger than the countable chain condition, meaning that every
uncountable family in XC contains a pair of non-disjoint elements (see [14]).

Proposition 8.1. If 1 � p � 1, and F is a closed sublattice of FBL.p/ŒE� for some
Banach space E, then:

(1) F is p-convex.

(2) F satisfies the � -bcc.

(3) The real-valued lattice homomorphisms separate the points of F .

Proof. (1) is clear. (2) follows from the fact that Cph.BE�/, the lattice of positively
homogeneous weak� continuous functions on BE� , satisfies � -bcc [14, Theorem 1.3],
and this is transferred to (not necessarily closed) sublattices. By construction, recall that
FBL.p/ŒE� can be seen as a (in general, non-closed) sublattice of Cph.BE�/.
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(3) is analogous to [15, Corollary 2.7]: For every x� 2 E�, the evaluation functionalcx� W FBL.p/ŒE�! R given by cx�.f / D f .x�/ is a lattice homomorphism and clearly
f D g in FBL.p/ŒE� if and only if cx�.f / Dcx�.g/ for every x� 2 E�. It follows that
for every sublattice F of FBL.p/ŒE�, the real-valued lattice homomorphisms (obtained by
restricting cx� to F ) separate the points of F .

Remark 8.2. As a direct consequence of Proposition 8.1 we see that Lp.�/ can possibly
embed as a sublattice of FBL.p/ŒE� only when � is purely atomic (with countably many
atoms).

We will actually see next that `q always embeds as a sublattice of FBL.p/Œ`q� if q � p.
Specifically, we show the following.

Theorem 8.3. Suppose E is a Banach lattice, p-convex with constant 1, with the order
induced by a 1-unconditional basis. Then FBL.p/ŒE� contains an isometric copy of E as
a sublattice. Moreover, there exists a contractive lattice homomorphic projection onto this
sublattice.

This provides an alternative approach to [8, Theorem 4.1], valid for all p 2 Œ1;1�.
Throughout, we work with a fixed E from Theorem 8.3. For this proof, we change

our notational conventions slightly and denote the normalized 1-unconditional basis
for E by .ei /. The corresponding (normalized) biorthogonal functionals will be denoted
by .e�i /i2N . For N 2 N with N � dimE, denote by PN the canonical (contractive) pro-
jection fromE onto spanŒei W 1� i �N�. ThenP �N projectsE� onto spanŒe�i W 1� i �N�,
with P �N e

�
i D e

�
i if i � N , P �N e

�
i D 0 if i > N . Consequently, spanŒei W 1 � i � N� and

spanŒe�i W 1 � i � N� are in duality with each other.
We need to establish a technical lemma:

Lemma 8.4. Denote by P the set of all finite sequences .ˇi / such that
P
i jˇi
i j

p � 1

whenever k
P
i 
ieik � 1. Then for every choice of scalars .˛i / we have

sup
°�X

i

j˛iˇi j
p
�1=p

W .ˇi / 2 P
±
D




X
i

˛iei




:
Proof. Denote byE.p/ the p-concavification ofE, as described in e.g. [103, Section 1.d].
If .ti / is a finite sequence, then we can view

P
i tiei as an element of E.p/, with the norm


X

i

tiei





E.p/
D




X
i

t
1=p
i ei




p
E
; where t1=p D sign t � jt j1=p:

Such finitely supported sequences are dense in E.p/.
Due to the unconditionality of the basis .ei /, we can assume ˛i � 0, and there exists

N 2 N such that ˛i D 0 whenever i > N . Projecting onto spanŒei W 1 � i � N� and
spanŒe�i W 1 � i � N�, we can assume that ˇi D 0 D 
i for i > N . By unconditionality,
we also assume ˇi ; 
i � 0. Now let ti D ˛

p
i , si D ˇ

p
i , zi D 


p
i . Then .ˇi / 2 P if and
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only if
P
i sizi � 1 whenever


X

i

z
1=p
i ei




p
E
D




X
i

ziei





E.p/
� 1:

By duality, k
P
i sie

�
i k.E.p//� � 1 if and only if .ˇi / 2 P , and therefore

sup
°�X

i

j˛iˇi j
p
�1=p

W .ˇi / 2 P
±
D sup

°�X
i

tisi

�1=p
W




X
i

sie
�
i





.E.p//

�
� 1

±
D




X
i

tiei




1=p
E.p/
D




X
i

˛iei





E
;

which is what we want.

Proof of Theorem 8.3. We present a proof in the case of infinite-dimensional E. Only
minor adjustments are needed to handle the finite-dimensional setting.

We find a sequence of disjoint functions fi 2 FBL.p/ŒE�C such that, for any finite
sequence .˛i /i of positive numbers,


X

i

˛ifi





FBL.p/ŒE�

D




X
i

˛iei





E
: (8.1)

Once this is established, we conclude that E is lattice isometric to F D spanŒfi W i 2 N�.
For k 2 N, define fk 2 HŒE�C by

fk D
�
jıek j � 2

2k
�X
i<k

jıei j C
X
i>k

2�i jıei j
��
C
:

As
P
i 2
�i jıei j converges in norm, fk actually belongs to FBL.p/ŒE�; in fact,

fk D lim
N

�
jıek j � 2

2k
�X
i<k

jıei j C

NX
iDkC1

2�i jıei j
��
C
:

Moreover, the functions fk are disjoint. Indeed, suppose i < j , and e� 2 E� is such that
fi .e

�/; fj .e
�/ > 0. We will derive a contradiction. To this end, observe that

fi .e
�/ � je�.ei /j � 2

2i�j
je�.ej /j and fj .e

�/ � je�.ej /j � 2
2j
je�.ei /j:

Since both fi .e�/ and fj .e�/ are strictly positive, we have

je�.ei /j > 2
2i�j
je�.ej /j > 2

2iCj
je�.ei /j;

which is impossible.
To establish (8.1), let f D

PN
kD1 ˛kfk (recall that ˛k � 0). By scaling, we

may assume that k
P
k ˛kekkE D 1. Recall that kf kFBL.p/ŒE� is the supremum of

.
P
i jf .x

�
i /j

p/1=p , given supx2BE
P
i jx
�
i .x/j

p � 1 (with finite sums).
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We first obtain a lower estimate on kf k. By Lemma 8.4, we can find .ˇi /NiD1 �
Œ0;1/ such that .

P
i .˛iˇi /

p/1=p D k
P
i ˛ieik D 1, and

P
i jˇi
i j

p � 1 whenever
k
P
i 
ieik � 1. Let x�i D ˇie

�
i (1 � i � N ). Then clearly supx2BE

P
i jx
�
i .x/j

p � 1,
and

kf k �
� nX
iD1

jf .x�i /j
p
�1=p

D

�X
i

.˛iˇi /
p
�1=p

D 1:

Next we need to establish an upper bound for kf kFBL.p/ŒE�. Specifically, we suppose
supx2BE

P
i jx
�
i .x/j

p � 1, and show that .
Pn
iD1 jf .x

�
i /j

p/1=p � 1.
Define an auxiliary function g W E� ! Œ0;1/ (not necessarily continuous) in the

following manner. For x� 2 E� let I.x�/ D ¹k W fk.x
�/ ¤ 0º. As the functions fk are

pairwise disjoint, I.x�/ is either empty or a singleton. If I.x�/ D ;, let g.x�/ D 0. If
I.x�/ D ¹iº, let g.x�/ D ˛i jx�.ei /j.

Now define the disjoint sets Si D ¹j W fi .x�j / ¤ 0º (that is, j 2 Si if and only if
I.x�j / D ¹iº). For j 2 Si , we have jf .x�j /j � ˛i jx

�
j .ei /j D g.x�j /, hence it suffices to

show that X
j

jg.x�j /j
p
� 1:

Find (positive) scalars .tj / such that
P
j jtj j

q D 1 with 1=pC 1=q D 1, and satisfying
.
Pn
jD1 jg.x

�
j /j

p/1=p D
P
j tjg.x

�
j /. For j 2 Si , let "j D jx�j .ei /j=x

�
j .ei / if x�j .ei / ¤ 0

and "j D 0 otherwise, and set

y�i D �
�1
i

X
j2Si

tj "jx
�
j ; where �i D

�X
j2Si

jtj j
q
�1=q

:

Note first that, for x 2 BE ,
P
i jy
�
i .x/j

p � 1. Indeed, find scalars .si / such thatP
i jsi j

q D 1 and .
P
i jy
�
i .x/j

p/1=p D
P
i siy

�
i .x/. Write uj D si=�i if j 2 Si . ThenX

i

siy
�
i .x/ D

X
j

uj tj "jx
�
j .x/ �

�X
j

juj j
q
jtj j

q
�1=q�X

j

jx�j .x/j
p
�1=p

:

We have X
j

juj j
q
jtj j

q
D

X
i

jsi j
q�
�q
i

X
j2Si

jtj j
q
D

X
i

jsi j
q
D 1;

so
P
i siy

�
i .x/ � 1.

Next we show that
P
i jg.y

�
i /j

p �
P
j jg.x

�
j /j

p . To this end, note first that, by the
definition of fi , I.x�/ D ¹iº if and only if

jx�.ei /j > 2
2i
�X
k<i

jx�.ek/j C
X
k>i

2�kjx�.ek/j
�
:

For any j 2 Si , we have

jx�j .ei /j > 2
2i
�X
k<i

jx�j .ek/j C
X
k>i

2�kjx�j .ek/j
�
:



Free Banach lattices 73

By the convexity of the absolute value, it follows that

jy�i .ei /j D
1

�i

X
j2Si

tj jx
�
j .ei /j > 2

2i
�X
k<i

jy�i .ek/j C
X
k>i

2�kjy�i .ek/j
�

as well. Therefore, g.y�i / D ˛i jy
�
i .ei /j D ��1i

P
j2Si

tjg.x
�
j /. However,

P
i �

q
i D 1,

hence �X
i

jg.y�i /j
p
�1=p

�

X
i

�ig.y
�
i / D

�X
j

jg.x�j /j
p
�1=p

:

The reasoning above implies that it suffices to show thatX
i

˛
p
i jy
�
i .ei /j

p
� 1 whenever sup

x2BE

X
i

jy�i .x/j
p
D 1: (8.2)

By projecting, we can assume that y�1 ; : : : ; y
�
N “live” in E�N D spanŒe�i W 1 � i � N�;

this space can be interpreted as the dual of EN D spanŒei W 1 � i � N�. Consider the
operator

T W EN ! `Np W x 7!

NX
iD1

y�i .x/�i ;

where .�i / is the canonical basis for `Np . The condition supx2BE
P
i jy
�
i .x/j

p D 1 is
equivalent to T being contractive. Tong’s argument [102, Proposition 1.c.8] shows that
the diagonalization of T – that is, the operator

T 0 W EN ! `Np W x 7!

NX
iD1

y�i .ei /e
�
i .x/�i ;

is contractive as well. Taking x D
PN
iD1 ˛iei , we conclude that

kT 0xk D
�X
i

˛
p
i jy
�
i .ei /j

p
�1=p

� kxk D 1;

which implies (8.2).
It remains to show that there exists a contractive lattice homomorphic projection from

FBL.p/ŒE� onto spanŒfi W i 2 N�. To this end, recall that the identity map I W E ! E has
a unique lattice homomorphic contractive extension yI W FBL.p/ŒE�! E. In particular,
we have

yI
�
jıek j � 2

2k
�X
i<k

jıei j C

pX
iDkC1

2�i jıei j
��
C

D

�
jIekj � 2

2k
�X
i<k

jIei j C

pX
iDkC1

2�i jIei j
��
C
D ek ;

hence by continuity, yIfk D ek for any k.
Note that the map U W E ! FBL.p/ŒE� W ek 7! fk is a lattice isometry, and yIU is

the identity on E. Therefore, U yI is a contractive projection onto spanŒfi W i 2 N�, and a
lattice homomorphism.
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Remark 8.5. Note that if E is a p-convex Banach lattice, then the identity on E extends
to a lattice homomorphism ˇE W FBL.p/ŒE� ! E, that is, ˇE�E D idE . This allows
us to see E as a complemented subspace of FBL.p/ŒE�. There is a partial converse to
this: Suppose E is a Banach lattice which is isomorphic to a complemented subspace of
FBL.p/ŒE� for some 1 � p � 2. Then E must itself be p-convex (see [103, Theorem
1.d.7] and the remark after it).

For the next proposition, we need to introduce some notation. For n 2 N, let
FBL.p/nŒE� denote the n-fold iterate of FBL.p/’s, i.e.,

FBL.p/1ŒE� D FBL.p/ŒE�; FBL.p/2ŒE� D FBL.p/ŒFBL.p/ŒE��; etc.

Following the same ideas as in [8] we obtain the following result.

Proposition 8.6. For every Banach space E and every n � 1, there is a lattice isomet-
ric embedding S W FBL.p/ŒE� ! FBL.p/nŒE� and a contractive lattice projection onto
S.FBL.p/ŒE�/.

Proof. By convention, set FBL.p/0ŒE� D E and for k 2 N let �k W FBL.p/k�1ŒE� !
FBL.p/k ŒE� be the canonical embedding. Let

T D �n ı � � � ı �1 W E ! FBL.p/nŒE�:

Since FBL.p/nŒE� is p-convex, there exists a lattice homomorphism yT W FBL.p/ŒE�!
FBL.p/nŒE� extending T , that is, yT ı �1 D T , with k yT k D kT k D 1.

Now for k 2 N let ˇk WD cidk W FBL.p/kC1ŒE� ! FBL.p/k ŒE� be the extension of
the identity map idk W FBL.p/k ŒE�! FBL.p/k ŒE�, i.e., ˇk ı �kC1 D idk and kˇkk D 1.
Finally, define

ˇ WD ˇ1 ı � � � ı ˇn�1 W FBL.p/nŒE�! FBL.p/ŒE�:

We claim that ˇ yT D idFBL.p/ŒE�. Indeed, given x 2 E we have

ˇ yT �1.x/ D ˇ1 ı � � � ı ˇn�1 ı �n ı � � � ı �1.x/ D �1.x/:

Since ˇ yT is a lattice homomorphism and FBL.p/ŒE� is lattice-generated by the elements
of the form �1.x/ with x 2 E, it follows that ˇ yT D idFBL.p/ŒE�, as claimed.

Remark 8.7. Proposition 8.6 is related to the fact that .E; FBL.p/ŒE�/ has 1-POE-p.
Actually, .E;FBL.p/ŒE�/ has 1-POE-q for every q � p.

Finally, we remark that some other results from [8] are valid in the p-convex category.
For example, if a p-convex Banach lattice P is projective for p-convex lattices (in the
sense of [82]) then it embeds as a lattice-complemented sublattice of FBL.p/ŒP �.

9. Encoding properties of E as properties of FBLŒE�

In this section we begin to build a dictionary between Banach space properties of E and
Banach lattice properties of FBL.p/ŒE�. There are several results already known in this
direction:
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(1) E is isomorphic to a complemented subspace of a p-convex Banach lattice if and
only if �.E/ is complemented in FBL.p/ŒE�,

(2) E is C -linearly projective for p-convex lattices if and only if FBL.p/ŒE� is C -pro-
jective for p-convex lattices [96].

(3) More generally, we have characterized some relations between an operator T WF !E

and the induced operator xT W FBL.p/ŒF �! FBL.p/ŒE�: see Proposition 3.2.

In this section we significantly expand this list.

9.1. Finite-dimensionality corresponds to strong units and separability to quasi-interior
points

Recall that when E is finite-dimensional, FBL.p/ŒE� is lattice isomorphic to the space
of continuous functions C.SE�/, where SE� is the unit sphere of E�. In particular, it is
1-convex. The situation is completely different when E is infinite-dimensional. Indeed,
we now show that when dimE D 1, FBL.p/ŒE� never has a strong unit. Moreover, in
Section 9.5 we show that FBLŒE� can never be more than 2-convex.

Proposition 9.1. For any 1 � p � 1, FBL.p/ŒE� has a strong unit if and only if E is
finite-dimensional.

Proof. When E is finite-dimensional, all the FBL.p/ŒE� are lattice isomorphic to each
other, and to a C.K/-space, so in particular they have a strong unit. Conversely, suppose
there exists e 2 FBL.p/ŒE� such that jıxj � e for all x 2 BE . Now, for each x� 2 SE�
and " > 0, we can find x 2 BE such that jx�.x/j � 1 � ". Hence, from jıxj � e and the
pointwise ordering we get 1 � " � e.x�/. Hence, e takes at least the value 1 on SE� .
However, FBL.p/ŒE� is the closure of the sublattice generated by ¹ıx W x 2 Eº. By [5,
p. 204, Exercise 8 (b)], a typical element of the (non-closed) sublattice generated by ¹ıx W
x 2Eº is of the form f D

Wn
kD1 ıxk �

Wn
kD1 ıyk with n 2N, x1; : : : ; xn; y1 : : : ; yn 2E.

Since E is infinite-dimensional, we can find x� 2 SE� such that x�.xk/ D x�.yk/ D 0
for k D 1; : : : ; n. Then

ke � f k � je.x�/ � f .x�/j � 1:

Hence, e is not in the closure of this sublattice, so it is not in FBL.p/ŒE�.

Remark 9.2. By contrast, FBL.1/ŒE� may be linearly isomorphic to a Banach lattice
with strong unit: Proposition 10.32 shows that if E is separable, then FBL.1/ŒE� is iso-
morphic to C Œ0; 1�. Separability is essential here, per Remark 10.33.

Remark 9.3. The proof of Proposition 9.1 can be adapted to show that for infinite-
dimensional E, FBL.1/ŒE� cannot be monotonically bounded (increasing norm bounded
nets are order bounded). Indeed, if FBL.1/ŒE� were monotonically bounded, we could
order the finite subsets of BE by inclusion, and consider the net ¹x1; : : : ; xnº 7! jıx1 j _
� � � _ jıxn j. By definition of the FBL.1/-norm, this net is norm bounded, hence order
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bounded. Hence, there exists e 2 FBL.1/ŒE� such that jıxj � e for all x 2 BE and we
proceed as in the proof of Proposition 9.1 to reach a contradiction. Note, however, that it
is possible for FBLŒE� to be monotonically bounded – even strong Nakano (see [15, The-
orem 4.11]). On the other hand, there are Banach spaces E for which FBLŒE� does not
even have the Fatou property [15, Theorem 4.13], which is a non-trivial weakening of
the strong Nakano property. A characterization of when FBLŒE� has these, or related,
properties in terms of properties of E is not currently known.

We now characterize when FBL.p/ŒE� has a quasi-interior point. Recall that an ele-
ment e of a Banach lattice X is a quasi-interior point if the closed ideal generated by e
is the whole of X . The centre of X , denoted Z.X/, is the space of all linear operators T
on X for which there is a real number � > 0 satisfying jT xj � �jxj for all x 2 X . The
centre is trivial if the only elements of Z.E/ are the scalar multiples of the identity oper-
ator; the centre is called topologically full if for any x; y 2 X with 0 � x � y there is a
sequence .Tn/ in Z.X/ with Tny ! x in norm.

Proposition 9.4. Let E be a non-zero Banach space and p 2 Œ1;1�. The following are
equivalent:

(1) E is separable.

(2) FBL.p/ŒE� has a quasi-interior point.

(3) Z.FBL.p/ŒE�/ is topologically full.

(4) Z.FBL.p/ŒE�/ is non-trivial.

Proof. If E is separable then FBL.p/ŒE� is separable, and therefore has a quasi-interior
point. Conversely, suppose FBL.p/ŒE� has a quasi-interior point, say e. Without loss of
generality, e � 0. If x� 2 BE� satisfies e.x�/ D 0 then f .x�/ D 0 for every f 2 Ie , and
therefore for all f 2 FBL.p/ŒE�. Thus, e only vanishes at 0. For every n, let Un D ¹x� 2
BE� W e.x

�/ < 1=nº. Then Un is a weak� open subset of BE� and
T1
nD1Un D ¹0º. Now

the relevant direction of the proof of [37, Theorem 5.1, p. 134] shows that E is separable.
This shows .1/,.2/.

The rest of the proof is inspired by [44, Theorem 8.4]. From the proof of [44, The-
orem 8.4], every Banach lattice with a quasi-interior point has a topologically full centre.
Since E is non-zero, the centre being topologically full implies it is non-trivial. For the
implication (4))(1), suppose that the centre is non-trivial. By [143, Theorem 3.1], ¹0º is
a Gı set which, as before, implies that E is separable.

Remark 9.5. In contrast to strong units and quasi-interior points, FBL.p/ŒE� always has
a weak unit, as was noted in Proposition 2.11.

9.2. Number of generators

For a Banach lattice X , we denote by n.X/ the smallest cardinality of a set S which
generates X as a Banach lattice. For general information on this parameter, see [129,
Section V.2].
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Proposition 9.6. Suppose E is a Banach space.

(1) If dimE D n 2 N, then n.FBL.p/ŒE�/ D n.

(2) If dimE D1, then n.FBL.p/ŒE�/ D1.

Proof. If dimE D n, and e1; : : : ; en 2E form a basis ofE, then ıe1 ; : : : ; ıen also generate
FBL.p/ŒE� as a Banach lattice.

Now consider f1; : : : ; fm 2 FBL.p/ŒE�, with m < dimE. By the Borsuk–Ulam The-
orem, these functions cannot separate points of the sphere of E�: There exist distinct
e�1 ; e

�
2 2 SE� such that fi .e�1 / D fi .e

�
2 / for 1 � i � m. As point evaluations are con-

tinuous on FBL.p/ŒE�, f .e�1 / D f .e�2 / for any f in the Banach lattice L generated by
f1; : : : ; fm inside of FBL.p/ŒE�. There exists e 2 E such that e�1 .e/ ¤ e

�
2 .e/, or equival-

ently ıe.e�1 / ¤ ıe.e
�
2 /. Consequently, L is a proper sublattice of FBL.p/ŒE�.

9.3. Weakly compactly generated spaces

Free Banach lattices played a fundamental role in solving a problem regarding weak
compact generation, raised by J. Diestel in a conference in La Manga (Spain) in 2011
(see [15]). Recall that a Banach space E is weakly compactly generated (WCG) if there
is a weakly compact set K � E whose linear span is dense. Diestel’s question was first
analyzed in [7], where the following terminology was introduced: A Banach lattice X is
weakly compactly generated as a lattice (LWCG, for short) if there is a weakly compact
set K � X such that the sublattice generated by K is dense in X . Diestel asked whether,
for Banach lattices, the notions of LWCG and WCG are equivalent. A few years later, this
was answered in the negative: [15] shows that FBLŒ p̀.�/� (for 1 < p � 2) is LWCG but
not WCG as long as the index set � is uncountable.

The following observation was made in [15] for p D 1: If E is a p-convex Banach
lattice, and FBL.p/ŒE� is LWCG, then so is E. This is because the identity idE W E ! E

extends to a surjective lattice homomorphism bidE W FBL.p/ŒE�! E, and a lattice homo-
morphic image of an LWCG lattice is again LWCG.

Clearly, if E is WCG, then FBL.p/ŒE� is LWCG. We can also establish a partial
converse:

Proposition 9.7. Suppose 1 � p � 1, and E is either a p-convex order continuous
Banach lattice, or an AM-space. Then FBL.p/ŒE� is LWCG if and only if E is WCG.

Proof. As noted above, we only need to show that if E is a p-convex order continuous
Banach lattice or an AM-space, and FBL.p/ŒE� is LWCG, thenE is WCG. The reasoning
above shows that if FBL.p/ŒE� is LWCG, then so is E. Consequently, E is WCG (apply
[7, Theorem 2.2] for AM-spaces, and [7, Theorem 3.1] in the order continuous case).

Remark 9.8. Suppose FBL.p/ŒE� is LWCG and letK � FBL.p/ŒE� be a weakly compact
set generating FBL.p/ŒE� as a lattice. Note that if K � �.E/, then E is WCG. Indeed,
let F denote the closed linear span of K, and suppose F ¨ �.E/. Let x 2 E be such that
ıx … F . By Hahn–Banach we can take x� 2 BE� such that y.x�/D x�.��1.y//D 0 for
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y 2 K and x�.x/ > 0. As y.x�/ D 0 for every y 2 K, and K generates FBL.p/ŒE�, it
follows that f .x�/D 0 for every f 2 FBL.p/ŒE�. This contradicts ıx.x�/ > 0. Therefore,
F D �.E/ and E is WCG. However, there seems to be a priori no reason to guarantee
that when FBL.p/ŒE� is LWCG, there is a generating weakly compact set lying in �.E/.

We can characterize when FBL.p/ŒE� is LWCG as follows:

Proposition 9.9. Given a Banach space E, the following are equivalent:

(i) FBL.p/ŒE� is LWCG.

(ii) There exist a WCG Banach space F and a lattice homomorphism T W FBL.p/ŒF �!
FBL.p/ŒE� with kT k D 1 and dense range.

Proof. Suppose first that FBL.p/ŒE� is LWCG. LetK � FBL.p/ŒE� be a weakly compact
set whose lattice span is dense. Let F � FBL.p/ŒE� be the closed linear span ofK. Clearly
F is WCG, and the formal inclusion � W F ! FBL.p/ŒE� extends to a lattice homomor-
phism T D y� W FBL.p/ŒF � ! FBL.p/ŒE� with kT k D 1. Since the lattice span of F is
dense in FBL.p/ŒE� it follows that T has dense image.

For the converse implication, note that if F is WCG, then FBL.p/ŒF � is LWCG. The
result follows directly from [7, Proposition 2.1].

Remark 9.10. For p � q �1, the formal inclusion FBL.p/ŒE� ,! FBL.q/ŒE� has dense
image. Hence, if FBL.p/ŒE� is LWCG, then so is FBL.q/ŒE� whenever p � q � 1.

Remark 9.11. Recall that a Banach space E is a subspace of a WCG space if and only if
its dual unit ball BE� in the weak� topology is an Eberlein compact. Moreover, C.K/ is
WCG if and only ifK is Eberlein compact. See, for example, [57] and [55, Theorem 14.9].

Although at this point we do not know whetherE must be WCG whenever FBL.p/ŒE�
is LWCG, we can at least show that if FBL.p/ŒE� is LWCG, then E must be a subspace
of a WCG space. We will use the following result, which actually proves quite a bit more
than what is needed to deduce that E must be a subspace of a WCG space:

Proposition 9.12. If FBL.p/ŒE� is LWCG then there is a positively homogeneous homeo-
morphism between BE� with its weak� topology and a weakly compact set in a Banach
space mapping weakly p-summable sequences to weakly p-summable sequences.

Proof. Suppose FBL.p/ŒE� is LWCG. By Proposition 9.9, there exist a WCG Banach
space F and a lattice homomorphism T W FBL.p/ŒF �! FBL.p/ŒE� with dense image. By
Proposition 10.2 below, it follows that the induced mapˆT W BE� ! BF � is in particular
injective, and since it is weak�-to-weak� continuous, we deduce that BE� is homeo-
morphic to ˆT .BE�/, both with the weak� topology.

As F is WCG, [55, Theorem 13.20] guarantees the existence of an injective weak�-to-
weak continuous bounded linear operator S W F � ! c0.�/ for some � . The composition
SˆT is positively homogeneous, injective, and weak�-to-weak continuous, so it defines
a homeomorphism between BE� and its image (a weakly compact set in c0.�/). Further,
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by Proposition 10.1, ˆT sends weakly p-summable sequences to weakly p-summable
sequences, hence so does SˆT ; this completes the proof.

Corollary 9.13. If FBL.p/ŒE� is LWCG then E is a subspace of a WCG space.

Proof. By Proposition 9.12, BE� in its weak� topology is homeomorphic to a weakly
compact set in a Banach space. Thus,BE� is Eberlein compact. Now use Remark 9.11.

Remark 9.14. We outline an alternative approach to Corollary 9.13, which is simpler
but less informative than going through Proposition 9.12. Suppose FBL.p/ŒE� is LWCG.
As FBL.p/ŒE� is dense in FBL.1/ŒE�, the latter lattice is also LWCG, hence WCG by
[7, Theorem 2.2].

Above, we noted that if E is WCG, then FBL.p/ŒE� is LWCG. The WCG assumption
onE cannot be weakened toE being LWCG (provided it is a Banach lattice). Indeed, take
E D FBLŒ`2.�/� for any uncountable � . Clearly,E is LWCG; however, it contains a sub-
space isomorphic to `1.�/ by [15, Theorem 5.4]. Therefore, if FBL.p/ŒE� were LWCG,
Corollary 9.13 would imply that `1.�/ embeds into a WCG space. This is impossible (see
e.g. [15, proof of Corollary 5.5]).

In a similar fashion, one can show that, for p 2 Œ1;1/, it may happen that E is
WCG, while FBL.p/ŒE� does not embed into a WCG space. Indeed, take E D `2.�/.
Modifying the proof of [15, Theorem 5.4] with the help of Example 5.15, we conclude
that FBL.p/ŒE� contains a copy of `1.�/, hence it cannot embed into a WCG space when
� is uncountable.

Observe that the converse of Corollary 9.13 does not hold in general. Indeed, it is well
known that L1.�/ is WCG for any � -finite measure � (indeed, it suffices to consider the
case of � being a probability measure; then the unit ball of L2.�/ is relatively weakly
compact, and generates L1.�/). [126] gives an example of a non-WCG subspace XR of
L1.�/ which has a long unconditional basis. Thus, XR is an order continuous Banach
lattice, so FBLŒXR� is not LWCG, by Proposition 9.7.

As noted above, for p 2 Œ1;1/, it is in general false that if E is a subspace of a WCG
space, then so is FBL.p/ŒE�. However, this is true for p D1:

Proposition 9.15. Let E be a Banach space. The following are equivalent:

(1) .BE� ; w�/ is Eberlein compact.

(2) .BFBL.1/ŒE�� ; w
�/ is Eberlein compact.

(3) FBL.1/ŒE� is a sublattice of a WCG Banach lattice.

Furthermore, if E and F are Banach spaces such that .BE� ; w�/ is Eberlein compact
and FBL.1/ŒF � is a subspace of FBL.1/ŒE�, then .BF � ; w�/ is Eberlein compact.

Proof. The implication (3))(2) follows immediately from Remark 9.11. If (2) holds,
then FBL.1/ŒE� is a subspace of a WCG space, and since E is a subspace of FBL.1/ŒE�,
(1) follows.
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(1))(3): If .BE� ;w�/ is Eberlein compact, thenC.BE�/ is WCG. Since FBL.1/ŒE�
is a sublattice of C.BE�/, it is a sublattice of a WCG Banach lattice.

To address the “furthermore” statement, suppose .BE� ; w�/ is Eberlein compact, and
FBL.1/ŒF � embeds as a subspace into FBL.1/ŒE�. By (1))(3), FBL.1/ŒE� embeds into
a WCG space, hence the same is true for FBL.1/ŒF �. By (2))(1), .BF � ;w�/ is Eberlein
compact.

Remark 9.16. Proposition 9.15 implies that for any uncountable set � , FBL.1/Œ`1.�/�
does not embed (isomorphically) into FBL.1/Œ`r .� 0/� for any r 2 .1;1/ and any set � 0.
However – as a special case of the results in the next section – we will see that FBL.1/Œ`1�
and FBL.1/Œ`r � are lattice isometric.

9.4. Complemented copies of `1

In this subsection, we show that E contains a complemented subspace isomorphic to `1
if and only if FBLŒE� contains `1 in various ways. In preparation, we need a lemma
relating T and yT , which complements the various relations between T and xT discussed
in Section 3.

Lemma 9.17. Let X be a Banach lattice not containing c0. Given a Banach space E,
an operator T W E ! X is weakly compact if and only if yT W FBLŒE�! X is weakly
compact.

Remark 9.18. Lemma 9.17 fails if no restrictions on X are assumed. Indeed, suppose E
is two-dimensional, X D FBLŒE� (which is lattice isomorphic to C.S1/, where S1 is the
unit circle), and T D �E . Then yT is the identity on FBLŒE�, which is not weakly compact,
since the latter lattice is not reflexive.

Proof of Lemma 9.17. We will make use of the Davis–Figiel–Johnson–Pełczyński factor-
ization method, and in particular its version for Banach lattices explained in [5, Theorems
5.37, 5.41].

Suppose T WE!X is weakly compact. LetW denote the convex solid hull of T .BE /,
which by [5, Theorems 4.39, 4.60] is a relatively weakly compact set. Let‰ be the reflex-
ive Banach lattice induced by W as in [5, Theorems 5.37, 5.41]. This means that we have
a commutative diagram

E

S
  

T // X

‰

J

>>

where J is a lattice homomorphism. Let yS W FBLŒE�! ‰ be the lattice homomorphism
such that yS�E D S . Note that J yS W FBLŒE�! X is a lattice homomorphism with the
property that J yS�E D T . Hence, we must have yT D J yS , which implies that yT factors
through the reflexive Banach lattice ‰, so yT is weakly compact as claimed. The converse
is clear.
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Remark 9.19. The method of proof of Lemma 9.17 is quite general. For example, with
Remark 2.4 in mind, a similar argument to Lemma 9.17 shows that an operator T WE!X

from a Banach space E to a Banach latticeX is p-convex if and only if yT W FBLŒE�! X

is p-convex.

Theorem 9.20. For a Banach space E, the following are equivalent:

(1) E contains a complemented subspace isomorphic to `1.

(2) FBLŒE� contains a lattice complemented sublattice isomorphic to FBLŒ`1�.

(3) FBLŒE� contains a lattice complemented sublattice isomorphic to `1.

(4) `1 is a lattice quotient of FBLŒE�.

(5) `1 is a sublattice of FBLŒE�.

(6) `1 is a complemented subspace of FBLŒE�.

[5, Theorem 4.69] provides more equivalent characterizations of Banach lattices con-
taining a lattice copy of `1.

Proof of Theorem 9.20. .1/).2/ follows from [15, Corollary 2.8] together with the
observation that if P W E ! E is a projection onto a subspace isomorphic to `1, then
xP W FBLŒE� ! FBLŒE� is a lattice projection onto the corresponding sublattice iso-

morphic to FBLŒ`1�. Further, .2/).3/ follows from Theorem 8.3; .3/).4/ and .3/).5/
are straightforward; and .5/,.6/ comes from [5, Theorem 4.69].

.4/).5/: Let P be a lattice quotient from FBLŒE� onto `1. By [44, Theorem 11.11],
there exists a lattice isomorphic embedding T W `1 ! FBLŒE� such that PT D id`1 .

.5/).1/: By [110, Theorem 2.4.14], .5/ holds if and only if FBLŒE�� is not order
continuous, if and only if there are '0 2 FBLŒE��C and "0 > 0 such that for any f 2
FBLŒE�C,

BFBLŒE� ª Œ�f; f �C ¹g 2 FBLŒE� W '0.jgj/ � "0º: (9.1)

LetN0 D ¹f 2 FBLŒE� W '0.jf j/D 0º, which is an ideal in FBLŒE� such that '0.j � j/
defines an AL-norm on the quotient FBLŒE�=N0. By the Kakutani representation theorem
(see [103, Theorem 1.b.2]), its completion is lattice isometric to L1.�/ for some (not
necessarily � -finite) measure space. Let Q W FBLŒE�! L1.�/ be the dense range lattice
homomorphism induced by the corresponding quotient map.

We claim that Q�E W E ! L1.�/ is not a weakly compact operator. Indeed, if it
were, by Lemma 9.17, Q would also be weakly compact. Hence, by [3, Theorem 5.2.9],
for every " > 0 there is h 2 L1.�/ such that

Q.BFBLŒE�/ � Œ�h; h�C "BL1.�/:

Since Q has dense range, we can find f 0 2 FBLŒE�C such that kQf 0 � hk1 < ", which
implies that

Q.BFBLŒE�/ � Œ�Qf
0;Qf 0�C 2"BL1.�/:

Also, it follows from [129, Proposition II.2.5] and the construction of Q that QŒ�f 0; f 0�
must be dense in Œ�Qf 0; Qf 0�. Thus, for every f 2 BFBLŒE� there exist jf 00j � f 0 and
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h 2 L1.�/ such that khk1 � 3" and

Qf D Qf 00 C h:

Or equivalently, '0.jf � f 00j/ � 3". This means that

BFBLŒE� � Œ�f
0; f 0�C ¹g 2 FBLŒE� W '0.jgj/ � 3"º;

so taking " < "0=3 we reach a contradiction with (9.1).
Therefore,Q�E is not weakly compact as claimed. It follows from [3, Theorem 5.2.9]

thatQ�E .BE / contains a complemented basic sequence .hn/ equivalent to the canonical
basis of `1. As a consequence, E must contain a complemented subspace isomorphic
to `1. Indeed, let .xn/ � BE be such that Q�E .xn/ D hn and let P W L1.�/! L1.�/

denote a projection onto the span of .hn/; it is straightforward to check that .xn/ must
be equivalent to the canonical basis of `1, so the linear map U W Œhn� ! E given by
U.hn/D xn is bounded, and UPQ�E defines a projection ofE onto the span of .xn/.

9.5. Upper p-estimates and the local theory of free Banach lattices

In this section we characterize when FBLŒE� satisfies an upper p-estimate. We then use
this to study the structure of finite-dimensional subspaces and sublattices of free Banach
lattices, as well as to find upper p-estimate variants of classical theorems on p-convexity.

Recall that a Banach lattice X satisfies an upper p-estimate with constant C
(resp. lower p-estimate with constant C ) if



Wn
kD1 jxkj



 � C.
Pn
kD1 kxkk

p/1=p

(resp.


Pn

kD1 jxkj


 � C�1.Pn

kD1 kxkk
p/1=p) for any x1; : : : ; xn 2 X . By [103, Propos-

ition 1.f.6], it suffices to verify these inequalities when x1; : : : ; xn are disjoint. Further,
[103, Proposition 1.f.5] shows that X has an upper (resp. lower) p-estimate if and only if
X� has a lower (resp. upper) q-estimate, with the same constant. Here, 1=p C 1=q D 1.

Upper and lower estimates are deeply connected to the convexity and concavity of a
Banach lattice, as well as to its type and cotype. In particular, p-convexity clearly implies
upper p-estimates; conversely, upper p-estimates imply r-convexity for r < p [103, The-
orem 1.f.7]. More information about this can be found in [103, Section 1.f].

Recall that an operator T W F ! E is .q; p/-summing (see [49, Chapter 10]) if there
is a K > 0 such that for every choice of .xk/nkD1 � F we have� nX

kD1

kT xkk
q
�1=q
� K sup

x�2BF�

� nX
kD1

jx�.xk/j
p
�1=p

:

We use �q;p.T / to denote the least possible constant K in this inequality.

Theorem 9.21. Let E be a Banach space and 1 � p; q � 1 with 1=p C 1=q D 1. The
following are equivalent:

(1) idE� is .q; 1/-summing.

(2) FBLŒE� satisfies an upper p-estimate.

In this case, the upper p-estimate constant of FBLŒE� and �q;1.idE�/ coincide.
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Proof. .1/).2/: We shall show that if f1; : : : ; fn 2 FBLŒE�C are disjoint then


 nX
jD1

fj




 � �q;1.idE�/� nX
jD1

kfj k
p
�1=p

:

We view elements of FBLŒE� as positively homogeneous functions on the unit ball
of E�. Let g D

Pn
jD1 fj . Then kgk is the supremum of

P
k jg.x

�
k
/j, where the finite

sequence .x�
k
/ � E� is such that k

P
k˙x

�
k
k � 1 for any choice of˙. Fix .x�

k
/ as above.

For any j let Sj D ¹k W fj .x�k / ¤ 0º. These sets are pairwise disjoint (due to the disjoint-
ness of fj ’s themselves), andX

k

jg.x�k /j �
X
k

X
j

jfj .x
�
k /j D

X
j

X
k2Sj

jfj .x
�
k /j:

For each j , let j̨ D max˙ k
P
k2Sj

˙x�
k
k and let y�j D

P
k2Sj

˙x�
k

be such that
ky�j k D j̨ . Then

P
k2Sj
jfj .x

�
k
/j � kfj k j̨ D kfj k ky

�
j k. Note that

max
˙




X
j

˙y�j




 � max
˙




X
k

˙x�k




 � 1:
Let � D �q;1.idE�/. Then

1 � max
˙




X
j

˙y�j




 � ��1�X
j

ky�j k
q
�1=q
D ��1

�X
j

˛
q
j

�1=q
:

Therefore,X
k

jg.x�k /j �
X
j

X
k2Sj

jfj .x
�
k /j �

X
j

kfj k j̨ �

�X
j

kfj k
p
�1=p�X

j

˛
q
j

�1=q
� �

�X
j

kfj k
p
�1=p

:

We obtain the desired estimate on kgk by taking the supremum over all suitable
sequences .x�

k
/.

.2/).1/: Suppose FBLŒE� has an upper p-estimate with constant C (clearly C � 1).
We fix x�1 ; : : : ; x

�
n 2 E

�, and aim to show that� nX
iD1

kx�i k
q
�1=q
� C sup

x2BE

nX
iD1

jx�i .x/j: (9.2)

If dimE D 1, then it is easy to see that �q;1.idR/D 1, hence (9.2) is satisfied (in fact,
[44, Theorem 8.1] shows that FBLŒR�D `21, hence its upper p-estimate constant equals 1
for all p).

If dimE > 1, then, by a small perturbation argument, we may assume that no two
of the vectors x�1 ; : : : ; x

�
n are proportional. Since cx�1 ; : : : ;cx�n are lattice homomorphisms
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in FBLŒE��, they are atoms by [5, p. 111, Exercise 5], and therefore disjoint. Fix " > 0.
For each i , pick fi 2 FBLŒE�C with kfik � 1 and cx�i .fi / > .1� "/kcx�i k, or equivalently
fi .x

�
i / > .1� "/kx

�
i k. Applying [110, Proposition 1.4.13] to the normalized functionals,

we may assume that the fi ’s are disjoint. We have

.1 � "/
� nX
iD1

kx�i k
q
�1=q
�

� nX
iD1

fi .x
�
i /
q
�1=q
D

nX
iD1

�ifi .x
�
i /

for some �1; : : : ; �n 2 RC with
Pn
iD1 �

p
i D 1. Put f D

Pn
iD1 �ifi . Since FBLŒE� has

an upper p-estimate, we get kf k � C.
Pn
iD1 k�ifik

p/1=p � C: Using the definition of
the FBL-norm, we get

nX
iD1

�ifi .x
�
i / D

nX
iD1

f .x�i / � kf k sup
x2BE

nX
iD1

jx�i .x/j � C sup
x2BE

nX
iD1

jx�i .x/j:

Since " is arbitrary, we conclude that (9.2) holds, thus completing the proof.

Remark 9.22. If E is infinite-dimensional, then, by Dvoretzky Theorem, idE� cannot
be .q; 1/-summing for q < 2. Therefore, FBLŒE� can only have an upper p-estimate for
p � 2. In the next section, we shall see that this estimate is sharp, and FBLŒE� can even be
2-convex (see, for instance, Corollary 9.47). For more general information about possible
q-convexity of FBL.p/ŒE�, see Proposition 9.30. On the other hand, recall that if E is
finite-dimensional, then FBL.p/ŒE� is lattice isomorphic to C.SE�/, hence it satisfies an
upper r-estimate for every r 2 Œ1;1�.

Remark 9.23. Although Theorem 9.21 is stated for FBLŒE�, in Theorem 9.40 we will
prove an extrapolation result which allows us to characterize when FBL.p/ŒE� has non-
trivial convexity.

Corollary 9.24. Suppose F is a subspace of a Banach space E such that .F; E/ has
POE-1. Fix q 2 Œ1;1�. If idE� is .q; 1/-summing, then so is idF � .

Note that if dimF <1, then idF � is .q; 1/-summing for any q. If dimF D1, then,
by Remark 9.22, we must have q 2 Œ2;1�.

Proof of Corollary 9.24. By Theorem 9.21, FBLŒE� has an upper p-estimate, with
1=pC 1=q D 1. Denote the canonical embedding F ! E by �. By POE-1, N� W FBLŒF �!
FBLŒE� is a lattice isomorphic embedding, hence FBLŒF � has an upper p-estimate as
well. Apply Theorem 9.21 again to reach the desired conclusion about idF � .

We next present the following “local” version of Theorem 9.20. We use the shorthand
“E has trivial cotype” to mean that no non-trivial cotype is present.

Corollary 9.25. For an infinite-dimensional Banach space E, the following statements
are equivalent:

(1) E contains uniformly complemented subspaces isomorphic to `n1 .

(2) FBLŒE� contains uniformly lattice complemented sublattices isomorphic to `n1 .
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(3) FBLŒE� contains sublattices `n1 uniformly.

(4) E� has trivial cotype.

(5) FBLŒE� fails to be p-convex for any p > 1.

(6) FBLŒE� contains uniformly complemented subspaces isomorphic to `n1 .

(7) FBLŒE�� has trivial cotype.

Recall that a Banach lattice X is said to contain sublattices `n1 uniformly if there exist
lattice isomorphisms un W `n1 ! Xn � X such that supn kunk ku

�1
n k <1. By Krivine’s

Theorem (see [130]), the uniform lattice copies of `n1 in FBLŒE� can be taken to be
.1C "/-uniform whenever they exist. In this case one can select un’s in such a way that
limn kunk ku

�1
n k D 1.

The following lemma is known, but we include it for the sake of completeness.

Lemma 9.26. For a Banach space E, the following statements are equivalent:

(1) E contains uniformly complemented copies of `n1 .

(2) E� contains copies of `n1 uniformly.

(3) E� has trivial cotype.

Proof. (2),(3) is given by [49, Theorem 14.1], and duality gives us (1))(2). To estab-
lish (2))(1), suppose E� contains copies of `n1 uniformly. By [113, Theorem 2.5], we
can assume that the said copies of `n1 are complemented via weak� continuous pro-
jections, with uniformly bounded norms. Passing to the predual, we conclude that E
satisfies (1).

Proof of Corollary 9.25. (1))(2) is similar to Theorem 9.20, where we make use of
Theorem 8.3 to see that FBLŒ`n1� contains `n1 as a nicely complemented sublattice. The
implications (2))(3))(5) and (2))(6) are trivial. (5))(3) is a consequence of the
Banach lattice version of Krivine’s Theorem [130]. Lemma 9.26 contains (1),(4).

(5))(4): If E� has non-trivial cotype, then by [49, Theorem 14.1], idE� is .q; 1/-
summing for some q. Then, by Theorem 9.21, FBLŒE� has a non-trivial upper estimate,
which implies non-trivial convexity [103, Section 1.f].

(6),(7) follows from Lemma 9.26.
(7))(5): If (7) holds, then by [103, Section 1.f], FBLŒE�� cannot be q-concave for

any finite q. By duality, FBLŒE� cannot be p-convex for any p > 1.

The next remark puts the above results in a broader context:

Remark 9.27. LetX be a Banach lattice. By [49, Chapter 16] (see also [103, Section 1.f]
and [134–136]; the relevant results are neatly summarized in [29]), we have the following
general implications and no others:

(1) For 2 < q <1, q-concavity) cotype q, idX is .q; 1/-summing, X has a lower
q-estimate.

(2) For q D 2, 2-concavity , cotype 2 ) idX is .2; 1/-summing ) X has a lower
2-estimate.
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By duality [103, Proposition 1.f.5], if E is a Banach lattice and 1 < p < 2 we conclude
that idE� is .q; 1/-summing (1=p C 1=q D 1) if and only if E� has a lower q-estimate if
and only if E has an upper p-estimate. Combining these observations with Theorem 9.21
we obtain the following.

Corollary 9.28. Suppose E is a Banach lattice and 1 < p < 2. The following are equi-
valent:

(1) E satisfies an upper p-estimate.

(2) FBLŒE� satisfies an upper p-estimate.

Proposition 9.30 below shows that the above equivalence fails for p > 2.
Corollary 9.24 immediately implies an upper p-estimate version of [103, Theorem

1.d.7]:

Corollary 9.29. Suppose p 2 .1; 2/, E and F are Banach lattices, and � W F ! E is a
linear isomorphic embedding such that �.F / is complemented in E or, more generally,
that .�.F /; E/ has POE-1. If E has an upper p-estimate, then the same is true for F .

The existence of a complemented copy of L2 inside of Lp shows that Corollary 9.29
fails for 2 < p < 1. For p D 2, the proof only shows that if idE� is .2; 1/-summing,
then F has an upper 2-estimate; we do not know if the assumption on E can be relaxed
to it merely having an upper 2-estimate. In connection to this, we should also mention
a “dual” analogue of Corollary 9.29, discussed in [103, pp. 98–99]. Namely, suppose a
Banach lattice F embeds isomorphically into a Banach lattice E with a lower p-estimate.
If p 2 .2;1/, then F has a lower p-estimate as well; this is no longer true for p D 2.

As mentioned previously, ifE is finite-dimensional then FBLŒE� is lattice isomorphic
to a C.K/-space, so is in particular 1-convex. The situation is different in the infinite-
dimensional setting.

Proposition 9.30. Suppose E is an infinite-dimensional Banach space. If FBL.p/ŒE� is
q-convex, then q � max ¹2; pº.

Proof. Fix n 2 N. Use the Dvoretzky Theorem to find norm 2 vectors x�1 ; : : : ; x
�
n 2 E

�

such that �X
j

jaj j
2
�1=2
�




X
j

ajx
�
j




 � 3�X
j

jaj j
2
�1=2

for any scalars a1; : : : ; an. Use local reflexivity to find x1; : : : ; xn 2 E, of norm not
exceeding 1, and biorthogonal to the x�j ’s. We will establish that

kf kFBL.p/ŒE� & n
1=r ; where r D max ¹2; pº; and f D

�X
j

jıxj j
q
�1=q

:

We shall achieve this by testing f against x�1 ; : : : ; x
�
n . Let F D spanŒx�1 ; : : : ; x

�
n �. By

applying local reflexivity, and then passing from E�� to E��=F?, we obtain

sup
x2BE

� nX
jD1

jx�j .x/j
p
�1=p

D sup
x2BF�

� nX
jD1

jx�j .x/j
p
�1=p

� 3n
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with


 D

´
1=p � 1=2; 1 � p � 2;

0; p � 2:

Note that, for any x� 2E�, f .x�/D .
P
j jx
�.xj /j

q/1=q , and therefore .
P
j jf .x

�
j /j

p/1=p

D n1=p . By (1.1),

kf kFBL.p/ŒE� &
n1=p

n

D n1=r

(with r as above). On the other hand, if FBL.p/ŒE� is q-convex, then

kf kFBL.p/ŒE� .
�X
j

kıxj k
q

FBL.p/ŒE�

�1=q
� n1=q;

giving the desired estimate for q.

We finish this section with some applications to the local theory.
Recall that for a Banach lattice E, the upper index of E is

S.E/ D sup ¹p � 1 W E satisfies an upper p-estimateº:

By [103, Section 1.f], “upper p-estimate” can be replaced by “p-convex” in the definition
of S.E/. The index S.E/ is important in the local theory of Banach lattices. Indeed, a
theorem of Krivine [130] states that an infinite-dimensional Banach lattice E contains,
for all integers n and all " > 0, a .1C "/-lattice copy of `np when p D S.E/.

If E is a finite-dimensional Banach space, then FBL.p/ŒE� is lattice isomorphic to
an AM-space, hence S.FBL.p/ŒE�/ D 1. For infinite-dimensional E, Proposition 9.30
shows that S.FBL.p/ŒE�/Dp for 2�p�1, while p�S.FBL.p/ŒE�/� 2 for 1�p� 2.
In particular, we conclude that for infinite-dimensional Banach lattices, the indices are
related as follows:

Corollary 9.31. Suppose E is an infinite-dimensional Banach lattice. Then

S.E/ ^ 2 D S.FBLŒE�/:

Remark 9.32. On the other end of the spectrum, note that FBLŒE� always contains a
lattice copy of c0 as long as dimE � 2, so in particular contains uniform lattice copies
of `n1. Further, FBLŒ`21� ' C.S

1/ contains isomorphic copies of every separable Banach
space, hence so does FBLŒE� for every E with dimE � 2. One should note, however,
that FBLŒE� being universal is restricted to separable spaces; for other density characters
it is an interesting problem to classify the subspaces of FBLŒE� up to isomorphism. For
example, FBLŒE� has the same density character as E [15, Section 3], but, as shown
in [19], when 1 � p � 2 and � is uncountable, FBLŒ p̀.�/� does not embed into a weakly
compactly generated Banach space, and in particular does not embed into FBLŒ`q.�/�,
2 < q <1, which is WCG. These simple facts will play a role in the next section when
we compare FBL.p/ŒE� and FBL.q/ŒF �; in particular, when E and F are separable, we
will aim to distinguish these spaces by showing that one does not linearly embed into a
complemented subspace of the other.
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Remark 9.33. We also note that the disjoint sequence structure of FBLŒE� can be very
complicated. Indeed, when E is the complementably universal space for unconditional
bases (see [102, Theorem 2.d.10] for the construction), then, by Theorem 8.3, FBLŒE�
contains lattice copies of every separable order continuous atomic lattice (i.e., every
Banach lattice with lattice structure induced by an unconditional basis).

9.6. Automatic convexity, factorization theory and isomorphisms between FBL.p/ŒE�
and FBL.q/ŒF �

In this section, we characterize when FBL.p/ŒE� is q-convex via strong factorizations
(representing an operator as a composition of two or more, one of which is a lattice homo-
morphism), and then use FBL.p/ŒE� as a tool to study the classical factorization theory.
We also give various situations where we can prove that FBL.p/ŒE� and FBL.q/ŒF � are
lattice isomorphic, and other situations where we can prove that one of these spaces does
not even linearly embed as a complemented subspace of the other.

We begin with some preparation:

Proposition 9.34. Suppose E is a Banach space, Z is a p-convex Banach lattice with
constant 1, and � W E ! Z is an isometric embedding with the following properties:

(1) Z is generated by �.E/ as a Banach lattice.

(2) There exists a constant C such that for every contraction T W E ! Lp.�/ there is a
lattice homomorphism T 0 W Z ! Lp.�/ with T 0� D T and kT 0k � C .

Then Z is C -lattice isomorphic to FBL.p/ŒE�. More precisely, the canonical extension
y� W FBL.p/ŒE�! Z is invertible and ky��1k � C .

Proof. From the definition of FBL.p/ŒE�, there exists a unique lattice homomorphism
y� W FBL.p/ŒE�!Z such thaty��E D � and ky�k D 1. Observe thaty� has dense range. Indeed,
fix z 2 Z and " > 0. By assumption, there exists u in the sublattice generated by �.E/
such that kz � uk < ". We can write u as a lattice-linear expression u D F.�x1; : : : ; �xn/
for some x1; : : : ; xn 2 E. Then u Dy�F .ıx1 ; : : : ; ıxn/ 2 Rangey�.

Let f 2 FBL.p/ŒE� with kf k > 1. By the definition of the FBL.p/-norm, there exists
n 2N and a contractive operator T W E! `np such that k yT f k > 1, where yT is the unique
lattice homomorphism yT W FBL.p/ŒE�! `np such that yT �E D T . By assumption, there
exists a lattice homomorphism T 0 W Z ! `np such that T 0� D T and kT 0k � C . We have
T 0y��E .x/D T

0�x D T x D yT �E .x/ for every x 2E. It follows that T 0y� agrees with yT on
�.E/, and therefore T 0y� D yT . We now have 1 < k yT f k D kT 0y�f k � Cky�f k: It follows
that y� is bounded below. In particular, it is invertible and ky��1k � C .

A standard direct sum argument implies the following.

Corollary 9.35. Suppose E is a Banach space, Z is a p-convex Banach lattice with
constant 1, and � W E ! Z is an isometric embedding with the following properties:

(1) Z is generated by �.E/ as a Banach lattice.
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(2) Every contraction T W E ! Lp.�/ has an extension to a lattice homomorphism T 0 W

Z ! Lp.�/.

Then Z is lattice isomorphic to FBL.p/ŒE�. More precisely, the canonical extension y� W
FBL.p/ŒE�! Z is a surjective isomorphism.

Proof. By Proposition 9.34, it is enough to show that there is a uniform constant C
such that every contraction T W E ! Lp.�/ extends to a lattice homomorphism T 0 W

Z ! Lp.�/ with kT 0k � C . Suppose this is not the case, and let Tn W E ! Lp.�n/

be such that kTnk D 1, but any lattice homomorphism S W Z! Lp.�n/ extending Tn has
kSk � 2n=pn.

Consider Lp.�/ to be the infinite p̀ sum of the spaces Lp.�n/ and let T W E !
p̀.Lp.�n// D Lp.�/ be given by T x D . Tnx

2n=p
/1nD1. Note that

kT xk D

� 1X
nD1

kTnxk
p

2n

�1=p
� kxk:

Let T 0 W Z ! Lp.�/ be a lattice homomorphism extending T . Note that if we write
�n W p̀.Lp.�n// ! Lp.�n/ for the canonical band projection, we find that the oper-
ator T 0n D 2n=p�nT

0 W Z ! Lp.�n/ is a lattice homomorphism extending Tn. Hence,
2n=pn � k2n=p�nT

0k, which yields n � kT 0k. As this holds for every n 2 N, we get a
contradiction with the fact that T 0 is bounded.

Proposition 9.34 has a natural analogue for free Banach lattices satisfying an upper
p-estimate. We first recall some facts on weak Lp-spaces and .p;1/-convex operators.

For f 2 L0.�/ and 0 < p <1, let

kf kp;1 D
°

sup
t>0

tp�.¹jf j > tº/
±1=p

:

The space Lp;1.�/ is the set of all f 2 L0.�/ such that kf kp;1 <1: It is well known
that when � is � -finite and 0 < r < p, the expression

jjjf jjjp;1;Œr� WD sup
0<�.E/<1

�.E/�1=rC1=p
�Z

E

jf jr d�

�1=r
satisfies

kf kp;1 � jjjf jjjp;1;Œr� �

�
p

p � r

�1=r
kf kp;1

(see, for example, [69, Exercise 1.1.12]).
If .X; �/ is a measure space with � finite, 0 < q < p and f 2 Lp;1.�/ thenZ

X

jf .x/jq d�.x/ �
p

p � q
�.X/1�q=pkf kqp;1; (9.3)

i.e.,Lp;1.�/ continuously injects intoLq.�/with control of the constants (see [69, Exer-
cise 1.1.11]). This will be used in the proof of Proposition 9.36 below to justify a certain
multiplication operator being bounded by universal constants.
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Below, we concern ourselves with p 2 .1;1/. Equip Lp;1.�/ with the equivalent
norm jjj � jjjp;1;Œ1�, or for short jjj � jjjp;1. This turns Lp;1 into a Banach lattice. Moreover,
.Lp;1; jjj � jjjp;1/ has an upper p-estimate with constant 1. To establish the latter, we show

that
ˇ̌̌̌ ˇ̌Wn

iD1 jfi j
ˇ̌̌̌ ˇ̌
p;1
� .
Pn
iD1 jjjfi jjj

p
p;1

�1=p for any f1; : : : ; fn 2 Lp;1.�;�/. In other
words, we show that, for any E � �,

sup
E��

�.E/1=p�1
Z
E

_
i

jfi j �
�X
i

jjjfi jjj
p
p;1

�1=p
:

Represent E as a union of disjoint sets Ej (1 � j � n) such that
W
i jfi j D jfj j on Ej .

For the sake of convenience write p0 D p=.p � 1/ (so 1=p C 1=p0 D 1), ai D
R
Ei
jfi j,

and bi D �.Ei /1=p
0

(by getting rid of “redundant” fi ’s, we can assume that bi > 0 for
any i ). Then jjjfi jjjp;1 � b

�1
i ai ; therefore, it suffices to show that�X

i

.b�1i ai /
p
�1=p

�

�X
i

b
p0

i

��1=p0X
i

ai :

The last inequality is equivalent toX
i

ai �
�X
i

.b�1i ai /
p
�1=p�X

i

b
p0

i

�1=p0
;

which is an easy consequence of Hölder’s inequality.
Let X be a Banach lattice and E a Banach space. Recall that an operator T W X ! E

is .q; p/-concave if there is a constant C such that for any x1; : : : ; xn 2 X we have� nX
kD1

kT xkk
q
�1=q
� C




� nX
kD1

jxkj
p
�1=p


:

The least constant that works is denoted Kq;p.T /. It is easy to see that if p > q then the
only .q;p/-concave operator is the zero operator. Moreover, the .p;p/-concave operators
are exactly the p-concave operators, and for 1� p < q <1 an operator is .q;p/-concave
if and only if it is .q; 1/-concave (see [49, Corollary 16.6]). An operator S W E ! X is
.p; q/-convex if there is a constant C such that for all x1; : : : ; xn in E we have


� nX

kD1

jSxkj
q
�1=q


 � C� nX

kD1

kxkk
p
�1=p

:

There is a natural duality between .p; q/-convexity and .p0; q0/-concavity (1=pC 1=p0 D
1 D 1=q C 1=q0); see [49, Theorem 16.21].

Following [82], we denote by FBL"pK ŒE� the free Banach lattice satisfying an upper
p-estimate with constant K over E. This is the (necessarily unique) Banach lattice Z
such that (i) Z satisfies an upper p-estimate with constant K; (ii) there is an isometric
embedding  WE!Z, generatingZ as a lattice; (iii) for any linear operator T WE!X ,
whereX is a Banach lattice satisfying an upper p-estimate with constantK, there exists a
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lattice homomorphism yT W Z ! X with yT D T and k yT k D kT k. We write FBL"pŒE�
for FBL"p1 ŒE�.

The existence and uniqueness of FBL"pK ŒE� was established in [82]. Moreover, the
lattices FBL"pK ŒE� for different values of K are canonically lattice isomorphic: by [116,
Remark 1.5 and its proof], a Banach lattice satisfying an upper p-estimate with constantK
can be K-renormed to satisfy an upper p-estimate with constant 1.

Many aspects of FBL"pŒE� remain mysterious. For instance, no functional represent-
ation of this lattice, and no explicit norm arising from it, are known (compare and contrast
with Section 2). However, we have the following result:

Proposition 9.36. Suppose E is a Banach space, Z is a Banach lattice, 1 < p <1, and
i W E ! Z is an isometric embedding with the following properties:

(1) Z is generated by i.E/ as a Banach lattice.

(2) There exists a constant C such that every operator T W E ! Lp;1.�/ extends to a
lattice homomorphism T 0 WZ!Lp;1.�/ with kT 0k �CkT k .� is a finite measure/.

Then for any Banach lattice X and any .p;1/-convex operator S W E ! X there exists
a .necessarily unique/ lattice homomorphism S 0 W Z! X satisfying S 0i D S . Moreover,
kS 0k � 
CK.p;1/.S/, where K.p;1/.S/ is the .p;1/-convexity constant of S , and the
constant 
 depends on p only.

Proof. For brevity, we write K D K.p;1/.S/. By the universality of FBLŒE�, we have a
lattice homomorphism yi W FBLŒE�! Z extending i W E ! Z. As i.E/ generates Z, it
follows that yi has dense range. Also, let yS W FBLŒE�! X be the lattice homomorphism
such that yS� D S . Consider the following:

Claim. There is a constant 
 > 0 .depending only on p/ such that

k ySf kX � 
CKkyif kZ 8f 2 FBLŒE�: (9.4)

Proof of Claim. Given f 2 FBLŒE�, choose x� 2 X�C with kx�k D 1 and x�.j ySf j/ D
k ySf kX . Let Nx� denote the null ideal generated by x�, that is, Nx� D ¹x 2 X W
x�.jxj/ D 0º, and let Y be the completion of the quotient lattice X=Nx� with respect
to the norm kx C Nx�k WD x�.jxj/. Since this is an abstract L1-norm, Y is lattice iso-
metric to L1.�;†;�/ for some measure space .�;†;�/ (see e.g. [103, Theorem 1.b.2]).
The canonical quotient map ofX ontoX=Nx� induces a lattice homomorphismQ WX !

L1.�;†;�/ with kQk D 1. For our purposes, we may without loss of generality assume
that .�;†;�/ is � -finite, passing for instance to the band generated by Q. ySf /.

SinceQ is a lattice homomorphism and S is .p;1/-convex with constantK, we have


 n_
kD1

jQS.xk/j




L1.�/

�




 n_
kD1

jS.xk/j




X
� K

� nX
kD1

kxkk
p
E

�1=p
for every finite sequence .xk/ in E. Hence, by [116, Theorem 1.2], there exists h 2
L1.�/C with

R
�
h d� � 1, yielding a factorization
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E

T
$$

QS
// L1.�/

Lp;1.h d�/

R

88

with R being a lattice homomorphism implemented by multiplication by h. Now (9.3)
gives

kRf kL1.�/ D khf kL1.�/ D kf kL1.hd�/

�
p

p � 1

�Z
�

h d�
�1�1=p

� kf kLp;1.hd�/ �
p

p � 1
kf kLp;1.hd�/;

hence kRk � p
p�1

.
Moreover, in the above factorization h can be chosen in such a way that kT k � 
0K,

where 
0 depends only on p. To see this, we follow [116, proof of Theorem 1.2]. In
[116, Theorem 1.1], take r D 1, and choose our subset ofL1.�/ to be ¹QSx W kxkE � 1º.
We claim that statement (iii) of the latter theorem holds with C being K. Indeed,


 n_

kD1

j˛kQSxkj




L1.�/

� K
� nX
kD1

k˛kxkk
p
E

�1=p
� K

� nX
kD1

j˛kj
p
�1=p

:

Thus, tracing through the proof of [116, Theorem 1.1], statement (ii) holds with K 00 D
K.1 � 1=p/1=p�1. This tells us (with a minor clash of notation – what one should do
is avoid the appeal to Theorem 1.2, only appeal to Theorem 1.1, and use Theorem 1.1
to prove Theorem 1.2 with control of the constants) that [116, Theorem 1.2 (iii)] holds,
which is just a restatement of [116, Theorem 1.2 (iv)]. In other words, kT k � 
0K, where

0 D .1 � 1=p/

1=p�1.
By hypothesis, there is a lattice homomorphism T 0 W Z! Lp;1.hd�/ with T 0i D T

and kT 0k � CkT k. Consider the composition RT 0yi W FBLŒE�! L1.�/. Note this is a
lattice homomorphism which for x 2 E satisfies

RT 0yi�E .x/ D RT
0i.x/ D RT.x/ D QS.x/:

It follows from the universality of FBLŒE� that RT 0yi D Q yS . In particular,

k ySf kX D kQ ySf kL1 D kRT
0yif kL1

�
p

p � 1
CkT k kyif kZ � 
CKkyif kZ ; where 
 D

p

p � 1

0;

as we wanted to show.

Having proven the claim, for f 2 FBLŒE�, put S 0.yif / WD ySf . By (9.4), S 0 is well-
defined and bounded on Rangeyi ; it is easy to see that it is a lattice homomorphism. Since
Rangeyi is dense, S 0 extends to a lattice homomorphism on Z. We clearly have S 0i D S ,
and kS 0k � 
CK. This completes the proof of Proposition 9.36.
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Generally speaking, p-convexity and p-concavity are much better understood than
upper and lower p-estimates. However, using free Banach lattice technology we can find
upper p-estimate versions of classical theorems on p-convexity. Indeed, in Corollary 9.29
we were able to extend [103, Theorem 1.d.7]; we now show that [123, Theorem 3] has a
natural analogue for upper p-estimates:

Corollary 9.37. Suppose p 2 .1;1/, E is a Banach space, X is a Banach lattice and
T W E ! X is any operator. The following statements are equivalent:

(1) T is .p;1/-convex.

(2) There exists a Banach lattice Y with an upper p-estimate, and a factorization T D
S�, where � W E ! Y is bounded, and S W Y ! X is a lattice homomorphism.

Moreover, in .2/we can take � to be the isometric embedding ofE into FBL"pŒE�, S D yT ,
and kSk � �K.p;1/.S/, with � depending only on p.

Proof. For .2/).1/, suppose T factors through Y as above. As function calculus inter-
twines with lattice homomorphisms, for any x1; : : : ; xn 2 E we have


 n_

kD1

jT xkj




X
� kSk




 n_
kD1

j�.xk/j




Y

�MkSk
� nX
kD1

k�xkk
p
Y

�1=p
�MkSk k�k

� nX
kD1

kxkk
p
E

�1=p
(M is the upper p-estimate constant of Y ), showing that T is .p;1/-convex.

The implication .1/).2/ follows directly from Proposition 9.36.

To characterize the spacesE for which FBLŒE� and FBL.p/ŒE� are lattice isomorphic,
we need two definitions. Suppose E is a Banach space, C � 0, and Z, X are Banach
lattices. We say that T W E ! Z C -strongly factors through X if we can write T D US ,
where S W E ! X is a contraction and U W X ! Z is a lattice homomorphism with
kU k � C . If X is a class of Banach lattices, we say that T W E ! Z C -strongly factors
through X if it C -strongly factors through some X 2 X. If, in the preceding setting, X
and Z are both spaces of functions on the same space, we say that T C -multiplicatively
factors through X if U as above is implemented by a multiplication operator. We say that
T factors strongly (or multiplicatively) if such factorization exists for some C . Obviously,
Corollary 9.37 can be restated in this language.

Proposition 9.38. Let E be a Banach space, p > q � 1, and C � 1. The following are
equivalent:

(1) FBL.p/ŒE� is lattice C -isomorphic to FBL.q/ŒE�.

(2) FBL.p/ŒE� is canonically lattice C -isomorphic to FBL.q/ŒE�, that is, the map tak-
ing ıx .x 2 E/ to itself generates a lattice C -isomorphism between FBL.p/ŒE� and
FBL.q/ŒE�.
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(3) Every contraction T W E ! Lq.�/ C -strongly factors through a p-convex Banach
lattice with p-convexity constant 1.

(4) Every contraction T W E ! Lq.�/ C -multiplicatively factors through Lp.�/.

(5) Every contraction T W E ! Lq.�/ is p-convex with constant C , i.e., for all finite
sequences .xk/ in E we have


� nX

kD1

jT .xk/j
p
�1=p




Lq.�/
� C

� nX
kD1

kxkk
p
�1=p

:

Corollaries 9.45 and 9.47 below provide examples of Banach spaces E which possess
the equivalent properties described here.

Proof of Proposition 9.38. (2))(1) is straightforward.
(1))(3): Suppose that there is a lattice isomorphism V W FBL.q/ŒE�! FBL.p/ŒE�

such that kV k D 1 and kV �1k � C . Let T W E ! Lq.�/ be a contraction. Consider the
operator yT W FBL.q/ŒE�!Lq.�/. Then T D . yT V �1/.V�E / is the required factorization.

(3))(2): We will use Proposition 9.34 with p replaced with q, Z D FBL.p/ŒE�,
and � D �E W E ! FBL.p/ŒE�. Let T W E ! Lq.�/ be a contraction. By assumption,
we can factor T through a p-convex Banach lattice X with constant 1, T W E

S
�! X

U
�!

Lq.�/ so that kSk � 1, kU k � C , and U is a lattice homomorphism. Then T 0 WD U yS W
FBL.p/ŒE�! Lq.�/ extends T , is a lattice homomorphism, and kT 0k � C . By Proposi-
tion 9.34, �E extends to a lattice C -isomorphism from FBL.q/ŒE� to FBL.p/ŒE�.

To prove (3))(5), we use the strong factorization T D US with kU k � C and
kSk � 1. Then


� nX

kD1

jT .xk/j
p
�1=p




Lq.�/
D




� nX
kD1

jUS.xk/j
p
�1=p




Lq.�/
� C




� nX
kD1

jS.xk/j
p
�1=p




X

� C
� nX
kD1

kSxkk
p
�1=p

� C
� nX
kD1

kxkk
p
�1=p

:

The first (in)equality is the factorization, the second is since U is a lattice homomorphism
of norm at most C , the third by p-convexity of X , and the last since S is a contraction.

Clearly (4))(3). The equivalence between (4) and (5) is essentially [144, p. 264].

We can also state an upper p-estimate variant of Proposition 9.38.

Proposition 9.39. LetE be a Banach space and p > q � 1. The following are equivalent:

(1) FBL"pŒE� is lattice isomorphic to FBL.q/ŒE�.

(2) FBL"pŒE� is canonically lattice isomorphic to FBL.q/ŒE�.

(3) There exists C � 1 such that for every Banach lattice Y with M .q/.Y / D 1, every
contraction T W E ! Y C -strongly factors through a Banach lattice X which has an
upper p-estimate with constant 1.
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(4) There exists C � 1 such that every contraction T W E ! Lq.�/ C -strongly factors
through a Banach lattice X which has an upper p-estimate with constant 1.

(5) There exists C � 1 such that every contraction T W E ! Lq.�/ C -multiplicatively
factors through Lp;1.�/.

(6) There exists C � 1 such that every contraction T WE!Lq.�/ is .p;1/-convex with
constant C .

Proof. The implications .2/).1/).3/).4/).2/ are similar to Proposition 9.38.
(4))(6) follows from the same factorization argument used in the proofs of Corol-
lary 9.37 and the implication (3))(5) in Proposition 9.38. (5),(6) is [116, Theorem 1.2],
and (5))(4) follows because Lp;1.�/ (with an appropriate norm) satisfies an upper p-
estimate with constant 1.

In statement (4) of Proposition 9.38 we require that every contraction T W E! Lq.�/

factor multiplicatively through Lp.�/; similarly, in (5) we require that every operator
verify a certain inequality. This makes (4) and (5) properties of the Banach space E.
However, as was evident from the proof, statements (4) and (5) hold on an operator-
by-operator basis. More precisely, a contraction T W E ! Lq.�/ factors multiplicatively
throughLp.�/ if and only if it satisfies the inequality in statement (5) of Proposition 9.38.
Analogous reasoning (using [116]) shows that similar results hold true when Lp.�/ is
replaced by Lp;1.�/. As we will now see, the fact that we quantify over all operators
gives some interesting relations between the roles of Lp.�/, Lq.�/ and Lp;1.�/ in the
above statements. More precisely, we have the following extrapolation theorem.

Theorem 9.40. Suppose FBL.p/ŒE� is q-convex for some 1 � p < q. Then FBL.r/ŒE� is
q-convex for all 1 � r � 1:

Proof. By Proposition 9.38, there exists a constant C such that any contraction u W E !
Lp.�/ C -strongly factors through Lq.�/. As suggested on [107, p. 42], consider the dual
pair .E�; E/, where E� is equipped with its weak� topology �.E�; E/; this turns E�

into a locally convex Hausdorff space, or “elcs” (espace localement convexe séparé) in
the French language of [107]. The dual space is then E, with its norm topology.

Applying [107, Théorème 23, (c))(a)] to this dual pair (or alternatively using [144,
Exercise 2 on p. 286 and its solution on p. 336]), we conclude that �p.T / � C�q.T /
for every T W E� ! `q (we have also used the fact that the .p;weak/ summing norms
of n-tuples in E� can be computed using either BE or BE�� , see (1.2)). By [49, 3.17
Extrapolation Theorem], for any Banach space F we have …q.E

�; F / D …1.E
�; F /. In

particular, any q-nuclear operator from E� into `q is 1-summing. By [107, Théorème 23,
(b)) (c)] (or invoking [144, p. 270]), any u WE!L1.�/ strongly factors throughLq.�/.
By Proposition 9.38, we conclude that FBLŒE� is lattice isomorphic to FBL.q/ŒE�. Thus,
FBLŒE� is q-convex, and therefore, for any r 2 Œ1; q�, FBL.r/ŒE� is lattice isomorphic to
FBL.q/ŒE�, hence q-convex. For r > q, the q-convexity is automatic.

We now use the preceding result to establish a few facts regarding factorizable and
p-summing operators.
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Corollary 9.41. Suppose 1� q, p >max ¹2;qº, andE is an infinite-dimensional Banach
space. There exist T; S 2 B.E; Lq.�// such that T .respectively, S/ does not strongly
factor through Lp.�/ .respectively, Lp;1.�//.

Proof. (i) If any operator in B.E;Lq.�// strongly factors through Lp.�/, then, by Pro-
position 9.38, FBL.q/ŒE� is p-convex. This, however, contradicts Proposition 9.30.

(ii) If any operator in B.E; Lq.�// strongly factors through Lp;1.�/, then, by Pro-
position 9.39, FBL.q/ŒE� has an upper p-estimate. Consequently, FBL.q/ŒE� is s-convex
for any s < p [103, Section 1.f], which contradicts Proposition 9.30 (one can take s 2
.max ¹q; 2º; p/).

The following result indicates the limits of extrapolation of summing maps.

Corollary 9.42. Suppose 1 � r < p � 1 and

…p.E; p̀/ D …r .E; p̀/

for some infinite-dimensional E. Then p � 2.

The restriction p � 2 is sharp. For instance,

…r .H; `2/ D …2.H; `2/

for any Hilbert space H and r 2 Œ1;1/.

Proof of Corollary 9.42. Suppose, for the sake of contradiction, that E is infinite-dimen-
sional, p 2 .2;1�, and …p.E; p̀/ D …r .E; p̀/ for some r 2 Œ1; p/.

(i) p D1. If…r .E; `1/ D B.E; `1/, then…r .E; `1.I // D B.E; `1.I // for any
index I . Now find I so large that E embeds into `1.I /. Then idE is r-summing, which
is impossible.

(ii) p < 1. If …p.E; p̀/ D …r .E; p̀/, then, by the Extrapolation Theorem [49,
Theorem 3.17], …p.E; p̀/ D …1.E; p̀/. Imitating the reasoning from the proof of The-
orem 9.40, we apply [107, Théorème 23] to the dual pair .E;E�/ (E is equipped with its
norm topology). We then conclude that any operator from E� to L1.�/ strongly factors
through Lp.�/, which implies p � 2 by Corollary 9.41.

Returning to free Banach lattices, we prove:

Corollary 9.43. If E is a Banach space, and 1 � r < p � 1, then the following state-
ments are equivalent:

(1) FBL.r/ŒE� has an upper p-estimate.

(2) FBLŒE� has an upper p-estimate.

(3) idE� is .q; 1/-summing, with 1=p C 1=q D 1.

Proof. .2/,.3/ has been established in Theorem 9.21. To handle .1/,.2/, pick s 2
.r; p/. From [103, Section 1.f], we know that an upper p-estimate implies s-convexity.
If one of the lattices involved – either FBL.r/ŒE� or FBLŒE� – is s-convex, then the two
coincide, by Theorem 9.40.
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Note that Theorem 9.21 identifies the upper p-estimate constant of FBLŒE� as the
.q; 1/-summing norm of idE� ; we make no claim that the upper p-estimate constant of
FBL.r/ŒE� agrees with that of FBLŒE�.

Combining Corollary 9.43 with Proposition 9.38, we obtain the following.

Corollary 9.44. Suppose idE� is .q; 1/-summing, 1=p C 1=q D 1, and 1 � r < s < p.
Then any operator from E to Lr .�/ multiplicatively factors through Ls.�/.

We now examine conditions guaranteeing, or precluding, lattice isomorphism between
FBL.p/ŒE� and FBL.q/ŒE�.

Corollary 9.45. Suppose a Banach space E has type s 2 .1; 2/. Then, for 1 � p < q < s,
FBL.p/ŒE� and FBL.q/ŒE� are canonically lattice isomorphic.

Proof. By Proposition 9.38, we need to show that there exists a constant C such that
any contraction T W E ! Lp.�/ has a lattice homomorphic extension T 0 W FBL.q/ŒE�!
Lp.�/ with kT 0k � CkT k. Emulating the proof of Corollary 9.35, we see that it actu-
ally suffices to establish the existence of some extension T 0; the norm will be controlled
automatically.

To obtain the desired extension, we use the Maurey–Nikishin Extension Theorem
[144, Theorem III.H.12]: T can be factored through Lq.�/ as T D uS , where u W
Lq.�/!Lp.�/ is a lattice homomorphism. Then S has a lattice homomorphic extension
yS W FBL.q/ŒE�! Lq.�/. Then T 0 D u yS is the extension we want.

Remark 9.46. An alternative argument for Corollary 9.45 is to note that if E has type s
then the dual has cotype s0 (for 1=s C 1=s0 D 1), hence idE� is .s0; 1/-summing, which
characterizes upper s-estimates of FBLŒE�.

Using [144, Theorem III.H.16] instead of [144, Theorem III.H.12], we obtain the
following result.

Corollary 9.47. For 2 � r � 1 and 1 � p � 2, FBL.p/ŒLr .�/� and FBL.2/ŒLr .�/� are
canonically lattice isomorphic.

Remark 9.48. Suppose r � 2 and 1 � p � 2. Corollary 9.47 implies that the moduli of
the `r basis in FBL.p/Œ`r � and in FBLŒ`r � are equivalent; by [19], both are equivalent to
the `s basis, with 1=s D 1=r C 1=2. We do not know what the span of these moduli is for
r; p 2 .2;1/.

On the other hand, Proposition 9.30 immediately yields the following.

Corollary 9.49. Suppose E; F are infinite-dimensional Banach spaces, p 2 Œ1;1�,
q 2 .2;1�, and p ¤ q. Then FBL.p/ŒE� is not lattice isomorphic to FBL.q/ŒF �.

Remark 9.50. By Corollary 9.25, if E� has finite cotype, then FBLŒE� is p-convex
for some p > 1. Using the fact that the r-convexification of an s-convex space is sr-
convex, one can easily show that for such E, FBL.p/ŒE� is not lattice isomorphic to the
p-convexification of FBLŒE�.
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We finish this section with a simple observation precluding FBL.q/ŒF � from being iso-
morphic (in the Banach space sense) to a complemented subspace of FBL.p/ŒE�. Indeed,
by combining Corollary 9.28 with Corollary 9.29, we improve [19, Theorem 9]:

Corollary 9.51. Let 1 � p < min ¹2; qº � 1. Then FBLŒ p̀� is not linearly isomorphic
to a complemented subspace of FBLŒ`q�.

Remark 9.52. A related result follows from [103, Theorem 1.d.7 and the remark after it]:
if p 2 .1; 2� and FBL.q/ŒF � is not p-convex, then it does not linearly embed complement-
ably into FBL.p/ŒE� for any E. Here, complementation is key as FBLŒE� contains iso-
morphic copies of every separable Banach space as long as dimE � 2; see Remark 9.32,
which also discusses the non-separable setting.

Remark 9.53. In this section, we focused on strong factorizations via lattices which are
p-convex, or have upper p-estimates. Related factorizations (which were not assumed
to involve lattice homomorphisms) are considered in [33] (positive factorizations via lat-
tices with upper or lower estimates) and [124] (factorizations using operators with given
convexity and concavity).

10. Isomorphism of free Banach lattices

In this section we give a partial resolution to the question of whether FBL.p/ŒE� and
FBL.p/ŒF � can be lattice isomorphic (some negative results can be extracted from the
r-convexity and r-upper estimate criterion presented in the previous section).

10.1. Representation of lattice homomorphisms

In this subsection, we represent lattice homomorphisms on free lattices as composition
operators, and gather some consequences of this representation. The following proposi-
tion is similar to some results of [96].

Proposition 10.1. Given Banach spaces E, F , p 2 Œ1;1� and a lattice homomorphism
T W FBL.p/ŒF �! FBL.p/ŒE�, there exists a mapping ˆT W E� ! F � such that Tf D
f ıˆT for every f 2 FBL.p/ŒF �. Moreover, ˆT satisfies the following properties:

(1) For any x� 2 E� and y 2 F , ˆT x�.y/ D .T ıy/.x�/.

(2) ˆT is positively homogeneous.

(3) ˆT is weak�-to-weak� continuous on bounded sets.

(4) For x� 2E�, we have kˆT x�k � kT kkx�k. If p <1, then for every .x�
k
/m
kD1
�E�

we have

sup
y2BF

� mX
kD1

jŒˆT x
�
k �.y/j

p
�1=p

� kT k sup
x2BE

� mX
kD1

jx�k .x/j
p
�1=p

:

Proof. First recall that the atoms of FBL.p/ŒE�� are precisely the linear functionals which
act on FBL.p/ŒE� as lattice homomorphisms [5, p. 111], and these correspond to point



Free Banach lattices 99

evaluations ([15, Corollary 2.7] establishes this for p D 1, but the proof for other values
of p works in the same way). For x� 2E�, denote the corresponding evaluation functional
on HŒE� (and therefore on FBL.p/ŒE�) by cx�. One can check that kcx�kFBL.p/ŒE�� D

kx�kE� for every p, and asHŒE� consists of positively homogeneous functions, we have
b̨x� D ˛cx� for ˛ � 0.

If T W FBL.p/ŒF �! FBL.p/ŒE� is a lattice homomorphism, then T � is interval pre-
serving, and in particular maps atoms to atoms. Using the description of atoms given
in the previous paragraph, we conclude that T � induces a positively homogeneous map
ˆT W E

� ! F �, via ˆT x� D T �cx� ı �F (that is, 1̂T x� D T �cx�).
By construction, for every f 2 FBL.p/ŒF �we have Tf D f ıˆT . Indeed, for x� 2E�

let y� D ˆT x�. Then

.f ıˆT /.x
�/ D f .y�/ Dcy�.f / D ŒT �cx��.f / D Tf .x�/:

Plugging in f D ıy , we obtain (1). This, in turn, implies (2): for � � 0, x� 2 E� and
y 2 F ,

ˆT .�x
�/.y/ D .T ıy/.�x

�/ D �.T ıy/.x
�/ D �ˆT x

�.y/:

To establish (3), note that if x�˛
w�
! x� is a bounded net in E�, then for every y 2 F

we have
ŒˆT x

�
˛ �.y/ D ŒT ıy �.x

�
˛/! ŒT ıy �.x

�/ D ŒˆT x
��.y/;

as T ıy 2 FBL.p/ŒE� is weak� continuous on bounded sets.
To handle (4), first note that kˆT x�k � kT k kx�k follows from the definition of ˆT .

Now, let .x�
k
/m
kD1
� E�. We have

sup
y2BF

mX
kD1

jˆT x
�
k .y/j

p
D sup
y2BF

mX
kD1

jT ıy.x
�
k /j

p

� sup
y2BF

kT ıyk
p

FBL.p/ŒE�
sup
x2BE

mX
kD1

jx�k .x/j
p

� kT kp sup
x2BE

mX
kD1

jx�k .x/j
p:

In certain cases, more can be said about the map ˆT . The proof of the following
proposition is straightforward.

Proposition 10.2. In the notation of Proposition 10.1, we have:

(1) Suppose T is surjective, so that, by the Open Mapping Theorem, there exists c > 0
such that for every g 2 FBL.p/ŒE� there exists f 2 FBL.p/ŒF � with Tf D g and
kf k � c�1kgk. Then ckx�k � kˆT x�k for every x� 2 E�.

(2) If T has dense range, then ˆT is injective.

(3) If T is a lattice isomorphism, then ˆT is bijective and ˆT�1 D ˆ
�1
T .

(4) If T is a lattice isometry, then kˆT x�k D kx�k for any x� 2 E�.
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Remark 10.3. Suppose T W FBL.p/ŒF �! FBL.p/ŒE� is a lattice isometry, and F � has
the weak� (or dual) Kadec–Klee property, investigated in [51, 72]. That is, if .x�n/ is
a sequence in F � weak� converging to x� 2 F � and such that kx�nk ! kx

�k, then
kx�n � x

�k ! 0. Then we can further deduce that ˆT is norm-to-norm continuous.

Remark 10.4. Lemma 3.1 shows that for T W F !E, the induced map xT W FBL.p/ŒF �!
FBL.p/ŒE� satisfies ˆ xT D T

�.

Proposition 2.2 immediately implies that the converse of Proposition 10.1 is valid for
p D1.

Corollary 10.5. Suppose E and F are Banach spaces, and ˆ W E� ! F � is positively
homogeneous, weak�-to-weak� continuous on bounded sets, so that

C WD sup
y�2E�n¹0º

kˆy�k

ky�k
<1:

Then there exists a lattice homomorphism T W FBL.1/ŒF � ! FBL.1/ŒE� such that
kT k D C and ˆ D ˆT .

Remark 10.6. In contrast, the converse of Proposition 10.1 fails for p D 1. Below we
present a map ˆ, satisfying (2)–(4) of Proposition 10.1 for p D 1, but not implementing
a lattice homomorphism of FBLŒ`1� to itself. Specifically, define

ˆ..ai /
1
iD1/ D

�
ja1j ^

_
i�2

jai j

i
; 0; 0; : : :

�
:

Clearly ˆ W `1 ! `1 is positively homogeneous and weak� continuous (relative to the
canonical identification `1 D `�1) on bounded sets, so (2) and (3) of Proposition 10.1
hold. To establish (4), consider a finite collection .xk/ � `1 with

max
˙




X
k

˙xk




 � 1:
Write xk D .aki /1iD1. Then

W
i

P
k jaki j � 1. Consequently,

max
˙




X
k

˙ˆxk




 �X
k

jak1j � 1:

Let e D .1; 0; 0; : : :/ 2 `1. Then f D jıej W .ai / 7! ja1j belongs to FBLŒ`1�. Now
consider g W `1 ! R W x� 7! f .ˆx�/ – that is,

g..ai // D ja1j ^
_
i�2

jai j

i
:

By [15, Example 2.11], g … FBLŒ`1�. This shows that the composition operator defined
by ˆ does not map FBLŒ`1� to itself, as claimed.

The following statement is reminiscent of the notion of “dependence on finitely many
coordinates” in [40].
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Lemma 10.7. Suppose 1 � p � 1 and T W FBL.p/ŒF �! FBL.p/ŒE� is a lattice homo-
morphism. Then for any y 2 F and " > 0 there exist N D NŒy� 2 N, .xi Œy�/

NŒy�
iD1 � E,

and FŒy� W RN ! R, represented by finitely many linear and lattice operations, such that

jŒˆT x
��.y/ � FŒy�..x�.xi Œy�//

NŒy�
iD1 /j � "kx

�
k for any x� 2 E�:

Proof. The function T ıy W E�! R W x� 7! ŒˆT x
��.y/ belongs to FBL.p/ŒE�, hence it is

the limit (in the FBL.p/ŒE�-norm, and consequently in the sup norm on BE� ) of elements
of FVLŒE�. Now recall that elements of FVLŒE� can be written as f .ıx1 ; : : : ; ıxN /, where
f is a composition of finitely many linear and lattice operations.

For future use (addressing the same setting), we state the following.

Corollary 10.8. Suppose 1� p �1, and T W FBL.p/ŒF �! FBL.p/ŒE� is a lattice homo-
morphism. LetG be a finite-dimensional subspace ofF , and "> 0. Then there existN 2N
and x1; : : : ; xN 2 E such that if x� 2 E�, kx�k � 1, and x�.xi /D 0 for 1 � i � N , then
jŒˆT x

��.y/j � "kyk for any y 2 G.

Proof. By scaling, assume kT k � 1. Let .yj /MjD1 be an "=2-net in the unit ball of G. By
Lemma 10.7, there exist x1; : : : ; xN 2 E such that if x� 2 E�, kx�k � 1, and x�.xi /D 0
for 1 � i � N , then jŒˆT x��.yj /j � "=2 for 1 � j � M . For an arbitrary y in the unit
ball of G, find j with ky � yj k < "=2. Then

jŒˆT x
��.y/j D jŒT ıy �.x

�/j � jŒT ıyj �.x
�/j C ky � yj k

D jŒˆT x
��.yj /j C ky � yj k � ":

Proposition 10.1 also allows us to study lattice transitivity of FBL.p/ in the following
sense. We say that a Banach lattice X is lattice almost transitive if, for any norm one
elements x; y 2 XC, and " > 0, there exists a surjective lattice isometry T W X ! X

such that kT x � yk < " (note that T �1 is a lattice isometry as well). The spaces Lp.0; 1/
(1 � p < 1) are known to be lattice almost transitive (see e.g. [61, proof of Theorem
12.4.3], or [58, Proposition 3.5]). Another example is the “Gurarij AM-space”, recently
constructed in [58]. Despite the fact that FBL.p/ lattices possess a large number of lattice
homomorphisms, we will now show that such lattices fail to be lattice almost transitive.

Proposition 10.9. For any non-trivial Banach space E, and any p 2 Œ1;1�, the space
FBL.p/ŒE� is not lattice almost transitive.

Proof. Fix a norm one e 2E, and let f D
�
ıe
�
C

, gD jıej. Note that kf k1 � kf k � kek,
hence kf k D 1. Similarly, kgk D 1. We shall show that kTf � gk � 1=3 whenever T is
a surjective lattice isometry on FBL.p/ŒE�.

Suppose, for the sake of contradiction, that 
 WD kTf � gk < 1=3. By the preceding
discussion, T is implemented by a positively homogeneous mapˆD ˆT W BE� ! BE� ,
weak� continuous on bounded sets, which preserves norms;ˆ�1 has the same properties,
since it implements T �1. Then, for any x� 2 BE� , we haveˇ̌

jx�.e/j � Œˆx�.e/�C
ˇ̌
� 
: (10.1)
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Let now

UC D ¹x
�
2 BE� W x

�.e/ � 1=3º; U� D ¹x
�
2 BE� W x

�.e/ � �1=3º;

U D UC [ U�; V D ¹x� 2 BE� W x
�.e/ � 2=3º:

If ˆx� 2 V , then, by (10.1), jx�.e/j � 2=3 � 
 > 1=3, hence x� 2 U . In other words,
V � ˆU D ˆUC [ˆU�.

The sets UC and U� are closed (in the relative weak� topology of BE� ), hence the
same is true of their images. Since V is a convex set, in particular it is path connected,
hence there exists � 2 ¹�1;C1º such that ˆU� \ V D ;. Now take a norm one x� with
x�.e/ D �. Then jx�.e/j D 1, while ˆx�.e/ < 2=3 < 1 � 
 , contradicting (10.1).

10.2. For 1 � p <1, FBL.p/ lattices are often distinct

In this subsection, we establish that, for p < 1, in certain cases FBL.p/ŒE� and
FBL.p/ŒF � cannot be lattice isomorphic. As a tool, we need the “weak p” norms (see
e.g. [49]). Recall that, for .zi /NiD1 � Z,

k.zi /kp;weak D sup
z�2BZ�

�X
i

jz�.zi /j
p
�1=p

D sup
°


X

i

˛izi




 WX
i

j˛i j
q
� 1

±
;

where 1=p C 1=q D 1. For .z�i /
N
iD1 � Z

�, moreover, (1.2) yields

k.z�i /kp;weak D sup
z��2BZ��

�X
i

jz��.z�i /j
p
�1=p

D sup
z2BZ

�X
i

jz�i .z/j
p
�1=p

:

By duality, k.z�i /kp;weak coincides with the norm of the operator `Nq ! Z� W ei 7! z�i ,
where .ei / is the canonical basis of `Nq and 1=p C 1=q D 1.

Suppose E and F are Banach spaces, and fix C > 0 and p 2 Œ1;1/. Define the
.C; p/-game between two players as follows:

At the start of the n-th round, we have finite-dimensional subspaces F1; : : : ;Fn�1�F ,
E1; : : : ; En�1 � E, and norm one y�i 2 F

?
i , x�i 2 E

?
i for 1 � i � n � 1 (here, for a

subspace G � F , we denote G? D ¹x� 2 F � W x�.x/ D 0; 8x 2 Gº).
Round n, step 1: Player 1 selects a finite-dimensional En � E, then Player 2 picks a

finite-dimensional Fn � F .
Round n, step 2: Player 1 chooses y�n 2 SF?n (the unit sphere of F?n ), then Player 2

picks x�n 2 SE?n .
Player 1 wins the .C; p/-game after N rounds if there exist ˛1; : : : ; ˛N � 0 such that

k.˛ix
�
i /
N
iD1kp;weak > Ck.˛iy

�
i /
N
iD1kp;weak (we say that .˛i ; x�i ; y

�
i /
N
iD1 witnesses the win

of Player 1).
We shall say that E� p-dominates F � (relative to preduals E and F , which we will

omit if the duality is canonical) if Player 1 has a winning strategy for the .C;p/-game for
any C > 0 (that is, Player 1 can win, no matter what Player 2 does). Note that we can
always assume that E1 � E2 � � � � and F1 � F2 � � � � .

We need a simple observation combining duality with small perturbations.
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Lemma 10.10. Suppose Z is a Banach space and " > 0.

(1) Suppose G is a subspace of Z. Then for any z� 2 Z�, dist.z�; G?/ D sup ¹jz�.z/j W
z 2 G; kzk � 1º. Further,

dist.z�; G?/ � 1
2

inf ¹kz� � w�k W w� 2 G?; kw�k D kz�kº:

(2) Suppose G and G0 are subspaces of Z such that for every z 2 G n ¹0º there exists
z0 2 G0 such that kz0k D kzk and kz � z0k < "kzk. Then any z� 2 G?0 satisfies
dist.z�; G?/ < "kz�k.

Below, we apply this lemma for finite-dimensional G and G0. In this case, the state-
ment of (2) can be strengthened slightly: if for every z 2 G there exists z0 2 G0 such that
kz0k D kzk and kz � z0k � "kzk, then any z� 2 G?0 satisfies dist.z�; G?/ � "kz�k.

Proof of Lemma 10.10. (1) The equality

dist.z�; G?/ D sup ¹jz�.z/j W z 2 G; kzk � 1º

follows from the canonical identification between G� and Z�=G?. To establish the “fur-
ther” statement, it suffices to show that if kz�k D 1, and dist.z�; G?/ < c, then there
exists a norm one w� 2 G? with kz� � w�k < 2c. To this end, find u� 2 G? such
that kz� � u�k < c. By the triangle inequality,

ˇ̌
ku�k � 1

ˇ̌
< c. Let w� D u�=ku�k, so

u� D ku�kw�, and therefore, ku� � w�k D
ˇ̌
ku�k � 1

ˇ̌
< c. Consequently,

kz� � w�k � kz� � u�k C ku� � w�k < 2c:

(2) Pick a norm one z� 2 G?0 . By (1), dist.z�;G?/D sup ¹jz�.z/j W z 2 G; kzk D 1º.
For any z as in the right hand side, find z0 2 BG0 such that kz � z0k < ". Then jz�.z/j �
jz�.z0/j C kz � z0k < ".

Proposition 10.11. Suppose1 � u > max ¹v; pº � v � 1, E D .
P
i Ei /u .E1; E2; : : :

are finite-dimensional; for u D 1, consider the c0-sum/, and F � contains a copy of `v0
with 1=v C 1=v0 D 1. Then E� p-dominates F �.

Proof. Assume F � contains a normalized basic sequence, K-equivalent to the canonical
unit vectors of `v0 . Fix C > 0. Let u0 D u=.u � 1/ (so 1=uC 1=u0 D 1). In the course
of a .C; p/-game, Player 1 can arrange .y�i /

N
iD1 2K-equivalent to the unit vector basis of

`Nv0 , and force Player 2 to make .x�i /
N
iD1 to be 2-equivalent to the unit vector basis of `Nu0

(this follows from a “gliding hump” argument, permitted by Lemma 10.10 (2)). Then

1

2K
k.y�i /kp;weak � kid W `Nq ! `Nv0k D

´
N 1=p�1=v; v > p;

1; v � p

(here id stands for the formal identity and 1=p C 1=q D 1). Similarly, 2k.x�i /kp;weak �

N 1=p�1=u (since u > p). Thus, k.x�i /kp;weak > Ck.y
�
i /kp;weak for N large enough.
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Above, we defined p-domination, and established examples when it occurs. Next, we
use it to show that certain free Banach lattices cannot be lattice isomorphic.

Proposition 10.12. Suppose 1 � p < 1, E and F are Banach spaces, and E�

p-dominates F �. Then FBL.p/ŒF � is not lattice isomorphic to a lattice quotient
of FBL.p/ŒE�.

The proof requires an auxiliary result:

Lemma 10.13. Let 1=pC 1=q D 1. For any Banach space Z, and any z�1 ; : : : ; z
�
n 2 Z

�,
we have

k.z�i /kp;weak D sup
°


 nX
iD1


i bz�i 


FBL.p/ŒZ��
W

nX
iD1

j
i j
q
� 1

±
:

Proof. Let T W Z! `np be given by z 7! .z�i .z//
n
iD1 and consider its canonical extension

yT W FBL.p/ŒZ�! `np . Note that . yT /� W `nq! FBL.p/ŒZ�� maps the unit vector basis to bz�i .
Hence,

k.z�i /kp;weak D kT k D k yT k D k yT
�
k

D sup
°


 nX
iD1


i
bz�i 


FBL.p/ŒZ��

W

nX
iD1

j
i j
q
� 1

±
:

Proof of Proposition 10.12. Henceforth, suppose T W FBL.p/ŒE�! FBL.p/ŒF � is a sur-
jective lattice homomorphism (by scaling, we can assume it is contractive). There exists
c > 0 such that for any g 2 FBL.p/ŒF � there exists f 2 FBL.p/ŒE� such that Tf D g

and kf k � c�1kgk. We keep the earlier notation ˆT . By Proposition 10.2, we have
cky�k � kˆT y

�k � ky�k for any y� 2 F �.
Fix " 2 .0; 1=4/ and C > 1. Find K > .C C "/c�1. Now let us start a .K; p/-game.
Suppose n� 1 rounds have been played; we have E1 � � � � � En�1 � E, F1 � � � � �

Fn�1 � F ; norm one y�i 2 F
?
i and x�i 2 E

?
i , for 1 � i < n, with ktix�i �ˆT y

�
i k < 4

�i"

for some ti 2 Œc; 1�; and these have been chosen in such a way that Player 1 can still win
the .K; p/-game if they keep playing.

On the first step of the n-th round, Player 1 picks a finite-dimensional En � E which
contains En�1, and permits winning. Then Player 2 chooses Fn � F with Fn � Fn�1 so
that, for any norm one y� 2 F?n , and any x 2 En, we have jŒˆT y��.x/j � 4�1�n"kxk
(this is possible, by Corollary 10.8).

On the second step, Player 1 selects a norm one y�n 2 F
?
n consistent with victory. By

Lemma 10.10 (1), we have

inf ¹kˆT y�n � w
�
k W w� 2 E?n ; kw

�
k D kˆT y

�
nkº � 2 dist.ˆT y�n ; E

?
n / < 4

�n":

Hence, Player 2 can find x�n 2 E
?
n with kx�nk D 1, for which there exists tn 2 Œc; 1� such

that
kˆT y

�
n � tnx

�
nk < 4

�n":
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We continue until we obtain .y�i /
N
iD1 and .x�i /

N
iD1 witnessing the victory of Player 1.

That is, we can find ˛1; : : : ; ˛N � 0 such that

k.˛ix
�
i /kp;weak > Kk.˛iy

�
i /kp;weak:

By scaling, we can assume maxi ˛i D 1. Denote k.˛iy�i /kp;weak by M . Then clearly
M � 1. By convexity,

k.˛i tix
�
i /kp;weak � ck.˛ix

�
i /kp;weak > KcM:

Then

k.˛iˆT y
�
i /kp;weak � k.˛i tix

�
i /kp;weak �

X
i

˛ikˆT y
�
i � tix

�
i k

> KcM �
X
i

4�i" > .Kc � "/M > CM:

By Lemma 10.13,

M D sup
°


X

i


i˛icy�i 


FBL.p/ŒF ��
W

X
i



q
i � 1

±
and

k.˛iˆT y
�
i /kp;weak D sup

°


X
i


i˛iT
�cy�i 


FBL.p/ŒE��

W

X
i



q
i � 1

±
:

Thus, kT �k > C . This contradicts the assumption that kT k � 1.

We also have a “local” criterion for free lattices being “different”.

Proposition 10.14. Fix u; v 2 Œ2;1�, p 2 Œ1;1�, and u < min¹v; p0º, where 1=p C
1=p0 D 1. Suppose E� has cotype u, and F � does not have cotype less than v. Then
FBL.p/ŒF � is not lattice isomorphic to a lattice quotient of FBL.p/ŒE�.

Proof. Pick q 2 .u;min ¹v; p0º/. By [49, Chapter 14], there exists C > 0 such that for
any n we can find y�1 ; : : : ; y

�
n 2 F

� with the property that, for any .˛i /,

max
i
j˛i j �




X
i

˛iy
�
i




 � C�X
i

j˛i j
q
�1=q

:

Consequently, mini ky�i k � 1, and k.y�i /kq0;weak � C .
Suppose, for the sake of contradiction, that T W FBL.p/ŒE�! FBL.p/ŒF � is a surjective

lattice homomorphism (without loss of generality, T is contractive). Then, by Proposi-
tion 10.1, for .y�i / as above we have k.ˆT y�i /kq0;weak � C .

On the other hand, T � is bounded below by some c > 0, hence by Proposition 10.2 we
have kˆT y�k � cky�k for any y� 2 F �. By cotype u, max˙ k

P
i ˙ˆT y

�
i k � Kcn

1=u

(K is the cotype constant), so

k.ˆT y
�
i /kq0;weak � max

˙




X
i

˙n�1=qˆT y
�
i




 � Kcn1=u�1=qI
the latter exceeds C for large n. This is the desired contradiction.
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Corollary 10.15. Suppose r 2 Œ1; 2/, and s 2 .r;1�. Then FBLŒLr � is not a lattice quo-
tient of FBLŒLs�.

This corollary generalizes the classical result that, for r and s as above, Lr is not a
quotient of Ls .

Proof of Corollary 10.15. Following the usual convention, we assume 1=r C 1=r 0 D 1D
1=s C 1=s0. Let E D Ls , F D Lr , and note that E� has cotype max ¹2; s0º, while F � has
cotype r 0 > max ¹2; s0º, but no smaller. Apply Proposition 10.14 with E, F as above, and
p D 1.

The above results lead one to the following question.

Question 10.16. Suppose FBL.p/ŒE� is lattice isomorphic to FBL.p/ŒF �. What properties
do the spaces E and F necessarily share?

The results of Section 9 provide positive answers for certain properties (such as con-
taining a complemented copy of `1, or `n1 ; see Theorem 9.20, respectively Corollary 9.25).
Some other properties are covered by the following partial result.

Proposition 10.17. Suppose FBLŒE� is lattice isomorphic to FBLŒF �, and E is a separ-
able space which has c0 as a quotient.

(1) If F is reflexive, it cannot be K-convex.

(2) F is not super-reflexive.

Proof. (1) Suppose F is reflexive, and T W FBLŒF �! FBLŒE� is a lattice isomorphism.
Let ˆT W E� ! F � be the corresponding map given by Proposition 10.1. By the proof
of [102, Proposition 2.e.9], E� contains a weak� null sequence .e�i /, equivalent to the `1
basis. The sequence .ˆT e�i / is seminormalized, and weakly null in F �, hence, by [52],
we can find i1 < i2 < : : : such that .ˆT e�ik / is Schreier unconditional. We have

max
˙




X
k

˙˛kˆT e
�
ik




 � max
˙




X
k

˙˛ke
�
ik




 �X
k

j˛kj;

hence for any n, and any choice of signs˙,


 2nX
kDnC1

˙˛kˆT e
�
ik




 � max
˙




 2nX
kDnC1

˙˛kˆT e
�
ik




 � 2nX
kDnC1

j˛kj;

which shows that F � contain copies of `n1 uniformly. This is equivalent to the lack of
K-convexity for F �, hence also for F [49, Chapter 13].

(2) is a consequence of (1). Indeed, if F is super-reflexive, then it is necessarily reflex-
ive. Also, it cannot contain copies of `n1 uniformly, which implies K-convexity.

We do not know whether, under the hypotheses of Proposition 10.17, F necessarily
has a c0 quotient. One major obstacle is that a weakly null sequence may not have an
unconditional subsequence [108] (see also [85]).
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Note that Question 10.16 can be interpreted as inquiring which properties of Banach
spaces are preserved under positively homogeneous bijections which are weak�-to-weak�

continuous on bounded sets in both directions. For the discussion of Banach space prop-
erties preserved by other types of non-linear isomorphisms, see e.g. [3, Chapter 14]. For
instance, there it is shown that Lipschitz isomorphisms preserve super-reflexivity (Pro-
position 10.17 above can be viewed as a weaker version of that).

10.3. Isometries between FBL.p/’s for finite p

To examine the existence of lattice isometries between lattices of the form FBL.p/ŒE�
and FBL.p/ŒF �, recall that a Banach space Z is called smooth if, for every point z
on its unit sphere, there exists a unique support functional, which we call fz (that is,
fz.z/ D kfzk D 1). For more information on smoothness, and on the related topic of
strict convexity, we refer to [47, Chapter 2].

Recall that if E and F are linearly isometric, then FBL.p/ŒE� and FBL.p/ŒF � are
lattice isometric. A converse is the main result of this section, which can be considered as
a Banach–Stone type theorem for free Banach lattices:

Theorem 10.18. Suppose 1 � p <1, and E; F are Banach spaces such that E�; F �

are smooth. Then T W FBL.p/ŒE�! FBL.p/ŒF � is a surjective lattice isometry if and only
if T D xU for some surjective isometry U W E! F . Consequently, E and F are isometric
if and only if FBL.p/ŒE� is lattice isometric to FBL.p/ŒF �.

It is known that Z is strictly convex (that is, the equality kz1 C z2k D 2 holds for
z1; z2 2 SZ if and only if z1 D z2) whenever Z� is smooth. For reflexive spaces, the
converse implication holds as well.

Before proving Theorem 10.18, we recall some facts related to the geometry of the
norm of a Banach space, and use them to describe the behaviour of k.x; ty/kp;weak for
t � 0.

Suppose x is a point on the unit sphere of a Banach space Z. Denote by F .x/ the set
of support functionals for x – that is, of functionals x� for which

kx�k D 1 D x�.x/

(note that this set is weak� closed, hence weak� compact). Now suppose y 2Z, kyk D 1,
and � 2 R. It is known (see e.g. [84, Section 6]) that there exists x� 2 F .x/ such that
x�.y/ D � if and only if

lim
t!0�

kx C tyk � 1

t
� � � lim

t!0C

kx C tyk � 1

t
: (10.2)

In particular, if F .x/ D ¹x�º (in this case x� D fx), then

lim
t!0

kx C tyk � 1

t
D x�.y/:

We begin the proof of Theorem 10.18 with a lemma.
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Lemma 10.19. Suppose x; y are elements of the unit sphere of Z, and 1 � p <1. Let
� D supx�2F .x/ jx

�.y/j. Then, for t ! 0,

k.x; ty/kp;weak D 1C
�p

p
jt jp C o.jt jp/:

Note that, in the definition of �, sup can be replaced by max.

Proof. Replacing y by �y if necessary, we assume (see (10.2)) that

� D lim
t!0C

kx C tyk � 1

t
;

hence
kx C tyk D 1C �t C o.t/ for t ! 0C:

Further, set

�0 D lim
t!0�

kx C tyk � 1

t
;

hence kx � tyk D 1 � �0t C o.t/ for t ! 0C. By our assumption, j�0j � �, hence

max
˙
kx ˙ tyk D 1C �jt j C o.t/: (10.3)

To complete the proof for p D 1, recall that k.x; ty/k1;weak D max˙ kx ˙ tyk.
Now consider p 2 .1;1/. To estimate k.x; ty/kp;weak from below, find x� 2 F .x/

such that x�.y/ D � (this is possible, due to the weak� compactness of F .x/). Then

k.x; ty/kp;weak �
�
jx�.x/jp C jtx�.y/jp

�1=p
D .1C �pjt jp/1=p:

Taylor expansion gives

.1C �pjt jp/1=p D 1C
�p

p
jt jp C o.jt jp/:

The rest of the proof is devoted to estimating

k.x; ty/kp;weak D max ¹k˛x C ˇtyk W j˛jq C jˇjq � 1º

from above (here q D p=.p � 1/, so 1=p C 1=q D 1). First, we show that, for any " > 0,
there exists t0 > 0 such that

k˛x C ˇtyk � 1C
�p

p
jt jp C "jt jp (10.4)

whenever ˛ � 0, ˛q C jˇjq D 1, and jt j � t0.
The case of ˛ � 1=2 is easy: for jt j � 1=2, k˛xC ˇtyk � ˛C jt j � 1. The remainder

of the proof deals with ˛ > 1=2. Then ˛ D .1 � jˇjq/1=q ; by (10.3),

k˛x C ˇtyk D ˛





x C ˇ

˛
ty






� .1 � jˇjq/1=q C jˇj jt j� C ˛�

�
ˇ

˛
t

�
; (10.5)
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where �.s/ D o.s/ near 0. To analyze the supremum of the above expression, we show
the existence of B > 0 (depending solely on p) such that

.1 � jˇjq/1=q � 1 � 2jˇj jt j for jˇj � Bjt j1=.q�1/: (10.6)

Taking this inequality for granted, combine (10.5) with (10.6): for jˇj � Bjt j1=.q�1/ and
˛ � 1=2,

k˛x C ˇtyk � 1 � jˇt j C ˛�

�
ˇ

˛
t

�
:

Find s0 such that j�.s/j � jsj=2 whenever jsj � s0. Then for jt j � s0=2, we haveˇ̌̌̌
�

�
ˇ

˛
t

�ˇ̌̌̌
�
1

2

ˇ̌̌̌
ˇ

˛
t

ˇ̌̌̌
� jˇj jt j;

and therefore, for such t ,

max ¹k˛x C ˇtyk W j˛jq C jˇjq � 1; jˇj � Bjt j1=.q�1/º � 1: (10.7)

Finally, for " > 0, pick s1 > 0 such that j�.s/j � B�1"jsj for jsj � s1. Then, for
jt j � s1=2 and jˇj � Bjt j1=.q�1/,

˛

ˇ̌̌̌
�

�
ˇ

˛
t

�ˇ̌̌̌
� ˛B�1"

ˇ̌̌̌
ˇ

˛
t

ˇ̌̌̌
� B�1"ˇjt j � "jt jp

(since p D 1C 1=.q � 1/). Therefore, for such t ,

max ¹k˛x C ˇtyk W j˛jq C jˇjq � 1; jˇj � Bjt j1=.q�1/º

� max ¹.1 � jˇjq/1=q C ˇjt j� W ˇ 2 Œ�1; 1�º C "jt jp:

By Hölder’s inequality,

max ¹.1 � jˇjq/1=q C ˇjt j� W ˇ 2 Œ�1; 1�º

D max ¹˛ � 1C ˇ � �jt j W j˛jq C jˇjq � 1º

D k.1; �jt j/kp D .1C .�jt j/
p/1=p � 1C

�pjt jp

p
;

hence

max ¹k˛xC ˇtyk W j˛jq C jˇjq � 1; jˇj � Bjt j1=.q�1/º � 1C
�p

p
jt jp C "jt jp: (10.8)

Together, (10.7) and (10.8) establish (10.4) with t0 D min¹s0; s1º=2.
It remains to establish (10.6). For convenience we shall only deal with non-negative

values of ˇ and t . That is, we have to show that

.1 � 2ˇt/q � 1 � ˇq

for ˇ � Bt1=.q�1/. By Bernoulli’s inequality,

.1 � 2ˇt/q � 1 � 2qˇt;
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hence it suffices to select B to guarantee that 1 � 2qˇt � 1 � ˇq for ˇ � Bt1=.q�1/.
Clearly B D .2q/1=.q�1/ works.

Proof of Theorem 10.18. Following [80], we define the following semi-inner product
on E�: for x�; y� 2 E�,

Œy�; x�� D

´
0 if x� D 0;

fx�.y
�/ if x� ¤ 0;

where fx� 2 E�� is the unique support functional at x� – that is, kfx�k D kx�k Dp
fx�.x�/. A semi-inner product on F � is defined in a similar fashion.

By Proposition 10.1, T is implemented by a surjective positively homogeneous map
ˆT W F

� ! E�, weak�-to-weak� continuous on bounded sets, which preserves the
.p;weak/-norms of tuples; ˆ�1T also has all these properties. By Lemma 10.19, ˆT pre-
serves the absolute value of the semi-inner product defined above. By [80], there exist
a linear surjective isometry V W F � ! E� and a function � W F � ! ¹�1; 1º such that
ˆT f

� D �.f �/Vf � for any f � 2 F �. Due to the positive homogeneity of ˆT , � is
constant on rays – that is, �.tf �/ D �.f �/ for any f � ¤ 0 and t > 0.

We claim that � is a constant on the sphere of F �. Indeed, otherwise, up to a sign
change, we can assume that there exists a sequence .f �

k
/ on the unit sphere of F �, con-

verging to f � in norm, such that �.f �
k
/ D 1 for any k, and �.f �/ D �1 (we make use

of the connectedness of the unit sphere). Then .ˆT f �k / converges in norm, and hence
also weak�, to Vf �. On the other hand, ˆT f �k ! ˆT f

� D �Vf � weak�, which is a
contradiction.

By changing sign if necessary, we can assume � D 1 everywhere, henceˆT f �DVf �

for any f � 2 F �. The linear isometry V , and its inverse, are weak�-to-weak� continuous
on bounded sets. It remains to show that V is an adjoint operator – that is, V D U � with
someU 2B.E;F / (such aU is automatically a surjective isometry). To this end, consider
V � W E�� ! F ��. By [56, Corollary 4.46], e�� 2 E�� comes from �E .E/ (where �E
denotes the canonical embedding into the bidual) if and only if ker e�� \ BE� is weak�

closed; the same is true regarding f �� 2 F ��. As V is a surjective isometry, we have

ker.V �e��/ \ BF � D V �1.ker e�� \ BE�/:

Since V is weak�-to-weak� continuous on bounded sets, it follows that ker.V �e��/ \
BF � is weak� closed whenever ker e�� \ BE� is. In other words, V � maps �E .E/ into
�F .F /. Consequently, V D U �, where U D ��1F V ��E 2 B.E;F /.

The smoothness assumption is essential for the preceding proof. Without smoothness,
we can obtain some partial results.

Proposition 10.20. Suppose 1�p<1, and FBL.p/ŒE� is lattice isometric to FBL.p/ŒF �.

(1) If E� is strictly convex, then so is F �.

(2) If both E and F are reflexive, and E� is smooth, then F � is smooth as well.
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For the proof, we need a particular case of Lemma 10.19:

Corollary 10.21. Suppose p 2 Œ1;1/, and z; y 2 Z with kzk D 1 D kyk. Then
max˙ kz ˙ yk D 2 if and only if

lim
t!0

pt�p.k.z; ty/kp;weak � 1/ D 1: (10.9)

Proof. If kz C yk D 2 or kz � yk D 2, find z� 2 F .z/ such that jz�.y/j D 1. Apply
Lemma 10.19. Conversely, if (10.9) holds, then there exists z� 2 F .z/ with jz�.y/j D 1.
Then max˙ kz ˙ yk D 2.

Proof of Proposition 10.20 (1). Suppose, for the sake of contradiction, that E� is strictly
convex, but F � is not. Find norm one y�0 ; y

�
1 2 F

� such that y�0 ¤ y
�
1 and ky�1 C y

�
0kD 2.

For s 2 .0;1/ let y�s D .1� s/y
�
0 C sy

�
1 . It is easy to see that ky�s kD 1 and ky�0 C y

�
s kD 2

for any s 2 .0; 1/. Consequently, by Corollary 10.21,

lim
t!0

pt�p.k.y�0 ; ty
�
s /kp;weak � 1/ D 1:

Find a positively homogeneous map ˆ W F � ! E�, weak�-to-weak� continuous on
bounded sets, which implements a surjective lattice isometry FBL.p/ŒE�! FBL.p/ŒF �.
Let x�s Dˆy

�
s . Then kx�s kD 1 for any s 2 .0;1/. Moreover,ˆ preserves .p;weak/-norms

of tuples, so
lim
t!0

pt�p.k.x�0 ; tx
�
s /kp;weak � 1/ D 1:

Consequently, by Corollary 10.21, max˙ kx�0 ˙ x
�
s k D 2. By the strict convexity of E�,

we have x�s 2 ¹x
�
0 ;�x

�
0 º for any s. However, all x�s ’s must be distinct, which gives a

contradiction.

The following topological result is likely known to experts.

Lemma 10.22. Consider a Banach spaceZ, equipped with the weak topology. LetG be a
closed subspace ofZ. ThenZ nG is path connected if dimZ=G � 2, and is disconnected
if dimZ=G D 1.

Proof. If dimZ=G D 1, find z� 2 Z� such that G D ker z�. Then Z n G is a union of
two open sets, ¹z 2 Z W z�.z/ > 0º and ¹z 2 Z W z�.z/ < 0º, hence disconnected.

Now suppose dimZ=G > 1. For z0; z1 2 Z n G, we need to find a path connecting
these two points. By replacing Z by its subspace, we can and do assume that dimZ=G

D 2. Represent Z as G ˚H with dimH D 2. Represent zi D gi C hi with gi 2 G and
hi 2 H n ¹0º. Find norm continuous functions g W Œ0; 1�! G and h W Œ0; 1�! H n ¹0º

such that g.0/ D g0, g.1/ D g1, h.0/ D h0, and h.1/ D h1. Then t 7! g.t/C h.t/ is the
desired path.

Proof of Proposition 10.20 (2). Suppose, for the sake of contradiction, thatE� is smooth,
but F � is not. Find a positively homogeneous map ˆ W F � ! E�, weak�-to-weak� con-
tinuous on bounded sets, which implements a surjective lattice isometry FBL.p/ŒE�!
FBL.p/ŒF �. Find a non-smooth point f � on the unit sphere of F �. Let e� D f̂ �. Let
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e D fe� . It follows that a point x� 2 E� satisfies

lim
t!0

1

tp
.k.e�; tx�/kp;weak � 1/ D 0

if and only if x� 2 ker e DW A.
Now let B be the set of all y� 2 F � for which

lim
t!0

1

tp
.k.f �; ty�/kp;weak � 1/ D 0:

ThenB D
T
¹kerf W f 2F .f �/º. Further,ADˆ.B/ andE� nADˆ.F � nB/. There-

fore, by Lemma 10.22, F � n B is connected (since dimF �=B � 2), and E� n A is not
(since dimE�=A D 1). However, a disconnected set cannot be a continuous image of a
connected set.

10.4. Isomorphism between FBL.1/ lattices

It turns out that FBL.1/ŒX� and FBL.1/ŒY �may be lattice isomorphic, or even isometric,
even when X and Y are non-isomorphic. For motivation, we recall a result from [82]:

Proposition 10.23. Let E be a Banach space. Then C.BE�/ is the free unital AM-space
overE. More specifically, for any compact Hausdorff spaceK and any norm one operator
T W E ! C.K/ there exists a unique unital lattice homomorphism yT W C.BE�/! C.K/

such that yT ı �E D T . Moreover, k yT k D 1:

From this result we deduce that the free unital AM-spaces over E and F are (isomet-
rically) lattice isomorphic if and only if .BE� ; w�/ and .BF � ; w�/ are homeomorphic. In
particular, since the dual ball of any separable infinite-dimensional Banach space is weak�

homeomorphic to the Hilbert cube Œ0; 1�! by Keller’s Theorem (see [55, Section 12.3]),
the free unital AM-space cannot distinguish between separable Banach spaces. We now
prove a similar result for FBL.1/. This has the added difficulty that one needs to build
positive homogeneity into the homeomorphism.

We say that .Zi / is a finite-dimensional decomposition (FDD for short) in a Banach
spaceZ if the spacesZi �Z are finite-dimensional,ZD spanŒZi W i 2N�, and there exist
projections Pi from Z onto Zi such that PiPj D 0 whenever i ¤ j , and supn k xPnk <1
(here xPn D P1 C � � � C Pn), and, for any z 2 Z, xPnz ! z in norm (equivalently,
weakly [109]). Then xP �n converges to idZ� in the point-weak� topology. We say that
an FDD is monotone if xPn is contractive for every n. A classical renorming procedure
makes an FDD monotone.

Theorem 10.24. Suppose a Banach space X has a monotone FDD. Then FBL.1/ŒX� is
lattice isometric to FBL.1/Œc0�.

Remark 10.25. This result contrasts sharply with those of Section 10.2. For instance,
whereas the above implies that FBL.1/Œc0� and FBL.1/Œ`1� are lattice isometric, com-
bining Proposition 10.11 with Proposition 10.12 we conclude that for any p 2 Œ1;1/,
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FBL.p/Œc0� and FBL.p/Œ`1� are not lattice isomorphic. In fact, we know no examples of
non-isomorphic Banach spaces E;F for which FBL.p/ŒE� and FBL.p/ŒF � (1 � p <1)
are lattice isomorphic.

The following easy observation will be used throughout the proof of Theorem 10.24.

Lemma 10.26. Suppose X is a Banach space with an FDD implemented by projec-
tions .Pn/. Then a norm bounded net .x�˛/ � X

� weak� converges if and only if the
net . xP �n x

�
˛/˛ is norm convergent for every n. Further, .x�˛/ weak� converges to x� 2 X�

if and only if xP �n x
�
˛ !

xP �n x
� in norm for any n.

Proof of Theorem 10.24. Let .Pi / be the FDD projections in X , and let Ei D

RangeP �i ,! X�. Then xP �n D P
�
1 C � � � C P

�
n is a projection onto xEn D E1 ˚ � � � ˚En.

Let Fi D `
ni
1 , with ni D dimEi . Find a bi-continuous bijection �i W Ei ! Fi such that

k�iy
�k D ky�k and �i .ty�/ D t�i .y

�/ for any y� and t 2 R. Finally, we identify c0
with Y D .

P
i F
�
i /c0 . Denote the coordinate projections from Y onto F �i by Qi , and let

xQn DQ1 C � � � CQn. Then xQ�n is a projection from Y � onto xFn D F1 ˚ � � � ˚ Fn. Note
also that Y � D .

P
i Fi /1 � `1.

We recursively define continuous norm-preserving positively homogeneous bijections
‰n W xEn ! xFn (henceforth we say that a map ‰ is norm-preserving if k‰zk D kzk on
the domain of ‰).

To begin, let ‰1x� D �1x�. Now suppose ‰n�1 with the desired properties has been
defined; let us describe ‰n. Any x� 2 xEn can be written, in a unique way, as x� D
x�0 C x

�
n , where x�0 2 xEn�1 and x�n 2 En. If x�0 D 0, let ‰nx� D �nx�n , while if x�n D 0,

let ‰nx� D ‰n�1x�. Otherwise, let

‰n.x
�
0 C x

�
n/ D �n

�
kx�nk

kx�0 C x
�
nk

�
‰n�1.x

�
0 /C t�nx

�
n ; (10.10)

where �n.s/ D 1 � 4�n.1 � e�s=2/ and

t D t .x�0 ; x
�
n/ D

kx�0 C x
�
nk

kx�nk
� �n

�
kx�nk

kx�0 C x
�
nk

�
kx�0k

kx�nk
: (10.11)

Note that kx�0 C x
�
nk � kx

�
0k (due to xPn�1 being contractive), hence t > 0. In fact, t was

selected to guarantee that

k‰n.x
�
0 C x

�
n/k D �n

�
kx�nk

kx�0 C x
�
nk

�
kx�0k C tkx

�
nk D kx

�
0 C x

�
nk;

that is, to make ‰n-norm-preserving. Finally, observe that t is a continuous function of
.x�0 ; x

�
n/ provided x�n ¤ 0.

We next note that 1 � �n.s/ > 1 � 4�n for any s � 0, and so

k xQ�n�1.‰n�1x
�
0 �‰n.x

�
0 C x

�
n//k � 4

�n
kx�0k: (10.12)

Clearly, ‰n maps xEn�1 C En to xFn�1 C Fn; also, it is positively homogeneous. We
next establish that ‰n is continuous.
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Continuity at .x�0 ; x
�
n/ when both x�0 and x�n are different from 0 is straightforward,

and continuity at .0; 0/ follows from ‰n being norm-preserving.
Now suppose x�n D 0, while kx�0k ¤ 0. The map

.z�0 ; z
�
n/ 7!

xQ�n�1‰n.z
�
0 C z

�
n/ D �n

�
kz�nk

kz�0 C z
�
nk

�
‰n�1.z

�
0 /

is clearly continuous at .x�0 ; 0/. In addition, (10.11) implies that

t .z�0 ; z
�
n/kz

�
nk D kz

�
0 C z

�
nk � �n

�
kz�nk

kz�0 C z
�
nk

�
kz�0k ����!

z�n!0
0

uniformly over ¹z�0 2 xEn�1 W kz
�
0k > cº (for any c > 0), or equivalently

kQ�n‰n.z
�
0 C z

�
n/k D kt .z

�
0 ; z
�
n/�nz

�
nk D kt .z

�
0 ; z
�
n/z
�
nk ! 0

uniformly over the same set.
Thus, the continuity of ‰n at .x�0 ; 0/ is verified.
Conversely, suppose x�0 D 0, and x�n ¤ 0. By the continuity of ‰n�1 at 0, the map

.z�0 ; z
�
n/ 7!

xQ�n�1‰n.z
�
0 C z

�
n/ D �n

�
kz�nk

kz�0 C z
�
nk

�
‰n�1.z

�
0 /

is continuous at .0; x�n/. Also, the continuity of t and �n implies that of

.z�0 ; z
�
n/ 7! Q�n‰n.z

�
0 C z

�
n/ D t .z

�
0 ; z
�
n/�nz

�
n :

The continuity of ‰n at .0; x�n/ follows.
To establish injectivity, we suppose that‰n.x�0 C x

�
n/D‰n.z

�
0 C z

�
n/ for some x�0 ; z

�
0

2 xEn�1 and x�n ; z
�
n 2 En, and show that x�0 D z

�
0 , x�n D z

�
n . As ‰n is norm-preserving,

we can assume, by scaling, that kx�0 C x
�
nk D 1 D kz

�
0 C z

�
nk.

Applying xQ�n�1, we see that �n.kx�nk/‰n�1.x
�
0 /D �n.kz

�
nk/‰n�1.z

�
0 /. By the induc-

tion hypothesis,‰n�1 is continuous and positively homogeneous, hence there exists ˛ > 0
such that z�0 D ˛x

�
0 . In this case, �n.kz�nk/ D ˛

�1�n.kx
�
nk/.

Likewise, applying Q�n, we conclude that there exists ˇ > 0 such that z�n D ˇx�n .
Therefore, we have ˛�n.ˇkx�nk/ D �n.kx

�
nk/.

If ˛ D 1, then, due to �n being strictly decreasing, we conclude that ˇ D 1 as well,
hence x�0 C x

�
n D z

�
0 C z

�
n . To establish the injectivity of‰n, we should therefore rule out

the possibility of ˛ ¤ 1. By relabelling, it suffices to show that ˛ cannot be less than 1. In
fact, we shall prove the following fact:

if ˛ 2 .0; 1/; s > 0; ˛�n.ˇs/ D �n.s/; then ˇ < ˛: (10.13)

Once this is shown, we have

k˛x�0 C ˇx
�
nk D ˛





x�0 C ˇ

˛
x�n





 < 



x�0 C ˇ

˛
x�n





: (10.14)
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Further, as xP �n�1 is contractive, we have kx�0k � kx
�
0 C x

�
nk D 1, and therefore, by the

convexity of the norm,



x�0 C ˇ

˛
x�n





 � ˇ

˛
kx�0 C x

�
nk C

�
1 �

ˇ

˛

�
kx�0k � 1:

Together with (10.14), this gives kz�0 C z
�
nk D k˛x

�
0 C ˇx

�
nk < 1, producing the desired

contradiction.
Keeping in mind that �n is strictly decreasing, we establish (10.13) by showing that

the map ˛ 7! ˛�n.˛s/ is strictly increasing on .0;1/. Multiplying by s, and using the
substitution ˛s D t , we are reduced to showing that t 7! t�n.t/ is strictly increasing.
Differentiating the function on the right, we obtain

Œt�n.t/�
0
D �n.t/C t�

0
n.t/ D �n.t/ � 4

�n te
�t=2

2
> 0;

since �n.t/ > 1 � 4�n. Thus, t 7! t�n.t/ is indeed increasing.
Finally, we show that ‰n is surjective, that is, for any norm one y�0 2 xFn�1, y�n 2

Fn, and a; b 2 Œ0;1/, ay�0 C by
�
n belongs to the range of ‰n. By scaling, we assume

aC b D 1 (in other words, kay�0 C by
�
nk D 1). If either a or b equals 0, then ay�0 C by

�
n

lies in the range of ‰n, due to the surjectivity of �n, respectively ‰n�1. Henceforth, we
consider non-zero a and b.

Find x�0 2 xEn�1 and x�n 2 En such that ‰n�1x�0 D y
�
0 and �nx�n D y

�
n (then kx�0k D

1 D kx�nk). Our goal is to find ˛; ˇ > 0 such that

‰n.˛x
�
0 C ˇx

�
n/ D ay

�
0 C by

�
n : (10.15)

To this end, note first that the function

ˇ 7!





 a

�n.ˇ/
x�0 C ˇx

�
n






is continuous on Œ0;1/, equals a < 1 when ˇ D 0, and tends to1 as ˇ does the same.
Find ˇ for which this function equals 1, and let ˛ D a=�n.ˇ/. Then k˛x�0 C ˇx

�
nk D 1

and ˛�n.kˇx�nk=k˛x
�
0 Cˇx

�
nk/D a. Therefore, �n.kˇx�nk=k˛x

�
0 Cˇx

�
nk/‰n�1.˛x

�
0 /D

ay�0 . From the definition,

‰n.˛x
�
0 C ˇx

�
n/ D �n

�
kˇx�nk

k˛x�0 C ˇx
�
nk

�
‰n�1.˛x

�
0 /C tˇ�nx

�
n I

we know that �nx�n D y�n , and, by norm preservation, tˇ D b. Thus, ˛ and ˇ have the
required properties.

For x� 2 X�, we define ‰x� D weak�-limn‰n xP
�
n x
�. We shall show that ‰ is well

defined (the limit above indeed exists, even in the norm topology), is positively homogen-
eous, norm-preserving, and weak� continuous. To begin, note that kx�k D limn k xP

�
n x
�k

for any x� 2 X�. Indeed, kx�k � k xP �n x
�k for any n, by monotonicity. On the other hand,

x� D weak�-limn
xP �n x

�, hence kx�k � lim inf k xP �n x
�k. Recall that, for j � n, we have
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xQ�n
xQ�j D

xQ�n. As xQ�n is contractive, (10.12) implies that

k xQ�n‰j
xP �j x

�
� xQ�n‰jC1

xP �jC1x
�
k

� k‰j xP
�
j x
�
� xQ�j ‰jC1

xP �jC1x
�
k � 4�j kx�k: (10.16)

Consequently, for every n, the sequence . xQ�n‰j xP
�
j x
�/j is Cauchy, hence convergent (in

norm). Note that k‰j xP �j x
�k % kx�k, hence, in particular, the sequence .‰j xP �j x

�/j is
norm bounded. Therefore, Lemma 10.26 (applied with the sequence .‰j xP �j x

�/j instead
of the net .x�˛/˛ , and with projections Qn instead of Pn) shows that the weak� limit of
.‰j xP

�
j x
�/ exists (and therefore ‰ is well defined), with k‰x�k � kx�k.

On the other hand, for any n, k‰x�k � lim supm k xQ
�
n‰m

xP �mx
�k. For m > n, we can

use (10.16) to write a telescopic sum:

k‰n xP
�
n x
�
� xQ�n‰m

xP �mx
�
k �

m�1X
jDn

k xQ�n‰j
xP �j x

�
� xQ�n‰jC1

xP �jC1x
�
k

�

m�1X
jDn

4�j kx�k � 2 � 4�nkx�k; (10.17)

hence k xQ�n‰m xP
�
mx
�k � k‰n xP

�
n x
�k � 2 � 4�nkx�k, and therefore

k‰x�k � lim sup
n

.k‰n xP
�
n x
�
k � 2 � 4�nkx�k/

D lim sup
n
k‰n xP

�
n x
�
k D kx�k:

Thus, ‰ is norm-preserving. As ‰n is positively homogeneous for any n, so is ‰.
We observe that the sequence .‰n xP �n x

�/ is not merely weak� convergent, but also
Cauchy, hence convergent in norm. To this end, considerm>n, and recall several relevant
facts:

(i) (10.17) shows that k‰n xP �n x
� � xQ�n‰m

xP �mx
�k � 2 � 4�nkx�k.

(ii) There exists t 2 Œ0; 1� such that t‰n xP �n x
� D xQ�n‰m

xP �mx
�; consequently, we have

k‰n xP
�
n x
� � xQ�n‰m

xP �mx
�k D k‰n xP

�
n x
�k � k xQ�n‰m

xP �mx
�k.

(iii) Further,

k.I � xQ�n/‰m
xP �mx

�
k D k‰m xP

�
mx
�
k � k xQ�n‰m

xP �mx
�
k

D .k‰m xP
�
mx
�
k � k‰n xP

�
n x
�
k/C .k‰n xP

�
n x
�
k � k xQ�n‰m

xP �mx
�
k/:

(iv) Finally, recall that ‰n and ‰m are norm-preserving.

In light of the above,

k‰n xP
�
n x
�
�‰m xP

�
mx
�
k D k‰n xP

�
n x
�
� xQ�n‰m

xP �mx
�
k C k.I � xQ�n/‰m

xP �mx
�
k

D 2k‰n xP
�
n x
�
� xQ�n‰m

xP �mx
�
k C .k‰m xP

�
mx
�
k � k‰n xP

�
n x
�
k/

� 4 � 4�nkx�k C .k xP �mx
�
k � k xP �n x

�
k/:

As k xP �n x
�k % kx�k, we conclude that .‰n xP �n x

�/ is a Cauchy sequence.
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Next we establish that ‰ is weak� continuous on bounded sets. Suppose a net .x�˛/
� BX� converges weak� to x� (hence x� 2 BX� as well). We shall show that .‰x�˛/
weak� converges to ‰x�. In light of Lemma 10.26, we have to prove that, for any n 2 N
and " > 0, we have k xQ�n‰x

�
˛ �
xQ�n‰x

�k < " for ˛ large enough.
Fix m � n such that 41�m < "=2. As xQ�n‰x

� D limj xQ�n‰j xP
�
j x
�, (10.16) implies

k xQ�n‰x
�
� xQ�n‰m

xP �mx
�
k �

1X
jDm

k xQ�n‰j
xP �j x

�
� xQ�n‰jC1

xP �jC1x
�
k < 2 � 4�m;

and likewise k xQ�n‰x
�
˛ �
xQ�n‰m

xP �mx
�
˛k < 2 � 4

�m for any ˛.
For m as above, we have lim˛

xP �mx
�
˛ D

xP �mx
� (as xPm has finite rank, weak�

convergence and norm convergence coincide). By the continuity of ‰m, the equality
lim˛ ‰m xP

�
mx
�
˛ D ‰m

xP �mx
� holds as well. In particular, k‰m xP �mx

�
˛ � ‰m

xP �mx
�k < "=2

for ˛ large enough. For such ˛,

k xQ�n‰x
�
˛ �
xQ�n‰x

�
k � k‰m xP

�
mx
�
˛ �‰m

xP �mx
�
k

C k xQ�n‰x
�
� xQ�n‰m

xP �mx
�
k C k xQ�n‰x

�
˛ �
xQ�n‰m

xP �mx
�
˛k

<
"

2
C 2 � 2 � 4�m < ";

as desired.
Next we define a map ˆ, and prove that it is the inverse of ‰, possessing the desired

properties. First let ˆn D ‰�1n W xFn ! xEn. This map is clearly positively homogeneous
and norm-preserving; it is also continuous, by the Inverse Function Theorem. We shall
show that, for any y� 2 `1, the sequence .ˆn xQ�ny

�/ is weak� convergent. Once this is
done, we let ˆy� D weak�-limˆn xQ

�
ny
�.

First fix n, y�0 2 xFn�1, and y�n 2 Fn. Let

x�0 D
xP �n�1ˆn.y

�
0 C y

�
n / and x�n D P

�
nˆn.y

�
0 C y

�
n /:

By (10.10),

y�0 D
xQ�n�1.y

�
0 C y

�
n / D �n

�
kx�nk

kx�0 C x
�
nk

�
‰n�1x

�
0 :

Apply ˆn�1 to both sides to obtain

ˆn�1 xQ
�
n�1.y

�
0 C y

�
n / D �n

�
kx�nk

kx�0 C x
�
nk

�
x�0 D �n

�
kx�nk

kx�0 C x
�
nk

�
xP �n�1ˆn.y

�
0 C y

�
n /;

and therefore

kˆn�1 xQ
�
n�1.y

�
0 C y

�
n / �

xP �n�1ˆn.y
�
0 C y

�
n /k

D

�
1 � �n

�
kx�nk

kx�0 C x
�
nk

��
k xP �n�1ˆn.y

�
0 C y

�
n /k

�

�
1 � �n

�
kx�nk

kx�0 C x
�
nk

��
ky�0 C y

�
nk � 4

�n
ky�0 C y

�
nk:
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Consequently, for m > n and y� 2 `1,

k xP �nˆm
xQ�my

�
�ˆn xQ

�
ny
�
k � 2 � 4�nky�k: (10.18)

For n < m < k we therefore have

k xP �nˆk
xQ�ky

�
� xP �nˆm

xQ�my
�
k D k xP �n

xP �mˆk
xQ�ky

�
� xP �nˆm

xQ�my
�
k

� k xP �mˆk
xQ�ky

�
�ˆm xQ

�
my
�
k � 2 � 4�mky�k:

Thus, for any n, the sequence . xP �nˆm xQ
�
my
�/m is Cauchy, hence convergent in norm.

Additionally, kˆm xQ�my
�k D k xQ�my

�k � ky�k, hence, by Lemma 10.26, .ˆm xQ�my
�/

has a weak� limit, say x�. Note that kx�k D ky�k. Indeed, kx�k � lim inf kˆm xQ�my
�k

D ky�k. On the other hand, kx�k � lim supm k xP
�
nˆm

xQ�my
�k for any n. Combining

(10.18) with the fact that ky�k D limn kˆn xQ
�
ny
�k, we obtain the opposite inequality.

Thus, the map ˆ is well defined, positively homogeneous, and norm-preserving. The
weak� continuity of ˆ is established in the same manner as that of ‰.

It remains to show thatˆ‰D idX� and‰ˆD idY � . We shall only establish the first of
these identities, as the second one can be treated similarly. Fix x� 2X�, and let y�D‰x�.
Further, for n 2 N let x�n D xP

�
n x
� and y�n D xQ

�
ny
�. As observed before, x� D weak�-

lim x�n , and y� D weak�-lim y�n . By the definition of ‰, y�n is a scalar multiple of ‰nx�n ,
with k‰nx�n � y

�
nk � 4

�nkx�k. Consequently, limn kˆny
�
n � x

�
nk D 0, and so

ˆy� D weak�-limˆny
�
n D weak�-lim x�n D x

�;

which gives ˆ‰x� D x�.
To summarize: we have defined an invertible map ‰ W X� ! Y � such that ‰

itself, and its inverse, are positively homogeneous, norm-preserving, and weak� con-
tinuous on bounded sets. Composition with ˆ D ‰�1 induces a lattice homomorphism
T W FBL.1/ŒX� ! FBL.1/Œc0� such that ˆ D ˆT ; then ‰ D ˆT�1 . Consequently,
FBL.1/ŒX� and FBL.1/Œc0� are lattice isometric.

Remark 10.27. Note in particular that the map ‰ given in the proof of Theorem 10.24 is
positively homogeneous and provides a weak� homeomorphism between rBX� and rB`1
for every r > 0. This provides an improvement to [50] where homeomorphisms between
rB`p and rB`q were constructed using some heavy machinery from topology.

For brevity, we shall use the notation U D FBL.1/Œc0�. Above, we have shown that
FBL.1/ŒX� is lattice isometric to U whenever X has a monotone FDD. One can ask
whether this lattice isomorphism (or even lattice isometry) holds for any separable X .
While we cannot answer this question, below we list some partial results.

For future use, we describe a class of spaces possessing a monotone basis (and, con-
sequently, a monotone FDD). The results below may be known to experts, but we have
not been able to find them in the literature.

Proposition 10.28. Any separable L1;1C space has a monotone basis. Therefore, any
separable AM-space has a monotone basis.
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Proof. (1) By [98], any separable L1;1C space X can be written as
S
i Ei , where E1 �

E2 � � � � , and eachEn is isometric to `n1. For each n, there exists a contractive projection
Rn from En to En�1 (for convenience set R1 D 0). For each i , pick a norm one xi in
kerRi ; clearly .xi / is a monotone basis.

(2) If X is an AM-space, then (see [103, Section 1.b]) X�� is an L1 space, which is
an L1;1C space. Then X is an L1;1C space as well, by local reflexivity (see [84]).

Corollary 10.29. For every separable Banach space X we have:

(1) If X has an FDD, then FBL.1/ŒX� is lattice isomorphic to U.

(2) If X has the bounded approximation property, then FBL.1/ŒX� is lattice isomorphic
to a lattice complemented sublattice of U.

(3) There exist a linear isometry J W FBL.1/ŒX�! U and a contractive lattice homo-
morphism P W U! FBL.1/ŒX� such that PJ D idFBL.1/ŒX�.

Proof. (1) is obtained by combining Theorem 10.24 with the fact that any Banach space
with an FDD can be renormed to make this FDD monotone. (2) follows from (1), since
any separable Banach space with the BAP embeds complementably into a Banach space
with a basis [102, Theorem 1.e.13].

(3) By Proposition 10.28, Y D FBL.1/ŒX� has a monotone basis, hence there exists
a lattice isometry T W FBL.1/ŒY � ! U. The formal identity id W Y ! Y extends to a
contractive surjective lattice homomorphism bid W FBL.1/ŒY �! Y . Then J D T�Y and
P D bidT �1 have the desired property.

Remark 10.30. We do not know whether FBL.1/ŒE� and FBL.1/ŒF �must be lattice iso-
metric whenever E and F are separable Banach spaces. However, Proposition 9.15 and
Remark 9.16 use WCG arguments to show that there exist non-separable Banach spaces
E and F of the same density character for which FBL.1/ŒE� and FBL.1/ŒF � are not
lattice isomorphic. A different approach to distinguishing FBL.1/ŒE� from FBL.1/ŒF �
exploits topological properties of E� and F �. If FBL.1/ŒE� and FBL.1/ŒF � are lattice
isomorphic, then there exists a positively homogeneous mapˆ W F �! E� such that both
ˆ and its inverse are weak� continuous on bounded sets, and there exists C � 1 such that
C�1k f̂ �k � kf �k �Ck f̂ �k for any f � 2 F �. ThenBF � is weak� sequentially com-
pact if and only if BE� is (see [48, Chapter XIII] for general facts about weak� sequential
compactness). Now suppose � is a cardinal, greater than or equal to the continuum. Let
E D `1.�/ and F D `2.�/. Both spaces have density character �. Then BF � is weak�

sequentially compact (see [48, Chapter XIII, Theorem 4] for a more general fact), while
BE� is not (see [48, p. 226]).

Remark 10.31. To our knowledge, weak� continuous non-linear maps have not been
deeply studied in the Banach space literature. One application has to do with extensions
of operators into C.K/ spaces [53, p. 490]: if F is a subspace of E, then any operator
T W F ! C.K/ admits an extension zT W F ! C.K/ with k zT k � CkT k if and only if
there exists a weak� continuous mapˆ W BF � ! C �BE� such that f̂ �jF D f

� for any
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f � 2 F � (ˆ implements a “Hahn–Banach extension”). In [145] such extensions are used
to show that if F is a subspace of c0, then any operator T W F ! C.K/ has an extension
to c0.

Note that, by the Bartle–Graves Theorem (see e.g. [111] for its generalizations), a
norm continuousˆ like this exists for anyC >1; by [26, Corollary 7.4], we cannot in gen-
eral makeˆ uniformly continuous. On the other hand, we can ask for which pairs F ,!E

there exists a positively homogeneous weak� continuous map ˆ W BF � ! C � BE� such
that f̂ �jF D f

� for any f � 2 F �.
Another instance where non-linear weak� continuous maps between Banach spaces

have been considered is in [73, 106]. In these works, among other things it is shown that
if two dual Banach spaces E� and F � are uniformly homeomorphic with respect to the
weak� topologies, then necessarily E and F must be linearly isomorphic.

Finally, we investigate Banach space properties of FBL.1/ŒE�.

Proposition 10.32. If X is a separable Banach space, then FBL.1/ŒX� is isomorphic to
C Œ0; 1� as a Banach space.

Remark 10.33. The situation is different in the non-separable setting. For instance, [24]
gives an example of a non-separable AM-space X which is not isomorphic to a com-
plemented subspace of any C.K/. Clearly, X is complemented in FBL.1/ŒX�, hence
FBL.1/ŒX� cannot be isomorphic to a complemented subspace of a C.K/ space either.

Remark 10.34. As noted above, if E is an AM-space, then it is complemented in the
space FBL.1/ŒE�. This need not be true if E is merely an `1 predual. Indeed, by [25],
there exists a (necessarily separable) Banach space E such that E� D `1 isometrically,
andE is not isomorphic to a complemented subspace of any C.K/. By Proposition 10.32,
FBL.1/ŒE� is isomorphic to C Œ0; 1�, hence E cannot be complemented in FBL.1/ŒE�.

To prove Proposition 10.32, we introduce some notation. Suppose K is a compact
Hausdorff space, and B � K is a closed subset. Let CB.K/ D ¹f 2 C.K/ W f jB D 0º.
The following lemma may be known to experts.

Lemma 10.35. Suppose K is a compact metrizable space, and B � K is a closed subset
for which K n B is uncountable. Then CB.K/ is linearly isomorphic to C Œ0; 1�.

Proof. Throughout the proof, we rely heavily on Milyutin’s Theorem (see e.g. [144, The-
orem III.D.19]), which states that C.S/ is isomorphic to C Œ0; 1� whenever S is compact,
metrizable, and uncountable. In particular, this is true for S D K.

Note first that CB.K/ is a complemented subspace of C.K/ � C Œ0; 1�. Indeed, con-
sider the restriction operator v W C.K/! C.B/ W f 7! f jB . By [144, Theorem III.D.17],
v has a right inverse u: specifically, u is a “linear extension” operator u W C.B/! C.K/,
which satisfies vu D idC.B/. Then uv is a projection on C.K/, whose kernel is CB.K/.

Next show that, conversely, C Œ0; 1� embeds complementably into CB.K/. Once this
is established, invoke the fact that C Œ0; 1� is isomorphic to c0.C Œ0; 1�/ [144, Theorem
II.B.24], and use Pełczyński decomposition (see [3, Theorem 2.2.3]) to complete the proof.
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Pick ı > 0 small enough so that the closed set V D¹k 2K W dist.k;B/� ıº is uncount-
able. By [144, Theorem III.D.16], there exists a linear extension operator u W C.V /!
CB.K/. As before, denote by v W CB.K/! C.V / the restriction operator; then vu is a
projection from CB.K/ onto C.V /. Therefore, C.V / � C Œ0; 1� embeds complementably
into CB.K/.

Proof of Proposition 10.32. If X is finite-dimensional, then FBL.1/ŒX� is lattice iso-
morphic to C.SX / (SX being the unit sphere of X ), hence linearly isomorphic to C Œ0; 1�,
by Milyutin’s Theorem. To handle the case of separable infinite-dimensional X , below
we briefly review the construction from [23], recently re-examined in [112].

For brevity, denote the unit ball of X�, equipped with its weak� topology, by A. Fix
a dense sequence .hk/ in the unit ball of FBL.1/ŒX�, and let h D

P1
kD1 2

�kjhkj. For
n 2 N let

An D ¹x
�
2 A W 2�n � h.x�/ � 21�nº

(as h.0/D 0, the setAn is non-empty for n large enough). Let xA be the one-point compac-
tification of the “formal” disjoint union

F
n An (achieved by adding a point we call1).

Define the map T W FBL.1/ŒX�! C. xA/ as follows: for f 2 FBL.1/ŒX�,

ŒTf �.a/ D

´
2�nf .a/=h.a/ if a 2 An;

0 if a D1:

It is easy to check that T is a (non-surjective) lattice isomorphism.
Fix n for a moment. For a; b 2 An, the equality ŒTf �.a/ D ŒTf �.b/ holds for any

f 2 FBL.1/ŒX� if and only if the ratio f .a/=f .b/ is independent of f . The Hahn–Banach
Theorem shows that this happens if and only if a is a positive scalar multiple of b. Denote
this relation on An by �. In the notation of [23], let Kn D An=�. Then T gives rise to a
lattice isomorphism from FBL.1/ŒX� ontoZ � C.K/, whereK DK1 tK2 t � � � t ¹1º
is the one-point compactification of K1 t K2 t � � � . Note that any element of the unit
sphere of X� gives rise, via the evaluation map, to at most one point of Kn for each n,
hence K is uncountable.

Now suppose t 2 Km and s 2 Kn. If there exists � 2 R such that z.t/ D �z.s/ for
every z 2 Z, then, as shown in [23], n ¤ m and � D 2n�m. For each m, denote by Bm
the set of all t 2 Km for which there is s 2 Kn with n < m such that z.t/D 2n�mz.s/ for
every z 2 Z. Note that such an s 2 Kn, if it exists, must be unique. As shown in [112],
the sets Bm are closed.

Let B D
S
m Bm. By [23], Z (hence also FBL.1/ŒX�) is isomorphic to CB.K/. To

show that K n B is uncountable, pick the smallest m for which Km is uncountable. As
Bm is countable, Km n Bm is uncountable. Note that Km \ .K n B/ D Km n Bm, hence
K n B is uncountable. The result now follows from Lemma 10.35.
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