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We consider the stability of symmetric flows in a two-dimensional channel (including the
Poiseuille flow). In 2015 Grenier, Guo, and Nguyen have established instability of these flows
in a particular region of the parameter space, affirming formal asymptotics results from the
1940’s. We prove that these flows are stable outside this region in parameter space. More
precisely we show that the Orr–Sommerfeld operator

ℬ = (− d2

dx2
+ iβ(U+ iλ))( d2

dx2
− α2) − iβU′′ ,

which is defined on

D(ℬ) = {u ∈ H4(0, 1) , u′(0) = u(3)(0) = 0 and u(1) = u′(1) = 0}.

is bounded on the half-plane ℜλ ≥ 0 for α ≫ β−1/10 or α ≪ β−1/6.

https://ems.press

ISSN 2747-9080
ISBN 978-3-98547-099-0





Memoirs of the European Mathematical Society

Edited by

Anton Alekseev (Université de Genève) 
Hélène Esnault (Freie Universität Berlin) 
Gerard van der Geer (Universiteit van Amsterdam) 
Ari Laptev (Imperial College London) 
Laure Saint-Raymond (Institut des Hautes Études Scientifiques) 
Susanna Terracini (Università degli Studi di Torino)

The Memoirs of the European Mathematical Society publish outstanding research contributions in 
individual volumes, in all areas of mathematics and with a particular focus on works that are longer 
and more comprehensive than usual research articles.

The collection’s editorial board consists of the editors-in-chief of the Journal of the European 
Mathematical Society and the EMS Surveys in Mathematical Sciences, along with editors of book 
series of the publishing house of the EMS as well as other distinguished mathematicians. 

All submitted works go through a highly selective peer-review process.

Latest titles in this series:

J.-M. Delort, N. Masmoudi, Long-Time Dispersive Estimates for Perturbations of a Kink Solution of 
One-Dimensional Cubic Wave Equations

G. Cotti, Cyclic Stratum of Frobenius Manifolds, Borel–Laplace (α, β)-Multitransforms, and Integral 
Representations of Solutions of Quantum Differential Equations

A. Kostenko, N. Nicolussi, Laplacians on Infinite Graphs
A. Carey, F. Gesztesy, G. Levitina, R. Nichols, F. Sukochev, D. Zanin, The Limiting Absorption Principle 

for Massless Dirac Operators, Properties of Spectral Shift Functions, and an Application to the 
Witten Index of Non-Fredholm Operators

J. Kigami, Conductive Homogeneity of Compact Metric Spaces and Construction of p-Energy
A. Buium, L. E. Miller, Purely Arithmetic PDEs Over a p-Adic Field: δ-Characters and δ-Modular Forms
M. Duerinckx, A. Gloria, On Einstein’s Effective Viscosity Formula
R. Willett, G. Yu, The Universal Coefficient Theorem for C*-Algebras with Finite Complexity
B. Janssens, K.-H. Neeb, Positive Energy Representations of Gauge Groups I. Localization
S. Dipierro, G. Giacomin, E. Valdinoci, The Lévy Flight Foraging Hypothesis in Bounded Regions
A. Naor, Extension, Separation and Isomorphic Reverse Isoperimetry
N. Lerner, Integrating the Wigner Distribution on Subsets of the Phase Space, a Survey
B. Adcock, S. Brugiapaglia, N. Dexter, S. Moraga, On Efficient Algorithms for Computing Near-Best 

Polynomial Approximations to High-Dimensional, Hilbert-Valued Functions from Limited Samples
J. J. Carmona, K. Fedorovskiy, Carathéodory Sets in the Plane
D. Abramovich, Q. Chen, M. Gross, B. Siebert, Punctured Logarithmic Maps
T. Oh, M. Okamoto, L. Tolomeo, Stochastic Quantization of the Φ3 3-Model
H. Sasahira, M. Stoffregen, Seiberg–Witten Floer Spectra for b1 > 0
J. Kaad, D. Kyed, The Quantum Metric Structure of Quantum SU(2)
B. Zavyalov, Almost Coherent Modules and Almost Coherent Sheaves
J-P. Labesse, B. Lemaire, La formule des traces tordue pour un corps global de caractéristique p > 0
S. Ma, Vector-Valued Orthogonal Modular Forms



Yaniv Almog 
Bernard Helffer

On the Stability of Symmetric 
Flows in a Two-Dimensional  
Channel



Each volume of the Memoirs of the European Mathematical Society is available individually or  
as part of an annual subscription. It may be ordered from your bookseller, subscription agency,  
or directly from the publisher via subscriptions@ems.press.

ISSN 2747-9080, eISSN 2747-9099 
ISBN 978-3-98547-099-0, eISBN 978-3-98547-599-5, DOI 10.4171/MEMS/22 
 
 
 
Bibliographic information published by the Deutsche Nationalbibliothek 
The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie;  
detailed bibliographic data are available on the Internet at http://dnb.dnb.de. 
 
Published by EMS Press, an imprint of the

European Mathematical Society – EMS – Publishing House GmbH 
Institut für Mathematik 
Technische Universität Berlin 
Straße des 17. Juni 136 
10623 Berlin, Germany

Email:  info@ems.press

https://ems.press 
 
© 2025 European Mathematical Society 
 
Typesetting: AfricanType, Cairo, Egypt 
Printed in Germany 
♾ Printed on acid free paper

Authors

Yaniv Almog 
Department of Mathematics  
Braude College of Engineering 
51 Snunit St. 
2161002 Karmiel, Israel

Email:   yalmog64@gmail.com

Bernard Helffer 
Laboratoire de Mathématiques Jean Leray 
CNRS and Nantes Université 
2 rue de la Houssinière 
44322 Nantes, France

Email:   bernard.helffer@univ-nantes.fr



Abstract

We consider the stability of symmetric flows in a two-dimensional channel (including
the Poiseuille flow). In 2015 Grenier, Guo, and Nguyen have established instability of
these flows in a particular region of the parameter space, affirming formal asymptotics
results from the 1940s. We prove that these flows are stable outside this region in
parameter space. More precisely, we show that the Orr–Sommerfeld operator

B D
�
�
d2

dx2
C iˇ.U C i�/

�� d2
dx2
� ˛2

�
� iˇU 00;

which is defined on

D.B/ D
®
u 2 H 4.0; 1/; u0.0/ D u.3/.0/ D 0 and u.1/ D u0.1/ D 0

¯
is bounded on the half-plane <� � 0 for ˛ � ˇ�1=10 or ˛ � ˇ�1=6.
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Chapter 1

Introduction

1.1 Main results

Consider the incompressible Navier–Stokes equations in the two-dimensional pipe
D D R � .�1; 1/ ´

@tv � ��vC v � rv D �rp in RC �D;

v D vb Oi1 on RC � @D;
(1.1.1)

where Oi1 D .1; 0/, v D .v1; v2/ is the fluid velocity, and p is the pressure.
The parameter

R WD
1

�
(1.1.2)

is the Reynolds number of the flow and

vb W @D ! R

is the boundary velocity.
Since the flow is incompressible we must have

div v D 0:

We linearize (1.1.1) near the laminar flow (cf. [3])

v D U.x2/Oi1;

to obtain the linearized equation

ut � T0.u; q/ D 0;

where u D .u1; u2/ and q are defined on RC �D, and T0 is the map

.u; q/ 7! T0.u; q/ WD �� �uC U
@u
@x1
C u2 U

0 Oi1 � rq: (1.1.3)

We proceed with a formal derivation of the Orr–Sommerfeld equation, intentionally
skipping the definitions of v, p, u, and q. Interested readers can read the entire deriv-
ation in [3]. The associated resolvent equation for T0 assumes the form

T0.u; q/ �ƒu D f; (1.1.4)

where div u D 0 and ƒ 2 C is the spectral parameter.
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Hence, we may define a stream function

u D r? D .� x2 ;  x1/:

Substituting the above into (1.1.4) and then taking the curl of the ensuing equation
for  yields �

� ��2 C U
@

@x1
� � U 00

@

@x1
�ƒ�

�
 D F; (1.1.5)

where F D curlf .
We consider U 2 C 2.Œ�1; 1�/ (we later restrict ourselves to U 2 C 4.Œ�1; 1�/)

satisfying the following:

U.˙1/ D 0; (1.1.6a)

max
x2Œ�1;1�

U 00.x/ < 0; (1.1.6b)

U.�x/ D U.x/: (1.1.6c)

We normalize U so that
U 0.˙1/ D �1: (1.1.6d)

Substituting  .x1; x2/ D �.x2/ e
i˛x1 into (1.1.5) yields for � W .�1; 1/ ! C the

equation
BD
�;˛;ˇ� D f; (1.1.7a)

where (setting x2 D x)

BD
�;˛;ˇ D .Lˇ � ˇ�/

� d2
dx2
� ˛2

�
� iˇU 00; (1.1.7b)

where

Lˇ D �
d2

dx2
C iˇU: (1.1.7c)

In the above
ˇ D ˛��1 D ˛R (1.1.8)

(R being the Reynolds number introduced in (1.1.2)), and, for ˇ ¤ 0,

� D ˇ�1
�ƒ
�
� ˛2

�
: (1.1.9)

We refer to [3, Section 3] for the details of the derivation. We use the pair of para-
meters .˛; ˇ/ instead of .˛;R/ since the asymptotic limit we consider in the sequel is
ˇ !1.

We define BD
�;˛;ˇ

on

D.BD
�;˛;ˇ / D

®
u 2 H 4.�1; 1/; u.1/ D u0.1/ D u.�1/ D u0.�1/ D 0

¯
: (1.1.10)
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We focus our interest on the restriction B
D;sym
�;˛;ˇ

of the operator BD
�;˛;ˇ to func-

tions that are symmetric with respect to the reflection x 7! �x. Hence, we are led to
consider the equivalent restricted operator B

N;D
�;˛;ˇ

on .0; 1/ whose domain is

D.B
N;D
�;˛;ˇ

/D
®
u 2H 4.0; 1/; u0.0/D u.3/.0/D 0 and u.1/D u0.1/D 0

¯
: (1.1.11)

We leave the discussion of anti-symmetric modes to future research. Note that since

BU
�;˛;ˇ D B�U

N�;˛;ˇ

(where xB denotes the complex conjugate of B) the analysis in the sequel applies to
the case where minx2Œ�1;1�U 00.x/ > 0 as well. Clearly, the Poiseuille flow associated
with U.x/D .1� x2/=2meets all the criteria in (1.1.6). Another example mentioned
in [13] is given by U.x/ D .2=�/ cos�x=2. Note that U is decreasing on .0; 1/.

In [13, Theorem 1.1], it has been established by Grenier–Guo–Nguyen that for
sufficiently large R and for each ˛ satisfying

CLR
�1=7
� ˛ � CR R

�1=11;

or equivalently when ˇ is large and

C
7=6
L ˇ�1=6 � ˛ � C

11=10
R ˇ�1=10;

there exists � 2 C with negative real part such that B
N;D
�;˛;ˇ

is not invertible. For the
case of a Poiseuille flow, the positive constants CL and CR have been determined
from well-known formal asymptotic calculations (cf. the book [12] by P. G. Drazin
and W. H. Reid).

In the present contribution, we consider the converse problem, i.e., we attempt to
show that, for any ı > 0, .BD;sym

�;˛;ˇ
/�1 is bounded for <� � 0 when

˛ � ˇ�1=10Cı or 0 � ˛ � ˛L ˇ
�1=6:

Note that unlike [13] we do not provide the precise estimate derived by formal asymp-
totics, i.e., ˛L < CL and ˇ�1=10Cı > ˇ1=10. The determination of the precise curves
is left to future research.

Recall from equation (1.1.8) that ˇ D ˛=�. Our main results are the following
two theorems.

Theorem 1.1.1. Let U 2 C 4.Œ�1; 1�/ satisfy (1.1.6). Then there exist positive ˛L, C ,
‡ , and ˇ0 > 1 such that for all ˇ > ˇ0 it holds that

sup
0�˛�˛Lˇ

�1=6

<�<‡ˇ�1=2



.BD;sym
�;˛;ˇ

/�1


C 


 d

dx
.B

D;sym
�;˛;ˇ

/�1



 � C ˇ�1=2 logˇ: (1.1.12)
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The condition ˛ 2 Œ0; ˛Lˇ�1=6� can be rephrased in terms of the pair .˛; R/ as
˛ 2 Œ0; ˛

6=7
L R�1=7�.

Theorem 1.1.2. Let U 2 C 4.Œ�1; 1�/ satisfy (1.1.6). Let further y�m > 0 be given by
[3, equation (6.57)]. Then for any ı > 0 and any y‡ > 0, there exist positive C , ‡ ,
and ˇ0 such that for all ˇ > ˇ0 we have

sup
ˇ�1=10Cı�˛

<��min.‡ˇ�1=2;ˇ�1=3Œy�m�y‡�˛2ˇ�2=3=2�/



.BD;sym
�;˛;ˇ

/�1


C 


 d

dx
.B

D;sym
�;˛;ˇ

/�1





� Cˇ�1=2Cı : (1.1.13)

The condition ˛ � ˇ�1=10Cı can be rephrased in terms of the pair .˛; R/ as ˛ �
R.�1C10ı/=.11�10ı/. Note that the condition <� � ˇ�1=3.Œy�m � y‡ � ˛2ˇ�2=3=2�/
guarantees, by (1.1.9) that B

D;sym
�;˛;ˇ

is invertible forƒ�˛ˇ�1=3Œy�mC˛2ˇ�2=3=2� y‡�
and hence the stability of the laminar flow even for ˛ & ˇ1=3.

In the above 

.BD;sym
�;˛;ˇ

/�1


 D sup

f 2L2.0;1/
kf k2D1

k.B
D;sym
�;˛;ˇ

/�1f k2

and 


 d
dx
.B

D;sym
�;˛;ˇ

/�1



 D sup

f 2L2.0;1/
kf k2D1




 d
dx
.B

D;sym
�;˛;ˇ

/�1f




2
;

where k � k2 denotes the standard L2.0; 1/ norm.
In recent years, hydrodynamic stability of shear flows has attracted significant

attention. For the case of a Couette flow we mention only a partial list of rigorous
analytical results [4–6, 8]. In [3], we have established similar estimates for the Orr–
Sommerfeld operator, together with semigroup estimates for the linearized Navier–
Stokes operator in the case where jU 0j > 0 in Œ�1; 1� (see also the works of Chen,
Wei, and Zhang [9] and of Jia [17] for recent generalizations). In contrast with the
present case the Orr–Sommerfeld operator has, when jU 00j > 0, a bounded resolvent
in the half-plane <� � 0.

The hydrodynamic stability of symmetric flows in a channel has been considered
extensively in physics (cf. for instance [12,19–21]). These works, just like that of [13],
all attempt to determine as function of ˇ the region in the .˛;=�/ plane where the
Orr–Sommerfeld is unstable. In a recent work [11], the stability of Poiseuille flow has
been established in the case of a Navier-slip boundary condition. This means that the
boundary condition u0.˙1/ D 0 in (1.1.11) is replaced by u00.˙1/ D 0. The stability
of a pipe Poiseuille flow has also been addressed in [10].
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1.2 Proof strategy

In the following informal discussion, we present the main ingredients of the proofs
of Theorems 1.1.1 and 1.1.2. Some of the definitions appearing in the discussion will
remain slightly vague and will be reformulated more precisely in the next sections.
The reader may be interested in reviewing the relevant part of this presentation before
diving into the technical details of any part of the analysis in the sequel.

We begin with a rather heuristic discussion. Consider the equation

B�;˛;ˇ� D f; (1.2.1)

where .�; f / 2 D.BN;D
�;˛;ˇ

/ � L2.0; 1/ and B�;˛;ˇ D B
N;D
�;˛;ˇ

.
Our goal is to estimate the operator B�1

�;˛;ˇ
under specific conditions on the para-

meters .�; ˛; ˇ/ 2 C � RC � RC. We may rewrite the above equation in the form

A�;˛� D v; (1.2.2a)

where
v D ˇ�1Œf C �.4/ � ˛2�00� (1.2.2b)

and

A�;˛ D .U C i�/
�
�
d2

dx2
C ˛2

�
C U 00 (1.2.2c)

is the inviscid (Rayleigh) operator whose study will be the main object of Section 1.2.
We define A�;˛ for <� ¤ 0 or when <� D 0 and =� … Œ0; U.0/�, on

D.A
N;D
�;˛

/ D
®
� 2 H 2.0; 1/ j �0.0/ D 0 and �.1/ D 0

¯
: (1.2.2d)

It intuitively appears that v should tend to 0 as ˇ ! 1, and thus, we adopt the
following proof strategy.

(1) We prove that v becomes small as ˇ !1.

(2) We obtain a bound for kA�1
�;˛
vk1;2 (where k � k1;2 denotes the standard

H 1.0; 1/ norm).

After successfully completing the above stages we expect to obtain an inequality of
the form

k�0k2 � ı1.ˇ/kf k2 C ı2.ˇ/k�
0
k2:

If for sufficiently large ˇ it holds that ı2.ˇ/ < 1=2, we can conclude from here an
estimate for kB�1

�;˛;ˇ
k C k

d
dx

B�1
�;˛;ˇ
k.
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Estimation of A�1
�;˛

. We use in Chapter 2 a similar procedure to the one used in [3].
Let � D �C i�. Given that jU 00j > 0 in Œ0; 1� and since

=

D
�;

A�;˛�

U C i�

E
D ��




 jU 00j1=2�
U C i�




2
2
; (1.2.3)

we easily obtain that 


 �

U C i�





2
�
C

j�j
kvk2: (1.2.4)

From the above (accompanied by a rather straightforward integration by parts) it is
not difficult to show that

kA�1�;˛k C



 d
dx

A�1�;˛




 � C

j�j
:

The above estimate is unsatisfactory in the limit �! 0, and hence finer estim-
ates need to be established. We use the fact that Ai�;˛ is self-adjoint. Thus, for
� 62 .0; U.0/� (see Sections 2.7 and 2.10) we may writeD �

U � �
;Ai�;˛�

E
D




.U � �/� �

U � �

�0


2
2
C ˛2k�k22;

and obtain from it an estimate for k�0k2 in the case where j�j is small.
For � 2 .0;U.0/�, we have to address the singularity where U D �. Given the fact

that U is increasing in Œ0; 1� there exists a unique x� 2 Œ0; 1/ where U.x�/ D �. Let
� 2 C1.Œ0; 1�; Œ0; 1�/ denote a cutoff function supported on Œ0; .1C x�=2/�. Setting
' D � � �.x�/� we may write


.U � �/� '

U � �

�0


2
2
C ˛2k�k22

D

D '

U � �
;Ai�;˛'

E
� �.x�/

hD '

U � �
; U 00�

E
� h'; �00 � ˛2�i

i
: (1.2.5)

For the above balance to become useful for the purpose of obtaining estimates for
k�0k2, we need to obtain an estimate for �.x�/. To this end we use (1.2.3) to obtain
(for � ¤ 0)

�j�.x�/j
2



 1

U C i�
k
2
2 � k�k1




 v

U C i�





1
C C j�j




� � �.x�/
U � �




2
2
:

Under the condition in [3] on U , which is assumed to be strictly monotone, the above
estimates leads to

j�.x�/j � k�k1




 v

U C i�





1
C C j�j k�0k2:

Substituting the above into (1.2.5) (properly amended to account for small values of
j�j) yields an estimate for k�0k2.

To adapt the above method to the present context we need to overcome several
difficulties.
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(1) It holds that A0;0U D 0 and since U 2D.A0;0/, .A�;˛/
�1 becomes strongly

singular in the limit .�; ˛/! .0; 0/.

(2) The boundary condition at x D 0 is a Neumann condition in contrast with
the Dirichlet condition in [3]. Thus, we have to write (1.2.5) separately on
the intervals .0; x�/ and .x� ; 1/. On .x� ; 1/ we may use the same method
used in [3]. However, on .0; x�/, considering �=.U � �/, we obtain bounds
of this quotient for small values of ˛ that are significantly greater than those
obtained for larger values of ˛.

(3) The quadratic behavior of U � U.0/ as opposed to the linear behavior con-
sidered in [3].

The first pair of difficulties is addressed by the same techniques.

• For small values of ˛ we use the fact that we can consider .A0;�/
�1 as an integral

operator to obtain satisfactory estimates for its norm (see Proposition 2.4.1).

• For larger values of ˛ we use again (1.2.5) (see Section 2.5).

In Section 2.6, we present a different analysis, which is valid for any ˛ � 0 with
stronger singularity in the limit �! 0. In all cases, we use the orthogonal decom-
position � D Ck.U � �/C �? to obtain separate estimates for Ck and �?, estimates
of the latter being significantly smaller than the former. To overcome the last diffi-
culty we simply use (1.2.4) in Section 2.9. In Section 2.8, we consider the transition
between the quadratic behavior of U near x� and the linear behavior considered in
Section 2.6.

Estimate of B�1
�;˛;ˇ

. To obtain an estimate of v (see (1.2.2b)) we set

vD WD A�;˛� C .U C i�/�
00.1/ O ; (1.2.6)

where

y .x/ D
Ai
�
ˇ1=3e�i�=6Œ.1 � x/ � i��

�
Ai
�
e�i2�=3ˇ1=3�

� �.x/:

Here, Ai is the Airy function and � 2 C1.Œ0; 1�; Œ0; 1�/ is supported on .1=4; 1�,
and satisfies � � 1 on Œ1=2; 1�. Note that vD.1/ D v

0
D.0/ D 0 and that y is a good

approximation for the L2.�1; 1/ solution of´ �
�

d2

dx2
C iˇŒ.1 � x/C i��

�
u D 0 in .�1; 1/;

u.1/ D 1:
(1.2.7)

We can now rewrite (1.2.1) in the form

.Lˇ � ˇ�/vD D gD;
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where

Lˇ D �
d2

dx2
C iˇU

is defined on
D.Lˇ / D ¹u 2 H

2.0; 1/ j u.1/ D u0.0/ D 0º:

While the precise form of gD need not concern us in this brief summary of the proof
we still need to obtain an estimate of its L2.0; 1/ norm. Thus, we get an estimate of
v by working through the following steps.

(1) Estimate of �00.1/.

(2) Estimate of gD.

(3) Estimate of vD.

(4) Estimate of A�1
�;˛
vD and of �00.1/A�1

�;˛
.U C i�/ y .

We use two different methods for the estimation of �00.1/.
For ˛ values that are not too small. We rewrite (1.2.1) in the form�

�
d2

dx2
C iˇŒU C i��

�
.�00 � ˛2�/ D iˇU 00� C f:

Given �.1/D �0.1/D �0.0/D 0, we may conclude that for z.x/D cosh.˛x/= cosh˛
it holds that

hz; �00 � ˛2�i D 0: (1.2.8a)

Consequently, we define the Schrödinger operator L
z
ˇ

with the same differential oper-
ator as for Lˇ but with the following domain

D.L
z
ˇ
/ D

®
u 2 H 2.0; 1/ j u0.0/ D 0; hz; ui D 0

¯
: (1.2.8b)

Let .v; g/ 2 D.Lz
ˇ
/ � L2.0; 1/ satisfy

.L
z
ˇ
� ˇ�/v D g: (1.2.9)

In Chapter 4, we obtain estimates for v.1/ that we later use in Chapter 5 (except for
Sections 5.8 and 5.7) to obtain an estimate for �00.1/. Again, we have to distinguish
between the quadratic case (Section 4.3) and the linear case (Section 4.2).

For smaller values of ˛ and j�j. The estimate of �00.1/, obtained by the above
technique becomes deficient, given the singularity of A0;0. We thus integrate (1.2.1)
for ˛ D 0 to obtain

�.3/.1/ D �

Z 1

0

f .x/ dx: (1.2.10)

Then we use the identity

k.U 00/�1=2�.3/k22 D �<h.U
00/�1�00;B�;0;ˇ�i �

1

U 00.1/
<. N�00.1/�.3/.1//

�<hŒ.U 00/�1�0�00; �.3/i C �ˇk.U 00/�1=2�00k22
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to obtain a proper bound for k�.3/k2, which together with Sobolev embedding (skip-
ping, of course, some of the details) leads to a satisfactory bound for j�00.1/j. Note
that the effectiveness of this technique is lost when ˛ is not small since (1.2.10) is no
longer valid. We use it only in Section 5.8.

Finally, we note that for ˛ & ˇ�1=3 z undergoes significant changes through an
O.ˇ�1=3/ boundary layer near x D 1. Hence, we can no longer make any good use of
(1.2.7) as an estimate for the behavior near x D 1 of the solution of (1.2.9). Instead,
we need to use the same method developed in [3] for this case. Note that, since z

is localized near x D 1 for large values of ˛, the effect of the different boundary
conditions at x D 0 here and in [3] is exponentially small. Resolvent estimates for
L

z
ˇ

in this case are brought in Section 4.7 whereas estimates for the inverse of B�;˛;ˇ

are given in Section 5.7.

Remark. We note an error in the derivation of [3, equation (8.96)] where the term
‚0C 

0
C= C.1/ (‚C is analogous to � in the present contribution) was overlooked.

This error does not affect at all the validity of [3, equation (8.96)] given that the error
generated by the missing term can be estimated using (4.2.17), and is much smaller
than the right-hand side of [3, equation (8.96)] (which is greater or equal than Cˇ�1=4

for some positive C ).

We skip the rather technical stage of estimating gD. Once it is done, we need to
estimate .Lˇ � ˇ�/

�1 in L.L2; Lp/ for 1 � p � 1 in order to obtain an appropri-
ate estimate for vD. These estimates are obtained in Chapter 3 for various ranges of
� values. Again we need to distinguish between the linear behavior of U � U.x�/
near x D x� (Section 3.1) and the quadratic behavior near x D 0 for � D U.0/ (Sec-
tion 3.2). Special attention is also devoted to L.L2; L1/ and L.H 1; L1/ estimates
(Section 3.3).

Next, we estimate A�1
�;˛
vD using the aforementioned techniques of Chapter 2. For

A�1
�;˛
.U C i�/ y we use the exponential decay of y away from x D 1 to obtain the

desired estimate in a rather straightforward manner, except in the case .�;˛/! .0;0/.
These estimates are addressed in Section 5.2.

Finally, in Chapter 6 we summarize the results of Chapter 5 and prove the main
theorems.





Chapter 2

The inviscid operator

2.1 Preliminaries

We begin by presenting the notation, frequently used in the sequel

hf; giL2.a;b/ D

Z b

a

Nf .x/g.x/ dx:

Note that when .a; b/ D .0; 1/ the abbreviated notation hf; gi is used instead of
hf; giL2.0;1/.

Next, recall that the differential expression of the inviscid operator (also called
the Rayleigh operator) is given by

A�;˛
def
D .U C i�/

�
�
d2

dx2
C ˛2

�
C U 00; (2.1.1)

where � 2 C and ˛ 2 R.
Note that, for any � 2 D.BD

�;˛;ˇ
/, we have

A�;˛� D lim
ˇ!1

ˇ�1BD
�;˛;ˇ�:

We consider here only spaces of even functions in .�1; 1/, hence, as explained in the
introduction, we restrict the operator to .0; 1/ and consider the Neumann condition at
0 and the Dirichlet condition at 1. We thus define A

N;D
�;˛

as follows:

• for <� ¤ 0 or when <� D 0 and =� … Œ0; U.0/�, on

D.A
N;D
�;˛

/ D
®
� 2 H 2.0; 1/ j �0.0/ D 0 and �.1/ D 0

¯
; (2.1.2a)

• for <� D 0 and =� 2 Œ0; U.0/�

D.A
N;D
0;˛ / D

®
� 2 H 2..0; 1/; .U � =�/2dx/ j �0.0/ D 0 and �.1/ D 0

¯
;

(2.1.2b)
which is equipped with the norm

kuk
D.A

N;D
0;˛

/
D

Z 1

0

Œju00j2�C Œju0j2 C juj2�.U � =�/2 dx:
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Hence, in the following, we restrict attention to the interval Œ0; 1� assuming in this
section that U 2 C 3.Œ0; 1�/ and satisfies the condition:

U.1/ D 0; (2.1.3a)

max
x2Œ0;1�

U 00.x/ < 0; (2.1.3b)

U 0.0/ D 0: (2.1.3c)

We normalize U so that
U 0.1/ D �1: (2.1.3d)

For convenience of notation we omit the superscripts N and D in the sequel whenever
there is not any fear of ambiguity. Since

AU
�;˛ D A�U

N�;˛
;

the analysis in this section applies to the case where minx2Œ�1;1� U 00.x/ > 0 replaces
equation (2.1.3b) as well.

In this section, we obtain a variety of estimates for A�1
�;˛

that are necessary in
order to obtain bounds in the same parameter regime for B�1

�;˛
. We note that since

A�;˛ D A
�N�;˛

the results in this section do not depend on the sign of <�.
Let �D�C i�. We begin by summarizing the results of this section in Figure 2.1.

We map in this figure the regions in the .j�j; �/ plane where the various estimates of
A�1
�;˛

can be found. We refer the reader to Section 1.2 where the consideration that
led us to split the � plane to these regimes are briefly explained. We note that the
results of Sections 2.6–2.11 are valid for any ˛ � 0. Section 2.3 addresses the case
˛ D � D 0, Section 2.4 addresses small ˛ values, and Section 2.5 relatively large
values of ˛. The constants determining the boundaries of the various regimes satisfy
0 < �1 < U.0/, �0 < 0, and �0 must be sufficiently large while �0 and �0 must be
sufficiently small.

2.2 Some more preliminaries

We begin by defining the following (formally) self-adjoint unbounded operator on

H 0
U .0; 1/ WD L

2..0; 1/; U 2dx/

by

MU D �U
�2 d

dx
U 2

d

dx
; (2.2.1a)
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�

U.0/C�0j�j

U.0/��0j�j

�1

Section 2.3

�0

Section 2.10

Section 2.9

Section 2.8

Section 2.6

Section 2.11Sections
2.4–2.5

Section 2.7

Section 2.11

�0 j�j

�0

Figure 2.1. Summary of the results in Chapter 2. For each zone in C for the parameter �, we
indicate the section where the basic inequality is proved. Recall that � D <�, and � D =�,
�0; �0; �1; �0; �0 are positive constants which are introduced in the various sections.

which is naturally associated via the Lax–Migram lemma with the quadratic form
QU , defined on

H 1
U .0; 1/ D

®
u 2 L2loc.0; 1/ j Uu 2 L

2.0; 1/ and Uu0 2 L2.0; 1/
¯

(2.2.1b)

by
QU .w/ D kUw

0
k
2
2: (2.2.1c)

Recall that U satisfies (2.1.3).

Remark 2.2.1. When U is replaced by e�� , we arrive at a well-known problem
considered in Statistical Mechanics and Morse theory (Witten Laplacians), see, for
example, [14] and references therein. As observed in [7], we arrive at a singular case
of this theory because U is vanishing at x D 1.

We can now state the following lemma.

Lemma 2.2.2. Suppose that MU is a self-adjoint operator with compact resolvent
on L2..0; 1/; U 2 dx/. If ¹�nº1nD1 denotes the non-decreasing sequence of which the
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spectrum �.MU / is consisted, then

�1 D 0

and
�2 � �

N
2 jU.0/j

2; (2.2.2)

where �N2 denotes the second eigenvalue of the radially symmetric Neumann–Lapla-
cian (i.e., the Laplacian reduced to the radially symmetric functions satisfying the
Neumann condition.) in the unit ball in R3.

Proof. The proof that �1 D 0 is trivial (the associated eigenfunction is the non-
vanishing constant function). To prove the lower bound for �2 we first observe that,
by the variational max-min characterization of the second eigenvalue,

�2 D sup
 2H1

U
.0;1/

inf
w2H1

U
.0;1/

hw;U 2 iD0

kUw0k22
kUwk22

D sup
�2H1

U
.0;1/

inf
w2H1

U
.0;1/

hw;.1�x/2�iD0

kUw0k22
kUwk22

: (2.2.3)

The second equality can be proved by writing  D .1�x/2

U 2
�. Then, we use the fact

that by the concavity of U

U.0/.1 � x/ � U.x/ � .1 � x/ .see (2.1.3b)/ (2.2.4)

to obtain

jU.0/j�2
k.1 � x/w0k22
k.1 � x/wk22

�
kUw0k22
kUwk22

� jU.0/j2
k.1 � x/w0k22
k.1 � x/wk22

: (2.2.5)

Let U0.x/ D 1 � x and �0n denote the nth eigenvalue of MU0 . By (2.2.5) and [15,
Theorem 11.12] we have that

jU.0/j2�02 � �2 � jU.0/j
�2�02 : (2.2.6)

Setting �.x/ D 1 � x we obtain that

MU0 D ��
�2 d

d�
�2
d

d�
;

which is defined on (the Neumann condition is the natural boundary condition asso-
ciated with QU0)

D.MU0/ D
®
u 2 H 2.Œ0; 1�I �2d�/ j u0.1/ D 0

¯
:

Hence, MU0 is the radially symmetric Neumann Laplacian, and we may conclude
that

�02 D �
N
2 :

The above, together with (2.2.6) yields (2.2.2).
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We next recall Hardy’s inequality on finite intervals (see, for example, [18, equa-
tion (1.25)]).

Lemma 2.2.3. Let w 2 H 1.a; b/ satisfy w.b/ D 0. Then, we have

k.Œx � a�w/0k22 D kŒx � a�w
0
k
2
2 �

1

4
kwk22: (2.2.7)

Proof. Let Qw 2 H 1.a;1/ be given by

Qw.x/ D

´
w.x/; x 2 .a; b/;

0; x � b:

Then Hardy’s inequality on RC applied to Qw implies that

k.Œx � a�w/0k2
L2.a;b/

D k.Œx � a� Qw/0k2
L2.a;1/

�
1

4
k Qwk2

L2.a;1/
D
1

4
kwk2

L2.a;b/
:

To complete the proof we first write

k.Œx � a�w/0k22 D kŒx � a�w
0
k
2
2 C kwk

2
2 C 2<hw; Œx � a�w

0
i:

An integration by parts then yields

2<hw; Œx � a�w0i D <hŒx � a�; .jwj2/0i D �kwk22:

Hence,
k.Œx � a�w/0k22 D kŒx � a�w

0
k
2
2;

which completes the proof of the lemma.

If we drop the requirement that w.b/ D 0 we can state the following lemma.

Lemma 2.2.4. Let w 2 H 1.a; b/. Then, we have

k.Œx � a�w/0k22 �
1

4
kwk22: (2.2.8)

Proof. We use Hardy’s inequality in RC for the extension

Qw.x/ D

´
w.x/; x 2 .a; b/;

w.b/ b�a
x�a

; x � b:

2.3 Estimates in the case ˛ D � D 0

We begin with the simplest possible case, for which ˛ D � D 0. We recall that

A0;0 WD �U
d2

dx2
C U 00
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is defined on

D.A0;0/ D
®
u 2 H 2..0; 1/; U 2dx/ j u.1/ D u0.0/ D 0

¯
;

corresponding to a Dirichlet–Neumann problem on .0; 1/.
Next, let W 1;p.0; 1/ denote the normed space

W 1;p.0; 1/ WD
®
u 2 Lp.0; 1/ j u0 2 Lp.0; 1/

¯
;

with its natural norm denoted by k � k1;p .
Observing that U belongs to the kernel of A0;0, we set

� D ckU C �?; (2.3.1a)

where

ck D
hU; �i

kU k22
; (2.3.1b)

in which h�; �i denotes the natural L2.0; 1/ inner product.

Lemma 2.3.1. Let U 2 C 2.Œ0; 1�/ satisfy (2.1.3). There exists C > 0 such that for
any .�; v/ 2 D.A0;0/ �W

1;2.0; 1/ satisfying

A0;0 � D v; (2.3.2a)

h1; vi D 0 and v.1/ D 0 (2.3.2b)

and
lim
x!1
x<1

�0.x/ D 0; (2.3.2c)

we have
k�?k1;2 � C kvk2 (2.3.3a)

and
jckj � C kvk

1=2
2 kvk

1=2
1;2 : (2.3.3b)

Proof. Let w D �=U . Clearly, w D ck C w? with w? D �?=U , and

A0;0 � D U
2MU w D U

2MU w? D v: (2.3.4)

Step 1. Estimate of k�0
?
k2. Taking the inner product with w? yields

kUw0?k
2
2 D hw?; vi: (2.3.5)

Since hw?;U 2i D h�?;U i D 0, we now use (2.2.2), (2.3.5), and Hardy’s inequal-
ity (2.2.7) to obtain that

k�?k
2
2 D kUw?k

2
2 � �2kUw

0
?k

2
2 � �2




�?
U





2
kvk2 � Ck�

0
?k2kvk2: (2.3.6)
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Note that by (2.1.3) and (2.2.7) it holds that

kw?k2 �



 �?

U.0/.1 � x/





2
�




 Q�?

U.0/.1 � x/





L2.�1;1/

�
2

U.0/
k Q�0?kL2.�1;1/ D

2

U.0/
k�0?k2; (2.3.7)

where Q�? 2 H 1
loc..�1; 1�/ is given by

Q�?.x/ D

´
�?.x/; x 2 Œ0; 1�;

�?.0/; x < 0:

Integration by parts yields

k�0?k
2
2 D k.Uw?/

0
k
2
2 D kUw

0
?k

2
2 � hUw?; U

00w?i � kUw
0
?k

2
2 C Ck�?k2kw?k2:

(2.3.8)
Using (2.3.5) and (2.3.7), we obtain

k�0?k2 � C.kvk2 C k�?k2/:

By (2.3.6) we then obtain
k�0?k2 � Ckvk2: (2.3.9)

Note that to obtain (2.3.9) we have used the mere fact that v 2 L2.0; 1/.

Step 2. Estimate of ck. By (2.3.2a) and the fact that A0;0�? D v, it holds that

k�00?k2 � C
�


�?
U





2
C




 v
U





2

�
:

By Hardy’s inequality (2.2.8) we then obtain that

k�00?k2 � C.k�
0
?k2 C kv

0
k2/:

Using (2.3.9) we may conclude that

k�00?k2 � Ckvk1;2: (2.3.10)

Using Sobolev embedding, (2.1.3d) and (2.3.2c) yields

jckj D j�
0
?.1/j � k�

0
?k1 � k�

00
?k

1=2
2 k�

0
?k

1=2
2 :

We can now conclude (2.3.3b) from (2.3.9) and (2.3.10).
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2.4 Estimate of .A�;˛/
�1 for <� ¤ 0 and ˛� j�j1=2

We continue with the following estimate of .A�;0/
�1 when <� ¤ 0. From (2.1.1),

we recall that

A�;0
def
D �.U C i�/

d2

dx2
C U 00;

and that its domain is defined in (2.1.2a):

D.A�;0/ D
®
u 2 H 2.0; 1/ j u.1/ D u0.0/ D 0

¯
:

We shall then consider A�1
�;˛

for ˛ small enough.

Proposition 2.4.1. Let p > 1 and U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There exists C > 0

such that, for � 2 C satisfying <� ¤ 0 and j�j < U.3=4/, it holds for any .�; v/ 2
D.A�;0/ � L

p.0; 1/ satisfying A�;0 � D v that

k�k1;2 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
: (2.4.1)

Proof. Step 1. We prove that

k�k1 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
: (2.4.2)

Step 1.1. The estimate on Œ1=2; 1�. As, for any � 2 D.A�;0/,

A�;0� D �Œ.U C i�/�
0
� U 0��0;

we may conclude that

�.x/

U.x/C i�
D �

Z 1

x

ŒK2.x; �/ �K2.t; �/�v.t/dt CK2.x; �/

Z 1

0

v.t/ dt; (2.4.3)

where

K2.x; �/ D

Z 1

x

ds

.U C i�/2.s/
:

A first integration by parts yields

K2.x; �/ D
1

U 0.U C i�/
C

1

i�
�

Z 1

x

U 00ds

.U 0/2.U C i�/
:

An additional integration by parts further gives

�

Z 1

x

U 00ds

.U 0/2.U C i�/

D
U 00

.U 0/3
log.U C i�/ � U 00.1/ log.i�/C

Z 1

x

� U 00

.U 0/3

�0
log.U C i�/ ds:
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For j�j<U.3=4/ (a bounded set in C), there existsC > 0 such that for all x 2 Œ1=2;1�
(where U 0.x/ ¤ 0) ˇ̌̌ Z 1

x

� U 00

.U 0/3

�0
log.U C i�/ ds

ˇ̌̌
� C: (2.4.4)

To prove (2.4.4), we introduce, for � > 0, the real value x� , which is defined by

U.x�/ D � for 0 < � < U.0/; x� D 1 if � � 0 and x� D 0 if � > U.0/: (2.4.5)

Note that, for 0 < � � U.0/, x� 2 Œ0; 1/, is indeed uniquely defined by the assumed
monotonicity of U (see (2.1.3)).

Then we use the fact that for j�j<U.3=4/ (implying j�j<U.3=4/, jU 0.x�/j>0),
there exists C > 0 such that

j log.U.x/C i�/j � C Œ1C log jx � x� j�1�:

Hence,

log.U C i�/ is uniformly bounded in Lq.0; 1/ 8 1 � q < C1; (2.4.6)

readily verifying (2.4.4).
Consequently, it holds thatˇ̌̌
K2.x; �/ �

1

U 0.U C i�/
�
1

i�
�

U 00

.U 0/3
log.U C i�/C U 00.1/ log.i�/

ˇ̌̌
� C:

(2.4.7)
Let

yK2.x; �/ D K2.x; �/ �
1

i�
C U 00.1/ log.i�/: (2.4.8)

By (2.4.7), we get the existence of C > 0 such that, for any x 2 Œ1=2; 1� and j�j <
U.3=4/ we have ˇ̌

.U C i�/.x/ yK2.x; �/
ˇ̌
� C: (2.4.9)

We now write, for any x 2 Œ1=2; 1�,ˇ̌̌ Z 1

x

v

U 0.U C i�/
dt
ˇ̌̌
� C




 v

U C i�





1
;

and hence, by (2.4.6) and (2.4.7), for all x 2 Œ1=2; 1� and j�j � U.3=4/ we have, for
.p; q/ satisfying 1

p
C

1
q
D 1,ˇ̌̌ Z 1

x

yK2.t; �/v.t/dt
ˇ̌̌
� C

�


 v

U C i�





1
C k log.U C i�/kqkvkp C kvk1

�
� yC

�


 v

U C i�





1
C kvkp

�
: (2.4.10)
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Substituting (2.4.8), (2.4.9), and (2.4.10) into (2.4.3) given thatK2.x;�/�K2.t;�/D
yK2.x; �/ � yK2.t; �/ yields

k�kL1.1=2;1/ � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
; (2.4.11)

which completes the estimate of � in Œ1
2
; 1�.

Step 1.2. Estimate of k�kL1.0;1=2/. Next, we consider the case where x2 Œ0; 1=2/.
In this interval we need to address the fact that U 0.0/ D 0, as is assumed in (2.1.3a).
Here, we use the assumption j�j < U.3=4/ to obtain that for x 2 .0; 1=2/,ˇ̌̌

K2.x; �/ �K2

�1
2
; �
�ˇ̌̌
D

ˇ̌̌
yK2.x; �/ � yK2

�1
2
; �
�ˇ̌̌
� C: (2.4.12)

Since by (2.4.9) ˇ̌
.U.1=2/C i�/ yK2.1=2; �/

ˇ̌
� C;

we obtain that ˇ̌̌
yK2.1=2; �/

ˇ̌̌
� C: (2.4.13)

Combining (2.4.13) with (2.4.12) and (2.4.8) yields

kK2.�; �/kL1.0;1=2/ �
C

j�j
:

Hence, for all x 2 Œ0; 1=2� it holds that

jK2.x; �/.U C i�/.x/j �
C

j�j
: (2.4.14)

Furthermore, by (2.4.8), (2.4.12), and (2.4.13) we have thatˇ̌̌ Z 1

x

.K2.t; �/ �K2.x; �//v.t/dt
ˇ̌̌

�

ˇ̌̌ Z 1=2

x

. yK2.t; �/ � yK2.x; �//v.t/dt
ˇ̌̌
C

ˇ̌̌ Z 1

1=2

. yK2.t; �/ � yK2.x; �//v.t/dt
ˇ̌̌

�

ˇ̌̌ Z 1

1=2

. yK2.t; �/ � yK2.x; �//v.t/dt
ˇ̌̌
C Ckvk1

� yC
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
;

where, to obtain the last inequality, we used (2.4.10).
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We can then conclude thatˇ̌̌
.U C i�/.x/

Z 1

x

�
K2.t; �/ �K2.x; �/

�
v.t/dt

ˇ̌̌
� C

� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
:

Substituting the above, together with (2.4.14) into (2.4.3) yields

k�kL1.0;1=2/ � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
:

Combined with (2.4.11) the above readily yields (2.4.2).

Step 2. We prove (2.4.1). We begin by rewriting A�;0 � D v in the form

��00 D �
U 00

U C i�
� C

v

U C i�
:

Taking the inner product with � in L2.0; 1/, integration by parts yields, as �0.0/ D
�.1/ D 0,

k�0k22 D <
D
�;

U 00�

U C i�

E
C<

D
�;

v

U C i�

E
: (2.4.15)

Let y� 2 C1.R; Œ0; 1�/ satisfy

y�.x/ D

´
0 jxj < 1

4
;

1 jxj > 1
2
:

(2.4.16)

Let further Q�D 1� y�. The first term on the right-hand side of (2.4.12) can be rewritten
after an integration by part as

�<

D
�;

U 00�

U C i�

E
D <

D�U 00j�j2 y�
U 0

�0
; log.U C i�/

E
�<

D
Q��;

U 00�

U C i�

E
: (2.4.17)

For the first term on the right-hand side of (2.4.17), we writeˇ̌̌̌
<

D�U 00j�j2 y�
U 0

�0
; log.U C i�/

Eˇ̌̌̌
� Ck�k1kŒj�j C j�

0
j� log.U C i�/k1:

Using (2.4.6) together with Poincaré’s inequality leads toˇ̌̌̌
<

D�U 00j�j2 y�
U 0

�0
; log.U C i�/

Eˇ̌̌̌
� yCk�k1k�

0
k2: (2.4.18)

For the second term on the right-hand side of (2.4.17) we have, observing thatU.x/C
i� does not vanish for x in the support of Q� and j�j < U.3=4/,ˇ̌̌

<

D
Q��;

U 00�

U C i�

Eˇ̌̌
� Ck�k22: (2.4.19)



The inviscid operator 22

Substituting (2.4.18) and (2.4.19) into (2.4.17) yields, again with the aid of Poincaré’s
inequality, ˇ̌̌

<

D
�;

U 00�

U C i�

Eˇ̌̌
� Ck�0k2k�k1: (2.4.20)

For the second term on the right-hand side of (2.4.15) we use Poincaré’s inequality
and Sobolev’s embeddings to obtainˇ̌̌̌

<

D
�;

v

U C i�

Eˇ̌̌̌
� k�k1




 v

U C i�





1
� k�0k2




 v

U C i�





1
: (2.4.21)

Substituting (2.4.21) together with (2.4.20) into (2.4.15) yields

k�0k2 � C
�


 v

U C i�





1
C k�k1

�
:

We can now conclude (2.4.1) from (2.4.2).

We can now state as a corollary, an estimate for A�1
�;˛

when ˛ is relatively small.

Corollary 2.4.2. Under the assumptions of Proposition 2.4.1, there exist C > 0 and
ı0 > 0 such that, for all � 2 C satisfying <� ¤ 0 and j�j < U.3=4/, for all ˛ such
that

j˛j � ı0 min.j�j1=2; log�1=2 j�j�1/;

and for any pair .�; v/ 2 D.A�;˛/ � L
p.0; 1/ satisfying

A�;˛� D v; (2.4.22)

it holds that

k�k1;2 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
:

The proof is obtained by rewriting (2.4.22) in the manner

A�;0� D v C ˛
2�;

or
� D A�1�;0v C ˛

2A�1�;0�:

We now use (2.4.1) to obtain

k�k1;2 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
C C˛2

� 1
j�j
k�k1 C




 �

U C i�





1
C k�kp

�
:
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Since j�j � U.3=4/ < 1, 


 1

U C i�





1
� C log j�j�1; (2.4.23)

to obtain that 


 �

U C i�





1
�




 1

U C i�





1
k�k1 � C log j�j�1k�k1:

Sobolev embeddings, given that j˛j < ı0 min.j�j1=2; log�1=2 j�j�1/, complete the
proof of the corollary when p <1 for sufficiently small ı0.

2.5 Small j�j and ˛ > kUk�1
2
.=�/

1=2

C

Set for any � 2 C and ı > 0

˛�;ı D kU k
�1
2 ..=�/C.1C 2ı//

1=2: (2.5.1)

In this section, we attempt to prove the invertibility of A�;˛ as defined in (2.1.2) for
sufficiently small j�j and ˛ � ˛�;ı .

To be able to state the result of this section we define, for p > 1 and <� ¤ 0, on
W 1;p.0; 1/ the maps

v 7! N0.v; �/ WD min
�


.1 � x/1=2 v

U C i�





1
; kvk1;p

�
(2.5.2a)

and
N1.v; �/ D

ˇ̌̌D
1;

v

U C i�

Eˇ̌̌
: (2.5.2b)

We can now state and prove the following proposition.

Proposition 2.5.1. Let r > 1, p > 1, and ı > 0 and U 2 C 3.Œ0; 1�/ satisfy (2.1.3).
There exist �0 > 0 and C > 0 such that for 0 < j�j < �0, ˛ � ˛�;ı and .�; v/ 2
D.A�;˛/ �W

1;p.0; 1/ satisfying A�;˛� D v, we have, with ck D hU; �i=kU k22 and
�? D � � ckU ,

jckj �
1C C j�j2 log j�j�1

j˛2kU k22 C i�j

�
kvk1 C C j�jN1.v; �/

�
(2.5.3a)

and

k�?k1;2 � C
h
N0.v; �/C

j�j

j˛2kU k22 C i�j
.kvk1 C j�jN1.v; �//

i
: (2.5.3b)
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Proof. Step 1. We prove the existence of �0 > 0 and C > 0 such that, for j�j � �0
and ˛ � ˛�;ı it holds that

jckj �
1C C j�j2 log j�j�1

j˛2kU k22 C i�j

�
kvk1 C C j�jk�?k1;2 C j�jN1.v; �/

�
: (2.5.4)

As
U.��00 C ˛2�/ � U 00� D v � i�.��00 C ˛2�/ (2.5.5)

or equivalently, by (2.3.2) and (2.3.4)

U 2.MU C ˛
2/w D

Uv

U C i�
C i�

U 00�

U C i�
; (2.5.6)

where MU is given by (2.2.1) and w D U�1�.
Taking the inner product with 1 and integrating by parts then yields

˛2kU k22 ck D
D
1;

Uv

U C i�

E
C i�

D
1;

U 00�

U C i�

E
: (2.5.7)

We now write D
1;

U 00�

U C i�

E
D ck

D
1;

U 00U

U C i�

E
C

D
1;
U 00�?

U C i�

E
: (2.5.8)

For the first term on the right-hand side we write, as U 0.0/ D 0 and U 0.1/ D �1,

ck

D
1;

U 00U

U C i�

E
D �ck

�
1C i�

D
1;

U 00

U C i�

E�
: (2.5.9)

Since, for =� < U.1=2/,D
1;

U 00

U C i�

E
L2.1=2;1/

D �U 00.1/ log.i�/ �
U 00.1=2/

U 0.1=2/
log.U.1=2/C i�/

�

D�U 00
U 0

�0
; log.U C i�/

E
L2.1=2;1/

;

we may conclude the existence ofC >0 and 0<�0 <U.1=2/, such that, for j�j � �0,ˇ̌̌D
1;

U 00

U C i�

E
L2.1=2;1/

ˇ̌̌
� C log j�j�1:

As ˇ̌̌D
1;

U 00

U C i�

E
L2.0;1=2/

ˇ̌̌
� C;

we obtain ˇ̌̌D
1;

U 00

U C i�

Eˇ̌̌
� C log j�j�1: (2.5.10)
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Next, we consider the second term on the right-hand side of (2.5.8) (note that
�?.1/ D 0)ˇ̌̌D

1;
U 00�?

U C i�

E
L2.1=2;1/

ˇ̌̌
D

ˇ̌̌
�
U 00�?

U 0
log..U.1=2/C i�//jxD1=2 C

D�U 00�?
U 0

�0
; log.U C i�/

Eˇ̌̌
� Ck�?k1;2:

For =� < U.1=2/, we can writeˇ̌̌D
1;
U 00�?

U C i�

E
L2.0;1=2/

ˇ̌̌
� Ck�?k1;

and hence we may conclude thatˇ̌̌D
1;
U 00�?

U C i�

Eˇ̌̌
� Ck�?k1;2: (2.5.11)

Substituting the above, together with (2.5.9) and (2.5.10) into (2.5.8) yieldsˇ̌̌D
1;

U 00�

U C i�

E
C ck

ˇ̌̌
� C j�j log j�j�1ck C Ck�?k1;2: (2.5.12)

We next rewrite (2.5.7) in the form

.˛2kU k22 C i�/ ck D
D
1;

Uv

U C i�

E
C i�

�D
1;

U 00�

U C i�

E
C ck

�
; (2.5.13)

and then observe thatD
1;

Uv

U C i�

E
D

ˇ̌̌
h1; vi � i�

D
1;

v

U C i�

Eˇ̌̌
� kvk1 C j�jN1.v; �/:

Substituting the above together with (2.5.12) into (2.5.13) yields

jckj �
1

j˛2kU k22 C i�j

�
kvk1 C C j�j

2 log j�j�1ck C C j�jk�?k1;2 C j�jN1.v; �/
�
:

Given the fact that when =� > 0, ˛ � ˛�;ı , we have

1

j˛2kU k22 C i�j
�

1

ıj�j
;

and that when =� � 0 we have

1

j˛2kU k22 C i�j
�

1

j�j
;

we obtain (2.5.4) for sufficiently small �0 > 0.
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Step 2. We prove (2.5.3).

Step 2.1. For w? D U�1�?, we prove that

kUw0?k
2
2 C ˛

2
k�?k

2
2 � Ck�

0
?k2.N0.v; �/C j�j jckj/C

ˇ̌̌
i�
D�?
U
;
U 00�?

U C i�

Eˇ̌̌
:

(2.5.14)
Taking the inner product in (2.5.5) with w? yields (note that w0 D w0

?
)

kUw0?k
2
2 C ˛

2
k�?k

2
2 D

D
�?;

v

U C i�

E
C i�

D
w?;

U 00�

U C i�

E
: (2.5.15)

We now turn to estimate the right-hand side of (2.5.15). For the first term we have,
using the fact that j�?.x/j � .1 � x/1=2k�0?k2,ˇ̌̌D

�?;
v

U C i�

Eˇ̌̌
� k�0?k2




.1 � x/1=2 v

U C i�





1
: (2.5.16)

Furthermore, splitting the domain of integration .0; 1/ into two intervals: .0; 1=4/ and
.1=4; 1/ and then integrating by parts on .1=4; 1/ yield, for 0 < j�j < �0 � U.1=2/,D

�?;
v

U C i�

E
D ��? v log.U C i�/

ˇ̌
xD 14

�

Z 1

1=4

log.U C i�/
��? v
U 0

�0
dx C

Z 1=4

0

�?
v

U C i�
dx:

(2.5.17)

Using a Sobolev embedding and Poincaré’s inequality yields for j�j � U.1=2/ˇ̌
�? v log.U C i�/

ˇ̌
xD 14

ˇ̌
� Ck�?k1kvk1 � Ck�

0
?k2kvk1;p: (2.5.18)

Furthermore, it holds thatˇ̌̌ Z 1=4

0

�?
v

U C i�
dx
ˇ̌̌
� C kvk2k�?k2; (2.5.19)

and, as in the proof of (2.4.20),ˇ̌̌ Z 1

1=4

log.U C i�/
��?v
U 0

�0
dx
ˇ̌̌
� C.kvk1;pk�?k1 C kvk1k�

0
?k2/:

Substituting the above, together with (2.5.19) and (2.5.18) into (2.5.17) we can con-
clude, with the aid of Poincaré’s inequality and Sobolev’s embeddings, thatˇ̌̌D

�?;
v

U C i�

Eˇ̌̌
� Ck�0?k2kvk1;p: (2.5.20)

Combining (2.5.20) with (2.5.16) and (2.5.2) yieldsˇ̌̌D
�?;

v

U C i�

Eˇ̌̌
� Ck�0?k2N0.v; �/: (2.5.21)



Small j�j and ˛ > kU k�1
2
.=�/

1=2

C
27

For the second term we have, using the decomposition (2.3.1)

i�
D
w?;

U 00�

U C i�

E
D ick�

D
�?;

U 00

U C i�

E
C i�

D
w?;

U 00�?

U C i�

E
: (2.5.22)

To estimate the first term in (2.5.22) we use (2.5.11) to obtainˇ̌̌
ck�

D
�?;

U 00

U C i�

Eˇ̌̌
� C j�j jckjk�?k1;2: (2.5.23)

Substituting the above together with (2.5.22) and (2.5.21) into (2.5.15) yields (2.5.14).
The estimate of the last term in (2.5.14) is the object of the next step.

Step 2.2. We prove that for every � > 0 there exists �0 > 0 such that for all j�j � �0
it holds that ˇ̌̌

i�
D�?
U
;
U 00�?

U C i�

Eˇ̌̌
� �k�0?k

2
2: (2.5.24)

Clearly,

i�
D�?
U
;
U 00�?

U C i�

E
D i�

Z 1

0

U 00j�?j
2

U.U C i�/
dx: (2.5.25)

Recall the definition of x� in (2.4.5), and let 1 � x� � d < 1=2.

The integral over .1 � 2d; 1/. We attempt, see Step 2 of the proof of [3, Proposi-
tion 4.14], to prove that for d < 1

2
there exists yC > 0 and �0 such that for j�j � �0ˇ̌̌

i�

Z 1

1�2d

U 00j�?j
2

U.U C i�/
dx
ˇ̌̌
� yC d log jd j�1k�0?k

2
2: (2.5.26)

To estimate this integral we use the identity

1

U.U C i�/
D

1

i�

h 1
U
�

1

U C i�

i
;

to obtain that

i�

Z 1

1�2d

U 00j�?j
2

U.U C i�/
dx D

Z 1

1�2d

U 00j�?j
2

U
dx �

Z 1

1�2d

U 00j�?j
2

U C i�
dx: (2.5.27)

Integration by parts yieldsZ 1

1�2d

U 00j�?j
2

U C i�
dx D

�
U 00

U 0
j�?j

2
j log.U C i�/j

�ˇ̌̌̌
xD1�2d

�

Z 1

1�2d

�U 00
U 0
j�?j

2
�0
j log.U C i�/j dx: (2.5.28)

Next, we observe that

j�?.x/j
2
� 2dk�0?k

2
2; 0 � U.x/ � 2d; 8x 2 Œ1 � 2d; 1�: (2.5.29)
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We also note that, for �0 small enough and j�j � �0,

j log.U.1 � 2d/C i�/j � C log jd j�1: (2.5.30)

Hence, the first term on the right-hand side of (2.5.28) can be estimated as follows:ˇ̌̌�U 00
U 0
j�?j

2
j log.U C i�/j

�ˇ̌̌̌
xD1�2d

� C d log jd j�1 k�0?k
2
2: (2.5.31)

For the second term, we writeˇ̌̌ Z 1

1�2d

�U 00
U 0
j�?j

2
�0
j log.U C i�/j dx

ˇ̌̌
�




U 00
U 0





W 1;1.1�2d;1/

Z 1

1�2d

.j�?j
2
C 2j�?j j�

0
?j/j log.U C i�/j dx

� C

Z 1

1�2d

.j�?j
2
C j�?j j�

0
?j/ log.U C i�/j dx: (2.5.32)

As
k log.U C i�/kLp.1�2d;1/ � Cd1=p log jd j�1 for p 2 ¹1; 2º;

we obtain, using (2.5.29), from (2.5.32) thatˇ̌̌ Z 1

1�2d

�U 00
U 0
j�?j

2
�0
j log.U C i�/j dx

ˇ̌̌
� Cd log jd j�1k�0?k

2
2:

Substituting the above, together with (2.5.29) into (2.5.28) then yieldsˇ̌̌ Z 1

1�2d

U 00j�?j
2

U C i�
dx
ˇ̌̌
� Cd log jd j�1k�0?k

2
2: (2.5.33)

We now estimate the first term on the right-hand side of (2.5.27). Employing (2.3.7)
and Poincaré’s inequality yieldsˇ̌̌ Z 1

1�2d

U 00j�?j
2

U
dx
ˇ̌̌
� Ck�?kL2.1�2d;1/k�?=U kL2.1�2d;1/ � zC dk�

0
?k

2
2:

Substituting the above together with (2.5.33) into (2.5.27) yields (2.5.26).

The integral over Œ0; 1� 2d�. By (2.1.3) there exists C > 0 such that for all 1� x� �
d < 1=2, 


 1

U C i�





L1.0;1�2d/

�
1

U.1 � 2d/ � �
�
C

d
:

Hence, given that U 0.1/ < 0,ˇ̌̌
�

Z 1�2d

0

U 00j�?j
2

U.U C i�/
dx
ˇ̌̌
� C
j�j

d2
k�?k

2
2:
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2
.=�/

1=2

C
29

Combining the above with (2.5.26) yields that for all 1 � x� � d , with the aid of
Poincaré’s inequalityˇ̌̌

�

Z 1

0

U 00j�?j
2

U.U C i�/
dx
ˇ̌̌
� C

�
j�j

d2
C d log jd j�1

�
k�0?k

2
2: (2.5.34)

Let � > 0. Clearly, there exists d.�/ > 0 such that for d 2 .0; d.�//

d log jd j�1 �
�

2C
:

Furthermore, for .�; d/ as above we add the condition

�0 � min
��d2
2C

; d U.0/
�
:

As
U.0/.1 � x�/ � j�j < j�j < �0 � d U.0/;

we obtain that d � 1 � x� , therefore, (2.5.24) can now be verified with the aid of
(2.5.34).

Step 2.3. We complete the proof of (2.5.3). Substituting (2.5.24) into (2.5.14) yields
for any � > 0, the existence of C > 0 and �� > 0, such that for j�j < �� , it holds that

kUw0?k
2
2 C ˛

2
k�?k

2
2 � Ck�

0
?k2.N0.v; �/C j�jjckj/C �k�

0
?k

2
2: (2.5.35)

We now attempt to bound k�0
?
k2. As

�0? D Uw
0
? C U

0w?;

and since kU 0k1 � 1 we may use (2.3.7) to obtain

k�0?k
2
2 � 2kUw

0
?k

2
2 C Ck�?k

2
2: (2.5.36)

On the other hand, by (2.2.2) and (2.2.3) we have that

k�?k
2
2 � CkUw

0
?k

2
2;

and hence, combining with (2.5.36), we obtain

k�0?k2 � CkUw
0
?k2:

Substituting the above into (2.5.35) yields, with the aid of Poincaré’s inequality and
a suitable choice of �, the existence of �0 and C > 0 such that for j�j � �0,

k�0?k2 � C.N0.v; �/C j�j jckj/: (2.5.37)

We now combine (2.5.37) with (2.5.4) to obtain (2.5.3a) and (2.5.3b).
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While a direct use of (2.5.3) will be made in the proof of (5.2.2), we shall also
need to transform N1.v; �/ into a more conventional bound, which is precisely what
we achieve in the next lemma.

Lemma 2.5.2. Let U 2C 2.Œ0; 1�/ satisfy (2.1.3), p>1, 0<�0<U.1=2/, and �0 > 0.
There exist C > 0 such that for all j�j < �0, and j�j � �0 it holds that

N1.v; �/ � jv.1/j log j�j C Ckvk1;p; (2.5.38)

where N1 is introduced in (2.5.2b).

Proof. Clearly,D
1;

v

U C i�

E
D

D
1;

v

U C i�

E
L2.0;1=2/

C

D
1;

v

U C i�

E
L2.1=2;1/

:

Integration by parts yieldsD
1;

v

U C i�

E
L2.1=2;1/

D v.1/ log.i�/ �
v.1=2/

U 0.1=2/
log.U.1=2/C i�/

�

Z 1

1=2

� v
U 0

�0
log.U C i�/ dx:

Furthermore, as � < U.1=2/ it holds thatˇ̌̌D
1;

v

U C i�

E
L2.0;1=2/

ˇ̌̌
�

kvk1

jU.1=2/C i�j
:

Consequently, by (2.5.2b), we can conclude (2.5.38) for any p > 1.

2.6 The case 0 < =� < U.0/

Lemma 2.3.1 and Propositions 2.4.1, 2.5.1 address some of the cases where j�j is
small. We now consider the case 0 < � < �1 for some �1 <U.0/, (recall that � D=�).
For later reference (see Lemma 5.2.1 and Proposition 5.4.1), we also consider the case
where � is small using a different approach than that of the previous section. We set,
for p > 1 and v 2 W 1;p.0; 1/,

N.v; �/ WD min
�


Œ.1 � x/1=2 C ��1=2.1 � x/� v

U C i�





1
;

j�j1=2.kv0kp C jv.1/j log j�j�1/C kvk2 C ��1=2kvk1
�
: (2.6.1)

For small values of j�j, since Ai�;0.U � �/ D 0 and since U.1/ � � D � � 1, we
expect A�;0 to be almost singular, and that the norm of � D A�1

�;0
v would be much

greater in the space spanned by U � �. We thus use the decomposition

� D c�
k
.U � �/C Œ� � c�

k
.U � �/�;

where c�
k

is defined by (2.6.3).
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The proof of the following proposition is somewhat similar to the proof of [3,
Proposition 4.15]. In addition to the above-mentioned difference, resulting from the
non-invertibility of A0;0, we need to address the Neumann condition at x D 0 here,
which complicates the estimate of k�0kL2.0;x�/, where x� is given by (2.4.5). This
estimate, which is addressed in step 3 of the proof, significantly contributes to its
length and complexity.

Proposition 2.6.1. Let p > 1, U 2 C 3.Œ0; 1�/ satisfy (2.1.3), and 0 < �1 < U.0/.
There exist �0 > 0 and C > 0 such that for all � D �C i� with 0 < � < �1, and
0 < j�j � �0 and ˛ � 0, we have, for all .�; v/ 2 D.A�;˛/ �W

1;p.0; 1/ satisfying
A�;˛� D v .where A�;˛ is defined in (2.1.1)/,

k� � c�
k
.U � �/k1;2 C �

1=2
jc�
k
j �

C

�
N.v; �/; (2.6.2)

where

c�
k
D
h� � �.x�/; U � �iL2.0;x�/

kU � �k2
L2.0;x�/

; (2.6.3)

in which x� is defined by (2.4.5).

Proof. Step 1. We prove that there exists C > 0 such that, for all 0 < j�j � 1 it holds
that

j�.x�/j � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
(2.6.4)

for all pairs .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

It can be easily verified (since A�;˛� D v) that

=

D
�;

v

U � � C i�

E
D ��

D U 00�

.U � �/2 C �2
; �
E
: (2.6.5)

As
j�.x/j2 �

1

2
j�.x�/j

2
� j�.x/ � �.x�/j

2;

we may use (2.6.5) to obtain, observing that �U 00 > 0,ˇ̌̌
=

D
�;

v

U � � C i�

Eˇ̌̌
� j�j

D
jU 00j

.U � �/2 C �2
;
1

2
j�.x�/j

2
� j�.x/� �.x�/j

2
E
: (2.6.6)

Hence,

j�j

2
j�.x�/j

2



 jU 00j1=2
U C i�




2
2
� j�j sup jU 00j




� � �.x�/
U C i�




2
2
C

ˇ̌̌D
�;

v

U � � C i�

Eˇ̌̌
:

(2.6.7)
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Since jU.x/� �j � jx � x� j, and jU 00j> 0 we can conclude, that for some positive C


 jU 00j1=2
U C i�




2
2
�
1

C

Z 1

0

1

.x � x�/2 C �2
dx:

As j�j � 1 and x� 2 Œx�1 ; 1�, we obtain after the change of variable y D .x� � x/=j�jZ 1

0

1

.x � x�/2 C �2
dx D

1

j�j

Z x�
j�j

x��1
j�j

1

1C y2
dy �

1

j�j

Z x�1
j�j

0

1

1C y2
dy:

Consequently, there exists yC > 0, such that for all j�j � 1 and � 2 .0; �1/,


 jU 00j1=2
U C i�




2
2
�
1

yC
j�j�1: (2.6.8)

A similar argument is employed in the proof of [3, Proposition 4.14] (see between
equations (4.59) and (4.60) there). By (2.6.7) we then have

j�.x�/j
2
� C

h
j�j



� � �.x�/
U C i�




2
2
C

ˇ̌̌D
�;

v

U � � C i�

Eˇ̌̌i
: (2.6.9)

To estimate the first term on the right-hand side of (2.6.9) we first observe that for
some C D C.�1/ > 0 we have, for all � D �C i� such that 0 < � < �1ˇ̌̌ 1

U.x/C i�

ˇ̌̌
�

C

jx � x� j
8x 2 .x�1=4; 1/;

where x�1 D x�
ˇ̌
�D�1

, andˇ̌̌ 1

U.x/C i�

ˇ̌̌
� C 8x 2 .0; x�1=4/:

Consequently, we may writeˇ̌̌ 1

U.x/C i�

ˇ̌̌
�

C

jx � x� j
8x 2 .0; 1/: (2.6.10)

We now apply Hardy’s inequality (2.2.8) to w D .x � x�/�1.� � �.x�// in .x� ; 1/.
It follows that 


� � �.x�/

x � x�




2
L2.x� ;1/

�
1

4
k�0k2

L2.x� ;1/
: (2.6.11)

A similar bound can be the interval .0; x�/:


� � �.x�/
x � x�




2
L2.0;x�/

�
1

4
k�0k2

L2.0;x�/
: (2.6.12)
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Consequently, 


� � �.x�/
x � x�




2
L2.0;1/

�
1

4
k�0k2

L2.0;1/
(2.6.13)

from which we easily conclude, in view of (2.6.10),


� � �.x�/
U C i�




2
2
� Ck�0k22: (2.6.14)

Substituting (2.6.14) into (2.6.9) readily yields

j�.x�/j
2
� C

�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C j�j k�0k22

�
: (2.6.15)

Using the positivity of �U 00 on Œ0; 1� and (2.6.5) for the second inequality we then
obtain that


 �

U C i�




2
2
� C

Z 1

0

.�U 00/

.U � �/2 C �2
j�j2dx �

yC

j�j

ˇ̌̌D
�;

v

U � � C i�

Eˇ̌̌
: (2.6.16)

Since

k�0k22 C ˛
2
k�k22 D <

D
�;

A�;˛�

U C i�

E
�<

D
U 00�;

�

U C i�

E
;

we may conclude from (2.6.16), Poincaré’s inequality, and (2.4.22) that

k�0k22 C ˛
2
k�k22 �

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C C




 �

U C i�





2
k�k2

�

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C

yC

j�j1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
k�0k2; (2.6.17)

from which we conclude, given that j�j � 1,

k�0k22 �
C

j�j

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.6.18)

Substituting (2.6.18) into (2.6.15) yields (2.6.4).

Step 2. We prove that for any A > 0, there exists C and �A such that, for ˛2 � A and
� such that j�j � �A and � 2 .0; �1/

k�kH1.x� ;1/ � C
h
��1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

i
(2.6.19)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

Let � 2 C1.R; Œ0; 1�/ be given by

�.x/ D

´
1 x < 1=2;

0 x > 3=4:
(2.6.20)
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With d D 1 � x� , let �d .x/ D �..x � x�/=d/ and set

� D ' C �.x�/�d : (2.6.21)

Note that by the choice of d , ' satisfies also the boundary conditions at x 2 ¹0; 1º.
It can be easily verified that

A�;˛' D v C �.x�/
�
.U C i�/.�00d � ˛

2�d / � U
00�d

�
:

By (2.6.21) we have that

w WD .U � �/�1' 2 H 2.0; 1/; (2.6.22)

and hence we can rewrite the above equality (using (2.4.22) twice) in the form

�

�
.U � �/2

� '

U � �

�0�0
C ˛2.U � �/'

D v C �.x�/
�
.U � �/.�00d � ˛

2�d / � U
00�d

�
C i�.�00 � ˛2�/

D
.U � �/v

U C i�
C �.x�/

�
.U � �/.�00d � ˛

2�d / � U
00�d

�
C i�

U 00�

U C i�
: (2.6.23)

Taking the inner product with w and integrating by parts, exploiting the fact that
'.x�/ D 0, then yields

k.U � �/w0k2
L2.x� ;1/

C ˛2k'k2
L2.x� ;1/

D

D
';

v

U C i�

E
L2.x� ;1/

� hw; �.x�/U
00�d iL2.x� ;1/

C �.x�/h'; �
00
d � ˛

2�d iL2.x� ;1/ C i�
D
w;

U 00�

U C i�

E
L2.x� ;1/

: (2.6.24)

We now estimate the four terms appearing in the right-hand side of (2.6.24), using
precisely the same procedure as in the proof of [3, Proposition 4.13]. For the first term
on the right-hand side of (2.6.24) we obtain with the aid of (2.6.21)ˇ̌̌D

';
v

U C i�

E
L2.x� ;1/

ˇ̌̌
�

ˇ̌̌D
� � �.x�/;

v

U C i�

E
L2.x� ;1/

ˇ̌̌
C j�.x�/j

ˇ̌̌D
1 � �d ;

v

U C i�

E
L2.x� ;1/

ˇ̌̌
: (2.6.25)

Since the integration is carried over .x� ; 1/ we can estimate the first term on the
right-hand side of (2.6.25) by using Hardy’s inequality (2.2.8) and (2.6.10)ˇ̌̌D

� � �.x�/;
v

U C i�

E
L2.x� ;1/

ˇ̌̌
�




� � �.x�/
x � x�





L2.x� ;1/




 .x � x�/v
U C i�





L2.x� ;1/

� Ck�0kL2.x� ;1/kvk2:
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For the second term on the right-hand side of (2.6.25) we first note that since

�.x�/ D �

Z 1

x�

�0.x/ dx;

we may conclude that
j�.x�/j � d

1=2
k�0k2: (2.6.26)

By the definition of �d , 


 1 � �d
U C i�





1
�
C

d
;

and hence, 


 1 � �d
U C i�





L2.x� ;1/

D




 1 � �d
U C i�





2
�

C

d1=2
:

Hence, by the above and (2.6.26),

j�.x�/j
ˇ̌̌D
1 � �d ;

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� d1=2k�0k2




 1 � �d
U C i�





2
kvk2 � Ck�

0
k2kvk2:

Hence, ˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0k2kvk2: (2.6.27)

In addition, we may write, observing that '.1/ D 0,ˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� k'0kL2.x� ;1/




.1 � x/1=2 v

U C i�





1
:

Using (2.6.26), yields

k'0kL2.x� ;1/ � k�
0
kL2.x� ;1/ C j�.x�/j k�

0
dk2 � Ck�

0
k2;

which leads toˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0kL2.x� ;1/




.1 � x/1=2 v

U C i�





1
: (2.6.28)

Combining (2.6.27) and (2.6.28) yields the existence of C > 0 such thatˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0kL2.x� ;1/N.v; �/: (2.6.29)

To estimate the second term hw; �.x�/U 00�d iL2.x� ;1/ on the right-hand side of
(2.6.24), we note that by Hardy’s inequality (2.2.8) and (2.6.26), we have

kwkL2.x� ;1/ � Ck'
0
kL2.x� ;1/ �

yC
�
k�0kL2.x� ;1/ C

1

d1=2
j�.x�/j

�
� zCk�0kL2.x� ;1/: (2.6.30)
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From (2.6.30) we then get

jhw; �.x�/U
00�d iL2.x� ;1/j � C j�.x�/jk�

0
kL2.x� ;1/: (2.6.31)

Next, we write for the third term .�.x�/h'; �
00
d
� ˛2�d iL2.x� ;1// on the right-

hand side of (2.6.24), using integration by parts (note that �0
d
.x�/ D 0 D �

0
d
.1/) and

the fact that ˛2 � A

jh'; �00d � ˛
2�d iL2.x� ;1/j � k'

0
kL2.x� ;1/k�

0
dk2 C CA k'kL2.x� ;1/

� yCA

�
1

d1=2
k'0kL2.x� ;1/ C k'kL2.x� ;1/

�
:

(For convenience we drop the notation referring to the dependence onA in the sequel.)
Consequently, by (2.6.21),

j�.x�/j jh'; �
00
d � ˛

2�d iL2.x� ;1/j

� C j�.x�/j
� 1

d1=2

�
k�0kL2.x� ;1/C

1

d1=2
j�.x�/j

�
C.k�kL2.x� ;1/Cd

1=2
j�.x�/j/

�
:

Hence, using Poincaré’s inequality and (2.6.26), yields

j�.x�/j jh'; �
00
d � ˛

2�d iL2.x� ;1/j � C
j�.x�/j

d1=2
k�0kL2.x� ;1/: (2.6.32)

To estimate the last term
�
i�
˝
w; U

00�
UCi�

˛
.x� ;1/

�
on the right-hand side of (2.6.24),

we first writeˇ̌̌D
w;U 00

�

U C i�

E
L2.x� ;1/

ˇ̌̌
�

ˇ̌̌D
w;U 00

� � �.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
C

ˇ̌̌D
w;U 00

�.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
:

We then use (2.6.30), (2.6.26), and [3, equation (4.38)], which reads, for � 2 Œ0; �1�,
with �1 < U.0/, 


 1

U C i�





2
� {C�1 j�j

�1=2; (2.6.33)

to obtain thatˇ̌̌D
w;U 00

�.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
� CkwkL2.x� ;1/j�.x�/j




 1

U C i�





2

� yC j�j�1=2d1=2k�0k2
L2.x� ;1/

: (2.6.34)

Furthermore, we have, by (2.6.14) and (2.6.30),ˇ̌̌D
w;U 00

� � �.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0k2

L2.x� ;1/
:
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Substituting the above and (2.6.34) together with (2.6.29), (2.6.31), and (2.6.32) into
(2.6.24) yields that there exists C > 0 such that

k.U � �/w0k2
L2.x� ;1/

C ˛2k'k2
L2.x� ;1/

� C
�
Œj�j1=2d1=2 C j�j�k�0k2

L2.x� ;1/
C

h
j�.x�/j

d1=2
CN.v; �/

i
k�0kL2.x� ;1/

�
:

(2.6.35)

As jU.x/� �j � 1
C
jx � x� j for all x 2 .x� ; 1/, we can apply Hardy’s inequality (2.2.7)

to .U � �/w0 on .x� ; 1/ to obtain

kwk2
L2.x� ;1/

� yCk.U � �/w0k2
L2.x� ;1/

� zC
��
j�j1=2d1=2 C j�j

�
k�0k2

L2.x� ;1/
C

h
j�.x�/j

d1=2
CN.v; �/

i
k�0kL2.x� ;1/

�
:

(2.6.36)

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we write, using the
definition of w and ',

k�0kL2.x� ;1/ � k.U � �/w
0
kL2.x� ;1/CkU

0wkL2.x� ;1/CC d
�1=2
j�.x�/j; (2.6.37)

from which we conclude with the aid of (2.6.35) and (2.6.36) that, for sufficiently
small �A,

k�0kL2.x� ;1/ � C
�
j�.x�/j

d1=2
CN.v; �/

�
: (2.6.38)

From (2.6.38) we can conclude (2.6.19) with the aid of Poincaré’s inequality, the fact
that d � 1

C
�, and (2.6.4).

Step 3. We prove that for any A > 0, there exist C and �A such that, for ˛2 � A,
j�j � �A, and � 2 Œ0; �1/

jc�
k
j C k�kH1.0;x�/ � C

�
��1

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
C ��1=2N.v; �/

�
; (2.6.39)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

Here, we need to obtain an estimate for kwkL2.0;x�/, where we recall from (2.6.22)
that w WD .U � �/�1'.

To this end we need an estimate forw. Ox0/ for some Ox0 2 .x�=2;x�/, to be determ-
ined at later stage. Clearly, there exists Ox1 2 ..1C x�/=2; 1/ such that

j�0. Ox1/j �

p
2

d1=2
k�0kL2.x� ;1/

and
j�. Ox1/j � d

1=2
k�0kL2.x� ;1/:
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Furthermore, it holds for all x 2 .x�=2; x�/ that

j�0.x/j � j�0. Ox1/j C
ˇ̌̌ Z Ox1
x

�00.t/ dt
ˇ̌̌
:

Consequently, as

jw. Ox0/j D
ˇ̌̌�. Ox0/ � �.x�/
U. Ox0/ � �

ˇ̌̌
�

1

jU. Ox0/ � �j

Z x�

Ox0

j�0.x/j dx;

we may conclude that

jw. Ox0/j �
1

jU. Ox0/ � �j

Z x�

Ox0

h
j�0. Ox1/j C

ˇ̌̌ Z Ox1
x

�00.t/ dt
ˇ̌̌i
dx:

With the aid of (2.4.22) we then have

jw. Ox0/j �
1

jU. Ox0/ � �j

Z x�

Ox0

�
j�0. Ox1/j C

ˇ̌̌ Z Ox1
x

hU 00� � v
U C i�

C ˛2�
i
dt
ˇ̌̌�
dx:

(2.6.40)
We now writeZ Ox1

x

U 00�

U C i�
dt D �.x�/

Z Ox1
x

U 00

U C i�
dt C

Z Ox1
x

U 00Œ� � �.x�/�

U C i�
dt: (2.6.41)

To facilitate the estimate of the integral appearing in the first term on the right-hand
side of (2.6.41) we use an integration by parts to obtainZ Ox1

x

U 00

U C i�
dt D

�U 00
U 0

log.U C i�/
�ˇ̌̌x
Ox1
�

Z Ox1
x

�U 00
U 0

�0
log.U C i�/ dt:

As 0 < � < �1, U 00=U 0 and .U
00

U 0
/0 are uniformly bounded in .x�=2;1/ and in view

of the inequality
j log.U C i�/j � log jx � xvj�1 C C;

we observe that the L1-norm of log.U.x/C i�/ is bounded and that

j log.U C i�/. Ox1/j � C.j log.d2 C �2/j C 1/: (2.6.42)

Hence, we haveˇ̌̌
�.x�/

Z Ox1
x

U 00.t/

U.t/C i�
dt
ˇ̌̌
� C j�.x�/jŒ1C j log.d2 C �2/j C j log.U C i�/. Ox/j�:

For the second term on the right-hand side of (2.6.41), we have by (2.6.14)ˇ̌̌ Z Ox1
x�

U 00.t/Œ�.t/ � �.x�/�

U.t/C i�
dt
ˇ̌̌
� C j Ox1 � x� j

1=2
h Z Ox1

x�

ˇ̌̌�.t/ � �.x�/
U.t/C i�

ˇ̌̌2
dt
i1=2

� zC d1=2k�0kL2.x� ; Ox1/:
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In a similar manner we obtain thatˇ̌̌ Z x�

x

U 00Œ�.t/ � �.x�/�

U.t/C i�
dt
ˇ̌̌
� C.x� � x/

1=2
k�0kL2.x;x�/:

Consequently,ˇ̌̌ Z Ox1
x

U 00Œ�.t/ � �.x�/�

U.t/C i�
dt
ˇ̌̌
� C

�
k�0kL2.x� ; Ox1/ C .x� � x/

1=2
k�0kL2.x;x�/

�
:

Hence,ˇ̌̌ Z Ox1
x

U 00�

U C i�
dt
ˇ̌̌

� C
�
k�0kL2.x� ; Ox1/ C .x� � x/

1=2
k�0kL2.x;x�/

C j�.x�/jŒ1C j log.d2 C �2/j C j log.U C i�/.x/j�
�
: (2.6.43)

Next, we writeˇ̌̌ Z Ox1
x

�.t/ dt
ˇ̌̌
� C d1=2 k�kL2.x� ;1/ C

ˇ̌̌ Z x�

x

�.t/ dt
ˇ̌̌
:

Then, with the aid of Poincaré’s inequality we obtainˇ̌̌ Z Ox1
x

�.t/ dt
ˇ̌̌
� C d k�0kL2.x� ;1/ C j�.x�/j.x� � x/C C.x� � x/

3=2
k�0kL2.x;x�/:

Substituting the above, together with (2.6.43), into (2.6.40) yields

jw. Ox0/j �
C.1C ˛2/

jU. Ox0/ � �j

Z x�

Ox0

�
d�1=2k�0kL2.x� ;1/ C .x� � x/

1=2
k�0kL2.x;x�/

C j�.x�/jŒ1C j log.U C i�/.x/j C j log.d2 C �2/j�
�
dx:

We now write, using (2.6.42),

1

jU. Ox0/ � �j

Z x�

Ox0

j log.U C i�/.x/j dx �
C

x� � Ox0

Z x�

Ox0

Œ1C j log.x� � x/j� dx

� yC Œ1C log.j Ox0 � x� j�1/�:

Consequently, since j. Ox0�x�/.U. Ox/��/�1j is uniformly bounded for Ox02.x� ; x�=2/
and ˛2 � A,

jw. Ox0/j � C
�
j�.x�/j.1C log j Ox0 � x� j�1 C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/ C d

�1=2
k�0kL2.x� ;1/

�
: (2.6.44)
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We can now apply Hardy’s inequality (2.2.7) to w �w. Ox0/ on the interval . Ox0; x�/ to
obtain

kw � w. Ox0/k
2
L2. Ox0;x�/

� 4k.Œx � x� �Œw � w. Ox0/�/
0
k
2
L2. Ox0;x�/

� C.�1/k.U � �/w
0
k
2
L2. Ox0;x�/

:

By (2.6.44) and (2.6.4) we then have

kwkL2. Ox0;x�/

� C
�
k.U � �/w0kL2. Ox0;x�/ C d

�1=2
k�0kL2.x� ;1/

C Œk�0k
1=2
2 N.v; �/

1
2 C j�j1=2k�0k2�.1C log.j Ox0 � x� j�1/C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/

�
:

Note that C is independent of Ox0 2 .x�=2; x�/.
On the other hand by Poincaré’s inequality, we have

kw � w. Ox0/k
2
L2.0; Ox0/

� Ckw0k2
L2.0; Ox0/

:

Observing that 1
2
x�1 � Ox0 � x� � 1 we obtain for all x 2 .0; Ox0/

U.x/ � � � U. Ox0/ � U.x�/ �
ˇ̌̌
U 0
�1
2
x�1

�ˇ̌̌
j Ox0 � x� j:

Consequently,

kw � w. Ox0/k
2
L2.0; Ox0/

� C.x� � Ox0/
�2
k.U � �/w0k2

L2.0; Ox0/
; (2.6.45)

and hence, as Ox0 � x� ,

kwkL2.0;x�/

� C
�
.x� � Ox0/

�1
k.U � �/w0kL2.0;x�/ C d

�1=2
k�0kL2.x� ;1/

C Œk�0k
1=2
2 N.v; �/

1
2 C j�j1=2k�0k2�.1C log j Ox0 � x� j�1 C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/

�
:

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we establish that

k�0kL2.0;x�/

� C
�
.x� � Ox0/

�1
k.U � �/w0kL2.0;x�/ C d

�1=2
k�0kL2.x� ;1/

C Œk�0k
1=2
2 N.v; �/

1
2 C j�j1=2k�0k2�.1C log.j Ox0 � x� j�1/C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/

�
: (2.6.46)
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Taking the inner product in L2.0; x�/ of (2.6.23) with w yields, as in (2.6.24)
(note that �d � 1 in .0; x�/)

k.U � �/w0k2
L2.0;x�/

C ˛2k'k2
L2.0;x�/

D

D
';

v

U C i�

E
L2.0;x�/

� hw; �.x�/U
00
iL2.0;x�/

� ˛2�.x�/h'; 1iL2.0;x�/ C i�
D
w;

U 00�

U C i�

E
L2.0;x�/

: (2.6.47)

As in the proof of (2.6.29) we obtain below for the first term on the right-hand
side of (2.6.47) ˇ̌̌D

';
v

U C i�

E
L2.0;x�/

ˇ̌̌
� Ck�0kL2.0;x�/N.v; �/: (2.6.48)

Indeed, as '0 � �0 in .0; x�/ and '.x�/ D 0, we get for x 2 .0; x�/

j'.x/j � k'0kL2.0;x�/.x� � x/
1=2
� k�0kL2.0;x�/.1 � x/

1=2;

from which we conclude thatˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
� k�0kL2.0;x�/




.1 � x/1=2 v

U C i�





1
: (2.6.49)

In addition, we can writeˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
D

ˇ̌̌D
� � �.x�/;

v

U C i�

E
L2.0;x�/

ˇ̌̌
D

ˇ̌̌D .� � �.x�//
.x � x�/

;
x � x�

U C i�
v
E
L2.0;x�/

ˇ̌̌
and then use (2.6.12) and (2.6.10) to obtainˇ̌̌D

';
v

U C i�

E
L2.0;x�/

ˇ̌̌
� Ck�0k2kvk2: (2.6.50)

Using the definition ofN.v;�/ in (2.6.1) we can now conclude (2.6.48) from (2.6.49)
and (2.6.50).

By (2.2.8) which reads in this case

kwkL2.0;x�/ � Ck�
0
kL2.0;x�/; (2.6.51)

we have for the second term on the right-hand side of (2.6.47) that

jhw; �.x�/U
00
iL2.0;x�/j � C j�.x�/jk�

0
kL2.0;x�/:

For the third term we have, using the fact that ˛2�A, (2.6.21) and Poincaré’s inequal-
ity,

j˛2�.x�/h'; 1iL2.0;x�/j�C j�.x�/j
�
k�kL2.0;x�/Cj�.x�/j

�
� yC j�.x�/j k�

0
kL2.0;x�/:
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Finally, we obtain for the last term of (2.6.47) using (2.6.10), (2.6.12) (as in the proof
of (2.6.14) but on the interval .0; x�/), and (2.6.51)ˇ̌̌

�
D
w;
U 00.� � �.x�//

U C i�

E
L2.0;x�/

ˇ̌̌
� C j�jk�0k2

L2.0;x�/
:

Hence, with the aid of (2.6.33) we conclude, as in the proof of (2.6.34),ˇ̌̌
�
D
w;
U 00�.x�/

U C i�

E
L2.0;x�/

ˇ̌̌
� C j�j k.U C i�/�1kL2.0;x�/ j�.x�/j k�

0
kL2.0;x�/

� yC j�j
1
2 j�.x�/jk�

0
kL2.0;x�/

� yC
�
j�jk�0k2

L2.0;x�/
C j�.x�/j

2
�

� zC
�
j�jk�0kL2.0;x�/ C j�.x�/j

�
k�0kL2.0;x�/:

Combining the above starting from (2.6.47) yields

k.U � �/w0k2
L2.0;x�/

C ˛2k'k2
L2.0;x�/

� C
�
j�j k�0k2

L2.0;x�/
C Œj�.x�/j CN.v; �/�k�

0
kL2.0;x�/

�
: (2.6.52)

Hence, by (2.6.46) and (2.6.4), there exists C > 0 such that for any Ox0 2 .x�=2; x�/
we have, with " D x� � Ox0,

k�0k2 � C.N.v; �/C Œ1C j�j
1=2
C d�1=2�k�0kL2.x� ;1//

C C Œj�j1=2."�1 C j log.d2 C �2/j/C "1=2�k�0k2:

We can now choose Ox0 such that " D inf.. 1
4C
/2; x�1=4/. Then under the condition

j�j1=2."�1 C j log.d2 C �2/j/ � 1
4C

, which is valid for �A which is small enough,
we obtain

k�0k2 � 3C
�
N.v; �/C d�1=2k�0kL2.x� ;1/

�
� yC

�
N.v; �/C ��1=2k�0kL2.x� ;1/

�
:

(2.6.53)
Combining (2.6.53) with (2.6.38) yields,

k�0k2 � C
�
j�.x�/j

d
C d�1=2N.v; �/

�
; (2.6.54)

from which we can conclude a bound on � in H 1.0; x�/ as stated in (2.6.39), upon
use of Poincaré’s inequality and (2.6.4).

To complete the proof of (2.6.39), we need to estimate c�
k

, which is defined in
(2.6.3) by

c�
k
D
h� � �.x�/; U � �iL2.0;x�/

kU � �k2
L2.0;x�/

:
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We note that for 0 < � < �1 the denominator in the definition of c�
k

satisfies

k.U � �/k2
L2.0;x�/

� k.U � �/k2
L2.x�1=4;x�1=2/

�
1

C
: (2.6.55)

Hence,

jc�
k
j � C




� � �.x�/
U � �





L2.0;x�/

� yC k�0kL2.0;x�/; (2.6.56)

which together with (2.6.54) yields (2.6.39).

Step 4. We prove that for any A > 0, there exists C and �A such that, for ˛2 � A,
j�j � �A, and � 2 .0; �1/ such that

k� � c�
k
.U � �/k1;2 � C�

�1=2
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
(2.6.57)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

Since (2.2.2) remains valid if we replace U by U � �, 1� x by x� � x, and .0; 1/
by .0; x�/ we may conclude from (2.2.2) that there exists C > 0 such that

k.U � �/w0k2
L2.0;x�/

�
1

C
k'�?k

2
L2.0;x�/

; (2.6.58)

where, in the interval .0; x�/, '�? is defined by

'�? D � � �.x�/ � c
�
k
.U � �/ D ' � c�

k
.U � �/ (2.6.59)

and c�
k

is defined in (2.6.3). Note that by construction

h'�?; U � �i.0;x�/ D 0: (2.6.60)

Furthermore, by (2.6.60) and (2.6.55)

1

C
jc�
k
j
2
� jc�

k
j
2
k.U � �/k2

L2.0;x�/
� k'k2

L2.0;x�/
: (2.6.61)

Substituting (2.6.61) and (2.6.58) into (2.6.52) (recall again that '0 � �0 in .0; x�/)
yields, with the aid of (2.6.18) and (2.6.59), for a new constant C

k'�?k
2
L2.0;x�/

C ˛2jc�
k
j
2

� C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C
�
j�.x�/j CN.v; �/

��
k.'�?/

0
kL2.0;x�/ C jc

�
k
j
��
: (2.6.62)

Let w�
?
WD .U � �/�1'�

?
. As in (2.3.8) we obtain that

k.'�?/
0
k
2
L2.0;x�/

� C
�
k.U � �/.w�?/

0
k
2
L2.0;x�/

C k'�?kL2.0;x�/kw
�
?kL2.0;x�/

�
:

(2.6.63)



The inviscid operator 44

By Hardy’s inequality (2.2.8) applied tow�
?

, and since .w�
?
/0 Dw0, we may conclude

from (2.6.63), with the aid of (2.6.58), that

k.'�?/
0
kL2.0;x�/ � C.k.U � �/w

0
kL2.0;x�/ C k'

�
?kL2.0;x�//

� yCk.U � �/w0kL2.0;x�/: (2.6.64)

We now rewrite (2.6.52) with the aid of (2.6.18) in the form

k.U � �/w0k2
L2.0;x�/

� C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C Œj�.x�/j CN.v; �/�k�

0
kL2.0;x�/

�
:

Combining the above with (2.6.64) and (2.6.59) yields

k.'�?/
0
k
2
L2.0;x�/

� C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C Œj�.x�/j CN.v; �/�.k.'

�
?/
0
kL2.0;x�/ C jc

�
k
j/
�
: (2.6.65)

This yields by (2.6.39) and (2.6.4) that

k.'�?/
0
k
2
L2.0;x�/

� C ��1
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
CN.v; �/2

�
: (2.6.66)

Clearly, by Poincaré’s inequality

k� � c�
k
.U � �/k2

L2.0;x�/

� 2.k'�?k
2
L2.0;x�/

C j�.x�/j
2/ � C.k.'�?/

0
k
2
L2.0;x�/

C j�.x�/j
2/;

which implies

k� � c�
k
.U � �/k2

H1.0;x�/
� C.k.'�?/

0
k
2
L2.0;x�/

C j�.x�/j
2/: (2.6.67)

Combining (2.6.67) with (2.6.39), (2.6.4), and (2.6.66) then yields

k� � c�
k
.U � �/kH1.0;x�/ � C�

�1=2
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
: (2.6.68)

Next, we write with the aid of (2.6.19) and (2.6.39) (the bound on jc�
k
j),

k� � c�
k
.U � �/kH1.x� ;1/

� k�kH1.x� ;1/ C d
1=2
jc�
k
j � C

�
��1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
: (2.6.69)

Combining (2.6.69) with (2.6.68) and (2.6.4) yields,

k� � c�
k
.U � �/k1;2 � C�

�1=2
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
;

verifying (2.6.57).
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Step 5. We prove that for any 0 < �1 < U.0/ and A > 0, there exists �A > 0 and
CA > 0 such that (2.6.2) holds for ˛2 � A and j�j � �A.

For � 2 .0; �1/, let �� 2 C1.RC; Œ0; 1�/ satisfy

��.x/ D

´
0 x < x�

4
;

1 x > x�
2

(2.6.70)

and
j�0�.x/j � C.�1/ 8� 2 .0; �1/; 8x 2 .0; 1/:

Let further
Q�� D 1 � �� : (2.6.71)

We may now write, omitting the reference to � for �� and Q�� ,ˇ̌̌D
��;

v

U C i�

Eˇ̌̌
� j�.x�/j

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C

ˇ̌̌D
�
�
� � �.x�/

�
;

v

U C i�

Eˇ̌̌
: (2.6.72)

For the first term on the right-hand side of (2.6.72) we begin by writing thatD
�;

v

U C i�

E
D �

D� � Nv
U 0

�0
; log.U C i�/

E
C
Nv.1/ log.U.1/C i�/

U 0.1/
:

Then we observe that

j log.U.1/C i�/j D j log.U.1/ � U.x�/C i�/j � C.log.d�1 C 1//;

and since d � 1 � x�1 we obtain

j log.U.1/C i�/j D j log.U.1/ � U.x�/C i�/j � yC.log.d�1//:

We can then conclude thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
�

ˇ̌̌D� � Nv
U 0

�0
; log.U C i�/

Eˇ̌̌
C C jv.1/j log jd j�1:

In view of (2.4.6) we can use Hölder’s inequality and the fact that

kvkp � kvk1 � jv.1/j C kv
0
kp

to obtain, with the aid of (2.4.6), that for any p > 1, we haveˇ̌̌D� � Nv
U 0

�0
; log.U C i�/

Eˇ̌̌
� C.jv.1/j C kv0kp/:

Consequently, there exist C > 0 such thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

�
kv0kp C jv.1/j log jd j�1

�
: (2.6.73)
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For the second term on the right-hand side of (2.6.72) we have, using (2.6.59) and
Hardy’s inequality (2.6.13)ˇ̌̌D

�.� � �.x�//;
v

U C i�

Eˇ̌̌
� jc�

k
j

ˇ̌̌D
�.U � �/;

v

U C i�

Eˇ̌̌
C

ˇ̌̌D
�'�?;

v

U C i�

Eˇ̌̌
� C jc�

k
j kvk1 C




 '�
?

x � x�





2




 .x � x�/ v �
U C i�





2

� yC
�
jc�
k
j kvk1 C k.'

�
?/
0
k2kvk2

�
: (2.6.74)

Substituting (2.6.73) and (2.6.74) into (2.6.72) yieldsˇ̌̌D
��;

v

U C i�

Eˇ̌̌
� C

h
j�.x�/j.kv

0
kp C jv.1/j log jd j�1/C jc�

k
j kvk1 C k.'

�
?/
0
k2kvk2

i
: (2.6.75)

As 0 < � < �1 < U.0/ and supp Q� � Œ0; x�=4�, it holds that j Q�.U C i�/�1j � C and
hence, ˇ̌̌D

Q��;
v

U C i�

Eˇ̌̌
� Ck�k1kvk1 � Ck�

0
k2kvk1: (2.6.76)

Combining (2.6.76) with (2.6.75) and (2.6.59) then yieldsˇ̌̌D
�;

v

U C i�

Eˇ̌̌
�C

�
j�.x�/j

�
kv0kpCjv.1/j log jd j�1

�
Cjc�

k
jkvk1Ck.'

�
?/
0
k2kvk2

�
:

With the aid of (2.6.4) we then obtain thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

�
kv0k2p C jv.1/j

2 log2 jd j�1 C jc�
k
j kvk1 C k.'

�
?/
0
k2kvk2

�
:

(2.6.77)
Substituting (2.6.77) into (2.6.39) leads to

jc�
k
j�C

�
��1Œkv0kpCjv.1/j log jd j�1Ckvk1Ck.'�?/

0
k
1=2
2 kvk

1=2
2 �C��1=2N.v; �/

�
:

(2.6.78)
Next, we substitute (2.6.77) into (2.6.57) to obtain, in view of (2.6.59)

k.'�?/
0
k2 � C

�
��1=2Œkv0kp C jv.1/j log ��1 C jc�

k
j
1=2
kvk

1=2
1

C ��1=2kvk2�C �
�1=2N.v; �/

�
: (2.6.79)

Combining (2.6.79) with (2.6.78) yields

�1=2k.'�?/
0
k2C�jc

�
k
j�C

�
kv0kpCjv.1/j log��1C��1kvk1C��1=2kvk2CN.v;�/

�
:

(2.6.80)
Substituting (2.6.80) and (2.6.4) into (2.6.77) leads to

j�.x�/j �
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
� C

�
kv0kpCjv.1/j log ��1C��1kvk1C��1=2kvk2CN.v; �/

�
: (2.6.81)
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On the other hand, given the fact that �.1/ D 0 and in view of (2.6.59), it holds that

j�.x/j D
ˇ̌̌ Z 1

x

�0.t/ dt
ˇ̌̌
� jc�

k
j.1 � x/C k.'�?/

0
k2.1 � x/

1=2:

Consequently,ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� jc�

k
j




.1 � x/ v

U C i�





1
C k.'�?/

0
k2




.1 � x/1=2 v

U C i�





1
:

(2.6.82)
Substituting (2.6.82) into (2.6.39) yields

jc�
k
j � ��2




.1 � x/ v

U C i�





1

C ��1k.'�?/
0
k
1=2
2




.1 � x/1=2 v

U C i�




1=2
1
C ��1=2N.v; �/: (2.6.83)

Then, substituting (2.6.82) into (2.6.57) leads to

k.'�?/
0
k2 � �

�1=2
jc�
k
j
1=2



.1 � x/ v

U C i�




1=2
1

C ��1



.1 � x/1=2 v

U C i�





1
C ��1=2N.v; �/: (2.6.84)

Combining (2.6.83) and (2.6.84) we may conclude

�1=2k.'�?/
0
k2 C �jc

�
k
j

� C
�
��1




.1 � x/ v

U C i�




1=2
1
C ��1=2




.1 � x/1=2 v

U C i�





1
CN.v; �/

�
:

(2.6.85)

Combining (2.6.85) with (2.6.81) and (2.6.1) yields (2.6.2) for ˛2 � A.

Step 6. There exists A0 � 0 and yC such that if ˛2 � A0, j�j � 1, � 2 .0; �1/, then

k�kH1.0;1/ � yC N.v; �/ (2.6.86)

for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

We preliminarily observe that

ı2 D sup
�2.0;�1/




��U 00
U 0





1;1

< C1;

yC0 D sup
j�j�1
�2.0;�1/

k log.U C i�/k2 < C1

and
yC1 D sup

j�j�1
�2.0;�1/




 Q�� U 00

U C i�





1
< C1;
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where �� and Q�� are defined in (2.6.70)–(2.6.71).
Taking (as in (2.4.15) for the case when ˛ D 0) the inner product of (2.3.2) with

� yields for the real part

k�0k22 C ˛
2
k�k22 D <

D
�;

v

U C i�

E
�<

D
�U 00�;

�

U C i�

E
�<

D
Q�U 00�;

�

U C i�

E
:

(2.6.87)
For the first term on the right-hand side, we can use (5.2.16) to obtainˇ̌̌

<

D
�;

v

U C i�

Eˇ̌̌
� Ck�0k2N.v; �/:

For the second term we apply Poincaré’s inequality, the finiteness of yC0 and ı2, and
the Sobolev embedding

k�k21 � 2k�k2k�
0
k2;

to conclude that for some new constant yCˇ̌̌D
�U 00�;

�

U C i�

Eˇ̌̌
�

ˇ̌̌D�U 00
U 0
�j�j2

�0
; log.U C i�/

Eˇ̌̌
� k log.U C i�/k2k�k1

�
2



� U 00
U 0





1
k�0k2 C




�� U 00
U 0

�0



1
k�k2

�
� yC k�0k

3=2
2 k�k

1=2
2 :

For the last term on the right-hand side of (2.6.87), we haveˇ̌̌D
Q�U 00�;

�

U C i�

Eˇ̌̌
� k�k22




 Q� U 00

U C i�





1
� yC1 k�k

2
2:

Consequently,

k�0k22 C ˛
2
k�k22 �

yC
�
k�0k

3=2
2 k�k

1=2
2 C k�k22 C k�

0
k2N.v; �/

�
:

Using Young’s inequality we obtain, for some A0 � 0 and yC > 0

1

2
k�0k22 � .A0 � ˛

2/k�k22 C
yC N.v; �/2: (2.6.88)

Hence, for ˛2 � A0, (2.6.86) follows immediately from the above inequality in con-
junction with Poincaré’s inequality.

Conclusion. Observing that 1
C
� � d � C�, the proof of (2.6.2) follows from

(2.6.39), (2.6.57), and (2.6.86).
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2.7 The case =� < 0

We now consider the case where =� is negative. Due to the non-invertibility of A0;0

the estimates of A�1
�;˛

become challenging in the limit =�! 0 and the bounds neces-
sarily include negative powers of � D =�.

Proposition 2.7.1. LetU 2C 3.Œ0;1�/ satisfy (2.1.3). Then there existC >0 such that
for any ˛ � 0, and .�; v/ 2D.A�;˛/�W

1;p.0; 1/ .where A�;˛ is defined in (2.1.1)/
satisfying (2.4.22), we have for all � < 0,

k�k1;2 � C.1C j�j
�1/




.1 � x/1=2 v

U C i�





1
; (2.7.1a)

and, for �1=2 < � < 0

k�0kL2.1�j�j1=2;1/ � C j�j
�3=4




.1 � x/1=2 v

U C i�





1
: (2.7.1b)

Furthermore, it holds that for all � < 0

j�.x/j � C.1 � x/1=2Œ1C j�j�1=2.1 � x/1=2�
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
: (2.7.2)

Proof. We begin by rewriting A�;˛� D v in the form

�..U � �/2w0/0 C ˛2.U � �/2w D v � i�
v � U 00�

U C i�
D
.U � �/v C i�U 00�

U C i�
;

where
w D �=.U � �/:

Taking the inner product with w on the left yields (see (2.6.24) and (2.6.47))

k.U � �/w0k22 C ˛
2
k�k22 D

D
�;

v

U C i�

E
C i�

D
w;

U 00�

U C i�

E
:

For the last term on the right-hand side we have, since U 00 < 0 and U � � > 0,

<

�
i�
D
w;

U 00�

U C i�

E�
D j�j2

D �

U � �
;

U 00�

jU C i�j2

E
< 0:

Hence,
k.U � �/w0k22 C ˛

2
k�k22 � <

D
�;

v

U C i�

E
: (2.7.3)

We now write, using the fact that U.x/ � � � C�1.1 � x � �/,

jw.x/j �
ˇ̌̌ Z 1

x

w0.t/ dt
ˇ̌̌
�

h Z 1

x

1

.U � �/2
dt
i1=2
k.U � �/w0k2

� C
.1 � x/1=2

j�j1=2.1 � x � �/1=2
k.U � �/w0k2: (2.7.4)
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Using this time the bound U.x/ � � � 1 � x � � together with (2.7.3) and (2.7.4),
we obtain (2.7.2). Integrating (2.7.4) squared over Œ0; 1� yields

kwk22 � C j�j
�1
k.U � �/w0k22: (2.7.5)

By writing � D .U � �/w, we obtain that

k�0k22 � 2 k.U � �/w
0
k
2
2 C 2 kU

0wk22;

which leads, together with (2.7.5), to

k�0k22 � C.j�j
�1
C 1/k.U � �/w0k22: (2.7.6)

We can now establish (2.7.1a) by combining (2.7.6) with (2.7.3) and the fact that
j�.x/j � k�0k2.1 � x/

1=2.
To obtain (2.7.1b) we write for �1=2 < � < 0,

k�0k2
L2.1�j�j1=2;1/

� 2 k.U � �/w0k2
L2.1�j�j1=2;1/

C 2 kU 0wk2
L2.1�j�j1=2;1/

: (2.7.7)

By (2.7.4) and the fact that for all x 2 Œ0; 1�

0 �
1 � x

j�j.1 � x � �/
�

1

j�j
;

we obtain via integration over .1 � j�j1=2; 1/ that

kU 0wk2
L2.1�j�j1=2;1/

� Ckwk2
L2.1�j�j1=2;1/

� yC j�j�1=2k.U � �/w0k22:

Substituting the above into (2.7.7) yields

k�0k2
L2.1�j�j1=2;1/

� C j�j�1=2k.U � �/w0k22: (2.7.8)

By (2.7.3) and (2.7.1a) we then obtain that for �1=2 < � < 0,

k�0k2
L2.1�j�j1=2;1/

� C j�j�1=2k�0k2




.1 � x/1=2 v

U C i�





1

� yC j�j�3=2



.1 � x/1=2 v

U C i�




2
1
;

readily verifying (2.7.1b).

2.8 The case �1 � =� < U.0/ � �0j<�j, j<�j small

In the following, we establish estimates, similar to (2.5.3), for �1 � � < U.0/� �0j�j,
for sufficiently small U.0/ � �1 and j�j.
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Proposition 2.8.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and U 000.0/ D 0. Let further
p � 2. There exist 0 < �1 < U.0/, �0 > 0, �0 > 0, and C > 0 such that for � s.t.
0 < j�j � �0 and �1 < � < U.0/� �0j�j, for all ˛ � 0 we have, for all pair .�; v/ 2
D.A�;˛/ � L

1.0; 1/ satisfying (2.4.22),

k�k1;2 �
C

j�j
1
p x

1=2�1=p
�

kvkp (2.8.1a)

and

k�k1;2 � C
log x�
j�j1=2

x
1=2
�

kvk1: (2.8.1b)

Proof. Since 0 < � < U.0/ and since by (2.4.5) U.x�/ D �, we must have that x� 2
.0; 1/.

Step 1. We prove that there exist C > 0, �0 > 0, and �1 < U.0/, such that, for all
� D �C i� such that �1 < � < U.0/ � j�j and 0 < j�j � �0 it holds that

j�.x�/j
2
� Cx�

h �
x2�
k�0k22 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌i
(2.8.2)

for all pairs .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

As in (2.6.6) we writeˇ̌̌
=

D
�;

v

U � � C i�

Eˇ̌̌
� j�j

D
jU 00j

.U � �/2 C �2
;
1

2
j�.x�/j

2
� j�.x/��.x�/j

2
E
: (2.8.3)

We begin by observing that for some C > 0ˇ̌̌
U.x/ � � �

1

2
U 00.0/Œ2x�.x � x�/C .x � x�/

2�
ˇ̌̌
� C Œ.x � x�/

4
C x3� jx � x� j�:

(2.8.4)
By (2.8.4) we have

1

2
U 00.0/jx2 � x2� j � C Œ.x � x�/

4
C x3� jx � x� j�

� jU � �j �
1

2
U 00.0/jx2 � x2� j C C Œ.x � x�/

4
C x3� jx � x� j�: (2.8.5)

From the right inequality in (2.8.5), as .x � x�/3 C x3� � 2.x C x�/, we conclude
that there exists C1 > 0 such that

jU � �j � C1jx
2
� x2� j: (2.8.6)

From the left inequality in (2.8.5), there exist a0 > 0 and �1 < U.0/ such that for all
�1 < � < U.0/ and x C x� � a0 it holds that

1

2
U 00.0/jx2 � x2� j � C Œ.x � x�/

4
C x3� jx � x� j� �

1

4
U 00.0/jx2 � x2� j; (2.8.7)
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from which we can conclude that whenever x C x� � a0, we have

jU � �j �
1

C
jx2 � x2� j: (2.8.8)

On the other hand we have that, for �1 < � < U.0/ such that x�1 <
a0
2

,

inf
x�a0�x�

jU � �j

x2 � x2�
�
1

a0
inf

x�a0�x�

jU � �j

x � x�
�
jU 0.a0 � x�1/j

a0
> 0:

Combining the above with (2.8.8) and (2.8.6) yields the existence of 0 < �1 < U.0/
and C > 0 for which

1

C
.x2 � x2� /

2
� .U.x/ � �/2 � C.x2 � x2� /

2 (2.8.9)

for all x 2 Œ0; 1� and �1 < � < U.0/.
From (2.8.9) we can get thatZ 1

0

jU 00j

.U � �/2 C �2
dx �

1

C

Z 1

0

1

.x � x�/2.x C x�/2 C �2
dx:

As

sup
x2Œ1;1/

x4

.x � x�/2.x C x�/2 C �2
�

1

.1 � x2�1/
2
;

we obtain thatZ 1

0

dx

.x � x�/2.x C x�/2 C �2

�

Z 1
0

dx

.x � x�/2.x C x�/2 C �2
�

1

.1 � x2�1/
2

Z 1
1

dx

x4

D

Z 1
0

dx

.x � x�/2.x C x�/2 C �2
� C2;

where C2 WD 1

3.1�x2�1 /
2

.

Using the substitution � D x=x� it can be easily verified thatZ 1
0

dx

.x � x�/2.x C x�/2 C �2
D

1

2x3�

Z 1
�1

d�

.�2 � 1/2 C Oa2
;

where Oa D j�j=x2� .
Hence, there exists C > 0 such thatZ 1

0

jU 00j

.U � �/2 C �2
dx �

1

C

h 1
x3�

Z 1
�1

dx

.x2 � 1/2 C Oa2
� 2C2

i
: (2.8.10)
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Making use of the residue theorem yieldsZ 1
�1

dx

.x2 � 1/2 C Oa2
D 2�i

h
Res

� 1

.z2 � 1/2 C Oa2
;
p
1C i Oa

�
C Res

� 1

.z2 � 1/2 C Oa2
;�
p
1 � i Oa

�i
D
�<.
p
1C i Oa/

Oa
p
Oa2 C 1

: (2.8.11)

Consequently, given that, by (2.8.6) applied with x D 0, it holds, for sufficiently small
U.0/ � �, that

� < U.0/ � � � C1x
2
� ;

hence x2� � c0� with c0 D 1=C1 and finally that Oa � 1
c0

.
Consequently, there exists 0 < �1 < U.0/ and �0 > 0 such that for all �1 < � <

U.0/ � j�j and 0 < j�j � �0 we have for some yC > 0Z 1

0

jU 00j

.U � �/2 C �2
dx �

1

C

h 1
x3�

�<.
p
1C i Oa/

Oa
p
Oa2 C 1

� 2C2

i
�

yC

j�jx�
: (2.8.12)

In a similar manner we can also show the existence of a positive C such thatZ 1

0

jU 00j

.U � �/2 C �2
dx � zC

Z 1
0

dx

.x � x�/2.x C x�/2 C �2
dx �

C

j�jx�
: (2.8.13)

We proceed with the estimation of the right-hand side of (2.8.3) by observing that,
in view of (2.8.9)D

jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

2
E
� C




�.x/ � �.x�/
x2 � x2�




2
2
: (2.8.14)

Applying Hardy’s inequality yields


�.x/ � �.x�/
x2 � x2�




2
2
� C




��.x/ � �.x�/
x C x�

�0


2
2
: (2.8.15)

As 


��.x/ � �.x�/
x C x�

�0


2
2
� 2




 �0

x C x�




2
2
C 2




� � �.x�/
.x C x�/2




2
2
;

and since by Hardy’s inequality (2.2.8)


� � �.x�/
.x C x�/2




2
2
�

1

x2�




� � �.x�/
x � x�




2
2
�
C

x2�
k�0k22;

we obtain that 


��.x/ � �.x�/
x C x�

�0


2
2
�
C

x2�
k�0k22:
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Substituting the above into (2.8.15) and then into (2.8.14) yieldsD
jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

2
E
�
C

x2�
k�0k22 (2.8.16)

which, when substituted into (2.8.3) together with (2.8.12) leads to (2.8.2).

Step 2. We prove that there exist 0 < �1 < U.0/, positive �0, C , and C0, and �0 � 1
such that, for all ˛ � C0=x� , �1 < � <U.0/� �0j�j, and 0 < j�j ��0, the inequality

k�k1;2 � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
; (2.8.17)

holds for any pair .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

Let
zU D U.0/ � U and � D

p
.i�C U.0//:

Note that j�j > j�j1=2 > 0. Clearly,

1

U C i�
D �

1

. zU 1=2 � �/. zU 1=2 C �/
D �

1

2�

h 1

zU 1=2 � �
�

1

zU 1=2 C �

i
:

We now writeZ 1

0

U 00

U C i�
dx D �

1

4�

Z 1

0

U 00
h 1

zU 1=2 � �
�

1

zU 1=2 C �

i
dx:

An integration by parts now yieldsZ 1

0

U 00
h 1

zU 1=2 � �
�

1

zU 1=2 C �

i
dx

D
1

2

U 00

zU�1=2U 0
log
zU 1=2 � �

zU 1=2 C �

ˇ̌̌xD1
xD0
C
1

2

Z 1

0

� U 00

zU�1=2U 0

�0
log
zU 1=2 � �

zU 1=2 C �
dx

Since maxx2Œ0;1�. zU�1=2U 0/.x/ < 0 and since zU�1=2U 0 2C 2.Œ0;1�/we can conclude
that there exist positive C1; C2; C such thatˇ̌̌ Z 1

0

U 00

U C i�
dx
ˇ̌̌
� C1 C

C2

�

Z 1

0

Œj log zU 1=2 � �j C log zU 1=2 C �j� dx �
C

�
:

Since by (2.8.8) it holds that � �
p
U.0/ � � � x�=C , we conclude from the above

that there exists yC > 0 such thatˇ̌̌ Z 1

0

U 00

U C i�
dx
ˇ̌̌
�
yC

x�
: (2.8.18)

Taking the inner product of (2.4.22) with �=.U C i�/ yields for the real part

<

D
�;

v

U C i�

E
D k�0k22 C ˛

2
k�k22 C<

D
U 00�;

�

U C i�

E
: (2.8.19)
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We then write

k�0k22 C ˛
2
k�k22 � <

D
�;

v

U C i�

E
C

h Z 1

0

jU 00.x/j
ˇ̌
j�.x/j2 � j�.x�/j

2
ˇ̌

jU C i�j
dx C j�.x�/j

2
ˇ̌̌ Z 1

0

U 00.x/

U C i�
dx
ˇ̌̌i
:

(2.8.20)

By (2.8.18) it holds that

j�.x�/j
2

ˇ̌̌̌ Z 1

0

U 00.x/

U C i�
dx

ˇ̌̌̌
�
yC

x�
j�.x�/j

2: (2.8.21)

To estimate the first term on the right-hand side of (2.8.21) we use the inequalityˇ̌
j�.x/j2 � j�.x�/j

2
ˇ̌
� Œj�.x/j C j�.x�/j� j�.x/ � �.x�/j

together with Hardy’s inequality and (2.8.9) to obtain that for some C0 > 0Z 1

0

jU 00.x/j
ˇ̌
j�.x/j2 � j�.x�/j

2
ˇ̌

jU C i�j
dx

�




x2 � x2�
U C i�





1




 j�j C j�.x�/j
x C x�





2




 


� � �.x�/
x � x�





2

� C0Œx
�1
� k�k2 C x

�1=2
� j�.x�/j� k�

0
k2: (2.8.22)

Note that to obtain the last inequality we need the estimate


 �.x�/
x C x�





2
� C

j�.x�/j

x
1=2
�

:

Substituting (2.8.22) together with (2.8.21) into (2.8.20) yields the existence of
yC0 > 0 and C > 0 such that, for ˛ � yC0=x� ,

k�0k22 �
C

x�
j�.x�/j

2
C 2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
:

Substituting (2.8.2) into the above yields

k�0k22 �
j�j

x2�
j�.x�/j

2
C .2C Cx�/

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
:

For sufficiently large �0 (or equivalently for sufficiently small j�j=x2� ) we obtain
(2.8.17).



The inviscid operator 56

Step 3. With N2.v; �/ given by

N2.v; �/ D



.1 � x/1=2 v

U C i�





1
; (2.8.23)

we prove that, for any yC0 > 0, there exist C > 0, �0 > 0, �0 > 0, and �1 > 0 such
that, for �1 < � < U.0/ � �0j�j, j˛j � yC0=x� , and j�j � �0, we have

k�0kL2.0;x�/ � C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
C x1=2� N2.v; �/

�
; (2.8.24)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

We seek an estimate for k�0kL2.0;x�/, depending on k�kL2.0;x�/. We begin, to
this end, by obtaining an L1 estimate of �0.

Estimate of k�0kL1 .We separately consider the subintervals .0;x�=2/ and .x�=2;x�/.

Estimate on .0; x�=2/. To obtain an estimate for k�0kL1.0;x�=2/ we integrate the
relation A�;˛� D v, to obtain for all x 2 .0; x�/,

j�0.x/j D
ˇ̌̌ Z x

0

�00.t/ dt
ˇ̌̌
�

ˇ̌̌ Z x

0

�U 00� � v
U C i�

C ˛2�
�
dt
ˇ̌̌
;

which leads to

j�0.x/ �
ˇ̌̌ Z x

0

� U 00�

U C i�

�
dt
ˇ̌̌
C




 v

U C i�





L1.0;x/

C ˛2k�kL1.0;x/: (2.8.25)

We then use the following decompositionZ x

0

U 00�

U C i�
dt D

Z x

0

U 00Œ� � �.x�/�

U C i�
dt C �.x�/

Z x

0

U 00

U C i�
dt: (2.8.26)

To estimate the first integral on the right-hand side of (2.8.26) we need the following
bound which follows from (2.8.4):ˇ̌̌ U 00

U � �
�

2

x2 � x2�

ˇ̌̌
�

ˇ̌̌U 00.0/
U � �

�
2

x2 � x2�

ˇ̌̌
C

ˇ̌̌U 00.x/ � U 00.0/
U � �

ˇ̌̌
� C

x�

x2� � x
2
:

Consequently,ˇ̌̌ Z x

0

U 00Œ� � �.x�/�

U C i�
dt
ˇ̌̌
�

Z x

0

jU 00j j� � �.x�/j

jU � �j
dt

� .2C Cx�/

Z x

0

j�.t/ � �.x�/j

x2� � t
2

dt; (2.8.27)

and hence, for sufficiently small U.0/ � �1,ˇ̌̌ Z x

0

U 00Œ� � �.x�/�

U C i�
dt
ˇ̌̌
� .2C Cx�/ log

x� C x

x�
k�0kL1.0;x/

� .1C Cx�/ log.9=4/k�0kL1.0;x/: (2.8.28)
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To obtain the last inequality we have used the fact that x 2 .0; x�=2/. Note that
log.9=4/ < 1. Hence, the coefficient of j�0kL1.0;x/ is smaller than one for suffi-
ciently small U.0/ � �1. Next, we write for the second integral in the right-hand side
of equation (2.8.26)ˇ̌̌
�.x�/

Z x

0

U 00

U C i�
dt
ˇ̌̌
� j�.x�/j

ˇ̌̌ Z x

0

jU 00j

jU � �j
dt
ˇ̌̌
� .2CCx�/j�.x�/j

Z x

0

dt

x2� � t
2
;

which leads to ˇ̌̌
�.x�/

Z x

0

U 00

U C i�
dt
ˇ̌̌
� yC

j�.x�/j

x�
log

x� C x

x� � x
: (2.8.29)

Substituting the above, together with (2.8.29) and (2.8.28) into (2.8.25) yields for all
t 2 .0; x� � .0; x�=2�

j�0.t/j � log
9

4
.1C Cx�/k�

0
kL1.0;t/ C C

j�.x�/j

x�
log

x� C t

x� � t

C




 v

U C i�





L1.0;x/

C ˛2k�kL1.0;x/:

Taking the supremum over t 2 .0; x� yields

k�0.t/kL1.0;x/ � log
9

4
.1C Cx�/k�

0
kL1.0;x/ C C

j�.x�/j

x�
log

x� C x

x� � x

C




 v

U C i�





L1.0;x/

C ˛2k�kL1.0;x/:

Hence, for sufficiently small U.0/ � �1, we obtain for all �1 < � < U.0/ and all
x 2 Œ0; x�=2�,

k�0kL1.0;x/ � C
�
j�.x�/j

x�
log

x C x�

x � x�
C ˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

�
:

(2.8.30)

Estimate on .x�=2; x�/. To obtain a bound for k�0kL1.x�=2;x/ for x 2 .x�=2; x�/ we
write

j�0.x/j � j�0.x�=2/j C
ˇ̌̌ Z x

x�=2

�00.t/ dt
ˇ̌̌
:

The first term can be estimated by using (2.8.32). To obtain a bound for the second
term, we follow the same path as in (2.8.27). We getˇ̌̌ Z x

x�=2

U 00Œ� � �.x�/�

U C i�
dt
ˇ̌̌
� .2C Cx�/

Z x

x� :

j�.t/ � �.x�/j

x2� � t
2

dt: (2.8.31)

As in (2.8.28) we can conclude that

.2C Cx�/

Z x

x�=2

j�.t/ � �.x�/j

x2� � t
2

dt � .2C Cx�/k�
0
kL1.x�=2;x/ log

x C x�

3x�=2

� .2C Cx�/ log.4=3/k�0kL1.x�=2;x/:
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Hence, the coefficient of k�0kL1.x�=2;x/ is again smaller than 1 by a suitable choice
of �1. Repeating the above other steps then yields, for x � x�=2,

k�0kL1.x�=2;x/

� C
� 1
x�
j�.x�/j log

x� C x

x� � x
C˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

Cj�0.x�=2/j
�
;

which, combined with (2.8.30) for x D x�=2, finally gives

k�0kL1.x�=2;x/ �
yC
� 1
x�
j�.x�/j log

x� C x

x� � x
C ˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

�
:

Combining the above and (2.8.30) lead to the existence of C > 0 such that

k�0kL1.0;x/

� C
� 1
x�
j�.x�/j log

x� C x

x� � x
C ˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

�
8x 2 .0; x�/:

(2.8.32)

Estimate of k�0kL2.0;x�/. Observing thatZ x�

0

log2
x� C x

x� � x
dx � x�

Z 1

0

log2
1C t

1 � t
dt � Cx� ; (2.8.33)

we may conclude from (2.8.32) by integrating over .0; x�/, that

k�0kL2.0;x�/ � C
�
x�1=2� j�.x�/j C ˛

2x�k�kL2.0;x�/ C x
1=2
�




 v

U C i�





L1.0;x�/

�
:

Note that 


 v

U C i�





L1.0;x�/

� .1 � x�/
� 12N2.v; �/; (2.8.34)

which leads to

k�0kL2.0;x�/ � C
�
x�1=2� j�.x�/j C ˛

2x�k�kL2.0;x�/ C x
1=2
� N2.v; �/

�
: (2.8.35)

Estimate of k�kL2.0;x�/. Set
� D ' C �.x�/;

and recall from (2.6.23) that for all x 2 .0; x�/

�

�
.U � �/2

� '

U � �

�0�0
C ˛2.U � �/'

D
.U � �/v

U C i�
� ˛2�.x�/

�
.U � �/ � U 00

�
C i�

U 00�

U C i�
:
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Taking the inner product, in L2.0; x�/, with w defined as in equation (2.6.22) by
w WD .U � �/�1', yields as in (2.6.24)

k.U � �/w0k2
L2.0;x�/

C ˛2k'k2
L2.0;x�/

D

D
';

v

U C i�

E
L2.0;x�/

� hw; �.x�/U
00
iL2.0;x�/

� ˛2�.x�/h'; 1iL2.0;x�/ C i�
D
w;

U 00�

U C i�

E
L2.0;x�/

: (2.8.36)

We now turn to estimate the various terms on the right-hand side of (2.8.36).
For the second term in (2.8.36) we use the fact that by Hardy’s inequality and

(2.8.9) it holds that

kwkL1.0;x�/ � C



� � �.x�/
x � x�





L2.0;x�/




 1

x C x�





L2.0;x�/

�
yC

x
1=2
�

k�0kL2.0;x�/:

(2.8.37)
Consequently,

jhw; �.x�/U
00
iL2.0;x�/j � C

j�.x�/j

x
1=2
�

k�0kL2.0;x�/: (2.8.38)

For the third term in (2.8.36), it follows from that

˛2j�.x�/h'; 1ij � C˛
2x1=2� .k�kL2.0;x�/ C x

1=2
� j�.x�/j/j�.x�/j: (2.8.39)

Finally, for the last term in (2.8.36), proceeding as in the proof of (2.8.22), we obtain
by using (2.8.37) and Hardy’s inequalityˇ̌̌D
w;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� j�.x�/j kwkL1.0;x�/




 U 00

UCi�





L1.0;x�/

CkwkL2.0;x�/




U 00.���.x�//
U C i�





L2.0;x�/

� C
h
j�.x�/j

j�jx
1=2
�

k�0kL2.0;x�/ C
k�0k2

L2.0;x�/

x2�

i
:

Substituting the above, together with (2.8.39) and (2.8.38) into (2.8.36) yields

˛2k'k2
L2.0;x�/

� C
h
j�.x�/j

x
1=2
�

k�0kL2.0;x�/ C
j�j

x2�
k�0k2

L2.0;x�/

i
C C˛2.x1=2� k�kL2.0;x�/ C x� j�.x�/j/j�.x�/j

C

ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
;
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from which we easily conclude that

˛2k�k2
L2.0;x�/

� C
h
j�.x�/j

x
1=2
�

k�0kL2.0;x�/ C
j�j

x2�
k�0k2

L2.0;x�/
C ˛2x� j�.x�/j

2
i

C

ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
: (2.8.40)

Substituting (2.8.40) into (2.8.35) we obtain

k�0kL2.0;x�/ � C
�
j�.x�/j

x
1=2
�

C ˛2x3=2� j�.x�/j C ˛j�j
1=2
k�0kL2.0;x�/

C x1=2� N2.v; �/C ˛x�

ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌1=2�
:

As j˛j � C0=x� , we obtain for sufficiently large �0 (implying that both j�j1=2=x� and
˛j�j1=2 are sufficiently small)

k�0kL2.0;x�/ �
yC
�
j�.x�/j

x
1=2
�

C x1=2� N2.v; �/C
ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌1=2�
: (2.8.41)

Note that, by (2.8.34),ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
� k� � �.x�/kL1.0;x�/




 v

U C i�





L1.0;x�/

� 2x1=2� k�
0
kL2.0;x�/N2.v; �/:

Combining the above with (2.8.41) and (2.8.2) yields

k�0kL2.0;x�/ � C
h�1=2
x�
k�0k2 C x

1=2
� N2.v; �/C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2i
:

For sufficiently large �0 we easily obtain (2.8.24).

Step 4. We prove that, for any C0 > 0, there exist C > 0, �0 > 0, �0 > 0, and �1 > 0
such that, for �1 < � < U.0/ � �0j�j, j˛j � C0=x� , and j�j � �0, we have

k�0k2 � C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
C x1=2� N2.v; �/

�
; (2.8.42)

for any pair .�; v/ satisfying (2.4.22).
Observing that U 00.U � �/ > 0 on .x� ; 1/ implies

<

D
U 00�;

�

U C i�

E
L2.x� ;1/

D

Z 1

x�

j�j2U 00.U � �/

jU C i�j2
dx � 0;

and hence we may conclude from (2.8.19), that

k�0k22 C ˛
2
k�k22 � �<

D
U 00�;

�

U C i�

E
L2.0;x�/

C<

D
�;

v

U C i�

E
: (2.8.43)
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To estimate
ˇ̌
<
˝
U 00�; �

UCi�

˛
L2.0;x�/

ˇ̌
, we now proceed as in the proof of (2.8.21)–

(2.8.22) to obtainˇ̌̌
<

D
U 00�;

�

U C i�

E
L2.0;x�/

ˇ̌̌
�
C

x�
j�.x�/j

2
C C

�
x�1� k�kL2.0;x�/ C x

�1=2
� j�.x�/j

�
k�0kL2.0;x�/: (2.8.44)

Using Poincaré’s inequality applied in .0; x�/ to .� � �.x�// yieldsˇ̌̌
<

D
U 00�;

�

U C i�

E
L2.0;x�/

ˇ̌̌
�
C

x�
j�.x�/j

2
C yC

�
k�0kL2.0;x�/ C x

�1=2
� j�.x�/j

�
k�0kL2.0;x�/: (2.8.45)

Substituting (2.8.45) together with (2.8.24) and (2.8.2) into (2.8.43) yields

k�0k22 C ˛
2
k�k22 � C

h
j�j

x2�
k�0k22 C

ˇ̌̌
<

D
�;

v

U C i�

Eˇ̌̌
C x�N2.v; �/

2
i
:

For sufficiently large �0 we readily obtain (2.8.42).

Step 5. We prove (2.8.1). We begin by deriving two conclusions of (2.8.42) and
(2.8.17) under the assumptions of the proposition. Since by (2.6.82)ˇ̌̌D

�;
v

U C i�

Eˇ̌̌
� k�0k2N2.v; �/;

where N2 is given by (2.8.23), we obtain by (2.8.42) (for j˛j � C0
x�

) and (2.8.17) (for

j˛j � C0
x�

) that, under the assumption of the proposition,

k�0k2 � CN2.v; �/; (2.8.46)

which combined with (2.8.2) yields, for bounded j�j=x2� ,

j�.x�/j � Cx
1=2
� N2.v; �/: (2.8.47)

Proof of (2.8.1a). We begin by obtaining a bound on k.U C i�/�1kq . By (2.8.9) we
have for q > 1 and �1 < � < U.0/


 1

U C i�




q
Lq.0;1/

�
C

j�jq�1=2

Z
RC

ds

Œ.s2 � a2/2 C 1�q=2
;

where a D x� j�j�1=2.
We estimate the integral on the right-hand side in the following manner:Z

RC

ds

Œ.s2 � a2/2 C 1�q=2
�

Z
RC

ds

Œa2.s � a/2 C 1�q=2

�

Z
R

d�

Œa2�2 C 1�q=2
�
1

a

Z
R

dt

Œt2 C 1�q=2
�
C

a
: (2.8.48)
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It follows that for q > 1 and �1 � � < U.0/


 1

U C i�




q
Lq.0;1/

�
C

x� j�jq�1
: (2.8.49)

Since for � < �1 we may establish (2.8.49), using (2.6.10), as in [3] we may conclude
that (2.8.49) holds for any 0 � � < U.0/.

We continue by estimating h�; .U C i�/�1vi. To thus end we writeˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� j�.x�/j




 v

U C i�





1
C




� � �.x�/
x � x�





2




 .x � x�/ v
U C i�





2
: (2.8.50)

Suppose first that v 2 Lp.0; 1/ for some p 2 Œ2;1/. Then,


 v

U C i�





1
� kvkp




 1

U C i�





q
;

where q D p=.p � 1/.
Consequently, by (2.8.49)


 v

U C i�





1
�

C

j�j
1
p x

1� 1p
�

kvkp: (2.8.51)

Next, we estimate the second term on the right-hand side of (2.8.50). Consider first
the case p D 2. Here, we write with the aid of (2.8.9)


 .x � x�/v

U C i�





2
� kvk2




 x � x�
U C i�





1
�
C

x�
kvk2: (2.8.52)

For p > 2 we have 


 .x � x�/v
U C i�





2
� kvkp




 x � x�
U C i�





Qq
;

where Qq D 2p=.p � 2/.
As above we write


 x � x�

U C i�




 Qq
Qq
� C

Z 1

0

dx

Œx C x� � Qq
�
yC

x
Qq�1
�

: (2.8.53)

Consequently, 


 .x � x�/v
U C i�





2
�

C

x
1
2C

1
p

�

kvkp; (2.8.54)

which is in accordance with (2.8.52) for p D 2.
Using (2.8.50) once again, we deduce from (2.8.51) and (2.8.54) thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

 
1

j�j
1
p x

1� 1p
�

j�.x�/j C
1

x
1
2C

1
p

�




� � �.x�/
x � x�





2

!
kvkp:
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By Hardy’s inequality we then haveˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

 
1

j�j
1
p x

1� 1p
�

j�.x�/j C
1

x
1
2C

1
p

�

k�0k2

!
kvkp: (2.8.55)

By (2.8.23) and (2.8.51), we have that

N2.v; �/ �



 v

U C i�





1
�

C

j�j
1
p x

1� 1p
�

kvkp: (2.8.56)

The above combined with (2.8.46) yields

k�0k2 �
C

j�j
1
p x

1� 1p
�

kvkp; (2.8.57)

which is weaker than (2.8.1a).
We obtain a better estimate in the following manner. By (2.8.55), (2.8.56), and

(2.8.42) it holds that

k�0k2 �

C

��
1

j�j
1
2p x

1
2�

1
2p

�

j�.x�/j
1=2
C

1

x
1
4C

1
2p

�

k�0k
1=2
2

�
kvk1=2p C j�j�

1
p x
� 12C

1
p

� kvkp

�
;

from which we get

k�0k2 � C
1

x
1
4C

1
2p

�

k�0k
1
2

2 kvk
1
2
p C C

�
x�1=2� j�.x�/j C j�j

� 1p x
� 12C

1
p

� kvkp
�

� yC j�j
1
p x
� 2p
� k�

0
k2 C yC

�
x�1=2� j�.x�/j C j�j

� 1p x
� 12C

1
p

� kvkp
�
:

Using the fact that j�j1=2x�1� can be assumed to be small for a suitable choice of �0,
we can then conclude that

k�0k2 � C
�
x�1=2� j�.x�/j C j�j

� 1p x
� 12C

1
p

� kvkp
�
: (2.8.58)

By (2.8.2) and (2.8.55) it holds that

j�.x�/j
2
� Cx�

�
�

x2�
k�0k22 C

�
j�j�

1
p x
�1C 1p
� j�.x�/j C

1

x
1
2C

1
p

�

k�0k2

�
kvkp

�
;

and hence we obtain that for any ı > 0 there exist Cı > 0 and �0.ı/ such that, under
the conditions of the proposition with �0 D �0.ı/,

j�.x�/j � x
1=2
� ık�0k2 C Cı

x
1=p
�

j�j1=p
kvkp: (2.8.59)
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Substituting (2.8.59) into (2.8.58) yields

k�0k2 � C j�j
� 1p x

� 12C
1
p

� kvkp:

As �.1/ D 0, we may use Poincaré’s inequality to establish (2.8.1a).

Proof of (2.8.1b). Suppose now that v 2 L1.0; 1/. Then,


 v

U C i�





1
� kvk1




 1

U C i�





1
:

Then, we may use (2.8.9) to obtain


 1

U C i�





1
� C

Z 1

0

dx

Œ.x2 � x2� /
2 C �2�1=2

�
C

j�j1=2

Z
RC

ds

Œ.s2 � a2/2 C 1�1=2
;

(2.8.60)
Then, we write, using the fact that for sufficiently large �0 we have a � 2,Z

RC

ds

Œ.s2 � a2/2 C 1�1=2
�

Z 2a

0

ds

Œa2.s � a/2 C 1�1=2

C

Z 1
2a

ds

Œ.s � a/4 C 1�1=2
� C

� log a
a

�
: (2.8.61)

Combining the above yields for �1 < � < U.0/


 1

U C i�





1
� C

log x�
j�j1=2

x�
: (2.8.62)

Note that by (2.6.10) the above estimate holds for � � �1 as well (see [3]). From
(2.8.62), we deduce immediately

x1=2�




 v

U C i�





1
� C

log x�
j�j1=2

x
1=2
�

kvk1: (2.8.63)

Next, we estimate the second term on the right-hand side of (2.8.50) in the case
p D1. Using (2.8.53) we obtain that


 .x � x�/v

U C i�





2
� kvk1




 x � x�
U C i�





2
�

C

x
1=2
�

kvk1: (2.8.64)

Combining (2.8.64) with (2.8.63), (2.8.17), (2.8.42), and (2.8.24) yields (2.8.1b).
Note that by (2.8.2) and (2.8.50) we obtain that

j�.x�/j � C log
� x�

j�j1=2

�
kvk1 (2.8.65)

This completes the proof of the proposition.
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2.9 The case U.0/ � �0j<�j � =� � U.0/C �0j<�j

In the following, we consider the case where � is very close to U.0/. Here, we need
to address the quadratic behavior of U �U.0/ near x D 0. This case deserves special
attention whenever j� � U.0/j . j�j.

Proposition 2.9.1. Let p 2 .2;C1�, �0 > 0 and U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There
exist �0 > 0 and C > 0 such that, for any ˛ � 0 and any � for which 0 < j�j � �0
and U.0/ � �0j�j � � � U.0/C �0j�j, we have, for every pair .�; v/ 2 D.A�;˛/ �

L1.0; 1/ satisfying (2.4.22)

j�j
1
2pC

1
4 k�k1;2 � Ckvkp: (2.9.1)

Proof. For � � U.0/ we choose x� 2 Œ0; 1/ so that U.x�/ D �. In the case � > U.0/
we set x� D 0 and proceed in a similar manner. Obviously, the assumptions made on
U and � imply that there exists C > 0 such that

x� < C j�j
1=2 for all 0 < j�j � 1: (2.9.2)

Step 1. We prove that there exist C > 0 and �0 > 0 such that, for all � such that
0 < j�j � �0 and U.0/ � �0j�j � � � U.0/C �0j�j it holds that

j�.x�/j
2
� C j�j1=2

h
k�0k22 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌i
(2.9.3)

for all pairs .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

We note that (2.8.3) can be rewritten in the form

j�j

2
j�.x�/j

2

Z 1

0

jU 00j

.U � �/2 C �2
dx

�

ˇ̌̌
=

D
�;

v

U � � C i�

Eˇ̌̌
C j�j

D
jU 00j

.U � �/2 C �2
j�.x/ � �.x�/j

2
E
: (2.9.4)

Since

.U � �/2 � C.x2 C j� � U.0/j/2 � C.x2 C �0j�j/
2
� yC.x4 C j�j2/;

we obtain that Z 1

0

jU 00j

.U � �/2 C �2
dx �

1

yC

Z 1

0

dx

x4 C �2
:

Using the substitution x D j�j1=2� yieldsZ 1

0

dx

x4 C �2
Dj�j�3=2

Z j�j�1=2
0

d�

�4 C 1
Dj�j�3=2

h Z 1
0

d�

�4 C 1
�

Z 1
j�j�1=2

d�

�4 C 1

i
:
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As Z 1
j�j�1=2

d�

�4 C 1
� C j�j3=2;

we obtain the existence of �0 > 0 and yC such that, under the conditions of this stepZ 1

0

jU 00j

.U � �/2 C �2
dx �

1

yC j�j3=2
: (2.9.5)

By (2.8.16) we have thatD
jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

2
E
�
C

j�j




 � � �.x�/
jU � �j1=2




2
2
:

By (2.8.9) we have for all �1 < � < U.0/ for some positive �1 > 0 that (note for
sufficiently small �0 we clearly have � > U.0/ � �0j�j > �1)

jU � �j �
1

C
.x2 � x2� / �

1

C
.x � x�/

2; (2.9.6)

which remains valid also for � � U.0/ given that

jU � �j � jU � U.0/j �
1

C
x2 D

1

C
.x � x�/

2: (2.9.7)

Hence, by Hardy’s inequality (2.6.13),D
jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

E
�
C

j�j




�.x/ � �.x�/
x � x�




2
2
�
C

j�j
k�0k22:

Combining the above with (2.9.5) and (2.9.4) yields (2.9.3).

Step 2. We prove that for any �1 > 0 there exist positive C and �0 such that, for all
� > U.0/ � �1j�j and j�j � �0 it holds that

k�0k2 � C
h
�1=4




 v

U C i�





1
C




 .x � x�/v
U C i�





2

i
(2.9.8)

holds for any pair .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

We begin by restating (2.8.43):

k�0k22 C ˛
2
k�k22 � �<

D
U 00�;

�

U C i�

E
L2.0;x�/

C<

D
�;

v

U C i�

E
: (2.9.9)

Then, we write

<

D
�;

U 00�

U C i�

E
L2.0;x�/

D <

D
�.x�/;

U 00�

U C i�

E
L2.0;x�/

C<

D
� � �.x�/;

U 00�

U C i�

E
L2.0;x�/

:
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For the first term on the right-hand side we use (2.9.3) to obtainˇ̌̌D
�.x�/;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� C j�j1=4x1=2�

h
k�0k2 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2i


 �

UCi�





2
:

Using (2.6.5) and the fact that U 00 < 0, we obtain that


 �

UCi�




2
2
D

Z 1

0

j�j2

.U��/2C�2
dx � C

Z 1

0

�U 00j�j2

.U � �/2 C �2
dx�

C

�

ˇ̌̌D
�;

v

UCi�

Eˇ̌̌
:

Hence, it holds that 


 �

U C i�





2
� C j�j�1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
(2.9.10)

and we can conclude thatˇ̌̌D
�.x�/;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� C

h
k�0k2 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2iˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
:

(2.9.11)
For the second term on the right-hand side we use (2.9.10), (2.6.12), and (2.9.2) to
obtainˇ̌̌D

� � �.x�/;
U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
D

ˇ̌̌D� � �.x�/
x � x�

;
.x � x�/U

00�

U C i�

E
L2.0;x�/

ˇ̌̌
� C x�k�

0
k2




 �

U C i�





2

� yCk�0k2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
:

Hence, ˇ̌̌D
� � �.x�/;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� yCk�0k2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
: (2.9.12)

Substituting (2.9.12) together with (2.9.11) into (2.9.9) yields

k�0k22 � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.9.13)

Note that by combining (2.9.13) with (2.9.3) we can also conclude that

j�.x�/j
2
� C j�j1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.9.14)

To prove (2.9.8) we now write, with the aid of Hardy’s inequalityˇ̌̌D
�;

v

U C i�

Eˇ̌̌
�

ˇ̌̌D
�.x�/;

v

U C i�

E
C

ˇ̌̌D
� � �.x�/;

v

U C i�

Eˇ̌̌
� j�.x�/j




 v

U C i�





1
C k�0k2




 .x � x�/v
U C i�





2
:
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Combining the above with (2.9.14) givesˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

�
j�j

1
2




 v

U C i�




2
1
C k�0k2




 .x � x�/v
U C i�





2

�
: (2.9.15)

Then, (2.9.15) and (2.9.13) imply (2.9.8).

Step 3. We estimate k 1
UCi�

kq for q � 1 and k x�x�
UCi�

kq for q � 2 for � 2 .U.0/ �
�0j�j; U.0/C �0j�j/.

We consider two separate cases by splitting .U.0/ � �0j�j; U.0/ C �0j�j/ into
two subintervals.

The case � 2 .U.0/ � �0j�j; U.0/ � ıj�j/, ı 2 .0; �0/. In this case, observing that
x� � C

�1jı�j
1
2 we use (2.8.49) to establish that for any ı > 0 there exists C such

that for all ıj�j < U.0/ � � < �0j�j it holds for all q > 1


 1

U C i�




q
q
�

C

jıj
q
2 j�jq�1=2

: (2.9.16)

In a similar manner we obtain from (2.8.60) and (2.8.61) (note that a D x� j�j�1=2 �
C�1ı

1
2 in the present regime of � values) that there exists Cı > 0 such that


 1

U C i�





1
�

Cı

j�j1=2
: (2.9.17)

Finally, we use (2.8.53) and the fact that x� � C�1jı�j
1
2 to obtain for all q � 2


 x � x�

U C i�




q
q
�

Cı

j�j.q�1/=2
: (2.9.18)

The case � 2 .U.0/� ıj�j; U.0/C �0j�j/, ı 2 .0; �0/. In this case we use (2.8.9) to
obtain that

.U � �/2 �
1

C
.x2 � x2� /

2
�
1

C

�x4
2
� x4�

�
�

1

C1
x4 � C2ı

2
j�j2:

The above inequality implies that there exist C and ı0 � �0 such that, for ı 2 .0; ı0/
and � 2 .U.0/ � ıj�j; U.0/C �0j�j/,

1

.U.x/ � �/2 C j�j2
�

C

x4 C j�j2
(2.9.19)

for all x 2 Œ0; 1�.
Consequently, for all q � 1, using the substitution x D j�j1=2� , we obtain


 1

U C i�




q
q
�

Z 1

0

C

Œx2 C j�j�q
dx�

C

j�jq�1=2

Z 1
0

d�

Œ�2 C 1�q
�

C

j�jq�1=2
: (2.9.20)
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Finally, we use (2.9.19) to obtain that


 x � x�
U C i�




q
q
� C

�
j�jq=2




 1

U C i�




q
q
C




 x

x2 C j�j




q
q

�
: (2.9.21)

We now observe that for all q > 1


 x

x2 C j�j




q
q
�

1

j�j.q�1/=2

Z 1
0

�q

Œ�2 C 1�q
d� �

C

j�j.q�1/=2
: (2.9.22)

Together with (2.9.22) and (2.9.20), (2.9.21) yields the existence of C > 0


 x � x�
U C i�




q
q
�

C

j�j.q�1/=2
: (2.9.23)

The general case. Combining (2.9.16) and (2.9.17), (2.9.20) yields, for q � 1, the
existence of C > 0, such that for jU.0/ � �j < �0j�j


 1

U C i�




q
q
�

C

j�jq�1=2
: (2.9.24)

By (2.9.18) and (2.9.23) we may conclude, for all q � 1, that there exists C > 0 such
that, for jU.0/ � �j < �0j�j 


 x � x�

U C i�




q
q
�

C

j�j.q�1/=2
: (2.9.25a)

Note that


 x � x�
U C i�





1
� C




 x � x�

jx2 � x2� j C j�j





1

� C
�


1jx�x� j<j�j1=2

x � x�

j�j





1
C




1jx�x� j�j�j1=2
x � x�

jx2 � x2� j





1

�
�

yC

j�j1=2
;

hence 


 x � x�
U C i�





1
�

yC

j�j1=2
: (2.9.25b)

Step 4. We prove (2.9.1). The proof is similar to Step 4 of the proof of Proposi-
tion 2.8.1. We estimate the right-hand side of (2.9.8) separately for p 2 Œ2;C1/ and
for p D1. Suppose first that v 2 Lp.0; 1/ for some p 2 Œ2;C1/.

For the first term on the right-hand side, we deduce from (2.9.24),

j�j1=4



 v

U C i�





1
� C

kvkp

j�j
1
2pC

1
4

: (2.9.26)

To estimate the second term we use (2.9.25) to obtain for all p � 2


 .x � x�/v
U C i�





2
�

C

j�j
1
2pC

1
4

kvkp: (2.9.27)
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Suppose now that v 2 L1.0; 1/. Then, by (2.9.24) we may conclude for the first term
on the right-hand side of (2.9.8) that

j�j1=4



 v

U C i�





1
�

C

j�j1=4
kvk1: (2.9.28)

Next, we estimate the second term on the right-hand side of (2.9.8). Using (2.9.25)
we obtain that 


 .x � x�/v

U C i�





2
�

C

j�j1=4
kvk1:

Together with (2.9.28) the above yields (2.9.1) for p D C1.

Remark 2.9.2. Note that, under the assumptions of Proposition 2.9.1, by (2.9.14),
(2.9.15), (2.9.25a) and (2.9.24) it holds that

j�.x�/j
2
� C

�
j�.x�/j kvk1 C j�j

1=4
k�0k2kvk1

�
:

Using (2.9.1) for p D C1 then yields the existence of C > 0 such that

j�.x�/j � Ckvk1: (2.9.29)

2.10 The case =� > U.0/

In the case where =� D � > U.0/, we get a better estimate of A�1
�;˛

, measured by a
negative power of j�j C .� � U.0//. More precisely, we have the following proposi-
tion.

Proposition 2.10.1. Let p 2 Œ2;C1�. There exist �0 > 0 and C > 0 such that for all
U 2C 3.Œ0; 1�/ satisfying (2.1.3), � > U.0/, j�j<�0, ˛ � 0, and .�;v/ 2D.A�;˛/�

L1.0; 1/ satisfying (2.4.22) it holds that

k�k1;2 �
C

Œj�j C j� � U.0/j�
1
2pC

1
4

kvkp; (2.10.1)

Proof. We begin by restating (2.8.19)

k�0k22 C ˛
2
k�k22 C

D U 00.U � �/�
.U � �/2 C �2

; �
E
D <

D
�;

v

U C i�

E
: (2.10.2)

Since � > U.0/, it holds by (2.1.3) that the third term on the left-hand side is positive,
and hence we can conclude that

k�0k22 � <
D
�;

v

U C i�

E
: (2.10.3)

We split the proof into two separate parts in accordance with the magnitude of .U.0/�
�/2 C �2.
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Step 1. The case .U.0/ � �/2 C �2 small. We consider here the case where

.U.0/ � �/2 C �2 < "

for some sufficiently small " > 0.
To properly bound the right-hand side of (2.10.3) in that case we need an estimate

for j�.0/j. To this end we use (2.10.2) once again to obtainD U 00.U � �/�
.U � �/2 C �2

; �
E
� <

D
�;

v

U C i�

E
;

from which we can conclude thatD U 00.U � �/

.U � �/2 C �2
; 1
E
j�.0/j2

� 2
DU 00.U � �/.� � �.0//

.U � �/2 C �2
; � � �.0/

E
C 2<

D
�;

v

U C i�

E
: (2.10.4)

We continue by bounding from below the left-hand side of (2.10.4). To this end we
observe that since

min
x2Œ0;1�

jU 00.x/j �
1

C0
> 0 and U.0/ � U.x/ �

1

2C0
x2;

we can conclude thatD U 00.U � �/

.U � �/2 C �2
; 1
E
�
1

C

Z 1

0

x2 C � � U.0/

Œx2 C � � U.0/�2 C �2
dx

�
1

C

Z 1

0

x2

Œx2 C � � U.0/�2 C �2
dx

�
1

2C

Z 1

0

x2

x4 C .� � U.0/2 C �2/
dx

�
1

2C

h Z 1
0

x2

x4 C Œ� � U.0/�2 C �2
dx � 1

i
:

Setting
x D .Œ� � U.0/�2 C �2/1=4s

yieldsD U 00.U � �/

.U � �/2 C �2
; 1
E
�

1

2C

� 1

.Œ� � U.0/�2 C �2/1=4

Z 1
0

s2

s4 C 1
ds � 1

�
�

1

yC ¹Œ� � U.0/�2 C �2º1=4
� yC :
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For sufficiently small " we obtain thatD U 00.U � �/

.U � �/2 C �2
; 1
E
�

1

2 yC ¹Œ� � U.0/�2 C �2º1=4
: (2.10.5)

To estimate the first term on the right-hand side of (2.10.4) we first writeDU 00.U � �/.� � �.0//
.U � �/2 C �2

; � � �.0/
E
�




 U 00.U � �/x2
.U � �/2 C �2





1




� � �.0/
x




2
2
:

As 


 U 00.U � �/x2
.U � �/2 C �2





1
� C




 x4 C Œ� � U.0/�x2

Œx2 C � � U.0/�2 C �2





1
� yC ;

we may use Hardy’s inequality to obtain thatDU 00.U � �/.� � �.0//
.U � �/2 C �2

; � � �.0/
E
� C k�0k22: (2.10.6)

Equation (2.10.6) together with (2.10.3) and (2.10.5) yields, when substituted into
(2.10.4),

j�.0/j2 � C.j�j1=2 C j� � U.0/j1=2/<
D
�;

v

U C i�

E
: (2.10.7)

To complete the proof we now estimate the right-hand side of (2.10.3). To this
end we write

<

D
�;

v

U C i�

E
� j�.0/j




 v

U C i�





1
C




� � �.0/
x





2




 xv

U C i�





2
:

Using Hardy’s inequality together with (2.10.7) yields

<

D
�;

v

U C i�

E
� C

h
.j�j1=2 C j� � U.0/j1=2/




 v

U C i�




2
1
C k�0k2




 xv

U C i�





2

i
:

Using (2.10.3) once again yields

k�0k2 � C
h
.j�j1=4 C j� � U.0/j1=4/




 v

U C i�





1
C




 xv

U C i�





2

i
: (2.10.8)

The proof of (2.10.1) is now verified by following the same path as in the proof
of Step 4 of Propositions 2.8.1 and 2.9.1. Thus, since

.U � �/ � C.x2 C � � U.0//;

we obtain as in (2.9.20) that for all q � 1


 1

U C i�




q
q
�

Z 1

0

C

Œx2 C � � U.0/C j�j�q
dx

�
C

Œj�C � � U.0/�jq�1=2

Z 1
0

d�

Œ�2 C 1�q

�
yC

Œj�j C � � U.0/�q�1=2
: (2.10.9)
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Hence, for all p 2 Œ2;C1�,


 v

U C i�





1
� C Œj�j C � � U.0/��

1
2p�

1
2 kvkp: (2.10.10)

As in (2.9.21) and (2.9.22) we then write for all q > 1


 x

U C i�




q
q
� C




 x

x2 C � � U.0/C j�j




q
q

�
yC

Œj�j C � � U.0/�.q�1/=2

Z 1
0

�q

Œ�2 C 1�q
d�

�
zC

Œj�j C � � U.0/�.q�1/=2
:

Note also that for q D C1 we have


 x

U C i�





1
�

C

Œj�j C � � U.0/�1=2
:

Consequently, for all p 2 Œ2;C1�


 xv

U C i�





2
�

C

Œj�j C � � U.0/�
1
2pC

1
4

kvkp: (2.10.11)

Substituting the above, together with (2.10.10), into (2.10.8) yields (2.10.1) for suffi-
ciently small " > 0.

Step 2. The case where, for some " > 0,

.U.0/ � �/2 C �2 � ":

By Poincaré’s inequality and (2.10.10), we obtainˇ̌̌
<

D
�;

v

U C i�

Eˇ̌̌
� k�k1




 v

U C i�





1

�
C

Œ.U.0/ � �/2 C �2�1=2
k�0k2kvkp

�
C

"
2�p
4 Œ.U.0/ � �/2 C �2�

1
2pC

1
4

k�0k2kvkp;

which together with (2.10.3) readily gives (2.10.1) in this case.

Remark 2.10.2. As in Remark 2.9.2 we may use (2.10.7), (2.10), and (2.10.8), under
the assumptions of Proposition 2.10.1, to obtain

j�.0/j2 � C.j�j C j� � U.0/j/



 v

U C i�




2
1
C .j�j C j� � U.0/j/1=2




 xv

U C i�




2
2
:

From (2.10.10) we then obtain the existence of C > 0 such that

j�.0/j � Ckvk1: (2.10.12)
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2.11 The case j<�j � �1 > 0

The results in the preceding subsections were all obtained under the assumption that
j�j � �0 for some sufficiently small �0. Hence, it remains to treat the case when
j�j � �1 where �1 > 0 is arbitrary. We complement Proposition 2.6.1 by addressing
the large j�j case.

Proposition 2.11.1. For any �1 > 0 and p > 1 there exists C > 0 such that for all
.�; v/ 2 D.A�;˛/ �W

1;p.0; 1/ satisfying A�;˛� D v, and for all j�j � �1, � 2 R,
and ˛ � 0,

k�kH1.0;1/ � Ck.1 � x/
1=2vk1: (2.11.1)

Proof. Since (2.6.17) holds true for any � ¤ 0 we can conclude that

k�0k2 �
�
1C

C

j�j1=2

�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
: (2.11.2)

Hence, there exists C such that for j�j � �1

k�0k22 � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.11.3)

Consequently, as j�.x/j � k�0k2.1 � x/1=2 and j�j > �1,

k�0k22 � Ck�
0
k2k.1 � x/

1=2vk1




 1

U C i�





1
�
C

�1
k�0k2k.1 � x/

1=2vk1;

from which (2.11.1) follows with the aid of Poincaré’s inequality.



Chapter 3

Neumann–Dirichlet Schrödinger operators

The first part of this chapter is devoted to resolvent estimates for the operator

L
N;D
ˇ
D �

d2

dx2
C iˇ U; (3.0.1a)

which is defined on

D.L
N;D
ˇ

/ D
®
u 2 H 2.0; 1/ j u.1/ D u0.0/ D 0

¯
: (3.0.1b)

We note that to estimate the inverse norm of the Orr–Sommerfeld operator (1.1.7b)
we need a bound of both A�1

�;˛
and .LN;D

ˇ
� �/�1, and in addition, to obtain resolvent

estimates for the special Schrödinger operators of the next chapter.
For convenience of notation we omit in the sequel the reference to the Dirichlet

condition at x D 1 and use LN
ˇ

instead of L
N;D
ˇ

.
Let � D �C i�. Recall the definition of x� from (2.4.5). From [2], for instance,

we know that the main contribution to the resolvent norm comes from a small region
near x D x� . We begin this section by estimating the resolvent norm of LN

ˇ
in

the case where U.0/ � � � ˇ�1=2. In this case one may approximate U � � by a
linear potential of the form U 0.x�/.x � x�/. In Section 3.2, we consider the case
jU.0/ � �j . ˇ�1=2 where U � � will be approximated by the quadratic potential
U 00.0/x2=2CU.0/� �. Finally, Section 3.3 is devoted to some L1 estimates that are
necessary in Chapter 4.

3.1 Resolvent estimates for U.0/ � =�� ˇ�1=2

With x� defined in (2.4.5), we introduce

J� D jU
0.x�/j: (3.1.1)

We further define O�1 2 C to be the leftmost eigenvalue of

LC D �
d2

dx2
C ix (3.1.2)

inH 2.RC/\H 1
0 .RC/. The first proposition is similar to [3, Proposition 5.2]. Unlike

[3] which defines the problem on .�1;C1/ with Dirichlet conditions at x D ˙1, we
consider the operator on .0;1/with a Neumann condition at xD 0, which corresponds
to a restriction to the space of even functions on .�1; 1/, and a Dirichlet condition
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at x D 1. Furthermore, the velocity field is not strictly monotone as in [3]. Neverthe-
less, for x� � ˇ�1=4 (or equivalently for U.0/� �� ˇ�1=2) we can still make good
use of the estimates in [3].

Proposition 3.1.1. Let U 2 C 2.Œ0; 1�/ satisfy (2.1.3) and p 2 .1; 2�. Then there exist
positive ‡ , a, C , Cp , and ˇ0 such that, for all ˇ � ˇ0, U.0/ � � > aˇ�1=2, and
f 2 L1.0; 1/,

sup
��‡J�

2=3ˇ�1=3

k.LN
ˇ � ˇ�/

�1f k2 � C min.ŒJ�ˇ��2=3kf k2; ŒJ�ˇ��5=6kf k1/:

(3.1.3a)
Furthermore, for f 2 L2.0; 1/,

sup
��‡J�

2=3ˇ�1=3




 d
dx
.LN

ˇ � ˇ�/
�1f





p
�

Cp

ŒJ�ˇ�
2Cp
6p

kf k2: (3.1.3b)

Proof. Step 1. For ‡ > 0, we prove that there exist positive ˇ0, a0, and C such that
for all ˇ � ˇ0, U.0/ � � � aˇ�

1
2 , a � a0 and � � ‡J�

2=3ˇ�1=3 we have

k.LN
ˇ � ˇ�/

�1f k2 C ŒJ�ˇ�
�1=3
k
d

dx
.LN

ˇ � ˇ�/
�1f k2 � C ŒJ�ˇ�

�2=3
kf k2:

(3.1.4)
As U.0/ � � > aˇ�1=2, it holds that

x� �
1

C
a1=2ˇ�

1
4 : (3.1.5)

For future reference we note, in addition, that

1

C
x� � J� � Cx� : (3.1.6)

We split the proof of (3.1.4) into two parts according to the sign of � � U.1
2
/.

Step 1.1. The case when U.1=2/ < � < U.0/ � aˇ�1=2. We note that in this case
x� 2 .0;

1
2
/. Let y� be given as in (2.4.16) by

y�.x/ D

´
0 jxj < 1

4
;

1 jxj > 1
2
:

(3.1.7)

Set further for x 2 Œ0; 1�

�˙� .x/ D y�.x=x� � 1/1RC.˙.x � x�//: (3.1.8)

and y� can be chosen such that

Q�� WD

q
1 � .�C� /2 � .��� /

2 2 C1.Œ0; 1�/: (3.1.9)
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Note that ��� is supported on .0; 3x�=4/ whereas �C� is supported on .5x�=4; 1/. The
complementary cutoff function Q�� is supported on .x�=2; 3x�=2/. The cutoff func-
tions defined in (3.1.8) allow us to obtain estimates for v separately on the intervals
.0; x�=2/, .3x�=2; 1/ (via integration by parts), and .x�=2; 3x�=2/.

More precisely, let .v; f / 2 D.LN
ˇ
/ � L2.0; 1/ satisfy .LN

ˇ
� �/v D f . Set

yU�.x/ D

8̂̂<̂
:̂
U.x/ x 2 .x�=2; 3x�=2/;

U.x�=2/C U
0.x�=2/.x � x�/ x � x�

2
;

U.3x�=2/C U
0.3x�=2/.x � x�/ x � 3x�

2
:

(3.1.10)

Let then
OLˇ;�;R D �

d2

dx2
C iˇ yU� ; (3.1.11a)

be defined on the domain

D. OLˇ;�;R/ D ¹u 2 H
2.R/ j xu 2 L2.R/º: (3.1.11b)

We now apply the unitary dilation operator (corresponding to the change of vari-
able y D x=x�)

T�u.x/ D x
�1=2
� u.x=x�/; (3.1.12)

to obtain

T �1�
yLˇ;�;RT� D x

�2
�

�
�
d2

dy2
C i ž� zU�.y/

�
; (3.1.13)

where

zU�.y/ D
yU�.x�y/

x2�
and ž

� D ˇx
4
� : (3.1.14)

As there exist positive m, M such that for � satisfying the assumptions of our pro-
position

0 < m � j zU 0�.y/j �M 8y 2 R; (3.1.15)

and in view of the uniform bound

k zU 00� kL1.R/ � C; (3.1.16)

we may apply [3, Proposition 5.1] to the family of operators

zL ž;R WD �
d2

dy2
C i ž zU�.y/ (3.1.17)

to obtain for y̌ � y̌0

sup
<Q��‡ ž�1=3

k. zL ž;R �
žQ�/�1k C ž�1=3




 d
dy
. zL ž;R �

žQ�/�1



 � C

ž2=3
;
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where
ž D ž� D ˇx

4
� and Q� D x�2� �: (3.1.18)

We observe that, by (3.1.5), for any given y̌0 > 0 there exists a0 > 0 such that ž> y̌0
is satisfied for a � a0. Taking the inverse dilation transformation, we obtain

sup
<��‡x

2=3
� ˇ�1=3

k. yLˇ;�;R�ˇ�/
�1
kC.ˇx�/

�1=3



 d
dx
. yLˇ;�;R�ˇ�/

�1



 � C

.x�ˇ/2=3
:

Given that [3, Proposition 5.1] allows for an arbitrary ‡ , we can replace x� by J�
to obtain

sup
<��‡J

2=3
� ˇ�1=3

k. yLˇ;�;R�ˇ�/
�1
kC.ˇJ�/

�1=3



 d
dx
. yLˇ;�;R�ˇ�/

�1



 � C

.J�ˇ/2=3
:

(3.1.19)
We now write

. yLˇ;�;R � ˇ�/. Q��v/ D Q��f � 2 Q�
0
�v
0
� Q�00�v: (3.1.20)

We can then conclude from (3.1.19) and (3.1.20) that

k Q��vk2 C ŒˇJ� �
�1=3
k. Q��v/

0
k2 �

C

ŒˇJ� �2=3
.k Q��f k2 C 2k Q�

0
�v
0
k2 C k Q�

00
�vk2/:

(3.1.21)
Note that (3.1.21) implies, by (3.1.6), that

k Q��vk2 C Œˇx� �
�1=3
k. Q��v/

0
k2 �

C

Œˇx� �2=3
.kf k2 C x

�1
� kv

0
k2 C x

�2
� kvk2/:

(3.1.22)
To estimate v on .0; 3x�=4/ and .5x�=4; 1/ we write

.LN
ˇ � ˇ�/.�

˙
� v/ D �

˙
� f � 2.�

˙
� /
0v0 � .�˙� /

00v: (3.1.23)

The real part of the inner product with �˙� v, after integration by parts, is given by

k.�˙� v/
0
k
2
2 D k.�

˙
� /
0vk22 C �ˇk�

˙
� vk

2
2 C<h�

˙
� v; �

˙
� f i; (3.1.24)

whereas the imaginary part assumes the form

�ˇkjU � �j1=2�˙� vk
2
2 C 2=h.�

˙
� /
0v; .�˙� v/

0
i D C=h�˙� v; �

˙
� f i: (3.1.25)

As, by (2.8.8), jU � �j1=2�˙� �
1
C
x��

˙
� , (3.1.25) yields first

1

C
ˇx2�k�

˙
� vk

2
2 � k�

˙
� vk2 k�

˙
� f k2 C

C

x�
kvk2 k.�

˙
� v/
0
k2:
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Combining the above with (3.1.24) we obtain

1

C
ˇx2�k�

˙
� vk

2
2 � k�

˙
� vk2 k�

˙
� f k2

C
C

x�
kvk2

� 1
x�
kvk2 C �

1
2

ˇ;C
k�˙� vk2 C

q
k�˙� vk2 k�

˙
� f k2

�
;

where
�ˇ;C D max.�ˇ; 0/: (3.1.26)

For � � ‡J�
2=3ˇ�1=3, we may conclude, using (3.1.6), that

1

C
ˇx2�k�

˙
� vk

2
2 �

k�˙� vk2 k�
˙
� f k2 C

C

x�
kvk2

� 1
x�
kvk2 C .x�ˇ/

1
3 k�˙� vk2 C

q
k�˙� vk2 k�

˙
� f k2

�
;

which implies

k�˙� vk
2
2 �

C

.ˇx2� /
2
k�˙� f k

2
2 C C

1

ˇx2�

�
1

x2�
C

1

ˇ
1
3x

10
3
�

�
kvk22:

By (3.1.5), there exists C > 0 such that

1

ˇ
1
3x

10
3
�

� Ca�2=3x�2� :

Hence, we may conclude that there exists C > 0 such that, if a � 1 and U.0/ � � >
aˇ�1=2,

k�˙� vk2 �
C

ˇx2�
Œk�˙� f k2 C ˇ

1=2
kvk2�: (3.1.27)

Combining (3.1.27) and (3.1.22) leads to, with the aid of (3.1.5),

kvk2 � C
�
.Œˇx2� �

�1
C Œˇx� �

�2=3/kf k2

C .Œˇx4� �
�1=3
C Œˇx4� �

�2=3/kvk2 C Œˇ
2x5� �

�1=3
kv0k2

�
� {C

�
Œˇx� �

�2=3
kf k2 C Œˇ

2x5� �
�1=3
kv0k2

�
C yCa�

2
3 kvk2:

Thus, there exists a0 � 1 and C > 0 such that for a � a0 we obtain

kvk2 � C
�
Œˇx� �

�2=3
kf k2 C Œˇ

2x5� �
�1=3
kv0k2

�
: (3.1.28)

We now use (3.1.22) together with (3.1.5) to establish that

k. Q��v/
0
k2 � C.Œˇ x� �

�1=3
kf k2 C Œˇx

7
� �
�1=3
kvk2/C yCa

� 23 kv0k2: (3.1.29)
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By (3.1.24), as �ˇ � C.x�ˇ/
2
3 , it holds that

k.�˙� v/
0
k2 � C

� 1
x�
kvk2 C x

1
3
� ˇ

1
3 k�˙� vk2 C j<h�

˙
� v; �

˙
� f ij

1
2

�
;

which leads to

k.�˙� v/
0
k2 � yC

� 1
x�
kvk2 C .ˇx�/

1
3 k�˙� vk2 C .ˇx�/

� 13 kf k2

�
: (3.1.30)

Then we use (3.1.27), to get first that

k.�˙� v/
0
k2 � C

� 1
x�
C
ˇ
1
2 .ˇx�/

1
3

ˇx2�

�
kvk2 C C

�
.ˇx�/

� 13 C
.ˇx�/

1
3

ˇx2�

�
kf k2;

and then conclude from (3.1.5) that

k.�˙� v/
0
k2 � C.x

�1
� kvk2 C .ˇx�/

� 13 kf k2/: (3.1.31)

Combining (3.1.29) and (3.1.31) yields

kv0k2 � C
�
.x�1� C Œˇx

7
� �
�1=3/kvk2 C Œˇx� �

�1=3
kf k2

�
C yCa�

2
3 kv0k2:

Using again (3.1.5) we obtain the existence of a0 that for a � a0

kv0k2 � C.x
�1
� kvk2 C Œˇx� �

�1=3
kf k2/:

Substituting (3.1.28) into the above yields the existence of a0 > 0 that for all a � a0

kv0k2 � C Œˇx� �
�1=3
kf k2: (3.1.32)

By (3.1.28) and (3.1.32) we then obtain

kvk2 � C
�
Œˇx� �

�2=3
C Œˇ2x5� �

�1=3Œˇx� �
�1=3

�
kf k2;

which implies, using (3.1.5),

kvk2 � C Œˇx� �
�2=3
kf k2: (3.1.33)

Having in mind (3.1.6) we finally obtain from (3.1.32) and (3.1.33)

kvk2 C ŒJ�ˇ�
�1=3
kv0k2 � C ŒJ�ˇ�

�2=3
kf k2; (3.1.34)

which is precisely (3.1.4).

Step 1.2. The case � � U.1=2/. We recall that x� D 1 for � < 0 and observe that
x� �

1
2

in this step. Hence, we need to define only a pair of cutoff functions. We thus
set

�2.x/ D y�.2x/; (3.1.35)

and Q�2 D
q
1 � �22, which is supported on Œ0; 1=4�.
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Then, we may write as in (3.1.27)

k Q�2vk2 � Cˇ
�1Œkf k2 C ˇ

1=2
kvk2�: (3.1.36)

Similarly, we obtain as in (3.1.31)

k. Q�2v/
0
k2 �

C

ˇ1=2
Œkf k2 C ˇkvk2�:

Suppose that
‡ < ŒU 0.1=4/=jU 0.1/j�<O�1: (3.1.37)

For later reference we note that (3.1.37) implies that ‡ < ŒU 0.1=4/=J� �
2=3<O�1. As

in (3.1.21) we can also conclude, from [3, Proposition 5.2], that

k�2vk2 C ˇ
�1=3
k.�2v/

0
k2 �

C

ˇ2=3
.kf k2 C kv

0
k2 C kvk2/:

Combining the above we may proceed as in the Step 1.1 to conclude (3.1.4) and the
L2-bound on the right-hand side in (3.1.3a).

To complete the proof of (3.1.3a) we need to establish an L.L2; L1/ bound for
.LN

ˇ
� ˇ�/�1.

Step 2. For
‡ < ŒjU 0.1=16/j=jU 0.1/j�2=3<O�1; (3.1.38)

we prove that there exist positive ˇ0, a0, and C such that for all ˇ � ˇ0, U.0/� � �
aˇ�

1
2 , a � a0 and � � ‡J�

2=3ˇ�1=3 we have

k.LN
ˇ � ˇ�/

�1f k2 C ŒJ�ˇ�
�1=3
k
d

dx
.LN

ˇ � ˇ�/
�1f k2 � C ŒJ�ˇ�

�5=6
kf k1:

(3.1.39)

Step 2.1. We consider the case 0 < x� � 1=2. Considering a pair .v; f / 2 D.LN
ˇ
/ �

L1.0; 1/ satisfying .LN
ˇ
� ˇ�/v D f , we then write as in (3.1.20)

. yLˇ;�;R � ˇ�/. Q��v/ D Q��f � 2 Q�
0
�v
0
� Q�00�v: (3.1.40)

Let w1 2 D. yLˇ;�;R/ satisfy

. yLˇ;�;R � ˇ�/w1 D Q��f: (3.1.41)

Let zL ž;R be defined by (3.1.17). We now apply [3, Lemma 5.5] to the operator
zL ž;R � i

ž zU�.1/. Note that, due to (3.1.15) and (3.1.16), there exists r > 1 such

that the potential y 7! zU�.y/ � zU�.1/ belongs to �2r (see [3, equation (2.32)] for the
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definition of this class). Note further that [3, Lemma 5.5] holds under the assumption
‡ > 0. Hence, for any Qa > 0 there exists of zC such that

sup
<Q��‡ ž�1=3

k. zL ž;R �
žQ�/�1 QgkL2.�Qa;Qa/ �

zC

ž5=6
k Qgk1: (3.1.42)

We apply (3.1.42) with Qa D 2, Qg.y/ D x1=2� .��f /.x�y/, Q� D x�2� � and ž D ˇx4� to
establish after a change of variable that

kw1kL2.0;2x�/ �
C

ŒˇJ� �5=6
kf k1: (3.1.43)

Let further w2 2 D. yLˇ;�;R/ satisfy

. yLˇ;�;R � ˇ�/w2 D �2 Q�
0
�v
0
� Q�00�v:

From (3.1.13) we get that

kw2k2 �
C

ŒˇJ� �2=3
.k Q�0�v

0
k2 C k Q�

00
�vk2/: (3.1.44)

Combining (3.1.44) with (3.1.43) yields as Q��v D w1 C w2 and Supp Q�� � .0; 2x�/

k Q��vk2 D k Q��vkL2.0;2x�/

� C
�
Œˇx� �

�5=6
kf k1 C Œˇ

2x5� �
�1=3Œk1

.x�2 ;
3x�
4 /
v0k2

C k1
. 5x�4 ; 3x�2 /

v0k2 C x
�1
� kvk2�

�
: (3.1.45)

Given the support of ��� it holds that

k��� f k2 � Cx
1=2
� kf k1;

and hence we can conclude from (3.1.27) that

k��� vk2 �
C

ˇx2�

�
x1=2� kf k1 C ˇ

1=2
kvk2

�
: (3.1.46)

To obtain a similar bound for �C� v we obtain with the aid (2.8.9)

k�C� jU � �j
�1=2
k
2
2 � C

Z 1

3x�
2

dx

x2 � x2�
�
C

x�
:

Consequently, we can conclude that

k.�C� /
2vk1 � k�

C
� jU � �j

�1=2
k2k�

C
� jU � �j

1=2vk2 �
C

x
1=2
�

k�C� jU � �j
1=2vk2:

(3.1.47)
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We now use (3.1.25) to obtain that

k�C� jU � �j
1=2vk22 � Cˇ

�1.x�1� kvk2k.�
C
� v/
0
k2 C k.�

C
� /
2vk1kf k1/;

which implies that for any � > 0, we have

k�C� jU � �j
1=2vk22 � Cˇ

�1
�
�x�2� kvk

2
2 C

1

�
k.�C� v/

0
k
2
2 C k.�

C
� /
2vk1kf k1

�
:

(3.1.48)
By (3.1.24) and (3.1.5) we have that

k.�C� v/
0
k
2
2 � C Œˇx� �

2=3
kvk22 C k.�

C
� /
2vk1kf k1: (3.1.49)

Note that by (3.1.5) we can conclude that x�2� � Œˇx� �
2=3. Substituting (3.1.49) into

(3.1.48) yields for any � > 0

k�C� jU � �j
1=2vk22

� Cˇ�1
�
.�x�2� C

1

�
.ˇx�/

2=3/kvk22 C
�1
�
C 1

�
k.�C� /

2vk1kf k1

�
:

Setting �� D x�.ˇx�/
1
3 we observe that �� � 1

C
by (3.1.5), and hence

k�C� jU � �j
1=2vk22 � Cˇ

�1
�
ˇ1=3x�2=3� kvk22 C k.�

C
� /
2vk1kf k1

�
: (3.1.50)

We then obtain, for any � > 0,

k�C� jU � �j
1=2vk22 � C

�
Œˇx� �

�2=3
kvk22 C �ˇ

�2
k.�C� /

2vk1 C
1

�
kf k21

�
which, with the aid of (3.1.47), leads to

k�C� jU � �j
1=2vk22

� yC
�
Œˇx� �

�2=3
kvk22 C �ˇ

�2x�1� k�
C
� jU � �j

1=2vk22 C
1

�
kf k21

�
:

Setting � D Œ2 yC ��1ˇ2x� finally leads to

k�C� jU � �j
1=2vk22 � C

�
Œˇx� �

�2=3
kvk22 C Œˇ

2x� �
�1
kf k21

�
(3.1.51)

Since for some positive C it holds by (2.8.9) that �C� jU � �j
1=2 � C�1x��

C
� we can

conclude that

k�C� vk2 � C.ˇ
�1=3x�4=3� kvk2 C ˇ

�1x�3=2� kf k1/: (3.1.52)
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Combining (3.1.46) with (3.1.45) and (3.1.52) then yields with the aid of (3.1.5)

kvk2 � C
�
.Œˇx3=2� ��1 C Œˇx� �

�5=6/kf k1 C Œˇx
4
� �
�1=3
kvk2

C Œˇ2x5� �
�1=3Œk1

.x�2 ;
3x�
4 /
v0k2 C k1. 5x�4 ; 3x�2 /

v0k2�
�

� yC
�
Œˇx� �

�5=6
kf k1 C a

�1
kvk2 C Œˇ

2x5� �
�1=3Œk1

.x�2 ;
3x�
4 /
v0k2

C k1
. 5x�4 ; 3x�2 /

v0k2�
�
:

Hence, there exist a0 > 0 and C > 0 such that for all a � a0

kvk2 � C
�
Œˇx� �

�5=6
kf k1 C Œˇ

2x5� �
�1=3Œk1

.x�2 ;
3x�
4 /
v0k2 C k1. 5x�4 ; 3x�2 /

v0k2�
�
:

(3.1.53)
Set

L�˙� .x/ D y�.2.x=x� � 1//1RC.˙.x � x�//;

where y� is defined by (2.4.16). We note that by its definition L��� D 1 on Œ0; 3x�
4
/ and

supp L��� � .�1;
7x�
8
/. Similarly, L�C� D 1 on Œ5x�

4
; 1� and supp L�C� � .

9x�
8
;C1/.

Proceeding as in the proof of (3.1.24) integration by parts yields, since v satisfies
a Neumann condition at x D 0 and Dirichlet condition at x D 1, and since we have
. L��� /

0.0/ D 0,

k. L�˙� v/
0
k
2
2 D k. L�

˙
� /
0vk22 C �ˇk L�

˙
� vk

2
2 C<h L�

˙
� v; L�

˙
� f i:

The above identity implies, as � < ‡J�ˇ
� 13 ,

k. L�˙� v/
0
k
2
2 � C.Œx�ˇ�

2=3
Cx�2� /kvk22CkjU � �j

1=2
L�˙� vk2kjU��j

�1=2
L�˙� k2kf k1:

By (2.8.9) there exists 0 < �1 < U.0/ such that for all �1 < � < U.0/ � aˇ�1=2 it
holds that

kjU � �j�1=2 L��� k
2
2 � C

Z 7x�=8

0

dx

x2� � x
2
�
C

x�
: (3.1.54)

Similarly,

kjU � �j�1=2 L�C� k
2
2 � C

Z 1

9x�=8

dx

x2� � x
2
�
C

x�
: (3.1.55)

For 0 < � < �1 (3.1.54) and (3.1.55) still hold given the support of L�˙� . Consequently,
we may conclude that

k. L�˙� v/
0
k
2
2 � C.Œx�ˇ�

2=3
C x�2� /kvk22 C x

�1=2
� kjU � �j1=2 L�˙� vk2kf k1: (3.1.56)

As in (3.1.25) it holds that

�ˇkjU � �j1=2 L�˙� vk
2
2 C 2=h. L�

˙
� /
0v; . L�˙� v/

0
i D =h L�˙� v; L�

˙
� f i;
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which implies

ˇkjU � �j1=2 L�˙� vk
2
2

�
C

x�
kvk2k. L�

˙
� v/
0
k2 C kjU � �j

1=2
L�˙� vk2kjU � �j

�1=2
L�˙� k2kf k1:

Consequently, by (3.1.54),

kjU � �j1=2 L�˙� vk
2
2 � C.Œˇx� �

�1
kvk2k. L�

˙
� v/
0
k2 C Œˇ

2x� �
�1
kf k21/: (3.1.57)

Substituting (3.1.57) into (3.1.56) then yields, with the aid of (3.1.5),

k. L�˙� v/
0
k
2
2

� C
�
Œˇx� �

2=3
kvk22 C Œˇx� �

�1
kf k21 C Œˇ

1=2x� �
�1
kvk

1=2
2 k. L�

˙
� v/
0
k
1=2
2 kf k1

�
:

By the above inequality we may conclude, first, that

k. L�˙� v/
0
k
2
2 � C

�
Œˇx� �

2=3
kvk22 C 2Œˇx� �

�1
kf k21 C x

�1
� .k. L�˙� v/

0
k2kvk2/

�
;

and then, for any � > 0,

k. L�˙� v/
0
k
2
2 � C

�
Œˇx� �

2=3
kvk22 C 2Œˇx� �

�1
kf k21 C �k. L�

˙
� v/
0
k
2
2 C

1

�
x�2� kvk

2
2

�
:

Using again (3.1.5), for � small enough, we finally obtain

k. L�˙� v/
0
k
2
2 � C

�
Œˇx� �

2=3
kvk22 C 2Œˇx� �

�1
kf k21

�
:

From the above it can be easily verified that

k1
.x�2 ;

3x�
4 /
v0k2 C k1. 5x�4 ; 3x�2 /

v0k2

� k. L�C� v/
0
k2 C k. L�

�
� v/
0
k2 � C.Œˇx� �

1=3
kvk2 C Œˇx� �

�1=2
kf k1/: (3.1.58)

Substituting (3.1.58) into (3.1.53) yields, using (3.1.5)

kvk2 � C
�
Œˇx� �

�5=6
kf k1 C Œˇx

4
� �
�1=3
kvk2

�
:

Hence, there exists a0 > 0 such that we obtain for a � a0

kvk2 � C Œˇx� �
�5=6
kf k1: (3.1.59)

Step 2.2. The case x� � 1=8. Let

‡ < ŒjU 0.1=16/j=jU 0.1/j�2=3<O�1: (3.1.60)

We set
y�� D �.�.x � x�/=x�/; (3.1.61)
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which is supported on .x�=4; 1� and satisfies y�� � 1 on .x�=2; 1�. Then, as

.LN
ˇ � ˇ�/.y��v/ D y��f � 2y�

0
�v
0
� y�00�v; (3.1.62)

we may use [3, Propositions 5.2 and 5.4] (both hold for U 2 �2r though stated for
U 2 �4r ), to obtain that

ky��vk2 �
C

ˇ2=3
.ˇ�1=6kf k1 C ky�

0
�v
0
k2 C ky�

00
�vk2/: (3.1.63)

We note that (3.1.60) implies ‡ < ŒjU 0.x�=4/j=J� �
2=3<O�1 for all 1=8 � x� � 1. Let

z�� D
p
1 � y�2� 2 C

1.R; Œ0; 1�/. Note that z�� is supported on Œ0;x�=2�. Consequently,
we may obtain, as in (3.1.46) but for x� � 1

8
,

kz��vk2 � Cˇ
�1Œkf k2 C ˇ

1=2
kvk2�:

Combining the above with (3.1.63) yields

kvk2 �
C

ˇ2=3

�
ˇ�1=6kf k1 C k1.x�=4;x�=2/v

0
k2

�
:

We now use a variant of equation (3.1.58) (which is valid also for x� > 1=8) to bound
k1.x�=4;x�=2/v0k2 to obtain, with the aid of (3.1.5),

kvk2 �
C

ˇ5=6
kf k1:

Together with (3.1.4) the above inequality establishes (3.1.3a).

Step 3. We prove (3.1.3b), when

‡ < inf
x�2Œ0;1�

.jU 0.x�=2/j=jU
0.x�/j/

2=3
<O�1: (3.1.64)

Note that for pD 2 (3.1.3b) readily follows from (3.1.4). In the following we then
assume p 2 .1; 2/. Suppose first that x� < 1=2. As above, we consider a pair .v; f /
in D.LN

ˇ
/ � L2.0; 1/ satisfying .LN

ˇ
� �ˇ/v D f . Let

yLD
ˇ W H

2.x�=2; 3x�=2/ \H
1
0 .x�=2; 3x�=2/! L2.x�=2; 3x�=2/

be associated with the same differential operator as LN
ˇ

. Let

zLD
ž
W H 2.1=2; 3=2/ \H 1

0 .1=2; 3=2/! L2.1=2; 3=2/

be associated with the same differential operator as zL ž;R in (3.1.17). We recall from
[3, Proposition 5.2] that for any g 2 L2.1=2; 3=2/ it holds

sup
<Q��‡ ž�1=3

ž�1=3



 d
dy
. zLD
ž
� žQ�/�1g





p
�

C

ž
2Cp
6p

kgk2: (3.1.65)
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As in (3.1.20) it holds that

. yLD
ˇ � ˇ�/. Q��v/ D Q��f � 2 Q�

0
�v
0
� Q�00�v;

and hence by applying the inverse of the dilation (3.1.12) to (3.1.65) we can conclude
that

k. Q��v/
0
kp � C Œˇx� �

�
2Cp
6p .kf k2 C k Q�

0
�v
0
k2 C k Q�

00
�vk2/: (3.1.66)

By (3.1.4) we then obtain

k. Q��v/
0
kp � C Œˇx� �

�
2Cp
6p .1C ˇ�1=3x�4=3� C ˇ�2=3x�8=3� /kf k2:

From (3.1.5) we easily conclude that

k. Q��v/
0
kp � C Œˇx� �

�
2Cp
6p kf k2: (3.1.67)

We now seek an estimate for �˙� v
0. To this end, we use integration by parts to obtain

<h.�˙� /
2.U � �/v; .LN

ˇ � ˇ�/vi

D �k�˙� jU � �j
1=2v0k22 C<h�

˙
� .U

0�˙� C 2.U � �/.�
˙
� /
0/v; v0i

� �ˇk�˙� jU � �j
1=2vk22: (3.1.68)

Since

jU 0.x/j � C jU.x/ � U.0/j1=2 � C.jU.x/ � �j1=2 C jU.0/ � �j1=2/; (3.1.69)

we can conclude that

k.�˙� /
2U 0vk2 � C.x�kvk2 C k�

˙
� jU � �j

1=2vk2/:

Furthermore, given the support of .�˙� /
0 we obtain by (2.8.6)

k�˙� .U � �/.�
˙
� /
0
k1 � Ck.x

2
� x2� /.�

˙
� /
0
k1 � Cx� :

Combining the above with (3.1.68) yields that

k�˙� jU � �j
1=2v0k22

� k.U � �/vk2kf k2 C C
�
Œˇx� �

2=3
k�˙� jU � �j

1=2vk22 C Œx�kvk2

C k�˙� jU � �j
1=2vk2�kv

0
k2

�
: (3.1.70)

As
=h.U � �/v; .LN

ˇ � ˇ�/vi D ˇk.U � �/vk
2
2 C=hU

0v; v0i; (3.1.71)

we obtain by (3.1.69) that

ˇk.U � �/vk22 � C
�
ˇ�1kf k22 C ŒkjU.x/ � �j

1=2vk2 C x�kvk2�kv
0
k2

�
:
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Furthermore, since

kjU � �j1=2vk22 �
1

2

�
x�2� k.U � �/vk

2
2 C x

2
�kvk

2
2

�
; (3.1.72)

we can write

ˇk.U � �/vk22 � C
�
ˇ�1kf k22 C Œx�kvk2 C x

�1
� k.U � �/vk2�kv

0
k2

�
:

Hence,

ˇk.U � �/vk22 � C
�
ˇ�1kf k22 C x�kvk2kv

0
k2 C ˇ

�1x�2� kv
0
k
2
2

�
: (3.1.73)

Using (3.1.4) gives the following estimates for kvk2 and kv0k2

kv0k2 � C Œx�ˇ�
�1=3
kf k2 and kvk2 � C Œx�ˇ�

�2=3
kf k2: (3.1.74)

Substituting the above into (3.1.73) yields

ˇk.U � �/vk22 � C.ˇ
�1
C ˇ�1x�2� Œx�ˇ�

�2=3/kf k22:

From the above, recalling that ˇ
1
4x� is bounded from below, we conclude that

k.U � �/vk2 � Cˇ
�1
kf k2: (3.1.75)

Next, we write, using (3.1.74) and (3.1.75),

kjU � �j1=2vk22 �
1

2
Œˇ1=3x�2=3� k.U � �/vk22 C ˇ

�1=3x2=3� kvk
2
2� �

C

ˇ5=3x
2=3
�

kf k22:

(3.1.76)
Substituting (3.1.76) together with (3.1.75) into (3.1.70) yields with the aid of (3.1.74)

k�˙� jU � �j
1=2v0k22 � Cˇ

�1
kf k22: (3.1.77)

We now observe that

kjU � �j�1=2��� k
q
q � C

Z 3x�=4

0

dx

Œx2� � x
2�q=2

�
C

x
q�1
�

: (3.1.78)

Similarly,

kjU � �j�1=2�C� k
2
2 � C

Z 1

5x�=4

dx

Œx2� � x
2�q=2

�
C

x
q�1
�

; (3.1.79)

which is obtained with the aid of (2.8.9) for � > �1 (for � � �1 the above bounds are
trivial). Consequently, we obtain that

k.�˙� /v
0
kp � k�

˙
� jU � �j

1=2v0k2kŒ1Œ0;3x�=4� C 1Œ5x�=4;1�jU � �j
�1=2�k 2p

2�p

�
C

ˇ1=2x
3p�2
2p

�

kf k2: (3.1.80)
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Similarly, we write that

k.�˙� /
0vkp � k.�

˙
� /
0
jU � �j1=2vk2kŒ1Œ0;3x�=4� C 1Œ5x�=4;1�jU � �j

�1=2�k 2p
2�p

�
C

x
17
6 �

1
p

� ˇ5=6
kf k2:

To obtain the second inequality we have used (3.1.76). Together with (3.1.80) and
(3.1.5) the above yields

k.�˙� v/
0
kp � Cˇ

�1=2x
�
3p�2
2p

� kf k2: (3.1.81)

Combining the above with (3.1.67) yields the existence of a0 such that (3.1.3b) holds
for all a � a0.

Consider next the case x� � 1=2 (in which no dilation transformation is neces-
sary). Let

‡ < .jU 0.1=4/j=jU 0.1/j/2=3<O�1: (3.1.82)

We now set
�� D

q
Q�2� C .�

C
� /2:

Then, as
. yLD

ˇ � ˇ�/.��v/ D ��f � 2�
0
�v
0
� �00�v:

We obtain using [3, Proposition 5.2] and (3.1.4) that

k.��v/
0
kp �

C

ˇ
2Cp
6p

kf k2:

Since (3.1.81) holds true for ��� v in the case x� � 1=2, we can combine it with the
above to extend the validity (3.1.3b) to this case as well.

Given (3.1.37), (3.1.38), (3.1.60), (3.1.64), and (3.1.82) it follows that there exists
‡ > 0 for which Proposition 3.1.1 holds true.

Remark 3.1.2. As in [3, Proposition 5.1] we can obtain better estimates for the case
where � < 0. Thus, setting �˙� � 1 in (3.1.24) yields for � < 0

kv0k22 C j�jˇkvk
2
2 D <hv; f i: (3.1.83)

From here we conclude that

kvk2 � Œj�jˇ�
�1
kf k2; (3.1.84)

which is stronger that (3.1.3) when j�j � ˇ�1=3.
Note that for � < 0

kv0k2 � Œj�jˇ�
�1=2
kf k2: (3.1.85)
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3.2 Resolvent estimates for jU.0/ � =�j D O.ˇ�1=2/

In this case, we will approximate U � � by its quadratic potential

x 7! U 00.0/x2=2C U.0/ � �

and then use a proper resolvent estimate established by R. Henry in [16].
More precisely, we prove the following proposition.

Proposition 3.2.1. Let U 2 C 3.Œ0; 1�/ satisfy (2.1.3), a > 0 and ‡ <
p
�U 00.0/=2.

Then there exist C > 0 and ˇ0 > 0 such that, for all ˇ � ˇ0,

• if f 2 L1.0; 1/,

sup
��‡ˇ�1=2

j��U.0/j<aˇ�1=2

�
k.L

N;D
ˇ
� ˇ�/�1f k2 C ˇ

�1=4
k
d

dx
.L

N;D
ˇ
� ˇ�/�1f k2

C ˇ1=8k.L
N;D
ˇ
� ˇ�/�1f k1

�
� C min.ˇ�1=2kf k2; ˇ�5=8kf k1/; (3.2.1a)

• if .x � x�/�1f 2 L2.0; 1/

sup
��‡ˇ�1=2

j��U.0/j<aˇ�1=2

�


.LN;D
ˇ
� ˇ�/�1f





2
C ˇ�1=4




 d
dx
.L

N;D
ˇ
� ˇ�/�1f





2

C ˇ1=8



.LN;D

ˇ
� ˇ�/�1f





1

�
� Cˇ�3=4




 f

x � x�





2
: (3.2.1b)

Proof. All the estimates established in this proof assume that

� � ‡ˇ�1=2 and U.0/ � aˇ�1=2 < � < U.0/C aˇ�1=2: (3.2.2)

By the second condition it holds that

0 � x� � Caˇ
� 14 : (3.2.3)

Consequently, for any �1 < U.0/, there exists ˇ0 such that, for all ˇ � ˇ0, we have

� > �1 and x� < 1=4: (3.2.4)
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Step 1: L.L2;L2/ estimate. By [16, Theorem 1.3] we immediately obtain that, under
(3.2.2),

k.LN
ˇ � ˇ�/

�1f k2 � Cˇ
�1=2
kf k2: (3.2.5)

To prove the second inequality in (3.2.1a), let f 2 L2.0; 1/ and v 2 D.LN
ˇ
/ satisfy

.LN
ˇ
� ˇ�/v D f . Taking the scalar product with v, an integration by parts yields for

the real part, with the aid of (3.2.2),

kv0k22 D �ˇkvk
2
2 C<hv; f i � C.ˇ

1=2
kvk22 C ˇ

�1=2
kf k22/:

By (3.2.5) we can then conclude that


 d
dx
.LN

ˇ � ˇ�/
�1f





2
� Cˇ�1=4kf k2; (3.2.6)

which together with (3.2.5) establishes the L.L2; L2/ estimate in (3.2.1a).

Step 2: L.L1; L2/ estimate. Next, we obtain an L.L1; L2/ estimate for .LN
ˇ
�

ˇ�/�1 under (3.2.2). Let y� be given (2.4.16). As before, we set

�
 .x/ D y�.
ˇ
1=4x/;

for some positive

 < Œ8Ca C 1�

�1 < 1:

In particular, 
 satisfies
0 < 
 < Œ8ˇ

1
4x� C 1�

�1:

We note that �
 satisfies

supp�
 �
h
2x� C

1

4
ˇ�

1
4 ; 1

�
and j�0
 j � C
ˇ

1
4 : (3.2.7)

Set further Q�
 D
q
1 � �2
 2 C

1.R/ and note that Q�
 satisfies

supp Q�
 �
h
0;
1

2

ˇ�

1
4

�
and j Q�0
 j � C
ˇ

1
4 : (3.2.8)

Let f 2 L2.0; 1/ and v 2 D.LN
ˇ
/ satisfy .LN

ˇ
� ˇ�/v D f .

We begin by estimating �
v. An integration by parts yields

k.�
v/
0
k
2
2 � k�

0

vk

2
2 � �ˇk�
vk

2
2 D <h�
v; �
f i; (3.2.9)

from which we conclude, given that �ˇ1=2 and 
 are bounded from above,

k.�
v/
0
k
2
2 � k�
vk1kf k1 C Cˇ

1=2
kvk22: (3.2.10)
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Furthermore, we have that

�ˇk jU � �j1=2�
vk
2
2 C 2=h�

0

v; .�
v/

0
i D =h�
v; �
f i: (3.2.11)

Hence, with the aid of (3.2.10), we can conclude that

ˇkjU � �j1=2�
vk
2
2 � C.
ˇ

1=2
kvk22 C k�
vk1kf k1/: (3.2.12)

We now write (note that �
�2
 D �
 )

k�
vk1 � k�2
 jU � �j
�1=2
k2kjU � �j

1=2�
vk2: (3.2.13)

For x 2 Œx� C 1
8
ˇ�

1
4 ; 1/, it holds by (2.9.6), (2.9.7), and (3.2.4)

jU.x/ � �j �
1

C
.x � x�/

2
�

1

4C
ˇ�

1
2 ; (3.2.14)

which implies, for ˇ � ˇ0,Z 1

x�C
1
8ˇ
� 1
4

jU � �j�1 dx � C

Z 1

1
4ˇ
� 1
4

y�2 dy � yCˇ1=4:

We can then conclude, using (3.2.7), that

k�2
 jU � �j
�1=2
k2 � Cˇ

1=8: (3.2.15)

Hence, by (3.2.12) and (3.2.13) we obtain that

k�
vk1 � Cˇ
�3=8.


1
2ˇ1=4kvk2 C k�
vk

1=2
1 kf k

1=2
1 /;

from which we conclude that

k�
vk1 � Cˇ
�1=8.
1=2kvk2 C ˇ

�5=8
kf k1/:

Substituting the above into (3.2.12) then yields

kjU � �j1=2�
vk2 � Cˇ
�1=4.
1=2kvk2 C ˇ

�5=8
kf k1/: (3.2.16)

Since by (3.2.14),

jU � �j1=2�
 �
1

C
ˇ�1=4�
 ; (3.2.17)

we may write
k�
vk2 � C.


1=2
kvk2 C ˇ

�5=8
kf k1/: (3.2.18)

We now attempt to estimate Q�
v. As

.LN
ˇ � ˇ�/. Q�
v/ D Q�
f � 2 Q�

0

v
0
� Q�00
v; (3.2.19)
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we may conclude from [16, Theorem 1.3] (which can be used since U 2 C 3.Œ0; 1�/
and ‡ < Œ�U 00.0/�1=2=2), that

k Q�
vk2 � Cˇ
�1=2.k Q�
f k2 C k Q�

0

v
0
k2 C k Q�

00

vk2/

� yC.ˇ�5=8kf k1 C 
ˇ
�1=4
kv0k C 
2kvk2/:

To obtain the second inequality we used the fact that supp Q�
 � .0; {Cˇ�
1
4 /. Combin-

ing the above with (3.2.18) yields the existence of 
0 > 0 such that for all 
 2 .0; 
0/,

kvk2 � C.ˇ
�5=8
kf k1 C 
ˇ

�1=4
kv0k2/: (3.2.20)

As in (3.2.10) (replacing �
 by 1), we obtain that

kv0k22 � kvk1kf k1 C Cˇ
1=2
kvk22: (3.2.21)

By (2.9.24), applied with q D 1 and � D ˇ�
1
2 , and (3.2.2) it holds that

k.U � � C iˇ�1=2/�1=2k22 D k.U � � C iˇ
�1=2/�1k1 � Cˇ

1=4:

From the above we conclude that

kvk1 � kjU � � C iˇ
�1=2
j
�1=2
k2kjU � � C iˇ

�1=2
j
1=2vk2

� Cˇ1=8.kjU � �j1=2�
vk2 C kjU � �j
1=2
Q�
vk2 C ˇ

�1=4
kvk2/:

By (2.8.9) (which is valid by (3.2.4))

jU � �j1=2 Q�
 � C sup
x2.0; {Cˇ

� 1
4 /

jx2 � x2� j
1=2
� Cˇ�1=4;

we obtain, with the aid of (3.2.16) that

kvk1 � C.ˇ
�1=8
kvk2 C ˇ

�3=4
kf k1/: (3.2.22)

Substituting (3.2.22) into (3.2.21) yields

kv0k2 � C.ˇ
1=4
kvk2 C ˇ

�3=8
kf k1/;

which when substituted into (3.2.20) yields for sufficiently small 
0 and 
 2 .0; 
0/

kvk2 � Cˇ
�5=8
kf k1; (3.2.23)

and then
kv0k2 � Cˇ

�3=8
kf k1: (3.2.24)

Substituting (3.2.23) into (3.2.22) yields

kvk1 � Cˇ
�3=4
kf k1: (3.2.25)
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By (3.2.11) it holds that

ˇkjU � �j1=2�
vk
2
2 � C.
ˇ

1=2
kvk22 C k�
vk2kf k2/;

from which we conclude by combining it with (3.2.5)

kjU � �j1=2�
vk2 � Cˇ
�3=4
kf k2:

Consequently,

k�2
vk1 � kjU � �j
�1=2�
k2kjU � �j

1=2�
vk2 � Cˇ
�5=8
kf k2:

Use of (3.2.15) has been made to obtain the second inequality.
Since by (3.2.5)

k Q�2
vk1 � Cˇ
�1=8
kvk2 � Cˇ

�5=8
kf k2; (3.2.26)

we may conclude that
kvk1 � Cˇ

�5=8
kf k2; (3.2.27)

which together with (3.2.25) completes the proof of (3.2.1a).

Step 3: Proof of (3.2.1b). To prove (3.2.1b) we set

f D .x � x�/g;

where g 2 L2.0; 1/.
Then, as in (3.2.10), we use (3.2.9) to obtain

k.�
v/
0
k
2
2 � k.x � x�/�
vk2kgk2 C Cˇ

1=2
kvk22:

By (3.2.7) and (3.2.14) there exists C > 0 such that, for all x 2 Œ0; 1�,

0 � .x � x�/�
 .x/ � C.� � U.x//
1=2�
 .x/: (3.2.28)

Hence,
k.�
v/

0
k
2
2 � C

�
kjU � �j1=2�
vk2kgk2 C ˇ

1=2
kvk22

�
:

Next, we use (3.2.11) to obtain, as in (3.2.12), with the aid of the above and (3.2.28)

ˇkjU � �j1=2�
vk
2
2 � C

�

ˇ1=2kvk22 C k�
 jU � �j

1=2vk2kgk2
�
;

from which we conclude that

kjU � �j1=2�
vk2 � Cˇ
�1=4.
1=2kvk2 C ˇ

�3=4
kgk2/: (3.2.29)

Combining the above with (3.2.17) yields

k�
vk2 � C.

1=2
kvk2 C ˇ

�3=4
kgk2/: (3.2.30)
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Furthermore, with the aid of (3.2.15) we can conclude that

k�2
vk1 � k jU � �j
�1=2�
k2 kjU � �j

1=2�
vk2

� C.
1=2ˇ�1=8kvk2 C ˇ
�7=8
kgk2/: (3.2.31)

We now use (3.2.19) to obtain, as in (3.2.20),

k Q�
vk2 � C.ˇ
�3=4
kgk2 C 
ˇ

�1=4
kv0k C 
2kvk2/: (3.2.32)

Combining (3.2.32) with (3.2.30) yields for sufficiently small 


kvk2 � C .ˇ
�3=4
kgk2 C 
ˇ

�1=4
kv0k/: (3.2.33)

Then we write

kv0k22 D �ˇkvk
2
2 C<hv; f i D �ˇkvk

2
2 C<h.x � x�/v; gi: (3.2.34)

To estimate the second term on the right-hand side of (3.2.34) we first note that by
(3.2.28), (3.2.3) and (3.2.8),

k.x � x�/vk2 � k.x � x�/�
vk2 C k.x � x�/ Q�
vk2

� C.kjU � �j1=2�
vk2 C ˇ
�1=4
kvk2/:

With the aid of (3.2.29) we then obtain

k.x � x�/vk2 � C.ˇ
�1=4
kvk2 C ˇ

�3=4
kgk2/: (3.2.35)

Hence, by (3.2.34) and since � < Cˇ�1=2 we may conclude that

kv0k2 � C.ˇ
1=4
kvk2 C ˇ

�1=2
kgk2/: (3.2.36)

Substituting (3.2.36) into (3.2.33) yields for small enough 
 ,

kvk2 � Cˇ
�3=4
kgk2: (3.2.37)

By (3.2.37), the first inequality of (3.2.26), and (3.2.31) we obtain

kvk1 � Cˇ
�7=8
kgk2: (3.2.38)

Together with (3.2.37) and (3.2.36), (3.2.38) verifies (3.2.1b).

3.3 L1 estimates for U.0/ � =�� ˇ�1=2

It is not difficult to show that the resolvent of the operator �d2=dx2 C ix is not
bounded in L.L1.R/;L1.R//, a fact that can be easily established from the identity�

�
d2

dx2
C ix

� 1
p
x2 C 1

D
2x2 � 1

Œx2 C 1�5=2
C i

x

x2 C 1
:
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For the resolvent of the operator L
N;D
ˇ

on .0; 1/, this unboundedness manifests itself
through a logarithmic dependence on ˇ as we can clearly see in the following pro-
position.

Proposition 3.3.1. LetU 2C 2.Œ0;1�/ satisfy (2.1.3). There exist‡ >0, a> 0,C >0,
and ˇ0 > 1 such that, for ˇ � ˇ0, =� < U.0/ � aˇ�1=2, <� � J�

2=3‡ˇ�1=3, and
f 2 L1.0; 1/ we have

k.L
N;D
ˇ
� ˇ�/�1f k1 � C min

�
ŒJ�ˇ�

�5=6
kf k2; ŒJ�ˇ�

�1 logˇ kf k1
�
: (3.3.1)

Proof. We assume that ‡ > 0 is sufficiently small so that Proposition 3.1.1 holds
true. We begin by recalling that by (3.1.5), for any N > 0, there exists a0 > 0 such
that for all a � a0, we have under the conditions of the proposition,

ˇx� � ˇx
4
� � N;

where x� is defined by (2.4.5). Let .v; f / 2 D.LN
ˇ
/ � L1.0; 1/ satisfy .LN

ˇ
�

ˇ�/v D f . By (2.8.49) applied with � D ˇ�1=3x2=3� and q D 2, it holds that

k.U � � C i Œˇx�2� ��1=3/�1k22 � Cx
�5=3
� ˇ1=3:

We may then conclude that

kvk1 � k.U � � C i Œˇx
�2
� ��1=3/�1k2k.U � � C i Œˇx

�2
� ��1=3/vk2

� Cˇ1=6x�5=6� Œk.U � �/vk2 C Œˇx
�2
� ��1=3kvk2�: (3.3.2)

By (3.1.75) and (3.1.3a)

kvk1 � C Œˇx� �
�5=6
kf k2: (3.3.3)

By (2.8.62) we can conclude that

k.U � � C i Œˇx�2� ��1=3/�1=2k22 D k.U � � C i Œˇx
�2
� ��1=3/�1k1 �

C

x�
log.ˇx4� /:

Hence, we can complete the proof of (3.3.1) by writing

kvk1 � k.U � � C i Œˇx
�2
� ��1=3/�1=2k2k.U � � C i Œˇx

�2
� ��1=3/1=2vk2

�
C

x
1=2
�

Œlog.ˇx4� /�
1=2ŒkjU � �j1=2vk2 C Œˇx

�2
� ��1=6kvk2�;

which implies

kvk1 �
C

x
1=2
�

Œlog.ˇ/�1=2ŒkjU � �j1=2vk2 C Œˇx�2� ��1=6kvk2�: (3.3.4)
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We note that by (3.1.3a) (which holds for a � a0 with a0 large enough) and (3.1.5)
we have

Œˇx�2� ��1=6kvk2 � Cˇ
�1x

� 12
� kf k1:

Hence, we obtain from (3.3.4)

kvk1 �
C

x
1=2
�

Œlog.ˇ/�1=2
�
kjU � �j1=2vk2 C ˇ

�1x�1=2� kf k1
�
: (3.3.5)

To complete the proof we need an estimate for kjU � �j1=2vk2. In a similar manner
to (3.1.8) we let

�˙s .x/ D y�.s.x � x�//1RC.˙.x � x�// with s D Œˇx� �1=3;

where y� is defined by (3.1.7). An integration by parts yields, as in (3.1.24),

k.�˙s v/
0
k
2
2 � k.�

˙
s /
0vk22 � �ˇk�

˙
s vk

2
2 D <h�

˙
s v; �

˙
s f i;

from which we conclude, given that �ˇ � Cs2

k.�˙s v/
0
k
2
2 � k�

˙
s vk1kf k1 C

yCs2kvk22:

Furthermore, (see (3.1.25)), we have that

�ˇk jU � �j1=2�˙s vk
2
2 C 2=h.�

˙
s /
0v; .�˙s v/

0
i D =h�˙s v; �

˙
s f i; (3.3.6)

and hence, with the aid of above, we obtain that

kjU � �j1=2 y�svk
2
2 � Cˇ

�1.Œˇx� �
2=3
kvk22 C k�

˙
s vk1kf k1/:

By (3.1.3a), we then have

kjU � �j1=2�˙s vk2 � C.x
�1=2
� ˇ�1kf k1 C ˇ

�1=2
kvk

1=2
1 kf k

1=2
1 /: (3.3.7)

Let Q�s D
q
1 � .�Cs /2 � .��s /

2. Since s D Œˇx� �1=3 it holds that

supp Q�s �
h
x� �

1

2
.ˇx�/

�1=3; x� C
1

2
.ˇx�/

�1=3
�
:

As
kjU � �j1=2 Q�svk2 � C Œˇx� �

�1=6x1=2� k Q�svk2 � Cˇ
�1=6x1=3� kvk2;

we may use (3.1.3a) once again to obtain

kjU � �j1=2 Q�svk2 � Cx
� 12
� ˇ�1kf k1:
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Combining the above with (3.3.7) yields

kjU � �j1=2vk2 � C
�
x�1=2� ˇ�1kf k1 C ˇ

�1=2
kvk

1=2
1 kf k

1=2
1

�
: (3.3.8)

Substituting (3.3.8) into (3.3.5) yields, for any � > 0,

kvk1 �
C

x
1=2
�

Œlog.ˇ/�1=2
�
ˇ�1x�1=2� kf k1 C ˇ

�1=2
kvk

1=2
1 kf k

1=2
1

�
�

C

x
1=2
�

Œlog.ˇ/�1=2
�
ˇ�1x�1=2� kf k1 C ˇ

�1=2
�1
�
kf k1 C �kvk1

��
:

Choosing � > 0 such that

C �ˇ�1=2x�1=2� Œlog.ˇ/�1=2 D
1

2
;

we obtain
kvk1 � yC

1

ˇx�
log.ˇ/kf k1: (3.3.9)

Combining the above with (3.3.3), completes the proof of the proposition.

If U � � ¤ 0 in Œ0; 1� it can be easily verified (see (3.1.75)) that

k.�d2=dx2 C iˇŒU � ��/�1k . ˇ�1:

In contrast, when U.x/ D � for some x 2 .0; 1/ the best estimate we can obtain (see
(3.1.3)) is

k.�d2=dx2 C iˇŒU � ��/�1k . ˇ�2=3:

The zero of U � � at x D x� , thus, has a significant effect on the resolvent norm.
Nevertheless, if f .x�/D 0 and f is small in the neighbourhood of x� one may expect
that k.�d2=dx2 C iˇŒU � ��/�1f k2 would be smaller in that case.

This heuristic argument is manifested, more precisely, in the following proposi-
tion.

Proposition 3.3.2. Let U 2 C 2.Œ0; 1�/ satisfy (2.1.3). There exist ‡ > 0, C > 0,
a > 0, and ˇ0 > 0 such that, for ˇ � ˇ0, � � U.0/ � aˇ�1=2, � < ‡J�

2=3ˇ�1=3,
and f 2 L2.0; 1/ such that .x � x�/�1f 2 L2.0; 1/, we have

k.LN
ˇ � ˇ�/

�1f k2 � C.J�ˇ/
�1



 f

x � x�





2

(3.3.10)

and 


 d
dx
.LN

ˇ � ˇ�/
�1f





2
� Cˇ�1=2




 f

x � x�





2
: (3.3.11)
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Proof. Let .v; f; �/ 2 D.LN
ˇ
/ � L2.0; 1/ �C satisfy .LN

ˇ
� ˇ�/v D f .

Step 1. We prove (3.3.10).
Set

f D .U � �/g:

Given that � < ‡J�
2=3ˇ�1=3, it follows from (3.1.3) that there exists u 2 D.LN

ˇ
/

satisfying
.LN

ˇ � ˇ�/u D g: (3.3.12)

Let
w D .U � �/u:

Then, it holds that
.LN

ˇ � ˇ�/w D f � 2U
0u0 � U 00u:

Consequently,
v D w C .LN

ˇ � ˇ�/
�1.2U 0u0 C U 00u/: (3.3.13)

We now recall (3.1.69)

jU 0j � C jU � U.0/j1=2 � C.jU � �j1=2 C x�/:

By the above and (3.1.3a) it holds that

k.LN
ˇ � ˇ�/

�1.2U 0u0 C U 00u/k2

� C ŒJ�ˇ�
�2=3

�
x�ku

0
k2 C kjU � �j

1=2u0k2 C kuk2
�
: (3.3.14)

Let �˙� be defined by (3.1.8). Clearly, in view of (3.1.9) and the fact that U 0.0/ D 0,

kjU � �j1=2u0k2 � k�
C
� jU � �j

1=2u0k2 C k�
�
� jU � �j

1=2u0k2 C Cx�ku
0
k2:

(3.3.15)
By (3.1.77), applied to the pair .u; g/, (3.3.15), and (3.1.3b) we then have

x�ku
0
k2 C kjU � �j

1=2u0k2 � C.ˇ
�1=2
C x2=3� ˇ�1=3/kgk2: (3.3.16)

Using (3.1.3a) together with (3.3.14) and (3.3.12) then yields, as x� � ˇ�1=4,

k.LN
ˇ � ˇ�/

�1.2U 0u0 C U 00u/k2 � Cˇ
�1
kgk2: (3.3.17)

By (3.1.75), applied to the pair .u; g/, it holds that

kwk2 � Cˇ
�1
kgk2: (3.3.18)

Substituting the above together with (3.3.17) into (3.3.13) yields

kvk2 � Cˇ
�1
kgk2:
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Since
jU.x/ � �j �

1

C
x� jx � x� j;

it holds that
kgk2 � Cx

�1
� k.x � x�/

�1f k2;

and hence, we can now conclude (3.3.10) from the above and (3.3.18).

Step 2. We prove (3.3.11).
Taking the real part of the scalar product with hv; .LN

ˇ
� ˇ�/vi we write

kv0k22 D �ˇkvk
2
2 C<h.x � x�/v; .x � x�/

�1f i:

From here we deduce that

kv0k22 � �Cˇkvk
2
2 C jh.x � x�/v; .x � x�/

�1f ij; (3.3.19)

where
�C D max.�; 0/: (3.3.20)

Since jx � x� j � C jU � �j1=2 we obtain by (3.3.10), as x� � ˇ�1=4 and �C �
C J

2=3
� ˇ�1=3,

kv0k22 � C
�
ˇ�1k.x � x�/

�1f k2 C kjU � �j
1=2vk2k.x � x�/

�1f k2
�
: (3.3.21)

By (3.1.25) it holds that

ˇkjU � �j1=2�˙� vk
2
2 � Cx

�1
� kvk2kv

0
k2 C k.x � x�/vk2k.x � x�/

�1f k2:

Hence, in view of (3.1.9),

ˇkjU � �j1=2vk22 �C.x
�1
� kvk2kv

0
k2Cˇx

2
�kvk

2
2/Ck.x � x�/vk2k.x � x�/

�1f k2:

Since by (3.3.10) it holds that

ˇx2�kvk
2
2 � Cˇ

�1
k.x � x�/

�1f k22;

we may obtain that

ˇkjU � �j1=2vk22 � C
�
x�2� ˇ�1k.x � x�/

�1f k2kv
0
k2

C k.U � �/1=2vk2k.x�x�/
�1f k2Cˇ

�1
k.x�x�/

�1f k22
�
:

From the above we conclude, as x� � ˇ�1=4,

kjU � �j1=2vk22 � C.ˇ
�1
kv0k22 C ˇ

�2
k.x � x�/

�1f k22/: (3.3.22)

Substituting the above into (3.3.21) yields

kv0k2 � Cˇ
�1=2
k.x � x�/

�1f k2;

verifying (3.3.11).
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We now seek an estimate for .Lˇ � ˇ�/
�1 in L.H 1; L1/. To this end we write

f D f � f .x�/C f .x�/, and estimate first .Lˇ �ˇ�/
�1.f � f .x�// using (3.3.10).

Then, we estimate .Lˇ � ˇ�/
�1f .x�/ by observing first that the leading order term

is �if .x�/Œˇ.U C i�/��1 for j�j > x2=3� ˇ�1=3.

Proposition 3.3.3. Let U 2 C 2.Œ0; 1�/ satisfy (2.1.3). Then there exist ‡ > 0, C > 0,
a > 0, and ˇ0 > 0 such that, for ˇ � ˇ0, U.0/� � > aˇ�1=2, and � � J�

2=3‡ˇ�1=3

and f 2 H 1.0; 1/ we have



.LN
ˇ � ˇ�/

�1f C i
f .x�/

ˇŒU � � � i max.��; x2=3� ˇ�1=3/�






1

� C ŒJ�ˇ�
�1
kf k1;2:

(3.3.23)

Proof. Let u D .LN
ˇ
� ˇ�/�1f .

Step 1. We prove (3.3.23) in the case �� � x2=3� ˇ�1=3.
We apply the decomposition

v D uC i
f .x�/

ˇ.U � � � ix
2=3
� ˇ�1=3/

: (3.3.24)

Then,

.LN
ˇ � ˇ�/v D f C iˇ

�1f .x�/..L
N
ˇ � ˇ�/.U � � � ix

2=3
� ˇ�1=3/�1/:

We next observe that

.LN
ˇ � ˇ�/.U � � � ix

2=3
� ˇ�1=3/�1

D ˇ
.��CiU /

.U���ix
2=3
� ˇ�1=3/

�
2jU 0j2

.U���ix
2=3
� ˇ�1=3/3

C
U 00

.U � � � ix
2=3
� ˇ�1=3/2

;

and that

� i.� � iU / .U � � � ix2=3� ˇ�1=3/
�1
C 1

D .U � � � ix2=3� ˇ�1=3/�1.�i Œ.�C i�/ � U �C U � � � ix2=3� ˇ�1=3/:

Consequently, it holds that

.LN
ˇ � ˇ�/v D f � f .x�/C f .x�/h; (3.3.25)

where

h D i
U 00

ˇ.U � � � ix
2=3
� ˇ�1=3/2

� 2i
jU 0j2

ˇ.U � � � ix
2=3
� ˇ�1=3/3

� i
�C x

2=3
� ˇ�1=3

U � � � ix
2=3
� ˇ�1=3

: (3.3.26)
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Since for U 2 C 2.Œ0; 1�/ satisfying (2.1.3), we have

jU.x/ � �j �
1

C
x� jx � x� j; (3.3.27)

we may conclude that for k > 1,Z 1

0

dx

jU � � � ix
2=3
� ˇ�1=3jk

�C

Z 1

0

dx

xk� jx � x� j
k C x

2k=3
� ˇ�k=3

� yCx�k� Œˇx� �
k�1
3 :

(3.3.28)
For later reference we mention that for k D 1Z 1

0

dx

jU � � C ix
2=3
� ˇ�1=3j

� C
h 1
x�

Z 2x�

0

dx

jx � x� j C x
�1=3
� ˇ�1=3

C

Z 1

2x�

dx

jx � x� j2

i
�
yC

x�

�
log.x4=3� ˇ1=3/C 1

�
: (3.3.29)

Using (3.3.28) and the fact that x� � 1
C
ˇ1=4, together with (3.1.69), it can be

verified that there exist positive C and ˇ0 such that for ˇ � ˇ0 and j�j � x2=3� ˇ�1=3,

khk2 � C Œˇx� �
�1=6: (3.3.30)

Consequently, by (3.3.1)

k.LN
ˇ � ˇ�/

�1hk1 � C.ˇx�/
�1: (3.3.31)

By (3.3.10) and Hardy’s inequality (2.2.8) it holds that

k.LN
ˇ � ˇ�/

�1.f � f .x�//k1 � k.L
D
ˇ � ˇ�/

�1.f � f .x�//k2

� C.ˇx�/
�1



f � f .x�/

x � x�





2
� yC.ˇx�/

�1
kf 0k2:

Substituting the above, together with (3.3.31) into (3.3.25) yields

kvk1 � C.ˇx�/
�1.kf 0k2 C jf .x�/j/ � yC.ˇx�/

�1
kf k1;2:

Step 2. We prove (3.3.23) in the case � � �x2=3� ˇ�1=3.
In this case we consider instead the decomposition

v D uC i
f .x�/

ˇ.U C i�/
:

Then we obtain

.LN
ˇ � ˇ�/v D f C iˇ

�1f .x�/..L
N
ˇ � ˇ�/.U C i�/

�1/:
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As

.LN
ˇ � ˇ�/.U C i�/

�1
D iˇ �

2jU 0j2

.U C i�/3
C

U 00

.U C i�/2
;

we obtain that
.LN

ˇ � ˇ�/v D f � f .x�/C f .x�/
Qh; (3.3.32)

where
Qh D i

U 00

ˇ.U C i�/2
� 2i

jU 0j2

.U C i�/3
(3.3.33)

and proceed in a similar manner using the lower bound for j�j.

An immediate consequence of Proposition 3.3.3 now follows by using (3.3.29).

Corollary 3.3.4. Under the conditions of Proposition 3.3.3, it holds (with sufficiently
large a) that

k.LN
ˇ � ˇ�/

�1f k1 � C ŒJ�ˇ�
�1
�
kf k1;2 C jf .x�/j log.x4=3� ˇ1=3/

�
: (3.3.34)

We conclude this section by another auxiliary estimate which will be useful in
Sections 5.10 and 5.11.

Proposition 3.3.5. LetU 2C 3.Œ0;1�/ satisfying (2.1.3), a > 0 and‡ <
p
�U 00.0/=2.

Then there exist C > 0, ˇ0 > 0 such that, for all ˇ � ˇ0,

sup
��‡ˇ�1=2

�<U.0/Caˇ�1=2

�
k.L

N;D
ˇ
� ˇ�/�1.U � �/f k2

C ˇ�1=2k
d

dx
.L

N;D
ˇ
� ˇ�/�1.U � �/f k2

�
� Cˇ�1kf k2: (3.3.35)

Note that if we apply (3.3.10) (for � < U.0/ � a0ˇ
�1=2 with some sufficiently

large a0) or (3.2.1b) (in the case j� � U.0/j � a0ˇ�1=2) we obtain that

k.L
N;D
ˇ
� ˇ�/�1.U � �/f k2 � Cˇ

�3=4Œ1C x�ˇ
1=4��1kf k2;

which is weaker than (3.3.35).

Proof. Let v 2 D.LN;D
ˇ

/ such that

.L
N;D
ˇ
� ˇ�/v D .U � �/f: (3.3.36)

Let w 2 D.LN;D
ˇ

/ satisfy

.L
N;D
ˇ
� ˇ�/w D f:
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It can be easily verified that

.L
N;D
ˇ
� ˇ�/.ŒU � ��w/ D .U � �/f � 2U 0w0 � U 00w:

Hence,
v D .U � �/w C .L

N;D
ˇ
� ˇ�/�1.2U 0w0 C U 00w/: (3.3.37)

Let a0 > 0. Consider first the case where U.0/ � a0ˇ�1=2 < � < U.0/C a0ˇ�1=2.
By (3.1.71) (with v replaced by w) and since by (2.1.3) we have jU 0.x/j � x, it holds
that

ˇk.U � �/wk22 � C.ˇ
�1
kf k22 C Œk.x � x�/wk2 C x�kwk2�kw

0
k2/:

We can now use (3.2.35), given that x� � Cˇ�1=4, to obtain

ˇk.U � �/wk22 � C.ˇ
�1
kf k22 C Œˇ

�3=4
kf k2 C ˇ

�1=4
kwk2�kw

0
k2/:

We may now apply (3.2.1a) to the pair .w; f / to conclude that

k.U � �/wk2 � Cˇ
�1
kf k2: (3.3.38)

In (3.1.75) we have established that there exists a > 0 such that (3.3.38) holds also
whenever � < U.0/ � aˇ�1=2 under the conditions of Proposition 3.1.1.

Next, we use once again either (3.2.1a) (in the case when j� � U.0/j < aˇ�1=2)
or (3.1.3a) (in the case when � < U.0/� aˇ�1=2), with f replaced by U 00w, to obtain
that

k.L
N;D
ˇ
� ˇ�/�1.U 00w/k2 � Cˇ

�1=2Œ1C x�ˇ
1=4��2=3kwk2

� zCˇ�1Œ1C x�ˇ
1=4��4=3kf k2

� yCˇ�1kf k2: (3.3.39)

Finally, we write

k.L
N;D
ˇ
� ˇ�/�1.U 0w0/k2 � k.L

N;D
ˇ
� ˇ�/�1.ŒU 0 � U 0.x�/�w

0/k2

C k.L
N;D
ˇ
� ˇ�/�1.U 0.x�/w

0/k2:

For the second term on the right-hand side we have by (3.2.1a) and (3.1.3)

k.L
N;D
ˇ
�ˇ�/�1.U 0.x�/w

0/k2�Cˇ
�1=2x� Œ1Cx�ˇ

1=4��2=3kw0k2� yCˇ
�1
kf k2:

For the first term we use instead either (3.2.1b) or (3.3.10) with f D ŒU 0 �U 0.x�/�w0

and then (3.2.1a) and (3.1.3) for the second one to obtain

k.L
N;D
ˇ
�ˇ�/�1.ŒU 0 � U 0.x�/�w

0/k2�Cˇ
�3=4




U 0 � U 0.x�/
x � x�

w0




2
� yCˇ�1kf k2:
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Hence,
k.L

N;D
ˇ
� ˇ�/�1.U 0w0/k2 � Cˇ

�1
kf k2: (3.3.40)

By (3.3.37), (3.3.38), (3.3.39), (3.3.39), and (3.3.40), we then conclude

kvk2 � Cˇ
�1
kf k2: (3.3.41)

The estimate of v0 in (3.3.35) follows immediately from the identity

kv0k22 D �ˇkvk
2
2 C<hv; .U � �/f i;

together with (3.3.41) and the fact that � � ‡ˇ�1=2.





Chapter 4

No-slip Schrödinger operators

4.1 Preliminaries

Given the fact that ��00 C ˛2� does not necessarily belong to D.LN;D
ˇ

/, we estab-
lish, in this chapter, resolvent estimates for the same differential operator but with
one boundary condition replaced by an integral condition which will be satisfied by
��00 C ˛2� (cf. see also [3, Section 6] and the discussion around equation (1.2.8) in
the introduction.)

This chapter follows the same path as in [3, Section 6] but this time for symmetric
flows in .�1;C1/ (so that U 0.0/ D 0), to which end we consider the interval .0; 1/
and a Neumann condition at x D 0.

Let

L
�

ˇ
D �

d2

dx2
C iˇU;

be defined on

D.L
�

ˇ
/ D

®
u 2 H 2.0; 1/ j h�; ui D 0; u0.0/ D 0

¯
; (4.1.1)

where � 2 H 2.0; 1/.
We will later (see (4.7.1)) confine the discussion to the case where �˛.x/ D

cosh.˛x/= cosh˛.
More precisely, we introduce

U0 WD
®
� 2 H 2.0; 1/ j �0.0/ D 0; �.1/ D 1

¯
(4.1.2)

and for ˇ � 0, 
 > 0, � > 0 and � 2 C, the subset

U1.ˇ; �; 
; �/ D
®
� 2 U0; k�k1 � ˇ


 ; k�0kL2.1�ˇ�
 ;1/ � �ˇ
1=6�

1=4

ˇ

¯
; (4.1.3)

where
�ˇ D 1C j�jˇ

1=3: (4.1.4)

Let Ai denote Airy’s function (See [1, Section 10.4]) and A0 the generalized Airy
function

C 3 z 7! A0.z/ D e
i�=6

Z C1
z

Ai.ei�=6t / dt: (4.1.5)

(See [1, 10.4] or in [3, Appendix A.2]). We then set

� D
®
z j A0.iz/ D 0

¯
:
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It is established in [3, Appendix A.2] that � (which is denoted there by ��) is non-
empty. In [22] (cf. also [3, Appendix A]) it is shown that

#r1 WD inf
z2�
<z > 0: (4.1.6)

4.2 Resolvent estimates for jU.0/ � �j � ˇ�1=2

We can now state the following proposition.

Proposition 4.2.1. LetU 2C 2.Œ0;1�/ satisfy (2.1.3). Let further 
 < 1=4. Then, there
exist ‡ > 0, ˇ0 > 0, a > 0, and �0 > 0 such that, for all ˇ � ˇ0, � 2 .0; �0�, and
� 2 C satisfying

max.jU.0/ � �j�1=3; 1/ˇ1=3<� � ‡ (4.2.1)

and
jU.0/ � �j > aˇ�1=2; (4.2.2)

there exists a constant C > 0 such that, for any f 2H 1.0; 1/, � 2 U1.ˇ;�; 
; �/, and
v 2 D.L

ˇ

�
/ satisfying

.L
ˇ

�
� ˇ�/v D f; (4.2.3)

it holds that

jv.1/j � C ˇ1=3 �
1=2

ˇ
k�k1

�min
�
Œx�ˇ�

�5=6
kf k2; ŒjU.0/ � �j

1=2ˇ��1Œkf k1;2 C jf .x�/j log.1C x�ˇ1=4/�
�
;

(4.2.4)

where x� is defined by (2.4.5), and that

jv.1/j � C ˇ1=3 �
1=2

ˇ
k�.LN

ˇ � ˇ�/
�1f k1: (4.2.5)

Furthermore, for any p > 1 and � < U.0/ � aˇ�1=2 it holds that

jv.1/j � C �
1=2

ˇ
ˇ1=3Œx�ˇ�

�1
�
k�k1kf k1;2 C k�k1;p.1C j logŒ� C im�j/ jf .x�/j

�
;

(4.2.6a)
where

m WD �max.��; x2=3� ˇ�1=3/: (4.2.6b)

Finally, if in addition .x � x�/�1f 2 L2.0; 1/ and � < U.0/, then we have

jv.1/j � Cˇ�2=3 �
1=2

ˇ
k�k1 jU.0/ � �j

�1=4



 f

x � x�





2
: (4.2.7)
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Note that since J� D jU
0.x�/j � x� � ŒU.0/ � ��

1=2 for � < U.0/, (4.2.1) is
similar to the condition set on <� in (3.1.19). Here, we use a different notation since
we need to address the case � > U.0/ as well.

Proof. As in [3, equation (6.20)] we begin by a decomposition of v into a boundary
term associated with x D 1 and a solution of the same equation satisfying a Dirichlet
condition at x D 1. We estimate the boundary term by using a linear approximation
of U near x D 1 (recall that by (2.1.3) U.1/D 0 and U 0.1/D �1). Let for ˇ > 0 and
� 2 C,

z �;ˇ .x/ D e
�i�=6

Ai
�
ˇ1=3e�i�=6Œ.1 � x/ � i��

�
A0.iˇ1=3 N�/

; (4.2.8)

which is (note that z D  C, with JC D 1, in [3, equation (6.8b)]) the decaying
solution as x ! �1 of8̂̂<̂

:̂
�
�
d2

dx2
C iˇŒ.x � 1/C i��

�
z D 0 in .�1; 1/;Z 1

�1

z .x/ dx D ˇ�1=3:

(4.2.9)

Note further that by (4.1.6) z �;ˇ is well defined whenever <� < #r1 . For later refer-
ence we recall from [3, equation (8.87)] that for any Oı1, there exists C > 0 and ˇ0
such that, for <� � .#r1 � Oı1/ˇ

�1=3 and ˇ � ˇ0,

1

C
�
1=2

ˇ
� j z �;ˇ .1/j � C �

1=2

ˇ
: (4.2.10)

To guarantee that the Neumann condition at x D 0 is satisfied we further set

 �;ˇ .x/ D z �;ˇ .x/�.1 � x/; (4.2.11)

where � is given by (2.6.20), which we recall here for the convenience of the reader

�.t/ D

´
1 t < 1=2;

0 t > 3=4:

Consequently,  �;ˇ is supported on Œ1=4;C1� and  �;ˇ D z �;ˇ on Œ1=2; 1�. We
omit the subscript .�; ˇ/ when no ambiguity is expected. Consider a pair . Qv; h/ 2
L2.0; 1/ �D.LN

ˇ
/ such that

h D
�
�
d2

dx2
C iˇ.U C i�/

�
 (4.2.12)

and
.LN

ˇ � ˇ�/ Qv D h: (4.2.13)

We note that the assumptions of the proposition, and in particular (4.2.1) and (4.2.2)
allow us to apply Propositions 3.1.1, 3.3.1, 3.3.2, and 3.3.3 throughout the proof.
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Step 1. We prove that

ˇ�1=6k Qvk2 C kQvk1 � C max.ˇ�2=3��3=4
ˇ

; ˇ�5=3/: (4.2.14)

By (4.2.9) it holds that

h D iˇ ŒU � .1 � x/�  C �00.1 � x/ z � 2�0.1 � x/ z 0 in .0; 1/: (4.2.15)

We note that by [3, equation (6.17)] there exists ‡ > 0 (in the statement of the pro-
position) such that whenever ˇ1=3<� � ‡

k.1 � x/k  �;ˇk2 � k.1 � x/
k z �;ˇk2 � C �

1�2k
4

ˇ
ˇ�.1C2k/=6 for k 2 Œ0; 4�:

(4.2.16)
Furthermore, since by [3, Proposition A.1] (or more precisely by [3, equations (A.4),

(A.6), (A.19), (A.20)] and the display below [3, equation (A.29)]) it holds that

‰.x; �/ WD
Ai.ei�=6Œx C i��/

Ai.ei2�=3�/
D

h
1C

i

4
..��/�1=2x2 � ��1x/

i
e�.��/

1=2x
C w1;

where

• for �0 > 0
� 2 V.�0/ WD ¹<� � �0º \ ¹j�j > 3�0º;

• the square root of �� is chosen such that

<.��/1=2 > 0;

• and the remainder w1 2 H 1.RC/ satisfies

kx4w1kL2.RC/ C kx
4w01kL2.RC/ � C j�j

�9=4:

Consequently, for all � 2 V.�0/ it holds by [3, equation (A.20)] that

kx4‰k2 C j�j
�1=2
kx4‰0k2 � C j�j

�9=4:

Let 0 < �0 < O�1 (given by (3.1.2)). Then, there exists C.�0/ > 0 such that

sup
j�j�3�0

kx4 Ai.ei�=6Œx C i��/k1;2 � C;

and, since all the zeroes of Ai.ei2�=3�/ are located in the half-plane <� � O�1, we
have, since �0 < O�1, that

sup
j�j�3�0
<�<�0

ˇ̌̌ 1

Ai.ei2�=3�/

ˇ̌̌
� C:
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Consequently, by the above inequalities, relying on the sole condition that <� � �0,
there exists C > 0 such that

kx4‰k2 C Œ1C j�j
2��1=4kx4‰0k2 � C Œ1C j�j

2��9=8:

Note that
z �;ˇ .x/

z �;ˇ .1/
D ‰.ˇ1=3.1 � x/; ˇ1=3�/:

Using dilation, translation, and (4.2.10) the above yields

k.1 � x/k z 0�;ˇkL2.�1;1/ � C �
3�2k
4

ˇ
ˇ.1�2k/=6: (4.2.17)

Hence, rewriting (4.2.15) in the form

h D iˇŒU � .1 � x/� C ..1 � x/�2�00.1 � x//.1 � x/2 z 

� 2..1 � x/�3�0.1 � x//.1 � x/3 z 0;

we obtain
jh.x/j � C Œˇ.1 � x/2j .x/j C .1 � x/3j z 0.x/j�; (4.2.18)

and hence by (4.2.16) with k D 2 and (4.2.17) with k D 3,

khk2 � C ˇ
1=6�

�3=4

ˇ
: (4.2.19)

Recall from (2.4.5) the definition of x� :

U.x�/ D � for 0 < � < U.0/; x� D 1 if � � 0 and x� D 0 if � > U.0/:

We split the proof of (4.2.14) into two steps, depending on the value of x� .

Step 1.1. x� > 1=4. In this case we have by (4.2.13), (3.1.3a), (3.1.75), and (3.3.1)
(note that J� � JU�1.1=4/ > 0 in this case) that

ˇ�1=3k Qvk2 C k.U � �/ Qvk2 C ˇ
�1=6
k Qvk1 � C ˇ

�1
khk2:

By (4.2.19) we then obtain

ˇ�1=3k Qvk2 C k.U � �/ Qvk2 C ˇ
�1=6
k Qvk1 � Cˇ

�5=6�
�3=4

ˇ
; (4.2.20)

readily yielding (4.2.14).

Step 1.2. 0 < x� � 1=4. We recall that x� � Ca1=2ˇ�1=4. We write

.LN
ˇ � ˇ�/.� Qv/ D �h � 2�

0
Qv0 � Q�00 Qv;

to obtain by (3.1.3a) and (3.3.1)

k� Qvk2 C Œˇx� �
1=6
k� Qvk1 �

C

Œˇx� �2=3
.k�hk2 C kQv

0
k2 C kQvk2/: (4.2.21)
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Let Q�D
p
1 � �2 where � is chosen such that Q�2C1.R/. We note that the support of

Q� belongs to Œ1=2;C1/. Then, an integration by parts yields, as in (3.1.24)–(3.1.25)

k. Q� Qv/0k22 D k Q�
0
Qvk22 C �ˇk Q� Qvk

2
2 C<h Q� Qv; Q�hi; (4.2.22)

and, observing that the sign of .U � �/ is constant on the support of Q�,

�ˇkjU � �j1=2 Q� Qvk22 C 2=h Q�
0
Qv; . Q� Qv/0i D =h Q� Qv; Q�hi: (4.2.23)

Combining (4.2.22), (4.2.23), given the support of Q� and the fact that x� � 1=4,
yields

ˇk Q� Qvk22 � C.k Qvk2 k. Q� Qv/
0
k2 C k Q� Qvk2khk2/ � C.k Qvk

2
2 C k. Q� Qv/

0
k
2
2 C k Q� Qvk2khk2/

� 2C.k Qvk22 C �ˇk Q� Qvk
2
2 C k Q� Qvk2khk2/:

Observing that � � ‡J�ˇ
� 13 � Cˇ�

1
3 , we may conclude the existence of ˇ0 > 0

and yC > 0 such that for all ˇ > ˇ0

k Q� Qvk2 � Cˇ
�1 .khk2 C ˇ

1=2
k Qvk2/: (4.2.24)

Combining (4.2.24) with the control of k� Qvk2 given in (4.2.21) yields for sufficiently
large ˇ0

k Qvk2 � C.ˇ
�1
khk2 C Œˇx� �

�2=3.k�hk2 C kQv
0
k2//: (4.2.25)

By (3.2.34) (with v D Qv and f D h) and the fact that � � Cˇ�1=3x2=3� we can con-
clude that

k Qv0k2 � C.Œˇx� �
1=3
k Qvk2 C kQvk

1=2
2 khk

1=2
2 /: (4.2.26)

Since by (4.2.2)ˇx� is large for sufficiently largeˇ0, substituting (4.2.26) into (4.2.25)
yields

k Qvk2 � C Œ.ˇ
�1
C Œˇx� �

�4=3/khk2 C Œˇx� �
�2=3
k�hk2�:

Hence, using the fact that x� � ˇ�1=4,

k Qvk2 � C.ˇ
�1
khk2 C ˇ

�1=2
k�hk2/: (4.2.27)

By (4.2.15), (4.2.16), and (4.2.17), we obtain, since � is supported on Œ0; 3=4�,

k�hk2 � C
�
ˇk.1� x/4 k2 C k.1� x/

4 0k2
�
� yCˇ�1=2�

� 54
ˇ
.�
� 12
ˇ
C ˇ�2=3/:

(4.2.28)

Substituting (4.2.28) together with (4.2.19) into (4.2.27) gives

k Qvk1 � kQvk2 � Cˇ
�5=6�

�3=4

ˇ
; (4.2.29)

completing the proof of (4.2.14), for 0 < x� � 1=4 as well.
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Step 1.3: U.0/ � � � �aˇ�1=2. Since

=h�2 Qv; .LN
ˇ � ˇ�/ Qvi D �ˇk.� � U/

1=2� Qvk22 C 2=h�
0
Qv; .� Qv/0i; (4.2.30)

we may conclude that

ˇk.� � U/1=2� Qvk22 � k� Qvk2k�hk2 C Ck Qvk2k.� Qv/
0
k2: (4.2.31)

As
<h�2 Qv; .LN

ˇ � ˇ�/ Qvi D k.� Qv/
0
k
2
2 � �ˇk� Qvk

2
2 � k�

0
Qvk22;

we can conclude that

k.� Qv/0k2 � C
�
�
1=2

ˇ;C
k� Qvk2 C kQvk2 C k� Qvk

1=2
2 k�hk

1=2
2

�
;

where �ˇ;C is defined in (3.1.26). Substituting the above into (4.2.31) yields

ˇk.� � U/1=2� Qvk22�k� Qvk2k�hk2CC
�
�
1=2

ˇ;C
k� Qvk2k Qvk2CkQvk

2
2Ck� Qvk2k�hk2

�
:

Since � � U � � � U.0/ in Œ0; 1� we may now conclude that

k� Qvk2 �
C

ˇ.� � U.0//
.k�hk2 C .�

1=2

ˇ;C
C Œˇ.� � U.0//�1=2/kvk2/: (4.2.32)

Given that (4.2.24) remains valid for � > U.0/ it holds that

k Qvk2 � k� Qvk2 C k Q� Qvk2 � k� Qvk2 C Cˇ
�1.khk2 C ˇ

1=2
k Qvk2/:

Consequently, there exists ˇ0 such that for ˇ � ˇ0 we may write

k Qvk2 � k� Qvk2 C Cˇ
�1
khk2: (4.2.33)

Substituting the above into (4.2.32) yields, for some sufficiently large ˇ0 and ˇ � ˇ0

k� Qvk2 � C.ˇ
�1.� � U.0//�1.k�hk2 C Œ� � U.0/�

1=2/ˇ�1=2khk2/: (4.2.34)

By (4.2.28) and (4.2.19) we then obtain (note that j�j > U.0/ as � �U.0/ � aˇ�1=2)

k� Qvk2 � C ˇ
�4=3: (4.2.35)

Substituting the above into (4.2.33) yields

k Qvk1 � kQvk2 � Cˇ
�5=6�

�3=4

ˇ
:

Step 2. We prove (4.2.4) and (4.2.6).

Step 2.1. We prove (4.2.4) in the case � < U.0/.
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Consider the pairs .v; f / 2 D.L�

ˇ
/ � L2.0; 1/ satisfying (4.2.3) and . ; Qv/ sat-

isfying (4.2.8)–(4.2.13). As in [3, equation (6.20)] there exists .A; u/ 2 C �D.LN
ˇ
/

such that
v D A. � Qv/C u; (4.2.36)

where
u D .LN

ˇ � ˇ�/
�1f: (4.2.37)

Taking the inner product with � yields in view of (4.1.1)

Ah�; . � Qv/i D �h�; ui: (4.2.38)

By (4.1.3) and (4.2.20) it holds that for any 0 < 
 < 1=4 there exist positive C and
ˇ0 such that

jh�; Qvij � Cˇ
 k Qvk1 � yCˇ
�.2=3�
/ (4.2.39)

for all ˇ > ˇ0.
Then, we write

h�;  i D h1;  i C h� � 1;  i: (4.2.40)

For the first term on the right-hand side of (4.2.40), we may rely on [3, equation (6.28)]
to obtain

h1; Q i D �ˇ�1=3 CO.ˇ�4=3/: (4.2.41)

Observing that

jh1;  � Q ij � Ck.1 � x/4 z k2 � C�
�7=4

ˇ
ˇ�3=2;

we obtain
h1;  i D �ˇ�1=3 CO.ˇ�4=3/: (4.2.42)

For the second term on the right-hand side of (4.2.40) we have

jh� � 1;  ij � k�0kL2.1�ˇ�
 ;1/kk.1 � x/
1=2 k1 C .1C k�k1/k kL1.0;1�ˇ�
 /:

(4.2.43)
By [3, equation (6.27)] it holds that

k kL1.0;1�ˇ�
 / � ˇ
3

k.1 � x/3 k1 � Cˇ

3
�4=3;

and that
k.1 � x/1=2 k1 � Cˇ

�1=2�
�1=4

ˇ
: (4.2.44)

Consequently, we obtain from (4.2.43) that (recall that � 2 U1.ˇ; �; 
; �/)

jh� � 1;  ij � C0.�ˇ
�1=3
C ˇ4
�4=3/: (4.2.45)



Resolvent estimates for jU.0/ � �j � ˇ�1=2 115

As
h�; . � Qv/i D h1;  i C h.� � 1/;  i � h�; Qvi;

we can conclude from (4.2.45), (4.2.42), and (4.2.39) that

jh�; . � Qv/ij � ˇ�1=3.1 � C0� � yCˇ
4
�1

� yCˇ�1 � yCˇ
�1=3/: (4.2.46)

We choose �0 D 1=2C0, and since 
 < 1=4, there exists ˇ0 such that under the
assumptions of the proposition we can conclude from (4.2.38) and (4.2.46) that

jAj � Cˇ1=3jh�; uij � Cˇ1=3k�k1kuk1: (4.2.47)

For � < U.0/ we may use (3.3.34), the fact that x� � Cˇ�1=4, and the L.L1; L2/

estimate in (3.3.1) to obtain that

jAj � Ck�k1 min
�
x�5=6� ˇ�1=2kf k2; x

�1
� ˇ�2=3Œkf k1;2 C jf .x�/j log.x�ˇ1=4/�

�
:

(4.2.48)
We can now conclude (4.2.4) from (4.2.48), (4.2.10), (4.2.11), and the fact (see
(4.2.36)) that v.1/ D A .1/.

Step 2.2. We prove (4.2.6)
To prove (4.2.6) we now writeD

�;
1

U � � C im

E
D �.x�/

Z 1

0

dx

U � � C im
C

Z 1

0

Œ� � �.x�/� dx

U � � C im
;

where m is defined in (4.2.6b). For the coefficient of �.x�/ in the first term on the
right-hand side we writeZ 1

0

dx

U � � C im
D

1

2 Qx�

Z 1

0

h 1

ŒU.0/ � U �1=2 � Qx�
�

1

ŒU.0/ � U �1=2 C Qx�

i
dx;

(4.2.49)
where

Qx� D ŒU.0/ � � C im�
1=2:

An integration by parts yieldsZ 1

0

dx

ŒU.0/ � U �1=2 ˙ Qx�

D
2ŒU.0/ � U �1=2

U 0
log

�
ŒU.0/ � U �1=2 ˙ Qx�

�ˇ̌̌1
0

�

Z 1

0

�2ŒU.0/ � U �1=2
U 0

�0
log

�
ŒU.0/ � U �1=2 ˙ Qx�

�
dx: (4.2.50)

Given that 


�2ŒU.0/ � U �1=2
U 0

�0
k1 � C;
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it holds, for � � �1 thatˇ̌̌ Z 1

0

�2ŒU.0/ � U �1=2
U 0

�0
log

�
ŒU.0/ � U �1=2 ˙ Qx�

�
dx
ˇ̌̌
� yC : (4.2.51)

We now observe that

2ŒU.0/ � U �1=2

U 0
log

�
ŒU.0/ � U �1=2 ˙ Qx�

�ˇ̌̌1
0

D �

h 2

U 00.0/

i
log

�
˙ Qx�

�
C 2

p
U.0/ log

�
ŒU.0/�1=2 ˙ Qx�

�
: (4.2.52)

Given that
log

�
� Qx�

�
� log

�
C Qx�

�
D i�

and ˇ̌
ŒU.0/�1=2 � Qx�

ˇ̌
�
1

C
j� C imj;

we obtain, by substituting (4.2.52) together with (4.2.51) into (4.2.50), given that
1
C
x� � Qx� ,ˇ̌̌ Z 1

0

�.x�/dx

U � � C im

ˇ̌̌
� C x�1� Œ1C j log j� C imj�1j�k�k1: (4.2.53)

For � � �1 it holds that ˇ̌̌ Z 1

0

�.x�/dx

U � � C im

ˇ̌̌
�
C

j�j
k�k1

in accordance with (4.2.53).
For the second term we have by (3.3.27), for any p > 1ˇ̌̌ Z 1

0

� � �.x�/dx

U � � C im

ˇ̌̌
� Ck�0kp

Z 1

0

jx � x� j
p�1
p dx

x� jx � x� j
�
yC

x�
k�0kp:

Combining the above with (4.2.53) yieldsˇ̌̌D
�;

1

U � � C im

Eˇ̌̌
�
C

x�
Œ1C j log j� C imj�1j�k�k1;p: (4.2.54)

By the first inequality of (4.2.47) it holds that

jAj � Cˇ1=3



h�huC iˇ�1 f .x�/

U � � C im

i



1
C ˇ�1jf .x�/j

ˇ̌̌D
�;

1

U � � C im

Eˇ̌̌i
:

(4.2.55)
Substituting (4.2.54) into (4.2.55) yields with the aid of (3.3.23)

jAj � Cˇ�2=3x�1�
�
k�k1kf k1;2C .1C j log j�C imj�1j/k�k1;pjf .x�/j

�
: (4.2.56)

We can now conclude (4.2.6) from (4.2.56), (4.2.10), (4.2.11), and the fact that v.1/D
A .1/.
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Step 2.3. We prove (4.2.4) in the case � > U.0/.
In this case we write

kuk1 � k.� � U/
�1=2
k2 k.� � U/

1=2uk2;

and as

k.� � U/�1=2k22 � C

Z 1

0

dx

x2 C � � U.0/
� yC j� � U.0/j�1=2;

we may conclude that

kuk1 � {C Œ� � U.0/�
�1=4
k.� � U/1=2uk2: (4.2.57)

We now use (4.2.30) with � � 1, Qv D u and h D f to obtain that

ˇk.� � U/1=2uk22 D �=hu; f i: (4.2.58)

Consequently,

k.� � U/1=2uk2 �
1

ˇ1=2
kuk

1=2
1 kf k

1=2
1 ;

and hence, by (4.2.57) we obtain that

kuk1 �
C

ˇŒ� � U.0/�1=2
kf k1 �

yC

ˇŒ� � U.0/�1=2
kf k1;2: (4.2.59)

Next, we use the fact that

� � U.0/ � � � U.x/ for x 2 Œ0; 1�; (4.2.60)

to obtain from (4.2.58) that

kuk2 �
1

ˇŒ� � U.0/�
kf k2: (4.2.61)

As

k.� � U/�1k22 � C

Z 1

0

dx

Œx2 C � � U.0/�2
�

yC

j� � U.0/j3=2
;

we may write

kuk1 � k.U � �/
�1
k2k.U � �/uk2 � C Œ� � U.0/�

�3=4
k.U � �/uk2: (4.2.62)

By (3.1.71) (applied with v D u) and (3.1.69) combined with (4.2.60), it holds that

ˇk.U � �/uk22 � k.U � �/uk2kf k2 C Ck.U � �/
1=2uk2ku

0
k2

� k.U � �/uk2kf k2 C Ck.U � �/uk
1=2
2 kuk

1=2
2 ku

0
k2: (4.2.63)
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Furthermore, by (3.2.34) and (4.2.1)

ku0k2 � �
1=2

ˇ;C
kuk2 C kuk

1=2
2 kf k

1=2
2 � C.� � U.0//1=6ˇ1=3kuk2 C kuk

1=2
2 kf k

1=2
2 :

We now use (4.2.61) to deduce from above

ku0k2 � C
�
.� � U.0//�5=6ˇ�2=3 C .� � U.0//�1=2ˇ�1=2

�
kf k2;

which implies using (4.2.2)

ku0k2 � yC.� � U.0//
�1=2ˇ�1=2kf k2: (4.2.64)

Substituting (4.2.61) and (4.2.64) into (4.2.63) yields

ˇk.U � �/uk22 � k.U � �/uk2kf k2 C
C

ˇ.� � U.0//
k.U � �/uk

1=2
2 kf k

3=2
2 ;

from which we conclude using (4.2.2) that

k.U � �/uk2 � Cˇ
�1Œ1C ˇ�1=3Œ� � U.0/�2=3�kf k2 �

yC

ˇ
kf k2:

Substituting the above into (4.2.62) yields together with (4.2.2)

kuk1 �
C

ˇŒ� � U.0/�3=4
kf k2 �

yC

.ˇŒ� � U.0/�1=2/5=6
kf k2;

which, together with (4.2.59) proves that

kuk1 � C min
�
.ˇŒ� � U.0/�1=2/�5=6kf k2; .ˇŒ� � U.0/�

1=2/�1kf k1;2
�
:

As  �;ˇ .1/ D z �;ˇ .1/ we may infer from (4.2.10)

1

C
�
1=2

ˇ
� j �;ˇ .1/j � C �

1=2

ˇ
; (4.2.65)

and hence we can conclude by (4.2.36) and (4.2.47) (which remains valid for � >
U.0/) that

jv.1/j D jA .1/j � C �
1=2

ˇ
min..ˇŒ� � U.0/�1=2/�5=6kf k2; x�1� ˇ�2=3kf k1;2/

which verifies (4.2.4) for � > U.0/.

Step 3. We prove (4.2.5).
The proof of (4.2.5) which reads

jv.1/j � C �
1=2

ˇ
ˇ1=3 k�uk1;

follows immediately from the first inequality in (4.2.47), from (4.2.10), and again
from the fact that v.1/ D A .1/.
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Step 4. We prove (4.2.7). To prove it for x� < 1=4 we set

f D .x � x�/g;

and assume that g 2 L2.0; 1/. Recall the definition of �˙� and Q�� from (3.1.8). Since
by (3.1.78)–(3.1.79)

kjU � �j�1=2�˙� k
2
2 � C

Z 1

5x�
4

dx

x2 � x2�
C C

Z 3x�
4

0

dx

x2� � x
2
�
yC

x�
;

we can conclude that

k.�˙� /
2uk1 � kjU � �j

�1=2�˙� k2 kjU � �j
1=2�˙� uk2 � Cx

�1=2
� kjU � �j1=2�˙� uk2:

By (3.3.22) and (3.3.11) we then obtain

k.�˙� /
2uk1 � C.Œˇx� �

�1=6
kuk2 C ˇ

�1x�1=2� kgk2/:

Hence, by (3.3.10) (which reads kuk2 � C ŒJ�ˇ��1 kgk2), we can conclude that

k.�˙� /
2uk1 � C.Œˇx� �

�7=6
C Œˇ�1x�1=2� �/kgk2:

Given that x� � 1
C
ˇ�1=4 we obtain that

k.�˙� /
2uk1 � Cˇ

�1x�1=2� kgk2: (4.2.66)

Employing again (3.3.10) we write

k Q��uk2 � kuk2 � C Œˇx� �
�1
kgk2:

Consequently, since Q�v is supported on Œx�=2; 3x�=2�

k Q�2�uk1 � x
1=2
� k Q��uk2 � Cˇ

�1x�1=2� kgk2: (4.2.67)

Combining (4.2.67) with (4.2.66), (4.2.5), and (4.2.47) yields (4.2.7) for the case
x� < 1=4.

In the case x� � 1=4, (4.2.7) immediately follows from (3.3.10) and the fact that
kuk1 � kuk2.

4.3 Resolvent estimates for jU.0/ � =�j D O.ˇ�1=2/

Here, we introduce, for ˇ > 0, � 2 C, and � > 0,

U2.ˇ; �; �/ D
®
� 2 U0 j k�

0
k2 � �ˇ

1=6�
1=4

ˇ

¯
; (4.3.1)

where U0 is introduced in (4.1.2). In the present context � lies in a bounded set and
hence

k�0k2 � C�ˇ
1=4:
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Proposition 4.3.1. Let U 2 C 3.Œ0; 1�/ satisfy (2.1.3),‡ <
p
�U 00.0/=2, �1 > 0, and

a > 0. Then, there exist ˇ0 > 0 and �0 > 0 such that for all ˇ � ˇ0, � 2 .0; �0�, � 2C
satisfying

U.0/ � aˇ�1=2 < � < U.0/C aˇ�1=2 (4.3.2a)

and
��1 � � < ‡ˇ

�1=2 (4.3.2b)

for any � in U2.ˇ; �; �/, and .f; v/ 2 H 1.0; 1/ �D.L
ˇ

�
/ satisfying (4.2.3), it holds

that
jv.1/j � Ck�k1 min.ˇ�1=8kf k2; ˇ�1=4kf k1/: (4.3.3)

Furthermore, for f satisfying .x � x�/�1f 2 L2.0; 1/ we have

jv.1/j � Cˇ�3=8 k�k1




 f

x � x�





2
: (4.3.4)

Proof. By (4.2.12), (4.2.13), (4.2.19), and (3.2.1a) in Proposition 3.2.1 it holds that

k Qvk2 C ˇ
1=8
k Qvk1 � Cˇ

�1=2
khk2 � yCˇ

�1=3 �
�3=4

ˇ
: (4.3.5)

Since j�j > U.0/=2 we obtain for ˇ � ˇ0 with ˇ0 large enough

k Qvk2 C ˇ
1=8
k Qvk1 � Cˇ

�1=3Œˇ1=3��3=4 D Cˇ�7=12: (4.3.6)

Given that for � 2 U2.ˇ; �; �/ it holds that

k�k1 � .1C Ck�
0
k2/ � C.1C �ˇ

1=6�
1=4

ˇ
/; (4.3.7)

and hence we can conclude, from (4.3.3) and (4.3.4), that

k�k1 � Cˇ
1=4: (4.3.8)

We then obtain, using (4.3.6),

jh�; Qvij � k�k1k Qvk1 � yC ˇ
�11=24: (4.3.9)

Furthermore, we have, using (4.2.44) and the fact that k�0k2 � �ˇ1=4 that

jh� � 1;  ij � k�0kL2.0;1/kk.1 � x/
1=2 k1 � C�ˇ

�1=3: (4.3.10)

Since v is still expressible by (4.2.36), we can now conclude, as in (4.2.47), with
(4.2.39) and (4.2.45) respectively replaced by (4.3.9) and (4.3.10) that there exist �0
and ˇ0 such that, for � � �0 and ˇ � ˇ0, it holds that

jAj � Cˇ1=3k�k1kuk1; (4.3.11)

where u is given by (4.2.37).
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We now use (3.2.1a) in Proposition 3.2.1 to obtain that

jAj � Ck�k1min.ˇ�7=24kf k2; ˇ�5=12kf k1; ˇ�13=24k.x � x�/�1f k2/:

Consequently, by (4.2.36) and (4.2.10) we obtain that

jv.1/j � C �
1=2

ˇ
k�k1min.ˇ�7=24kf k2; ˇ�5=12kf k1; ˇ�13=24k.x � x�/�1f k2/:

Given that (4.3.2) provides a uniform bound on j�j, we have

�
1=2

ˇ
� Cˇ1=6;

hence we can conclude that

jv.1/j � Ck�k1min.ˇ�1=8kf k2; ˇ�1=4kf k1; ˇ�3=8k.x � x�/�1f k2/:

4.4 Resolvent estimates for negative <�

Although Propositions 4.2.1 and 4.3.1 provide estimates when the spectral parameter
� belongs to domains in C that include <� � 0, one can obtain a better estimate if
we assume <� � ��0 for some fixed �0 > 0, or at least <� � �C ŒU.0/ � �� for
� < U.0/.

Proposition 4.4.1. LetU 2C 2.Œ0;1�/ satisfy (2.1.3). Let further a,�0, and �0 denote
positive constants. Then, there exist C > 0, ˇ0 > 0, and �0 > 0 such that for all
ˇ � ˇ0, � 2 .0; �0� and � D �C i� 2 C satisfying

��0 < � < U.0/C aˇ
�1=2 (4.4.1)

and
� � ��0 (4.4.2)

for any � 2 U2.ˇ; �; �/, given by (4.3.1), and any pair .f; v/ 2 L2.0; 1/ �D.Lˇ

�
/

satisfying (4.2.3), it holds that

jv.1/j � C ˇ�1=2 k�k1kf k2: (4.4.3)

Proof. As in (4.2.36) we write

v D A. � Qv/C u;

where A 2 C,  D  �;ˇ is given by (4.2.11), Qv by (4.2.13), and u by (4.2.37).
As � 2 U2.ˇ; �; �/, we obtain, given that ��0 < � < U.0/� aˇ�1=2, and in view

of (4.4.2), (4.3.7), and (4.2.14)

jh�; Qvij � k�k1k Qvk1 � Cˇ
�1=2�

�1=2

ˇ
� yC ˇ�2=3: (4.4.4)
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Note that while both Propositions 4.2.1 and 4.3.1 assume �� ��0, both (4.2.14) and
(4.3.7) are valid for � < ��0 as well.

In the case
U.0/ � aˇ�1=2 < � < U.0/C aˇ�1=2;

we proceed as in the proof of (4.4.4) but use (4.3.5) instead of (4.2.14) and (4.2.19)
which continues to hold in this case. Hence, we obtain the weaker estimate

jh�; Qvij � yC ˇ�11=24:

Combining the above with (4.4.4) yields the existence of C > 0 such that for any �
satisfying (4.4.1) and (4.4.2) it holds that

jh�; Qvij � Cˇ�11=24: (4.4.5)

Furthermore, as in (4.3.10) we write

jh� � 1;  ij � k�0kL2.0;1/kk.1 � x/
1=2 k1;

from which we conclude, using the fact that � 2 U2.ˇ; �; �/ and (4.2.44)

jh� � 1;  ij � C�ˇ1=6�
1=4

ˇ
� ˇ�1=2�

�1=4

ˇ
:

Consequently, it holds that

jh� � 1;  ij � C�ˇ�1=3: (4.4.6)

Hence, as in (4.3.11) we obtain that, choosing �0 small enough

jAj � Cˇ1=3k�k1kuk1: (4.4.7)

To estimate kuk1 we observe that

<hu; .LN
ˇ � ˇ�/ui D ku

0
k
2
2 � �ˇkuk

2
2; (4.4.8)

where LN
ˇ

is defined in (3.0.1), from which we conclude that

kuk1 � kuk2 �
1

j�jˇ
kf k2: (4.4.9)

The proof of the proposition can now be completed by using (4.2.10) and the fact that
v.1/ D A .1/. Thus, by (4.2.10) we obtain from (4.4.7) that

jv.1/j � Cˇ1=3�
1=2

ˇ
k�k1 kuk1: (4.4.10)

Since for � � ��0 it holds by (4.4.1) that

j�j � j�j C j�j � C j�j;
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we may conclude that

jv.1/j � Cˇ1=2j�j1=2k�k1 kuk1:

Hence, by (4.4.9) we can conclude that

jv.1/j � Cˇ�1=2j�j�1=2k�k1kf k2 � yCˇ
�1=2
j�0j

�1=2
k�k1 kf k2:

The proposition is proved.

We next consider the case ��0 < � < �
jU.0/��j
�1

for some �1 > 0. While (4.2.5)
and (4.3.3) hold true under this assumption, it is necessary, in the next section, to
obtain better estimates since Proposition 2.8.1 is inapplicable in this case.

Proposition 4.4.2. Let U 2 C 2.Œ0; 1�/ satisfy (2.1.3). Let further a, �1, �0 and �0
denote positive constants. Then, there exist C > 0, ˇ0 > 0, and �0 > 0 such that, for
all ˇ � ˇ0, � 2 .0; �0� and � D �C i� 2 C satisfying (see (4.2.2) and (4.4.1))

��0 < � < U.0/C aˇ
�1=2 (4.4.11)

and

��0 < � < �
jU.0/ � �j

�1
(4.4.12)

for any � 2 U2.ˇ; �; �/, and any pair .v; f / 2 D.Lˇ

�
/ � L2.0; 1/ satisfying (4.2.3),

it holds that

jv.1/j � C k�k1min.j�j�1=2ˇ�1=2kf k1; j�j�3=4ˇ�1=2kf k2/: (4.4.13)

Proof. Step 1. We prove that

jv.1/j � C j�j�3=4ˇ�1=2k�k1kf k2: (4.4.14)

As in the proof of Proposition 4.4.1 and since for sufficiently small �0, (4.4.10) still
holds under the assumptions of this proposition we obtain that

jv.1/j � Cˇ1=3�
1=2

ˇ
k�k1 kuk1 � yCˇ

1=2
k�k1kuk1; (4.4.15)

where u is given by (4.2.37). Note that under (4.4.11) and (4.4.12), j�j is bounded.
To obtain an estimate for kuk1 we now write

kuk1 � k.U C i�/
�1
k2 k.U C i�/uk2: (4.4.16)

By (3.1.75) and (4.4.8) we have that

k.U C i�/uk2 � k.U � �/uk2 C j�j kuk2 �
yC

ˇ
kf k2: (4.4.17)
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By (2.9.24) (with q D 2) it holds that

k.U C i�/�1k22 � C j�j
�3=2:

Consequently, we may conclude from (4.4.16) and (4.4.17) that

kuk1 � C j�j
�3=4ˇ�1 kf k2:

Substituting into (4.4.15) then yields (4.4.14).

Step 2. We prove that

jv.1/j � C j�j�1=2ˇ�1=2k�k1 kf k1: (4.4.18)

Suppose that f 2 L1.0; 1/. Then by (4.4.8) it holds for negative values of � that

ku0k22 C j�jˇkuk
2
2 � kuk1 kf k1: (4.4.19)

Set
�˙ˇ .x/ D y�.Œj�jˇ�

1=2.x � x�//1RC.˙.x � x�//;

where y� be given by (2.4.16).
Note that �C

ˇ
is supported in .x� C Œj�jˇ��1=2=4;C1/ whereas ��

ˇ
is supported

in .�1; x� � Œj�jˇ��1=2=4/. Let further Q�ˇ D
q
1 � .�C

ˇ
/2 � .��

ˇ
/2. Note that by

(4.4.12) it follows that we can choose ˇ0 such that for all ˇ > ˇ0

x� � Œj�jˇ�
�1=2=2 > 0: (4.4.20)

Hence, the support of Q�ˇ is contained in�
x� �

1

2
Œj�jˇ��1=2; x� C

1

2
Œj�jˇ��1=2

�
� Œ0; 1�:

As in (3.1.25) (with �˙� replaced by �˙
ˇ

), we now obtain

ˇkjU � �j1=2�˙ˇ uk
2
2 � 2 k.�

˙
ˇ /
0uk2k�

˙
ˇ u
0
k2 C kuk1kf k1: (4.4.21)

Consequently, by (4.4.21) and the definition of �˙
ˇ

we conclude that

ˇkjU � �j1=2�˙ˇ uk
2
2 � C j�ˇj

�1=2
kuk2ku

0
k2 C kuk1kf k1:

By (4.4.19) we then have

kjU � �j1=2�˙ˇ uk
2
2 � C ˇ

�1
kuk1kf k1: (4.4.22)

By (4.4.11) and (4.4.12) we have that

1

C
ˇ�1=2 � x2� � C j�j: (4.4.23)
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Given the definition of Q�ˇ we obtain that

jU.x/ � �j � C
�

sup
x2supp Q�ˇ

jU 0.x/j
�
j�ˇj�1=2:

Hence, by (4.4.23) and (4.4.20) we can conclude that

kjU � �j1=2 Q�ˇuk
2
2 � Cx� Œj�jˇ�

�1=2
kuk22:

Combining the above with (4.4.22) now yields

kjU � �j1=2uk2 � C ˇ
�1=2
kuk

1=2
1 kf k

1=2
1 :

By (2.9.24) (with q D 1) it holds that

k.U C i�/�1=2k22 D k.U C i�/
�1
k1 � C j�j

�1=2:

Consequently,

kuk1 � k.U C i�/
�1=2
k2 k.U C i�/

1=2uk2

� C j�j�1=4
�
kjU � �j1=2uk2 C j�j

1=2
kuk2

�
� yC j�j�1=4 ˇ�1=2 kuk

1=2
1 kf k

1=2
1 :

Hence,
kuk1 � C j�j

�1=2ˇ�1 kf k1;

which, when substituted into (4.4.15), establishes (4.4.18).
Together with (4.4.14) the above inequality completes the proof of the proposi-

tion.

4.5 Rapidly decaying functions

When considering large values of ˛ in the next section, it is useful to consider, as
in [3], the operator L

ˇ

�
where � decays rapidly away from the boundary at x D 1. Set

then for � 2 C and positive ˇ; �; ˛

U3.ˇ; �; ˛; �/ D
®
� 2 U2.ˇ; �; �/ j j�.x/j � e

�˛.1�x/
k�k1;8x 2 Œ0; 1�

¯
; (4.5.1)

where U2.ˇ; �; �/ is introduced in (4.3.1).

Proposition 4.5.1. Let U 2 C 3.Œ0; 1�/ satisfy (2.1.3). Let further a > 0, �0 > 0, and
‡ <

p
�U 00.0/=2. Then, there exist C > 0, ˇ0 > 0, and �0 > 0 such that for all

ˇ � ˇ0, � 2 .0; �0�, all ˛ � 1 and � 2 C satisfying

��0 � <� � ‡ˇ
�1=2 (4.5.2)
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and
1

2
U.0/ < � < U.0/C aˇ�1=2; (4.5.3)

for all � 2U3.ˇ;�;˛;�/, and for all pair .f;v/2L2.0;1/�D.Lˇ

�
/ satisfying (4.2.3),

it holds that
jv.1/j � C˛�1=2 .ˇ�1=2 C e�˛=C /k�k1 kf k2: (4.5.4)

Proof. Step 1. Control of v.1/. Since (4.3.9) and (4.3.10) remain valid under our
assumptions (4.5.2) and (4.5.3), we can follow the same procedure as in Proposi-
tion 4.3.1 to obtain

jv.1/j � C ˇ1=3�
1=2

ˇ
jh�; uij � Cˇ1=2jh�; uij; (4.5.5)

where u is given by (4.2.37).

Step 2. We prove under (4.5.2) and (4.5.3) that

kuk2 � C ˇ
�1=2
kf k2: (4.5.6)

We first consider the case where

U.0/=2 < � < U.0/ � a1ˇ
�1=2; (4.5.7)

where a1 � a will be determined in the sequel. In this case, we can use (3.1.3) which
reads (for J� D jU

0.x�/j)

kuk2 � C.J�ˇ/
�2=3
kf k2

and holds under the condition��‡0J�
2=3ˇ�1=3 for some sufficiently small‡0 >0.

Note that for � � U.0/ > a1ˇ�1=2 there exists yC > 0 such that

J� �
1

yC
a
1=2
1 ˇ�1=4:

Consequently, there exists C > 0 such that (3.1.3) is applicable for all

� � Ca
1=3
1 ˇ�1=2:

For sufficiently large a1 � a the above set of � values contains (4.5.2) and hence we
can conclude (4.5.6) when (4.5.7) holds true.

We now look at the case

U.0/ � a1ˇ
�1=2 < � < U.0/C aˇ�1=2;

Here, we can apply (3.2.1a) (with a replaced by a1) to obtain (4.5.6) which, combined
with (4.5.5), leads to

jv.1/j � C k�k1kf k2:

Note that at this stage it is sufficient to assume that � 2 U2.ˇ; �; ˛; �/.
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Step 3. With Ox� 2 .0; 1/ satisfying

U. Ox�/ D
�

2
; (4.5.8)

we prove that

jh�; uij � C ˛�1=2 ˇ�1=2.ˇ�1=2 C e�˛.1� Ox�// k�k1 kf k2: (4.5.9)

Consider the decomposition

h�; ui D h1L2.0; Ox�/�; ui C h1. Ox� ;1/�; ui:

We first obtain using (4.5.6) that

jh1L2.0; Ox�/�; uij � k1L2.0; Ox�/�k2 kuk2 � C ˛
�1=2 ˇ�1=2 e�˛.1� Ox�/ k�k1kf k2:

(4.5.10)
Moreover, it holds that

jh1. Ox� ;1/�; uij � Ck�k2 k1. Ox� ;1/uk2 �
C

˛1=2
k�k1 k1. Ox� ;1/uk2: (4.5.11)

Let
L��.x/ D �

� x � x�
Ox� � x�

�
1RC.x � x�/; (4.5.12)

where � is given by (2.4.16). Note that L�� is supported in the interval .x� C . Ox� �
x�/=4;C1/ and equals 1 on Œ.x� C Ox�/=2; 1�. Integration by part yields

k. L��u/
0
k
2
2 D k L�

0
�uk

2
2 C �ˇk L��uk

2
2 C<h L��u; L��f i; (4.5.13a)

and, given that .U � �/ has constant sign on the support of L�� ,

�ˇkjU � �j1=2 L��uk
2
2 C 2=h L�

0
�u; . L��u/

0
i D =h L��u; L��f i: (4.5.13b)

Combining the above we obtain, given the support of L��

k L��uk
2
2 � CkjU � �j

1=2
L��uk

2
2 � Cˇ

�1
�
kuk2k. L��u/

0
k2 C k L��uk2k L��f k2

�
� Cˇ�1

�
kuk2.kuk2 C �

1=2

ˇ;C
k L��uk2 C k L��uk

1=2
2 k L��f k

1=2
2 /

C k L��uk2k L��f k2
�
: (4.5.14)

From here we deduce that

k L��uk
2
2

� Cˇ�1
�
kuk2.kuk2 C ˇ

1=4
k L��uk2 C k L��uk

1=2
2 k L��f k

1=2
2 /C k L��uk2k L��f k2

�
;
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which implies

k L��uk
2
2 � C

� 1
ˇ2
k L��f k

2
2 C

1

ˇ
kuk22

�
: (4.5.15)

Combining (4.5.15) and (4.5.6) leads to

k1. Ox� ;1/uk2 � k L��uk2 � C ˇ
�1
kf k2: (4.5.16)

For later reference we note that by (4.5.13a) and (4.5.16) it holds that

k1. Ox� ;1/u
0
k2 � k. L��u/

0
k2 � C ˇ

�1=2
kf k2: (4.5.17)

Combining (4.5.16) with (4.5.10) and (4.5.11) yields (4.5.9), which, together with
(4.5.5) yields (4.5.4).

4.6 Auxiliary estimates

We recall that for .�; ˇ/ 2 C �RC,  D  �;ˇ is given by (4.2.11). We now set, for
x 2 .0; 1/

y �;ˇ .x/ D
 �;ˇ .x/

 �;ˇ .1/
: (4.6.1)

The following auxiliary estimate will become useful in the next section.

Lemma 4.6.1. Let z�1 2 .0; U.0//, a > 0, and ‡ <
p
�U 00.0/=2. Then there exist C

and ˇ0 such that, for ˇ � ˇ0,

� 2 .U.0/ � z�1; U.0/C aˇ
�1=2/ and � < ‡ˇ�1=2 (4.6.2)

such that

k.LN
ˇ � ˇ�/

�1 y �;ˇk2 C ˇ
�1=2




 d
dx
.LN

ˇ � ˇ�/
�1 y �;ˇ





2
� C ˇ�5=4: (4.6.3)

For convenience of omit the subscript .�; ˇ/ from y �;ˇ in the sequel.

Proof. Let v 2 D.LN
ˇ
/ satisfy

.LN
ˇ � ˇ�/v D

y : (4.6.4)

Let �0 > 0. We begin by considering the case � � ��0. Let further L�� be given by
(4.5.12). As in (4.5.15) we obtain

k L��vk2 � C Œˇ
�1=2
kvk2 C ˇ

�1
k y k2�:

By (4.5.6) it holds that
kvk2 � Cˇ

�1=2
k y k2:
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Furthermore, using (4.2.16) (with k D 0) and (4.2.10) we have for j�j � j�j �U.0/=2

k y k2 � C �
�1=4

ˇ
ˇ�1=6 � yCˇ�1=4: (4.6.5)

Hence, we obtain that
k L��vk2 � Cˇ

�5=4: (4.6.6)

Furthermore, since by (4.5.13a)

k. L��v/
0
k2 � Œ�ˇ;C�

1=2
k L��vk2 C C.kvk2 C k L��vk

1=2
2 k
y k
1=2
2 /; (4.6.7)

where �ˇ;C is given by (3.1.26), we can conclude from (4.6.6) that

k. L��v/
0
k2 � C.ˇ

�3=4
C kvk2/: (4.6.8)

Let
��� D

q
1 � L�2� : (4.6.9)

Clearly,
.LN

ˇ � ˇ�/.���v/ D ���
00
�v � 2��

0
�v
0
C ��� y : (4.6.10)

By (4.6.6) it holds that

kvk2 � C.k���vk2 C ˇ
�5=4/:

Furthermore, we have, by (4.6.8) together with (4.6.6) for the last line, that

kv0k2 � k. L��v/
0
k2 C k.���v/

0
k

� C.ˇ�3=4 C kvk2 C k.���v/
0
k/

� yC.ˇ�3=4 C k���vk2 C k.���v/
0
k/:

We now apply either (3.2.1a) or (3.1.3) (see the proof of Proposition 4.5.1, Step 2) to
(4.6.10) to obtain

k���vk2 C ˇ
�1=4
k.���v/

0
k2

� Cˇ�1=2.kvk2 C kv
0
k2 C k��� y k2/

� yCˇ�1=2.ˇ�3=4 C k.���v/
0
k2 C k.���v/

0
k2 C k��� y k2/:

Hence,
k���vk2 C ˇ

�1=4
k.���v/

0
k2 � Cˇ

�1=2.ˇ�3=4 C k��� y k2/:

By (4.2.16) and (4.2.10) we obtain that

k��� y k2 � Cˇ
�3=4;
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and hence
k���vk2 C ˇ

�1=4
k.���v/

0
k2 � Cˇ

�5=4:

Combining the above with (4.6.6) and (4.6.10) yields (4.6.3).
Consider now the case where � < ��0. Here, we use (3.1.84) and (3.1.85),

applied to the pair .v; y /, and then (4.6.5) to obtain that

kvk2 C ˇ
�1=2
kv0k2 � Cˇ

�1
k y k2 � yC ˇ

�5=4;

establishing, thereby, (4.6.3) for the case � < ��0.

Remark 4.6.2. Let for .�; ˇ/ 2 C �RC, Og.x/ D h.x/�.1� x/= �;ˇ .1/ where h is
given by (4.2.15). By the same arguments used to establish (4.6.3) we may conclude
under the assumptions of Lemma 4.6.1 that there existsC and ˇ0 such that for ˇ�ˇ0,

� 2 .U.0/ � z�1; U.0/C aˇ
�1=2/ and � �0 � � < ‡ˇ

�1=2;

we have

k.LN
ˇ � ˇ�/

�1
Ogk2 C ˇ

�1=2



 d
dx

.LN
ˇ � ˇ�/

�1
Og




2
� C ˇ�5=4: (4.6.11)

4.7 Resolvent estimates for large ˛

In this section, we will adapt the results of Section 6.3 in [3] to the present setting,
involving a Neumann condition at x D 0. For ˛ > 0, we consider z˛ to be the solu-
tion of ´

�z00 C ˛2z D 0 for x 2 .0; 1/;

z.1/ D 1 and z0.0/ D 0:
(4.7.1)

The solution of (4.7.1) is given by

z˛.x/ D cosh.˛x/= cosh.˛/; (4.7.2)

and hence, for large ˛ decays exponentially fast away from x D 1.

Proposition 4.7.1. Let �1 > 0, U 2 C 2.Œ0; 1�/ satisfy (2.1.3), and ‡ <
p
�U 00.0/=2.

Let further y�m > 0 be given by [3, equation (6.57)], Then, for any y‡ > 0, there exist
ˇ0 > 0 and C > 0 such that, for ˇ � ˇ0 and ˛ � �1ˇ1=3,

sup
<��min.‡ˇ�1=2;

ˇ�1=3Œy�m�y‡�˛
2ˇ�2=3=2�/

k.L
z˛
ˇ
� ˇ�/�1k �

C

ˇ1=2Œ1C ˇ1=6jU.0/ � �j1=3�
: (4.7.3)
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Proof. The proof follows the same lines of the proof of [3, Proposition 6.11], and
hence we bring only its main ingredients.

Let � D ˛ˇ�1=3 and

F.�; �/ D

Z
RC

e��x Ai.ei�=6.x C i�// dx:

Let further

!.ˇ; �; �/ WD
F.ˇ1=3�; 0/

F.ˇ1=3�; �/
:

We then define
 � D !.ˇ; �; �/ ;

where  D  �;ˇ is defined in (4.2.11), and

h� D !.ˇ; �; �/h;

where h is defined by (4.2.12). Set

Qv� D .L
N
ˇ � ˇ�/

�1h� :

By [3, equation (6.79)] for any y‡ > 0 there exists C > 0 such that

sup
<��ˇ�1=3Œy�m�y‡�˛2ˇ�2=3=2�

j!.ˇ; �; �/j � C � 8� � �1; (4.7.4)

and hence by (4.2.14) and (4.3.6) we obtain that

k Qv�k1 � C�ˇ
�2=3: (4.7.5)

Note that for any ‡ > 0, there exist ˇ0 and a such that for ˇ � ˇ0 and � < U.0/ �
aˇ�1=2, we havep

�U 00.0/

2
ˇ�1=2 � ‡ min.1; jU.0/ � �j1=3/ˇ�1=3;

which allows for the application of (4.2.14).
Suppose now that .v; g/ 2 D.Lz˛

ˇ
/ � L2.0; 1/ satisfy

.L
z˛
ˇ
� ˇ�/v D g:

Then as in [3, equation (6.20)] or (4.2.36)–(4.2.37) we may write v in the form

v D A. � � Qv� /C u; (4.7.6)

where
u D .LN

ˇ � ˇ�/
�1g:
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Taking the inner product of (4.7.6) with z˛ yields

Ahz˛; . � � Qv� /i D hz˛; ui:

As in [3], using the approximation z˛ � e�˛.1�x/ (see the display below [3, equa-
tion (6.95)] and its proof with minor changes), we then show that

hz˛; . � � Qv� /i D ˇ
�1=3Œ1CO.ˇ�1=3/�:

Consequently,
jAj � Cˇ1=3jhz˛; uij: (4.7.7)

To complete the proof we need an estimate for jhz˛; uij. The proof in the case
� � U.1=2/ is identical with the derivation of [3, equation (6.93)], given that (3.1.3)
together with (3.1.84) give [3, equation (5.4)] in this case. Hence, we consider here
only the case where � > U.1=2/.

We thus write, with the aid of either (3.1.3) or (3.2.5)

jhz˛; 1Œ0; Ox� �uij � Ce
�˛=2
k1Œ0; Ox� �uk2 � Ce

��ˇ1=3=2
kgk2; (4.7.8)

where Ox� is given by (4.5.8) so that U. Ox�/ D �=2. Furthermore,

jhz˛; 1Œ Ox� ;1�uij � kz˛k1k1Œ Ox� ;1�uk1 �
C

�ˇ1=3
k1Œ Ox� ;1�uk1: (4.7.9)

Since u.1/ D 0 it holds that

k1Œ Ox� ;1�uk1 � k1Œ Ox� ;1�uk2k1Œ Ox� ;1�u
0
k2:

By (4.5.16) and (4.5.17), and (4.7.9) we then have

jhz˛; 1Œ Ox� ;1�uij �
C

�ˇ13=12
kgk2:

Substituting the above, together with (4.7.8) into (4.7.7) yields

jAj �
C

�ˇ3=4
kgk2:

By (4.7.6), (4.2.16), (4.2.14), and (4.3.6) we then have

kvk2 �
C

�ˇ3=4
.k �k2 C kQv�k2/kgk2 C kuk2: (4.7.10)

By (4.2.16) with k D 0 and (4.7.4) it holds that

1

�ˇ3=4
k �k2 � C �

1
4

ˇ
ˇ�11=12:
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By (4.3.6) and (4.7.4) it holds that

1

�ˇ3=4
k Qv�k2 � C ˇ

�4=3:

Finally, (3.1.3) and (3.2.1a) establish the existence of ‡ > 0 such that

kuk2 �
C

ˇ1=2Œ1C ˇ1=6jU.0/ � �j1=3�
kgk2 (4.7.11)

for all U.0/=2 < � < U.0/C aˇ�1=2.
For � � U.0/C aˇ�1=2 we can use (4.5.13b) with M�� � 1 and f D g to obtain

kuk2 �
C

ˇjU.0/ � �j
kgk2;

and hence (4.7.11) holds true for all � > U.0/=2.
Combining the above yields

kvk2 �
C

ˇ1=2Œ1C ˇ1=6jU.0/ � �j1=3�
kgk2;

verifying thereby (4.7.3).





Chapter 5

The Orr–Sommerfeld operator

5.1 Introduction

In this chapter, we prove Theorems 1.1.1 and 1.1.2 by obtaining inverse estimates
for the Orr–Sommerfeld operator (1.1.7b). As in [3], we use the estimates for the
inviscid operator A�;˛ from Chapter 2 together with the resolvent estimates for the
Schrödinger operators L

N;D
ˇ

and L
ˇ

�
from Chapters 3 and 4. In contrast with [3] we

need to consider here many different cases depending on the values of =� and ˛.
Figure 5.1 presents a rough sketch of the various domains where each estimate

is valid in the .˛; �/ plane (� D =�). The blank domain denotes the domain in the
.˛; �/ plane where resolvent estimates have not been obtained. We refer the reader to
Section 1.2 for a brief explanation of the methods of the proof.

In the following we explain why the division of the .˛; �/ plane into 10 sub-
domains is necessary. Propositions 5.12.1 and 5.12.2 deal with the case where � 62
Œ0; U.0/� making use of the invertibility of Ai�;˛ in these cases. The necessity of
Proposition 5.7.1 which deals with the case ˛ & ˇ1=3, and Proposition 5.8.1 (and
Proposition 5.8.2) which deals with the case ˛ � ˇ�1=6 is explained in Section 1.2.
Proposition 5.6.1 deals with the case j�j < �0 < U.0/ and 1� ˛ � ˇ1=3. In this
range of ˛ values we may effectively use the fact that k.�d2=dx2 C ˛2/�1k is small
at the conclusion of the proof. Proposition 5.4.1 deals with the case � � ˇ�1=5Cı for
any 0 < ı < 1=5 and ˛ . 1. In the proof we use the same methods as in [3], till the
value of � becomes to small due to the non-invertibility of A0;0. For j�j � ˇ�1=5Cı

and ˇ�1=10Cı=2� ˛ . 1 we use Proposition 5.5.1. This range of ˛ values allows the
application of Proposition 2.5.1 towards the end of the proof. Proposition 5.10.1 deals
with the case where jU.0/� �j . ˇ�1=2. Here, we can approximate U by a quadratic
potential near x D 0 and use the estimates in Sections 2.9, 3.2, and 4.3. Finally, Pro-
position 5.11.1 deals with the transition from a linear behavior of U � U.x�/ (x� is
defined in (2.4.5)) to a quadratic behavior near x� .

5.2 Preliminaries

We begin by recalling from (4.6.1) the definition of the boundary terms

y �;ˇ .x/ D
Ai
�
ˇ1=3e�i�=6Œ.1 � x/ � i��

�
Ai
�
e�i2�=3ˇ1=3�

� �.1 � x/; (5.2.1)
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�

U.0/Caˇ�1=2

U.0/�aˇ�1=2

�0

ˇ�1=5Cı

�ˇ�1=5Cı

��0

˛0

ˇ�1=10Cı

ˇ�1=6

˛1ˇ
1=3

Prop. 5.14

Prop. 5.12

Prop. 5.13

Prop. 5.3

Prop.
5.4

Prop. 5.5

Prop.
5.9

Prop. 5.15

Prop. 5.6

Figure 5.1. Summary of the results in Chapter 5.

where we recall that � is given by (2.6.20). We also recall from [3, Section 8.3.2,
equation (8.91)] that there exists ‡ > 0 such that, for all ˇ � 1 and <� < ‡ˇ�1=3, it
holds that

k.1 � x/s y �;ˇk1 � C �
�.sC1/=2

ˇ
ˇ�.sC1/=3; s 2 Œ0; 3�: (5.2.2)

Similarly, from [3, Proposition A.8 and equation (A.43c,d)], we can conclude the
existence of C > 0 such that

k.1 � x/s y �;ˇk1 � C �
�s=2

ˇ
ˇ�s=3; s 2 Œ0; 3�: (5.2.3)

We further recall the definition of the inviscid operator in equation (2.1.1), which is
the Neumann–Dirichlet realization in .0; 1/ of

A�;˛
def
D .U C i�/

�
�
d2

dx2
C ˛2

�
C U 00

for � 2 C and ˛ 2 R. We note that A�;˛ is invertible when either � 62 Œ0; U.0/� or
j�j > 0, either by Proposition 2.6.1 or by Proposition 4.13 in [3] which holds true
since jU 00j > 0. We introduce in addition

��;ˇ;˛ WD A�1�;˛.U C i�/
y �;ˇ : (5.2.4)
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We dedicate this section to two extensions of [3, Lemma 8.1]. These are useful in
order to establish the contribution of the boundary terms in (1.2.6). The reader is
referred to Section 1.2 for more details on the necessity of these estimates. The first
of them is the following lemma which considers the case � > ˇ�1=5. The proof is
significantly more complex than the proof of [3, Lemma 8.1] in view of the non-
injectivity of A0;0.

Lemma 5.2.1. Let U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There exist positive constants ‡ ,
C , yC , �0, and ˇ0 such that, for all ˛ � 0, ˇ � ˇ0, � 2 C for which � < ‡ˇ�1=3,
� ¤ 0, and ˇ�1=5 < � < �0 it holds that

k��;ˇ;˛k1;2 � C�
�1 Œj�jˇ��3=4 (5.2.5)

and
j��;ˇ;˛.x�/j � yC Œj�jˇ�

�3=4: (5.2.6)

Proof. Step 1. We prove (5.2.5) and (5.2.6) for the case ˛2 < ��1 and 0 < j�j < 1.
By (2.6.4) applied to the pair .�; v/ with v D .U C i�/ y (see (5.2.4)), it holds

that
j�.x�/j

2
� C jh�; y ij: (5.2.7)

Let Qx� D .1 C x�/=2. To estimate the right-hand side of (5.2.7), we first obtain a
bound for k�0kL1. Qx� ;1/. To this end, we integrate the balance .U C i�/�1A�;˛�D y 

over . Qx� ; 1/ to obtain

k�00kL1. Qx� ;1/ �
�
˛2 C

C

�

�
k�kL1. Qx� ;1/ C k

y kL1. Qx� ;1/: (5.2.8)

Since �.1/ D 0 it holds that

k�kL1. Qx� ;1/ � k�
0
kL1. Qx� ;1/k1 � xkL1. Qx� ;1/ � C k�

0
kL1. Qx� ;1/�

2: (5.2.9)

Using (5.2.8), (5.2.9), (5.2.2) for s D 0, and the fact that (in this step) ˛2 � j�j�1, we
obtain that

k�00kL1. Qx� ;1/ � C .�k�
0
kL1. Qx� ;1/ C Œj�jˇ�

�1=2/: (5.2.10)

Clearly, there exists z� 2 Œ Qx� ; 1� such that

j�0.z�/j � j1 � Qx� j
�1=2
k�0kL2. Qx� ;1/ �

yC j�j�1=2k�0kL2. Qx� ;1/:

Since for any x 2 . Qx� ; 1/ it holds that

j�0.x/ � �0.z�/j � k�
00
kL1. Qx� ;1/;

we can deduce that

k�0kL1. Qx� ;1/ � C�
�1=2
k�0kL2. Qx� ;1/ C k�

00
kL1. Qx� ;1/: (5.2.11)
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We can then conclude, using (5.2.10), that we can choose �0 > 0 and C > 0 such that
for all 0 < � < �0

k�0kL1. Qx� ;1/ � C.�
�1=2
k�0kL2. Qx� ;1/ C Œj�jˇ�

�1=2/: (5.2.12)

We now write

jh�; y ij � jh�; y iL2. Qx� ;1/j C jh�;
y iL2.0; Qx�/j

� k�0kL1. Qx� ;1/k.1 � x/
y kL1. Qx� ;1/ C k�

0
k2k.1 � x/

1=2 y kL1.0; Qx�/;

(5.2.13)

and then observe that

k.1 � x/1=2 y kL1.0; Qx�/ D k.1 � x/
�5=2.1 � x/3 y kL1.0; Qx�/

� .1 � Qx�/
�5=2
k.1 � x/3 y kL1.0; Qx�/

� C ��5=2 k.1 � x/3 y k1: (5.2.14)

By (2.6.2) with v D .U C i�/ y together with (2.6.1) it holds that

k�0k2 �
C

�3=2
kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1: (5.2.15)

Hence, by (5.2.2) with s D 1=2; 1; 3, (5.2.14), and (5.2.15) we obtain that

k�0k2k.1 � x/
1=2 y kL1.0; Qx�/

�
C

�4
kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1k.1 � x/

3 y k1

�
yC

�4
.Œj�jˇ��11=4 C ��1=2Œj�jˇ��3/:

Then, since by assumption � > ˇ�1=5, we obtain that

k�0k2k.1 � x/
1=2 y kL1.0; Qx�/ �

zCˇ�1=5 Œj�jˇ��3=2: (5.2.16)

By (5.2.2) with s D 1 and (5.2.12) we have that

k�0kL1. Qx� ;1/k.1 � x/
y kL1. Qx� ;1/ � C .�

�1=2
k�0kL2. Qx� ;1/ C Œj�jˇ�

�1=2/ Œj�jˇ��1:

(5.2.17)
Substituting (5.2.17), together with (5.2.16) into (5.2.13) then yields

jh�; y ij � C.j�j�1=2k�0kL2.x� ;1/ C Œj�jˇ�
�1=2/Œj�jˇ��1: (5.2.18)

We now use (2.6.19) and (2.6.1) to obtain that

k�0kL2.x� ;1/ � C
�
��1=2jh�; y ij1=2 C kŒ.1� x/1=2 C ��1=2.1� x/� y k1

�
: (5.2.19)
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Substituting (5.2.19) into (5.2.18) yields, with the aid of (5.2.2) and the fact that
� > ˇ�1=5

jh�; y ij � C.��1jh�; y ij1=2 C Œj�jˇ��1=2/Œj�jˇ��1;

which immediately implies

jh�; y ij � C.��2Œj�jˇ��1 C Œj�jˇ��1=2/Œj�jˇ��1 � zC Œj�jˇ��3=2: (5.2.20)

From the above inequality, with the aid of (5.2.7), we conclude (5.2.6). Hence, by
(5.2.19), we also get that

k�0kL2.x� ;1/ � C �
�1=2Œj�jˇ��3=4: (5.2.21)

To obtain an effective bound for k�0k2 we use (2.6.53) and (2.6.1) to obtain, with the
aid of (5.2.19), (5.2.21), and (5.2.2)

k�0k2 � C
�
kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1 C �

�1=2
k�0kL2.x� ;1/

�
� zC ��1Œj�jˇ��3=4; (5.2.22)

from which we conclude (5.2.5) by using Poincaré’s inequality.

Step 2. We prove (5.2.5) and (5.2.6) for the case ˛2 > ��1 and j�j � 1.
To obtain (5.2.5) for ˛2 > j�j�1 and � < �0, we observe that for any A0 > 0 we

can choose �0 such that ˛2 � A0 for � < �0, and consequently use (2.6.86) in the
form (with v D .U C i�/ y )

k�k1;2 � C



Œ.1 � x/1=2 C ��1=2.1 � x/� v

U C i�





1

D C kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1:

Using (5.2.2) and the fact that � > ˇ�1=5, we obtain,

k�k1;2 � yC.Œj�jˇ�
�3=4
C ��1=2Œj�jˇ��1/ � zC Œj�jˇ��3=4;

which implies (5.2.5) for ˛2 > ��1. We now use (5.2.7) to obtain

j�.x�/j
2
� Ck�0k2k.1 � x/

1=2 y k1: (5.2.23)

We may then conclude (5.2.6) as well by using (5.2.5) and (5.2.2).

Step 3. We prove (5.2.5) and (5.2.6) for j�j � 1.
The proof of (5.2.5) in this case follows from (2.6.17) which yields

k�0k22 � C jh�;
y ij:

Consequently, by (5.2.2) we obtain that

k�0k22 � Ck�
0
k2k.1 � x/

1=2 y k1 � zC Œk�jˇ�
�3=4
k�0k2;
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yielding, thereby,
k�0k2 � yC Œk�jˇ�

�3=4:

We can then complete the proof of (5.2.5) by using Poincaré’s inequality. The proof
of (5.2.6) follows from (5.2.5) and Sobolev embeddings.

We next consider (as in Proposition 2.5.1) the case j�j � 1 and ˛ large enough,
which will be sufficient to guarantee a satisfactory estimate of kA�1

�;˛
k despite the fact

that A0;0 is not injective.

Lemma 5.2.2. Let ı > 0, and U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There exist positive
constants ‡0, �0, C , and ˇ0 such that, for all ˇ � ˇ0, all � 2 C n ¹0º for which
��0 < <� � ˇ

�1=3‡0, j=�j < �0, and ˛ � ˛�;ı , it holds that

jck.�; ˇ; ˛/j �
C

j˛2kU k22 C i�j
.��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3/ (5.2.24a)

and


��;ˇ;˛ � ck.�; ˇ; ˛/U 



1;2

� C
h
�
�3=4

ˇ
ˇ�1=2 C

j�j

j˛2kU k22 C i�j
.��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3/

i
; (5.2.24b)

where, as in (2.3.1),

ck.�; ˇ; ˛/ D
hU; ��;ˇ;˛i

kU k22
;

and as in (2.5.1)
˛�;ı D kU k

�1
2 .j=�j.1C 2ı//

1=2:

Proof. We write as in (2.3.1) with � D ��;ˇ;˛

� D ck U C �?:

Then by (2.5.3a) and (2.5.2b), there exists �1 such that for 0 < j�j < �1,

jckj �
1C C j�j2 log j�j�1

j˛2kU k22 C i�j
.k.U C i�/ y k1 C C j�jk y k1/: (5.2.25)

It follows from (5.2.2) (with s D 0) that for some positive C

k y k1 � C �
�1=2

ˇ
ˇ�1=3: (5.2.26)

Furthermore, by (5.2.26) and (5.2.2) (with s D 1)

k.U C i�/ y k1 � j�j k y k1 C Ck.1 � x/ y k1 � yC.j�j�
�1=2

ˇ
ˇ�1=3 C ��1ˇ ˇ

�2=3/:

(5.2.27)
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Consequently, for ˇ0 large enough, there exists �0 < �1=
p
2 such that for any j�j �

p
2�0 it holds by (5.2.25), that

jckj �
C

j˛2 kU k22 C i�j

�
��1ˇ ˇ

�2=3
C j�j�

�1=2

ˇ
ˇ�1=3

�
;

readily verifying (5.2.24a).
We now apply (2.5.3b) to obtain

k�?k1;2 � C
h
k.1 � x/1=2 y k1 C

j�j

j˛2kU k22 C i�j
.kU y k1 C C j�jk y k1/

i
which, combined with (5.2.2) (with s D 1=2 and s D 1), (5.2.26), yields

k�?k1;2 � C
h
�
�3=4

ˇ
ˇ�1=2 C

j�j

j˛2kU k22 C i�j
.��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3/

i
;

(5.2.28)
establishing, thereby, (5.2.24b).

5.3 Resolvent estimates and Fredholm property

We recall from the introduction that

B
N;D
�;˛;ˇ

D .Lˇ � ˇ�/
� d2
dx2
� ˛2

�
� iˇU 00 (5.3.1)

on .0; 1/ with domain (see (1.1.11))

D.B
N;D
�;˛;ˇ

/ D
®
u 2 H 4.0; 1/; u0.0/ D u.3/.0/ D 0 and u.1/ D u0.1/ D 0

¯
(5.3.2)

and

Lˇ D �
d2

dx2
C iˇU: (5.3.3)

Note that this domain is independent of the parameters .�; ˛; ˇ/, i.e., D.BN;D
�;˛;ˇ

/ D

D.B
N;D
0;0;0/.

It can be easily verified that B
N;D
0;0;0 is invertible. Next, we observe that

B
N;D
�;˛;ˇ

�
B

N;D
0;0;0

��1
D I CK�;˛;ˇ ;

where K�;˛;ˇ is a compact operator from L2.0; 1/ to L2.0; 1/. Hence, I C K�;˛;ˇ
is a Fredholm operator. Considering again the family B

N;D
�;˛;ˇ

D .I CK�;˛;ˇ /B
N;D
0;0;0,

we can conclude that it is a Fredholm family from D.B
N;D
0;0;0/ into L2.0; 1/.

Since its index depends continuously on .˛; ˇ; �/ and vanishes for .˛; ˇ; �/ D
.0; 0; 0/, it must be zero for all .�; ˛; ˇ/ 2 C �R2.
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The rest of Chapter 5 is dedicated to the estimation of .BD;N
�;˛;ˇ

/�1. In practice, we
first show in each section that for some subset of parameters .�; ˛; ˇ/,

� 2 D.B
D;N
�;˛;ˇ

/) k�k1;2 � C.�; ˛; ˇ/kf k2; (5.3.4)

where f D B
D;N
�;˛;ˇ

�. It follows that B
D;N
�;˛;ˇ

is injective and since its index vanishes,

we can conclude the existence of .BD;N
�;˛;ˇ

/�1 W L2.0; 1/! D.B
N;D
0;0;0/ together with

the estimate

k.B
D;N
�;˛;ˇ

/�1k C



 d
dx
.B

D;N
�;˛;ˇ

/�1



 � C.�; ˛; ˇ/: (5.3.5)

5.4 Resolvent estimates for ˇ�1=5 � j=�j < U.0/

The next proposition is somewhat similar to [3, Lemma 8.8] albeit with a significant
difference: the fact that A0;0 is not invertible, which makes the estimates become
significantly more complex.

Proposition 5.4.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and the assumption U 000.0/D 0.
Let 0 < ı < 1=5, �0 < U.0/, and ˛0 denote positive constants. There exist C > 0,
and ˇ0 > 0 such that for all ˇ � ˇ0, it holds that

sup
0�˛�˛0

<��ˇ�2=5�ı

ˇ�1=5Cı�=�<�0

=�
�

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



� � Cˇ�1=2Cı : (5.4.1)

Proof. We assume throughout the proof, without any loss of generality, that 0 < ı �
1=30.

Step 1. Preliminaries. Let � 2 D.BN;D
�;˛;ˇ

/ and f D B
N;D
�;˛;ˇ

�. Let further vD 2

H 2.0; 1/ be defined by

vD D A�;˛� C .U C i�/�
00.1/ y ; (5.4.2)

where y D y �;ˇ is given by (5.2.1). Note that by (1.1.11), (2.1.3) and the fact that
U 000.0/ D 0, we have

vD.1/ D v
0
D.0/ D 0; (5.4.3)

and hence vD 2 D.L
N;D
ˇ

/ and we may introduce, as in [3, Lemma 8.8],

gD WD .L
N;D
ˇ
� ˇ�/vD; (5.4.4a)

which is expressible in the alternative form (using the fact that f D B
N;D
�;˛;ˇ

�)

gD D .U C i�/.�f C �
00.1/ Og/ � .U 00�/00 � 2U 0 Qv0D � U

00
QvD; (5.4.4b)
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wherein
Og WD .Lˇ � ˇ�/ y (5.4.5)

and

QvD WD
vD � U

00�

U C i�
D ��00 C ˛2� C �00.1/ y : (5.4.6)

We note that

.LN
ˇ � ˇ�/ QvD D iˇU

00.� � �.x�//C iˇU
00�.x�/ � f C �

00.1/ Og; (5.4.7)

where x� is given by (2.4.5). Recall that LN
ˇ

stands for L
N;D
ˇ

, which is defined in
(3.0.1).

As in the proof of [3, Lemma 8.8] (see equation (8.90) there) we can integrate by
parts to obtain

<h.U 00/�1 QvD; .L
N
ˇ � ˇ�/ QvD � iˇU

00�i

D k.U 00/�1=2 Qv0Dk
2
2 C<h

�
.U 00/�1

�0
QvD; Qv

0
Di � ˇ� k.U

00/�1=2 QvDk
2
2

C ˇ<h�00.1/ y ; i�i: (5.4.8)

We begin the estimation of Qv0D by obtaining a bound for the last term on the right-hand
side of (5.4.8).

Step 2: Estimate of ˇ<h�00.1/ y ; i�i. We begin by writing � as the sum

� D Ow C �00.1/w

with

w.x/ D

Z 1

x

.� � x/ y .�/ d�;

and the remainder

Ow.x/ WD

Z 1

x

.� � x/Œ�00.�/ � �00.1/ y .�/� d�:

Then, we separately estimate the contribution of the terms ˇ<h�00.1/ y ; i�00.1/wi
and ˇ<h�00.1/ y ; i Owi. By (5.2.3) it holds that

jw.x/j � C j1 � xj2:

Consequently,

j<h�00.1/ y ; i�00.1/wij � C j�00.1/j2k.1 � x/2 y k1;

and hence, by (5.2.2) with s D 2, we then obtain that

ˇj<h�00.1/ y ; i�00.1/wij � C Œ1C j�jˇ1=3��3=2 j�00.1/j2 (5.4.9)

(see [3, equation (8.90)]).
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To estimate ˇ<h�00.1/ y ; i Owi, we first obtain by (5.4.6), for x 2 .0; 1/,ˇ̌
y .x/ Ow.x/

ˇ̌
D

ˇ̌̌
y .x/

Z 1

x

.� � x/Œ�QvD.�/C ˛
2�.�/� d�

ˇ̌̌
� C.1 � x/5=2 j y .x/j.k Qv0Dk2 C ˛

2
k�0k2/; (5.4.10)

where to obtain the last inequality we used the fact that

j�.x/j � .1 � x/1=2k�0k2 and j QvD.x/j � .1 � x/
1=2
k Qv0Dk2:

Using (5.2.2) with s D 5=2, we obtain

ˇj<h�00.1/ y ; i Owi j � C j�00.1/j�
�7=4

ˇ
ˇ�1=6.k Qv0Dk2 C ˛

2
k�0k2/: (5.4.11)

Consequently, from (5.4.9) and (5.4.11), we thus get, as ˛ � ˛0,

ˇj <h�00.1/ y ; i�ij � C
�
Œ1C j�jˇ1=3��3=2j�00.1/j2

C �
�7=4

ˇ
ˇ�1=6j�00.1/j.k Qv0Dk2 C k�

0
k2/
�
: (5.4.12)

(See [3, equation (8.93)].)

Step 3: Estimate j�00.1/j. Let zDz˛ be given by (4.7.2) and recall that � 2D.BN;D
�;˛;ˇ

/.
As hz; �00 � ˛2�i D 0, �00 � ˛2� belongs to the domain of L

z
ˇ
� ˇ�. Hence, we may

write
.L

z
ˇ
� ˇ�/.�00 � ˛2�/ D iˇU 00� C f: (5.4.13)

We separately solve in D.Lz
ˇ
/ the equations .Lz

ˇ
� ˇ�/v D f and .Lz

ˇ
� ˇ�/v1 D

iˇU 00� WD f1, so that .�00 � ˛2�/ D v1 C v2, and then apply (4.2.6) to the pair
.v1; f1/ (note that the assumptions of Proposition 4.2.1 are satisfied) and (4.2.4) to
the pair .v; f / to obtain

j�00.1/j � C �
1=2

ˇ

�
ˇ1=3Œk�k1;2 C j�.x�/j

ˇ̌
log j� C imj�1

ˇ̌
�C ˇ�1=2kf k2

�
;

(5.4.14)
where m is defined in 4.2.6b. Note that since ˛ � ˛0 it holds that kzk1;p � C.˛0/.
Note further that

j�.x�/j
ˇ̌
log j� C imj�1

ˇ̌
� C �1=2

ˇ̌
log j� C imj�1

ˇ̌
k�0k2 � yCk�

0
k2:

Then, for any y�0 > 0, there exists a constant C > 0 such that for j�j � y�0ˇ�1=3, (in
particular it holds for � > ˇ�1=5 for sufficiently large ˇ0).

j�00.1/j � C j�j1=2
�
ˇ1=2Œk�k1;2 C ˇ

�1=3�kf k2
�
: (5.4.15)

Substituting (5.4.14) into (5.4.12) yields

ˇj<h�00.1/ y ; i�ij � C
�
�
�1=2

ˇ

�
ˇ2=3k�k21;2 C ˇ

�1
kf k22

�
C �

�5=4

ˇ

�
ˇ1=3k�k1;2 C ˇ

�1=2
kf k2

��
k Qv0Dk2 C k�

0
k2

��
;
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from which, we conclude that for any Oı > 0 there exists C Oı > 0 such that

ˇj <h�00.1/ y ; i�ij � C Oı

�
�
�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C

Oı k Qv0Dk
2
2

�
: (5.4.16)

Since, as in the proof of (4.2.18) (see also [3, equation (6.18)]), we have for Og, intro-
duced in (5.4.5),

j Og.x/j � C
�
ˇ .1 � x/2j y .x/j C .1 � x/3j y 0.x/j

�
; (5.4.17)

we obtain from (4.2.10), (4.2.16), (4.2.17), and (4.6.1) that

ˇ1=3��1ˇ k.U C i�/ Ogk2 C k Ogk2 � Cˇ
1=6�

�5=4

ˇ
: (5.4.18)

Using the fact that j�j > ˇ�1=5 we can then conclude

j�j�1k.U C i�/ Ogk2 C k Ogk2 � C ˇ
�1=4
j�j�5=4: (5.4.19)

Step 4: Estimate of k Qv0Dk. From (5.4.8), we obtain, using (5.4.7) and the fact that
U 00 ¤ 0

1

C
k Qv0Dk

2
2 � <h.U

00/�1 QvD;�f C �
00.1/ Ogi

� <h..U 00/�1/0 QvD; Qv
0
Di C ˇ� k QvDk

2
2 � ˇ<h�

00.1/ y ; i�i: (5.4.20)

Next, we obtain from (5.4.20) and (5.4.16) (for sufficiently small Oı) that

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C j�

00.1/j k Ogk2
�

C .�ˇ;C C 1/k QvDk
2
2 C �

�1=2

ˇ

�
ˇ2=3k�k21;2 C ˇ

�1
kf k22

��
; (5.4.21)

where
�ˇ;C WD max.�ˇ; 0/:

We now substitute (5.4.14) and (5.4.18) into (5.4.21) to obtain

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C �

�3=4

ˇ
ˇ1=2k�k1;2

�
C �

�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C .�ˇ;C C 1/ k QvDk

2
2

�
: (5.4.22)

Hence, for j�j > ˇ�1=5 we can conclude that

k Qv0Dk
2
2 � C

�
k QvDk2.kf k2 C ˇ

1=4
j�j�3=4k�k1;2/

C .�ˇ;C C 1/k QvDk
2
2 C j�j

�1=2ˇ1=2k�k21;2 C j�j
�1=2ˇ�7=6kf k22

�
:

(5.4.23)
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Step 5: Estimate of k QvDk. Given that � < �0, we may apply (3.3.10), (3.1.3a), and
Hardy’s inequality (2.6.13), to (5.4.7) to obtain

k QvDk2 � C
�
k�0k2 C ˇ

1=6
j�.x�/j C ˇ

�2=3Œkf k2 C j�
00.1/j k Ogk2�

�
: (5.4.24)

Using again (5.4.18) and (5.4.14) we obtain

k QvDk2 �

C
�
k�0k2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
�
kf k2 C �

�3=4

ˇ

�
ˇ1=2k�k1;2 C ˇ

�1=3
kf k2

���
;

which implies for any � < �0

k QvDk2 � C
�
k�k1;2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
kf k2

�
: (5.4.25)

Step 6: Estimate of kgDk2. Substituting (5.4.25) into (5.4.22) yields that

k Qv0Dk2 � C
�
.ˇ1=3�

�1=4

ˇ
C 1/k�k1;2 C ˇ

1=6
j�.x�/j

C .1C �
1=2

ˇ;C
ˇ�2=3/kf k2 C �

1=2

ˇ;C
.ˇ1=6j�.x� j C k�

0
k2//

�
: (5.4.26)

For j�j � ˇ�1=5 and � � ˇ�2=5 we conclude from (5.4.26) that

k Qv0Dk2 � C
�
.ˇ1=4j�j�1=4 C 1/k�k1;2 C ˇ

1=6
j�.x�/j C kf k2

C �
1=2

ˇ;C
.ˇ1=6j�.x� j/C k�

0
k2/
�
:

Furthermore, as

.U 00�/00 D �U 00
�
QvD C ˛

2� C j�00.1/j y 
�
C 2U .3/�0 C U .4/�;

we obtain from (5.4.25), the boundedness of ˛, (5.4.14), and (4.6.5), that

k.U 00�/00k2 � C�
1
4

ˇ
.ˇ1=6k�k1;2 C ˇ

�2=3
kf k2/: (5.4.27)

For j�j � ˇ�1=5 the above inequality implies

k.U 00�/00k2 � C j�j
1=4ˇ1=4.k�k1;2 C ˇ

�5=6
kf k2/: (5.4.28)

By (5.4.4b) it holds that

kgDk � C
�
k.U C i�/f k2Cj�

00.1/j k.U C i�/ OgkCk..U 00�/00/kCkQv0DkCkQvDk
�
:

(5.4.29)
We now substitute into (5.4.29) the estimates (5.4.15) and (5.4.19), (5.4.28), (5.4.26),
and (5.4.23), to obtain that

kgDk2 � C
�
.1C j�j/ kf k2 C �

1=2

ˇ;C
.ˇ1=6j�.x�/j C k�k1;2/

C ˇ1=4.j�j�1=4 C j�j1=4/ k�k1;2
�
: (5.4.30)
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Step 7: Estimate the contribution of the boundary term A�1
�;˛
.ŒU C i���00.1/ y /. We

continue as in the proof of [3, Lemma 8.8]. We first write, in view of (5.4.2)

� D �D C {�; (5.4.31a)

where
�D D A�1�;˛vDI {� D �A�1�;˛

�
ŒU C i���00.1/ y 

�
: (5.4.31b)

Note here that
{� D ��00.1/��;ˇ;˛: (5.4.31c)

By (5.2.5) and (5.4.15) we have

k{�k1;2 � C j�j
�1ˇ�1=4j�j�1=4

�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.4.32)

Consequently, as j�j > ˇ�1=5Cı , we obtain for sufficiently large ˇ0

k{�k1;2 � C j�j
�1ˇ�1=4j�j�1=4

�
ˇ�5=6kf k2 C k�Dk1;2

�
: (5.4.33)

Furthermore, by (5.2.6) and (5.4.31c), we have

j {�.x�/j � C Œj�jˇ�
�3=4
j�00.1/j:

Hence, by (5.4.15) we obtain

j {�.x�/j � C Œj�jˇ�
�1=4

�
k�k1;2 C ˇ

�5=6
kf k2

�
;

and, therefore, by equation (5.4.33) and Poincaré’s inequality we may conclude for
� � ˇ�1=5Cı and ˇ0 large enough

j {�.x�/j � C Œj�jˇ�
�1=4

�
k�0Dk2 C ˇ

�5=6
kf k2

�
: (5.4.34)

Step 8: Estimate �D. Substituting the above into (5.4.30) yields, with the aid of
(5.4.31), (5.4.33), and (5.4.34)

kgDk2 � C
�
.1C j�j/kf k2 C �

1=2

ˇ;C
.ˇ1=6j�D.x�/j C k�Dk1;2/

C ˇ1=4.j�j�1=4 C j�j1=4/k�Dk1;2

�
: (5.4.35)

By either (2.6.81) or (2.11.1) (for j�j large) applied to the pair .vD; �D/ together
with (5.4.3), it holds for any 1 < q < 2 that

j�D.x�/j � C
�
kvDk1;q C �

�1=2
kvDk2 C �

�1
kvDk1

�
: (5.4.36)

We now estimate k�Dk1;2 by applying (2.6.1) and (2.6.2) to the pair .vD; �D/. We
then conclude that there exists �0 > 0 such that for all j�j � �0 and 0 < � � �0 it
holds that

k�Dk1;2 � C �
�1nD; (5.4.37)
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where
nD WD .kv

0
Dkq C �

�1=2
kvDk2 C �

�1
kvDk1/:

For j�j > �0 we use (2.11.1) to obtain for 0 < � � �0

k�Dk1;2 � Ck.1 � x/
1=2vDk1 � C �

�1nD: (5.4.38)

We can then substitute (5.4.36) and (5.4.37) or (5.4.38) into (5.4.35) to obtain for any
1 < q < 2

kgDk2 � C
�
Œ1C j�j�kf k2 C Œ�

1=2

ˇ;C
Œˇ1=6 C ��1�

C ˇ1=4��1.j�j�1=4 C j�j1=4/� nD

�
: (5.4.39)

Step 9: Estimate nD. By either (3.1.3a) for �ˇ�1=3 � � < ˇ�2=5�ı or (3.1.84) for
� < �ˇ�1=3 we have,

kvDk2 �
C

ˇ
2
3 C j�jˇ

kgDk2; (5.4.40)

whereas by (3.1.3b), which holds for��Cˇ�1=3 and ˇ0 large, we have for all ˇ >ˇ0

kv0Dkq � Cq ˇ
�
2Cq
6q kgDk2: (5.4.41)

Furthermore, by (3.3.1) it holds that

kvDk1 � Cq ˇ
�5=6
kgDk2: (5.4.42)

Substituting (5.4.40), (5.4.41), and (5.4.42) into (5.4.39) yields, for ı� 1=30, ˇ0 large
enough, and q satisfying

1 < q <
4

4 � 15ı
; (5.4.43)

we obtain the existence of C > 0 such that for all ˇ � ˇ0

kgDk2 � C.1C j�j/kf k2: (5.4.44)

We now use (5.4.40) to obtain

kvDk2 � C
1C j�j

ˇ
2
3 C j�jˇ

kf k2 � yCˇ
�2=3
kf k2; (5.4.45)

which is valid for all � < ˇ�
2
5�ı .

We next use (5.4.41) and (5.4.39) to obtain

kv0Dkq � Cˇ
�
2Cq
6q .1C j�j/kf k2: (5.4.46)

Finally, use of (5.4.42) and (5.4.39) yields

kvDk1 � Cˇ
�5=6.1C j�j/kf k2: (5.4.47)
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For ��0 � � < ˇ�
2
5�ı we have by (5.4.45), (5.4.46), and (5.4.47) that the dominant

term is the one involving kv0Dkq and hence

nD � C ˇ
�
2Cq
6q kf k2: (5.4.48)

Step 10: Prove (5.4.1). By (5.4.37) we obtain, for ��0 � � � ˇ�
2
5�ı ,

k�Dk1;2 � C�
�1 ˇ�

2Cq
6q kf k2: (5.4.49)

For � < ��0 we use (2.11.1) and the first inequality in (5.4.45) to obtain

k�Dk1;2 � CkvDk2 �
yCˇ�1kf k2: (5.4.50)

Combining (5.4.33) with (5.4.49) and (5.4.50) yields

k�k1;2 � C�
�1 ˇ�

2Cq
6q kf k2:

5.5 Resolvent estimates for j=�j D O.ˇ�1=5/ and large ˇ1=10˛

In the previous section, we considered the case where =�� ˇ�1=5, where the inverse
estimates derived in Section 2.6 for the Rayleigh operator A�;˛ become effective for
all ˛ � 0. Here, we use the estimates obtained in Section 2.5 assuming ˛2 � j=�j.
Since we consider here j=�j D O.ˇ�1=5/ we need to consider ˛2 � ˇ�1=5.

Proposition 5.5.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and U 000.0/ D 0. Let further
0 < ı < 1=15 and ˛0 denote positive constants. There exist C > 0, ˇ0 > 0, and
a0 > 0 such that for all ˇ � ˇ0, it holds that

sup
a0ˇ
�1=10Cı=2�˛�˛0
<��ˇ�1=3�ı

j=�j�ˇ�1=5Cı

h

.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



i � C ˇ�1=2Cı : (5.5.1)

Proof. Step 1. With gD given by (5.4.4b), we prove that

kgDk2 � C
�
.1C j�j/ kf k2 C .�

�1=4

ˇ
ˇ1=3 C ˇ1=3�ı=2 C �

1=4

ˇ
ˇ1=6/k�k1;2

C ˇ1=2�ı=2j�.x�/j
�
: (5.5.2)

Let � 2 D.BN;D
�;˛;ˇ

/, f D B
N;D
�;˛;ˇ

� and vD 2 H
2.0; 1/ defined by (5.4.2). As

before we write
.LN

ˇ � ˇ�/vD D gD;

Let QvD be given by (5.4.6). For the convenience of the reader we repeat here (5.4.25)

k QvDk2 � C
�
k�k1;2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
kf k2

�
;
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and (5.4.26), which reads

k Qv0Dk2 � C
�
.ˇ1=3�

�1=4

ˇ
C 1/k�k1;2 C ˇ

1=6
j�.x�/j

C .1C �
1=2

ˇ;C
ˇ�2=3/kf k2 C �

1=2

ˇ;C
.ˇ1=6j�.x� j C k�k1;2//

�
:

For � < ˇ�1=3�ı with ı < 1=10, we then obtain using Poincaré’s inequality

k Qv0Dk2 � C
�
.ˇ1=3�

�1=4

ˇ
C ˇ1=3�ı=2/k�k1;2 C kf k2 C ˇ

1=2�ı=2
j�.x�/j

�
: (5.5.3)

We next estimate kgDk2, beginning by repeating (5.4.29), which states

kgDk � C.k.U C i�/f k2 C j�
00.1/j k.U C i�/ Ogk C k.U 00�/00k C kQv0Dk C kQvDk/:

By (5.4.14), (5.4.18), (5.4.27), (5.5.3), and (5.4.25) it holds, that

kgDk2 � C
�
.1C j�j/ kf k2

C .�
�1=4

ˇ
ˇ1=3 C ˇ1=3�ı=2 C �

1=4

ˇ
ˇ1=6/k�k1;2 C .ˇ

1=2�ı=2
j�.x�/j/

�
;

which is precisely (5.5.2).

Step 2: We estimate kvDk1;q and kvDk1. By (5.5.2) it holds for � � �1 that

kgDk2 � C
�
kf k2 C ˇ

1=3
k�k1;2 C .ˇ

1=2�ı=2
j�.x�/j/

�
: (5.5.4)

By (3.1.3b) we have, for any 1 < q < 2 and given that j�j < ˇ�1=5Cı and ı < 1=5,

kvDk1;q � Cˇ
�
2Cq
6q kgDk2:

Hence, by (5.5.4) we obtain for � � �1,

kvDk1;q � C.Œˇ
�
2Cq
6q kf k2 C ˇ

�
2�q
6q k�k1;2 C ˇ

ı1.q/j�.x�/j�/; (5.5.5)

where ı1.q/ D .q � 1/=3q � ı=2.
Furthermore, we have by (3.3.1) and (5.5.4), for � � �1,

kvDk1 � Cˇ
�5=6
kgDk2 �

yC
�
Œˇ�5=6kf k2 C ˇ

�1=2
k�k1;2 C ˇ

�1=3�ı=2
j�.x�/j�

�
:

(5.5.6)
For � � �1 we use (3.1.84) to obtain

kvDk1 � kvDk2 �
C

j�jˇ
kgDk2:

We then employ (5.5.2) which implies, for ı � 1=10,

kgDk2 � C
�
.1C j�j/kf k2C .ˇ

1=3�ı=2
C j�j1=4ˇ1=4/k�k1;2C .ˇ

1=2�ı=2
j�.x�/j/

�



Resolvent estimates for j=�j D O.ˇ�1=5/ and large ˇ1=10˛ 151

and hence,

kvDk1 � C
�
ˇ�1kf k2 C ˇ

�2=3�ı=2
k�k1;2 C ˇ

�1=2�ı=2
j�.x�/j

�
: (5.5.7)

Combining (5.5.6) and (5.5.7) yields

kvDk1 � C
�
Œˇ�5=6kf k2 C ˇ

�1=2
k�k1;2 C ˇ

�1=3�ı=2
j�.x�/j�

�
: (5.5.8)

Step 3. We prove (5.5.1). We continue as in the proof of Proposition 5.4.1. Recall
from (5.4.2) that

vD D A�;˛� C .U C i�/�
00.1/ y :

Set
� D �D C {�; (5.5.9)

where
�D D A�1�;˛vD and {� D �A�1�;˛

�
ŒU C i���00.1/ y 

�
:

Step 3a: We estimate k{�k1;2. Note that by (5.2.4), we have

{� D ��00.1/��;ˇ;˛: (5.5.10)

By (5.2.24) there exist C >0 and �0>0, and for any a0>kU k�12 .1Cı/
1=2, ˇ.a0/>0

such that, for ��0 < �, j�j � ˇ�1=5Cı , ˛ � a0ˇ�1=10Cı=2, and ˇ � ˇ.a0/, we have

k{�k1;2 � Ca
�2
0 ˇ�1=3�

�1=2

ˇ
j�00.1/j: (5.5.11)

For � � ��0 < 0 we obtain from (2.11.3) applied to the pair .{�; .U C i�/�00.1/ y /

k{�0k22 � C jh
{�; y i�00.1/j � C k{�0k2k.1 � x/

1=2 y k1 j�
00.1/j;

and hence by (5.2.2) (with sD 1=2) for the first inequality, we conclude for the second
inequality that there exists ˇ.a0/ > 0 such that for ˇ � ˇ.a0/

k{�0k2 � C �
�3=4

ˇ
ˇ�1=2j�00.1/j � yC a�20 ˇ�1=3�

�1=2

ˇ
j�00.1/j:

Hence, (5.5.11) holds true for any � < ˇ�1=3Cı and j�j � ˇ�1=5Cı . From (5.4.14)
we then deduce

k{�k1;2 � Ca
�2
0 ˇ�1=3.ˇ1=3k�k1;2 C ˇ

�1=2
kf k2/ � yC.ˇ

�5=6
kf k2 C a

�2
0 k�k1;2/:

Hence, for sufficiently large a0 we conclude with the aid of (5.5.9)

k{�k1;2 � C
�
ˇ�5=6kf k2 C a

�2
0 k�Dk1;2

�
: (5.5.12)
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Step 3b: We estimate j {�.x�/j. Using (5.5.10), the decomposition

��;ˇ;˛ D .��;ˇ;˛ � ck.�; ˇ; ˛/U /C ck.�; ˇ; ˛/U;

where

ck.�; ˇ; ˛/ D
hU; ��;ˇ;˛i

kU k22
;

and Hölder’s inequality, we may write

j {�.x�/j �C
�
j�j jck.�;ˇ;˛/j C j�j

1=2


��;ˇ;˛ � ck.�;ˇ;˛/U

1;2� j�00.1/j: (5.5.13)

Then, we obtain by (5.2.24) and the fact that ˛ � a0ˇ�1=10Cı=2

j {�.x�/j �

C
h
j�j1=2�

�3=4

ˇ
ˇ�1=2 C

j�j�1=2 C j�j

a20ˇ
�1=5Cı C j�j

�
��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3

�i
j�00.1/j:

(5.5.14)

Using (5.4.14) and the fact that j�j � ˇ�1=3�ˇ we obtain

j {�.x�/j � C
�
a�20 ˇ�1=3�ˇ C j�j

1=2�
�1=4

ˇ
ˇ�1=6

��
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.15)

We now consider three different cases.

• For �ˇ�1=5Cı < � < ˇ�1=3Cı , we have �ˇ . ˇı and since j�j � j�j, we deduce
from (5.5.15)

j {�.x�/j � Cˇ
�1=5Cı

�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.16)

• For �ˇ�1=10Cı=2 < � < �ˇ�1=5Cı we have, since j�j � j�j,

j�j j�j1=2 C j�j

a20ˇ
�1=5Cı C j�j

j�j � C.j�j j�j1=2 C j�j/ � yCˇ�1=5Cı ;

and hence, as �ˇ � j�jˇ1=3, we can conclude (5.5.16) in this case as well.

• Finally, for � � �ˇ�1=10Cı=2, we use (2.11.2) with v D .U C i�/ y , (5.4.31c),
and (5.4.14) to obtain that

k{�0k2�C j�j
�1
k.1�x/1=2 y k1j�

00.1/j � yC j�j�5=4ˇ�1=4
�
k�k1;2Cˇ

�5=6
kf k2

�
;

which implies

j {�.x�/j � C j�j
1=2
k{�0k2 � yCˇ

�9=40�ı=8
�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.17)
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Combining (5.5.17) with (5.5.16) which holds in the two first cases yields for all
� < ˇ�1=3�ı

j {�.x�/j � Cˇ
�1=5Cı

�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.18)

Then, by (5.5.9) and (5.5.18) it holds that

j {�.x�/j � Cˇ
�1=5Cı

�
ˇ�5=6kf k2 C k�Dk1;2

�
: (5.5.19)

Step 3c: We prove (5.5.1) for � > �ˇ�ı . From (5.5.5) and (5.5.19) we get, for ı �
1=15 and � > �1, that

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�k1;2 C ˇ

ı1.q/j�D.x�/j
�
:

Using (5.5.12) we then obtain that

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2 C ˇ

ı1.q/j�D.x�/j
�
:

As
�
2 � q

6q
C
1

6
D
1

3
�
1

3q
D ı1.q/C ı=2;

we can finally conclude, for � > �1, that

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q Œk�Dk1;2 C ˇ

1=6
j�D.x�/j�

�
: (5.5.20)

From (5.5.8), (5.5.12), and (5.5.19) we obtain

kvDk1 � C
�
ˇ�5=6kf k2 C ˇ

�1=2
k�Dk1;2 C ˇ

�1=3�ı=2
j�D.x�/j

�
: (5.5.21)

As in the proof of (5.5.13) we then write

j�D.x�/j � C
�
j�j jcD

k
j C j�j1=2k�D � c

D
k
U k1;2

�
; (5.5.22)

where
cD
k
D hU; �Di=kU k

2
2:

We then conclude from (2.5.3a) applied to the pair .�D; vD/ that for all �ˇ�ı < � it
holds that

j�D.x�/j � C
�
kvDk1 C j�jN1.vD; �/C j�j

1=2
kvDk1;q

�
; (5.5.23)

where N1.vD; �/ is defined in (2.5.2b).
By (2.5.38) (and the fact that vD.1/ D 0) we then obtain that

j�D.x�/j � C
�
kvDk1 C ˇ

�ı
kvDk1;q

�
: (5.5.24)
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Substituting (5.5.20) and (5.5.21) into (5.5.24) then yields, for �>�ˇ�ı , sufficiently
large ˇ0, and 1 < q < .1 � 3ı/�1

j�D.x�/j � Cˇ
�ı
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2

�
: (5.5.25)

Substituting (5.5.25) into (5.5.20) then leads to

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2

�
: (5.5.26)

Similarly, by substituting (5.5.25) into (5.5.21) we obtain that for � > �ˇ�ı and
1 < q < .1 � 3ı/�1

kvDk1 � C.ˇ
�5=6
kf k2 C ˇ

�1=2
k�Dk1;2/: (5.5.27)

For sufficiently large a0 and j�j � ˇ�1=5Cı we have

1C C j�j2 log j�j�1

j˛2kU k22 C i�j
� zC

1

j˛2kU k22 � �j
� yCˇ1=5�ı ;

and (recall that j�j < j˛2kU k22 � �j)

j�j.1C C j�j2 log j�j�1/
j˛2kU k22 C i�j

� zC
j�j C j�j

j˛2kU k22 � �j C j�j
� yC :

Hence, we obtain from (2.5.3a) and (2.5.38) that

jcD
k
j � C

�
ˇ1=5�ıkvDk1 C kvDk1;q

�
;

and from (2.5.3b) we obtain that

k�D � c
D
k
U k1;2 � C ŒkvDk1 C kvDk1;q�:

Consequently, by (5.5.26) and (5.5.27) it holds that

k�Dk1;2 � C.kvDk1;q C ˇ
1=5
kvDk1/ � yC

�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2

�
:

It follows that, for sufficiently large ˇ0,

k�Dk1;2 � Cˇ
�
2Cq
6q kf k2: (5.5.28)

Combining (5.5.28) with (5.5.12) gives (note that 5=6 > .2C q/=.6q/)

k{�k1;2 � C ˇ
�
2Cq
6q kf k2: (5.5.29)

As � D �D C {�, we can deduce from (5.5.28) and (5.5.29) that for any ı 2 .0; 1=15/
and q 2 .1; .1 � 3ı/�1/ and � > �ˇ�ı we have

k�k1;2 � C ˇ
�
2Cq
6q kf k2 � Cˇ

1=2�ı : (5.5.30)
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Step 3d. We prove (5.5.1) for � � �ˇ�ı . For � � �ˇ�ı we use (2.11.2), Sobolev
embeddings, and Poincaré’s inequality to obtain that

k�Dk1;2 �
C

j�j
k�Dk

1=2
1 kvDk

1=2
1 � yC ˇık�0Dk

1=2
2 kvDk

1=2
1 ;

which implies
k�Dk1;2 � Cˇ

2ı
kvDk1: (5.5.31)

Consequently, by (5.5.8), (5.5.31), and Sobolev embeddings we obtain that

k�Dk1;2 � Cˇ
2ı
�
ˇ�5=6kf k2 C ˇ

�1=3�ı=2
k�k1;2

�
:

Making use of (5.5.12) we establish that for sufficiently large a0 and ˇ0

k�k1;2 � C ˇ
2ı�5=6

kf k2;

which, together with (5.5.30), yields (5.5.1) for ı < 1=15.

5.6 Resolvent estimates for intermediate ˛

In this section, we provide inverse estimates for B�;˛;ˇ for 1� ˛ � ˇ1=3. Let z˛
be given by (4.7.2). Since kz0˛k2 � ˇ1=6 in this section we may conclude by (4.1.3)
that z˛ 2 U1. Consequently, we may still use (4.2.4) in this section to estimate �00.1/.
Furthermore, we can use the fact that ˛ � 1 to obtain a much simpler proof than in
the previous section (which is valid only for bounded values of ˛).

Proposition 5.6.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and �2 <U.0/ denote a positive
constant. There exist C > 0, ‡ > 0, ˇ0 > 0, ˛0 > 0, and ˛1 > 0 such that for all
ˇ � ˇ0, it holds that

sup
˛0�˛�˛1ˇ

1=3

<��‡ˇ�1=3

j=�j��2



.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



 � Cˇ�5=6: (5.6.1)

Proof. Let f 2 L2.0; 1/, � 2 D.BN;D
�;˛;ˇ

/ satisfy

B
N;D
�;˛;ˇ

� D f:

We first recall the definition of QvD from (5.4.6)

QvD D ��
00
C ˛2� C �00.1/ y ; (5.6.2)

and rewrite (5.4.7) in the form

.L
N;D
ˇ
� ˇ�/ QvD D f C iˇU

00� C �00.1/ Og; (5.6.3)

where Og is given by (5.4.5).
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By (3.3.1) (which is applicable for j�j � �2 < U.0/) it holds that

k.L
N;D
ˇ
� ˇ�/�1.f C �00.1/ Og/k1 � Cˇ

�5=6
k.f C �00.1/ Og/k2:

Furthermore, by (3.3.23) applied with f replaced by U 00� it holds that


.LN;D
ˇ
� ˇ�/�1.U 00�/Ci

U 00.x�/�.x�/

ˇ.U � � C im/





1
� Cˇ�1kU 00�k1;2 � yCˇ

�1
k�k1;2;

where
m D �max.��; x2=3� ˇ�1=3/:

Hence,


 QvD�
U 00.x�/�.x�/

.U � � C im/





1
� C

�
ˇ�5=6kf k2Ck�k1;2C ˇ

�5=6
j�00.1/j k Ogk2

�
: (5.6.4)

We next use (4.2.4) together with (5.4.13) to obtain, as in (5.4.14), that

j�00.1/j � C �
1=2

ˇ

�
ˇ1=3

�
k�k1;2 C j�.x�/j logˇ

�
C ˇ�1=2kf k2

�
: (5.6.5)

For ˛ � ˛1ˇ1=3 we may then use (5.6.5), which, combined with (5.4.18), yields, as

j�.x�/j � j�j
1=2
k�0k2; (5.6.6)

j�00.1/j k Ogk2 � C�
�3=4

ˇ

�
ˇ1=2Œ1C j�j1=2 logˇ�k�k1;2 C ˇ�1=3kf k2

�
: (5.6.7)

Consequently, by substituting (5.6.7) into (5.6.4), we obtain


 QvD �
U 00.x�/�.x�/

U � � C im





1
� C

�
ˇ�5=6kf k2 C k�k1;2

�
: (5.6.8)

Taking the scalar product of (5.6.2) with �, and integrating by parts givesD
�; QvD �

U 00.x�/�.x�/

U � � C im

E
D k�0k22 C ˛

2
k�k22 C �

00.1/h�; y i �
D
�;
U 00.x�/�.x�/

U � � C im

E
:

(5.6.9)
Using (5.6.8) we then concludeˇ̌̌D

�; QvD �
U 00.x�/�.x�/

U � � C im

Eˇ̌̌
� C

�
ˇ�5=6kf k2 C k�k1;2

�
k�k1: (5.6.10)

We next use (5.2.2), with s D 1=2, together with (5.6.5) and a Sobolev inequality
to obtain that

j�00.1/h�; y ij � C �
�1=4

ˇ

�
ˇ�1=6Œk�k1;2 C j�.x�/j logˇ�C ˇ�1kf k2

�
k�0k2:

Using (5.6.6), as ��1=4
ˇ

�1=2 logˇ � 1 for ˇ � ˇ0 with sufficiently large ˇ0, we can
conclude that

j�00.1/h�; y ij � C
�
ˇ�1=6k�k21;2 C ˇ

�11=6
kf k22

�
: (5.6.11)
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For the last term on the right-hand side of (5.6.9) we writeD
�;
U 00.x�/�.x�/

U � � C im

E
D

D
�;
U 00.x�/�.x�/

U � � C im

E
L2.0;x�=2/

C

D
�;
U 00.x�/�.x�/

U � � C im

E
L2.x�=2;1/

:

For the first term on the right-hand side we have, since j�j � �2,ˇ̌̌D
�;
U 00.x�/�.x�/

U � � C im

E
L2.0;x�=2/

ˇ̌̌
� Ck�k2k�k1: (5.6.12)

For the second term we use integration by parts to obtainD
�;
U 00.x�/�.x�/

U � � C im

E
L2.x�=2;1/

D U 00.x�/�.x�/
�

U 0
log.U � � C im/

ˇ̌̌
xDx�=2

� U 00.x�/�.x�/
D� �
U 0

�0
; log.U��Cim/

E
L2.x�=2;1/

;

from which we readily obtainˇ̌̌D
�;
U 00.x�/�.x�/

U � � C im

E
L2.x�=2;1/

ˇ̌̌
� Ck�k1;2j�.x�/j � Ck�k1;2k�k1:

In conjunction with (5.6.12) the above inequality yieldsˇ̌̌D
�;
U 00.x�/�.x�/

U � � C im

Eˇ̌̌
� Ck�k1;2k�k1:

Substituting the above, together with (5.6.11) and (5.6.10) into (5.6.9) yields

k�0k22 C ˛
2
k�k22 � C

�
k�k1;2 C ˇ

�5=6
kf k2

�
k�k1 C ˇ

�1=6
k�k21;2:

Since �.1/ D 0 we have k�k21 � 2k�
0k2k�k2 and hence, for any � > 0 there exists

C� > 0 such that
k�k21 � �k�

0
k
2
2 C C�k�k

2:

By choosing sufficiently small � and sufficiently large ˇ0 we can then conclude, with
the aid of Poincaré’s inequality,

k�0k22 C ˛
2
k�k22 � C

�
ˇ�5=3kf k22 C k�k

2
2

�
:

We then obtain for sufficiently large ˛0 and ˇ0 the existence of C > 0 such that, under
the conditions of the proposition,

k�0k22 C ˛
2
k�k22 � Cˇ

�5=3
kf k22;

from which (5.6.1) readily follows.
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5.7 Resolvent estimates for large ˛

For ˛ & ˇ1=3, we can no longer use the estimates of the previous section, relying
on (4.2.4). In the following we thus establish estimates for the inverse of the Orr–
Sommerfeld operator, relying on (4.7.3), which is valid for ˛ & ˇ1=3.

Proposition 5.7.1. Let U 2 C 4.Œ0; 1�/ satisfying (2.1.3), and ˛2 denote a positive
constant. For any ‡ <

p
�U 00.0/=2 and any y‡ > 0 there exist C > 0 and ˇ0 > 0

such that for all ˇ � ˇ0 it holds that

sup
˛2ˇ

1=3�˛

<��ˇ�1=3Œy�m�y‡�˛
2ˇ�2=3=2�

�

.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



� � Cˇ�5=6:

(5.7.1)

Proof. Let zD z˛ be given by (4.7.1)–(4.7.2). Let f 2L2.0;1/, � 2D.BN;D
�;˛

/ satisfy

B
N;D
�;˛

� D f:

An integration by parts yields hz˛;��00C ˛2�i D 0, and hence we may conclude that
��00 C ˛2� 2 D.L

z˛
ˇ
/. Furthermore, it holds that

.L
z˛
ˇ
� ˇ�/.��00 C ˛2�/ D f C iˇU 00�:

By (4.7.3) we then have

k � �00 C �2ˇ2=3�k2 � C
�
ˇ1=2k�k2 C ˇ

�1=2
kf k2

�
;

where � D ˛ˇ�1=3.
Hence,

k�0k22 C �
2ˇ2=3k�k22 D h��

00
C �2ˇ2=3�;�i � C

�
ˇ1=2k�k22 C ˇ

�1=2
kf k2k�k2

�
:

(5.7.2)
As � � ˛2, we obtain that for sufficiently large ˇ0,

k�0k2 � Cˇ
�5=6
kf k2:

With the aid of Poincaré’s inequality we then obtain (5.7.1).

Remark 5.7.2. An improved version of (5.7.1) can be obtained by introducing the
effect of jU.0/ � �j from (4.7.3)

sup
˛2ˇ

1=3�˛

<��‡ˇ�1=2



.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



 � C ˇ�5=6

1C jU.0/ � �jˇ1=6
: (5.7.3)
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5.8 Resolvent estimates for small ˛

We continue by considering for some positive y̨0 and 0 < y�0 < U.0/, the zone

0 � ˛ � y̨0ˇ
�1=6; j=�j � y�0; <� � ˇ

�1=2: (5.8.1)

We begin by considering the case ˛ D 0 and then obtain estimates of .BN;D
�;˛;ˇ

/�1 for

0 < ˛ � y̨0ˇ
�1=6 by treating it as a perturbation of .BN;D

�;0;ˇ
/�1. More precisely, we

introduce the set

W.ˇ; y�0/ WD
®
� 2 C W j=�j � y�0 and � � ˇ�1=2

¯
and prove the following proposition.

Proposition 5.8.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3). There exist C > 0, y�0 > 0 and
ˇ0 > 0 such that for all ˇ � ˇ0 and � 2W.ˇ; y�0/ it holds that

.BN;D

�;0;ˇ
/�1



C 


 d
dx
.B

N;D
�;0;ˇ

/�1



C ��1=2ˇ




 d2
dx2

.B
N;D
�;0;ˇ

/�1



 � C ˇ�2=3: (5.8.2)

Proof. Step 1. Preliminaries. Let .�; f /2D.BN;D
�;0;ˇ

/�L2.0; 1/ satisfy B
N;D
�;0;ˇ

�Df .
Setting ˛ D 0 in (5.4.2) yields

vD D �.U C i�/�
00
C U 00� C .U C i�/�00.1/ y : (5.8.3)

Note that vD.1/ D 0 and hence

.LN
ˇ � ˇ�/vD D gD; (5.8.4)

where gD is given by (5.4.4b), which we recall here for the benefit of the reader in
the equivalent form

gD C .U C i�/f D .U C i�/�
00.1/ Og � .U 00�/00 � 2U 0 Qv0D � U

00
QvD: (5.8.5)

In (5.8.5), QvD is given by setting ˛ D 0 in (5.4.6), i.e.,

QvD D ��
00
C �00.1/ y : (5.8.6)

Step 2: We estimate j�00.1/j. Let .�;f /2D.BN;D
�;0;ˇ

/�L2.0;1/ satisfy B
N;D
�;0;ˇ

�D f .
An integration by parts yields

k.U 00/�1=2�.3/k22 D �<h.U
00/�1�00;B�;0;ˇ�i �

1

U 00.1/
<. N�00.1/�.3/.1//

�<hŒ.U 00/�1�0�00; �.3/i C �ˇk.U 00/�1=2�00k22: (5.8.7)
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To estimate the second term on the right-hand side of (5.8.7) we use the identity
(which is obtained via an integration by parts of the balance B0;0;ˇ� D f )

�.3/.1/ D �

Z 1

0

f .x/ dx: (5.8.8)

Hence,

k�.3/k22 � C
�
j�00.1/j kf k2 C ˇ

1=2
k�00k22 C kf k2k�

00
k2 C k�

.3/
k2k�

00
k2

�
;

which implies

k�.3/k22 �
yC
�
j�00.1/j kf k2 C ˇ

1=2
k�00k22 C kf k2k�

00
k2

�
: (5.8.9)

Sobolev embeddings yield

j�00.1/j2 �
�
k�.3/k2 C k�

00
k2

�
k�00k2: (5.8.10)

Combining (5.8.9) and (5.8.10) leads to

j�00.1/j � C.ˇ1=8k�00k2 C kf k
1=4
2 k�

00
k
3=4
2 C kf k

1=3
2 k�

00
k
2=3
2 /: (5.8.11)

By (5.4.6) and the left inequality of (4.6.5) it holds that

k�00k2 � C�
�1=4

ˇ
ˇ�1=6j�00.1/j C k QvDk2: (5.8.12)

Using (5.8.11) we then obtain for ˇ0 large enough

k�00k2 � 2k QvDk2 C C�
�3=4

ˇ
ˇ�1=2kf k2: (5.8.13)

By (5.4.18) and (5.4.24) (note that (5.4.24) results from a straightforward application
of (3.3.10) and (3.1.3) to (5.4.7)) it holds that

k QvDk2 � C
�
k�0k2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
kf k2 C ˇ

�1=2
j�00.1/j

�
: (5.8.14)

Since

j�.x�/j D j�.x�/ � �.1/j � j�j
1=2
k�0k2 � j�j

1=2
k�0k2; (5.8.15)

we obtain from (5.8.13), (5.8.14), with the aid of (5.8.11) that

k�00k2 � C
�
�
1=2

ˇ
k�0k2 C Œ�

�3=4

ˇ
ˇ�1=2 C ˇ�2=3�kf k2

�
: (5.8.16)

We now substitute (5.8.16) into (5.8.11) to obtain

j�00.1/j � C
�
ˇ1=6�

1=2

ˇ
k�0k2 C ˇ

�1=3
kf k2

�
: (5.8.17)
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Step 3: Given some �0 > 0, we estimate QvD and Qv0D under the additional assumption
� � ��0. We begin by recalling (5.4.22), which is still valid in the present case and
reads

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C �

�3=4

ˇ
ˇ1=2k�k1;2

�
C �

�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C .�ˇ;C C 1/ k QvDk

2
2

�
:

Observing that �ˇ;C � ˇ1=2, where �ˇ;C is given by (3.1.26), we conclude that

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C �

�3=4

ˇ
ˇ1=2k�k1;2

�
C �

�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C ˇ

1=2
k QvDk

2
2

�
: (5.8.18)

By (5.8.14), (5.8.15), and (5.8.17) it holds that

k QvDk2 � C
�
ˇ�2=3kf k2 C �

1=2

ˇ
k�0k2

�
: (5.8.19)

Substituting (5.8.19) into (5.8.18) then yields that for given �0 > 0 there exists C > 0
such that for ��0 � � � ˇ�1=2 it holds that

k Qv0Dk2 � C
�
ˇ�1=4kf k2 C ˇ

5=12
k�k1;2

�
: (5.8.20)

Step 4: We estimate kvDk1 under the assumptions of Step 3. We begin by estimating
the L2-norm of gD C .U C i�/f using (5.8.5). By (5.4.14), (5.4.18), and (5.4.27),
it holds that

k.U C i�/�00.1/ Ogk C k.U 00�/00k � C
�
ˇ1=4k�k1;2 C ˇ

�7=12
kf k2

�
: (5.8.21)

Substituting (5.8.21) together with (5.8.16), (5.8.19), and (5.8.20) into (5.8.5)
yields

kgD C .U C i�/f k2 � C
�
ˇ�1=4kf k2 C ˇ

5=12
k�k1;2

�
: (5.8.22)

Since, by a Sobolev embedding, we have

k.LN
ˇ � ˇ�/

�1.U � �/f k1

�




 d
dx
.LN

ˇ � ˇ�/
�1.U � �/f




1=2
2
k.LN

ˇ � ˇ�/
�1.U � �/f k

1=2
2 ;

we can conclude from (3.3.10) and (3.3.11) that

k.LN
ˇ � ˇ�/

�1.U � �/f k1 � Cˇ
�3=4
kf k2: (5.8.23)

Furthermore, by (3.1.3) (for �‡ˇ�1=3 � � � ˇ�1=2) or (3.1.84) and (3.1.85) (for
��0 � � � �‡ˇ

�1=3) we obtain

k.LN
ˇ � ˇ�/

�1i�f k1 � Cˇ
�3=4
kf k2: (5.8.24)
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Consequently, by (5.8.23) and (5.8.24) we may infer that for � � ��0

k.LN
ˇ � ˇ�/

�1.U C i�/f k1 � Cˇ
�3=4
kf k2: (5.8.25)

By (5.8.22) and (3.1.3a) it holds that

k.LN
ˇ � ˇ�/

�1.gD C ŒU C i��f /k2 � C
�
ˇ�11=12kf k2 C ˇ

�1=4
k�k1;2

�
:

Furthermore, (5.8.22) and (3.1.3b) with p D 2 yield


 d
dx
.LN

ˇ � ˇ�/
�1.gD C ŒU C i��f /





2
� C

�
ˇ�7=12kf k2 C ˇ

1=12
k�k1;2

�
:

Hence, by Sobolev’s embeddings

k.LN
ˇ � ˇ�/

�1.gDC ŒU C i��f /k1 �C
�
ˇ�3=4kf k2C ˇ

�1=12
k�k1;2

�
: (5.8.26)

In view of (5.8.4) we may combine (5.8.26) with (5.8.25) to obtain, for � > ��0 that

kvDk1 � C
�
ˇ�3=4kf k2 C ˇ

�1=12
k�k1;2

�
: (5.8.27)

Step 5. We prove (5.8.2). Recall from (5.8.1) that � � ˇ�1=2 and j�j � y�0 < U.0/.

Step 5a. With �0 > 0, we prove (5.8.2) for j�j � y�0 and for � satisfying

� 2 .��0;�e
�ˇ1=24/ [ .e�ˇ

1=24

; ˇ�1=2/: (5.8.28)

Set
v D A�;0� D �.U C i�/�

00
C U 00�;

and note from (5.4.2) (with ˛ D 0) that

v D vD � �
00.1/.U C i�/ y :

An integration by parts yields Z 1

0

v dx D 0;

and hence by (2.4.1) and (2.4.23) it holds that

k�0k2 � C
�
kvDk1Œ1C log j�j�1�C j�00.1/jk y k1

�
:

By (5.2.2), (5.8.17), and (5.8.27), we obtain for j�j < �0 that

k�0k2 � C.ˇ
�1=24

k�0k2 C ˇ
�2=3
kf k2/:

For sufficiently large ˇ0 we obtain for ˇ � ˇ0

k�k1;2 � C ˇ
�2=3
kf k2: (5.8.29)

To obtain an estimate for k�00k2 we use (5.8.16) to obtain

k�00k2 � C�
1=2

ˇ
ˇ�2=3kf k2: (5.8.30)
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Step 5b. With 0 < y�0 < U.0/, we prove (5.8.2) for j�j � y�0 and j�j � e�ˇ
1=24

.
Here, we write for some 0 < z� � 1=2

B
N;D

�Cz�ˇ�1=2;0;ˇ
� D �ˇ1=2 z��00 C f: (5.8.31)

Note that � C z�ˇ�1=2 meets the assumptions of Step 5a, and hence, we can use
(5.8.30) to obtain

k�00k2 � C.z��
1=2

ˇ
ˇ�1=6k�00k2 C ˇ

�2=3
kf k2/:

For sufficiently small z� and sufficiently large ˇ0 we obtain (5.8.30) once again. Con-
sequently,

k � ˇ1=2 z��00 C f k2 � Ckf k2:

Hence, we can apply (5.8.29) once again to (5.8.31) to establish (5.8.29) for j�j �
e�ˇ

1=24
.

Step 5c. With 0 < y�0 < U.0/, we prove that there exists �0 > 0 such that (5.8.2)
holds for � � ��0 and j�j < O�0. Since � < 0, we have, after two integrations by
parts,

<h�;B�;0;ˇ�i D k�
00
k
2
2 C j�jˇ k�

0
k
2
2 C ˇ=hU

0�; �0i: (5.8.32)

Consequently, using Poincaré’s inequality, we obtain

k�0k2 �
C

j�j
.ˇ�1kf k2 C k�

0
k2/:

For sufficiently large �0 and ˇ0 we can then conclude

k�0k2 �
C

j�jˇ
kf k2:

Using (5.8.16) completes the proof of (5.8.2).

Using a perturbation argument we now obtain the following proposition.

Proposition 5.8.2. Let 0 < y�0 < U.0/. Under the conditions of Proposition 5.8.1
there exist C > 0, y̨0 > 0, and ˇ0 > 0 such that for all ˇ � ˇ0 it holds that

sup
˛<y̨0ˇ

�1=6

j�j<y�0
�<ˇ�1=2



.BN;D
�;˛;ˇ

/�1


C 

 d

dx
.B

N;D
�;˛;ˇ

/�1


 � Cˇ�2=3: (5.8.33)
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Proof. Let .�; f / 2 D.BN;D
�;˛;ˇ

/ � L2.0; 1/ satisfy B
N;D
�;˛;ˇ

� D f . We then write

B
N;D
�;0;ˇ

� D �˛2
�
�
d2

dx2
C iˇ.U C i�/

�
� C f: (5.8.34)

By (5.8.2) we obtain that

k�00k2 � C Œy̨
2
0�
1=2

ˇ
.ˇ�1k�00k2 C k�k2/C �

1=2

ˇ
ˇ�2=3kf k2�:

Hence, for sufficiently large ˇ we obtain that

k�00k2 � C
�
y̨
2
0ˇ

1=6
k�k2 C ˇ

�1=2
kf k2

�
:

We can thus conclude that


� � d2

dx2
C iˇ.U C i�/

�
�




2
� C

�
ˇk�k2 C ˇ

�1=2
kf k2

�
:

By (5.8.2) and (5.8.34) we then obtain

k�k1;2 � C
�
y̨
2
0k�k2 C ˇ

�2=3
kf k2

�
:

For sufficiently small y̨0 we may now conclude (5.8.33).

5.9 Some auxiliary results

This section is devoted to the proof of two auxiliary results which will become useful
in the next two sections.

Lemma 5.9.1. Let U 2 C 4.0; 1/ satisfy (2.1.3). Let further �0 and �1 denote positive
constants. There exist positive ˇ0, ‡ , ˛1, and C such that, for � D �C i�, where �
and � satisfy �1 < � < U.0/C �0ˇ�1=2 and � < ‡ˇ�1=2, ˇ > ˇ0, 0 � ˛ � ˛1ˇ1=3,
and any .�; f / 2 D.BN;D

�;˛;ˇ
/ � L2.0; 1/ satisfying B

N;D
�;˛;ˇ

� D f , it holds that

j�00.1/j � C
�
ˇ�1=3Œˇ�1=4 C x� �

�5=6
kf k2

C ˇ1=2
h
ˇ�1=4 C

x�

log.1C x�ˇ1=4/

i�1
j�.x�/j

C ˇ1=2Œˇ�1=4 C x� �
�1=2
k�0k2

�
; (5.9.1)

where x� is defined by (2.4.5).

Proof. Consider first the case U.0/ � �1ˇ�1=2 < � < U.0/ C �0ˇ
�1=2 for some

�1 > 0. In this case we have x� � Cˇ�1=4. As in the proof of (5.4.14) we use the
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L.L2; L1/ estimate of (4.3.3) applied to f D iˇU 00�.x�/ and (4.3.4) applied to
iˇU 00.� � �.x�//. We obtain

j�00.1/j � C
�
ˇ�1=8kf k2 C ˇ

3=4
j�.x�/j C ˇ

5=8
k�0k2

�
:

For �1 < � < U.0/ � �1ˇ�1=2 with sufficiently large �1 and ˇ0, we use (4.2.4) and
(4.2.7), applied to the pair .�00 � ˛2�; iˇU 00� C f / using the decomposition

iˇU 00� D iˇU 00.� � �.x�//C iˇU
00�.x�/

and Hardy’s inequality, to obtain

j�00.1/j

� C
�
ˇ�1=3x�5=6� kf k2 C ˇ

1=2x�1� log.1C x�ˇ1=4/j�.x�/j C ˇ1=2x�1=2� k�0k2
�
:

Combining the above pair of inequalities yields (5.9.1).

Lemma 5.9.2. Let U 2 C 4.0; 1/ satisfy (2.1.3) and �0, ‡ and �1 denote positive
constants. Let further

Lx�.‡; ˇ/ D

´
min.‡��1=2

ˇ;C
; ˇ�1=8/ � > 0;

ˇ�1=8 � < 0;
(5.9.2)

where �ˇ;C is defined by (3.1.26). Suppose that � D �C i�, where ˇ�1 < j�j, � <
‡ˇ�1=2, �1 < � < U.0/C �0ˇ�1=2 and

x� < Lx�.‡; ˇ/; (5.9.3)

where x� is defined by (2.4.5). Then, there exist positive ‡0, ˇ0, and C such that for
all ˇ > ˇ0 and ‡ < ‡0 it holds that

k QvDk2 � C
h
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ‡3=2ˇ3=16/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

i
(5.9.4)

in which QvD is given by (5.4.6).

Proof. Let ı WD ı.ˇ; ‡/ 2 .0; 1=4/ be much greater than ˇ�1=4. More precisely, we
introduce for sufficiently small ‡ and ˇ � ˇ0.‡/ with ˇ0.‡/ large enough

ı.ˇ;‡/ WD

´
min.‡1=4��1=2

ˇ;C
; ‡�1ˇ�1=8/ � > 0;

‡�1ˇ�1=8 � < 0:
(5.9.5)

Recall the definition of � 2 C10 .R; Œ0; 1�/ from (2.6.20)

�.x/ D

´
1 x < 1=2;

0 x > 3=4:
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We further set �ı.x/ D �.x=ı/, and Q�ı D 1 � �ı . Note that �ı is supported in
.0; 3ı=4/ and that Q�ı is supported in Œı=2;C1/.

Step 1: We estimate Q�ı QvD. Using (5.4.7) we now write

.L
N;D
ˇ
� ˇ�/. Q�ı QvD/ D fı C iˇU

00
Q�ı �; (5.9.6a)

where

fı D 2ı
�1
Q�0.�=ı/ Qv0D C ı

�2
Q�00.�=ı/ QvD C Q�ı Œ�f C �

00.1/ Og�: (5.9.6b)

Setting 
 D 2�1ˇ�1=4ı�1 and v D Q�ı QvD in (3.2.11) yields

ˇk jU � �j1=2 Q�ı QvDk
2
2 � k Q�ı QvDk2 kfık2

C Cˇ k jU � �j1=2 Q�ı QvDk2.k�
0
k2 C k.U � �/

�1=2
Q�ık j�.x�/j/; (5.9.7)

where we have used the identities Q�ı�
 D Q�ı and Q�ı�0
 D 0, and the inequality (rely-
ing on Hardy’s inequality)

jh Q�ı QvD; Q�ı Œ.� � �.x�//C �.x�/�ij

� CkjU � �j1=2 Q�ı QvDk2.k�
0
k2 C k.U � �/

�1=2
Q�ık j�.x�/j/:

Since by (5.9.3) and (5.9.5) there exist positive C and yC such that

.U.0/ � �/C � Cx
2
� �
yC‡3=2ı2;

we have, for sufficiently small ‡ , the existence of zC > 0 such that

jU � �j1=2 Q�ı �
1

zC
ı Q�ı : (5.9.8)

Hence, by (5.9.7) and (5.9.8),

k jU � �j1=2 Q�ı QvDk
2
2 � ˇ

�1
k Q�ı QvDk2 kfık2 C C.k�

0
k
2
2 C ı

�1
j�.x�/j

2/; (5.9.9)

which implies, using again (5.9.8),

k Q�ı QvDk2 � C
�
.ı2ˇ/�1 kfık2 C ı

�1
k�0k2 C ı

�3=2
j�.x�/j

�
: (5.9.10)

Consequently, by (5.9.6b) and (5.4.19)

k Q�ı QvDk2 � C
�
Œı2ˇ��1

�
ı�1k1Œı=2;ı� Qv0Dk2 C ı

�2
k1Œı=2;ı� QvDk2 C kf k2

�
C ı�3=2j�.x�/j C ı

�1
k�0k2 C ı

�2ˇ�5=4j�00.1/j
�
: (5.9.11)

Substituting (5.10.13) into (5.9.11) yields in view of (5.9.5) (note that ı2�ˇ;C �
‡1=2)

k Q�ı QvDk
2
2 � C

�
Œı2ˇ��2

�
ı�2k1Œı=2;ı� Qv0Dk

2
2 C ı

�4
k1Œı=2;ı� QvDk

2
2

�
C Œı2ˇ��2kf k22 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
: (5.9.12)
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Step 2: We estimate �2ı QvD. Taking the inner product of (5.4.7) with �2
2ı
.U 00/�1 QvD

we obtain (see also (5.4.8)) that

<h�22ı.U
00/�1 QvD; .L

N
ˇ � ˇ�/ QvD � iˇU

00�i

D kŒ�2ı.U
00/�1=2 QvD�

0
k
2
2 � kŒ�2ı.U

00/�1=2�0 QvDk
2
2 � ˇ� k�2ı.U

00/�1=2 QvDk
2
2

C ˇ<h�22ı�
00.1/ y ; i�i: (5.9.13)

As jU .3/�2ı j � Cı (given that U .3/.0/ D 0) we can conclude that

kŒ�2ı.U
00/�1=2 QvD�

0
k
2
2 �

1

C
kŒ�2ı QvD�

0
k
2
2 � Cı

2
k�2ı QvDk

2
2: (5.9.14)

Furthermore, as j.�2ı/0j � Cı�1 Q�ı , we obtain, using again the fact that U .3/.0/D 0,

kŒ�2ı.U
00/�1=2�0 QvDk

2
2 � C.ı

2
k�2ı QvDk

2
2 C ı

�2
k Q�ı QvDk

2
2/:

Substituting the above, together with (5.9.14) into (5.9.13), recalling that by (5.2.2)

ˇjh�22ı�
00.1/ y ; i�ij � ˇj�00.1/j k�0k2k.1 � x/

3 y k1 � Cˇ
�1
j�00.1/j k�0k2;

and that by (5.4.17), (5.2.2), (5.2.3), (4.2.10), and (4.2.17)

jh�2ı.U
00/�1 QvD; �

00.1/ Q�2ı Ogij � Cˇ
�3=4
k�2ı QvDk2j�

00.1/j

yields

kŒ�2ı QvD�
0
k
2
2 � C

�
‡�1ı2kf k22 C ˇ

�3=4
j�00.1/j k�2ı QvDk2

C .‡ı�2C�ˇ;C/k�2ı QvDk
2
2Cı

�2
k Q�ı QvDk

2
2Cˇ

�1
j�00.1/jk�0k2

�
:

By Poincaré’s inequality we have

k�2ı QvDk
2
2 � Cı

2
kŒ�2ı QvD�

0
k
2
2: (5.9.15)

Hence, in view of (5.9.5) and (5.9.15), we obtain for sufficiently small ‡

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2 �

C
�
‡�1ı4kf k22 C k Q�ı QvDk

2
2 C ˇ

�1ı2j�00.1/j.k�0k2 C ı
2ˇ�1=2j�00.1/j/

�
: (5.9.16)

Substituting (5.9.1) into (5.9.16) yields, in view of (5.9.5)

k�2ı QvDk
2
2Cı

2
kŒ�2ı QvD�

0
k
2
2 � C

�
‡�1ı4kf k22C.ˇ

�1=4ı2 C ı4/k�0k22Ck Q�ı QvDk
2
2

�
:

(5.9.17)
Combining (5.9.12) with (5.9.17), and (5.9.5) we obtain

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2 � C

�
‡�1ı4kf k22 C ı

�6ˇ�2k1Œı=2;ı� Qv0Dk
2
2

C ı�8ˇ�2k1Œı=2;ı� QvDk
2
2 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
: (5.9.18)
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As 1Œı=2;ı� � �2ı , and ı�8ˇ�2 � ‡�2ˇ2�4C C‡
8ˇ�1, where �C D max.�; 0/, we

obtain

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2

� C
�
‡�1ı4kf k22 C .‡

�2ˇ2�4C C ‡
8ˇ�1/ı2kŒ�2ı QvD�

0
k
2
2

C .‡�2ˇ2�4C C ‡
8ˇ�1/k�2ı QvDk

2
2 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
:

For sufficiently small ‡ and ˇ�10 we then conclude (as ‡�2ˇ2�4C � ‡
2) that

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2 � C

�
‡�1ı4kf k22 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
:

(5.9.19)
Similarly, by (5.9.12) and (5.9.5) (note that ı�4ˇ�2 � .‡�2ˇ2�4C C ‡

8ˇ�1/ı4), it
holds that

k Q�ı QvDk
2
2 � C

�
.‡�2ˇ2�4C C ‡

8ˇ�1/ı2kŒ�2ı QvD�
0
k
2
2

C.‡�2ˇ�2�4CC‡
8ˇ�1/k�2ı QvDk

2
2C.‡

�2ˇ2�4CC‡
8ˇ�1/ı4kf k22

Cı�3j�.x�/j
2
C ı�2k�0k22

�
: (5.9.20)

Since �2ı C Q�ı > 1
C

we obtain from (5.9.19) and (5.9.20) (as ‡�1ı4 � C‡�5ˇ�1=2

by (5.9.5) and since j�j > ˇ�1) that for ‡ and ˇ�10 small enough

k QvDk2 � C
�
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ‡3=2ˇ3=16/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
;

which is precisely (5.9.4).

5.10 Resolvent estimates for j=� � U.0/j D O.ˇ�1=2/

We consider, for given positive �0, ˛1, � D �C i�, and some positive ‡ , the zone

E.˛1; ˇ0; ‡; �0/ WD

´
.�; ˛; ˇ/ 2 C �R2C; 0 � ˛ � ˛1ˇ

1=3; ˇ � ˇ0

� < ‡ˇ�1=2; U.0/ � �0ˇ
�1=2 � � � U.0/C �0ˇ

�1=2

µ
:

(5.10.1)

Proposition 5.10.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and U .3/.0/ D 0. Let further
˛1 > 0 and �0 > 0. Then, there exist positive ‡ , ˇ0 and C , such that for .�; ˛; ˇ/ 2
E.˛1; ˇ0; ‡; �0/, it holds

max.1; j�ˇj1=4/
�

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



� � Cˇ�3=8: (5.10.2)
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Proof. Step 1: Preliminaries. We follow the same outlines as in the proof of Proposi-
tion 5.4.1. Nevertheless, given that j� � U.0/j � O.ˇ�1=2/, we need to address here
the quadratic behavior of U.x/ � U.0/ in the vicinity of x D 0 (see Section 3.2 for
instance).

Let QvD be given by (5.4.6). For the convenience of the reader, we repeat (5.4.8),
which reads

<h.U 00/�1 QvD; .L
N
ˇ � ˇ�/ QvD C iˇU

00�i

D k.U 00/�1=2 Qv0Dk
2
2 C<h

�
.U 00/�1

�0
QvD; Qv

0
Di

� ˇ�k.U 00/�1=2 QvDk
2
2 C ˇ<h�

00.1/ y ; i�i; (5.10.3)

where y D y �;ˇ is introduced in (5.2.1) and � 2D.BN;D
�;˛;ˇ

/ satisfies for f 2L2.0;1/

B
N;D
�;˛;ˇ

� D f:

We begin by estimating the last term on the right-hand side of (5.10.3). For technical
reasons we distinguish between the case �<��0 (for some sufficiently small �0>0)
and � > ��0.

Step 2: We estimate <h�00.1/ y ; i�i for � � ��0. As in Step 2 of the proof of Pro-
position 5.4.1 we write

�.x/ D

Z 1

x

.� � x/�00.�/ d� D �00.1/w C

Z 1

x

.� � x/Œ�00.�/ � �00.1/ y .�/� d�;

where

w.x/ D

Z 1

x

.� � x/ y .�/ d�:

Then we write

<h�00.1/ y ; i�i D �j�00.1/j2=h y ;wi C <h�00.1/ y ; i.� � �00.1/w/i: (5.10.4)

For the first term on the right-hand side we write, using the fact that w00 D y , and
integration by parts,

=h y ;wi D =hw00; wi D �=¹ Nw0.0/w.0/º: (5.10.5)

We now use [3, Proposition A.1] to obtain the following improvement of (5.2.2):

y .x/ D e�ˇ
1=2.��/1=2.1�x/

C y 1.x/; (5.10.6)

where
k y 1k1 C ˇ

1=2
k.1 � x/ y 1k1 � Cˇ

�1: (5.10.7)
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Next, we write, using (5.10.1), (5.10.6), (5.10.7)

Nw0.0/ D �

Z 1

0

y .�/ d� D �

Z 1

0

Œe�ˇ
1=2.�N�/1=2.1��/

C y 1.�/� d�

D �
1

.�ˇ N�/1=2
CO.ˇ�1/

D �
e�i�=4ˇ�1=2

ŒU.0/�1=2
Œ1CO.j�j1=2/�CO.ˇ�1/: (5.10.8)

To obtain (5.10.8) we used the identitiesZ 1

0

e�ˇ
1=2.�N�/1=2.1�x/dx D ˇ�1=2.�N�/�1=2.1 � e�ˇ

1=2.��/1=2/

and

ˇ�1=2.�Œ� � i��/�1=2 D e�i�=4ˇ�1=2.U.0/C Œ� � U.0/C i��/�1=2;

which shows the exponentially small behavior of e�ˇ
1=2.��/1=2 if �0 > 0 is chosen

small enough.
Furthermore, it holds that

w.0/ D

Z 1

0

� y .�/ d� D �w0.0/ �

Z 1

0

.1 � �/ y .�/ d�;

which implies by (5.2.2), (5.10.6), and (5.10.7)

w.0/ D �w0.0/ �
iˇ�1

U.0/
Œ1CO.j�j1=2/�CO.ˇ�3=2/: (5.10.9)

Combining (5.10.8) and (5.10.9) yields

=¹ Nw0.0/w.0/º D
ˇ�3=2

ŒU.0/�3=2
p
2
Œ1CO.j�j1=2/�CO.ˇ�2/: (5.10.10)

Substituting (5.10.10) into (5.10.5) yields

ˇ<h y ; iwi D
ˇ�1=2

ŒU.0/�3=2
p
2
Œ1CO.j�j1=2/�CO.ˇ�1/:

For sufficiently large ˇ0 and sufficiently small �0, ˇ<h y ; iwi is positive and hence,
by (5.10.4) we can conclude that

<h�00.1/ y ; i�i � <h�00.1/ y ; i.� � �00.1/w/i: (5.10.11)
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As in the proof of Proposition 5.4.1 (Step 2) we now apply (5.4.11), recalling that
˛ � ˛1ˇ

1=3, to obtain (note that �ˇ � 1
2
jU.0/jˇ1=3 by (5.10.1))

ˇ<h�00.1/ y ; i�i � �C ˇ�1=6�
�7=4

ˇ
j�00.1/j.k Qv0Dk2 C ˇ

2=3
k�0k2/

� � yCˇ�3=4j�00.1/j.k Qv0Dk2 C ˇ
2=3
k�0k2/: (5.10.12)

Let x� be defined by (2.4.5). By the assumption on � it holds that

x� � Cˇ
�1=4:

Hence, by (5.9.1)

j�00.1/j � C
�
ˇ�1=8kf k2 C ˇ

3=4
j�.x�/j C ˇ

5=8
k�0k2

�
; (5.10.13)

from which we conclude

ˇ<h�00.1/ y ;i�i � �C .k�k1;2 C ˇ
�7=8
kf k2/.k Qv

0
Dk2 C ˇ

2=3
k�0k2/: (5.10.14)

Step 3: We estimate QvD and Qv0D. Here, we follow the Steps 4 and 5 in the proof of
Proposition 5.4.1 with (5.4.15) replaced by (5.10.13).

By (3.2.1a), (5.4.7), (5.4.19), and (5.10.13), we obtain (compare with (5.4.24))
that

k QvDk2 � C.ˇ
1=4
k�0k2 C ˇ

3=8
j�.x�/j C ˇ

�1=2
kf k2/: (5.10.15)

Substituting (5.10.15), together with (5.10.13), (5.10.14), and (5.4.19), into (5.4.20)
yields

1

C
k Qv0Dk

2
2

� .ˇ1=4k�0k2Cˇ
3=8
j�.x�/j C ˇ

�1=2
kf k2/.kf k2Cˇ

3=8
k�0k2Cˇ

1=2
j�.x�/j/

C .1C �ˇ;C/.ˇ
1=4
k�0k2 C ˇ

3=8
j�.x�/j C ˇ

�1=2
kf k2/

2

C .k�k1;2 C ˇ
�7=8
kf k2/.k Qv

0
Dk2 C ˇ

2=3
k�0k2/:

Hence,

k Qv0Dk2 � C
�
.ˇ1=8 C �

1=2

ˇ;C
/.ˇ1=4k�0k2 C ˇ

3=8
j�.x�/j/C ˇ

�1=8
kf k2

�
: (5.10.16)

Recall that
�ˇ;C D ˇ�C D ˇmax.�; 0/:

Since (5.10.16) is unsatisfactory, given that the coefficient ofˇ1=4k�0k2Cˇ3=8j�.x�/j
is not necessarily small, as will become clear in the sequel, we obtain an improved
estimate in the next step.
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Step 4. For j�j > ˇ�1 we prove under the assumptions of the proposition that

k�00 � �00.1/ y k2 � C
�
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ˇ1=3/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
: (5.10.17)

Using the definition of QvD given in (5.4.6), an integration by parts yields

h��00 C �00.1/ y ; QvDi D k�
00
� �00.1/ y k22 C ˛

2
k�0k22 C h�

00.1/ y ; ˛2�i: (5.10.18)

By (5.2.2) for s D 1=2 and (5.10.13) it holds that

jh�00.1/ y ; ˛2�ij � ˛2j�00.1/j k.1 � x/1=2 y k1 k�
0
k2

� C˛2
�
ˇ�7=8kf k2 C j�.x�/j C ˇ

�1=8
k�0k2

�
k�0k2:

Substituting the above into (5.10.18) yields for sufficiently large ˇ0

k�00 � �00.1/ y k22 C ˛
2
k�0k22

� k � �00C�00.1/ y k2k QvDk2CC˛
2
�
ˇ�7=8kf k2Cj�.x�/jCˇ

�1=8
k�0k2

�
k�0k2:

For sufficiently large ˇ0 we then obtain that

k�00 � �00.1/ y k22 � C
�
k QvDk

2
2 C ˛

2.ˇ�7=4kf k22 C j�.x�/j
2/
�
: (5.10.19)

We now obtain (5.10.17) from (5.9.4) and the fact that ˛ � ˛1ˇ1=3.

Step 5. We estimate kvDk1 under the assumption of the proposition and the addi-
tional conditions j�j > ˇ�1 and � � ��0.

Let vD be given by (5.4.2). For the convenience of the reader we recall here
(5.4.4)

.L
N;D
ˇ
� ˇ�/vD D gD; (5.10.20a)

where (after reordering)

gD D .U C i�/.�f C �
00.1/ Og/ � 2U 0 Qv0D � U

00�00.1/ y 

C U 00.Œ�00.1/ y � �00� � QvD/ � 2U
.3/�0 � U .4/�: (5.10.20b)

Next, we obtain a bound for k.LN;D
ˇ
� ˇ�/�1gDk1 by separately estimating the

contribution of each of the six terms on the right-hand side of (5.10.20b).
To obtain the L1 estimates we repeatedly use the following Sobolev embedding

inequality
kvDk1 � kvDk

1=2
2 kv

0
Dk

1=2
2 : (5.10.21)
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Writing .U C i�/ D .U � �/C i� we obtain by (3.1.84)–(3.1.85) (for � < 0),
(3.2.1a) (for � > 0), and (3.3.35), that

k.L
N;D
ˇ
� ˇ�/�1.U C i�/.�f C �00.1/ Og/k1

� C
�
ˇ�3=4 C j�j1=4ˇ�3=4 C �Cˇ

�3=8
��
kf k2 C j�

00.1/j k Ogk2
�
:

Since ��0 < � < ‡ˇ�1=2, we obtain

k.L
N;D
ˇ
� ˇ�/�1.U C i�/.�f C �00.1/ Og/k1 � Cˇ

�3=4.kf k2 C j�
00.1/j k Ogk2/:

(5.10.22a)
Using (3.2.1a) and (3.2.1b) we obtain, recalling that, for j� � U.0/j � �0ˇ�1=2, we
have x� � Cˇ�1=4,

k.L
N;D
ˇ
� ˇ�/�1.U 0 Qv0D/k1

D k.L
N;D
ˇ
� ˇ�/�1.U 0.x�//C .U

0.x/ � U 0.x�// Qv
0
Dk1

� C
�
x�ˇ

�3=8
C ˇ�5=8

�
k Qv0Dk2 �

yCˇ�5=8k Qv0Dk2: (5.10.22b)

By (4.6.3) and (3.2.1a) we have

k.L
N;D
ˇ
� ˇ�/�1.�00.1/U 00 y /k1

D k.L
N;D
ˇ
� ˇ�/�1�00.1/ŒU 00.1/C .U 00.x/ � U 00.1//� y k1

� C
�
ˇ�1 C ˇ�3=8k.1 � x/ y k2

�
j�00.1/j:

By (4.2.10), (4.2.16), and (4.6.1) it holds that

k.1 � x/k y k2 � C �
�.1C2k/=4

ˇ
ˇ�.1C2k/=6: (5.10.22c)

Using (5.10.22c) with k D 1 yields

k.L
N;D
ˇ
� ˇ�/�1.�00.1/U 00 y /k1 � Cˇ

�1
j�00.1/j: (5.10.22d)

For the next term we use (3.2.1a) and (3.2.1b) to obtain that

k.L
N;D
ˇ
�ˇ�/�1U 00.Œ�00.1/ y ��00� � QvD/k1�Cˇ

�3=8
�
k�00.1/ y ��00k2CkQvDk2

�
:

We then use (5.9.4) and (5.10.17) to obtain that

k.L
N;D
ˇ
� ˇ�/�1U 00.Œ�00.1/ y � �00� � QvD/k1

� Cˇ�3=8
�
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ˇ1=3/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
: (5.10.22e)

As by (5.4.6)
�00.1/ y � �00 � QvD D ˛

2�;
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we may also write

k.L
N;D
ˇ
� ˇ�/�1U 00.Œ�00.1/ y � �00� � QvD/k1 D k.L

N;D
ˇ
� ˇ�/�1U 00˛2�k1

� k.L
N;D
ˇ
� ˇ�/�1U 00˛2Œ�.x�/�k1 C k.L

N;D
ˇ
� ˇ�/�1U 00˛2Œ� � �.x�/�k1:

Then we use (3.2.1a) and (3.2.1b) together with Hardy’s inequality for the second
term to obtain,

k.L
N;D
ˇ
� ˇ�/�1U 00˛2�k1 � C˛

2ˇ�1=2
�
j�.x�/j C ˇ

�1=8
k�0k2

�
: (5.10.22f)

In the sequel we use (5.10.22e) for ˛ � ˇ1=8 and (5.10.22f) for ˛ < ˇ1=8.
We estimate the next term as in (5.10.22a) (as jU .3/.x/j � Cx):

k.L
N;D
ˇ
� ˇ�/�1.2U .3/�0/k1 � C ˇ

�5=8
k�0k2: (5.10.22g)

Finally, we estimate the last term as in (5.10.22e):

k.L
N;D
ˇ
� ˇ�/�1.2U .4/�/k1 � Cˇ

�1=2.j�.x�/j C ˇ
�1=8
k�0k2/: (5.10.22h)

Combining (5.10.22a)–(5.10.22h) then yields

kvDk1 � C
�
ˇ�3=4
.˛; ˇ/kf k2 C ˇ

�3=4
j�00.1/j ¹k Ogk2 C ˇ

�1=4
º C ˇ�5=8k Qv0Dk2

C .Œˇ‡��3=8�
3=4

C;ˇ
Cˇ�1=24/j�.x�/jC.ˇ

�3=8�
1=2

C;ˇ
Cˇ�1=4/k�0k2

�
; (5.10.23)

where


.˛; ˇ/ D

´
1 ˛ < ˇ1=8;

‡�5=2ˇ1=8 ˛ � ˇ1=8:

Substituting (5.10.13), (5.10.16), (5.4.19), and (5.9.4) into (5.10.23), yields, with the
aid of (4.6.5)

kvDk1 . ˇ�3=4
.˛; ˇ/kf k2

C .Œˇ‡��3=8�
3=4

C;ˇ
C ˇ�1=24/j�.x�/j C .ˇ

�3=8�
1=2

C;ˇ
C ˇ�1=4/k�0k2:

By the assumption on �C, we may finally conclude

kvDk1 � C
�

.˛; ˇ/ˇ�3=4kf k2 C Œˇ

�1=4
C �

1=2
C ˇ1=8�k�k1;2 C Œˇ

�1=24

C �
3=8
C ˇ3=16�j�.x�/j

�
: (5.10.24)

Step 6. We prove (5.10.2) in the case � > ��0 and ˛ � ˛0ˇ1=8.
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Step 6a. Preliminaries. We continue as in the proof of [3, Lemma 8.8]. We first write,
as in (5.4.31)

� D �D C {�; (5.10.25a)

where

�D D A�1�;˛vD; {� D �A�1�;˛
�
ŒU C i���00.1/ y 

�
D ��00.1/��;˛;ˇ : (5.10.25b)

By Propositions 2.8.1 and 2.9.1, there exists (sufficiently small) C > 0 so that we can
use (2.8.47), for j�j � C x2� , and (2.9.14) for j�j � Cx2� , both holding for sufficiently
small �0. Hence, we can conclude that for any pair . Qv; Q�/ 2 W 1;p.0; 1/ �D.A�;˛/

satisfying Qv D A�;˛
Q�,

j Q�.x�/j
2
� C

�
j�j1=2

ˇ̌̌D
Q�;

Qv

U C i�

Eˇ̌̌
C x�




.1 � x/1=2 Qv

U C i�




2
1

�
: (5.10.26)

We apply the above inequality to the pair .�.U C i�/�00.1/ y ; {�/ to obtain

j {�.x�/j
2
� C j�00.1/j .j�j1=2jh{�; y ij C x� j�

00.1/jk.1 � x/1=2 y j21/:

Given that {�.1/ D 0 we write

jh�; y ij � k�0k2k.1 � x/
1=2 y k1 � C Œj�jˇ�

�3=4
k�0k2; (5.10.27)

to obtain, with the aid of (5.2.2) and (5.4.31),

jh{�; y ij � k{�0k2k.1 � x/
1=2 y k1 � C Œj�jˇ�

�3=4
k{�0k2; (5.10.28)

and consequently it holds that

j {�.x�/j
2
� yC .j�j1=2ˇ�3=4k{�0k2j�

00.1/j C x�ˇ
�3=2
j�00.1/j2/: (5.10.29)

Combining (5.10.29) with (5.10.13) yields

j {�.x�/j
2
� yC

�
j�j1=2k{�0k2 C x�

�
ˇ�7=8kf k2 C j�.x�/j C ˇ

�1=8
k�0k2

��
�
�
ˇ�7=8kf k2 C j�.x�/j C ˇ

�1=8
k�0k2

�
:

Since
j�j1=2k{�0k2j�.x�/j � C.ı

�2
j�jk{�0k22 C ı

2
j�.x�/j

2/

for any ı > 0 and x� < Cˇ�1=4, we can conclude that there exists C > 0 such that
for any ı > 0

j {�.x�/j � C
�
ı�1.j�j1=2 C ˇ�1=8/Œk{�0k2 C k�

0
Dk2�

C .ı C ˇ�1=8/Œj {�.x�/j C j�D.x�/j�C ı
�1ˇ�7=8kf k2

�
: (5.10.30)
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By applying to the pair .�D; vD/ (2.8.65) for U.0/ � �0ˇ�1=2 � � � U.0/ �
�0j�j, (2.9.29) for U.0/� �0min.j�j; ˇ�1=2/ � � � U.0/C �0min.j�j; ˇ�1=2/, and
(2.10.12) for U.0/C �0j�j � � � U.0/C �0ˇ�1=2, we obtain that

j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
kvDk1:

With the aid of (5.10.24) we then obtain

j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2CŒˇ

�1=4
C�

1=2
C ˇ1=8�k�k1;2CŒˇ

�1=24
C�

3=8
C ˇ3=16�j�.x�/j

�
;

(where �C is given by (3.3.20)), from which we conclude by (5.10.25) that

�Cj�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2 C .ˇ

�1=4
C �

1=2
C ˇ1=8/Œk{�0k2 C k�

0
Dk2�

C .ˇ�1=24 C �
3=8
C ˇ3=16/Œj {�.x�/j C j�D.x�/j�

�
: (5.10.31)

Combining (5.10.30) and (5.10.31) yields,

j {�.x�/j C j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�
Œˇ�1=24 C �

3=8
C ˇ3=16 C ı�Œj {�.x�/j C j�D.x�/j�

C Œˇ�1=4 C �
1=2
C ˇ1=8 C ı�1j�j1=2�Œk{�0k2 C k�

0
Dk2�

C 
.˛; ˇ/ˇ�3=4kf k2
�
: (5.10.32)

Step 6b. We prove the existence of ‡ > 0, �0 > 0, and ˇ0 > 0 such that (5.10.2)
holds for ‡�1ˇ�1 < � < ‡ˇ�1=2 or ��0 < � < �‡�1ˇ�1, with ˇ � ˇ0.

Let

ı D Oı
.�

1C log
max.x� ; j�j1=2/
j�j1=2

�
;

where Oı > 0 is independent of ˇ.
Note that for ˇ�1 < j�j < x2� , we have, for any s > 0,�

j�j1=2

x�

�s�
1C log

max.x� ; j�j1=2/
j�j1=2

�
� Cs: (5.10.33)

The above inequality implies (with sD 1), since x� �Cˇ�1=4, the existence of ˇ0>0
such that for all ˇ > ˇ0,

ı�1j�j1=2 � Cˇ�1=4: (5.10.34a)
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Furthermore, (5.10.34) with s D 1=2 leads to�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
3=8
C ˇ3=16 � C�

1=8
C x1=2� ˇ3=16 � yC‡1=8; (5.10.34b)

and with s D 1=12 to�
1C log

max.x� ; j�j1=2/
j�j1=2

�
ˇ�1=24 � Csˇ

�1=24.x�=j�j
1=2/s � yCˇ�1=48:

(5.10.34c)
Hence, we obtain from (5.10.32) and (5.10.34) that, for sufficiently small ‡ , Oı, and
�0 and sufficiently large ˇ0,

j {�.x�/j C j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2CŒˇ

�1=4
C �

1=2
C ˇ1=8Cj�j1=2�Œk{�0k2Ck�

0
Dk2�

�
: (5.10.35)

Next, we apply (2.8.1b), for U.0/� �0ˇ�1=2 � � � U.0/� �0j�j, (2.9.1) for U.0/�
�0min.j�j;ˇ�1=2/� � �U.0/C �0min.j�j;ˇ�1=2/, and (2.10.1) forU.0/C �0j�j�
� � U.0/ C �0ˇ

�1=2, for p D C1, to the pair .�D; vD/ to obtain that, for j�j >
‡�1ˇ�1,�

1C log
max.x� ; j�j1=2/
j�j1=2

�
k�0Dk2 � C j�j

�1=4
kvDk1: (5.10.36)

Note that while applying (2.8.1b) we have, since x2� >
1
C
j�j in this case, that

Œlog x�
j�j1=2

�2

x
1=2
�

� yC j�j�1=4:

Then (5.10.24) and (5.10.36) yield with the aid of (5.10.25a),

k�0Dk2 � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

��1�
j�j�1=4
.˛; ˇ/ˇ�3=4kf k2

C .j�j�1=4ˇ�1=4 C �
1=4
C ˇ1=8/Œk{�0k2 C k�

0
Dk2�

C .ˇ�1=24j�j�1=4 C �
1=8
C ˇ3=16/Œj {�.x�/j C j�D.x�/j�

�
: (5.10.37)

Substituting (5.10.35) into (5.10.37) yields

k�0Dk2 � C
�
j�j�1=4
.˛; ˇ/ˇ�3=4kf k2

C Œj�j�1=4ˇ�1=4C�
1=4
C ˇ1=8Cj�j1=4�Œk{�0k2Ck�

0
Dk2�

�
: (5.10.38)

We now use (2.9.13) for the pair .{�; �00.1/.U C i�/ y /, together with (5.10.28)
to obtain that

k{�0k2 � C Œ�jˇj�
�3=4
j�00.1/j: (5.10.39)
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Using (5.10.13), we deduce from (5.10.39) for sufficiently large ˇ0

k{�0k2 � C.Œj {�.x�/j C j�D.x�/j�C ˇ
�1=8Œk{�0k2 C k�

0
Dk2�C ˇ

�7=8
kf k2/:

(5.10.40)
We then obtain from (5.10.35)

k{�0k2 � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2CŒˇ

�1=4
C�

1=2
C ˇ1=8Cj�j1=2�Œk{�0k2Ck�

0
Dk2�

�
: (5.10.41)

To obtain the coefficient of kf k2, we set sD 1=2 in (5.10.33) to conclude for j�j<x2��
1C log

max.x� ; j�j1=2/
j�j1=2

�
� Cx1=2� j�j

�1=4
� zCˇ�1=4j�j�1=4 � yC j�j�1=4:

Hence, combining (5.10.41) with (5.10.38) yields

k{�0k2 C k�
0
Dk2 � C

�
j�j�1=4
.˛; ˇ/ˇ�3=4kf k2

C Œˇ�1=4 C �
1=2
C ˇ1=8 C j�j1=2�

�
1C log

max.x� ; j�j1=2/
j�j1=2

�
Œk{�0k2 C k�

0
Dk2�

�
:

Hence, with the aid of (5.10.34), we obtain that there exist ‡ > 0 and ˇ0 > 0 (so that
‡ C ˇ�10 is small enough) such that for either ‡�1ˇ�1 � � � ‡ˇ�1=2 or ��0 �
� � �‡�1ˇ�1 we have

k�0k2 � C j�j
�1=4
.˛; ˇ/ˇ�3=4kf k2 � yC
.˛; ˇ/ˇ

�1=2
kf k2: (5.10.42)

Combined with Poincaré’s inequality (5.10.42) yields (5.10.2).
In the next step we use a shifting argument and hence it is necessary to obtain

first an estimate for k�00 � ˛2�k2. By (5.10.35) and the first inequality of (5.10.42),
we obtain that

j�.x�/j � j{�.x�/j C j�D.x�/j � C
.˛; ˇ/ˇ
�3=4 logˇ kf k2: (5.10.43)

Substituting the first inequality of (5.10.42) and (5.10.43) into (5.10.15) yields

k QvDk2 � C 
.˛; ˇ/
�
ˇ�3=8 logˇ C j�j�1=4ˇ�1=2

�
kf k2: (5.10.44)

Consequently, by (5.4.6), (5.10.13), and (4.6.5) we obtain, from (5.10.42), (5.10.43)
and (5.10.44),

k�00 � ˛2�k2 � C
.˛; ˇ/
�
ˇ�1=4 logˇ C j�j�1=4ˇ�3=8

�
kf k2: (5.10.45)
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Hence, we have proven, under the additional condition that ˛ � ˇ1=8, that there exist
‡ > 0 and ˇ0 > 0 such that for all ˇ > ˇ0 and either ‡�1ˇ�1 � � � ‡ˇ�1=2 or
��0 � � � �‡

�1ˇ�1,

k�00 � ˛2�k2 � C Œˇ
�1=4 logˇ C j�j�1=4ˇ�3=8�kf k2: (5.10.46)

For ˛ � ˇ1=8 (5.10.45) is deficient (in this case 
.˛;ˇ/D ‡�5=2ˇ1=8), hence we
use (4.5.4) (with v D �00 � ˛2� and f replaced by f C iˇU 00�) instead of (5.10.13),
to obtain that

j�00.1/j � Cˇ7=16.k�k2 C ˇ
�1
kf k2/:

Then, with the aid of (5.10.44) and (4.6.5) we establish (5.10.46) for ˛ � ˇ1=8 as
well.

Step 6c. We prove (5.10.2) for j�j < ‡�1ˇ�1, where ‡ > 0 has been determined in
the previous step.

Here, we use a shifting argument. We begin by writing

B�C2‡�1ˇ�1;˛� D f C 2‡
�1.�00 � ˛2�/; (5.10.47)

and observe that O� WD �C 2‡�1ˇ�1 satisfies the assumptions of Step 6b. We then
have by (5.10.46), with � replaced by O�,

k�00 � ˛2�k2 � C.ˇ
�1=8
C y��1=4ˇ�3=8/Œk�00 � ˛2�k2 C kf k2�:

Consequently,
k�00 � ˛2�k2 � Cˇ

�1=8
kf k2:

We now apply (5.10.42) to (5.10.47) to obtain, with the aid of the above inequality,

k�0k2 � C
.˛; ˇ/ˇ
�1=2.kf k2 C k�

00
� ˛2�k2/ � yC
.˛; ˇ/ˇ

�1=2
kf k2:

Combining the above with Poincaré’s inequality yields (5.10.2).

Step 7: The case � � ��0. Here, we use (4.4.3), applied to the pair .�00 � ˛2�; f C
iˇU 00�/, and (1.1.7b) to obtain that

j�00.1/j � C.ˇ1=2k�k2 C ˇ
�1=2
kf k2/: (5.10.48)

We then use (2.11.1) for the pair .{�; �00.1/.U C i�/ y /, together with (5.2.2) for
s D 1=2 to conclude

k{�0k2 � C j�ˇj
�3=4
j�00.1/j: (5.10.49)

From (5.10.48) and (5.10.49), we obtain, with the aid of Poincaré’s inequality, for
sufficiently large ˇ0

k{�0k2 � C
�
ˇ�1=4k�0Dk2 C ˇ

�5=4
kf k2

�
: (5.10.50)



The Orr–Sommerfeld operator 180

To estimate k�0Dk2 we apply (2.11.1) to the pair .�D; vD/ to obtain

k�0Dk2 � C kvDk2: (5.10.51)

We use (5.4.7), (5.10.48), (5.4.19), and (3.1.85), applied to the pair . QvD; iˇU
00� �

f C �00.1/ Og/, to obtain, that

k Qv0Dk2 � C j�j
�1=2

�
ˇ1=2k�0k2 C ˇ

�1=2
kf k2

�
: (5.10.52)

By (3.1.84) applied to the pair .vD; gD/ and (5.4.4) it holds that

kvDk2�
C

ˇj�j

�
.1Cj�j/.kf k2Cj�

00.1/jk Ogk2/CkQv
0
Dk2CkQvDk2Ck�

00
k2Ck�k1;2

�
:

(5.10.53)
To bound k�00k2 we use the identity

k�00k22 C ˛
2
k�0k22 D h�

00; �00 � ˛2�i; (5.10.54)

to obtain, with the aid of (5.4.6),

k�00k2 � kQvDk2 C j�
00.1/j k y k2: (5.10.55)

Consequently, we obtain from the substitution of (5.4.19), (5.10.52), (5.10.55), and
(4.6.5), into (5.10.53)

kvDk2 � C
�
ˇ�1=2k�0k2 C ˇ

�1
kf k2

�
: (5.10.56)

Next, we apply (5.10.51) and (5.10.56) to obtain

k�0Dk2 � CkvDk2 �
yC
�
ˇ�1=2k�0k2 C ˇ

�1
kf k2

�
:

Combining the above inequality with (5.10.50) yields

k�0k2 � C ˇ
�1
kf k2: (5.10.57)

The above inequality, combined with Poincaré’s inequality, completes the proof of
(5.11.2).

5.11 Resolvent estimates for ˇ�1=2 � U.0/ � � < U.0/ � U.1=2/

We now consider the case where ˇ�1=4 � x� < 1=2. More precisely, given some
positive ‡ and �1 < U.1=2/, we consider for suitable �2 > 0 and ˇ0 the zone

C1.�1; �2; ‡; ˛1; ˇ0/D

´
.�; ˛; ˇ/ 2 C �R2C; ˇ � ˇ0; � < ‡ˇ

�1=2

�1 � � � U.0/ � �2ˇ
�1=2; 0 � ˛ � ˛1ˇ

1=3

µ
; (5.11.1)

for some sufficiently small ˛1 > 0.
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Proposition 5.11.1. LetU 2C 4.Œ0;1�/ satisfy (2.1.3). Let further �1<U.1=2/ denote
a positive constant. Then, there exist ‡ > 0, ˛1 > 0, ˇ0 > 0, �2 > 0, and C > 0, such
that for .�; ˛; ˇ/ 2 C1.�1; �2; ‡; ˛1; ˇ0/ it holds that

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



 � C ˇ�1=2 logˇ: (5.11.2)

Proof. We refer to the notation introduced in (5.4.2)–(5.4.7) for vD, QvD and gD.

Step 1. We estimate QvD and Qv0D in L2 for � > ��0, for some, sufficiently small,
�0 > 0.

For the convenience of the reader we repeat here once again (5.4.8)

<h.U 00/�1 QvD; .L
N
ˇ � ˇ�/ QvD C iˇU

00�i

D k.U 00/�1=2 Qv0Dk
2
2 C<h..U

00/�1/0 QvD; Qv
0
Di � ˇ� k QvDk

2
2 C ˇ<h�

00.1/ y ; i�i:

As in (5.10.12) we obtain that

ˇ<h�00.1/ y ; i�i � �Cˇ�3=4j�00.1/j.k Qv0Dk2 C ˇ
2=3
k�0k2/: (5.11.3)

Let x� be defined by (2.4.5). Since by assumption we have x� � C�
1=2
2 ˇ�1=4 it holds

by (5.9.1) that, for sufficiently large �2

j�00.1/j � C
�
ˇ�1=3x�5=6� kf k2

C ˇ1=2x�1� log.ˇ1=4x�/j�.x�/j C ˇ1=2x�1=2� k�0k2
�
: (5.11.4)

For ˛ > ˇ1=6 we use (4.5.4) for the pair .�00 � ˛2�; f C iˇU 00�/ to obtain, with the
aid of Poincaré’s inequality, that

j�00.1/j � C˛�1=2.ˇ1=2k�0k2 C ˇ
�1=2
kf k2/ (5.11.5)

By substituting (5.11.4) into (5.11.3), we get

ˇ<h�00.1/ y ; i�i � �C
�
ˇ�1=4Œx�1=2� k�k1;2 C x

�1
� log.ˇ1=4x�/j�.x�/j�

C ˇ�13=12x�5=6� kf k2
��
k Qv0Dk2 C ˇ

2=3
k�0k2

�
: (5.11.6)

Next, by (5.4.7), (5.4.19), (5.11.4), (3.1.3a), and (3.3.10), we obtain, for the parameter
range set in (5.11.1), that (compare with (5.10.15))

k QvDk2 � C
�
x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j C Œˇx� �
�2=3
kf k2

�
: (5.11.7)
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Substituting (5.11.7) together with (5.11.6), (5.4.19), and (5.11.4) into (5.4.20) yields,
with the aid of (5.4.7)

1

C
k Qv0Dk

2
2

�
�
x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j C Œˇx� �
�2=3
kf k2

�
�
�
kf k2 C ˇ

1=4x�1=2� k�0k2 C ˇ
1=4x�1� log.ˇ1=4x�/j�.x�/j

�
Cmax.1; �ˇ/

�
x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j C Œˇx� �
�2=3
kf k2

�2
C
�
ˇ�1=4Œx�1=2� k�k1;2 C x

�1
� log.ˇ1=4x�/j�.x�/j�C ˇ�13=12x�5=6� kf k2

�
�
�
k Qv0Dk2 C ˇ

2=3
k�0k2

�
:

Hence,

k Qv0Dk2 � C
�
.ˇ1=8 C �

1=2
C ˇ1=2/.x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j/

C ˇ5=24x�1=4� k�0k2 C ˇ
�1=8
kf k2

�
: (5.11.8)

Step 2. We prove that

k�00 � �00.1/ y k2

� C
�
k QvDk2 C ˇ

�11=12x�5=6� kf k2 C ˇ
�1=12x�1� log.ˇ1=4x�/j�.x�/j

�
: (5.11.9)

Step 2.1: Prove (5.11.9) in the case 0 � ˛ � ˇ1=6. We write, as in Step 5 of the proof
of Proposition 5.10.1 and with the aid of (5.11.4) and (5.2.2) (with s D 1=2)

jh�00.1/ y ; ˛2�ij � ˛2j�00.1/j k.1 � x/1=2 y k1 k�
0
k2

� C˛2
�
ˇ�13=12x�5=6� kf k2 C ˇ

�1=4Œx�1� log.ˇ1=4x�/j�.x�/j

C x�1=2� k�0k2�
�
k�0k2: (5.11.10)

Substituting (5.11.10) into (5.10.18) yields

k�00 � �00.1/ y k22 C ˛
2
k�0k22

� k � �00 C �00.1/ y k2 k QvDk2 C C˛
2
�
ˇ�13=12x�5=6� kf k2

C ˇ�1=4Œx�1� log.ˇ1=4x�/j�.x�/j C x�1=2� k�0k2�
�
k�0k2:

For sufficiently large ˇ0 we then obtain, as x� > ˇ�1=4,

k�00 � �00.1/ y k2

� C
�
k QvDk2 C ˛.ˇ

�13=12x�5=6� kf k2 C ˇ
�1=4x�1� log.ˇ1=4x�/j�.x�/j/

�
:

For ˛ < ˇ1=6 (5.11.9) is readily verified.
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Step 2.2. We prove (5.11.9) in the case ˇ1=6 � ˛ � ˛1ˇ1=3. In this case, we obtain,
instead of (5.11.10), with the aid of (5.11.5) and again (5.2.2) (with s D 1=2) that

jh�00.1/ y ; ˛2�ij � C˛3=2
�
ˇ�5=4kf k2 C ˇ

�1=4
k�0k2

�
k�0k2:

Substituting the above into (5.10.18) yields, as above

k�00 � �00.1/ y k2 � C.k QvDk2 C ˇ
�7=6
kf k2/:

Consequently, (5.11.9) is valid also for ˇ1=6 � ˛ < ˛1ˇ1=3.

Step 3. We estimate vD in L1 for � � ��0. Let vD be given by (5.4.2). Recall that
by (5.10.20) .Lˇ � ˇ�/vD D gD. To obtain an estimate for kvDk1 we begin, as in
Step 6 in Proposition 5.10.1, by rewriting (5.10.20b) as the sum of five terms:

gD D Œ.U � �/.�f C �
00.1/ Og/�C Œi�.�f C �00.1/ Og/�

� Œ2.U 0 � U 0.x�// Qv
0
D�C Œ�2U

0.x�/ Qv
0
D � U

00.Œ�00 � �00.1/ y �C QvD/

� 2U .3/�0 � U .4/�� � ŒU 00�00.1/ y �: (5.11.11)

We separately estimate the contribution of each term on the right-hand side of equa-
tion (5.11.11), using the interpolation inequality (5.10.21). For the first term on the
right-hand side of (5.11.11), we apply (3.3.35) with f replaced by�f C �00.1/ Og. For
the second term, we use (3.1.3a), and (3.1.3b) with p D 2 (both valid for sufficiently
large �2) for �ˇ�1=2 � � < ‡ˇ�1=2 and (3.1.84)–(3.1.85) for the case � < �ˇ�1=2.
For the third term we use (3.3.10) and (3.3.11). For the fourth term we use (3.1.3) to
obtain

k.L
N;D
ˇ
� ˇ�/�1.U 0.x�/ Qv

0
D/k1 � C x� Œˇx� �

�1=2
k Qv0Dk2:

Finally, for the fifth term we use (4.6.3) as in the proof of (5.10.22d). Combining the
above yields for x� � C�

1=2
2 ˇ�1=4

kvDk1 � C
�
ˇ�3=4.kf k2 C j�

00.1/j k Ogk2/

C Œˇx� �
�1=2.k�k1;2 C k�

00
� �00.1/ y k2 C kQvDk2/

C ˇ�1=2x1=2� k Qv
0
Dk2 C ˇ

�1
j�00.1/j

�
:

Using (5.11.9) we then obtain

kvDk1 � C
�
ˇ�3=4.kf k2 C j�

00.1/j k Ogk2/

C Œˇx� �
�1=2.k�k1;2 C kQvDk2 C ˇ

�1=12x�1� log.ˇ1=4x�/ j�.x�/j/

C ˇ�1=2x1=2� k Qv
0
Dk2 C ˇ

�1
j�00.1/j

�
: (5.11.12)

For the estimate of k QvDk2 we use a combination of (5.9.4) and (5.11.7).
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Let Lx� WD Lx�.‡; ˇ/ be defined by (5.9.2). Then, there exists ‡ > 0 such that

k QvDk2 � C

8̂̂<̂
:̂
�
‡�5=2ˇ�1=4kf k2C.‡

�3=8�
3=4

C;ˇ
C‡3=2ˇ3=16/j�.x�/j

C.�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
x� < Lx�;�

x�1� k�
0k2 C ˇ

1=6x
�5=6
� j�.x�/j C Œˇx� �

�2=3kf k2
�

otherwise:
(5.11.13)

Thus, we set


.x� ; Lx�/ D

´
1 x� � Lx�;

0 x� < Lx�:

Substituting (5.11.4), (5.11.8), (5.11.13), (4.6.5), and (5.4.18) into (5.11.12) yields

kvDk1 � C
�
ˇ�5=8.x1=2� C ‡�5=2ˇ�1=8x�1=2� /kf k2

C Œ
.x� ; Lx�/ˇ
�1=3x�4=3� Cˇ�5=24x�1=3� C �

1=2
C ˇ1=6x�1=3� �j�.x�/j

C Œ
.x� ; Lx�/ˇ
�1=2x�3=2� C ˇ�3=8x�1=2� C ˇ�7=24x1=4� C �

1=2
C x�1=2� �k�k1;2

�
:

(5.11.14)

We now obtain an estimate of j�.x�/j (see (5.11.18) below).

Step 4. With, as in (5.10.25)

� D �D C {�; (5.11.15)

�D D A�1�;˛vDI {� D �A�1�;˛.ŒU C i���
00.1/ y / (5.11.16)

and

C2.�1; �2; ‡; ˛1; ˇ0; �0/

WD

²
.�; ˛; ˇ/ 2 C1

ˇ̌̌̌
ˇ�2 � j�j � ‡ˇ�1=2 or �

jU.0/ � �j

�0
< � < �‡ˇ�1=2

³
;

(5.11.17)

we prove that there exist C > 0, ‡0, and O�0 such that, for 0 < ‡ � ‡0 and �0 � O�0,
there exist O�2 D y�2.‡; �0/ and ˇ0 D ˇ0.‡; �0/ so that for �2 � y�2 and .�; ˛; ˇ/ 2
C2.�1; �2; ‡; ˛1; ˇ0; �0/ we have

j {�.x�/j C j�D.x�/j

� C log.j�j�1=2x�/
�
Œˇ�1=4 C 
.x� ; Lx�/ˇ

�1=2x�3=2� C �
1=2
C x�1=2� �k�0k2

C ˇ�5=8Œx1=2� C ‡�5=2ˇ�1=8x�1=2� �kf k2
�
: (5.11.18)

By (2.8.47) applied to the pair .{�;.ŒU C i���00.1/ y //, which holds for .�;˛;ˇ/2
C2.�1; �2; ‡; ˛1; ˇ0; �0/ when �2 � ‡�0, (5.11.4), and (5.2.2) for s D 1=2, we
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obtain that

j {�.x�/j � C x
1=2
� j�

00.1/jk.1 � x/1=2 y k1

� yC
�
ˇ�1=4k�0k2 C ˇ

�1=4x�1=2� log.ˇ1=4x�/j�.x�/j

C ˇ�13=12x�1=3� kf k2
�
: (5.11.19)

By (5.11.14) and (2.8.65) applied to the pair .�D; vD/, we obtain that

j�D.x�/j � C log
� x�

j�j1=2

��
ˇ�5=8.x1=2� C ‡�5=2ˇ�1=8x�1=2� /kf k2

C Œ
.x� ; Lx�/ˇ
�1=3x�4=3� C ˇ�5=24x�1=3� C �

1=2
C ˇ1=6x�1=3� �j�.x�/j

C Œ
.x� ; Lx�/ˇ
�1=2x�3=2� C ˇ�3=8x�1=2� C ˇ�7=24x1=4�

C �
1=2
C x�1=2� �k�k1;2

�
:

Combining the above yields, using the fact that ˇ�1=4 < x� < 1 and that j�j < �0

j {�.x�/j C j�D.x�/j

� C log.j�j�1=2x�/
�
Œˇ�1=4 C 
.x� ; Lx�/ˇ

�1=2x�3=2� C �
1=2
C x�1=2� �k�0k2

C
�
ˇ�1=4x�1=2� log.ˇ1=4x�/C 
.x� ; Lx�/ˇ�1=3x�4=3�

C ˇ�5=24x�1=3� C �
1=2
C ˇ1=6x�1=3�

�
j�.x�/j

C ˇ�5=8Œx1=2� C ‡�5=2ˇ�1=8x�1=2� �kf k2
�
: (5.11.20)

We proceed by showing that the coefficient of j�.x�/j on the right-hand side of
(5.11.20) can be made arbitrarily small by choosing �2 sufficiently large. We separ-
ately bound each term in the brackets.

For the second term we first observe that for x� > ‡�
�1=2
C ˇ�1=2, we have

log.j�j�1=2x�/ ˇ�1=3x�4=3� � log.‡�1x2�ˇ
1=2/Œˇ1=2x2� �

�2=3

� Œlog.x2�ˇ
1=2/C log.‡�1/�Œˇ1=2x2� �

�2=3
� C Œ�

�1=3
2 C log‡�1��2=32 �:

Furthermore, for ˇ0.�0/ large enough and .�; ˛; ˇ/ 2 C2.�1; �2; ‡; ˛1; ˇ0; �0/, it
holds that

j�j�1=2x� � ˇ: (5.11.21)

Hence, for x� > ˇ�1=8, we have

log.j�j�1=2x�/ˇ�1=3x�4=3� � ˇ�1=6 log.j�j�1=2x�/ � Cˇ�1=6 logˇ:

Combining the pair of estimates, we obtain

log.j�j�1=2x�/
.x� ; Lx�/ˇ�1=3x�4=3� � zC
�
�
�1=3
2 C log‡�1��2=32 C ˇ�1=6 logˇ

�
:

(5.11.22)
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For the third term, we write, assuming that �2‡ � 1 (which implies ��1=2C x� �
1
C
�
1=2
2 ‡1=2 for .�; ˛; ˇ/ 2 C2.�1; �2; ‡; ˛1; ˇ0; �0/),

log.j�j�1=2x�/�
1=2
C ˇ1=6x�1=3� D log.j�j�1=2x�/Œ�

�1=2
C x� �

�1=3�
1=3
C ˇ1=6

� C�
1=3
C ˇ1=6 � yC‡1=3:

For the first term we obtain with the aid of (5.11.21)

log.j�j�1=2x�/ˇ�1=4x�1=2� log.ˇ1=4x�/ � Cˇ�1=8 log2 ˇ:

We can now conclude (5.11.18).

Step 5. We prove that there exist C > 0, ‡0, and O�0 such that, for 0 < ‡ � ‡0 and
�0 � O�0, we have for some y�2 D y�2.‡; �0/ and ˇ0 D ˇ0.‡; �0/ that, for �2 � y�2 and
.�; ˛; ˇ/ 2 C2.�1; �2; ‡; ˛1; ˇ0; �0/, (5.11.2) holds true

We first use (2.8.1b) (which holds .�; ˛; ˇ/ 2 C2) applied to the pair .�D; vD/

and (5.11.14) to obtain that

k�0Dk2 � C log.j�j�1=2x�/
�
ˇ�5=8.1C ‡�5=2ˇ�1=8x�1� /kf k2

C Œ
.x� ; Lx�/ˇ
�1=3x�11=6� C ˇ�5=24x�5=6� C �

1=2
C ˇ1=6x�5=6� �j�.x�/j

C Œ
.x� ; Lx�/ˇ
�1=2x�2� C ˇ

�3=8x�1� C ˇ
�7=24x�1=4� C �

1=2
C x�1� �k�k1;2

�
:

(5.11.23)

Using (5.11.22) (which holds for .�; ˛; ˇ/ 2 C2), and the fact that ˇ�1=4 < x� ,
we write

log.j�j�1=2x�/
.x� ; Lx�/ˇ�1=2x�2�

� zCˇ�1=6x�2=3�

�
�
�1=3
2 C log‡�1��2=32 C ˇ�1=6 logˇ

�
� zC

�
�
�2=3
2 C log‡�1��12 C ˇ

�1=6 logˇ
�
: (5.11.24)

Substituting (5.11.18) and (5.11.24) into (5.11.23), we obtain the existence of C > 0

and ˇ0 > 0 such that for all ˇ > ˇ0 we have

k�0Dk2 � C
�

log.j�j�1=2x�/ˇ�1=2kf k2

C
�
ˇ�1=6x�2=3� Cˇ�1=8 logˇC��1=32 Clog‡�1��12 C‡

1=4
�
Œk{�0k2 C k�

0
Dk2�

�
:

(5.11.25)

Note that in the proof we repeatedly use the inequalities

.j�j�1=2x�/
�1=2 log.j�j�1=2x�/ � 1 (5.11.26)
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(which holds since j�j�1=2x� > 1 for sufficiently large �2), 1
yC
�
1=2
2 ˇ�1=4 < x� < 1

(which holds for some yC > 0), �C � ‡ˇ�1=2, and (5.11.21).
We now apply (2.8.46) (which holds for .�; ˛; ˇ/ 2 C2 with sufficiently large �2)

to the pair .{�; .ŒU C i���00.1/ y //, (5.2.2) for s D 1=2, and (5.11.4) as in (5.11.19)
to obtain that

k{�0k2 � C
�
ˇ�1=4x�1=2� k�0k2 C ˇ

�1=4x�1� j�.x�/j C ˇ
�13=12x�5=6� kf k2

�
:

(5.11.27)
By (5.11.21), (5.11.18), (5.11.24), and (5.11.26) we have

j�.x�/j �

C
�
¹ˇ�1=4 logˇ C x1=2� Œˇ�1=6 logˇ C ��2=32 C ��12 log‡�1�C ‡1=4ˇ�1=8ºk�0k2

C log.j�j�1=2x�/ˇ�5=8‡�5=2kf k2
�
:

Hence, for s � 1=2, we have

.ˇ�1=4x�1� /sj�.x�/j � C
�
.�
�2=3
2 C ‡1=4/ˇ�1=8k�0k2

C ˇ�5=8 logˇ ‡�5=2��1=22 kf k2
�
: (5.11.28)

By (5.11.27) and (5.11.28) for s D 1, we obtain

k{�0k2 � C.ˇ
�1=2 logˇkf k2 C ˇ�1=8k�0k2/: (5.11.29)

Combining (5.11.29) with (5.11.25) yields if .�;˛;ˇ/ 2C2.�1; �2;˛1;ˇ0;‡;�0; /

that there exist positive ˇ0 and C such that for all ˇ > ˇ0 (the reader is referred for a
precise description of the parameter space to the statement of step 4)

k�0k2 � k{�
0
k2 C k�

0
Dk2 � Cˇ

�1=2 logˇkf k2: (5.11.30)

Together with Poincaré’s inequality, (5.11.30) implies (5.11.2) under the assumptions
of Step 4.

To prove (5.11.2) in the next step for j�j < ˇ�2, we need to obtain an estimate
of k�00 � ˛2�k2 under the present condition on �. By (5.11.28) for s D 5=6 and
(5.11.30) we obtain under (5.11.17) that for some C > 0 (here and in the sequel the
explicit dependence of C D C.�0; ‡/ on .�0; ‡/ is of little concern)

x�5=6� j�.x�/j � Cˇ
�5=12 logˇ kf k2: (5.11.31)

Substituting (5.11.30) and (5.11.31) into (5.11.7) yields that

k QvDk2 � Cˇ
�1=4 logˇkf k2:
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Consequently, by (5.11.4), (5.4.6), (5.11.30), (5.11.31), and (4.6.5), it holds under the
assumptions and conclusions of Steps 4 and 5 that

k�00 � ˛2�k2 � kQvDk2 C j�
00.1/j k y k2

� Cˇ�1=8Œx�ˇ
1=4��1=6 log.x�ˇ1=4/ logˇkf k2

� Cˇ�1=8 logˇkf k2: (5.11.32)

Step 6: We prove (5.11.2) for j�j � ˇ�2. We begin by writing as in (5.10.47)

B�C2ˇ�2;˛� D f C 2ˇ
�1.�00 � ˛2�/; (5.11.33)

Hence, by (5.11.32) applied to the pair .�; f C 2ˇ�1.�00 � ˛2�// with � replaced by
�C 2ˇ�2, we have

k�00 � ˛2�k2 � C.ˇ
�9=8 logˇk�00 � ˛2�k2 C ˇ�1=8 logˇkf k2/:

Consequently, we obtain that

k�00 � ˛2�k2 � Cˇ
�1=8 logˇkf k2:

We now apply (5.11.2) to (5.11.33) to obtain

k�0k2 � Cˇ
�1=2 logˇ.kf k2 C ˇ�1k�00 � ˛2�k2/:

Hence,
k�0k2 � Cˇ

�1=2 logˇkf k2:

Step 7: We prove (5.11.2) in the case ��0 � � < �
U.0/��
�0

. We note for below that,
under the above assumption,

j�j >
1

C.�0/
�
1=2
2 ˇ�1=2: (5.11.34)

In this case, we can apply (4.4.13), by (5.4.13), to the pair .�00 � ˛2�; iˇU 00� C f /,
so that the L1 estimate is applied to iˇU 00� and the L2 estimate to f . We obtain

j�00.1/j � C.ˇ�1=2j�j�3=4kf k2 C ˇ
1=2
j�j�1=2k�k1/:

Hence, by (2.9.13) applied to the pair .{�; �00.1/.U C i�/ y / (see (5.10.27)) together
with (5.2.2) for s D 1=2 and (5.11.34), we obtain

k{�0k2 � C.j�j
�3=4ˇ�5=4kf k2 C ˇ

�1=4
j�j�1=2k�k1/

� yC.ˇ�7=8kf k2 C �
�1=4
2 k�0k2/:
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From the above we conclude, using Poincaré’s inequality, that for �2 large enough

k{�0k2 C j{�.x�/j � C.ˇ
�7=8
kf k2 C �

�1=4
2 k�0Dk2/: (5.11.35)

We next use (2.9.29) for the pair .�D; vD/ (see (5.4.31b)) to obtain from (5.11.14)

j�D.x�/j � CkvDk1 �
yC
�
ˇ�5=8kf k2 C ˇ

�1=4
k�0k2 C ˇ

�1=8
j�.x�/j

�
which implies for ˇ � ˇ0 with ˇ0 large enough

j�D.x�/j � C
�
ˇ�5=8kf k2 C ˇ

�1=4
k�0k2 C ˇ

�1=8
j {�.x�/j

�
: (5.11.36)

In the sequel the explicit dependence on .�0;‡/ is of little concern to us and is there-
fore omitted.

Similarly, we obtain, using (2.9.1) with p D C1 for the pair .�D; vD/ and
(5.11.14)

k�0Dk2 � C j�j
�1=4
kvDk1

� yC�
�1=8
2 ˇ1=8

�
ˇ�5=8kf k2 C ˇ

�1=4
k�0k2 C ˇ

�1=8
j�.x�/j

�
:

Using Sobolev embedding for �D, we obtain for sufficiently large �2

k�0Dk2 � C�
�1=8
2

�
ˇ�1=2kf k2 C ˇ

�1=8
k�0k2 C j{�.x�/j

�
: (5.11.37)

We now continue as in the derivation of (5.11.30) to obtain by (5.11.35), (5.11.36),
and (5.11.37) for �2 and ˇ0 large enough and ˇ � ˇ0

k�0k2 � k{�
0
k2 C k�

0
Dk2 � Cˇ

�1=2
kf k2: (5.11.38)

Step 8: The case � < ��0. The proof of Step 7 in Proposition 5.10.1 furnishes
(5.10.57) without any modification. Making use of Poincaré’s inequality we then
establish (5.11.2).

5.12 Large d.=�; Œ0;U.0/�/

In the following we consider the case where � lies outside the interval Œ0; U.0/�. We
consider two different regimes.

• We begin with case � � U.0/� ˇ�1=2.

• We then continue by assuming ˇ1=3.��/� 1.

We begin by introducing for some positive constants ˛0, ‡ , ˇ0 and �1 the zone

F1.˛0; ˇ0; ‡; �1/ WD

´
.�; ˛; ˇ/ 2 C �R2C; ˇ � ˇ0; 0 � ˛ � ˛0ˇ

1=3;

� < ‡ˇ�1=2; U.0/C �1ˇ
�1=2 � �

µ
:
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Proposition 5.12.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and ˛0 and ‡ denote positive
constants. Then, there exist ˇ0 > 0, �1 > 0, and C > 0, such that, for .�; ˛; ˇ/ 2
F1.˛0; ˇ0; ‡; �1/, it holds that

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



 � Cˇ�1=2: (5.12.1)

Proof. Step 1 For positive �0 and z̨0, we prove that for �1 and ˇ0 large enough,
(5.12.1) holds true under the additional conditions that j�j � �0 and ˛ � z̨0ˇ1=4.

Let f 2 L2.0; 1/ and � 2 D.BN;D
�;˛;ˇ

/ satisfy

B
N;D
�;˛;ˇ

� D f: (5.12.2)

Taking the scalar product of (5.12.2) with �
UCi�

, and integrating by parts yields for
the imaginary part

�=

D �

U C i�
; f
E
D =

D� �

U C i�

�00
; �00

E
C ˛2=

D� �

U C i�

�0
; �0
E

C ˇ
�
k�0k22 C ˛

2
k�k22 C<

D U 00�
U C i�

; �
E�
: (5.12.3)

By (2.1.3) we obtain the following auxiliary estimate, which we repeatedly use in the
sequel


 .U 0/n

.U C i�/m





1
� C




 xn

.x2 C L�/m





1
� C L��.m�n=2/ 8m 2 RC; 8n 2 Œ0; 2m�;

(5.12.4)
where

L� D � � U.0/ > 0:

As� �

U C i�

�00
D �2

�0U 0

.U C i�/2
C

�00

U C i�
�

�U 00

.U C i�/2
C 2

�.U 0/2

.U C i�/3
; (5.12.5)

we need to estimate four different terms to obtain a bound for the first term on the
right-hand side of (5.12.3). We begin by writingˇ̌̌D �0U 0

.U C i�/2
; �00

Eˇ̌̌
�

ˇ̌̌D �0U 0

.U C i�/2
; �00 � �00.1/ y 

Eˇ̌̌
C

ˇ̌̌D �0U 0

.U C i�/2
; �00.1/ y 

Eˇ̌̌
;

to obtain by (4.6.5) and (5.12.4)ˇ̌̌D �0U 0

.U C i�/2
; �00

Eˇ̌̌
� C L��3=2

�
k�00 � �00.1/ y k2 C ˇ

�1=4
j�00.1/j

�
k�0k2:
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The contribution of the second term on the right-hand is obtained as follows:ˇ̌̌D �00

U C i�
; �00

Eˇ̌̌
� L��1k�00k22 � C L�

�1
�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2

�
:

To obtain an estimate for the contribution of the third term on the right-hand side of
(5.12.5) we writeˇ̌̌D �U 00

.U C i�/2
; �00

Eˇ̌̌
� C L��1k.U C i�/�1�k k�00k

� yC L��1k.U C i�/�1�kŒk�00 � �00.1/ y k2 C ˇ
�1=4
j�00.1/j�:

A similar estimate is obtained for the last term on the right-hand side of (5.12.5) by
using (5.12.4) with m D 2; n D 2, i.e.,ˇ̌̌
=

D� �

U C i�

�00
; �00

Eˇ̌̌
� C L��1

�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2

�

h


 �

U C i�





2
C L��1=2k�0k2

i
Œk�00 � �00.1/ y k2 C ˇ

�1=4
j�00.1/j�

�
;

from which we conclude thatˇ̌̌
=

D� �

U C i�

�00
; �00

Eˇ̌̌
� C L��1

�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2

C




 �

U C i�




2
2
C L��1k�0k22

�
: (5.12.6)

For the second term on the right-hand side (5.12.3), we use (5.12.4) to obtain

˛2
ˇ̌̌
=

D� �

U C i�

�0
; �0
Eˇ̌̌
� C ˛2 L��1=2

�


 �

U C i�





2
C L��1=2k�0k2

�
k�0k2: (5.12.7)

Finally, as U 00.x/.U.x/ � �/ > 0, we can deduce that

<

D U 00�
U C i�

; �
E
� min
x2Œ0;1�

jU 00.x/j L�



 �

U C i�




2
2
: (5.12.8)

Substituting (5.12.6)–(5.12.8) into (5.12.3) yields

k�0k22 C ˛
2
k�k22 C L�




 �

U C i�




2
2
� Cˇ�1

h


 �

U C i�





2
kf k2

C L��1
�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2 C Œ L��1 C ˛2�k�0k22

�
C .˛2 C L��1/




 �

U C i�




2
2

i
:
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From the above inequality we conclude, for sufficiently large �1 and ˇ0,

k�0k2 C L�
1=2



 �

U C i�





2

� Cˇ�1=2
�
L�1=2kf k2 C L�

�1=2.k�00 � �00.1/ y k2 C ˇ
�1=4
j�00.1/j/

�
: (5.12.9)

Clearly,
.L

z˛
ˇ
� ˇ�/.��00 C ˛2�/ D f C iˇU 00�;

where z˛ is given by (4.7.1). For sufficiently large �1, (4.2.1) and (4.2.2) hold and
since � < ‡ˇ�1=2, we may use (4.2.4) here to obtain

j�00.1/j � C.ˇ�1=3 L��5=12kf k2 C ˇ
1=2
L��1=2k�0k2/: (5.12.10)

Substituting (5.12.10) into (5.12.9) yields for sufficiently �1 and ˇ0

k�0k2 C L�
1=2



 �

U C i�





2
� Cˇ�1=2

�
L�1=2kf k2 C L�

�1=2
k�00 � �00.1/ y k2

�
:

(5.12.11)
To estimate k�00 � �00.1/ y k2 we set (see also (5.4.2)–(5.4.7))

OvD WD ��
00
C ˛2� C

U 00�

U C i�
C �00.1/ y D

vD

U C i�
: (5.12.12)

A simple computation yields

.L
N;D
ˇ
� ˇ�/ OvD D h; (5.12.13a)

where

h D �f �
� U 00�

U C i�

�00
C �00.1/ Og: (5.12.13b)

By [16, Theorem 1.3], which can be applied to the even extension of OvD and h to
.�1; 1/, it holds that

k OvDk2 � Cˇ
�1=2
khk2:

Hence, using (5.12.4) and (4.6.5) yields, as k�00k2�k�00��00.1/ y k2Cj�00.1/jk y k2,

k OvDk2 � Cˇ
�1=2

�
kf k2 C j�

00.1/j k Ogk2 C L�
�1
k�00 � �00.1/ y k2

C ˇ�1=4j�00.1/j C L��3=2k�0k2 C L�
�1



 �

U C i�





2

�
: (5.12.14)

Consequently, by (5.4.19) and (5.12.10) it holds that

k OvDk2 � Cˇ
�1=2

�
kf k2 C L�

�1
k�00 � �00.1/ y k2

C . L��3=2 C L��1=2ˇ1=4/k�0k2 C L�
�1



 �

U C i�





2

�
: (5.12.15)
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By (5.10.18), it holds that

k�00 � �00.1/ y k22 C ˛
2
k�0k22 � C.k QvDk

2
2 C ˛

2
j�00.1/j k�0k2k.1 � x/

1=2 y k1/:

Here, we recall that

QvD D OvD �
U 00�

U C i�
: (5.12.16)

Using (5.2.2) and (5.12.10), we may conclude that for sufficiently large �1, it holds
that

k�00 � �00.1/ y k22 C ˛
2
k�0k22 �

yC
�
k QvDk

2
2 C ˛

2ˇ�13=6 L��5=6kf k22
�
:

Then, we obtain from (5.12.12) and (5.12.16) that

k�00 � �00.1/ y k2 � C
�
k OvDk2 C




 �

U C i�





2
C ˇ�5=4kf k2

�
:

By (5.12.15) we then obtain for sufficiently large �1

k�00 � �00.1/ y k2

� C
�
ˇ�1=2kf k2 C . L�

�3=2ˇ�1=2 C L��1=2ˇ�1=4/k�0k2 C



 �

U C i�





2

�
:

Substituting the above into (5.12.11) yields

k�0k2 C L�
1=2



 �

U C i�





2

� Cˇ�1=2
h
L�1=2kf k2 C . L�

�2ˇ�1=2 C L��1ˇ�1=4/k�0k2

C L��1=2



 �

U C i�





2

i
:

For sufficiently large �1 and ˇ0 we then obtain (5.12.1).

Step 2. We prove that there exists �0 > 0 and ˇ0 such that (5.12.1) holds under the
additional condition j�j � �0.

Clearly, we must have either � � ��0=2 or � > �0=2.
Consider first the case where � � ��0=2. As in (5.8.15) we write

<h�;B�;˛;ˇ�i D k�
00
k
2
2 C j�jˇ Œk�

0
k
2
2 C ˛

2
k�k22�C ˇ=hU

0�; �0i: (5.12.17)

Consequently, using Poincaré’s inequality, we obtain

k�0k2 �
C

�0
.ˇ�1kf k2 C k�

0
k2/: (5.12.18)

For sufficiently large �0 and ˇ0 we can then conclude (5.12.1).



The Orr–Sommerfeld operator 194

For � > �0=2 we write

=h�;B�;˛;ˇ�iDˇ.�h.U��/�
0; �0iC˛2h.U��/�0; �0i�<hU 0�; �0i�hU 00�; �i/:

(5.12.19)
Using Poincaré’s inequality we then obtain

k�0k2 �
C

�0 � U.0/
.ˇ�1kf k2 C k�

0
k2/;

which validates (5.12.1) for sufficiently large �0 and ˇ0.

Step 3. We prove that there exist positive ˇ0, z̨0, and ˛0 such that (5.12.1) holds for
z̨0ˇ

1=4 � ˛ � ˛0ˇ
1=3.

An integration by parts yields, in view of (5.4.6) (see also Step 2 of the proof of
Proposition 5.11.1)

h�; QvDi D k�
0
k
2
2 C ˛

2
k�k22 � �

00.1/h�; y i:

Since by (5.2.2)
jh�; y ij � k�k1k y k1 � Cˇ

�1=2
k�k1;

we obtain

k�0k22 C ˛
2
k�k22 � k�k2k QvDk2 C Cˇ

�1=2
k�k1j�

00.1/j:

We can now conclude that

k�0k22 C ˛
2
k�k22 � C.˛

�2
k QvDk

2
2 C ˇ

�1=2
j�00.1/j k�k1/; (5.12.20)

yielding

k�k21 � k�
0
k2k�k2 �

1

2˛
.k�0k22 C ˛

2
k�k22/

� C.˛�3k QvDk
2
2 C ˛

�1ˇ�1=2j�00.1/j k�k1/:

We may then infer that

k�k1 � C.˛
�3=2
k QvDk2 C ˛

�1ˇ�1=2j�00.1/j/:

By (5.10.13) and (5.10.15) (both remain valid in the present case) we obtain

k�k1 � C z̨
�1
0 .k�k1 C ˇ

�1=8
k�0k2 C ˇ

�7=8
kf k2/:

For sufficiently large Q̨0 it follows that

k�k1 � C z̨
�1
0 .ˇ�1=8k�0k2 C ˇ

�7=8
kf k2/: (5.12.21)
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Consequently, using (5.10.13) and (5.10.15) once again, it holds that

j�00.1/j C ˇ3=8k QvDk2 � C.ˇ
�1=8
kf k2 C ˇ

5=8
k�0k2/: (5.12.22)

Substituting (5.12.21) into (5.12.20) then leads to

k�0k22 � C.˛
�2
k QvDk

2
2 C Q̨

�1
0 ˇ�5=8j�00.1/j Œk�0k2 C ˇ

�3=4
kf k2�/:

Making use of (5.12.22) we then obtain that

k�0k2 � C z̨
�1=2
0 .k�0k2 C ˇ

�3=4
kf k2/:

For sufficiently large Q̨0 we can then conclude (5.12.1) under the conditions of this
step.

The proposition is proved.

We continue by introducing, for some positive constants ˛0, ‡ , ˇ0 and �2, the
zone

F2.˛0; ˇ0; ‡; �2/

WD
®
.�; ˛; ˇ/2C�R2C; ˇ�ˇ0; 0�˛ � ˛0ˇ

1=3; � < ‡ˇ�1=2; ����2ˇ
�1=3

¯
:

Proposition 5.12.2. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3). Let further ˛0 and ‡ denote
positive constants. Then, there exist ˇ0 > 0, �2 > 0, and C > 0, such that for all
.�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/ it holds

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



 � Cˇ�1j�j�1 logˇ: (5.12.23)

Proof. Taking the scalar product of (5.12.2) with w D .U � �/�1�, and integrating
by parts yields for the imaginary part (see (5.12.3))

�=hw; f i D =hw00; �00i C ˛2=hw0; �0i

C ˇ
�
k.U � �/w0k22 C ˛

2
k�k22˛

2
k�k22 � j�j

2
D �

U � �
;

U 00�

jU C i�j2

E�
:

Hence, since .U � �/�1U 00 < 0 we obtain that for any ı > 0 there exists C > 0 such
that
1

2
.k.U � �/w0k22 C �

2
kw0k22/C ˛

2
k�k22

� C
�
ı�1ˇ�2kf k22Cıkwk

2
2C˛

2Œˇ�4=3kw0k22Cˇ
�2=3
k�0k22�Cˇ

�1
j=hw00; �00ij

�
:

Step 1. With �0 > 0, we prove (5.12.23) for .�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/ satisfying
j�j � �0.

Step 1a. We estimate OvD D
vD

UCi�
(as defined by (5.12.12)). By (5.12.13) and (3.1.3)

it holds that
k OvDk2 � C ˇ

�2=3
khk2; (5.12.24)
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where h is given by (5.12.13b). Hence,

khk2�C
�
kf k2Cj�

00.1/j k Ogk2C



 �

.U C i�/3





2
C




 �0

.U C i�/2





2
C




 �00

.U C i�/





2

�
�C

�
kf k2Cj�

00.1/j k Ogk2Cj�j
�1
k�00k2C




 �

.UCi�/3





2
C




 �0

.UCi�/2





2

�
:

(5.12.25)

To estimate the last two terms we use a decomposition of the interval of integration.
(Note that for � � �1 we have k � kL2.0;1�j�j1=2/ D 0 and k � kL2.1�j�j1=2;1/ D k � k2.)
In addition, we need the bounds

k.U C i�/�mkL1.0;1�j�j1=2/ � C j�j
�m=2

and
k.U C i�/�mkL1.0;1/ � C j�j

�m:

We now write

khk2 � C
�
kf k2 C j�

00.1/j k Ogk2 C j�j
�1
k�00k2 C j�j

�2
k�0kL2.1�j�j1=2;1/

C j�j�1k�0kL2.0;1�j�j1=2/ C j�j
�2



 �

U C i�





L2.1�j�j1=2;1/

C j�j�1



 �

U C i�





L2.0;1�j�j1=2/

�
:

By Hardy’s inequality (2.2.8) it holds that


 �

U C i�





L2.0;1�j�j1=2/

�




 �
U





L2.0;1�j�j1=2/

� C



 �

1 � x





L2.0;1�j�j1=2/

� yC k�0kL2.0;1�j�j1=2/:

On the interval .1 � j�j1=2; 1/, we have again by (2.2.8)


 �

U C i�





L2.1�j�j1=2;1/

� Ck�0k2:

Combining the above yields

khk2 �

C
�
kf k2 C j�

00.1/j k Ogk2 C j�j
�1
k�00k2 C j�j

�2
k�0kL2.1�j�j1=2;1/ C j�j

�1
k�0k2

�
:

(5.12.26)

By (5.4.15) and (5.4.19) it holds that

j�00.1/j k Ogk2 � C j�j
�3=4.ˇ1=4k�0k2 C ˇ

�7=12
kf k2/: (5.12.27)



Large d.=�; Œ0; U.0/�/ 197

Substituting (5.12.26) and (5.12.27) into (5.12.25) we obtain

khk2 � C
�
kf k2 C j�j

�1
k�00k2

C Œj�j�1 C ˇ1=4j�j�3=4�k�0k2 C j�j
�2
k�0kL2.1�j�j1=2;1/

�
: (5.12.28)

To bound k�00k2 we use (5.10.54)–(5.10.55) and (5.12.16) to obtain

k�00k2 � k�
00
� ˛2�k2 � kOvDk2 C kU

00
k1




 �

U C i�





2
C j�00.1/j k y k2:

By (4.6.5), (5.12.24), (5.12.28), (2.2.8), and (5.4.15) (repeatedly using the lower
bound j�j � �2ˇ�1=3) it holds that

k�00k2 � C.j�j
1=4ˇ�7=12kf k2 C ˇ

�2=3
j�j�1k�00k2 C j�ˇj

1=4
k�0k2/:

For sufficiently large ˇ0 we then obtain

k�00k2 � C.j�j
1=4ˇ�7=12kf k2 C j�ˇj

1=4
k�0k2/: (5.12.29)

Substituting (5.12.29) into (5.12.28) yields

khk2 � C
�
kf k2 C Œj�j

�1
C ˇ1=4j�j�3=4�k�0k2 C j�j

�2
k�0kL2.1�j�j1=2;1/

�
:

(5.12.30)
To use (2.7.1b) we must provide an estimate for

N.vD; �/ D k.1 � x/
1=2.U C i�/�1vDk1 D k.1 � x/

1=2
OvDk1:

Thus, we use (3.1.75) and (5.12.13) to obtain

k.1 � x/1=2 OvDk1 � Ck.U � �/
1=2
OvDk1

� C k.U � �/�1=2k2 k.U � �/ OvDk2 �
yC

logˇ
ˇ
khk2:

Hence, we may conclude from (5.12.30) that

k.1 � x/1=2 OvDk1 �

C
logˇ
ˇ

�
kf k2CŒj�j

�1
Cˇ1=4j�j�3=4�k�0k2Cj�j

�2
k�0kL2.1�j�j1=2;1/

�
: (5.12.31)

Step 1b: We prove (5.12.23). As in (5.4.31), we let � D �D C {�, where

�D D A�1�;˛.ŒU C i�� OvD/ D A�1�;˛vD

and
{� D A�1�;˛.�

00.1/ŒU C i�� y /:
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By (2.7.2) applied to the pair .{�; �00.1/ŒU C i�� y / it holds that

j {�.x/j � C.1 � x/1=2Œ1C ��1=2.1 � x/1=2�j�00.1/h{�; y ij1=2:

Hence, integrating over .0; 1/,

jh{�; y ij � C.k.1 � x/1=2 y k1 C j�j
�1=2
k.1 � x/ y k1/jh{�; y ij

1=2
j�00.1/j1=2;

which implies

jh{�; y ij � C.k.1 � x/1=2 y k1 C j�j
�1=2
k.1 � x/ y k1/

2
j�00.1/j:

By (5.2.2) and (5.4.15) we then obtain

jh{�; y ij � C j�ˇj�1.k�0k2 C ˇ
�5=6
kf k2/: (5.12.32)

Using (2.7.3) applied to the pair .{�;�00.1/ŒUCi�� y /, together with (2.7.6), (5.12.32),
and (5.4.15) yields

k{�0k22 � C j�j
�1
j�j�1=2ˇ�1=2.k�0k2 C ˇ

�5=6
kf k2/

2:

For sufficiently large �2 (and .�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/) we then conclude that

k{�0k2 � C j�j
�3=4ˇ�1=4.k�0Dk2 C ˇ

�5=6
kf k2/: (5.12.33)

By (2.7.8) and (2.7.3), applied again to the pair .{�;�00.1/ŒU C i�� y /, we then obtain
that

k{�0k2
L2.1�j�j1=2;1/

� C j�j�1=2 j�00.1/j jh{�; y ij:

Using (5.12.32), we then conclude that

k{�0kL2.1�j�j1=2;1/ � C j�j
�1=2ˇ�1=4.k�0Dk2 C ˇ

�5=6
kf k2/: (5.12.34)

By (2.7.1a) applied to the pair .�D; .UCi�/ OvD/, (5.12.31), (5.12.33), and (5.12.34),
it holds, as � D �D C {�, that

k�Dk1;2 � C j�j
�1
k.1 � x/1=2 OvDk1

� yC
logˇ
ˇ
j�j�1

�
kf k2 C Œj�j

�1
C ˇ1=4j�j�3=4 C j�j�5=2ˇ�1=4�k�0Dk2

C j�j�2k�0DkL2.1�j�j1=2;1/
�
: (5.12.35)

For sufficiently large ˇ0 we obtain from (5.12.35)

k�Dk1;2 � C
logˇ
ˇ
j�j�1

�
kf k2 C j�j

�2
k�0DkL2.1�j�j1=2;1/

�
: (5.12.36)
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For � < �1=2, we immediately obtain from (5.12.36) that for sufficiently large ˇ0

k�Dk1;2 � C
logˇ
ˇ
j�j�1kf k2: (5.12.37)

For � � �1=2, we substitute (5.12.36) into (5.12.31) to conclude, with the aid of
(5.12.33) and (5.12.34)

k.1 � x/1=2 OvDk1 � C
logˇ
ˇ

�
kf k2 C j�j

�2
k�0DkL2.1�j�j1=2;1/

�
:

We can now use (2.7.1b) applied to the pair .�D; .U C i�/ OvD/ to obtain

k�0DkL2.1�j�j1=2;1/ � C
logˇ
ˇ
j�j�3=4

�
kf k2 C j�j

�2
k�0DkL2.1�j�j1=2;1/

�
:

For sufficiently large ˇ0 we obtain that

k�0DkL2.1�j�j1=2;1/ � C
logˇ
ˇ
j�j�3=4kf k2;

which, when substituted into (5.12.36), yields in the case �1=2 � �

k�Dk1;2 � C
logˇ
ˇ
j�j�1 kf k2:

The above inequality, together with inequalities (5.12.33), (5.12.37) yields (5.12.23)
for j�j < �0.

Step 2. We prove that there exists �0 > 0 such that (5.12.23) holds true for any
.�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/ satisfying j�j > �0.

The proof is almost identical with Step 2 of Proposition 5.12.1. If � < ��0=2
we obtain (5.12.18) from (5.12.17) and then (5.12.23) for sufficiently large �0. If
� < ��0=2 we use (5.12.19) to obtain (5.12.18) once again.

Remark 5.12.3. Note that there exists �1 > 0 such that for all � < ��1ˇ�1=3 equa-
tion (5.12.33) remains valid even in the case where �2 is not necessarily large. Thus,
we may conclude that under the conditions of Proposition 5.12.2 for all �2 > 0, there
exist ˇ0 > 0, �1 > 0, and C > 0, such that for all .�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/

satisfying � < ��1ˇ�1=3 (5.12.23) holds true.





Chapter 6

Proof of the main theorems

6.1 Proofs of Theorems 1.1.1 and 1.1.2

The proofs of Theorems 1.1.1 and 1.1.2 rely on a combination of the relevant results
in Chapter 5.

Proof of Theorem 1.1.1. We present the proof in the following table, which gives the
precise range of parameters where each estimate is valid together with the estimate
itself.

˛ � � Stated in Estimate

˛.ˇ1=3 ���ˇ�1=3 ��ˇ�1=2 Prop. 5.12.2 ˇ�1j�j�1 logˇ

˛�ˇ�1=6 j�j��0 �<ˇ�1=2 Prop. 5.8.2 ˇ�2=3

˛ . ˇ1=3
ˇ�1=2�U.0/��

���0
��ˇ�1=2 Prop. 5.11.1 ˇ�1=2 logˇ

˛.ˇ1=3 jU.0/��j.ˇ�1=2 ��ˇ�1=2 Prop. 5.10.1 min.ˇ�5=8j�j�1=4; ˇ�3=8/

˛.ˇ1=3 � � U.0/�ˇ�1=2 �.ˇ�1=2 Prop. 5.12.1 ˇ�1=2

˛&ˇ1=3 �2R ���� Prop. 5.7.1 ˇ�1=2

In the above, �� D min.‡ˇ�1=2; Œ�m � y‡�ˇ�1=3 � ˛2ˇ�1=2/ for some sufficiently
small ‡ > 0 and any y‡ > 0.

From the table we learn that there exist positive ˛L, ˇ0 and ‡ such that for all
ˇ > ˇ0,

sup
0�˛�˛Lˇ

�1=6

<��‡ˇ�1=2



.BD;sym
�;˛;ˇ

/�1


C 


 d

dx
.B

D;sym
�;˛;ˇ

/�1



 � Cˇ�3=8: (6.1.1)

Furthermore, for � D ‡ˇ�1=2 it holds for all ˇ > ˇ0 that

sup
0�˛�˛Lˇ

�1=6

<�D‡ˇ�1=2



.BD;sym
�;˛;ˇ

/�1


C 


 d

dx
.B

D;sym
�;˛;ˇ

/�1



 � Cˇ�1=2 logˇ: (6.1.2)

By (6.1.1) B
D;sym
�;˛

depends holomorphically on � for all � � ‡ˇ�1=2, and hence we
can use (6.1.2) together with the Phragmén–Lindelöf theorem to obtain (1.1.12).
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Proof of Theorem 1.1.2. As in the proof of Theorem 1.1.1, we use the following table,
which gives the precise range of parameters where each estimate is valid together with
the estimate itself.

˛ � � Stated in Estimate

˛.ˇ1=3 ���ˇ�1=3 ��ˇ�1=2 Prop. 5.12.2 ˇ�1j�j�1 logˇ

˛.1 ˇ�1=5Cı��<�0 �<ˇ
�2=5�ı Prop. 5.4.1 ˇ�1=2Cı

1�˛ � ˇ1=3 j�j<�0 ��ˇ�1=3 Prop. 5.6.1 ˇ�5=6

ˇ�1=10Cı�˛.1 j�j�ˇ�1=5Cı �<ˇ�1=3�ı Prop. 5.5.1 ˇ�1=2Cı

˛.ˇ1=3
ˇ�1=2�U.0/��

���0
��ˇ�1=2 Prop. 5.11.1 ˇ�1=2 logˇ

˛.ˇ1=3 jU.0/��j.ˇ�1=2 ��ˇ�1=2 Prop. 5.10.1
min

�
ˇ�5=8j�j�1=4;

ˇ�3=8
�

˛.ˇ1=3 � � U.0/�ˇ�1=2 �.ˇ�1=2 Prop. 5.12.1 ˇ�1=2

˛&ˇ1=3 �2R �.ˇ�1=2 Prop. 5.7.1 ˇ�1=2

From the table we learn that there exist positive ˇ0 and‡ such that for all ˇ > ˇ0,

sup
ˇ�1=10Cı�˛

<��‡ˇ�1=2



.BD;sym
�;˛;ˇ

/�1


C 


 d

dx
.B

D;sym
�;˛;ˇ

/�1



 � Cˇ�3=8: (6.1.3)

Furthermore, for � D ‡ˇ�1=2 it holds for any ı > 0 and ˇ > ˇ0 that

sup
ˇ�1=10Cı�˛

<�D‡ˇ�1=2



.BD;sym
�;˛;ˇ

/�1


C 


 d

dx
.B

D;sym
�;˛;ˇ

/�1



 � Cˇ�1=2Cı : (6.1.4)

By (6.1.3) BD;sym
�;˛;ˇ

depends holomorphically on � for all � � ‡ˇ�1=2, and hence we
can use (6.1.4) together with the Phragmén–Lindelöf theorem to obtain (1.1.13).
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We consider the stability of symmetric flows in a two-dimensional channel (including the
Poiseuille flow). In 2015 Grenier, Guo, and Nguyen have established instability of these flows
in a particular region of the parameter space, affirming formal asymptotics results from the
1940’s. We prove that these flows are stable outside this region in parameter space. More
precisely we show that the Orr–Sommerfeld operator

ℬ = (− d2

dx2
+ iβ(U+ iλ))( d2

dx2
− α2) − iβU′′ ,

which is defined on

D(ℬ) = {u ∈ H4(0, 1) , u′(0) = u(3)(0) = 0 and u(1) = u′(1) = 0}

is bounded on the half-plane ℜλ ≥ 0 for α ≫ β−1/10 or α ≪ β−1/6.
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