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1. INTRODUCTION

In classical analysis, Airy functions are the Fourier transforms of exponentials ¢& )
of polynomials (originally for the polynomial g(x) := x3/3), and Airy differential
equations are the linear differential equations g’(d /dt)y + ty = 0 they satisfy. These
differential equations have an irregular singularity at co and have quite interesting
differential Galois groups. In the seminal paper [11] of Such, he introduces their £-adic
finite field analogues, the local systems whose trace functions are of the form

I — Z V(g(x) +1x).

The local systems we are concerned with here are generalizations of these Airy
local systems in several ways. We allow the “¢ term” ¢x to be replaced by tx4, we allow
the polynomial g(x) to be replaced by a Laurent polynomial f(1/x) + g(x), and we
allow an “outside factor” y(x) in the sum. Using the general theory developed in this
paper, the monodromy groups of some such local systems were determined in [7]. Here
is a more detailed discussion.

We work in characteristic p > 0, and denote by [F,, an algebraic closure of IF,. We
also fix a prime £ # p to be able to speak of Qg-adic cohomology. We fix integers

A>1, B>1, a>8B
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about which we assume
p + ABa.

We fix polynomials

f(x) € k[x], deg(f)=A, k some finite subfield of F,
g(x) € k[x], deg(f)= B, k some finite subfield of IF,.

We make the assumption that both f(x) and g(x) are Artin—Schreier reduced: this
means that in the expression f(x) = Y, ¢;x’, g(x) = Y_; d;x* wehavec; = 0,d; =0
if p|i. We define

godyeg (f) :=ged ({i [ i # 0}).  godye,(g) := ged ({i | di # 0})

the greatest common divisor of the degrees of the monomials appearing in f, respec-
tively, in g. We suppose

ged (a’ngdeg(f)) =1, gcd (a,gcddeg(g)) =1.

We also fix a (possibly trivial) multiplicative character y of k>, with the convention
that for y # 1, we have y(0) = 0, but 1(0) = 1. We denote by §( f, g, a, y) the lisse
sheaf on G,/ k whose trace function at time ¢ € L*, for L/k a finite extension, is

t— Y Y (f(1/x) + g(x) + 1x%) x(x).

xelL>

2. Basic racTs aBouT §(f, g,a, x)

The local system §( f, g, a, y) is lisse of rank D = A + a on G,,, and pure of weight
one. We view it as being the Fourier transform
FTy ([ale (Ly(ra/m+e0) ® £1(1)))-

Lemma 2.1. Given A> 1, B> 1,a > B, p } ABa, f, g both Artin-Schreier reduced,
and ged(a, gedye, (f)) = 1, ged(a, gedye,(8)) = 1. Then the following statements hold

Jor§(f.g.a, ).
(1)  The I(oco)-representation of §(f, g, a, ) is irreducible. It has rank A + a and
all slopes A/ (A + a).

(ii) The 1(0)-representation of §( f, g, a, x) is the direct sum
W(B.a - B) ® (Qo)"*7,

with W(B,a — B) an irreducible 1(0)-representation of rank a — B with all
slopes B/(a — B).
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Proor. This is a straightforward application of Laumon’s results on the local mon-
odromy of FT.,. The input sheaf to FT; is lisse on G, of rank a, with /(0)-slopes A4/a
and (co) slopes B/a. The hypotheses ged(a, gedge,(€)) = 1, ged(a, gedye, (/) =1
imply, respectively, that the /(0)- and /(oco)-representations of the input sheaf are
irreducible, cf. [8, the proof of Lemma 2.1].

Then the /(o0)-representation of §( £, g,a, y) is FTloc(0, oco)(rank a, slopes A/a),
which has rank A + a and all slopes A/(A + a), cf. [3, Theorem 7.4.4 (4)]. The 1(0)-
representation of ( f, g, a, x), modulo its subspace of /(0)-invariants, cf. [3, Corol-
lary 7.4.3.1], is FTloc(oo, 0)(rank a, slopes B/a), which is the asserted W(B,a — B).
The asserted irreducibilities result from the irreducibilities of the input and the fact
that FTloc(0, oo) and FTloc(oo, 0) are suitable equivalences of categories. [

CoroLLARY 2.2. Hypotheses as in Lemma 2.1 suppose in addition that a > 2B. Then
the determinant of §(f, g, a, y) is tame, so geometrically some Kummer sheaf &£ p.
Moreover, if x has odd order N, then A has order dividing 2N, while if y has even
order N, then A has order dividing N .

Proor. Theslopesof §(f,g,a, y)atooareall <1, andtheslopesatOare B/(a—B) <1.
Therefore, the determinant of §( f, g, a, x), a priori of finite order by Grothendieck’s
local monodromy theorem, is tame, hence geometrically some Kummer sheaf £ 4.
Then the arithmetic determinant of §( £, g, a, y) is some constant field twist £ 5 ® ¢
of £ 4. Denote by M the order of A. Over any finite extension L/k containing s,
the trace of Frob, 1, |£ A, as ¢ runs over L™, attains all values in ztp7. Then we recover
M as the ratios of these Frobenius traces at various points 5,7 € L. Thus, we also
recover M as the same ratios of Frobenius trace on the constant field twist £ ® «adg
of £ . Each Frob; 1 |§(f. g.a. x) and all its powers have traces in Q({,, {n) for N the
order of y. So each Frobenius determinant lies in Q({,, {n). Therefore, the geometric
determinant takes values both in pas and in Q(&,, {n). But the only roots of unity in

Q(8p,¢n) liein £pupn. Thus, uy < £un. u

LemMAa 2.3. Given A> 1, B> 1,a > B, p t ABa, f, g both Artin-Schreier reduced,

and ged(a, gedye, (f)) = 1, ged(a, gedye,(g)) = 1. Then (£, g, a, x) is geometrically

self-dual if and only if ABa is odd, both f(x) and g(x) are odd polynomials, and
2

x =1

Proor. The oddness conditions, and y? trivial, imply autoduality. For p = 2, over
even degree extensions k /F»(coef’s of f, g), after the constant field twist by 1/~/#k,
the traces are real (in fact in Q). And when p is odd, after the constant field twist by
1/Gauss(, x2) and over even degree extensions of I, (coef’s of f, g), the traces are
real.
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To prove the converse, we argue as follows. Since § := 9(f, g,a, ) is geomet-
rically irreducible, it is self-dual if and only if H2(G, /E, § ® §) is nonzero (and
in fact has dimension 1). We compute this dimension as the limsup, over extensions
k/Fp(coef’s of f, g), of the sums

1

WD Yo k(S + /) + () + () + 1+ y) xa (xp).

tek>,x,yek
The ¢ = 0 “missing” summand is
1
————— > U (f(U/x) + (1)) + g(x) + g(1) xk (x¥)
#k(#k — 1) <
X,y 1 1 5
= m(i Vi (f(1/x) + g(x)))(k(x)) ,
xek

which is O(1/(#k — 1)), because the sum being squared is, by the Weil bound, of

absolute value < (4 + B)+#k.
So the limsup does not change if we add this term.Then we have the limsup of

1/(#k —1) >, Vi (f(1/x) + f(1/y) + g(x) + g(»)) X (x).

x,y€k,x44+y4=0

This is then the limsup of the sum of the a sums, one for each ¢ with (¢ = —1,
Se = 1/0k — 1) Yy (f(1/x) + f(1/4x) + g(x) + g(£x)) xa (4xP).
xek

Both f(x) and g(x) are Artin—Schreier reduced and

ng (CZ, ngdeg(f)) = ng (a, ngdeg(g)) = 1.

Then the two sums f(x) 4+ f(x/¢) and g(x) + g(¢x) are each Artin—Schreier reduced.
Unless both sums vanish, the S¢ summand is O(1/ V#k), again by the Weil estimate.
And even if both sums do vanish, then the sum still vanishes unless y? is the trivial
character. Thus, in all cases, we must have y? trivial if we are to have self-duality.

Suppose now that 2 is trivial and ¢ is self-dual. Then for at least one ¢ with
% = —1,both f(x)+ f(x/¢) =0and g(x) + g(¢x) = 0. In the case p = 2, both
£, g are odd polynomials (because both are Artin—Schreier reduced), so there is nothing
to prove.

Thus, it remains to treat the case when p is odd. Suppose first that a is even.
Then we claim that for any ¢ with (¢ = —1, f(x) + f(x/{) # 0. To see this, write
f(x) =), anx", and define Ef := {n | a, # 0}, the set of exponents which occur
in f. By hypothesis, we have

ged(a,alln € &) = 1.
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We rewrite this as
ged(a,alln —a withn € ) = 1.

If f(x)+ f(x/¢) =0,thena,(l +1/¢") =0foralln € &,ie., " = —1 forall
neéy,ie, " =% foralln € &, and finally ("¢ = 1 forall n € &;. Define

D := gcd(alln —a withn € Ef).

Then §D = 1. But ged(a, D) = 1, so there exist integers u, v withau + Dv = 1. It
follows that ¢ = (£4)*(¢P)Y = (=1)*. Thus, ¢ is %1, neither of which has ¢ = —1
if a is even.

Suppose next that a is odd. Then the above argument shows that ¢ is +=1. But of these
two choices, only { = —1 has (¢ = —1. For this { = —1, we have f(x) + f(—x) =0,
which means precisely that f is an odd polynomial. The same argument applied to g,
using the fact that gcd(a, alln € E¢) = 1, shows that { = —1, hence that g is an odd
polynomial. |

LemmA 2.4. Given A> 1, B> 1,a > B, p } ABa, f, g both Artin-Schreier reduced,
and ged(a, gedye, () = 1, ged(a, gedye,(8)) = 1. Suppose that x and p are multi-
plicative characters of k> for k /I, a finite extension containing the coefficients of
both f and g. If x # p, then §(f, g, a, y) and §(f, g,a, p) are not geometrically
isomorphic.

Proor. We argue by contradiction. Suppose that §( f, g,a, y) and §(f, g, a, p) are
geometrically isomorphic. As each is geometrically irreducible, the cohomology group

HZ(Gn/Fp, §(f.8.a, 1) ®9(f.8.a.p)")

is pure of weight 2 and of dimension one. The dual §(f, g,a, p)" is the (—1)-Tate
twist of its complex conjugate: its trace function at ¢ € L™ is

-1
re Ll o ) (= f(1/%) - g(x) - 1x*)p(x).
xeL>
So the trace function of §(f, g,a, x) ® ([, g.a, p)V is
-1
teL > o D vL(f(1/x) = f(1/y) +8(x) —g(y) + 1 (x* = y*)) x (x)p(x).
x,yelL>

The sum over ¢ of this trace is, by the Lefschetz trace formula,

Trace(Froby,| HZ) — Trace(Froby | H}),
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with H Cz pure of weight 2, and H, cl mixed of weight < 1. Thus, the dimension, namely, 1,
of the relevant H, CZ is the limsup, as L/k grows, of

Y (/0 — /) + 8 — g0 + 16—y ) (7).

telL> x,yeL>

So far as the limsup is concerned, we may replace this sum over ¢ € L by the sum
over all ¢ € L: indeed the t = 0 summand is

2 /9 50 )x@) (= X ve(= 7/ = 2(0)p0)).

yelL>

(#L)2 (

Each of the factors is O(~/#L), so this t = 0 term is O(1/#L), and hence does not
affect the limsup.
Thus, the dimension, 1, of the H Cz is the limsup of

iL > ﬁ Y vn(f(/x) = f(1]y) + g(x) —g(y) + 1(x* = y*) x()p(y)

tel x,yeL>

_ i Doy (f(/x) = (1)) +8(x)—g(y) +1(x* = y*) x(x)p(y)

X, yEL*, x4=y4

- ¥ ﬁ S YL (f(1/x) = £(1/5x) + g(x) — g(60)) (¥)(E).

tena(Ep) xelLx

The { = 1 summand is

L3 wwnen =28 S Gy = 0,

xelL* xelL*

simply because y/p is nontrivial. In each of the remaining summands, the Laurent
polynomial f(1/x) — f(1/¢x) + g(x) — g({x) inside the y is itself nonzero (because
ged(a, gedye (f))=1and ged(a, gedye, (g)) = 1) and Artin-Schreier reduced, so each of
these summands is O(1/+/#L). Thus, the limsup vanishes, the desired contradiction. m

LemmMma 2.5. Let X /F,; be smooth and geometrically connected of dimension d > 1,
L #£ p, K/Q a finite extension, and L/ K a finite Galois extension. Suppose that ¥ and
& are nonzero lisse Qq-sheaves on X. Suppose that both ¥ and § are geometrically
irreducible and have all their Frobenius traces in L. Suppose further that for every
o € Gal(L/K), there exist lisse sheaves ¥° and §° on X whose trace functions are
the o-conjugates of those of ¥ and of §. If ¥ and § are geometrically isomorphic,
then ¥° and §° are geometrically isomorphic.
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Proor. If ¥ and § are geometrically isomorphic, then because each is geometrically
irreducible, there exists an a%¢ twist such that we have an arithmetic isomorphism

¥~ 8 Qo

This implies that for every finite extension k/IF,, and every ¢ € X(k), we have an
equality
Trace(Frob; x| F) = adeg(k/]F‘f)Trace(Frobt,k|‘§).

Because F is not the zero sheaf, for some k¢ /IF; and some ¢ € X (k¢), Trace(Frob; , | )
is nonzero. Then Trace(Frob; ,[¥) must also be nonzero, and we recover odeeko/Fq)
as the ratio of nonzero traces of ¥ and of §. As these traces lie in L, it follows that
adee®o/Fq) lies in L. Extending scalars from [, to ko, we reduce to the case when
a € L*. Then we simply apply o to the above equality of traces to obtain

Trace(Frob, x| %) = a(a)deg(k/]F‘f)Trace(Frob,,k|‘§");
i.e., we have an arithmetic isomorphism
Fo = 8% ®o(a)'e,
and hence the desired geometric isomorphism. |

ProprosITION 2.6. Given A> 1, B> 1,a> B, p Y ABa, let ¥ and § be local systems
on G,/ E, whose local monodromies are of the form

Froy= (A+B)L e Wz, G0 =(A+ B)1L & Wg,
with Wg, We both irreducible of rank a — B and totally wild, and
Frio) =2 Ve, G1(0) = Vg,

with Vg, Vig both of rank A 4+ a with all slopes < 1. Let £ be a rank one local system
on (Gm/IF_, suchthat ¥ =~ § ® £. Then £ =~ @

Proor. We first show that &£ is tame at oo. Indeed, if it were not, then Vg ® £ has
all slopes equal to Swans,(£) > 1, while Vg has all slopes < 1. Once we have this, it
suffices to show that £ (g) is trivial. Suppose first that a — B > 1. Then

9100) ® L10) = (A + B)L (o) ® (irreducible of rank > 1).

So the one-dimensional constituents are each &£j(g). But the one-dimensional con-
stituents of F7(g) are each 1. Suppose next that a — B = 1. Then in both ¥7(p) and
91(0), the trivial constituents are in the majority. But after tensoring with &£ (o), the
&£1(0) constituents are in the majority. Hence, £(q) is trivial. [
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CoROLLARY 2.7. For ¥ as in Proposition 2.6 above, suppose £ is a rank one local
system on G, /T, such that F¥ = F @ £. Then £ = Q.

Proor. Indeed, both ¥ and #V have the shapes of local monodromies of the Proposi-
tion. ]

ProrosiTiON 2.8. Suppose p ¥ ABa, f, g are both Artin-Schreier reduced, and

ged (@, gedgeg (f)) = 1, ged (@, gedye,(2)) = 1.

Then the 1(0)-representation of §( f, g, a, x) is tensor indecomposable under each of
the following conditions.

(@) The rank A + a # 4.
b) A+a=4and p =2.
(c) A+a=4p+#2 and (A, B,a) # (1,1,3).

Prookr. Indeed, the 7(0)-representation is the direct sum 7" @ W of a nonzero tame
part and an irreducible wild part. In rank 5 4, the result follows from [6, Corollary 10.4].
In the case of rank 4, the tame part has rank A + B > 2, so in characteristic p = 2
we may again apply [6, Corollary 10.4]. To apply [6, Corollary 10.4] with p odd and
rank 4, we must avoid the case A + B = 2,1i.e.,thecase A =1 =Banda =3. =

ProposiTioN 2.9. Suppose p + ABa, f, g are both Artin-Schreier reduced, and

ged(a, gedye, (/) = 1, ged(a, gedye,(g)) = 1. Suppose that §(f, g, a, x) is tensor
indecomposable for 1(0). Let us denote

D:=A4A+4+a, t:=4A+ B, w:=a-— B,

the rank, the dimension of the tame part T, and the dimension of the wild part W of
the 1(0)-representation V.=T @ W. Then §(f, g, a, x) is not tensor induced over
1(0) under each of the following conditions.

(a) D is not a power.

b)) w=1

(c) t—w > +/D.

(d) ptwandw < D —+/D.

Proor. Case (a) is trivial.
To treat case (b), suppose w = 1, and V is tensor induced: V =U; ® --- ® U,
with n > 2, dim(U;) = d > 2, and 1(0) acts through GL;(C)?S,. As p } aB and
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a— B =w=1, p>2. Since W has dimension w = 1, some element y € P(0)
must act on W as a scalar ¢ # 1, an Nth root of unity with N > 1 a p-power. By
[8, Lemma 3.2 (ii) with @ = 1], y is tensor indecomposable, so it must induce an n-cycle
while permuting the n tensor factors of V. By the formula for tensor induction [1],

|Trace(y|y)| <d <D/2<D -2
since D = d" > 4. On the other hand,
|Trace(y|y)| =D —1+¢| = D=2,

with equality only when ¢ = —1, which is impossible since p > 2.

To treat case (c), use the 7(0)-tensor indecomposability of V' to apply [8, part (ii) of
Lemma 3.5]. It shows the existence of an element / € 1(0) with |Trace(h|y)| < v D
if V is tensor induced. But V = ¢t1 + W, and any & € 1(0), being of finite order, has
|Trace(h|w)| < w. Hence, /D > |Trace(h|y)| > t — w, a contradiction.

For case (d), we may assume w > 1 by (b), and then use the fact that an element
y € 1(0) which is generator of 7/(0)/P(0) has spectrum on W consisting of all the
wth roots of some root of unity p (because when p + w, W is the Kummer induction
[w]+ £ of some rank one £, and y acts by cyclically permuting the w factors of the
induction: because y has finite order on V, p is itself a root of unity). Then we apply
[8, Lemma 3.2 (i)] (with its @ = w) to see that y is tensor indecomposable in the
1(0)-representation if w < D — +/D. Then we repeat the argument of case (b): if V' is
n-tensor induced, then

{Trace(y|y)| <d=DY"<D.

But Trace(y|w) = O since w > 1, and hence /D > |Trace(y|y)| =t = D —w,i.e.,
w > D — +/ D, a contradiction. |

TueoreMm 2.10. Suppose that p + ABa(A + a)(a — B), f and g are both Artin—
Schreier reduced, and ged(a, gedye,(f)) = ged(a, gedye,(8)) = 1. Then §(f, g, a, x)
is primitive on Gy, /E, under each of the following conditions.

(a) w :=a — B is not of the form p* — 1 for any s > 1.
b)) w=p*—land A # 1.
() w=p*—1,A=1,and y # y2 (for x2 the quadratic character).

d w=p*—1,A=1, y = x2, ABa is odd, each of f, g is an odd polynomial, and
B < 2p.

e w=p'—1,A=1x = x2,and §(f, g, a, x) has infinite G geom.
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) w=p*—1LA=1 y=y2 p>5eachof f.g €Fp[x], withg(x) = Zfzoaixi,

and either
p—1
B = 5 mod (p — 1)
or
Z a; 75 0.
iti=251 mod (p—1)

Proor. We argue by contradiction. Suppose §( f, g,a, y) = . for some finite étale
7w : U — Gy, of degree d > 1 and some local system J¢ on U. Then d x rank(H#) =
rank(§(f, g,a, x)) = A + a is prime to p. Also U is geometrically connected; other-
wise, m, H is not irreducible. Denote by X the complete nonsingular model of U, and
denote by 77 : X — P! the finite flat map on the complete curves. Let

C:=n%0), E=n"Yc0),

of cardinalities c, e, respectively.
For each point x € E, denote by

7y = Spec((Kx,x)") = Spec((Kpi o0)")

the induced map of the spec’s of completed function fields. Then for & :=9(f, g, a, x),
we have
Gl100) = EP mx o (Hrry).
x€E

But 9|;(0) is irreducible; hence, there is precisely one point in £, call it coup, and
g |1(oo) = Tlooup, (%I(ooup)),

with H7(o0up) irreducible (because its direct image is irreducible). Because ooup is the
unique point lying over oo, the degree of 7, is precisely d := deg(sr), which is a
divisor of A + a. Looking at degrees, we thus have

d x rank(#) = rank(9).

Therefore, deg(mooup) = d is prime to p; hence, 7oy is tame. By [4, Lemma 1.6.4.1],
it follows that
Swan oy (H) = Swans (§).

Similarly, we have
g |1(0) = @ T[x*(%l(x))y

xeC

while
El10) = Wa.a—B ® (Q)415,
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with Wp 4—p irreducible of rank w := a — B with all slopes B/(a — B). There is
precisely one point xo € C whose 7y, (H7(x,)) contains Wp ,_ g as a summand. More
precisely, we have

Txo o (H1xe)) = Wha—B ® (Qq)", for somen > 0.

We first consider the case n = 0. Then ;) is irreducible. Moreover, it cannot be
tame; i.e., it cannot be a Kummer sheaf &£ : if it were, then by Frobenius reciprocity
its direct image contains all &£, with pdeg(”"o) = x, whereas its direct image is totally
wild. Looking at degrees, we have

deg(my,) x rank(H#) = rank(Wp ,—p) = a — B.

As p t (a — B), we see that 7, has degree prime to p. Again by [4, Lemma 1.6.4.1],
it follows that
Swany, (#) = Swang(§¥) = B.

In this n = 0 case, we now argue as follows. On the one hand, for g := §(f, g,a, y),
for the Euler—Poincaré characteristic, we have

EP(U, #) = EP(G,,8) = —Swang(¥) — Swan(¥) = —B — A.
But

EP(U, #) = EP(U) rank(H) — Z Swany (H) — Swanee,, ()
xeC
= EP(U)rank(J#) —B— ) Swany(¥)— A.

xeC,x#xq
Subtracting these two expressions for EP(U, ), we find that

EP(U)rank(#) = Y Swan(J).

xeC,x#xq

In particular, EP(U ) rank(#) > 0, and hence EP(U) > 0. As U is the complement of at
least two points (one in D and atleast one in C') in a complete nonsingular curve, call it X,
we have EP(U) = 2 —2gx — 1 —#C > 0. On the other hand, 2 —2gx — 1 —#C <0,
with equality only if gx = 0 and #C = 1. Because #C = 1, deg(my,) mustbe d =
deg(m). Then the entire 7(0)-representation is wild, a contradiction, since the 7(0)-
representation has an A + B > 2 dimensional trivial part. (Alternatively, as the referee
pointed out, one could use the fact that for x € C ~ {xo}, mx.(Hf(x)) is tame, hence
by [4, Lemma 1.6.4.1], J# is tame at each such x, and so EP(U) = 0 by the formula
displayed above.)
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Suppose next that n > 1. Then 7y, (H7(x,)) contains Q¢, which we write as £1.
Then by Frobenius reciprocity, #7(x,) contains &£1. Then deg(7x,) cannot be divisible
by any prime to p integer r > 1, for otherwise 7y, , (Hr(x,)) contains my,, (£1), which
contains all £, with p” = 1. This is impossible because the entire tame part of the
1(0)-representation of § is copies of £. Thus, deg(my,) = p® for some s > 0. If
s =0, i.e., if deg(my,) = 1 is prime to p, then Swan, (#) = Swang(¥) = B, and
we conclude as in the n = 0 case above.

Suppose next that n > 1 and deg(my,) = p* with s > 1. Then by Frobenius reci-
procity, my,, (£1) contains £4 just once and contains no &£, for any nontrivial p
(because it only contains &, if p%ee(mx0) = 1). Therefore,

Txo4(£1) = £1 @ (totally wild of rank p* — 1).

If #7(x,) were not simply &£1, any other irreducible constituent would either be
tame (in which case its direct image would also have a wild part of rank p* — 1), or
would be wild, in which case its direct image would be totally wild.

Thus, in this n > 1 case, we have n = 1, rank(H#) = 1, Hy(x,) = L1, and

Txo+ (Hixg)) = Txoy (£1) = £1 @ (totally wild of rank p* — 1).

So the wild part of the /(0)-representation of ¢ has dimension w = p¥ — 1.
We now continue with the analysis of the case when w = p® — 1. Looking at what
remains of the /(0)-representation, we find

= P 7w

xeC, x#xq

A+B—1
iiIl

Each individual direct image 7, (#(x)) is then a sum of &£4. Being tame, it follows
that J is tame at each x # x¢ in C. Then J# must be /(x)-trivial at each such x;
otherwise, its direct image contains various &£, with nontrivial p. Then each m for
X # xo must have degree 1: it cannot have degree divisible by a prime to p integer
r > 1 because that introduces nontrivial tame pieces in the direct image, and it cannot
have degree a strictly positive power of p because that introduces nonzero wild parts
in the direct image. Thus, at each x # x in C, the degree of 7, is 1. From the above
displayed equation

i]lA+B_1 = @ nx*('}el(x)),
xeC,x#xq
we then see that
#C = A+ B,

and that # is lisse of rank one outside of the single point coup. Thus,

EP(U, #) = EP(Gym, §) = —Swang(€) — Swaneo(€) = —B — A.
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At the same time, remembering that ¢ has rank one, we have
EP(U, #) = EP(U) — Swanee,,(#) = EP(U) — A.
Thus, EP(U) — A = —B — A, and hence
EP(U) = —B.
In terms of the complete nonsingular model X of U, this gives
—B=EP(U)=2—-2gx —#D —#C =2—-2gx — 1 — (A + B);

hence,2 —2gx — 1 — A =0, i.e., —2gx = A — 1. This can only hold if gx = 0 and
A = 1. Putting coup at oo, # is lisse of rank one on A!, with Swan.,(#) = 1. Thus,
H is Ly (qx) for some o # 0 in FF,. Putting xo at 0, the morphism 7 is a polynomial
H(x) e E[x] which has degree A +a =14+a =1+ B + w = p® + B, which has
0 as a root of multiplicity p®, and which has B simple zeros, each of which is nonzero.
Thus, we obtain a geometric isomorphism

9(f.g.a.0) = [HX)], Ly@w-

Over a large enough finite extension k/F, (namely, one which contains « and
the coeflicients of each of the polynomials f, g, H, and with y**~1 = 1) both of
9(f. g a, y) and [H(x)]«Ly@x) are geometrically irreducible and geometrically
isomorphic local systems on G,/ k. Therefore, there exists some y € @X for which
we have an arithmetic isomorphism

(2.10.1) 9(f.g.a.x) ®y*E = [H(x)], Ly
Recall that §( f, g, a, y) is, arithmetically, the Fourier transform
9(f. g a. 1) = FTy([al(Ly(ra/m+gan ® Ly(x))),
and hence
9(f.g.a,0) @y = FTy ([al(Lyra/m+een ® Ly(x) @ y*¥)).

Applying the inverse Fourier transform FT ; to equation (2.10.1), we get an arithmetic
isomorphism

@] (Ly(ra1/m e ® LX) ® %) = FT([H ()], Ly (ax))-

We next prove that this cannot happen if y has order > 3. The key point is that

Gal(Q(x. 5)/Q(Ep)) = Gal(Q(x)/Q).
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So we may choose

o € Gal(Q(x.£,)/Q(&p))

so that the o-conjugate system to §( f, g, a, y) is

5(f.g.a,.0)° =9(f.g.a, x%),

while
([H®)], Ly @)’ = [HEX)], Ly @)

Applying Lemma 2.5, we find that [H (x)]+ &y (ax) is isomorphic to both §(f, g.a, x)
andto 9(f, g,a, x°). Butif y has order > 3, there exists o for which y? is any character
of the same order as y, and in particular there exists o for which y° # x. For such a o,
9(f, g,a,y)and §(f, g,a, x°) are not geometrically isomorphic, by Lemma 2.4.

For y = 1, the “traces nowhere vanishing” argument of [8, the proof of Proposi-
tion 4.4] shows that §( f, g, a, 1) is always primitive.

We now deal with the case where 4 = 1, w = p® — 1, x = yx» has order 2, and
9(f g.a, x2) = [H(x)]x«Ly@x) With H a polynomial of degree B + p*®, with 0
as a root of multiplicity p® and with B simple roots, each nonzero. For an 7(0)-
representation V, [H(x)], V as I(0)-representation is the induction through H viewed
as lying in E[[x]], call it H/™! We apply this to V := &Ly (ax)» Which is trivial as
1(0)-representation. We recall from [5, Corollary 6.4.5 (2)] that we may compute

swang ([H7™ (x)], Ly @x) = Swano([H/™ (x)],£1)

as follows. Expand H /™! (x):

HI™ (x) = xps( Z ozmxm).

m=>0

Then Swang([H /™ (x)],&£1) is the least prime to p integer m with o, # 0.
On the other hand, the 7(0)-representation of [H (x)]«Ly (ax) is the direct sum of
[H /™ (x)]« &y («x) With B copies of £1, so

Swano ([H (x)], £y (@) =Swano ([H /™' (x)], £y @x)) (=Swano ([H /™ ()], £1)).

But H is a polynomial of degree B + p°. Thus, in F,[[x]], H = H/™ and its
expansion is

H(x) = xps< i amxm>,
m=0

with ag, ap both nonzero. Moreover, if | <m < B — 1 is nonzero mod p, then a,, = 0
(otherwise, Swang would be this lower m).
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Suppose now that ABa is odd and that both f, g are odd polynomials. Then
5(f, g,a, y2) is self-dual (in fact orthogonally self-dual). So if §(f, g.a, y2) =
[H(x)]x Ly (ax), then

H = [H(X)], Ly @

is self-dual. As J is pure of weight zero and geometrically irreducible, its autoduality
is equivalent to having dim(H2(G,,/F,, #®2)) = 1. This dimension is the limsup
over larger and larger extension L of any chosen finite extension k /I, which contains
the coeflicients of f, g, H, of the complex absolute value of

(1/#L) Z (Trace(Frob,,L|J€))2 =(1/#L) Z Z Y (ax) ¥ (ay)

telL> tel> x,yeL:H(x)=t=H(y)

= (1/#L) > Vi (ex + ).

x,yeL:H(x)=H(y)#0
The “missing” term with r = 0 is (1/#L)(ZxEL:H(x)=0 ¥z (ax))?, which is at most

deg(H )?/#L, so does not affect the limsup. So the dimension of this H? is the limsup
of
(1/#L) > v (ax + ).

x,yeL:H(x)=H(y)

The affine curve H(x) = H(y) is smooth outside the point (0, 0). Indeed, its
singularities are the points on the curve where dH (x)/dx = 0 = dH(y)/dy. From
the explicit form of H above, we see that

dH(x)/dx = ap(p® + B)x?" P71 dH(y)/dy = ap(p* + B)y” TP7".
The polynomial H(x) — H(y) has the factorization

H(x)— H(y) = (x — y)Ag, with Ay := (H(x)— H(»))/(x — y).
The polynomial Ay is not divisible by x — y; indeed its leading term is

ag [ &=t

Ceups g, #1

The intersection of the two loci x — y = 0 and Ay = 0 is the single point (0, 0). Thus,
the curve Ay = 0 is lisse outside the point (0, 0) (because this open set of Ay = 0 is
the complement of x = y in H(x) = H(y)).

The sum of ¥z (x(x + y)) over the locus x = y vanishes. So our limsup is the
limsup of

(/#L) Y yr(alx+y)).

x,yeEL:Ap=0
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We will show that this limsup is in fact O provided that B < 2 p. Suppose first that
B < p. Then in the expansion of H, there can be no middle terms: we must have

H(x) = x” (ap + apx?).

Then
Ag =ayx—y)" " +ag  J] -ty
1#8€ups
This is the finite part of the projective curve of equation

aZB X -v)"""+ap ] *x-tv)=o.
1#L€ups 4

which has p® + B — 1 points at co. If we invert X — Y, then in coordinates
z:=7Z/(X=-Y), x:=X/(X-Y), andthusY/(X -Y)=x—1,
this curve becomes

aoz® + ap 1_[ (x—é‘(x—l)):O.

17éé‘€ll'p5+B

This affine curve, call it €, is defined by this polynomial, which is an Eisenstein
polynomial in z for any of the factors (x — {(x — 1)) with 1 # { € pps 4 . In particular,
it is Eisenstein for the factor 2x — 1 (present because p® + B is even, as B was odd).
Thus, € is geometrically irreducible; hence, Ay = 0 is geometrically irreducible. The
points on € with z = 0 are the points at co on Ay = 0, and z has a simple pole on
Apg = 0 at each of its zeros in €. In particular, 2x — 1 has a pole of order B at the
zero of z over 2x — 1 = 0. Over Ay = 0, we are summing &£y (o (X +7)/(X-Y))) =
&Ly (a(2x—1))> Which has Swan = B at the zero of z in € over 2x — 1. In particular,
Ly @(X+Y)/(X—Y)) is not geometrically constant. Hence, this sum is O(1/~/#L),
and the limsup is 0.

Suppose now that 2p > B > p. Then in the expansion of H, there can be a middle
term:

H(x) = x” (ap + apx? +apx®) = apx? + apxpﬂ’s + agx? tE,
In this case, we write
p+p’i=pN,
and
Ap =ag(x — )7 ' +ap(N = yN)PH (N = yN)/(x - y))
+az [] -t

17&;-6“1)54—3
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Because N = 1 4+ p*~!is even, the factor (xV — y)/(x — y) is divisible by x + y.
Now we repeat the above argument. The curve Ag = 0 is the finite part of the projective
curve of equation

aoZB(X —Y)P" ' 4 a, 2B P (xN —yNyP (XN YN/ (X - 1))
+ag [ x-ty)=o0,

1#L€ups 4B
which has p* + B — 1 points at co. If we invert X — Y, then in coordinates
z:=Z/(X=-Y), x:=X/(X-Y), andthusY/(X -Y)=x—-1,
we obtain the affine curve € of equation
aoz® +apzB P (xN — (x - I)N)p_l(xN —(x—1Y)

+ap l_[ (x=C¢x—1) =

175:5//«17‘"-{—3

The curve € is defined by this polynomial, which is (again) an Eisenstein polynomial
in z for the factor (2x — 1). From this point on, we repeat verbatim the proof in the
case B < p above.

Inthisw = p* — 1,4 = 1 case, if §(f, g,a, y2) is induced, then it is induced from
arank one local system & (4x), Which has finite Ggeom, and hence §( 1. g, a, y) itself
has finite Ggeom.

Inthew = p* — 1, A = 1 case with f, g € Fp[x], p > 5and g(x) = >_; a; x*, we
will use the hypothesis that either B = p ! mod (p—1or

Z ai;«éo

=251 mod (p—1)
to show that Ggeon is infinite. For this, it suffices to exhibit a point 1 € IF; where
Trace(Frob,r, [9(f. g.a. x2))

is not divisible by Gauss(y/, y2) as an algebraic integer. (Recall that §( f, g, a, x2)
has Frobenius traces in Z[{,] and is pure of weight one. Pass to §y(f, g, a. x2) :=
9(f. g, a, x2) ® (Gauss(V, y2)~¢), which is pure of weight zero with traces in
Z[&p][1/ p). This twist G has arithmetic determinant of finite order. Indeed, any Frobe-
nius determinant on % ata point / € F* is an element of Z[{p][1/ p] which is a unit for
all places A t p of Q(¢,) (because §j is part of a compatible system) and has complex
absolute value 1 after all complex embeddings. As Q({,) has a unique place over p, it
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follows (product formula) that this determinant has absolute value 1 everywhere, so is a
root of unity in Q (), so it has order dividing 2 p. Thus, the arithmetic determinant of
%o has finite order. Then the finiteness of Ggeom is equivalent to §p having all Frobenius
traces algebraic integers.)

To show that Trace(Frob,r, |6 (f. g.a, x2)) is not divisible by Gauss(/, y2) in
Z[&p], we use a p-adic calculation. Define

=8 —1.

Then ord, () = 1/(p — 1), while ord,(Gauss(y, x2)) = 1/2. For p > 5, we have
1/2>1/(p—1).So we need only to find a Frobenius trace Trace(Frob, |6 (/. g.4a, x2))
which is divisible by 7 but not by 72. This amounts to computing this Frobenius trace
modulo 72. For any x € [F,,

v(x) = =0+m)*=1+rx (mod 7?),

and for any x € F,
x2(x) = xPD/2 (mod p).

So for any Laurent polynomial L(x) = Y ; a;x' € F,[x,1/x], and any x € F), we
have

22(0)Y (L(x)) = xPV2(1 4 1)L = xP=D2(1 4 7L(x)) (mod 72).

Expanding out L(x) = ), a;x',

> @y(Le)= ) x(p_l)/2<1 + nZaixi) (mod %)

xeFy xeFy
= Z x2(x) + ﬂzai Z x4+ P=D/2 (mod 72).
xeFy i xeFy

The sum 3, cpx x2(x) vanishes. The sum }°, g x4 +(P=1D/2 yanishes modulo p
unless the exponent a; + (p — 1)/2 is a multiple of p — 1, in which case this sum is
—1 (mod p). Thus,

- > e@y(L@)=r Y. a4 (modr?).

x€Fy i:iEpT_l mod (p—1)

In§(f, g,a, y2), the relevant Laurent polynomial is f(1/x) + g(x) + tx?. Here
f(/x) =a-1/x, g(x) = Zf:o a;x'. Because p > 5, the 1/x term contributes 0.
If Bisnot (p —1)/2 (mod p — 1), the tx? term contributes 0, simply because a =
B+ pS—1lisnot(p—1)/2 (mod p — 1), no matter what the value of ¢ € IFPX. So
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for such B, we are done; if ZiSB:iEpT—] a; # 0, then we may choose any ¢ € [FI;‘ at
which to take the trace.

If, on the other hand, B is (p — 1)/2 (mod p — 1), then the exponent a in tx?,
whichisa = B + p*—1,is (p —1)/2 (mod p — 1). So the tx¢ term contributes ¢,
and

- Z 12()¥(L(x)) = n(t + Z a,-) (mod 72).

x€F); i<B:i=251 mod (p—1)
We may always choose ¢ € T so that the innermost sum is nonzero mod p. ]

Here is an extension of the previous Theorem 2.10 to the special case B = 1, where
we drop the hypothesis that p } (¢ — B).

TueoreM 2.11. Suppose that p + ABa(A + a), [ and g are both Artin—Schreier
reduced, and ged(a, gedge,(f)) = ged(a, gedye,(8)) = 1. Suppose that B = 1. Then
S(f.g.a, y) is primitive on G, /.

Proor. Repeat verbatim the first four paragraphs of the proof of Theorem 2.10, down

to the point
deg(my,) x rank(H#) = rank(Wp ,—B) =a — B

in the discussion of the n = 0 case. Because B = 1, Wp ,—p has Swang(Wg 4—B) =
B = 1.Inthis n = 0 case, J is totally wild, and

JTxO*Jf = WB,a—B-
By [4, Lemma 1.6.4.1], we have
Swang (x,, ) = Swany, (#) + rank(H)Swang(rx,, L1).

In this equality, the left-hand side is Swang (x,, #) = Swang(Wp .—p) = 1, while
on the right, Swany,(#) > 1 and Swang(rx,, £1) > 0. Therefore, we must have

Swany,(#) =1 and Swang(my,,L£1) = 0.

Because Swang(rx,, £1) = 0, we must have deg(my,) := D prime to p. Indeed, if
Txy, L1 1S tame, then 7y, , £1 has rank D and, being tame, is given by

o f1= P Ly

x with xP =1

Thus, there are precisely D characters of order dividing D; hence, D is prime to p.
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Once we have deg(my,) := D prime to p, repeat the rest of the n = 0 case EP
argument to get a contradiction.

Suppose now that n > 1. Exactly as in the proof of Theorem 2.10, we see that
deg(my,) = p® for some s > 0. If s = 0, i.e., if deg(mry,) = 1 is prime to p, then
Swany, (#) = Swang(§) = B, and we conclude as in the n = 0 case above.

We further see that when s > 1, we have n = 1, rank(H#) = 1, Hy(x,) = L1, and

Txo+ (Hixg)) = Txoy (£1) = £1 @ (totally wild of rank p* — 1).

But deg(my, ) divides the rank of 7y, (#71(x,)), Whichis 1 4 (a — B) = a (because
B =1).But p } a, so deg(my,) cannot be p* with s > 1. ]

Here is an extension of Theorem 2.10 to the special case A = 1, where we (partially)
drop the hypothesis that p } (4 4+ a)(a — B).

THEOREM 2.12. Suppose that p } ABa, the polynomials f and g are both Artin—
Schreier reduced, and ged(a, gedge, (f)) = ged(a, gedye,(g)) = 1. Suppose that A = 1
and that A + a = nop® withe > 0and 1 <ng < p. Then §(f, g,a, x) is primitive
on G [T,.

Proor. Because A = 1, the /(co)-representation of §(f, g, a, y) is totally wild of
rank A + a = 1 + a, with all slopes A/(A + a) = 1/(a + 1). By Pink’s argument
[2, Lemma 11], if this /(oco)-representation is induced, it is Kummer induced of some
prime to p degree D > 1. As this D divides the rank 1 + a, we see that D|ng, and
hence D < p. Thus, §(f, g,a, y) = . for some lisse J on a finite étale connected

m:U — Gy

of degree D.

On the complete nonsingular model X of U, there is a unique point xo lying
over oo simply because §7() is irreducible.

Now consider the unique point xo € X over 0 for which ny,, # contains Wp ,_p
as /(0)-representation. The degree dy of 7y, is < D, hence is < p, hence is prime
to p. Thus, we have

]Txo*(r}gl(xo)) = WB,a—B ® (@)n, for some 71 > 0.
Because dy := deg(my,) is prime to p, we have
Swanx()(c%l(xo)) = Swano(WBja_B @ (@)n) — B

At any other point x; lying over 0, the degree d; := deg(my;) is again < D < p,
hence is prime to p. At each such point, my; (H(x,)) is a trivial /(0)-representation.
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This first implies that #(y;) is tame, and then that both d; = 1 (otherwise, the Kummer

direct image of any &£, by [d;] will not be entirely trivial) and that #y ;) is just the

. ——rank(F#
direct sum Qgran ( ).

Now we give the EP argument. On the one hand, we have
EP(U, #) = EP(G,,,§) = —Swany(¥) — Swan,(§¥) = —B — A,
while we also have

EP(U. #) = EP(U) rank(J€) — > Swany, (¥) — Swan,, (¥)

x; over 0

= EP(U)rank(#) — B — A.

Comparing the two expressions for EP(U, #), we find EP(U ) rank(#') = 0, and hence
EP(U) = 0. But
EP(U) =2 —2gxy — #{x; over 0} — 1;

hence, 2gx = 1 — #{x; over 0}. Hence, gx = 0 and there is precisely one point over 0,
as well as precisely one point over co. Thus, in suitable coordinates, U is G, Xoo = 00,
xo = 0, and r is the D’th power map. At xo = 0, # cannot be totally wild (otherwise,
[D].(#) would be totally wild at 0), so it must contain some & . Then, [D]. ()
contains [D],.(&£,), which cannot be /(0)-trivial unless D = 1 (and y = 1). Thus,
D =1, contradiction. [

Recall from [10, Chapter 1] the notion of (S+) for the Ggeom of a local system in
its given representation: that it is irreducible, primitive, tensor indecomposable, and
not tensor induced.

CoROLLARY 2.13. Suppose that p + ABa, the polynomials f and g are both Artin—
Schreier reduced, and ged(a, gedye, (/) = ged(a, gedye,(g)) = 1. Suppose that A = 1
and that A 4+ a = nop with0 <e < land 1 <ng < p. If e = 0, suppose further
that A + a is not a power. Then §(f, g, a, x) satisfies (S+).

Proor. Indeed, the /(oo)-representation is tensor indecomposable, cf. Lemma 3.4
later on. Furthermore, if e = 1, then D = A + a cannot be a power. Thus, in all cases,
9(f.g,a, y) cannot be tensor induced. ]

3. ELEMENTS WITH SPECIAL SPECTRA AND TENSOR INDUCTION

Let V = C?. We will say an element g € GL(V) has quasi-simple spectrum, and write
that g is a gsp-element, if g is diagonalizable, and has at most one repeated eigenvalue
but at least two distinct eigenvalues.
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ProposiTION 3.1. Let V = V] ® --- ® V;, be a tensor product of n > 2 C-vector
spaces each of dimension d > 2. Suppose g € (GL(V1) ® --- ® GL(V;,)) % S, induces
a nontrivial permutation 7 on the set of n tensor factors V; and that g has simple or
quasi-simple spectrum, and finite order on V. Then the following statements hold.

(1)  Suppose d > 3. Then  is either an n-cycle or a 2-cycle.

(i) Ifd = 2, then 7 is either an n-cycle, a 2-cycle, a 3-cycle, or a disjoint product
of a 2-cycle and a 3-cycle.

Proor. Write m = 0705 .. .07 as a product of disjoint cycles of non-increasing lengths
(3.1.1) ki >ky ==k > 1.

If | = 1, then & is an n-cycle, and we are done. Hence, we will assume / > 2, and so
dim(V) =d" > 4.

First we note that if g = X ® Y is tensor decomposable, then both X and Y have
simple spectra. Indeed, if X say of size s x s with s > 1 has only a single eigenvalue,
then each of the eigenvalues of g repeats > s times, contrary to the assumption that
g has a simple eigenvalue. Hence, X has at least two distinct eigenvalues o; # o5.
Now if Y admits a multiple eigenvalue 8; = B, then oy 81 and a2 8 are two distinct
multiple eigenvalues of g, again a contradiction. Hence, Y has a simple spectrum, and
similarly does X .

Suitably conjugating g in GL(}'), we may assume that

-1 -1
b4 :(1,2,...,k1)(k1 +1,k1+2,...,k; +k2)<2k1 + 1,2]{1' +2,...,I’l).

i=1 i=1

Now we can write g = X ® Y, where
X e GL(V] X V2 R QR Vk1+"’+k1—1)

permutes the n — k; tensor factors V7, ..., V,_,, inducing the permutation

-2 -2
(1,2, .. k) ki 4+ Lk 42, ki + ko) ... (Zkl +1.Y ki +2,...,n—k1),
i=1 i=1
and
Y € GL(V—tj+1 @ Viky42 ®@ -+ ®@ V)

inducing the k; tensor factors cyclically.
By the previous remark, both X and Y have simple spectra, and we may rescale X
and Y so that both have finite order. Also, since 7 is nontrivial, we have k1 > 2 and
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k; <ky by (3.1.1). Assume first that d > 3. Then, applying [10, Proposition 5.2.3], we
seethatk; = 2,k, =--- =k;_1 = 1. Now if k; = 1, then we arrive at (i). If k; = 2,
then we must have [ = 2 by (3.1.1). In this case, the proof of [10, Lemma 5.2.2] shows
that g has at least two distinct multiple eigenvalues on V, a contradiction.

Assume now that d = 2. Again applying [10, Proposition 5.2.3], we have that either

(@) ky=2andk, =---=k;_1=1,0r
(b) k1:3andk2:---:kl_1:1,or
(C) k1=3,k2=2,andk3=~-~=k1_1=1.

In the case of (a), we cannot have (I, k;) = (2, 2) again by [10, Lemma 5.2.2]. So
k; = 1, and we arrive at (ii).

Suppose we are in the case of (b). If k; = 1, then we arrive at (ii). If k; = 2, then
[ = 2by (3.1.1), and (ii) holds again. If k; = 3, then [ = 2 by (3.1.1), and the proof
of [10, Lemma 5.2.2] shows that g has at least two distinct multiple eigenvalues on V'
(namely, y§ and y 8¢5 in its notation), a contradiction.

Finally, assume we are in the case of (c). If k; = 1, then we arrive at (ii). If k; = 2,
then [ = 3 by (3.1.1), and the proof of [10, Lemma 5.2.2] shows that g has at least two
distinct multiple eigenvalues on V', again a contradiction. u

We rule out the case of n-cycle of Proposition 3.1 in a more special situation.

ProposiTion3.2. Letr > 2beaprimeandletV =V, ® -+ ® V; be atensor product of
r C-vector spaces each of dimension d > 2. Suppose g € (GL(V1) ® --- ® GL(V;)) %
Sy induces an r-cycle on the set of r tensor factors V;. Assume in addition that g is
conjugate to
diag(1,.... 1, o, at, al?, ... ,a{‘"’_l),
-

t times

wheret > 2, w > 1, @ € C* is a root of unity, { = exp(2mi/w), and (o, w) # (1, 1).
Thend = r = 2, and either (t,w,a) = (3,1,—1)ort = w =2 and a = *+1.

Proor. (a) The assumptions imply that g is a gsp-element of finite order, with 1 being
the only multiple eigenvalue. Again conjugating g suitably in GL(}'), we may assume
that

g ViV Ve V.

In particular, g” induces a semisimple element of GL(V7), and thus we can find a
basis (e}, . ,e;,) of V1 in which g” acts as diag(x1, X2, ..., xg) for some roots of
unity x; € C*. Defining ej = gi_l(e}) for2<i<rand1<j <d, we see that
(e}, ...,¢e}) is abasis of V;. Now arguing as in the proof of [10, Proposition 5.2.1],
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we see that the spectrum of g can be written (counting multiplicities) as

3.2.1) Spec(g) ={1,....1} UZ =X 1Y,
N——
t times
where X = {x1,x2,...,x4}, and Y consists of (d” — d)/r r-tuples, each being all
the rth roots of some x;; X;, ... x;, with 1 <iy,is,... i, < d being not all the same,
and

Z ={a,al,al? ... al®" 1}

In particular, Y is stable under the multiplication by the subgroup wu, of C*.
Suppose d = r = 2. Then (3.2.1) shows that

w
X1 + xp = Trace(g) = ¢ +a2§i.
i=1
If w = 2, then we gett = 2 and then 2 = x; + x3, which implies x; = x, = 1 for
the roots of unity x1, x5. In this case, X = {1,1}and Y = {1,—1},and soa = £1.If
w = 1, then we gett = 3 and then 3 = x; + x, —« whichimpliesx; = x; =1 = —«
for the roots of unity x;, x», «.
(b) We will now assume (d, r) # (2, 2), so that

(3.2.2) d" —d)/r>2.

In particular, Y contains at least two p,-cosets of 8,y € C* (counting multiplicities).
First we show that

(3.2.3) rlw.

Suppose that r  w. Then |{B, 8¢} N Z| < 1, and similarly |[{y, y{,} N Z| < 1.1t
follows from (3.2.1) that at least one of 8, B¢, is 1, which means that the u,-coset of B
is . Similarly, the w,-coset of y is u,. Thus, ¥ contains ¢, twice, and hence ¢, # 1
is a multiple eigenvalue of g, a contradiction.

In particular, the elements in Z sum up to zero, and so

(3.2.4) Trace(g) = ¢.

Next we show that the multi-set Y contains 1 at most once. Indeed, if Y contains 1 at
least twice, then since Y is u,-stable, Y contains ¢, at least twice, again a contradiction.

(c) Suppose that X contains 1 at least twice. Then, without loss we may assume
x1 = xp = 1. Now if x; # 1 for some j > 2, then Y contains § at least twice for

r _ r—1_ __ _r—1_.
8 =x1"xj=x3 x; #1,
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and thus § # 1 is a multiple eigenvalue of g, a contradiction. It follows that
Xp=xp=--=xq =1,

which means that g” acts trivially on V; and hence g” = idy . The formula for tensor
induction [1] and (3.2.4) then show that

t = Trace(g) =d.

Note that, in this case, Y consists of (d” — d)/r copies of ;, and X contains 1 exactly
d times. So the multiplicity of 1 as an eigenvalue of g is

d+d —d)r.

But this multiplicity isatmost + 1 =d + 1, so we arrive at (d” — d)/r < 1, contrary
to (3.2.2).

We have therefore shown that X contains 1 at most once. But in (¢) we showed that
Y also contains 1 at most once. On the other hand, the multiplicity of 1 in Spec(g)
is at least > 2. So we conclude that ¢ = 2, and each of X and Y contains 1 exactly
once. In such a case, the u,-invariance of Y implies that {, € Y. Since {, # 1, ¢,
belongs to the set Z which is p-invariant. By (3.2.3), Z is also u,-invariant, and
hence 1 = (¢,)(¢,)~! belongs to Z. But then the multiplicity of 1 in Spec(g) becomes
3, a contradiction. [

Next we will prove an auxiliary result on finite permutation groups.

LEMMa 3.3. Let p be a prime, and let J = P x C be a transitive subgroup of S,, with
n > 1 such that P is a transitive normal p-subgroup and C = (y) is a cyclic p’-group.
Suppose that every element in the coset yP is either trivial, a 2-cycle, a 3-cycle, or a
disjoint product of a 2-cycle and a 3-cycle. Then one of the following statements holds.

i) p=n=|[J|=|P|=2

(i) p=n=|[J|=|P]=3

(iii)) p=n =3, P = C3, and J = Sj. Furthermore, y is a 2-cycle.
iv) n=4,p=2 P = C22, and J = A4. Furthermore, y is a 3-cycle.

Proor. Let p denote the corresponding permutation character of J. Then the transi-
tivity of J means that

(3.3.1) > ) =1J].

xeJ
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Also, since P is transitive, we have

(3.3.2) Z p(x) =|P|, and n = p¢ <|P|forsomec € Z>;.

xeP

(a) First consider the case J = P. Then either p = 2 and every nontrivial element
x in P is a 2-cycle, in which case p(x) = n — 2, or p = 3 and every nontrivial element
x in P is a 3-cycle, in which case p(x) = n — 3. Using (3.3.2), in the former case we
have

Pl =) px)=n+(P|-1)(n-2)=2+|P|(n-2),
xX€P

ie., |P|(n —3) = =2. As |P| > 2, we must have that n = 2 and hence |P| = 2, as
stated in (i). In the latter case we have

Pl =) p(x)=n+(P|—1)n—3)=3+|P|n-3),
xeP
ie., |P|(n —4) = —=3. As | P| > 3, we conclude that n = 3 and hence |P| = 3, as
stated in (ii).
(b) From now on we will assume that / > P, i.e., y ¢ P. By assumption, p(x) >

n — 5 for all x € yP; furthermore, x®=1,s0 J/P — Cg. It follows from (3.3.1) and
(3.3.2) that

333)  GPIZ[=) p) = p)+ Y. px) = (n—4)|P].

xeJ xeP xX€yP

whence p¢ =n < 10.
Assume in addition that p > 5. Then in fact we have n = p € {5, 7} and hence
P = Cp. Now
Ns,(P) = P x (o),

where o is a (p — 1)-cycle; in particular, any 1 # o' has a unique fixed point. As
P <Jandy ¢ P,wehave 1 # o/ € yP forsome j € Z. Thus, 0" is either a 2-cycle,
a 3-cycle, or a disjoint product of a 2-cycle and a 3-cycle, none of which can have
exactly one fixed point.

Now we consider the case p = 3. As y # 1 is a 3’-element, it must be a 2-cycle,
and thus y2 = 1. It follows that J /P = C,, so instead of (3.3.3) we now have

2AP|=1J=D px)=Y_px)+ Y p(x) = (n—4)P|.

xeJ xX€P xeyP

Thus, 3¢ =n < 6. It follows thatn = 3, P = C3 and J = Sz as J > P, and we arrive
at (iii).
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Finally, let p = 2. As y # 1is a 2’-element, it must be a 3-cycle, and thus y3 = 1.
It follows that J /P = C3. Furthermore, any element x € J belongs to yP if and only

1

if x™! € 71 P, and so we also have p(y) > n — 5 forall y € y~! P. So instead of

(3.3.3) we now have

3IP[ =71 =) p(x) =) p(x)+ Y px)+ Y px)=@2n—9)|P|.

xeJ XeP xeyP xey~lpP

Thus, 2¢ = n < 6. The case n = 2 is impossible since J > P > C,.Son = 4. Since the
subgroup P of a Sylow 2-subgroup of S4, which is dihedral of order 8, is normalized
by the 3-cycle y, we conclude that P =~ C22 and so J = A4, as stated in (iv). |

Now we establish some basic lemmas about tensor indecomposability and lack
of tensor induction for /(co) of £-adic local systems. Recall that a representation p
of a group G on a vector space V is said to be tensor decomposable if there exists a
vector space isomorphism V = V; ® V, with both dim(V;) > 2 such that the image
p(g) € GL(V) of eachelement g € G can be writtenas A1 ® A, witheach A; € GL(V;).
This notion of tensor decomposability of a representation p does not in general imply
that p is a tensor product of representations p; ® pa.

Lemma 3.4. Let ¥ be an irreducible 1(o0o)-representation of rank D > 2 all of whose
slopes are N/ D with N > 1 and gcd(N, D) = 1. Suppose further that p*> } D. Then
F is tensor indecomposable.

Proor. By (the I(o0)-version of) [9, Proposition 2.2], if # is tensor decomposable,
it is also linearly tensor decomposable, and hence we can write it as A ® B where
both #, B are I(oo)-representations of dimensions > 2. Because p? } D, at least
one of 4, B has dimension prime to p, say # has dimension prime to p. By the
argument proving [9, Proposition 2.2 (ii)], we may do so in such a way that 4 has
Ggeom = SLdim()» and then infer that both +, B have all slopes < N/D. Each of A, B
is irreducible (otherwise, their tensor product is reducible). Let A be the unique slope
of 4 (unique because 4 is /(oco)-irreducible). Then for d := dim(#4), dA € Z. This
integrality shows that A < N/D; indeed, if A = N/D,then dN/D € Z withd < D,
impossible because gcd(N, D) = 1. Similarly, 8 has unique slope u < N/D, and
hence A ® B has slopes < sup(A, u) < N/ D, contradiction. =

LemmMa 3.5. Let ¥ be an I(o0)-representation of rank D > 2 all of whose slopes are
N/D with N > 1 and gcd(N, D) = 1. Then ¥ is 1(co)-irreducible.

Proor. Indeed, any nonzero irreducible subrepresentation V' has all slopes N/ D, and
the product dim(V') x N/D € Z, impossible if dim(V) < D. ]



N. M. KATZ AND P. H. TIEP 28

Combining Lemmas 3.4 and 3.5, we get the following corollary.

COROLLARY 3.6. Suppose gcd(a, A) = 1 and p?> } D := A+ a. Then §(f. g.a, )
is both 1(o00)-irreducible and I(o0)-tensor indecomposable.

Proor. Here the I(c0)-slopes are A/(A + a) with ged(A4,a + A) = 1. [

LemMmA 3.7. Let ¥ be an irreducible I(c0)-representation of rank D > 2 all of whose
slopes are N/ D with N > 1 and gcd(N, D) = 1. Suppose further that p> } D. Suppose
that D = d"™ withn > 2, n < p, and gcd(n, D) = 1. Then ¥ is not n-tensor induced.

Proor. If ¥ were n-tensor induced, the map /(co) — S, giving the action on the
tensor factors, is trivial on P(00) simply because P(00) is a pro-p group while S,
for n < p has order prime to p. So the image of /(c0) is a cyclic subgroup of S,
generated by the image 7 of a chosen element y € I(oc0) which generates 1(c0)/ P (c0).
We first claim that 7 is an n-cycle. If not, write it as a product of disjoint cycles to see
that y preserves a tensor decomposition, and (hence) that every power of y, times any
element of P (00), preserves this same tensor decomposition. Thus, the entire group
1(00) preserves this tensor decomposition. By Lemma 3.4, this contradicts the tensor
indecomposability of . Once y induces an n-cycle, y (and then the entire group
1(00)) preserves the tensor decomposition of the Kummer pullback [#]* ¥ . But this
Kummer pullback [#]* ¥ has rank D and all slopes n N/ D, so it is irreducible when
ged(n, D) = 1 (because then ged(n N, D) = 1) and hence is tensor indecomposable,
the desired contradiction. |

LemmMmA 3.8. Suppose ¥ is an 1(00)-representation of the form T @ W, with T tame
of rank t > 1 and with W irreducible of rank w > 1 with all slopes m/w with m > 1
and gcd(m, w) = 1. Suppose further that t + w # 4. Suppose that D :=t + w, the
rank of ¥, is a power D = d" withn > 2, n < p, and gcd(n, w) = 1. Then ¥ is not
n-tensor induced.

Proor. By [6, Corollary 10.4], ¥ is tensor indecomposable. If it were n-tensor induced,
then precisely as in the proof of Lemma 3.7, the image of y must be an n-cycle. Then
[n]*F is tensor decomposed. But [n]*F = [n]*T & [n]* W. Here [n]* T is tame of the
same rank ¢, and [n]* W has rank w and all slopes nm/w. Then [n]*W is irreducible
by Lemma 3.5, and by [6, Corollary 10.4], [n]* ¥ is tensor indecomposable, the desired
contradiction. ]

LemMma 3.9 (Compare to [9, Lemma 3.2]). Suppose A,a > 1, and F an 1(00)-
representation of rank D := A + a all of whose slopes are A/(A + a). Suppose
that ¥ is tensor indecomposable over 1(00). Suppose that ¥ is n-tensor induced for
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some n > 2. Consider the map ¢ : 1(c0) — S,, giving the action on the tensor factors.
If (n —2)A < a, then ¢ is trivial on P(c0), and the image of ¢ is the cyclic group
generated by an n-cycle. Moreover, n is prime to p.

Proor. To show that ¢ is trivial on P(00), view S, < O,_1 by the deleted permutation
representation. It suffices to show that ¢ : I(c0) — O,_; has Swan,, < 1. Note that

Swans, < (n — 1)(the largest slope of ¥) = (n — 1)A/(A + a).
Thus, Swans, < 1 is the condition
m—1NA<A+a, ie, (n—2)A<a.

Lety € I(0c0) be a generator of 1(c0)/ P(oc0). Then the image of ¢ is the cyclic subgroup
of S,, generated by ¢ (y). If ¢(y) were not an n-cycle, it (and every power of it, and
hence every element of /(c0)) would preserve some given tensor decomposition of %,
contradicting the tensor indecomposability of ¥ over I(oc0). Because 1(00)/ P (c0)
has (pro) order prime to p, its image under ¢ has order prime to p. |

REMARK 3.10. In the above Lemma 3.9, the condition (n — 2) A < a is always satisfied
for n = 2. For the extreme case A = 1, the condition is n < a + 2, which is satisfied
for all n > 2. (Indeed, the rank D = a + 1 must be an nth power, say a + 1 = d".
Nowifn >a+2>a+ 1, thenn > d”, whichis false foralln > 1 and all d > 2:
worst case being d = 2, for which 2”7 > n 4 1.) If in this A = 1 case we also had
p? 4 (a + 1) and both ged(n,1 +a) = 1 andn < p whenever 1 +a = d", then we
would rule out ¥ being tensor induced, by using Lemma 3.7. (But already for n = 2,
we have a problem when 1 4 a is an even square.)

Tueorem 3.11. Suppose p + ABa, f, g are both Artin-Schreier reduced, and

ng (Cl, ngdeg(f)) =1, ng (a,gcddeg(g)) = 1.

Suppose that § = §(f, g,a, y) is n-tensor induced as a representation of w1(G,, /E)
for some n > 2. Assume in addition that p Y w =a— Band D = a + A > 4. Then
all the following conditions hold.

(i)  Eithern = p =3 or(D,n, p) = (16,4,2).
(i) & is tensor decomposable over I(00).

(iii) If in addition gcd(a, A) = 1, then p"|D.

Proor. By assumption, G = Ggeom stabilizes a tensor-induced decomposition V' =
Vi® V2 ®---® V, of the underlying representation V', with d :=dim(V;) and D = d”".
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Let 7 : G — S, denote the permutation representation of G while acting on the n
tensor factors of V. By Proposition 2.8, § is tensor indecomposable over /(0); hence,
7 (1(0)) is a transitive subgroup of S,,. Furthermore, since D > 4, we must have w > 1
by Proposition 2.9 (b).

Fix a p’-generator y of 1(0) over P(0), and write 7 (/(0)) = J = P x C, where
P = n(P(0)) and C = (7 (y)). By Lemma 2.1, the condition p } w implies that the
action of y on V has spectrum

(3.11.1) diag( ..,l,a,aé',aé'z,...,aéw_l),
—

1,“
t times

wheret = A+ B >2,w=a— B >1,a € C*isaroot of unity, { = exp(2rwi/w).
As w > 1, y|y is a gsp-element. In fact, this also holds for any element in the coset
yP(0) for the same reason.

Since J < S, is transitive and P <1 J, P acts on the set {V1, V5, ..., V,} with
e > 1 orbits 1, ..., Q,, all of length n/e and permuted cyclically by (). Suppose
that e > 1. Letting U; be the tensor product of the V; in Q2; for 1 < j < e, we see
that y permutes the e tensor factors of the decomposition V =U; Q U, ® ... ® U,
cyclically, say

UUy—Ust+— .= U, — U.

Choosing a prime divisor r of e, we see that y permutes the r sets
Aj :={U,-|1§i§r,i5j (modr)}, 1<j<r,

cyclically. Letting W; be the tensor product of the U; in Aj, 1 < j < r, we now have that
the element y with spectrum (3.11.1) permutes the r tensor factors of the decomposition
V=WQQW&: & W, cyclically. But this is impossible by Proposition 3.2 and
the assumption that D > 4.

Thus, P < S, is a transitive subgroup; in particular, n = p° for some ¢ > 1. By
Proposition 3.2 applied to any y’ € yP(0), 7w (y’) cannot be an n-cycle (because D > 4).
Applying Proposition 3.1 to y’, we see that any element in the coset () P is either
trivial, a 2-cycle, a 3-cycle, or a disjoint product of a 2-cycle and a 3-cycle. Hence, we
can apply Lemma 3.3 to J.

In the cases of Lemmas 3.3 (i) or 3.3 (ii), w(y)P = P, and so some element
y1 € yP(0) has 7 (y1) being an n-cycle, a contradiction. Thus, we are in the case of
Lemma 3.3 (iii), whence n = p = 3, or of Lemma 3.3 (iv), whence (n, p) = (4,2).
Observe that in the latter case D = 16. Indeed, in this case 7 (y) is a 3-cycle, so we may
write the action of y as X ® Y, where X € GL(V; ® V2 ® V3) permutes Vi, V5, V3
cyclically, and Y € GL(V}). By the proof of Proposition 3.1, X has simple spectrum.
Applying Proposition 3.1 to X, we see that d = 2 and hence D = 16. Thus, we have
proved (i).
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In these two remaining cases, we now show that
(3.11.2) a>(n-—2)A.

Assume we are in the case of Lemma 3.3 (iii), so that 77(y) is a 2-cycle and D = d3.
Since y|y has finite order and flips, say, V; and V5, the formula for tensor induction
[1] shows that

\Trace(y|V)| <d?* < D)2.

Now, (3.11.1) implies that Trace(y|y) = ¢, whence t + w = D > 2¢, and so
a—B=w>t=A+ B,

implying (3.11.2).

Next suppose we are in the case of Lemma 3.3 (iv), so that (y) is a 3-cycle and
D =d* = 16. Since y |y has finite order and permutes, say, V7, V», and V3, cyclically,
the formula for tensor induction [1] shows that

|Trace(y|V)| <d? = D/A.
Now, (3.11.1) implies that Trace(y|y) = ¢, whence t + w = D > 4¢, and so
a—B=w>3t =34+ 3B,

implying (3.11.2).

Thus, we have proved (3.11.2). Now, if § is tensor indecomposable over /(0c0), then
the equality n = p contradicts Lemma 3.9. So § is tensor decomposable over 7(c0),
proving (ii).

Assume in addition that gcd(a, A) = 1. Then the tensor decomposability over /(c0)
of § implies by Lemma 3.4 that p|D. But D = d”, so p”|D, establishing (iii). =

CoroLLARY 3.12. Suppose p + ABa, f, g are both Artin—Schreier reduced, and
ged(a, gedge, (f)) =1, ged(a, gedge,(g)) = 1. Suppose in additionthat p t w =a — B
andD =a+ A>4.If§(f. g,a, y) is primitive (e.g., by Theorem 2.10), then it satisfies
(S+) if either p > 5 or p* } D.

ReMARK 3.13. In cases when p|w, there are other ways to prove (S+). We can
sometimes apply Theorems 2.11 or 2.12 to prove primitivity, and we can sometimes
apply Propositions 2.8 and 2.9 to prove the absence of tensor induction.
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