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Abstract

We consider the stability of symmetric flows in a two-dimensional channel (including
the Poiseuille flow). In 2015 Grenier, Guo, and Nguyen have established instability of
these flows in a particular region of the parameter space, affirming formal asymptotics
results from the 1940s. We prove that these flows are stable outside this region in
parameter space. More precisely, we show that the Orr—Sommerfeld operator

2

8= (_ % +ip(U + m))(j—; - a2) —igU”,

which is defined on
D(B) = {ue H*0,1),u'(0) = u®(0) = 0and u(1) = u'(1) = 0}
is bounded on the half-plane %A > 0 for o > f~1/10 or v < p~1/6.
Keywords. hydrodynamic stability, Orr—Sommerfeld, Poiseuille, non-self-adjoint
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Chapter 1

Introduction

1.1 Main results

Consider the incompressible Navier—Stokes equations in the two-dimensional pipe
D=Rx(-1,1)

0;v—€eAv+v-Vv=-Vp inRy x D,
N (1.1.1)
vV = vpiy on Ry x dD,
where fl = (1,0), v = (v, vp) is the fluid velocity, and p is the pressure.
The parameter
1
R:= - (1.1.2)
€
is the Reynolds number of the flow and
vp 0D - R
is the boundary velocity.
Since the flow is incompressible we must have
divv = 0.
We linearize (1.1.1) near the laminar flow (cf. [3])
v = Ui,
to obtain the linearized equation
u; — Jo(u,q) =0,
where u = (11, u3) and g are defined on Ry x D, and 7y is the map
- Ju ) A
(u,q) = Jo(u,q) :=—€Au+U — +uU'i; — Vg. (1.1.3)

8x1

We proceed with a formal derivation of the Orr—Sommerfeld equation, intentionally
skipping the definitions of v, p, u, and ¢. Interested readers can read the entire deriv-
ation in [3]. The associated resolvent equation for 7y assumes the form

To(u,q) — Au = f, (1.1.4)

where divu = 0 and A € C is the spectral parameter.
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Hence, we may define a stream function

u= VLW = (_WJQ’ WXl)'

Substituting the above into (1.1.4) and then taking the curl of the ensuing equation

for ¢ yields
2 d " d
(—eA YU A-U ——AA)W:F, (1.1.5)
8x1 axl
where F = curl f.
We consider U € C2([—1, 1]) (we later restrict ourselves to U € C*([—1, 1]))

satisfying the following:

U(x1) =0, (1.1.6a)
max U”(x) <0, (1.1.6b)
xe[—1,1]
U(—x) = U(x). (1.1.6¢)
We normalize U so that
U'(£1) = F1. (1.1.6d)

Substituting ¥ (x1, x2) = ¢(x2) e!**1 into (1.1.5) yields for ¢ : (=1, 1) — C the
equation

B, p0 = 1. (1.1.7)
where (setting x, = X)
d2
D _ 2 . "
Brap = Cfﬂ‘/”)(ﬁ—a )—Z,BU : (1.1.7b)
where
d? )
Lg = 2 +iBU. (1.1.7¢)
In the above
B =o' =aR (1.1.8)

(R being the Reynolds number introduced in (1.1.2)), and, for 8 # 0,

A :ﬂ_l(é—az). (1.1.9)

€

We refer to [3, Section 3] for the details of the derivation. We use the pair of para-
meters («, B) instead of (¢, R) since the asymptotic limit we consider in the sequel is
B — oco.
D
We define £A,a,ﬂ on

D(8BY, ) = {ue H*-1.D).u(l) =v'(1) = u(-1) ='(-1) =0}. (1.1.10)
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. .. D,sym D
We focus our interest on the restriction 8)" " of the operator B3, 4 to func-
tions that are symmetric with respect to the reflection x — —x. Hence, we are led to
consider the equivalent restricted operator i)’?f)ﬂ on (0, 1) whose domain is

D(B) = {u e H*(0.1).u'(0) =u®(0) = 0 and u(1) = u/(1) = 0}. (1.1.11)

We leave the discussion of anti-symmetric modes to future research. Note that since

C@/i],a,ﬁ = ﬂigﬂ
(where 8B denotes the complex conjugate of B) the analysis in the sequel applies to
the case where minye[—1,1] U” (x) > 0 as well. Clearly, the Poiseuille flow associated
with U(x) = (1 — x2)/2 meets all the criteria in (1.1.6). Another example mentioned
in [13] is given by U(x) = (2/7) cos wx /2. Note that U is decreasing on (0, 1).
In [13, Theorem 1.1], it has been established by Grenier—Guo—Nguyen that for
sufficiently large R and for each « satisfying

CL R—1/7 <a< CR R_l/ll,
or equivalently when S is large and
CL7/6 ’8—1/6 <a< Cllel/lo ,8_1/10,
there exists A € C with negative real part such that Bina% is not invertible. For the
case of a Poiseuille flow, the positive constants C; and Cg have been determined
from well-known formal asymptotic calculations (cf. the book [12] by P. G. Drazin
and W. H. Reid).

In the present contribution, we consider the converse problem, i.e., we attempt to

show that, for any 6 > 0, (ﬂ?jyﬂm)_l is bounded for RA < 0 when

o> ,6_1/10+8 or 0<u <o ,3_1/6.

Note that unlike [13] we do not provide the precise estimate derived by formal asymp-
totics, 1.e., a7, < Cr, and ﬂ_1/10+8 > ,81/10. The determination of the precise curves
is left to future research.

Recall from equation (1.1.8) that 8 = /€. Our main results are the following
two theorems.

Theorem 1.1.1. Let U € C*([—1, 1]) satisfy (1.1.6). Then there exist positive oy, C,
Y, and Bo > 1 such that for all B > By it holds that

D,s — d D,s _ _
sp (BT + | BT =B P l0gp. (1LL12)
0<a<ay /0
RA<TB—1/2
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The condition « € [0, oz B~1/¢] can be rephrased in terms of the pair («, R) as
o€ [0,0{2/7R_1/7].

Theorem 1.1.2. Let U € C*([—1, 1) satisfy (1.1.6). Let further [i,, > 0 be given by
[3, equation (6.57)]. Then for any 6 > 0 and any Y > 0, there exist positive C, T,
and Bg such that for all B > By we have
wr les2 1+ | el
B1/10+8 < o dx %
RA<min(YB~/2,871/3 [ ~T~a?B72/3/2))
< g, (1.1.13)

The condition @ > B~1/19+8 can be rephrased in terms of the pair (a, R) as @ >
R(-1+108)/(11-108) Note that the condition R4 < B~ 3([fim — Y — a272/3/2))
guarantees, by (1.1.9) that Bf;igm is invertible for A <aB~V3[fim+a2p~2/3/2— 1]
and hence the stability of the laminar flow even for & > B1/3.

In the above

D,symy — D,symy —
B = sup 1B 2
feL?(0,1)
I fll2=1
and J p
D,symy —1 D,symy —1
| = | Lz,
dx @B Fer2(0.1) dx 0B 2
I/ l2=1

where || - ||> denotes the standard L?(0, 1) norm.

In recent years, hydrodynamic stability of shear flows has attracted significant
attention. For the case of a Couette flow we mention only a partial list of rigorous
analytical results [4—6, 8]. In [3], we have established similar estimates for the Orr—
Sommerfeld operator, together with semigroup estimates for the linearized Navier—
Stokes operator in the case where |U’| > 0 in [—1, 1] (see also the works of Chen,
Wei, and Zhang [9] and of Jia [17] for recent generalizations). In contrast with the
present case the Orr—Sommerfeld operator has, when |U”| > 0, a bounded resolvent
in the half-plane R4 < 0.

The hydrodynamic stability of symmetric flows in a channel has been considered
extensively in physics (cf. for instance [12,19-21]). These works, just like that of [13],
all attempt to determine as function of § the region in the («, IJA) plane where the
Orr—Sommerfeld is unstable. In a recent work [11], the stability of Poiseuille flow has
been established in the case of a Navier-slip boundary condition. This means that the
boundary condition u’(£1) = 0in (1.1.11) is replaced by u”(£1) = 0. The stability
of a pipe Poiseuille flow has also been addressed in [10].
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1.2 Proof strategy

In the following informal discussion, we present the main ingredients of the proofs
of Theorems 1.1.1 and 1.1.2. Some of the definitions appearing in the discussion will
remain slightly vague and will be reformulated more precisely in the next sections.
The reader may be interested in reviewing the relevant part of this presentation before
diving into the technical details of any part of the analysis in the sequel.

We begin with a rather heuristic discussion. Consider the equation

Birapd =1 (1.2.1)

where (¢, f) € D(B3.5) x L2(0. 1) and B3 0.5 = B, 5.

Our goal is to estimate the operator B;}x p under specific conditions on the para-
meters (A, a, B) € C x Ry x R;. We may rewrite the above equation in the form

AraP =, (1.2.2a)
where
v=B7f 4+ ¢W — a9 (1.2.2b)
and
dz
Ara = U + M)(— T2 + az) +U” (1.2.2¢)

is the inviscid (Rayleigh) operator whose study will be the main object of Section 1.2.
We define 4, o for RA # 0 or when RA = 0 and JA ¢ [0, U(0)], on

D(A;Y) = {¢ € H*(0.1) | ¢/(0) = 0 and $(1) = 0}. (1.2.2d)

It intuitively appears that v should tend to 0 as B — oo, and thus, we adopt the
following proof strategy.

(1) We prove that v becomes small as § — oo.
(2) We obtain a bound for ||¢Au;1av
H'(0, 1) norm).

After successfully completing the above stages we expect to obtain an inequality of
the form

1,2 (where || - ||1,2 denotes the standard

19"l < 81BN S 12 + 82(8) [ ]|2-

If for sufficiently large § it holds that §,(8) < 1/2, we can conclude from here an
estimate for ||£;’L’ﬁ |+ II%BI,L’ﬂ II.
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Estimation of ,Azla. We use in Chapter 2 a similar procedure to the one used in [3].
Let A = u + iv. Given that [U”| > 0 in [0, 1] and since

Ay o H \U"|Y2¢ H
Sy, 22T 123
‘<¢’ U+ik> U+ik (1.2.3)
we easily obtain that
— 1.2.4
”U—HAH = |,L|” Vll2- (1.2.4)

From the above (accompanied by a rather straightforward integration by parts) it is
not difficult to show that

C

AT + |5

The above estimate is unsatisfactory in the limit & — 0, and hence finer estim-
ates need to be established. We use the fact that «4;, o is self-adjoint. Thus, for
v & (0, U(0)] (see Sections 2.7 and 2.10) we may write

(s et = 0~ [+ ot

—v’
and obtain from it an estimate for ||¢’||» in the case where || is small.
For v € (0, U(0)], we have to address the singularity where U = v. Given the fact
that U is increasing in [0, 1] there exists a unique x,, € [0, 1) where U(x,) = v. Let
x € C°°([0, 1], [0, 1]) denote a cutoff function supported on [0, (1 + x,,/2)]. Setting

¢ = ¢ — ¢(x,)x we may write
[ -w (G5 |+l
= (m,m,a<p> o) U)o =P (25)

For the above balance to become useful for the purpose of obtaining estimates for
|¢|l2, we need to obtain an estimate for ¢ (x,,). To this end we use (1.2.3) to obtain

(for 1t # 0)

6 —$(x.) |2
152

‘2'

ug 0| g 13 = 18l | o7

Under the condition in [3] on U, which is assumed to be strictly monotone, the above
estimates leads to

90| = Iglloo| =7 |, + Clial 161

v
U+itl
Substituting the above into (1.2.5) (properly amended to account for small values of
|t]) yields an estimate for ||¢’]|2.

To adapt the above method to the present context we need to overcome several
difficulties.



Proof strategy 7

(1) Itholds that A¢oU = 0 and since U € D(+Aq,0), (4, o) ! becomes strongly
singular in the limit (A, &) — (0, 0).

(2) The boundary condition at x = 0 is a Neumann condition in contrast with
the Dirichlet condition in [3]. Thus, we have to write (1.2.5) separately on
the intervals (0, x,) and (x,, 1). On (x,, 1) we may use the same method
used in [3]. However, on (0, x,), considering ¢p/(U — v), we obtain bounds
of this quotient for small values of o that are significantly greater than those
obtained for larger values of «.

(3) The quadratic behavior of U — U(0) as opposed to the linear behavior con-
sidered in [3].
The first pair of difficulties is addressed by the same techniques.

* For small values of o we use the fact that we can consider (s, 1)~ ! as an integral
operator to obtain satisfactory estimates for its norm (see Proposition 2.4.1).

* For larger values of o we use again (1.2.5) (see Section 2.5).

In Section 2.6, we present a different analysis, which is valid for any o > 0 with
stronger singularity in the limit A — 0. In all cases, we use the orthogonal decom-
position ¢ = Cj(U —v) + ¢, to obtain separate estimates for Cj and ¢, , estimates
of the latter being significantly smaller than the former. To overcome the last diffi-
culty we simply use (1.2.4) in Section 2.9. In Section 2.8, we consider the transition
between the quadratic behavior of U near x, and the linear behavior considered in
Section 2.6.

Estimate of !8;; B To obtain an estimate of v (see (1.2.2b)) we set

vp 1= ket + (U +id)p" (), (1.2.6)
where .

Ai(B13e7/0[(1 — x) — i A])
Ai(e—iz”/3,31/3)t)
Here, Ai is the Airy function and n € C°°([0, 1], [0, 1]) is supported on (1/4, 1],
and satisfies 7 = 1 on [1/2, 1]. Note that vp(1) = v’5(0) = 0 and that ¥ is a good

approximation for the L?(—o0, 1) solution of

¥(x) =

n(x).

(=45 +ipl =) +iMJu=0 in(~c0.1).

1.2.7
u(l) =1. ( )

We can now rewrite (1.2.1) in the form

(£p — PVvo = g,
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where
2

dx?

fﬂ = +ipU

is defined on
D(£p) = {u € H*(0,1) | u(1) = u'(0) = 0}.

While the precise form of g5 need not concern us in this brief summary of the proof
we still need to obtain an estimate of its L2(0, 1) norm. Thus, we get an estimate of
v by working through the following steps.

(1) Estimate of ¢” (1).

(2) Estimate of g5.

(3) Estimate of vy.

(4) Estimate of A;’lavg) and of ¢//(1)A;,1(X(U +iA)y.

We use two different methods for the estimation of ¢ (1).

For a values that are not too small. We rewrite (1.2.1) in the form
2

(=55 4 iU +i2)) @ —oP9) = iBU"p + £
dx
Given ¢ (1) = ¢’ (1) = ¢’(0) = 0, we may conclude that for 3(x) = cosh(ax)/ cosha
it holds that
(39" —a*¢) = 0. (1.2.82)

Consequently, we define the Schrédinger operator cf% with the same differential oper-
ator as for &£ but with the following domain

D(£3) = {u € H*(0,1) | u'(0) = 0, (3.u) = 0}. (1.2.8b)
Let (v, g) € D(éﬁ%) x L2(0, 1) satisfy
(L5 - BMv = g. (1.2.9)

In Chapter 4, we obtain estimates for v(1) that we later use in Chapter 5 (except for
Sections 5.8 and 5.7) to obtain an estimate for ¢”(1). Again, we have to distinguish
between the quadratic case (Section 4.3) and the linear case (Section 4.2).

For smaller values of o and |A|. The estimate of ¢” (1), obtained by the above
technique becomes deficient, given the singularity of +¢ o. We thus integrate (1.2.1)
for o« = 0 to obtain

1
p® (1) = —/O f(x)dx. (1.2.10)

Then we use the identity

1 -
172D = (U '¢". Brop) = ;M@ (D6 (1)

—R(U") " ¢PD) + uplU") 29”3
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to obtain a proper bound for [|¢® |2, which together with Sobolev embedding (skip-
ping, of course, some of the details) leads to a satisfactory bound for |¢”(1)|. Note
that the effectiveness of this technique is lost when « is not small since (1.2.10) is no
longer valid. We use it only in Section 5.8.

Finally, we note that for o = B~'/3 3 undergoes significant changes through an
¢ (/3_1/ 3) boundary layer near x = 1. Hence, we can no longer make any good use of
(1.2.7) as an estimate for the behavior near x = 1 of the solution of (1.2.9). Instead,
we need to use the same method developed in [3] for this case. Note that, since 3
is localized near x = 1 for large values of «, the effect of the different boundary
conditions at x = 0 here and in [3] is exponentially small. Resolvent estimates for
:ﬁ% in this case are brought in Section 4.7 whereas estimates for the inverse of B8, o g
are given in Section 5.7.

Remark. We note an error in the derivation of [3, equation (8.96)] where the term
O ¥l /¥ (1) (O is analogous to y in the present contribution) was overlooked.
This error does not affect at all the validity of [3, equation (8.96)] given that the error
generated by the missing term can be estimated using (4.2.17), and is much smaller
than the right-hand side of [3, equation (8.96)] (which is greater or equal than C~1/*
for some positive C).

We skip the rather technical stage of estimating go. Once it is done, we need to
estimate (£4 — fA)~! in £(L2, L?) for | < p < oo in order to obtain an appropri-
ate estimate for vg. These estimates are obtained in Chapter 3 for various ranges of
A values. Again we need to distinguish between the linear behavior of U — U(x,)
near x = x, (Section 3.1) and the quadratic behavior near x = 0 for v = U(0) (Sec-
tion 3.2). Special attention is also devoted to £(L?, L') and £(H!, L") estimates
(Section 3.3).

Next, we estimate A;}av o using the aforementioned techniques of Chapter 2. For

:A;;la U + ik)xﬁ we use the exponential decay of 1Z away from x = 1 to obtain the
desired estimate in a rather straightforward manner, except in the case (1, ) — (0,0).
These estimates are addressed in Section 5.2.

Finally, in Chapter 6 we summarize the results of Chapter 5 and prove the main
theorems.






Chapter 2

The inviscid operator

2.1 Preliminaries

We begin by presenting the notation, frequently used in the sequel

b -
(/&) 2@, =/ f(x)g(x)dx.

Note that when (a, b) = (0, 1) the abbreviated notation {f, g) is used instead of

(f.8)r2(0,1)-
Next, recall that the differential expression of the inviscid operator (also called

the Rayleigh operator) is given by
d2
A)»,adéf(U‘i‘i/\)(_ﬁ‘Faz)—l-Uﬂ, 2.1.1)

where A € C and @ € R.
Note that, for any ¢ € D(i)’f)a ﬂ), we have

Arad = Jim 7B, 49.

We consider here only spaces of even functions in (—1, 1), hence, as explained in the
introduction, we restrict the operator to (0, 1) and consider the Neumann condition at
0 and the Dirichlet condition at 1. We thus define AT? as follows:

o for MA # 0 or when A = 0 and IA ¢ [0, U(0)], on
D(AD) = {¢ € H*(0.1) | /(0) = 0 and ¢(1) = 0}, (2.1.2a)
o for MA =0and IA € [0, U(0)]

D(Ag2>) = {¢ € H*((0.1), (U — 3X)*dx) | ¢'(0) = 0 and ¢(1) = 0},
(2.1.2b)
which is equipped with the norm

1
Il gy = [ 1+ P + I =502 d.
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Hence, in the following, we restrict attention to the interval [0, 1] assuming in this
section that U € C3([0, 1]) and satisfies the condition:

U(l) =0, (2.1.3a)
max U”(x) <0, (2.1.3b)
x€[0,1]
U'(0) = 0. (2.1.3¢c)
We normalize U so that
U'(l) = —1. (2.1.3d)

For convenience of notation we omit the superscripts Jt and ® in the sequel whenever
there is not any fear of ambiguity. Since
U _ 4-U
‘A'/'L,ot - P’

the analysis in this section applies to the case where minye[—1,1] U”(x) > 0 replaces
equation (2.1.3b) as well.

In this section, we obtain a variety of estimates for A;{x that are necessary in
order to obtain bounds in the same parameter regime for B;L We note that since

'A'/'\,Ol = ‘A)—/_\,a

the results in this section do not depend on the sign of JiA.

Let A = u + iv. We begin by summarizing the results of this section in Figure 2.1.
We map in this figure the regions in the (||, v) plane where the various estimates of
A;la can be found. We refer the reader to Section 1.2 where the consideration that
led us to split the A plane to these regimes are briefly explained. We note that the
results of Sections 2.6-2.11 are valid for any « > 0. Section 2.3 addresses the case
o = A = 0, Section 2.4 addresses small o values, and Section 2.5 relatively large
values of «. The constants determining the boundaries of the various regimes satisfy
0 < v; < U(0), vg < 0, and k¢ must be sufficiently large while o and Ay must be
sufficiently small.

2.2 Some more preliminaries

We begin by defining the following (formally) self-adjoint unbounded operator on
H{(0,1) := L?((0,1), U?dx)

by
d d
My =-U?—U?—, 2.2.1
v dx dx ( 2)
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Figure 2.1. Summary of the results in Chapter 2. For each zone in C for the parameter A, we
indicate the section where the basic inequality is proved. Recall that £ = RA, and v = JA,
L0, Vo, V1, Ao, Ko are positive constants which are introduced in the various sections.

which is naturally associated via the Lax—Migram lemma with the quadratic form
@y, defined on

H{(0,1) = {u e L} (0,1) | Uu € L?(0,1) and U’ € L*(0,1)}  (2.2.1b)
by
Qu(w) = |Uw'||3. (2.2.1¢c)
Recall that U satisfies (2.1.3).

Remark 2.2.1. When U is replaced by e~?, we arrive at a well-known problem
considered in Statistical Mechanics and Morse theory (Witten Laplacians), see, for
example, [14] and references therein. As observed in [7], we arrive at a singular case
of this theory because U is vanishing at x = 1.

We can now state the following lemma.

Lemma 2.2.2. Suppose that My is a self-adjoint operator with compact resolvent
on L2((0,1), U? dx). If {kx}5°_, denotes the non-decreasing sequence of which the
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spectrum o (My) is consisted, then
K1 = 0

and
i > AN |U(©0)% (2.2.2)

where /\év denotes the second eigenvalue of the radially symmetric Neumann—Lapla-
cian (i.e., the Laplacian reduced to the radially symmetric functions satisfying the
Neumann condition.) in the unit ball in R3.

Proof. The proof that x; = 0 is trivial (the associated eigenfunction is the non-
vanishing constant function). To prove the lower bound for k, we first observe that,
by the variational max-min characterization of the second eigenvalue,

IUw'3 : IUw'|3
Ky = sup 5 = sup 5. (2.2.3)
weH} (0,1) WEH[ (0,1) [Uw]3 peH} (0,1) WEHY(0.1) [Uwl|3
(w,U2y)=0 (w,(1—x)2¢)=0
The second equality can be proved by writing ¥ = (15§)2¢. Then, we use the fact

that by the concavity of U
UO)(1—x)<U(x)<(1—x) (see (2.1.3b)) 2.2.4)
to obtain

LI =0l Juw'3
[0 —owlz = owl3 ~

21— x)w'|3

U(0 .
v 10— x)wl

U(©)| (2.2.5)

Let Up(x) = 1 — x and K,? denote the nth eigenvalue of My,. By (2.2.5) and [15,
Theorem 11.12] we have that

[U0)]k3 < k2 < [U(0)| 3. (2.2.6)
Setting p(x) = 1 — x we obtain that

eA/(U() = _p—Z_
which is defined on (the Neumann condition is the natural boundary condition asso-
ciated with Qy,)
D(My,) = {u € H*([0, 1]; p*dp) | u'(1) = 0}.

Hence, My, is the radially symmetric Neumann Laplacian, and we may conclude
that
K3 =AY,

The above, together with (2.2.6) yields (2.2.2). ]
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We next recall Hardy’s inequality on finite intervals (see, for example, [18, equa-
tion (1.25)]).

Lemma 2.2.3. Let w € H'(a, b) satisfy w(b) = 0. Then, we have
1
I(Ix = alw)'ll3 = ll[x —alw'|5 > lewllg- (2.2.7)

Proof. Let € H'(a, co) be given by

N {w(x), x € (a,b),
w(x) =
0, x >b.

Then Hardy’s inequality on R applied to w implies that

- L
1B = alw) 12 5y = 10 = @1BY 12 00y Z 31002000y = 31007200
To complete the proof we first write
I(x = alw)ll3 = llx = alw'3 + [lwll3 + 29w, [x — a]w’).

An integration by parts then yields

2% (w, [x —alw’) = R([x —a], (w]?)) = — w3
Hence,
I(Ix — aw)'3 = lIlx —alw'|3,
which completes the proof of the lemma. |

If we drop the requirement that w(b) = 0 we can state the following lemma.

Lemma 2.2.4. Let w € H'(a,b). Then, we have
1
1(fx — alw)'[15 = ZIIU}II%- (2.2.8)

Proof. We use Hardy’s inequality in R4 for the extension

B0 = {w(x), x € (a,b),

w(b)2=2, x >b.

x—a’

2.3 Estimates inthecaseax = A =0

We begin with the simplest possible case, for which « = A = 0. We recall that

2

d
Ao = —-U— +U"
0,0 T2 +



The inviscid operator 16

is defined on
D(+o,0) = {u € H*((0,1), U?dx) | u(1) = u’(0) = 0},

corresponding to a Dirichlet—-Neumann problem on (0, 1).
Next, let W1-7(0, 1) denote the normed space

WhP(0,1) :={u € LP(0,1) | u' € L?(0, 1)},

with its natural norm denoted by | - |1, .
Observing that U belongs to the kernel of o, we set

¢ =cU+é¢.L, (2.3.1a)

where U.9)
=0 (2.3.1b)

= oz

in which (-, -) denotes the natural L2(0, 1) inner product.

Lemma 2.3.1. Let U € C?([0, 1]) satisfy (2.1.3). There exists C > 0 such that for
any (¢,v) € D(o0) x WH2(0, 1) satisfying

AooP =, (2.3.22)
(Lv)=0 and v(1)=0 (2.3.2b)
and
lim ¢'(x) = 0, (2.3.2¢)
2!
we have
¢Lll12 < C |lv]2 (2.3.32)
and
eyl < € Iolly vl (2.3.3b)

Proof. Letw = ¢/U. Clearly, w = ¢ + w1 withw; = ¢, /U, and
Aoo¢ = UMy w=U*Mywy =v. (2.3.4)
Step 1. Estimate of ||¢', ||2. Taking the inner product with w yields
IUwL I3 = (wy,v). (23.5)

Since (w,,U?) = (¢, U) =0, we now use (2.2.2), (2.3.5), and Hardy’s inequal-
ity (2.2.7) to obtain that

¢L
9213 = 1UwLl < Vw1 < 6| 22| vl < ClgLlalvle  23.6)
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Note that by (2.1.3) and (2.2.7) it holds that

lwell2 <

o == 1. < HU(O)a_x)
e (0 B (2.3.7)

L2(—00,1)

2
< = Y

where ¢, € H! ((—oo, 1]) is given by

loc

~ _ ¢J_(x), X € [0, 1],
L0 = {¢J_(O), x <0

Integration by parts yields

I3 = Qw3 = U5~ {Uwr, Uwy) < U5+ CligLl2llwl.

(2.3.8)
Using (2.3.5) and (2.3.7), we obtain
9 M2 < Clvllz + llgrll2)-
By (2.3.6) we then obtain
g/ 12 < Cllvll2. (23.9)

Note that to obtain (2.3.9) we have used the mere fact that v € L2(0, 1).

Step 2. Estimate of ¢j. By (2.3.2a) and the fact that #¢ o1 = v, it holds that

¢L v
=c(l7l.+I5l)
1950 = (|2, + ||,
By Hardy’s inequality (2.2.8) we then obtain that

g1 12 = CALI2 =+ lIv']l2).

Using (2.3.9) we may conclude that

lp7 112 <

Using Sobolev embedding, (2.1.3d) and (2.3.2c¢) yields

leyl = 16 (D] < 16" oo < 19713/ 1671152

‘We can now conclude (2.3.3b) from (2.3.9) and (2.3.10). ]

(2.3.10)
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2.4 Estimate of (#,4) ! for A # 0 and @ < |A|1/?

We continue with the following estimate of (#4;_9)~! when RA # 0. From (2.1.1),

we recall that

o d?
,A)“d_f—(UjLzA) S+ U

and that its domain is defined in (2.1.2a):
D(Aj0) = {u € H*(0,1) | u(1) = u'(0) = 0}.
We shall then consider A;la for & small enough.

Proposition 2.4.1. Let p > 1 and U € C3([0, 1]) satisfy (2.1.3). There exists C > 0
such that, for A € C satisfying RA # 0 and |A| < U(3/4), it holds for any (¢, v) €
D(Ay o) x LP(0, 1) satisfying A) 0 ¢ = v that

¢l = c(ﬁ(/ol vax| + | =], +Ivls) @4
Proof. Step 1. We prove that
160 < c(ﬁ /01 vdx|+| - J’; — H1 +lolp). (2.42)

Step 1.1. The estimate on [1/2,1]. As, for any ¢ € D(Ay ),
Arop = —[(U +id)¢' —U'g]',
we may conclude that

)

UG +ik /[Kz(x A) = Ko (6, D]v(@)dt + Ka(x, k)f v(r)dr, (2.4.3)

where

1
K X,A. = 5 -
2(x.4) /x (U +i1)2(s)
A first integration by parts yields
1 1 ! U’ds
Kyx,A)= ——— + — — —_—.
2N =gorin T ororm

An additional integration by parts further gives

U"ds
/ (U’)2(U+1)L)
1
log(U + i4) — U"(1) log(i ) + / (

"

(U’)3)/ log(U +iA)ds.

Sy
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For |A| < U(3/4) (abounded set in C), there exists C > 0 such that for all x € [1/2,1]
(where U’ (x) # 0)

1 U” \/
/ <W) log(U +iA)ds| < C. (2.4.4)

To prove (2.4.4), we introduce, for v > 0, the real value x,, which is defined by
U(xy) =vfor0O<v <U(), x, =1ifv <0and x, =0ifv > U(0). (2.4.5)

Note that, for 0 < v < U(0), x,, € [0, 1), is indeed uniquely defined by the assumed
monotonicity of U (see (2.1.3)).

Then we use the fact that for |A| < U(3/4) (implying |v| < U(3/4), |U'(x,)| > 0),
there exists C > 0 such that

|Tog(U(x) +iA)| < C[1+log|x —x,|7'].
Hence,
log(U + iA) is uniformly bounded in L9(0,1) V1 <g < +o0, (2.4.6)

readily verifying (2.4.4).
Consequently, it holds that

1 1 u”
K(x,\)— ——— — — — —log(U 4+ iA) + U"(1)log(iM)| < C.
2(x, 4) Uw i i W og(U +iA) +U"(1)log(i})| <
(2.4.7)
Let 1
Kr(x, 1) = Kx(x, 1) — —+ U”(1)log(i A). (2.4.8)
l

By (2.4.7), we get the existence of C > 0 such that, for any x € [1/2,1] and [A| <
U(3/4) we have
|(U +id)(x)Ka(x,A)| < C. (2.4.9)

We now write, for any x € [1/2, 1],

[ swtemt] <l
and hence, by (2.4.6) and (2.4.7), for all x € [1/2, 1] and |A| < U(3/4) we have, for
(p, q) satisfying % + é =1,

v

[ favmon|<e(| 2],

(gl )

+ og(U + i)lgllvlly + 011
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Substituting (2.4.8), (2.4.9), and (2.4.10) into (2.4.3) given that K (x,1)— K, (t, 1) =
Ky (x,A) — K7(t, A) yields

1 ! v
limarzn =€ (o7 [ vas]+ gz ]+ 10m). @an

which completes the estimate of ¢ in [%, 1].

Step 1.2. Estimate of ||@||Lo0(0,1/2). Next, we consider the case where x €[0, 1/2).
In this interval we need to address the fact that U’(0) = 0, as is assumed in (2.1.3a).
Here, we use the assumption |A| < U(3/4) to obtain that for x € (0,1/2),

Ka(x, 4) — Kz(%, A)) - ‘fz(x, 1) — 122(% A)‘ <C. (2.4.12)

Since by (2.4.9) .
(W(/2) +inR2(1/2.)| < C,

we obtain that
)KZ(I/Z,A)‘ <cC. (2.4.13)

Combining (2.4.13) with (2.4.12) and (2.4.8) yields

C
| K2(-, M)llLoo(0,1/2) < i

Hence, for all x € [0, 1/2] it holds that
, C
|K2(x, M)(U +iA)(x)| < ik 2.4.14)

Furthermore, by (2.4.8), (2.4.12), and (2.4.13) we have that

1
[ ot - Ko 2ot

<

1/2 . . 1 . .
/ (Ra(t.2) — Kz(x,x))u(z)dz) n )/I/Z(Kz(z,x) — Ro(x, M)o(1)dt

1
=| [ (Rae.2) = Ralx oo+ Cloly
1/2

R 1
= C(|Tl|‘/0 ”dx‘ + HUii/xnl + ”””P)’

where, to obtain the last inequality, we used (2.4.10).
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‘We can then conclude that

‘(U Fid)(x) /1 (Kz(m) - Kz(x,)t))v(t)dt‘

1
= C(ﬁ’/o vdx’ + HUii)LHl + ”””1’)‘

Substituting the above, together with (2.4.14) into (2.4.3) yields

v

lioan < (| [ v + | gz ], + o).

Combined with (2.4.11) the above readily yields (2.4.2).

Step 2. We prove (2.4.1). We begin by rewriting +, o ¢ = v in the form

¢//_ UN ¢+ v
U+ U+il

Taking the inner product with ¢ in L2?(0, 1), integration by parts yields, as ¢’(0) =
¢(1) =0,

U/ld)
N2 =9 D) . 2.4.15
1913 = (. 5= ) + 96 ) (24.15)
Let y € C®°(R, [0, 1]) satisfy
. 0 |x| <3
x1(x) = | (2.4.16)

Let further § = 1 — ¥. The first term on the right-hand side of (2.4.12) can be rewritten
after an integration by part as

U//¢ ’ U//|¢|2)’(\

’ | > - m((—
U+ii U’

For the first term on the right-hand side of (2.4.17), we write

‘Eﬁ«w),,log(U +i))

U//¢
U+ii

—m<¢ >/,10g(U n i)L)> - %(qu > (2.4.17)

U = Cligllllgl + |¢'1logU + i) 1.

Using (2.4.6) together with Poincaré’s inequality leads to

UBPRY 1t v il = Elalt
(Y togw 4 0) < Clold e @419

For the second term on the right-hand side of (2.4.17) we have, observing that U(x) +
i A does not vanish for x in the support of ¥ and |A| < U(3/4),

w(ig. oo o) < Clsls (24.19)
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Substituting (2.4.18) and (2.4.19) into (2.4.17) yields, again with the aid of Poincaré’s
inequality,
U//(p
g,
¢ U+il
For the second term on the right-hand side of (2.4.15) we use Poincaré’s inequality
and Sobolev’s embeddings to obtain

)| = Clg' a1 loo- (2.4.20)

v v v
(g, < H H < Il¢’ H H . 2421
‘ <¢U+ik>'_||¢||°° U+iA 1_”¢||2 U+iilh ( )
Substituting (2.4.21) together with (2.4.20) into (2.4.15) yields
=c (7l -
1912 = € (| gz, + 1911)
‘We can now conclude (2.4.1) from (2.4.2). [ ]

We can now state as a corollary, an estimate for Afa when « is relatively small.

Corollary 2.4.2. Under the assumptions of Proposition 2.4.1, there exist C > 0 and
80 > 0 such that, for all A € C satisfying RA # 0 and |A| < U(3/4), for all a such
that

|| < 8o min(|A["/, Tog ™2 |u| ™),

and for any pair (¢, v) € D(A) o) x LP(0, 1) satisfying
Al =0, (2.4.22)

it holds that

v

6112 SC(WIM/OIvdx‘+ [z, + 1ots).

The proof is obtained by rewriting (2.4.22) in the manner

Ay op =V +a’d,

or
¢ = ,A);’lov + 0520‘\);’10(17.

We now use (2.4.1) to obtain

ot < (] [ ] o, )
+ € (ol + [ gz |, + 191
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Since |v| < U(3/4) < 1,

1
<Cl -1 2.4.23
|3z, = Croglul (2423

to obtain that

< <Cl :
|7l = gzl 19 = Crog ™ g e

Sobolev embeddings, given that || < 8o min(|A|'/2,1og™"/? |u|™1), complete the
proof of the corollary when p < oo for sufficiently small §g.

2.5 Small [A] and @ > [|U||51(34)}/?
Setforany A € Cand § > 0
ars = Ul (SA) (1 +26)"/2. (2.5.1)

In this section, we attempt to prove the invertibility of ) o as defined in (2.1.2) for
sufficiently small |A]| and o > @, 5.

To be able to state the result of this section we define, for p > 1 and KA # 0, on
WLP(0,1) the maps

v > No(v, 1) := min (”(1 -2 J': = |1, ||v||1,p) (2.5.22)
and
Ny(v, A) = ‘(1 m)‘ (2.5.2b)

We can now state and prove the following proposition.

Proposition 2.5.1. Letr > 1, p > 1, and § > 0 and U € C3([0, 1]) satisfy (2.1.3).
There exist Ag > 0 and C > 0 such that for 0 < |A| < Ao, ¢ > ) s and (¢p,v) €
D(Ay o) x WEP(0, 1) satisfying Ay o¢ = v, we have, with ¢ = (U, ¢)/||U||3 and
¢1L=¢—U,

1+ CIA?log|A|!

eyl < ;
la2|U |15 + i A

[lvlly + CIAIN: (v, 1)] (2.5.3a)

and
|A|

<C[N A)F
lé1ll2 < 0o(v,4) |a2||U||§+iA|

(ol + 1AM @A) ] @530)
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Proof. Step 1. We prove the existence of L9 > 0 and C > 0 such that, for |A| < A¢
and o > o s it holds that

1+ C|A?log A7t
@ [UT + 2]

eyl = (Ivlly + ClAlllgLllz + [AIN1 (v, 2)).  (25.4)

As
U(—¢" +a?p) —U"p = v —ir(—¢" + @) (25.5)

or equivalently, by (2.3.2) and (2.3.4)

Uv U’¢
U (M Hw = i : 2.5.6
My +ew =g T rim (2.2.6)
where My is given by (2.2.1) and w = U™ '¢.
Taking the inner product with 1 and integrating by parts then yields
Uv U'¢
2 2 .
Ulger =1, )+ia(1. ) 2,57
U3¢y v TNV T (2.5.7)
We now write
U//¢ U//U UN¢J_
LA S AL L) 258
7 AL e R U (2>:8)

For the first term on the right-hand side we write, as U’(0) = 0 and U’(1) = —1,

1, %) = —¢y(1+iA{1. Ulill,/\». (2.5.9)

Since, for IA < U(1/2),

v’ L U"(1)2) .
L = —U"(1)log(iA) — ————>log(U(1/2) + iA
< U +i/\>L2(1/2,1) (1) log(i2) U'(1/2) og(U(1/2) +id)
U// / .
_ <(7) Jog(U + lk)>L2(1/2,1)’

we may conclude the existence of C > 0and 0 < A¢g < U(1/2), such that, for |A| < Ao,

U// 1
LA g
K U+iA>L2(1/2,1) = Clog|A|
As U
(1 T2z = €
U+idlL20,1/2)
we obtain
v’ Clog|A|™! 2.5.10
1, )< . s
’( U+M> = Clog|A| ( )
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Next, we consider the second term on the right-hand side of (2.5.8) (note that

$1(1) =0)

(e B

U +iAlLzasz,n
- |- UUd/’l log((U(1/2) +iA)),_, » + <(UUQ/§L)/,Iog(U + i)
< Cll¢Ll,2-

For IA < U(1/2), we can write

U//¢J_
=100
K U +iAlL20,1/2) — oLl
and hence we may conclude that
U//¢J_
1, >( <C : 2.5.11
(1525 = Clonl. @s.11)
Substituting the above, together with (2.5.9) and (2.5.10) into (2.5.8) yields
U//¢ .
,—— < C|A|log|Al™ C . 2.5.12
(1. 5=5) + a1 = Cllog ATy + Cllglna (25.12)
‘We next rewrite (2.5.7) in the form
Uv //¢
2 2 .
UJ2+ix =<1,—) A (1—) : 2.5.13
(@ IUlz +id)¢y Uil ( grial T ( )

and then observe that

¢ Uﬁk) = [(o) —ia(1 g )| < vl + AN @A),

Substituting the above together with (2.5.12) into (2.5.13) yields

ol £ ——5——(lvli + CIA[*log|A| ey + ClA + |A|N1(v, A)).
1l = gz (1P + CRPTog A1y + Clallgalia + AN 0.4)

Given the fact that when JA > 0, o > a5, we have
1 1
— = T
2| U5 +iA] ~ 8|A|
and that when IA < 0 we have

+ = L,
e?lU N3 +iA] ~ 1A

we obtain (2.5.4) for sufficiently small Ay > 0.
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Step 2. We prove (2.5.3).

Step 2.1. Forw; = U~'¢,, we prove that

¢ U'¢L >‘

U'U+il)
(2.5.14)

Taking the inner product in (2.5.5) with w yields (note that w’ = w’))
U//¢
U+il U+ iA>‘

We now turn to estimate the right-hand side of (2.5.15). For the first term we have,
using the fact that |¢ (x)| < (1 —x)V2||¢/, ||

IUWLIIE +e?16L15 < Clo/LI2(No(v, 2) + [A] ley]) + ‘1/\<

J0w] 15 + @213 = (61 5g) + 4w (25.15)

)| = 19l |1 =02 =] . (2:5.16)

U+ii U+iil

Furthermore, splitting the domain of integration (0, 1) into two intervals: (0, 1/4) and
(1/4,1) and then integrating by parts on (1/4, 1) yield, for 0 < |[A| < Ao < U(1/2),

[

v -— .
<¢l,U+M>:—¢Lvlog(U—|—lA)|x=%
1 - 1/4
o (DLVY —
— [ log(U +iA d dx.
[ Josw +in(GF) s [ Gy
2.5.17)

Using a Sobolev embedding and Poincaré’s inequality yields for |A| < U(1/2)
|[rvlog(U +id)|,_1| = Clrlloollvleo = Cligll2llv]1,p- (2.5.18)

Furthermore, it holds that

‘/1/4¢¢

and, as in the proof of (2.4.20),

‘/;/410g(U+l/\)(

Substituting the above, together with (2.5.19) and (2.5.18) into (2.5.17) we can con-
clude, with the aid of Poincaré’s inequality and Sobolev’s embeddings, that

—dx| = C [blgL (2.5.19)

) dx| = Cvllnplpelo + I0loolid )

(er g=7)| = CIoL Il (2.5.20)
Combining (2.5.20) with (2.5.16) and (2.5.2) yields
/
(61 )| = LMoo, 2. 2521)
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For the second term we have, using the decomposition (2.3.1)

iafw., UUJ:":A> = ieA(#1. U(J]r” x> +ia{wl, = ﬁ’lx)' (2.5.22)

To estimate the first term in (2.5.22) we use (2.5.11) to obtain

‘C”A<¢l’ U +Ni)t

Substituting the above together with (2.5.22) and (2.5.21) into (2.5.15) yields (2.5.14).
The estimate of the last term in (2.5.14) is the object of the next step.

)| = cirllellignla (2.523)

Step 2.2. We prove that for every € > 0 there exists Ao > 0 such that for all 1| < A¢
it holds that

‘z <¢J_ U'¢y

/12
ey [t 2 (2.524)

Clearly,

" 1 " 2
<¢L U'és )— i/\/ U191 ] (2.5.25)
0

U U+il UU +il)
Recall the definition of x,, in (2.4.5),and let 1 — x, <d < 1/2.
The integral over (1 —2d, 1). We attempt, see Step 2 of the proof of [3, Proposi-
tion 4.14], to prove that for d < 5 there exists C > 0 and A¢ such that for Al < Ao

(u/l Lwdx‘ < Cdlogld|™"|¢, |12 (2.5.26)
124 U(U +i2) 1~ e o

To estimate this integral we use the identity

1 _ 1 |:1 1 ]
UU +ir)  iAlu U +idl
to obtain that

1 " 2 1 " 2 1 /" 2

U U U

i Ulloul” / UleLl” ;. [ VALl 4y 2527
1-2d U(U + l/\) 1-2d U 1-2d U + ll

Integration by parts yields

1 U//|¢ |2 U”
d log(U A
[ e = (G ioaPlioe(w +i1)

x=1-2d
1 !
—/ (—,|¢l|2) llog(U + i) dx. (2.5.28)
124 \U
Next, we observe that

lpL(0)[> <2d|¢ 3. 0<U(x)<2d, Vx e[l -2d.1]. (2.5.29)
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We also note that, for Ao small enough and |[A| < Ao,
|log(U(1 —2d) +iA)| < Clog|d|™". (2.5.30)

Hence, the first term on the right-hand side of (2.5.28) can be estimated as follows:

<Cdlogld|™" ¢/ 13- (2.5.31)
x=1-2d

(101 Pliog(w +h)

For the second term, we write

‘/1 0 —Iml ) |10g(U+i)t)|dx‘

U” 1 , .
< | Tl nan [ 062 + 240al 181D oV + i) dx

<c / 62+ 9] 14) og(U + )] dx. (25.32)
1-2

As
Iog(U + iM)||Lr(1—24,1) < Cd P log|d|™"  for p € {1,2},

we obtain, using (2.5.29), from (2.5.32) that

[ (Gowar) s + imtar| < Caroglar 16413
1—2d
Substituting the above, together with (2.5.29) into (2.5.28) then yields
U”|¢J_|2 _
b N )<Cd1 dI e 12, 2.5.33
[ x| = catogidr g3 (2533)

We now estimate the first term on the right-hand side of (2.5.27). Employing (2.3.7)
and Poincaré’s inequality yields

U"|gL]? .
‘ U dx‘ < CllgLllzzq-2a. 6L/ Ullz2q—2a.1) < C dll) 113

Substituting the above together with (2.5.33) into (2.5.27) yields (2.5.26).

The integral over [0,1 — 2d]. By (2.1.3) there exists C > 0 such that for all 1 — x,, <

d <1/2,
1 C

H I/ + l/‘\ HLCO ‘),]—Zd = I/ - d —V = [4)

1-2d " 2
U"|¢L| | |
A — = d .
‘ /0 UWU +il) . FELLNE
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Combining the above with (2.5.26) yields that for all 1 — x, < d, with the aid of
Poincaré’s inequality

UL IA|
A Torin ‘<C 5 +dlogld[™! 3 2.5.34
[ g x| = € (s + droeld ™) 1913 (2534
Let € > 0. Clearly, there exists d(€) > 0 such that for d € (0, d(¢))
€
dlogld|™! < —.
ogld| Yo

Furthermore, for (€, d) as above we add the condition

Ao < min (% d U(O)).

As
UO)(1 —xy) < |v] < [A] < Ao =d U(0),

we obtain that d > 1 — x,,, therefore, (2.5.24) can now be verified with the aid of
(2.5.34).

Step 2.3. We complete the proof of (2.5.3). Substituting (2.5.24) into (2.5.14) yields
for any € > 0, the existence of C > 0 and A, > 0, such that for |A| < A, it holds that

|UwL I3+ e?lpLlz < ClgL2(No(. ) + Alley]) + ellg 3. (25.35)
We now attempt to bound ||¢’, ||2. As
¢ =Uw| +U'wy,
and since ||U’||co < 1 we may use (2.3.7) to obtain
lgL113 < 2[Uw! 5 + CligLl3- (2.5.36)
On the other hand, by (2.2.2) and (2.2.3) we have that
lgLls < CllUW 3,
and hence, combining with (2.5.36), we obtain
¢ 12 < ClUW! 2.

Substituting the above into (2.5.35) yields, with the aid of Poincaré’s inequality and
a suitable choice of ¢, the existence of A¢g and C > 0 such that for |A| < Ay,

¢ l2 < C(No(v,A) + [A] ey ). (2.5.37)

‘We now combine (2.5.37) with (2.5.4) to obtain (2.5.3a) and (2.5.3b). ]
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While a direct use of (2.5.3) will be made in the proof of (5.2.2), we shall also
need to transform Nj (v, A) into a more conventional bound, which is precisely what
we achieve in the next lemma.

Lemma 2.5.2. Let U € C?([0, 1]) satisfy (2.1.3), p>1, 0<vo <U(1/2), and 1o > 0.
There exist C > 0 such that for all |i| < o, and |v| < vg it holds that

Ni(v,2) = [v(D)[log[A] + Cllv]1,p, (2.5.38)
where N1 is introduced in (2.5.2b).

Proof. Clearly,

v v v
(et SO (oo
< U+ii U+iAlL20,1/2) + U+illLza/2,n
Integration by parts yields

v(1/2)
U'(1/2)

— /1/12 (%)llog(U +id)dx.

Furthermore, as v < U(1/2) it holds that

= v(1)log(il) — log(U(1/2) +i})

v
1, —>
< U+idlLza/z,n

‘ <1 v > ‘ - vl
U +idlezoa/2) ~ |U1/2) +iA|
Consequently, by (2.5.2b), we can conclude (2.5.38) for any p > 1. |

2.6 The case 0 < IA < U(0)

Lemma 2.3.1 and Propositions 2.4.1, 2.5.1 address some of the cases where |A| is
small. We now consider the case 0 < v < v; for some v; < U(0), (recall that v = IJA).
For later reference (see Lemma 5.2.1 and Proposition 5.4.1), we also consider the case
where v is small using a different approach than that of the previous section. We set,
for p > landv € WHP(0, 1),

N, 2) = min ([[(1 = 02 +v712(1 — ) - J': — H1

210l + [ Tog Ib[ ™) + [oll2 + v 2] ). - 26.1)
For small values of |A|, since #;y,,0(U —v) = 0 and since U(l) —v = v K 1, we

expect 4 o to be almost singular, and that the norm of ¢ = A;lov would be much
greater in the space spanned by U — v. We thus use the decomposition

= cl(U—v)+[p—cl (U=,
where cl‘l’ is defined by (2.6.3).
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The proof of the following proposition is somewhat similar to the proof of [3,
Proposition 4.15]. In addition to the above-mentioned difference, resulting from the
non-invertibility of +¢ ¢, we need to address the Neumann condition at x = 0 here,
which complicates the estimate of [[¢’[|12(o,x,), Where x,, is given by (2.4.5). This
estimate, which is addressed in step 3 of the proof, significantly contributes to its
length and complexity.

Proposition 2.6.1. Let p > 1, U € C3([0, 1]) satisfy (2.1.3), and 0 < vy < U(0).
There exist (o > 0 and C > 0 such that for all A = u + iv with 0 < v < vy, and
0 < || < po and o > 0, we have, for all (¢, v) € D(Ay o) x WHP(0, 1) satisfying
A).aP = v (Where Ay o is defined in (2.1.1)),

C
I¢ = cj (U =Wz +v!2lef] < = N, 2). (2.6.2)

where

o (¢ —d(x). U —=v)1200.x,)
ll U —

. , (2.6.3)
U”LZ(Oaxv)

in which x,, is defined by (2.4.5).

Proof. Step 1. We prove that there exists C > 0 such that, for all 0 < || < I it holds
that

i 2.6.4
<
ol = (6. 57 )| 2.64)
for all pairs (¢, v) € D(Ay o) x WIP(0, 1) satisfying (2.4.22).
It can be easily verified (since 4 4¢ = v) that
v U//d)
S{p, — ) = —wl————=, ). 2.6.5
S<¢ U—v—{—iu) M((U—v)z—{—pﬂ ¢> ( )

B =SB~ 19(0) — B

we may use (2.6.5) to obtain, observing that —U"” > 0,

o )| 2 il s S0P 600 - 6 P). 266)
Hence,
"2 b
ool gty [ = wiso [T E52 e o =)

(2.6.7)
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Since |U(x) — v| < |x — x,|, and |[U”| > 0 we can conclude, that for some positive C

|U// 1/2 1
Iz [ e
U+ii o (x—xy)%+pu?

As|u| <1and x, € [x,,, 1], we obtain after the change of variable y = (x, — x)/|u|

/1 1 J 1 [ / ot
o i—x)2 42 Tl S 1+y2 |M|

Consequently, there exists C > 0, such that for all [u] < landv € (0,vy),

H |U// 1/2 ”

L 2.6.8
UTin |M| (2.6.8)

A similar argument is employed in the proof of [3, Proposition 4.14] (see between
equations (4.59) and (4.60) there). By (2.6.7) we then have

e u a2 ol @69

To estimate the first term on the right-hand side of (2.6.9) we first observe that for
some C = C(vy1) > 0 we have, forall A = p + iv such that0 < v < v

0o = Il

‘ ‘< € vre@ /A
X X ) )
Ux) +idl = |x — x| Y

where x,, = x, |v=v1 , and

1
— | <C Vxe(0,x/4).
‘U(x)—ki)t‘_ ¥ € (0.xn /9

Consequently, we may write

C
< v 0,1). 2.6.10
‘U(x)+i)t‘_|x—xv| x<@.D ( )

We now apply Hardy’s inequality (2.2.8) to w = (x — x,) "} (¢ — ¢(x,)) in (x,, 1).
It follows that

¢ — ¢(xv) ‘2 | 5
T =7 . 2.6.11
‘ X — Xy L2(xy,1) — 4”¢ ||Lz(xu,l) ( )
A similar bound can be the interval (0, x,,):
¢ — ¢(xv) 2 1., 5
T =7 . 2.6.12
‘ x—x, lr2ox) ~ 4”¢ IZ2(0,x,) ( )
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Consequently,

¢ — P(xy) |2 L,
=7 2.6.13
‘ x—x, lr2e,1) — g ||L2(0,1) ( )

from which we easily conclude, in view of (2.6.10),
‘ ¢ —¢(x)) )2

U+ii li2

Substituting (2.6.14) into (2.6.9) readily yields

< Clp'|3- (2:6.14)

2= c(|f ) 2,6.15

P = (|[o. )] + el 1913). @615

Using the positivity of —U"” on [0, 1] and (2.6.5) for the second inequality we then
obtain that

v

L X
|5 f iA Hz = C/O %WW < %|(¢ m)‘ (2.6.16)

Since

Arad\ o ¢
12 2 2 — 0o, aP\ g 7
1913 + a1 = g, 7220 ) = WU, s )

we may conclude from (2.6.16), Poincaré’s inequality, and (2.4.22) that

| 1912

1915 + 0?1913 < |{¢. 5——5)| + € HUfi/\z

= ‘<¢ U +ZA>‘ + |M|1/2‘<¢’ Uiik

1/2 ,
)1 e

from which we conclude, given that || < 1,

1915 = 2= (e 53] 2.6.18)

Substituting (2.6.18) into (2.6.15) yields (2.6.4).

Step 2. We prove that for any A > 0, there exists C and 14 such that, for o> < A and
A such that || < g and v € (0, vy)

v
U+ii

Il g1 ey .1) < C[ 1/2‘<¢, )‘1/2 n N(v,)t)] (2.6.19)

holds for any pair (¢, v) € D(A; o) x WP(0, 1) satisfying (2.4.22).
Let y € C*(R, [0, 1]) be given by

1 x<1/2,
= 2.6.20
x&) {0 x > 3/4. ( )
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Withd =1 —xy,let yg(x) = x((x — x,)/d) and set
d=9¢+o(x)xa- (2.6.21)

Note that by the choice of d, ¢ satisfies also the boundary conditions at x € {0, 1}.
It can be easily verified that

Arap =V +¢x)((U +id)(xy —a’xa) — U xa).
By (2.6.21) we have that
= (U —v) g € H*(0,1), (2.6.22)
and hence we can rewrite the above equality (using (2.4.22) twice) in the form
— ((U — v)z(%),), +a?(U —v)p
= v+ ) (U =v)(xg —*xa) = U" xa) +in(¢" — o*¢)

Y ) U//
= 9 (U )0~ o xa) ~ U ) + gy

(2.6.23)

Taking the inner product with w and integrating by parts, exploiting the fact that
¢(x,) = 0, then yields

U =)W' 2, 1) T €017 2, 1

v
= TR~ PO K
U//¢

T . 2.6.24
U + I.A>L2(xwl) ( )

+ P Xy — @ ad 2,y + 0w

We now estimate the four terms appearing in the right-hand side of (2.6.24), using

precisely the same procedure as in the proof of [3, Proposition 4.13]. For the first term
on the right-hand side of (2.6.24) we obtain with the aid of (2.6.21)

‘< U—zll>L2(xu,l)‘ ‘<¢ $xv), U+l)&>L2(xv,l)‘

+ I¢(xv)|‘<1 — Xd> (2.6.25)

U+ iA>L2(Xv,1)“

Since the integration is carried over (x,, 1) we can estimate the first term on the
right-hand side of (2.6.25) by using Hardy’s inequality (2.2.8) and (2.6.10)

) ) ‘ ¢ — P(xv) |
U —|—z/\ L2(xy,1) x—xy, WIL2(xy,1)
< Cll¢'ll2xy IV 2

H (x — xp)v

)(qﬁ $xv), U+il HL2(x,,,1)
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For the second term on the right-hand side of (2.6.25) we first note that since

1
¢u»=—/¢vmm

we may conclude that

p(x)] < d? ¢/l (2.6.26)
By the definition of y,4,

ol =5

U+ii —d’
and hence,
F e e
U+illL2e,,1) U+il d1/2

Hence, by the above and (2.6.26),

o i g | 24190 g e = €
DI = Xt Gz hage | S99 12 G2 Il < €l vl
Hence,

v
< 2.6.27
s N Xl L Y LS (2:627)

In addition, we may write, observing that ¢(1) = 0,

v ’ H 1/2
< 1-—
(0 7)o | = 1926, | (=0

Using (2.6.26), yields

U—|—MH1'

19"l 22y 1) = 19120, 1) + 16 G XG 12 = Clig' ]2,

which leads to

v
, <C|¢’ H 1 - ‘/Z—H . 2.6.28
K(p U +i/\>L2(xU,1)’ = Cligllzace, | =) U+illh ( )
Combining (2.6.27) and (2.6.28) yields the existence of C > 0 such that
v
, <Cl¢’ N, ). 2.6.2
(0 T nces | = €192, N@.2) (2:629)

To estimate the second term (w, ¢(x,)U" xa)2(x,,1) ON the right-hand side of
(2.6.24), we note that by Hardy’s inequality (2.2.8) and (2.6.26), we have

~ 1
lwilizzee,.) < Cle lL2@,.1) < C(”QS/”LZ(XU,I) + Wlfﬁ(xu)l)
< Cll9'llL2(xy.1)- (2.6.30)
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From (2.6.30) we then get

(w, ¢ o)V Xa) 12(xy )| = C 1@ ]2 (x, 1) (2.6.31)

Next, we write for the third term (¢ (x,) (¢, X — &*xa)r2(x,.1)) On the right-
hand side of (2.6.24), using integration by parts (note that x/,(x,) = 0 = x/;(1)) and
the fact that % < A

Mo x — & xad 2oy < 1€ 120, X2 + Callellz2ce, 1

~ 1
<Cy (WHQD,HLZ(MJ) + ”(p”LZ(xv,l))-

(For convenience we drop the notation referring to the dependence on A in the sequel.)
Consequently, by (2.6.21),

[ (x0)| [{e, X’é —Olsz)L2(xv,1)|
1 , 1 1/2
< €l 7173 (1912 + Zi7 1001+ (Ull2ge, 1+ 21 (D) ).

Hence, using Poincaré’s inequality and (2.6.26), yields

| (xy)]
|6 eo)| @, Xy — & Xa) 2 ry 1y| < Cdl—/‘;”(p/”Lz(xu,l)- (2.6.32)

4

To estimate the last term (i /L(w, %)
we first write

oo 1)) on the right-hand side of (2.6.24),

(00" ) |
U+ i,

= ‘<w U”%L%ml)) + Kw UH%)LZ()W,I))'

We then use (2.6.30), (2.6.26), and [3, equation (4.38)], which reads, for v € [0, v1],
with vy < U(0),

1 .
<C —1/2 2.6.33
HUHAHZ— vl ( )

to obtain that

‘(w’ U ¢ (xv)

1
< P
U+ i/\>L2(xU,1)’ = Cllwlizze, i) H U+ik Hz

< Clul™2d" ¢/ 1220, - (2.6.34)
Furthermore, we have, by (2.6.14) and (2.6.30),

Kw’UN ¢ —¢(xy)

< Cllo'|I? ]
U+ili >L2(x,,,1)‘ - ”¢ ”Lz(xu,l)



The case 0 < IA < U(0) 37

Substituting the above and (2.6.34) together with (2.6.29), (2.6.31), and (2.6.32) into
(2.6.24) yields that there exists C > 0 such that

O e P O

, ()
< C (120" 4+ 119 e,y + [ )+ N )19 200,

(2.6.35)
As|U(x)—v|> élx — x| forall x € (x,, 1), we can apply Hardy’s inequality (2.2.7)
to (U — v)w’ on (x,, 1) to obtain

Wil 2y, 1y < CINU =W 1720,

~ ¢ (x0)]
< C([ul"2d 2 + 1l oo,y + [ + NOD]1912200,.m)-

(2.6.36)

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we write, using the
definition of w and ¢,

16"l 20,1y < WU =)W 125, 1) + 10U Wl L2, 1) +C d™ , (2.6.37)

from which we conclude with the aid of (2.6.35) and (2.6.36) that, for sufficiently
small p1y4,

Il 1) = € (l";(f/“z)l + N(v A)) (2.6.38)

From (2.6.38) we can conclude (2.6.19) with the aid of Poincaré’s inequality, the fact
that d > v, and (2.6.4).

Step 3. We prove that for any A > 0, there exist C and pu4 such that, for a? < A4,
lul < pa,and v € [0, vy)

v
U+ii

1/2
e+ 1911 0.0 = € (v (@ ) TN ). 2639)
holds for any pair (¢, v) € D (A o) x WHP(0, 1) satisfying (2.4.22).
Here, we need to obtain an estimate for ||w|| 2oy, )» Where we recall from (2.6.22)
that w := (U —v) L.
To this end we need an estimate for w(x¢) for some X € (xy,/2, xy,), to be determ-
ined at later stage. Clearly, there exists x; € ((1 4+ x,,)/2, 1) such that

) V2
¢ (X)) < m”fﬁ/”um,l)

and
p@ED] < d? (1| L2e, 1)-
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Furthermore, it holds for all x € (x,,/2, x,,) that

"

¢"(x)] =

Consequently, as

_ [$G0) — () o
=G0 ¢/(0)|dx,

lw(Xo) <
|U(X0) - l)| X0

we may conclude that
1 Xy 5&1
wiio)l = e [ [Gol+| [ ¢war]ax
|U(X0) - 1)| X0 x
With the aid of (2.4.22) we then have

19/l +

w(fo)| < /21 [% +a2¢] dtD dx
i (2.6.40)

1
|U( ) - | X0
We now write

UL oour U~ ()]

To facilitate the estimate of the integral appearing in the first term on the right-hand
side of (2.6.41) we use an integration by parts to obtain

/:Cl U”, dt = (U— log(U —I—M)) /:Cl (Zt) log(U +iA)dt.

U+il U’
AsO<v <y, U”/U’ and (¥ are uniformly bounded in (x, /2, 1) and in view
of the inequality

[log(U +id)| <log|x —x,|"! + C,
we observe that the L!-norm of log(U(x) + i A) is bounded and that
|log(U + iA)(£1)| < C(|log(d? + p2)| + 1). (2.6.42)

Hence, we have

v ) s
o) [ GO ] = Clpenll + osta@® + 1) + sV + 1

For the second term on the right-hand side of (2.6.41), we have by (2.6.14)

SUO[B(E) — px)] ) ol [FeO —d) 2, 112
/xu U@ +ix d"fclxl_m”[/xu U@ +iA d

A2 L2 ey 21)-
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In a similar manner we obtain that

/X” U'[p@) — ¢(xy)]

dz\ < Clxw = )18 Il L2x.x, )

U(t)+iA
Consequently,
FLUP() = p(xy)]
,/_); U(Z) + ZA. - dt‘ S C(”¢/“L2(xv,fc1) + (xv - x)1/2||¢/||L2(x’xU)).
Hence,

X1 U’
/ ¢ dl‘
x U+iA
= C(19/ 2 50 + o =219 20,

+ |p(x)|[1 + |log(d? + u?)| + |log(U + i)L)(x)l]). (2.6.43)

Next, we write

l‘ < Cd"? ¢l 2, 1) + ‘/xx d)(l)dt’.

Then, with the aid of Poincaré’s inequality we obtain

X1
/ B0) di| = Cd 19200, 1) + 160 E =) + C0r =072 2
X

Substituting the above, together with (2.6.43), into (2.6.40) yields

C(l+ a2)| /

lw(Xo)| = UGo)

1/2”¢/”L2(x‘,,1) + (xy _x)1/2||¢/”L2(x,xv)
+ lp(xu)|[1 + |log(U + iA)(x)| + |log(d* + u?)[]] dx

We now write, using (2.6.42),

1 *v C *v
[log(U +iAd)(x)|dx < ~ / [1 4+ |log(xy, — x)|]dx
X

|U(X0) —v| Jz, T Xy — Xo Jz

< C[1 +log(|%o — xu| 1.

Consequently, since |(£¢—x,)(U(%)—v)™!| is uniformly bounded for £ € (x,, X, /2)
and o2 < A,

lw(&o)| < C[l¢(x)I(1 + log |fo — x,| ™" + [log(d* + p?)])
+ (0 = 20) 219 2o xy + A0 120, ] (2.6.44)
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We can now apply Hardy’s inequality (2.2.7) to w — w(X¢) on the interval (X, x,) to
obtain

lw = w(Eo)I3 2z, x,y < HI(x = X)W = wEDD 1325, .
< CODIU =)W 32300,
By (2.6.44) and (2.6.4) we then have
1wl 220,00
< C(IU =)W' 2o,y + 47216 122080 .1)
1018152 N @, 2)2 + 129 211 + log(1%o — xu| ") + [log(d? + p2)))
+ (0 — £0) 211922 5 x0))-

Note that C is independent of Xo € (x,,/2, x,).
On the other hand by Poincaré’s inequality, we have

lw = wEo)Z2050) < CI 1220 50)-
Observing that %xvl < X¢ < x, < 1 we obtain for all x € (0, Xo)
U ~v = UGo) ~ Us) = [U"(300 )| o~ xl
Consequently,
lw = w(E0) 172092,y < Cw = 20) 2 NU =)W' 72( 40 (2.6.45)
and hence, as X¢ < x,,

lwllr2(0,x,)

< C((xy — 20) "' IU =)W [l 20.2,) + d_1/2||¢/”L2(x1,,1)
1 N _
U 122N, 22 + [1]V2]¢|2](1 + log [£o — xu| ™! + [log(d? + u?)])

+ (xy — 20)1/2||¢/||L2(20,xv))'

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we establish that

16" 122(0,2)

< C((rw = %) W =Wl 200y + 472160 120 1)
1010152 N @, )2 + 129 1211 + log(1Fo — xu| ™Y + [log(d? + p2)))
+ (x0 = £0) 210" 22(g,x)) - (2.6.46)
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Taking the inner product in L2(0, x,) of (2.6.23) with w yields, as in (2.6.24)
(note that y; = 1in (0, x,)))

”(U - U)w/||iz(0,xv) + 052”(/)”22(0,)(]))

. v "
= <(P, m>L2(O,xU) - (w,¢>(x,,)U >L2(0,xu)

"

— 2P () (@, 1) 1200y + i/L<w (2.6.47)

U + i/\>L2(o,xu)'

As in the proof of (2.6.29) we obtain below for the first term on the right-hand
side of (2.6.47)

v
R < !
’(w’ U+il >L2(0,XV) ¢ ||¢ ”LZ(O,xv) N(U, A) (2648)

Indeed, as ¢’ = ¢’ in (0, x,)) and ¢(x,) = 0, we get for x € (0, x,)
()] < 16/ l200,0,) (0 = )% < 119 12(0,2,) (1 — )2,

from which we conclude that

v / ‘ 12V H
, < 1— . 2.6.49
Kgo U + i)t>L2(0,xv) =19l (1 =) U+illi ( )
In addition, we can write
v v
K(p, U+ i/\>L2(o,xU) B K(p — ), U + i)L>L2(o,xv)

_ (@ -9 x—x
e T oo

and then use (2.6.12) and (2.6.10) to obtain

v
2

<C|¢’ . 2.6.50
T o] = 19121012 (2:6.50)

Using the definition of N (v, ) in (2.6.1) we can now conclude (2.6.48) from (2.6.49)
and (2.6.50).
By (2.2.8) which reads in this case

lwliz20,x,) = ClI# 20,3 (2.6.51)
we have for the second term on the right-hand side of (2.6.47) that
(w. ¢ (0)U") 12000,y = C 1o xo)I19 2(0,x,)-

For the third term we have, using the fact that o < A4, (2.6.21) and Poincaré’s inequal-
ity,

0?6 (x0) (@, 1) 220, Cl3 (I 22(0,2,) + 180 ) < ClP )| 1912 (0., -
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Finally, we obtain for the last term of (2.6.47) using (2.6.10), (2.6.12) (as in the proof
of (2.6.14) but on the interval (0, x,,)), and (2.6.51)

U"(¢ — ¢(xv))
o L1t

<C
T o] = CIBIE N2,

Hence, with the aid of (2.6.33) we conclude, as in the proof of (2.6.34),

|/L<w, U (xy)

T | = CIIIWU + 07 2,0 16 19120,0,

C 11?16 o)l 20,009
C (ulll9' 220 r,, + IBx)P)
C (1119 Nz20,2) + 1IN 122(0,5,)-

| /\

I/\

Combining the above starting from (2.6.47) yields

(U — V)w/||i2(o,xv) + 012||(,0||22(0,XU)
< C(ul 19200,y + (9G] + NI N2000).  (2:652)

Hence, by (2.6.46) and (2.6.4), there exists C > 0 such that for any X¢ € (x,/2, x})
we have, with ¢ = x,, — X,

I¢'ll2 < C(N, A) + [1+ [+ d 216 I L2, 1))
+ ClIplM? (™ + |log(d? + 1)) + 2|14 2.

We can now choose X¢ such that & = inf((%)z, Xy, /4). Then under the condition
|| V2(e" + |log(d? + u?))) < %, which is valid for p4 which is small enough,
we obtain

16'2 < 3C (N 2) +d 721§ 12x,.1) = C(N@, D) + 7219 [l L2r,.1).
(2.6.53)
Combining (2.6.53) with (2.6.38) yields,

Pl L d 2N /\)) (2.6.54)
from which we can conclude a bound on ¢ in H 1 (0, x,) as stated in (2.6.39), upon
use of Poincaré’s inequality and (2.6.4).
To complete the proof of (2.6.39), we need to estimate cl‘l’, which is defined in
(2.6.3) by
oV = (¢ —d(xy), U — V)Lz(o xv)
I U —

v”L2(O X, )
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We note that for 0 < v < v; the denominator in the definition of cl‘l’ satisfies

1
I =200y Z MU =)o, ) 2 & (2.6.55)
Hence,
¢ — P(xy) N
v ’
eyl = CH U—v Iz = Cllo'lL20,x.)- (2.6.56)

which together with (2.6.54) yields (2.6.39).

Step 4. We prove that for any A > 0, there exists C and pt4 such that, for a? < A,
|| < g, and v € (0, vq) such that

v
U +4iA

6 —ef@ —v)la = (o ) Nwn)  @6sy

holds for any pair (¢, v) € D(A; o) x WP(0, 1) satisfying (2.4.22).
Since (2.2.2) remains valid if we replace U by U — v, 1 — x by x,, — x, and (0, 1)
by (0, x,,) we may conclude from (2.2.2) that there exists C > 0 such that

IV =0 2y = 0 oy (2.6.59)
where, in the interval (0, x,,), ¢\ is defined by
L= —p(n) — (U —v) =g —cf(U—v) (2:659)
and cl‘l’ is defined in (2.6.3). Note that by construction
(1. U =v)ox,) =0. (2.6.60)

Furthermore, by (2.6.60) and (2.6.55)

1
Sl < I PIU =200, < 19122000, (26.61)

Substituting (2.6.61) and (2.6.58) into (2.6.52) (recall again that ¢’ = ¢’ in (0, x,))
yields, with the aid of (2.6.18) and (2.6.59), for a new constant C
1081220 0, + @lc] 2

= C(|(#. )| + Do)l + N@ D16 20,00y + Ief)) - 26.62)

U +il)
Letw’ := (U — v)_lgoj_. As in (2.3.8) we obtain that

1@ 200y < CUU =)@ 22000 + 105 220,00 105 1220.)-
(2.6.63)
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By Hardy’s inequality (2.2.8) applied to w , and since (w'] )’ = w’, we may conclude
from (2.6.63), with the aid of (2.6.58), that

1@ 20,y = CAWU =)W' ll120,4,) + 105 12200.5,))
< CIU =)W'l 12(02,)- (2.6.64)

We now rewrite (2.6.52) with the aid of (2.6.18) in the form

v
"U+ik
Combining the above with (2.6.64) and (2.6.59) yields

vy |12 v

1631200 = C (| 5577)
+[lp o)l + N, VW@ 20,%,) + ICﬁl))- (2.6.65)

This yields by (2.6.39) and (2.6.4) that

1@ 1720.x,) = € ”‘I(K‘P’

I =)' a0y = € (|(# )+ 1o 0o + N M l2200.00))-

v
U+il

)‘ + N, 2)?). (2.6.66)
Clearly, by Poincaré’s inequality
16— U =)o 0,
< 2(16Y 200y + 192 < CUW@LY 1220 0y + 1600,
which implies
I¢ — e} U =100y < CU@ 2oy + 9G0P (2:667)

Combining (2.6.67) with (2.6.39), (2.6.4), and (2.6.66) then yields

v
U +i)
Next, we write with the aid of (2.6.19) and (2.6.39) (the bound on |cﬁ’ D,

16— c{ (U =l = Cv2(|g |+ Nvwn). @sss)

¢ — Cff(U - V)”Hl(x,,,l)

_ v
= Il oy + 4 lef) = € (v7/2 (o

U +il)
Combining (2.6.69) with (2.6.68) and (2.6.4) yields,

)‘1/2 N A). (2669

v
U+ii

16 et — vl = 2 ([lg )| 4 M),

verifying (2.6.57).
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Step 5. We prove that for any 0 < v; < U(0) and A > 0, there exists uyg > 0 and
C4 > 0 such that (2.6.2) holds for o < A and || < 4.
Forv € (0,v1), let ¢, € C®°(R4, [0, 1]) satisfy

0 < v
Cv(x) = Y (2.6.70)
1 x> %“
and
£, (x)] < C(v1) Vv e (0,v1), Vx € (0, 1).
Let further

by =1—1¢,. (2.6.71)

We may now write, omitting the reference to v for ¢, and Ev,

(e0. )| = lpwl[{z.

)+ [fe0 - g 52 ) @67

U+1)L U—I—l)L U+A

For the first term on the right-hand side of (2.6.72) we begin by writing that

o) = () v ) D20

Then we observe that
|log(U(1) +iA)| = [log(U(1) — U(xy) +ip)| < Cllog(d™" + 1)),
and since d < 1 — x,, we obtain
|log(U(1) +i4)| = [log(U(1) = U(xy) +ip)| = C (log(d ™).

‘We can then conclude that

ol = G2 s+ 0}l

In view of (2.4.6) we can use Holder’s inequality and the fact that
Illp = llvlleo < (I + 11l

to obtain, with the aid of (2.4.6), that for any p > 1, we have

(G toe( + )| = vl + 11,

Consequently, there exist C > 0 such that

(65

) =€l + (D ogld ). (2.6.73)
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For the second term on the right-hand side of (2.6.72) we have, using (2.6.59) and
Hardy’s inequality (2.6.13)

(@ - . Ui Tl = (“U_”)’Uim»”(a"i’ﬁﬂ
=i+ |20 1S
< &(et 1ol + 1) Talvla). 2674

Substituting (2.6.73) and (2.6.74) into (2.6.72) yields

(o0 gzl
= C[Ig DI Iy + [o(Dl1ogld ™) + lef ol + @) I2lv]2 |- 2:675)

As0 <v <v; <U(0) and suppg C [0, x,, /4], it holds that |E(U +iA)7! < C and
hence,

(E6. 55 77)] = Clolsclvll < Cl Lallvl. (2:676)
Combining (2.6.76) with (2.6.75) and (2.6.59) then yields
(0 7)€ LGl (1 + (D l1ogld ™) + lef vl + 1@ 2 lvlz].

With the aid of (2.6.4) we then obtain that

SN = LIV + [P og? |47 + [ef vl + 1) zv1a]
(2.6.77)

e
Substituting (2.6.77) into (2.6.39) leads to

el 1= C (7 1 Il + v Tog1d | + [l + @) 15 2 vl 1 +v 2N (v, 1)),

(2.6.78)
Next, we substitute (2.6.77) into (2.6.57) to obtain, in view of (2.6.59)
@) ll2 < €™ 2[1V 1, + v (D) log v + [ef V2 ||v]l}?
+ v 2 |u]la] + vTV2N (v, A)). (2.6.79)

Combining (2.6.79) with (2.6.78) yields

v 2(1(@1) a4 vlef [<C (I o+ v Togv™ + v oll1 +v7 2 [[ulla+ N (v, A)).
(2.6.80)
Substituting (2.6.80) and (2.6.4) into (2.6.77) leads to

1/2
oo =555
< C(IIVp+lvog v v ]l +v 72 v+ N(v, 1)) (2.6.81)
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On the other hand, given the fact that ¢(1) = 0 and in view of (2.6.59), it holds that

p ()| = | =110 =0 + 1) 1201 = )12
Consequently,
v v
Tl =l |+ 1erfa -0 5= |
K‘i’ U—I—ik>‘ ¢ D oraal, Tz =y U—H/\
(2.6.82)
Substituting (2.6.82) into (2.6.39) yields
= ‘2\| 1= g7
el = v =9 5=/ 1,
- a0 ———| T2N@A). (2683
1@ 1[0 = 02 | T PN ). 68
Then, substituting (2.6.82) into (2.6.57) leads to
1/2
VL < 4= 1/2( 1/2” 1—x H
(@)l < v |C||| ( U i 1/\
1l n1/2 H -1/2
1 —_ N(v,A). 2.6.84
vHa—nr o] e Nea. e

Combining (2.6.83) and (2.6.84) we may conclude
v 2@ 2 + vief |

C(v_l H(l —x)

”1/2 ,1/2 H(l )12 4 N(v,k)).

(2.6.85)

U+l)t U—I—iknl

Combining (2.6.85) with (2.6.81) and (2.6.1) yields (2.6.2) for a? < A.
Step 6. There exists Ag > 0 and C such that if &2 > Ao, || < 1,v € (0,v7), then
Plla10,1) = C N(v. ) (2.6.86)

for any pair (¢, v) € D(; o) x WHP(0, 1) satisfying (2.4.22).
We preliminarily observe that

U//
8, = sup é‘v

ve(0,vy)

Co= sup | log(U +id)| < +oo

lul=<1
ve(0,vy)

< 400,
,00

and
- U// H

U—I—z)t

Cy = sup
lul=1
ve(o,vy)
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where ¢, and Ev are defined in (2.6.70)-(2.6.71).
Taking (as in (2.4.15) for the case when o = 0) the inner product of (2.3.2) with
¢ yields for the real part

1913 + o813 = (g

Uiik>_m<§U”¢’Ufi)t>_m<EUN¢ f( ,%> -

For the first term on the right-hand side, we can use (5.2.16) to obtain

95{p. )| = Clo N . ).

For the second term we apply Poincaré’s inequality, the finiteness of 60 and 65, and
the Sobolev embedding

#1125 < 2092192,

to conclude that for some new constant C

evo 57

< (Zciop) toew + i)
< o + Do (22 o |19+ (6577 ) | 112)
< C 915”191,

For the last term on the right-hand side of (2.6.87), we have

¢
U+il

(eore. ) <won3)i S| <ol

U+il
Consequently,

1912 + @2l¢ 13 < C (161372116 15% + 1913 + ¢/ 12N (v, A)).

Using Young’s inequality we obtain, for some Ay > 0 and C>0
1 ~
912 = (Ao —a®)@ll3 + C N(v, )% (2.6.88)

Hence, for a? > Ay, (2.6.86) follows immediately from the above inequality in con-
junction with Poincaré’s inequality.

Conclusion. Observing that %v < d < Cv, the proof of (2.6.2) follows from
(2.6.39), (2.6.57), and (2.6.806). ]
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2.7 The case IA <0

We now consider the case where JA is negative. Due to the non-invertibility of 4o
the estimates of A;la become challenging in the limit IA — 0 and the bounds neces-
sarily include negative powers of v = JA.

Proposition 2.7.1. Let U € C3([0,1]) satisfy (2.1.3). Then there exist C > 0 such that
forany a > 0, and (¢, v) € D( o) x WHP(0,1) (where 4, 4 is defined in (2.1.1))
satisfying (2.4.22), we have for all v < 0,

<Cc(+ ! H 1— 1/2L| , 2.7.1
9.2 = €+ [0 =02 =] CRAR
and, for —1/2 <v <0
—3/4 12V
16/l 2 —ppr2py < C 7Y H(l—x)/ U+mH1‘ (2.7.1b)
Furthermore, it holds that for all v < 0
1/2
< C(1=)2[1 + p|"V2(1 = )1/ ) v ) . 272
9001 = CO =04 ™20 =016 ) 2:172)

Proof. We begin by rewriting # ,¢ = v in the form

(U =P + U — v = — i e L® WV A U7

U+il U+il
where
w=¢/(U—v).
Taking the inner product with w on the left yields (see (2.6.24) and (2.6.47))
w2+ 2612 = (¢ —2 )+ ipfw, L
I =13 + 1913 = (6. 57 ) + inlw 5 p7)

For the last term on the right-hand side we have, since U” < 0and U — v > 0,

4

"
m(’“(“” UU+¢;)L>) = |M|2<U¢i v’ |Ulfr ?x|2> <0.
Hence,
I =)'l + o113 < (g, ). 2:13)

We now write, using the fact that U(x) —v > C71(1 — x —v),

Lu“mﬂf[L}FEW”4WMU—wwm

(1—x)1/2
T V(1 —x —v)l/2

lw)| <

(U —v)w',. (2.7.4)
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Using this time the bound U(x) — v < 1 — x — v together with (2.7.3) and (2.7.4),
we obtain (2.7.2). Integrating (2.7.4) squared over [0, 1] yields

lwl3 < € MU —v)w'|3. (2.7.5)
By writing ¢ = (U — v)w, we obtain that
l¢"13 < 211(U —vyw'll5 + 2 |U"w]3,
which leads, together with (2.7.5), to
l¢"13 < C(vI™" + DIU —v)w'|3. (2.7.6)

We can now establish (2.7.1a) by combining (2.7.6) with (2.7.3) and the fact that

)] < 16/ [12(1 = x)'/2.
To obtain (2.7.1b) we write for —1/2 < v < 0,

||¢/||i2(1—|v\1/2,1) = 2 ”(U - V)w/”iz(l_h,‘l/z,l) + 2 ”U/w”i2(1_|v|l/2,1)- (2-7-7)

By (2.7.4) and the fact that for all x € [0, 1]

1—x 1
0< ———m— < —,
[(1—x—v) ™ |v]

we obtain via integration over (1 — |v|1/2, 1) that
||U’w||22(1_|v|1/251) = C||w||22(1_|,,\1/2,1) <Ch[™?\W - vw'|3.
Substituting the above into (2.7.7) yields
16/ W21 _opiro0y < € PIY20U = vy 2. (2.738)

By (2.7.3) and (2.7.1a) we then obtain that for —1/2 < v < 0,

2 —1/2 4/ o122 Y
19132112, = € WI7210' 2] (1 =02 |

A~ 2
= CpI2 |a-x' .

i
U+il
readily verifying (2.7.1b). ]

2.8 The case vy < JA < U(0) — ko|RA|, |RA| small

In the following, we establish estimates, similar to (2.5.3), for v; <v < U(0) — k||,
for sufficiently small U(0) — v; and |p|.
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Proposition 2.8.1. Let U € C*([0, 1]) satisfy (2.1.3) and U""(0) = 0. Let further
p = 2. There exist 0 < vy < U(0), uo > 0, ko > 0, and C > 0 such that for A s.t.
0 < |u| < poandvy <v <U(0) — k||, for all o« > 0 we have, for all pair (¢,v) €
D(Azq) x L=(0, 1) satisfying (2.4.22),

S — 2.8.1
I$ll2 < ML o]l (2.8.1a)
and
log 1t
¢z < € — 75—Vl (2.8.1b)
Xy

Proof. Since 0 < v < U(0) and since by (2.4.5) U(x,) = v, we must have that x,, €
(0, 1).

Step 1. We prove that there exist C > 0, uo > 0, and vy < U(0), such that, for all
A =u+ivsuchthatv; <v < U(0) — || and O < || < o it holds that

2 o2 v ‘
bl = Cxl G191 + (6. 57 )] (282)
for all pairs (¢, v) € D(Ay o) x L=°(0, 1) satisfying (2.4.22).
As in (2.6.6) we write
|U”|

1
U - :+ m>) = |“|<m’ S —16(x) —¢(xv)|2>. (2.8.3)

3o,
We begin by observing that for some C > 0

)U(x) —v— %U”(O)[2xv(x —x) + (x = x)?]| < Cl(x — x)* + x3|x — xp]].
(2.8.4)
By (2.8.4) we have

1
SU O = x| = Clex = x)* + 7 x — x|
1
<|U—-v| < 5U”(O)|x2 — X2+ Cl(x —x)* + x2x —x,]].  (2.8.5)

From the right inequality in (2.8.5), as (x — x,)3 + x3 < 2(x + x,), we conclude
that there exists C; > 0 such that

|U —v| < Cy|x?* — x2]. (2.8.6)

From the left inequality in (2.8.5), there exist ag > 0 and v; < U(0) such that for all
v1 < v < U(0) and x + x, < ag it holds that

1 1
5U”(O)|x2 — X2 = C[(x —x)* + x2|x —x,[] > ‘—lU”(O)|x2 - x|, (28.7)
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from which we can conclude that whenever x + x,, < ag, we have
1
U —v| zE|x2—x§|. (2.8.8)

On the other hand we have that, for v; < v < U(0) such that x,,, < %2,

U—-v 1 U—-v U'(ag — x
T R e T U T Y B
xzao—xy X2 —x2 T ag ¥=ao—xv X — Xy ao

Combining the above with (2.8.8) and (2.8.6) yields the existence of 0 < v; < U(0)
and C > 0 for which

é(x2 —x2)? < (U(x) —v)* < C(x* —x2)? (2.8.9)

forall x € [0, 1] and v; < v < U(0).
From (2.8.9) we can get that

1 |U//| 1 1 1
s 5 dx > 2 2 5 dx.
o U—-v)+u 0o (Xx=xp)?(x +x)*+p

x4 1

sup 2 2 2 = 22’
x€[1,00) (x=xp)2(x +xp)2 + 1 (1 —xvl)

we obtain that

/1 dx
0o (x=xp)2(x 4+ x,)% + pu?

- /°° dx B 1 /"o dx
“Jo (x— xv)z(x + xv)z + PLZ (1I— X51)2 o xt

o0 dx
= 2 2 > — G2
0o (x—x)*(x +x)*+ p
S S
3(1—x31)2'
Using the substitution £ = x/x,, it can be easily verified that

where C, :=

/°° dx o /00 dt
0o (x— xv)z(x + xv)2 + sz B 2x3 —00 (‘i:z - 1)2 +a?

where @ = |u|/x2.
Hence, there exists C > 0 such that

1 " (e’
1% 1 1/ dx
—_——dx > —|— ——— —2C, . 2.8.10
/0 (U—=v)2 + pu2 x—c[xg oo (X2 —1)2 + a2 2] ( )
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Making use of the residue theorem yields
&0 dx 1
- = 27ri[Res<—A VI + iCAl)
/_oo (x2—1)2 +a? (z2—-1)2+a?

1 =
+ Res(m, —1 - la)]
_ R(1+ia)
Cavar+1
Consequently, given that, by (2.8.6) applied with x = 0, it holds, for sufficiently small
U(0) — v, that

(2.8.11)

n<U@0) —v < Cyx2,

hence x2 > cop with cg = 1/Cy and finally thata < L.

Consequently, there exists 0 < vy < U(0) and po > 0 such that for all v; < v <
U0) — |u] and 0 < || < o we have for some C > 0

! u” 1 7R (V1
/ WA s L [ xR(v1+id) —2G]z . @812)
o U—-v)+u c ava*+1 | ]y

In a similar manner we can also show the existence of a positive C such that

1 |U”| _ [o© dx C
——————dx<C > ——dx < . (2.8.13)
o U—=v)>+u 0o (x—xp)2(x+xp)*+pu || xw

We proceed with the estimation of the right-hand side of (2.8.3) by observing that,
in view of (2.8.9)

(e o —paP) < | 22T sy
Applying Hardy’s inequality yields
RS
AS P(x) — H(x) P, )
xX) —¢(xy Xy
(e I ol IR [l X

and since by Hardy’s inequality (2.2.8)
‘ ¢ —¢(xv) ‘2 - LH¢ — () |2

(x 4+ xy)2 lI2 ‘2

C 712
< x—gllqS 112,

we obtain that $(5) — (x)n[2
()

X+ x,

C . 2
< — .
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Substituting the above into (2.8.15) and then into (2.8.14) yields

( 10"
(U —v)2 + p?

which, when substituted into (2.8.3) together with (2.8.12) leads to (2.8.2).

C
60— ¢ ())<= = 119'I3 (28.16)

Step 2. We prove that there exist 0 < v; < U(0), positive g, C, and Cy, and k¢ > 1
such that, for all @ > Cy/xy, V1 <v < U(0) — ko|t|, and 0 < |u| < o, the inequality

1/2
||¢||12<CK U+M>‘ : (2.8.17)

holds for any pair (¢, v) € D(Ay o) x L(0, 1) satisfying (2.4.22).
Let
U=UW0)—U and « = /(A + U(0)).

1/2

Note that |k| > |u|*/* > 0. Clearly,

1 1 1 1 1
U+ik (OV2—)(0V2 1) _ﬂ[f]l/z_x B Ul/2+K]‘

We now write

/l U// dx _ 1 1 //[ 1 B 1 ]dx
o U+iA 4k Jo OU2 —  OV24d

An integration by parts now yields

1 1 1
/ U”[~ - ]dx
0 U2 — UV2 4k

1 U U2 — g x
=-= log =
20-12yr T UV 4klx

=1 1 1 U// ’ 01/2 — K

+ —/ (., ) log = dx
=0 2Jo \U-V2U’ U2 4+«
Since maxejo.11(T ~1/2U")(x) < 0 and since U~"/2U" € C2([0, 1]) we can conclude
that there exist positive C, C,, C such that

Cy (! ~ ~ C
‘/ - dx)SCl—i——z/[|logU1/2—K|—|—10gU1/2—|—/<|]dx5—.
o U+iA Kk Jo

K

Since by (2.8.8) it holds that k > /U(0) — v > x,,/C, we conclude from the above
that there exists C > 0 such that

u” C
—. 2.8.18
‘ / U+ l)t Xy ( )
Taking the inner product of (2.4.22) with ¢ /(U + i A) yields for the real part
v ¢
" = |1¢'|3 + o253 + KU "¢, ———). 2.8.19
(0. grg) = 1915 + 2113 + (U9, ) (28.19)
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We then write
2 2 2 _ Eﬁ( v )
9113 + " llgllz < R(g, Ui

U] ()P = g () [? "
+[/0 A |Ux+l/\| }d + o (x v)|2)/ 5—:?)&0%‘]

(2.8.20)

By (2.8.18) it holds that

C
| (x,)|? dx| < x—|¢(xu)|2. (2.8.21)

/1 U//(x)
o U+il

To estimate the first term on the right-hand side of (2.8.21) we use the inequality

o) = 1o (o) ? | = (g ()] + 16 (o)l [p(x) — ¢ (x)]

together with Hardy’s inequality and (2.8.9) to obtain that for some Cy > 0

/1 U] 1g(0) > = 1§ (x0) |
0

d
U +iA] x

x* —x7 H o] + | (x)] H H H¢ ¢ (xv) ‘
X+ x, X — Xy
< Colx; M lll2 + x5 1¢ (xo)] 19]]2- (2.8.22)

Note that to obtain the last inequality we need the estimate

‘ ¢ (xy) |¢(xv)|

X+ x, Xz

Substituting (2.8.22) together with (2.8.21) into (2.8.20) yields the existence of
Co > 0 and C > 0 such that, fora > Co/x,,

C v
1 = el + 2 )
1913 = oGP +2|(¢. 5173
Substituting (2.8.2) into the above yields

|l

|¢(xv)|2 + (2 + Cxy)

1915 < (#7777

For sufficiently large ko (or equivalently for sufficiently small |u|/x2) we obtain
(2.8.17).
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Step 3. With N, (v, A) given by

Na(v, 1) = H(l x)l/z— (2.8.23)

we prove that, for any éo > 0, there exist C > 0, o > 0, kg > 0, and v; > 0 such
that, for v < v < U(0) — ko|u|, || < Co/xy, and || < po, we have
v
ez, = € ([fo
9" 122(0,x,) = ¢ Uxik

holds for any pair (¢, v) € D(A o) x WP(0, 1) satisfying (2.4.22).
We seek an estimate for [|¢'[|12(o x, ). depending on [|¢|l12(,x,)- We begin, to
this end, by obtaining an L estimate of ¢’.

>‘1/2 + XN (0.0)) (2.8.24)

Estimate of ||¢’|| Lo-. We separately consider the subintervals (0, x,,/2) and (x,,/2, x,).

Estimate on (0, x,/2). To obtain an estimate for [[¢’||zc0(0,x, /2) We integrate the
relation 4 ¢ = v, to obtain for all x € (0, x,),

wwi=| [ owa | [ (L +a)a,

which leads to

6/ (x) < (fox (UUJ:(];A)‘”‘ + H U:m

We then use the following decomposition

TV [TUS =g 0n)]
/oU+iAdt_/O U+iA dt+¢(v)/ U+Adt (2.8.26)

To estimate the first integral on the right-hand side of (2.8.26) we need the following
bound which follows from (2.8.4):

R i R e = R

2
L1(0,x) + ol (2.8.25)

U—-—v x%2—x2 U - - x2
Consequently,
| / Vg ol / U1l — )l
U +ir - |U —v|
<(Q2+Cxy) / TROZSIL,, g
0 Xy —t

and hence, for sufficiently small U(0) — vy,

U"lp —p(xn)]
‘/ —UTin dt <(2—|—Cx,))10g

||¢ | 2o 0,%)
<1+ Cx,,)log(9/4)||¢> oo 0,x)- (2.8.28)
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To obtain the last inequality we have used the fact that x € (0, x,/2). Note that
log(9/4) < 1. Hence, the coefficient of |¢'||zc0(0,x) is smaller than one for suffi-
ciently small U(0) — v;. Next, we write for the second integral in the right-hand side
of equation (2.8.26)

oo [ <] [

which leads to

//|

L= cnipe f

|¢(Xv)| xv +x
)qﬁ(xv)/ TR dt‘ < =, (2.8.29)

Xy xv_

Substituting the above, together with (2.8.29) and (2.8.28) into (2.8.25) yields for all
t € (0,x] C (0,x,/2]

| (xv) Xy +1
log
Xy Xy —1

9
|4"(1)] < log 0+ Cxy)ll¢llLo0,) + C

2[4 llL1 0.)-

v
+ HU +iAlIL10,x) +

Taking the supremum over ¢ € (0, x] yields

¢ (xy)] log v T X
0g
X

9
" ()| oo (0,x) < log Z(l + Cx)|19'llLoo0,x) + C
Xy — X

o? Pl L1 0,x)*

1)
+ ”U—i-ik)u(o,x) +

Hence, for sufficiently small U(0) — vy, we obtain for all v; < v < U(0) and all
x €[0,x,/2],

(B X+
Xy x—x

9"l Loo(0,x) < C(

Ll(o,x))'
(2.8.30)

+ ¢l + |57

Estimate on (x, /2, x,). To obtain a bound for ||¢’|| oo (x, /2,x) for x € (x,/2, x,) we

write
X

IR G dar|.

The first term can be estimated by using (2.8.32). To obtain a bound for the second
term, we follow the same path as in (2.8.27). We get

/x Mdl‘ (2+Cv)/ Md[ (2.8.31)
Xy /2

U+il
As in (2.8.28) we can conclude that

T o) — o)l
2

2
Xy /2 Xv—t

X+ xy
3xy/2

< (24 Cuxy)1og(4/3) ¢l Lo (x, /2,5 -

2+ Cx,) dt <2+ Cxy)|¢lLoo, /2.0 l0g T
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Hence, the coefficient of ||¢’|| oo (x, /2,x) is again smaller than 1 by a suitable choice
of v;. Repeating the above other steps then yields, for x > x,,/2,

9"l oo (xy /2.%)

1
< ¢ (=gl log

Xy + X

18100 + | Tz 1o 19 C021).

Xy — X L1(0,x)

which, combined with (2.8.30) for x = x,,/2, finally gives

~ 1 Xy +x v
litenrai = € (10 log 2=+ o lo573 o)
181l oo (xy /2,6) = ™ |¢(xv)|log s e Iéllio0 + | 77 Lo
Combining the above and (2.8.30) lead to the existence of C > 0 such that
19"l oo (0.x)
< C(Fpealos 2 4 gl + || L) xe @)
— @ (xy)]| 1o o —_— b ,Xp).
- Xy Y & Xy — X L1©x U+iAdlLto,x) v
(2.8.32)
Estimate of ||¢'||12(0,x,)- Observing that
X 1
v 1+¢
/ log X gy < v, / log? ~L gt < Cxy, (2.8.33)
0 Xy — X 0 1—1¢
we may conclude from (2.8.32) by integrating over (0, x,,), that
- v
191220000 = € (53218 + 250l 20000 + 52| 57 | o )
Note that y 1
< (1 —xy)"2N,(v, 1), 2.8.34
H U+ i)L‘Ll(O,xV) = (1=x) 2 N2 (v, 4) ( )

which leads to
1912200,y < C (x5 2P (xn)| + @?xu Il 1204, ) + X2 2 Na(v, 1)) (2.8.35)

Estimate of ||¢||12(0.x,)- Set

¢ =@+ ¢(xy),
and recall from (2.6.23) that for all x € (0, x,,)

— (W= (7)) + 2w vy

_M_ 2 _ T . U//d)
=T U - U ing e
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Taking the inner product, in L2(O, Xy), with w defined as in equation (2.6.22) by
= (U —v)7 Lo, yields as in (2.6.24)

”(U - v)w/”iz(og)ﬁ)) + a2||(p||i2(oaxu)
v
_ L _ , U//
<<p U+ iA>Lz(o,xu) (w, (W)U 12(0,x,)
U”¢

U +i) )LZ(o,xu)'

— 2400 D) 1200 + iu(w (2.8.36)
We now turn to estimate the various terms on the right-hand side of (2.8.36).
For the second term in (2.8.36) we use the fact that by Hardy’s inequality and
(2.8.9) it holds that

~

¢ —P(xy) 1 C
=c[ S5 el <7
lwlizr,x,) = v —xr 2@l x T2 20 = 1172 161122 (0,x,)-
(2.8.37)
Consequently,
c Pl

(w,p(x)U") 2000y < C 1/]; 9"l L20.x,)- (2.8.38)

For the third term in (2.8.36), it follows from that
@?|p(n){p. )| = Ca?x) 219l L20.x,) + )26 )DIG()]. (2:8.39)

Finally, for the last term in (2.8.36), proceeding as in the proof of (2.8.22), we obtain
by using (2.8.37) and Hardy’s inequality

U/l¢
(v g 57)
U+idlL20,x,)

U//

U"(¢—¢(x))
m HLOO(O,xU) T

U+il

= 16! [0lL1,00)| +lwllz20,0)

LZ(Osxv)

112
16 (x)] 19172 0,x,)
= C[ES5 19200 + — 2 .
|/’L|xv v

Substituting the above, together with (2.8.39) and (2.8.38) into (2.8.36) yields

6 ()| 1l
¢l = €| 1/; 1912000 + 19 220000
+ Caz(x”zumzw,xv) BB

+ K(p U+ zA>L2(o )l
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from which we easily conclude that

|¢ (xv)|

|
12200 = C[ i 7 190 + 5

161720, + 20l (x0) ]

(2.8.40)

+ ‘<<p U + 1)L>L2(0 )l

Substituting (2.8.40) into (2.8.35) we obtain

B0
18120.00 = € (575

v

+a2x32 g (x0)| + el 292 0.1

1/2)

As |a| < Cy/x,, we obtain for sufficiently large «o (implying that both |1|'/2/x, and
a|p|'/? are sufficiently small)

A (1P (xy)]
18"l 2(0,%,) < C( 1/; + 5,2 Na (v, 2) + Ktp
Xy

+ xj/zNz(v, A) + ax,

v
<<p’ U + i)L>L2(o,xv)

1/2). (2.8.41)

v
U + iA>L2(0,xU)

Note that, by (2.8.34),

<16 = @) Iz~ | 577 s o
< 22,2192 (0,,) N2 (v, 2).

v
K(p, U + i)t>L2(0,xu)

Combining the above with (2.8.41) and (2.8.2) yields

1/2

19120 = € [“ 101 + 52 Mat0, 20+ o, 7))

For sufficiently large ¢ we easily obtain (2.8.24).

Step 4. We prove that, for any Cy > 0, there exist C > 0, o > 0, k9 > 0, and v; >0
such that, for vy < v < U(0) — ko|u|, || < Co/xy, and || < o, we have

v
U+il

19/ l|2 < C(an, Hl/z + xvl/zNz(v,x)), (2.8.42)

for any pair (¢, v) satisfying (2.4.22).
Observing that U”(U — v) > 0 on (x,, 1) implies

" ¢ /1 |¢|2U”(U —U)
RU = 2= x>0,
< 2 U+ i)k>L2(xu,1) o U +iA2 T

and hence we may conclude from (2.8.19), that

)
U +iAlL20,x,)

1913 + a2 l913 < —9i{U”9. (2.843)

+ m<¢, ﬁ)
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we now proceed as in the proof of (2.8.21)—

[
(U”‘ﬁ’ U+iA)L2(0,xv) ’
(2.8.22) to obtain

)
U+ idlL20,x,)

‘m<U//¢’
C _ -
< I + Ol I8l + % IO 191200,y (2:844)
%

Using Poincaré’s inequality applied in (0, x,,) to (¢ — ¢(x,,)) yields

)
"U 4+ iAlL20.x0)

)m<U”¢

C PN -
< AP+ C(19/ 12000 + 55 OIS 2200,y (2845)
v

Substituting (2.8.45) together with (2.8.24) and (2.8.2) into (2.8.43) yields

1913 + 1915 = C[E1615 + . 5] + wodacw. 2]

U +i)
For sufficiently large «¢ we readily obtain (2.8.42).

Step 5. We prove (2.8.1). We begin by deriving two conclusions of (2.8.42) and
(2.8.17) under the assumptions of the proposition. Since by (2.6.82)

)| = 1912 N2 0. 2,

o 557
where N, is given by (2.8.23), we obtain by (2.8.42) (for || > S—S) and (2.8.17) (for

|| < S—S) that, under the assumption of the proposition,
9l < CNa2 (v, 2), (2.8.46)
which combined with (2.8.2) yields, for bounded |u|/x2,
|6(x0)] < Cx}/>Na(v, 1), (2.8.47)

Proof of (2.8.1a). We begin by obtaining a bound on ||(U + i1)~!|,. By (2.8.9) we
have forg > 1 and v; < v < U(0)

H ‘ - C /‘ ds
U+idlLaon ~ |pula=2 Jg, [(s? —a?)? + 1]2/2°

where a = x,|u|~"/2.
We estimate the integral on the right-hand side in the following manner:

/ ds </ ds
o, (22 + 192 = Jo, a2 —ap + 1197

</ dt <1/ dt <C (2.848)
T r@2+ 192 Ta g 2+ 1927 a” T
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It follows that forg > 1 and v; < v < U(0)
q C

< — .
L4(0,1) — xy|p]97!

Since for v < v; we may establish (2.8.49), using (2.6.10), as in [3] we may conclude
that (2.8.49) holds for any 0 < v < U(0).
We continue by estimating (¢, (U + iA)~'v). To thus end we write

U+u”1+‘¢;fi?)

v
U+il

LI

)| =tec] T

‘<¢, H2 (2.8.50)

Suppose first that v € L?(0, 1) for some p € [2, 00). Then,

el = vl g,

whereg = p/(p — 1).
Consequently, by (2.8.49)

(2.8.51)

| | < —S
N =~ v .
U+iilt ;xl—% »

117 Xy
Next, we estimate the second term on the right-hand side of (2.8.50). Consider first
the case p = 2. Here, we write with the aid of (2.8.9)

‘ e H = vl < Sy (2.8.52)
—|v|l2. 8.
U+il 2 = x, "
For p > 2 we have
(x —xy)v H
<
‘ U+ii ll2~ Ivlly
where g =2p/(p — 2).
As above we write
— 1 d 6
H T / — < . (2.8.53)
U+iA 0 [x+x]4 7yt
Consequently,
(x —xp)v
H Utin H 1+1 Ivllp, (2.8.54)

which is in accordance with (2.8.52) for p = 2.
Using (2.8.50) once again, we deduce from (2.8.51) and (2.8.54) that

(8. )| < c(ﬁwm + xilﬂ; 2 2bn) \2) ol

X — Xy
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By Hardy’s inequality we then have

(o5

By (2.8.23) and (2.8.51), we have that

—)|=c ( 1|¢(xv>|+ llnas ||2)||v||p. (28.55)

V

v
N2(v,2) < H o +m”1 < — vl (2.8.56)
Il 7 x, *
The above combined with (2.8.46) yields
, C
19"ll2 < ——— Il (2.8.57)
Il xy ”

which is weaker than (2.8.1a).
We obtain a better estimate in the following manner. By (2.8.55), (2.8.56), and
(2.8.42) it holds that

lp"ll2 <

“(l

from which we get

1 1/2 3t5
B e I Bl e )
2p

1_ 1
|27 xy 27 ’

1yl
Ip'll2 = C——= o

112 10l + € (21 Geo)l + il ™o 2 T2 o))

£+
v

<C|MIqu"II¢ 2+ € (x72I¢(xo)| + 1“7 xy

1
2p

1
-3+

S =

lvllp)-

Using the fact that |¢|'/2x! can be assumed to be small for a suitable choice of ko,
we can then conclude that

-1+
16/l < C(x;21p (x)| + "7 xy >

By (2.8.2) and (2.8.55) it holds that

1
"vllp). (2.8.58)

9 ()2 = va[§||¢'||§+ (mréxv‘ Tl + o 19 ||2) Iv H
v xv

and hence we obtain that for any § > 0 there exist Cs > 0 and x((8) such that, under
the conditions of the proposition with kg = k¢(6),

1/p
X
90| = x,281¢'ll2 + Co s vl (2.8.59)
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Substituting (2.8.59) into (2.8.58) yields

1
-1+

S

16ll2 < Clul ™7, 7 fvll,.
As ¢ (1) = 0, we may use Poincaré’s inequality to establish (2.8.1a).

Proof of (2.8.1b). Suppose now that v € L*°(0, 1). Then,

< — .
ol =l

Then, we may use (2.8.9) to obtain

1 1 dx C ds
il = s |
U +ialh =" Jo (02 =2 =217 = Wl Jp, (67— a7+ 1172
(2.8.60)
Then, we write, using the fact that for sufficiently large ko we have a > 2,

/ ds - /2“ ds
Ry [(52—a?)2+11V2 7 Jo  [a%(s —a)? +1]'/2

- ds loga
* /2a [(s —a)* + 1]1/2 = C( P ) (2.8.61)

Combining the above yields for v; < v < U(0)

H < B (2.8.62)

”U+ik 1

Xy

Note that by (2.6.10) the above estimate holds for v < v as well (see [3]). From
(2.8.62), we deduce immediately

X
log futr2

gl = e bl

(2.8.63)

Next, we estimate the second term on the right-hand side of (2.8.50) in the case
p = oo. Using (2.8.53) we obtain that

(x —xp)v
ozl

C
< 5 lvleo: (2.8.64)
Xy

Combining (2.8.64) with (2.8.63), (2.8.17), (2.8.42), and (2.8.24) yields (2.8.1b).
Note that by (2.8.2) and (2.8.50) we obtain that

() < Clog(| Tl/z)ll vlloc (2.8.65)

This completes the proof of the proposition. |
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2.9 The case U(0) — ko|RA| < SA < UQ0) + ko|RA|

In the following, we consider the case where v is very close to U(0). Here, we need
to address the quadratic behavior of U — U(0) near x = 0. This case deserves special
attention whenever |v — U(0)| < |u].

Proposition 2.9.1. Let p € (2,400, ko > 0and U € C3([0, 1]) satisfy (2.1.3). There
exist Lo > 0 and C > 0 such that, for any @ > 0 and any A for which 0 < || < o
and U(0) — ko|p| < v < U(0) + ko|i|, we have, for every pair (¢,v) € D(Aj o) X
L°°(0, 1) satisfying (2.4.22)

MEas: (2.9.1)
Proof. For v < U(0) we choose x, € [0, 1) so that U(x,) = v. In the case v > U(0)
we set x,, = 0 and proceed in a similar manner. Obviously, the assumptions made on
U and A imply that there exists C > 0 such that

Xy < Clu|V? forall 0 < |u| < 1. (2.9.2)

Step 1. We prove that there exist C > 0 and p¢ > 0 such that, for all A such that
0 < |u] < poand U(0) —kolp| < v < U(0) + ko|p| it holds that

) = Clual [ 18'13 + [{o, (293)

vl

for all pairs (¢, v) € D(Ay o) x L°(0, 1) satisfying (2.4.22).
We note that (2.8.3) can be rewritten in the form

|M| v
|¢( v)|2/ (U U)2+M/2 dx
1%

U —v)? +p?

=

(e, |+ 1l 9 —d(F). 294

U—-v+ z,u>
Since

(U —v)*> < C(* + v = U(O)])* < C(x* + ko|ul)” < C(x* + ),

/1 |U”| 1 /1 dx
—dx Z = . A
o (U—v)>+p? C Jo x*+p?

Using the substitution x = |u|'/2£ yields

we obtain that

=172

/1 dx =|M|_3/2/M d§ |3/2/ /oo d§ ]
0o X*+ u? 0 E4+1 E4+1 Il 12 €4+ 1
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/ ——— < C|u?,
=172 §% + 1

we obtain the existence of pg > 0 and C such that, under the conditions of this step

1 U// 1
/ # dx > — . (2.9.5)
o (U—v)2+pu? Clul3/2

By (2.8.16) we have that

v Wywuo—¢wﬂf>fﬁiu

(@ :

¢_¢(xv)
U —v|1/2

‘2'

By (2.8.9) we have for all v; < v < U(0) for some positive v; > 0 that (note for
sufficiently small g we clearly have v > U(0) — ko|pt| > v1)

1 1
|U —v| > E(xz—xf) > E(x—x,,)z, (2.9.6)
which remains valid also for v > U(0) given that
1 1
U —v| > |U—-U©)| > 5x2 = E(x—x,,)z. (2.9.7)

Hence, by Hardy’s inequality (2.6.13),

v P(x) — p(xy)

X — Xy

2 C
-

9|3
2= ful'T P

<m lp(x) — ¢(xv)|> < “CL—|‘

Combining the above with (2.9.5) and (2.9.4) yields (2.9.3).

Step 2. We prove that for any «; > 0 there exist positive C and po such that, for all
v > U(0) — k1|p| and || < po it holds that

|7l +| (Z:Lx,-viv ] (29.8)

holds for any pair (¢, v) € D(Ay o) x L=(0, 1) satisfying (2.4.22).
We begin by restating (2.8.43):

16/l < Cu*

U f iA>L2(o,xU) + ER<¢’ ﬁ)

1913 + 913 < ~9i{U"9. (2.9.9)

Then, we write

U//¢
R
<¢’ U + i)L>L2(o,xv)
’ U//¢ U//¢
= ER<¢’(’C”)’ U+ iA>L2(0,x,,) + m("j ) iA>Lz(o,xv)'
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For the first term on the right-hand side we use (2.9.3) to obtain
U//¢
U + zk>L2(o xv)

K‘p(x“) U zx>)l/2] H U+ik Hz

< Clulx)2 (19112 + |(e.

Using (2.6.5) and the fact that U” < 0, we obtain that

1 2 1 T A2
HUfiAHiZ/O %dxicfo %d“%‘@’uim»'

Hence, it holds that

ol = o ) 29.10)

and we can conclude that
U//¢
U+il >L2(0 xv)

<l +lfe 2l e )
(2.9.11)

For the second term on the right-hand side we use (2.9.10), (2.6.12), and (2.9.2) to
obtain

(o).

U’¢ ¢ —¢(xv) (x—x,)U"¢
‘<¢ — ), U+ i)L>L2(O,x,,) o K xX—x, = U+il >L2(O,xv)
¢
/
< Cxilld'l2| g7,
~ v 1/2
li
= Cl¢/lla| (0. =)
Hence,
//
o} v 1/2
— I . 2.9.12
¢ mM>U+ML%m) Cli¢'lz (. =) (2.9.12)
Substituting (2.9.12) together with (2.9.11) into (2.9.9) yields
1915 = ¢|{e. =7 (2.9.13)
Note that by combining (2.9.13) with (2.9.3) we can also conclude that
2 1/2 v ‘
¢ (xu)|” = Clul (<¢ U+M>. (2.9.14)

To prove (2.9.8) we now write, with the aid of Hardy’s inequality

‘<¢’U—tik>‘ K‘p( ) U-+i ,\>+‘<¢ 90), U+i A)‘

< p(x -W¢H\UJKW

gl
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Combining the above with (2.9.14) gives

‘<¢’ Uii/\> = C("”% U+ik

Then, (2.9.15) and (2.9.13) imply (2.9.8).

H +1¢112 ‘ Uﬁ;iv H) (2.9.15)

Step 3. We estimate ||ﬁ||q for ¢ > 1 and || 7355 4 for ¢ > 2 for v € (U(0) —
ko], U(0) + Kol pl).-

We consider two separate cases by splitting (U(0) — ko|u|, U(0) + xo|p|) into
two subintervals.

The case v € (U(0) — ko|u|, U) — &|u|), 8 € (0, ko). In this case, observing that
x, > C7! |5M|% we use (2.8.49) to establish that for any § > 0 there exists C such
that for all §|u| < U(0) — v < ko|u| it holds for all ¢ > 1

ol = 5w
Utirla = 15)% a1z

(2.9.16)

In a similar manner we obtain from (2.8.60) and (2.8.61) (note that a = x,, |,ud|_1/2 >
1
C 1582 in the present regime of v values) that there exists Cs > 0 such that
loeal, =
U +il |12

(2.9.17)

Finally, we use (2.8.53) and the fact that x,, > C~! |8M|% to obtain for all ¢ > 2

Cs
= p|@ e

P
U+ilAlyg

(2.9.18)

The case v € (U(0) — §|u|, U(O) + ko||), 6 € (0,k0). In this case we use (2.8.9) to
obtain that
4

1 1 /x 1
W=z (2 =x)?z (5 ) = oxt = Gl

The above inequality implies that there exist C and §y < k¢ such that, for § € (0, 8g)
and v € (U(0) —8|u|, U(0) + kolu)),

1 C
<
(Ux) =v)> + [u]> — x* +|uf?

(2.9.19)

for all x € [0, 1].
Consequently, for all ¢ > 1, using the substitution x = |u|!/2&, we obtain

H H / €= /oo € ___C 000
U+inle=Jo 2+l @ S Sy @ e 7
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Finally, we use (2.9.19) to obtain that

el gl ) e
We now observe that for all g > 1
o q
H X2+ |l H |M|(q1 P /0 [gzi e 96 = WWC_I)/Z. (2.9.22)
Together with (2.9.22) and (2.9.20), (2.9.21) yields the existence of C > 0
X — Xy C
H U+il |M|(q—1)/2' (2.9.23)

The general case. Combining (2.9.16) and (2.9.17), (2.9.20) yields, for g > 1, the
existence of C > 0, such that for |U(0) —v| < ko|u]
C

H U+il H |pula—172 (2.9.24)

By (2.9.18) and (2.9.23) we may conclude, for all ¢ > 1, that there exists C > 0 such
that, for |U(0) — v| < ko|u|

X — Xy C
H U+il |M|(q—1)/2' (2.9.25a)
Note that
<l
o0 |x2 = x2| + || oo
X — Xy X—x,
(sG] P 5251 2
|x XU‘<|I’L‘ |l’L| 00 |x xu|_|M\ x2| |M|1/2
hence A
X — Xy C
2.9.25b
H U+il |,u|1/2 ( )

Step 4. We prove (2.9.1). The proof is similar to Step 4 of the proof of Proposi-
tion 2.8.1. We estimate the right-hand side of (2.9.8) separately for p € [2, +00) and
for p = oo. Suppose first that v € L?(0, 1) for some p € [2, +0).

For the first term on the right-hand side, we deduce from (2.9.24),

vl

1/4 H H 2.9.26
I U+ii |/L| ﬁ+z ( )
To estimate the second term we use (2.9.25) to obtain for all p > 2
(x —xp)v H
2.9.27
|, = e (2.9.27)

I/LIZP+4
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Suppose now that v € L°°(0, 1). Then, by (2.9.24) we may conclude for the first term
on the right-hand side of (2.9.8) that

C
/4 H H Voo 2.9.28
W gzl = s vlles (29.28)
Next, we estimate the second term on the right-hand side of (2.9.8). Using (2.9.25)

we obtain that

(x —xy)v H
< )
‘ Ut in ln= vl
Together with (2.9.28) the above yields (2.9.1) for p = +o0. [ ]

Remark 2.9.2. Note that, under the assumptions of Proposition 2.9.1, by (2.9.14),
(2.9.15), (2.9.25a) and (2.9.24) it holds that

B (x)? < C (1ol 0lloo + 114119 l12]1v]loo)-

Using (2.9.1) for p = 400 then yields the existence of C > 0 such that
¢ (x0)] = Cllv]loo- (2.9.29)

2.10 The case SA > U(0)

In the case where A = v > U(0), we get a better estimate of A;la, measured by a
negative power of || + (v — U(0)). More precisely, we have the following proposi-
tion.

Proposition 2.10.1. Let p € [2, +00]. There exist jto > 0 and C > 0 such that for all
U € C3([0,1]) satisfying (2.1.3), v > U(0), || < po, @ >0, and (¢, v) € D(Aj o) X
L°°(0, 1) satisfying (2.4.22) it holds that

C
||¢||1,2 =< i 1 ”U”p, (2101)
[l + v = U 77+
Proof. We begin by restating (2.8.19)
U"U —v)¢ ,
ik 21003 +{———s—.0) = R, . 2.10.2
613+ U818 + (= ®) =M ) @102

Since v > U(0), it holds by (2.1.3) that the third term on the left-hand side is positive,
and hence we can conclude that

2 v
o"ll2 < 9i<¢, U M). (2.10.3)

We split the proof into two separate parts in accordance with the magnitude of (U(0)—
V)2 + 2
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Step 1. The case (U(0) — v)? + p? small. We consider here the case where
UO)—v)? +pu*<s

for some sufficiently small ¢ > 0.
To properly bound the right-hand side of (2.10.3) in that case we need an estimate
for |¢(0)|. To this end we use (2.10.2) once again to obtain

<%¢) = o, U—iik)’

from which we can conclude that

U"(U —v) )
(T ovs e o)
U =)@ = $(0) G
- 2< (U — )2 + p2 P = ¢(0)> + 2§R<¢, U iA)' (2.10.4)

We continue by bounding from below the left-hand side of (2.10.4). To this end we
observe that since

1 1
in [U"(x)|>— >0 and U(0)— U(x) > — x2,
xg}éfll]l ()] > o >0 an 0)—-U(x) > Yo

we can conclude that

( U"(U —v) 1>>l/‘1 x2 +v—U(0)
U—-=v)24+p2 1= CJy x24+v—=U@0)]? + pu2

1 ! x?
> —/ dx
CJo [x24+v—U(0)]2 + u2
2

1 [1 X
P dx
2C Jo x*+ (v —=U(0)2 + pu?)

1 o0 x?
— dx —1].
220[/0 A —UOP+ 2 ]

Setting
x = (v —UO)] + pu*)"4s

yields

U"(U —v) - 1 1 o 2
<(U—v)“ruz’ >_f(([v—U(O)]zﬂtz)‘/“/o s4+1ds_l)
1 ~
Cl—UOP + 2

A%
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For sufficiently small ¢ we obtain that
( U"(U —v) 1>> 1
(U =02+ p12" 1= 20 {[v — UO)2 + pu231/4
To estimate the first term on the right-hand side of (2.10.4) we first write

(2.10.5)

(G0 o)< [0 (eSO,
R .
U —v)? + p? [x2 + v —U(0)]? + u? ’
we may use Hardy’s inequality to obtain that
(G2t s—po) <cloz. @ios)

Equation (2.10.6) together with (2.10.3) and (2.10.5) yields, when substituted into
(2.10.4),

9O = (Il + v = UO/)3%(¢ ) (2.107)

U +i)
To complete the proof we now estimate the right-hand side of (2.10.3). To this
end we write
v

o, 7)< wollgl, + 152 Ll

Using Hardy’s inequality together with (2.10.7) yields

v
(g,

¢ U+il

Using (2.10.3) once again yields

16/l = €[l + v = U

I+ 191

R (e M

U)-Ci—vi/lnz]'

|1/4)H U+ik Hl + H U+ik ”2] (2.10.8)

The proof of (2.10.1) is now verified by following the same path as in the proof
of Step 4 of Propositions 2.8.1 and 2.9.1. Thus, since

(U —v) > C(x%?+v—U(0)),

we obtain as in (2.9.20) that for all ¢ > 1

HU+i/\Hq 5/0 [x2+v—5(0)+|ﬂ|]q dx

B C o gg

T lp 4+ v =U()]]4-1/2 /o (2 + 1]
B ¢

T lnl +v = UO)a-1/2

(2.10.9)
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Hence, for all p € [2, +oo]

H U+ iA H < Cllul +v = UO] 272 |jv]l,. (2.10.10)

Asin (2.9.21) and (2.9.22) we then write for all ¢ > 1

”U—i—iAHq =¢ Hx2+v:)zcj(0)+|u|”q

< c o g4
Tl v - U(o)](q—l)/z/o 2 1 1] d§
_ C

T [l + v —U(©0)]@-D/2

Note also that for ¢ = +o00 we have

HU—{—I}{,H [|M|+VEU(O)]1/2

Consequently, for all p € [2, +o0]

C
HU+1)LH (Il + v — U025+

Substituting the above, together with (2.10.10), into (2.10.8) yields (2.10.1) for suffi-
ciently small ¢ > 0.

vl @10.11)

Step 2. The case where, for some ¢ > 0,
(U©0)—v)* +p? > e
By Poincaré’s inequality and (2.10.10), we obtain

)| < Iglo

‘m<¢’U—{liik U—lliil\Hl

C /
e el AL

¢ 16/l 0]
WO v+t

which together with (2.10.3) readily gives (2.10.1) in this case. ]

I/\

Remark 2.10.2. Asin Remark 2.9.2 we may use (2.10.7), (2.10), and (2.10.8), under
the assumptions of Proposition 2.10.1, to obtain

v 2 _ 1/2
eyt IRRUARA )

From (2.10.10) we then obtain the existence of C > 0 such that

l#0)] < Cllv]co- (2.10.12)

O < C(lul + v~ UO) | Izl
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2.11 The case |RA| > 1 >0

The results in the preceding subsections were all obtained under the assumption that
|| < po for some sufficiently small o. Hence, it remains to treat the case when
|| = p1 where wq > 0 is arbitrary. We complement Proposition 2.6.1 by addressing
the large |u| case.

Proposition 2.11.1. For any 1 > 0 and p > 1 there exists C > 0 such that for all
(¢, v) € D(Ayq) x WEP(0, 1) satisfying Aj q¢ = v, and for all || > w1, v € R,
and o > 0,

Il 10,1y < ClI(A—x)"20]1. 2.11.1)

Proof. Since (2.6.17) holds true for any u # 0 we can conclude that

¢']l2 < (1 + ¢ )K(]ﬁ Y >‘1/2 (2.11.2)
2 = | |1/2 s U in N
Hence, there exists C such that for || > g
Pl:<C ‘<¢, v >‘ 2.11.3
¢l < U+ i ( )

Consequently, as |¢(x)| < [¢/]l2(1 —x)"/2 and |p| > 1,

1
U+iA

C
1613 = Cllg'l211(1 =20 | | = =19l =20l
M

from which (2.11.1) follows with the aid of Poincaré’s inequality. |



Chapter 3

Neumann-Dirichlet Schrodinger operators

The first part of this chapter is devoted to resolvent estimates for the operator

d2
N _ .
Ly~ =-S5 +iBU (3.0.1a)
which is defined on
D(£®) = {u e HX0.1) | u(1) = u/(0) = 0}. (3.0.1b)

We note that to estimate the inverse norm of the Orr—Sommerfeld operator (1.1.7b)
we need a bound of both A;}a and (:C?;’Q —A)~!, and in addition, to obtain resolvent
estimates for the special Schrodinger operators of the next chapter.

For convenience of notation we omit in the sequel the reference to the Dirichlet
condition at x = 1 and use £ instead of 2.

Let A = u + iv. Recall the definition of x, from (2.4.5). From [2], for instance,
we know that the main contribution to the resolvent norm comes from a small region
near x = Xx,. We begin this section by estimating the resolvent norm of QC?} in
the case where U(0) — v > /3_1/ 2. In this case one may approximate U — v by a
linear potential of the form U’(x,)(x — x,). In Section 3.2, we consider the case
|U0) — v| < B~Y/2 where U — v will be approximated by the quadratic potential
U”(0)x2/2 + U(0) — v. Finally, Section 3.3 is devoted to some L' estimates that are
necessary in Chapter 4.

3.1 Resolvent estimates for U(0) — SA > p~1/2

With x,, defined in (2.4.5), we introduce
Sy = U (x)]. 3.1.1)

We further define k7 € C to be the leftmost eigenvalue of
d2

£, =L
+ dx?

+ix (3.1.2)
in H2(R4) N H{ (R4). The first proposition is similar to [3, Proposition 5.2]. Unlike
[3] which defines the problem on (—1, 4+1) with Dirichlet conditions at x = %1, we
consider the operator on (0, 1) with a Neumann condition at x = 0, which corresponds
to a restriction to the space of even functions on (—1, 1), and a Dirichlet condition
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at x = 1. Furthermore, the velocity field is not strictly monotone as in [3]. Neverthe-
less, for x, > B~1/* (or equivalently for U(0) — v > B~'/?) we can still make good
use of the estimates in [3].

Proposition 3.1.1. Let U € C?([0, 1]) satisfy (2.1.3) and p € (1,2]. Then there exist
positive Y, a, C, Cp, and Bo such that, for all B > Bo, U0) —v > ap='2, and
f e L*(0,1),

sup [[(£F — BV 2 = € min((3, 817211 f 2. [3uBI 71 £ lloo).
p=r3,>3p=1/3

(3.1.3a)
Furthermore, for f € L?(0,1),
sup —(xf” 7| = e I (3.13b)
n=Y3,>3p1/3 3vBl e

Proof. Step 1. For Y > 0, we prove that there exist positive B9, ag, and C such that
forall B> Bo, U(0) —v > aB~%,a > agand & < Y3,%>~1/3 we have

(g = BO" fllz2+ [3uBI” 1/3|| (x” B flla < CISWBITN f o

3.1.4)
As U(0) — v > aB~1/2, it holds that
x> L qll2g=t, (3.1.5)
- C
For future reference we note, in addition, that
1
Exv < g < Cx,. (3.1.6)

We split the proof of (3.1.4) into two parts according to the sign of v — U (%)

Step 1.1. The case when U(1/2) < v < U(0) —af~2. We note that in this case
x, € (0, %). Let ¥ be given as in (2.4.16) by

R 0 |x| < 1,
x(x) = ! 1 (3.1.7)
L |x[> 3.
Set further for x € [0, 1]
XE@) = 20x/xy — Dlg, (E(x — xp)). (3.1.8)

and ¥ can be chosen such that

foi= 1= ()2 = () € C([0. 1), (3.1.9)
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Note that y; is supported on (0, 3x, /4) whereas x;' is supported on (5x, /4, 1). The
complementary cutoff function y, is supported on (x, /2, 3x,/2). The cutoff func-
tions defined in (3.1.8) allow us to obtain estimates for v separately on the intervals
(0, x,/2), (3x,/2, 1) (via integration by parts), and (x,,/2, 3x,/2).

More precisely, let (v, f) € D(:Cga) x L2(0, 1) satisfy (o(“,’gE —A)v = f.Set

U(x) X € (xy/2,3x,/2),
U(x) = U /2) + U/, /2)(x —x) X <%, (3.1.10)
UBxy/2) + U'(3xy/2)(x — x,) x> .
Let then
. > .
Loor =75 +iBUL. (3.1.11a)
be defined on the domain
D(£p,r) = {u € H*(R) | xu € L3(R)}. (3.1.11b)

We now apply the unitary dilation operator (corresponding to the change of vari-
able y = x/xy)

Tou(x) = xv_l/zu(x/x,,), (3.1.12)
to obtain
a—1¢ [ —2 d2 .5 Ty
7, Lp0r Ty = X, (— it z,B,,Uv(y)), (3.1.13)
where R
~ U, -
Uy(y) = ”(L;y) and B, = Bx;. (3.1.14)

v
As there exist positive m, M such that for v satisfying the assumptions of our pro-
position
0<m=<|U(y)|<M VyeR, (3.1.15)

and in view of the uniform bound
10, Iz < C. (3.1.16)

we may apply [3, Proposition 5.1] to the family of operators
2

> 2 -
Lir = a2t iBU,(y) (3.1.17)

to obtain for ,3 > ,30

- e ad s e C
swp (| Zg —BD T+ B S~ B = =
RA<TB—1/3 y
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where o i
B=pB,=pxt and L=x,2. (3.1.18)

We observe that, by (3.1.5), for any given ¢ > 0 there exists ag > 0 such that E > Bo
is satisfied for @ > ay. Taking the inverse dilation transformation, we obtain

sup I(£p0r—B1) "+ (Bxy) 12

(Lpvr—p07"| =
RA<Yx2/3p—1/3

H dx - (x ﬂ)2/3
Given that [3, Proposition 5.1] allows for an arbitrary Y, we can replace x, by ¢,
to obtain

1 1/3 1
el N I (830" | pmpi | = a5 ﬁ)m
(3.1.19)
We now write
(L& = BOGv) = Tof — 27,0 = T)v. (3.1.20)

We can then conclude from (3.1.19) and (3.1.20) that
= &~ 1=1/310% .Y c = =/
[xvvll2 + (B3]~ 1 Gvv)ll2 < W(levfllz + 207,012 + 175 vll2)-
4
3.1.21)
Note that (3.1.21) implies, by (3.1.6), that

. _ . C - —
1Zvvllz + [Bx] 21 Gv)ll2 < s (1 2+ 5 M N2+ x5 [[vl2).

[Bxv]
(3.1.22)
To estimate v on (0, 3x,,/4) and (5x, /4, 1) we write
(LF — BV ) = a6 f =200 = (). (3.1.23)

The real part of the inner product with X,jf v, after integration by parts, is given by

I 13 = 10O I3 + wBllxy vlI3 + Ry v, 6 f). (3.1.24)

whereas the imaginary part assumes the form

FRNU — v 2y Evl3 + 23((E) v, (Fv)) = +3(Fv xE f). (3.1.25)

As, by (2.8.8), |U —v['2yE = & x, xiF, (3.1.25) yields first

ﬂlelxv vl < lxsvllz Iy £l + —||v||z 1G5 v) -
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Combining the above with (3.1.24) we obtain

1
B3 = vl I 1

C 1 1
+ = lolla (—lvlls + 5 IxEvlls + vl Ik £12)-
Xy Xy )

where
ng,+ = max(up,0). (3.1.26)

For 1 < T“v2/3;8_1/3, we may conclude, using (3.1.6), that
H S

1

chxla vz <

C 1 1
vl 112 + ol (vl + B vl + vl e/ 12).
v v

which implies
C
(Bx3)?

+ 12
vl <

1 1 1
IS8+ €5 (5 + = 0l
ﬂxv xl) ,ngv3
By (3.1.5), there exists C > 0 such that

1
—2/3_-2
m <Ca X, .

Bix,
Hence, we may conclude that there exists C > 0 such that, ifa > 1 and U(0) — v >
a1,

C
lxEvlla < —lxE £z + BV v]l2). (3.1.27)

~ Bx3

Combining (3.1.27) and (3.1.22) leads to, with the aid of (3.1.5),

lvllz < C(ABXA™" + [Bx] ) £ 2
+ (B33 + B33 lvll2 + B2 3 ')
< C(IBx )21 £ 1o + 182531 Il2) + Ca3 vl

Thus, there exists ag > 1 and C > 0 such that for a > ay we obtain
lll2 < C([Bxo] 221 fll2 + [B2x17 310 ]12). (3.1.28)
We now use (3.1.22) together with (3.1.5) to establish that

IGov)ll2 < CAB 21 f N2 + [BxI1 2 0ll2) + Ca3 o'l (3.1.29)
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By (3.1.24), as uB < C(x»B)3, it holds that

1 L1 1
1GaF0Y N2 = € (ol 4+ x5 B olla + 19160, 13 )12
v
which leads to

~r 1 1 _1
1GEEY 2 = € (vl + (Bx)F vl + Bx) 3 f ). (3130)
v
Then we use (3.1.27), to get first that

1 3(Bx,)3
oyl = € (- +

and then conclude from (3.1.5) that
_ _1
G0 2 < € M vl + (Bx) 731 f1l2)- (3.1.31)
Combining (3.1.29) and (3.1.31) yields

otk + ¢ (g + o

Sz,

102 < C (Gt + (B2 wlla + Bl 211 £ 112) + Ca™3 v/l
Using again (3.1.5) we obtain the existence of ag that for a > ag
IV ll2 < € M vlla + [Bx] 21 1)

Substituting (3.1.28) into the above yields the existence of ag > 0 that for all @ > ay

10/l < CLBxu] 211 £ 2. (3.1.32)
By (3.1.28) and (3.1.32) we then obtain

vl < C([Bx]7> + 821 [Bx] )1 f 2,

which implies, using (3.1.5),

lvll2 < € (Bx] 21 Il2- (3.1.33)
Having in mind (3.1.6) we finally obtain from (3.1.32) and (3.1.33)

lvll2 + 3817211V < CISu B[ £ 2, (3.1.34)

which is precisely (3.1.4).

Step 1.2. The case v < U(1/2). We recall that x,, = 1 for v < 0 and observe that
Xy > % in this step. Hence, we need to define only a pair of cutoff functions. We thus
set

x2(x) = X(2x). (3.1.35)
and J2 = /1 — x5, which is supported on [0, 1/4].
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Then, we may write as in (3.1.27)

I72vll2 < CBTMIS N2 + B2 []l2]. (3.1.36)

Similarly, we obtain as in (3.1.31)

.y C
[Ge20)'ll2 < W[Ilfllz + Blvl2l.
Suppose that
Y < [U'(1/4)/|U'(1)|]N&;. (3.1.37)

For later reference we note that (3.1.37) implies that Y < [U’(1/4)/3,]?/>%k1. As
in (3.1.21) we can also conclude, from [3, Proposition 5.2], that

- C
x2vll2 + B2 G2v) 12 < W(Ilfllz + 1l + llvll2).

Combining the above we may proceed as in the Step 1.1 to conclude (3.1.4) and the
L?-bound on the right-hand side in (3.1.3a).

To complete the proof of (3.1.3a) we need to establish an £ (L2, L*°) bound for
(28 -0

Step 2. For
Y < [|U'(1/16)|/|U" () [>/?%iy, (3.1.38)

we prove that there exist positive B¢, ag, and C such that for all 8 > By, U(0) — v >
aﬂ_%, a>agand pn < Y3,%3B~1/3 we have
_ ~ 21— d _ ~ a1—
IG5 = BT SN2 + 13081 Pl (£ = BV 2 = CISuBI™C1 f 1o
(3.1.39)
Step 2.1. We consider the case 0 < x,, < 1/2. Considering a pair (v, f) € D(éﬁ?) X
L*°(0, 1) satisfying (éﬁ%} — BA)v = f, we then write as in (3.1.20)
(Lo = BD(I) = Tof =27,V = Tyv. (3.1.40)
Letw; € D(fﬂ,v,R) satisfy
(Lpor — BVWI = o f. (3.1.41)
Let £ AR be defined by (3.1.17). We now apply [3, Lemma 5.5] to the operator

‘fﬁR - igﬁv(l). Note that, due to (3.1.15) and (3.1.16), there exists r > 1 such

that the potential y — U,(y) —U,(1) belongs to §?2 (see [3, equation (2.32)] for the
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definition of this class). Note further that [3, Lemma 5.5] holds under the assumption
Y > 0. Hence, for any @ > 0 there exists of C such that

- — c
sup (€55 — BV '8ll2aq < T/G”g”oo (3.1.42)
Ri<TB—1/3 B

We apply (3.1.42) with @ = 2, 3(») = x2/2(xv £)(xy¥), & = x;21 and B = Bx* to
establish after a change of variable that

C
lwillz200.2x,) < mm=z7e Il f loo- (3.1.43)
L2(0,2xy) ['de]S/G o)

Let further w, € D(fﬁ,v,R) satisfy
(£p.0r — Bw2 = =270 = fyv.
From (3.1.13) we get that

>~

C -
lwall2 < W(Hx;v’nz +175vll2)- (3.1.44)
%

Combining (3.1.44) with (3.1.43) yields as y,v = w; + w5 and Supp ¥, C (0,2x,)
17v0ll2 = 1200l 20.20,)
< C (IBxl /1 £ loo + 82531211 oy 200l
sy 330y Vll2 + 55 01D ). (3.145)
Given the support of y; it holds that

s fllz < CxY2) flloos

and hence we can conclude from (3.1.27) that

_ C
lzvl2 = 25 [ 1 lleo + B 10]2]. (3.1.46)
v

To obtain a similar bound for )(‘Jf v we obtain with the aid (2.8.9)

1
TR SC/

2_ 32 = .-
3 X2 =Xy T Xy

dx C
<

Consequently, we can conclude that

FIU =]V,

_ C
106Dl < Il 10 = v 2l il 10 = w20l < =751l
X
' (3.1.47)
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We now use (3.1.25) to obtain that
1T —vV20l5 < CB7 e Il l Gl v) 2 + 1GED v 1L Tloo)
which implies that for any n > 0, we have
_ _ 1
10 =120l = 87" (m 10l + L 1GE 0 I3+ 10?01 s )

(3.1.48)
By (3.1.24) and (3.1.5) we have that

IGaro) 115 < CIBXTR 0I5 + 1GED vl f oo (3.1.49)

Note that by (3.1.5) we can conclude that x;2 < [Bx,]?/3. Substituting (3.1.49) into
(3.1.48) yields for any n > 0

L 1U = v]'2013

1 1
= OB (0 + BRI + (S + 1)1 0l S eo).

Setting n, = x, (,Bx,,)% we observe that , > % by (3.1.5), and hence
I 1U = vl'2ul3 < CB7HB xR IlE + 10> 0l f ) (3.1.50)

We then obtain, for any p > 0,

11U = v1Y20)3 < C (1B 2013 + B2 ol + %nfuio)
which, with the aid of (3.1.47), leads to

L 1U = v]V23

~ _ — 1
< C(IBxI 10l + 9872 i 1U = w10l + 112 ).

Setting p = [2C]~!B2x, finally leads to
LU = w203 < C((Bx]> 2103 + [B7x] ML 112) (3.1.51)

Since for some positive C it holds by (2.8.9) that " |U — v|1/2 > C~'x, ] we can
conclude that

lxdolla < CBV2x* vl + B71x %2 £ o) (3.1.52)
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Combining (3.1.46) with (3.1.45) and (3.1.52) then yields with the aid of (3.1.5)

Ivll2 < € ((Bx3217! + [Bx ]/ f lloo + [Bx3170]12
S R [ PEERMS PR PESRERRY B3)
=< € (IBx) ™00 f lloo + @™ olla + 18231211 1y 2 V'l
S e S)
Hence, there exist ag > 0 and C > 0 such that for all a > ao

ol < C(IBxol ™ 1 flloo + [B>6517 21 xp 3xayv'll2 + 11530 330 'll2]).-
(3.1.53)
Set
Xy () = 720 /x — D) IR, (E(x —x)),

where } is defined by (2.4.16). We note that by its definition ¥, = 1 on [0, 3x") and
supp ¥, C (—oo, 22). Similarly, ¥; = 1 on [ i C (3, 400).
Proceeding as in the proof of (3.1.24) integration by parts yields, since v satisfies

a Neumann condition at x = 0 and Dirichlet condition at x = 1, and since we have
(1,)'(0) =0,

G015 = 1G) VI3 + mBIG VI3 + R(GET v, 75 f)-

The above identity implies, as 4 < T ), ,3_%,
IGF50) 15 < CAeBPP+ x5, 0I5+ 11U = v 75 vl 11U =v 72 25 21l f lloo-

By (2.8.9) there exists 0 < v; < U(0) such that for all v; < v < U(0) —ap~ "2 it
holds that

/8 g C
U = v|~257 e * & (3.1.54)
2_ 2
0 x2—x Xy

Similarly,

1y c
U —v"V257 12 <c/ @ = (3.1.55)
9

2 2 =
x,/8 Xp — X Xy

For 0 < v < v; (3.1.54) and (3.1.55) still hold given the support of )?;—L Consequently,
we may conclude that

G 0) 115 < CUuBI + x5, D15 + x5, 20 = v 255 vll2ll f lloo- (3.1.56)
As in (3.1.25) it holds that

FHIU =o' 75013 + 23(G5) v, G v)) = S(Fyv. 45 ).
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which implies
BIIU — vV 55 vl3
< f—vllvllzll()?fv)’llz + 11U =2l U =72 05 20 f lloo-
Consequently, by (3.1.54),
U = w235 005 < CABxT vll2| (75 ) ll2 + (B2 HIF130). (3157)
Substituting (3.1.57) into (3.1.56) then yields, with the aid of (3.1.5),
1G5 )13
< C(IBP0l3 + [Bo] 1L 12 + B2l ol 1G5 0) 12711 f o).
By the above inequality we may conclude, first, that
IG5 0) 15 < C(1BxT?P0l5 + 2082 1 F 113 + x5 (1G5 ) 211v]12)).

and then, for any n > 0,
1G5 = € (B2 1013 + 208217 1£ 12 + nll G o) 13 + %x;zuvn%)-
Using again (3.1.5), for n small enough, we finally obtain
I(E5 )15 < C(IBxT 015 + 2[Bx0] 1 £ 113)-
From the above it can be easily verified that
esp 350y 0l + s 2500l
< G50 2 + 1 ) 12 < CABx ) P vllz + [Bx] 721 f llso)- (3.1.58)
Substituting (3.1.58) into (3.1.53) yields, using (3.1.5)
lwll2 < C(IBx] 611 f lloo + [Bx317 2 10]l2).
Hence, there exists ag > 0 such that we obtain for a > ag
loll2 < € [Bxul ™1l flloo- (3.1.59)
Step 2.2. The case x,, > 1/8. Let
Y < [|U'(1/16)|/|U" (D) *%Ri;. (3.1.60)

We set
M = x(=(x —x,)/xy), (3.1.61)
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which is supported on (x,, /4, 1] and satisfies 7, = 1 on (x,,/2, 1]. Then, as
(L3 = BAD@w) = Ao f = 27,0 = v, (3.1.62)

we may use [3, Propositions 5.2 and 5.4] (both hold for U € §2 though stated for
U € 8}), to obtain that

~ C ~
vl < W(ﬁ YOI f lloo + 1730 ll2 + 17 0112)- (3.1.63)

We note that (3.1.60) implies Y < [|U’(x,/4)|/3,]2/>%k; forall 1/8 < x, < 1. Let
Ty = /1 =12 € C*(R,[0, 1]). Note that 7, is supported on [0, x,,/2]. Consequently,
we may obtain, as in (3.1.46) but for x,, > %,

17wl < CB71ILfll2 + B2 (vll2].

Combining the above with (3.1.63) yields

C _
Ivllz = 257 —= (B8N f oo + 1xy saxn 20V 2)-

We now use a variant of equation (3.1.58) (which is valid also for x,, > 1/8) to bound
[11(x, /4,x,/2)V’ ||2 to obtain, with the aid of (3.1.5),

C
ol = g7 17 o

Together with (3.1.4) the above inequality establishes (3.1.3a).
Step 3. We prove (3.1.3b), when
T < irEf ](|U/(xv/2)|/|U’(xv)|)2/3m,21. (3.1.64)
1

Xy €10,

Note that for p =2 (3.1.3b) readily follows from (3.1.4). In the following we then
assume p € (1,2). Suppose first that x,, < 1/2. As above, we consider a pair (v, f)
in D(£3) x L?(0, 1) satisfying (£3 —Af)v = f. Let

€3+ H*(x,/2.3x,/2) N Hy (x,/2.3%,/2) = L*(x,/2.3x,/2)
be associated with the same differential operator as éﬁgl. Let
ff; cH?(1/2,3/2) N Hy(1/2,3/2) — L*(1/2,3/2)

be associated with the same differential operator as £ AR in (3.1.17). We recall from
[3, Proposition 5.2] that for any g € L?(1/2,3/2) it holds

2—1/3

sup

S‘tisTEﬂm ”d (ii) 'BA) gH _B‘”P lgll2- (3.1.65)
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As in (3.1.20) it holds that
(€3 = BO(Tov) = Ju f = 27,0" = Tyv,

and hence by applying the inverse of the dilation (3.1.12) to (3.1.65) we can conclude
that

s oYl < C -2te =1 =1
1Gov) [l < CIBxI07 (1 Nl + 1750 12 + I Z0v]l2). (3.1.66)
By (3.1.4) we then obtain
- _2+p _ _ _ _
1(Fo) [l < CIBxu]™ 707 (14 B713x43 + 2135 7803)| £ 1.

From (3.1.5) we easily conclude that

~ N/ _2tp
1o llp < CIBxT |1 f o (3.1.67)
We now seek an estimate for )(;*Lv’ . To this end, we use integration by parts to obtain
R(EU = v)v, (£F = BA)v)

= FIxEIU —v[Y2 3 + REU E + 20 =) () )v )
— uBllxEIU — v 0|2 (3.1.68)

Since

U'@)] = ClUG) = UO)? < C(UE) = v[Y2 +1U0) —v]'?). (3.1.69)
we can conclude that

106U V]2 < Cxllvllz + 451U = v[2vll2).
Furthermore, given the support of ( Xf)’ we obtain by (2.8.6)
165U =) (15 lloo < CIO? = x) (3 lloo < Coxar
Combining the above with (3.1.68) yields that
IElU — v V203

< (U = v)ll2ll fll2 + € (B PPl xE U — vV 20]|3 + [xo 0]l
+ x5 1U = v 2021 [12). (3.1.70)

As
(U —v)v. (£4 — BA)v) = BII(U —v)v|3 + S(U'v,v"), (3.1.71)

we obtain by (3.1.69) that

BIU —vyvl5 < C(BTIFI5 + U = vIV2vlz + xullvlla]lv]12).
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Furthermore, since
U —v|"?v]3 < %[x;ZM(U — vl + x7[v]i3], (3.1.72)
we can write
BIU —vyvll3 = C(BTHIAIZ + Drollvllz + 25U = v)vlla][0']]2).
Hence,
BIU —vvlz < CBTHLLIZ + xollvll2llvll2 + 71252 I10115).  (3.1.73)
Using (3.1.4) gives the following estimates for ||v||2 and ||v/||2
W'l < C Bl 2l fll2 and  vllz < € [T f o (3.1.74)
Substituting the above into (3.1.73) yields
BIU —v)vll3 < CB + 7152 BI D)L 13-
From the above, recalling that 8 %x,, is bounded from below, we conclude that
U —v)vll2 < CB7 f 2 (3.1.75)
Next, we write, using (3.1.74) and (3.1.75),
IV = w1201 = S8 5321 =yl + B 0l < — L1,
v

(3.1.76)
Substituting (3.1.76) together with (3.1.75) into (3.1.70) yields with the aid of (3.1.74)

X |U = w2013 < B 115 (3.1.77)
‘We now observe that
3xu/4 dx C
_y1=1/2,—4
U = v~ 20, 18 < Cfo 2 =iz = gt (3.1.78)

Similarly,

_ 1 dx
U =122 sc/ (3.1.79)

< 9
sy /4 (X2 —x2]9/2 7 471
which is obtained with the aid of (2.8.9) for v > v; (for v < v; the above bounds are
trivial). Consequently, we obtain that
1GE 1y = 151U = 0120 21 [Mo.32, /a1 + Vs, | U = 720 22

C
< —5 1/l (3.1.80)

B1/2x,%"
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Similarly, we write that

A

IGEY vl < NI — o120 a0 3001 + Yl = 01200 22
< /12

6
Xy

_% ’35/6
To obtain the second inequality we have used (3.1.76). Together with (3.1.80) and
(3.1.5) the above yields

_3p—2
I ll, < CB 2% 27 |1 fla- (3.1.81)

Combining the above with (3.1.67) yields the existence of a¢ such that (3.1.3b) holds
forall a > ay.

Consider next the case x,, > 1/2 (in which no dilation transformation is neces-
sary). Let

Y < (|U'(1/4)|/|U"(D)))*>Ri;. (3.1.82)
We now set
W=\ 12+ (62
Then, as

(ffg) — BA) () =1, f = 200" — .
We obtain using [3, Proposition 5.2] and (3.1.4) that

C
1@l < —5 11 £l
6p

Since (3.1.81) holds true for y, v in the case x,, > 1/2, we can combine it with the
above to extend the validity (3.1.3b) to this case as well.

Given (3.1.37), (3.1.38), (3.1.60), (3.1.64), and (3.1.82) it follows that there exists
T > 0 for which Proposition 3.1.1 holds true. |

Remark 3.1.2. Asin [3, Proposition 5.1] we can obtain better estimates for the case
where i < 0. Thus, setting ;7 = 11in (3.1.24) yields for u < 0

0115 + [l BlIvlz = R(v., f). (3.1.83)
From here we conclude that

lvll2 < [wlBI~HILf

which is stronger that (3.1.3) when |u| > p~1/3.
Note that for © < 0

2, (3.1.84)

012 < Nl B2 £ )2 (3.1.85)
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3.2 Resolvent estimates for |U(0) — SA| = O(B~1/2)

In this case, we will approximate U — v by its quadratic potential
x> U"(0)x2/2 4+ U(0) —v
and then use a proper resolvent estimate established by R. Henry in [16].
More precisely, we prove the following proposition.

Proposition 3.2.1. Let U € C3([0, 1]) satisfy (2.1.3),a > 0and Y < /=U"(0)/2.
Then there exist C > 0 and Bo > 0 such that, for all B > o,

© i feLl®1),

_ _ d _
sup (L2 = BO T flla + B30 = B 1
n<YB~1/2 X
lv—U(0)|<aB~1/2

+ BRI = BT f 1)
< Cmin(B™2) £ 2. 7% £ lls0). (3.2.1a)

© f(x—xy)7f € L?(0.])

Ry RS Y]
[v—U(0)|<ap~1/2

pfeg =]

< Cﬂ‘”‘”# g (3.2.1b)
Proof. All the estimates established in this proof assume that
w<YB Y% and U®©O)—af~V? <v < U©O) +ap~ "2 (3.2.2)
By the second condition it holds that
0<x, < CB 5. (3.2.3)

Consequently, for any v; < U(0), there exists B¢ such that, for all 8 > B¢, we have

v>v; and x, <1/4. 3.2.4)
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Step 1: £(L?, L?) estimate. By [16, Theorem 1.3] we immediately obtain that, under
(3.2.2),

IEF — BV fll2 < CBT2| £l (3.2.5)

To prove the second inequality in (3.2.1a), let £ € L?(0,1) and v € D(éﬁ%}) satisfy

(éfl%E — BA)v = f. Taking the scalar product with v, an integration by parts yields for
the real part, with the aid of (3.2.2),

1'l5 = uBlvll3 + % (v, ) < CBY2 03 + 8721 F115)-

By (3.2.5) we can then conclude that

| Ceg —pa ], < cB 070 (3.26)

which together with (3.2.5) establishes the & (L2, L?) estimate in (3.2.1a).

Step 2: £(L>°, L?) estimate. Next, we obtain an £ (L, L?) estimate for (éﬁ%} —
BA)~! under (3.2.2). Let ¥ be given (2.4.16). As before, we set

Xy (x) = 2(yB*x),

for some positive
y <[8C,+ 11 < 1.

In particular, y satisfies
0<y<[883x, + 1]\

We note that y, satisfies
suppyy C [2xv + %ﬂ_%, 1) and [y)] < C)/,B%. (3.2.7)
Set further y, = /1 — 3 € C*°(R) and note that j, satisfies
suppi, C [0, %ﬂ—i) and |7,| < CyBH+. (3.2.8)

Let f € L?(0,1)and v € D(éﬁﬂm) satisfy (éﬁgE — Bl = f.
We begin by estimating y, v. An integration by parts yields

1O 15 = Iy vl5 = mBllxyvllz = Rxyv, xy f), (3.2.9)
from which we conclude, given that uf 1/2 and y are bounded from above,

1y 0) 113 < ol flleo + CBY 210115, (3.2.10)
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Furthermore, we have that
—BIIU =" 0015 + 230150, (1y0)) = 3ty 0, 2y £)-
Hence, with the aid of (3.2.10), we can conclude that
BINU —vI"2xyvll3 < CEB 0113 + vl f lloo)-
We now write (note that x, x2, = x)
lxyvll < 12y lU = vIT2 201U = v] 2 2y 0]

For x € [x, + 174, 1), it holds by (2.9.6), (2.9.7), and (3.2.4)

1 1 1
|U(x) —v| > E(x_xv)z TR

which implies, for 8 > B,

1 1
f 1|U—v|‘1dst/ y2dy < CBY*.
X

BT 14
We can then conclude, using (3.2.7), that

122y 1U = |72, < CBYE.
Hence, by (3.2.12) and (3.2.13) we obtain that

lxyvlh = CBE G2 Y4 vl + ol 21 F 1),
from which we conclude that
vl < CBTE vl + B3] flloo)-
Substituting the above into (3.2.12) then yields
U =12 xyvllz < CBTVHY 2 vll2 + B3] £ lloo)-

Since by (3.2.14),
1 _
U —v|1/2)(y > E'B 1/4va

we may write
xyvllz < CG 20l + B3N f lloo)-

We now attempt to estimate y,v. As

(&5 = BGFyv) = Ty f — 27,0 = Tyo,

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)
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we may conclude from [16, Theorem 1.3] (which can be used since U € C3([0, 1])
and Y < [-U"(0)]/2/2), that

IZyvlla < CBTY2( 7y fll2 + 17,0 12 + 1 Fvll2)
<CB8| flloo + B4V + v 0]l2).

To obtain the second inequality we used the fact that supp y, < (0, C ,8_%). Combin-
ing the above with (3.2.18) yields the existence of Yo > 0 such that for all y € (0, yy),

lvlla < CB™8)| flloo + ¥B™ 410 112). (3.2.20)
As in (3.2.10) (replacing y, by 1), we obtain that
115 < lollill £lleo + CBY? (0113 (3.2.21)
By (2.9.24), applied withg = 1 and u = ,3_%, and (3.2.2) it holds that
I =v+ip™ 7215 = (U — v+ 7 < CBYY.
From the above we conclude that

ol < U = v + 727210 = v + 8712120

< CBVE(NU — v 2 xyvll2 + 11U = "2 Fyv]l2 + B4 0])).
By (2.8.9) (which is valid by (3.2.4))

|U—V|1/2nyc sup |x2—x5|1/zfcﬂ—l/4’
xe(0,Cp~H)

we obtain, with the aid of (3.2.16) that
Iolli < CB™Evllz + B> flloo)- (3.2.22)
Substituting (3.2.22) into (3.2.21) yields
W'l < CB*vll2 + B flloo),
which when substituted into (3.2.20) yields for sufficiently small y¢ and y € (0, yo)
Ivll2 < CB~"3)| flloos (3.2.23)

and then
1012 < CB738|| f oo (3.2.24)

Substituting (3.2.23) into (3.2.22) yields

ol < CB74)| f oo (3.2.25)
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By (3.2.11) it holds that
BINU = v xyvll3 < C@B 0113 + iy vll2ll £ 12),
from which we conclude by combining it with (3.2.5)
U = vyl < CB4) £ 2.
Consequently,
vl < U = w72y U = w2 gyvll2 < CB7/5) f 2.

Use of (3.2.15) has been made to obtain the second inequality.
Since by (3.2.5)

1720l < CB7 V3 vl < CB~3)| f (3.2.26)

we may conclude that
iy < €871 £ 1, (3.2.27)

which together with (3.2.25) completes the proof of (3.2.1a).
Step 3: Proof of (3.2.1b). To prove (3.2.1b) we set
f=k=-x)g

where g € L2(0, 1).
Then, as in (3.2.10), we use (3.2.9) to obtain

G113 < 11(x = x0) xyvll2liglla + CBYZv]3.
By (3.2.7) and (3.2.14) there exists C > 0 such that, for all x € [0, 1],
0= (x = x)xy (x) < Cw = UE)" 1y (). (3.2.28)

Hence,
G )15 < C(NU = v xyvl2ligll2 + B2 1Iv]13).
Next, we use (3.2.11) to obtain, as in (3.2.12), with the aid of the above and (3.2.28)

BINU = v vl < C(vB 21013 + 2y 1U = I ?0ll2lgll2),
from which we conclude that
U = v yvlla < CBTA @ Pllvlla + B2 ]l). (3.2.29)
Combining the above with (3.2.17) yields

lxyvllz < CG Y2 olla + B gll2). (3.2.30)
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Furthermore, with the aid of (3.2.15) we can conclude that

lgoll < IHU =172 2 11U = vV gyl

< CO2BT B vl + BEgll2)- (3.231)
‘We now use (3.2.19) to obtain, as in (3.2.20),
7yvllz < CB™ gl + v~ I + V2 (v]l2). (3.2.32)
Combining (3.2.32) with (3.2.30) yields for sufficiently small y
2 < € (B lgla + vB~ 410 (3.2.33)
Then we write
V113 = uBllvlz +R(v, £) = pBllvll3 + R((x —xu)v, g). (3.2.34)

To estimate the second term on the right-hand side of (3.2.34) we first note that by
(3.2.28), (3.2.3) and (3.2.8),

1Ge = x0)vllz < |(x = x0) gyvllz + [ (x = x0) gy vll2

< CUIIU =v["2xyvlla + 7 I0]12).
With the aid of (3.2.29) we then obtain
| = x)vllz = CE 4 wllz + B2 g ). (3.2.35)
Hence, by (3.2.34) and since u < Cf —1/2 we may conclude that
[v'll2 < CBllvll2 + B7121g112). (3.2.36)
Substituting (3.2.36) into (3.2.33) yields for small enough y,
Ioll2 < CB7*gl2. (3.2.37)
By (3.2.37), the first inequality of (3.2.26), and (3.2.31) we obtain
lollh < €877l (3.2.38)
Together with (3.2.37) and (3.2.36), (3.2.38) verifies (3.2.1D). ]

3.3 L1 estimates for U(0) — IA > p~1/2

It is not difficult to show that the resolvent of the operator —d?/dx? 4+ ix is not
bounded in £(L%°(R), L!(R)), a fact that can be easily established from the identity

( d? L ) 1 2x%2—1 L X
- +ix = i )
dx? Y21 [X241]92 0 X241
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For the resolvent of the operator éﬁ?’g on (0, 1), this unboundedness manifests itself
through a logarithmic dependence on  as we can clearly see in the following pro-
position.

Proposition 3.3.1. Let U € C2([0,1]) satisfy (2.1.3). There exist Y >0,a >0, C > 0,
and By > 1 such that, for B > Bo, SA < U(0) —aB~ V2, KA < 3,22 YB3, and
f € L*®(0,1) we have

I(£g® = B0 £l < € min (3,811 £ 112, 13,81 " log B £ ). (3.3.1)

Proof. We assume that T > 0 is sufficiently small so that Proposition 3.1.1 holds
true. We begin by recalling that by (3.1.5), for any N > 0, there exists ap > 0 such
that for all @ > ag, we have under the conditions of the proposition,

Bxy > Bxy > N,

where x, is defined by (2.4.5). Let (v, f) € D(:ﬁ?}) x L*°(0, 1) satisfy (éligE —
BA)v = f.By (2.8.49) applied with & = B~1/3x2/3 and ¢ = 2, it holds that

I = v+l 7HG < Cox P12,
We may then conclude that

ol < 10 = v +i[Bxy 213 (U — v + i [Bx, 2Pl
< CBYOx,SO[|(U — v)vlla + [Bx, 2173 v]l2). (33.2)

By (3.1.75) and (3.1.3a)
ol < CIBxT™>C |1 f - (33.3)
By (2.8.62) we can conclude that
I = +ilBx 212 = 11U —v +i[Bx217) 7 < X%IOg(ﬂXf)-
Hence, we can complete the proof of (3.3.1) by writing
Il < IU = v +i[Bx, 217 ) 72| (U = v + i [Bx2713) o]l
< %[bg(ﬁx;‘)]l/z[llw —v"?vll2 + [Bx, 2176 v o,
v

which implies

C
lolh < =75 ogBNV2MIIU = vV 2vll2 + [Bx, %/ lv]l2]. (3.3.4)
Xy
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We note that by (3.1.3a) (which holds for a > agy with a¢ large enough) and (3.1.5)
we have

—1
18,2174 oll2 < CB7 0 21 f lloo-

Hence, we obtain from (3.3.4)
c 1/2 1/2 —1,.-1/2
iy = =7 0ogBN 2T — vV 2vll2 + B~ x, 211 f lloo]- (3.3.5)
Xy

To complete the proof we need an estimate for |||U — v|'/?

to (3.1.8) we let

v||2. In a similar manner

25 () = R — xRy (£(x —x)) with s = [Bx,]'/>,

where ¥ is defined by (3.1.7). An integration by parts yields, as in (3.1.24),
1GE0) 15 = 10 15 = mBlas vl3 = RO 15 f).
from which we conclude, given that u8 < Cs?
I 13 < vl S lleo + Cs>[0]13.
Furthermore, (see (3.1.25)), we have that
FBINU — vV xFvll3 + 23(G) v, (Fv)) = S(xFv xs ), (33.6)

and hence, with the aid of above, we obtain that

U = vIY2 250l < CBT B2 10115 + 150l f loo)-
By (3.1.3a), we then have

U =2yl < C 287 flloo + B7V 2101 21A 1K), B3

oo

Let js = \/1 — (xH)% = (x7)?. Since s = [Bx,]"/3 it holds that

- 1 _ 1 _
suppxs C [xv - E(ﬂxv) 1/3, Xy + E(ﬂxv) 1/3)'

As
U —v["?Fsvll2 < C [Bx,] Vox 22| Fsvll2 < CB™Y0x 1 |vl2,

we may use (3.1.3a) once again to obtain

_1
U = v 750ll2 < Cxy 287 f lloo-
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Combining the above with (3.3.7) yields
U = v"2v0]5 < C (x5 287 flloo + B2 10121 £ I1LL3). (3.3.8)

Substituting (3.3.8) into (3.3.5) yields, for any 1 > 0,

vl < 1/2[log(/3)]”2(ﬂ 20 f lloe + BTV IV 21 12)

1 - _ 1
< S ogBN 2 (B2 f oo + 87221 llo + nllvl))-
xé/z n
Choosing n > 0 such that

Cnp~1 231 2 llog(B))'12 = 3,

we obtain

(3.3.9)

Combining the above with (3.3.3), completes the proof of the proposition. |

If U —v # 0in [0, 1] it can be easily verified (see (3.1.75)) that
I(=d?/dx* +if[U =D~ < B~

In contrast, when U(x) = v for some x € (0, 1) the best estimate we can obtain (see
(3.1.3)) is
I(—d?/dx* +ip[U —v]) '] < B>,

The zero of U — v at x = x,, thus, has a significant effect on the resolvent norm.
Nevertheless, if f(x,) =0and f is small in the neighbourhood of x, one may expect
that ||(—d?/dx? 4+ iB[U — v])~! f||2 would be smaller in that case.

This heuristic argument is manifested, more precisely, in the following proposi-
tion.

Proposition 3.3.2. Let U € C2([0, 1]) satisfy (2.1.3). There exist YT > 0, C > 0,
a >0, and By > 0 such that, for B > Bo, v < U(0) —aB~V2, u < Y3,22p~1/3,
and f € L?(0,1) such that (x — x,)~' f € L?(0, 1), we have

f

— Xy

IR =07 I = C@PT |

(3.3.10)
2

and

[Gwes -] = e L

(3.3.11)
X — Xy
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Proof. Let (v, f,)) € D(;ﬁg*) x L2(0,1) x C satisfy (xg* —BMv = f.

Step 1. We prove (3.3.10).
Set

f=-vg

Given that u < Y 3,2/3B71/3, it follows from (3.1.3) that there exists u € D(iﬂm)
satisfying
(&3 — Bhu =g. (3.3.12)

Let
w= U —vu.

Then, it holds that
(l’?} —BMw = f —2U0vw' —U"u.

Consequently,
v=w+ (£ — )T QU Y + U"u). (3.3.13)

We now recall (3.1.69)
U] < ClU=U©)]'"? < CIU =v]"? + xy).
By the above and (3.1.3a) it holds that

(£ — BV QU + U,
< C 3B (xull |2 + 11U — w20 ||2 + [|u])2). (3.3.14)

Let Xf be defined by (3.1.8). Clearly, in view of (3.1.9) and the fact that U’ (0) = 0,

U =120l < 651U = w20 2+ 151U = v] 20 |12+ Cox 2.
(3.3.15)
By (3.1.77), applied to the pair (u, g), (3.3.15), and (3.1.3b) we then have

xollu'llz + U = vVl < CB™2 + 332871 ) gl . (3.3.16)
Using (3.1.3a) together with (3.3.14) and (3.3.12) then yields, as x, > ,3_1/4,
I(E} — B QU + U"w)ll2 < CB g2 (33.17)
By (3.1.75), applied to the pair (u, g), it holds that
lwll2 = CB7" gll2. (33.18)
Substituting the above together with (3.3.17) into (3.3.13) yields

lvllz < CB™ gl
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Since

1
U@ =yl 2 Gxulr =l

it holds that
Igllz < Cx;7 M I (x = x0) ™" f 2.

and hence, we can now conclude (3.3.10) from the above and (3.3.18).

Step 2. We prove (3.3.11).
Taking the real part of the scalar product with (v, (éﬁ? — BA)v) we write

10113 = puBlvll3 + R((x — xp)v, (x —x,) " f).
From here we deduce that
V113 < utBlvl3 + 1{(x —x)v, (x — x0) ' £, (3.3.19)

where
U+ = max(u,0). (3.3.20)

Since |x — x,,| < C |U — v|'/2 we obtain by (3.3.10), as x, > =% and 4 <
C gl p,

W13 < CB & =x) 7" flla + 11U = v 20llall(x = x) 7' fll2). (33.21)
By (3.1.25) it holds that
BINU = vV x5 vll3 < o Mv a1z + 1 = x)vllall(x = x) 7 .
Hence, in view of (3.1.9),
BINU =[5 < CO M vl IV 12 + BxglIvl3) + (= x)vllall(x = %) " f 2
Since by (3.3.10) it holds that
Bxilvlz < CB7 I(x —x0) 7 115,
we may obtain that
BIU —v|V20]3 < C(x, 287 1 (x = x) ™" fl201V]l2
+ (U =)o)l (x=x) 7 flla 4B I (x—x) T F113).
From the above we conclude, as x, > /4,
T —v]20]3 < CE IVIE + B2 — x) L FIR). (3.3.22)
Substituting the above into (3.3.21) yields
Iv'll2 = CBT 2 (x = x) 7 f 2.

verifying (3.3.11). ]
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We now seek an estimate for (£ — fA)~! in £(H', L"). To this end we write

f=7f—f(x)+ f(xy),and estimate first (£5 — BA) "1 (f — f(xy)) using (3.3.10).
Then, we estimate (£ — A) ! f(x,) by observing first that the leading order term

is —if (x)[BU + i)™ for |u| > x; 213,
Proposition 3.3.3. Let U € C2([0, 1]) satisfy (2.1.3). Then there exist Y > 0, C > 0,

a >0, and By > 0 such that, for B > Bo, U(0) —v > a2, and n < 3,,2/3T,B_1/3
and f € H'(0,1) we have

f(x)
BIU — v — i max(—pu, x3/>f=1/3)]

<C[3B 1S 2
1

(LF - S +i

(3.3.23)
Proof. Letu = (éﬁ%B —BA)LS.
Step 1. We prove (3.3.23) in the case —p < x2/>g=1/3,
We apply the decomposition
v=uti TAG) (3.3.24)

BU —v—ixy =13y
Then,
(&3 — B = f +if7 fx)(EF — BOU —v —ixPp713)7h).
‘We next observe that
(2} —BOU —v—ix) g7
(-A+iU) 2|U" |2 . u”
(U—v—ix2Pp=1/3) (U—v—ixZPp-1/3)3 (U —v—ixt?p-1/3)2

and that
i —iU) (U —v—ix23p=13 7 4
= (U —v—ixg? ™) =il +iv) = UL+ U —v —ix) P73,

Consequently, it holds that

(&3 — B = f = f(x) + f(xu)h. (3.3.25)
where
" 712
h=i ; 2/3 —2i |U |2/3
BU —v —ix; " p1/3)2 B(U —v —ixZPp=1/3)3
pt g

—1 . (3.3.26)
U—v—ix2/3p-1/3
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Since for U € C2([0, 1]) satisfying (2.1.3), we have
1
|U(x) —v[ > nglx — Xyl (3.3.27)

we may conclude that for k > 1,

! dx ! dx ~ k=1
5(:[ < Cxy*[px,] 5.
[0 |U—v—ix2/3,3_1/3|k 0 X§|X—xv|k +x2k/3ﬂ_k/3 v v

v v

(3.3.28)
For later reference we mention that for k = 1
[1 dx
o |U—v+ix2/3g-1/3|
<C[1/2x" dx +/‘1 dx ]
Tolado x—x |+ a2 oy XX
C
< x—[log(x;‘ﬂﬂl“) + 1]. (3.3.29)

v

Using (3.3.28) and the fact that x, > &B'/4, together with (3.1.69), it can be

verified that there exist positive C and 8 such that for § > B¢ and |u| < Xy /3 g1/3,

k]2 < € [Bx] 7. (3.3.30)
Consequently, by (3.3.1)
I(E5 — B 'A< C(Bx,) 7" (33.31)
By (3.3.10) and Hardy’s inequality (2.2.8) it holds that
IEF = BN = Fl < 1R = BV = £
< cpxt |[ZLE2 <t ir e

Substituting the above, together with (3.3.31) into (3.3.25) yields

lollr < CBx) T ULS N2+ 1D < CBx) ™ 1 2

Step 2. We prove (3.3.23) in the case u < —x5/3,3_1/3.

In this case we consider instead the decomposition

Then we obtain

(&5 — B = f +if7" fx) (£ — BV +iH)7).
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2|U/|2 N U//
(U +i)? " (U+ir?

(&3 —BOU +id)~ = ip

we obtain that

(&7 — B = f = f(x) + f(x)h. (3.3.32)
where , P
~ U U
h=ir——— =2 3.3.33
"BUTin: WU +ir? (3.3.33)
and proceed in a similar manner using the lower bound for |u|. |

An immediate consequence of Proposition 3.3.3 now follows by using (3.3.29).

Corollary 3.3.4. Under the conditions of Proposition 3.3.3, it holds (with sufficiently
large a) that

&R =B f 1l = CLSBT (1 f o + LfGeo)llog(x¥2B1%)). (33.34)

We conclude this section by another auxiliary estimate which will be useful in
Sections 5.10 and 5.11.

Proposition 3.3.5. Let U € C3([0, 1]) satisfying (2.1.3),a >0and Y < /-=U"(0)/2.
Then there exist C > 0, Bo > 0 such that, for all B > B,

sup (1&g = BOTHU =) f 2
u<TB~/2
v<U(0)+ap~1/2
d
—1/2| 4 oD —1r7 _
+ 872 = BTN U =0 f o)
<CB7 /2. (3.3.35)

Note that if we apply (3.3.10) (for v < U(0) — agBf~'/? with some sufficiently
large ag) or (3.2.1b) (in the case |[v — U(0)| < aoB~'/?) we obtain that

IE3° =BT U —v) fll2 < CB7 1+ x, Y17 £ 2.
which is weaker than (3.3.35).
Proof. Letv € D(xgz,s) such that
(£5° = A = (U —v) f. (3.3.36)

Letw € D(i’i?’i)) satisfy
(L5~ pyw =
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It can be easily verified that
(£3° = BA(U —v]w) = (U —v) f —2U"w' - U"w.

Hence,
v=(U-vw+ (L3 - N~ QUW + U"w). (3.3.37)

Let ag > 0. Consider first the case where U(0) — agf~/? < v < U(0) + aof~"/2.
By (3.1.71) (with v replaced by w) and since by (2.1.3) we have |U’(x)| < x, it holds
that

BIW —v)wl3 < CEHLI5 + I = x)wllz + xollwl2]w]l2).
We can now use (3.2.35), given that x,, < Cﬂ_1/4, to obtain

BIU —=vywl3 < CENFI5 + 871 f N2 + 874 lwla]lw'll2).

We may now apply (3.2.1a) to the pair (w, f) to conclude that
U =vywlz < CBIf - (3.338)

In (3.1.75) we have established that there exists @ > 0 such that (3.3.38) holds also
whenever v < U(0) — af ~1/2 ynder the conditions of Proposition 3.1.1.

Next, we use once again either (3.2.1a) (in the case when |v — U(0)| < ap~'/?)
or (3.1.3a) (in the case when v < U(0) — a,B_l/z), with f replaced by U”w, to obtain
that

(25 = B (U w2 < CAV2[1 + x, 8423w
<CA ML+ xB PN f 2
<CB'fla. (33.39)
Finally, we write
1&g = BV~ U2 < (L = A (U = U’ o))z
+HIE® = BT U (x)w) 2.
For the second term on the right-hand side we have by (3.2.1a) and (3.1.3)
(£ 2 =BT U (xp)w) 2 < CB™ 2wy [142, 84722 [w/ |, < C B f |2

For the first term we use instead either (3.2.1b) or (3.3.10) with f = [U’ — U’(x,)]w’
and then (3.2.1a) and (3.1.3) for the second one to obtain

H U -U'(xy) ,
- w
X — Xy

Iy 2 =0 (U = U (x)w) 2 <CB~*

L=CBTS e
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Hence,
g = BO™ U w2 < CB I £ 2. (3.3.40)

By (3.3.37), (3.3.38), (3.3.39), (3.3.39), and (3.3.40), we then conclude
lvllz < CB7I S 2 (3.3.41)
The estimate of v’ in (3.3.35) follows immediately from the identity
1113 = uBlvl3 + R{v, (U =) f),

together with (3.3.41) and the fact that u < YB~1/2. n






Chapter 4

No-slip Schrodinger operators

4.1 Preliminaries

Given the fact that —¢” + o?¢ does not necessarily belong to D(:ﬁgk’s), we estab-
lish, in this chapter, resolvent estimates for the same differential operator but with
one boundary condition replaced by an integral condition which will be satisfied by
—¢" + a%¢ (cf. see also [3, Section 6] and the discussion around equation (1.2.8) in
the introduction.)

This chapter follows the same path as in [3, Section 6] but this time for symmetric
flows in (—1, +1) (so that U’(0) = 0), to which end we consider the interval (0, 1)
and a Neumann condition at x = 0.

Let
e __d*
;ﬁﬂ = _W + Z,BU,
be defined on
D(£5) = {u € H*(0.1) | ({.u) = 0.2/(0) = 0}, @.1.1)

where ¢ € H?2(0, 1).

We will later (see (4.7.1)) confine the discussion to the case where {,(x) =
cosh(ax)/ cosha.

More precisely, we introduce

Up:={¢ e H*0.1)]| ¢ (0) =0.¢(1) =1} 4.1.2)
andfor 8 >0,y > 0,0 > 0and A € C, the subset
Ui (B, A, 7.0) = {¢ € Uo, [Elloo < BV, ¢ I L2—p—7.1) < 9/31/61}3/4}, (4.1.3)

where
Ag =1+ |A|BY3. (4.1.4)

Let Ai denote Airy’s function (See [1, Section 10.4]) and Ay the generalized Airy
function

. +w .
C oz Ag(z) = e“’/6/ Ai(e™/r) dt. (4.1.5)
z
(See [1, 10.4] or in [3, Appendix A.2]). We then set

§ = {Z | Ap(iz) = 0}.
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It is established in [3, Appendix A.2] that § (which is denoted there by $;) is non-
empty. In [22] (cf. also [3, Appendix A]) it is shown that

¥ := inf Rz > 0. (4.1.6)

zeS

4.2 Resolvent estimates for |U(0) — v| > g~1/2

We can now state the following proposition.

Proposition 4.2.1. Let U € C2([0, 1]) satisfy (2.1.3). Let further y < 1/4. Then, there
exist ¥ >0, Bo >0, a > 0, and 8y > 0 such that, for all B > By, 6 € (0, Oy, and
A € C satisfying

max(|U0) —v|~Y3, DBY3RA <Y (4.2.1)

and
|U(0) —v| > ap™V?, (4.2.2)

there exists a constant C > 0 such that, for any f € H'(0,1), L e U1(B, A, ,0), and
v E D(:ﬁ?) satisfying

(£f — pry = f. 4.2.3)
it holds that
(D] = C B2 1Y Eloa

x min ([xu 81|l £ 2. [U©) — v["2BI7 Il f 1,2 + | £ (o) Tog(1 + x, 81)]),
4.2.4)

where x, is defined by (2.4.5), and that

()] < C B2 el — B0 f . 4.2.5)
Furthermore, for any p > 1 and v < U(0) — aB~"/? it holds that

()] < CAF2 B2 o BT [ llooll £ N2 + 1€ 11,5 (1 + [logv + ima]) | £ (xo)]],
(4.2.6a)

where
m = —max(—u,x§/3ﬂ_l/3). (4.2.6b)

Finally, if in addition (x — x,)”' f € L?(0,1) and v < U(0), then we have

()] = CB23 Y (1Ll |U(0) — v| 71/ H%

. (4.2.7)
2
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Note that since 3, = |U’(x,)| ~ x, ~ [U(0) — v]"/2 for v < U(0), (4.2.1) is
similar to the condition set on N A in (3.1.19). Here, we use a different notation since
we need to address the case v > U(0) as well.

Proof. As in [3, equation (6.20)] we begin by a decomposition of v into a boundary
term associated with x = 1 and a solution of the same equation satisfying a Dirichlet
condition at x = 1. We estimate the boundary term by using a linear approximation
of U near x = 1 (recall that by (2.1.3) U(1) = 0 and U’ (1) = —1). Let for 8 > 0 and

rLeC,
- - A(BYPeTIT/O[(1 — x) —iA
Vap(x) = e 'm0 (p L ) ]), (4.2.8)
Ao(iB1/3 1)
which is (note that 1; = Y4, with Jy = 1, in [3, equation (6.8b)]) the decaying
solution as x — —oo of
2

(=5 + Bl =1+ M) F =0 in(=0o,).

dx?

[1 Forydx = pI8,

4.2.9)

Note further that by (4.1.6) & 2,8 is well defined whenever RA < ¥{. For later refer-

ence we recall from [3, equation (8.87)] that for any 31, there exists C > 0 and B¢
such that, for RA < (97 —8;)87"/3 and B > B,

1 ~

5A,§/2 < W s = C)L;,/Z. (4.2.10)
To guarantee that the Neumann condition at x = 0 is satisfied we further set

Yap(x) = Yap(x)x(1—x), “.2.11)

where y is given by (2.6.20), which we recall here for the convenience of the reader

1<y,
X(I)_{o t > 3/4.

Consequently, v, g is supported on [1/4, 4+1] and ¥, g = 1;)&,/3 on [1/2,1]. We
omit the subscript (A, 8) when no ambiguity is expected. Consider a pair (0, &) €
L2(0,1) x D(cf%?) such that

az . .
h= (—ﬁ—l—zﬂ(U—l—zk))w (4.2.12)

and
(L3 —BA) T =h. (4.2.13)

We note that the assumptions of the proposition, and in particular (4.2.1) and (4.2.2)
allow us to apply Propositions 3.1.1, 3.3.1, 3.3.2, and 3.3.3 throughout the proof.
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Step 1. We prove that
BY0N52 + 18] < € max(B2/32 %4 p5/3), (4.2.14)

By (4.2.9) it holds that
h=iBlU—-(0=)]v+ " 0=x)¥ =21 =x)%" in(0,1). (42.15)

We note that by [3, equation (6.17)] there exists T > 0 (in the statement of the pro-
position) such that whenever /301 < T
10 =% Yaglls < 10 =) Taglla = C Az ¢ B~O+2/6 fork e [0, 4).
(4.2.16)
Furthermore, since by [3, Proposition A.1] (or more precisely by [3, equations (A.4),
(A.6), (A.19), (A.20)] and the display below [3, equation (A.29)]) it holds that

Ai(e'™/[x 4 i 1))

P(x,A) = Ai(eiz”/3)k)

= [1 + %((—/\)_1/2)62 — X_lx)]e—(—l)l/zx + wy.

where

e forpg >0
A€ V(po) :={NMA = po} N{IA| > 3po},

» the square root of —A is chosen such that
R(=1)2 >0,
 and the remainder w; € H (R ) satisfies
Ix*wilz2®,) + Ix*wi 2@,y < C A4,
Consequently, for all A € V(o) it holds by [3, equation (A.20)] that
et Wlla + A7 2 [t < C A,
Let 0 < uo < &1 (given by (3.1.2)). Then, there exists C (i) > 0 such that

sup [lx* Ai(e"™C[x +iA])|12 < C.
[Al<310

and, since all the zeroes of Ai(e?2"/3)) are located in the half-plane WA > &1, we
have, since jt¢ < k1, that

sup
[Al<3p10
RA<wuo

1
—| < C.
Ai(e’z”/3/\)‘ -
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Consequently, by the above inequalities, relying on the sole condition that A < g,

there exists C > 0 such that
I Wlp + [1+ [APTV4 x40 < C [1+ A5,

Note that _
Vap(x)
Va.p(1)

Using dilation, translation, and (4.2.10) the above yields

= W(B'3(1 - x),B3).

~ 3—2k
11— x)* P plli2oony < Cags U2/,
Hence, rewriting (4.2.15) in the form
h=iB[U— (=) + ((1—x)72)"(1 = )1 —x)*y
21 =07 =)L = x)*P,

we obtain
|h(x)] < C[B(1 — x)*[Y(x)] + (1 —x)* [/ ()],
and hence by (4.2.16) with k = 2 and (4.2.17) with k = 3,

Inll2 < € pYe25Y"

Recall from (2.4.5) the definition of x,,:

4.2.17)

(4.2.18)

(4.2.19)

U(xy) =vfor0<v <U(Q), x, =1ifv <0and x, = 0if v > U(0).

We split the proof of (4.2.14) into two steps, depending on the value of x,,.

Step 1.1. x, > 1/4. In this case we have by (4.2.13), (3.1.3a), (3.1.75), and (3.3.1)

(note that §y > Jy—1(1/4) > 0 in this case) that
B72N002 + (U = v)illa + B6N5]1 < C B4 A2
By (4.2.19) we then obtain
B2 52 + U — )il + B0l < CB/0A5Y4,
readily yielding (4.2.14).
Step 1.2. 0 < x, < 1/4. We recall that x, > Ca'/2871/*. We write
(&R = BA (D) = xh =24 = 75,

to obtain by (3.1.3a) and (3.3.1)

- . C . .
182 + [Bxu]Cll X0l < W(lehllz + 19ll2 + [[5]12)-
v

(4.2.20)

(4.221)



No-slip Schrodinger operators 112

Let 7 = /1 — x2 where y is chosen such that ¥ € C*°(R). We note that the support of
X belongs to [1/2, +00). Then, an integration by parts yields, as in (3.1.24)—(3.1.25)

IGED) I3 = 173113 + mBll 70113 + R(TD. Fh), (4.2.22)
and, observing that the sign of (U — v) is constant on the support of ¥,
—BIU —v|"2 7015 + 2315, (70)') = 370, jh). (4.2.23)
Combining (4.2.22), (4.2.23), given the support of ¥ and the fact that x,, < 1/4,
yields
BNz < CUBI2 1GHD) 2 + 170 12llAl2) < CUATIZ + IGF0)' 113 + 170 1121lA]l2)
< 2C(I9113 + pBIFOII3 + 17012 11A112)-

Observing that u < Y, ,3_% <C ,3‘%, we may conclude the existence of 8¢ > 0
and C > 0 such that for all 8 > B

17502 < CB~  (IAll2 + BY2|5]2). (4.2.24)

Combining (4.2.24) with the control of || x> given in (4.2.21) yields for sufficiently

large Bo
152 < CB IRl + [Bxo] 22 xhll2 + [9]]2)). (4.2.25)

By (3.2.34) (with v = ¥ and f = h) and the fact that u < Cﬂ_1/3x5/3 We can con-
clude that
15712 < C(UBx)2 11512 + 1915 11A115"). (4.2.26)

Since by (4.2.2) Bx,, is large for sufficiently large B¢, substituting (4.2.26) into (4.2.25)
yields
192 < CLB™" + [Bxo]™* )2 + [Bxu] > [l xh12].

Hence, using the fact that x,, > /4,

1512 < CB Ihll2 + 8721 xh2). (4.227)
By (4.2.15), (4.2.16), and (4.2.17), we obtain, since y is supported on [0, 3/4],
~ _5 _1 _
lxhllz < € [BI(L=)*Wll2 + 11 =)'y lla] < CB20,7 (0,2 + B2,
(4.2.28)
Substituting (4.2.28) together with (4.2.19) into (4.2.27) gives
15l < [15]l2 = CB/6a5%*, (4.2.29)

completing the proof of (4.2.14), for 0 < x,, < 1/4 as well.
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Step 1.3: U(0) — v < —aBf~'/2. Since
S(P0. (LY — BAD) = —BIl(v — V)2 105 + 23(x'5. (xB)).  (42.30)
we may conclude that
Bllw —U)"2x13 < lxl2llxhll2 + C 5201 (x) - (4.2.31)

As
R(x*0. (&5 — BOT) = (x0)' I3 — Bl xol3 — 11513,

we can conclude that
1G) 2 < C (g 2l + 1512 + bl >kl %),
where g 4 is defined in (3.1.26). Substituting the above into (4.2.31) yields
Bl — 2 g 13 < N0 2l xhllz+C (g 221512+ 1513+ 1ol l xhl).

Since v — U > v — U(0) in [0, 1] we may now conclude that

[ (lxhllz + (g% + [BO = UO)])vl2). 4232

e c—
~ Bv=U(0)
Given that (4.2.24) remains valid for v > U(0) it holds that
15012 < lxbll2 + 170112 < X8l + CB~ (k]2 + B2 [5]]2).
Consequently, there exists g such that for 8 > B¢ we may write
19112 < llx0ll2 + CB~ IA]l2. (4.233)
Substituting the above into (4.2.32) yields, for some sufficiently large B¢ and 8 > B¢
lxoll < CB™H v = UO) ™ (xhll2 + [v = U©O]V)BT2[h]l2).  (4.2.34)
By (4.2.28) and (4.2.19) we then obtain (note that [A| > U(0) as v — U(0) > ap~'/?)
Ixll2 < € B7*3. (4.2.35)
Substituting the above into (4.2.33) yields
15l < 5], < CB5/6a5/*

Step 2. We prove (4.2.4) and (4.2.6).
Step 2.1. We prove (4.2.4) in the case v < U(0).
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Consider the pairs (v, f) € D(:ﬁ%) x L2(0, 1) satisfying (4.2.3) and (y, ) sat-
isfying (4.2.8)—(4.2.13). As in [3, equation (6.20)] there exists (A4, u) € C x D(éﬁ%})
such that

v= A —0) +u, (4.2.36)

where

u= (L3 -V (4.2.37)

Taking the inner product with ¢ yields in view of (4.1.1)
AL (¥ — 1)) = —(C.u). (4.2.38)

By (4.1.3) and (4.2.20) it holds that for any 0 < y < 1/4 there exist positive C and
Bo such that
(6.9)] < CB” [[9]l < Cp=/7" (4.2.39)

for all 8 > fy.
Then, we write

(Cv) = (Ly)+ (- Ly). (4.2.40)

For the first term on the right-hand side of (4.2.40), we may rely on [3, equation (6.28)]
to obtain

(Ly) =—B13 4+ 0(B~*). (4.2.41)
Observing that
Ly =) < CIlA—x0)* 2 < CAZ74p72,

we obtain

(1,y) = =713 4+ 9(B7*/3). (4.2.42)

For the second term on the right-hand side of (4.2.40) we have

(& = L) < 18 2a—p—r 1A =02l + A+ 18 1)1V 21 0,1-87)-

(4.2.43)
By [3, equation (6.27)] it holds that
IVl 0,1-g-v) < B3 —x)3y | < C'B3)’—4/3’
and that
”(1 _ x)l/Zw”l < C,B_I/ZAEIM. (4.2.44)

Consequently, we obtain from (4.2.43) that (recall that ¢ € U;(8, A, y, 0))

E—1,9)| < Co(BB/3 + pHr=4/3), (4.2.45)
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As
(. (¥ —0) =(Ly)+{¢—1),v¥)— (1),
we can conclude from (4.2.45), (4.2.42), and (4.2.39) that

(G (W — )| = B3I = Cob —CBY 1 —CB~ = CR 3. (4.2.46)

We choose 6y = 1/2Cy, and since y < 1/4, there exists By such that under the
assumptions of the proposition we can conclude from (4.2.38) and (4.2.46) that

4] < CB'P|(g,u)] < CB [ [loollulls- (4.2.47)

For v < U(0) we may use (3.3.34), the fact that x, > CS~"/*, and the £ (L', L?)
estimate in (3.3.1) to obtain that

4] = CliElloo min (x> B2 fll2,06, B2 f Ihz + 1f () [ og(x B/4)]).

(4.2.48)
We can now conclude (4.2.4) from (4.2.48), (4.2.10), (4.2.11), and the fact (see
(4.2.36)) that v(1) = Ay (1).

Step 2.2. We prove (4.2.6)
To prove (4.2.6) we now write

1 Y[ = ¢(xy)]dx
<§U v+zm =l V)/ v+zm U—v+im’

where m is defined in (4.2.6b). For the coefficient of {(x,) in the first term on the
right-hand side we write

/1 dx 1 /1[ 1 1 ]dx
o U—v+im 2%, ) LIUO)-UI2-%, [U©0)-U]V2+5x,1"""

(4.2.49)
where
% = [U0) —v +im]"2.
An integration by parts yields
/1 dx
o [UO)—-UY2+5,
2[U(0) — U]Y/? N
= IO tog (@) 012 5,)|.
1 /2,
_ / (M) log ([U(0) — U]M2 & %,) dx. (4.2.50)
0

Given that
loo < C,

|

U/
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it holds, for u > —1 that
) /1 (2[U(O) —UJ'/2
0 v’
We now observe that
2(U(0) — U]'2

),log ([U©) — U]V? + &,) dx) <¢€. 4.2.51)

log ([U(0) — U]'/2 & xv)‘;

Ul
= [ U,,z(o)] log (% %) +2/U(0) log ([U(0)]"/? % %,). (4.2.52)
Given that
log (— %) —log(+%,) =in
and

1
WO = Fo| = = v + i),

we obtain, by substituting (4.2.52) together with (4.2.51) into (4.2.50), given that
éxv < Xv,

v)d - —_
‘/ é—(xv)+);m‘ = Cx, 'L+ [log v + i ][ loo- (4.2.53)

For u < —1 it holds that
Sx)dx | _ C
) Tl B [
U—v+iml™ |ul

in accordance with (4.2.53).
For the second term we have by (3.3.27), for any p > 1

1 1 2=1 =
¢ —C(xy)dx |x —xy| 7 dx C
[ e <, [ B < S
o U—v+im 0 Xp|x — xp] Xy
Combining the above with (4.2.53) yields

(65— )| = S0+ Dol + 2wl G @259
By the first inequality of (4.2.47) it holds that
1= | [elurio g ZEE ] o vl g )

(4.2.55)
Substituting (4.2.54) into (4.2.55) yields with the aid of (3.3.23)

Al < CB727x, G lloo | f1l2 + (1 + [Tog v + iw| T DIIE]1,p] £ (x0)[]. (4.2.56)

We can now conclude (4.2.6) from (4.2.56), (4.2.10), (4.2.11), and the fact that v(1) =
Ay (1).



Resolvent estimates for |U(0) — v| > =12 117

Step 2.3. We prove (4.2.4) in the case v > U(0).
In this case we write

lulli < (v —=0)"2 |2 (v = U)?ul,,

and as

1 dx ~
—-u)'? 2<c/ ————— <Clv-U©0)]"2
[(v—U)""%|5 < A lv—U(0)]
we may conclude that
lully < C v = UO]Y* (v — U)?ul). (4.2.57)

We now use (4.2.30) with y = 1,9 = u and h = f to obtain that

Bl —U)"ul3 = =3(u, f). (4.2.58)
Consequently,
0= 0)" 2l = sl 1112
and hence, by (4.2.57) we obtain that
lJully = an“oo = Wﬂfﬂl,z- (4.2.59)
Next, we use the fact that
v—U(©) <v—-U(x) forx e]0,1], (4.2.60)
to obtain from (4.2.58) that
1
Il = go—ra I/l (4261
As A
dx C

1
_U —12 < C / < ,
=R =C | e =o0r = v-uope
we may write
lulls < 1(U =) M2lU = vulla < Clo = UO] U —v)ulz.  (4.2.62)
By (3.1.71) (applied with v = u) and (3.1.69) combined with (4.2.60), it holds that
BIU —v)ull3 < (U = vyulall fllz + CIU =) 2ull2 ]2
< W =vulallfllz + CIU = vyully 2. (42.63)
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Furthermore, by (3.2.34) and (4.2.1)
Il < g2l + ey 21 F 11 < € = UO)BY2 a2 + flully 1 115
We now use (4.2.61) to deduce from above
'2 < C [ =UO) B2+ 0 =U©O) 7)1 £,
which implies using (4.2.2)
Il < €= U©O) 22| /. (4.2.64)

Substituting (4.2.61) and (4.2.64) into (4.2.63) yields

Cc

— — 1/2 3/2
56— ooy @~ ulTI L

BIU —vyull3 < (U = v)ulall fll2 +

from which we conclude using (4.2.2) that
-1 -1/3 2/3 9
(U =vulla =CA 1+ 7" =UO]"]| fl2 = Ellfllz.
Substituting the above into (4.2.62) yields together with (4.2.2)

A~

A2 =

C C
Jullh < Blv — U(O)* Bl — UO)]172)5/6 /12,

which, together with (4.2.59) proves that
lully < € min ((Bv = U] || fll2, (BIv = UO]>) 7 £]11,2).
As Yy g(1) = %L,ﬂ(l) we may infer from (4.2.10)

1
o S IWapDl = C A5 (4.2.65)

and hence we can conclude by (4.2.36) and (4.2.47) (which remains valid for v >
U(0)) that

()] = Ay (D] = €AY min((B = VO] 2,5, 8711 £ 1.2)
which verifies (4.2.4) for v > U(0).

Step 3. We prove (4.2.5).
The proof of (4.2.5) which reads

(D] < C A5 Y3 ¢uls.

follows immediately from the first inequality in (4.2.47), from (4.2.10), and again
from the fact that v(1) = Ay (1).
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Step 4. We prove (4.2.7). To prove it for x,, < 1/4 we set
f=x=-x)g.

3xyp A~
dx C

=< >

Xy

and assume that g € L2(0, 1). Recall the definition of yF and %, from (3.1.8). Since
x2—x2 7

by (3.1.78)~(3.1.79)
! dx 4

-2 £ 12
U =vI™ x5 ||2§C/5§U e +C/0

we can conclude that
IGeE)2ully < U = o7 20 E 1 11U = vV xFulls < Cx7 V2|0 — vV xEull,.

By (3.3.22) and (3.3.11) we then obtain
1GE)%ulh < C(Bxo) ™ Cllullz + B~ 2 g]l).
Hence, by (3.3.10) (which reads |Ju|l> < C [3,B8]7! llg]l2), we can conclude that
v

16wl < CABxT7® + (872D Igll-
(4.2.66)

Given that x,, > é B~/ we obtain that
IGeE)ully < CB7 "%y 2 )glla.

Employing again (3.3.10) we write
Zvullz < Jullz < ClBxu] " lIgll2-
(4.2.67)

Consequently, since y, is supported on [x, /2, 3x, /2]
Combining (4.2.67) with (4.2.66), (4.2.5), and (4.2.47) yields (4.2.7) for the case
[

122ulls < x}2 1 Foullz = CB7x; 2 gl
Xy < 1/4.
In the case x, > 1/4, (4.2.7) immediately follows from (3.3.10) and the fact that
lullr < llull.
4.3 Resolvent estimates for |U(0) — SA| = O (B~1/2)

4.3.1)

Here, we introduce, for 8 > 0, A € C,and 6 > 0,
Ua(B,6,2) = {¢ € o | I¢'ll2 < 68511/},

where Uy is introduced in (4.1.2). In the present context A lies in a bounded set and
I¢']2 < CopM*.

hence
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Proposition 4.3.1. Let U € C3([0,1]) satisfy (2.1.3), Y < /=U"(0)/2, uy >0, and
a > 0. Then, there exist By > 0 and 6y > 0 such that for all B > B, 6 € (0,00], A € C
satisfying

U©0) —aB™V? <v < U(©0) + ap~"/? (4.3.2a)

and
—uy <p < YRV (4.3.2b)

for any ¢ in Us(B, 0, 1), and (f,v) € H'(0,1) x D(éﬁ?) satisfying (4.2.3), it holds
that

v = CliElloo min(B™ ¥ £ 1122 87411 lloo)- (4.3.3)
Furthermore, for f satisfying (x — x,)~! f € L?(0, 1) we have
v()] = B eloo| L] @34
x—xyl2

Proof. By (4.2.12), (4.2.13), (4.2.19), and (3.2.1a) in Proposition 3.2.1 it holds that
52 + 8311511 < CB™ 2|1l < €2 a57". 4.3.5)
Since |A| > U(0)/2 we obtain for 8 > B with 8¢ large enough
6112 + B2 1100 < Cp™' PB4 = cpmT2, (43.6)
Given that for ¢ € U,(8, 6, A) it holds that
1o < (14 ClIll2) < C(1L+ OBYERY*), (4.3.7)
and hence we can conclude, from (4.3.3) and (4.3.4), that
Illee < CBY*. 4.3.8)
We then obtain, using (4.3.6),
D) < ElloolBlly < C B71Y/24 (4.3.9)
Furthermore, we have, using (4.2.44) and the fact that |||, < 68/4 that

=Ly < 1120 1L = x) 2yl < Cop/3. (4.3.10)

Since v is still expressible by (4.2.36), we can now conclude, as in (4.2.47), with
(4.2.39) and (4.2.45) respectively replaced by (4.3.9) and (4.3.10) that there exist 8
and B such that, for 8 < 6y and § > B, it holds that

|A] < CBY3||¢|loollul1, (4.3.11)

where u is given by (4.2.37).
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We now use (3.2.1a) in Proposition 3.2.1 to obtain that
|41 < Cliglloo min(B™7 241 £ 12, 872 flloo. B~/ 116 = 20) 7" f112).
Consequently, by (4.2.36) and (4.2.10) we obtain that
(D] < C AF 21 lloo min(B™72*] £ ll2. 872 £ lloo- B~ 2411 (x = x) ™ £ ).
Given that (4.3.2) provides a uniform bound on ||, we have
AE/Z < CIBI/G’
hence we can conclude that

()] = ClIE oo min(B™ 8 £ 12 874 flloos BEN(x —=x) 7 fl2).  m

4.4 Resolvent estimates for negative i A

Although Propositions 4.2.1 and 4.3.1 provide estimates when the spectral parameter
A belongs to domains in C that include A < 0, one can obtain a better estimate if
we assume MA < —puo for some fixed wo > 0, or at least RA < —C [U(0) — v] for
v < U(0).

Proposition 4.4.1. Let U € C?([0, 1]) satisfy (2.1.3). Let further a, j1o, and vy denote
positive constants. Then, there exist C > 0, Bo > 0, and 6y > 0 such that for all
B = Po, 0 €(0,6p] and A = p + iv € C satisfying

—vo <V < U(0) +ap~ /2 (4.4.1)

and
M= —lo (4.4.2)

for any £ € Uy(B, 0, L), given by (4.3.1), and any pair (f,v) € L?(0,1) x D(i?)
satisfying (4.2.3), it holds that

(D] < C B2l f Il2- (4.4.3)
Proof. Asin (4.2.36) we write
v=AW —7) +u,

where A € C, ¢ = ¥, g is given by (4.2.11), v by (4.2.13), and u by (4.2.37).
As £ € U,(B,6, 1), we obtain, given that —vy < v < U(0) —aBf~"/2, and in view
of (4.4.2), (4.3.7), and (4.2.14)

(8. 5)] < ElloollTls < CB2512 < € p2/3, (4.4.4)
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Note that while both Propositions 4.2.1 and 4.3.1 assume @ > —po, both (4.2.14) and
(4.3.7) are valid for u < —p¢ as well.
In the case
U©) —ap™? <v < U0) +ap™V/2,

we proceed as in the proof of (4.4.4) but use (4.3.5) instead of (4.2.14) and (4.2.19)
which continues to hold in this case. Hence, we obtain the weaker estimate

(¢.5)| < C p~11/24,

Combining the above with (4.4.4) yields the existence of C > 0 such that for any A
satisfying (4.4.1) and (4.4.2) it holds that

(2, 5)] < Cp~/24, (4.4.5)
Furthermore, as in (4.3.10) we write
(E =L)< 1 2l =)y,
from which we conclude, using the fact that ¢ € U, (8, 6, 1) and (4.2.44)
(€= 1y)] = COBYOAY > p2a5 1%,
Consequently, it holds that
(¢ —Ly)| = Cop™'">. (4.4.6)
Hence, as in (4.3.11) we obtain that, choosing 8y small enough
4] < CB' ¢ o ull1- 447
To estimate |lu||; we observe that
Rlu, (5 — BAu) = |lw'[l3 — uBllull3, (4.4.8)

where :C%} is defined in (3.0.1), from which we conclude that

1
llly < fullz = == 1 2 (4.4.9)
e

The proof of the proposition can now be completed by using (4.2.10) and the fact that
v(1) = Ay (1). Thus, by (4.2.10) we obtain from (4.4.7) that

()] < CBAY% ¢ lloo Il (4.4.10)
Since for © < —pg it holds by (4.4.1) that

Al < [u] + [v] = Clul,
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we may conclude that

(D] < CBY2uM2||¢]loo llullr-

Hence, by (4.4.9) we can conclude that

)] < CBT2 )™ 21 lloll £ 112 = CB7Y2 110l 72 1 lloo I £ 12

The proposition is proved. ]

We next consider the case —g < u < —W for some k; > 0. While (4.2.5)
and (4.3.3) hold true under this assumption, it is necessary, in the next section, to
obtain better estimates since Proposition 2.8.1 is inapplicable in this case.

Proposition 4.4.2. Let U € C?([0, 1]) satisfy (2.1.3). Let further a, k1, vo and jio
denote positive constants. Then, there exist C > 0, Bo > 0, and 6y > 0 such that, for
all B > Bo, 8 € (0,00) and A = p + iv € C satisfying (see (4.2.2) and (4.4.1))

—vg < v < U(0) + ap~"/? (4.4.11)
and o
o < p < PO = (4.4.12)
K1

SJorany ¢ € U,(B, 0, ), and any pair (v, f) € D(&‘if) x L2(0, 1) satisfying (4.2.3),
it holds that

()] < C ¢ lloo min(|u|"V2B7Y2 Flloo, 174872 fll2).  (4.4.13)
Proof. Step 1. We prove that
()] < C [ *B7Y2)¢ ool £ 1I2- (4.4.14)

As in the proof of Proposition 4.4.1 and since for sufficiently small 6y, (4.4.10) still
holds under the assumptions of this proposition we obtain that

()] < CBYPAL (18 lloo lully < € B¢ ool (4.4.15)

where u is given by (4.2.37). Note that under (4.4.11) and (4.4.12), |A]| is bounded.
To obtain an estimate for ||u||; we now write

lully < 10 +iD)TH2 1(U + idull,. (4.4.16)

By (3.1.75) and (4.4.8) we have that

A~

C
(U +iMully < [[(U =v)ullz + [u] ul2 < Ellfllz. (4.4.17)
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By (2.9.24) (with ¢ = 2) it holds that
U +i)7'5 < C 2.
Consequently, we may conclude from (4.4.16) and (4.4.17) that
lully < C lul 4B~ 11 f 2.
Substituting into (4.4.15) then yields (4.4.14).
Step 2. We prove that
)] < C ™27 (¢ ]loo [1.f lloo- (4.4.18)
Suppose that f € L°°(0, 1). Then by (4.4.8) it holds for negative values of u that
I3 + 1l Bl < Hluella ) f lloo- (4.4.19)

Set
YEG) = FHIBIY2(x — %) e, (£(x — X)),
where ¥ be given by (2.4.16).
Note that )(kIr is supported in (x, + [|14|8]71/2/4, +0c) whereas X is supported
in (—oo, x, — [|;|B]~1/2/4). Let further i = \/1 — (X;)Z - ()(E)Z. Note that by
(4.4.12) it follows that we can choose B¢ such that for all 8 > B¢

xy — [l B7Y2/2 > 0. (4.4.20)

Hence, the support of ) g is contained in

1 _ 1 _
(0 = S0RIBI2 0 + S TIIBT™?) € 0.1,
As in (3.1.25) (with x;- replaced by x7), we now obtain

BINU = vV xul3 < 201G ulla g la + Tullil f oo (4421

Consequently, by (4.4.21) and the definition of )(f we conclude that

BINU — vV xgull3 < Clul™?lul2llw 2 + [ulli ] f lloo-
By (4.4.19) we then have
U = v x5ull3 < € B~ ulli ] f lloo- (4.4.22)

By (4.4.11) and (4.4.12) we have that

1
rel B2 <x} < Clul. (4.4.23)
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Given the definition of g we obtain that

U =vl=C( sup [U'(01) Bl
XEsuppx g

Hence, by (4.4.23) and (4.4.20) we can conclude that

U = w2 7pull3 < Cxy |l B2 |lull3-
Combining the above with (4.4.22) now yields

11U = v["2ullz < € 872 ully/) £ 122
By (2.9.24) (with ¢ = 1) it holds that

IU +i2) V22 = (U +id)~ Yy < C ||~V

Consequently,
lulli < (U + i) V22 (U + i) ?ul»
< Clul™Y4[INU = v 2ulls + |2 ]|ull2]
A — — 1
< Clu[™V4 B2 )2 £ 12,
Hence,

Il < C 1l 2B 1 f Nloo,

which, when substituted into (4.4.15), establishes (4.4.18).
Together with (4.4.14) the above inequality completes the proof of the proposi-
tion. ]

4.5 Rapidly decaying functions

When considering large values of o in the next section, it is useful to consider, as
in [3], the operator JE? where ¢ decays rapidly away from the boundary at x = 1. Set
then for A € C and positive 8, 0, «

Us(B.0.0.2) = {£ € Ua(B.6.1) | [{()] < e ™9 ¢]|oo. VX € [0. 1]}, (4.5.1)
where U, (B, 6, A) is introduced in (4.3.1).

Proposition 4.5.1. Let U € C3([0, 1]) satisfy (2.1.3). Let further a > 0, po > 0, and
T < /=U"(0)/2. Then, there exist C > 0, Bo > 0, and 6y > 0 such that for all
B> Bo, 0 €(0,00), all > 1 and A € C satisfying

—po <MA < YBTV/? (4.5.2)
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and :
SUO) <v <U©) + ap=/2, (4.5.3)

forallt € Us(B,0,a,A), and for all pair ( f,v) € L?(0,1) x D(:ﬁ?) satisfying (4.2.3),
it holds that
()] < Ca™ 2 (B2 + ) [ENloo |1 2. (45.4)

Proof. Step 1. Control of v(1). Since (4.3.9) and (4.3.10) remain valid under our
assumptions (4.5.2) and (4.5.3), we can follow the same procedure as in Proposi-
tion 4.3.1 to obtain

()] = € BRI u)| < CBY2 (¢ u)l. 4.5.5)
where u is given by (4.2.37).
Step 2. 'We prove under (4.5.2) and (4.5.3) that
lullz < € B2 f 2. (4.5.6)
We first consider the case where
U0)/2 <v < U0) —a; B7Y2, (4.5.7)

where a; > a will be determined in the sequel. In this case, we can use (3.1.3) which
reads (for §, = |U’(xy)|)

lulla < C(SvB) 221 f Il

and holds under the condition u < Y gvz/ 3 B~1/3 for some sufficiently small Yo > 0.
Note that for v — U(0) > a1 f~"/2 there exists C > 0 such that

1 _
Sy = TGi/zﬂ s

Consequently, there exists C > 0 such that (3.1.3) is applicable for all
p = CaPp102

For sufficiently large a; > a the above set of  values contains (4.5.2) and hence we
can conclude (4.5.6) when (4.5.7) holds true.
We now look at the case

U®0) —a1B7Y? < v < U0) +af~V2,

Here, we can apply (3.2.1a) (with a replaced by a;) to obtain (4.5.6) which, combined
with (4.5.5), leads to

o] = C liZllooll S 1l2-

Note that at this stage it is sufficient to assume that £ € U, (8,6, a, A).
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Step 3. With x,, € (0, 1) satisfying
U%,) = % (4.5.8)
we prove that
[(Gu)| < Ca V2 BTV2(B7V2 4 7)) g o [ £ - (4.5.9)
Consider the decomposition

(Cou) = (112(0,5,)0 u) + (1, ¢ u).

We first obtain using (4.5.6) that

(11200.8,)8 u)| < 11200508 l2 lullz < € @™ /2 712 e *A=5) e |l £ 2.

(4.5.10)
Moreover, it holds that
C
(A ngw)l = ClEl2 N, nullz = —75 1l [, 1yull2- 4.5.11)
Let P
Tv(x) = x( - > )1R+ (x — xyp), (4.5.12)
Xy — Xy

where y is given by (2.4.16). Note that y, is supported in the interval (x, + (X, —
Xy)/4, +00) and equals 1 on [(x;, + X3,)/2, 1]. Integration by part yields

1G5 = 1yulls + wBll Zvull3 + R (Fvu. fo ), (4.5.13a)
and, given that (U — v) has constant sign on the support of y,,
—BIU = 1" foull3 + 23(Fou, Gw)) = Svut, 1o ). (4.5.13b)
Combining the above we obtain, given the support of ¥,

I7vull3 < CIU = w2 75ull3 < CB7 [lullll Gou) ll2 + I Xvull2ll o £ 2]
_ 1 v ~ v
< CA [lullzClullz + g3 1wl + 1l > 130 £11,)
+ w2l £ 1l2]- 4.5.14)

From here we deduce that

> 2
vl

— v v 1 > 1 v v
< CB Nulla(ullz + BY*wullz + vuly 15w £ 1377 + livuell2 1o £ 112].
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which implies
Il = € (G50 113 + 5 lul). (45.15)
B B
Combining (4.5.15) and (4.5.6) leads to
1, nullz < vl < € B~ fl2. (4.5.16)

For later reference we note that by (4.5.13a) and (4.5.16) it holds that

M, ' ll2 < 1Gw)ll2 < C B2 £ (4.5.17)
Combining (4.5.16) with (4.5.10) and (4.5.11) yields (4.5.9), which, together with
(4.5.5) yields (4.5.4). [ ]

4.6 Auxiliary estimates

We recall that for (A, 8) € C x Ry, ¥ = v g is given by (4.2.11). We now set, for
x €(0,1)

Vg (x)
Va.p(1)

The following auxiliary estimate will become useful in the next section.

Lemma 4.6.1. Let vy € (0,U(0)), a > 0, and Y < /—U"(0)/2. Then there exist C
and By such that, for B > B,

Uap(x) = 4.6.1)

v e (UO) =71, U©0) +ap™V?) and n<YB™V? (4.6.2)

such that
1R~ B Tpla + B2 R B g, < C A @63)
For convenience of omit the subscript (4, 8) from 1%, g in the sequel.
Proof. Letv € D(i?) satisfy
(&} — v = 7. (4.6.4)

Let o > 0. We begin by considering the case u > —puo. Let further y, be given by
(4.5.12). As in (4.5.15) we obtain

I7vvll2 < CIB7Y2|vll2 + BV 2]

By (4.5.6) it holds that
lvll2 < CB™2(1¥ 2.
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Furthermore, using (4.2.16) (with k = 0) and (4.2.10) we have for |A| > |v| > U(0)/2
11|z < € ag"4p=1e < CpY4, 4.6.5)

Hence, we obtain that
I vvll2 < CB/4. (4.6.6)

Furthermore, since by (4.5.13a)

1Gv) ll2 < g 12 1 0wvllz + Cv il + v 13 219157, (4.6.7)

where ug 1 is given by (3.1.26), we can conclude from (4.6.6) that

1Gov) 2 < CBT3* + |v]2). (4.6.8)
Let
o=+1-x (4.6.9)
Clearly,
(L3 — BV (Hvv) = =2 = 28,0 + 2o (4.6.10)

By (4.6.6) it holds that
lull2 < CUZwvllz + B~4).
Furthermore, we have, by (4.6.8) together with (4.6.6) for the last line, that

10ll2 < I1GEov) 12 + | Goo) |
<CB* + lla + (G
<CB* 4+ vl + 1) D).

We now apply either (3.2.1a) or (3.1.3) (see the proof of Proposition 4.5.1, Step 2) to
(4.6.10) to obtain

IZvvll + 8741 (Rvv) Il
< CBV2(lvlla + 1V l2 + 120% ]12)
< CB2B7 +11(2o0) ll2 + 1(Zo0) N2 + 170 ]12)-
Hence,
I7vvllz + B~V (o) ll2 < CBTV2B7* + || 70V 2)-
By (4.2.16) and (4.2.10) we obtain that

1Z¥lla < CB/4,
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and hence
Ivvllz + B4 Gov) [l < CB™/4.

Combining the above with (4.6.6) and (4.6.10) yields (4.6.3).
Consider now the case where u < —ug. Here, we use (3.1.84) and (3.1.85),
applied to the pair (v, ¥), and then (4.6.5) to obtain that

lolla + 87210l < €A [Pl < C /4,
establishing, thereby, (4.6.3) for the case u < —po. |

Remark 4.6.2. Let for (A, ) € C xRy, g(x) = h(x)x(1 — x)/y¥ g(1) where h is
given by (4.2.15). By the same arguments used to establish (4.6.3) we may conclude
under the assumptions of Lemma 4.6.1 that there exists C and ¢ such that for 8 > ),

v e (U©O) =71, U0) +ap™?) and —po <p < TR
we have

. _ d 1 _
IF =B gllo + B2 @R - B0 =B @e)

4.7 Resolvent estimates for large o

In this section, we will adapt the results of Section 6.3 in [3] to the present setting,
involving a Neumann condition at x = 0. For & > 0, we consider 3, to be the solu-

tion of .
-+ a*3 =0 for x € (0, 1),
{ 3(31): 1 :nd 3(0) = 0. oy @7.D
The solution of (4.7.1) is given by
3a(x) = cosh(ax)/ cosh(w), 4.7.2)

and hence, for large o decays exponentially fast away from x = 1.

Proposition 4.7.1. Let 0; > 0, U € C2([0, 1]) satisfy (2.1.3), and Y < \/=U"(0)/2.
Let further {1, > 0 be given by [3, equation (6.57)], Then, for any T > 0, there exist
Bo > 0and C > 0 such that, for B > Bo and o0 > 6, /3,

C
sup I(&EE — )~ < . (4.7.3)
9tA<min(Y—1/2, b BY/2[1 + /6|U(0) — v|1/3]

B3 m—T—a2=2/3/2])
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Proof. The proof follows the same lines of the proof of [3, Proposition 6.11], and
hence we bring only its main ingredients.

Let§ = of~"/3 and

F(A,0) = / e Ai(e'™®(x +i)))dx.
R

Let further U3
F(B'/°1,0)
A0 = ——=
‘We then define
Vo = (B, A, 0)y,

where ¥ = ¥, g is defined in (4.2.11), and
he = w(B. A, 0)h,
where 4 is defined by (4.2.12). Set
bg = (£} — BV he.
By [3, equation (6.79)] for any Y > 0 there exists C > 0 such that

" (B, 2,0)| =C6 V6 =6, (4.7.4)
RA<B—1/3[,;n—T—a2B—2/3/2]

oll1 < - . YN

Note that for any T > 0, there exist B¢ and a such that for 8 > B¢ and v < U(0) —
af~'/2, we have

VIO gvr2 < min(1, U(0) — o] ),

which allows for the application of (4.2.14).
Suppose now that (v, g) € D(:ﬁaﬁ"‘) x L2(0, 1) satisfy

(i%"‘ — By =g.
Then as in [3, equation (6.20)] or (4.2.36)—(4.2.37) we may write v in the form
v=A(Yg — i) +u, (4.7.6)

where
u= (£} - pV7"¢.
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Taking the inner product of (4.7.6) with 34 yields

AQRa, (Yo —g)) = (3a. u).

As in [3], using the approximation 3¢ ~ e *(1=*) (see the display below [3, equa-
tion (6.95)] and its proof with minor changes), we then show that

(Ga. (Yo — D)) = B73[1 + O(B7/3)].

Consequently,
|4 < CB'| (3o u)]. 4.7.7)

To complete the proof we need an estimate for |(34, #)|. The proof in the case
v < U(1/2) is identical with the derivation of [3, equation (6.93)], given that (3.1.3)
together with (3.1.84) give [3, equation (5.4)] in this case. Hence, we consider here
only the case where v > U(1/2).

We thus write, with the aid of either (3.1.3) or (3.2.5)

_ _pgl/3
|G Ljo,2,74)| < Ce™ 2|1 5, qull2 < Ce 72 g, (4.7.8)
where X,, is given by (4.5.8) so that U(x,) = v/2. Furthermore,
C
| Bas Ly, = [I3ell1 s, 171 lloo < Wlll[m]ulloo. 4.7.9)
Since u(1) = 0 it holds that
Mz, qulles < I, aquell2 iz, a2’ ll2-
By (4.5.16) and (4.5.17), and (4.7.9) we then have
C
|(3as 1z 1qu)| < W”gﬂz-

Substituting the above, together with (4.7.8) into (4.7.7) yields

|4 gl

C
| = 9ﬁ3/4
By (4.7.6), (4.2.16), (4.2.14), and (4.3.6) we then have
C ~
[vll2 < W(IIWIIz + [[gll2)lIgll2 + llull2- (4.7.10)
By (4.2.16) with k = 0 and (4.7.4) it holds that

ggerallvella < cx“ﬂ e,
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By (4.3.6) and (4.7.4) it holds that

| _
WHUGHZ <C B3

Finally, (3.1.3) and (3.2.1a) establish the existence of Y > 0 such that

C
lull2 < BI2[1 + BV/S|U(0) — v]1/7] lgll2

| 4.7.11)

for all U(0)/2 < v < U(0) + ap~1/2.
For v > U(0) + af~'/? we can use (4.5.13b) with ¥, = 1 and f = g to obtain

[l |||g||z,

C
2 <z
BIUO) —v
and hence (4.7.11) holds true for all v > U(0)/2.

Combining the above yields

C
||v||2 E 131/2[1 +131/6|U(0) _V|1/3] ”g”z’

verifying thereby (4.7.3). ]






Chapter 5

The Orr-Sommerfeld operator

5.1 Introduction

In this chapter, we prove Theorems 1.1.1 and 1.1.2 by obtaining inverse estimates
for the Orr—Sommerfeld operator (1.1.7b). As in [3], we use the estimates for the
inviscid operator #, , from Chapter 2 together with the resolvent estimates for the
Schrédinger operators éﬁ?’s) and I? from Chapters 3 and 4. In contrast with [3] we
need to consider here many different cases depending on the values of IA and «.

Figure 5.1 presents a rough sketch of the various domains where each estimate
is valid in the (¢, v) plane (v = JA). The blank domain denotes the domain in the
(o, v) plane where resolvent estimates have not been obtained. We refer the reader to
Section 1.2 for a brief explanation of the methods of the proof.

In the following we explain why the division of the («, v) plane into 10 sub-
domains is necessary. Propositions 5.12.1 and 5.12.2 deal with the case where v &
[0, U(0)] making use of the invertibility of #4;,q in these cases. The necessity of
Proposition 5.7.1 which deals with the case o > B'/3, and Proposition 5.8.1 (and
Proposition 5.8.2) which deals with the case @ <« B~1/¢ is explained in Section 1.2.
Proposition 5.6.1 deals with the case [v| < vo < U(0) and 1 < a < B/3. In this
range of « values we may effectively use the fact that ||(—d?/dx? + «?)~!|| is small
at the conclusion of the proof. Proposition 5.4.1 deals with the case v > —1/5+48 for
any 0 < § < 1/5 and « < 1. In the proof we use the same methods as in [3], till the
value of v becomes to small due to the non-invertibility of g . For [v| < g~1/5+8
and ﬂ_1/10+5/2 <« o < 1 we use Proposition 5.5.1. This range of « values allows the
application of Proposition 2.5.1 towards the end of the proof. Proposition 5.10.1 deals
with the case where |U(0) — v| < f~1/2. Here, we can approximate U by a quadratic
potential near x = 0 and use the estimates in Sections 2.9, 3.2, and 4.3. Finally, Pro-
position 5.11.1 deals with the transition from a linear behavior of U — U(x,) (x, is
defined in (2.4.5)) to a quadratic behavior near x,,.

5.2 Preliminaries

We begin by recalling from (4.6.1) the definition of the boundary terms

Ai(B3e7m/0[(1 — x) —iA])
Ai(e_iZ”/3ﬂ1/3)L)

Vap(x) = x(1—x), (5.2.1)
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Vv

Prop. 5.14
U(0)+aB~1/2
Prop. 5.12
U(0)—ap=1/2
Prop. 5.13
Vo
Prop. 5.3
13—1/5+8 Prop. 5.6
N\
%;}% Prop. 5.5
Prop. §§4\
_ﬂ—1/5+8
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—V
0 13—1/6
1
a1 p /3

Figure 5.1. Summary of the results in Chapter 5.

where we recall that y is given by (2.6.20). We also recall from [3, Section 8.3.2,
equation (8.91)] that there exists Y > 0 such that, forall > 1 and A < YB3, it
holds that

”(1 _ X)Sl%,ﬂ”l < C AE(S-!—I)/Z 13—(.3‘4—1)/37 s e [0, 3] (522)

Similarly, from [3, Proposition A.8 and equation (A.43c,d)], we can conclude the
existence of C > 0 such that

(1= x)Paplloo < C 252 B3 s €0.3]. (5.23)

We further recall the definition of the inviscid operator in equation (2.1.1), which is
the Neumann-Dirichlet realization in (0, 1) of

2

e ) d
Are Z U+ z/\)(— e +a2) +u”

for A € C and @ € R. We note that 4 o is invertible when either v ¢ [0, U(0)] or
|| > 0, either by Proposition 2.6.1 or by Proposition 4.13 in [3] which holds true
since |U”| > 0. We introduce in addition

Prpa = AL U+l . (5.2.4)
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We dedicate this section to two extensions of [3, Lemma 8.1]. These are useful in
order to establish the contribution of the boundary terms in (1.2.6). The reader is
referred to Section 1.2 for more details on the necessity of these estimates. The first
of them is the following lemma which considers the case v > f§ ~1/5 The proof is
significantly more complex than the proof of [3, Lemma 8.1] in view of the non-
injectivity of #g,g.

Lemma 5.2.1. Let U € C3([0, 1]) satisfy (2.1.3). There exist positive constants Y,
C, C, v, and By such that, for all o > 0, B > Bo, A € C for which p < Tﬂ_1/3,
w# 0, and B35 < v < vq it holds that

12 < CvT B (5.2.5)

||¢)\,ﬂ,a

and

lpa.p.(x0)] < C [IA|B]7%/4. (5.2.6)

Proof. Step 1. We prove (5.2.5) and (5.2.6) for the case o> < v=!and 0 < |u| < 1.
By (2.6.4) applied to the pair (¢, v) with v = (U + iA)¥ (see (5.2.4)), it holds
that
(x> < C (g, ). (5.2.7)

Let X, = (1 + x,)/2. To estimate the right-hand side of (5.2.7), we first obtain a
bound for ||¢'|| Leo(x,.1)- To this end, we integrate the balance (U +iA) "1, o = ¢
over (X,, 1) to obtain

C ~
19" I1n = (@2 + D) Ielign + Wl (6528)
Since ¢(1) = 0 it holds that
161210 = 1/l = X1 = € 18 Lo v (52.9)

Using (5.2.8), (5.2.9), (5.2.2) for s = 0, and the fact that (in this step) a? < |v|™!, we
obtain that

16”211y < C Wl oo, 1) + [B172). (5.2.10)

Clearly, there exists z,, € [X,, 1] such that
16/ ()] < 11 = %7219 28,1y < C I 19 125, ,0)-
Since for any x € (X,, 1) it holds that
¢ (x) = ¢' ()] < 1" L1515
we can deduce that

9" zoo,1y < CV 29 L2, 1) + 16" L1 ,.1)- (5.2.11)
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We can then conclude, using (5.2.10), that we can choose vg > 0 and C > 0 such that
forall 0 < v < vy

16/ lLoo 1) < COTY2 Y L2z, 1) + IABIT?). (5.2.12)

‘We now write

e V)| < 1. V) L2, ] + 1D V) L2050
<116/ Lo I =), 1) + 19/ 1201 = )2 11 0.5,

(5.2.13)
and then observe that
11 =02l = 10 =0)720 = 2)*FllL1,5,)
< (1=%) 21 =)Vl L1 0.5,
<Cv7? 1 =x)3Y|h. (5.2.14)
By (2.6.2) withv = (U + i)t)l/? together with (2.6.1) it holds that
C _ ~
I¢'ll> = I = )12 +v2(1 =) . (5.2.15)

Hence, by (5.2.2) with s = 1/2,1, 3, (5.2.14), and (5.2.15) we obtain that
19" 2111 =)W 21 0.5,
C _ ~ ~
= S =02+ 020 =l (0 =) |
C
vt

LA + v V2A1BT7).

=

1/5

Then, since by assumption v > 7'/, we obtain that

19/1121(1 = )2l 0.5,y < CBT/P LA, (5.2.16)
By (5.2.2) with s = 1 and (5.2.12) we have that

19/ ll oo I = )V 215,01y < € 07210 L2z, 1) + [AIBITV2) [IA1B] 7.
(5.2.17)
Substituting (5.2.17), together with (5.2.16) into (5.2.13) then yields

(. )| < CAvITY211¢ L2, 1y + UAIBITVH A1 (5.2.18)
‘We now use (2.6.19) and (2.6.1) to obtain that

19/ 1l22 e,y < C[ T2 U U)V2 + (11 = 0)Y2 + 0721 = 0)]P 1] (5.2.19)
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Substituting (5.2.19) into (5.2.18) yields, with the aid of (5.2.2) and the fact that
y> g5

g, ¥ < CO g, )Y + [IABT VAR

which immediately implies
(¢, ¥)| < COTAIBIT" + [IMBITYHIAIBIT < CABIT>2. (5.2.20)

From the above inequality, with the aid of (5.2.7), we conclude (5.2.6). Hence, by
(5.2.19), we also get that

16"l 22, 1) < C vH2[AIB] 34, (5.2.21)

To obtain an effective bound for ||¢’||> we use (2.6.53) and (2.6.1) to obtain, with the
aid of (5.2.19), (5.2.21), and (5.2.2)

I'll2 < C (I =2+ v 20 = )l + 7210 L20xy1))
< Cvl[a1B7%4, (5.2.22)

from which we conclude (5.2.5) by using Poincaré’s inequality.

Step 2. We prove (5.2.5) and (5.2.6) for the case @® > v~ and |u| < 1.

To obtain (5.2.5) for «? > |v|~! and v < v, we observe that for any 4¢ > 0 we
can choose vg such that o > Aq for v < vy, and consequently use (2.6.86) in the
form (with v = (U + iA)¥)

v
<o
I¢l2 = €[l =0)"2 40720 =)= |

= C (1 =)+ 0721 =) |-
Using (5.2.2) and the fact that v > 71/5, we obtain,
¢l < CUAIBIT* + v 2[AIBI™Y) < C [IAIBI>/4,
which implies (5.2.5) for a? > v=!. We now use (5.2.7) to obtain
l$(e)? < Clig' 2111 = )2 1. (5.2.23)
We may then conclude (5.2.6) as well by using (5.2.5) and (5.2.2).

Step 3. We prove (5.2.5) and (5.2.6) for |u| > 1.
The proof of (5.2.5) in this case follows from (2.6.17) which yields

19113 < C (¢, ).
Consequently, by (5.2.2) we obtain that

16'15 < Cllg'll2 11 = )21 < C [IAIBI*11¢' 2,



The Orr—Sommerfeld operator 140

yielding, thereby,
lp'll2 < C [IA1B13/4.

We can then complete the proof of (5.2.5) by using Poincaré’s inequality. The proof
of (5.2.6) follows from (5.2.5) and Sobolev embeddings. ]

We next consider (as in Proposition 2.5.1) the case |[A| < 1 and o large enough,
which will be sufficient to guarantee a satisfactory estimate of || A;la || despite the fact
that #g o is not injective.

Lemma 5.2.2. Let § > 0, and U € C3([0, 1)) satisfy (2.1.3). There exist positive
constants Yo, Ao, C, and By such that, for all B > Bo, all A € C \ {0} for which
—Xo < MA < B7V3Y, |SA| < Ao, and o > ay g, it holds that

Cc e - -
ey (A, B )| = 12U +iA| ﬂlﬂ R )Lﬂl/2|k|ﬂ 13) (5.2.24a)
2

A
+i)t|(
and

H(m’ﬂ’a —a@.p, oz)UH 1,2

_ Al -
< a1z 4 | AR 8723 L AT 20873, (5.2.24b
=c[xe @MU B+ ia PP ) )
where, as in (2.3.1),
(U.$2.8,0)
C”(A’ﬁva): ||U||2a ?
2

and as in (2.5.1)
ans = Ul  (1SA(1 + 28) /2.

Proof. We write as in (2.3.1) with ¢ = ¢, g o
o= U+¢.L.
Then by (2.5.3a) and (2.5.2b), there exists A such that for 0 < [A]| < Ay,

1+ C|A|?log|A| 7!

@202 12 N HIDVI A+ CRIV - (5.2.25)

eyl <

It follows from (5.2.2) (with s = 0) that for some positive C
191l < € a5"7 13 (5.2.26)
Furthermore, by (5.2.26) and (5.2.2) (with s = 1)

I + 0% < AT+ CIA =) < CAA; 2B + 251 p72/),
(5.2.27)
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Consequently, for B large enough, there exists Ao < A;/+/2 such that for any || <
V/2) it holds by (5.2.25), that

C

B Ry S NP P e lEy S VEMN
U e AR T

readily verifying (5.2.24a).
We now apply (2.5.3b) to obtain

Al

o, IUE+ A

ha = CI0=0"27 ] + TP+ CIAIIT I

which, combined with (5.2.2) (withs = 1/2 and s = 1), (5.2.26), yields

Al

<ClA B2 —— (A
Il = €257 872 + PETERREIL

51872 a5 g .

(5.2.28)
establishing, thereby, (5.2.24b). [
5.3 Resolvent estimates and Fredholm property
We recall from the introduction that

d2
N, .
BD = (25 —m)(ﬁ—oﬂ) —ipU” (53.1)

on (0, 1) with domain (see (1.1.11))

D(B) = {u e H*(0.1).u'(0) = u®(0) = Oand u(1) = u'(1) = 0} (5.32)

and
2

d :
Ep =~ +ipU. (5.3.3)
N,

Note that this domain is independent of the parameters (4, «, B), i.e., D(B;";, ﬁ) =
N,
D(By50)-

It can be easily verified that !85“ (’)3)0 is invertible. Next, we observe that

ND [N\l _
By ws(Booo) =1+Kiagp.

where K 4 p is a compact operator from L?(0, 1) to L2(0, 1). Hence, I + K; 4.8

is a Fredholm operator. Considering again the family B?a% = + Kjap) Bgf(’)?),

we can conclude that it is a Fredholm family from D(i)’g’2 (’fg) into L2(0, 1).
Since its index depends continuously on (¢, 8, A) and vanishes for (¢, 8, 1) =
(0,0,0), it must be zero for all (A, a, B) € C x R2.
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The rest of Chapter 5 is dedicated to the estimation of ((Bfffg)_l . In practice, we
first show in each section that for some subset of parameters (A, «, ),

¢ € DB (5.3.4)

where f = 82 T /3¢ It follows that B T ﬂ is injective and since its index vanishes,

we can conclude the existence of (i)’f) 3}6) 1 12(0,1) — D(O‘BO,O’O) together with
the estimate

1822+ | 825 < cOnap). (535)

5.4 Resolvent estimates for ~1/5 « [SA| < U(0)

The next proposition is somewhat similar to [3, Lemma 8.8] albeit with a significant
difference: the fact that +¢ ¢ is not invertible, which makes the estimates become
significantly more complex.

Proposition 5.4.1. Let U € C*([0, 1]) satisfy (2.1.3) and the assumption U (0) = 0.
Let 0 < 6 < 1/5, vg < U(0), and oo denote positive constants. There exist C > 0,
and Bo > 0 such that for all B > Py, it holds that

su JA £§n ° 1 + H B 1” <C —1/2-‘1—8‘ 54.1

oSaan (”( Aaﬂ) || dx ( ,10“3) )_ B ( )
g}{xsﬂ72/5ﬂ$

B/ <3A<vg

Proof. We assume throughout the proof, without any loss of generality, that 0 < § <
1/30.

Step 1. Preliminaries. Let ¢ € D(ﬂ?a’%) and f = !8? 5 ¢- Let further vy €

H?(0, 1) be defined by
vp = Arad + (U +id)p" ()Y, (54.2)

where 1/7 = 1/7”3 is given by (5.2.1). Note that by (1.1.11), (2.1.3) and the fact that
U (0) = 0, we have
vo(l) = v%)(O) =0, 5.4.3)

and hence vp € D(cf?;’i)) and we may introduce, as in [3, Lemma 8.8],
go = (£3"° — v, (5.4.4)

which is expressible in the alternative form (using the fact that f = i)’?f)ﬂ b)

go=U+id)(—f +¢"(1)3) — (U"$) —2U'tly —U"ip, (5.4.4b)
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wherein
g:=(£Lp— By (5.4.5)
and U
LD — — 2 " ~
Vg = Ui i " +a“p+ " (1)y. (5.4.6)

‘We note that
(«i‘i? — BV)in = iBU (¢ — ¢(xy)) +iBU " $(xy) — f +¢" (DG,  (54.7)

where x, is given by (2.4.5). Recall that :6%3 stands for éﬁ?’g, which is defined in
(3.0.1).

As in the proof of [3, Lemma 8.8] (see equation (8.90) there) we can integrate by
parts to obtain

WU oo, (L5 — BT — iBU"$)
= W15+ R(WU)) bo, ) — Br (U013
+BR(P" ()Y .ig). (5.4.8)

We begin the estimation of U, by obtaining a bound for the last term on the right-hand
side of (5.4.8).

Step 2: Estimate of BR(¢"(1)¥,i¢). We begin by writing ¢ as the sum
¢ =b+¢"(Hw
with 1
we) = [ €07 @ ds,

and the remainder
1
w(x) = / (E —x)[¢" (€ — ¢" () (§)] dE.

Then, we separately estimate the contribution of the terms BR(P" (), i¢"(1)w)
and SN (¢” (1), iw). By (5.2.3) it holds that
jw(x)| < C 1 —x]*.
Consequently,
(" (D ig¢"(Dw)] < C [p" (PN~ x>V 1.

and hence, by (5.2.2) with s = 2, we then obtain that

BIN(G" (DY i¢"(Dw)| < C [1+ ABPT21p" (P (5.49)
(see [3, equation (8.90)]).
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To estimate % (¢”(1)¥, i ), we first obtain by (5.4.6), for x € (0, 1),

[T )| = [§ ) / (6= Do (6) + 02 (€] ds
< C(L =2 [P0 ]12 + &[1¢'2). (5:4.10)
where to obtain the last inequality we used the fact that
Pl < 1 =0)"2¢']2 and [p)] < (1= x)? [T 2.
Using (5.2.2) with s = 5/2, we obtain
BN ()J.ib)| < Clg" (DA, BT ll2 + ¢ l2).  (5.4.11)
Consequently, from (5.4.9) and (5.4.11), we thus get, as o < «y,
BIN(" (DY, ig)| < C([1 + [ABPI721p" (1)
+ 257 BTVO DI )2 + 1¢112).  (54.12)
(See [3, equation (8.93)].)

Step 3: Estimate |¢" (1)|. Let3=34 be given by (4.7.2) and recall that ¢ € D((Bng)ﬂ).
As (3,¢" —a?¢) = 0, ¢” — a®¢ belongs to the domain of éﬁ% — BA. Hence, we may
write

(L3 — A" —a’¢) = ipU"$ + . (5.4.13)
We separately solve in D(éﬁ%) the equations (éﬁ% — BA)v = f and (i% — Bl =
iBU"¢ := f1, so that (¢" — a?¢) = vy + vy, and then apply (4.2.6) to the pair
(v1, f1) (note that the assumptions of Proposition 4.2.1 are satisfied) and (4.2.4) to
the pair (v, f) to obtain

" (D] = € A% (B'2[gll2 + o) [Tog [v + ine| ™ ] + B2 1),
(5.4.14)
where m is defined in 4.2.6b. Note that since & < a it holds that ||3]|1,, < C(xo).
Note further that

|6 (x)| [ log [v + im| ™| < Cv'/?[log|v + im|™'[ [[¢']l2 < C ¢’

Then, for any Do > 0, there exists a constant C > 0 such that for |A| > Dof~"/3

particular it holds for v > B~1/5 for sufficiently large Bo).
6" (D] < CIAY2(B2[Ipl12 + BN f1I2).- (5.4.15)
Substituting (5.4.14) into (5.4.12) yields
BIR(@" ()T.ig)| < C[A5"2 (B2 013, + B IS 13)
+ 2574 (B2 1o 12 + B2 ) (1912 + 19/112)]-

, (in
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from which, we conclude that for any § > 0 there exists C s > 0 such that

Bl (). i9)| < C3(A5" 2 (B 191132 + B IS 1B + 8 1T513).  (5.4.16)

Since, as in the proof of (4.2.18) (see also [3, equation (6.18)]), we have for g, intro-
duced in (5.4.5),

)] < € (BA =)+ (1 —x)° [ @), (5:4.17)
we obtain from (4.2.10), (4.2.16), (4.2.17), and (4.6.1) that
BEAGIWU +i2)8l2 + [12ll2 < CBYOALY*. (5.4.18)
Using the fact that |A| > S~'/ we can then conclude
AT +i0)gl2 + 118l < € B4/, (5.4.19)
Step 4: Estimate of ||V ||. From (5.4.8), we obtain, using (5.4.7) and the fact that
U’ 7& 0
1 N 1~ A
EII%II% < WU e, —f +¢"(HE)
—R((U") ) T, o) + B lToll5 — BR(G" (DY ig). (5.4.20)
Next, we obtain from (5.4.20) and (5.4.16) (for sufficiently small (§) that
15515 < CllIosll2(lf1l2 + 16" (DI 1181l2)
+ (gt + Dlvold + A5 2 (BP1g13, + B F13)]. (5.421)

where
pp,+ = max(up,0).
‘We now substitute (5.4.14) and (5.4.18) into (5.4.21) to obtain

1513 < C(I5ol2[I £ 12+ A5>*B2(16]11.2]
+ 25 2821013, + BT IS13) + (pv + D 0]3). (54.22)

Hence, for |A| > B~1/% we can conclude that

19515 < €[5l £l + BY*A17*Ig]l1.2)

+ (g4 + DIOolE + A2V 1015 5 + ATV f15].
(5.4.23)
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Step 5: Estimate of ||V ||. Given that v < vy, we may apply (3.3.10), (3.1.3a), and
Hardy’s inequality (2.6.13), to (5.4.7) to obtain

ool < C(I1¢l2 + BYC1p(xo)| + B2 112 + 9" (DI 1£]2]).  (5.4.24)
Using again (5.4.18) and (5.4.14) we obtain

[ooll2 <

C (14l + B¢l el + B2 fll2 + A5~ 4 (B2 M llz + B30 £112)])-
which implies for any v < vg
5ol < C(Idl2 + B o)l + B2 f12). (5.4.25)

Step 6: Estimate of ||go||2. Substituting (5.4.25) into (5.4.22) yields that

15l < € [(B"225"* + Dliglz + B|p(x)]
+ (L4 1 B Nl + g3 (B gl + 1¢112))]. - (5:4.26)
For [A| > B~/ and i < B2/ we conclude from (5.4.26) that
Il < € [(ﬂ”“w““ + Dllgllz + B0l )] + 1 12
w3 (B p (] + 9 l12)]-
Furthermore, as
(U"p)" = —U"(bo + o’ + |¢"(D|P) + 20" + U D,

we obtain from (5.4.25), the boundedness of «, (5.4.14), and (4.6.5), that

10”812 < CAZ BV Npliz+ B2I 1 11). (5.4.27)
For |A| > B~1/% the above inequality implies
1U"$) 12 < C MBI g2 + BN f1I2)- (5.4.28)
By (5.4.4b) it holds that

lgoll < C(IU +id) fll2+1" WU +iMDE[+ (U ) +[05l+Is])-

(5.4.29)
‘We now substitute into (5.4.29) the estimates (5.4.15) and (5.4.19), (5.4.28), (5.4.26),
and (5.4.23), to obtain that

lgollz = CLA+ AN 1f 112 + 13 (B¢ o) + pl1.2)
+ BT AT 6] 2)- (5.4.30)
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Step 7: Estimate the contribution of the boundary term 47\ ([U + iA]g” ()Y). We
continue as in the proof of [3, Lemma 8.8]. We first write, in view of (5.4.2)

¢ = ¢+, (5.4.31a)
where
po = Ay v ¢ =—AL([U+iAg"(Dy). (5.4.31b)
Note here that
¢ =—¢" ()1 pa- (5.4.31¢)
By (5.2.5) and (5.4.15) we have
1Pl < C [T BYHATY4 (Ipllz + B8N f12).- (5.4.32)

1/5+8 we obtain for sufficiently large Bo

Consequently, as |v| > B~
Illi2 < C o7 BTYVAATYA (B8N fll2 + ldoll2). (5.4.33)
Furthermore, by (5.2.6) and (5.4.31c), we have
@) < CLAIBT1g" (D).
Hence, by (5.4.15) we obtain
@)l < COABT Y (@12 + B~CN £ 2).

and, therefore, by equation (5.4.33) and Poincaré’s inequality we may conclude for
y > B1/5+8 and B large enough

(x| < CUMBIT* (g llz + B7/C1 f 2)- (5.4.34)
Step 8: Estimate ¢o. Substituting the above into (5.4.30) yields, with the aid of
(5.4.31), (5.4.33), and (5.4.34)
1/2 (p1/6
lgoll2 < CLA+ADNfll2 + 15 L (B 1o (x)] + dll1,2)
+ BT+ D g0 2] (5.4.35)

By either (2.6.81) or (2.11.1) (for || large) applied to the pair (vg, ¢p5) together
with (5.4.3), it holds for any 1 < g < 2 that

po(x)| < C [[lvollig + v volz + v vol:]. (5.4.36)

We now estimate ||¢o||1,2 by applying (2.6.1) and (2.6.2) to the pair (v, ¢pp). We
then conclude that there exists o > 0 such that for all || < po and 0 < v < yg it
holds that

gl < Cv7lno, (5.4.37)
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where
. —1/2 —1
np = (|vplly + v 2 vslz + v Hvslh).

For |u| > o we use (2.11.1) to obtain for 0 < v < vy
Iéoliz < ClIA—x)"vpli < Cv7lng. (5.4.38)

We can then substitute (5.4.36) and (5.4.37) or (5.4.38) into (5.4.35) to obtain for any
l<g<2

lgollz < € ([1+ ANl + (g 218 +v71]
+ BYH T ATV A Y] o). (5.4.39)

Step 9: Estimate ng. By either (3.1.3a) for —71/3 < 1 < B72/57% or (3.1.84) for

pn < —B~13 we have,
[voll = — lgoll2. (5.4.40)
B3+ [ulp
whereas by (3.1.3b), which holds for 1 < CS~'/3 and B large, we have for all 8 > B
_2+4q
Ivollg = Cg B~ %7 ligoll2. (5.4.41)
Furthermore, by (3.3.1) it holds that
lvoll < Cg B~ lIgoll2. (5.4.42)

Substituting (5.4.40), (5.4.41), and (5.4.42) into (5.4.39) yields, for § < 1/30, B¢ large
enough, and ¢ satisfying

1 _—, 5.4.43
RISy (54.43)
we obtain the existence of C > 0 such that for all 8 > B
gl = CA + [ADIS 2. (5.4.44)
We now use (5.4.40) to obtain
1+ A
loslz < C—2 i < 2R 11, (5.445)
B3 + [ulp
which is valid for all < =375,
We next use (5.4.41) and (5.4.39) to obtain
, _2+q
lvolly = CB™ 57 (1 + [AD] fll2- (5.4.46)

Finally, use of (5.4.42) and (5.4.39) yields

lvslli < CB~C1 + IADI £ 2. (5.4.47)
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For —po < < ﬂ_%_8 we have by (5.4.45), (5.4.46), and (5.4.47) that the dominant
term is the one involving ||vg ||, and hence
_2+g
np = Cp s | fl. (5.4.48)

Step 10: Prove (5.4.1). By (5.4.37) we obtain, for —pup < p < ,8_%_8,

_ _2+4qg
I¢olliz < Cv™' B754 | £ (5.4.49)

For u < —po we use (2.11.1) and the first inequality in (5.4.45) to obtain

Ilgpolli2 < Cllvsllz < CB7H £l (5.4.50)

Combining (5.4.33) with (5.4.49) and (5.4.50) yields

1 p_2te
¢l < Cv=" B 6a || 2. "

5.5 Resolvent estimates for |SA| = @ (B~1/5) and large g1/1%

-1/5

In the previous section, we considered the case where IA > , where the inverse

estimates derived in Section 2.6 for the Rayleigh operator 4, , become effective for
all @ > 0. Here, we use the estimates obtained in Section 2.5 assuming a2 > |JA|.
Since we consider here |IA| = O(B7'/5) we need to consider a2 > g71/5.

Proposition 5.5.1. Let U € C*([0, 1]) satisfy (2.1.3) and U""(0) = 0. Let further
0 < § < 1/15 and ag denote positive constants. There exist C > 0, Bo > 0, and
ao > 0 such that for all B > By, it holds that

Sup |:“(£Aaﬂ) 1” + Hd (‘B,xa‘g) 1”] =< Cﬂ_1/2+8. 5.5.1)
agB~1/10+8/2 < <q
RA<p—1/3-8
|3A|<p~1/5+8
Proof. Step 1. With go given by (5.4.4b), we prove that

lgollz < A+ AD 1 f1l2 + (A5 *BY3 + B37312 4 W4 BY) g1 2
+ B2 21 (xy)]] (5.5.2)

Let ¢ € D(iu»’)L aﬂ) f= .iu»’)L aﬂ ¢ and vp € H?(0, 1) defined by (5.4.2). As
before we write
(&3 — BLve = go.

Let U be given by (5.4.6). For the convenience of the reader we repeat here (5.4.25)

il = C( 2),
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and (5.4.26), which reads
15502 < € [B'225"* + Dlglliz + 819 (x0)]
+ (U4 1 2B f 1l + g 3 (BY01p (ol + 11 ll1.20)]-

For pu < p~1/378

with § < 1/10, we then obtain using Poincaré’s inequality

19l < € [(BV2A5""* + B2 Ig 1o + [ f 1l + B> P21 (x)]]. (5.5.3)
We next estimate ||go |2, beginning by repeating (5.4.29), which states
lgoll = CUIWU +id) fll2 + 1" DI NU +iMg] + 1T )|l + 5]l + 52D
By (5.4.14), (5.4.18), (5.4.27), (5.5.3), and (5.4.25) it holds, that

lgoll < CIA+AD 112
+ (kgl/4ﬂl/3 +,81/3_8/2 +Al19/4131/6)”¢”1,2 + (,31/2_5/2|¢(xv)|)],

which is precisely (5.5.2).
Step 2: We estimate ||vp 1,4 and |[voll1. By (5.5.2) it holds for o > —1 that

lgolla < C I/ ll2+ B 18l12 + (BY>721p(x)D)]- (5.5.4)
By (3.1.3b) we have, for any 1 < ¢ < 2 and given that |[v| < $71/5%% and § < 1/5,
lvollig < CB75% gol,.
Hence, by (5.5.4) we obtain for u > —1,
loollig < CAB™ST £+ B~ Iplha + B4 PloCe)l).  (5.5.5)

where 81(q) = (¢ — 1)/3qg — /2.
Furthermore, we have by (3.3.1) and (5.5.4), for u > —1,

luoll < CB™llignll < C(IB/°l fl2 + B 2lgllz + B7372p (x,)]]).
(5.5.6)
For u < —1 we use (3.1.84) to obtain

C
lvolh = lvelz = w2 llgol2.
A8

We then employ (5.5.2) which implies, for § < 1/10,

gl < CLA+AD IS 2+ (B33 + XMl 2 + (BY*7372|p (x,)])]
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and hence,

lvoly < C[B7 SN2+ B2l la + B2 P9 (x)]]. (55.7)
Combining (5.5.6) and (5.5.7) yields

lvols = C((BCNf 2+ B 2lplhe+ B Plp(xn)).  (5.58)

Step 3. We prove (5.5.1). We continue as in the proof of Proposition 5.4.1. Recall
from (5.4.2) that

Vo = Ared + (U +id)p" (1)

Set .
¢ =d¢o + ¢, (5.5.9)

where
po = A vo and ¢ = —A7L([U +iMe" (DY)

Step 3a: We estimate ||$|| 1,2. Note that by (5.2.4), we have
$=—¢"(D¢rpa- (5.5.10)

By (5.2.24) there exist C >0 and A9 >0, and for any ao > |U |3 (1+8)'/2, B(ag) >0
such that, for —Ag < u, [v| < B~V o > agf~1/1918/2 and B > B(ay), we have

1§12 < Cagp~1325" 219" (V). (5.5.11)
For 1 < —A¢ < 0 we obtain from (2.11.3) applied to the pair (¢, (U + iA)¢” (1)¥)

913 < ClU. ¥) ¢" (D] < C 1@ l21(1 — )2 |11 9" (1),

and hence by (5.2.2) (with s = 1/2) for the first inequality, we conclude for the second
inequality that there exists B(ag) > 0 such that for 8 > B(ag)

16/ = € 25> B71219" (1) = € a1 205" 19" (V).

Hence, (5.5.11) holds true for any u < f~1/3+% and |v] < B~1/5%3. From (5.4.14)
we then deduce

I6lh2 < Cag?B7 2B Ngllz + B2 f1l2) < CB™CN fll2 + agli¢l.2)-

Hence, for sufficiently large ay we conclude with the aid of (5.5.9)

Igll1,2 < C (BN fll2 + agléoli2)- (5.5.12)
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Step 3b: We estimate |<\ﬁ (xy)|. Using (5.5.10), the decomposition

Prpoa = @rpa—c|(X, B,)U) + (4, B,0)U,

where
<U9 ¢)L B )

VL= T

and Holder’s inequality, we may write
1B (x0) < C (vl ey, B + vV ¢apa — iR, B.)U |, ,) [8”(D)]. (5.5.13)
Then, we obtain by (5.2.24) and the fact that o > qof~/10+8/2

16 (x)| <

1/2
1/27—3/4 5—1/2 v+ v
C[M Aﬂ p +a§,8—1/5+5—|—|,u|

(A5 B2 + 45" 2100871) |19 (L
(5.5.14)

Using (5.4.14) and the fact that |A| < B71/315 we obtain

(x| < Cag2B7Pap + |25 870N (gl 2 + BCN1 f112). (5.5.15)

We now consider three different cases.

e For—p~ 15+ < < p=1/3+3 we have Ay < B% and since |v| < |1, we deduce
from (5.5.15)

o)l < CBT2 4 ([l + B8N f112)- (5.5.16)
e For —p~1/10+8/2 |y « _B~1/5+8 we have, since |v| < |u],

|l |2 + [v|
ag BV + |ul

Al < CAlpl "> + o) < CB~YoH7,

and hence, as Ag ~ |A|81/3, we can conclude (5.5.16) in this case as well.

«  Finally, for p < —~1/10+8/2 e use (2.11.2) with v = (U + i\ ¥, (5.4.31¢),
and (5.4.14) to obtain that

1/ Il2 < C |~ (A=) 29 |11 9" ()] < CIAITS 4874 (pll2+B75C11 £ 1I2),
which implies

1p(xu)] < Clv|2]1¢/ |2 < L4078 gl + B8N f12).  (5.5.17)
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Combining (5.5.17) with (5.5.16) which holds in the two first cases yields for all
w < '8—1/3—8
el < CBTH (gl 2 + BN f12). (5.5.18)

Then, by (5.5.9) and (5.5.18) it holds that
|$(xu)| < CBTYETS (B0 £ 2 + doll1.2)- (5.5.19)

Step 3c: We prove (5.5.1) for @ > —B~%. From (5.5.5) and (5.5.19) we get, for § <
1/15 and p > —1, that

_24g _2g
lollig <C (B7%0 1 fll2+ B85 ll¢lli2+ B @lgo(x)]).

Using (5.5.12) we then obtain that

_2+4q _2—q
lvollig <C(B~% [|fl2+ B % [polliz + B Plpo(xy)]).

2-¢ 1 1 1
Bl L 5/2
64 +6 37 3 1(q) +68/2,

we can finally conclude, for u© > —1, that
lvolig < C (B~ 1 £l + B ligolio + B/ o). (5520
From (5.5.8), (5.5.12), and (5.5.19) we obtain
ool < C (B™°1f 2+ B Pldolha + 87/ Plgo(x)). (5521
As in the proof of (5.5.13) we then write
o (xu)] < C (W] 1ei?] + [ ll¢o — cPUl ), (55.22)

where

i’ = (U.¢2)/1U113.

We then conclude from (2.5.3a) applied to the pair (¢, vp) that for all =873 < it
holds that

o) < C (lvolli + AN (ve, ) + ]2 vsl1q), (5.5.23)

where N;(vgp, A) is defined in (2.5.2b).
By (2.5.38) (and the fact that v (1) = 0) we then obtain that

lpo ()] < C (lvolli + B lvellig)- (5.5.24)
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Substituting (5.5.20) and (5.5.21) into (5.5.24) then yields, for u > —,3_8, sufficiently
large B, and 1 < g < (1 —38)7!
— _2+ta _2=q
()l < CAP (BT || fll2 + B l|dolh.2)- (5.5.25)
Substituting (5.5.25) into (5.5.20) then leads to
2_

_2+q _2—q
lvollig < C (B0 | fl2+ B llgol.)- (5.5.26)

Similarly, by substituting (5.5.25) into (5.5.21) we obtain that for u > —~% and
l<qg<(1-387"1

ool < CE™CIf 2+ B~ lg0llh.2). (5.5.27)
For sufficiently large ag and |v| < B~1/5%% we have
1+ ClAPlog|A™!  ~ "

+2| |20g|. | <C . . SCﬂl/S_S,

la?|U]12 + il |l |U15 — vl
and (recall that |v| < || U ||3 —v])

2 -1
MO+ CAPIg ™) s M+l o
2| U2 +iA] 2| U5 = vl + [l

Hence, we obtain from (2.5.3a) and (2.5.38) that
Rl < € [B* sl + Ivollig].
and from (2.5.3b) we obtain that
lpo — cPUlhz < Cllvolh + volligl-

Consequently, by (5.5.26) and (5.5.27) it holds that

~ -2t _2-q
I¢olliz < Clvolig + B llvall) < C (B0 | fll2+ B |dol1.2)-
It follows that, for sufficiently large Bo,
_2+4q
I¢olli2 = CB 57 || fll2. (5.5.28)
Combining (5.5.28) with (5.5.12) gives (note that 5/6 > (2 + q)/(6g))
e _2+4q
[¢ll12 = C B 57 || fll2. (5.5.29)

As ¢ = ¢o + ¢, we can deduce from (5.5.28) and (5.5.29) that for any § € (0, 1/15)
andg € (1,(1—38)"") and u > —B~% we have

_2+4gq _
Ipllia < C B0 || fl < CBY/>S. (5.5.30)
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Step 3d. We prove (5.5.1) for i < —B%. For i < —B~% we use (2.11.2), Sobolev
embeddings, and Poincaré’s inequality to obtain that

1/2 1/2 1/2
Iéolha < el 2lvall? < € B9l vl V2.

|
which implies
B lvolh. (5.5.31)
Consequently, by (5.5.8), (5.5.31), and Sobolev embeddings we obtain that
BZ (BN f N2+ B9l 2).-
Making use of (5.5.12) we establish that for sufficiently large ao and B¢
Igll12 < C BP0 f ]2,
which, together with (5.5.30), yields (5.5.1) for § < 1/15. [

5.6 Resolvent estimates for intermediate o

In this section, we provide inverse estimates for B; 4 g for 1 < a < B1/3. Let 34
be given by (4.7.2). Since ||3, ]2 < B/® in this section we may conclude by (4.1.3)
that 3 € U;. Consequently, we may still use (4.2.4) in this section to estimate ¢” (1).
Furthermore, we can use the fact that o >> 1 to obtain a much simpler proof than in
the previous section (which is valid only for bounded values of o).

Proposition 5.6.1. Let U € C*([0,1]) satisfy (2.1.3) and v, < U(0) denote a positive
constant. There exist C > 0, T > 0, o > 0, ag > 0, and o1 > 0 such that for all
B > Bo, it holds that

sup [(BE) 7 + Hd—(ﬂmﬂ) 1 =cpore. (5.6.1)

ao<a<aiBl/3
A<Tﬂ 1/3
[SA[<v2

Proof. Let f € L2(0,1), ¢ € D(B2,) satisfy

Aa,B
Brruph =/
We first recall the definition of U5 from (5.4.6)
o = —¢" +o?p + ¢" ()Y, (5.6.2)
and rewrite (5.4.7) in the form
(£5° = Bin = f +iBU ¢ + ¢"(1)&. (5.6.3)

where ¢ is given by (5.4.5).
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By (3.3.1) (which is applicable for |[v| < v, < U(0)) it holds that

£ = B0 + 6" MD)Ih < CBCN(f +¢" (D)2
Furthermore, by (3.3.23) applied with f replaced by U”¢ it holds that

N0 1/ . UN(XV)¢(XV) -1 ” A n—1
|5 = a7 Wi g T = OB Bl < CH Il
where
m = —max(—u,x§/3ﬂ_l/3).
Hence,

‘59_ U" (x,)p(xy)
U —-v+im)

We next use (4.2.4) together with (5.4.13) to obtain, as in (5.4.14), that
" (D] = C A% (B*[Ipll12 + [¢(xo) [ log B] + B2 f ). (5.65)
For a < oy /3 we may then use (5.6.5), which, combined with (5.4.18), yields, as

B ()| < vIY2[1¢' 12, (5.6.6)
¢ (D118l < CAZY* (8211 + vV 10g Blligllr2 + BN f112).  (5.6.7)

Consequently, by substituting (5.6.7) into (5.6.4), we obtain

| =C B 11+ g2+ B7/51" D] 12]2). (5:64)

- U (xw)p(xv) ~5/6
‘U:s) T U —vtim )1 <CBUSfl2+ l1ol1.2)- (5.6.8)
Taking the scalar product of (5.6.2) with ¢, and integrating by parts gives
~ U" (xy)¢(xy) a2 2 2 7 - U" (xy)p(xy)
<¢, U — m) = 1#°llz + a”llpllz + o7 (1) (. ¥) — <¢’ UT_F@%Z)

Using (5.6.8) we then conclude

. U"(xy)¢(xy)

K"b’”@ U—v+im

| <CE U1+ 19h2) I6le. 5610

We next use (5.2.2), with s = 1/2, together with (5.6.5) and a Sobolev inequality
to obtain that

10" ()(@. )| = €25 (B0l ll12 + @) log Bl + B £ 112) 19 2-

sing (5.6.6),as A, v og B <1 for B > By with sufficiently large ¢, we can
Using (5.6.6) Aﬁl/“ 1/2] 1 fi h sufficiently 1
conclude that

19" (g, ¥) < C (B~Clgl3, + BN £13). (5.6.11)
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For the last term on the right-hand side of (5.6.9) we write

M>:<¢M

> U//(xv)¢(xv)
U—-v+im U —v+imlL20,x,/2)

<¢’ U—-—v+im >L2(xu/2,1)'

+ (9.
For the first term on the right-hand side we have, since |v| < v,

‘<¢’ U" (x)¢(xv)

= : 6.12
T o | = Clo Il (56.12)

For the second term we use integration by parts to obtain

U ”(xv)¢>(xv)>
U—v+imlL2(x,/2,1)

(4. = U () (x0) 2 Tog(U — v + i)

x=xy/2

~U"@)p)(£) tog v im)

L2(xy/2,1)

from which we readily obtain

‘<¢ U//(xv)d’(xv))
U —v+imlL2(x,/2,0)

[1,2[P]lc0-

| = Cliglhlé )] = Clig

In conjunction with (5.6.12) the above inequality yields

U (xy)p(xv)
o

|1,2 ¢||oo

)| =clg
Substituting the above, together with (5.6.11) and (5.6.10) into (5.6.9) yields

1913 + 211615 < € (Ilh2 + B~/ f112) 19 llc + B7/C116

Since ¢(1) = 0 we have [|¢]|2, < 2||¢’[|2]|¢]l2 and hence, for any € > O there exists
C. > 0 such that

2
1,2

B2, < €llg’ll3 + Cellgl>.

By choosing sufficiently small € and sufficiently large By we can then conclude, with
the aid of Poincaré’s inequality,

1913+ &2llol5 < € (B™I715 + 1913).

We then obtain for sufficiently large ag and B¢ the existence of C > 0 such that, under
the conditions of the proposition,

I¢'1I3 + e®llgl3 < CB~2 | £ 1%,

from which (5.6.1) readily follows. [ ]
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5.7 Resolvent estimates for large «

For o 2 ,31/ 3, we can no longer use the estimates of the previous section, relying
on (4.2.4). In the following we thus establish estimates for the inverse of the Orr—
Sommerfeld operator, relying on (4.7.3), which is valid for o > g1/3.

Proposition 5.7.1. Let U € C*([0, 1]) satlsfylng (2.1.3), and oy denote a positive
constant. For any T < /=U"(0)/2 and any Y > 0 there exist C > 0 and Bo >0
such that for all B > By it holds that

ND \—1 1 -5/6
sup B39 + [ 82D |) < e,
w1/ <a (” Aa,B H dx )t o,B )
RA<p~'3[Am—T—2p=2/3/2]
(5.7.1)
Proof. Let3 = 34 be given by (4.7.1)~(4.7.2). Let f € L*(0,1), ¢ € D(B}">) satisfy
NO
Byw®=1

An integration by parts yields (3o, —¢” + a?¢) = 0, and hence we may conclude that
—¢" +a%p € D(éﬁ%“). Furthermore, it holds that

(L5 = BA)(—¢" + a’d) = f +iBU"$.
By (4.7.3) we then have

I =" +0223pl2 < C (B2|dl2 + B2 f12),

where 6 = af~1/3.

Hence,
16713 + 628216113 = (=" + 0287, ¢) < C (B'*113 + B2 /211 6112)-
(5.7.2)
As 6 > a,, we obtain that for sufficiently large By,
19/l < CB411 £ 2.
With the aid of Poincaré’s inequality we then obtain (5.7.1). ]

Remark 5.7.2. An improved version of (5.7.1) can be obtained by introducing the
effect of |U(0) — v| from (4.7.3)

ﬂ_5/6
L+1U(0) —v| p/e’

1 1
azﬁs}l};s [ B~ + “d_( r) H = (5.7.3)
RA<TYB1/2
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5.8 Resolvent estimates for small o

We continue by considering for some positive &g and 0 < Vg < U(0), the zone
0<a<af " |JA| <Dy, NRA<p V2 (5.8.1)

We begin by considering the case « = 0 and then obtain estimates of (0‘6’2} ﬂ) ! for

0 < a < @oB /% by treating it as a perturbation of (B?O%) 1. More precisely, we

introduce the set
m(ﬂv i)\0) = {A e C: |%A| < GO andu < ﬂ—l/Z}

and prove the following proposition.

Proposition 5.8.1. Let U € C*([0, 1]) satisfy (2.1.3). There exist C > 0, Dy > 0 and
Bo > 0 such that for all B > Bo and A € (B, Vo) it holds that

a2+ | @it + 42 @l < c a2 682)

H dx?

Proof. Step 1. Preliminaries. Let (¢, f) € D(i:»’)L 0 ﬁ) x L2(0, 1) satisfy ‘BA o ﬂ¢> =f.
Setting o« = 0 in (5.4.2) yields

vo = —(U +iM)¢" +U"¢p + (U +il)g" (). (5.8.3)
Note that v5 (1) = 0 and hence
(&3 — BMvo = go. (5.8.4)

where go is given by (5.4.4b), which we recall here for the benefit of the reader in
the equivalent form

go+ WU +id)f=U+i " ()g—(U"¢) —2U'ty —U"tn.  (5.85)
In (5.8.5), ¥ is given by setting = 01in (5.4.6), i.e.,
in = —¢" + " (Y. (5.8.6)

Step 2: We estimate |¢" (1)|. Let (¢, f) € D(:B/l 5 ﬂ) x L%(0, 1) satisfy IBA P ﬁq& =f.
An integration by parts yields

W23 = (U, Baope) - U,,(l)mw"(l)qs“)(l))

—R(U) " ¢D) + uplU") 2 13 (5.8.7)
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To estimate the second term on the right-hand side of (5.8.7) we use the identity
(which is obtained via an integration by parts of the balance B¢ ,0,4¢ = f)

(1) = —/01 F(x)dx. (5.8.8)
Hence,
P13 < C (16" Nl2 + B 7216”13 + LS 1218”112 + 16D 112116”12).
which implies
1115 < C (1" IS N2+ B218" 153 + 11/ 112119"2).- (5.8.9)
Sobolev embeddings yield
" (P < (1612 + 11¢”112) 18" |2 (5.8.10)
Combining (5.8.9) and (5.8.10) leads to
¢ (D] < CBE 2+ 1151713 + 112187 157). (5.8
By (5.4.6) and the left inequality of (4.6.5) it holds that
19”112 < CA5 4 BYE19" (1)) + [l 2. (5.8.12)
Using (5.8.11) we then obtain for 8¢ large enough
16”12 < 2ll5oll2 + CAZY* B2 £ 2. (5.8.13)

By (5.4.18) and (5.4.24) (note that (5.4.24) results from a straightforward application
of (3.3.10) and (3.1.3) to (5.4.7)) it holds that

5ol < C (Il + Bl )| + B2 fll2 + B2 (D]).  (5.8.14)
Since
16 o)l = 16 (x0) — d(D] < vV2]1¢" 2 < 1A1Y2]|¢ 2. (5.8.15)
we obtain from (5.8.13), (5.8.14), with the aid of (5.8.11) that
16”12 < C(AF 21 12 + 5872 + B211 £ 112). (5.8.16)
‘We now substitute (5.8.16) into (5.8.11) to obtain

9" (D] < C(BY 1218 12+ B2 £ 112)- (5.8.17)
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Step 3: Given some g > 0, we estimate Vg and 1729 under the additional assumption
U > —uo. We begin by recalling (5.4.22), which is still valid in the present case and
reads

15513 < € (5o l2[llf1l2 + A5>* B2 1¢1l1.2]
+ 25 2B P13, + BT 1D) + (gt + D) [0113).
Observing that g + < B1/2, where g 4 is given by (3.1.26), we conclude that
15513 < € (o l2[llf 112 + A5>* 82 1$ll1.2]
+ 25 2 (BRI, + BT 1D + B2 i0l3).  (5.8.18)
By (5.8.14), (5.8.15), and (5.8.17) it holds that
liolla < C (B0 £l + 5% 14l12)- (5.8.19)

Substituting (5.8.19) into (5.8.18) then yields that for given ¢ > O there exists C > 0
such that for —po < u < B~Y2 it holds that

1Tl < C (B741f 12+ B 11ll1.2)- (5.8.20)

Step 4: We estimate ||vo || 0o under the assumptions of Step 3. We begin by estimating
the L2-norm of go + (U +i}) f using (5.8.5). By (5.4.14), (5.4.18), and (5.4.27),
it holds that

U +i0¢" (2N + IV )| < C (BY* g2+ BN f12). (5821

Substituting (5.8.21) together with (5.8.16), (5.8.19), and (5.8.20) into (5.8.5)
yields

lgo + WU +i) fll2 < C (B~ £ 112 + B2 1111,2). (5.8.22)
Since, by a Sobolev embedding, we have
I(£% = BV =) floo
< H d ;69? A —I(U ) Hl/z (iﬁn A)_l(U ) 1/2
< | ZeEF -t w-n s e -p 4 bt
we can conclude from (3.3.10) and (3.3.11) that
I(£F = BV =) flloo < CB*(f 2. (5.8.23)

Furthermore, by (3.1.3) (for —YB~'/3 < . < B~Y/2) or (3.1.84) and (3.1.85) (for
—jto < < —=YB~1/3) we obtain

I(EF = BN i lloo < CBT*) fl2. (5.8.24)
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Consequently, by (5.8.23) and (5.8.24) we may infer that for u© > —pg
1R~ BTV +i2) flloo < CB* |1 £ 2. (5.8.25)
By (5.8.22) and (3.1.3a) it holds that
1% =BV g + [U + ANl < C (B2 fllz + 87 *g]11.2).
Furthermore, (5.8.22) and (3.1.3b) with p = 2 yield
P

(=B go + U+ = C (BTN I+ B2 )h2).

Hence, by Sobolev’s embeddings
I£Z — BV (g0 + [U + iMoo < C (B> fll2+ B2 1ll12). (5.8.26)
In view of (5.8.4) we may combine (5.8.26) with (5.8.25) to obtain, for & > — ¢ that
lvolleo = € (B7*If 12+ B2 ¢l1.2)- (5.8.27)
Step 5. We prove (5.8.2). Recall from (5.8.1) that & < =2 and |v| < Dy < U(0).

Step 5a. With 1y > 0, we prove (5.8.2) for |v| < Vg and for p satisfying

—ﬁ1/24 1/24
b

uE (—ug, —e YU (e P =12, (5.8.28)

Set
v =y o =—(U+id)p" +U"¢p,

and note from (5.4.2) (with ¢ = 0) that
v=vp—¢" (1)U + i)

An integration by parts yields
1
/ vdx =0,
0

and hence by (2.4.1) and (2.4.23) it holds that
16/ll2 < C ([volloo[l + log [T+ 16" D1V [11).
By (5.2.2), (5.8.17), and (5.8.27), we obtain for || < po that
19'll2 < CB™2419 12 + BTN £ 112).
For sufficiently large 8¢ we obtain for 8 > B
I¢ll12 < C B S 2. (5.8.29)
To obtain an estimate for ||¢” || we use (5.8.16) to obtain

16”12 < CAZZB2 £ 2. (5.8.30)
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Step 5b. With 0 < Dy < U(0), we prove (5.8.2) for |v| < Vg and |u| < e BV

Here, we write for some 0 < it < 1/2
N,D ~
By 12050 = —BHY" + f. (5.8.31)

Note that A + fif~1/2 meets the assumptions of Step Sa, and hence, we can use
(5.8.30) to obtain

16”12 < CEAY*B716" 12 + B> £ ).

For sufficiently small & and sufficiently large B¢ we obtain (5.8.30) once again. Con-
sequently,

I=B"20¢" + fll2 < ClIf]>

Hence, we can apply (5.8.29) once again to (5.8.31) to establish (5.8.29) for |u| <
—ﬁl/24
e .

Step 5c. With 0 < Dy < U(0), we prove that there exists jo > 0 such that (5.8.2)
holds for ;& < —uo and |v| < Dg. Since u < 0, we have, after two integrations by
parts,

N(p. Bro,80) = 18”15+ [lB IS5 + BIU'$. ¢'). (5.8.32)

Consequently, using Poincaré’s inequality, we obtain

C
lp"ll2 < m(ﬂ_lllfllz + [19/ll2)-

For sufficiently large 119 and By we can then conclude

C
¢l < == fll2
|AIB
Using (5.8.16) completes the proof of (5.8.2). [ ]

Using a perturbation argument we now obtain the following proposition.

Proposition 5.8.2. Let 0 < Vg < U(0). Under the conditions of Proposition 5.8.1
there exist C > 0, Qg > 0, and By > 0 such that for all B > By it holds that

d
sup (B T |+ (B T = BT (5.8.33)
a<&0ﬂ_1/6

|v|<§0
u<p=1/2
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Proof. Let (¢, f) € D(!BI1 . ﬂ) x L2(0, 1) satisfy BA . ﬁq& f. We then write

BIS = —az( - j—; +ipU + i)t))q& +f (5.8.34)
By (5.8.2) we obtain that
16”112 < C [@2257 (B~ 19" ll2 + Ipll2) + A5 B~2(1 £]12)-
Hence, for sufficiently large 8 we obtain that
16”12 < C [@58"°lpll2 + B2 f 2],
We can thus conclude that
|(- & v ipw +in)o|, = C (Blglla + 5721 110)

By (5.8.2) and (5.8.34) we then obtain

@21161l2 + B2 £ 112)-

For sufficiently small &y we may now conclude (5.8.33). ]

5.9 Some auxiliary results

This section is devoted to the proof of two auxiliary results which will become useful
in the next two sections.

Lemma 5.9.1. Let U € C*(0, 1) satisfy (2.1.3). Let further ko and v, denote positive
constants. There exist positive Bo, T, a1, and C such that, for A = p + iv, where v
and  satisfy vy < v < U(0) + koB~"/? and n < Tﬁ 12 8> Bo, 0 <a <a; B3,

and any (¢, f) € D(i)’gza%) x L2(0, 1) satisfying BA a ﬂgb f, it holds that

9"l = € (B721B7* + x| £ )2

1/2[ a—1/4 Xy -1
PR | e

+ BB+ 1T, (59.1)
where x,, is defined by (2.4.5).

Proof. Consider first the case U(0) — k1712 < v < U(0) + kof~'/? for some
k1 > 0. In this case we have x, < CB~/4. As in the proof of (5.4.14) we use the
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£(L?, L®) estimate of (4.3.3) applied to f = iBU"¢(x,) and (4.3.4) applied to
iBU"(¢p — ¢(x,)). We obtain

6" (D] < C (B721 fll2 + B> 416 (x| + B72142).-

For v; < v < U(0) — k1 f~1/? with sufficiently large k; and B, we use (4.2.4) and
(4.2.7), applied to the pair (¢” — a?¢,iBU"¢ + f) using the decomposition

iBU"¢ = iBU"(¢p — ¢(xy)) +iBU"p(xy)
and Hardy’s inequality, to obtain
¢” (D)
< C(B72a0 fll2 + B2 og(1 + xu B9 ()| + B2 2 ¢ 12).
Combining the above pair of inequalities yields (5.9.1). ]

Lemma 5.9.2. Let U € C*(0, 1) satisfy (2.1.3) and ko, Y and vy denote positive
constants. Let further

min(p,'l% 8718 >0,

59.2
13 1/8 m <0, ( )

Xu(T.p) = {
where jig 4 is defined by (3.1.26). Suppose that A = p + iv, where B~1 < ||, u <
YB~Y2 vy < v < U) + koB~/? and

Xy < X, (Y, B), (5.9.3)

where x,, is defined by (2.4.5). Then, there exist positive Yy, Bo, and C such that for
all B > Bo and YT < Yy it holds that

[oll2 = € [ Y5284 £l 4+ (=Yg + 12319 (x,)|
+ G+ T8V (5.94)

in which vy is given by (5.4.6).

Proof. Let § 1= 8§(B, ) € (0, 1/4) be much greater than f~'/*. More precisely, we
introduce for sufficiently small Y and 8 > Bo(T) with 8¢(Y) large enough

5 _ mll’l(Tl/4,LLB1/2 —1/3—1/8) >0,
0= YlpE <0

Recall the definition of y € C§°(R, [0, 1]) from (2.6.20)

() — 1 x<1/2,
=0 x> 34

(5.9.5)
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We further set ys(x) = y(x/§), and ys = 1 — ys. Note that ys is supported in
(0,35/4) and that g is supported in [§/2, +00).
Step 1: We estimate ¥505p. Using (5.4.7) we now write
(£5° = BA)(Ts00) = f3 +iBU s . (5.9.62)
where
Js =287 7 (/8)is + 821" (/8)io + Fs [-f + 4" (1DE]. (5.9.6b)
Setting y = 27'/4§ and v = Fsip in (3.2.11) yields
BINU = v 7500115 < 750012 1 f3 2
+ CAU = v isoll2(ll¢ll2 + 1(U =) 275l 1)), (5.9.7)

where we have used the identities ys x, = ¥s and s x;, = 0, and the inequality (rely-
ing on Hardy’s inequality)

(50, Zsl(d — (xy)) + d(xu)])]
< CU = v|"?js50 12142 + (U = )72 751 o (x)]).

Since by (5.9.3) and (5.9.5) there exist positive C and C such that
(U0) —v)y < Cx2 < CY3/282,
we have, for sufficiently small Y, the existence of C > 0 such that
U =275 = =8 7. (5.9.8)
C
Hence, by (5.9.7) and (5.9.8),
HU =o' 7s0ll3 < B 175002 1 /512 + CUIS'I3 + 67" lp(xn)?). (5.9.9)
which implies, using again (5.9.8),
|75l < C (G2 I fsll2 + 8711912 + 672 Ip (x)]). (5.9.10)
Consequently, by (5.9.6b) and (5.4.19)

I7s0oll2 < C (18281 (6 ILis/2,81 0 ll2 + 8215 2.5 002 + 11/ 112)
+872(g(x)| + 87 ¢l + 872874 (D]).  (5.9.11)
Substituting (5.10.13) into (5.9.11) yields in view of (5.9.5) (note that §%jup 4+ <
TI/Z)

1750205 < C([8*B1 (82 1s/2,85 0 15 + 8 *1i5/2.5100113)
+ 8B fII3 + 83 1o (xn) > + 672119 [13). (5.9.12)
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Step 2: We estimate )505. Taking the inner product of (5.4.7) with y5,(U") g
we obtain (see also (5.4.8)) that

R (135U 0o, (L) — BA)To —iBU"¢)
= D28 @) 200) 15 = llx2s U2 0l — B ll22sU") 20013
+ BR (559" (VY. i) (5.9.13)
As |[U® y,5] < C§ (given that U@ (0) = 0) we can conclude that
ID2s (U)o 13 = éll[){zs ol'll3 — C8llx2500 13- (5.9.14)
Furthermore, as |()25)'| < C8~! ¥5, we obtain, using again the fact that U ® (0) = 0,
25 @)V 5015 < CSlx250015 + 521 1500 13).
Substituting the above, together with (5.9.14) into (5.9.13), recalling that by (5.2.2)
BI(13s®" (Vi) < BI¢" (D] ¢/ I201(1 = x)* ¥l < CB 19" (V)] 142
and that by (5.4.17), (5.2.2), (5.2.3), (4.2.10), and (4.2.17)
(X2 (U") " B0, 6" (1) 7258)| < CB* | x50 ]121¢" (1)]
yields

2550 115 < C[YT'SIL 15 + 871" (D] | 12572
+ (Y824 up, ) x2s 0015+ s 15 +B7" 19" (DI1I¢"l12]-

By Poincaré’s inequality we have
228515 < C8%[x28001 3. (5.9.15)

Hence, in view of (5.9.5) and (5.9.15), we obtain for sufficiently small T

lx2s00 13 + 82l [x2500]'l15 <
CY'84I£15 + 1750003 + B7' 820" (DI(I¢'[l2 + 8 B721¢"(D)]. (5.9.16)
Substituting (5.9.1) into (5.9.16) yields, in view of (5.9.5)

lx2s50ll5+8%[x2s00) 113 < C(YT'8*| 13+ (B7/46% + 8¢/ I3+ I ZsTo113)-
(5.9.17)
Combining (5.9.12) with (5.9.17), and (5.9.5) we obtain

X250 15 + 82l [x2s00) I3 < C[Y'8*N £115 + 8B I15/2.51 0I5
+ 878821 s/2.510015 + 8l (x> + 872¢113].  (5.9.18)
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As1[s/25 < x2s.and 87872 < Y72B2u4 + T3B!, where uy = max(u, 0), we
obtain

I x259013 + 82 [x280]'113
<C[Y18HfI15 + (Y2820 + T8 [x2800) 115
+ (Y72B2ut 4+ Y8 Y lxas i3 + 83 p(xu) > + 8729 |13].

For sufficiently small Y and B5* we then conclude (as Y™28%u% < Y?) that

lx2s00 15 + 8 [x2500) 115 < C[YTE*I F115 + 873 (ea) 1> + 52116/ [13]-
(5.9.19)
Similarly, by (5.9.12) and (5.9.5) (note that § 72 < (Y22u% + Y8718, it
holds that
17s0oll5 < C((C2B%us + Y7182 (X250 I3
+(C2B2 i Y8 B D lxas o3+ (Y2B2us + Y267 H8 S 15
+6721p(x) P + 872114113)- (5.9.20)
Since y25 + {5 > & we obtain from (5.9.19) and (5.9.20) (as Y™18* < cY-5g-1/2
by (5.9.5) and since || > B71) that for Y and B! small enough
liolla < C[Y52B74)| fll2 + (Y 72/Eu3% + T28319) g (x,)|

+ (15 + T2B)¢' 1],

which is precisely (5.9.4). |

5.10 Resolvent estimates for |SA — U(0)| = O (B~1/?)

We consider, for given positive kg, @1, A = i + i v, and some positive T, the zone

A «, eC R2,0< < 1/3’ -
S(al,ﬂo,r,xo):{ (M. p) € C xRy, 0<a=a1p'? B> Bo }

< YBY2, U0) —koB~Y2 < v < U(0) + kop~Y/?
(5.10.1)

Proposition 5.10.1. Ler U € C*([0, 1]) satisfy (2.1.3) and U®(0) = 0. Let further
ay > 0and kg > 0. Then, there exist positive Y, Bo and C, such that for (A, a, B) €
8(0[1, ﬂo, v, K()), it holds

max (1, |up|4) (| (B3 1”+Hd_(£Mﬂ) 1”) <CBME. (5.102)
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Proof. Step 1: Preliminaries. We follow the same outlines as in the proof of Proposi-
tion 5.4.1. Nevertheless, given that |v — U(0)| ~ O(B~'/2), we need to address here
the quadratic behavior of U(x) — U(0) in the vicinity of x = 0 (see Section 3.2 for
instance).

Let vp be given by (5.4.6). For the convenience of the reader, we repeat (5.4.8),
which reads

(U)o, (L) — BA) I +iBU"$)
= U 205]15 + R(W")) To. )
— Bull U255 |3 + BR(" (Y. i), (5.10.3)

where y = 1/, g is introduced in (5.2.1) and ¢ € D(B;", 5 ) satisfies for f € L2(0,1)

NO ,
B wp? =1

We begin by estimating the last term on the right-hand side of (5.10.3). For technical
reasons we distinguish between the case y <—puq (for some sufficiently small o >0)
and u > —puo.

Step 2: We estimate m<¢”(1)$, id) for u > —ug. Asin Step 2 of the proof of Pro-

position 5.4.1 we write

1 1
$(x) = / (€ —x)¢"(€)dE = ¢" (Hw + / (€ —0)[¢" () — ¢" ()P (§)] dE,
where
1 ~
w(x) = / &~ 0P @) dE.
Then we write
R(P" (DT, id) = —|¢" ()2I(T, w) + R(@" ()T, i(p —¢"(Dw)). (5.10.4)

For the first term on the right-hand side we write, using the fact that w” = 1/7 and
integration by parts,

(P w) = J(w", w) = —J{@D' (O)w(0)). (5.10.5)
We now use [3, Proposition A.1] to obtain the following improvement of (5.2.2):
J(x) = e BPED0=0 4 g (o), (5.10.6)

where

11l + BY2(1 =) |y < CB7Y (5.10.7)
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Next, we write, using (5.10.1), (5.10.6), (5.10.7)

1 __ 1 _ _
_ [ T de = [ e D200 L T (6] g

0

=~ O
—lﬂ/413 1/2

[+ 0(uY»]+ 0. 5.10.8
TOE [ (" +0B™) ( )
To obtain (5.10.8) we used the identities
1 _
/ e~BPEDVRx) g g=1/2(_J) 12 () — B P2
0

and

B2 (—[p —iv]) V2 = A BTY2(U(0) + [v — U(0) +ip]) "2,

which shows the exponentially small behavior of e ~# V2DV g Mo > 0is chosen
small enough.

Furthermore, it holds that

1 . 1 N
w(0) = / E0(6)dE = —w'(0) — / (1— 69 (&) de.
0 1]
which implies by (5.2.2), (5.10.6), and (5.10.7)

ip!

1/2 —-3/2
U(O)[1+C9(|M| N+ O0B7). (5.10.9)

w(0) = —w'(0) —

Combining (5.10.8) and (5.10.9) yields
p3/2
[UO12v2
Substituting (5.10.10) into (5.10.5) yields

13—1/2
[U(0)]32v2

J{w'(0)w(0)} = [1+0(ul)] + 087, (5.10.10)

BR(Y, iw) = [1+0(u"]+ 0™,

For sufficiently large B¢ and sufficiently small po, B éﬁ(lﬁ, iw) is positive and hence,
by (5.10.4) we can conclude that

R(p"(MP,id) = Rig" ()Y, i( — ¢ (Hw)). (5.10.11)
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As in the proof of Proposition 5.4.1 (Step 2) we now apply (5.4.11), recalling that
a < a1 B1/3, 1o obtain (note that Ag > 1|U(0)|B1/3 by (5.10.1))
BR(G"().i¢) = —C B2 6" (DI (155 ]2 + B2 ¢'12)
= —CB48" DIl + B¢ 12).  (5.10.12)

Let x,, be defined by (2.4.5). By the assumption on v it holds that
xy < CBV4,
Hence, by (5.9.1)
6" (D) < C (B3 f1l2 + B *1p(x) | + B7214112). (5.10.13)
from which we conclude

BR(" (Vid) = =C (Il + B2 f 1)U ll2 + B II¢/ll2).  (5.10.14)

Step 3: We estimate Vg and U’,. Here, we follow the Steps 4 and 5 in the proof of
Proposition 5.4.1 with (5.4.15) replaced by (5.10.13).

By (3.2.1a), (5.4.7), (5.4.19), and (5.10.13), we obtain (compare with (5.4.24))
that

[3olla < CBY*|¢' |12 4+ BBl (xu)| + B7V2| f12). (5.10.15)

Substituting (5.10.15), together with (5.10.13), (5.10.14), and (5.4.19), into (5.4.20)
yields

Lo
c sl
< (B* 1912+ B> 21p(xn)l + B2 AL 12+ BY Bl 12+ B2 (x0)])
+ (14 g ) B 12 + Bl (x)| + B2 f112)?
+ (plhz+ BB 1) U512 + 872 14]12)-

Hence,

Il < C((BYE + ug (B¢l + BEloxn)l) + B7/E1 £12). (5.10.16)

Recall that
wp,+ = Bp+ = pmax(u,0).
Since (5.10.16) is unsatisfactory, given that the coefficient of 81/4|¢’||» + B3/ |¢ (x,)]

is not necessarily small, as will become clear in the sequel, we obtain an improved
estimate in the next step.
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Step 4. For || > B~! we prove under the assumptions of the proposition that

16" = ¢" (D ll2 = C[X2B7V4 £l + (T3 + B17)]g (xo)
+ G+ T2 2], G10.17

Using the definition of v given in (5.4.6), an integration by parts yields
(—¢" +¢" (DT T9) = ¢" = ¢" (Y5 + 1¢I5 + (¢" (D). o). (5.10.18)
By (5.2.2) for s = 1/2 and (5.10.13) it holds that

" (DY, a2p)| < @[¢" (D1 — )2l |9l
< Ca? (BT £l + 1) + B3¢ 112) l1¢ 12

Substituting the above into (5.10.18) yields for sufficiently large Bo

lg” — ¢" (V113 + o?ll¢’ 113
< | =¢"+¢" V250l +Ca? (B3I flla+1p ) +B7E16112) 19| 2-

For sufficiently large B¢ we then obtain that

16" —¢" (V13 < C [liol3 + 2B IS 15+ 6x)P)]. (5.10.19)
‘We now obtain (5.10.17) from (5.9.4) and the fact that o < al,Bl/3.

Step 5. We estimate ||vp||oo under the assumption of the proposition and the addi-
tional conditions || > B~ and > —puo.
Let vp be given by (5.4.2). For the convenience of the reader we recall here
(5.4.4)
N,D .
(&‘iﬂ —Bvp = go, (5.10.20a)

where (after reordering)

go=U+il)(—f +¢"(1)g) —2U'tg —U"¢" ()Y
+U"([¢" () — @] — i) — 20D —UWg. (5.10.20b)

Next, we obtain a bound for || (:C?;’@ — BA) " 'golleo by separately estimating the
contribution of each of the six terms on the right-hand side of (5.10.20b).

To obtain the L*° estimates we repeatedly use the following Sobolev embedding
inequality

lvolles < llvolly? v 13> (5.10.21)
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Writing (U +iA) = (U —v) + i we obtain by (3.1.84)—(3.1.85) (for u < 0),
(3.2.1a) (for u > 0), and (3.3.35), that

IZ5® =BT (U + i) (—f + 6" (D)o
< C(B™ 4 u* B + s B (£ 112 + 10" (D 12112)-

—1/2

Since —po < u < YB , we obtain

£ =BT U + i) (—f + 6" (DD)lloo < CB*(U £l + 16" 1]2).
(5.10.22a)
Using (3.2.1a) and (3.2.1b) we obtain, recalling that, for |v — U(0)| < kB2, we
have x, < CB~1/4,

125 = BT (U ¥g) oo
= (€5 = VIV (x) + (U'(x) = U'(x,))i oo
< C (0B 4+ B75) |05 < CB¥ U5 l2. (5.10.22b)
By (4.6.3) and (3.2.1a) we have
I(2g® = B0~ (¢" (U ) oo
= (€5 — 1)~ (U () + (U" () ~ U] o
<C (B + BB - 0T ]2) "D
By (4.2.10), (4.2.16), and (4.6.1) it holds that
(1= x)* |2 < € Az IH20 gmOr2h/e, (5.10.22¢)
Using (5.10.22¢) with k = 1 yields
I3 = BA™' (@ (DU D)oo < CB 9" (D). (5.10.22d)
For the next term we use (3.2.1a) and (3.2.1b) to obtain that
(£ =BO U (" (DY —¢"] — i0)llo <CB* (¢ ()T —¢" 2+ i)
We then use (5.9.4) and (5.10.17) to obtain that
I3 = BOT U (19" ()T — ¢"] = 59) oo
< R 2BT4 £l + (Y3334 + B3 g (1)
+ (15 +T2)¢|12]. (5.10.22¢)

As by (5.4.6) .
")y —¢" — o = ¢,
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we may also write

I3 = BV U (19" ()T — ¢"] — i) lloo = (L5 — BA) U 0?0
< &3 = BV @[ (x0)]lloo + (£5° = BVTU 0 [$ — §(x0)] oo

Then we use (3.2.1a) and (3.2.1b) together with Hardy’s inequality for the second
term to obtain,

I = BT U oo < Ca®B2(Ip(x0)| + B7/8]¢/112).  (5.10.226)

In the sequel we use (5.10.22¢) for @ > B'/8 and (5.10.22f) for & < B1/8.
We estimate the next term as in (5.10.22a) (as |[U® (x)| < Cx):

25 = B QU)o < € B892 (5.10.22¢)
Finally, we estimate the last term as in (5.10.22¢):
(£ = BT QUDP) 0o < CB2(1p(x)| + B2]I¢/I|2).  (5.10.22h)
Combining (5.10.22a)—(5.10.22h) then yields

lvolle < C[B*y(@ B £ 112 + B 410" (DI HIEI + B4 + B3 155112

+(BYI R+ BT 2 g () [+ (BB 5+ 87N 2], (5.10.23)
where
1 a < pY8,
y( p) = {T—s/zﬂus o> BB,

Substituting (5.10.13), (5.10.16), (5.4.19), and (5.9.4) into (5.10.23), yields, with the
aid of (4.6.5)

lvolleo < B~ *y(a. B)IIS 112
+ (BYT3 3% + B2 g ()| + (Bl + BTV o

By the assumption on 4, we may finally conclude

lvolleo < C(y(a, B4 f 12+ B7V* + ul2BY811p112 + (8712
+ 1338219 (x,)). (5.10.24)

Step 6. We prove (5.10.2) in the case jt > —juo and o < oo f'/%.
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Step 6a. Preliminaries. We continue as in the proof of [3, Lemma 8.8]. We first write,
asin (5.4.31)

¢ =do + b, (5.10.252)

where
¢o = Ao, ¢ =—ATL (U +iM¢" (DY) = —¢" (Dgiap. (5.10.25b)

By Propositions 2.8.1 and 2.9.1, there exists (sufficiently small) C > 0 so that we can
use (2.8.47), for || < C x2, and (2.9.14) for || > Cx2, both holding for sufficiently
small s1o. Hence, we can conclude that for any pair (7, ¢) € Wh2(0, 1) x D(Ayq)
satisfying v = ,A)A,aqg,

U
U +ik

ol = (1126, s )|+ o -0 ). s026)

We apply the above inequality to the pair (—(U + iA)¢”(1)¥, $) to obtain
B(x0)[> < Clo" (D] (1. ¥)| + xul¢”" (D1 = x) /29 [F).
Given that QVS (1) = 0 we write
(. )] < 119/ ll201(1 = )29 [y < C[IAIBT>*[1¢ 2. (5.10.27)
to obtain, with the aid of (5.2.2) and (5.4.31),
(6. )] < 119/ l1201(1 = )29 [y < C[IAIBT> 4114 1. (5.10.28)
and consequently it holds that
6> < C (B¢ l2le" (D] + xu 721" (VD). (5.10.29)
Combining (5.10.29) with (5.10.13) yields
)P < C (121112 + 20 (B2 fll2 + [ (x)| + B8 114']12))
< (BTN £ll2 + o (e + BB ]12).

Since g -
12118 2l eo)| < CE2 (el 1113 + 8216 (xo) )

1/4

for any § > 0 and x,, < C8~"/%, we can conclude that there exists C > 0 such that

forany § > 0

pCx)| < C (71l + BV 12 + Il 2]
+ @G+ BTN + o)l + 8787781 f1I2). (5.1030)
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By applying to the pair (¢, vo) (2.8.65) for U(0) — kB2 < v < U(0) —
Kol ], (2.9.29) for U(0) — ko min(|u|, B71/2) < v < U(0) + ko min(|p|, B~1/?), and
(2.10.12) for U(0) + ko|p| < v < U(0) + koB~1/2, we obtain that

max(xy, |u|'/?)

IRy

With the aid of (5.10.24) we then obtain

max(x,, [|'/?)
lpo(xy)| = C (1 + log |MU|—1/2>

x (y(@, BB S a4+ 1B+ 1 2B 3Nl 2+ 18724+ 1B B30 p (x0)),
(where 4 is given by (3.3.20)), from which we conclude by (5.10.25) that

max (x,, [u|'/?)
prldo ()| < C(l + log |Mv|—1/2)

x (Y, )B4 f Nz + B~V + 1 2BV 12 + ¢ 2]
+ (B2 1 130 13 (k)] + g (x)]]).  (5.10.31)

Combining (5.10.30) and (5.10.31) yields,

~ max(xlh |/’L|1/2)
Bl + Ipts)] < € (1+ log MEEL )

x ([B7Y24 + 1338316 1 811G (xo)] + [po (x0)]
F BV 1PBYE ST 218 N2 + s o]
+y(@. BB f1l2). (5.10.32)

Step 6b. We prove the existence of T > 0, o > 0, and B¢ > 0 such that (5.10.2)
holds for Y171 < < YB™ V2 or —po < . < =Y 1871, with B > Bo.

Let 12
s max(xy. [1]"/2)

where § > 0 is independent of .
Note that for 87! < |u| < x2, we have, for any s > 0,

|1/ \s max (xy, ||/?)
( - ) (1 + log Iul—l/z) <G, (5.10.33)

The above inequality implies (with s = 1), since x, < CS~
such that for all 8 > B,

174 the existence of Bg > 0

§7 Y|V < cpTVA. (5.10.34a)
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Furthermore, (5.10.34) with s = 1/2 leads to

max (xy, |p['/?)

(1410 == 7

)Mi/sﬁ3/16 < Cul/Bxl/2B316 < V3, (5.10.34b)
and with s = 1/12 to

max(xy, [1l1/2)Y - - A g
- )BT < G |2y = CpHAE,

|| 1/2
(5.10.34¢)
Hence, we obtain from (5.10.32) and (5.10.34) that, for sufficiently small T, 3, and
o and sufficiently large By,

(1 + log

max (x,, || /2)
|/ )
X (y(c, BB/ flla+ 1874 + 12 BB+ 11 216 2+ 19 l12]). (5.10.35)

Next, we apply (2.8.1b), for U(0) — ko2 < v < U(0) — ko], (2.9.1) for U(0) —
iomin(| |, 7/2) < v < U(0) + Ko min(| |, B7/2), and (2.10.1) for U(0) + k|| <
v < U(0) + koB~"/2, for p = 400, to the pair (¢, vp) to obtain that, for |u| >
g

$e)] + g (n)] = € (1 +log

max (x,, |p|'/?)
|| 1/2

Note that while applying (2.8.1b) we have, since x2 > % || in this case, that

(1+ log Yol < Clut™* v oo (5.10.36)

llog =451

Ll o
Xy

Then (5.10.24) and (5.10.36) yield with the aid of (5.10.25a),

max (xy, [u]'/?)

e )" (1™ v B 1 1
+ (7B B 2 + 19 l2]
+ (B2 4 BB + o). (5.1037)
Substituting (5.10.35) into (5.10.37) yields
¢l < C(1ul™*y(@. BB fII2
+ [T A BV VI 2+ s la]). (5.10.38)

We now use (2.9.13) for the pair (¢, ¢”(1)(U + i X)¥), together with (5.10.28)
to obtain that

g2 < € (1+ log

I1§'1l2 < C AIBIIT**19” (1)) (5.10.39)
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Using (5.10.13), we deduce from (5.10.39) for sufficiently large Bo

19'1l2 < CUISxn)| + [ ()] + BRI 12 + ¢ ll2] + B8] £1I2)-
(5.10.40)
We then obtain from (5.10.35)

max (x, |[/?)
|| 1/2 )

x (@ BB f A+ 1B~V 4+ 1 2B+ 1 211 12+ Ippll2]).  (5.10.41)

1'll2 = € (1 + log

To obtain the coefficient of || £ ||, we set s = 1/21in (5.10.33) to conclude for |p| < x2

max (xy, |p]'/?)

T

) = Cxlf2uV < CATH Y < Clu

Hence, combining (5.10.41) with (5.10.38) yields

19112 + llgll2 < c(mr““y(mﬂ)ﬁ—”“nfuz

max (x,, |1£|'/?)
|| 1/2

Hence, with the aid of (5.10.34), we obtain that there exist Y > 0 and B¢ > 0 (so that
Y + By is small enough) such that for either T™1871 < u < YB~V2 or —pp <
w < —=""1871 we have

19'1l2 < C w4y @. BB~ fl2 < Cy(@. BB Y2 flo.  (5.10.42)

Combined with Poincaré’s inequality (5.10.42) yields (5.10.2).

In the next step we use a shifting argument and hence it is necessary to obtain
first an estimate for ||¢” — a?¢||». By (5.10.35) and the first inequality of (5.10.42),
we obtain that

" [ﬂ_1/4 4 M:./Z,BI/S + |M|1/2](1 + log )[”5,”2 + ||¢/s)||2])-

¢ (x0)] < [p(x)| + [po ()| < Cy(a, B> *1og B £ 2 (5.10.43)
Substituting the first inequality of (5.10.42) and (5.10.43) into (5.10.15) yields
5oz < C yla. B)(B~>2log B+ |ul~*B72) || f]I.. (5.10.44)

Consequently, by (5.4.6), (5.10.13), and (4.6.5) we obtain, from (5.10.42), (5.10.43)
and (5.10.44),

[¢" —a*¢ll2 < Cy(. B)(B™/*log p + [l *B75) [ fll2. (5.1045)
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Hence, we have proven, under the additional condition that o < 1/8 that there exist
Y > 0 and By > 0 such that for all B > B¢ and either Y™!87' < u < YB~Y2 or
—po < p <=1

19" —a?¢ll2 < C[B~*1og B+ |ul* BT £ 2. (5.10.46)

For o > B1/8 (5.10.45) is deficient (in this case y(a, 8) = Y ~5/281/8) hence we
use (4.5.4) (with v = ¢” —a?¢ and f replaced by f +iBU"¢) instead of (5.10.13),
to obtain that

9" (D] < CB7* Il + B~ 1l2)-

Then, with the aid of (5.10.44) and (4.6.5) we establish (5.10.46) for & > B1/8 as
well.

Step 6¢. We prove (5.10.2) for || < Y1871, where Y > 0 has been determined in
the previous step.
Here, we use a shifting argument. We begin by writing

By ior-ipg-14¢ = [ +2077 (@ — ), (5.10.47)

and observe that A ;= A + 2Y 187! satisfies the assumptions of Step 6b. We then
have by (5.10.46), with A replaced by A,

l¢" =l < C(B™% + a7 4B )9" — @l + 11/ l2].

Consequently,
l¢" — ¢l < CBEN £
We now apply (5.10.42) to (5.10.47) to obtain, with the aid of the above inequality,

16'2 < Cy(@. BB (1 /112 + 19" — &?¢ll2) < Cy(@. BYB?1 f 2

Combining the above with Poincaré’s inequality yields (5.10.2).

Step 7: The case ju < —jio. Here, we use (4.4.3), applied to the pair (¢” — o?¢, f +
iBU"¢), and (1.1.7b) to obtain that

16" (D] < CB 1l + B2 fl2)- (5.10.48)

We then use (2.11.1) for the pair (¢, ¢”(1)(U + iA)¥), together with (5.2.2) for
s = 1/2to conclude
18l < C [ABI7>*1¢" (D). (5.10.49)

From (5.10.48) and (5.10.49), we obtain, with the aid of Poincaré’s inequality, for
sufficiently large B¢

4l < C (B~ *dll2 + B4 £1I2). (5.10.50)
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To estimate ||¢’ ||> we apply (2.11.1) to the pair (¢, vp) to obtain
Ipsll2 < C vslla- (5.10.51)

We use (5.4.7), (5.10.48), (5.4.19), and (3.1.85), applied to the pair (vp,ifU" ¢ —
f + ¢”(1)g), to obtain, that

i ll2 < C 7282191l + B0 f1I2)- (5.10.52)

By (3.1.84) applied to the pair (v, go) and (5.4.4) it holds that

C A ~ ~ 1
lvoll2 < — (A+ 1Dl fll2+1¢" DIE2) + 105 2+ [Toll2+ 16" 12+ 4 11.2)-

~ Blul
(5.10.53)
To bound ||¢” |2 we use the identity
16”113 + 14115 = (¢, ¢" — o), (5.10.54)
to obtain, with the aid of (5.4.6),
16”112 < 5ol2 + 16" (D] 1¥]2- (5.10.55)

Consequently, we obtain from the substitution of (5.4.19), (5.10.52), (5.10.55), and
(4.6.5), into (5.10.53)

lvollz < C(B7211¢" 2 + 7111 12)- (5.10.56)
Next, we apply (5.10.51) and (5.10.56) to obtain
¢l < Cllvola < C(B721¢' 12+ 8711 /112).
Combining the above inequality with (5.10.50) yields
19"ll2 < C B~ £ 2. (5.10.57)

The above inequality, combined with Poincaré’s inequality, completes the proof of
(5.11.2). n

5.11 Resolvent estimates for ~1/2 « U(0) — v < U(0) — U(1/2)

We now consider the case where /4 « x, < 1/2. More precisely, given some

positive YT and v; < U(1/2), we consider for suitable v, > 0 and B¢ the zone
(A.a.B) € CxR2, B > o, < YB~V/2

Ci1(vi, v, T, 0, =
12, e fo) {wfvfU(O)—vzﬂ‘”z,OEafmﬂl“

}, (5.11.1)

for some sufficiently small oy > 0.
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Proposition 5.11.1. Let U € C*([0,1]) satisfy (2.1.3). Let further vy < U(1/2) denote
a positive constant. Then, there exist T > 0, a1 > 0, Bo > 0, v > 0, and C > 0, such
that for (A, a, B) € €1(v1,v2, Y, a1, Bo) it holds that

d
(B + Hd—x(ﬂi’fﬁ,)—l H <C B V?logp. (5.11.2)

Proof. We refer to the notation introduced in (5.4.2)—(5.4.7) for vp, Vp and go.

Step 1. We estimate U5 and 5’9 in L2 for ;1 > —/u, for some, sufficiently small,
Mo > 0.
For the convenience of the reader we repeat here once again (5.4.8)

MU "o, (L5 — Lo +iBU"$)
= [I(U") 205013 + MU e, Vp) — BrllTol} + BR(P" (). id).
As in (5.10.12) we obtain that
BR(Y" ()Y, ig) = —=CB>*1¢" (D|(ITp]l2 + B4 ]12). (5.11.3)

Let x,, be defined by (2.4.5). Since by assumption we have x,, > Cvé/zﬁ_l/“ it holds
by (5.9.1) that, for sufficiently large v,

6" ()] = C(B7 x| f |2
+ B12x; M log(BY4x,) g (x)| + B2x, (¢ 2). (5.11.4)

For a > B1/6 we use (4.5.4) for the pair (¢” — a2¢, f + iBU"¢) to obtain, with the
aid of Poincaré’s inequality, that

19" ()] < Ca™ 2(BY2|1¢/ 12 + B2 £ ]12) (5.11.5)
By substituting (5.11.4) into (5.11.3), we get
BR(@" (DY, id) = —C (B7V*x,V2||¢ll12 + x; Hlog(BY*x,) | (x0)]]
+ B2 ) (I 2 + B22116']12). (5.11.6)

Next, by (5.4.7), (5.4.19), (5.11.4), (3.1.3a), and (3.3.10), we obtain, for the parameter
range set in (5.11.1), that (compare with (5.10.15))

[oll2 < C (x; 9" ll2 + BY6x, %0 lp(x)| + [Bx] 22 f12).  (5.11.7)
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Substituting (5.11.7) together with (5.11.6), (5.4.19), and (5.11.4) into (5.4.20) yields,
with the aid of (5.4.7)

S LA
< (x5 M0z + BY x> 1 (xu) | + [Bx) 11 £ 12)
< (ILf Nl + BY4x; 1219 12 + BY4x; M log(BY/4x,) 1 (x,)])
+max(1, 1B) (x; ¢ ll2 + BYOx7 501 (x| + [Bx] 2211 £ 2)°
+ (B2 M2 + xy  log(BM 4 x) g ()] + BI12x 56 £ 1)
x (I l12 + B3¢’ 112).

Hence,

1 ll2 < C[(BYE + 1/2B82)(x; 19 12 + B0, 56| (xu)])
+ B2 U4 s + BTVEN £ 112)- (5.11.8)

Step 2. 'We prove that

lg” — " (D)l
< C (I9oll2 + B~ 12x, %8 £ 12 + B7V2x,  log(B4x,) |9 (x0)]). (5.11.9)

Step 2.1: Prove (5.11.9) in the case 0 < a < B'/®. We write, as in Step 5 of the proof
of Proposition 5.10.1 and with the aid of (5.11.4) and (5.2.2) (with s = 1/2)

(" (D, a2)| < &2|¢" (D] I(1— )2l 19112
< Ca? (B2 750 £ 112 + B4 [x; Mog(BY4x,) | (xy)]
+x, 219" 120) 1912 (5.11.10)
Substituting (5.11.10) into (5.10.18) yields
lg” — ¢" (Y13 + o293
<[ =¢" + "WV |2 |9ll2 + Ca? (B35 £
+ B4 Mog(BY 4 x0) 1 ()| + X, 1219 [12]) 1|12

For sufficiently large B¢ we then obtain, as x, > f~1/4,

lp” — ¢" (¥l
< C (I9oll2 + a(B71312x,5/8|| f1lo + B74x, M og(BY4x,) [ (x0)])).-

For @ < B/6 (5.11.9) is readily verified.
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Step 2.2. We prove (5.11.9) in the case B/ < a < a1 /3. In this case, we obtain,
instead of (5.11.10), with the aid of (5.11.5) and again (5.2.2) (with s = 1/2) that

" ()Y, o) < Ca®2 (B4 flla+ B4/ 112) 142

Substituting the above into (5.10.18) yields, as above

16" = ¢" (DT ll2 < Cllooll2 + B7/I1f112).
Consequently, (5.11.9) is valid also for /¢ < a < oy 81/3.

Step 3. We estimate vy in L™ for u > —po. Let vg be given by (5.4.2). Recall that
by (5.10.20) (£g — BA)vp = go. To obtain an estimate for ||vp || We begin, as in
Step 6 in Proposition 5.10.1, by rewriting (5.10.20b) as the sum of five terms:

go =[(U —v)(—f +¢" ] + [in(—f +¢"(1)2)]
— 20U = U' ()] + [22U" (x0) i — U ([¢" = ¢" (V] + To)
—2U0®¢' —UWg] - [U"¢"()Y]. (5.11.11)
We separately estimate the contribution of each term on the right-hand side of equa-
tion (5.11.11), using the interpolation inequality (5.10.21). For the first term on the
right-hand side of (5.11.11), we apply (3.3.35) with f replaced by — f + ¢” (1)g. For
the second term, we use (3.1.3a), and (3.1.3b) with p = 2 (both valid for sufficiently
large v,) for —B71/2 < < YB™/2 and (3.1.84)—(3.1.85) for the case u < —f /2.
For the third term we use (3.3.10) and (3.3.11). For the fourth term we use (3.1.3) to
obtain

IEF = BA U (x0)i) oo < € xu[Brs] 72| T 2
Finally, for the fifth term we use (4.6.3) as in the proof of (5.10.22d). Combining the
above yields for x, > Cué/zﬂ_l/“
lvolleo = C [B2 4 fll2 + 10" (DI 12112)
+ [Bx] 72 (16lh2 + 19" — ¢" (D [l + [190]l2)
+ 720,20 ll2 + 7" (D],

Using (5.11.9) we then obtain
lvolleo < C B4 /12 + 16" (D] 1]2)

+ Bl 2 (g2 + 0oz + B~V 12x;  og(BY4x0) |9 (x0)))
+ B2 25112 + B (D] (5.11.12)

For the estimate of |05/, we use a combination of (5.9.4) and (5.11.7).
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Let X, := X, (Y, B) be defined by (5.9.2). Then, there exists Y > 0 such that

[YS/2B714) fllp+ (X383 032 83/16) | (x,)|

lisll2 < € +wV2+T%“%wn] Xy < Xy,
(M 19 N2 + BY6x > 0 lp ()] + [Bx) 2311 £ 1I2) otherwise.
(5.11.13)

Thus, we set
1 x, > Xy,

V(xv,fu) = {

0 x, <Xy
Substituting (5.11.4), (5.11.8), (5.11.13), (4.6.5), and (5.4.18) into (5.11.12) yields
lvolleo < € (B7/8(x2/? + Y3287V £

[y (o, K )BT Pxg 43 g2 3 M2 161316 ()|
v — — — 1/2 —
F [y (o, %) BV 2032 4 B3 2 4 g2 A L 1212 g ).

(5.11.14)
We now obtain an estimate of |¢ (x,, )| (see (5.11.18) below).
Step 4. With, as in (5.10.25)
¢ = o+, (5.11.15)
¢o = AL hvo; ¢ =—A LU +iM¢" (DY) (5.11.16)

and
C(v1,v2, Y, a1, Bo, ko)

- {(,\,a,ﬂ)efl 10©) = vl

Ko

B2 <|ul <Y V2or -

<p< —Tﬂ_l/z},
(5.11.17)
we prove that there exist C > 0, Yy, and Ko such that, for 0 < Y < Y and k¢ > Ko,

there exist ¥, = V2(Y, ko) and Bo = Bo(Y, ko) so that for v, > 7, and (A, @, B) €
€(v1,v2, Y, a1, Bo, ko) we have

16(x0)] + P (xy)]
< C log(|u|™"2x,) (IB™Y* + y (v, 3,0 B7V2x73% 4 125712119 |12
+ 782+ YT fl2). (5.11.18)

By (2.8.47) applied to the pair (¢, ([U + i A]¢” (1)¥)), which holds for (A, a, B) €
€y (v, v2, T, a1, Bo, ko) When vy > Yko, (5.11.4), and (5.2.2) for s = 1/2, we
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obtain that

[p(xu)] < C x}2|g" (D11 — )Py
< C (B¢l + B4, 2 1og(BY4x,) 16 (xy)|
+ B2 B3 £ 1), (5.11.19)

By (5.11.14) and (2.8.65) applied to the pair (¢, vp), we obtain that
o ()] = C log (i ) (B3 (x}/2 + T=52p715:12) 1,
|l /2

A+ [y Coo, X) BTV 43 4 pS1240 13y 2 B0 T3 ()|
+ [J/(Xv,??u)ﬂ_l/z —-3/2 + ,3_3/8xv_1/2 + 13—7/24x3/4
+ 12Xl 2)-

Combining the above yields, using the fact that /4

16 (x0)| + o (x))]
< C log(|ul™2x) (B4 + y(xw, 300872072 + 1 2x72) 14|12
+ [B7 42 log(BY 4 x,) + y (0, %) B, 42
+ ,3_5/24xv_1/3 + [,L_I}_/Z,BI/GX‘)_I/3]|¢(XV)|
+ BTN xS UE T2 ). (5.11.20)

< xy < 1 and that |u| < o

We proceed by showing that the coefficient of |¢(x,)| on the right-hand side of
(5.11.20) can be made arbitrarily small by choosing v, sufficiently large. We separ-
ately bound each term in the brackets.

For the second term we first observe that for x, > Yju

1/28-1/2 e have

log(|u|™"/2x,) B~13x,41% < log<T—1x5ﬁ1/2)[ﬂ1/2x5r2/3
< [log(x2B"2) +1og(Y™H][B"/2x2 7% < C[v;'* +1og Y710, ).
Furthermore, for B¢ (kg) large enough and (A, o, f) € €3(v1, v2, Y, a1, Bo, ko), it
holds that
lul~2x, < B. (5.11.21)

-1/8

Hence, for x, > , we have

log(|e| ™ 2xy) BT < B0 log (Il 2xy) = CBTHC log B,
Combining the pair of estimates, we obtain

log (||~ l/zxv)y(xwxu)ﬂ 3x _4/3 <C( ;18 +10gT 3+,3_1/610g,3).
(5.11.22)
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For the third term, we write, assuming that v, Y > 1 (which implies ,u;l/ 2x,, >

L0)>YV2 for (A, B) € €5 (v1,va, T, a1, Bo, ko)),

|—1/2 1/2ﬂ1/6 2Xu]_1/3,ui/3,31/6

= log(|u| ™" 2x,) [
< Clii/3/31/6 < crl/3

log(|p|™“xv)p

For the first term we obtain with the aid of (5.11.21)
log(||~"2x,) B~ 4 x; log(B'*x,) = CB~'/% log? B.

‘We can now conclude (5.11.18).

Step 5. We prove that there exist C > 0, Yy, and k¢ such that, for 0 < T < Yy and
Ko > Ko, we have for some 7, = 1, (Y, ko) and Bg = Bo(Y, ko) that, for v, > D, and
(A, a, B) € €(vy,v2, T, a1, Bo, ko), (5.11.2) holds true

We first use (2.8.1b) (which holds (A, «a, B) € €,) applied to the pair (¢, vp)
and (5.11.14) to obtain that

Igoll2 < € log(|ul™2x,) (B7>/8(1 + Y=/287V8x | £l
[y (0, X) B3 V6 /2450516 4 1y 2 B1/6 510 gy (x|
O, X B V2x02 4 B33 4 T2 1/4+M1/2

2)-

(5.11.23)

Using (5.11.22) (which holds for (A, a, B) € €,), and the fact that 7'/* < x,,
we write

1og<|u|—“2xv)y(xv,mﬂ—“z -
< CBVox 2R3 (10" +10g Y7103 %% + p~1/01og B)
< C(v;* +log Y1y ! +ﬁ‘1/6 logﬂ). (5.11.24)

Substituting (5.11.18) and (5.11.24) into (5.11.23), we obtain the existence of C > 0
and B¢ > 0 such that for all 8 > ¢ we have

lpllz < € (log(|ul™2x) B~ 211 f I

+ [B7Y0x 23 4 7B 1og B4vy P H10g T YA (16112 + (1 l12])-
(5.11.25)

Note that in the proof we repeatedly use the inequalities

(™2 x,) 72 log (||~ 2x,) < 1 (5.11.26)
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(which holds since |u|~1/2x, > 1 for sufficiently large v,), %vzl/zﬁ_l/“ <x, <1

(which holds for some C > 0), 4 < YB~'/2, and (5.11.21).

We now apply (2.8.46) (which holds for (A, &, B) € €, with sufficiently large v5)
to the pair (¢, ([U + iAl¢” (1)), (5.2.2) for s = 1/2, and (5.11.4) as in (5.11.19)
to obtain that

912 < C (B7V*x; 211412 + B~V 4x; M ¢ (xo)| + B7312x57C £ 1)
(5.11.27)
By (5.11.21), (5.11.18), (5.11.24), and (5.11.26) we have

16 (x,)| <
C({B~V*1og B+ x12[B7 0 log B+ v; "> + v log Y™ + YV/4B71/8Y 14|
+log(||72x,) B8 52 £112).

Hence, for s > 1/2, we have
B4 o ()] = CLW 27 + 1971397
+ B8 10g BY20, 12| £ 1] (5.11.28)
By (5.11.27) and (5.11.28) for s = 1, we obtain

19’2 < C(B™210g Bl fll2 + B34/ ]12)- (5.11.29)

Combining (5.11.29) with (5.11.25) yields if (A, o, B) € €5(v1, V2,21, Bo, Y, ko,)
that there exist positive 8o and C such that for all 8 > B¢ (the reader is referred for a
precise description of the parameter space to the statement of step 4)

19'll2 < 1¢'1l2 + ¢l < CB™ 2 10g Bl £ 2. (5.11.30)

Together with Poincaré’s inequality, (5.11.30) implies (5.11.2) under the assumptions
of Step 4.

To prove (5.11.2) in the next step for || < B~2, we need to obtain an estimate
of ||¢” — a?¢|» under the present condition on . By (5.11.28) for s = 5/6 and
(5.11.30) we obtain under (5.11.17) that for some C > 0 (here and in the sequel the
explicit dependence of C = C(kg, Y) on (kg, Y) is of little concern)

X 0p () < CB log B £ - (5.11.31)
Substituting (5.11.30) and (5.11.31) into (5.11.7) yields that

[oll2 < CB~Y*10g B fl2-
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Consequently, by (5.11.4), (5.4.6), (5.11.30), (5.11.31), and (4.6.5), it holds under the
assumptions and conclusions of Steps 4 and 5 that

lp” — a?¢ll2 < 5oz + 9" (D] ¥l
< CB7V8x, B4V  log(x, B *) log BI £ |12
< CB7 B log Bl £ |- (5.11.32)

Step 6: We prove (5.11.2) for || < B~2. We begin by writing as in (5.10.47)
Briop—20d = f +2671(¢" —?9), (5.11.33)

Hence, by (5.11.32) applied to the pair (¢, f + 2871 (¢” — a?¢)) with A replaced by
A + 2872, we have

I¢" el < C(B~* log Bll¢" — o[l + B~/ log B f |2).

Consequently, we obtain that

" —a?pla < CB~YE10g B f |2

We now apply (5.11.2) to (5.11.33) to obtain

gl < CB7Y210g Bl fIl2 + B 9" — @ ll2).

Hence,

19"l < CB7/10g BII f -

Step 7: We prove (5.11.2) in the case —pi9 < u < —%())_v. We note for below that,

under the above assumption,

Il > —— C( S vi2g=1iz, (5.11.34)

In this case, we can apply (4.4.13), by (5.4.13), to the pair (¢ — a?¢,iBU"¢ + f),
so that the L estimate is applied to iBU" ¢ and the L? estimate to . We obtain

19" (D] < CB2 I fll2 + B2 ™2 [1d o).

Hence, by (2.9.13) applied to the pair (¢, ¢”(1)(U + i X)) (see (5.10.27)) together
with (5.2.2) for s = 1/2 and (5.11.34), we obtain

I9'1l2 < CArI>* B4 f 2 + B~ * 117 2| lloo)
<CETEIS N+ v, 419 112).
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From the above we conclude, using Poincaré’s inequality, that for v, large enough
18112 + IB)] < CB1 £ ll2 + vy g ll)- (5.11.35)

We next use (2.9.29) for the pair (¢, vo) (see (5.4.31b)) to obtain from (5.11.14)

lpo ()| < Cllvolles < C(B"E1fll2 + B7*1¢ 12 + B~ 81 (x,)])

which implies for 8 > By with B¢ large enough
B (xu)| < C(B™BI £ 12+ B7V4|¢ 12 + B~V |p(x1)]). (5.11.36)

In the sequel the explicit dependence on (kg, Y') is of little concern to us and is there-
fore omitted.

Similarly, we obtain, using (2.9.1) with p = 400 for the pair (¢, vp) and
(5.11.14)

dsll2 < Clul™* vl
< Cvy BBV (B3| flla 4+ B4 N2 + BB 16 (x0)).-

Using Sobolev embedding for ¢5, we obtain for sufficiently large v,

Ipsllz < Cvy B(B™21 £ 2+ B~V |2 + 16 (x)]).- (5.11.37)

We now continue as in the derivation of (5.11.30) to obtain by (5.11.35), (5.11.36),
and (5.11.37) for v, and B large enough and 8 > B

19'll2 < 16'1l2 + ¢l < CBT2[ f 2. (5.11.38)

Step 8: The case . < —po. The proof of Step 7 in Proposition 5.10.1 furnishes
(5.10.57) without any modification. Making use of Poincaré’s inequality we then
establish (5.11.2). [ ]

5.12 Large d(3A, [0, U(0)])

In the following we consider the case where v lies outside the interval [0, U(0)]. We
consider two different regimes.

e We begin with case v — U(0) > p~1/2.
«  We then continue by assuming 8/3(—v) > 1.

We begin by introducing for some positive constants oo, Y, S and «; the zone

(o, B)€C xR2, B> By 0<a 50!0,31/3}

Fi(oo, Bo, Y, k1) :=
w<YBYV2 U®©) + K7V <v
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Proposition 5.12.1. Let U € C*([0, 1]) satisfy (2.1.3) and a9 and Y denote positive
constants. Then, there exist Bg > 0, k1 > 0, and C > 0, such that, for (A, a, B) €
F1 (Ol(), /30, v, K]), it holds that

(B~ + H; (B0 1H <cp~'/2 (5.12.1)

Proof. Step 1 For positive A¢ and @y, we prove that for x; and Bg large enough,
(5.12.1) holds true under the additional conditions that |A| < A¢ and « < &@yB'/*.
Let f € L2(0.1) and ¢ € D(B}',,) satisfy

Byd = f. (5.12.2)

Taking the scalar product of (5.12.2) with
the imaginary part

- ‘(Ujyf 7% f> = m((Ufm)”"f’”> +°‘2%<(Ufm)/’¢,>

HA(19R +eloi3 + (0 0 0)). G23)

T +l T+i1> and integrating by parts yields for

By (2.1.3) we obtain the following auxiliary estimate, which we repeatedly use in the
sequel

@y S —(n—n/2)
” (U—’_Z)L)m H HWHMSCU Vm€R+, VnE[O,Zm],
(5.12.4)
where
b= v—U©) > 0.
As
d) 7 ¢/U/ d)// ¢U// ¢(U/)2
—) ==-2 — 2 5.12.5
<U+i/\) Ui tusma " wxie Trw sy O

we need to estimate four different terms to obtain a bound for the first term on the
right-hand side of (5.12.3). We begin by writing

(@) <l
to obtain by (4.6.5) and (5.12.4)

(e

" (7).

?" - 9" ()P + ((m

<Cv2(llg" = ¢" (WPl + B7410" (D)) I¢'2-
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The contribution of the second term on the right-hand is obtained as follows:

e

T ?) s Tl 13 < CvH (I — ¢ (Y3 + BTV (1)?).

To obtain an estimate for the contribution of the third term on the right-hand side of
(5.12.5) we write

ot

<yt 1)t "
SR <CV (U +id) ¢l "]

<G W + i llllg” — " (WPl + B 48" (D).

A similar estimate is obtained for the last term on the right-hand side of (5.12.5) by
using (5.12.4) withm =2,n =2, i.e.,

M) )
< o7 (9" = 9" (WPI3 + 8721 ()P

| P P VY (A SO R A )}

from which we conclude that

M(U f ; A)N#’”) =7 (19" = "3 + B2 ()2
2L ieR). e

For the second term on the right-hand side (5.12.3), we use (5.12.4) to obtain

2|~ ¢ "y 2v—1/2 ¢ C 12 4 /
Pl ) ) 2 (], - 52
Finally, as U” (x)(U(x) — v) > 0, we can deduce that
N ,¢)> min |U" D . 5.12.8
(i) min 00| 55, 6.128)
Substituting (5.12.6)—(5.12.8) into (5.12.3) yields
M2 L 212 L ¢ 2 -1 ¢
1915 + 2915 + 5 5 | = 87| sz L 11
+ 07 (Ilg" =" (V15 + B 21" (P + 5" +e?]l¢'113)

+@ gl
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From the above inequality we conclude, for sufficiently large «; and By,

I+ 57

< CB2Nf a4+ 072197 = ¢ (DYl + BT (D] (5.12.9)

Clearly,

(L5 — BA)(=¢" +a’p) = [ +ipU"$,
where 3, is given by (4.7.1). For sufficiently large «;, (4.2.1) and (4.2.2) hold and
since 1 < YB~Y/2, we may use (4.2.4) here to obtain

19" ()] < CB™V35712| £ l2 + BY207 124/ |12). (5.12.10)

Substituting (5.12.10) into (5.12.9) yields for sufficiently «; and B¢

/ ~1/2 ¢ —-1/2y1/2 N=1/20 411 411 >
192+ 52| Gz |, < CBT IOV N + 5729 = 9" (DT ).
(5.12.11)
To estimate ||¢” — ¢” (1) ||» we set (see also (5.4.2)—(5.4.7))
Ulld) R Vo
bo = —¢” + a? ")y = : 5.12.12
bo = ¢ +a’p + e H 9P = (5.12.12)
A simple computation yields
(£53° - Ao = h, (5.12.13a)
where U
"
h=—f-— "(1)g. 5.12.13b
f=(grg) +e'me (5.12.13b)

By [16, Theorem 1.3], which can be applied to the even extension of ¥ and 4 to
(=1, 1), it holds that
9ol < CB~?|h])2.

Hence, using (5.12.4) and (4.6.5) yields, as ||¢” |2 < ||¢” —¢" () |2+ |¢” (D |V |2,

loollz = CB2(If 2 + 16" W I2ll2 + 77" 19" = ¢" (DT |2

“14147(1)] + 9732 ¢! “—IH ¢ H . (5.12.14
BT W+ + 57 g ], (1214
Consequently, by (5.4.19) and (5.12.10) it holds that
(Y P Cﬂ‘”z(llfllz + 07 ¢" =" (DY |l
v=3/2 | ~—1/201/4\|| 4! v—1H ¢ H 512.15
T T2 + 57| g |- (G1219)
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By (5.10.18), it holds that
16" — 6" (Y13 + ?(14'13 < CITo 13 + o?[¢" (D] ¢ [21(1 = )9 1)
Here, we recall that
U//d)
U+
Using (5.2.2) and (5.12.10), we may conclude that for sufficiently large «, it holds
that

~ A

UV = UV®

(5.12.16)

I¢” = #" V15 +el1¢'13 < C (I3 + B~/ 574 £13).

Then, we obtain from (5.12.12) and (5.12.16) that

Y/ 1 > <C ~ H d) H —5/4 .
19" 9" il = (Il + | gz |, + 87 1712)
By (5.12.15) we then obtain for sufficiently large k;
16" —¢" (DT Il2
<c(gV2 v—3/20—1/2 | x—=1/20—1/4\| 4/ H ¢ ” .
<C(BI 72+ G727 15BN 9 + | ey )

Substituting the above into (5.12.11) yields

1812+ 5] 2]

< CBVR[0 2N £l + 2B 4 5T BT g

L)

For sufficiently large x; and B¢ we then obtain (5.12.1).

Step 2. We prove that there exists A¢g > 0 and B¢ such that (5.12.1) holds under the
additional condition |A| > A.

Clearly, we must have either u < —A¢/20rv > A¢/2.

Consider first the case where u < —1¢/2. As in (5.8.15) we write

R(p. Brapd) = 19”15+ [nlBIS 15 + 2 9l5] + BIU'$.¢").  (5.12.17)

Consequently, using Poincaré’s inequality, we obtain

C
¢l < A—O(ﬂ_lllfllz + 119"1l2). (5.12.18)

For sufficiently large A¢ and B¢ we can then conclude (5.12.1).
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For v > X¢/2 we write

3¢, Baa,p9) =B(—((U—)¢", ¢') +a((U—v)¢', ¢") =M(U'¢p, ¢") = (U"$, ).
(5.12.19)
Using Poincaré’s inequality we then obtain

C

2 < m(ﬁ_IIIfIIz +11¢112).

19!l

which validates (5.12.1) for sufficiently large Ay and By.

Step 3. We prove that there exist positive Bg, 0o, and g such that (5.12.1) holds for
FoBl* <o < apBl3.

An integration by parts yields, in view of (5.4.6) (see also Step 2 of the proof of
Proposition 5.11.1)

(@.9) = 413 + 213 — ¢" (1){g. V).

Since by (5.2.2) ~ ~
e, V)] < 19llooll¥lli < CBTV? ¢ |00,

we obtain

167115 + @215 < 8ll2l1T0ll2 + CB™*[llooled” (D).

We can now conclude that

1915 + 2915 < Cle?oll3 + B721¢" (D] 1$lloo). (5.12.20)
yielding
1812 < 19121912 < 5 (19'15 +?l91)
< C@?[|Tnll3 + o ' 872" (D] 1 lloo)-
We may then infer that
[#lloo < Cle™2|Tpll2 +a™' 87216 (D))).
By (5.10.13) and (5.10.15) (both remain valid in the present case) we obtain

I$lloo < CT ' (I8lloc + B7216'12 + 877211 fII2).

For sufficiently large &y it follows that

[plloe < Caig (B~ 8llg"ll2 + B2 f1I2)- (5.12.21)
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Consequently, using (5.10.13) and (5.10.15) once again, it holds that
¢ (D] + B E 00l < CETVEIf 112 + 7514 I12)- (5.12.22)
Substituting (5.12.21) into (5.12.20) then leads to
19'113 < C@?l5ol5 + @' B~ *18" (1112 + B~/ f1l2D.
Making use of (5.12.22) we then obtain that
I¢'ll2 < €& 219/ Il + B>/ £ ).

For sufficiently large & we can then conclude (5.12.1) under the conditions of this
step.
The proposition is proved. ]

We continue by introducing, for some positive constants «g, Y, Bo and k5, the
zone

Fa(ao, Bo, T, Kk2)
= {(L, @, ) €CxR2, B> Bo,0<a < aof', pn < YB7V2 v <~k 713},

Proposition 5.12.2. Let U € C*([0, 1]) satisfy (2.1.3). Let further cg and Y denote
positive constants. Then, there exist Bg > 0, ko > 0, and C > 0, such that for all
(A, a,B) € Fa(ap, Bo, T, k2) it holds

d
[@2)7| + H%(ﬂfffﬂ)—l H < CB | M og B. (5.12.23)

Proof. Taking the scalar product of (5.12.2) with w = (U — v)~!¢, and integrating
by parts yields for the imaginary part (see (5.12.3))

=S, f) = (", ¢") + I, ¢')

+ (I = 'l +aIgl3a2 13 - u1(5

¢ U’¢
—v’ |U—|—i)t|2>)’

Hence, since (U — v)~1U” < 0 we obtain that for any § > 0 there exists C > 0 such
that

1
UG nw'[3 + v w'l3) + e?llgl3
< CE' BN+ w5+ B~ w5+ 872214151+ 87 1S (w”, ¢")1).

Step 1. With Ag > 0, we prove (5.12.23) for (A, a, B) € F2(o, Bo, T, k2) satisfying
|A] < Ao-

Step 1a. We estimate g = % (as defined by (5.12.12)). By (5.12.13) and (3.1.3)
it holds that
Iooll2 < € B2/ || (5.12.24)
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where £ is given by (5.12.13b). Hence,

il

Il <€ (1 11-+ 19" (D1 1212+ U fup |+l (U +ir)? .+ U+l

_C(||f||z+|¢”(1)|||§||z+|/\|‘1||¢”llz+Hm” mey“

(5.12.25)

To estimate the last two terms we use a decomposition of the interval of integration.
(Note that for v < —1 we have | - [[12(0,1—jv1/2) = 0and || - | L2 —jppr2,1) = [ - 122
In addition, we need the bounds

(U +i2) ™[l Looo,1-ppjir2) < Clv| ™2

and
(U +id) ™ |lLo,) < CIAI™"

We now write

IAll2 < C(||f||2 + 10" I Iglz + A7 "1z + 1M1 2 —pwpi/2.0

+ 1719201 upzy + 12172

U +idllLza—pw|i/2,1

+ |v|_1H

U+iA L2(o,1—|v|1/2))'

By Hardy’s inequality (2.2.8) it holds that

|+

< || =
L2(0,1—|v|1/2) — H U ‘ L2(01 [v|1/2)

||¢ ||L2(01 [v]1/2)-

H 1—x ‘ L2(0,1— \v|1/2)

On the interval (1 — |v|'/2, 1), we have again by (2.2.8)

H U+ zA‘Lz(l w172, 1) Cl9'l2-
Combining the above yields
2]l <
C(>If 2 + 16" MHIEN2 + AT "2 + A2 I L2 —ppprrz,ny + I8 112)-

(5.12.26)

By (5.4.15) and (5.4.19) it holds that

18" (W) I£ll2 < CIAT4BY41¢ 12+ B2 £ ]12).- (5.12.27)
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Substituting (5.12.26) and (5.12.27) into (5.12.25) we obtain
Il < C(If 2 + 1A 9" Il2
+ [+ BT 2 + A2 L2 pi/2n) - (5.12.28)
To bound ||¢”||> we use (5.10.54)—(5.10.55) and (5.12.16) to obtain

¢
U+il

By (4.6.5), (5.12.24), (5.12.28), (2.2.8), and (5.4.15) (repeatedly using the lower
bound |v| > k»87'/3) it holds that

16”12 < COAM* BT 21 fll2 + B72PIA 79" 12 + X814 119 [12).

16”12 < 19" = o2$ll2 = i ll2 + 1U” o] |, +10" 1172,

For sufficiently large 8¢ we then obtain
16”112 < CAA* B2 £ll2 + [ABIY* 19 l12)- (5.12.29)
Substituting (5.12.29) into (5.12.28) yields

Il < €I Nl + IvI7 4 BY*RA4116 12 + 1A 7219 12— ppp172.0))-

(5.12.30)
To use (2.7.1b) we must provide an estimate for
N@ws,2) = (1 =0)"2(U + i) vslh = [(1—x) o]
Thus, we use (3.1.75) and (5.12.13) to obtain
(1= x)?0o )1 < CIU —v)ds];
= CIW =022 [V = vyisla = € EL .

B

Hence, we may conclude from (5.12.30) that
(1= x)" b <

log B - - -
5 (LA 2+ 07 B4 49 2+ 1M 219 L2z, )- - (5-12.31)

Step 1b: We prove (5.12.23). Asin (5.4.31), welet ¢ = ¢ + 5, where

Cc

po = A (U +iA]ip) = A3 ve

and . R
¢ = AL @ (DU +idy).
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By (2.7.2) applied to the pair (¢, ¢”(1)[U + i A]¥) it holds that

() < C(1—x) 21+ 0721 =) 2|¢" (1)($, )| />.
Hence, integrating over (0, 1),

(6, ¥)| < CUA =029 [l + 721 = )P 1)1, )21 (D],

which implies

(6, ¥)] < CUIA =) 1 + w7210 = )P ()7 18" (D).
By (5.2.2) and (5.4.15) we then obtain

(@, ¥)| < CIABIT I¢' Nl + B7/C1 S 12). (5.12.32)

Using (2.7.3) applied to the pair (¢, ¢” (1)[U +i A]¥), together with (2.7.6), (5.12.32),
and (5.4.15) yields

1613 < C w7 A28 (119 2 + B8Nl f112)2
For sufficiently large «» (and (A, «, B) € F2(o, Bo, T, k2)) we then conclude that
1612 < € I8~ 4 U5 llz + B0 £ 12). (5.12.33)

By (2.7.8) and (2.7.3), applied again to the pair (¢, ¢” (1)[U + i A]¥), we then obtain
that

1617 21 ppji/2.1) < € WI72 187D 1, ).
Using (5.12.32), we then conclude that
16/ L2 /2.0y < C IT2B7 4 (gl ll2 + B £ ). (5.12.34)

By (2.7.1a) applied to the pair (¢po, (U+iA)vo), (5.12.31), (5.12.33), and (5.12.34),
it holds, as ¢ = ¢ + ¢, that

g2 < ClI7H I —x) 0]l

log,B
<C 3 I 2 + Tl + BY 4] 734 + ]2 8714l gh Il

+ A2 15 I 2a—w1/2,1))- (5.12.35)
For sufficiently large 8¢ we obtain from (5.12.35)

logg _ P
¢oll1,2 < CT| VNS llz 4 A2 M L2 aojvi/2.0)- (5.12.36)
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For v < —1/2, we immediately obtain from (5.12.36) that for sufficiently large B¢

1
léolha < c%ﬁwrlufnz. 65.12.37)

For v > —1/2, we substitute (5.12.36) into (5.12.31) to conclude, with the aid of
(5.12.33) and (5.12.34)

. log B _
11— x)?dp )y < CT(llfllz + A2 L2 —p(12.1)-

We can now use (2.7.1b) applied to the pair (¢, (U 4+ iA)Tp) to obtain

logB _ _
¢ 22,1 < CTM 42 + 1A 2 L2 pp2.)-

For sufficiently large 8¢ we obtain that

logf, _
||¢/3)||L2(1—|u|1/2,1) = CTM 4 £ 12,

which, when substituted into (5.12.36), yields in the case —1/2 < v

lo _
||¢©||1,2§C%'3U| £l

The above inequality, together with inequalities (5.12.33), (5.12.37) yields (5.12.23)
for |A| < Ap.

Step 2. We prove that there exists A9 > 0 such that (5.12.23) holds true for any
(A, a, B) € Fa(ao, Po, Y, k) satisfying |A| > Ay.

The proof is almost identical with Step 2 of Proposition 5.12.1. If © < —A¢/2
we obtain (5.12.18) from (5.12.17) and then (5.12.23) for sufficiently large Ag. If
v < —Ao/2 we use (5.12.19) to obtain (5.12.18) once again. [

Remark 5.12.3. Note that there exists z; > 0 such that for all x < —u; 871/3 equa-
tion (5.12.33) remains valid even in the case where k» is not necessarily large. Thus,
we may conclude that under the conditions of Proposition 5.12.2 for all k; > 0, there
exist Bo > 0, uy > 0, and C > 0, such that for all (A, «, B) € Fa(g, Bo, Y, k2)
satisfying . < —p1 B3 (5.12.23) holds true.






Chapter 6

Proof of the main theorems

6.1 Proofs of Theorems 1.1.1 and 1.1.2

The proofs of Theorems 1.1.1 and 1.1.2 rely on a combination of the relevant results
in Chapter 5.

Proof of Theorem 1.1.1. We present the proof in the following table, which gives the
precise range of parameters where each estimate is valid together with the estimate
itself.

o v U Stated in Estimate
a<BY3 | —u»p3 | u<p7Y2|Prop.5.12.2 B v~ log B
o /e [v] <vo w<p~Y2| Prop.5.8.2 g2/3
o < /3 B2 < UW0)—v 1< B2 |Prop. 5.11.1 B=1/210g B

vV =Vo

a <BY3 [ UWO0)—v|<B7V2 |n < B~2|Prop. 5.10.1|min(B /8| |~ 1/4, B73/8)
a<BY3 | v —U©0)>pY2 | u< B2 |Prop. 5.12.1 g2
az B3 veER uw<p* |Prop.5.7.1 p—1/2

In the above, 1* = min(YB~V2, [um — Y]B~1/3 — a2B~1/2) for some sufficiently
small ¥ > 0 and any Y > 0.

From the table we learn that there exist positive oy, Bo and Y such that for all
B > Po.
D,symy —1 d D,symy—1 —3/8
sup H(B/l,a,ﬁ )7+ ”E("{Bk,a,ﬂ ) H <Cp~/°. (6.1.1)
O<a<ay B—1/6

RA<YB1/2

Furthermore, for 4 = YB~1/2 it holds for all 8 > f, that

D,sym, — d D,sym- — _
swp 1B~ + Ha(i%k’;fﬂ) 1” <Cp VlogB.  (6.12)

By (6.1.1) i)’f)‘fym depends holomorphically on A for all © < YB~/2, and hence we
can use (6.1.2) together with the Phragmén—Lindel6f theorem to obtain (1.1.12). m
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Proof of Theorem 1.1.2. As in the proof of Theorem 1.1.1, we use the following table,
which gives the precise range of parameters where each estimate is valid together with
the estimate itself.

o v 7! Stated in Estimate
a<p'? —v>» B3 | u<pY2 Prop.5.12.2] B v| ' log B
a<l 15+ <y <y | < B72/578| Prop. 5.4.1 p1/2+8
l<a < B3 [v] <vo w<& B3 |Prop.5.6.1 pg=5/6
BV <o <1 o <BTVSF | <B1/378] Prop.5.5.1 p1/2+8
“12<U0)-v
a<p'? P OV <12 prop.s.it|  p1/210g 8
V=1V
min (858 u|~1/4,

a<p® |JUO)—v| SV pk B2 PProp.5.10.1 (ﬁﬁ_yl‘)”
a$pY? v —U©O)> B~V u<p~Y? |Prop.5.12.1 g2
az B> veR S BV2 | Prop.5.7.1 g1z

From the table we learn that there exist positive 8¢ and Y such that for all 8 > B,

sup

ﬂ71/10+85a

RA<YB1/2

symy — d .S,
[ B2 |+ | 8

ym

)1 ” < C,3_3/8.

(6.1.3)

Furthermore, for & = YB~1/2 it holds for any § > 0 and 8 > f that

sup
ﬂ71/10+85a
RA=_p~1/2

sym-y — d ,Sym
[ B2 |+ | 8

)—1 H < C,B_l/2+8.

(6.1.4)

By (6.1.3) Bf)&sigm depends holomorphically on A for all © < YA~'/2, and hence we
can use (6.1.4) together with the Phragmén—Lindel6f theorem to obtain (1.1.13). m
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(- i +i6(u+i/1))(d—2 —a?) —iu",

B
dx? dx?
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is bounded on the half-plane RA > 0 fora > 8 "% ora <« 876,
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