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Abstract. We study random packings of 2 x 2 squares with centers on the square lattice Z2, in
which the probability of a packing is proportional to A to the power of the number of squares.
We prove that for large A, typical packings exhibit columnar order, in which either the centers of
most tiles agree in the parity of their x-coordinate or the centers of most tiles agree in the parity
of their y-coordinate. This manifests itself in the existence of four extremal and periodic Gibbs
measures in which the rotational symmetry of the lattice is broken while the translational symmetry
is only broken along a single axis. We further quantify the decay of correlations in these measures,
obtaining a slow rate of exponential decay in the direction of preserved translational symmetry and
a fast rate in the direction of broken translational symmetry. Lastly, we prove that every periodic
Gibbs measure is a mixture of these four measures. Additionally, our proof introduces an apparently
novel extension of the chessboard estimate, from finite-volume torus measures to all infinite-volume
periodic Gibbs measures.
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columnar order, liquid crystal.
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1. Introduction

In this paper we study the 2 x 2 hard-square model on the square lattice Z2. We prove that
the model admits columnar order at high fugacity, resulting in multiple Gibbs measures.
Moreover, the set of periodic Gibbs measures is characterized.

1.1. The model

The square lattice Z? is embedded in R? in the natural way. With each vertex (x, y) € Z?
is associated a tile T(y yy that is a closed 2 x 2 square, with sides parallel to the axes,
which is centered at that vertex. Hard-square configurations are sets of tiles whose interi-
ors are pairwise disjoint. More precisely, a configuration is represented by a function
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Columnar order in (a portion of) a high-density packing (A = 130). The four colors correspond to
the parities of the x- and y-coordinates of each tile.

o : Z2 — {0, 1}, with the value o (v) = 1 indicating the presence of a tile centered at v,
so that the space of configurations is

Q= {o € {0, 1}Z2 Dif int(7y,) N int(Ty) # @ for u # v, then o (u)o(v) = 0}

where int(-) stands for the interior of a set. Given a bounded set A C R? and a configura-
tion p € 2, the space of configurations with p-boundary conditions outside A is

QR ={0 € Q:0(v) = p(v) on Z* \ int(A)}.

Given additionally a fugacity parameter A > 0, the corresponding finite-volume 2 x 2
hard-square model is the probability measure y, , on Qf defined by

1 2(0) AXveimanz2 9 (L

where we use o to denote that the left-hand side is proportional to the right-hand side. In
words, the probability of a configuration is proportional to A raised to the power of the
number of tiles in A.

We describe our results in the language of infinite-volume Gibbs measures, defined
via the standard Dobrushin-Lanford—Ruelle prescription. More precisely, a probability
measure (& on 2 is an (infinite-volume) Gibbs measure for the 2 x 2 hard-square model
at fugacity A if for every bounded A C R? the following holds: Let o be sampled from .
Conditionally on o restricted to Z* \ int(A), the distribution of o is given by} ; with p
being any configuration which coincides with o on Z? \ int(A).
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Given a sublattice £ C Z? and a probability measure u on 2, say that y is £-invariant
if it is invariant under all translations by vectors from &£ and say that u is &£-ergodic if it
is £-invariant and assigns probability 0 or 1 to £-invariant events. A probability measure
on Q is called periodic if it is £-invariant under some full-rank sublattice £ C Z?2. A prob-
ability measure on €2 is called extremal if it assigns probability O or 1 to all tail events (the
tail sigma-algebra is the intersection over all finite D C Z? of the sigma-algebra generated
by o restricted to D€).

1.2. Discussion and results

Classical methods may be used to show that the 2 x 2 hard-square model is disordered
at low fugacity, in the sense that it has a unique Gibbs measure. This follows from either
the Dobrushin uniqueness theorem [20] or the disagreement percolation method of van
den Berg [78], with the latter method proving uniqueness for A < p./(1 — p.) (see also
[80, Theorem 2.3]), where p, is the site percolation threshold of the square lattice with
nearest-neighbor and next-nearest-neighbor interactions (i.e., u, v € Z? are adjacent if
lu —v||oo = 1, this is dual to the standard nearest-neighbor site percolation on Z2; numer-
ical estimates give p, &~ 0.407 [48, 88]).

In this work we study the high-fugacity regime of the 2 x 2 hard-square model. To
gain intuition, it is instructive to consider the set of fully packed configurations; con-
figurations in which the union of the tiles covers the whole of R2. In related models,
such as the nearest-neighbor hard-core model on Z4 (see Section 1.3.2), one finds that
there are a finite number of fully packed configurations, which are moreover periodic. In
some such cases, a Peierls-type argument, or Pirogov—Sinai theory [65, 66] (see also [23,
Chapter 7]), allow one to deduce that typical configurations sampled in the high-fugacity
regime behave like “small perturbations” of one of the fully packed configurations in the
sense that they coincide with this configuration at most places. By contrast, one easily
checks that the 2 x 2 hard-square model admits a continuum (i.e., 280) of fully packed
configurations, obtained in the following way (see Figure 1.1): start with the “square lat-
tice configuration” og € €2, which is defined by o (x, y) = 1 if and only if both x and y are
odd. From oy, one can create a continuum of other fully packed configurations by “slid-
ing” columns of tiles down by one lattice site; more precisely, foreach ¢ : 2Z + 1 — {0, 1}
one obtains a fully packed configuration ¢* by setting 6% (x, y) = 1 if and only if x is odd

Fig. 1.1. Representatives of the four kinds of fully packed configurations of the 2 x 2 hard-square
model. The colors of the tiles correspond to the parities of their x- and y-coordinates (see Figure 2.1
for the precise correspondence).
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and y = #(x) mod 2. In a similar manner, one can create a continuum of fully packed
configurations by starting from oy and sliding rows of tiles to the right by one lattice site.
Additional fully packed configurations may be generated from the ones described so far
by translating a fully packed configuration by one lattice site up, or by one lattice site to
the right.

The existence of this continuum of fully packed configurations, sometimes termed the
“sliding phenomenon”, forms an obstacle to Pirogov—Sinai theory, and is the reason that
no rigorous results on the high-fugacity regime have appeared so far. Frohlich—Israel—
Lieb—Simon [25, Model 4.4] discussed the 2 x 2 hard-square model and wrote that the
“conventional wisdom” is that it has a unique Gibbs state in the high-fugacity regime.
Recently, Mazel-Stuhl-Suhov [51] conjectured that the 2 x 2 hard-square model has a
unique Gibbs measure in the high-fugacity regime, as part of a more general conjecture on
models with the sliding phenomenon. In the physics literature, while early results [5,57]
were inconclusive regarding the existence of a phase transition, modern studies (see [22,
54, 69] and references therein) indicate a columnar phase appearing in the high-fugacity
regime of the 2 x 2 hard-square model. Our work clarifies the situation by proving that
the model admits multiple (periodic) Gibbs measures at high fugacity, in agreement with
the modern physics literature and in contrast to the expectations expressed in [25,51].

Configurations sampled from these Gibbs measures display a columnar (or row) order-
ing of tiles similar to the fully packed configurations described above; however, the
sampled configurations are not simply perturbations of some fully packed configuration.
Instead, they should be thought of as a perturbation of a random tiling formed from a
“union of one-dimensional systems” in the sense that we now describe (see Figure 1.2).
Denote by /J,FVLEO) the 2 x 2 hard-square model at fugacity A conditioned so that the
x-coordinates of the corners of all tiles are even. By this we mean that in the columns with
odd x-coordinate we see a sample from p'P, the unique Gibbs measure of the nearest-
neighbor hard-core model on Z at fugacity A, and these samples are independent between
the different columns (see Figure 1.2, middle). At high fugacity, samples from p'P give
a very dense tiling, with long intervals of fully packed tiles separated by a single skip

Fig. 1.2. Left: A fully packed configuration, arranged in columns. Middle: A sample from a union

YID in the

of independent “one-dimensional columnar systems” at high fugacity (denoted by K (ver.0)
text). Right: A sample from the high-fugacity regime of the 2 x 2 hard-square model. We prove the
existence of a phase for the high-fugacity 2 x 2 hard-square model with properties resembling a

“small perturbation” of “%vle]r)o)'
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(or, more rarely, multiple skips). The typical length of the fully packed intervals is of
order +/A, which is also the natural length scale at which u'P decorrelates. Our first
theorem states the existence of a Gibbs measure (i (ver,0) for the high-fugacity 2 x 2 hard-
square model, which may heuristically be regarded as a “small perturbation” of M&EO)'
As discussed after the theorem, this implies the existence of multiple Gibbs measures at

high fugacity.
Theorem 1.1. There exists 0 < Ay < 0o such that the 2 x 2 hard-square model at each
fugacity A > Ao admits a Gibbs measure [L(yer,0) Satisfying:

(1) (Invariance and extremality) [t(ver,0) IS (2Z x Z)-invariant and extremal. In particu-
lar, Wver,0) is (27 x Z)-ergodic.

(2) (Columnar order) Forall (x,y) € Z2,

(A, x =0mod 2,

1.2
% —OX?), x=1mod2, (12

/‘L(ver,O)(a(x’ y) = 1) = {
where a = O(b) indicates that ca < b < Ca for some universal C,c > 0.

(3) (Decay of correlations) Let f, g : Q — [—1, 1]. Suppose that f(0) depends only on
the restriction of o to a set A C 7.? and similarly g (o) depends only on the restriction
ofo to B C Z2. Then

ICOVytyer0) (s @) = Z suga(u, V) (1.3)

ued V€

where Cov,,(f, g) is the covariance of f (o) and g(c) when o is sampled from | and

ey —xy |—c 222211 1 Leyx
a((xl,yl),(xz,yz)) ‘= min {Ce clxo—x1|—c 2ﬁ1 ,(C\;);/\) 1 2} (1.4)

for some universal C,c > 0.

The theorem thus establishes that at high fugacity, the model admits a Gibbs meas-
ure which is invariant under translations in the vertical direction and satisfies that tiles
preferentially occupy vertices with odd x-coordinate (columnar order). This implies the
existence of at least three other Gibbs measures [L(ver,1), K (hor,0) ANd fL(hor,1): The meas-
ure [L(ver,1) 18 created by translating the measure fi(vr,0) by one lattice site to the right.
The measures 4(hor,0) and f(hor,1) are formed from pi(yer,0) and fh(yer,1), T€SPECtively, by
exchanging the x- and y- axes. The four measures are distinct (by (1.2)), with the 14 (ver,i)
being (2Z x Z)-invariant and extremal, while the (o) are (Z x 27Z)-invariant and
extremal.

Due to the columnar order, the measure [iL(.er,0) breaks the lattice’s 90° rotational
symmetry and also its translational symmetry in the x-coordinate, while preserving the
translational symmetry in the y-coordinate. The asymmetric role of the two lattice direc-
tions is further manifested in the decay of correlations property. It is shown that pi(yer,0)
exhibits exponential decay of correlations in the x-direction with correlation length of
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order 1 (at most), but exponential decay in the y-direction is relatively slow, with a correl-
ation length of order Vi (at most). The second term in the minimum in (1.4) additionally
shows that already the correlations of events in adjacent (or nearby) columns are rather
small when A is large. See also Remark 9.4 and Section 10.1 for further discussion of
correlation decay.

Once the existence of multiple extremal Gibbs measures has been established, one
may wonder whether other extremal Gibbs measures exist, or in other words, whether
the four measures exhaust all the possible ways in which the model may be ordered. Our
second theorem establishes that there are no other periodic and extremal measures.

Theorem 1.2. There exists 0 < Ay < 0o such that the following holds for the hard-square
model at each fugacity A > Lo. There is a unique Gibbs measure [Ler0) satisfying the
properties listed in Theorem 1.1. Moreover, every periodic Gibbs measure is a convex

combination Ofﬂ(ver,o)y M (ver,1)» M (hor,0) and M (hor,1)-

An overview of our proof appears in Section 1.4 below.

Our proof uses the chessboard estimate, a consequence of the reflection positivity
enjoyed by the 2 x 2 hard-square model. Our work introduces an apparently novel exten-
sion of the chessboard estimate which may be of interest also for other models. In its
standard form, the chessboard estimate applies to finite-volume Gibbs measures on a dis-
crete torus. In Proposition 3.8 we show that the estimate may be used directly in infinite
volume, applying to all (infinite-volume) periodic Gibbs measures of the model. This
extension is especially useful in the proofs in Part II of the paper. We formulate the exten-
sion solely for the 2 x 2 hard-square model but the proof provided is applicable to other
models.

1.3. Background and related work

This subsection discusses related literature on hard-core models and liquid crystals.

1.3.1. General hard-core models. A hard-core configuration on a graph G =
(V(G), E(G)) (called an independent set in combinatorics) is a function o : V(G) —
{0, 1} such that if {u, v} € E(G) then o (u)o (v) = 0. The hard-core model on a finite G,
at fugacity A, is the probability measure @ on hard-core configurations defined by
(o) o< AXvev@ M) The hard-core model further arises as a zero-temperature limit
of the anti-ferromagnetic Ising model with a carefully chosen external field (see, e.g.,
[62, around (62)] for the construction on Z%). The definition extends, via the usual pre-
scriptions, to hard-core measures with given boundary conditions and Gibbs measures
on infinite graphs. A basic challenge in statistical physics is to characterize the Gibbs
measures of the hard-core model on an infinite graph at different values of fugacity. As
mentioned, general results [20, 78] lead to the unicity of Gibbs measures at sufficiently
low fugacities (on bounded-degree graphs). Thus, the main interest is in other, intermedi-
ate and high, regimes of fugacity.
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1.3.2. The nearest-neighbor hard-core model on Z%. A prototypical example is the hard-
core model on the lattice Z¢ (with nearest-neigbor edges). The model admits exactly two
fully packed configurations 0" and 0°% (configurations where max {o (1), o (v)} =
1 whenever u is adjacent to v), with 0®*"(v) = 1 on the even sublattice (even sum
of coordinates) and 0°%(v) = 1 on the odd sublattice. A seminal result of Dobrushin
[21] states that at high fugacity the model has two extremal Gibbs measures ", ;1°%9,
invariant under parity-preserving shifts, such that samples of " (resp. u°) coincide
with o®°" (resp. 0°4) at most vertices (the density of coinciding vertices goes to 1 as
A — 00). In fact, one can define the measures p'*", pLOdd at all fugacities, as suitable
infinite-volume limits, and establish that the model admits multiple Gibbs measures if
and only if u®°" # 4. It is believed that there is a unique transition point A.(d)
from a unique to multiple Gibbs measures on Z¢, and that for A > A.(d) all periodic
Gibbs measures are convex combinations of ", ,u"dd; however, these assertions have
not been confirmed yet. There are examples of graphs on which there are multiple trans-
itions between uniqueness and multiplicity of Gibbs measures as A increases [13]. The
fact that A.(d) — 0 as d — oo (for a suitable definition of A.(d)) was proved by Galvin—
Kahn [27], with the rate of decay improved in [60]. It is believed that A.(d) behaves like
d=1*°(M a5 d — oo but this also remains unproved.

1.3.3. The monomer-dimer model. A phenomenon of a different nature was discovered
by Heilmann-Lieb [33, 34], in their study of the monomer-dimer model. Monomer-dimer
configurations on a graph H are subsets of edges with the property that no two edges
share a common endpoint (called matchings in combinatorics). The probability assigned
to a configuration by the monomer-dimer model on a finite graph is proportional to A
raised to the number of edges in the configuration. The monomer-dimer model is thus
equivalent to the hard-core model on the line graph of H (the graph with vertex set E(H)
and with distinct e, ¢’ € E(H) adjacent if e N e’ # @). Heilmann and Lieb made the
surprising discovery that the monomer-dimer model has a unique Gibbs measure on all
bounded-degree graphs H at all finite fugacities! An alternative proof was found by van
den Berg [79]. Thus, this model never exhibits a phase transition from unique to multiple
Gibbs measures (except in the sense that the limiting model as A — oo, termed the dimer
model, may have multiple Gibbs measures).

1.3.4. Euclidean balls with centers on 7. and other lattice packings. One may also study
the hard-core model on a modified version of Z¢ having a different adjacency structure.
The version where each u € Z is adjacent to all v € Z¢ with 0 < |u — v||2 < D (without
loss of generality we assume that D can be realized as the distance between some pair
of points in Z%) has received special attention, motivated by a continuum version of the
hard-core model. Various behaviors have been predicted for different regimes of D and
the fugacity. The above-mentioned nearest-neighbor hard-core model arises by setting
D = \/5, while the 2 x 2 hard-square model studied here is obtained in two dimensions
(d = 2) when D = 2. Recently, a comprehensive study of the high-fugacity behavior
for the two- and three-dimensional models with various values of D was undertaken
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by Mazel-Stuhl-Suhov [51, 53] (also on the triangular and hexagonal lattice [50]; see
also [52]).

In two dimensions, the work [51] characterizes the periodic hard-core configurations
of maximal density for each D. Moreover, Pirogov—Sinai theory is used to show that,
with few exceptions, the extremal Gibbs measures arise as perturbations of (a subset of)
these configurations in a suitable sense. The exceptions are a finite number of values
of D (the list of which was confirmed independently in [51] and in [42]) for which there
are infinitely many periodic hard-core configurations of maximal density; these always
come about as a result of a “sliding instability” in the configurations (similarly to the
sliding phenomenon described above for the 2 x 2 hard-square model). Pirogov—Sinai
theory does not apply in these exceptional cases and their high-fugacity behavior remained
unclear. It was conjectured in [51] that in these cases there is a unique Gibbs measure at
high fugacities. As mentioned above, our study clarifies the case of the 2 x 2 hard-square
model, refuting the conjecture in this case. Further discussion is in Section 10.4.

In three dimensions, the work [53] studies an infinite family of values of D, discov-
ering a rich set of possibilities for the corresponding periodic configurations of maximal
density and drawing conclusions on the periodic and extremal Gibbs measures of the
model. The case D = 2 corresponds to the packing of 2 x 2 x 2 cubes with centers on Z3
and exhibits the sliding phenomenon. It is conjectured in [53] that sliding leads to the
unicity of periodic and extremal Gibbs measures at high fugacities. In Section 10.2 we
discuss our predictions for the hard-cube model on Z¢.

Jauslin—-Lebowitz [38, 39] studied random packings of a (general) tile in R4 and its
lattice translates (i.e., the hard-core model on a discrete periodic graph in R?). Their work
also excludes sliding cases (including the 2 x 2 hard-square model), by requiring that the
specified tile fully tiles R? in a finite number of periodic and isometric ways, and further
limiting the ways in which defects may occur in these periodic tilings. Using Pirogov—
Sinai theory, they prove the existence of high-fugacity extremal and periodic Gibbs states
corresponding to crystalline order according to the possible periodic tilings. They further
establish that the pressure and correlation functions have expansions in powers of the
inverse fugacity with a positive radius of convergence.

1.3.5. Liquid crystals. The term “columnar order” that we use originates in the study
of liquid crystals [15]. There, one studies a material composed of molecules in three-
dimensional space and classifies its state according to the symmetries of its structure.
In a gas or liguid state, the molecules are disordered in the sense that their distribution
retains both the (continuous) rotational and translational symmetries of R3. On the other
end of the spectrum are crystal states, in which the symmetry group is discrete. Liquid
crystals are “intermediate” states of matter, in which the symmetries of R3 are partially
broken. Three of the main categories of such states are the nematic, in which rotational
symmetry is broken while the full R3 translational invariance is preserved, smectic, in
which rotational symmetry is broken and also translational symmetry is broken along one
axis (an R? translational symmetry is retained), and columnar, in which the rotational
symmetry is broken and also translational symmetry is broken along two axes (an R trans-
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lational symmetry is retained). A seminal work in the physics of liquid crystals is that of
Onsager [59], who considered long, thin, rod-like molecules in R3 with a pure hard-core
interaction (i.e., molecules are only constrained not to overlap) and predicted a transition
from a disordered to a nematic phase as the density of the molecules increases.

In two dimensions, we use the term nematic to refer to a model in which rotational
symmetry is broken while translational symmetry is retained, and the term columnar to
refer to a model in which rotational symmetry is broken while the translational symmetry
is broken only along a single axis. While the terminology of liquid crystal phases was
originally introduced in the continuum, it is also used for lattice models with a similar
meaning, classifying models in terms of which of the lattice symmetries are broken.

We are not aware of previous mathematically rigorous proofs of columnar order in a
hard-core model. Nematic order has been given rigorous proof in several models, includ-
ing the following:

e Heilmann-Lieb [35] established rotational symmetry breaking for several lattice mod-
els using reflection positivity methods and conjectured the absence of translational
order.

Their models include a dimer model with attractive forces on the square lattice
[35, Model I] for which the conjecture was recently established by Jauslin—Lieb [40]
using Pirogov—Sinai methods, completing the proof of nematic order (Jauslin-Lieb add
that there is little doubt that similar proofs could be devised for the other models in
[35]). Alberici [3] studied the same model in the case of non-equal horizontal and
vertical dimer activities and proved the absence of translational order using a cluster
expansion.

o loffe—Velenik—Zahradnik [37] established a nematic phase for a system of horizontal
and vertical rods on a square lattice having unit width and varying lengths, with hard-
core interactions and specific length-dependent activities; in the case where all lengths
are allowed, they proved their result via an exact mapping to an Ising model.

e Disertori—Giuliani [17] considered rods of unit width and fixed length & on the square
lattice with pure hard-core interaction and proved that for large k, the system has a
nematic phase in an infermediate density regime via coarse-graining to an effective
contour model and Pirogov—Sinai methods (see also Section 10.2).

e Disertori—Giuliani—Jauslin [18] considered anisotropic plates with a finite number of
allowed orientations in the continuum R3 with pure hard-core interactions and estab-
lished a nematic phase for an intermediate density regime.

We also mention the work of Bricmont—Kuroda-Lebowitz [12, Concluding Remarks]
where, following Ruelle [70], rotational symmetry breaking is proved in a system of
zero-width rods in R? with finitely many orientations allowed. Nematic order has fur-
ther been conjectured in several models, including the following: Abraham—Heilmann [1]
introduced a three-dimensional model which extends the two-dimensional model of
Heilmann-Lieb [35, Model I], proved rotational symmetry breaking and conjectured the
absence of translational order. Angelescu—Zagrebnov [4] and Zagrebnov [87] studied
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molecules on a lattice with an internal (“spin”) degree of freedom with continuous
rotational symmetry. They showed, using a combination of the infra-red bound and chess-
board estimates, that rotational symmetry is broken at low temperature, and conjectured
that a nematic phase appears. We also mention the works [7,8,58] in which models with a
continuum of ground states are analyzed, with the conclusion being that the ground-state
degeneracy is (partially) lifted at low positive temperatures due to the different excitations
available to each degenerate configuration.

1.4. Proof overview

1.4.1. Existence of multiple Gibbs measures. In Part I, the model is shown to admit sev-
eral Gibbs measures via an involved Peierls-type argument. The keys to the argument are
a “coarse-grained identification” of vertically ordered and horizontally ordered regions,
and a proof that the resulting interfaces are rare. We proceed to describe these points,
starting with some key concepts that we introduce.

Sticks: Tiles are classified into four types according to the parities of the coordinates of
their bottom left corner. A stick edge of a configuration is an edge of Z? which lies on
the boundary of two tiles of different type. A stick is a maximal path of stick edges. It
is easily seen that sticks are either horizontal or vertical segments and that sticks of dif-
ferent orientation cannot meet. The idea is that long vertical (horizontal) sticks should be
abundant in regions of vertical (horizontal) columnar order, while the interfaces between
differently ordered regions are not crossed by long sticks (see Figure 1.3).

Properly-divided rectangles: To classify regions into vertically and horizontally ordered
we consider the crossing of rectangles by sticks. We call a rectangle R divided if there is a
stick crossing R in the horizontal or vertical direction; importantly, a rectangle cannot be
divided both horizontally and vertically. For technical reasons, we further define R to be
properly divided if it is divided by a stick which also divides R™, a rectangle concentric
to R having slightly smaller dimensions; specifically, we fix a large integer N (independ-
ent of 1), suppose the dimensions of R are integers divisible by N and let the dimensions
of R~ be % Width(R) x % Height(R) (see Figure 4.1). Rectangles are thus classi-
fied into properly divided vertically, properly divided horizontally or not properly divided.
The concept of properly divided rectangles is only used with squares when proving the
existence of multiple Gibbs measures. Rectangular R are used in the proofs of our other
results.

Identification of interfaces: Let b(A) be an (integer) length scale, later chosen to satisfy
(1.6) below. We consider the square grid b(A)Z x b(A)Z, and associate with each of its
points a square of side length N b(A) with its bottom-left corner at that point. These grid
squares are thus partially overlapping, with the amount of overlap chosen to ensure the
following property: two squares associated to neighboring positions on the grid cannot
be properly divided in distinct directions. Thus, if grid squares are properly divided ver-
tically in one region and horizontally in another region then necessarily these regions
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Fig. 1.3. Sticks (green lines) in a configuration. On the left there is an abundance of vertical sticks
while on the right there is an abundance of horizontal sticks. The interface region is not crossed
by long sticks (of either orientation), a feature which we rely upon in order to prove that interface
regions are rare. The rectangles R, R, R3 are drawn with their concentric R™ rectangles (with
N = 7). The rectangles Ry and R3 are properly divided by vertical and horizontal sticks, respect-
ively, while R5 is not properly divided.

are separated by a “contour” of (points associated to) grid squares that are not properly
divided.

Multiple Gibbs measures from a Peierls-type argument: Let u be a periodic Gibbs meas-
ure (at least one such measure exists by compactness arguments). Our main technical
lemma, Lemma 4.1, implies that for suitably chosen (1) and N, in samples from u,
long contours of grid squares that are not properly divided are highly unlikely to occur
at any given position (see next paragraph). A union bound over contours then shows that,
p-almost surely, there is either an infinite connected component of grid squares that are
properly divided horizontally or an infinite connected component of grid squares that are
properly divided vertically, but not both. Due to the lattice’s 90° rotational symmetry, this
implies the existence of at least two periodic Gibbs measures.

The basic estimate: Lemma 4.1 implies, for a large constant NV, that rectangles R whose
width and height are at most coA!/? satisfy

1 (R is not properly divided) < e™“© Area(R)A1/2 (1.5)
where p stands for any periodic Gibbs measure and ¢y > 0 is a small universal constant.
The lemma moreover shows that this estimate is multiplicative in the sense that the prob-
ability that n disjoint rectangles of the same dimensions (technically required to have their



Columnar order in random packings of 2 x 2 squares on the square lattice 13

corners on a shift of the grid Width(R)Z x Height(R)Z) are all non-properly-divided is
at most the right-hand side of (1.5) raised to the power n. To use the estimate (1.5) in our
Peierls-type argument we choose b(A) to be a mesoscopic length scale, satisfying

CAV* < Nb(X) < cor!/? (1.6)

for a large universal constant C > 0. The fugacity A is required to be large in order for
this interval to be non-empty.

Remark 1.3. We offer some motivation for the form of the bound (1.5). Recall that typ-
ical ordered vertical regions heuristically behave like small perturbations of a “union
of 1D vertical systems”, i.e., samples from the measure p,.>,) (Figure 1.2, middle) or
its shift to the right by one lattice site. Suppose we wanted to prove (1.5) and its multi-
plicative version for [LUID Let us show that there is a lower bound on the probability
which matches (the multlphcatlve version of) (1.5) up to the constant in the exponent.
Indeed, let Ry, ..., R, be rectangles of equal dimensions positioned exactly one below
the other (the top edge of R; is the bottom edge of R;_;). One way in which none of
the R; will be properly divided is if the configuration restricted to | J R; is the “square
lattice configuration” (deﬁned by o(x,y) = 1 y=1moda2). What is the probability of this
event under the measure j1\’ (ver 0)‘7 Say that a face of Z? is a vacancy if it is uncovered by
the tiles of the configuration. The event occurs when there are no vacancies in [ J R; and
all columns in the 1D systems “enter | J R; with the same phase”. Since vacancy pairs
(as vacancies necessarily come in pairs) are distributed roughly as a Poisson process with
intensity proportional to A~!/2 we conclude that the u¥!'P = probability of the event is

(ver,0)
1 . —1/2
2% Width(R) g—¢n Area(RDA™!? for some ¢/ > 0 (the first factor accounts for the

roughly
phases). In comparison, the upper bound resulting from (1.5) is e ~€0" A‘ea(Rl)A_l/z, which

has the same form as n — oo.

Applying the chessboard estimate: The first step in the proof of the bound (1.5) is to
apply the chessboard estimate. This step is described with the following notation: Fix a
rectangle A C Z? which we view as the domain. For a configuration o € €, define its
weight in A to be

WAL (O_) = A—%#{vacancies of o in A}‘ (1.7)

For a rectangle S denote £5 := Width(S)Z x Height(S)Z. Given an event E we write
Z%", (E) for the sum of wp (o) over all o € E with o periodic with respect to A (i.e.,
1nvar1ant under translations by elements of £). We also set Z A,pfrk =Z per/\ (2). Inform-
ally, the weight (1.7) is proportional to the analog of (1.1) in periodic boundary conditions
(see also around (2.3)).

The proof of (1.5) and its multiplicative extension is reduced, via the chessboard
estimate (or rather, its infinite-volume extension in Section 3.2), to showing that

Area(A)

per
Z (ER R ) (e—co Area(R)/l_l/z) Area(R) (1.8)

Zper =
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where Eg gr- is the “disseminated version” of the event that R is not properly divided, i.e.,
the event that no translates of R by elements of £ are properly divided. The chessboard
estimate requires that the dimensions of A are even integer multiples of the corresponding
dimensions of R.

The bound (1.8) is proved via an upper bound on the numerator and a lower bound on
the denominator. We proceed to describe these two bounds.

Lower bound via 1D systems: The lower bound on Z s’\e’rk is easy. It is obtained by restrict-
ing to configurations corresponding to the “union of 1D systems” (i.e., all tiles have the
same horizontal parity), for which an explicit solution of a linear recurrence relation (Pro-
position 4.2) yields, for some ¢; > 0,

le\er)L > ecl}Fl/z Area(A) (1.9)

Upper bound for the disseminated event: The difficult part lies in obtaining an upper
bound on ZTTA( ERr.r-). By several steps of simplification (see next paragraph), we pass
to bounding instead the value of Z 11\ 5 (Epr) which is defined as follows. The event Epy is
that all sticks are of length at most M, and for an event E, the value of Z }\ 5, (E) is the sum
of weights of configurations in £ N Qf\ (as defined in Section 1.1) for the fully packed
boundary condition p(x, ) = 1. ,=1mod2- The value of M is chosen to be 62)&1/2.

Simplification steps: First, it is shown that the effect of boundary conditions is insig-
nificant for the purposes of (1.8) (asymptotically as A 1 Z2), thus one may estimate
Z}\,A(ER,Rf) instead of ZTTA(ER,R*)- Second, we introduce an event Eps 4 that
requires the sticks whose extension to a line crosses a translate of R~ by an element
of £% to have length at most M (the notation Ey_ 4 is used for consistency with the main
text; there A is a set parameterizing the event while here we define the event as a special
case resulting from a specific choice of A). One checks that

Er,r- C Ema when M > max {2 Width(R),2 Height(R)} (1.10)

(this holds for the R of (1.5) by choosing ¢ < ¢3/2). Third and lastly, it remains to
bound lex’ 3 (Em,4) from above in terms of Z}\’ 5 (Enm). The proof of this bound is quite
technical, but the essential idea is simply that the additional constraints imposed by E»s on
top of those of Ejs 4 concern only a small fraction (approximately 4/N) of the area of A:
namely, they concern the complement of the union of the translates of R~ by elements
of £R.

Eventually, for the chosen value of M, the simplification steps result in the following
bound for large A:

ZpAe’rA(ER,R_) < eC3A—1/2Area(A)Z}\’A(EM) (111)

where for a fixed ¢,, we have ¢c3 — 0 as N — oo.
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Configuration without long sticks: We are left with the more essential task of bounding
Zjl\ 5 (Epr). This is achieved by our key Lemma 4.6, which shows that for some large

Cs > 0,if M < A1/2/Cy4 then

C.M Area(A)
4 ) . (1.12)

Z}\’A(EM) < (1 + T
The proof is via direct combinatorial counting arguments. A first observation is that
sticks must end at vacant faces. Therefore, configurations contain “connected compon-
ents” composed of sticks and vacancies together. We consider all possibilities for such
connected components, up to translations. Then, the proof of (1.12) reduces to suitably
bounding the sum ), A"TH where H ranges over all those possibilities in which all
sticks have length at most M and vy denotes the number of vacancies in H . To this end,
we define kg, a quantity such that kg — 2 is the number of “degrees of freedom” one
has for extending and contracting the sticks of H (this is generally less than the number
of sticks in H since following the sticks in a cycle of H must lead back to the start-
ing point). Geometric considerations lead to the bound vy > max {2(kg — 1), 4}. This
supplies necessary control for the requisite bound on the above sum.

Conclusion of the basic estimate: As mentioned above, the basic estimate (1.5) follows
from (1.8). The latter bound, on the probability of Eg gr-, then follows by combining
(1.9), (1.11) and (1.12), under the assumption that

61—63—C46‘2>CO > 0.

For (1.11), we also require that ¢y < ¢»/2 so that the condition of (1.10) holds.

To satisfy this, the constants are chosen in the following order: First, ¢; and C4 are
fixed. Then we take ¢, = ¢1/(2C4), and subsequently select N so that ¢3 < ¢1/2. This
allows one to choose ¢ satisfying the two inequalities of the previous paragraph.

1.4.2. Fine properties of Gibbs measures and the characterization of periodic Gibbs
measures. In Part 11, we prove the fine properties and characterization results stated in
Theorems 1.1 and 1.2. We briefly describe our proofs here.

Let £ be a sufficiently sparse full-rank lattice £. The previous arguments imply that
for every £-ergodic Gibbs measure, either most long sticks are vertical (“ver” measure)
or most long sticks are horizontal (“hor” measure). The next step is to refine this clas-
sification, proving that £-ergodic Gibbs measures come in exactly one of four “phases”
(ver, 0), (ver, 1), (hor, 0), (hor, 1) according to the orientation of most long sticks and
their parity (the parity of a vertical stick is the parity of its x-coordinate and the parity of
a horizontal stick is the parity of its y-coordinate).

First, we use an inductive procedure on length scales, employing a Peierls-type argu-
ment driven by the basic estimate (1.5) in each step, showing that for “ver” measures,
even very thin rectangles, of dimensions C x c/Afora large universal C > 0 and small
universal ¢ > 0, are typically properly divided vertically. Via an additional Peierls-type
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argument, this allows the further classification into the phases (ver, 0) and (ver,1) by not-
ing that if two long vertical sticks of opposite parities are near each other, then there
is a long rectangle bounded between them which must contain an atypically large num-
ber of vacancies (tail bounds for the number of vacancies are readily obtained by the
infinite-volume version of the chessboard estimate). Classification of “hor” measures is
analogous.

The fact that there exist exactly four £-ergodic measures, which are furthermore
extremal, along with quantitative decay of correlation estimates and precise invariance
properties, is achieved by the method of disagreement percolation [78, 80] (see The-
orem 8.2): Let u, i’ be Gibbs measures and let 0, 0 be two independent samples from
w and p/, respectively. If, almost surely, there is no infinite path where o, o’ disagree
then u = u’ and this common measure is extremal. Moreover, decay of correlation estim-
ates are obtained by bounding the probability that disagreement paths connect distant
vertices. This reduces our task to that of controlling long disagreement paths between
independent samples from £-ergodic measures of the same phase. A key fact is that in a
one-dimensional system, disagreement paths must terminate at the first vacancy (in any
of the two configurations). This allows one to control the length of disagreement paths in
regions where both configurations have their tiles arranged in columns (or rows) of the
same parity. Other regions are rare, with suitable quantitative control, by the assumption
that the measures have the same phase and by the thin rectangle crossing results of the
previous paragraph.

Lastly, the proof of the estimate i (yer,0)(0'(x,y) = 1) = O(A™") for even x (part of the
columnar order property (1.2)) relies on the fact that between two vertical sticks of even
parity, if there is some tile with an even x-coordinate of its center then there are at least
four vacancies in its row between the two sticks. The other parts of (1.2) are relatively
simple consequences of the previously obtained information (Section 9.3).

1.5. Reader’s guide

The fundamental task of proving that the 2 x 2 hard-square model admits multiple Gibbs
measures at high fugacity is achieved in Part I. Section 2 contains the basic definitions
used throughout and some simple estimates on the effect of boundary conditions. Sec-
tion 3 establishes reflection positivity of the 2 x 2 hard-square model, presents the chess-
board estimate in finite volume and extends its applicability to infinite volume. Section 4
introduces the notion of sticks and proves that mesoscopic rectangles are typically divided
by sticks. This fact is then used in Section 5 to derive the existence of multiple Gibbs
measures via a Peierls-type argument.

Part II is devoted to proving the existence of a Gibbs measure with the properties
stated in Theorem 1.1, and proving the characterization of periodic Gibbs measures stated
in Theorem 1.2. Section 6 sets up a convenient framework for Peierls-type arguments.
Classification of periodic-ergodic Gibbs measures into four phases is established in Sec-
tion 7. The disagreement percolation method is introduced in Section 8, where it is used to
prove extremality of the periodic-ergodic Gibbs measures and to bound their rate of cor-
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relation decay, as well as to characterize the periodic Gibbs measures. Lastly, columnar
order, as well as additional correlation decay estimates, are established in Section 9.
Part III is devoted to further discussion and open questions.

Part 1
Existence of multiple Gibbs measures

In this part we prove the existence of multiple Gibbs measures for the 2 x 2 hard-square
model on the square lattice Z? at high fugacity (Corollary 5.3). The results of this part
will further be instrumental in the second part, where we prove the more refined results
stated in the introduction.

2. Preliminaries

2.1. Basic definitions

In this section we provide some of the basic definitions used throughout the paper. The
definitions from the introduction are repeated, sometimes in a different (but equivalent)
formulation.

Elementary objects: We use the convention N :={1,2,...}. We use the standard coordin-
ate system in R? where the x-axis points to the right and the y-axis points upwards.

In this paper, the term rectangle refers to an axis parallel rectangle with corners in
integer coordinates, formally viewed as closed set. For x,y € Z and K, L € N, define

RixL.(x.y) =[x, x + K] x [y,y + L] C R?,

that is, the rectangle with its bottom left corner at (x, y) and with side lengths K and L.
For arectangle R = Rgxr (x,y) denote Width(R) = K, Height(R) = L, Perimeter(R) =
2K + 2L and Area(R) = KL (but note that R contains (K + 1)(L + 1) points of Z?2).
When K, L, x, y are even we say that R is an even rectangle. We also use the shorthand
Rgxr = RgxL(0,0)- The boundary of R as a setin R? is denoted dR.

For sets A, B, C and a function f : A — B we denote by f|¢ the restriction of f to
A N C. We denote the indicator function of a set A by 14.

We consider two graphs having the vertex set V := Z2 (we will use these two notations
interchangeably). The nearest-neighbors graph is (V,Eg) where

Eg={uv:u,veV, |v—ul =1}

is the set of edges connecting nearest neighbors in Z2. This is a planar graph, and we
consider its edges to be embedded in R? as line segments. Therefore its faces may be
thought of as 1 x 1 squares. We define F := {R;x1,, : v € V}. We also consider the
nearest-and-next-nearest-neighbors graph (V,Eg) where

Ex ={uv:u,veV, |v-ulo =1}
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When discussing vertices in V we use terms such as “[J-adjacent” and “X-connected
component” with the obvious meaning.

With each vertex (x, y) is associated a tile that is a 2 x 2 square centered at that
vertex: T(x,y) ‘= Rax2,(x—1,y—1)- We define the parity of a tile centered at (x, y) to be
(x —1mod 2, y — 1 mod 2), so there are four possible parities for a tile. The first com-
ponent of the parity of a tile is termed its horizontal parity while the second component
is termed its vertical parity.

Configuration spaces: We think of hard square configurations as sets of tiles whose
interiors are pairwise disjoint. Formally, a configuration is represented by a function
o :V — {0, 1}, with the value 1 corresponding to centers of tiles, so that the space of
configurations is

Q:={0e{0,1}Y:0u)=0() =1= int(Ty) Nin(T,) = 9}

where int(-) stands for the interior of a set. The space Q2 is equipped with the standard
Borel measurable structure (induced by the product topology).

Let A be a rectangle. We will work with several restricted sets of configurations,
corresponding to different choices of boundary conditions for A:

e Define the set of A-periodic configurations as
QY ={o € Q:VYveV,o(v)=o0(v+ (Width(A),0)) = o (v + (0, Height(A)))}.

We emphasize that only the dimensions of A enter into the definition of Qf\er. To stress
this point, we will often use the notation A = Rgxy (omitting the corner position)
when working with periodic boundary conditions.

e Let p € Q, and define the set of configurations with p-boundary conditions outside A
to be
Q'Z ={0e€Q:VveV\int(A), p(v) = o(v)}. (2.1)

e We give names to two special cases of this definition. We write Q% for the case
p is identically 0 and call Q% the set of configurations with free boundary condi-
tions outside A. When A is an even rectangle, we also write Q}\ for the case where
p(x,¥) =1y y=1moda2 and call Q}\ the set of configurations with fully packed bound-
ary conditions outside A. We point out that for an even rectangle A, free and fully
packed boundary conditions, realized by Q?\ and Q}\, induce the same set of feasible
configurations in A (and thus the same partition function and measure, according to the
definitions below), but the distinction between them will be convenient in Section 4.

For a set A and a measurable function f : Q — R, say that f is A-local if
ola =0'|a = f(o) = f(0'), Vo,0’ €Q. (2.2)

An event E is called A-local if 1g is A-local.
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Fig. 2.1. Two configurations in 2. The boundary of the even rectangle A = Rgxg (0,0) i shown
in green. Left: A configuration in o € Q}\ The tiles inside A are T(1,1), T(1,4), T(4,1)+ T(4,4), Of
parities (0, 0), (0, 1), (1,0), (1, 1) respectively, and colored blue, orange, deep blue, red, respectively.
Throughout the paper, we color tiles according to their parities in this way. Right: A configuration
o€ Ql;\er. The values of ¢ appear centered on points of Z2, and the corresponding tiles are in the
background.

Measures: Given a configuration o € Q and a face f € IF, we say that f is a vacancy (or
that f is vacant) if it is not contained in a tile of . Otherwise we say that it is occupied.
Let A > 0 denote fugacity. Informally, in the hard-square model, the probability of
a configuration is proportional to A" where n is the number of tiles. Equivalently, it is
proportional to A ~?/# where v is the number of vacancies. Formally, for a rectangle A, we
define the weight of a configuration according to the number of vacant faces as follows:

Wi ,1(0) — A—%#{fe]F:fCA and f is vacant in 0’}. (23)

For * denoting either P or *, define the hard-square Gibbs measure |} ,, at
fugacity A in the finite volume A with boundary conditions * as the measure on Q%
assigning probability
wa A (0)

MZ,A (o) = Tx

AL
to each configuration o, where Z} ; = ZUEQZ w2 (0) is the partition function. The
assumption that A is a rectangle ensures that this coincides with the definitions (1.1) and
(1.7) given in the introduction. It is convenient to further define the weight of an event
E C Q under the boundary conditions * to be

Zi(E) = > wau(0). (2.4)
oeENQ,
so that ZZ,A = ZZ’A(Q) and MT\,A(E) = ZZ,A(E)/ZZ’A. Throughout the text, A will
denote the fugacity and we will often omit it from the notation.
A measure p on 2 with the natural sigma-algebra is said to be an infinite-volume
Gibbs measure if for every rectangle A and measurable function f, almost surely for o
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sampled from u we have

p(f 1o lvima) = 13 o () (2.5)

Note that while we only use rectangular domains in this definition, the resulting infinite-
volume Gibbs measures are the same as the ones defined after (1.1) in the introduction.

Transformations: Letn:V — V (usually 1 will be the restriction of an isometry of R?).
For o € Q, define no := o o n. For a function f : Q — R, define f by

nf(o) = f(no) = f(oon). (2.6)

Analogously, for an event E C Q2 define nE := {0 € Q : no € E}. For ameasure y on €2,

define nu by nu(E) = p(nE).
Forv € V, definen, : V- V by ny(u) = u + v.

Constant notation: Many of our claims introduce constants in phrasings such as “There
is ¢ > 0 such that ...”. For clarity, when referring to such constants in later parts of the
argument we add the number of the claim as a subscript (e.g. ¢4.4).

2.2. Comparison of boundary conditions

Fix a fugacity parameter A > 0. The goal of this section is to bound the effects of boundary
conditions on the expectation value of observables. The approach is standard, though
some care is needed due to the hard constraints inherent in the model. We present two
bounds of this type, applicable in slightly different settings.

Proposition 2.1. Let A be a rectangle and let p € Q. Define mP» : Q — Qf\ as follows:
let mPA (o) be obtained from o by first setting o(v) to p(v) for every v € V \ int(A), and
then removing any tile that has its center in int(A) and overlaps another tile.

Let E C 2. Then

ZZ (E) < C(A)Perimeter(A) Zf\ (mp,A (E))

where C(A) depends only on A and * stands for either a configuration in Q2 or the symbol
per.

Proof. For o’ € mP?(E) we have
#Ho € ENQY :mPA(0) = o'} < 23Perimeter(A), 2.7)

Indeed, if * is a configuration in €2 then all o in this set are identical except on the points
of int(A) NV which are adjacent to dA. If * = per, configurations in this set coincide on
all points of int(A) N V which are not adjacent to dA, which implies (2.7) when taking
into account the periodicity constraint.

Additionally, for any o € Q,

wa 1 (0) < (max (A, A7 pyaPeimee By, ) oA (),
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Thus
Zi(E)= Y waul0)= > > waalo)
g€eENQ} a’emP-A(E) 0€ENQK
mP-A(o)=0"

< Z Z%Perimeter(A) (max {)L , Afl }) %Perimeter(A)WA 5 (0,/)
o’emP-A(E)

— C(A)Perimeter(A) Zﬁ (mp,A (E))

where the last equality is since m” (E) C Q’;\. |

Proposition 2.2. Let A’ C A be rectangles and further assume that the Euclidean dis-
tance from A’ to R\ A is at least 2. Let f : Q@ — [0, 00) be a A’-local function. Then
there is C(A) (depending only on L) such that

par(f) < CQPFmer s (f)

where up may stand for ;L[;\er, /Lf\ for some p € E/Z or an infinite-volume Gibbs measure
W, and, independently, | o» may stand for /Lsf,r, /Lll)\, Jfor some p' € Q, or an infinite-volume
Gibbs measure |'.

Proof. By the DLR condition (2.5), we have u(f) = u(ug(f)). Similarly, Mf\er =

per

wy (1 (f)). The analogous equalities hold with A’ instead of A. Therefore it suffices to
prove for all p, p’ €  that

1 (f) < CPerimeer®) 2 (). (2.8)

Let E be the event {0 : 0|ga» = p'|9a’}. The fact that f is A’-local implies that

o (f) = uy (f | E).
We conclude that
AL 1E) _ A ()
WAE) T pi(E)
and thus (2.8) will follow once we show that ,uf\ (E) > C(A)~Perimeter(A) The Jast inequal-

ity is a simple consequence of the fact that the Euclidean distance from A’ to R? \ A is at
least 2 (proved similarly to Proposition 2.1). ]

M’Xf(f) =

3. Chessboard estimates

In this section we state the chessboard estimate for the 2 x 2 hard-square model, after
setting up the necessary definitions. We do not give a proof, but refer to [6, 24, 74], [23,
Chapter 10], [61, Section 2.7.1] and [32] for pedagogical references.

Additionally we prove a version of the chessboard estimate applicable to periodic
infinite-volume Gibbs measures.

We use the following definitions for a rectangle R = Rgxr.,(xo,70):
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e Define the grid of R and its origin-shifted version:
GR = (xog+ KZ)x (yo+ LZ) and £R:=KZxLZ. (3.1)

e Let TR denote the group generated by reflections of R? through the horizontal and
vertical lines that intersect G R. More precisely, TR is the set of 7 : R? — R? satisfying,
for some m,n € 7,

either t(x,y); =2(x9+mK)—x or t(x,y); =x+2mK,
and

either ©(x,y)2 =2(yo+nl)—y or t(x,y)2 =y +2nL.

e Importantly, for each v € G&, there is a unique isometry TR,y Of TR which maps R
to RKXL,U~

e For f: Q2 — R and v € TR recall that tf is defined by (2.6) where 7 is implicitly
restricted to Z2.

e Recall that an R-local function (or event) is defined by (2.2). It will be essential that R
is closed.

3.1. Finite volume

Throughout this subsection we fix a rectangle A and derive properties of the measure /ﬁl’\er.
We remind the reader that u\" is supported on A-periodic configurations (i.e., 0 € QY")
and though we stick to our convention of regarding configurations as defined on the infin-
ite lattice Z?, the reader should keep in mind that configurations o € Q%" are naturally
defined on the torus Z2/£A.

We start in Section 3.1.1 by showing that ,u‘}fr has reflection positivity with respect
to reflection lines passing through vertices in V. This is a standard consequence of the
fact that the model has only nearest-neighbor and next-nearest-neighbor interactions (i.e.,
interactions involving only the eight nearest vertices). We continue in Section 3.1.2 to
derive the chessboard estimate for u‘}fr — a standard consequence of reflection positivity.
We give the name chessboard seminorm (see (3.2)) to the function || - || gja Which appears
on the right-hand side of the chessboard estimate (see also [6, (5.47)]) and derive some of
its basic properties.

3.1.1. Reflection positivity. We now establish the basic reflection positivity property of
the 2 x 2 hard-square model.

Lemma 3.1 (Reflection positivity). Let R = Rxx1. (xo,y) b€ a rectangle and let [ be an
R-local function. Then

per
pa (f-tf)=0
when either A = Rygx 1 and T is the reflection TR (x,+K,yy), OF A = Rixar and T is the

reflection TR (xy,yo+L)-
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Proof. We prove only the first case because the second one is analogous. Denote R; :=
Rk xL,(xo+K,yo) and observe that 7/ is an R;-local function. Let  be the sigma-algebra
generated by the o (x, y) with x = x¢ (mod K). The fact that the model has only nearest-
neighbor and next-nearest-neighbor interactions, which are also symmetric, implies that
f and tf are independent and identically distributed under urfr conditioned on ¥ . Thus,

P(ftf1F) = WR(f1F)* =0

and taking expectations of both sides concludes the proof. ]

3.1.2. The chessboard seminorm and the chessboard estimate. We now discuss the chess-
board estimate for the measure u'\".

We say that R is a block of A when R and A are rectangles such that 2 Width(R)
divides Width(A) and 2 Height(R) divides Height(A). In this case we make the following
definitions, which depend on R and on the dimensions of A:

e Set Tl{Q = TR/%A ie., the quotient of the group 7R by the group of translations by
vectors of £2. Our assumption that R is a block of A implies that the latter group is

indeed a subgroup of the former. Note that #7 % = ’Z:ZZE% .

e We observe that while an element t € Tl{Q is formally an equivalence class of isometries,
it may also be thought of as a single isometry of the torus Z2/£%. Thus, o o  is well
defined for o € Q%", which allows us, given f : Q@ — R, to further define 7/ : Q%" — R
(via (2.6)).

e For an R-local function f : 2 — R define

e = [ (TT )] ™ (3:2)

R
el

Note that the expectation in this definition is necessarily non-negative by reflection
positivity (Lemma 3.1), so that || f|| ga is well defined and satisfies

I fllria = 0. (3.3)

Note also that || - || g|a still depends on A but, for brevity, we omit this dependence from
the notation.

For an R-local event E we write | E||gja = [[1£| rjA-

We call || - ||gja the (R, A)-chessboard seminorm. The name “seminorm” is justified
by Proposition 3.3 below. The notation || - | gja, as an alternative to the 3 notation used in
[6, (5.47)], is chosen to better remind the reader of the seminorm properties.

Proposition 3.2 (Chessboard estimate). Let R be a block of A, let A C TR, and let
(ft)zea be R-local functions. Then

W (T efe) = Tl w-

T€A t€A
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Fig. 3.1. In the background the rectangle A = Rgxe,(0,0) is shown in green, with a configuration
in Ql;fr. The red rectangle R = Rjx3,(1,1) is a block of A. The red and blue rectangles are images
of R under elements of TR that form a representative set of Tf.

Proof. This is a standard consequence of reflection positivity (Lemma 3.1); see [23, The-
orem 10.11, Remark 10.15] or [6, Theorem 5.8]. In both references, the proof is given for
the case of reflection positivity “through edges/bonds” and it is remarked that an analog-
ous result holds for reflection positivity “through vertices/sites” (as in our case). ]

We proceed to record several basic properties of the chessboard seminorm || - || 4.
The first two properties justify the name seminorm while the last two imply that || - || g
restricted to R-local events is an outer measure (as in [6, Lemma 5.9]; countable subad-
ditivity follows from additivity as there are only finitely many R-local events).

Proposition 3.3 (Positive homogeneity, triangle inequality and monotonicity). The map-
ping f = || f||r|a, where [ ranges over R-local functions, satisfies the following prop-
erties:

(1) (Homogeneity) |lef ||rja = || | fl|g|a for o € R. In particular; || f||rja = O.

(2) (Triangle inequality) || fo + fillria =< |l follria + | f1llR|A-
(3) (Monotonicity:) |gllrja = |l f |rja whenever g > f > 0.

Proof. Since #TI{e is even, we have HreT}f (af) = |oz|*’*T11\e HreT,{‘ zf. It follows from
the definition of || - || g that [laf [[rja = le|l| | r|A-
The triangle inequality follows from

(1 fo + Ailleia) A + =
(by definition) = ,ﬁ’;"( [T «(fo+ fl))

R
TeT )’

(expanding brackets) = Z ,ul;\er( l_[ tf r(t))

r:TR—{0,1} teTR
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(by the chessboard estimate) < Z l_[ I fr@ I RIA

r: T/{e—>{0,1} teTf

.. R
(factorizing) = (|| follria + Il fill ra)* "2

Monotonicity follows from the definition of || f || g by the monotonicity of x\". m
Lastly, we note a simple relation between the chessboard seminorms of rectangles
with different dimensions.

Lemma 3.4 (“Recursive chessboard estimate™). Let R and S be blocks of A and assume
that the corners of S are in GR. Let A C TR be such that U;ea TR C S. Foreach t € A,
let f; be an R-local function. Then

ITTere@],, = TT 1A dain.
Ted €A

Proof. Denote g := [],c4 Tfz(0), so that g is an S-local function. Our assumptions
imply that Tl‘\g C Tf. By the definition of g,

l_[ g = 1_[ l_[ itfy on QY. (3.4)

N S ted
€Ty €Ty

Our assumption that | J,c 4 TR C S shows that each choice of t € TS and 7 € A gives a
distinct element (7 € T}f. Therefore, by the chessboard estimate,

W (TT TTee) = T1 T10eln = (TT140k) ™ 639

LET;\S T€A tGT;E T€A T€A

Substituting (3.4) in the left-hand side of (3.5), we find that, by the definition (3.2),

lgllsia < [T 1/l ria- =

T€A

3.2. Infinite volume

Recall that we call an (infinite-volume) Gibbs measure periodic if it is invariant under
translations by some full-rank sublattice of Z2. Our goal in this section is to provide a
version of the chessboard estimate applicable to periodic Gibbs measures (Proposition
3.8 below). This will be used in later sections to apply a Peierls-type argument directly in
infinite volume.

We have not seen the chessboard estimate formulated directly in infinite volume
before, though we mention that a different approach was used by Biskup—Kotecky [9]
in order to apply a Peierls argument driven by a chessboard estimate to periodic (infinite-
volume) Gibbs measures.
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3.2.1. The chessboard seminorm and its basic properties. We begin by defining a “limit
of || - [[rja as A — 00”. Let R be a rectangle and let f* be an R-local function. Define

I/ 1% = Tim sup || | RiRy st (3.6)

n—>o0

noting that R is a block of Ry1x,1 for almost all n.

Remark 3.5. In fact, im(m,n)—(c0,00) |/ | RIR2m wiain( )2 eigmery €X1Sts, but the proof of
this fact is complicated by the “boundary overlaps between blocks” in the definition
of || f|lria. To avoid proving this fact, we have chosen the somewhat arbitrary defini-
tion above.

The basic properties of || - || g|a transfer directly to the limiting definition (3.6).

Proposition 3.6 (Positive homogeneity, triangle inequality and monotonicity for infinite
volume). The mapping [ + || f | r, where [ ranges over R-local functions, satisfies the
properties stated in Proposition 3.3.

Proof. The properties follow from Proposition 3.3 and the subadditivity of the upper limit.
L]

Lemma 3.4 also admits an immediate extension.

Lemma 3.7 (“Recursive chessboard estimate” for infinite volume). Let R and S be
rectangles and assume that the corners of S are in GR. Let A C TR be such that
Uzeqa TR C S. Foreach t € A, let f; be an R-local function. Then

TTer@)|, =TT 1%l
T€A €A

Proof. The inequality follows from Lemma 3.4 using the definition (3.6) (making use of
the fact that the definition (3.6) involves a limsup rather than a liminf). [
3.2.2. The chessboard estimate. We now prove the following statement.

Proposition 3.8 (Chessboard estimate for infinite volume). Let R be a rectangle. Let
ACTR be finite and let ( f;)re4 be R-local functions. Then

w(TTf) = [T flx

teA teA

for all periodic Gibbs measures L.
The following lemma is the main tool in the proof.

Lemma 3.9. Let R be a rectangle and let f be an R-local function. Then

w(f) <\ flr (3.7)

for all periodic Gibbs measures L.
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The proof of the lemma relies on the following two auxiliary claims. The first claim is
a weak form of Proposition 3.8 which follows from the finite-volume chessboard estimate
and a comparison of boundary conditions.

Claim 3.10. Let R be a rectangle and let g be a non-negative R-local function. Let
(An)n>1 be finite subsets of TR satisfying

diam(UreA" TR)
#A, n—o0

0 (3.8)

where we denote by diam(-) the diameter of subsets of R?. Then

, 1/#An
lim sup [M( I1 fg)] < lglx

n—00 red,
for all Gibbs measures [L.

Proof. Fixn > 1. Denote Ay := Rpyism! (—mt/2,—m1/2) form > 2.
We use Proposition 2.2 to show that for sufficiently large m,

M( I1 fg) < Cop (R emUrets ’R)Mljxe,rn( I1 Tg)’
T€A, T€A,

as the distance from the “bounding box” of | J ¢ 4, TR to Ay, is at least 2 and where we
bounded the perimeter of the bounding box by twice its diameter.

For sufficiently large m, the rectangle R is a block of A, and |, 4, TR C Ay, s0
that the elements of A, belong to distinct equivalence classes in Tfm. Therefore, by the
finite-volume chessboard estimate of Proposition 3.2,

er An
i (TT ve) < gl
T€Ay
Combining the last two displays shows that

1/#An diam(UteAn R)
([T ee)] " =cn™ " lighaian:

T€A,
The claim follows by taking upper limits, first as m — oo and then as n — 0o, and using
our assumption (3.8) and the definition (3.6) of ||g|| r- |

The second claim is a simple application of Taylor’s theorem.

Claim 3.11. Let M € N. Let S, C MZ? be finite and let A, := {ts : s € S,}, where
Ty : R?2 — R2 is the shift tg(u) :=u +s. Let0 < e < 1/2andletg : Q — [l —&,1 + €]
be a measurable function. Then

M([ I1 fg]l/#A”) = u(g) + 0(e?) (3.9)
T€A,

for every M Z?-invariant . Here O(g2) denotes an expression whose absolute value is
at most C & for a universal constant C > 0.



D. Hadas, R. Peled 28

Proof. Setg =1+ ¢f,sothat|f| < 1. Then
1

w([ T we] ™) = (o054

T€A,

> log(l + 8‘L’f)))

T€A,

> tecf + 06 )
reA

> tf) + 0(82)))
> rf) - 0(82))

T€A,

=1+ g ZA p(zf) + 0(?)

(since p is M Z? invariant) = 1 + eu(f) + O(g?)
= u(g) + 0(e?). n

1
(by Taylor’s theorem) = p (exp(#

n

We now deduce Lemma 3.9.

Proof of Lemma 3.9. Let £ C Z? be a full-rank sublattice and let y be an £-invariant
Gibbs measure. Recall the definition of £& from (3.1) and note that £ N 2£X is also a
full-rank sublattice. Let M € N be such that MZ2 ¢ £ N 2£R Forn € N, set S, :=
{M,2M, ... ,Mn)? C MZ2 and let A, be as in Claim 3.11. Observe that 4, C T® as

S, C 2§CR ForO <e< 2max|f|’ set g = 1 4+ ¢f and observe that

(i) 1/n?
Uellflr 2 lgle = timsup [ ] rs)]

—00
T€A,

(iif) 1/n2
> limsup/L<[ l—[ rg] )

n—00
T€EA,

(iv
= u(g) + O((emax| 1))
=1+ en(f) + 0@ (max | f))?)
where (i) follows from subadditivity of | - || g (Proposition 3.6), (ii) follows from Claim

3.10, noting that A,, satisfies (3.8), (iii) follows from Jensen’s inequality, and (iv) follows
from Claim 3.11, noting that y is M Z?-invariant. The lemma follows by lettinge — 0. =

Finally, we turn to the proof of the infinite-volume chessboard estimate.

Proof of Proposition 3.8. Recall the definition of GR from (3.1). Let S be a rectangle
whose corners lie in G® and which contains |, 4, TR. Observe that [, 4 7f¢(0) is an
S-local function. Applying Lemmas 3.9 and 3.7, we get

w([Tere@) = [[Terr@], =TT 1/l
T€A T€A €A
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4. Mesoscopic rectangles are divided by sticks

The goal of this work is to establish a form of columnar, or row, order for the 2 x 2
hard-square model at high fugacity. Recall from the introduction (see Figure 1.2) that in
a vertically ordered state of this type, the tiles organize in columns of width 2 which are
non-interacting at most places. That is, the system may be thought of as a perturbation of
a product system in which each column follows a one-dimensional hard-square model. It
is instructive to note that one-dimensional systems at high fugacity A consist of segments
of fully packed tiles whose lengths are typically of order Vi-a mesoscopic length scale
which will be important in our arguments.

Motivated by this description, we introduce the notion of sticks. Informally, a vertical
(resp. horizontal) stick is the line separating two finite columns (rows) in which the tiles
are fully packed but have a different vertical (resp. horizontal) offset. Columnar order
leads to an abundance of vertical sticks of mesoscopic length (of order V/X) while row
order similarly leads to an abundance of horizontal sticks of mesoscopic length. Import-
antly, vertical and horizontal sticks cannot meet. Using this fact, it will be shown that, in
a suitable sense, the interface between regions of columnar and row order is characterized
by the presence of mesoscopic rectangles which are not divided by a stick.

The goal of this section is to prove Lemma 4.1 below, which roughly states that
mesoscopic rectangles are divided by a stick with high probability. By the loose term
“mesoscopic rectangle” we mean a rectangle whose side lengths are small compared
to +/A but whose area is large compared to V/A. Moreover, this probabilistic estimate
applies multiplicatively to collections of disjoint mesoscopic rectangles using the chess-
board estimate of Proposition 3.8. This will lead, in Section 5, to the existence of multiple
Gibbs measures (one with a predominance of vertical sticks and another with a predom-
inance of horizontal sticks) through a Peierls-type argument.

We proceed with the formal definitions and results.

Sticks: Let o € €2, and let the following definitions depend on 0. Recall from Section 2.1
that the parity of a tile centered at (x, y) is (x — 1 mod 2, y — 1 mod 2). An edge of E
that bounds two faces in [F that are respectively contained in two tiles of o having distinct
parities, is called a stick edge (for o); each stick edge is naturally vertical or horizontal.
A stick is a maximal path of stick edges (possibly infinite in one or both directions).

A case analysis shows that a vertical stick edge can never meet a horizontal stick edge
at a vertex. Thus a stick may be viewed as a vertical or horizontal segment in R2. Note
also that sticks are pairwise disjoint.

In later sections we will classify sticks according to their orientation and parity. We
say that a stick is of type (ver, 0), and call it “a (ver, 0) stick™, if it is vertical and passes
through points with even x-coordinate. Equivalently, a stick is of type (ver, 0) if it bounds
only on tiles with horizontal parity 0. We define analogously the types (ver, 1), (hor, 0)
and (hor, 1).

Let R = Rgxr,(x,y) be a rectangle and consider a vertical segment whose endpoints
are (x1, y1) and (x1, y2) with y; < y,. We say that the segment vertically divides R if
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y1<y<y+L <yyand x < x; < x + K. We make an analogous definition for hori-
zontal segments. A segment is said to divide R if it is either a vertical segment dividing R
vertically or a horizontal segment dividing R horizontally.

Note that with these definitions, the event that a stick divides R is R-local. This may
be seen using the fact that if an edge e € Eq is such that its image in R? is contained in R
but not contained in dR, then the event that e is a stick edge is R-local.

Our goal in this section is to prove the following probabilistic bound on the preval-
ence of dividing sticks in mesoscopic rectangles. Recall the infinite-volume chessboard
seminorm | - || g defined in (3.6).

Lemma 4.1. There is ¢ > 0 such that if rectangles S C R satisfy

1/c¢ < Width(R), Height(R) < cA/2, (4.1
Width(S) > (1 — ¢) Width(R) and Height(S) > (1 — ¢) Height(R),  (4.2)

then
A—1/2

|lno stick divides both R and S||g < e=¢ AR (4.3)

j.

L]

L

Fig. 4.1. The sticks of the configuration are highlighted in green. No stick divides both Ry and S
although each of them is divided by a stick. A stick divides both R and S>. In the terminology of
Section 5, if R1 = Ryex16,(0,0) and N = 4 then S1 = R}, S2 = R, and R is properly divided

by a (ver, 1) stick while Ry is not properly divided. In symbols, (0, 0) ¢ W*** and (6,0) € \P?‘;;‘,l).

4.1. One-dimensional systems

The proof of the probability estimate (4.3) involves giving an upper bound on the total
weight of configurations (mostly) without long sticks and comparing it with a lower bound
on the total weight of all configurations (with suitable boundary conditions). The first
task will be performed in the subsequent sections whereas here we focus on the simpler
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second task. Having in mind that high-fugacity systems are expected to order in a colum-
nar fashion (as we aim to prove in this paper), it is natural to obtain a lower bound for the
two-dimensional system via lower bounds for one-dimensional systems (which should
be thought of as single columns of tiles in the two-dimensional system). We proceed to
develop such bounds.

It is simplest to define the one-dimensional model as the restriction of the two-dimen-
sional model to a rectangle of width 2 (the width of a single tile). Thus we define the
partition function of a one-dimensional system of size L with free boundary conditions
by

Zz,lD = Zlgz“

and the partition function of a one-dimensional system of size L with periodic boundary
conditions by
per . ~per
Zrp=Z2 (E),

Roxr

where E is the event that all tiles have even horizontal parity, and using the notation (2.4)
for the weight of an event. In these definitions we again follow our convention of omitting
the fugacity parameter A from the notation.

The next proposition provides a lower bound for the partition function of periodic
one-dimensional systems.

Proposition 4.2. Zze’rm >+ %A_I/Z)Lfor all A > 0 and all even L > 0.

Proof. Let A be the set of configurations in QPR‘ZX , Where all tiles have even horizontal
parity. There is a one-to-one correspondence between configurations in A and the set B
of sequences r € {0, 11{®:1-~L} quch that ro = r7 and ririy; = 0 for 0 <i < L; the
correspondence is defined by (r(0)); = o(1,1).
Recalling the formula (2.3) for the weight of a configuration, we note the identity
L—1
Wr,,, 4(0) = A3 Xico 1=r@))(1-r(©)i4+1)

This follows by observing that the vacancies in ¢ necessarily come in horizontally adja-
cent pairs, and that such pairs correspond in r (o) to pairs of consecutive 0 values. Thus

er L L=1q_ o y(1—7: ATY2 L
2= Y ey, (o) = 3 AR T O —w:n(( 1 0) )

geA reB

where the 0 in the matrix corresponds to the restriction of not having consecutive 1 values
in r. The eigenvalues of (A_ll/ 2 (1)) are

ATV2 4 AT 14
5 ,

Y+ =
whence, for even L,

cr _ L
ZE,ID:yi+V£ZJ/iZ(1+%A 1/2) . .
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The above one-dimensional bound implies the following lower bound for the partition
function of two-dimensional systems.

Corollary 4.3. For each ¢ < ‘1—‘, there is Ao such that for all A > Ay and all even rect-

angles A,
Zf\el'/1 > eck_l/z Area(A)-

Proof. The total weight of configurations in Qper/1 with all tiles having even horizontal

parity (as in the center panel of Figure 1.2) is (Zflzright( A),ID)W‘d‘h(A)/ 2, Thus, by Proposi-
tion 4.2, W)
Per per Width(A)/2 < 1/2\Area(A)/2
Z — (ZHeight(A),lD) “ / (1 t3 A / )
from which the corollary follows. ]

We also prove a lower bound on Z? 1.1p that will be used in Proposition 4.15. This
bound is useful in particular when L has the same order of magnitude as 1'/2.

Proposition 4.4. ZL o> 1+ A for all A > 0 and all even L > 0.

Proof. Since L is even, there is a configuration in ngx , in which Ry is fully packed
with tiles, and this configuration has weight 1. We also consider configurations having
one tile less than the fully packed configuration. Each such configuration has weight 11,
and one checks that the number of such configurations is exactly w This shows

that Z](j p =1+ L +2L , from which the proposition follows. ]

We will make extensive use of the following simple corollary in Part II (it will not be
used in Part I).
Corollary 4.5. Let f € F be a face. Then
(1) ||.f isvacant|y < A4
(2) for each ¢ < 1/4 and sufficiently large A, || f is occupied| s < 1 — cA1/2,
Proof. Consider an even rectangle A, and a face f. Then f is a block of A. The empty

configuration 0 € Q}X’r has weight wp 1 (0) = A3 Area(A) A fully packed configuration
has weight 1, whence Z}™ > 1. This gives

| £ is vacant| | = (15" (all faces of A are vacant))!/Area(A)

_ (wA,x(O))“Af“(A) S
- Zper — °
A

For the second item, note that a fully packed configuration in er’fr is either composed of
fully packed columns or of fully packed rows (see Figure 1.1). In the case of columns,
say, there is a global choice of parity for the horizontal offset of the columns and, for each
column, two possibilities to choose its vertical offset. Thus

ZR"(A is fully packed) < 2. 2Vd(A) 4 5 . pHeighi(A), (4.4)
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Let ¢ < 1/4, and choose some ¢ < ¢43 < 1/4 . Then

|| f occupied| sja = (1" (all faces of A are occupied))!/Ar(A)
2 . 9 Width(A) +2. HHeight(A) ) 1/Area(A)
AN
2. 2Width(A) 2. 2Height(A) 1/Area(A)
ec“)t_l/z Area(A)

(by (4.4)) < (

(Corollary 4.3) < (

Perimeter(A)
Area(A) -0

e —1/2
e ci3A

for sufficiently large A, <1_eal2
since ¢ < €43 - ’

The bounds on | - ||y now follow using definition (3.6). L]

4.2. Configurations without long sticks

For M > 1, denote by Ejs C 2 the set of configurations in which all sticks are of length at
most M . For an even rectangle A, consider Ep; N Q1 , the set of configurations with fully
packed boundary conditions in Ejs. This subsection is devoted to proving the following
“weighted counting lemma”, bounding the total weight of all such configurations.

Lemma 4.6. There exists C > 0 such that for every A > 0, M > 1 and even rectangle A,
if M < AY2/C then

Area(A)

Z)\(Ewm) < (1 + %)

Remark 4.7. The bound of the lemma is sharp up to the value of the constant C, at least
when M < max {Width(A), Height(A)}. Let us sketch how a matching lower bound may
be obtained. Observe that £, contains the set of configurations

Ey ={0eQ:V(x,y)eZ? 2|xorM|y)= o(x,y) =0}

Indeed, for o € E M all stick edges are vertical, and no stick intersects a line of the form
y = yo with M dividing y, limiting the length of vertical sticks to be at most M.
Assume for simplicity that A = Rgxy, 0,00 where M divides L. Then configurations

. 0 o K/2—1 L/M-1 0
in Q3 N Ep are sums of the form » ;215" 37 Rox A1.(21 M)

This, together with Proposition 4.4, shows that Z} (Em) = z8 (Em) = (zY, lD)% >
(1 + ¢ M?/1)AeaM)/M " which matches the upper bound of the lemma, up to the value
of C,since M < AV/2/C.

0i,j where 0; ; € Q

4.2.1. Components. Recall the definition of a stick edge and further define a vacancy
edge as an edge in E that bounds a vacant face. A regular edge is defined as one that is
neither a stick edge nor a vacancy edge.
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We define a marked graph as a directed graph where each edge is marked as either
horizontal or vertical, and also marked as either a vacancy edge, a stick edge or a regular
edge. Formally, it is a triplet (V, E, f) where (V, E) is a directed graph and f : £ —
{“horizontal”, “vertical”} x {*“vacancy”, “stick”,“regular”}.

For a configuration o its configuration graph G, is defined to be a marked graph
obtained as follows. We direct each edge of (V, Eg) either upwards or to the right, and
mark it as horizontal or vertical, in accordance with our standard embedding of (V,[E) in
the plane. Then we mark each edge with the information of whether it is a stick, vacancy
or regular edge in 0. Finally, we remove the regular edges (while keeping all vertices). We
note for later use that every vertex in a configuration graph is either isolated, an internal
vertex of a stick (in which case it has degree exactly 2) or incident to a vacancy in o, and
these cases are mutually exclusive. In particular, there are no vertices of degree exactly 1.

Define # to be the family of abstract marked graphs that may appear as finite connec-
ted components of a configuration graph. We emphasize that # includes the trivial graph,
having a single vertex and no edges. The word “abstract” is used to signify that two ele-
ments of J are considered equal if they are isomorphic as marked directed graphs, which
means that an isomorphism must preserve the directions and markings of the edges. Form-
ally we write

H = {H : there exist 0 € 2 such that H is a finite connected component of G }.

Each H € # can be realized as a connected component of some G, by definition, and
each such realization yields an emedding of H in R?. By the image of such an embedding
we mean the set in R? formed by the union of all of its vertices and edges. For a non-
trivial H, this is the same as the union of all edges.

Proposition 4.8. Letr H € # be non-trivial. Suppose H appears as a connected com-
ponent of both G, and Gg,, for some 01,02 € Q. Then the two resulting embeddings
of H, as well as the vacancies and tiles of 01 and 0, bounding on the images of these
embeddings, are the same up to a global translation.

Proof. The embeddings are the same up to a global translation since H is connected
and the vector in R? pointing from the head of an edge in G, to its tail is uniquely
determined by its marking as “horizontal” or “vertical”. To show that the vacancies and
tiles bounding on the images of the embeddings are the same up to a global translation, let
us fix a G, for which H is a connected component and a face f bounding on an edge e
of the resulting embedding, and explain how the information on the embedding uniquely
determines whether the face is a vacancy or part of a tile in o, and in the latter case, the
parity of the tile.

It is easy to see that f is a vacancy in o if and only if it is surrounded by vacancy
edges (all of which are necessarily in H'). Thus suppose, without loss of generality, that e
is horizontal, that f is the face directly above it, and that f is in a tile. Denote the other
three edges in E incident to the right end of e by ey, e,, €3, in clockwise order. Consider
the first of these edges that appears in G4 . If it is e or e3, a case analysis shows that the
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tile covering f has its center above the left end of e. If it is e;, then there is also a tile
directly above e;, and the parity of this tile is the same as that of the tile directly above
e (they may or may not be the same tile). By an inductive argument (as H is finite), we
may assume that the tile directly above e, is already known. |

4.2.2. The partition function of #p;. For M > 1, define #py C K by

Hy = {H € H : paths of stick edges in H have length at most M }

= {H : there exist 0 € E)s such that H is a finite connected component of G }.

Consider G, for some o € 2. Note that the four bounding edges of a vacancy are
necessarily in the same component of G,; we then say that the vacancy belongs to the
component of its bounding edges. For a finite component H of G, denote by vy the
number of vacancies that belong to it (see Figure 4.3). By Proposition 4.8, we may define
vy for an abstract H € J, without mention of o. We define the weight of H to be A~VH /4,
We will deduce Lemma 4.6 from the following bound on the total weight of #yy.

Lemma 4.9. There exists C > 0 such that for every A > 0 and M > 1, if M < A'/2/C
then

We again remark that the bound is sharp, up to the value of C, since #€3s contains the
trivial graph, and also all marked graphs with two vertical sticks of equal length 1 < k
< M bounded by a pair of vacancies at both ends.

Before proving the lemma, let us explain how it implies the main result of this sub-
section.

Proof of Lemma 4.6. Fix an even rectangle A, A > 0 and M > 1. For each H € )
we designate one vertex as the root, with the designation being arbitrary except for the
requirement that if H is non-trivial then the root is not the head of a directed edge. It is
possible to satisfy this requirement since H cannot have a directed cycle (as edges are
directed right/up).

For every o € Ep N Q1 , define a function f; : V — Hys as follows. Forv € V, if v
happens to be the root of a non-trivial component H of G, then f,(v) = H. Otherwise
fo(v) is the trivial graph. We will rely on the fact that f; determines o, which is implied
by Proposition 4.8.

Since outside of A the configurations in Q}\ are fully packed with tiles of the same
parity, f; must assign the trivial graph to any v outside of V N A. Taking into account
the requirement on the root we see that f; is in fact constant outside of the set V', defined
to be the set of lower left corners of faces inside A (vertices at the right or top boundaries
of A which are in non-trivial components of G, are necessarily heads of directed edges
since their degree in G, must be at least 2, while their out-degree is at most 1).
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Now

Z\NEm)= Y waal0)

ceEMNQL

(l<) Z H)L_vf(v)/“

fiV—>Hr veV

= ( Z ,\—vy/4)#" 2 (1 N %)Aream)’

He¥ )y

where (1) holds because the mapping o — f5|y is injective and wp (o) =
[Tyey A™%o@/4 and (2) holds by Lemma 4.9 and #V = Area(A). "

The remainder of the subsection is devoted to the proof of Lemma 4.9.

4.2.3. Lower bounds on vy. We proceed to obtain lower bounds for the number of vacan-
cies belonging to a non-trivial H € J. We first prove a simple lower bound, showing that
vy > 4, and then prove a more involved lower bound in terms of the number of vertical
and horizontal subcomponents of H (as defined below).

Proposition 4.10. If H € H is non-trivial then vy > 4.

Proof. Consider H as a component of G, for some o. Since the end of a stick is neces-
sarily a corner of a vacancy, at least one vacancy must belong to H. Among the leftmost
vacancies of H, the topmost one must differ from the bottommost one, since otherwise
there is a unique leftmost vacancy f, and this is not possible. Indeed, assuming this by
contradiction, a case analysis shows that from the edge bounding on the left of f must
extend a vertical stick, either from the bottom or from the top vertex of the edge, and
this stick must have a vacancy at its other end, contradicting that f is the unique leftmost
vacancy.

Likewise there is no unique rightmost vacancy, no unique topmost vacancy, and no
unique bottommost vacancy. Therefore the topmost rightmost vacancy, the topmost left-
most vacancy, the bottommost leftmost vacancy and the bottommost rightmost vacancy
are all distinct from each other. ]

Let H be a marked graph. Define H. as the graph obtained from H by removing its
horizontal stick edges (while keeping all vertices and all vacancy edges). We define the
vertical subcomponents of H to be the connected components of Hy., that are not trivial
graphs (equivalently, the ones that have at least one edge), and denote their cardinality
by kver. We note for later reference that for non-trivial H, if a vertex v is isolated
in Hye (i.e., its connected component is trivial) then it necessarily was an internal vertex
of a horizontal stick in H (using the fact that H has no vertex of degree 1). We define Hyr,
horizontal subcomponents of H and kg o analogously. Then define kg = k7 ver + KH hor
(see Figure 4.3).
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Consider some H € J as a component of G, for some o. The bounding edges of
a vacancy all belong to a single vertical subcomponent of H, and the same is true for
a horizontal one. Therefore we may say that the vacancy belongs to a single vertical
subcomponent and a single horizontal subcomponent.

Lemma 4.11. Let H be a finite component of G for some o € Q2. Let A be a vertical
subcomponent of H and let B be a horizontal subcomponent H. Suppose that A and B
share a vertex. Then there are at least two vacancies of o that belong to both A and B.

Proof. The shared vertex must be incident to a vacancy edge for o, otherwise the vertex
is incident to both a horizontal and a vertical stick edge, and this is not possible. Therefore
A shares at least one vacancy with B; denote it by f. If f shares an edge with another
vacant face, we are done since the two vacancies must belong to both A and B. Therefore
we assume that f is an isolated vacancy.

Adjacent to f must be four tiles. We may assume without loss of generality (by apply-
ing reflections and translations) that they are arranged as in Figure 4.2. Additionally, since
H is finite, we may assume (by modifying o away from H) that ¢ € Q}\ for some even
rectangle A.

Consider the union U of all the tiles whose parity has an odd vertical component; this
includes the deep blue and red tiles in the figure (recall the color convention introduced
in Figure 2.1). The boundary of U is the image of a subgraph I of (V,En) (i.e., itis a
union of points in Z? and segments of length 1 connecting some of them). We observe
that U is bounded, by the definition of Q1 , and necessarily I C (G )yer-

As the image of I is a boundary of a region in the plane, all the degrees of [ are
necessarily even. Therefore, any path in / whose internal vertices have degree 2 in [
may be extended to a (simple) cycle in 7. Let C¥*" be the extension of the pink path in
Figure 4.2 toacyclein /. Then C"*" is a subgraph of A: this is because C**" C I C (Gg)ver
and C"*' is connected and intersects A, which is a connected component of (G )ver-

Repeating the analogous steps with the yellow path in Figure 4.2 (whose image lies in
the boundary of the union of tiles whose parity has an odd horizontal component) gives
rise to a cycle C"" which is a subgraph of B.

Fig. 4.2. The pink and yellow paths intersect near the vacant face f. They extend to cycles CV*
and C"°", which must intersect near an additional vacancy. For better visibility, the paths are slightly
offset.
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(ii) . (iii) .

Fig. 4.3. Each image depicts several components with the same compressed version, with sticks and
vacancies colored green. Below are the number of vacancies and number of vertical and horizontal
subcomponents for a single component in each image:

vy =4, kg =3, kH,Ver =1, kH,hor =2,

(i) vg =8, kg =5, kH,ver =4, kH,hor =1,
(iii) vy = 12, kH = 4, kH,ver = 2, kH,hor =2.

®

The cycles C¥*" and C"" must intersect in a shared vertex of A and B that is not a
corner of f. This is because two cycles in the plane that intersect transversally at a point,
must intersect at an additional point. The new shared vertex is necessarily a corner of a
vacancy (as explained at the beginning of the proof), which is necessarily distinct from f.
Thus there are at least two vacancies belonging to both 4 and B. |

We proceed to deduce a lower bound for vy which improves upon that of Proposition
4.10 when kg > 3.

Corollary 4.12. If H € J is non-trivial then vy > 2(kg — 1).

Proof. Consider H as a component of G, for some o.

We construct an auxiliary bipartite graph, whose vertices are the horizontal and the
vertical subcomponents of H. A horizontal subcomponent is adjacent to a vertical one if
they share at least one vertex.

Lemma 4.11 implies that two components are adjacent in the auxiliary graph iff there
are at least rwo vacancies that belong to both components. This shows that vg is at least
twice the number of edges in the auxiliary graph (since each vacancy belongs to a unique
vertical and a unique horizontal subcomponent).

By definition, kg is the number of vertices in the auxiliary graph. Note that the aux-
iliary graph is connected since H is connected. Therefore the number of edges in the
auxiliary graph is at least kg — 1. Together with the previous paragraph, this gives the
lemma. ]

4.2.4. Compressed graphs. For a marked graph H, which is either in J# or is a vertical
or horizontal subcomponent of a graph in #, define its compressed version comp(H)
as follows: every stick (that is, a maximal path of stick edges) is replaced with a single
directed edge pointing from the beginning of the path to its end, removing all the original
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internal vertices (noting that such internal vertices necessarily have degree 2 in H). The
new edge is marked “stick” and also “vertical” or “horizontal” in accordance with the
stick that it replaced.

The idea here is that comp(/) = comp(H) if I and H are “the same up to extend-
ing and contracting sticks” (see Figure 4.3). Lemma 4.14 roughly follows from the fact
that kz — 2 is the number of “degrees of freedom” in choosing an / with comp(/) =
comp(H).

Proposition 4.13. Let H € # be non-trivial. There are exactly kg ver connected compon-
ents in comp(H )yer, all of which are non-trivial. The analogous claim holds for horizontal
subcomponents, so that, in particular, keomp(a)y = ko -

Proof. Recall that, since H is non-trivial, the only trivial connected components in Hye;
arise from internal vertices of horizontal sticks in H. This implies that all connected
components of comp(H )y, are non-trivial. It remains to check that for each vertex v €
comp(H), the connected component of v in comp(H )y, necessarily equals the com-
pressed version of the connected component of v in Hy,,. The analogous claims hold for
horizontal subcomponents. ]

Lemma 4.14. Let M > 1 and let H € J¢ be non-trivial. Then
#{I € Hp : comp(]) = comp(H)} < M*k#=2,

Proof. Given I € J we may assign lengths to the stick edges of comp(/) such a way
that each is assigned the length of the path that it replaced. Then comp(/) together with
these lengths contains sufficient information to reconstruct /.

Fix M > 1 and H € #. An assignment of lengths to the stick edges of comp(H ) is
termed valid if it arises from some I € J with comp(/) = comp(H ). If, additionally,
all the assigned lengths are at most M, then we say the assignment is M -valid. Thus,
the lemma will follow once we prove that the number of M -valid length assignments to
comp(H) is at most M ¥ =2 We will show that

there are at most M *H =1 possibilities for the restriction of an
M -valid length assignment to the horizontal stick edges of comp(H ). 4.5)

This, together with the analogous statement for the restriction to the vertical stick edges
will imply the lemma (recalling that kg = kg ver + kH hor)-

We first make the following observation. Suppose comp(H ) is endowed with a valid
length assignment, and assign length 1 to all the vacancy edges of comp(H ). Consider a
closed walk on comp(H ). Then the sum of signed lengths of horizontal edges in the walk
(where edges that are walked in the opposite direction are counted with a minus sign)
necessarily equals zero, since it represents the total horizontal movement for a closed
walk on a component of G, for some o.

Now consider a maximal spanning forest of comp(H )ver, having kg7 ver components
by Proposition 4.13. As a spanning forest of comp(H ), it may be extended to a spanning
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tree of comp(H ), by adding kg ver — 1 edges of comp(H ). Denote the set of added edges
by E. There are at most M¥*H.=~1 possibilities for the restriction to E of an M-valid
length assignment, as the assigned length of each edge isin {1,..., | M |}.

We now prove that the restriction to the horizontal edges of comp(H ) of a valid length
assignment is determined by its restriction to E, which proves (4.5) and thus finishes the
proof of the lemma. By construction, the only horizontal edges in the spanning tree are
vacancy edges and the edges in E. Thus, a length assignment to the edges in £ determines
the length of all horizontal edges in the spanning tree. Lastly, any horizontal edge in
comp(H) which is not in the tree, necessarily closes a cycle with the edges in the tree
and thus its length is determined by the lengths of the horizontal edges in the tree by the
observation above. ]

4.2.5. Proof of Lemma 4.9. For v > 4, denote
H, = {comp(H) : H € ¥ and vy = v}.
We claim that #J, grows at most exponentially in v, say
#¥H, < Cy. (4.6)

This follows from the following two facts: The number of (unlabeled, simple) planar
graphs on v vertices grows at most exponentially with v [77], which implies the same for
marked planar graphs (as the number of edges of a planar graph is at most a constant times
its number of vertices). The number of vertices in comp(H ), for a non-trivial H € J, is
at most 4vy (since, in the realization of H as a component of some G, every vertex
which is not an internal vertex of a stick is incident to a vacancy).

Let C := max {4C2,2C}}. Fix some A > 0 and M > 1 satisfying M < A'/2/C, so
that in particular C;A~1/4M /2 < 1/2. Then

Z A_vH/4 —

HedHp,

by Proposition 4.10,
and summing over possibilities | = 1 + Z Z Z ATV

for the compressed version of H v=4Hieq, HeHy
comp(H)=H"’

by Lemma 4.14 —v/4 g sk pr—2
(and Proposition 4.13) =1+ Z Z A M
v>4 H'e¥),
by Proposition 4.13, —v/4 3 sv/2—1
(Corollary4.12andM21) §1+Z Z A M
v>4 H'e i)
(by inequality (4.6)) < 1+ Y CPA/4Mv/27!
v>4
(rearrangement) < 1 + M ™! Z(CM‘IMMI/Z)”
v>4
. —1/43401/2
( using C1A~/*M /2 < 1/2 )<1+2C{‘A1M§1+—CM. .
and summing a geometric series A
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4.3. Configurations mostly without long sticks

Recall that Ejs is the event that all sticks have length at most M, and that the weight
of Eps under fully packed boundary conditions was estimated in Lemma 4.6. The proof of
our main lemma, Lemma 4.1, requires an extension of Lemma 4.6 in which the weight of
a larger event is estimated. The larger event is parameterized by a collection of horizontal
and vertical line segments and consists of configurations in which all sticks are of length
at most M, except maybe the sticks contained in one of the segments of the collection.
We proceed to describe this extension.

Let M > 1 and let A be a collection of vertical and horizontal line segments of the
form {x = xo, yo <y < y1} or{y = yo, xo < x < x1} with xo, yo, X1, y1 € Z. Define
Enr,4 to be the event that every stick longer than M is fully contained in one of the
segments in A. Denote by len(A) the total length of the segments in A.

Proposition 4.15. There exists C > 1 such that the following holds for all fugacities
A > 0. Let A be an even rectangle. Let M > C and let A be a collection of line segments
as above. Then

Ch
ZA(Epma) < exp(mlen(A)) Z) (Eum). 4.7

Proof. Fix M, A and A as above. For the span of this proof, we say that a stick or segment
is long if its length is more than M.

We assume without loss of generality that all segments in A are contained in A,
since replacing each segment in A by its intersection with A leaves the set Q}\ N Epm a
unaltered. Similarly, assume that no segment in A lies at distance exactly 1 from an edge
of A parallel to it (as a stick contained in such a segment implies that a tile is centered on
a point in dA, violating the boundary conditions). We also assume that all line segments
in A are long, because the event Ejs 4 is invariant under the removal of segments from A
whose length is at most M .

Choose a collection of vertical and horizontal line segments Iy, ..., Iy of length
[%M 1 whose endpoints are on Z? and whose union equals the union of the segments

in A, in such a way that
3len(A)

N <

One may check that if a long stick is contained in a segment of A then necessarily the
stick contains one of I1,..., Iy.

Foreach 1 <i < N, let D; be the event that /; is not contained in a long stick.

For0 <k < N,set Fy := Epa N ﬂle Dj, so that Fy = Ep 4 and Fy = Epy.
Observe that

Z{(Ema) _ ﬁ Z} (Fim)

ZAEM) ) ZA(F)
We will show that for a sufficiently large universal constant C, for each 1 <i < N and
M > C, we have

(4.8)

ZL (Fie Ca
M <1+ (4.9)
Z\(F) M?
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This suffices for the proposition, as substituting this bound into (4.8) implies (4.7) (with
a larger C) by using the bound on N.
Fix 1 <i < N.We will define a mapping m : (F;_; \ F;) — 2fi-1 such that

m(oy) Nm(op) =@ fordistinct 01,05 € Fj—1 \ Fj, (4.10)
and, for M > C,
MZ
ZL (m(0)) > (1 + a)wA(o) foro € (Fi—1 \ F;) N QL. (4.11)

The existence of m with these properties implies that

MZ
Z)(Fizy) > (1 + a)z}\(ﬂ—l \ Fi)

by summing over (4.11). The last display and the fact that F; C F;_; imply (4.9).

We proceed to define the mapping m. Assume without loss of generality that /; is
vertical. Choose J to be a rectangle contained in A with Width(J) = 2 and with one
of its vertical sides coinciding with /; (this is possible by the first two assumptions made
at the beginning of the proof). Define m (o) := Q%, where we recall from (2.1) that Q9
is the set of configurations which agree with o on all tiles which are not fully contained
in J. To show that m is correctly defined we must prove that Q9 C F;_, which we shall
do in the last two paragraphs of the proof.

To show (4.10), let 01,02 € Fi—; \ F;, and assume that Q%' N Q% # @. Then
01 |int(J)e = 02 |ine(J)c- In particular, oy agrees with o, on the tiles bounding on /; on
the side opposite to J. Thus, using the fact that /; is contained in a stick of both o and o,
(since 01,02 ¢ D;) we deduce that o1 |ins) = 02 |im(s)> Whence o7 = 05.

We now show (4.11). Fixo € (F;j—1 \ F;) N Q}\ Let 09 be the configuration obtained
from o by removing all tiles fully contained in J and denote the union of these tiles by J.
Since o ¢ Dj, the rectangle J is fully covered by tiles of o, whence J,; is a rectangle of
width 2 and its height is even and satisfies |'%M'| — 2 < Height(Jy) < |'%M'|. We then
observe that

m(o) =Q5=Q5 =00+ QY ={oo+5:6eQj }. 4.12)

We note that wp (g + 6) = wa(o)wy, (6) for all 6 € QOG; also, m(o) C Q}\ (since
o€ Q}\ and J C A) and thus

Z\(m(0)) = Z3 (Jo)Wa (0).

Recalling that Z§ (J5) = ZI(-)Ieight( Jo).1p and that Height(J) is even and at least iM -2,
we obtain (4.11) from the one-dimensional estimate of Proposition 4.4 by choosing C
large enough and using the hypothesis M > C.

It remains to prove that Q9 C F;—y foreacho € F;_y \ F;. Fixo € F;_; \ F; and
some ¢’ € m(o) = Q‘}a. We have o € F;_;, which means that each long stick of o is

contained in a segment of 4, and does not contain any of Iy, ..., [;_;. We will show that
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each long stick of ¢’ is contained in a stick of o. Thus each long stick of ¢’ is contained
in a segment of A, and does not contain any of Iy, ..., I;_, whence ¢’ € F;_;.

We now show that each long stick of ¢’ is contained in a stick of ¢. Indeed, every
horizontal stick edge in o’ is a stick edge in o. Every vertical stick edge in ¢’ that is
not a stick edge in o bounds on a tile contained in J, which does not appear in 0. As
Height(J,;) is even, J, contains pairs of horizontally adjacent vacancies of ¢’ above and
below that tile. This implies that such vertical stick edges are part of sticks whose length
is less than Height(J,) < |'%M] <M. |

4.4. Proof of the main lemma

Proof of Lemma 4.1. Let ¢ > 0 be a constant sufficiently small to satisfy some assump-
tions to follow. Let S C R be rectangles satisfying the hypotheses (4.1) and (4.2) of the
lemma. Note in particular that we may assume the fugacity A large by taking ¢ sufficiently
small in (4.1).

Denote by f the indicator of the (R-local) event that no stick divides both R and S.
Fix an arbitrary even rectangle A for which R is a block. Recalling (3.6), the definition of
Il I, we aim to bound

Area(R)

T Area(A)
1/l = 13 ( T /)

R
€Ty’

and take the limit as Width(A), Height(A) — co. We assume for convenience that R
and A have their bottom left corner at the origin. Denote by Eg s the event that for all
7 € TR, there is no stick dividing both TR and 7.5, and observe that on er, the function
]—[reT[{e 7f is the indicator of ER .

Recall Proposition 2.1 and the function m?* defined there. We use this proposition to
bound X" (ER,s). Fix p € Q to be the fully packed configuration p(x, y) = 1x,y—1mod2-
By the proposition,

ZY(Er,s) < Coi)™ ™M Z L (mP A (E)).
Aiming to apply the bound of Proposition 4.15, we will choose M and A so that
mPA(Er.s) C Epa. (4.13)
We postpone the choice of M and assume for now
M > 2 max {Width(R), Height(R)}, (4.14)

and let A be the set of integer translates of the sides of A which are both contained in A
and disjoint from | J, & int(zS).

Let us check that (4.13) holds. Indeed, let o € Eg_s and denote 6’ = m?* (o). To
show that o’ € Eps 4, we consider a stick s” of ¢/ with length more than M, and show
that it is contained in a segment of A. Note that s’ C A by the choice of p. Assume without
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loss of generality that s’ is vertical and consider its extension to a horizontal translation
of a vertical side of A. If this extension is a side of A then we are done, as it is an element
of A. Otherwise, by the choice of p and using the fact that A is an even rectangle, every
edge of s’ is also a stick edge in o, and thus s’ is contained in a stick s of o. The stick s
is of length at least 2 Height(R) and thus must divide some rectangle TR or lie on its
boundary. But, as 0 € Eg,g, it cannot divide 7S. This implies that the extension of s’ is
disjoint from | J ¢z & int(zS) and thus an element of A. We conclude that (4.13) holds.
So far, we have

Area(A) ZPCF(E ) C (A)Perimeler(A) 71 (E )
real A R,S 2.1 A M,A

”f”]lzm(k) = /’Ll;\er(ER,S) = 7 per =< e .

A A

Putting A = R;;1x,1 and taking the limit » — co we learn that

Area(R)

. . Zl (EM,A) Area(A)
1fllk = limsup | f Ry < limsup (A—p) (4.15)
n—o00 Width(A),Height(A)—> 00 Zy

and we are left with bounding the right-hand side.
Combining the main results of the previous three subsections: Corollary 4.3,
Lemma 4.6 and Proposition 4.15, we have

Area(A)

Zh(Ema) _ exp(Stlen()) (1 + S4)
zy - exp(cs3A~1/2 Area(A))

(4.16)

given that we fix some 0 < ¢43 < 1/4, say ¢,3 = 1/8, and make the assumptions that A
is sufficiently large and that

Ciis <M < AV2/Cyp. (4.17)

Let us bound len(A). The number of vertical segments in A is

. . Width(A)
Width(A 1 — [Width(S) — || —/———=,
dth(A) 1 = [Width($) = Ui &)
thus their total length is
Width(S 1 1
Area(A)[ 1 — 1 (5) - + —
Width(R)  Width(R) =~ Width(A)

< Area(/\)(l —(1—-c)+ 117 + #) < 3c Area(A),

using the hypotheses (4.2) and (4.1) and the fact that R is a block of A. A similar bound
holds for the horizontal segments, and thus

len(A) < 6¢ Area(A).

We set

M = €43 A1/2
2Cy4
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and require ¢ to be sufficiently small for (4.1) to imply (4.14), and A to be sufficiently
large to imply (4.17). Substitute the last two displays into (4.16) to obtain

Area(R)

ZY(E Area(A) /\3/2

( A(Zpélrl,A)) =< €Xp(|:66C4A15W + C4,()M/\_1/2 — C4_3i| Area(R))L_l/z)
A

3/2

A
< exp(|:6cC4,]5m — C4,3/2i| Area(R)A_l/z)

< exp(—c Area(R)A™1/?),

where c is chosen sufficiently small for the last inequality. Combining this with (4.15) we
get the lemma. [ ]

5. Existence of multiple Gibbs measures

In this section we prove Theorem 5.2 which shows, for periodic Gibbs measures with suf-
ficiently large fugacity, that almost surely exactly one of two symmetric invariant events
holds. Corollary 5.3 follows from this the non-uniqueness of Gibbs measures.

For the rest of the paper, fix some integer N > 2 such that 2/N < ¢4 (where ¢4
is the constant from the statement of Lemma 4.1). For a rectangle R with dimensions
divisible by N, denote by R~ the rectangle sharing its center with R and having

(Width(R™), Height(R ™)) = %(Width(ze), Height(R)).

Observe that our choice of N ensures that the assumption (4.2) of Lemma 4.1 is satisfied
when S = R™. We say that a stick divides R properly if it divides both R and R™ (see
Figure 4.1).

For K, L € N and a configuration o € €2, define a set pKxL

(ver.0) (0) C V as follows: for

(x,y) € V,set R = RxknxLN,(xk,yr) and say that (x, y) is in \11(15;15)(0) if R is divided

properly by some (ver, 0) stick of 0. We make three analogous definitions by putting
(ver, 1), (hor, 0) or (hor, 1) instead of (ver, 0) in the definition above. Also define
W (0) == (0) UWEXE (o),

ver

WAL (5) = \If{g;fo) (o) U wg;ﬁ)(a),

VKL (g) i = WKL (0) U WK*L (q).

The following lemma is key to our use of the Peierls argument. It shows that regions

with long vertical sticks must be separated from regions with long horizontal sticks.
Lemma 5.1. Let K,L € N and o € Q. Ifu € VE*L (o) and v € VE*L (o) then u, v are

not neighbors in (V, EQ).

Proof. Assume u € \IJ{;XL(G) and v € \Illﬁr)(l‘((f) and assume by contradiction that u, v

are neighbors in (V, Eg). The situation has enough symmetry that we may assume that
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u = (0,0) and v = (0, 1). Then (0,0) € WX*L (o) implies that R = RgnxLn.(0.0) i

ver

divided by a vertical stick. Also, (0,1) € \IllfngL(o) implies that a horizontal stick divides
R wnxLn,0,0) and Rg(v—2yxL(N—2),(k,2L)- This horizontal stick must also divide R, and

thus intersects the vertical stick. As sticks cannot intersect, this is a contradiction. n

In the next theorem, as well as in many of our later uses, the discussion focuses on
a Gibbs measure j, and the notation WX*L (and its relatives) is used without explicit
mention of o. In these cases it is understood that o is randomly sampled from p.

Theorem 5.2. There are C,c > 0 such that the following holds. Let b € N satisfy C AY/* <
b < cA2. Let y be a periodic Gibbs measure. Then

\Ilbxb and \I’bXb

ver hor

i(exactly one of has an infinite O-component) = 1. (5.1)

Proof. We will prove that for each Cy > 0, under the hypotheses of the theorem, for each
finite A C V we have
w(A N Wbt = gy < ¢=Co#4, (5.2)

Taking C, large enough, by the Peierls argument, (5.2) implies that ¥2*? almost
surely contains a unique infinite [J-component / (we assume here familiarity with the
Peierls argument; however, Lemma 6.2 below provides a proof). The infinite component
I must be contained in either W2x? or WP since their union is W2*?, and for u € WP,
v E \Ilfl’;b it cannot be that (#,v) € Eg by Lemma 5.1. Thus it remains to prove (5.2).

Choose ¢ = ¢4/N and let C > 0 be a constant, sufficiently large to satisfy some
assumptions to follow. Let b € N, A > 0 satisfy CAY* < b < ¢cA'/2, and let u be a
periodic Gibbs measure for the fugacity A. Fix a finite A C V.

Choose v € {0,..., N —1}? such that A’ := (v + NZ?) N A satisfies #4' > #A4/N?2.
Set R = RpnxpN,bv- Lemma 4.1 is applicable to R and S = R™. Indeed, (4.2) holds by
the choice of N, the right part of (4.1) holds by the choice of ¢, and the left part of (4.1)
then holds for sufficiently large C (as b > CAY/* > C2/c). Thus the lemma yields

- —12 - 23-1/2
I fllr <e c41 Area(R)A = ¢~ C11(BN)=A

where f is the indicator of the event that R is not divided properly. The definition of
A’ implies that for each u € A’, the indicator of the event that u ¢ ®*? is of the form
tf, where T € TR is distinct for each u. By the infinite-volume chessboard estimate
(Proposition 3.8), this says that

W(AN TP = g) < (A NP = g) < (| f -

< e—c4_](bN)2/l_'/2#A’ < e—c4_,b2r1/2#A_

Inequality (5.2) now follows from the assumption that 5 > CA'/# when C is sufficiently
large. ]

Corollary 5.3. There exists Ay such that for all A > Aq there are at least two periodic
Gibbs measures.
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. per .
Proof. By compactness, there is a subsequence of (/'LRLXL‘(—L/z‘—L/Z) )LeaN Which con

verges in distribution to a Gibbs measure p. The periodic boundary conditions ensure that
W is Z?-invariant.

Let A be sufficiently large so that we may choose b € N satisfying Cs,AY* < b <
c5A2)&1/ 2 Let E,. be the event that \If\},’;b has an infinite [(J-component and define Ej,
analogously. Theorem 5.2 shows that

(exactly one of Eye or Eyo occurs) = 1. (5.3)

Assume without loss of generality that ((Eye) > 0. Write iy for the measure u
conditioned on E.. The fact that E,. is a bZ>-invariant event implies that [l is a
Gibbs measure, and is »Z2-invariant.

Define pipor = Tibyer Where 7 is the reflection defined by z(x, y) = (y, x). Then
vers Mhor are bZ2-invariant Gibbs measures and they are distinct since ppor( Enor) = 1
while pyer(Enor) = 0 by (5.3). [ ]

Part I1
Characterization of the periodic Gibbs measures

In this part we show that at high fugacity the set of periodic Gibbs measures is the convex
hull of exactly four periodic and extremal Gibbs measures, proving Theorem 1.2. We also
investigate some properties of the extreme measures leading to a proof of Theorem 1.1.

6. Peierls-type arguments and strongly percolating sets

In this section we introduce the non-standard terminology of e-strongly percolating sets.
We use it to state and prove the Peierls argument and some related propositions. The
reason for doing so is that this terminology will allow us in later sections to easily apply
the Peierls argument repeatedly, and on grids with different spacing.

6.1. Definitions

Let B be a random set (with respect to a measure P), and let ¢ > 0. Say that B is e-rare
if for every finite set A4,
P(A C B) < &*.

For the rest of the paper, fix
g0 = 1/21. (6.1)

For a random set ¥ C V say that W is e-strongly percolating if either ¢ > g or there
is an e-rare set B (on the same probability space) such that W almost surely contains an
infinite (J-component of V \ B. If W is e-strongly percolating for some 0 < & < gy, we
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say that W is strongly percolating (if € > ¢, the statement that W is e-strongly percolating
is vacuous). We denote

pp(¥) = inf{e > 0 : W is e-strongly percolating}

and usually omit P from the notation.

To get a feeling for the above definitions, note the following two points: An e-strongly
percolating set is a random set, which necessarily contains an infinite OJ-component if
& < g9 (while nothing is guaranteed if € > g¢). In addition, the smaller ¢ is, the “larger” the
e-strongly percolating set is, in the sense that the condition of being e-strongly percolating
becomes stricter as ¢ decreases. With this in mind, pp (V) is a “measure of the size of ¥”,
with smaller values corresponding to larger size.

For sets U, V, B C V, we say for a set B that it O-separates U from V if there is no
O-path starting in U, ending in V, and contained in V \ B.

The following additional definitions come into play near the end of the section. Recall
from Section 2.1 that translation by a vector v is denoted by 5,. For an event £ C €2,
define the random set E : Q — 2V by

E(o)={veV:oenkE)}.

Intuitively, E should be thought of as a local property of the configuration and E is the
random set of positions where this local property holds.
For a set (or a random set) W, define

XgxpW:={(x,y) € V:(Kx,Ly) € V}.

In other words, X« W is formed by restricting W to the grid KZ x LZ and then rescal-
ing so that this grid becomes V.

6.2. Reformulation of the Peierls argument

We now formulate and prove several Peierls-type results using the terminology of strongly
percolating sets.

The following lemma is a standard fact on the connectivity of separating sets in V. We
provide a proof for completeness, following the ideas of Timar [76], as we do not have
a reference for the precise result that we need. The lemma is similar to a special case of
[76, Theorem 3].

Proposition 6.1 (Connectivity of minimal separators). Let U,V C 'V be two X-connected
sets and let B C V be a minimal (with respect to inclusion) set that O-separates U
from V. Then B is K-connected.

Proof. Introduce two auxiliary vertices u, v and consider the graph

Guy = (VU{u,v}, EgU{uw:w e U} U{vw:w e V}UEg[U]UEg[V])
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where E[A] stands for the set of edges in £ with both endpoints in A. Note that B is a
minimal set separating u from v in Gy, .

Define € to be the set of cycles consisting of the 4-cycles in (V, Eg) and all the
triangles in Gy,y . Let us show that € generates the cycle space of Gy, (the set of span-
ning subgraphs with even degrees, viewed as a vector space over the two-element finite
field). Let C be an element of the cycle space of Gy,;y. We show how to add to it cycles
from € to obtain the empty graph. Whenever deg (1) # 0, pick two neighbors of u in C,
uy,up € U. Since U is X-connected, there is a path in Eg[U] from u; to u,. By adding,
for each edge e in the path, the triangle incident to e and u, we decrease degc (4) by 2
without altering deg (v). Repeating this process, and its analog for v, we can make sure
that C has no edges incident to u or v. Then, we may add to C triangles from (V, Ex)
until C C Eq. It is known that the cycle space of (V,Eq) is generated by its 4-cycles.
Thus we have shown that € generates the cycle space of Gy,y.

Our goal is to show that B is K-connected. Thus it suffices to take an arbitrary parti-
tion, B = By W B,, and find an edge w;w, € Eg with w; € By and w, € B;.

Consider the set Ty of edges incident to B in Gy,y. The set Ty separates u from v, so
let us choose a subset T C Ty which is a minimal set of edges separating u from v. By
the minimality of B, every vertex w € B is an endpoint of an edge in 7.

If an edge in T is incident to both By and B,, then it is in Eg and we are done.
Otherwise, let 77, 7> be the sets of edges in T incident to By, B, respectively; they are
both non-empty and form a partition 7 = 77 W T,. Thus by [76, Lemma 1], there is a
cycle C € €, that contains edges e, e; from 77 and 75 respectively. The edges eq, e, are
respectively incident to vertices w; € By, w2 € B,. In particular, wy, w, € V N C, and
considering the case where C is a triangle and the case where C is a 4-cycle in Eq, it is
obvious that wyw, € Ex. [

Lemma 6.2 (Peierls argument). If e < g9 and B is an e-rare set, then V \ B almost surely
has a unique infinite O-component 1. Moreover, each R-component of V '\ I is finite.

Proof. Let B be an e-rare set and assume & < g9. We first show that V \ B almost surely
has an infinite (J-component. Denote C,, = {—n,—n + 1, ... ,n}2. Consider the random
set Dy, of all points from which a O-path to C,, exists in V \ B. Whenever this set is finite,
there exists m > n and a finite set B’ C B minimal among the sets separating C,, from
V \ Cp,. Such B’ is K-connected by Proposition 6.1, and must contain points (—s, 0),
(¢,0) for some s,¢ between n and m + 1. Thus B must contain a X-path of length at least
n + s starting at (—s, 0) for some s > n. Using the fact that B is e-rare and summing over
such paths gives

o0
P(Dn iS ﬁnlte) E Z 8 . 7”+S—lsn+s+1 N 0’

n—>00
S=n
using & < g9 < 1/7. Thus almost surely D, is infinite for some n. Whenever D,, is infinite,
there is some point in C,, that is contained in an infinite [-connected component of V \ B.
Thus V \ B almost surely has an infinite (J-component.
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Let / be such an infinite (J-component of V \ B. Whenever V \ [ has an infinite X-
component J, by Proposition 6.1 there is a X-connected set B’ C B that [1-separates [
from J, and B’ is infinite (it is easy to see that a set separating two infinite sets of vertices
in (V, Eg) must be infinite). But the probability that B contains an infinite X-connected
set is O (since B is e-rare for ¢ < 1/7). Thus V \ [ has no infinite X-component. |

The following is an immediate corollary of the definition of p and Lemma 6.2.

Corollary 6.3. Let ¢ > 0. Let B be an g-rare set. Then V \ B is e-strongly percolating,
and in particular p(V \ B) < e.

The next lemma strengthens the Peierls-type result of Lemma 6.2 by bounding the
probability that in the complement of a strongly percolating set, the connected component
of a given point has a large diameter.

Lemma 6.4 (Quantitative Peierls argument). Let u € V, let d > 0 and let ¥V C V be a
random set. Let E be the event that there exists a R-path in V \ ¥ starting at u and
ending at some pointin {v € V : ||v —u|loo > d}. Then

P(E) < (p(¥)/g0)' ™.

Proof. Tt suffices to show P(E) < (¢/g9)'T¢ for each ¢ > p(¥). If ¢ > g there is
nothing to prove. Otherwise, let B be an e-rare set such that W contains /I, the infinite
O-component of V \ B (it exists by Lemma 6.2).

When u € V \ ¥, consider C, the K-connected component of V \ W containing u.
Since p(¥) < &g, C is almost surely finite, and it is O-separated from / by B (since B O-
separates I from its complement). Let B’ be some minimal subset of B that (I-separates
C from . Then by Proposition 6.1, B’ is X-connected.

Denote u = (x,, y,). Denote by E; the event that u € V \ W and there exists a point
v = (Xxy, yy) € C with x, — x;, > d. Fix an outcome ¢ € E;. Consider the straight infinite
O-paths extending from u to the left and from v to the right respectively. These paths
intersect / by Lemma 6.2, thus since B’ separates C from I, there must be s,z > 0
such that (x, — s, yy), (xy + £, y,v) € B’. Since B’ is K-connected it contains a X-
path connecting these two points, which is of length at least s + d. Summing over the
possibilities for s and over X-paths of length s + d starting at (x,, — s, vy, ), and using the
fact that B’ C B and B is e-rare, it follows that

4IFD(E1) < 428‘7d+s_18d+s+1 < _Z(7S)d+s+l
5s=0

= — 49
d+1
— L(78)d+1 < (i)
49(1 — 7¢) ~ \&o

where we have used ¢ < g¢. Define E,, E3, E4 in the same way as E; except that the
condition x, — x,, > d is replaced by xy, — x,, < —d, yy —yy = d,or y, — y, < —d
respectively. The bound on P(E;) applies analogously for P(E,), P(E3), and P(Ey).
Since £ = E{ U E, U E3 U E4, the lemma follows from the bound. [
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6.3. Relations between random sets

In this section we show that the properties of being rare and strongly percolating are
maintained under various set operations, provided the & parameter in these properties is
sufficiently small.

Lemma 6.5 (Union of rare sets). Suppose B; is gj-rare fori € {1,...,k}. Then Uf-;l B;

.....

Proof. Denote B = Uf;l B;.Let A C V. For a function f : A — {1,...,k}, there is
some i such that #f~!(i) > #A4/k, thus the probability that v € By(y) for each v € A is

at most E?A/k. By a union bound over all f : A — {1,...,k}, the probability that A C B
is at most A
£ = (k max sil/k) ,
ie{l,...k}
thus B is e-rare. u

Lemma 6.6 (Intersection of strongly percolating sets).

k
1/k
p(ﬂ \I/,-) < k[ maxkp(\I’,-)] for every random Wy, ...,V C V.
i=1,...,

i=1
Proof. We may assume k > 1 since p(V) = 0. Letg; > p(¥;) fori € {1,...,k} and set
may assume that ¢ < &g, otherwise there is nothing to prove. In particular, since g9 < 1,
for each i € {1,...,k} & < g9. So by the definition of strong percolation we may fix
random sets B; and I; such that B; is ¢;-rare, [; is an infinite OJ-component of V \ B;,
and I; C ;. Denote B = Uf;l B;. By Lemma 6.5, B is e-rare. Thus by Lemma 6.2 there
is a set I which is an infinite O-component of V \ B, such that all the X-components of
V \ I are finite. Foreachi € {1,...,k} we have I C V \ B;, and since it is infinite and
R-connected, it must be that I C I;. Thus I € (\'_, I; ¢ N, w,. L]

The next lemma considers “strong percolation of events on subgrids of V. The fol-
lowing is an intuitive description of items (1) and (2) therein: We associate to an event
E two random sets, thought of as percolation processes: Given k, K, [, L € N satisfy-
ing k | K and [ | L, we have the percolation ¥ := Xj,; E corresponding to the kZ x {Z
grid. In addition, we define a block percolation W’ corresponding to the KZ x LZ, grid in
which a point is open if all the points of W in the corresponding block of the kZ x £Z grid
are open. We show that sufficiently strong percolation of W implies strong percolation of
W’ and vice versa.

Lemma 6.7. Let E C Q2 be an event. Letk, K, [, L € N where k | K and [ | L. Denote

H = {ni,y) : (x,y) € (kZ xLZ) N ([0, K) x [0, L))}
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andr = % = #H. Denote
V= XeaE. W)= XgxinE foreachneH, W = (¥,
neH
Then:
(1) p(¥) < rp(P).
(2) p(¥) < Vp(¥).
(3) p(¥) < [r[maxpes p(W))]/ V"

4) If E C Qs R-local for R = RgxL (0,0), and E is invariant under reflections through
the vertical and horizontal lines passing through the center of R, then for each peri-

Pu(¥) = VIE|R. (6.2)

Proof. Define f : V — V by f(x,y) = (|xk/K], |yl/L]) and note that

odic Gibbs measure |,

V={weV:f 1w cw. (6.3)

(1) Assume without loss of generality that rp(¥) < &g. Let ¢ satisfy p(¥) < ¢ and
re < go. Choose random sets B, I such that B is e-rare, ] C W, and [ is a unique (by
Lemma 6.2) infinite (J-component of V \ B. Then, by a union bound, the set B’ := f(B)
is re-rare. Thus by Lemma 6.2, V \ B’ has an infinite (J-component I’. Tt is easily seen
that f~!(I’) is infinite, (0-connected and disjoint from f~1(B’). Since B C f~1(B’), it
follows that f~!(1’) is disjoint from B and thus f~(I’) C I, as [ is the unique infinite
-component of V \ B. For each v € I’, we have f~!(v) C I C W. Thus by (6.3), we
have I’ C W'. The existence of B’, I’ as above shows that p(¥') < re.

(2) Assume without loss of generality that {/p(¥’) < g¢. Let ¢ satisfy p(¥’) < ¢ and
/e < g¢9. Choose random sets B’, I’ such that B’ is e-rare, I’ C W', and I’ is an infinite
O-component of V \ B’. This easily implies that f~!(I’) is an infinite (J-connected
component of V \ f~!(B’). Since B’ is e-rare, f~1(B’) is {/e-rare. It remains to note
that f=1(1") c f~1(¥') C W by (6.3). The existence of f~1(B’), f~1(I’) as above
shows that p(¥') < I/e.

(3) By Lemma 6.6, p(W') < r {/max {p(¥}) : n € H}. The result follows by (2).

(4) Define B := X E€. Denote & = || E€|| g. We will show that B is {/e-rare. This
suffices by Corollary 6.3 since ¥ = V \ B.

Let A C V be finite. Choose 7 = 1(x,,y) € H such that for G := (@ X @)
and A" := AN G we have #4’ > #A/r.

By the hypotheses of the current item, for each v € KZ x LZ = Gg, we have tg , E€
= nyE€ (recall Gg and tg,, from Section 3). Let o0 be sampled from nu. Then the
chessboard estimate for infinite volume (Lemma 3.8) implies that

Xgx E€(0) ={(x,y) e V:ino e TR,(Kx,Ly)E€)} is e-rare. (6.4)
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By the one-to-one mapping m : V — G, m(x,y) = (%, @) it follows that G N B
is e-rare. Thus
WMAC B) < (4’ C GNB) <& < (o)™ .

6.4. Splitting strongly percolating sets

The next proposition shows that, in an ergodic setting, when a strongly percolating set is
split into two separated random sets, then one of the two resulting sets is itself strongly
percolating (in particular, this set contains an infinite (J-component with probability 1).

Proposition 6.8. Ler p be an £-ergodic measure on Q2 for some lattice £ C K7 x LZ.
Let E, F C Q2 be events. Assume that

ENnkonlF =ENnonF =nxonENF=n0nENF=0.

Then
min{p,(Xxxr E), pu(Xxxr F)} < pu(Xgx, E U F).

Proof. Denote Wg = Xgx1  E, Wp = Xgx1 F, W = Xgx  EUF = Wg U Wg, and
&= pu(Xgx LE UF).If ¢ > g there is nothing to prove. Otherwise, there is a random
e-rare set B such that ¥ almost surely contains an infinite [(J-component / of V \ B. By
Lemma 6.2, the set W almost surely has a unique infinite component; denote it by /’. The
random set /' is defined from W up to measure O (without dependence on B or I) and
satisfies I C I'.

Thus the events {I’ C Wg} and {I’ C WF} are properly defined and £-invariant up
to measure 0. By the £-ergodicity they each have probability O or 1. The assumption of
the proposition ensures that no element of Wg is [J-adjacent to an element of Vg, and
thus each component of W is contained in either Wg or Wr. This holds in particular for
the component /', thus the union of the two events above holds almost surely, and as they
are 0-1 events, one of them holds almost surely. Thus one of the events {/ C Wg} and
{I C WFr} holds almost surely, and this implies by definition that either Wg or WF is
e-strongly percolating. ]

7. Four phases

In this section, we improve upon the result of Section 5. On the intuitive level, there it was
shown that mesoscopic sticks in a configuration are either mostly vertical or mostly hori-
zontal. Here we extend this, by showing that the offset of mesoscopic sticks (horizontal
offset for vertical sticks, and vice versa) is either mostly even or mostly odd. We also get
better quantitative control over the “density” of the sticks. We choose a length scale b
comparable to A'/2, and take a to be a sufficiently large universal constant. We show
that when sticks are mostly vertical and with even offset, most rectangles of dimensions
Na x Nb will be divided by a vertical stick of even offset (recall that N was defined as a
universal constant).
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The above is stated formally in Theorem 7.1, which is the main result of the section.
This theorem gives quantitative results that will be used in later sections to prove the
main theorems stated in the introduction. Additionally, it already implies an extension of
Corollary 5.3: that for all sufficiently large A, there is a set of four affinely independent
periodic Gibbs measures.

The theorems are stated for ergodic Gibbs measures, sometimes requiring ergodicity
with respect to a very sparse lattice such as b!Z2. All these theorems may be seen to have
implications for any periodic Gibbs measure using the ergodic decomposition theorem
(as will be done later, in the proof of item 4 of Lemma 8.1). Also note that we could have
replaced b!Z? by any lattice £ C b!Z2.

Recall from Section 5 the definitions of N and WE*L | \Il‘fgrxL, ‘IJI{(();‘LJIJ(IS;,];)), lIJ(Ige’;,Ll),

KxL KxL
\Il(ht;(r,O)’ \Ij(h;‘,l)‘

Recall also gy from (6.1). Define
DE*L = (5 € Q:(0,0) € WK*L ().

DKXL

Equivalently, is the event that the rectangles

R =RykxnL, 000 and R = Rw_2)kx(N-2)L,(K,L)

are both divided by a stick. Then for each (x, y) € V, the event n(gy, Ly)DK *L holds iff
(x,y) € WEXL thus WKXL = X ; DKXL_ Similarly define

DEXL — (5 € Q:(0,0) € WKL (o))

for w € {ver, hor, (ver, 0), (ver, 1), (hor, 0), (hor, 1)} and note that statements analogous
to those made for DX*L hold for Df xL assuming that K and L are even.
For the rest of the paper, fix

Cq1/2
&J (7.1)

b=Db(L):= 2{ N

Theorem 7.1. There is ¢ > 0 such that for each sufficiently large a € 2N the following
holds:

For all sufficiently large A and every b!Z?-ergodic Gibbs measure, exactly one of
\Il?vifo), W?Vifl), ‘IJ{’hf)f’O), and ‘lJ?hf)f’l) is e “®-strongly percolating, while each of the
others almost surely has only finite X-components.

Let

P := {(ver, 0), (ver, 1), (hor, 0), (hor, 1)}.
Following Theorem 7.1, for a b!Z?-ergodic Gibbs measure j1, we write
Phase(p) = 7

for the element 7w € & corresponding to the set which percolates. Formally, the notation
Phase also depends on a choice of a, and only makes sense when A is chosen large as a
function of a, but we omit explicit mention of this in the notation as we will use Phase
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in situations where a and A will be suitably fixed in advance. The following statement
explains how Phase transforms under isometries T of Z2. Recall from Section 2.1 that
we write T for the push-forward of u under 7 and that 7y, ,) denotes translation by the
vector (x, ).

Proposition 7.2. Let a € 2N be sufficiently large. Let A be sufficiently large (as a function
of a). Let yu be a b!Z?-ergodic Gibbs measure. Then:

(1) Phase(u) = (ver, j) if and only if Phase(n(,oyp) = (ver,1 — j) for j € {0, 1}.
(2) If Phase(u) € {(ver,0), (ver, 1)} then Phase(n(,1)/t) = Phase(u).

(3) Let T : 72 — 7.2 be the reflection t(x, y) = (y,x). Then Phase(i1) = (ver, j) if and
only if Phase(t ) = (hor, j), for j € {0, 1}.

(4) Let v : Z?> — Z? be the reflection t(x,y) = (—x, y). Then Phase(i1) = Phase(t ).

The rest of the section is devoted to the proof of the two results above.

7.1. Proof of Theorem 7.1

We divide the proof of Theorem 7.1 into parts, corresponding to the three items of the
lemma below.

The first item is similar to Theorem 5.2. Unlike Theorem 5.2, the item concerns an
ergodic measure rather than just a periodic one it gives a quantitative result, and it con-
cerns rectangles rather than just squares (i.e., a does not necessarily equal b). The proof
is similar, except for the use of the terminology that was introduced in Section 6, and an
additional step where the ergodicity is used to draw a stronger conclusion.

The second item concerns the “density” of the sticks. It shows that thin rectangles
aligned with the preferred direction of sticks are usually divided in this direction.

The last item implies Theorem 7.1 directly.

We point out that while the first two items do not refer to the fugacity explicitly, they
contain an implicit requirement that A be large in the assumption that ag < b.

Lemma 7.3. There exist c, ag > 0 such that for every A > 0, each a € 2N satisfying
ap < a < b, and every b!Z?-ergodic Gibbs measure, the following hold:

(1) One of ¥&*° and \Ill‘f;B is e~“%-strongly percolating.

ver

(2) One of WP and WX is e=¢_strongly percolating.

ver hor
axb axb
lIJ(ver,O)’ (ver,1)’

\Ilgqf)fo), and \118::1) is e~ “%-strongly percolating while each of the others almost

surely has only finite X-components.

(3) There is a universal Ag(a) such that for A > Ao(a), exactly one of

Proof. Let c, ag be universal constants with ¢ sufficiently small and a¢ sufficiently
large to satisfy some assumptions to follow. Let A, a and a Gibbs measure be as above.
By slightly decreasing c, for each item, instead of showing that one of the sets W is
e ““-strongly percolating, it suffices to prove that one of the random sets W satisfies
pu(P) <e "
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Proof of (1). Note that Db is R-local for R =RanxbN,(0,0)> and thus by Lemma 6.7 (4),

—_— 2
p(UP) = p(Xaxp DP) < M/]|Q\ DOXP| .

Lemma 4.1 is applicable to R and S = R™. Indeed, (4.2) holds by the choice of N (at
the beginning of Section 5), the right part of (4.1) holds by the definition of b, and the left
1

part then holds by assuming ay > Vel Thus the lemma yields

||§2 \ DaxB”R < e—C4_1Area(R))»_l/2 — e—CmaBNZ)\_l/2 < e—ZCleCl (7.2)

where the last inequality is obtained by requiring ag > 2, and noting that by ag < b and
(7.1) we have b < 2¢,4 ;A2 N. Combining the last two displays, and taking sufficiently
small ¢, it follows that

p(PeP) < eme, (7.3)

Note that by Lemma 5.1 and the assumption a € 2N, the conditions of Proposition
6.8 are satisfied for

K=a, L=b, E=D%% F=pexb

ver hor

Thus
min {p(\paxb)’p(\paxb)} < p(\anB) < e e -

ver hor

Proof of (2). Denote ¢ = e~ %0 /gy. We keep ¢ as in (1) and possibly increase ag so that
3e < 1.

(1) implies that one of \I"I,’efb and ‘Iffo’ﬁh is e~P¢_strongly percolating for 1. Assume
without loss of generality that \I"I,’ef[’ is. We prove by decreasing induction that p(\IJ;Ie’r‘B) <
e %€ for each a € 2N satisfying ag < a < b.

Let a € N satisfy ag < a < b and assume the induction hypothesis that p(\Il\(,gr“)Xb) <
e~¢(@+2) By (1), one of WP and \Ill‘j;;b is e~ “®-strongly percolating. Assume by contra-

ver

diction that W8P is. Thus by Lemma 6.4 (with d = 0) and the choice of ¢,

hor

max {p (2 \ DEFD*P) (@ \ DEP), (R \ Na,0) DELD)} < e

ver hor hor

By the assumption 3¢ < 1, the event D{&T2? U DEXP U 55, 6) DEXP holds with positive

probability. That is, there is an outcome ¢ for which R yaxn5,(0,0) and Ry ax N6, (24,0) are
divided horizontally, and R(ya+2n)xNb,(0,0) is divided vertically. By assuming ag > N,
the union of the former two rectangles contains the latter one, while all their vertical
dimensions are the same. This implies an intersection of sticks, which is a contradiction.

Thus p(\psgb) < e~ ¢, completing the induction step. |

As preparation for the proof of (3), we make a definition, and a claim, that will also

be used later on. Define the event

G¥b .= {0 € Q :R(n+1)ax(N-1)b,(0,0) 18 not divided by vertical sticks of both parities}.
(7.4)
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Claim 7.4. There is a universal Ao(a) such that for A > Ao(a),
P(XaxpGP) < 71,

Proof. Denote R = Rk« 0,0) With K = (N + 1)a, L = (N — 1)b. Let E be the event
that each row of faces in R has a vacant face. Note that Q \ G™® ¢ E.
For a face f in R, Corollary 4.5 says that || f is vacant|[y < A~Y4 Lemma 3.4 and

Proposition 3.3 imply together that for a row of faces S = Rgx1,(0,¢) We have
S has a vacant face|s < KA~'/4.

Again by Lemma 3.4 we get | E||gr < (]{)rl/4)L_
By Lemma 6.7 (4),

p(XaxBGaXb)E (N+1)(N_1”||Q\Gaxh”R < (N-H)(N_I)/HEHR.

(N + DaA~ V4 mFHwes < =

IA

where the last inequality holds by choosing Ag(a) such that for A > Ay we have

(N + )ar™V* < ¢! and NLH > % > ca. n

We continue with the proof of Lemma 7.3.

Proof of (3). By (2), we may assume that one of WP and WPX js ¢~¢%_strongly per-

ver hor
colating. We handle the case where WP percolates; the other case is similar. Thus

PPEP) = p(Xoxp DIXP) < 7% (7.5)

ver ver

By Lemma 6.6, and by (7.5) and Claim 7.4,

P (Xaxs DI N GPP) < 2/ max {p(XaxsG¥P), p(WEP)} < 26760/

ver ver

when A > Ag and ag < a < b, for ¢ and ag of (2) and Ay of Claim 7.4.
At this point we fix ¢ and ag to their final values. We may decrease ¢ and choose ag
sufficiently large depending on ¢ such that under the assumptions of the current item,

P(Xaxp DXP N GXP) < 7% < .

ver

Note that the conditions of Proposition 6.8 are satisfied for

K=a L=b. E=D{P NGU® F=DYP nG*  (16)

Thus

min {p(Xaxp Diirg) N GP), p(Xaxp D)y N GOXP)} < €0

Assume that p(Xgxr, D?virbo) N G**b) < ¢4 (the other case is similar). Then in partic-
ular \Il?vzfo) is e ¢“-strongly percolating. In addition, as e ~°® < g and

b b b b b
(D?v:r,O) N GﬂX ) n (D?vf:r,l) U D?hf)r,O) U D?hf)r,l)) = ﬂ’

the other three sets almost surely have only finite KK-components. ]
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7.2. Proof of Proposition 7.2

By the assumptions of the proposition, we may require that a is sufficiently large, and A
is large as a function of a. Thus Theorem 7.1, the definition of Phase and Claim 7.4 apply.

Proof of (3) and (4). Immediate from the definitions of \P(V:rf’o),\llz’vzrbl),lllgggo), and

ror 1) "
Proof of (1). It suffices to rule out the following possibilities:

Phase(jt) = Phase(n(1,0y1t) = (ver, i), (7.7)

Phase(u) = (hor, i), Phase(n(,oyu) = (ver, j), (7.8)

Phase(u) = (ver, i), Phase(n¢,oyu) = (hor, j), (7.9)

for any i, j € {0, 1}.
Assume by contradiction that (7.7) holds. Applying Theorem 7.1 to u and 71 oy,
and Claim 7.4 to p, shows that

ca

max {pM(XaxBD(Ver 0)) Pu(Xaxpnq, O)D(Ver 0)) p,u(XaxBGaXB)}

for some universal ¢ > 0. Applying Lemma 6.4 (with d = 0) thus gives
max {1 (2 \ Do) 1R\ 1oy Divery) (R \ GPP)} < 7 .
Taking a large enough that e 7% /gy < 1/3 we conclude that
1(DEL0) N 110y Dty N GP) > 0.

However, this is a contradiction since the event on the left-hand side is empty.
Now assume that (7.8) holds. Then by Theorem 7.1,

max {p.(Xaxp Dk?());a)» pM(XBan(l,O) D\?e)r(B)} <e “®

which as before leads to
I‘L(Dhor N na, O)Dver ) > 0.

The event on the left-hand side is empty whena < band0 <1 < Na + 1 < Nb, since
then each horizontal stick that divides R ypx ya,(0,0) Crosses each vertical stick that divides
Rnaxnb,(1,0)- This holds when A is sufficiently large as a function of a, and thus we have
a contradiction.

Possibility (7.9) leads similarly to a contradiction, by considering the two events
M@0 D s 11,0 Dy instead of DEX®, 0 0) DI, =

Proof of (2). It suffices to rule out the following possibilities:

Phase(p) = (ver,i), Phase(no,in) = (ver,1—1i), (7.10)

Phase(u) = (ver,i), Phase(n,1yn) = (hor, j), (7.11)
Phase(u) = (hor, i), Phase(n,1p) = (ver, j), (7.12)
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for any i, j € {0, 1}. Possibility (7.10) leads to a contradiction in a manner similar to the
previous ones, by noting that

b b b _
D?v;(r,i) n n(o,l)D?v)ér,l—i) N r)(oal)GaX =0,

and each of the events in this intersection has high probability. Possibilities (7.11) and
(7.12) are impossible, as switching the x- and y-axis leads respectively to possibilities
(7.8) and (7.9). (]

8. Characterization of the invariant Gibbs measures and decay of correlations

Throughout this section and Section 9, fix a € 2N large enough (its value is a large univer-
sal constant). Also fix A¢ to be a threshold depending on a and chosen sufficiently large
for the following arguments, and assume A > A¢. Lastly, we continue to use the length
scale b defined in (7.1) and introduce a third (and final) length scale

¢ =c(A) = [a]b.

We will use the Phase notation introduced after Theorem 7.1.

In this section we establish significant parts of our main results. We prove Theor-
ems 1.1 (1) and 1.2. We explicitly state these results (together with some byproducts) in
the following lemma.

Lemma 8.1. Let A > Ag. For each w € P, there is a unique b!Z2-ergodic Gibbs measure,
denoted [y, with Phase(t,) = 7. In addition:

(1) wx is extremal for each w € P.

(2) ux is 27 x Z-invariant when w € {(ver, 0), (ver, 1)} and Z x 2Z-invariant when
7 € {(hor, 0), (hor, 1)}.

(3) M(ver,1) is created by translating (i(ver,0) by one lattice space in the horizontal direc-
tion. The measures [L(nor,0) And [L(nor,1) are formed from i (yer,0) and [L(ver,1), respect-
ively, by switching the x- and y-axes.

(4) Every periodic Gibbs measure is a convex combination of (i) zep.

In addition, we establish the quantitative decay of correlations estimate corresponding
to the first term in the minimum in (3) of Theorem 1.1.

Following these facts, the tasks remaining to complete the proofs of our main results
are to prove that fi(ver,0) satisfies (2) (columnar order) of Theorem 1.1 and to refine the
quantitative decay of correlations estimate to include the second term in the minimum
in (3) of Theorem 1.1. These tasks will be taken up in Section 9.

8.1. Disagreement percolation

The proofs of our main results are based on the concept of disagreement percolation, as
introduced by van den Berg [78] and further studied in the context of the hard-core model
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by van den Berg and Steif [80]. The following theorem states the results that will be used.
For two configurations ¢, 0’ € €, denote their disagreement set by

Agor i={v € Z*:0(v) # 0’ (v)).

Define a path of disagreement as a X-path in A 5. The motivation for considering the
X-connectivity in particular is that our model is a random Markov field with respect to
the graph (V,Eg).

Theorem 8.2. Let i, i’ be Gibbs measures. Let 0,0’ be independent samples from i, |/,
respectively. Suppose that

P(Ag,o has an infinite X-connected component) = 0. (8.1)

Then:
(1) u = u and p is extremal.

(2) Let f,g: Q2 — [—1,1]. Suppose that f is A-local and g is B-local for A, B C V
(locality is defined in (2.2)). Then

Cov(f(0), g(0)) <2P(a R-path in Ag s intersects A and B) (8.2)

with Cov(-, -) denoting the covariance between two random variables.

The equality of the measures under the assumption (8.1) is proved in [78, Theorem 1].
Extremality also follows, as one may apply the equality clause to the measures in the
extremal decomposition of p (for extremal decomposition, see [28, Theorem (7.26)]).
The covariance bound (8.2) is an extension of [80, Theorem 2.4]. For completeness, a
self-contained proof is provided in Section 8.4. While we state the theorem for the spe-
cific hard-core model studied here, we remark that the disagreement percolation method
applies to general Markov random fields, defined on general graphs.

The following lemma gives a quantitative bound on the size of disagreement compon-
ents, and in particular shows that disagreement components do not percolate. The lemma
is proved in Section 8.3. After its statement we proceed to derive the main results of the
current section.

Lemma 8.3. Let A > Ag. There exist universal C,c > 0 such that the following holds. Let
W, (W' be b\Z2-ergodic Gibbs measures with Phase(jt) = Phase(u’) = (ver, 0). Let 0, ¢’
be independent samples from i, V', respectively. Then for all A C 7> and B C 7.2,

P(a K-path in A intersects A and B) < Z sup a1 (4, v)

ueA vEB

where for u = (x1, y1) and v = (x2, y2) € Z2,

ar(u,v):=C exp(—c|x2 —x1|— c%)

In particular, there are no infinite disagreement components in the sense that (8.1) holds.
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Applying Theorem 8.2 to the conclusions of the lemma above yields the following
proposition, which is the key to the proof of Lemma 8.1.

Proposition 8.4. Let A > A¢. Then there is a unique b'Z>-ergodic Gibbs measure (i with
Phase(u) = (ver, 0), and p is extremal.

Proof. LetA > Ag. Let i, ' be b!Z2-ergodic Gibbs measures with (ver, 0) = Phase(u) =
Phase(u'), and let o, 0’ be independent samples from w, ' respectively. By Lemma 8.3,
condition (8.1) holds, thus by Theorem 8.2 (1), u = u’, and p is extremal. ]

Finally, Lemma 8.3, put together with Theorem 8.2 (2), also yields the quantitative
decay of correlations estimate corresponding to the first term in the minimum in The-
orem 1.1 (3). This is used later in Section 9.2, where a complete proof of item (3) is given.

8.2. Proof of Lemma 8.1

Here we prove the main result of the current section. The proof relies only on Propositions
8.4 and 7.2.

Proof of Lemma 8.1. Let A > Ao. We require that a and A are sufficiently large so that
Phase is defined for every b!Z2-ergodic Gibbs measure, as explained immediately after
Theorem 7.1. Proposition 8.4 justifies the notation @, and proves that pt, is extremal in
the case of w = (ver, 0).

Let 1 be a b!Z?-ergodic Gibbs measure with Phase(u) = (ver, 1). By Proposition
7.2 (1), Phase(n(—1,0ypt) = (ver, 0). Thus . = 11,0) U (ver,0)> Showing the uniqueness of .

Leti € {0,1}. Let 41 be a b!Z2-ergodic Gibbs measure with Phase(i) = (hor, i). By
Proposition 7.2 (3), for  defined by 7(x, y) = (v, x), we have Phase(t ™! 1) = (ver, i).
Thus (4 = T i(ver,i), showing the uniqueness of L.

The above arguments show the uniqueness for each 7 € J, justify the notation pi,
and prove items (1) and (3). Item (2) then follows from Proposition 7.2 (1, 2) together
with the uniqueness just shown.

The uniqueness results above show that (i, )rcp are the only b!Z2-ergodic Gibbs
measures. We now show how this implies item (4).

We will use the fact that a Gibbs measure invariant with respect to a full-rank lattice &£
has a unique decomposition as a mixture of £-ergodic Gibbs measures. This is stated and
proved in [28, Theorem (14.17)]. More formally, for each £-invariant Gibbs measure ,
there is a unique measure w,, on the space of all £-ergodic measures on  such that
u = [ vdw,(v), and the unique measure w,, is supported on the set of £-ergodic Gibbs
measures.

Let & be a full-rank lattice such that £ C b!Z2. We claim that every £-ergodic Gibbs
measure is one of (it )rep. Indeed, let u be an £-ergodic Gibbs measure. Define v to be
the average of all the shifts of ;u by elements of b!Z?2/&£. Then v is b!Z?-invariant and thus
by the decomposition theorem, v is a linear combination of (i1 )es. This decomposition
is also the unique decomposition of v as a mixture of £-ergodic measures, since () e
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are extremal, and in particular £-ergodic. But as v is defined as an average of £-ergodic
measures, namely the shifts of u, it follows that each shift of © and in particular p itself
must be one of ((z)rep-

Let i be a periodic measure, invariant with respect to a full-rank lattice £. Assume
without loss of generality that £ C b!Z?2. Then by the claim of the previous paragraph
that (it ) e are the only £-ergodic Gibbs measures, the decomposition theorem implies
item (4). ]

8.3. Tail bounds for the connectivity of disagreement components

We now prove Lemma 8.3. Recall the variables and assumptions introduced at the begin-
ning of the section. Let A > A and let 1, ' be b!Z2-ergodic Gibbs measures satisfying
Phase(u) = Phase(u') = (ver, 0). Let 0, 0’ be independent samples from u, ', respect-
ively.

Heuristically, to prove Lemma 8.3 one needs to show that long disagreement paths
are rare. To this end we will define “sealed rectangles” and “semisealed rectangles”.
A rectangle R will be defined to be semisealed in o if o satisfies, in the vicinity of R,
a set of conditions which are typical of a configuration drawn from a (ver, 0) Gibbs meas-
ure. The rectangle R is said to be sealed in (o, ¢”) if it satisfies these conditions for both
o and ¢’

The conditions are designed in such a way that the assumption that R is sealed ensures
that a disagreement path starting in R can only reach points in the vicinity of R. There-
fore a long path of disagreement will imply a long sequence of neighboring non-sealed
rectangles, which will be shown to be unlikely by a Peierls argument.

8.3.1. Semisealed rectangles. Here we consider only o, the same considerations apply
also to o’. We say that Ryaxne,(0,0) IS semisealed if the event ¥ C €2 holds, where ¥ =
Y1 N X, and ¥y, T, are defined below. More generally, for (x, y) € Z?2, we say that
RyaxNe,(Nax,Ney) 18 semisealed if 9y qx,Ncy) 2 holds. Our goal now is to prove “strong
percolation of semisealed rectangles” in the sense of Lemma 8.5 below. We first prove the
lemma assuming Proposition 8.6, and then prove the proposition.

Consider events Xg, X1, 2> defined as follows:

e 0 € ¥y iff every Na x 1 rectangle contained in
RNaxSNc,(—Na,—Nc) u RNaXSNc,(+Na,—Nc)
intersects the interior of a tile with even horizontal parity.
e 0 € X iff all tiles of o with center in Ryqx3n¢,(0,—N¢) have even horizontal parity.
e 0 € X, iff every 1 x Nc rectangle contained in
RNach,(O,—Nc) ) RNach,(0,+Nc)

contains a vacant face of o.
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Recall that a and A were introduced at the beginning of the section.

Lemma 8.5. For every ¢ > 0 we may choose a sufficiently large, and A sufficiently large
as a function of a, such that X yaxne2(0) is e-strongly percolating.

Proof. Let § > 0. Recalling the definitions of b and ¢, we check that for every sufficiently
large a there is a sufficiently large A¢ such that all the bounds of Proposition 8.6 are less
than §.

For each € {1, : v € aZ x bZ}, and every b!Z?-ergodic Gibbs measure 1, Phase(/1)
= Phase(n ). Thus the bounds of Proposition 8.6 hold also for translations of the relevant
events by elements of aZ x bZ. Thus we may apply Lemma 6.7 (3) three times, with
k = Na,l = Nb and respectively with

K =3Na, L=3Nb, E =23,
K =3Na, L=5Nb, E=3%;UZXj,
K =Na, L =3Nb, E =3,

to obtain respectively

_ 9
Pu(XnaxneXo) <V 98,

Pu(XNaxneZ1 U X)) < y 15 1\5/57

_ 3
Pu(XNaxneX2) < 3/8.

Note that ¥ = £; N Xy D o N (X1 U X§) N Xy, thus by Lemma 6.6,

Pu (XNachf) = 3(max {pu(XNachz_O)

pu(XNachzl U Xg )

1 3
pu(XNachzz)}) /

Given &, we are done by taking § sufficiently small. ]
Proposition 8.6. There is a universal ¢ > 0 such that

— 9N?%¢ _
(1) pu(X3naxaneXo) < o ¢ e,

() Pu(X3NaxsneZ1 U Zf) < BNe + 1)(6Na)*A™Y;
(3) Pu(XnaxaneDa)) < 2Nae™* ' *Ne,
Proof of (1). We shall apply Lemma 6.7 (1) for
K =3Na, k=a, L =3Nc, [=0D0,

b
E = D?vf:r 0)*
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We let H be as defined in the lemma. The lemma yields

—\ _ 9NZ%c -
pu(Xanvaxane () 1E) = ——pu(Xaxs B). (8.3)
neH b

As \IJ?VT:EO) (0) = XaxpE , Theorem 7.1 yields

pu,(XaxBE) <e 1%, (8.4)

Note that the application of the theorem above is the only place in the proof of the current
proposition where we used the assumptions on a and A being sufficiently large and the
assumption that Phase(u) = (ver, 0). It is also the only place in the current subsection
where we directly use the assumption that Phase(u) = (ver, 0).

If 0 € (\,ey NE then in particular for each 0 < i < Mot
N(—Na,~Nc+iNb) E, 50 R; := RyaxNb,(~Na,~Nc+iNb) is divided by a (ver, 0) stick. Each
Na x 1 rectangle in Ryqx3n¢,(—Na,—N¢) 18 contained in some R;, and thus intersects a
(ver, 0) stick of o, and thus also intersects the interior of a tile in o with even horizontal
parity. A similar argument holds for N a x 1 rectangles contained in Ryqx3n¢,(+ Na,—N¢)-
Thus

we have o €

ﬂ nE C Xo. (8.5)
neH

and the claim follows by (8.3)—(8.5). [

Proof of (2). Denote R = R3yaxs5N¢,(—~Na,—2N¢)- By Corollary 6.3,

Pu(XanaxsneX1 U X0) < [ X0 \ 21 &,

and thus it suffices to bound the right-hand side.

Assume o € X \ X;. Then since 0 ¢ X, the rectangle Ryax3n¢,0,—N¢) contains
the center of a tile with odd horizontal parity. Equivalently, there is a point (xg, y¢) €
[0, Na] x [-Nc¢,2N ] with x¢ even and o (xg, yo) = 1. Consider the four rectangles

[—=Na,xo] X [yo—1,y0], [x0,2Na] x [yo — 1, yol,
[-Na,xo] X [yo.yo + 1],  [x0.2Na] x [y, yo + 1].

As o € ¥, each of them intersects the interior of a tile of ¢ that has even horizontal parity.
Each also intersects Ty, y,)» Which has odd horizontal parity. Thus each contains a vacant
face of 0. Hence whenever 0 € X \ X1, the rectangle R contains a 3N a x 2 rectangle
that contains four vacancies of o. This corresponds to at most (3N ¢ + 1)(6Na)* sets of
four faces in R such that for each o € X \ X1, one of those sets has all of its faces vacant.

For four given faces in R, the event that they are all vacant has chessboard norm at
most A~ by Corollary 4.5 and Proposition 3.4. The bound on || X \ X1]|/z follows from
the subadditivity and positivity of the chessboard seminorm. ]
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Proof of 3). Fori € Z,0 <i < Na, j € {—Nc, Nc} denote R;; = Rixp¢,,j) and let
E;; be the event that R;; contains no vacant face. By Corollary 4.5 and Proposition 3.4,

— _ —1/2
”Eij”Rij < (1 —C4_5A. 1/2)Nc <e Ca5A Nc‘

Denote R = Ryax3ne,0,—N¢)- By Corollary 6.3, Proposition 3.4, and subadditivity
and positivity of the chessboard seminorm,

T —cysATV/2N
pu(XnwaneT2) < 550k = | £ |, < 2 1B IR, < 2Naeewsh 0
] L,J]

8.3.2. Bounding the disagreement components. A rectangle Ryaxne, (Nax,Ncy) 1S called
sealed in (0,0") if it is semisealed in both o and ¢’. The following deterministic statement
shows that large X-components of A, are disjoint from the union of the rectangles that
are sealed in (o, 0”).

Proposition 8.7. Let 0,0’ € Q. Suppose that S = RyaxNe,(Naxo,Neyy) IS sealed
in (0,0"). Let v = (x1,y1) € S. If v € Ag,o then the X-component of v in Agy is
contained in {(x1,y) € V: Ne(yo—1) <y < Nc(yo + 2)}.

Proof. 1t suffices to handle the case of xo = yo = 0. The assumption that S is sealed
means that 0,6’ € X. Since 0,0’ € X1, foreach (x,y) withO0 <x < Na,—Nc <y <2Nc
and even x, we have o (x, y) = o’(x, y) = 0. In particular, each point in S N A4 5 must
have an odd first coordinate. Thus x; is odd.

As o € X, the rectangle Rixne,(x;,N¢) contains a vacant face, Ryxi,(x,,y), of 0.
Thus o(x1, y) = o(x1,y + 1) = 0. Since either 6'(x1,y) =0 or 6/(x1,y + 1) =0,
and Nc <y < 2Nc, there is a point (x1, y3) ¢ Ag,e’ With N¢ < y3 < 2N ¢ (with either
ys=yorys=y+1).

By a similar argument, there is a point (x1, y4) ¢ Ag,er With —Nc¢ < y4 < 0. By the
first paragraph, Ag o N{(x,y) :x € {x1 — 1L, x1 + 1}, ya <y < y3} = 0.

Thus the X-component of v in Ag 5 is contained in B := {(x1,y) € V1 y4 <y < y3}
since we have shown that every point outside of B and K-adjacent to a point in B is not
in Agg. As B C{(x1,y) € V:—Nc <y < 2Nc}, the proof is complete. |

Denote
I1=T1(0,0") = XNaxNcZ(0) N XnaxneZ(0).

This random set represents the set of sealed rectangles, as Ry axNe,(Nax,Ncy) 1 sealed iff
(x,y) € Il. Fix some ¢ with 0 < ¢ < g¢9. By Lemma 8.5, we may choose A¢ sufficiently
large so that p(X yaxnc2(0)) < (¢/2)2. Thus by Lemma 6.6, we have

P(T1) = 23/ max (p(Xyaxne Z(0)). p(XnaxncZ(0)) < e, (8.6)

We proceed to prove Lemma 8.3.
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Proof of Lemma 8.3. Define f : V — V by f(x,y) = (l57]. L7z ])- Letu = (xu. yu),
v = (xy, Yy) be in V. Suppose that u — v ¢ {0} x [-4N ¢, 4N c] and that a X-path P in
Ag, o/ connects ¥ to v.

We claim that this implies that f(u) and f(v) are connected by a K-path of points
(x, y) satisfying (x, y) ¢ Il. Each point w on P is connected by a X-path in Ag g
to a point w’ such that w — w’ ¢ {0} x [-2N ¢, 2N ¢]. By Proposition 8.7, this means
that each point in P is contained in a non-sealed rectangle, i.e., a rectangle of the form
RNaxNe,(Nax,Ney) Where (x, y) ¢ I1. The claim follows, as { f(w) : w € P} contains the
required path.

Fix a point u € A. Denote & = sup,cp &1 (4, v) and d’ = infyep || f (1) — f (V)] co-
Then d’ > %infve B(% + W) — 1. Choosing ¢, C appropriately, we get

(8/80)d/+1 < sup a1 (u,v) 8.7
vEB
and oy (1, v) > 1 whenever u — v € {0} x [-4N ¢, 4N c]. To prove the lemma, by a union
bound it suffices to show that

P (a K-path in A o intersects {u} and B) < sup o (u, v).
vEB
When there is v € B with u — v € {0} x [-4N ¢, 4N c], there is nothing to prove as the
right-hand side is at least 1. Otherwise, by the claim, if a M-path in A 5/ connects u to
some v € B, then f(u) is connected to f(v) by a X-path disjoint from I1. By (8.6) and
Lemma 6.4, the probability that this holds for some v € B is at most (g/£9)¢ !, and by
(8.7) the proof is complete. ]

8.4. Disagreement percolation — proofs

In this section we provide a proof of Theorem 8.2. The proof is based on the following
lemma.

Lemma 8.8. Let A C 'V be a finite set. For 0,0’ € Q, define C4(0, ") to be the set of
points which are connected to a point in A by a path of disagreement (“the cluster of
disagreement of A”). Let m : Q% — Q2 be defined by m(c, ') = (w, w') where

(o), '(0) = {a’(v),a(v), Ca(0,0") is finite and v € C4(0,0") , 59

o(v),0’'(v), otherwise.

Let (0,0") be sampled from Q2 with the measure . x w'. Then (0, ¢’) has the same
distribution as m(o, o').

Proof. Denote by C; (0, 0”) the “exterior K-boundary of C4 (0, 0”)”. More precisely, it is
the set of vertices that are in A or M-adjacent to a vertex in C4 (o, ¢”), but not in Cy4 (0, 0”).
Consider the family # of events E C 2 consisting of

(1) events contained in the event that C4 (0, o) is infinite,
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(2) events of the form E = {(0,0") : 0|p = p|p,0’|p = p|p} where p, p’ € Q, and D
is finite and C4(p, p") U C4(p, p') C D.

The family ¥ is a w-system. To see that it generates the sigma-algebra of 2, consider
for an event E its partition according to the possibilities for C4(0, 0’) being finite, and
the possibility that it is infinite. This gives a countable partition of E, and each part is
easily seen to be in the sigma-algebra generated by % . Thus it remains to show for an
event E € ¥ that

P((0,0") € E) = P((0,0") € m™Y(E)). (8.9)

For the case of (1), this is since m~! (E) = E. For (2), fix p, 0/, D and the correspond-
ing event E, as in (2). Denote C = C4(p, p) and C’ = Cj(p,p’). Then C’ C D \ C and
plc’ = p'|c’. Thus by the domain Markov property,

P(olc = plc | olpve = pipve) =P(o’Ic = plc | o'Ipve = £ Ip\¢)-
P(o'ic =p'lc | o'Ipve =P Ipve) =P(olc = p'lc | olp\e = pIp\C)-

Since C’ C D, we have C4(0,0’) = C forall (o,0") € E. Thus

(8.10)

m~Y(E) ={(0,0") : 0|p\c = pIp\c. 0'Ip\c =P Ip\c:0lc =P |c. o' |lc = plc}.

Writing £ in an analogous way, we show (8.9) by expressing each side as a product of
four terms and then using (8.10). [

Proof of Theorem 8.2. Let i, it/ and o, ¢’ be as in the theorem and assume (8.1). Define
(w,w") = m(o,0’) as in Lemma 8.8.

To show that u = w’, it suffices to prove (/) = u'(f) for every function f : Q2 — R
which is A-local for some finite set A C V. Define C4 = C4(0,0’) as in Lemma 8.8.
By the assumption (8.1), C4 is almost surely finite, thus (8.8) gives that almost surely
w|4 = 0’|4 and thus almost surely f(w) = f(o’). In addition, by Lemma 8.8, o and w
have the same distribution, and thus

E(f(0)) = E(f(w)) = E(f(0").

Thus we have shown u = pu’. We first prove (2) and then conclude from it the
extremality of w. Let f, g, A, B be as in (2). As f. g may be approximated (in L?) by
functions depending on restrictions to finite sets, and as replacing A, B with finite subsets
only decreases the right-hand side of (8.2), we may assume without loss of generality
that A and B are finite. Again define C4 = C4(0, 0”) as in Lemma 8.8. Let E be the
event that a X-path in A, intersects both A and B. Then E€ is the event that Cy4
is disjoint from B. Since Cy4 is almost surely finite, (8.8) implies that w |p = o |p and
g(w) = g(o) hold almost surely on E€. As before, f(w) = f(o’) almost surely. Thus
P(f(w)-g(w)# f(o')-g(0)) <P(E).ByLemma 8.8, since f, g are bounded between
—1 and 1, and by the independence of o, 0”, we have

E(f(0)g(0)) = E(f(w)g(w))
<E(f(0")g(0)) +2P(E) = E(f(0))E(g(0)) + 2P (E).
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Finally, to show that p is extremal, it suffices to show that the covariance is 0 between
every bounded f, g where f is A-local for a finite set 4, and g is measurable with respect
to the tail sigma-algebra. This may be seen by approximating ¢ by a function g which
is B-local where B is the complement of a large box around the origin. The assumption
(8.1) shows that P(E) — 0 as the box grows to infinity. ]

9. Columnar order

The measure i(yer,0) referred to in Theorem 1.1 has been defined in the previous sec-
tion (in Lemma 8.1) for A > Ay. In this section we prove some additional properties of
M (ver,0)> completing the proof of the theorem. We increase A¢ to be sufficiently large for
the arguments in this section.

9.1. Offset tiles are rare

The measure [i(yer,0) 18 characterized by columns of tiles with even horizontal parity, i.e.,
tiles whose center has an odd first coordinate. Here we bound the probability that a tile
with odd horizontal parity (“an offset tile’’) appears in a given position. In Section 9.3 we
show that the bound is sharp up to a multiplicative constant.

Theorem 9.1. There is C > 0 such that for A > A, every (x,y) € V with even x satisfies

/’L(ver,O)(U(xv y) = 1) < cah

Proof. Fix A sufficiently large for the following computations and fix (x7, yr) € V
with even x7. We denote (4 = [i(yer,0) and aim to show for some universal C > 0 that
w(o(xr,yr) =1) < CA7L. For o € Q define
X_y(0) =max{x € Z :x < x7 and Ry (x—1,y;—1) is a vacant face in o},
X_4(0) =max{x € Z : x < xr and Ryxj (x—1,y;) is @ vacant face in o},
X4y(0) =min{x € Z : x > x7 and Ryx1,(x,y;—1) is a vacant face in o'},
Xi4(0) =min{x € Z : x > x7 and Ry (x,y;) is a vacant face in o }.

These variables are almost surely finite.
Fix some integers x_, x_4 < x7 and x4, x44 > x7. Define an event

J={oeQ:o(xr,yr)=1and
(X=1(0), X4 (0), X1, (0), X41(0)) = (x—y, X—p, X4y, X14)},

and denote

X_=min{x_,X_4}, Xy =max{xq},X44}.
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We claim that for some universal constants ¢, C > 0,
pn(J) < CA~lemeb=x), 9.1)

The theorem follows by summing over the possible values of x_;,x_4, x4y, x44. We
now prove (9.1).

Consider the segment s = [x_, x4+] X {y7}. For 0 € J, no (ver, 0) stick intersects s.
This implies that whenever s divides Rqn xbn,(ax,6y), We have (x, y) ¢ \I!E‘ng”o). Thus the
set

Ag ={(x,|yr/b]) :x €Z, xg <ax <ax + Na < x1}

is disjoint from \IJ?‘;EO) (0) foreach o € J. Note that #4¢9 > (x; — xo)/a— N — 1.

By Corollary 4.5, u(J) < A~1. Fix some & > 0 satisfying £; < &¢ and define Q to
be an arbitrary event satisfying J C  and w() = A~ Ye 4. Define a measure /i to be p
conditioned on 2.

We define a random set

O(0) = {0, oe€lJ,
V, otherwise.
We claim that for sufficiently large A,
pa(©@ U WIS, <er. 9.2)
Given this claim, Lemma 6.4 implies that

A(J) < u(Ao N (O UWEPL)) = 0) < (e1/20)*,

and (9.1) follows by taking into account the measure of 2 and the size of Ao. Thus it
remains to prove (9.2).

We claim that in the current situation, Lemma 6.7 (4) holds (for all k,/, K, L, R, E,
r, H satisfying its conditions) when we replace the conclusion (6.2) with

Pa(OU X E) < {fmax (A-1/4, | E| ). 9.3)

The proof is similar, except that & := max {A~'/4, | E€| g} and that (6.4) is proved dif-
ferently: we let n € H and show that Xg 1 E€ is g-rare for the measure nfi. Indeed, let
A C V be a non-empty finite set. Then one may check using the chessboard estimate that
nu(J N{A C Xgx E€Y) < A7V(|| f1r)*~%. Thus ji(A C Xgxr E€) < &*4.

Recall G from (7.4).

We show that for sufficiently large A,

PO U (P N X,xp GP)) < g1, 9.4)

Assume that A¢ is such that A~1/4 is smaller than the bound of (7.2). Then we obtain
pa(®U \IlaXh) < e773% in the same way as (7.3) is obtained in the proof of Lemma 7.3,
except that instead of using Lemma 6.7, we use (9.3).
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Similarly, we obtain p; (© U Xaxbm) < e7“4% as in Claim 7.4 except that again
in the proof, instead of Lemma 6.7, we use (9.3).

Combining the bounds of the last two paragraphs, Lemma 6.6 gives (9.4) when a is
taken large enough. By (9.4), there is an ¢;-rare set B (with respect to ji) for which 7, the
unique infinite (J-component of V \ B, is contained in ® U (¥®*® N X, , G*<P). Thus
I is g;-strongly percolating and almost surely connected with respect to fi.

On the event J (up to measure 0) the following holds: I is connected and I C
b 0 x 5GP Both I and lIJEIXB have the X-components of their complements

ver,0)

almost surely finite. Thus \I’?Vifo) N1 # @, and since I C ¥**® Lemma 5.1 implies that

I C WP The fact that the conditions of Proposition 6.8 are satisfied for (7.6) implies that

ver

there is no edge uv € Eg withu € WP N X, xG9*P and v € WP N X, 5 GOXP,

(ver,0) (ver,1)
b
Thus I C Wil

Therefore with respect to fi the set I is &;-strongly percolating and almost surely

contained in ® U \Ij?vf:rbo)' This completes the proof of (9.2). ]

9.2. Correlations
We now prove Theorem 1.1 (3).

Lemma 9.2. There exists a universal C > 0 such that the following holds for .. > Ag. Let
0,0’ be independently sampled from [L(yer,0). Then for all A C Z? and B C 772,

P(a K-path in Ag s intersects A and B) < Z sup o2 (u, v)
B

ucd V€
where for u = (x1, y1) and v = (x2, y2) € Z2,

C log/x)lmﬁxz
N/ '

Proof. Let A > A¢. Let 0, 0’ be independently sampled from fiyer,0)- Fix u = (x1, y1).
Let d € N. Let E be the event that a X-path in Ay, connects u to a point outside of
{(x1,y) € V: |y —y1]| < d}. It suffices to show that

Clog
N/

If x1 is even, then by Theorem 9.1 there is probability of at most 2Co ;A~! thatu € Ay 4,
and thus (9.5) follows immediately. Assume that x; is odd. Let E be the event that A 4
intersects {(x,y) € V : |y — y1| <d, |x — x1| = 1}. Then by Theorem 9.1, P(E;) <
4(2d 4+ 1)Cy A7, Let E, be the event that u is connected by a K-path to a point in
B ={(x1,y) € V:|y—y| =d}. By Lemma 8.3 (taking A = {u} and B as above),
P(E;) < Cgs exp(—c&gd/ﬁ). As E C E1 U E,, ford = L%J and sufficiently
large Ao, (9.5) is satisfied. i n

ar(u,v) = (

P(E) < 9.5)

Corollary 9.3. Let A > Ao. Then [i(ver,0) satisfies item (3) of Theorem 1.1.
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Proof. Let A > Ag. Let 0,0’ be independently sampled from (i (yer,0)- Let u € V and B be
a finite subset of V. Define By = {v € B : a;(u,v) < ax(u,v)} and B, = B\ B;. We
apply Lemma 8.3 to {u} and B, and Lemma 9.2 to {#} and B,. By a union bound, this
shows that
P (a X-path in A 4 intersects {u} and B) < sup o1(u,v) + sup o2(u,v)
vEB] vEB)
< 2 sup min {1 (1, v), a2 (u, v)}

veB

1
< —supa(u,v)
veB
where for the last inequality we require C;; > 4 max {Cg3, Co,} and c¢;; < cg3. We
then use a union bound over u € A to show that the right-hand side of (8.2) is at most

Z'UEA SUPyeB a(u, U)~
We finish the proof using Theorem 8.2, recalling that (8.1) holds by Lemma 8.3. =

Remark 9.4. The correlation decay estimate (1.3) of Theorem (1.1) shows, in particular,
that Covy,,.. o, (0(1,0),0(3,0)) < CL«/)%'{. It is natural to ask how sharp this bound is.

We believe that Cov,,.  (0(1,0),0(3,0)) is of order A~1/2 50 that our bound has the
correct power of A but adds an unnecessary logarithmic term. Indeed, van den Berg—
Steif [80, Theorem 2.4] give a precise formula in terms of disagreement paths for such
covariances and we believe that in our setup the terms in this formula are dominated by
the disagreement paths that start at (1, 0), go vertically to distance of order VA, move
horizontally to the column of (3, 0) and then move vertically to (3, 0). Such disagreement
paths should occur with probability of order A~1/2.

9.3. Probability for a tile at a given position

We now give for each point in Z? an estimate for the probability (with respect to /4 (ver,0))
that a tile is centered at it.

Theorem 9.5. Let A > Ag. Then ji(er,0) satisfies item (2) of Theorem 1.1.

Proof. Fix (x, y) where x is odd. Denote

Ey ={o(x.,y)+o(x,y +1) =1},
E={cx—1Ly)+ox—-1,y+ D) +ox+1Ly)+ox+1,y+1) >1}

E3 = {the faces Rix1,(x—1,y) and Rjx1 (x,y) are vacant},

and note that {E;, E,, E3} is a partition of €. By Theorem 9.1, fiyero(E2) <
4Cy A7, By Corollary 4.5, Hver,0(E3) < A~1/2 and Mver,0(E1) < (1 — ck‘l/z)z. Thus
Mver,0(E1) =1 — @()Fl/z). Since fhver,0 1S 2Z X Z-translation invariant, fiver,0(E1) =
2tver,0(0(x, y) = 1) and the theorem follows for the case of odd x.
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Now fix (x, y) where x is even. By Theorem 9.1, it remains to show that
Hvero(0(x,y) = 1) = (A1) (note that here the symbol 2 represents the asymptotic
notation rather than the set of configurations). Now denote

E={o(x,y) =1},
Ey={o(x—-1Ly) =1}
Ey={o(x+1.y) =1}

By the previous case, jiver,0(E1) = tver,0(E2) = ©2(1). By Corollary 9.3, Cov(Ey, E») =
o(1). Thus fiyer,0(E1 N Ez) = Q(1). By alocal surgery (remove one of the two tiles and
slide the other), it follows that fiyer,0(E) > A~ ptyer0(E1 N E2) = Q(A7Y). n

Part 111
Concluding remarks

10. Discussion and open questions

In this section we discuss some of the predictions, open questions and research directions
related to this work.

10.1. The 2 x 2 hard-square model

Intermediate fugacity and critical behavior: This work establishes that the 2 x 2 hard-
square model exhibits columnar order in the high-fugacity regime. As discussed in the
introduction, classical results imply that the model is disordered with a unique Gibbs
measure in the low-fugacity regime. What happens at intermediate fugacities? The physics
literature predicts a single transition point from the disordered to the columnar phase, with
the transition being continuous and belonging to the Ashkin—Teller universality class [69]
(at a point close to the Ising universality class [68, Figure 5]). These predictions have not
been mathematically justified.

Boundary conditions: Our work characterizes the periodic Gibbs measures of the 2 x 2
hard-square model. However, we do not prove that any specific sequence of finite volumes
and boundary conditions converges in the infinite-volume limit.

A related question is whether non-periodic Gibbs measures exist for the model. We
expect the answer is negative, as in other two-dimensional models [2,14,19,29,31,36,71].

Decay of correlations: Theorem 1.1 gives an upper bound on the exponential rate of
correlation decay in fi(ver,0) Which is anisotropic. Specifically, the correlation length in
the horizontal direction is at most a universal constant, while in the vertical direction it
is at most C+/A. On a mesoscopic scale (for distances 1 < d < ﬁ), it is clear from
our results that correlations are indeed anisotropic. However, we do not establish lower
bounds for the correlations as the distances grow without bound (i.e., when A is fixed and
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d — 00). A natural question is whether in the limit of large distances, the exponential rate
of correlation decay is indeed highly anisotropic as our bound suggests.

The same question may be asked for models where a proof of nematic order was given,
such as those listed in Section 1.3.5. We mention in particular the result of Jauslin—Lieb,
where the proven correlation bounds [40, (19)] are very similar in form to those of the
present work.

10.2. Cubes and rods on 7.4

We briefly discuss related models in which the 2 x 2 hard squares are replaced by cubes
and rods on Z¢.

Cubes: For k x --- x k cubes on Z¢ we expect the high-fugacity regime to behave sim-
ilarly to our results for the 2 x 2 hard-square model. In particular, we conjecture that
there are exactly k9! extremal and periodic Gibbs measures (where d accounts for the
possible orientations of columns and k%~ accounts for translations perpendicular to the
columns). Elements of our approach may well be relevant to proving such a result, at least
when d = 2. However, even in two dimensions our analysis does not apply, due to the
absence of reflection positivity when k > 3. In higher dimensions, the case k = 2 may be
more accessible as reflection positivity is again available.

Interestingly, a recent physics study [85] (see also [84]) predicts that the 2 x 2 x 2
hard-cube model undergoes three phase transitions as the fugacity increases. One of the
predicted phases is a sublattice phase, at intermediate fugacity, where cubes preferentially
occupy one of the eight sublattices.

As a possible complication, we point out that tilings of cubes in high dimensions
present new phenomena. For instance, refuting a conjecture of Keller [41], it has been
shown [45,47] that for d > 8 one may tile R¢ with unit cubes in a way that no two
cubes share a complete (d — 1)-dimensional face (while this is not possible for d < 7
[11,63,64]). Moreover, these tilings may be chosen so that all cube centers lie in %Zd
(equivalently, a tiling with this feature is possible using 2 x --- x 2 cubes with centers
in Z4) and the tiling is 2Z< -translation invariant.

We also note a connection between cube packings and a famous problem in inform-
ation theory. The Shannon capacity of a graph G is defined as limg_, o (2(G®%))1/4
where a(H) is the size of the largest independent set in the graph H and G®¢ stands for
the strong product of G with itself d times [73]. The Shannon capacity remains unknown
even for fairly simple graphs. In particular, the Shannon capacity of the cycle C with k
odd has not been determined for k > 7 (see, e.g., [10]). The connection is that ot(C]f )
equals the maximal number of 2 x --- x 2 cubes with centers having integer coordinates
that may be packed in the torus (R/kZ)?.

Rods in two dimensions: The random packing of 1 x k and k x 1 tiles on Z? has been
studied extensively in the physics literature [30, 44, 49, 72, 86] (see also the literature
reviews in the theses [43, 54]). The following behavior is predicted: For k < 6, the model
is disordered for all fugacities. For k > 7, the model exhibits two phase transitions. At low
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fugacity the model is disordered (low-density disordered, LDD), at intermediate fugacities
the model has a nematic phase, and at high fugacities the model is again disordered (high-
density disordered, HDD).

The case k = 2 is the monomer—dimer model. As discussed in Section 1.3.3, it was
shown to have a unique Gibbs measure for all fugacities. As mentioned in Section 1.3.5,
Disertori—Giuliani [17] rigorously established the nematic phase at an intermediate range
of fugacities for large values of k.

The properties of the HDD phase are unclear, though simulations clearly demonstrate
that horizontal and vertical rods appear with equal density (unlike in the nematic phase). It
would be interesting to improve our understanding of this phase and a starting point may
be the study of the fully packed regime (the limit A = o0). Is there a unique maximal-
entropy Gibbs measure in this case? Estimates of the entropy-per-site are provided by
[16,26].

Rods in three dimensions: The predicted phase diagram for 1 x 1 x k rods (and their
lattice rotations) on Z3 is less complete; see [16,72,83] for recent results.

10.3. A simplified lattice model with nematic order

In developing the technique of this paper the following simplified spin model proved
handy for pointing out the essential features. We describe this model for its intrinsic
interest and with the hope that it may lend similar help to the study of some of the models
described above.

Oriented monomer model: Configurations are functions o : 74 — {0,e1,...,eq} with e;
being the ith vector of the standard basis of R?. The state O represents a vacancy while
each state e; may be thought of as a “monomer oriented in the i th coordinate direction”.
Oriented monomers of equal orientations which are adjacent in the direction of their ori-
entation are thought to join together to form rods (an oriented monomer which is not
joined in this way is thought of as a rod of length 1). A configuration may thus be ima-
gined as a packing of rods. We wish to study the model in which the probability of a
configuration is proportional to 2¥(®) with N (o) representing the number of rods (i.e.,
the fugacity A = t2). Equivalently, the weight of a configuration assigns weight ¢ to each
end of a rod. An essential simplification available for this model is that the probability
measure may be represented by nearest-neighbor interactions, via the Hamiltonian

Ho)= )Y |[u—v,0()—0c®)|

uveE

with (-, -) denoting the standard inner product and E denoting the edge set of Z<. It is
straightforward that H (o) = 2N (o). We then define the probability of a configuration o
to be proportional to e “AH(©) = tH(®) with t = ¢~ This way of writing the model shows
that it is reflection positive (for reflections through planes of vertices) in all dimensions.
We are interested in the low-fugacity / low-temperature regime of the model. There,
since rod ends are disfavored, the rods that appear tend to be long and orientational sym-
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metry breaking may occur. Indeed, we expect this regime to exhibit a nematic phase, with
exactly d extremal and periodic Gibbs measures, with each measure characterized by an
orientation in which monomers appear abundantly while monomers of other orientations
are rare. Moreover, in the i th such measure (where e; for j # i are rare) we expect a typ-
ical configuration to resemble a perturbation of a union of one-dimensional systems in the
ith direction in which only the states 0 and e; are allowed. In particular, the density of e;
should be approximately 1/2 since such one-dimensional systems are invariant to swap-
ping the two allowed states (0 and ¢;). We are able to prove these properties when d = 2
using the techniques of the current work (thinking of the sticks of the 2 x 2 hard-square
model as the rods of the oriented monomer model).

We point out connections between the oriented monomer model and the existing lit-
erature. First, if one removes the possibility of vacancies then, in two dimensions, one
recovers the “exactly solvable” version of the model of loffe—Velenik—Zahradnik [37]
which has an exact mapping to the Ising model. Second, there is also similarity with
the two-dimensional interacting dimer model studied by Heilmann-Lieb [35, Model I]
and Jauslin—Lieb [40]: The models become identical when a specific relation between the
dimer activity and dimer interaction energy is imposed and, further, the interacting dimers
are replaced by interacting oriented monomers. Lastly, the oriented monomer model with
a fixed number of vacancies is equivalent to a model studied in [46].

As mentioned, we hope that the oriented monomer model may be handy in under-
standing orientational order in higher dimensions because we believe that it represents
some of the essential difficulties in those problems, while cutting down on some tech-
nicalities. Specifically, it resembles the lattice rod models of Section 10.2 but has the
advantage of having reflection positivity and the further advantage that the nematic phase
is expected at a perturbative regime (low fugacity) rather than at intermediate fugacity. In
addition, it may be of help in analyzing the lattice hard cubes packing model. As men-
tioned, this was indeed the case for us when studying the hard-square model.

10.4. Packing Euclidean disks on the lattice with the sliding phenomenon

Continuing a discussion from Section 1.3.4, we consider hard-core models of Euclidean
disks of fixed diameter D with centers restricted to lie on a planar lattice. There is a finite
list of diameters for which the maximal-density packings exhibit a “sliding instability”.
For these diameters, it is not known whether there are multiple Gibbs measures at high
fugacity (except for the one case resolved by the current work) and our goal in this section
is to speculate on this question.

10.4.1. Basic definitions. The base lattice W is either the square (Z?), the triangu-
lar (A,) or the hexagonal/honeycomb (H,) lattice, normalized so that nearest-neighbor
points are at (Euclidean) distance 1. Configurations are packings of Euclidean disks of
diameter D with disjoint interiors and centers on the base lattice. We restrict to values
of D which are attainable as the Euclidean distance between points in the base lattice
(for Z?2, all values of the form D? = a? + b2 and for A, and H, all values of the form
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k I 2]3]4/[5 6 7 8 9 10 | 11 12 |13 14 | ... 121 ee. | 31 T < I )

VAR

DZ | 2|4|s|8]o]w0]|13 16 [ 17 [ 18 | 20 [ 25 | 26 | 29 | oo [ 45| oo [ 72| ooo [ 80| ... | 90

Tab. 1. The correspondence between the k-NN and D? notation for Z2. The first few cases of
sliding are highlighted.

k 1123 ]|4 5 6 7 8 9 10 | 11 12 |13 41 ... 46

Hz:

D2 |3 |al7 o2 13|16| 19|21 |25 |27]28]31[3]... 133

Tab. 2. The correspondence between the k-NN and D? notation for A, and Hjy. All the cases of
sliding in H are highlighted.

D? = a? + b? + ab). The model is known in the physics literature as the k-nearest-
neighbor (k-NN) hard-core lattice gas, with k being the number of distinct positive lattice
distances smaller than D (see Tables 1 and 2).

A maximal-density periodic packing is called a periodic ground state (PGS). Follow-
ing [50-52], the sliding phenomenon is defined to occur for the pair (W, D) if there are
infinitely many PGSs (this definition suffices for our planar setting; see [53] for a study
of Z3).

10.4.2. Geometric characterization of periodic ground states. We now introduce key
notions from the approach used by Mazel-Stuhl-Suhov (MSS) [50-52] to give a geo-
metric description of the set of PGSs. This approach allows one to determine the cases
where sliding occurs, and provides further information regarding the ground states of
these cases, which should be important in understanding the high-fugacity behavior (cf.
the discussion of fully packed configurations in Section 1.2). The notions described here
are used below to comment on the sliding cases. For simplicity, we restrict to the case
W = Z?2; the treatment of the other cases follows similar ideas, and we indicate some of
the differences in Section 10.4.4.

MSS make the following definitions: A Z2-triangle is a triangle with vertices on Z2.
A Z2-triangle with side lengths > D and angles < 90° is called an M-triangle if it has
minimal area among such Z?-triangles. Given a configuration, the triangles forming the
Delauney triangulation of the set of disk centers are called C-triangles (of the configura-
tion). A configuration is said to be perfect if all of its C-triangles are M-triangles.

Theorem 10.1 ([51]). A periodic configuration is a PGS iff it is perfect.

The theorem follows from the following claims: (i) Every triangulation by M-triangles
is the Delauney triangulation of a configuration with density 1/S(D), with S(D) denot-
ing twice the area of an M-triangle. (ii) A perfect configuration exists, since an M-triangle
may be extended to a triangulation consisting of translations and 180° rotations of it.
(iii) All configurations have density at most 1/S(D) and a non-perfect periodic config-
uration has density that is strictly less than 1/S(D). The last claim is non-trivial and is
established in [51, Lemmas 3.5, 3.6].
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The theorem provides a handy tool to study PGSs for a given exclusion diameter D.
As a first step, one should understand the M-triangles for that D (a task which may be
carried out by a computer search). Then, one may study the ways in which these triangles
may be assembled together to form periodic triangulations.

A necessary condition for sliding to occur for a given exclusion diameter D is the
existence of two distinct M-triangles with a common edge, termed the sliding base, both
having their third vertex on the same side of the common edge. See Figure 10.1 for the
case D% = 29.

10.4.3. Sliding on Z*. The list of sliding cases on Z? was confirmed by [42,51] (a partial
list is also in [56]). The first nine cases are highlighted in Table 1. We recall that the first
among these cases (D? = 4) is the subject of the current work. At this point we refer the
reader to [51, Section 2.2] for the list of sliding cases on 772, a visualization of sliding
bases in some specific cases, and some discussion of the resulting ground states.

Fig. 10.1. (i) Two M-triangles for D? = 29 = 52 + 22, sharing their sliding base. (ii) A configura-
tion for D2 = 29. The C-triangles which are M-triangles are displayed in transparent grey color.

Monte Carlo simulations [55] carried out for D? < 20 indicate that the high-fugacity
phase is columnar in all of the sliding cases (interestingly, two phase transitions are pre-
dicted for D? = 8, 18, 20). Here, we point to an extra feature present only in the sliding
cases with D2 > 20, which leads us to believe that the lattice’s 90° rotational symmetry
is broken in the high-fugacity phase (leading to multiple Gibbs measures).

In all sliding cases except for the first five cases (i.e., when D? > 20), the following
property holds: each M-triangle has at most one sliding base. Consequently, two intern-
ally disjoint M-triangles that share an edge either do not have sliding bases, or have their
unique sliding bases parallel to each other (see Figure 10.1). This leads to the following
heuristic argument supporting the multiplicity of Gibbs measures in high fugacity: Con-
sider a configuration sampled from a high-fugacity Gibbs measure. It is natural to believe
that most C -triangles are M-triangles, leading to the existence of a unique infinite con-
nected component of M-triangles. If this is the case, by the property above, either all the
M-triangles in the unique infinite component have no sliding bases, or all of them have
their sliding bases oriented parallel to the same line. We believe that the second possibility
is entropically favored (see Figure 10.2). The orientation of the line to which the sliding
bases are parallel is thus a (tail measurable and translation invariant) observable which
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Fig. 10.2. Simulation for D2 = 29 with fugacity A = 2000 on a torus of dimensions 259 x 161.
In line with the proposed heuristic, all the M-triangles have their sliding base parallel to the line
x =y, and the disks are arranged in columns parallel to this line.

may be used to distinguish different Gibbs measures (e.g., a high-fugacity ergodic Gibbs
measure will be singular with respect to its 90° rotation).

In the cases where the above heuristic applies, we conjecture that typical configur-
ations display the following order. All C-triangles but a rare set are M-triangles with a
sliding base parallel to a shared direction. Thus centers are arranged in columns parallel
to the shared direction. The columns are occasionally interrupted by gaps (analogous to
the double vacancies in the 1D systems of the 2 x 2 hard-square model). In contrast to the
case studied in this work (where correlations between neighboring columns are small),
the columns interact more strongly since shifting a column parallel to its direction does
not in general result in a valid configuration.

10.4.4. Sliding on H,. On the triangular lattice A,, due to its symmetry, there is always
an equilateral lattice triangle with side length D. By arguments similar to those described
in Section 10.4.2, it follows that for the disk models on A, the sliding phenomenon never
occurs.

For the case of H,, MSS analyze the PGSs using an approach similar to the one
described above for Z2, with some modification. The notion of M-triangles is replaced by
that of MRA-triangles, defined in [50, Section 4.2] using a notion of “redistributed area”.
In the equivalent of Theorem 10.1 for the case of Hy, the direct implication that every
PGS is perfect still holds; however, the converse does not, since MRA-triangles do not
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(iii)

Fig. 10.3. Images of the D? = 4 model on the hexagonal lattice. The model is represented using
triangular tiles, consisting of four lattice points. (i) A closeup image of a configuration. The black

necessarily all have the same area. It also happens that there are finitely many values of D
where there are PGSs that are not lattices in the sense of an additive group, but still no
sliding occurs.

On H,, there are exactly four cases of sliding [50]: D? = 4,7,31, 133. We refer
the reader to [50, Section 8] for a discussion and visualization of the resulting perfect
configurations.

For the cases D2 = 31, 133 we note that all MRA-triangles are of the same area,
implying that every perfect configuration has maximal density. While the heuristic presen-
ted in the previous subsubsection does not apply to these cases, as there exist (equilateral)
MRA-triangles for which all sides are sliding bases, the specific geometry of these cases
still leads us to conjecture that columnar order arises at high fugacity, with three possible
orientations.

For the case D? = 4, configurations may be equivalently represented as a packing
of equilateral triangles of side length 2, with vertices restricted to the A, lattice (in this
equivalence, one rescales H, to be dual to A,). This is illustrated in Figure 10.3(i), where
tiles are painted in four colors corresponding to the parities of each tile’s center when
expressed in the basis 1, 27//3. MCMC simulations with local moves at fugacity A = 700
did not converge and led to different results depending on the starting position. Figure
10.3(ii) depicts the result starting from an empty configuration, in which the domains
of uniform color vaguely resemble the faces of a randomly deformed hexagonal lattice.
Figure 10.3(iii) depicts the result starting from a fully packed configuration with tiles of
a single color, in which columnar order is exhibited. Thewes—Fernandes [75, Section B]
consider this model in the physical literature, predict a columnar high-fugacity phase and
further discuss the intermediate fugacity regime.

For the case D? = 7, configurations may equivalently be represented as packings of
“trimers”, where each trimer is a union of three pairwise neighboring faces of Hj; see
Figure 10.4. For the fully packed version of this model an exact solution was found by
Verberkmoes—Nienhuis [81, 82] (see also Propp [67] for related enumeration problems).
The case D? = 7 is discussed by Thewes—Fernandes [75, Section C] where, interestingly,
it is predicted that the model is disordered at all finite fugacities.
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