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Abstract. In this paper we further develop the theory of canonical approximations of Polishable
subgroups of Polish groups, building on previous work of Solecki and Farah—Solecki. In particular,
we obtain a complete characterization of the Borel complexity class of a Polishable subgroup in
terms of its canonical approximation. As an application we provide a complete list of all the possible
Borel complexity classes of Polishable subgroups of Polish groups, or equivalently of the ranges of
continuous group homomorphisms between Polish groups. We also provide a complete list of all
the possible Borel complexity classes of the ranges of: continuous group homomorphisms between
non-Archimedean Polish groups; continuous linear maps between separable Fréchet spaces; and
continuous linear maps between separable Banach spaces.
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1. Introduction

The goal of this paper is to exactly pin down the possible Borel complexity classes of
Polishable subgroups of Polish groups. Most of the equivalence relations studied in the
context of Borel complexity theory (and mathematics in general) arise as orbit equiv-
alence relations associated with continuous actions of Polish groups on Polish spaces.
Many of these actions can be seen as the (left) translation action associated with a con-
tinuous group homomorphism ¢ : H — G between Polish groups. In such a case, the
image ¢(H) inside of G is Borel, and the potential complexity class (in the sense of Lou-
veau [11]) of the orbit equivalence relation associated with the translation action of H
on G is essentially the same as the Borel complexity class of ¢ (H ) inside of G; see The-
orem 3.3 for a precise statement. It is thus an interesting problem to determine what are
the possible values for the Borel complexity class of such a subgroup.

The study of Polishable subgroups of Polish groups, which are precisely the ranges
of continuous homomorphisms between Polish groups, has been undertaken by several
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authors over a number of years. The problem of determining their complexity was con-
sidered as early as the 1970s, when Saint Raymond proved that there exist Polishable
subgroups of RN that are arbitrarily high in the Borel hierarchy [16]. A construction
of arbitrarily complex non-Archimedean Polishable subgroups of Z§I was presented by
Hjorth, Kechris, and Louveau [8]. Hjorth [7] constructed arbitrarily complex Polishable
subgroups of any uncountable abelian Polish groups. Farah and Solecki [5], building on
previous work of Saint Raymond [16] in the context of separable Fréchet spaces, related
the least multiplicative Borel class containing a given Polishable subgroup to the length
of the canonical approximation of that Polishable subgroup as in [17, 18].

In this paper, we refine the analysis from [5] by considering not only the multiplicative
classes in the Borel hierarchy, but also the additive and difference classes. By relating
the Borel complexity class of a Polishable subgroup to its canonical approximation, we
completely characterize the possible Borel complexity classes of Polishable subgroups of
Polish groups. As a proper open subgroup clearly has complexity class A?, we restrict the
analysis to Polishable subgroups that are not open.

Theorem 1.1. If H is a Polishable subgroup of a Polish group G and H is not open, then
the Borel complexity class of H is one of the following: H(1)+,1’ 2(1)+)L+1’ D(H?+A+n+1),
H?+A+n+2 for A < wq either zero or a limit ordinal, and n < w. Furthermore, each of
these classes is the Borel complexity class of a Polishable subgroup of ZN.

Theorem 4.1 from [8, Section 4] shows that the complexity class D(l'[(l) 4a41)> Where
A is either zero or a countable limit ordinal, cannot arise in the context of Theorem 1.1 if
one demands H to be non-Archimedean. In this case, we have the following characteri-
zation.

Theorem 1.2. If H is a non-Archimedean Polishable subgroup of a Polish group G and
H is not open, then the Borel complexity class of H in G is one of the following: H(l)_m,
2(1)+)L+1’ D(H(l)+)t+n+2)’ H(1)+A+n+2 for A < wy either zero or a limit ordinal, and n < w.
Furthermore, each of these classes is the complexity class of a non-Archimedean Polish-
able subgroup of ZN.

The existence assertions in Theorems 1.1 and 1.2 are proved by providing a unified
approach to the constructions in [16] and [8, Section 5] of arbitrarily complex Polishable
subgroups, together with a careful analysis of their canonical approximations in the sense
of Solecki [17, 18].

Theorem 1.1 entails in particular a negative answer to Question 6.3(1) from [3]. Let
X be a separable Banach space with a Schauder basis (x,),en. Then the collection
coef(X, (xn)) of (An)nen € RN such that Y neN AnXn converges in X is a Polishable
subgroup of RN, Question 6.3(1) in [3] asks whether there is an example of such a Pol-
ishable subgroup that is AJ and not D(X9). By Theorem 1.1, a A} Polishable subgroup
of a Polish group must be D(Z9).

We also apply the techniques of this paper to provide a complete characterization
of the Borel complexity classes of the ranges of continuous homomorphisms between
separable Fréchet spaces and between separable Banach spaces.



Complexity classes of Polishable subgroups 3

Theorem 1.3. The complexity classes in Theorem 1.1 form a complete list of all the Borel
complexity classes of the ranges of non-surjective continuous linear maps between sepa-
rable Fréchet spaces.

Theorem 1.4. The following is a complete list of all the Borel complexity classes of the
ranges of non-surjective continuous linear maps between separable Banach spaces: H(l),
Z(l)+k+1’ D(H?+A+n+1), H?+A+n+2f0r)t < w; either zero or a limit ordinal, and n < w.

Continuous linear maps with arbitrarily complex range, with a fixed separable Banach
space or separable Fréchet space as target, were constructed in [4, 12].

This paper is organized as follows. In Sections 2 and 3 we recall some definitions
and known results concerning Polishable subgroups and their Borel complexity class. In
Section 4 we recall the definition of the canonical approximation of a Polishable sub-
group, whose elements we call Solecki subgroups, as they were originally described by
Solecki [17]. In Section 5, building on the work of Farah and Solecki [5], we characterize
the Solecki subgroups in terms of their Borel complexity class. This is then applied in
Section 6 to obtain the characterization of complexity classes of Polishable subgroups as
in Theorem 1.1. Section 7 shows that the length of the canonical approximation, called
the Polishable rank in [5], coincides with a notion of rank originally considered by Saint
Raymond [16] in the context of separable Fréchet spaces. The existence assertions in The-
orems 1.1 and 1.2 are proved in Section 8. Finally, Sections 9 and 10 contain the proofs
of Theorems 1.3 and 1.4, respectively.

Notation. In this paper, we use N to denote the set of positive integers excluding zero.
As usual, we let w be the first infinite ordinal, which can also be seen as the set of positive
integers including zero.

2. Polishable subgroups

A Polish space is a second countable topological space whose topology is induced by a
complete metric. A Polish group is a group in the category of Polish spaces, namely a
Polish space that is endowed with a continuous group operation such that the function
that maps each element to its inverse is also continuous (in fact, the latter requirement
holds automatically; see [9, remark after Corollary 9.15]). A subgroup H of a Polish
group G is Polishable if it is Borel and there exists a Polish group topology on H whose
open sets are Borel in G. Notice that if such a topology on H exists, it is unique by
[9, Theorem 9.10]. In the following, we will regard H as a Polish group with respect
to its unique Polish group topology, which is in general finer than the subspace topol-
ogy induced from G. Equivalently, H is a Polishable subgroup of G if and only if there
exists a Polish group H and a continuous group homomorphism ¢ : H — G with image
equal to H . Noticing that one can assume without loss of generality that ¢ is an injection,
the equivalence of the two definitions follows from [9, Theorem 9.10] and the fact that
if f:X — Y is an injective Borel function between standard Borel spaces, then f(A4)
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is a Borel subset of Y and f'|4 is a Borel isomorphism between A and f(A) [9, Theo-
rem 15.1]. If G is a Polish group and H is a Polishable subgroup of G, then G is a Polish
H -space with respect to the left translation action of H on G [1, Section 2.2]. We will
denote by Eg the corresponding orbit equivalence relation. Recall that a Polish group G
is non-Archimedean if it admits a basis of neighborhoods of the identity consisting of
open subgroups; see [6, Theorem 2.4.1] for equivalent characterizations.

Lemma 2.1. Suppose that G is a Polish group. Let (Gy)new be a sequence of Polishable
subgroups of G. Then Gy = (\,e, Gn is a Polishable subgroup of G. If G, is non-
Archimedean for every n € w, then G, is non-Archimedean as well. If A C G, is such
that A is dense in Gy, for every n € w, then A is dense in G,.

Proof. The group G, is the image of the Polish group

Z = {(xn)new € 1_[ Gn:Vnew, x, = xn-H} - H Gn
new neEw
under the continuous injective group homomorphism Z — G, (X, )new H> Xo. This shows
that G, is Polishable. If each G,, is non-Archimedean, then Z is non-Archimedean, and
hence G, is non-Archimedean as well. By the above, the sets of the form W N G,, where
W is a neighborhood of the identity in G, for some n € w, form a basis of neighborhoods
of the identity in G,. Thus, if A4 is dense in G, for every n € w, then A is dense in G,,. =

3. Potential complexity

A complexity class T is a function X — I['(X) that assigns to each Polish space X a
collection I'(X) of Borel subsets such that if X, Y are Polish spaces and f : X — Y
is a continuous function, then f~1(A4) € I'(X) for every A € I'(Y). For a complexity
class I', we let D(I") be the complexity class consisting of differences between sets in I';
see [9, Section 22.E] where it is denoted by D, (I"). We let I" be the dual complexity class
of T, such that f‘(X ) comprises the complements of the elements of I'(X). We say that "
is self-dual if I' = I.IfTisa complexity class that is not self-dual, then we say that I is
the complexity classof A C X if A e ['(X) and A4 ¢ I'(X). We will be mainly interested
in the complexity classes Zg, l'[g, Ag, and D(Hg) for @ € wq; see [9, Section 11.B].

If X is a standard Borel space and E is an equivalence relation on X, then E has
potential complexity T if there exists a Polish topology t on X that induces the Borel
structure of X such that E € T'(z x t) [11]. This is equivalent to the assertion that there
exists a Borel equivalence relation F on a Polish space Y such that F € T'(Y x Y) and E
is Borel reducible to F'; see [6, Lemma 12.5.4]. The following result is essentially proved
in [8, Section 5].

Proposition 3.1 (Hjorth—Kechris—Louveau). Suppose that G is a Polish group, and X
is a Polish G-space. For x € X, denote by [x] the corresponding G-orbit. Let T be a
complexity class, and assume that the orbit equivalence relation Eé( is potentially T.
Suppose that « is a countable ordinal.
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(1) If T is T fora > 2, X0 fora >3, or D(TY) for a > 2, then {x € X : [x] € T} is
comeagerin X.

) IfTis D(Hg) foro >3, then {x € X : [x] is either l'[g or Zg} is comeager in X.

Proof. Fix a countable open basis {U; :i € w} of G. Below we adopt the Vaught transform
notation as in [6, Section 3.2]. By [9, Theorem 8.38], there exists a dense G5 set W C X
such that Eg N (W x W) e T(W x W). Notice that W* is also a dense G subset of X.
Fix x € W N W*G_ Thus, [x] N W € T(W).

Ifr = Zg for @ > 3, then [x] N W = AN W for some A € Zg(X). Then [x] =
(XN W)AG = (AN W)ACis 2 in X.

IfT = Hg for @ > 2, then [x] N W = B N W for some B € l'[g(X). Then [x] =
WNxD*® =BNW)*Cis M in X.

Ifr = D(Hg) fora > 2,then WN[x] = AN BNW where 4 € Zg(X) and B €
M(X). Thus, [x] = 429 N (B N W)*% € D(IMY).

If I' = D(MY) for & > 3, then W N [x] = (AN W) U (BN W) where A € 2(X)
and B € M2 (X). Thus, [x] = (AN W)A% or [x] = (B N W)*C. Hence, either [x] is Z0
or [x] is Y. (]

A similar proof gives the following.

Lemma 3.2. Suppose that G is a Polish group, and H is a Polishable subgroup of G. Let
o be a countable ordinal. If H is D(T1), then H is either IS or 2.

Proof. Adopt the notation of the Vaught transform with respect to the left translation
action of H on G. We have H = A U B where A is £) and B is I1. If x € H, then
either x € A2 or x € B*H _Since A2H and B*H are H-invariant, either H C A®H or
H < B*H_Since A2H and B*H are contained in H, either H = A2 or H = B*H,
This concludes the proof. ]

Applying Proposition 3.1 to the left translation action associated with a Polishable
subgroup of a Polish group, we obtain items (1) and (3) of the following result. The proof
of (2) is postponed to Section 6.

Theorem 3.3. Suppose that G is a Polish group, and H is a Polishable subgroup of G.

Denote by Eg the corresponding coset equivalence relation.

(D EI_GI is potentially l'[g if and only if H is closed G.

) Efl is potentially Zg if and only if H is D(l'[g) inG.

(3) Let T be one of the following complexity classes: Zg for a # 2, l'[g, and D(Hg).
Then Eg is potentially T in G ifand only if H is T in G.

Proof. (1) Suppose that Eg is potentially Hg. By [6, Lemma 12.5.3], Eg is smooth.
Thus, H is closed by [18, p. 574].

(2) The forward implication is a particular instance of Proposition 3.1, while the con-
verse follows from Lemma 6.5 below.
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(3) Only the forward implication requires proof. If I' = Z(l) then Eg has countably
many classes by [0, Lemma 12.5.2]. Thus, H has countable index in G, and hence it is
nonmeger. Therefore, H is open by [6, Theorem 2.3.2]. If T is l'[(l) or l'[(z) or D(l'[(l)), then
H e H?(G) C I'(G) by part (1). If T" is Hg or Eg for @ > 3, or D(l'[g) for @ > 2, the
conclusion follows from Proposition 3.1. |

We now recall a result concerning the possible complexity classes of Polishable sub-
groups from [5, Corollary 3.4].

Proposition 3.4 (Farah—Solecki). Suppose that G is a Polish group, and H is a Polish-
able subgroup of G. If A < wy is either zero or a limit ordinal, and H is H(l)+/l+1 in G,
then H is H(l)+)t inG.

4. Solecki subgroups

Suppose that G is a Polish group, and H is a Polishable subgroup of G. Then H admits
a canonical approximation by Polishable subgroups indexed by countable ordinals. As
these were originally described by Solecki [17], we call them Solecki subgroups of G
associated with H . They have also been considered in [5, 18].

The result of [17, Lemma 2.3] implies that G has a smallest l'[g subgroup contain-
ing H, which we denote by slH (G). It can be explicitly described as the subgroup of G

defined by
ﬂ U (Z()VG N VGZl),
V zo,z1€H

where V ranges over the open neighborhoods of the identity in H, and V€ is the closure
of V inside of G. It is proved in [17, Lemma 2.3] that s{’ (G) satisfies the following
properties—see also [19, Lemma 4.5] and [5, Section 3]:

. slH (G) is a Polishable subgroup of G;

e H isdense in slH(G);

e a neighborhood basis of x € slH (G) consists of the sets of the form WG N slH (G)
where W is an open neighborhood of the identity in H;

e if AC G is l'[g and contains H, then A N s{l (G) is comeager in the Polish group
topology of slH (G).

Lemma 4.1. Suppose that G is a Polish group, and H is a non-Archimedean Polishable
subgroup of G. Then a neighborhood basis of the identity in sfl (G) consists of the sets
of the form WG N slH(G) where W is an open subgroup of H. In particular, slH(G) is
non-Archimedean.

Proof. Since H is non-Archimedean, the first assertion follows from the remarks above.
If W is an open subgroup of H, then W% N slH(G) is a subgroup of slH(G) with non-
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empty interior, whence it is an open subgroup by Pettis’ Theorem [15, Corollary 3.1].
Therefore, the second assertion follows from the first one. n

A similar argument to the one in [17, proof of Lemma 2.3] gives the following.

Lemma 4.2. Suppose that G is a Polish group, and that N is a Polishable subgroup of G.
Let H be a Polishable subgroup of G such that

(1) N € H and N is dense in the Polish group topology of H;

(2) for every open neighborhood V of the identity in N, V¢ N H contains an open
neighborhood of the identity in H.

IfACGis Hg and contains N, then AN H is comeagerin H. In particular, H C S{V(G).
If H is furthermore Hg, then H = S{V(G).

Proof. Tt suffices to consider the case when A is Zg. In this case, there exist closed subsets
Ly of G fork € w such that A = | ., Lk. Suppose that U € H is a nonempty open set.
Since N is dense in H, U N N is a nonempty open subset of N. By the Baire Category
Theorem, there exists kg € w such that Ly, N U N N is not meager in N. Thus, there
exist x € N and an open neighborhood V' of the identity in N such that

Vx C Ly, NUNN.

Since Ly, is closed in G, we know that WG C Lg,- By (2), there is an open neighbor-

hood W of the identity in H such that Wx C WG C Ly, This shows that x € U is in
the interior of L, N H € A N H. Since this holds for every nonempty open subset of H,
we see that A N H contains a dense open subset of H, and hence it is comeager in H.
This concludes the proof. ]

The sequence of Solecki subgroups sf (G) for @ < wy of G associated with H is
defined recursively by setting

. SOH(G) = HO,;
o s,(G) = s (sH(G)) fora < oy

o si7(G) =p= sg’(G) for a limit ordinal A < w;.

Using Lemma 2.1 at the limit stage, one can prove by induction on o < w; that sf (G)
is a Polishable subgroup of G, and H is dense in s (G). Furthermore, by Lemma 4.1,
if H is non-Archimedean, then sf (G) is non-Archimedean for every 1 < o < w;. It is
proved in [17, Theorem 2.1] that there exists « < w; such that sf (G) = H. We call the
least countable ordinal & such that s (G) = H the Solecki rank of H in G.

One can define the Polish groups s (G) solely in terms of H endowed with the
subspace topology inherited from G. Indeed, s(’;{ (G) can be seen as the completion of H
with respect to a suitable metric that induces the subspace topology inherited from G; see
[17, Section 2.1]. Using Lemma 4.2 one can describe the Solecki subgroups of products,
as follows.
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Lemma 4.3. Suppose that, for everyn € N, Gy, is a Polish group, and Ny, is a Polishable
subgroup. Define G = [],c,, Gn and N = [],,c,, Nn. Then

SJI,V(G) = l_[ sf,v” (Gn) foreveryy < wy.
new
Proof. Tt suffices to consider the case when y = 1. In this case, set

H, = S{V"(Gn) forn e w, and H := l_[ H,.

new

Then H isa l'[g Polishable subgroup of G, N € H, and N isdense in H. If V is an open
neighborhood of the identity in N, then there exist n € w and open neighborhoods V; of
the identity in N; fori < n such that V' contains

HV,-:{XEN:Vi<n,x,-€Vi}.
i<n

Fori < n, I7iGi N H; contains an open neighborhood W; of the identity in H;. Therefore,
V% N H contains

[[Wi =txeH:Vi<n xie W}

1<n
which is an open neighborhood of the identity in H. The conclusion thus follows from
Lemma 4.2. ]

5. Complexity of Solecki subgroups

Suppose that G is a Polish group, and H is a Polishable subgroup of G. For a complexity
class T', we define I'(G )|y to be the collection of sets of the form A N H for A € T'(G).
The following results are essentially established in [5]. In the statements and proofs, we
adopt the Vaught transform notation in reference to the action of H on G by left transla-
tion; see [6, Section 3.2].

Lemma 5.1. Suppose that G is a Polish group, H is a Polishable subgroup of G, and
o, B < w are ordinals. Then

Z‘(1)+ﬂ (Solz{(G)) c Z(l)+a+ﬁ (G)|s§(G)’
I, 5 (s (G) € M 4o 5 (Gt 6y
Proof. 1t is proved in [5, Theorem 3.1] by induction on « that
20s8(G)) € 2914(G)lgi 6y
By taking complements, we find that
(s (G)) € M4 (G) 21 6)-

This is the case § = 0 of the statement above. The rest follows by induction on . ]
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Lemma 5.2. Suppose that G is a Polish group, H is a Polishable subgroup of G,
o, f <wy,and U C H isopenin H. If A € El+a+ﬂ(G) and B € H1+a+ﬂ(G), then
AR N sH(G) € 20, 4 H(G)) and B*Y N sH(G) € MY, 4 (52 (G)).

Proof. When B = 0, the assertion about A is the content of Claim 3.3 in the proof of
[5, Theorem 3.1]. The assertion about B follows by taking complements. This concludes
the proof when § = 0. The case of an arbitrary § is established by induction on 8 using
the properties of the Vaught transform; see [6, Proposition 3.2.5]. ]

Corollary 5.3. Suppose that G is a Polish group, H is a Polishable subgroup of G, and
o, B < wy. Let L be a Borel subgroup of G containing H. If L € Z +a+ﬁ (G), then
LNsH(G) e 2}, ,H(G). IFL e M), 4(G), then LN s (G) e M} 4(sH(G)). If
L e DY, ,,)(G), then L N sf1(G) € D] p)(s4(G)).

Proof. Observe that L = L*# = LAH Thus, the first two assertions follow immediately
from Lemma 5.2. If L = A N B where 4 is Zl+/3+1 inG and B is I1 1+ﬂ+1 in G, then
we have L N s (G) = A 0 B*H N 5[ (G) where A* N sf(G) € Z], 4(s4(G))
and B* nsH(G) e n +ﬂ(sH(G)) by Lemma 5.2. It follows that L N s7(G) €
DAY, )5 (G)). .

Recall that, by Proposition 3.4, if « is either zero or a countable limit ordinal, and H
isa Iy, Polishable subgroup of a Polish group, then H is II{ .

Theorem 5.4. Suppose that G is a Polish group, H is a Polishable subgroup of H, and
o < wy. Then sf (G) is the smallest l'[(l)JFO[Jrl subgroup of G containing H.

Proof. 1t is established in [5, proof of Theorem 3.1] that 5, (G) is a l'[(l) +a41 Polishable
subgroup of G. We now prove the minimality assertion by induction on «. For ¢ = 0
this follows from the fact that sé’[ (G) = HC. Suppose that it holds for az. We now prove
that it holds for o + 1. Let L be a H(1)+a+2 subgroup of G containing H. Thus, L N
sH(G)isa H(1)+a+2 subgroup of s (G). Then by Corollary 5.3 we find that L N s (G) €
Hg(sa (H)). As s‘le(G) = 5] (sH(G)) is the smallest IT (sH(G)) subgroup of sH(G)
this implies that sfH(G) cLnsfG) cL.

Suppose that « is a limit ordinal and the conclusion holds for every f < «.
Fix an increasing sequence (o,) in « such that « = sup, «,. Suppose that L is
a MY, subgroup of G containing H. Since L is M{,, in G, we can write L =
(pew An Where, for every n € w, A, € H1+a (G). Then by Lemma 5.2,

AT N s8(G) e M (s, (G)).

Since H € L € A, we have H C A:H n ng (G). Since H is dense in s‘g (G), this
implies that so'Z, (G) A;H . Therefore,
sd@G)y=sdGyc (4= =L.
new neEw

This shows that sf (G) € L, concluding the proof. ]
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Lemma 5.5. Suppose that G is a Polish group, H is a Polishable subgroup of G, and
o < wy. Let L be a subgroup ofSH(G).

() If L € M(sH(G)), then L € MY, (G).
() If L € D()(sH(G)), then L € D(MY,,,1)(G).
B3 IfLeX (sH(G)) and o is either zero or limit, then L € Zl+a+1(G)

Proof. By Lemma 5.1 we have

N5(s(G)) € MY 4 415(G)st1 (),
DM (s (G)) € DY, 1)(G), H(G)-

Furthermore, s HG) e l'[ 1+a+1(G) by Theorem 5.4. Therefore,

ns(s(G)) < H1+a+2(G)| 16y S M 4012(G),
D(II, )(SH(G)) c D(H +a+1)(G)| H@) = - D(H +a+1)(G)

This concludes the proof of (1) and (2).
When « is either zero or limit, by Theorem 5.4 and Proposition 3.4 we have

H(G) € Hl+¢x(G) cxf 1+a+1(G).
Therefore, in this case

298(6)) € 291 411(G)lsir () S Z4ar1 ()
This concludes the proof of (3). ]

Lemma 5.6. Suppose that, for every k € w, Gy is a Polish group and Hy, is a subgroup
of Gk. Define G = [ e, Gk and H = [|c,, Hk- Assume that, for every k € w, Hy is
l'[g in Gy, and for every B < « there exist infinitely many k € w such that Hy is not l'[%
in Gy. Then 1'[2 is the complexity class of H in G.

Proof. Wehave H = [[;¢,, Hr < [lre, Gk- Clearly, H is Hg. By [9, Theorem 22.10],
for every k € w and B8 < « such that Hy is not Hg, Hp is Zg-hard [9, Definition 22.9].
Therefore, H is l'[g—hard, and hence H is not Zg by [9, Theorem 22.10] again. [

Lemma 5.7. Suppose that, for every k € w, Gy is a Polish group, Hy is a Polishable
subgroup of Gy, and o < wy. Define G = [ e, Gk and H = [, Hk- If Hi has
Solecki rank « in Gy, for every k € w, then H(l)—i-ot—i-l is the complexity class of H in G if
o is a successor ordinal, and H(l) +q I8 the complexity class of H in G if « is either zero
or a limit ordinal.

Proof. Define A =1 + «a + 1 if « is a successor ordinal, and A = 1 4+ « if « is either
zero or a limit ordinal. By Theorem 5.4, for every k € w, Hy, is HR but not l'[g forf <A
in G. Therefore, by Lemma 5.6, l'[g is the complexity of H in G. [
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6. Complexity of Polishable subgroups

The goal of this section is to establish the following theorem, characterizing the possible
values of the complexity class of a Polishable subgroup of a Polish group.

Theorem 6.1. Suppose that G is a Polish group, and H is a Polishable subgroup of G
that is not open. Let &« = A + n be the Solecki rank of H in G, where A < w is either
zero or a limit ordinal and n < .

(1) Suppose that n = 0. Then H?_M is the complexity class of H in G.
(2) Suppose thatn > 1.

@ If He (s, ,(G)) and H ¢ D(MY)(s,,_ (G)), then TS, ., is the
complexity class of H in G.

(b) Ifn>2and H € D(Hg)(sﬁ_n_l(G)), then D(H(l)+,1+n) is the complexity class
of HinG.

() Ifn =1, He DM3)(sF(G)), and H ¢ E3(sF (G)), then D(INY, ) is the
complexity class of H in G.

(d) Ifn=1and H € Zg(sf(G)), then 2(1)+A+1 is the complexity class of H in G.

Furthermore, if H is non-Archimedean then case (2c) is excluded.

Theorems 1.1 and 1.2 are immediate consequences of Theorem 6.1. We will obtain
Theorem 6.1 as a consequence of a number of complexity reduction lemmas. We fix a Pol-
ish group G and a Polishable subgroup H of G. We adopt the Vaught transform notation,
in reference to the left translation action of H on G.

Lemma 6.2. If H is A, then H is D(TI9).

Proof. Since H is Hg in G, we have H = st(G). Thus, H has a countable basis {V}, :
n € w} of neighborhoods of the identity such that VnG N H =V, forevery n € w. Indeed,
if {W,, : n € w} is a countable basis of open neighborhoods of the identity in H, then
{WnG N H :n € w} is a countable basis of neighborhoods of the identity in H. If V,, =
WnG N H,then W, CV, C VT/nG and hence I7nG = WnG and V,, = 17”6 NH.

Let also {Uy : £ € w} be a countable basis for the Polish group topology of H. Since H
is X9, we can write H = |, Fx Where F is T19 in G. Thus, H = Uk teo F:UZ where,
by Lemma 5.2, F,: Ye is closed in H and l'[g in G. Hence, without loss of generality we
can assume that F is closed in H for every k € w. By the Baire Category Theorem,
we can assume that Vy C Fy. Fix a countable dense subset {z,, : m € w} of H. Since
H = sfl (G), we see that an element x € G is in H if and only if for every k € w there
exist mg, m; € o such that xz,,, € I7kG and z,,, x € I7kG.

We claim that an element x € G is in H if and only if (1) there exists m € w such that
xzm € VE, and (2) forall m € w, if xz,, € VT, then xz,, € Fo. This will witness that H
is D(TIY) in G.
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Indeed, since {z,, : m € w} is dense in H, if x € H, then there exists m € w such that
Xzm € Vo C 170G. Furthermore, if m € w is such that xz,, € VOG, then xz,, C VOG NH=
Vo € Fp. Conversely suppose that there exists mg € @ such that xz,,, € VOG, and for all
mew,ifxz, € VOG then xz,, € Fy. Then xz,,, € Fo € H and hence x € H. [

Lemma 6.3. If H is Hg in G, then H has a countable basis of neighborhoods of the
identity consisting of sets that are in Hg(G) |H.

Proof. Define H = 51 H(G). By Theorem 5.4, H = 55 1G) = 51 H(H). Thus a neighbor-
hood basis of the identity in H consists of sets of the form WH 0 H where W is an open
neighborhood of the identity in H. By Lemma 5.1,

wH e M (G)) < MY(G)| $H (G)-

Therefore, .
WHNHemG)g.

This concludes the proof. ]

Lemma 6.4. Suppose that H is Zg in G, and define H = 5 H(G). Then the following
hold:

(1) H = sl (H).

(2) We can write H as the union of an increasing sequence (Fi)req such that Fy is l'[g
in G and closed in H for every k € w.

(3) H has a countable family of neighborhoods of the identity of the form V*W where
W,V are neighborhoods of the identity in H, W is open in H and V € TIS 5(G).

Proof. (1) This is a consequence of Theorem 5.4.

(2) We can write H = |y, Fx Where F is I3 in G. Fix a countable basis {V; :
n € w) for the topology of H. Let also {z,, : n € w} be a countable dense subset of H.
Then H =, xep F; i where, by Lemma 5.2, F, *Vn s closed in H and MY in G. Thus,
without loss of generahty we can assume that Fy is closed in H for every k € w.

(3) Let (Fg)kew be as in (2). By the Baire Category Theorem, we can assume that
Fy is a neighborhood of the identity. Fix an open neighborhood V} of the identity in H
contained in Fy. By Lemma 6.3, there exist symmetric neighborhoods U, V, W of the
identity in H such that W is open in H and U, V e 1% S5G)|gand WU CV CV2CV,.
Since U €V C Vy C Fo and Fy € IIY(G), we find that U, V € M5(G). Furthermore,
U c V*W C V2 C V. As this holds for every open neighborhood of the identity in H
contained in Fy, this concludes the proof that H has a countable basis of neighborhoods
of the identity consisting of sets of the form V*% where V € l'[g(G) and W is open
in H. ]

Lemma 6.5. If H is 2(3) in G, then the coset equivalence relation Eg is potentially Zg,
and H is D(TY) in G.
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Proof. By Lemma 6.4, we can fix a countable basis {V,,, : m € w} of neighborhoods of
the identity in H consisting of sets of the form V},, = B;:,A”' where B, € l'[g(G) and A,,
is open in H. Fix also a countable dense subset {/y : k € w} of H. Let (Uy)nen be an
enumeration of the countable set {V,,h; : m, k € w}.

Let H x G be the product Polish group. By [1, Theorem 5.1.8] applied to the left
translation action a : H ~, G, together with [1, Theorem 5.1.3], there exists a Polish
topology ¢ on G such that the left translation action a : H ~, (G, ) is continuous, Uy, is
t-closed for every n € w, ¢ is finer than the Polish group topology of G, and it generates
the same Borel structure as the Polish group topology of G.

Fix a metric d on G compatible with 7. For a closed subset C of G and x € G we
define

d(x,C) =inf{d(x,c):c e C}.

Let K(G,t) be the space of ¢-closed subsets of G. We regard K(G, t) as endowed with
the Wijsman topology, which is obtained by declaring a net (C;) to converge to C if and
only if, for every x € X, (d(C;, x)) converges to d(C, x) in R. This turns K(G, t) into a
Polish space [2, Theorem 4.3]. The Borel o-algebra on K(G, 1) is the o-algebra generated
by sets of the form

{C e K(G,t):CNW # o},

where W is some 7-open subset of G [9, Section 12.C]. The relation Cy € C; for closed
subsets Cyp, Cq of G is closed in K(G, 1), since Cy C Cy if and only if d(C1, x) <d(Cp, x)
for every x € G.

Define the Borel function G — K(G,1)® by x + (U, X)neq- Notice that this function
is indeed Borel: if W C G is t-open, then the set

xeG:UxNW # g} = Uu_lW

uelU,

is t-open, and hence Borel, for every n € w.

Note that, for x,y € G, ngy if and only if Uyx C Upy for some £ € w. Indeed,
if ngy then Hx = Hy. Thus, Upyx~! C H is closed and nonmeager in the Polish
topology of H , and hence there exists £ € w such that U, € Ugyx~!. Conversely, if there
exists £ € w such that Uypx € Upy then Hx N Hy # @& and foIy.

This shows that EI(_I; is potentially Eg and in particular potentially D(l'[g). It now
follows from Proposition 3.1 that H is D(l'[g) inG. |

Lemma 6.6. If A is a limit ordinal and H is Zg in G, then there exists < A such that
HisT) in G.

Proof. Let o be the Solecki rank of H in G.If @ < A then H is I, ; in G and hence
the conclusion holds. Suppose that « > A. We know that H = | J; ¢, Fx where each Fj is
ng in G for some pg < A. As in the proof of Lemma 6.2, by Lemma 5.2 we can assume
without loss of generality that each Fj is closed in H. By the Baire Category Theorem,
we can assume that Fy is nonmeager in H. Thus, H = FOAH is ZZO and in particular
n ., inG. .
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Lemma 6.7. If H is A(1)+A+n+1 in G for some 1 <n < w and A < w either zero or limit,
then H is D(H(l)+)t+n) inG.

Proof. Fix a countable open basis {V}, : n € w} for H. We have
H = 571,(G) = s{ (54,1 (G)) € IG5, (G)).

Furthermore, we can write H = ¢, Fx Where Fy is II{, ., in G for every k € .

Thus,
H=|J F"
klew

where F,:VZ € Hg(sﬁ_n_l(G)) by Lemma 5.2. Consequently, H € Zg(sl{in_l(G)).
Hence, by Lemma 6.5, H € D(Hg)(strn_l(G)). But D(Hg)(sfH_I(G)) is contained
in D(l'[(l) +24)(G) by Lemma 5.5, concluding the proof. ]

Lemma 6.8. If H is Z(l)+/l+n+l in G for some 1 <n < w and A < wy either zero or limit,
then H is DO, ) in G.

Proof. Fix a countable open basis {V}, :n € } for H. Let « be the Solecki rank of H in G.
Since H is H(l)+)l+n+2 we deduce that < A + n 4+ 1 by Theorem 5.4. If « < A 4 n then
His A(1)+/l+n+l and hence H is D(H(l)+/l+n) by Lemma 6.7. Suppose thatae = A +n + 1.
Thus, H = s{! (s7,,(G)). We can write H = | J¢,, Fx Where Fi is T}, ;| in G for
every k € w. Hence, H = Uk,eew Fk*V‘Z where, by Lemma 5.2, Fk*VZ is l'[g in Sf—i—n—l (G).
Thus, H € Zg(sf+n_1(G)). By Lemma 6.5, this implies that H € D(l'[g)(sﬁ_n_l(G)).
By Lemma 5.5, we know that D(Hg)(sf+n_l(G)) c D(H?+A+n)(G), concluding the
proof. ]

The following proposition is essentially proved in [8].

Proposition 6.9 (Hjorth—Kechris—Louveau). Suppose that G is a Polish group, and H
is a non-Archimedean Polishable subgroup of G. Suppose that A < w is either zero or
limit. If H is 2(1)+/l+2’ then H is 2(1)+/1+1'

Proof. For A alimit ordinal, this is a consequence of [8, Theorem 4.1] and Proposition 3.1.
Suppose that A = 0. If H is a non-Archimedean Polish group that is a Polishable 2(3)
subgroup of G, then the proof of Lemma 6.4 shows that there exists an open subgroup U
of H thatis Hg in G. Since a l'[g subgroup of a Polish group is closed, U is closed in G,
and hence H is X3 in G. L]

We have now all the ingredients to present a proof of Theorem 6.1.

Proof of Theorem 6.1. (1) We know that H is closed if and only if its Solecki rank is zero.
Suppose now that A is a limit ordinal and n = 0. By Theorem 5.4, H is Hg and not Hg
for u < A. Thus, H is not Eg by Lemma 6.6.

(2a) By Lemma 5.5, H is I, . ;. It remains to prove that H isnot 29, .
Suppose that H is £)_; .. Then by Lemma 6.8, H is D(II}_, , ,). Thus, by Corol-
lary 5.3, H € D(Hg)(strn_l(G)), contradicting the hypothesis.
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(2b) By Lemma 5.5 we see that H is D(H(l)+)t+n)‘ It remains to prove that H is not
D(H?+,x+n)- Suppose otherwise. Then by Lemma 3.2, H is either IIY_,_, or X9, . .
If H is H(l) Adn then by Theorem 5.4 and Proposition 3.4, A + n — 1 is the Solecki rank
of H in G, contradicting the hypothesis. If H is X0, ;. then H € (s (G)) by
Corollary 5.3, contradicting the hypothesis.

(2c) By Lemma 5.5, H is D(H?Hﬂ). The same proof as for (2b) shows that H is
not D(l'[(l’_H_i_n).

(2d) By Lemma 5.5, H is Z?HH_,,. The same proof as for (2b) shows that H is not

0
I o
When H is non-Archimedean, case (2c) is excluded by Proposition 6.9. ]

7. The Saint Raymond rank

Saint Raymond [16, Définition 18] introduced a notion of rank (called degree therein)
for Fréchetable subspaces of Fréchet spaces; see Section 9. In this section we consider a
natural generalization of that notion to Polishable subgroups of Polish groups. Recall that
for a complexity class I', and a Polishable subgroup H of a Polish group G, we denote
by I'(G)| g the collection of sets of the form A N H for A € I'(G).

Definition 7.1. Suppose that G is a Polish group, and H C G is a Polishable subgroup.
The Saint Raymond rank of H is the least countable ordinal « such that every open subset
in the Polish group topology of H belongs to Z?M (G)g.

Suppose that X, Y are Polish spaces, and « is a countable ordinal. As in [16, p. 216],
one can define 8By (X,Y) to be the set of Borel functions that have class « as in [10,
Section 31], that is, are 2(1) 4 -Mmeasurable; see [9, Definition 24.2]. By definition, the
Saint Raymond rank of H is the least countable ordinal « such that the identity function
of H belongs to B,(X,Y) where X is equal to H endowed with the subspace topology
inherited from G, and Y is equal to H endowed with its Polish group topology. Adapting
an argument of Tsankov [19], we now show that the Saint Raymond rank and the Solecki
rank of a Polishable subgroup of G coincide.

Theorem 7.2. Suppose that G is a Polish group, and H < G is a Polishable subgroup.
Then the Saint Raymond rank is equal to the Solecki rank.

Proof. By Lemma 5.1, the Saint Raymond rank is less than or equal to the Solecki rank.
We prove the reverse inequality as in [19, proof of Proposition 4.6]. If H has Saint Ray-
mond rank «, then every open set in H belongs to Z(l)+a (G)|g - Suppose that U is an
open neighborhood of the identity in H, and let V' be an open neighborhood of the iden-
tity in H such that V™'V C U. Then there exists A € 27, ,(G) suchthat AN H = V.
Thus, 1 € A2V, where A2V N sf (G) is open in sf (G) by Lemma 5.2. Furthermore,
AAY N H C V=1V C U. This shows that U contains a neighborhood of the identity with
respect to the topology on H induced by sf (G). This shows that the Polish topology
on H is the subspace topology induced by sf (G), whence H is closed in sf (G). As H
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is dense in sf (G), we deduce that H = sf (G). This shows that H has Solecki rank at
most o. L]

8. Polishable subgroups in each complexity class

The goal of this section is to prove the following theorem. Recall that a Polish group is CLI
if it admits a compatible complete left-invariant metric, or equivalently its left uniformity
is complete [13].

Theorem 8.1. Let I' be one of the possible complexity classes of Polishable subgroups
from Theorem 1.1. Suppose that G is a nontrivial CLI Polish group. Then there exists a
CLI Polishable subgroup of GYN whose complexity class is T.

Remark 8.2. After replacing G with G, we can assume that G is not discrete. We will
assume that G is not discrete in the rest of this section.

Recall that a pseudo-length function on a group H is a function L : H — [0, +00)
such that, for h, h' € H,

e L(1g)=0;
o L(h™") = L(h);
e L(hh')y < L(h)+ L.

A length function is a pseudo-length function L such that L(h) =0 = h = 1y for
h € H. A (pseudo-)length function L gives rise to a left-invariant (pseudo-)metric d
defined by setting d(h, h’) = L(h~'h’), and every left-invariant metric arises in this
fashion.

Suppose that G is a CLI Polish group, and let L be a length function on G that

induces the Polish topology on G. We define the length functions L; and Lo, on GY,
with corresponding left-invariant metrics d; and d,, by setting

Li((gn)nen) == ) LG(gn) and  Loo((gn)nen) := sup LG (8n)-
neN ne

for a sequence (g, )nen € GN. We say that (g,)nen is Lg-summable if

L1((gn)nen) < 00,

and has bounded (left) Lg-variation if

D Lo(gntign) < oo
neN

We let £1(G, Lg) € GN be the CLI Polishable subgroup of Lg-summable sequences,
bvo(G, Lg) € GY be the CLI Polishable subgroup of vanishing sequences of bounded
L g-variation, and ¢(G) € GY be the CLI Polishable subgroup of convergent sequences.
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Fix, for each limit ordinal A < w;, an increasing cofinal sequence (A;);eN in A.
If y =& + 1 is a successor ordinal, define y; = § for every i € N. By recursion on
o < w, define I = {(@, @)} where @ is the empty tuple, and /¢ to be the set of tuples

(no,....nq:Po,....Ba) ford e w, ng,....,ng € N,0= B¢ <--- < Bg =0y,, and
. %ng
(I’lo,...,ndfl,ﬁo,...,ﬂdfl) (S IO .
Similarly for a fixed y < w; we define I by recursion on « > y, by setting
Iﬁ' = {(&, @)}, and I} to be the set of tuples (no,...,nq; Po, ..., Bq) for d € w,
(277}
no,....ng €N,y =pog <---<Bg =0, and (no,....ng-1;Po.....La—1) € I, .
Notice that, by definition, if (ng, ..., ng4; Bo, ..., Bd) € I)‘," for some y > 1, then
(m,no,....,nq;Ym,Bo>...,Ba) € I;/)in for every m € N.

y+k
IV

Thus, for example, for 1 <k < w, is the set of tuples

(no.....nk—;v,y +1....y +k=1)

forng,...,ng_; € N, and ],3’“’ is the set of tuples

(no,....ng:y.y +1,....(y + ®)n,)

for d € w such that (y + w),, > y,and ng,...,ng € N.

We also define I = {(&; &)}. We denote by /* the union of /) fory <a.If y <a,
we denote by /2, the union of /' for § < y, and by /2, the union of /§* for § < y. For
(n; B) and (m; ) in I* we define (n; B) < (m; t) if and only if there exist yg < y; < &
such that (n; B) € Il‘,"o, (m;7) € I;,"l , m is a tail of n, and 7 is a tail of B, i.e., for some
{<d<w,n;B)=(ng,....nq;Bos-..,Ba), m;t) = (my,...,myg;79,...,7¢), and
for0<i <l,m; =njyg—¢and t; = Bi+qg—¢ . We regard 1% as an ordered set with this
order relation. Observe that / ‘5"}, and / gy are downward-closed. For a subset F of /%, we
denote by F its downward closure. Notice also that if /' C [ is finite, and (n; 8) € 1 }‘,"
for some y > 1 is such that (k,n; yx, B) € F| for infinitely many k € N, then (n; 8) € F.

Fix a countable ordinal «. We will define, by recursion on y < «, a decreasing
sequence (Py), <o of CLI Polishable subgroups of G0 . Furthermore, for x € Py, we
will define the values x(n; ) € G for (n; ) € I). If y > 1 and (n; f) € I}, then we
let x(n; B) be the convergent sequence (x(k, n; Yk, B))kee in G with limit x (n; B). If
(n; B) € I, then we let x (n; B) be the sequence constantly equal to x (n; B).

Define Py to be G0 . This is a CLI Polish group with topology induced by the pseudo-
length functions

LIP(x) = Lo (x(n; B))

for (n; B) € Ig. Suppose that 1 < y < «, and that Ps has been defined for all § < y.
Define P<, = (s, Ps, and let P, C P, consist of those x € P<, such that, for
every (n; B) € 17, the sequence x (n; B) := (x(i,n; i, B))ien is convergent. For x € P,
and (n; B) € 1%, we define x(n; B) to be the limit of x(n; 8). Then the Polish topol-
ogy on P, is induced by the restriction to P, of the continuous pseudo-length functions
on Ps for § < y, together with the pseudo-length functions Lg,";ﬂ )(x) = Loo(x(n; B)) for
(n; B) € 1) This concludes the recursive definition of the CLI Polishable subgroups P,
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of G16 for y < «. Notice that in particular P, consists of the elements x € P-, such
that the sequence x (@) := (x(n; ,))nen belongs to ¢(G). We also define S, and Dy, to
be the subgroups of P, consisting of the elements x € P, such that the sequence x ()
belongs to £1(G, Lg) and bvo(G, L), respectively. Theorem 8.1 will be a consequence
of the following.

Theorem 8.3. Fixa =1+ A + n < w; where A is a limit ordinal or zero and n < w.

(1) Ifn = 0and A is limit, then P-) has Solecki rank A in G'S, and complexity class Hg.

(2) Ifn =0, then S14,, D1+, and P14, have Solecki rank A + 1 in G153, and complexity
class 2(1)+,1+1’ D(l'[(l)+/1+1), and H(1)+)L+2 respectively.

(3) Ifn > 1, then S14r+n, D1+a+n, and P14y 4y have Solecki rank A +n + 1 in G5,
and complexity class D(H(1)+/\+n+l)’ D(H(1)+)L+n+1)’ and H(1)+)L+n+2 respectively.

We will obtain Theorem 8.3 as a consequence of a number of lemmas.

Lemma 8.4. Suppose that y < «, F is a finite subset of 12, and x € Py. Define y € G5
by setting, for (n; B) € 1,

x(n:p) if(n:p) € Fy,

8.1
lg otherwise.

y(n;p) = {

Then y € Sy, and (8.1) holds for every (n; B) € I1¢.

Proof. We prove by induction on 0 < « that y € Py, and that (8.1) holds for every
(n; B) € 1Z. For 0 = 0, this holds by definition. Suppose that the conclusion holds for
every § < o.Fix (n; ) € 12.1f (n; B) € F then necessarily o < y, and for every k € N,
(k,n;ox, B) € 15, N F, and hence by the inductive hypothesis, we have y (k,n; oy, ) =
x(k,n;ox,B). Since x € P, C Py, , the sequence y (n; B) = x(n; B) converges to x(n; B).
Thus, y(n; B) = x(n; B). If (n; B) ¢ F, then there exists ko such that, for all k > ko,
(k,n;ox, B) ¢ F). Therefore, y(n; fB) is eventually equal to 1, and thus y(n; 8) = 1g.
This shows that y € P,. This concludes the proof by induction.

By the above, we know that y € P—,. For k € N such that oy > y we have y(k, o)
= lg and hence y € §,. [ ]

Lemma 8.5. For every y < a, Sy is dense in P,,.

Proof. Suppose that x € Py, and let V be a neighborhood of x in P,. Then there exist
¢ > 0 and a finite subset F of /2, such that

([ {z€Py:doolx(n:B).z(n: B)) < e} C V.
(n;B)eF
Define z € G1& by setting, for (n; B) € 1§,

x(n;B) if (n;B) € F,

. (8.2)
lg otherwise.

z(n; B) = {
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Then by Lemma 8.4, we have z € Sy and (8.2) holds for all (n; ) € 1. In particular,
zeV. ]

Lemma 8.6. For every y < a and every open neighborhood V of the identity in Sy,
VP n P, contains an open neighborhood of the identity in P, .

Proof. Let V be a neighborhood of the identity in Sy. Fix a finite subset F of /* and
& > 0 such that

{weSy: Li(w(w)) <epn ﬂ {w e Sy : Loo(w(n;B)) <e} CV.
(n;B)eF
Define

N = max max{n e N:§, <y}
y<é<a
FNI§#o

Define also the finite subset
B=(FNIZ)U{(k,n;8.B):y <8<ak <N,(n;) e FNI}

of 12,. Consider the open neighborhood W of the identity in P, defined by

W= {x ePy: Y Lo(x(nian) < g} N () xePy:Loolx(:p) <e).
n<N (n;B)eB
We claim that W € VFP<r n P,. Suppose that x € W. Let U be an open neighborhood
of x in P-,. Then there exist a finite subset 4 of /£, containing B N /<, and &1 > 0 such
that
[ {z € Py i doo(x(n: B).2(n: B)) < &1} S U.
(n;8)eA
We need to prove that U NV # @.
We define z € G106 by setting, for (n; 8) € 1§,

x(n;B) it (n;B) e Ay,

. (8.3)
1g otherwise.

z(n; B) = {

Then by Lemma 8.4, we have z € S, and (8.3) holds for all (n; 8) € I%. In partic-
ular, z € U. We now show that z € V, i.e., L1(z(«)) < ¢ and, for every (n; ) € F,
Loo(z(n; B)) < . We have

Liz@) = Y Le(z(n:an)) < > La(x(n:ay)) < e

neN n<N

If (n; B) € F N 12, then z(n; B) = x(n; B). As (n; B) € B and x € W, this implies that
Loo(z(n;B)) = Loo(x(n;B)) <e.If (n; B) € F N 1Y, then

Loo(z(n; B)) = sup Lg(z(k.n:yk.p))
keN

= sup Lo (x(k.n;yk. B)) = Loo(x(n;:B)) <¢
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since (n; B) € Bandx € W.If (n; B) € F N I for some § > y, then
Loo(z(n: B)) = sup Lg(z(k.n: 8. B))
keN
< kmﬁa; Lg(x(k,n; 8¢, B)) < kmﬁa; Loo(x(k,n;0;,B)) <e¢

since (k,n; 8, B) € B for k < N, and x € W. This shows that z € V, concluding the
proof. ]

Proposition 8.7. For y < o we have
550 (G10) = sD=(G10) = sJ*(G10) = sF=<e(G10) = P_(14y).

Proof. Since Sy € Dy € Py € P<(14y), it suffices to prove that sf"‘ (G16) = P14,
We use induction on y < «. For y = 0, Sy is dense in G = P, by Lemma 8.5, and
hence sg *(G16) = Py. Suppose that the conclusion holds for every § < y. If y is limit,
then

o SO( o
Sfa(GIo) = ﬂ 53+1(GI°) = ﬂ Piis = P<y = Po(i4y).
§<y <y
Suppose that y = § + 1. Then, by the inductive hypothesis,

s5a(G10) = 557 (G10) = 57 (552 (G10)) = 57% (P<(14))-

Thus, it remains to prove that

52 (P<148)) = Piys.

Notice that Pyys is a l'[g subgroup of P.(145). Thus, the conclusion follows from
Lemma 4.2, in view of Lemmas 8.5 and 8.6. [

Lemma 8.8. For every y < a, there is a continuous group homomorphism ® : G' =
Py such that

d(z)(k.n; vk, B) = z(k.n; ye. B) foreveryz € G'Sv, (n; B) € 12, and k € N.

Proof. For z € G1%v, define ®(z) := x € GI& by setting, for (m; 1) € I,

z(k,n;yr,B) if (im,7) < (k,n;yx,B) forsome k € N and (n; 8) € 1%,

1g otherwise.

x(m;7) = {

(8.4)
One can prove by induction on § < y that x € Ps, and (8.4) holds for all (m; 1) € I§
Thus, @ : G'<v — P, is a well-defined group homomorphism. Since P, is a Polishable

subgroup of G'¢, its Borel structure is the one inherited from G0 . This easily implies
that @ is Borel, and hence continuous. [

Lemma 8.9. (1) X3 is the complexity class of £,(G, Lg) in GV.
2) D(Hg) is the complexity class of bvo(G, Lg) in GN.
3) l'[g is the complexity class of ¢(G) in GN.
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Proof. (1) It is clear that £1(G, Lg) is Zg in GN. Since £,(G, Lg) is a dense, proper
subgroup of G, it is not closed.
(2) We have (g,)neN € bvo(G, Lg) if and only if

Y L6(gniign) <0
neN

and for all ¢ > 0 and ng € N there exists n > ng such that Lg(g,) < &. This shows
that bvo(G, Lg) is D(II3) in GN. It remains to prove that it is not X9. Suppose for
contradiction that
bvo(G. Lg) = ( Fi.
keN

where F;, € GY is closed for every k € N. By the Baire Category Theorem, we can
assume that Fy contains a neighborhood of the identity. Thus, there exists ¢ > 0 such that

{(gn)neN € bvo(G, Lg) : Z LG(g,4+18n) < eand sup Lg(gn) < 8} C Fy.
neN neN

Since we are assuming that G is not discrete—see Remark 8.2—there exists g € G such
that 0 < Lg(g) < &. For N € N, define x™) € bvo(G, Lg) by setting

) {g ifk <N,
xk =

1 otherwise.

Then x™) € F, for every N € N. The sequence (x))ycn converges in GN to the
sequence x € G constantly equal to g. Since Fy is closed in GY, we find that x €
bvo(G, Lg), which contradicts Lg(g) > 0.

(3) By definition, c¢(G) is Hg in GN. By Theorem 3.3, it suffices to prove that ¢(G)
is not potentially Zg. Let Eq be the relation of tail equivalence in 2, and let E(I,\I be the
corresponding product equivalence relation on (2N)N = 2NXN Thep l'[g is the potential
complexity class of E(I)\I, for example by Lemma 5.7 and Theorem 3.3.

Thus, it suffices to define a Borel function 2N*N — GN that is a Borel reduction
from E(I)\] to the coset relation of ¢(G) inside G. We argue as in [6, Lemma 8.5.3]. Fix a
bijection (-,-) : N x N — w such thatif » < n’ and m < m’, then (n,m) < (n’,m’). Fix
also a sequence (g, )nen in G such that 0 < Lg(g,) < 2~®*D for every n € N. Define
E 2NN 5 G? ¢ 1> a, by setting

a — gnv (p(n’m) = 17
frm) lg, ¢@m,m)=0.

Fix ¢, ¥ € 2NN Define E(¢) = a and E (V) = b.
Suppose that (pE(l,\I Y. Thus for every n € N there exists M,, € N such that ¢(n,m) =
W (n,m) form > M,.Fix e > 0 and N € N such that 2" < ¢. Define then

M =max{M, :n < N}.
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We claim that for k > (N, M) we have Lg(alzlbk) < ¢. Indeed, suppose k > (N, M).
Then k = (n, m) for some n,m € N.If n > N then

Lg(ag'by) < Lg(ag) + La(bp) <2Lg(gn) <27 <27V <.

If n < N then we must have m > M > M,,, and hence ¢(n,m) = ¥ (n,m) and a; = by.
This shows that a=1b € c(G).

Conversely, suppose that a~'b € ¢(G). Fix ng € N. Then there exists ko € N such
that for k > ko, Lg(aglbk) < LG (gny)- Thus, for k > ko, if k = (ng,m) for some
m € N, we must have ay = by and ¢(ng, m) = ¥ (ng, m). Hence, if my € N is such that
(ng,mgo) > ko, we must have ¢(ng, m) = ¥ (ng, m) for all m > mq. As this holds for
every ng € N, we have (pE(I,\] Y, concluding the proof. ]

Corollary 8.10. Forevery y < «a, Py is a proper subgroup of P<,. The complexity class
of S, Dqo, and Py inside Py is Zg, D(Hg), and Hg, respectively.

Proof. Fix y <a and (n; ) € 1. By Lemma 8.8 there exists x € P, such that x (n; f)
is not convergent. Such an x does not belong to P, so P, is a proper subgroup of P, .

We now prove the assertion about P,; the other assertions are proved in a similar
fashion. Recall that /Y = {(@; @)}. Define

H={xeG" : (x(k;x))ken € c(G)}.

By Lemma 8.9, l'[g is the complexity class of H in G and of ¢(G) in GV .

By Lemma 8.8 there exists a continuous group homomorphism ® : G'“ — P_,, such
that ®(x)(k; o) = x(k; ) for every k € N, and hence ®~1(P,) = H. Similarly, the
function W : P—y — GY, x > x(a), is a continuous group homomorphism such that
V~1(c(G)) = Py. Thus, l'[g is the complexity class of P, in P,. |

Proof of Theorem 8.3. By the first assertion in Corollary 8.10 and Proposition 8.7, we
know that S, D, P, all have Solecki rank « + 1 in Py, and P~, has Solecki rank o
in Py if « is limit. The conclusion now follows by applying Theorem 6.1 and the second
assertion in Corollary 8.10. ]

Recall that a ( pseudo-)ultralength function on a group H is a (pseudo-)length func-
tion L such that L(hh') < max {L(h), L(h')} for h,h’ € H. A Polish group G is non-
Archimedean if and only if it admits a compatible ultralength function [6, Theorem 2.4.1].
Much as above, one can prove the following statement; see also [8, Section 5].

Theorem 8.11. Let " be one of the possible complexity classes of non-Archimedean Pol-
ishable subgroups from Theorem 1.2. Suppose that G is a countable discrete group. Then
there exists a non-Archimedean CLI Polishable subgroup of GYN whose complexity class
is T.

Define H := GYN. This is a non-Archimedean CLI group. The topology on H is
induced by the ultralength function

L ((gn)nen) = exp(—min{n € N : g, # 1g}).
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Notice that the subgroup c(H) of HY of convergent sequences is a non-Archimedean
CLI Polishable subgroup of HN of complexity class I3, with topology induced by the
ultralength function

Loo((hn)nen) = max{Lg (hy) : n € N}.

The subgroup o (H) of HY consisting of the sequences (/1,,)»eN such that the sequence
(77 (0))nen in G is eventually equal to 1¢ is a non-Archimedean CLI Polishable subgroup
of HN of complexity class X5.

Fix a < w;. We will define by recursion on y < « a decreasing sequence (Fy )y, <«
of non-Archimedean Polishable subgroups of H 1§ . We will also recursively define, for
x € F,and (n;B) € Iﬂ, the values x(n; B) € H. We set Fo = H’6 . If Fs has been
defined for every § < y, define F<) = (s, Fs. Let F), contain those x € F, such
that, for every (n; B) € 1)/, the sequence x (n; B) := (x(k, n; Yk, B))kew is convergent
in H.For x € F) and (n; 8) € 1, we define x(n; B) to be the limit of x (n; 8). Then the
non-Archimedean Polish group topology on F), is induced by the restriction of the contin-
uous pseudo-ultralength functions on Fy for § < y together with the pseudo-ultralength
function

LY (x) = Loo(x(n: B))

for (n;B) € I » - This concludes the recursive definition of the non-Archimedean Polish-
able subgroups F, of H I§ for y < . Notice that in particular Fy contains all elements
x € F.y such that x (a) := (x(n;a,))neN belongs to ¢(H). Define Z,, to consist of those
elements x € F., such that x («) belongs to o (H). The same argument as above gives
the following.

Theorem 8.12. Adopt the notations above. Suppose that « = 1 + A + n where A < w;
is either limit or zero and n < w.

(1) Ifn = 0and A is limit, then F_) has Solecki rank A in HI3, and complexity class Hg.

(2) Ifn =0, then Z4), and Fy4), have Solecki rank A + 1 in H'S and complexity class
Z(l)+)k+1 and H(1)+/l+2’ respectively.

(3) Ifn = 1, then Z1, and Fy4) have Solecki rank A +n + 1 in HIS, and complexity
class D(H(1)+/\+n+l) and H?+A+n+2, respectively.

9. Fréchetable subspaces

In this section and the following one, we assume all the vector spaces to be over the
reals. Similar considerations apply to complex vector spaces. Recall that a Fréchet space
is a locally convex topological vector space whose topology is induced by a complete,
translation-invariant metric. Thus, the additive group of a separable Fréchet space is a
Polish group. In analogy with the notion of Polishable subgroup of a Polish group, we
consider the notion of Fréchetable subspace of a separable Fréchet space.
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Definition 9.1. Suppose that X is a separable Fréchet space, and Y is a subspace of X.
Then we say that Y is Fréchetable if there exists a separable Fréchet space topology on Y
whose open sets are Borel in X.

This notion was considered by Saint Raymond [16]: a subspace Y of X is Fréchetable
if and only if it has a separable model according to [16, Définition 1]. Notice that a
Fréchetable subspace of X is, in particular, a Polishable subgroup of the additive group
of X. Thus, if it exists, the separable Fréchet space topology on Y as in Definition 9.1
is unique; see also [14, Corollary 4.38]. A subspace Y of a separable Fréchet space X
is Fréchetable if and only if there exists a separable Fréchet space Z and a continuous
linear map ¢ : Z — X with image equal to Y [16, Proposition 4]. If Y is a Fréchetable
subspace of X, then the separable Fréchet space topology on Y is the finest locally convex
topological vector space topology on Y that makes all the Borel linear functionals on Y
continuous [16, Théoréme 9]. Furthermore, a subspace Y of X is Fréchetable if and only
if it is a Polishable subgroup of the additive group of X, and the Polish topology on Y has
a basis of zero neighborhoods consisting of absolutely convex sets [14, Proposition 3.33,
Corollary 3.36].

Lemma 9.2. Suppose that X is a separable Fréchet space, and Y a Fréchetable subspace
of X. The first Solecki subgroup sf(X) of X relative to Y, where X is regarded as an
additive Polish group and Y as a Polishable subgroup of X, is a Fréchetable subspace
of X.

Proof. By definition, if x € X, then x € Y if and only if for every open neighborhood V
of zero in Y there exists z € Y such that x +z € VG.If x € Y, A € R is nonzero, and V
is an open neighborhood of zero in Y, then there exists z € ¥ such that x 4z € WG,
whence Ax + Az € V9. This shows that Ax € sf(X), SO sf(X) is a subspace of X.

We now show that s}’(X ) is Fréchetable. Since Y is a separable Fréchet space, by
the remarks above it has a basis (V},)nee Of zero neighborhoods consisting of absolutely
convex sets. Then (V,¢ Ns¥ (X)),ew is a basis of zero neighborhoods in s¥ (X)) consisting
of absolutely convex sets. Thus, sf(X ) is a Fréchetable subspace of X by the remarks
above again. [ ]

As an immediate consequence of Lemma 9.2 and Theorem 5.4 by induction on o < @y
we have the following.

Theorem 9.3. Suppose that X is a separable Fréchet space, Y is a Fréchetable subspace
of X, and o < wy. Then the o-th Solecki subgroup sg; (X) of X relative to Y, where X
and Y are regarded as additive groups, is the smallest H(l) ta+1 Fréchetable subspace
of X containing Y .

A similar proof to that of Theorem 8.1 gives the following.

Theorem 9.4. Let I" be one of the possible complexity classes of Polishable subgroups
from Theorem 1.1. Suppose that X is a nontrivial separable Fréchet space. Then there
exists a Fréchetable subspace of X™ whose complexity class is T.
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10. Banachable subspaces

Let V be a separable Fréchet space. A subspace X C V is Banachable if it is the image
of a continuous linear map T : Z — V for some separable Banach space Z. Equivalently,
X admits a Banach space topology that makes the inclusion map X — V continuous.
The Solecki subgroups whose index is a successor ordinal associated with a Banachable
subspace of a separable Fréchet space are also Banachable. Recall that a subset A of a
topological vector space Z is bounded if for every zero neighborhood U in Z there exists
t > Osuchthat A C tU. A Fréchet space is a Banach space if and only if it has a bounded
zero neighborhood.

Proposition 10.1. Suppose that V is a separable Fréchet space, and X C V is Banach-
able. Then so)fH (V) € V is Banachable for every o < w;.

Proof. 1t suffices to consider the case @ = 0. Let B be a bounded zero neighborhood
in X. Define C := B N slx(V). As B in bounded in X, (27" B), e is a basis of zero
neighborhoods in X . Thus, (27" C ), is a basis of zero neighborhoods in sf( (V). Hence,
C is a bounded zero neighborhood in sf( (V), so s1X (V) is a Banach space. |

In this section, using the methods from Section 8 and Theorem 8.3 we will prove the
following characterization of the possible complexity classes of Banachable subspaces.

Theorem 10.2. The following is a complete list of all the possible complexity classes of
proper Banachable subspaces of separable Fréchet spaces: H(l), H(1)+A+n+1’ D(H?+A+n),
and 2(1)+A+1 for A < wy either zero or limit and 1 < n < w. Furthermore, for every
complexity class T in this list and any nontrivial separable Banach space Z, there exists
a Banachable subspace of co(N, Z) that has complexity class T'.

We begin by showing that a Banachable subspace of a separable Fréchet space cannot
have complexity class Hg for a countable limit ordinal A.

Proposition 10.3. Suppose that V is a separable Fréchet space, and X C V' is a Fréchet-
able subspace. Suppose that sé" (V') is Banachable for some limit ordinal a. Then X has
Solecki rank less than «.

Proof. Without loss of generality, we can assume that X = sf (V). Since X is Banach-
able, there exists B C X such that (27" B),¢, forms a basis of neighborhoods of zero
in X. Since X = mﬁ<a sg(V), there exists 8 < « and a neighborhood C of 0 in sé‘(V)
such that B =C N so}f (V). Thus, X is endowed with the subspace topology inherited
from sé((V). Hence, X is closed in sé((V). Since X is also dense in sé((V), we see that
X = sg(V), so X has Solecki rank at most S. L]

Corollary 10.4. Suppose that V is a separable Fréchet space, and X C V is a Banach-
able subspace. If X is Hg for some limit ordinal A < wy, then X is H% for some B < A.

Proof. By Theorem 6.1, X = sf(V) is Banachable. Thus, by Proposition 10.3, X has
Solecki rank B for some B < A, and hence X is l'[(1’+ﬂ+1 by Theorem 6.1 again. [
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In order to conclude the proof of Theorem 10.2 it remains to prove that all the com-
plexity classes from the statement of Theorem 10.2 can arise. Fix a countable ordinal «.
We adopt the notation from Section 8. We regard I} as a set fibered over a, with respect
to the map /% — a, (n; B) > y, such that (n; ) € I). For y < a we define

J¥={(k.o)e Nx(@+1):0p <y <0 <a}.

We also regard J)‘," as a set fibered over « with respect to the function J)‘," —a,(k,0)—>o0.
We then define the fibered product

Jy # 1% ={((k,0),(n:B)) : (k.0) € J). (n: ) € I5}.
Remark 10.5. The projection map JZ % [* — I¢ is finite-to-one. Indeed, suppose that
((k,0),(n; B)) € J; x [*. Theny < o, and hence {k € N : o <y} is finite.

Fix a nontrivial separable Banach space Z. We denote the norm of z € Z by |z|. We
consider the Banach spaces

06(Z) = {(x,,) eZN: S il < oo},

neN

bvo(Z) = {(x,,) ezN: Z |zn — zZn+1| < oo and (zp)neN is Vanishing}.
neN

Set Xo := co(I§, Z). We now define, by recursion on y < «, Banachable sub-
spaces X, and Fréchetable subspaces X <, of X¢ such that X;,, € X, C Xsforé <y <a.
Furthermore, for x € X,,, we define the values x(n; §) € Z for (n; 8) € 17, such that the
linear functional x > x(n; B) on X,, is continuous. If y > 1 and (n; B) € I/, then we let
x (n; B) be the convergent sequence (kx (k,n; yk, B))kece With limit x (n; B). If (n; B) € I§,
then we let x (n; §) be the sequence constantly equal to x (n; 8). Suppose that 1 < y < «,
and that X5 has been defined for 6 < y in such a way that X is a separable Banach space
with norm || - || x;.

Define X, to be the intersection of X5 for § < y. Define the continuous linear map

T): X<y > (ZN)'= by TP(x) = (x(n: ) mpyere, -
Define also the continuous linear map
T} Xey — Z77*% by T)}(x) = (kx(k,n:0k. B)) ((.0),(ns8))e g+ 10 -
Define X, C X, to be the intersection of the preimage of
co(I%,.¢(N.2)) € (z)¥
under T)f) and the preimage of

co(JI x 1%, 2) c Zr*!"

under Tyl. It follows from Lemma 10.7 below that X, is a separable Banach space with
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respect to the norm

Ixllx, = max {7 () leoz2, v, 23 1Ty () llergwre,z)}
for x € X, . Observe that in particular
Xo ={x € Xg : x(0) € c(N, Z)}
and

I, = max {sup l1xllx, . [ @), 2)
y<a

for x € Xy, where x (&) := (kx(k; or))ren- Define also Sy € Dy € X, by setting
Sq = {x € X<g @ sup | x]lx, <ocand x(a) € EI(Z)},
y<a
D, = {x € X<g @ sup ||l x]lx, < ooand x(a) € bvo(Z)},
y<a
where
x () = (x(k:og))ken-
Then Sy, is a separable Banach space with respect to the norm
[xlls, = max{[[x|xq. [l (@)l 2)}

and D, is a separable Banach space with respect to the norm

Xl e = max {]lx[lx,, . [[x (@) llovo(z)}-
The existence statement in Theorem 10.2 will be a consequence of the following result.
Theorem 10.6. Fixox = 1+ A + n < wy where A is a limit ordinal or zero and n < w.

(1) Ifn = 0 and A is limit, then X <), has Solecki rank A in X¢, and complexity class Hg.

(2) Ifn =0, then S145, D1+, and X4, have Solecki rank A + 1 in X, and complexity
class 2(1)+,1+1’ D(H?+A+1), and H(IJ+A+2 respectively.

3) If n = 1, then S14+)4n, Di+a+n, and X4 )4n have Solecki rank A + n + 1 in X,
and complexity class D(H(1)+/l+n+l)’ D(H?+A+n+1)’ and H(l)+)l+n+2 respectively.

The rest of this section is devoted to the proof of Theorem 10.6.

Lemma 10.7. We have
lxllxs < lxllx, ford <y <oaandx € X,.
Proof. 1t suffices to prove that
IT5 ) legrgwre.zy < 1%]x, -

Suppose that ((k, o), (n; B)) € Jg* * [*. Then o <& < o and (n; B) € I7. Suppose
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initially that 0 < y. Then (n; B) € 12, and hence

lkx (k. n:o, B)| < lx(n: B)lloo < llxllx, -

Suppose now that y < o. Then ((k,0), (n; B)) € J;/ * [* and hence

lkx (k. ns 0, B)] < 1Ty (O)lleorgwre ) < 1%]x, -
This concludes the proof. ]

Lemma 10.8. Fix y <« and x € X,. Let F C 12, be a finite set. Define z € z1 by
setting, for (n; B) € I,

x(n;B) if(n;B) € Fy,

(10.1)
0 otherwise.

z(n; B) ={

Then z € Sy and (10.1) holds for every (n; B) € 1.

Proof. We prove by induction on o < & that z € X; and (10.1) holds for every (n; 8) € 1Z.
Define

F={(my)e1%:3(n:p) € F, (n: p) < (m:y)}.
Case 0 = 0: (10.1) holds for (n; B) € I§ by definition of z. As x € X,,, forevery ¢ > 0

there exists a finite subset £ of /2, such that ||x (1n; 8)[|eo < & for (n;8) € IZ,, \ E. Thus,
if (n;B) € I§ \ E, then

z(n: B)lloo = |z(n: B)| < |x(n: B)| < e.
This shows that z € Xj.

Casel <o <y: Fix(n;B) € IZ.1f (n; B) € F then (k,n;0%,B) € F) forevery k € N.
Thus, by the inductive hypothesis,

kz(k,n;or,B) = kx(k,n;or,B) foreveryk € N,

and hence
z(n; B) = x(n; B).

Since by assumption x (r; ) is a convergent sequence with limit x (n; ), it follows that
z(n; B) is a convergent sequence with limit z(n; 8) = x(n; B). If (n; B) ¢ F, then there
exists N € N such that for k > N, (k,n; oy, B) ¢ F,. By the inductive hypothesis, we
know that kz (k, n; oy, B) = 0 for k > N. Thus, the sequence z(n; ) is eventually zero
with limit z(n; 8) = 0.

We now show that z € X,;. Fix € > 0. Since x € X, there exist a finite subset £ C Igy
such that [|x (17; B) o < & for (n; B) € 12, \ E, and a finite subset E’ € J x I% such
that |kx (k,n; 7, B)| < e for ((k,7), (n; B)) € (J * %)\ E’. Define

E"=E U{(k,7),(n:B)) € J¢ *I*: (n: B) € E}
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If (n; B) € 12, \ E then

lz(n; B)loo < |x(1n: B)|loc < €.

If ((k,7),(n;8)) € (JF = I*)\ E" then 14 <o <t and (n;B) € I?. If ¢ < y then
(n;B) € 12, \ E and hence

lkz(k.n: 7, B)| < [x(n: )l < &
If y < 7 then ((k, 7), (n;B)) € (Jy * [*) \ E’ and hence
lkz(k.n;ze, B)| < [kx(k,n: 7. B)| < .
Case 0 > y: Fix (n; ) € 12. Then by the inductive assumption,
z(k,n;ox, B) = 0

for k > N. Thus, the sequence z(n; ) is eventually zero, and z(n; §) = 0.
We now show that z € X;. Fix ¢ > 0. Since x € X, there exist a finite set £ C I‘S"y
such that

lx(n: B)lloo < & for(n:p) € IZ, \ E,
and a finite set E’ C J * 1% such that
lkx(k,n; e, B)| < & for ((k,7), (n:B)) € (J) x [*)\ E'.
DefineE = E U F and
E' = FUE U{(k,t),(n; B)) € J% % I*: (n; B) € E},

which is finite by Remark 10.5. Fix (n; 8) € 1, \ E.Fix § < o such that (n; f) € I 1f
§ <y, then (n;B) € 12, \ E and hence

122 B)lloo = 1% (2: B)lloo < &

Suppose that § > y, and fix k € N. If z(k, n; 8, B) # O then (k,n; 8, B) € F, so
(n;B) € F C E, contradicting the hypothesis. Thus, z(n; 8) is constantly equal to zero.
Fix ((k,7), (n; B)) € (J& % [¥)\ E'. Thus, 7 <o <t and (n;B) € I¢. If 1 <y, then
((k,7), (n;B)) € (Jy * I*) \ E’ and hence

lkz(k.n:te, B)| < [kx(k.n: i, B)| < e.

Suppose that tp = y. If z(k, n; ¢, B) is nonzero, then (k, n; 1, B) € F and hence

(n;B) € F C E, contradicting the assumption that ((k, 7), (n; 8)) ¢ E’. If 7 > y then

(k,n;t, B) ¢ F) and hence z(k, n; tx, B) = 0. This concludes the inductive proof.
Finally, to see that z € S, observe thatif N = max {k € N : oy < y} then

Yo lzlar)] < D ks )| < oo .

keN k<N
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The next lemma is similar to the previous one, with the difference that the finite set '
is supposed to be a subset of /<, instead of /2.

Lemma 10.9. Fix y <« and x € X,. Let F C 12, be a finite set. Define z € Al by
setting, for (n; B) € I,

x(n:B) if(n:p) € Fy,

(10.2)
0 otherwise.

z(n;p) = {
Then z € So, ||z|lxy < lxllx,, and (10.2) holds for every (n; B) € I*. Furthermore,

I2lls, < max{ > ka0l Ixlx, }.
k<N

where N = max {k € N : o < y}.

Proof. 1t follows from Lemma 10.8 that z € S, and (10.2) holds for every (n; B) € 1.
We now prove by induction on o < e that ||z]|x, < [x||x,. Suppose that the conclusion
holds for every § < o.

Case o =0: If (n; B) € I§, then |z(n; B)| < |x(n; B)|. This shows that ||z||x, < [[x|lx, <
llxllx, -

Case 1 <o <y: For (n;B) € Ig‘o, we have
215 B)lloo < 1% (5 B)lloo =< Il xllx, -

Fix ((k,t), (n; B)) € J& « I*. Thus, ip <o <tand (n;B) € I¥. Ift <y, then (n;B) €
12, and hence

lkz(k.n: g, B)| < [kx (k. nite. B < lx(n: B) oo = llxllx, -
If y <7, then ((k,7), (n;B)) € J;/  I* and hence
lkz(k.n; 7, B)| < lkx(k,n: 7, B)| < lIxllx, -
Case o > y: Suppose that (n; B) € Ié" for some § < o.1If§ < y, then
Iz B)lloo < llx (s B)lloo = llx]lx,, -

If y < & then for every k € N, either §; <y, in which case ((k, ), (n; B)) € J;' * I* and
hence
lkz(k,n; 8k, B)| < |kx(k,n: 8k, B)| < |Ixllx, .

or y < 8, in which case (k,n; 8, B) ¢ F) and z(k,n; &, B) = 0. Thus

z(n: B)lloo =< llxllx, -

Suppose now that ((k, 7), (n; B)) € J¥ % I®. Thus ©p <o < t. If 7 < y then
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((k,7),(n; B)) € Jy * 1% and hence
|kz(k,n; e, B)| < lkx(k,n; e, B)| < [Ix|x, .

If y < vy then (k,n; 1, B) ¢ F) and hence z(k,n; 7x, B) = 0. This concludes the inductive
proof that ||z||x, < |lx|x, forevery o < a.

Finally,
Szt = Y Ix(kiag)).

keN k<N
This shows that z € S, and
I2lls, = max{lzlx,. Y |26l < max {llxlx,. Y (ke .
keN k<N

concluding the proof. ]
Lemma 10.10. For every y < a, Sy is dense in X,,.

Proof. Suppose that x € X, and ¢ > 0. We need to prove that there exists z € S, such that
[x —zllx, <e.Asx € X,, there exists a finite subset £ € 12, such that ||x (n; 8)|lcc <&
for (n; B) € Igy \ E, and a finite subset E’ C J}‘}‘ * 1% such that |kx (k,n; ¢, B)| < € for
(k7). (n;B)) € (Jy * I*) \ E'.

Suppose that z € X, is obtained from x € X,, and

F=(ENIZ) U{tk,n;yk. B): ((k,7),(n;B)) € E}
as in Lemma 10.8.
Fix (n;p) € 12, 1f (n; B) € Fy, then z(n; B) = x(n; B), while if (n; B) ¢ F, then
z(n; B) — x(n; B)lloo < [[X(n:B)lloc < &.

Consider ((k, ), (n;8)) € J * I*. Thus tp <y <tand (n;B) € I7. 1f (k,n; ¢, B) € F,
then kz(k,n; e, ) = kx(k,n; v, B). If (k,n;w, B) ¢ F, then ((k, 7); (n: B)) €
(Jy x I*) \ E’ and hence

lkz(k,n;tx, B) —kx(k,n; e, B)| < lkx(k,n;t, B)| <e.
This concludes the proof that ||z — x||x, <e. L]

Lemma 10.11. Fix y < «. If V is a neighborhood of zero in S, then VX<v N X, con-
tains an open neighborhood of zero in X,,.

Proof. Define
N =max{k € N :a; < y}.

Suppose that V' is a neighborhood of zero in S, . Without loss of generality, we can assume
that

V=lreSoilzlx, <6 Yz <ef.
keN
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We claim that VX<v N X y contains

We={reX, v, e Y ko) <&}
k<N

Indeed, suppose that x € W. Let U be an open neighborhood of x in X, . Without loss
of generality, we can assume that

U={z€eX:|x—zlx; <e&1}

for some § < y and &1 > 0. We need to prove that U NV # @.

Since x € X,,, there exists a finite subset £ of X, such that ||x(n; 8)|lco < &1 for
(n; B) € 12, \ E, and a finite subset E' of J)¥ * [* such that |kx(k,n; 7, B)| < 1 for
((k,7), (n;B)) € (Jy * I*) \ E’. Define

E" = E' U{((k,7),(n;:B)) € J;" *I1%:(n;B) € E}.
Let z € X, be obtained from x and
Fi=(ENIZ) U{(k,n;t, ) : (k,7),(m;8)) € E"} U{(k;e) 1 k < N}
as in Lemma 10.9. Then z € S, and

Izllx, < llxlx, <& > |z < Y [x(kie)| < e,

k<N k<N

and hence z € V. It remains to prove that ||z — x||x; < &;. For (n; B) € I%;,if (n; ) € F
then

z(n: ) = x(n: p).
while if (n; B) ¢ F then (n; B) € IZ, \ E and we have
[2(n: B) = x(n: B)lloo =< llx(1: B)lloo < €1

by the choice of E.
For ((k, ), (n; B)) € J§' * I%, we have 1 < § < 7 and (n; B) € IZ. Suppose that
y < 7, in which case ((k, 1), (n; B)) € J * I*. 1f ((k,7), (n; B)) € F, then

kz(k.n:zg, p) = kx(k,n: 7. B);
if ((k,7), (n;B)) ¢ F, then ((k, ), (n; B)) € (J;f x I*) \ E' and hence
lkz(k,n: 7, B) —kx(k.n; 7, B)| = |kx(k,n; 7, B)| < e1.
Suppose now that T < y, in which case 1 <8 <t < y.If ((k, 1), (n; B)) € F, then
kz(k,n:te. B) = kx(k.n: 5. p);
while if ((k, 7), (n; B)) ¢ F, then (n; B) € 12, \ E and hence
lkz(k,n: 7, B) —kx(k.n;ze, B)| < [kx(k,n:ie, B)| < [[x(n: B)lloo < €1

This concludes the proof that ||z — x||x; < &1. |
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Using Lemmas 10.11 and 10.10, one can prove Proposition 10.12, similarly to the
way Proposition 8.7 was deduced from Lemmas 8.6 and 8.5.

Proposition 10.12. For y < o we have
sy (Xo) = 5P (Xo) = 55 (Xo) = 55=*(Xo) = X<(14y)-

Recall that, for (n; 8) and (m; t) in 1%, we define (n; ) < (m; t) if and only if
there exist yo < y1 < o such that (n; ) € IS, (m;7) € I, mis a tail of n, and 7 is

ok Y1’
a tail of B, i.e. for some £ < d < w, we have (n; 8) = (no,...,nq; Bo,...,Ba), and
(m;t) = (ng—g¢, ..., nq;Ba—e, ..., Paq). Inthis case, we set
LB o
(m;7) o "Ng—g—1

Lemma 10.13. Fix y < « and (m:t) € I)). There exists a continuous linear map @ :
co(N, Z) = X<, such that D(t)(k,m; vk, v) = t for everyt € co(N, Z) and k € N.

Proof. Fixt € ¢o(N, Z). For ¢ > 0, let K.(¢) € N be such that |z;| < ¢ for k > K.(t).
Define ®(r) := x € Z& by setting, for (n; B) € 12,

(k,m;yi,7) Py .
(i f) = {”(n;ﬁ) ty if (n;B) < (k,m;yg, v) for some k € N, (10.3)

0 otherwise.

We now prove by induction on ¢ < y that x € Xy, and (10.3) holds for every (n; 8) € 1¢.
Suppose that the conclusion holds for all § < o.

Case 0 = 0: We need to prove that x € co(/§, Z). Fix ¢ > 0. Consider
F={n:p)ely:(n;p) < (k,m;y, ) forsome k < K(t)}.
Then F C 1§ is finite and for (n; B) € I§ \ F, either

x(n;p) =0,
or (n; B) < (k,m; yx, t) for some k > K,(t), in which case

k,m;yk,
x(n: B)| = |y Vil < el < e

Case 1 <o < y: Fix (n; B) € I(g" for some § < 0. If (n; B) < (k, m; yg, t) for some
k € N, then (£, n;8¢, B) < (k,m; yg, t) for every £ € N. Thus,

k,.m;yg,
x(C.n: 80, B) = miy sVt

and
Ix(,n; 6, B) = ”((,lf;’,rgn);)/k’r)tk.

Hence, the sequence x (1; ) is constantly equal to n((,]f,’f';’);yk’r)tk. This shows that

k,m;yg,
x(n; B) = n((n;;") VD
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Suppose that there does not exist k € N such that (n; 8) < (k,m; yx, t). Fix £ € N. If
(€,n;8¢, B) < (k,m;yg, v) for some k € N, then (k,m) is a tail of (£, n) and (yx, ) isa
tail of (8¢, B). If the length of (k,m) is strictly less than the length of (£, n), then m is a tail
of n and 7 is a tail of B, and hence (n; 8) < (k,m; yx, t), contradicting the assumption.
Therefore, (£, n;8¢, B) = (k,m; yg, t). In particular, (n; B) = (m; 1) € I, contradicting
the assumption that (; ) € I§* and § < o < y. Thus, the sequence z(n; f) is constantly
zero, and hence z (n; 8) = 0.
We now prove that x € X, . Fix ¢ > 0. Define

N = max {K.(t),max {k € N : y, < o}}.
Consider
E ={(n;p) € 1<, : (n; B) < (k,m; yx, ) forsome k < N}.

If (n; B) € I, \ E and x(n; B) # O then, by the argument above, (n; 8) < (k,m; yx, )
for some k > N > K.(¢) and hence

lx(n: B)| < |tx| < e.

Consider the finite set

E'={((,p);(n:B)) € J5 1% : (L,n:pg, B) € E}.
If (€, p; (n: B)) € (JE * I*)\ E' and x({,n; pg, B) # 0, then p; < 0 < p and

(€. n:pg. B) < (k.m:yg. 7)
for some k € N. Since (£, p; (n; B)) ¢ E’, we have k > N and hence y; > o > p; and

(k,m;yi )
Tt mpepy = 1L

Thus,
[€x(C,n; pg, B)] < [Ur &m0 | < |y <&

(n:8)
since k > N > K.(¢).
By the above, @ : co(N, Z) — X, is a well-defined linear map. As X, is a
Fréchetable subspace of Z I§ | its Borel structure is the one induced by Z I§ . This eas-
ily implies that @ is Borel, and hence continuous. |

Lemma 10.14. The continuous linear map t : co(N, Z) — ZN, (xp)nen — (0Xn)neN,
has the following properties:

€)) Eg is the complexity class of "1 (£1(Z)) in co(N, Z).

2) D(Hg) is the complexity class of t=(bvo(Z)) in co(Z).

3) l'[g is the complexity class of T 1(co(N, Z)) and of T (c(N, Z)) in co(N, Z).

Proof. (1) Since £1(Z) is X9 in ZN, t71(£;) is a XY Polishable subgroup of co(N, Z)
that is not closed. Thus, 2‘2’ is the complexity class of 771 (¢1(2)).



Complexity classes of Polishable subgroups 35

(2) Since bvy(Z) is D(Hg) in ZN, and t71(bvo(Z)) is a Polishable subgroup of
co(N, Z), by Theorem 3.3 it suffices to prove that ! (bvg(Z)) is not Eg in ¢o(N, Z).
Suppose for contradiction that 1 (bvo(Z)) = Uje, Fx Where each F C co(N, Z) is
closed. Observe that a compatible norm on bvy(Z) is given by

”x”bvo(Z) = Z |Xn4+1 — Xn| + sup |x,].
neN neN

By the Baire Category Theorem without loss of generality we can assume that
{a € T (vo(2)) : [It((@n))llowy = 2} S Fo.

Define then a™) € 17! (bvo(Z)) for N € N by setting

) 1/n ifn <N,
" 0 otherwise.

Then ||z(a®V ))||bVO(Z) <2and a™) € F, for every N € N. Furthermore, the sequence
(@™)) yen converges in co (N, Z) to the sequence a defined by a,, = 1/n forevery n € N.
Since Fy is closed in co(N, Z), we must have a € Fy € 1~ !(bvg(Z)). However, t(a) is
not vanishing, and so 7(a) ¢ bvo(Z).

(3) Since c(N, Z) is Hg in ZN, and t7!(c(N, Z)) is a Polishable subgroup of c,
by Theorem 3.3 it suffices to prove that t~!(c(N, Z)) is not Zg. Let E( be the relation
of tail equivalence in 2N, and let E(I)\I be the corresponding product equivalence relation
on (2N)N = 2NxN Then 9 is the potential complexity class of E{Y, for example by
Lemma 5.7 and Theorem 3.3.

Thus, it suffices to define a Borel function 2NN — ¢ (N, Z) that is a Borel reduction
from E(I)\I to the coset relation of 71 (c(N, Z)) inside co(N, Z). Fix a bijection (-, ) :
N x N — N such that if n < n’ and m < m’, then (n,m) < (n’,m’). Define 2NN —
ZN x> a, by setting a(, m) = m27"xn,m. Then the argument in [6, Lemma 8.5.3]
shows that xE(I)\Ix’ if and only if t(a) — 7(a’) = t(a — a’) € c(N, Z), if and only if
a—a €17 (c(N, 2)).

The same argument shows that Hg is the complexity class of 77!(co(N, Z)) in
co(N, 2). |

The same proof as that of Corollary 8.10, with Lemma 10.14 replacing Lemma 8.9,
gives the proof of Corollary 10.15 below.

Corollary 10.15. Foreveryy < a, X, is a proper subspace of X <,. The complexity class
inside X<y 0f Sq, Do, and Xy is Eg, D(Hg), and l'[g, respectively.

Finally, Theorem 10.6 is proved using Corollary 10.15 and Proposition 10.12, much
as Theorem 8.3 was deduced from Corollary 8.10 and Proposition 8.7.
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